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Summary

The analysis of longitudinal data is a very important problem in a wide range of statisti-

cal fields. There has been a great deal of work for continuous (Normal and non-Normal)

and discrete data, involving parametric and semi-parametric approaches. In this thesis

both the Normal and non-Normal cases are considered and the sum of profiles idea of

the growth curve model (Normal theory) is extended to non-Normal data.

Chapter 1 provides a literature review of the area and a more detailed description of

the thesis.

Chapter 2 introduces the profile model (growth curve model) in a canonical form.

The straightforward extension to the sum of profiles model is discussed. We also describe

residual maximum likelihood.

In chapter 3 estimation of the parameters for bhe profile model is considered un-

der maximum likelihood and residual maximum likelihood. Two versions of residual

maximum likelihood are derived and used.

Repeated categorical responses are considered in chapter 4. Extensions to the Stanek

and Diehl (1988) [134] linear model are given. Connections with the sum of profiles

model are discussed.

The theory of quasi-likelihood and generalized estimating equations is introduced

in chapter 5. Second order extensions of the generalized estimating equations are also

presented. Estimating equations obtained from a class of quadratic models are also

considered.

Time dependency of the mean (and dispersion parameters) is one of the topics ex-
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amined in chapter 6. The dispersion parameters are also considered as functions of

covariates and are estimated using another set of generalized estimating equations.

Application of the GEE methodology of chapters 5 and 6 to three examples is the

focus of chapter 7. Positive and negative aspects of the methods are discussed.

In chapter 8 a data set is examined where generalized estimating equations provide

a natural approach for analysis. A number of special nested correlation structures are

proposed for this data set and tests for these structures are considered.
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Chapter 1

Introduction

l. L Background

1.1.1 The Profile and Sum of Profiles Model

The analysis of repeated measures or longitudinal data has been examined extensively

in the literature for both Normal and non-Normal cases. The common feature in all

cases is that repeated measurements within each data unit cannot be presumed to be

mutually independent, requiring a more elaborate estimation and analysis procedure.

A method for the analysis of multivariate Normal data is sometimes referred to

as profile analysis. It is usually associated with the analysis of growth curves where

observations occur at specific time points, usually evenly spaced. Interest focuses on

estimation of the mean growth curves and their associated confidence bands, or tests of

hypotheses concerning treatment effects. Profile analysis may also be used to analyse

spatial data or situations where several similar features have been measured at a single

time point.

Profile analysis involves a two-stage specification of the mean response profiles.

Defining the form of the repeated measurements for the individual units represents

one stage, such as by q'À-order polynomial representation. The other stage is achieved

by specifying the effect of treatments on the individual profiles.
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Wishart (1933) [161] was apparently responsible for the first work on profile analysis.

His analysis involved fitting second order orthogonal polynomials to repeated measure-

ments of bacon pigs. A separate analysis of variance was conducted for the estimated

linear and quadratic orthogonal polynomial coefficients. Rowell and Walters (1976) [122]

followed this approach but considered higher order polynomials as well. Box (1950) [13]

used an analysis of variance approach based on differences and discussed a multivariate

analysis of variance, taking initial measurements as covariates. Leech and Healy (1959)

[77] also extended Wishart's (1933) [161] approach, focusing on growth rates. They took

differences and also suggested using the initial measurement as a covariate.

Rao (1959) [112] used a multivariate model, where the mean growth curve for a sin-

gle group of units is modelled as a polynomial. Coefficients are estimated by weighted

least squares, and a model test of fit and confidence intervals are derived. Elston and

Gr\zzle (1962) [37] considered three models, one of which is Rao's multivariate model.

Another model, a mixed model where the coefficients of individual polynomials follow

independent Normal distributions, is modified by Elston (1964) [36] to allow correlated

coefficients, resulting in a centrosymmetric (Aitken (1956) [Z] (p. I24)) covariance ma-

trix. An alternative to polynomial growth curve models recommended by Hills (1968)

[57] is to use repeated differences.

Potthoff and Roy (1964) [108] introduced a generalized multivariate linear model

(GMANOVA or growth curve model) which allows simultaneous modelling of the profile

with complex experimental designs. Their analysis however, depended on an arbitrary

matrix. Rao (1965, 1966, 1967) [113, 114, i15] removed this arbitrary nature by sbating

that the co¡rect approach is to base inferences on a conditional model. The condi-

tional model is used by Khatri (1966) [6e] who derives the explicit maximum likelihood

estimates as well as test procedures and confidence intervals.

Grizzleand Allen (1969) [51] presented some distributional results and discussed the

problem of loss of efficiency in estimation when a large number of covariates must be

used in the conditional approach. Removal of covariates on the basis of low correlations
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introduces non-unique inferences; Verbyla (1986) [146] showed that the only way to

overcome this is to model the covariance structure, Lee (197a) [76] and Baksalary,

Corsten and Kala (1978) [7] also discussed the relationship between the conditional

approach and that of Potthoff and Roy (1964) [108]. Fujikoshi and Rao (1991) [47]

discussed two types of formulation for testing hypotheses of redundancy for a giuen set

of conditioning covariables; unfortunately in practice the analyst must decide which set

to use.

Sugiura and Kubokawa (1988) [139] considered estimation of growth curve models

with a common matrix of unknown mean parameters, but differing covariance matrices

for two-sample and k-sample cases. A two-stage estimation procedure for the parameters

in the growth curve model is given in Kubokawa (1989) [68] such that the covariance

matrix is bounded above by a preassigned matrix, and a fixed-width confidence region

is proposed. Kubokawa, Saleh and Morita (1992) [69] consider estimating the mean

parameter matrix under a set of quadratic loss functions.

Lee (1991) [75] focuses on the selection of models for the growth curve model with

regard to the covariance matrix. Likelihood ratio tests and selection procedures based

on sample reuse as well as predictions are developed. The influence or effect of delet-

ing measurements on growth curve estimates is studied in Liski (1991) [88], and a pro-

posed measure for detecting influential versus non-influential measurements is discussed.

Von Rosen (1991) [154] derived the moments of the maximum likelihood estimators of

GMANOVA.

Leäu\a (1993) [170] examines a growth curve model where the experimental units

are not necessarily independent. The covariance structure considered follows a simpler

form than the kronecker product of two unknown matrices that arises because of the

possible between-unit dependency. An estimate of the value of a parametric function

of the vector of covariance components is derived. If the between individual covariance

structure is completely unknown then a uniformly best estimator of the corresponding

variance matrix is given.
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Reinsel (1982) [116] extended the GMANOVA of Potthoff and Roy (1964) [108] to

a multivariate random effects regression model. Estimation of an individual's random

coefficients and prediction of future responses given values of previous responses for that

individual is considered in Reinsel (1984) [117] in the multivariate context. Chinchilli

and Carter (1984) [23] derive a likelihood ratio test for the patterned covariance matrix

considered in Reinsel (1982) [116].

Generalizations which permit missing data have been considered by Kleinbaum

(1973) [64], Srivastava and McDonald (1974) [132] (nested patterns of missing data),

Woolson, Leeper and Clarke (1978) [16a] and Woolson and Leeper (1980) [163]. Sri-

vastava (1985) [133] explicitly derived likelihood ratio tests for Kleinbaum's (1973) [6a]

growth curve problem. Jennrich and Schluchter (1986) [59] also considered the analysis

of unbalanced or incomplete repeated-measures. The problem of compubing maximum

likelihood estimates under a very general model for expected responses and arbitrary

structural models for the within-subject covariances was examined. Tsai and KozioI

(1983) [143] presented an alternative to Srivastava (1985) [133], and provided score and

Wald test analogues to his likelihood ratio tests. Score and Wald test analogues to

Jennrich and Schluchter's (1986) [59] likelìhood ratio tests are given by Tsai and Koziol

(1993) lI44l. Four consistent estìmators of the covariance matrix for missing data are

constructed by Mensah, Elswick and Chinchilli (1993) [93] using the fact that the un-

derlying model is GMANOVA. Comparisons are made with Kleinbaum's (1973) [64]

estimator where the underlying GMANOVA model has not been used. Park, Lee and

Woolson (1993) [106] develop a test procedure for distinguishing whether the missing

data mechanism is missing completely at random (MCAR) or missing at random (MAR,

see Rubin (1976) [124]) for incomplete Normally distributed data.

An extension to the growth curve or profile model, termed the sum of profiles model,

was proposed by Verbyla and Venables (1988) [151]. Rather than modelling the treat-

ment effects so that they all follow the same form (e.g. polynomials of same degree), the

sum of profiles model permit different functional forms or profiles. The sum of profiles
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model is equivalent to the analysis of Evans and Roberts (1979) [38] who modelled the

treatments marginally, but only for orthogonal contrasts and complete data. Von Rosen

(1989, 1990) [152, 153] extended the GMANOVA to a multivariate linear model. The

extension has a sum of profiles type mean structure but involves a nesting structure of

the profile design matrices. Verbyla and Cullis (1990) [149] combine the sum of profiles

model and modelling the covariance matrix. The ability to handle incomplete data is

demonstrated and estimation is based on residual maximum likelihood (REML).

REML was introduced by Patterson and Thompson (1971) [107] for unbalanced

incomplete block designs. RBML partitions the likelihood function into two parts, a

marginal likelihood which is free of fixed effects and a conditional likelihood which

depends on the fixed effects. Under REML, the marginal likelihood is used to estimate

the covariance parameters. This contrasts with ML where the covariance parameters

are estimated using the full likelihood; this makes no allowance for the loss in degrees

of freedom in estimating the fixed effects. To find estimates of the fixed effects we

use the conditional likelihood. Harville (1977) [55] described the properties of ML and

RBML along with their strengths and deficiencies; see also Cooper and Thompson (1977)

[25]. Verbyla (1990) [148] presented an alternative derivation of the likelihood to that

of Harville (1974) [53] and Cooper and Thompson (1977) [25], resulting in a useful

formulation of residual maximum likelihood.

A number of articles have appeared recently that use REML in conjunction with

longitudinal data. A discussion on how various linear patterned covariance structures

affect the estimated variance of mean parameters estimated for balanced longitudinal

data was presented by Lange and Laird (1989) [72] for a family of models. Log-likelihood

functions for the models considered, are given under maximum likelihood and REML

for the variance parameters. Explicit relations between these estimators from models

within the family are derived. A modified version of REML was applied by Lundbye-

Christensen (1991) [89] to a multivariate growth curve model for pregnancy. An exten-

sion of the stochastic differential equations of Sandland and McGilchrist (i979) [125]
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to model growth data for designed experiments was given in Cullis and McGilchrist

(1990) [27]. Parameters are estimated by REML, and extensions to incomplete data are

presented.

Laird and Ware (1982) [71] considered a family of two-stage models (based on

Harville (1977) [55]) for longitudinal data, examining both maximum likelihood and

Bayes estimation. The Bayesian approach was considered by Ha¡ville (1974, 1976)

[53,54] and Dempster, Rubin and Tsutakawa (1981) [32], and the Bayesianformulation

of the models yields REML estimates of the variance parameters.

Chi and Reinsel (1989) [22] consider linear models that contain both random ef-

fects across units and auto-correlated within-unit errors. Such models accommodate

unbalanced longitudinal data. Autocorrelation is tested by a score test and Empirical

Bayes estimation is used to estimate the random effects. Lindstrom and Bates (1988,

1990) [83, 84] considered linear and nonlinear mixed effects models respectively for lon-

gitudinal data and discussed computational procedures for estimating parameters under

maximum likelihood and REML. Follmann (1992) [45] examines mixed effects models

for growth curves with restrictions on the random parameters. Cullis and Verbyla (1992)

[28] consider non-linear and time dependent covariates, while Verbyla and Cullis (1992)

[150] extend work to allow for random components arising from sampling or spatial

correlations as in field experiments. REML estimation is used in both articles.

L.L.2 Analysis of Non-Gaussian Longitudinal Data

There have been two major and distinct lines of development for modelling longitudinal

data with a categorical response. The first and earliest is reviewed by Koch et al.

(1977) [66]. This approach is applìed to complete split-plot design data and longitudinal

analysis of variance designs and is an extension of the modelling of the multivariate

categorical responses described by Grizzle et al. (1969) [52].

Suppose that there are d conditions under which the categorical response (c cate-

gories) variable is measured. The d conditions are usually the time points at which
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observations are taken. Then , : cd represents the number of possible multivariate

response profiles. Similarly it is presumed that we have s subpopulations or treatments

and the data may be summarized by an s x r contingency table. The joint probability of

the frequencies is the product multinomial model. Standard likelihood methods would

require specification of the multivariate distribution of the response profiles, but Koch

et al. (L977) [66] argued that inferences on covariate and marginal time effects may be

based on first-order marginal distributions of the profiles. Differentiable functions of

the marginal probabilities are modelled as linear models of covariates of interest and

parameters are estimated by weighted least squares. A consistent estimator of the co-

variance matrix for large samples is given and an asymptotic goodness-of-fit test and

tests of linear contrasts of parameters are provided.

Koch et al. (1972) [65] extended the general linear approach of Gr\zzle et al. (1969)

[52] for categorical data analysis to incomplete response data. Other authors who apply

Grizzle et al. (1969) [52] methods for correlated categorical data include Woolson and

Clarke (1984) [162], where modifications are made allowing incomplete response data by

adding additional outcome categories designating survey-specific missing data. A test of

the missing data mechanism for repeated categorical data incorporated into the Grizzle

et al. (1969) [52] method is given by Park and Davis (1993) [105].

Beitler and Landis (1985) [8] applied a two-way analysis of variance model for multi-

nomial responses. The variance components are estimated by a reduction sum of squares

method giving an estimate of the covariance matrix of the observed response propor-

tions. The covariance matrix is then inserted into the weighted least squares equations

of. Gúzzle eú ø/. (1969) [52] to obtain estimates of the treatment effect parameters. The

Gúzzle et al. (1969) [52] linear model is also expanded in Bonett, Woodward and Bentler

(1985) [12] to include standard log-linear models and a class of Poisson distributions.

Model parameters are estimated by weighted least squares under exact and stochastic

constraints.

Stanish, Gillings and Koch (1978) [teS] use a ratio estimation procedure for longi-

n
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tudinal categorical data, which is an extension of Koch et al. (1977) [66]. Stanek and

Diehl(1988) [134] usethemethodsof l(och etal.(1977) [66],butconsiderthesituation

where the number of repeated measures is too large to permit modelling all the marginal

response functions. A class of growth-curve models are developed for binary data which

characterize the marginal response pattern within each response subpopulation by a

subset of significant effects from the full set of polynomials. Estimation of the param-

eters is carried out using weighted least squares. Lipsitz, Laird and Harrington (1990)

[85] discuss the finding of the design matrix for a marginal homogeneity model applied

to repeated categorical data. Estimation of the parameters of the marginal homogeneity

linear model follows the weighted least squares framework of l{och et al. (1977) [66]

The second major method for modelling longibudinal categorical data is the Gener-

alized Estimating Equation (GEE) method, which can be thought of as an extension of

quasi-likelihood theory for longitudinal data.

The quasi-likelihood method was proposed by Wedderburn (1974) [tSS] for estima-

tion of the parameters in regression models, when a fully specified likelihood is not

assumed because of insufficient information. For each observation, the mean and vari-

ance however is presumed to follow a particular relationship. If the unknown underlying

distribution is a member of the exponential family the quasi-likelihood estimate max-

imizes the likelihood and so full asymptotic efficiency occurs. There is some loss of

efficiency for more general models (Firth (1987) [41]).

Nelder and Pregibon (1987) [100] introduced the extended quasi-likelihood to permit

formal comparison of models having different variance functions or dispersion param-

eters. As in the case of quasi-likelihood, the extended quasi-likelihood assumes infor-

mation is available on the firsb two moments. Another important feabure of extended

quasi-likelihood is the possibility of modelling the dispersion parameter as a function of

covariates of interest. Nelder and Lee (1992) [99] compared the maximum likelihood,

extended quasi-likelihood and pseudolikelihood (see e.g. Carroll and Ruppert (1982) [20]

or Davidian and Carroll (1937) [31]) estimators under three models. The finite sampling

8



properties of the estimator of the dispersion parameter for the three methods is explored

by simulation. The maximum extended quasi-likelihood estimator frequently had lower

mean square error than the other methods in this simulation study.

Zeger, Liang and Self (1985) [169] applied extensions to logistic regression models

for longitudinal binary data and discussed an estimating equation approach. Liang and

Zeger (1936) [81] presented an extension of generalized linear models for the analysis of

longitudinal data. Their primary concern is modelling the dependence of the marginal

distribution on covariates of interest. The dependencies among repeated measurements

over time are treated as nuisance parameters. The marginal distribution is presumed

to follow a generalized linear model and a 'working' correlation matrix is used. A set

of generalized estimating equations lead to consistent estimates of the mean parameters

even if the 'working' covariance matrix is incorrectly specified. A consistent estimate

of the covariance matrix (even under incorrect specification of the 'working' correìation

matrix) of the estimates of the regression parameters is presented. Under certain regu-

larity conditions and correct specification of the mean relationship, the solution of the

generalized estimating equations is asymptotic multivariate Normal, with the true pa-

rameter vector as the mean and an estimable covariance matrix. A number of possible

'working' correlation matrices are presented.

Zeger and Liang (1936) [167] extended the work of Liang and Zeger (1986) [81],

the marginal distribution not being specified, but the first and second moments are

presumed to follow a particular relationship. This is essentially an extension of quasi-

likelihood for discrete and continuous longitudinal data. The estimating equations are

referred to as generalized estimating equations (GEE) and the basic results of Liang and

Zeser (1986) [81] apply.

An alternative method of estimation by maximum likelihood was proposed by Avery,

Hansen and Hotz (1983) [6] for fitting multivariate probit models to longitudinal binary

data. The class of estimators is termed orthogonality condition estimators and is closely

related to those developed by Liang and Zeger (1986) [S1]. Binder (1983) [9] addressed
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the problem of finding asymptotic sampling variance estimators for finite population

regression parameters in complex survey data for the class of generalized linear models.

The asymptotic variance matrix obtained for the estimators is also the variance estimator

described by Liang and Zeger (1936) [81].

A number of articles have appeared that consider random effects models for discrete

longitudinal data. Stiratelli et al. (1984) [136] described a mixed-effects model for the

analysis of clustered or longitudinal data, which is analogous to the Normal case dis-

cussed in Laird and Ware (1982) [71]. A subset of this model is the twostep model

of Korn and Whittemore (1979) 1671. Zeger, Liang and Albert (1988) [168] considered

two extensions of the generalized linear model. The first is subject-specific models for

which heterogeneity is explicitly modelled, and the second is population-averaged mod-

els which describe the average response over subjects within a population. Comparisons

are made between bhe subject-specific models and the population-averaged models for

a mixed effects form and interpretation of the regression parameters for both models

is discussed. GEE is used to fit both classes of models for discrete and continuous

responses.

A comparison of the mixed Poisson-gamma method proposed by Thall (1988) [141]

with Zeger and Liang's (1986) [167] GEE method for longitudinal interval count data

was undertaken by Stukel (1993) [138]. The two methods produced similar standard

errors in the examples considered except in the case of time-dependent covariates and

non-Poisson-gamma data, where not surprisingly Thall's method was distinctly inferior.

Wei and Stram (1988) [159] modelled marginal distributions of discrete and contin-

uous responses observed over equal time intervals by a quasi-likelihood function with

covariates that may be time-dependent. The dependency among repeated measures is

not represented by any parametric model and missing data under certain conditions

are allowed. The solutions of the time-specific quasi-likelihood equations yield mean

parameter estimates thab are asymptotically multivariate Normal with estimable vari-

ance matrix. Multiple testing procedures for examining covariate effects over time are

10



given. Stram, Wei and Ware (1988) [137] described a method for comparing two groups

of subjects with an ordered categorical response variable. Time-dependent covariates

are considered. This is a special case of the method used by Wei and Stram (1988)

[159] and the GEE approach of Liang and Zeger (1986) [81]. Separate ordinal regression

models for the marginal probabilities are fitted at each time point. Tests of hypotheses

of differences in the marginal distribution of the responses between groups are discussed.

Damaraju (1993) [29] considers the Stram, Wei and Ware (1988) [137] semi-parametric

approach (time-specific proportional odds models) but allows for non-proportional odds

at each time point. In this case the covariate effects vary across the categories of the

ordinal response variable.

Ware, Lipsitz and Speizer (1988) [157] reviewed the marginal models of Koch, et al.

(1977) [66], Liang and Zeger (1986) [81] and Stram, Wei and Ware (1988) [137] and

discussed the relative strengths of these approaches. Connections are made between

these three approaches in the discussion by Zeger (1988) [166]. Agresti (1989) [1] also

reviewed marginal models for repeated observations on categorical response variables

including the multinomial model of Koch et al. (1977) [66] and the GEE approach of

Liang and Zeger (1986) [81].

Lefkopoulou, Moore and Ryan (1989) [78], Laor and Cohen (1992) [73] and Cologne

et al. (1993) [2a] applied GBE to specific data problems. Generalized Wald and score test

statistics are described by Rotnitzky and Jewell (1990) [121] for the regression parame-

ters of the GEE for cluster correlated data. Lefkopoulou and Ryan (1993) [79] derive a

class of quasi-likelihood score tests for multiple binary outcomes. Special cases of this

class are shown to correspond to tests proposed by other authors. Extensions to allow

for clustered data are discussed and the multivariate models examined in Lefkopoulou,

Moore and Ryan (1989) [78] are considered. Clustered outcomes and the GEE approach

are also examined by Catalano and Ryan (1992) [21].

The work by Miller and Landis (1991) [9S], who considered generalized variance

component models for clustered categorical responses, is adapted by Von Tress (1993)
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[155] to longitudinal data with polytomous responses. Each response has a multinomial

distribution, and estimation is by GEE. An identity link is considered. Miller, Davis

and Landis (1993) [94] also extend the GEE approach to polytomous response variables.

Under certain assumptions, the GEE's are shown to reduce to the weighted least squares

equations discussed in Koch et al. (1977) [66].

Thall and Vail (1990) [142] described an extension of the GEE for longitudinal count

data which provides for estimation and inference on the covariate effects on the mean,

and for the variance and covariance parameters. Random subject and time effects

are incorporated, leading to a class of covariance models. These covariance models

can characterize heteroscedasticity, over-dispersion and dependency among repeated

observations. Parameters are estimated by alternating between the GEE for the mean

parameters and a set of moment equations for subject and time variance components.

The combined estimates of mean and variance parameters is shown to be consistent and

asymptotically Normal.

Carr and Chi (1992) [19] described analysis of variance type models for longitudinal

data, and if the data is complete, then under these models the solutions to the GEE are

simplified and of closed-form. Hypothesis testing is also discussed. Smith and Hadgu

(1992) [130] used the GEE approach to obtain estimates of sensitivity and specificity

when the data consists of correlated binary responses. Lipsitz, Laird and Harrington

(1992) [87] considered a three-stage generalized least squares method for longitudinal

binary data, which is similar to the methods of Ware (1985) [tS6] and Jennrich and

Schluchter (1986) [59]. The estimates are asymptotically equivalent to the estimates

obtained from GEE. O'Hara Hines and Lawless (1993) [102] examine robust asymptotic

covariance matrix estimators for the regression parameters in toxicological mortality

data grouped over time. These estimators are similar to those discussed in Liang and

Zeger (1936) [81] and Zeger and Liang (1936) [167]. Wypij, Pugh and Ware (1993) [165]

discuss the use of regression splines and GEE in the modelling of pulmonary function

growth.
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Prentice (1988) [109] outlined many of the important approaches in modelling cor-

related binary data with a corresponding vector of covariates at each outcome time.

Extensions of the GEE are also proposed which allow joint inference on the regression

parameters and pairwise correlations among observations. Lipsitz, Laird and Harrington

(1991) [86] suggested using the odds ratio as an alternative to the pairwise correlation

as a measure of association. The estimating equations of Prentice (1988) [109] are modi-

fied appropriately. Paik (1992) [104] considered an extension of the GEB that allows for

heterogeneity of the dispersion parameter. This is equiualent to the ertension considered

in chapter 6 and which was deriued independently (Ricci and Verbyla (1991) [118]).

A family of multivariate models that are parameterized in terms of marginal means

and pairwise correlations was proposed by Zhao and Prentice (1990) [lZi] for corre-

lated binary data. Score equations and Fisher's Information matrix are simplified by

expressing the models in terms of convenient underlying parameters. When the number

of responses is small, estimation by maximum likelihood is proposed for a special case

of the multivariate model. Specifying a 'working' covariance matrix instead leads to

a system of generalized estimating equations and solutions related to Liang and Zeger

(1986) [S1]. Consistency and the asymptotic distribution of the estimators are shown

informally. Prentice and Zhao (1991) [110] extended the arguments of Zhao and Prentice

(1990) [171] to the more general case of multivariate discrete and continuous responses.

The models discussed in Darlington and Farewell (1992) [30] are a special case of the

formulation given in Prentice (1988) [109] and Zhao and Prentice (1990) [171] but allow

direct likelihood based inference procedures in contrast to the use of GEE. Zhao, Pren-

tice and Self (1992) [172] noted that the GEE arises as maximum likelihood equations

under any special case of the multivariate model introduced in Zhao and Prentice (1990)

[171]. Related to the pseudo-maximum likelihood approach of Zhao and Prentice (1990)

[171], Fitzmaurice and Laird (1993) [43] considered analysis of correlation binary re-

sponses but the associations between responses are modelled in terms of log-odds ratios,

rather than correlations.
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An interesting review of analytical methods for regression models for longitudinal

categorical data is presented by Fitzmaurice, Laird and Rotnitzky (1993) [44]. Com-

parisons are made between likelihood-based approaches and the GEE approach. Useful

discussions follow, by a number of authors includingZeger, Liang, Prentice and McCul-

lagh.

Liang, Zeger and Qaqish (1992) [82] discussed a class of models for the marginal

expectations of each response and for pairwise association. The marginal models are

compared with log-linear models and pairwise association is in terms of the odds ra-

tio. Two GEE approaches are compared for parameter estimation, The first approach

focuses on the regression parameter as in Liang and Zeger (1986) [81], Prentice (i988)

[109] and Lipsitz, Laird and Harrington (1991) [86] and is referred to as GEE1. The

second approach simultaneously estimates the regression and association parameters, is

referredto as GEE2 and was inbroduced in Zhao and Prentice (1990) [171], Qaqish and

Liang (1992) [111] considered a model for correlated binary data where the marginal

probabilities and odds ratios may have regression structures that include multiple classes

and multiple levels of nesting. Estimation is based on the second-order generalized es-

timating equations GEE2.

An alternative to GBEi for multivariate binary data is presented in Carey, Zeger

and Diggle (1993) [18]. The association amongst random variables in terms of the odds

ratios is of interest. The algorithm presented alternates iteratively between a GBE for

the mean parameters under a logistic regression model and a logistic regression of each

response on others from the same cluster. An offset is applied to update the pairwise

odds ratio.

REML estimation has been proposed by a number of authors for generalized lin-

ear mixed models. Breslow and Clayton (1993) [15] approximate the marginal quasi-

likelihood method by Laplace's method. The penalized quasi-likelihood approach leads

to estimating equations for the mean parameter vector. Approximations using Normal

theory REML results for the estimation of variance components are applied in an ad'
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åoc manner, yielding a set of estimating equations for the variance parameters. Drum

and McCullagh (1993) [33] adapt REML to certain logistic regression models.

L.2 An Outline of the Thesis

This thesis considers methods for Normal and non-Normal data in the analysis of re-

peated measures. Natural extensions of Normal theory methods to the non-Normal case

can lead to a simple and flexible approach in the modelling of such data.

An overview of the theory of residual maximum likelihood (REML) is presented in

chapter 2. The profile model (growth curve model) of Potthoff and Roy (1964) [108]

is introduced. The profile model is represented in canonical form and the maximum

likelihood (ML) estimator of the mean matrix is derived. The extension of the profile

model to a sum of profiles model is also considered.

Two versions of RBML are considered for the profile model in chapter 3 (Ricci,

Verbyla and Venables (1994) [120]). Estimation of the variance parameters of the profile

model covariance matrix is presented for both versions of REML and ML. It is then

shown that the two versions of REML provide more realistic estimators of the covariance

matrix of the estimated mean parameters relative to ML. The reduction in bias for

REML compared to ML for the standard errors becomes evident. It is demonstrated

that for a number of examples considered, the estimates of the mean parameters for

all three methods are either identical or very close. REML's importance in the profrle

context is in providing more realistic standard errors.

Chapter 4 extends the growth curve strategy of Stanek and Diehl (1988) [13a] (itself

based on work of Koch et al. (1977) [66]) for binary repeated data (Ricci and Verbyla

(1991) [119]). This extension is analogous to the sum of profiles model allowing different

linear models for different groups. Marginal functions of interest for response proportions

are modelled in terms of polynomial matrices. The case of incomplete data is also

discussed.

An overview of quasi-likelihood equations is presented in chapter 5. The extended
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quasi-likelihood equations are also discussed which may permit modelling the disper-

sion parameter (as defined for generalized linear models) as a function of covariates of

interest. A multivariate extension for the univariate dispersion case is derived in chap-

ter 6. The extension of the quasi-likelihood equabions to the GEE approach proposed

by Liang and Zeger (1986) [81] and Zeger and Liang (1986) [167] is also discussed. A

second order extension of the GEE is discussed which adds a second set of GEE for

the correlation or odds ratio parameters. Finally a set of estimating equations obtained

from a class of quadratic models for the mean and covariance parameters as proposed by

Zhao and Prentice (1990) [171] and Prentice and Zhao (1991) [110] is briefly discussed.

A number of 'working' covariance matrices are presented here which can be used with

the estimating equations of the quadratic models leading to the second order GBE.

In chapter 6 we consider occasion-specific parameters for the mean and the disper-

sion in a GEE context (Ricci and Verbyla (1991) [118]). Stram, Wei and Ware (1988)

[137] modelled occasion-specific parameters for the mean, but estimated the parameters

separately at each time point. Zeger (1988) [166] commented that this is a solution

to the GEE when we let the coefficients vary in time and use an identity (indepen-

dence) working correlation matrix. How the occasion-specific regression parameters can

be written in a form that allows missing values is discussed. Estimation of the mean

parameters is considered with non-independent working correlation matrices. The mean

model can be written in a form analogous to the sum of profiles model.

The dispersion parameters (which may also be occasion-specific) in terms of covari-

ates of interest are modelled and another set of GBE for estimation of the covariate

parameters is developed. The dispersion covariate parameters may be estimated with

the mean parameters by either two separate sets of GEE or in a combined GBE for all

parameters. Covariance or correlation parameters may also be estimated in their own

GEE or as part of a combined GEE. Discussion of estimation by separate GEE (GEEI)

or combined GEE (GEE2) is given in chapter 5. An outline of the asymptotic covari-

ance matrix for the parameter estimates is presented in chapter 6. As acknowledged
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earlier, Paik (1992) [104] independently considered dispersion models with GEBI (but

not GEE2).

Measures of the goodness of fit of a model are discussed in chapter 6.

Three examples are considered in chapter 7 for parameter estimation by the GEE

approach. The first example involves occasion-specific parameters. Modelling the dis-

persion parameter in terms of covariates of interest is considered in two of the examples.

Difficulties in estimation by GEE2 become apparent in the three examples. The positive

and negative aspects of GEEl, GEE2 and moment estimation are discussed.

Chapter 8 proposes a series of nested kronecker product correlation structures for

dental data for 117 rats. The GEE approach provides a natural and straightforward

method for analysis of this data set. Tests of the validity of the correlation structures

are given. A mixed effecbs model is also applied.
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Chapter 2

REMI, and the Profile Model

2,L Introduction

In this chapter the philosophy and theory of residual maximum likelihood (REML) is

introduced. REML attempts to redress the bias nature of standard maximum likelihood

(ML) techniques with respect to estimating the variance parameters.

The profile model or growth curve model is also introduced for repeated measure-

ment data. This model has been extensively examined in the literature. A canonical

representation of the profile model is considered and bhe maximum likelihood estimator

of the mean parameters is derived, An extension of the profile model, titled the sum of

profiles model is briefly described.

2.2 REML and the General Linear Model

In this section the methodology of Verbyla (1990) [1a8] is used to derive the RBML

estimators for the general linear model,

y: xþ * e (2.1)

where y is an n x 1 vector of responses, X is an n xp design matrix and is assumed to be

of full column rank, and e is the random error vector which is distributed as lV(O, o'{¿).
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The matrix O is assumed to be positive definite and is completely specified by an r x 1

parameter vectorf , r 1p; if necessary we write O(7). W" require estimates of B, o2

and 7.

The following lemma will be required:

Lemma 2.1 Let Mp'q or¿ lynx(o-o) be matrices of futt column ranle q and p - q re-

spectiuely, such that M'N --O. Then if {2 is a symmetric positiue definite matrix,

d|-r - a-t M(M', d¿-t M)-L M', d¿-L + 
^t(^r'o^¡)-1^¡/

Proof: See Khatri (1966) [63].

We derive a canonical form for the general linear model (2 1). Let L : ILT"' L\x("-n)1,

where .L is of full column rank, and satisfies

L'tX - IPXP and L'2X : O. (2.2)

A convenient choicefor,Ll is X(X'X)-'. If we let gt: L'tA andyr: L'zA, then the

transformed matrix is distributed as

L'v:l 
;; ] 

- ' (l:l ,"'l :',::',
L',td) Lz

L',2d2 L2 l)
(2.3)

(2 4)

If. E, = L',dÌLr, the marginal distribution is

az - N(o, o'Ðr),

which does not depend on p.

The conditional distribution,

U,IU, - N(p * Bg,, 02Ð,)

B : (L"nL,)(L',QL,)-'
where
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and

Ð, : (L',dìL,) - (L',{2L,)(L',{7L,)-'(¿i {¿L,)

: (xtd¿-'x)-'

contains all the informationon B. Thus gl, acts as a covariate in (2.a) in the estimation

of p.

If O is assumed given, then .B is known ard By, acts as an offset in (2.a). Sub-

tracting By, from y, then leads to the simple maximum likelihood estimator of B,

lv, - Bg,l

L"I.I - d¿ L,(L',,{2 L,)-', L',.ly

(X'9-' X)-' X'dl-'y (2.5)

where we have applied Lemma 2.1 and the maximum likelihood estimator is the gener-

alized least squares estimator as expected.

The log-likelihood function for the marginal distribution of y, is

L(o',, 't; u): const - i(" - p)los o2 - llog{det(L',dlL")}

- # @' n,(L',d¿ L,)-' L',a) (2.6)

where det(L',dlL,) is the determinantof L',12L,. The log-likelihood L(oz, ^'f; U) is the

log-likelihood of the contrasts with zero mean, that is the error contrasts. Information

on the error parameters is concentrated solely in the marginal distribution of gl,. This

can be seen by noting that the size of the vector gl, for the conditional distribution of

y, given gl, is equal to the size of the parameter vector B.

Since

L(þ, o', r L'g): L(þ; y,la')L(oz, 1i a,) Q.7)

then equating the determinants on the left and right side of (2.7) gives

det(L'dZL) : det (X'9-' X)det (L',dZL")

p
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and by properties of determinants

Hence we can then write (2.6) as

L(o', ^l; uz)

det (L',dl L,) : det (L' L) det (O) det (X'O-'X) (2.8)

(2.e)

const - iø- p)los o' - f,tos{det 
(o)}

-jlog{det (xtdz-'x)} - #
where we have used (2.8) and

P : L,(L'.9 L,)-' L', = d)-' - d7-' X (X'd¿-' X)-' 1çr 9-'

by Lemma 2.1. The adjustment to the full log-likelihood is the term

log{det (X'9-' X)} 12.

This is the log-likelihood as given by Harville (1974) [53] and Cooper and Thompson

(1977) [25]. Harville (1974) [53] transforms the n x I response vector y to the p x I

estimator þ : çX'n-'X)-'X'd¿-'y and to a set of n - p linear functions with zero

means, corresponding to L'.y above. The likelihood is derived by the independence of

these sets of linear functions. However the transformation used is dependent on O.

Estimates of the variance parameters ø2 and 7 are obtained by maximizing the

log-likelihood L(o2, 1; A), that is solving the score equations,

ðL(o2, -t Uz) (2.10)
0oz

0L(o2, ^t; Uz)
1 , r, (2.11)

0t,

("-p) , v'Pv:
2o2 ' 2oa

: -|,,?H)+fia'efl,o,
where (2.10) is derived from (2.9) and (2.11) is algebraically easier to derive from (2.6).

Equation (2.10) yields the REML estimator for o2,

:z - a'Pgãk: å. (2.r2)

Using the result
aP_ _ _oôQ o
^--l-Ã-rr0''l¡ o^l¿
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the second order derivatives are

0L(o2, i; Az)
ôo2ôo2

0L(o2, ^l; Uz)
0o2ð.'t;

0L(o2, -t; Uz)
ôt¿ol,

("-p) _s'Pa

2

2oa
1

o6

y,ep ey
o'l;

(2.13)

(2.r4)

o4

and

i"(.H,#)- j,. ?#h)
-\o'pYpYpy + !y'Ppeo

o'Y j o'l; '¿o" o'Y¡o^l;

A number of results are required to evaluate the expectations of the above second

order derivatives.

(a) If D is a symmetricmatrix then E(y'Dg) : tr( ÐD)* p'Dp, where E(y): tt

and var(g) : Ð, and

þ) PaP - P.

Fisher's Information matrix for (o2, 7')', represented as Õ say, from the marginal

likelihood of g, has components,

02T1j
("-p) I

-tr2o'¿

aa
h¡

o2 P
2oa

I tr

tr

2

I
,

It

IJ

Estimation of o2 and 7 from (2.10) and (2.11) can be obtained by Fisher's method of

scoring. Since an explicit estimate (2.I2) of o2 is available, we can use (2.12) and the

part of the iterative procedure that is used in estimatirg 7,

i * : i *-t + i*-r Ù r-r, (,kth iteration), (2.15)

where .l- is the submatrix formed from the bottom r rows of the inverse of @ and U is

the score vector of 7.
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2,3 The Profile Model

Potthoff and Roy (1964) [108] introduced a generalized multivariate linear model referred

to here as the profile model. The profile model is also referred to as the growth curve

model or GMANOVA. As the profile model can be applied to situations other than

growth curve problems, we prefer to use the more general title, due to Morrison (1967)

[e7].

Suppose p measurements of a response variable of interest are taken for each of n

individuals or experimental units. The measurements may be taken over p time points or

under p different conditions. For each individual, a q x 1., (q < p), vector of explanatory

variables or covariates, rn¿, are measured at each time point. We assume that the

response at the j'å time point, of the i|À individual, y¿¡, has mean

E(a¿¡) : rrù'io.

The vector îq'r is a vector of unknown regression parameters. Consequently

E(v,): Mo

where g;:lA¡, U;2,...) yipft and M:lrn,s ffi,s..., mr)'.

Each individual y¿ is assumed to be distributed as

g¡ - N(M0, 9), (2.16)

where {|p*p \s an unknown covariance matrix. We will consider the case of O fully

parameterized as well as two parsimonious parametric forms. The linear model (2.16)

can be thought of as a 'within individual model'.

If the individuals are randomly allocated to rn groups or treatments then the model

for the entire sample is

Y - N(XOM',, I. Ø Q), (2.17)

where the rows of Y"'p correspond to the experimental units, and Xn'^ is a fixed design

matrix specifying the treatment structure 'across individuals'. Model (2.17) permits
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expectations to vary from group to group (defined for example by several factors), with

the rows of. @^xq representing the regression parameters for different treatment groups.

Model (2.I7) however restricts the means between groups to have the same profile design

dimension and form, for example polynomial models with equal degrees. The matrices

X and M are assumed to be of full column rank.

2.4 The Canonical Form

The canonical form introduced in $2.2 can be easily extended for the profile model. Let

Q,, Q.,.L, and L,be matrices of full column rank such that

M'Q' : Ir M'Q'- o, L',X : I^, and LtrX : o. (2.18)

and Q : lQ,p'q qrnx(n-t)1and .L : lL,n'^ L"n'("-^)) are non-singular. A convenient

choicefor.L, is X(X'X)-' and L"can be chosen to haveorthonormal columns, satis-

fying L,L'": I - Py where Px : X(X'X)-'X' If X, : L',YQ,,Y,,: L',YQ",

Y,, : L'"YQ,. and Y,, -- L',YQ" denote the components of the non-singular transfor-

mation of Y, L'YQ, we have the canonical form (similar to Gleser and Olkin (1970)

[48])

L'YQ: [;: 7.'"f-"(l: :]'l Ø Q'AQ
In-^

(x'x)-'
0

0

(2.1e)

where

B : (Q',QQ")-'Q',QQ,.

If O is fully parameterized, the new parameters B, (M'9-'M)-' and Q'"dlQ2 are a

one to one mapping of the p(p + l) l2 parameters of O.
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2.5 Fully Parameterized Covariance Matrix

Using the canonical form (2.19), estimation of @ is based on the conditional distribution

of X, given Y,,, analogous to estimating B from the conditional distribution of y, given

y, in $2.2. Assuming O is known, then as occurred for B in (2.5), Y,,B is completely

known and can be used as an offset. The ML estimator is

ö Yr, - YrrB

L',,Y (I - Q,(q',,dtQ ")-' Q',Q)Q,

Using Lemma 2.1 and (2.18), the ML estimator of @ reduces to

@ : (Xt X)-' X'Y dl-' M (M'd¿-' M)-' (2.20)

with covariance matrix

vut(@1Y,,) : var(Y.,1Y,,) : (X'X)-' Ø (M't¿-' M)-' (2.2r)

The actual choice of Q,, Q,, .L. and .L" when O is known is not important. The

resulting estimator (2.20) and covariance matrix (2.2I) are invariant to the choice of Q

and ^L. However knowledge of dì can provide simplifications in the estimation of @. If

Q, is chosen such that Q',dìQ, : 0, for example Q, : {ì-' M (Mt {7-L M)-1, then Y..

and Y,, are independent and inferences on @ are based on the marginal dist¡ibution of

Y,,.

In practice O is generally unknown. In this situation Potthoff and Roy (1964) [108]

proposed taking Q, : G-'M(M'G-' M)-', where G is an arbitrary non-singular non-

stochastic matrix. Inferences are then based on the marginal distribution of YQ, (i.e.

L'YQ,). The problem with this approach is that using an arbitrary matrix G leads to

inferences dependent on the actual choice of G. Another potential problem is that the

sufficiency principle may be violated because of the reduction of the data from Y to Y,.

As previously discussed in chapter 1, Rao (1965) [1i3] removed the arbitrary nature

of the marginal analysis of Potthoff and Roy (1964) [108] bV basing inferences on a
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conditional model, such as those presented by the canonical forms in $2.2 and $2.4.

Khatri (1966) [63] derived the explicit maximum likelihood (ML) estimators, but we

will follow the approach of Gúzzle and Allen (1969) [51].

2.6 The Sum of Profiles Model

In some situations the profile model (2.L7) is not appropriate. A more flexible model

that allows units or treatments to have different profiles is called the sum of profiles

model, and was developed in Verbyla and Venables (1988) [151]. The sum of profiles

model is briefly outlined using the terminology of Verbyla and Cullis (1990) [149].

Suppose that the iúå unit is observed at p; of a total of p time points,, permitting

incomplete data. Let X; be a p¿ x rnp design matrix for the i¿À unit. X¿ specifies which

treatments are applied and which bime points observations have been taken for the i'â

unit. The p; x l response vector f; is assumed to be distributed as

N(X¿þ, o'Ðo(l)),

where B is a n'¿pxl parameter vector denoting time-by-treatment effects. The covarrance

matrices, Ð¿(l), are presumed to follow the same form for all n units, and is dependent

on the r x I parameter vector 7.

If we concatenate the response vector, g : Gt'r, û'rr. . . , !'n)', then

y - N(xp, o2d¿A)), (2.22)

where X:(X', X',...X'")'and O: diug(Ð;(Z)). Let N : pt*pzl...*p,. In

most situations the N x mp design matrix X is of full column rank.

The mean parameter vector B is composed of rn blocks of p elements. The jth

block represents the jth treatment effect at each of the p time points. We may in some

situations wish to model the blocks of B, i.e. the treatment effects, for example by a
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linear model of form,

p:
p,

p"

M,0,

M,0"

Mro
OM,

0

0 0,

e

: A0. (2.23)

p^ M^0^ o0M* 0^

Model (2.23) allows different parametric forms for different blocks of B, by different

profile design matrices Ml"o'.

When the data is complete, then we can represent (2.23) and (2.22) in matrix form,

that is

o'rMl

O',M:
(2.24)E(Y)--TA:Ir : I üe,iM¿

m

i=l

O' M'mm

where T : lt, t.... ú-] is an n xrn treatment design matrix and A is the mxp matrix

of parameters. If allthe M¿are equalthenA -@M',and(2.24) isthemeanof the

profile model (2.17). The vectors y and B arc formed by stacking the rows of Y and A

respectively and X : T I Ip. Complete data implies that d2 : In I t.
Equation (2.24) is a sum of profiles formulation. If some of the M; are equal then

we can write (2.24) as 
k

E(Y): D ri@M:
i=l

where T.nxm' and @¿-dxÇi are formed accordingly and is the sum of profiles form given

in Verbyla and Venables (1988) [151].

If we consider (2.22), then as in $2.2, let L : lL!'^n, Ly"@-*r)1 be a lú x lú

matrix of full column rank such that ,L'1 X : I^p and L'2X:0. Then the results of

$2.2 hold. For given 7, the estimator of B is

þ : |X'O-'X)-' X'd¿-'y (2.25)

and the ML and REML estimators of B are found by replacirig dì by A, : A(iu)
and Oa : A(i n) respectively. The estimators i¿, and ia are the ML and REML
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estimators of 7 respectively. In the case of complete data, we can write B as

a: (T,T)_'T,Y

where the rows of Å ... the blocks of B.

The estimator þ for given 7 is distributed as þ - N(þ, o'A), where

A : (X' {¿-' X)-' . Model (2.23) indicates that the generalized least squares estimate

of 0 is

þ : çA' A-' A)-' A' A-'þ. Q.26)

The REML (ML) estimator is found as before, by replacing Aby À*: ¡On)

(À* : l(ià).The estimated covariance matrix of â is 6zçA'À-' A)-t'

Since the matrices in (2.26) -uy be large, Verbyla and Cullis (1990) [149] use a

procedure based on conditional regressions to simplify computations. The details of this

procedure are given in Appendix C of their paper. The standard errors however are not

directly obtainable f¡om this computational procedure.

Alternatively d may be estimated directly from (2.22) under (2,23). The conditional

distribution Q.a) contains further information on the covariance parameters 7 above

that provided by the marginal distribution of gr,. Let Q;: ÍQ¿,p"q' q',nx(n-u\), i :
1,..., m,be p x p matrices of full column rank such that

Q'rtMo : In,, Q';rM; : o, i 1m

holds. Define

oQt"o

1

Qrt o

0 Qz,

0

00Qzz 0

Q^, o o Q^z

Q: : lQ, Qzl'

00
If we let

0L
Q,, O

ai0
0 I gt -^p)

L,:
Q,,L,,

Q,,L,,

L;

L,,,

L\,
L,,
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which has full rank, and X* is the N x q (q : ÐLr q;) matrix, X/., then

L'rrX* - Iqxc and lLn L2)'X* : 0

If yi, : L\tU, Uiz: L'rry and Ui: L'zU - y, then the transformed matrix L'ry is

distributed as

L',

Ait

aiz

Uz

-N
t

o

e

0

0

a

L',¡d) L¡
L',p{2 L¡
L',z{7Lt

L',1d)Lp

L',ndl Ln

L',2dì L¡2

L',\dìL2

L',pdl L2

L',2dl L2

The simple maximum likelihood estimate of d is

0 : ((X.)'d) X)-t(X.)'d|-'g : (A'X'd|-t X A)-t A'X'(2-ty,

from the conditional distribution of yl, given lgiz yi| This follows by applying the

results of $2.2 with X*, Ltt, lLt, Lrl, Ai, and [gri, gri] replacing X, L,,, L,, gr, and

y, respectively, and N and q replacing n and p respectively. Equation (2.5) can now be

used to estimate 0.

The full REML estimate of the covariance parameters is derived from the marginal

distribution of [gi, 3li]. Estimating the covariance parameters from the marginal distri-

bution of gli alone leads to a partial REML estimate of the covariance parameters. In

chapter 3 we will consider full and partial REML estimates for the profile model.
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Chapter 3

The Profile Model with Maximum

Likelihood and RE'MI, estimatron

3.1- Introduction

In this chapter we compare maximum likelihood (ML) and two versions of residual

maximum likelihood (REML) for the estimation of the parameters of the profile model

introduced in chapter 2. Note however, that the closing remarks of chapter 2 show that

the sum of profiles model also accommodates both approaches.

The canonical form (2.19) provides a natural way to select REML components for the

variance parameters. We are specifically interested in the estimation of @ by the th¡ee

likelihood methods and the estimated covariance matrix of the respective estimators of

@. The three likelihood methods considered are,

(a) full ML, using all components of the canonical form,

(b) partialREML(PREML) using L',YQ:lY,Y,,)for theestimationof thevariance

parameters and

(c) full REML using lY, Y"") and Y,, for the estimation of the variance parameters
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The components lY., Y",) and X" provide no information on @, have zero means,

and consequently correspond to error contrasts. Consequently the variance parameters

are estimated from these components.

There are two versions of REML; there is a justification for the second, PREML.

Usually the profile model specified fty M is unknown but the design X is determined by

the experimental protocol. If we construct the marginal likelihood free of fixed effects

for the regression model of Y on X, we obtain PREML. This likelihood is not affected

by incorrect specification of the profile model.

3.2 Estimation when the covariance matrix ls un-

known

For all three methods, the conditional distribution of Y,, given X, is used to estimate

@; the estimator is

ö : Y,, - Y,.È (3 1)

where ,B ir un estimator of B. Under ML, estimation of B is based on the two condi-

tional distributions of Y,, given Y,, and Y' given Y,,. The normal equations are

A'W-'AE : A'W-'Y.,,

where

A_ W: 0

In-^

I^ Y*

0 Y,.

(X'X)-,
0

Ytt

Y,,
Yand

Hence

þ : çY;,Y",)-'YJ,Y,,

and if S :Y'(In - Py)Y, after manipulation (3.2) reduces to

È : (Q'"]Q.)-'Q',]Q,.

(3.2 )
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PREML and REML estimators of B are found using the conditional distribution Y,.

given Y,, and hence we also obtain (3.2) for these methods. Substituting (3.3) in (3.1)

leads to

þ - çx' x)-' x'Y s-' M (M's-'M)-' ,

which is the ML estimator derived by Khatri (1966)[63]. All three methods lead to the

same estimators of @ and B.

As estimation of @ and .E} involves the conditional distributions of X, given Y,,,

and Y,, given Y,,, the appropriate covariance matrix of @ for all three methods is the

conditional covariance matrix (see also Gr\zzle and Allen, (1969) [51])

var(@1Y,,, Y",): P"Ø(M't¿-'M)-' (3.4)

where

R: (X'X - X'Y.,(Y.!"Y.,)-'Y.iX)-' and Y': YQ,.

We need to estimate (M'dl-'M)'\n order to estimate (3.4). The three methods

differ in the estimates of (M'd|-'M)'. Under ML, the estimator for dì is dt = Soln

where S": (Y - XO¡ø')'(Y - XOnl'¡. It can be shown that So-'M: S-'M
(Verbyla (1986) [t+7] (p. 13)) and hence the ML estimator is

(M'l7-r M)-' : (M',S;' M)-', f n : (M', S-r ¡4)-t f n.

PREML uses only L'"Y Q or equivalently L',Y for estimation of the variance parameters.

As L',Y - N(0, In-^ Ø O) the PREML estimator of O is S l(" - rn) which is unbiased

for O. The PREML estimabor of M'd)-' M \s therefore

(M' S-, M)-, l@ - ^)
To estimate (M'9-' M)-' under RBML, we use the condibional distribution of Y,,

given Y,r; this distribution has non-zero mean and a second application of REML is

required. As in (2.18), let T : lT\"-^)'@-o) 7@-^)x(n-m-(p-ø))1 have full column rank,

assuming (" - *) > (p - q), such that

T:Y" : Ip-q, and T:Y" -- O,
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where the columns of T" are constructed to be orthonormal. Let D, : TIY", and

D' : T:Y'. Then

f '',".1 -N(f "l ,l{v:'v")-' o l*r*'n-'M)-'l ,

lD, j \Loj L o rn_^_(p_q)) I
and D, and D" are conditionally independent. The REML estimator of (M'dl-' M)-'
is therefore derived from the conditional distribution of D, given Y,,, and is

D'"D"1(n - TrL - (p - q)) : (M' 5-' M)-' l(" - ^ - (p- q)),

which is unbiased for (M'dl-' M)-'and is the form stated lry Gr\zzle and Allen (1969)

[51]. Notice also

iJ : D, : T!y,, = (y:^y,,)-,y!^y,,

as in (3.2).

All three estimators of M'dì-'M differ only in their divisors, and PREML and

REML provide simple degrees of freedom adjustments to the ML estimator. PREML

and REML reduce the bias of maximum likelihood estimabion of the variance parameters,

with REML providing the full adjustment.

3.3 Structured Covariance Matrrces

3.3.1 Raots Covariance Forrn

Rao (1967) [115] considered a covariance matrix of the form

d2: MÐ,M'I ZÐ"2'+o21,

where.D, and Ð, are possibly unknown, M'Z:O. Z need not be a basis of R(M)L

We consider a simpler form

{-l: MÐ,M'I ZÐ,2',
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where Z is apx(p-q) matrix of full column rank. Let Q,, Q., .L' and L"be matrices

of full column rank that satisfy (2.18) and additionally

Z'Q, : o, and Z'Q': fr-o'

These restrictions on Q, and Q, mean Q, : M(M'M )-' and Q, : Z(Z'Z)-'. Hence

the canonical form reduces to

so that Yr,.rYr.rY' and Yrrare independent and inferences concerning O are based on

the marginal distribution of Y,,. The ML estimate of O is then

o : (xt x)-' x,Y M (M,M)-, ,

which does not depend upon O. Thus the ML estimator is also bhe PREML and REML

estimator.

The ML estimators of X, (via L'YQ, or equivalently YQ,) and X, (via YQ,) are

Ðt : (M'M)-'M'SM(M'M)-' ln, and br : (Z'Z)-' Z'Y'YZ(Z' Z)-' fn.

The PREML estimators of X, and -Ð, are the ML estimators with n replaced by n - m.

The REML estimators have divisors n - m and n for .}r and .i2 respectively. The

PREML and REML estimators of .Ð, are unbiased and the ML and RBML (but not

PREML) estimators for Ð, are unbiased. The covariance matrix of @ is (X'X)-' I
(M'M)-'M'{2M(M'M)-' : (X'X)-' I !, for all three methods. PREML and

REML again provide the degrees of freedom corrections for estimation of !,.
The modified model,

Y - N(X@.M:, I"Ø d¿),

where Mois a known px Qo matrix of full column rank, qs ( q, and O is (3.5) as before,

may arise when individual sampling units are represented by, for example, higher degree

polynomials than that which adequately describes the overall mean; see Fearn (1977)
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[40]. Let M, be ap x q1 matrixsuch that qs*qr: q and M:lM"M,l beof full

column rank. SinceYQ, andYQ, are independent, inferences on @o are based on the

marginal distribution

YQ, - N([@" o], r" I t').
If M* : (M'M)-'M'Mo, a q x qs matrix of full column rank, which incidentally is

['Ioo o']', then

YQ, - N(x@"(M*)', I,.8 t,)

which has a profile model form and the results of $2.5 can be applied for estimating @o.

3.3.2 The General Case

Suppose dì : o2V (7), where 7 is an s x 1 vector of unknown parameters with jth

component 7¡. This section is primarily concerned with estimation of o2 and 7. All three

approaches give (2.20) as the estimator of @ with 1 replaced by the appropriate estimate.

The likelihood functions for estimation of ø2 and 7 for the three approaches are found

using the canonical form (2.19), although for maximumlikelihood it is more convenient

to use the original growth curve model. The three log-likelihoods for estimation of a2

and 7 are

L¡a : -T^t"' -;log(der v) - )rtrçv-'no¡,
Lpn : -rybsoz -rylog(der v) - )rr,1v-,s¡,
Ln : tosoz- |log(d"Lv) -|aerQw'v-'M) - #"rr-'Ro),

where P,o: (Y - X@M')(Y - X@M')', .Ro is .Flo with @ re laced by (2.20) which

is a function of 7, and S is given preceding (3.3). The estimates of o2 are all of the

form

a' : !¡(v-'n") (3.6)

where v is np, ("-*)p and, np-mq for ML, PREML and REML respectivel y,t : V (i)
is evaluated at the ML, PREML or REML estimate of 7 and is So evaluated at @
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for ML and REML, and S for PREML. Note that we are using -Fto instead of -F|o in Ln

because using REML, the mean parameter matrix @ is replaced in the error contrast

likelihood function by the estimate ,è,O).Further, the expectation of the score equations

is zero in Ln by noting that

E(R") : o2nV - o2mM'(M'v-' M)-' ¡4'

This is not the case if .Fto was used instead in .Lp. The REML log-likelihood .Lp has

adjustment
n'¿

- , det(M'V-'M)

to the profile likelihood under ML.

¡,.¡ y0) : TV-r lfu¡. tJnder ML the score vector has Jth component, i : 1,...,s,

æ =|r,çvrttn - )rt,çvrits.¡.

For PREML, the only change involves the replacement of n by n - rn and ,5" by .S. For

REML, there is an additional term to those in the ML result namely

-!t |tut'vri) ¡4t (tut'v -' M)-'¡ : -\tr(M(i)), say.2'"
The expected information matrix from the full likelihood has components

o2

o2 ^l;

# fit,çvøv¡
|rrçvr'tvvØv)

IJ

Under PREML and REML, np \n the expected information for a2 is replaced by

(" - *)p and np - nxq respectively, while n in the remaining terms is replaced by n - m
under PREML. Under REML additional terms like

II

IJ

finçvritv¡
|trlvtntvv{i)v¡

|trçvr'tvy{i)y¡

(o', lr)

-f;ttrçntt't¡,

(l;, r)
-Çft(Mt;) ¡4u)¡,

(lt, l¡)

-\t6tt{;) ¡4{i\¡
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are required.

We can use the method of scoring to estimate 7 for all three methods; in fact as

we have an explicit expression for ã2 in each case, we need only consider the scoring

equation (2.15).

The asymptotic covariance matrix of all three estimators of @ is given by (2.2I),

No analytical solutions appear to exist for the conditional covariance matrix 
"ar(ô1V,,)

because @ ir u complex nonlinear function of i. Therefore, to make a comparison of

the three estimators, we use the asymptotic covariance matrix in the simulation study

discussed in the following section.

3.4 A Simulation Study: First Order Autoregres-

sive Covariance Structures

Consider the case where the covariance matrix has a first order autoregressive structure

(AR-1), that is

d¿ : o2V,

where

(r - p2¡v :

pr-L

prl

pp-r pr-2

The inverse of V is D : (1, t pzE, - p.F,) (see Verbyla (1985) [145]). Here -8, is a

diagonal matrix with the first and last diagonal entries set to zero and the remaining

entries set to one; F, has ones along the first upper and lower minor diagonals and zero

elsewhere. As the inverse of V is a simpler expression to use than V, we will work with

the likelihood function written in terms of D.

We already know the form of the estimator of @ for ML when O is known, that is

(2.20). When O is not known, estimates of the scalar variance parameters ø2 and p are

p

1

1

p
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required using likelihood methods (u), (b) and (c). We then substitute the respective

estimators of the variance parameters into (2.20) to give estimators for @ for all three

methods.

In the following, the subscripts M, PË and .R refer to estimators under ML, PRBML

and REML respectively. The ML estimator for a2 is (3.6) (u : np), and the ML equation

for p can be simplified to the cubic equation,

f,trçr,n.¡- (rr(trt") *prr(-8, R"))þ, -p -r2tr(F,R")þ'v+(p- r)rr(.8,.R")þ"v=0.

In method (b) the PREML equation for p can also be represented as a cubic equatìon

IuG,s) - (tr(s) +ptr(E, s))þr*-'#"rl,s)þ'pn+@-l)tr(^E.S)pÈn = 0.

The divisor for ãþp is u : (" - *)p.

Finally in method (c) the likelihood equation for p can be written as a quintic

d.o - dtpn - azpzn + arp3n - t¡pk * aspsn : 0

where

oo:|ct (É") *rytr(F,.e.)
a¡ : (n + mA)tr(R) +ÇCtr(flIi") * (rp - *q)tr(E,R")

c,2: (n i mA)tr(F,R,) +Çcn1s,R") -itu,ri"¡ - T"(nli")
rr3: -(n * mA)tr(E,.R") + mAtr(R") +ÇCtrçf,R.) + (rp - mq)tr(E,R")

a¿ : mAtr(¡',R") + ÇCtr1n,n.¡ as : mAtr(.8,1?.),

where we have set A : tr((M'DM)-'M'E,M) and Ç : tr((M'DM)-'M'F,.M).
The divisor for ã2p is v : np - mq.

A simple simulation study was performed so that comparisons could be made, for

the autoregressive case, on the three likelihood methods considered in this chapter in

terms of estimation of @ and the pertinent standard errors. Different values of the

autoregressive parameter p and 'group size' m were considered. The mean was defined
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to be a straight line, that is d1¡ { 02¡t where ¡ is the treatment number. For simplicity,

we let the parameters of the lines be identical over the different treatments, that is

ïtj:0t and |zj:02 Vj

The number of sampling units and time points ate n: 40 and p : 6 respectively and

we have let d1 and 02 equal 2 and 1 respectively. At each combination of values of p

and rn considered, a total of 500 simulations were performed. The number of groups,

rn, considered are 2, 5, l0 and 20.

We use the asymptotic covariance matrix (2.21) for all three estimators of @ to show

that ML biases the standard errors downwards and that REML provides more suitable

estimators of the standard errors. To do this we compare bhe estimates of the matrix

(M'9-'M)-'for the three methods. The quadratic equation

æt(Mt9-, M)-,a : L

defines an ellipse which can be mapped to a unit circle A'y :1 where

,A : (M,dl-, M)-Lr.

Let þ and. ã2 be estimators of p and. o2 . We denote O evaluated at p and. ã2 Vy O. lt
a : (Mtd)-'M)ïy, the quadratic equation

,'ç¡uI'il-r M)-', - y'(M'd¿-'M)+(M'h-t M)-'(M'{z-'M)*y - 1, (3.2)

defines another ellipse. If þ and ã2 arc unbiased, we would expect on average the ellipse

(3.7) to be approximately a unit circle. If p and ã2 are biased downwards, we would

expect on average the ellipse (3.7) to lie within the unit circle. The square roob of the

eigenvalue s of (M't7-' M)+ çwt'n-r tW)-'(M' t¿-' M)i, )1 and )2 sa¡,, give bhe lengths

of the first and secondary principal axes of the ellipse. If the ellipse is a unit circle then

both Àr and À2 are 1. When the profile model is a straight line, and we have an AR-l

covariance structure, the two eigenvecto rs of (M'd2-' M)i (M'tì-r M)-'(M't¿-' M)+

turn out to be independent of p, except for the sign. With this restriction in mind we

39



have chosen )1 and )2 to correspond to the same eigenvectors over the 500 simulations.

The lengths À1 and À2 were calculated for all 3 methods at each of the simulations, and

their means were recorded over the 500 simulations. For the same set of values of p and

rn, the mean of the estimates of p, o2 and @ were recorded as well.

The ML, PREML and REML estimates of the mean parameters were found to differ

little (see figures 3.1 and 3.2), in other words for this simple case the three likelihood

estimators of @ considered are essentially, if not exactly, the same. It is conjectured

this will be true more generally.

Figure 3.3 shows the increase of the negative bias of ML as m increases, with the bias

greatest for low lpl. PREML and REML estimates are very close to the correct value of

p. The averages of the sample standard errors of the p estimates are displayed in figure

3.4. The PREML standard errors rise as rn increases reflecting the loss of information

by not utilizing Y.,.

The negative bias in estimating o2 under ML is demonstrated in figure 3.5, with the

bias increasing as rn increases. The bias is rnarginally greater for negative values of p.

Again the PREML and REML esbimates are close to the true value. The averages of

the sample standard errors are recorded in figure 3.6. The standard errors under ML

are low with REML rising a small amount as rn gets larger. PREML standard errors

rise more dramatically with increasing rn, and reflects the loss of information of PREML

relative to REML as was seen in figure 3.4.

Each of the diagrams in figure 3.7 represent plots of )1 and )2 against rn for ML,

PREML and REML. The circles correspond to the larger of the two )'s, )1, and the

triangles correspond to )2. As in the previous figures PREML and RBML are very

close. Figure 3.7 clearly demonstrates that as rn increases, ML is under-estimating the

standard errors of @ while PREML and REML provide more realistic standard errors.

There is also an interesting trend for the ellipse defined by (3.7) to move away from

a circle as p increases. This is occurring in a more dramatic way as rn gets larger for

ML. The average sample standard errors of )1 and )2 are displayed in figure 3.8. The
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partial RBML standard errors are slightly higher than REML again reflecting the loss

of information. There is a dramatic difference in the standard error pattern for ML

relative to either of the REML estimates as rn increases.

As noted, PREML and REML estimators of o2 and p are very similar when the

number of groups are very large. This is surprising as PREML does not use Y,, in

its estimation of the variance parameters, which amounts to discarding information in

the error space. As rn increases, Y' increases in size and the amount of discarded

information increases.

3.5 Discussion

It appears from the cases examined in this chapter that the three likelihood methods

considered all give identical or very close estimates of @. However ML estimation can

lead to quite misleading standard errors for @, where the correct covariance matrix

is the conditional one. In the unstructured case, PREML and REML provide degrees

of freedom corrections to (M'dl-'M)-', RBML being unbiased. PREML and more

specifically REML provide more realistic levels for the standard errors of ô. With

Rao's covariance structure we saw that PREML and REML estimators of Ð, are the

same and unbiased.

In the structured case, ML demonstrates an increasing negative bias for the estima-

tion of the variance parameters as rn increases, while REML provides a sounder and

more robust estimating procedure. If the variance parameters are of interest, then as rn

increases REML provides the sensible method. Due to the reduction in bias in estimat-

ing the variance parameters, the estimates of the standard errors of @ under REML will

be more realistic than under ML. On this point alone, it is better to use REML than

ML.

The simulations in the autoregressive case showed Iittle difference between PREML

and REML with respect to the estimates of the standard errors for the estimator of

@. The benefits of REML as opposed to PREML require further study but the gain in
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precision for the standard errors appears small. REML presumes a correct specification

of the profile design matrix M, and if M is incorrectly specified then an element of

negative bias may occur as with ML. On the other hand PRBML results in a positive

bias if M is correct, but this may be a price worth paying for robustness in the face

of possible incorrect specification of M. A suggestion for future work is a study of the

impact of M on the three likelihood methods.

Another positive point of PREML is its simplicity. As pointed out by Swallow and

Monahan (1984) [1a0] a common problem of ML and to a greater extent REML is that

variance parameter estimators need to be obtained iteratively, The resulting computing

may be very complicated and time consuming. PREML can be an iterative method but

the likelihood form is often much simpler and consequently easier to implement from a

computing point of view.
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Chapter 4

Models for Repeated Categorical

Response

4.L Introduction

Koch et al. (1977) [66] present a general modelling approach for repeated categorical

response variables analogous to the general multivariate linear model for continuous

response variables. The method is an extension of the weighted least squares (WLS)

method of Gúzzle et al. (1969) [52]. Stanek and Diehl (1988) [134] further extend the

WLS method of Koch et al. (1977) [66] to the situation where the number of repeated

measurements is too large, relative to the sample size, to allow for the modelling of

all the marginal response functions. They restrict themselves to the case of repeated

measurements of binary response variables. Their method is analogous to growth curve

models with continuous response variables using polynomials to model the response

functions.

In the incomplete data case, Koch, Imrey and Reinfurt (1972) [65] provide an ap-

proach which extends the work of Gr\zzle et al. (1969) [52]. More recently, Lipsitz, Laird

and Har¡ington (1992) [87] propose a three stage least squares approach more along the

lines of the generalized estimating equation approach of Liang and Zeger (1986) [81].
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Suppose we have p repeated measurements of a categorical response of c levels for n

experimental units; initially we assume there are no missing values. There are therefore

r : cp possible response profiles. In the case of a binary response, r : 2p. Let s

denote the number of treatments or subpopulations for the n experimental units, n; is

the number of experimental units in subpopulation or treatment i, and let Y; be the

r x 1 vector, (n;r , rùi2,...) nir)t j of obse¡ved frequencies for the itå subpopulation. The

vector Y; is assumed to follow a multinomial distribution with some parameter vecbor

:r¿: (tr;t, 7ri2,..., T;,)t) where rij (j - 1,..., r) is the probability that a randomly

selected experimental unit from the i¿å subpopulation is observed in the júÀ response

profile.

An unbiased estimator of ur; is the vector of observed proportions pi =Y¿ln¡,with
covariance matrix

V¿: var(p,) : I (A, - r¡z''¡) (4 1)
ni

where zl¿ is a diagonal matrix with elements zr;. The maximum likelihood estimator

(MLE) of zr; is p;,and aconsistent estimatorof V;, V¡, is obtained by replacing zr¡ by

P;.

In practice, marginal functions of the response proportions are of interest. Let

f ;: Íf¿@¡)] b" a column vector of u¡ (u¡ < r) differentiable functions of the vector

p¿. For example, f ; may be a linear transformation of the form f ¿ : A;p¿ where A¿ is a

matrix of known constants, forming marginal probabilities of interest. Other examples

of transformations are logarithmic, f; : log(p;), and the exponential, 1¡: exp(p;).

Gúzzle et al. (L969) [52] and Forthofer and Koch (1973) [46] demonstrated that a large

number of situations may be adequately analysed using one of these three bransforma-

tions. An approximate covariance matrix of f; is the u; x u; matrix

H v iP'i, (4.2)

where Pi:IAf i(tr;)l0r;]isau;xrmatrixof thefirst partialderivativesof thefunctions

f¡ evaluated at p,. Equation (a.2) is the asymptotic covariance matrix obtained by the

multivariate version of the ó-method (see e.g. Bishop, Fienberg and Holland (1975) [i0]

P
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(pp. a87-488)). If Í;: A;p¡ as above, then P; - A;. A consistent estimator of -E[; is

found by replacing ¡r; by p;.

4.2 The Linear Model and Inference

Typically one is interested in p time effects for the s treatments or subpopulations,

measurements occurring at time points t1, t2,...,, tr. In this case ud - p for all i :

1,. . ., s. We will assume that ui : tr. Koch et al. (1977) [66] consider a linear model

E(f,) - X;þ,where X; is a known uxu design matrix, w !us,and B is an unknown

parameter vector. If f : (f't f'r"' f',)'is the full zs x 1 vector over subpopulabions we

have

E(f):XP and var(/) -II, (4.3)

where X is formed by stacking the X; and .E[ is a block diagonal matrix with blocks

I[; given by (a.2). In many situations the entries for each vector of functions /0,

(i : 1,..., s) correspond to the p time points in each treatment or sub-population.

The parameter vector B is estimated by generalized least squares (GLS) with weights

given by .F/-t, the consistent estimator of H-t, that is

^ ^ -l ^ -tp: (x'H 'x)-'x'Ir - f (4.4)

which is a best asymptotically normal (BAN) estimator of B. If is noted here that this

method has been referred to in the literature as a WLS method, technically it a GLS

method.

For complete data, f can be written as an s x p matrix F, with the f'¿ forming the

rows. Let M; be a known p x (øt + t¡ matrix which provides the design matrix for

modelling the ith profile (using the sum of profiles model terminology of $2.6). For

example, if polynomials are used, for subpopulation i, the 7th row of M¿ would be

(l tj t|..'tnjt), j : I, 2,..., p and q¡ is the order of the polynomial model. Consider
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the model
0',

0',

M
M

I

2
(4.5)

o'uM',

analogous to (2.24), where D is an s x u full-rank design matrix (, I ") 
which relates

growth across the subpopulations. If. D:lDt Dr...D"l then we can write (4.5) as a

sum of profiles model, that is

E(r) : E(.fr fz..' f")' : D

u

E(F) : t D¡q'¡M'¡.
j=l

Equation (a.5) is of the form discussed by Verbyla and Cullis (1990) [1a9] in the con-

tinuous case. In vector form we have (4.3) with linear model (2.23), where n1 : u.

If the M; : M, that is bhe profile models for all the subpopulations are the same,

then (4.5) reduces to equation (2.2) in Stanek and Diehl (1988) [134] (apart from different

notation), namely the profile model

E(¡') : Dlït 02 " .0,1'M' : D@M' (4.6)

In the case of incomplete data we can follow the approach of Koch et al. (1972) [65].

Thus for treatment i, we suppose there arern4 different response patterns due to missing

data with n¡; units with jth response pattern, j : l, 2,. . . , m;, and let Y ¡; be the

vector of observed frequencies. For example consider a binary response measured at 3

time points. Table 4.1 demonstrates the possible response patterns when missing data

has occurred. The values nji& correspond to the number observed in bhe fr¿à response

profile, with the j¿å response pattern and in the itå subpopulation. Table 3 in Koch et al.

(1972) [65] displays the observed response patterns for a simulated incomplete split-plot

experiment with binary responses and 3 time points.

As above Y¡; follows a multinomial distribution. If p j;: Y ¡;f n¡; and f ¡¿: U;@,,¡1,

we assume that for some design matrix X ¡;, E(l ¡.) : X ¡;þ. Furthermore the covari-

ance matrix can be defined using (4.1) and (.2) 6y adding the additional subscript
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Table 4.1:
Response profrIes with r -- 23 and missing data for subpopulation i

('-' denotes missing walues)

nji Response Profiles n j;k

nü

fIc;

flq;

flsi

nLil
f¿tiz
T7t;s

nfi¿
Tùüs

Tùüa

Tltiz
nüa

1

I
1

0

1

0

0

0

I
0

I
1

0

0

1

0

1

1

0

1

0

1

0

0

I
I
0

0

1

1

0

0

1

0

1

0

1

1

0

0

Ítr2¿t

I7,c;c

Tlzis

'l7zia

nzi
1

0

1

0

ns¿l
nsiz
TTgis

neia

Tl4t
Tlsiz

nqis

flaia

Trs;t

TTsiz

Tlait

n6i2

nTit
nz;z

1

0

1

0

1

0

nai 1

0

1

0

nzi
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j. Stacking all the f ¡; we again obtain (4.3) The analysis can now be carried out as

before.

Joint estimation of the parameters can be carried out using GLS. Having estimated

þAV Ø.+\ a consistent estimator of the covariance matrix of þ is i:1X'U-tX)-t
and so a GLS estimate of 0, (B : A0),is

þ : ç'+'>-tA)-' A'i-tP (4.7)

with variance matrix consistently estimated by (A'i-t A)-t . The vector of differentiable

functions f is estimated by ¡ : X,a,à with a consistent estimator of the variance of i
being X A(A'i-tA)-t A'x'.

The Wald statistic Q: U - Xb'H-t(t - Xþ) can be used to test the goodness

offitof(4.3),andQhasanapproximatex2distributionwithd.f.:?t-t¿ifthesample

sizes n¡ are sufficiently large. Stanek and Diehl (1988) [134] also use Wald statistics to

test hypotheses of the forrn CB : 0 where C is a known c x u matrix of full rank.

In particular, they consider polynomial models and discuss the determination of the

appropriate order.

4.3 Order Selection of Polynomial Models

Assume the profile design matrices M; are all identical (M¿ - M) say, that is the

polynomial models for all the subpopulations have the same order. Suppose that the p

repeated measurements correspond to q time points measured under d conditions, that

is p = dq. Let the order of the polynomial model b" q - 1, that is M is a q x q matrix

of natural polynomials. Then (4.5) can be written as (4.6).

Determination of the appropriate orders for the separate polynomial models of (a.5)

can be achieved by a simple modification of the method used in Stanek and Diehl (1988)

[134]. Assumethat D: I" as in Stanek and Diehl (1988) [134].

Stanek and Diehl (1988) [t3a] transform the polynomial models to orthogonal poly-

nomials and test globally and marginally for orthogonal trends. These tests are carried
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out sequentially beginning from the highest order polynomial. Stanek and Diehl (1988)

[134] state that these tests are independent. This is not strictly correct because of the

dependency among the elements of the response vectors f; for each subpopulation.

For the i¿å subpopulation, let P; be a q x q orthogonal matrix(P'¡P;: P;P';: In)

such that M; - P;R; for some non-singular matrix .Fl¿. Obviously,, Pi: P¡, Yi, j.

Let P be the block diagonal matrix with diagonal matrix elements P;. Post multiply

(a.6) by P. Define the s x q matrices F and i! by

f'tP t

T--(F,,f2... fn): r,,P,

f'rP"
and

0,,R,,

ú:(Vtú2...úò:
o'rR'

The model now becomes E(F) : I,V.
The q column vectors f * (k : I, 2, ..., q) represent q orthogonal trends for the

s subpopulations. .F;¡ denotes the j'À trend for the itå subpopulation. In many cases

significant trends consist of a lower-order polynomial, for example for subpopulation i,

order qi <
as E(F;) : (f¡ F¡2... F;q): 0'¡R';.A consistent estimator of the covariance of f';P¡

is

v r' : P"Ir;P¿'

Importanb trends for subpopulation i are identified by besting hypobheses of the form

EÁf¿¡) : 0, where Ea \s the asymptotic expectation of F;¡. The Wald test statistìcs

arc Q;¡ : F?¡lVr¡ where Vy¡ is the jtÀ entry of the main diagonal of VF,. 8;i has

an approximate ¡2 distribution with 1 d.f. under the null hypothesis. Thus for each

subpopulation we can test sequentially for the appropriate degree of the polynomial.

0,,R,,
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The above development can easily be generalised to non-polynomial models

4.4 Oviposition of flies example

Stanek and Diehl (1988) [134] consider a study of host fruit acceptance for oviposition

by Rhagoletis pomonella adult female flies. The flies originated as larvae from apple or

hawthorn fruit and were exposed to apple and hawthorn fruit (separately) at ages 8-9,

Il-12,15-16 and 18-19 days after adult eclosion. If the fly attempted oviposition during

exposure then this was recorded as an "accept" otherwise it was recorded as a "reject".

The subpopulations are the two larval origins and p : 8 (2 fruit x 4 ages). Of the total

of 70 flies observed, 37 belonged to the apple larval origin subpopulation, the remainder

belonging to the hawthorn larval origin subpopulation. Complete data was recorded on

all flies. Only 30 response profiles of the possible 28 were ¡ecorded (see Table 1, Stanek

and Diehl, 1988 [134]). Linear functions of the response that represent the proportion

of accepter responses for each test fruit and age in each subpopulation are of interest;

note there is an error in Table 2 of Stanek and Diehl (1988) [134] for the apple larval

origin on Hawthorn test fruit at age 11-12 days and in subsequent tests of hypotheses.

One approach is to fit the suggested model and test its fit. The other approach is

the sequential procedure of Stanek and Diehl (1988) [134] or its modified form suggested

above.

The modified sequential approach for polynomial order is given in Table 4.2. The

linear effect for the subpopulation larval apple with test fruit apple is only just non-

significant leaving only the constant effect as significant. Examination of the observed

values listed in Table 4.3 for larval origin and test fruit apple implies a linear effect is not

inappropriate (given that bhe test for the linear effect was close to significance). Thus it

was decided to select a polynomial model of order 1 (straight line) for larval origin and

test fruit apple.

In the case of larval origin apple and test fruit hawthorn, the linear term is significant

and hence a straight line adequately represents the data. For larval origin hawthorn and
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Table 4.2:

Sequential Tests for Polynomial Order

Order

Larvae Test Fruit Cubic Quad Linear Const

Apple Apple 0.45 0.54 3.68 24.45

Apple Hawthorn 1.61 0.07 4.99

Hawthorn Apple 0.40 0.34 0.05 3.94

Hawthorn Hawthorn 3.81 0.06 12.39

test fruit apple, Table 4.2 implies a constant effects model, which appears clear from

the observed data. Finally for larval origin hawthorn and test fruit hawthorn, the cubic

term is just non-significant, the quadratic term is non-significant while the linear term

is highly significant. We consider the straight line for reasons of parsimony.

We differ with Stanek and Diehl (1988) [134] in the selection of the significant poly-

nomial effects (that is a linear one) only for the larval hawthorn and test fruit apple.

This is a consequence of Stanek and Diehl's (1988) [134] method which forces the order

of polynomials to be the same for all subpopulations.

Stanek and Diehl (1988) [13a] model the constant and linear trends by a simple

modular model with main effects for larval origin and test fruit, and a larval origin by

test fruit interaction. The larval origin by test fruit interaction for the linear trend was

found to be significant, and by inspection it was concluded that the interaction was due

to a differential response of hawthorn flies on apple test fruit. By a separate regression

model approach, interpretation of the data is simplified.

. The parameters of our final model are estimated and hence predicted values of the

proportion that accept fruit are calculated. The column denoted by Predicted Values
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Table 4.3:

Obserued and predicted proportion (and standard errors)
that accept fruit.
Larval
Origin

Test
Fruit

Age in
Days

Observed
Value (SE)

Predicted Values (SE)
a (b) c

A A 8-9 .L62
(.061)

.118
(.04e)

.167
(.058)

.138
(.055)

l1-12 .2L6
(.068)

.186
(.043)

.209
(.050)

.202
(.04e)

15-16 .324
(.077)

.278
(.044)

.266
(.054)

.287
(.048)

18-19 .297

(.075)
.347

(.051)
.308

(.067)
.351

(.054)

A H 8-9 .703

(.075)
.667

(.048)
.693

(.060)
.681

(.047)
tl-t2 .676

(.077)
.736

(.03e)
.75t

(.043)
.745

(.03e)
15- 16 .865

(.056)
.827

(.036)
.829

(.038)
.831

(.037)

18-19 .865
(.056)

.896
(.042)

.888
(.051)

.895
(.043)

H A 8-9 .061

(.042)
.088

(.038)
.073

(.034)
.078

(.034)
TI.12 .091

(.050)
.083

(.033)
.073

(.034)
.078

(.034)
15-16 .061

(.042)
.076

(.036)
.073

(.034)
.078

(.034)
18-19 .061

(.042)
.071

(.043)
.073

(.034)
.078

(.034)

H H 8-9 .455
(.087)

.514
(.058)

.506
(.075)

.572
(.058)

TI-12 .636

(.084)
.583

(.04e)
.603

(.057)
.637

(.052)
15-16 .636

(.084)
.674

(.046)
.732

(.050)
.722

(.050)

18-19 .849

(.062)
.743

(.04e)
.829

(.061)
.786

(.053)
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(a) in Table 4.3 represents the predicted values of Table 2 in Stanek and Diehl (i988)

[134]. The predicted values for the model chosen here (linear models except for larval

origin hawthorn and test fruit apple which is constant) are listed in Table 4.3 under (b).

Parameters are estimated by the GLS equation (4.7), where þ - f from (4.4) as X is

the identity matrix. A correlation of 1.00 for hawthorn larval origin flies tested on apple

fruit at 15-16 and 18-19 days presents a problem in that this implies the weight matrix

il i" 1+.2¡ is singular. To overcome this problem i is replaced by a generalized inverse

matrix (see Searle (1971) [128] (pp. 1-30)).

Stanek and Diehl (1988) [134] test and retain the hypothesis of parallel slopes among

flies on all test fruit except hawthorn flies on apple fruit. As there is no linear term

fo¡ hawthorn flies on apple fruit, we test parallel slopes for the other fly, test fruit

combinations. We retain the hypothesis of parallel slopes, with the Wald statistic Q -
2.2003 on 2 degrees of freedom. The predicted values found by fitting this model, are

recorded in Table 4.3 under (c).

Predicted values under ("), (b) and (c) are reasonable compared to the observed

values given the small sample size. When compared to (a) and (c), nine of the sixteen

predicted values under (b) are the closest to the observed values. This is not surprising

because of the restriction of parallel slope under (a) and (c). Differences between (a)

and (c) are generally not very large. The observed values however for hawthorn-apple

indicates a constant model may be more suitable. This is supported by the sequential

tests of Table 4.2.

4.5 Dlscllsslon

The approach presented in this chapter extends the work of Stanek and Diehl (i988) [134]

in a straightforward manner. Connections are made with the continuous case especially

as presented by Verbyla and Cullis (1990) [1a9] in terms of sum of profiles. In modelling

the subpopulations separately we have incorporated a greater level of flexibility rather

than rigidly forcing all subpopulations to have polynomials of the same order.
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Although polynomials are used, following the work of Verbyla and Cullis (1990) [149],

and Verbyla and Venables (1988) [151], other model forms could be used.
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Chapter 5

Quasi-likelihood and Gene ralized

Estirnatittg Equations

5.L Quasi-likelihood

Let g be an n x 1 response vector of n independent units with mean vector p and

covariance matrix óV (p). The matri* V (p) is a mat¡ix of known functions,

V(p): diag(gr (pr), gr0"r),. . ., g"01"))

where the functio" g¡0r¡) specifies the mean and variance relationships. It is usually

assumed that g¡(¡t¡): g0r¡), though this is not necessary for the materialin this section.

The mean is related to the linear predictor, n : æ';þ,by pn: h(æ';þ) where B is an

m x L vector of parameters, and æ¿ is a vector of explanatory variables or covariates.

The inverse of h is the link function.

The function, for a single observation) yi say,

has the following properties,

(a) E(rl) : o
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(b) var(U;) :Ilôs0';)

(c) - E(ôU;I 0p,) : 1 I óg0r;)

These 3 properties are shared by the log-likelihood derivative, and are important for

most first-order asymptotic theory for likelihood functions. The integral

QQr,;u): [e' #;4¿r,' Jy, eg\l.r;)

if it exists, behaves in a similar manner to a likelihood function for þ¿. It is referred to as

a quasi-likelihood for p,; based oL y;. It is more correct to refer t" Q0"¿;g;) as a log quasi-

likelihood function. Due to the independence of the elements of y, the quasi-likelihood

for complete data is

e0,;s):fefu;;a;).
¡=l

Similarly the function

D(v; tò - -2óiQtu.,r,)
i=l

is the analog of the deviance function, and is referred to as the quasi-deviance function.

By differentiating Q0";g) with respect to B¡,, the quasi-likelihood estimating equa-

tions for the regression parameters B is

aQ o tt,
n

ô0*

which in vector form is

t g01i)-1fu; - tt;)ló : 0, lc : 1,..., ffi,
i=l 00*

u(P): Dtv-'(y - p)ló (5 1)

where D is an n xnx matrix with components D¡x: ôptl7gn, and V is the n'¿ xn'¿

diagonal matrix with diagonal elements g(p;).The estimator of P, P, is obtained by

solving (5.1). Equation (5.1) is referred to as the quasi-score function. The covariance

matrix of {/(B) is

var(u(B)) - -n ffP): ip: D'v-,Dló.
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The asymptotic covariance of B is

"u.(B) 
: i-p\ -- ó(D'v-'D)-t

analogous to Fisher's information matrix.

Estimation of þ can be performed by the Newton-Raphson method with Fisher

Scoring, that is

þ¡: þ¡-,, + (b'¡-rí/;:rb j-r)-'b¡-rír,!r@ - ît¡-r)

forthe j'å iteration, and b¡-r, Ûf, "nd îr¡-rur. D,V and p,evaluated ú þ¡-r. The

conventional estimate of / is the moment estimator

1
n

ó D(vr - t'n)'lgn(t'o)'n-p i=l

The estimate þ is asymptotically unbiased and Normally distributed

5.2 Extended Quasi-tikelihood

5.2.L Specifying the Extended Quasi-likelihood

To include analysis and estimation of the dispersion parameter and the variance func-

tion, extended quasi-likelihood was introduced by Nelder and Pregibon (1987) [100].

This section is included because modelling the dispersion parameter with GEE for lon-

gitudinal data is examined in chapter 6. The extended quasi-likelihood approach and

the related work of Smyth (1989) [131] provides the impetus for chapter 6.

The extended quasi-likelihood for a single observation y¡, with mean p; and variance

óg0',) i"

e* 0"n, ó; y;) : -D(a:; 
P) - 

los (d) . (5.2)2ó2'
allowing 8* to act as a log-likelihood with respect to / because E(}Q+10ó):0. See

Nelder and Pregibon (1987) [100] and McCullagh and Nelder (1989) [92] (pp. 349-351)

for a more detailed discussion. The second term on the right hand side of (5.2) is replaced
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by -log (2"óg0ù)/2 in Nelder and Pregibon (1937) [100]. Sincewe are assuming that

the y; are independent then

e+ Gr, ó; s) -- i Q* fu ,, ó; y ;).
i=l

If we assume that / is sufficiently small so that the approximation E(D(yr;li)) : / is

reasonable, then the derivatives

A8+ a; - F; , AQ* D(a;; p¡) 1

atu 
: ólõ an. aó 

: 2ó, - Tó

have zero mean, and consequently the estimak of B obtained by maximizing Q+ is

the same as maximizingQ. The estimate of the dispersion parameter $ obtained by

maximizing 8+ is ó:D(V;ît)l".When the underlying distribution is the Normalor

inverse Gaussian then ô is the maximum likelihood estimate of /.

5.2.2 Indexed Variance Functions

We can relax the requirement that the variance of y¿ is known up to a multiplicative

constant, /. Suppose the variance function is an unknown parameter (. Thus we can

write the variance of y¡ as var(y;) : ógc}.Li). This implies for a single observation the

extended quasi-likelihood is

Qt@¡F):- D<(y;; p;) log (ó)
2ó 2

where

Dc@o;p;): -2 ['' #oun.Ju, ge@;)

An important example for gcfu;) i. gc(/rr) : pf , with commonly occurring values of (

being 0, I, 2 and 3. These values correspond to variance functions from the Normal,

Poisson, Gamma and inverse Gaussian distributions respectively.

6,2.3 A Variable Dispersion Parameter

Suppose the dispersion parameter varies across the observations such that

var(9;) : óig}li),
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and is assumed to be a function of a set of covariates,

b(ó;) : a';^l

whereóisalinkfunction,øiisakxlvectorofcovariatesandTisthecorresponding

vector of unknown parameters. The covariate vector rz; ma] be a subset of æ;. A

desi¡ed goal of the dispersion model is to improve estimation of the mean parameters

(lower standard errors).

Let d¿(y;;pi) be a suitably chosen statistic such that

E(d;(A¡; p¿)) : ó; and var(d;(y;; p¿)) : ru¿(ó¡),

where ,¿(ó¿) is the dispersion variance function. McCullagh and Nelder (1989) [92] (pp

358-359) consider two possible choices for the dispersion statistic d;,

(a) Generalized Pearson statistic,

d¿(s¿; tù : r3¿: @, - p)'lg0.r¡),

(b) Deviance statistic for the iúå unit,

d¡(y;; tr) - ,3; -- z l"' !:-Jat

Using Normal theory, the two statistics r|; and r2¿; are equivalent; this is not true when

Normality does not hold. Though B(rf;) - S; exactly, the expected value of the deviance

statistic rj, is only approximately þ;. If y; is Normal, d; has the þ¡yl distribution and

consequently we would choose the Gamma model with u(/;) :2ó?. A second quasi-

likelihood equation for the d¡'s will lead to an estimate for 7.

The second quasi-likelihood can be written as

T¿JT¿

-zQ* :D+ +f los (2"ó,g@¿))
i=l 9i i=l

where d; : r¿¿. The estimating equations for B are

{y,-p,ãu,
?'=, ó;g0";)ñ 

: o' i : l' "'' rn'

bt

(5.3)



which are the quasi-likelihood equations except Lló; \s included as a weight.

The estimating equations for 1 are

åd; -ó;ôÓ¡ - 0, i:r,"', k' (5'4),4 6: o',,

Equations (5.3) and (5.4) are the quasi-likelihood with deviance components d¿ = rzai.

Often, however the variance of d¡ exceeds 2$! and an appropriate adjustment should be

considered (see McCullagh and Nelder (1989) [92] (pp. 361-362)).

The difficulty with using d; : r3; or equivalently the extended quasi-likelihood, is

because, as discussed earlier, E(r'o) is not exactly /;. It is not generally possible to

derive the expectations of rl, without full distributional results.

Smyth (1989) [131] obtains estimates of the mean and dispersion parameters by

quasi-likelihood equations of the form (5.3) and (5.4), but uses bhe generalized Pearson

residuals d;: r3¿ instead. Further, Smyth (1989) [131] observes that B and 7 are quasi-

orthogonal by differentiation of (5.3) by 7¡ and (5.a) by B¡ and taking expectations.

5.3 Marginal Means and First Order Generalized

Estimating Equations

5.3.1 Extension of the Quasi-likelihood Equations for Longi-

tudinal Data

Liang and Zeger (1986) [81] proposed an extension of generalized linear models for lon-

gitudinal data. A class of estimating equations was introduced bhat produce, under mild

regularity conditions, consistent estimates of the regression parameters. The estimating

equations they consider attempt to account for the correlations among the repeated

measurements for a given unit. The distribution of the response values is presumed to

belong to the exponential family.

The joint distribution of a unit's observation is not specified, but the estimating
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equations reduce to the score equations for Normally distributed multivariate data. The

estimating equations can be thought of as an extension of the quasi-likelihood equations.

Zeger and Liang (1936) [167] propose, in a more general way, methodology for discrete

and continuous data that is based on quasi-likelihood theory. This extension of the quasi-

likelihood case to longitudinal data makes no specification of the underlying marginal

distribution for the marginal responses for each unit. Only first and second moment

assumptions are made. The resulting estimating equations are referred to as generalized

estimating equations (GEE).

5.3.2 GEE for the Mean Parameters

Suppose we have observations (y;j, æ¿¡) fot subjects i : 1,... )n at time points ú¡r,

j : I,...,pi, where æ;¡ is ar: n1x I vector of explanatory variables that may be time-

dependent or time-independent or a mixture of both. Let ¡.t,¡¡ be the expectation of y;¡,

/¿ and p¡be thep; x 1vectors (ynt,..,,A;p,)'and (p¿1 ,...,ltrip¡)'respectively. Oneof the

assumptions made is that the mean is related to the linear predictor n4 = æ';¡Þ by

Pii : h(æ'o¡?), (b.b)

where B is an m x I vector of parameters and the inverse of å, is the link function

Further, it is assumed that the variance of g;¡ is

var(y;¡) - u;j óg0r,¡) (5.6 )

where / is a scale parameter. Interest lies in B, and / is treated as a nuisance parameter.

To account for the correlations within a subject let .R,(a) represent a p¿xp¡ 'working'

correlation matrix of Ui, so named because we do not expect it to be correctly specified.

fil,(o) is assumed to be fully specified by an s x 1 vector of unknown parameters, o,

which is the same for all subjects even though R.(o) may differ from subject to subject.

A working covariance matrix for g¿ is given by

v¿ : ó,+ì/'n"@)Aì|",
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where A; is à p; x p; diagonal matrix with g(¡.t,¡¡) as the jth diagonal element. The

GEE's for longitudinal data are

iuo,(Þ,, o) : Ë DL,vo,'s¡¡ = o, (5.2)
i= I i-l

where S¡;: A; - F¡ and D¿i :0p;10þ. When P;: I for all i, (5.7) ¡educes to the

quasi-likelihood equations (5.1). When Normality is assumed, DL, DLrVu,'56¿ is the

score vector of B.

The estimating equations (5.7) depend on a as well as P. If o is replaced by an

nll2-consistent estimator ô(B, /) and / by an nrl2-consistent estim ator $(B),, then (5.7)

becomes a function of B alone, that is

iuoo(p, ã(p, ó(p))) : o. (5.8)
r=l

The following definition is used in Theorem 5.1.

Definition 5.1 Consider a sequence of random uariables {o"}. Then Oo(an) denotes a

random uariable such that for all e ) 0, there is a constant I{ and an integer ns such

that

P(lOr(a")lo^l I I{) > | - e V n } ns,

where P signifies the probability.

For a given R¿(o), let the solution of (5.8) b" þ*.The following theorem applies to þ*.

Theorem 5.1 Under mild regularity conditions and giuen that:

(i) ã is nrl2-consistent giuen B and $,

(ii) ó is nrlz-consistent giuen B and

ftii) lAã@, ÐlAól < H(Y, B) which is O,(r),

then ntl2(þn- þ) is asymptoticalty multiuariate Normal with zero erpectation and co-

uariance matrir

Vp - J!å "(c;'GoG,'), (5.9)

70



where

Proof: A sketch of the proof is given in the Appendix of Liang and Zeger (1986) [81].

The asymptotic covariance matrix Vp can be estimated by replacing cov(gl;) by

S6;Sf;, anð, B, o and / by their estimates. This estimate will be denoted as Vp. The

vector þ p and. matrix Vp are consistent estimators of B and V¡ respectively if the mean

is correctly specified. Consistency does not depend on the correct selection of r?;(a)

however.

To compuft þ*, Liang and, Zeger (1936) [81] use an iteration scheme based on a

modified Fisher scoring method for B and moment estimation of the nuisance parameters

o and ó. At iteration c we have, given the current estimates ô and /,

þ"o : p;' - {G,G);' , ã- (þ";'))}-'uo@'i' , a- (þ'i' D, (5.10)

where ã.'(P): ã(P,þ@D and G, is as defined above and is the limiting value of bhe

expectation of the derivative of DLr Ut;(þ,ã(P,ó(P))) and U¡ is the GEB quasi-score

ÐT=rDi;Vol'S¡r. Let D: (D1,,...,D1^)', S: (S;,,...,5,")' and V beakxkblock

diagonal matrix, k:L?=tp;, with Utþlît,ã'(P;t)) as the diagonal elements. If we

let Z : DP - S, then (5.10) is equivalent to an iteratively re-weighted linear regression

of Z on D with weight matrix V-'.
At a given iteration the nuisance parameters o and / can be estimated from the

current Pearson residuals

ì,¡: (a,¡ - p;¡(þà)1sfu,¡(þ^¡¡'r',

where B^ (r,rppressing the superscript c) is the current value of B in the iterative

procedure. The scale parameter þ can be estìmated by the moment estimator

i-.t 
Pt

e: ÐE'?'ttr - *)'

which is nrl2-consistent. The correlation parameter a is estimated consistently by bor-

rowing strength over the n subjects. The specific estimator depends on the choice of

Go : ioirro¡'cov(gr¡){ ¿'Da; and, G, :i o;,vr¡'o6
d=l i=l
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.FÙ(o) and is usually estimated by a simple function of

iÌ,t:ir,"r,r¡1, - m).
d=1

Examples of several different choices for .F|(a) and their parameter estimators are

given in Liang andZeger (1986) [81]. Moment estimators for AR-1, Equal and Unstruc-

tured (fully parameterized) correlation matrices are discussed in chapter 6.

6.4 A Second Order Extension of the GEE

Prentice (1938) [109] extends the GEE's of Liang and Zeger (i986) [81] to involve a

second set of estimating equations of the same form as (5.8) when examining regression

methods for correlated binary data. The response vector for this second set is the vector

of sample correlations r¡ - {r;",},

rist : r;"t(þ) - - (-y'" - ni)(y.n - n").-. --.
(rt,(1 - ris)ri{I - n¿r))tlz'

where 9;¡ is the jth binary response in block i and r¿j E(y,¡) : W(y¡¡ - 1). The

sample correlation r;"¿ has expectation E(r¿"¿): corr(pisr A;t) : pist(d.) and variance

to¿"¿(a) : I + - (1.- 2r¿")'(l - 2tr;t)p;"¿ 
^2

¡n,Jt -*)n,lt -,r))U, 
- Pi"t'

The mean response vector p; : {p;*(o)i is modelled as a linear function of o. The

GEE for estimation of a from the response vector r¿ is

Ðu,(þ,,'t,, d) v,o'(,n - P¡)

n

i=l

rL

\-.L
i=l
n

(5.11)

: Dr=rD',rv,f,'(r, - p): g.

Under mild regularity conditions, Prentice (1988) [109] demonstrates that the joint

asymptotic distributionof ,tl'(þ - B) and ,tl'(ã - o) is Normal with mean zero and

variance matrix being n times

I 
a" o 

I I 
n" ^"lf a" o;'l 

(5 12)

I Ar, ¿'r, I l- Ar, ttr, ) L O lr, )
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where

At (DDLtVo, 'D¿;)-t,
n

i=r
n

i=l
Azz (D D1,v,,'D,¡)-r,

Azt :

An

Azz :

arz :
Azt :

"-(äDlÍ,,,#)-' o-,

D'o,Vu7' var (y ;)Vor' D 6¿,

D'r rVr;' vat (r ;)Vr;' D, ;,

D'ooVo7' cov (y n, r ¿)V;' D,i,

A,,,.

Equation (5.12) may be estimated by replacing var(gr¡), cov(g¿, r;) and var(r¿) by 56;5'6¿'

S¡;(r; - p;)' and (r¡ - p;)(r¡- p¿)' respectively, and evaluating (þ, o) ut (P, ô), where

(þ, a) are the GEE estimatols derived from the two sets of estimating equations.

Lipsitz et al. (1991) [86] recommend the use of the odds ratio as an alternative to

the correlation coefficient as a measure of association between pairs of correlated binary

response. They take as theil response vector the p¿(p¡ - 1) random vector t¿: {y¿,r},

where Ui"t : U¡"U¿t. The expected value of A¿", is the joint probability lti"t : Pr(y;" =

I, y;t: 1) and so E(r;) - ô; : {tr",}. The joint probability lT;s¿ cã'tr be written in

terms of the marginal probabiliti€s 7r;", r;¿ and the odds ratio

rist : r¡"t(d, Ð : +":(r - :t",, :u - zr;"¿)

' (n;" - n¡rt)(tr¡t - rist) '

as shown in equation (6) in Lipsitz et al. (L991) [86]. The joint probability zr¿"¿ is a

function of B and o and the expectation of the log of the odds ratio can be modelled

as a linear function of a.

Liang et al. (1992) [82] discuss the usage of the odds ratio for not only the binary

case but also for the polytomous case, as well as mixed continuous/discrete responses.

Using (5.7) and (5.11) to estimate B and o separately assumes B and c are orthog-

onal parameters (Cox and Reid (1987) [26]). Liang (1992) et al. 182) refer to (5.7) and

(5.11) as GEE1.
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Suppose that f; : (y'¡, rf )', where /¡ has mean vector T;: (lt';, pl)', and let

\= (þ', o')'. As we have seen, estimates of À can be obtained from GEEI. We can

also estimate À by the set of unbiased estimating equations,

n

u(À) :ÐDiÐ;'s¿:o
i=l

where S¡ : f¡ - rl;, å is the covariance matrix of f; and

A; - |t¿

r;_P¡

(5.13)

(5.14)

I D^, o'lD¡: oq;lo),: | |

I ôp,lap P,t )

The estimating equations (5.13) are referred to as GEE2 by Liang et al. (lgg2) [82]

Nobe that we can write (5.7) and (5.11) as the combined GEE

t
õþ,
æ var(3r;) 0

0 var(r;)

0
-1

n

-0
i=l 0 92t

ad

which is a more concise way of specifying GEE1.

If

u
V; V,;

V;
replaces Ð¿ in (5.13) as a working covariance matrix, then GEE1 is equivalent to setting

0p;10þ: 0 and V,;: O.

Let the u x 1 parameter vector { completely specify the matrices Vb,i and V"¿ and

tet i(,f) be an nrl2-consistent estimate of {. The vector ntl'(^ - À), where Â ir th"

solution of (5.13), has as r?. -+ oo, an asymptotic multivariabe normal distribution with

mean zero and covariance matrix that can be consistently estimated by

VR* : n(Ir;'rr"H:'), (5.15)

if the mean vector is correctly specified and certain mild regularity conditions hold. The

matrices .EIo and .E[, in (5.15) are

n

Ho :DOiVn-,SiStiVi-, Di and H, : DniV,-,(D; + AfilA^),
i=l
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where AltlA^denotes AfilA^evaluated at À : i. Consistency of the solution of (5.13),

Å, depends upon the correct specification of E(y;¡) and E(r;;).

When r; : {y;"y¿¿} and when we use the odds ratio as a measure of association, -Ef,

simplifies to

H,:ln'rvr-,O;.
i=1

5.5 Estimating Equations by . Class of Quadratic

Models

Zhao and Prentice (1990) [171] and Prentice and Zhao (1991) [110] introduced a class

of quadratic exponential models (see Gourieroux et al. (1984) [50]), which were used

to develop estimating equations for the mean and covariance parameters. This more

systematic approach was compared to the more ad hoc method of GEE for the covariance

matrix.

Let r¿,¡ : (y¿" - pi")(yil - pit), that is r¡s1 âre the empirical covariance values, so

that r¡ : {r;"¿} for discrete and continuous responses. The mean of r¿ is the vector

of covariances ti : {o;"r} which is a function of parameter vector c. The ad hoc

method described in Prentice and Zhao (1991) [110] is GEE1 defined in (5.14), where

p; is replaced by ø;.

Estimating equations by the more systematic approach for the mean and covariance

parameters of y;, can be generated by the quadratic exponential model

Pt(yt; pi,, øi) - A, t exp(g'r|; ¡ u';€,; + c;(g;)) (5.16)

where us;: (y?r, U;tU;2,..., U?2, U;zU;2,...)', .n(.) is a shape function and

A¿ : A;(0¡, €,, q(.)) is a normalization constant. The'canonical'parameters 0¿:
0;(p;, o¿) : (0;t, 0;r,. . ., 0or,)' and {; = Ê;(þ¿, o,) = (6,rt, (;rr, . . .,€;zz, t¿22,...)' are

expressed as funcbions of the marginal parameters (p¡, o;).

Under mild regularity conditions it can be shown that maximum likelihood estima-

tion of the mean and covariance parameters using any member of the family will be
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consistent and asymptotically Normal. This family is unique because the consistency

holds even if the quadratic exponential model does not hold. Gourieroux et al. (1984)

[50] called this method pseudomaximum likelihood estimation.

The Jacobian for the transformation from (0;, {;) t" (p;, o;) is bhe inverse of the

covariance matrix for (gli, u.ri)'. This is generally a one-to-one transformation, except if

(y';, us';)' has a degenerate distribution.

Using any particular case of (5.16), the score equations for B and a are n-l times

equations (5.13) with p; replaced by o;, that is they correspond to GBE2. Estimation of

the mean and covariance parameters under this pseudo-maximum likelihood approach

are, however, typically computationally involved and thus unattracbive. A more con-

venient approach is to replace Ð; by a working covariance matrix as done in GEE2.

Prentice and Zhao (1991) [110] offered a number of suggestions for the working covari-

ance matrix V. They were:

(.WC1) Independence Working Matrices: Assuming the elements of yi are independent

and using the Normal theory value for r¿¡¡ leads to

cov(g;r";) :0 and cov(r;"¿,ri*n):0 t*m,tf n

var(r¿;¡) :oijoik jlk and var(r;¡¡) :2o?¡¡.

If the dependencies among the elements of y¡ are not very great then this specifi-

cation may be adequate.

(WC2) Normal Distribution: Using a Normal distribution for gr; gives

cov(g;,r;) :0,

cov(r¿r¿, r¡^n) : cov(y;", U;^)cov(yot)A¿n) * cov(y¡", y¿n)cov(y¡,U¿*).

If the distribution of g¿ does not differ greably from Normality, then we can expect

that the estimates of B and d are highly efficient.
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(WC3) Common Third and Fourth-Order Correlations: This specification is a relax-

ation of WC2, where

E((y,¡ - p¿¡)(y* - t¿¿t)(y;t - pit)) : 1i*t(o,,,o;**o;u)r12

and

E((v,¡ - p;¡)(v;* - p;*)(v;t - pa)(v;^ - lt;*)) :
o¿jko;t^ * o;jto;t ^ * o;j^o;t t * 6¡*t^(o;¡¡o¿¡¡ro;¿¡o¿^^)r12

where 7jr¡ and 6¡*m,, j < k < I < n1) ale the extra parameters that need to be

estimated. We can use the nrl2-consistent estimators 7¡*r obtained by averaging

over all n (such that p; I /)

(yo¡ - p;¡)(y;t" - u;r)(y;¡ - tr,,) I @n¡jo;u,o;u)L l2

evaluated "t (p, i).

Similarly we can obtain a nt/'-consistent estimator of ï¡tm, where we average

over all n such that p; 2 m. This specification allows adaptation to skewness or

kurtosis in the sampling distribution, relative to the Normal distribution. Sample

sizes (n) may need to be large for good asymptotic efficiencies. Simplifications

could be made by making certain of the 7jr¿ and ô1rr- equal, for example if the

elements of gl¡ are in some way exchangeable.

5.6 Efficiency and Consistency of GEE1 and GEE2

The usual focus in longitudinal studies is estimating the mean parameters, and the

association parameters are considered as nuisance parameters. By ignoring information

on B in r;, the use of GBEI results in consistent estimates of B given only that E(yr)

is correctly specified, irrespective of whether E(ri) is correct or not. The penalty paid

by ignoring this information is that these estimators will be less efficient than i when
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E(rr) is correct. However the loss of efficiency may be of secondary importance to the

inconsistency of the estimate of i because of incorrect specification of the expectations.

In a series of simulations of blocked correlated binary data under various models,

Liang et al. (1992) [82] examined the efficiency of B and a relative to maximum like-

lihood estimates for GEE1 and GEE2, where the odds ratio is a linear function of the

parameter vector o. They reported estimates of B for both methods were highly efficient

but there is a non-negligible loss of efficiency in the estimation of a when usìng separate

GEE (GEEI) (as low as 40% when the true odds ratio was 5). This is analogous to using

PREML instead of full RtrML for the profile model discussed in chapter 3. Liang et al.

(1992) [82] recommend using GEE2 when the number of repeated measurements (p) is

large relative to the number of subjects (n) and/or the association parameter vector o

is of interest.

Both GEE1 and GEE2 require additional third and fourth moment assumptions.

However, GEE1 has the advantage of fewer higher moment assumptions than GEE2. In

the commentary of Fitzmaurice, Laird and Rotnitzky (1993) [44], Prentice and Mancl

argue that in most situations there is likely to be little usable information of B from

the vector of empirical covariances. They report that in an extensive set of simulation

studies (Mancl (1992) [90]) there was very little efficiency gain in using GEE2 rather

than GEEI. In some cases there was a noticeable efficiency loss for estimation of B

with GEE2 compared to GEE1, even when the variance model was correctly specified.

This was apparently due to inappropriate working models for V6, and V" assigning

undue weight to the contribution of the r¿'s in the estimation of B. In the rejoinder,

Fitzmaurice, Laird and Rotnitzky however express the belief that these findings heavily

depend on the choice of design matrix and parameter values.

Another important consideration is the stability of the estimating procedure under

GEEI and GEE2. This will be examined further in chapter 7.
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Chapter 6

Extensions of the Generalized

Estimating Equation Method

6. L Introduction

The profile and sum of profile models (chapters 2 and 3) allow for modelling of effects

over time for Normal data. In the discrete case, Stram, Wei and Ware (1988) [137]

considered the analogous problem, but their analysis is equivalent to GEE with inde-

pendence 'working' covariance matrix (Zeger (1988) [166]). This will lead to inefficient

estimation, much like the case of ordinary least squares for correlated data. The model

parameters in Stram, Wei and Ware (1988) [137] were assumed to be occasion-specific,

that is they are specific to each occasion.

Thall and Vail (1990) [142] used GEE's to model count data with overdispersion and

described some covariance models with occasion-specific variance parameters. Some of

the variance models they considered were var(y;r) -- or¡t, and var(g¿r) : orltr l aop2, t

indexing the repeated measurements within each unit.

In this chapter we will consider the extension of GEE's to models which have

occasion-specific mean and/or dispersion parameters. The within unit correlations are

not restricted to the independence case. Modelling the occasion-specific mean param-
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eters leads to a form analogous to a sum of proflles model and a twesbage estimation

procedure may be used. Missing data for equally spaced measurements over time can

also be easily accommodated into the analysis.

Modelling the dispersion parameter for univariate data was briefly discussed in $5.2.3,

in relation to quasi-likelihood and extended quasi-likelihood. For longitudinal data, a

set of GEB's to model the dispersion parameters is developed in this chapter. The mod-

elling of the dispersion parameters may provide important information on the influence

of particular covariates on the variance. Another benefit may be an increase in the

efficiency in the estimation of the mean parameters. It is noted that a similar set of

estimating equations to ours fo¡ the dispersion parameters was independently developed

by Paik (1ee2) [104].

A difficulty with the GEE approach is selecting a best model from a number of

possible candidate models. Model selection criteria for the GEE will be discussed in

this chapter and applied to the examples in chapter 7.

6,2 Occasion-Specific Parameters and Sum of Pro-

files

Suppose the mean relationship (5.5) is generalized to allow for occasion-specific regres-

sion parameters, that is

pii : h(*',¡þ.¡) (6.1)

or equivalently

Iri¡ : f 0r;¡) : æ,¿¡Þ.i, (6 2)

B.; denoting the occasion-specific regression parameters. Stram et al. (1988) [137] devel-

oped an approach that is closely related to that of Liang and Zeger (1986) [81]. Firstly

they analysed the data at each occasion separately using a proportional-odds model

from the family of models for ordinal data described by McCullagh (1980) [91]. They

combined the estimates of the occasion-specific parameters B.¡ into a single vector þ"

80



say, which is asymptotically unbiased and Normal, and performed simultaneous infer-

ences on individual characteristics over time. Zeger (1988) pointed out that by allowing

the regression parameters to vary in time and using the working correlation matrix,

tr|(o) : /, then B" i. th" solution of (5.8).

We formulate the GEE for the occasion-specific problem in the following manner.

Suppose the ith individual is measured at p; of a total of p time points. Let p,i :

}tir,...,ttir)'and Il = (P.,,..., þ.r): (þ,,...rþ^.)'. For the ith individual we can

write the linear forms in (6.2) as þi : E;0, where -E; is a p; x mp design matrix that

reflects both the treatments applied and the time points at which observations have been

made. This formulation allows missing values to be easily accommodated. The rnp x 1

vector B is the vector of parameters for the time-by-treatment combinations obtained

by stacking the rows of .B, that is B : (þ',.,,.. . , P;.)'. As a consequence we may write

(6.1) as

Pii : h(e';¡p)'

where e'rr. \s the jth row of .E;. We now have exactly the same form as that in f5.3.2

and hence the results follow here, except the divisors for / and Æ"¿ are now (n - m)p

and n - rnp respectively. We could also generalize (6.1) (and similarly (6.2)) to lt¡j :
h¡(r',¡þ.¡) as discussed by Liang et al. (1992) [82].

To investigate differences over time for intercept terms of the occasion-specific mean

model, it may be better to use a deuiations from the sample o.uerages (DFTSA) form

(Weisberg (1980) [160] (pp. 10-11)) of the mean model. For a simple linear model,

a;+þoIþp;*e;,

the DFTSA form is

yi-päI/lx;-x)Ie;,

where e; is the random error term, and Bfi : þo* B1r. Thus the new occasion-specific

intercept terms are now taken about the covariate sample averages (reducing the effect

of time-varying parameters of the covariates on the intercept estimates).
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Now suppose that we are interested in modelling the blocks of B by a linear model

of the form (2.23), that is

M,0

B:

p,

p,

p^

Mr0,

Mr9"

M^0^

0Mr
0

0

0,

0,

0^

: M0 (6.3)

00M^

and so the profile design matrices M?xq; allow different parametric forms for different

blocks of B. This allows for modelling of individual characteristics over time, We can

write (6.2) in a form analogous to the sum of profiles model (2.24),

t'i¡ : i*;¡¡o',*'¡
l=l

where rn¡¡. is the 7bh row of Mt.

The GEE when (6.3) is true ìs

iu,,e, o) : Ë (Bp,;/80)'%¿ 's¿; : o. (6.4)
i=l i=l

With time-independent explanatory variables, Gaussian responses and identity link func-

tion, this model is a form of (2.2a) and (6.4) is the score function of the sum of profiles

model. Computation of 0a is u, in f5.3.2 for þ p.

The estimation procedure for 0 from the GEE's is two-stage. First we estimate B

via the GEE (5.7) to obtain the estimaør þp. We then test and select the appropriate

profile specification in (6.3) and then use (6.4) to obtain the estimabr âp of 0. Using

theasymptoticdistribution of þnwecanperformagoodnessof fittestof (6.3),thatis

G*- Mo)'v¡r@^- Me)

which has an asymptotic ¡2 distribution on rnp- q degrees of freedom, where Q : DLt Q¡.

We can also perform tests on hypotheses of the form Cþn :0 where C is a known

r x rnp matrix, using the test statistic

eþ^)'(cvRc')-tcþR (6 b)
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which has an asymptotic ¡2 distribution on r degrees of f¡eedom.

If the number of regression parameters and/or time points are moderately large,

then the selection of the appropriate profile specification could be performed in stages,

analogous to the standard backwards elimination method. For example the assumption

of separate regression parameters at each occasion could be tested in stages by applying

(6.5) to each characteristic (adjusting the contrast matrix C for each characteristic).

The smallest non-significant test statistic indicates an intermediate profile specification.

At this stage one of two different strategies could be employed. Under the first strat-

egy new estimates are obtained by the GEtr (6.4) and the variance matrices are adjusted

or updated accordingly. New tests based on (6.5) (dp replaci"g B*) are performed on

0. This procedure is conbinued until the final profile model specification is reached.

Alternatively, a computationally simpler strategy is to use the asymptotic properties

of the GEE estimafu þp to estimate 0 by generalized least squares. If (6.3) is correct,

then Bp is asymptotically distributed as N(M0, Vn). The generalized least squares

estimator of 0 based on the asymptotic distribution of B" is

þ. : çM,v;' M)-, M,vf Þn

und 0' has asymptotic covariance matrix (M'V^'M)-t. This is analogous to the

generalized least squares estimator (2.25). New tests or, â* are implemented and a new

estimate of 0 is obtained by generalized least squares. This procedure is repeabed until

the final profile model specification is determined. The main difference between this

strategy and the previous one is that the estimating equations are employed once only

and consequently Vp is evaluated once.

The second strategy is probably the less efficient of the two. However it would be

more robust to an incorrect specification of the profile design matrix M. In the first

strategy, the association and dispersion parameter estimates are re-estimated at each

step. If the profile design specification is incorrect at one of the stages then these new

parameter estimates are now incorrect, and inferences on the mean parameters may

be misleading. This is in contrast to the second strategy, where the association and
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dispersion parameters are estimated once only.

If we are interested in modelling the characteristics (B.¿, k : 1, ...,p) at each time

point, we can model the pm x 1 vector { attained by stacking the columns of .B, which

is just a reordering of P, in a similar fashion as (6.3) for B. The estimator i of { derived

from the GEE's (5.8) is also a reordering of the elements of þn.

6.3 A Dispersion Model

Suppose that we replace the dispersion parameter $ in (5.6) by ó¿¡. Generalizing the

univariate case of $5.2.3, Iet d¿¡¡ : (A¿¡ - ttt¡)' I g}t¿; ), which has expect ation $;¡. Assume

that we can model the dispersion parameters /;¡ by

b(ó¡¡) - a'¿j1 (6.6 )

whereåisalinkfunction,,a,ijisakxlvectorofcovariatesandTisthecorresponding

vector of unknown parameters. Let ó;: (ó;r,...,ói,,)'and d,;: (d,¡1,...,d¿n,,,)'. To

complete our second-order construction, we use the empirical pairwise correlation values

r¿st: (yr" - lri")(yil - p¡r)l(ó¡"ó¡rg0"¡")g(p¿r))t12 where s + t, for the response vector

r; : {r¿"r}. We assume that pijk : c(o), where p;j* is the correlation between }¿r' and

y¿¡. The unknown s x 1 parameter vector o specifies the pairwise correlations and the

inverse of c is a link function. Since only first and second order moment assumptions

have been made, the covariance matrix of d¿ and r¡ is unknown, involving fourth order

moments. However we can use working covariance matrices V¿¿ and Vr¿ for d,; and r¿

respectively.

The dispersion regressìon parameters 7 can be estimated from the GEE

Ðuon(þ, r) : D ôó,
01

voo'(dt-ó¿) :o
n

i=l

n

i-l
(6.7 )

and the correlation specificabion parameter vector a from (5.11), where p': {p¡"1}. It

may be the case that the dispersion regression parameters are occasion-specific, that is

b(ó¿¡): at;¡1.it
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which allows an extension to the sum of profiles procedure described in f6.2 for the

7.j's.

Bquation (6.7) is of the same form as bhat given independently in Paik (1992) [104].

The mean regression parameters are estimated by GEE (5.7) and the correlation pa-

rameters are estimated by the method of moments. The actual estimating procedure

used is GEE1.

Ifwelet\:(þ', ^l', a')' andfi:(Ai, d'r, r',)' withmeanvectorq;:(lt'¿, ó';, p'¡)'

then we can use (5.7), (6.7) and (5.11) to estimate À, that is in the spirit of GEE1. Note

that the mean parameter vector þ ^uy 
refer to occasion-specific parameters. The pa-

rameter vector À may also be estimated from the unbiased estimating equations (5.13),

where

D;: ôq¡f ô)':
Du00

ôô;laþ D¿¿ o

ôp;|0þ ôp¿lh D,¿

Da¿ : ôó;l 0^f . This is an extension of GEE2. In the examples in chapter 7, all models

considered result \n 0p;|0þ: 0 and 0p;101 : g.

Replace Ð; in (5.13) by the'working' covariance matrix

u-
V¿ V¿; Vt,¿

' V¿¿ V¿,¿

V;

and let the u x I parameter vector { completely specify the matrices V6¿¿, V,i, Vd,i,

V¿¡ and V;. Let i1.f ¡ U" an nrl2-consistent estimate {, and consequently let i b" th"

solution of (5.13).

The following definition is used in the proof of Theorem 6.1.

Definition 6.1 For o, sequence of random uariables {o^}, then or(an) represents a ran-

d,om uariabLe such that for ang fired € ) 0,

P(looþ")lanl 1 e) -+ 1 ¿s n -+ oo,

that is or(a^) f a, conuerges in probabilitg to 0,
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A simple modification of Theorem 5.1 in $5.3.2 to account for the second order (dis-

persion and correlation) extensions under GEE2 is formally presented in the following

theorem. The proof is a straightforward extension of the proof of Theorem 5.1 (Liang

and Zeger (1986) [81]).

Theorem 6.1 Under mild regularity conditions, and, Q is nr12-consistent giuen ),, then

the uector rtlt(\- .\) is asymptotically multiuariate Normal with zero rneo,n and couari-

ance matrir giuen by

O = J!å n({2,'{2"{2,'), (6 8)

where

nn

d|o:ÐOiV,-'cov(f ;)Vn-'D; and Q,:ÐOiVn-'(Dr + AfilA\.
¡=1 ¡'=l

Proof: An outline of the proof is given in Appendix A.

The asymptotic covariance matrix (6.8) can be consistently estimated by (5.15) if

the mean vector is correctly specified. Consistency of the solution of (5.13), i, depends

upon the correct specificationof E(y;¡), E(do¡) and E(r¿¡) and as such may not be robust

to incorrect specification

The matrix

arila^:
000

adilap o o

ôr;l0B ôr;lô1 0

from Appendix A may be simplified further. Since

@,¡ - F;¡) op;t 
- @,¡ - ttii)z og(p;¡)

gfu¡¡) 0þ* g01¡¡)2 ðþr
(6.e)

then part of Di=r D'rVr-'Af;lA^ corresponds to sample averages of linear functions of

the (y¿, - pij) (from the first term of (6.9)) and is oo(1). Thus for large sample sizes, we

can effectively set the first term in (6.9) to zero. A similar simplification may be used

in ôr;lðþ. If instead the d;¡ are the empirical variances (ar¡ - tt¿¡)', then by the same

arguments AdilAP is approximately zero. Similarly if. r¿¡¡ : (A;¡ - ¿t;¡)@;x - p¿t) then

0r;10þ is approximately zero and 7r;f ð7 is exacbly zero.
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Using GEB1 type estimation for B, 1 anà o instead of GEE2 (5.13) is equivalent to

presuming B , 1 and a are mutually orthogonal. As discussed in $5.6 there is a trade-off

to be considered between the increased efficiency under GEE2, and the robustness under

GEE1.

The use of (5.7), (6.7) and (5.11) is equivalent to requiring the following restrictions,

0þ;lôB : O, ðp;lôB : O and ôp;f 01 : g, (6.10)

and

V¿¿ : o, V,¿: o and V¿,; - 0. (6.11)

If i is the solution of (5.7), (6.7) and (5.11), then by Theorem 6.1,, n'12(\ - À) is

asymptotically Normal with zero mean and variance (6.8), under the restrictions (6.10)

and (6.11). Depending on the need, efficiency may be increased and robustness decreased

or vice versa by using separate GBB's (GBEI) or a combined GEB (GEE2), or a mixture

of both such as estimating B by (5.7) and a combined GEE that estimates 7 and o.

In this case the estimate of B \s consistent irrespective of whether the correct mean

specifications for dr and p¡ are given. Other GEE combinations may be useful for

different levels of parameter importance. Estimating the parameters 7 and o in a

combined GEB separate from B is analogous to estimating the dispersion and correlation

parameters by REML in Normal Theory, that is from the marginal likelihood of zero

contrasts. Similarly, the mean and dispersion parameters are estimated by separate

quasi-likelihoods in Smyth (1989) [131].

In $5.5 we listed a number of possible working covariance matrices (WC1, WC2 and

WC3) as suggested by Prentice and Zha,o (1991) [110] for the vector of empirical covari-

ances, and so leading to working covariance matrices V¿; and V"¡. Another possibility for

V¿; would be to assume that the correlation matrixof d,; follows an autoregressive struc-

ture of order 1 (Paik (1992) [104]). Unfortunately a sensible correlabion structure for r;

analogous to AR-l is not so simple to define but the approximations WC2 or WC3 may

still be adequate for V,; (and V¡,; if GEE2 is used). Other working covariance matrices

of /; could also be used (see Prentice and Zhao (1991) [110]).
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6.4 Pseudo-likelihood Estimates

Suppose the variance function belongs to a family of functions indexed by an unknown

parameter ( as in the univariate case of $5.2.2. For longitudinal data, then the variance

can be written as

var(y¿¡): ó;¡g<jt;¡),

where for example

se@;¡): p,<;,

wherecommonvaluesof (are0,I,2and3. Toestimate(,wecanconsiderthepseudo-

likelihood approach of Davidian and Carroll (1987) [3i]. If we condition on the GEE

estimates i and use the 'working covariance' matrix for the responses fi, then assuming

a multivariate Normal distribution allows us to find an esbimate of (, in a straightforward

manner. Further, by conditioning only on the GEE estimate þ via (5.7), we can find

pseudo-likelihood estimates of o and 7 as well (see Thall and Vail (1990) [1a2]). This

offers an alternative approa,ch to estimating the nuisance parameters bub will not be

considered further.

6.5 Estimation of the GEE parameters

If À0: (þo, io, ôs)'are the initial starting values of À: (þ, ''1, a), then À may be

estimated iteratively by the modified scoring procedure (j'À iteration),

i=l
n

i=l

n

Â, i¡-r * (t au,(À;-,, ê(Ài- r\10\¡-t)-'t {J;(\¡-t, ê(Ài-1))
i=1

Â¡-r * (DD'nt¡-r¡Vnå-rt(D¡r¡-rt - Af ilA^i-'))-t

x I u,(ti-r, ê(Àj-r)),
n

i-l
(6.12)

where the product terms on the right-hand side of the equal sign are evaluated at the

(j-1)tn value, Â¡-1. Instead of (6.12), setting AlilA^: 0 generally leads to a procedure
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The moment estimators of the correlation parameters are derived as follows: suppose

that s¡¡ is the standardized residual,

- -þ¡ 
- tt;¡"" - ,r,'nfu;¡)t¡z'

When pi : p V i, and -R(o) : fi|,(a) is the unstructured or unspecified correlation

matrix, then the p(p - 1)/2 unique correlation parameters may be estimated by the

moment estimator

R¡o: - DFr slis¿fr= 
,, , (6.13)- (DLr t?¡DT=, slo¡r/z'

given B and a. Liang andZeger (1986) [81], suggested using the momentestimator

n(o) - + in-'r..s!s;A-'t"
nQ ¿=t

for scalar /, and which is easily modified for vector @. This estimator however may give

diagonal values unequal to 1. Paik (1992) [tOa] also uses the moment estimator (6.13),

but appears to have incorrectly defined srj as the square of the above term.

In the case of an equal correlation, cov(y¿¡, A¿x) : aV i, j and k, then the moment

estimator of a is

both faster and more stable in terms of convergence, especially for small data sets. This

modification is also compubationally simpler.

6.6 Moment Estimation

a D¡7* R¡*

p(p

If .R,(c) follows an AR-1 structure, that is cov(y;¡, A;*): oli-kl, then regressing logr?¡r

on lj-,bl leads to an estimate of log o, and hence o, from the slope. For more complicated

structures, moment estimation can be messy; see for example chapter 8.

- 1)12
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6.7 Model Selection Criteria

The statistic log(G), where G : det(var(i¡-l¡ (see Thall and Vail (1990) [142]) can be

used to ordinally evaluate goodness of fit, that is higher values correspond to better fits

of the data. This is because det(var(i)-t) ir an increasing function of the squared vector

correlation between the estimation equations and the score vector of the true likelihood

(which is unknown, as is the squared correlation vector). Thus a higher value of the

statistic corresponds to a higher squared vector correlation.

Another way of interpreting the log(G) statistic is that higher values correspond to

more optimal parameter estimation with respect to the variance of the estimators (see

Godambe and Heyde (1987) [49]). It can be thought of as a function of the precision of

the estimators.

There is however a difficulty in attempting to use log(G) to compare the various

models. As the number of parameters increases, log(G) also increases. Comparing

a model with large numbers of parameters to one with a much smaller set may be

deceptive. This is also a problem with maximum likelihood or maximizing some other

goodness of fit criteria, as these methods are liable to automatically select the model

with highest possible dimension. Some form of parameter size compensation or penalty

factor appears to be in order.

A number of methods have been proposed for selecting a model from a set of al-

ternative statistical models, particularly where the alternative models contain different

numbers of unknown estimable parameters (different dimensionality). The Kullback-

Leibler (K-L) information quantity (Kullback and Leibler (1951) [70])

rur; rò: ø (r.s (ffi)) : /- ^'(m),,{,)o*,
is a measure (metric) of the distance between a model density function and the true

underlying density function, where fr(*) is the true density, and f u(") is the density

function that defines the model. The negative of the K-L information quantity is called

the generalized entropy (Boltzmann (1877) [11]). A model selection criterion is to select
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a model density that has bhe smallest distance from the true unknown density.

The well known Akaike Information Criterion (AIC) was developed by Akaike (1973)

[3] as an estimate of the entropy. The AIC can be used to test nested and non-nested

models and an allowance is made for parsimony. Let Ic be the number of estimable

parameters for a given model. AIC is defined here as,

Definition 6.2 AIC: Select the model for which the quantity,

log(marimized likelihood) - le ,

is the largest.

A criticismof the AIC is that it is not consistent. For example, suppose an autoregressive

process has order p and the number of time series observations tends to infinity, then

frequently AIC does not select the proper order p.

Schwarz (1978) [126] presented an alternative criterion which is known as the Schwarz

Criterion (SC) or Bayesian Information Criterion. The justification for this criterion is

essentially Bayesian, since asymptotically, we select the model with the largest posterior

probability distribution corresponding to a special prior distribution. The a priori dis-

tribution is the weighted sum of conditional a priori distributions. The weights are the

a priori probabilities that the jth competing model is the true one, and the conditional

a priori distributions are the distributions of the random parameter vector given the jtÀ

model. See Schwarz (1978) [126] for further details.

Definition 6.3 SC: Select the model for which the quantity,

log (marimized tiketihood) - |f tog r,,2

is the largest.

This is basically a modified AIC, with increased penalty of overfitting. Kashyap

(1982) [62] also takes a Bayesian approach but adds extra terms to SC by going a term

further than Schwarz (1978) [126] in the asymptotic expansion of the logarithm of the

posterior probabilities.
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A slight variation to SC is Bozdogan's (1987) [1a] so called consistent AIC (CAIC).

Definition 6.4 CAIC: Select the model for which the quantity,

I o g ( marimi z ed lik elih oo d ) - +

is the largest.

This is derived as an analytical extension to the AIC, without violating the princi-

ples laid down by Akaike (1973) [3]. Bozdogan (1937) [14] exploits the large sample

asymptotic distributional properties of the maximum likelihood estimators to propose a

different information criterion that incorporates the Fisher information matrix into the

penalty component of the criterion. It is referred to as the Consistent AIC with Fisher

Information (CAICF). Both of these criterions make AIC asymptotically consistent.

CAIC and CAICF should be used if it is desired to avoid overfitting a model. This

may be at the expense of underfitting the model sometimes in finite samples, especially

for the CAICF. However, because of the consistency, the probability of underfitting and

overfitting a model will diminish as the sample size increases. If it is important to avoid

underfitting, then use AIC or perhaps CAIC when the sample size is small. The CAICF

will not be considered further.

Jones (1993) [61] suggests using AIC, but recommends that models within two units

of the highest AIC be taken as competitive models for the best, Among these competitive

models, selection is usually based on the model with the smallest number of estimable

parameters, å. There is some theoretical justification for this inberpretation of AIC

(Duong (1e84) [34]).

Since no likelihood function is defined with the GEE's, a multivariate Normal dis-

tribution will be used with the above information criteria. The advantage in using a

multivariate Normal approximation is that it has a simple form, permits the correlations

within each unit to be easily included into the information criteria, and in many cases

provides a reasonable approximation to non-Normal data.

nlog!nn
2'
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Chapter 7

Applications of Gene ralized

Estirnatittg Equation Methods

T.L Introduction

In this chapter we consider three examples. The first example involves a clinical trial.

Fifty nine epileptics were observed at four time points, the response being the number of

seizures in each time interval. Occasion-specific parameters for the mean and dispersion

models will be considered for this example. The second example involves a study of

prolactin levels in 30 women, the prolactin levels taken at four time points. The third

example consists of counts of the ventricular premature heartbeats for patients that have

experienced a myocardial infarction.

Some of the issues considered will be:

(i) The suitability of the different model selection criteria in measuring the success of

a model.

(ii) Stability of the GBE estimating procedure, including alternative dispersion/variance

model specifications. Related to the issue of stability is the orthogonality of GEEI

compared to GEE2.
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(iii) The effect of the choice of the specification of the dispersion/variance model on

inferences on the mean parameters. Alternative specifications of the dispersion

parameter, /;, and bhe variance function, g(p;), were discussed by Firth (1991) [42]

(pp. 76-77) for the extended quasi-likelihood Q+. The alternative sþecifications

can lead to different values for Q+.

7.2 Examples

7.2.L Seizure example

Thall and Vail (1990) [142] present analyses of data given in Table 2 of their paper for

a clinical trial of 59 epileptics (Leppik eú ø/. (1985) [80]). Patients were randomized to

receive either an antiepileptic drug, progabide, or a placebo. There were four successive

clinical visits after randomization where the number of seizures occurring over the pre-

vious 2 weeks since the last visit (or the randomization starting point for the first visit)

were recorded. Table 3 in Thall and Vail (1990) [142] shows that the seizure counts

display a large amount of extra-Poisson variation (overdispersion), heteroscedasticity

and within-patient correlation.

The covariates considered in their models are the baseline seizure rate calculated as

the log(psc/4), where psc is the 8-week prerandomization seizure count, log(Age), the

binary indicator Trt for the progabide drug group, and the binary indicator Visit4 for

the fourth clinical visit.

Thall and Vail (1990) [t+Z] demonstrate a heuristic derivation of a parametric form

for the block-diagonal variance matrix V using random effects acting multiplicatively

on the mean. Other forms of V are suggested by this derivation.

We consider a number of models and employ GEE's to obtain estimates of the

unknown parameters. All the models considered will have the mean form

log(p;¡):0o¡ *,6r¡Base I gz¡Trt *B3¡Base.Trtf gn¡Ag,
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that is the parameters are occasion specific. Note that Visit4 cannot be included in

the mean because of aliasing with the occasion specific intercept terms (þo¡), Mean

model (7.1) is the occasion-specific generalization of the mean model (except for Visit4)

considered in Thall and Vail (1990) ll42l. Let p;¡¡ be the correlation between U;j and

y;¡. For ease of interpretation we will use a DFTSA form ($6.2) of model (7.1) instead,

where Éð¡ represents the new intercept parameter, all other parameters remaining the

same.

The models considered are displayed in Table 7.1, also indicating which working

covariance structure, WCI or WC2 (see $5.5), is used. Note bhat using WCI or WC2

implies that the mean parameters are estimated directly from (5.8) This is analogous to

RBML in Normal theory, where the mean regression parameters are estimated from the

conditional likelihood alone, and the dispersion and correlation paramebers are estimated

from the marginal likelihood where an adjustment over the full likelihood is made. A

DFTSA form of dispersion Model 2 (ró¡ replaces e¡r) will be used.

Models 1A and 3A are the same as Models 11 and 23 in Table 1 of Thall and Vail

(1990) ÍI42]. The variance parameters in Model 3A are estimated by using a variance

response vector with elements (y;¡ - tt;¡)'. Bquivalently the variance under Model 3A

can be rewritten as ó¿¡g}t¿¡), such that

Ótj : | * Ó¡þ¿¡ and g(P;¡) : tt;¡

and is referred to as Model 44. The dispersion response vector with elements (y¿, -
p;¡)2 lg}t;¡) is used for estimation of the variance parameters under Model 4A (Repa-

rameterized Quadratic Model).

The parameters of Models 3A and 4A were estimated by separate GEB (GEEI),

that is the mean parameters are estimated from (5.7), and the correlation and variance

parameters are estimated in a combined GBE like (5.13). This is the same as setting

both ôþ¿l0B and ïpnlÔþ to zero in D; (V6¿¿ and V6"; in V¡ are already zero under

WCl or WC2). The parameters are also estimated by a combined GEE tike (5.13)

(GEE2); these are Models 3B and 48.
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Table 7.1

Model Covariance Structure GEEl/GEB2 Working Description

Correlation

1A cov(y¿¡, Uxt) : 0, i + k k i + l,

var(g;¡) : ói tt;¡, Vi, ¡.

WCl Indept

1B var(y;¡): Óitt;¡,Vi,¡ GEE2 WC2 General

2 var(y;¡) : Ó;¡¡t¡,Vi, j.

log(drr) :eoj* e¡¡Base

GEE2 wc2 Log-linked

Dispersion

3A var(y¿¡) : ttn¡ + Ó¡p?¡ WC2 QuadraticGEEl

3B As Model 3A GEE2 WC2 Quadratic

4A var(y;¡) = ó¿¡g]t;¡)

ó,i : I I ó¡þ;¡ k g(Pn¡) = ttn¡

GEBl wc2 Reparam.

Quadratic

4B

All models except 1A (Independence) have p¡jx : a, j I ß, (Equal Correlation).

As Model 4A GEE2 wc2 Reparam.

Quadratic
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The selection of the final profile model specification is done in stages and the first

of the two multistage estimating strategies discussed in $6.2 will be used, because the

number of data units is not large. The final forms for the models considered are listed

in Table 7.2 anà refer to DFTSA models.

The estimates of the parameters and standard errors for Models 3A and 4A are

virtually the same and so Model4A is not shown. This is expected as they are effectively

the same model (34 and 4A differ only in the choice of a variance or dispersion response

vector respectively) and estimation has been performed by separate GEE in both cases.

Models 3A and 4A show no significanb evidence of any of the parameters being occasion-

specific. However the high parameter estimate at Visit 1 in Table 7.3 indicates some

evidence of a higher Age effect at the first time point. Table 7.3 shows the occasion-

specific parameter estimates for Age for Model 3A with all other mean parameters fixed

over time. The final profile model forms of Models 14, 18, 2 and 48 indicate that

each of the mean parameters of Trt, Base.Trt and Age significantly differ over time.

The main sources of these differences over time for these parameters occur between the

first time point and the latter 3 time points, which are not significantly different. This

indicates the treatment is having a major effect at the first time point with lower impact

afterwards, but older patients respond less favourably to the treatment initially. Thus

for Models 14, 18, 2 and 48, the profile component matrix in (6.3) for Age has the

form,

M

Similarly, the profile component matrices for Trt and Base.Trt have the same form.

Using the marginal distribution for the Age estimates Þos., and specifying the model

Þos": Mon"r') leads to a generalized least squares estimate of c¿. A crude goodness of

fit 
(þ"n" - Mon"u)'v;;"(P"n" - Mos"u)

age

i0
01
01
01
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Param Model
1A 1B 2 3A 3B 4B

pö, 1.658
(0.084)

1.628
(0.083)

1.557
(0.085)

1.679
(0.072)

1.740
(o.o6e)

1.703
(0.071)

0t 0.931
(0.084)

0.922
(0.083)

1.016

(0.078)
0.886

(0.101)
*
*

0.876
(0.153)

þzt -2.t20
(0.471)

-2.168
(0.431)

-2.L22
(0.45e)

-1.411
(0.574)

0z -1.178
(0.471)

-t.257
(0.431)

- 1.138
(0.45e)

-0.982
(0.427)

-0.790
(0.602)

-0.690
(0.503)

þzt 0.907
(0.r77)

0.918
(0.178)

0.907
(0.163)

0.544
(0.257)

þz 0.469
(0.170)

0.492
(0.178)

0.448
(0.155)

0.357
(0.208)

0.274
(0.270)

0.215
(0.225)

þ¿t 1.618

(0.3e2)
1.634

(0.3e3)
T.741

(0.408)
1.277

(0,2e6)

þs 0.606
(0.283)

0.594
(0.307)

0.561
(0.322)

0.515
(0.282)

*

*
0.232

(0.267)

a 0.409
(0.061)

0.425
(o.o60)

0.351
(0.101)

0.393
(0.073)

0.374
(0.072)

ót 2.944
(0.7r7)

3.643
(0.704)

0.525
(0.16e)

0.455
(0.171)

0.352
(0.103)

óz 4.390
(1.448)

4.133
(1.5ee)

0.530
(o.3oe)

0.396
(0.236)

0.466
(0.240)

ôz 8.274
(4.002)

8.358
(4.3e0)

0.791
(0.4e5)

0.599
(0.247)

0,806
(.436)

óa r.972
(0.303)

1.960
(0.38e)

0.096
(o.o5o)

0.117
(0.052)

0.111
(0.052)

a*
Éo 1.538

(0.234)

€1 -0.218
(0.1e8)

€te 1.195

(0.508)

ê2 -0.726
(0.2e0)

loe(G) 35.0 40.0 53.2 41.5 66.8 55.0

AIC -483.4 -462.6 -450.1 -463.8 -459.3 -459.2

SC -495.9 -476.r -463.6 -474.2 -474.9 -472.7

CAIC -50 i.9 -482.6 -470.t -479.2 -482.4 -479.2

Tab\e 7.2

+ Model 38 estimates for Trt and Age are displayed in Table 7.4
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Param Visitl Visit2 VisitS Visit4

Ag" 1.075

(0.354)

0.270

(0.338)

0.255

(0.430)

0.476

(0.327)

Table 7.3:

Table 7.4

Trt and Age parameter estimabes for Model 3B

þ', þ,, þr" 0ro þnt 0n, 0npn¡

0.916

(0.226)

0.685

(0.173)

1.193

(0.254)

0.809

(0.14e)

0.792

(0.236)

-0.419

(0.245)

0.155

(0.231)

for this model can be performed, which has an asymptotic X2 on 2 d.f. The param-

eter estimates for c.r (in Model 2) are (L752 0.410)' with estimated standard errors

(0.401 0.289)', and the goodness of fit statistic is 1.669, indicating a good fit. Similar

goodness of fit tests for Trt and Base.Trt produced the values 0.517 and 0.683 respec-

tively, also indicating good fits.

In Model 38 no clear trends or patterns appear. In this model the Base parameter,

in contrast with the other models including Model 48, varies over time (Xt :14.6354,

3 d.f.), and pairwise tests on the four time points of Base show strong differences for

different times. For Age, the results are only a little more informative, there being

Iittle difference between time points 3 and 4, but differences between other time point

combinations. Table 7.4 shows the parameter estimates for Base and Age (combined

estimate for time points 3 and 4). These peculiarities between Model 3B and the others

may be due to the influence of

ôo¿lôB: ôu';loþ +2ö:.* tt¿.* op,loþ (7.2)

appearing \n D¿ : ôq¿10\, where here ø¿ replaces þ¿ for Model 38 and ql;. :
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(ót, ór, ó", ón)'. The binary operator, '.*', multiplies the elements of the left vector

operand with the corresponding rows of the right matrix operand. The term ôþ;f 0B \s

zero in the other models except in Model 48, where it is

ó¿*. * 0p;|0þ, ( 7.3)

and which has lesser impact than ôo;f ôB \n Model 38. Thus it is observed that the

mean model inferences have changed between GEE1 and GEE2, and for alternative

specifications (under GEE2).

There is no indication of a Visit 4 effect in any of the models considered, even

though it is significant if included in the mean model with all parameters fixed over tìme.

However in Model 2, the intercept parameters efi, for the dispersion model significantly

differ over time. This difference is due to strong differences between eio and the other

time points, and so is equivalent to a fixed intercept over time and a Visit 4 effect. This

observation agrees with the low parameter estim ate Sa, as estimated from the other

models. As well, there are strong differences between the third time point and the other

time points for Base in the dispersion model. This is not surprising because of the large

parameter estimate for þ3 in the obher models.

Using the log(G) criterion Model 3B would be considered the best, but it has the

largest number of parameters compared to the other models, and meaningful patterns

are not obvious for this model. The next best would be Model 48 (which is really

equivalent to 38) followed by Model 2. Models 3A and 4A show the loss of efficiency by

using two separate GBE. The advantage of Model 2 is that due to the choice of 'working'

covariance matrix and dispersion mean model, the mean parameters are consistent even

if the dispersion and correlation models are incorrectly specified.

These conclusions contrast the information provided by AIC and SC (inferences

based on SC and CAIC are generally identical), which attempt to account for differing

parameter sizes. The ranking of models using AIC and SC differ in the middle range

but both select the same 2 models for the first and second positions, these models

being Models 2 (first) and 48 (second). Jones' (1993) [61] modified AIC also selects
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Model 2 as the besb model. Intuitively, modelling the dispersion with a B ase IS

not unreasonable. Individuals with large base counts may have large changes in seizure

counts as the treatment is applied, tapering off over time, compared to those with smaller

base counts with small changes. These changes may appear as a variable dispersion.

As with log(G), AIC and SC show the inefÊciency of Model 14. Similarly, AIC and

Jones' criteria imply (but not as dramatically as log(G)) estimation of Models 3A and

4A by GEE1 results in loss of information compared to Models 38 and 48 and GEB2.

Criterion SC is more neutral on this issue, and CAIC selects Model 3A over 38. The four

information criteria are unanimous in showing that the alternative variance specification

to Models 3A and 38 (i.e. Model  B) is either as good as, or usually better. Clearly the

variance specification used has a significant effect in the resulting goodness of fit of the

model (especially if used in conjunction with GEE2).

Table 7.5 provides a comparison of models where the mean parameters are now all

fixed over time and a binary Visit 4 term added. This allows a comparison with the

models considered in Thall and Vail (1990) ll42l. All the models in Table 7.5 except

2A and 28 are the same as those described for the occasion-specific case in terms of the

variance and correlation. In Model 2A the intercept and Base are fixed over time and

there is a Visit 4 effect. Model 28 has no Visit 4 term.

The estimates for Model 4A are identical to 3A except the estimated standard errors

are slightly lower for the /'s and a in 44. As in Table 7.2,we simplify dispersion Model

2 to an intercept term fixed over time, plus a significant Visit 4 effect. However, there

are strong differences between time points I and 3 with the other time points for the

dispersion base parameter. Model 28 shows a significant base term in the dispersion

model, but this is not so in Model 24.

Models 2, 3B (and 3A) and 48 (and 4A) appear to be the best under the log(G)

model criterion, while not surprisingly Model 1A is by far the worsb. Even though

Model 2 has the highest value for the goodness of fit test log(G), its larger number of

parameters makes comparison to the other models difficult by this test criterion.
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Table 7.5

Param Model
IA IB 2 2^ 2B 3A 3B 4B

þo -2.7t7
(0.e07)

-2.18 i
(o.e2e)

- 1.980
(1.001)

- 1.588
(o.eoo)

- l.679
(0.e13)

- 1.431
(0.e10)

-0.559
(0.735)

- 1,112
(0.836)

þt 0.932
(0.086)

0.920
(0.084)

1.008
(0.077)

0.918
(0.100)

0.913
(0.120)

0.903
(o.oe7)

0.868
(0.182)

0.907
(0.148)

þz - 1.438
(0.415)

-1.356
(0.422)

-1.r52
(0.370)

- 1.123
(0.430)

- r.052
(0.428)

-0.989
(0.41e)

-0.759
(0.5ee)

-0.801
(0.507)

/)
P3 0.595

(0.170)
0.547

(0. r76)
0.454

(0.148)
0.439

(0.200)
0.427

(0.202)
0.365

(0.203)
0.232

(0.303)
0.267

(0.228)

þq 0.902
( 0.266 )

0.753
(0.274)

0.615
(0.2e3)

0.577
(0.265)

0.601
(0.262)

0.541
(0.270)

0.3r 1

(0. le2)
0,444

(0.23e)

þs -0.168
(0.065)

-0.162
(0.063)

-0. 1 28

(0.062)
-0.153
(0.074)

-0.150
(0.078)

-0.158
(0.074)

-0.r47
(0.074)

-0.154
(0.072)

d 0.390
(o.o5e)

0.401
(0.060)

0.367
(o.o6o)

0.349
(o.056)

0.347
(0.101 )

0.390
(0.081)

0.363
(0.065)

ót 3.252
(0.718)

4.324
(0.77 4)

0.391
(0.t27\

0.438
(0.1 12 )

0.4r7
(0.106)

óz 4.267
(t.372)

J. ¡ JJ

(r.292)
0.383

(0.230)
0.346

(0.18r)
0.368

(0.173)

ót 7.436
(3.41e)

6.990
(3.608)

0.615
(0.383)

0.615
(0.35e )

0.614
(.316)

ós 2.189
(0.360)

1.983
(0.3e7)

0.101
(0.051)

0.1 12

(0 060)
0.108

(0 055)
t6 1.480

(0.216)
Êrr 0.461

(0.36e)
et2 -0.255

(0.184)
€te 1.138

(0.474)
e14 -0.258

(0.353)
€O 0.723

(0.441)
0.321

(0.465)
(.1 0.433

(0.280)
0.570

(0.273)
€2 -0.662

(0.264)
-0.773
(0.2e2)

Ioe(G 27.8 33.8 51.8 41.8 38.5 49.5 49.2 50.0
AIC -487.3 -469.4 -457.0 -466.8 -472.t -463.2 -463.2 -462.7
SC -497.7 -480.8 -470.5 -477.2 -481.5 -474.6 -474.6 -474.2

OAIU^ -502.7 -486.3 -477.0 -482.2 -486.0 -480.1 -480.1 -479.7
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The selection criteria AIC and SC agree for the order of ranking for the models in

Table 7.5. Further they support the results of log(G) in terms of the best models, again

confirming Model 2 as the best model and Model 48 as bhe next best. Jones' (1993)

[61] modified AIC also indicates Model 2 is the best model. This agrees with the results

seen in Table 7.2 for the occasion-specific case. We can also use the selection criteria

AIC and SC to provide meaningful comparisons of models between Tables 7.2 ar'd7.5.

Amongst all the models considered in Tables 7.2 and 7.5, Model 2 (Table 7.2) is still by

far the best followed by Model 2 (Table 7.5) and then by Model 48 (Table 7.2).

Overall, the best models imply that occasion-specific models may be important and

introducing a Base variable in the dispersion better represents dispersion variation.

Effectively, as indicated by Models 2A and 28 (but less clearly in 2), the larger the

baseline, the greater the impact on the dispersion which does not seem unreasonable.

Though not considered here, instead of explicitly modelling the dispersion in terms of

the baseline as in Model 2, a random effects model with a baseline random effect could

be used. The baseline random variable could be categorical, indicating high, medium

or low baseline values.

Under AIC with Jones' (1993) [61] selection proposal, Model 2 (Table 7.2) is the best

choice, however Models 2 (Table 7.5), 38 and 48 (Table 7.2) must be considered com-

petitors for second best model. As Model 38 contains the largest number of parameters

amongst the three it is excluded, the other two models containing an equal number of

parameters. The higher AIC value of Model 2 probably puts it ahead of Model 48.

In Table 7.6 a selection of the models considered in Table 7.5 is given, but the equal

correlation parameter is estimated by a moment estimator (see $6.6). The case of an

unstructured covariance matrix (moment estimated) is given in Table 7.7. The best

models in Tables 7.6 and 7.7 are bhe same as Table 7.5, and estimates of the parameters

and standard errors are in general quite similar.

The baseline parameter estimate ê1 in Models 2A and 28 for Tables 7.6 and 7.7

is significant, and differs little between the two models, providing further support of a
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ModelParam
1B 2 2A 28 3B

þo -2.800
(0.e18)

-r.672
(0.e25)

-1.218
(o.eo2)

-l.438
(o.eo6)

- 1.657
(0.808)

þt 0.920
(0.083)

1.032
(0.070)

.900
(0.107)

0.901
(0.124)

0.888
(0.170)

0z -r.547
(0.417)

-0.987
(0.356)

-r.024
(0.427)

- 1 .003
(0.41e)

-0.911
(0.484)

9e 0.635
(0.171)

0.384
(0.142)

0.392
(0.207)

0.402
(0.203)

0.366
(0.2r4)

þs 0.939
(0.271)

0.503
(0.267)

0.476
(0.265)

0.536
(0.260)

0,606
(0.20e)

0s -0.170
(0.066)

-0.1 18

(0.066)
-0.149
(0.082)

-0.147
(0.084)

-0.149
(o.o7e)

ót 3.183
(0.6e6)

0.321
(0.103)

4.353
(l.484)

0.461
(0.223)

óz

ót 7.442
(3 505)

0.715
(0.348)

ö+ 2.2r5
( 0.367 )

0.141
(0.046)

€o t.475
(0.2r2)

€11 0.431
(0.410)

€tz -0.379
(0.232\

619 1.416
(0.42r)

et4 0.083
(0.320)

€9 0.320
(0.47e)

0.082
(0.456)

€1 0.644
(0.253)

0.699
(0.244\

(.2 -0.697
(0.232)

-0.736
(0.257)

ù 0.382 0.387 0.355 0.347 0.366
loe(G) 27.5 47.0 35.9 32.4 45.0
AIC -467.5 -455.7 -466.2 -47r.4 -461.9

-477.9 -468.1 -475.5 -479.7 -472.2SC
CAIC -482.9 -474.1 -480.0 -483.7 -477.1

Table 7.6:

Correlation and Moment Correlation Estimator
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Param Model
1B 2 2^ 28 3B

0o -3.144
(0.e40)

-r.779
(0.e48)

- 1.706
(0.s15)

-L872
(0.e18)

- 1.953
(0.808)

þt 0.920
(0.084)

1.033
(o.o6e)

0.912
(0.102)

0.919
(0.1 17)

0.881
(0.163)

þz - 1.678
(0.41e)

- I .086
(0.351)

-1,192
(0.434)

-r.t42
(0.418)

-1.017
(0.473)

þe 0.689
(0.16e)

0.416
(0.137)

0.461
(0.207)

0.457
(0.202)

0.411
(0.210)

þq 1.043
(0.277)

0.533
(0.271)

0.618
(0.270)

0.657
(0.265)

0.700
(0.2r2\

þs -0.163
(0.063)

-0.103
(0.060)

-0.145
(0.080)

-0.143
(0.084)

-0.143
(o.o7e)

öt 3.112
(0.6e4)

0.314
(0.102)

óz 4.589
(1.64r)

0.488
(0.244)

v3 7 .534
(3.486)

0.725
(0.348)

óq 2.295
(0,3e1)

0. 139

(0.046)
é6 1.500

(0.2r7\
ett 0.409

(0.401)
€t2 -0.416

(0.233)

e13 1.387
(0.427\

€14 0.049
(0.315)

e0 0.461
(0.483)

0.170
(0.084)

É1 0.67 4

(0.2óe)
0.648

(0.253)

ez -0.72r
(0.255)

-0.762
(0.243)

loe(G 27.t 47.0 35.8 32.4 44.7

AIC -463.9 -45r.7 -463.3 -468.9 -459.4
SC -47 4.3 -464.r -472.6 -477.2 -469.8

CAIC -479.3 -470.7 -477.r -48r.2 -474.8

Table 7.7:

Unstructured Correlation and Moment Correlation Estimator
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baseline effect in the variance. The baseline estimates in Models 2A and 28 are higher

in Tables 7.6 and 7.7 than Table 7.5. Moving to the higher Model 2A from 28 alters

the magnitude little for this estimate under moment correlation estimation. This is not

the case in Table 7.5 where the parameter estimate is more model sensitive (reduction

in magnitude when moving to the upper model) accounting for the non-significance of

baseline in Model 24.

The results in Tables 7.6 and 7.7 further support incorporating baseline into a disper-

sion model. Unfortunately the parameter estimates of the dispersion baseline covariate

of Model 2 displayed in Tables7.2,7.5,7.6 and7.7 are not in themselves very informa-

tive. The individual estimates have high standard errors except at the third time point.

This indicates that the third time point contributes greatly to the overall significance

of baseline in the dispersion.

Referring to Tables 7.5, 7.6 and 7.7, the standard errors of the mean parameters

(except for the intercept and a marginally higher Age) are the lowest for Model 2. This

indicates Model 2 has an overall positive effect reducing the standard error of the mean

parameters, at least when the mean parameters are fixed over time. These observations

do not generally hold in Table 7.2.

The model sensitivity in Table 7.2 demonstrates the difficulty in analysis when incor-

porating dispersion f variance estimation within the GEE framework. The choice of the

model specification can alter the inferences (e.g. Models 38 and 48) as in the extended

quasi-likelihood case. The choice of GEE1 (modified in the context of this example) or

GEE2 also affects model sensitivity complicating the issue further. In Models 14, 18

and 2, GEE1 and GEE2 are the same because the working correlation is WC2 (WCl for

1A) and 0prl0þ:0 (page 85) and Aó;lAþ:0 (page 100) in D;. Thus theestimateof

B will be consistent for incorrectly specified correlation and dispersion models. Though

GEE1 and GEE2 a¡e not the same under Models 38 and 48, Model 48 is closer to

achieving the pseudo-orthogonal properties of GEE1 than Model 38. This follows from

the contribution of (7.2) and (7.3) to D¡ for Models 38 and 48 respectively.
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The model sensitivity problem encountered in this example casts some doubt on the

reliability or security of using GBE2 here. However choosing model specifications that

generate estimating equations which are in some sense closer to the pseudo-orthogonal

GEEI, Day be an acceptable compromise utilizing all available information on the mean

parameters.

The impact of choice of working correlation upon parameter estimation especially in

terms of dispersion models needs further study.

Computabionally, estimation of the parameters in Table 7.5 presents little difficulty

over estimation using a moment correlation estimator in Table 7.6. Moment estimation

does allow however a reduction in the complexity of the estimating equations.

7.2.2 Fertility example

The second example involves a study of prolactin levels in women (Archer (1977) [5]) and

was examined in Paik (1992) [104]. The prolactin levels were measured at four times, of

15 minute intervals, after an injection of bhyrotropin releasing hormone (TRH). A total

of 30 subjects were examined forming three groups depending upon the status of their

fertility. The subjects groups were classified as normal, infertile with an endometrial

biopsy and infertile with lateral deficiency, with group sizes 6, 12 and 12 respectively.

Two baseline levels were recorded at -10 and 0 minutes before injection of TRH. The

explanatory variables are the indicators for groups 2 (GZ) and 3 (G3), time and the

average of the two baseline levels. We assume a log link for both the mean and dispersion

unless otherwise specified. If the data followed a Gamma distribution, then a constant

coefficient of variation (CV) implies a constant dispersion parameter. Table 4 in Paik

(1992) [104] shows a slight increase in time for the CV for groups 1 and 2, and a decrease

for group 3. The data also displays some heteroscedasticity.

The mean model considered is

l"S(pr) : 0o * þß2 t þzG3* ÉsTime * BaBase,

and the dispersion models (assuming correlated within subject responses except Model

107



1A) are displayed in Table 7.8.

The subscript k in Model 2 refers to the group number. Model 3 uses the empirical

variances for the response vector in (6.7) in a similar manner to Prentice and Zhao

(1991) [110]. Model 3A is a reparameterization of Model 3, and the dispersion response

vector is used for estimation.

The working correlations for the mean responses either follow an Equal correlation

structure such as that in Model 18 for the seizure data, or an AR-l structure. All

models considered are in conjunction with WC2 except for 1A which uses WCl.

The / parameter in Model 18 can also be estimated using an empirical variance

response vector in a combined GEE or from two separate GEE (like Model 3A of the

seizure example). These models are denoted lC and lD respectively in Table 7.8.

Paik (1992) [104] estimates the mean and dispersion parameters by (5.7) and (6.7)

separately and uses an AR-l structure for both the mean and dispersion. The AR-

1 parameters are then estimated by moment estimators. Model 18 is equivalent to

variance Model 5 in Table 5 of Paik (1992) [10a] and Model 4 and variance Model I are

the same.

The estimates for Models 1-5 are displayed in Tables 7.9 and 7.10 for Equal and AR-l

correlation structures respectively. Model 1A appears in Table 7.9 only. Convergence

problemsfor Models 1B and 1D for the AR-l case result in the exclusion of these models

from Table 7.10. Model lD yields identical estimates as Model 1B in Table 7.9 except

the standard error of a is more than twice that of Model 18. Interestingly Models 1A

and 1B (Table 7.9) produce identical estimates for the mean and dispersion parameters

and their respective standard errors. Only the goodness of fit statistics log(G), AIC,

SC and CAIC signify the inefficiency of assuming complete independence (Model 1A).

The goodness of fib tests SC and CAIC as expected produced identical inferences for

the fertility data.

A test of equality of the dispersion parameters for the 3 groups in Model 2 results

in the acceptance of this hypothesis for both Equal and AR-l correlation structures.
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Table 7.8:

Model Covariance Structure GEEl/GEE2 Working Description

Correlation

1A cov(y;¡, Urt) : 0, i + k k j I l,

var(y¿¡) : óp?¡,Vi, j.
WCl Indept

1B var(y¿¡) : ó¿¡g}t¿¡),Vi, j

Ó,¡:Ókg(P,¡):P?¡

WC2 GeneralGEE2

1C var(y;r) : óp?¡,Vi,j GBB2 \,VC2 Reparam

General

1D As Model 1C GEEl wc2 Reparam

General

2 var(y¿¡) : ó¡¡g0r;¡),Vi, j
Óri : Ó*, k: I,2,3 k

gfu;¡) : p?t

WC2 GroupGEE2

3 var(y¡¡):üu?¡tózp?¡ GEE2 wc2 Cubic

3A var(y¿¡) : ó;¡g}t;¡)

Ó;¡ : Ótl-t;¡ * ÓzP?¡ k
gQt;¡) : tt¿¡

GEE2 wc2 Reparam

Cubic

4 var(y¡¡) -- Ó;¡tt;¡,Vi, j.

Iog(di¡) : eo * erG3 * ¿zTime*

e3G3.Time + €4G1.Time

GEE2 wc2 Log-linked

Dispersion

Ð var(y;¡) : Ót¡ ¡.t;¡, Vi, j.

l"e(dnr) : eo * erG3 * ezTime*

e3G3.Time + €4G1.Time { e5Base

GEE2 wc2 Log-linked

Dispersion
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Table 7.9

Equal Correlation Structure
Param Model

1A 1B l(] 2 .) 3A 4 5

þo 4.468
(.187)

4.468
(.187)

4.522
(.358)

4.471
(.188)

4.567
(.325)

4.554
(.176)

4.478
(.185)

4.493
(.186)

9t -.104
(.1e1)

-.104
(.1e1)

-.208
(.42r)

-.103
(.1e2)

-.190
(.563)

-.183
(.246\

-.089
(.1e0)

-.095
(.1e5)

þz .425
(.20e)

.425
(.20e)

.256
(.508)

.427
(.210)

.170
(.83e)

.193
(.274)

.372
(.2r7)

.424
(.2r2)

þs -.265
(.017)

-.265
(.017)

-.276
( 028)

-.265
(.017)

-.269
(.016)

-.268
(.016)

-.263
(.017)

-.268
(.017)

þq .005
(.008)

.005
(.008)

.011

(.008)
.005

(.008)
.008

(.017)
.008

(.007)
.003

(.008)
.002

(.008)
ae .830

(.050)
.836

(.044)
.829

( 044)
.842

(. t l5)
.840

(.042)
.837

(.041)
.833

(.065)

ó .r43
(.027)

.143
(.027)

.146
(.02e)

óct .t7r
(.137)

öcz .136
(.045)

ócs .135
(.031)

öt .087
(.268)

.090
(.123)

óz .001
(.004)

.001
(.002)

€g - 1.875
(.436)

- 1.967
(.e32)

61 .638
(.750)

,191
(.787)

€.2 -.025
(.233)

-.057
(.2e5)

€3 -.250
(.2ee)

-.153
(.285)

(4 .073
( 434)

.08 r
(.778)

€5 .015
( 02e)

log G 38.3 45.3 44.0 56.3 58.4 59.7 54. i 62.8
AIC -429.7 -369.8 -369.9 -37 r.4 -371.5 -37t.2 -371.8 -372.9
SC -433.9 -37 4.7 -374.8 -377.7 -377 .L -376.8 -379.5 -381.3

CAIC -436.9 -378.2 -378,3 -382.2 -38 1.1 -380.8 -385.0 -387.3
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Table 7.10

AR-1 Correlation Structure
Param Model

IC 2 3 3A 4 5

þo 4.4t6
(.156)

4.44r
(.180)

4.405
(.264)

4.396
(.314)

4.448
(.17e)

4.439
(.17e)

þt .035
(.140)

-.076
(.185)

.037
(.224)

.009
(.346)

-.094
(.184)

-.087
(.182)

þz .384
(.070)

.438
(.201)

.416
(.620)

.427
(.458)

.445
(.201)

.416
(.204)

þs -.252
(.oaa¡

-,263
(.017)

-.259
(.025)

-.260
(.020)

-.263
(.0 i8)

-.262
(.018)

a
lJ4 .003

(.004)
.005

(.008)
.004

(.010)
.005

(.007)
.004

(.008)
.005

(.008)
da .873

(.041)
.880

(.037)
.870

(.04e)
.869

(.042)
.879

(.046)
.877

(.054)

ó .131
(.023)

öct .136
(.011)

ócz ,t74
(.024)

ócs .115
(.033)

öt .149
(.218)

.154
(.051)

óz -.0003
(.0034)

-.0004
(.0007)

€0 -2.020
(.61e)

- 1.968
(.730)

€1 -.181
(.8e 1)

-.001
(1.42r)

€.2 .115
(.200)

. 130

(.211)

63 -.106
(.32e)

-. 153
(.672)

e4 -.107
(.0e2)

-.1 16

(.0e4)

e5 -.009
(.03e)

log( G) 51,2 63.7 64.9 63.6 62.7 7r.7
AIC -363.5 -364.4 -364.6 -364.4 -366.3 -367.4
SC -368.4 -370.7 -370.2 -370.0 -374.0 -375.8

CAIC -371 .9 -375.2 -374.2 -374.0 -379.5 -381.8
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Similarly the parameter $2 in Models 3 and 3A is not significant. In none of the models

was the baseline variable shown to be significant, in contrast to Paik (1992) [104], due

to the higher standard errors reported here. None of the parameters in the dispersion

Models 4 and 5 appear to be important, though G3.Time was significant in Model I of

Paik. The standard errors recorded for the dispersion parameters in Model 4 for both

AR-l and Equal Correlation are generally much greater than those of Paik's Model 1,

though the mean parameters are similar except for the baseline.

We note that even though Models 4 and 5 are rated strongly under log(G) for both

AR-1 and Equal Correlations, Model 5 being the best, AIC and SC clearly demonstrate

they are the worst (after Model 1A). This supports bhe non-significant nature of the

parameters in the dispersion models and highlights the misleading nature of log(G)

especially for small data sets. With such a small sample size it is obvious thab little

information can be obtained from the variance. Therefore it is not surprising AIC and

SC lean towards selecting Model 18 (and consequently 1C) as the best and simplest

model.

One further result is the higher efficiency of the AR-1 correlation to Equal Correlation

for this data set. This is strongly supported by the four goodness of fit statistics when

comparing dispersion/variance models in Table 7.9 with the same models in Table 7.10.

This is reflected in the generally lower standard errors (except for Model 3A) of the

mean parameters under AR-1.

The models in Tables 7.9 and 7.10 were repeated with the 'working covariance'

submatrix V¿" set to the 0 matrix, that is the vectors d and r have zero covariance

matrix. In the case of Model 18 for example, this is equivalent to estimating þ, 'y

and o by three separate GEE, that is a GEE1 type estimation. Tables 7.11 (Equal

Correlation) and 7.12 (AR-1) list the estimators for the re-estimated models. Models

5A and 5B in Tables 7.1 1 and 7.10 are submodels of Model 5 (and Model 4). Insignificant

terms are gradually removed in Model 5 leading to Model 58.

For Equal Correlation, log (G) is higher in Table 7.II (Vd, : 0) than in Table 7.9.
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Table 7.11

Equal Correlation Structure I V¿r=o
Param Model

1B 1C 2 J 3A 4 5 5A 5ts

þo 4.468
(.187)

4.497
(,165)

4.480
(.18e)

4.490
(.165)

4.477
(.170)

4.507
(.1 84)

4.579
(.r72)

4.570
(.188)

4.470
(.188)

þt -. r04
(. le1)

-. 158
(.167)

-.099
(.1e2)

-.158
(.1 68)

-.135
(.t74)

-.101
(.1e4)

-.r47
(.1e3)

-.t22
(.204)

-.111
(. le3)

0z .425
(.20e)

.369
(.186)

.433
(.211)

.355
(.185)

.379
(.1e0)

.425
(.218 )

.585
(.18e)

.548
(.1e4)

.442
(.207)

0s -.265
(.017)

-.266
(.016 )

-.266
(.0 r7)

-.264
(.017 )

-.265
(.017)

-.266
(.018)

-.278
(.017)

-.276
(.016)

-.266
(.017)

þn .005
(.008)

.006
(.006)

.004
(.008)

.006
(.006)

.006
(.006)

-.0003
(.0078)

-.008
(.005)

-.005
(.006)

.004
(.008)

Qe .830
(.050)

.830
( 052)

.828
(.054)

.831

(.052)
.831

(.050)
.840

(.04e)
.824

(.066)
.820

(.066)
.830

( 048)

ö .143
(.027)

.143
(.027)

óct . 189
(.07e)

ócz . 139

(.050)

öcs .126
(.046)

ót .t27
(.045)

.128
(.048)

öz .0003
(.oo05)

.0003
(.0005)

60 -2.028
(.268)

-2.65r
(.322)

-2.260
(.2e6)

-2.047
(.3e0)

€1 .532
(.475)

-.400
(.427)

- 1.007
(.525)

€2 .t12
(.082)

.r19
(.085)

63 -.339
(.157)

-.267
(.152)

e4 .018
(.13e)

.068
(.135)

€5 .059
(.020)

.050
(.01e)

.007
(.023)

log(G 45.3 46,2 59.9 61.9 61.6 60.0 70.5 53.8 51.1

AIC -369.7 -369.5 -371.6 -370.3 -370.4 -371.6 -373.6 -372.3 -370.7

SC -374,7 -374.4 -377.9 -375.9 -376.0 -379.3 -382.0 -378.6 -376.3
CAIC -378.2 -377.9 -382.4 -379.9 -380.0 -384.8 -388.0 -383. r -380.3
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Table 7.12

AR1 Correlation Structure V¿r=o
Param. Model

Its 1C 2 r, 3A 4 5 5A 5ts

0o 4.400
(.1 8o)

4.424
(.151)

4.388
(.180)

4.420
(.14s)

4.409
(.158)

4.410
(.173)

4.482
(.167)

4.473
(.182)

4.402
(.181)

9t -.090
(.183)

-.r45
(.148)

-.094
(.183)

-.145
(.147)

-.r22
(.158)

-.097
(.180)

-.123
(.185)

-.104
(.1e5)

-.098
(.185)

0z .4t l
(.202)

.368
(.r74)

.403
(.203)

.356
(.171)

.375
(.178)

.382
(.205)

.525
(. I 84)

.527
(. le0)

.429
(.1ee)

9e -.259
(.017)

-.26r
(.015)

-.258
(.017)

-.258
(.017)

-.259
(.017)

-,258
(.017)

-.270
(.017)

-.268
(.016)

-.260
(.017)

þq .008
(.008)

.009
(.006)

.009
(.008)

.009
(.005)

.009
(.006)

.007
(.007)

-.0004
(.0054)

.0008
(.0064)

.008
(.008)

d.o .894
(.051)

.896
(.05 1)

.898
(.054)

.895
(.050)

895
050( )

.903
(.051)

,894
(.063)

.889
(.065)

.894
(.04e)

ó . r43
(.028)

.143
(.028)

óct .181

(.073)

öcz .124
(.047\

öcs .143
(.04e)

ót .124
(.046)

.r25
(.048)

öz .0003
(.ooo6)

.0003
(.0006)

e0 -2.138
(.286)

-2.606
(.331)

-2.236
(.2e7)

-2.065
(.366)

€1 .725
(.446 )

-.048
( 443)

-.717
(,532)

€2 .067
(.084)

.092
(.07e)

6g _ ,70
(. i35)

-.260
(. 138)

e4 .075
(.146)

.102
(.135)

€5 .047
(.017)

.040
(.01e)

.008
(.021)

loe(G) 45.r 46.4 57.3 62.0 61.5 60.3 7 r.4 53.7 50.8
AIC -362.2 -362.3 -364.8 -363.4 -363.4 -365.6 -369.6 -365.9 -363.7
SC -362.2 -362.3 -364.8 -363.4 -363.4 -365.6 -369.6 -¿ I Z.L -369.3

CAIC -370.6 -370.7 -375.6 -373.0 -373.0 -378.8 -384.0 -376.7 -J I J.r)
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This reflects the fact that log (G) ìs a function of the variance of À and may be sensitive

to different working covariance matrices. The AIC, SC and CAIC values have changed

little, indicating no preference for either table.

The AR-l case is interesting because there is a drop in log(G) values in Table 7.12

relative to Table 7.10. This is in contrast to what was observed for Equal Correlation

and indicates some interacting effect of bhe tworking covariance' matrix for the second

order response variables and the correlation model for the measured response variables.

The other test statistics, AIC, SC and CAIC indicate little change.

Comparing Tables 7.11 and 7.12 indicates a closing of the gap between Ðqual Cor-

relation and AR-1 in terms of log(G). In fact closer examination shows some of the

log (G) values under Equal Correlation have overtaken their AR-l counterparts. The

other goodness of fit criteria, including Jones' modified AIC criterion support the supe-

riority of AR-1. Thus log(G) may indeed be a less robust method than other methods

which tend to be reasonably consistent even though the distribution used is not techni-

cally correct (since we are using a Normal approximation).

Estimated standard errors for the mean parameters of Models 3 and 3A are much

lower when W, :0 is used. The same applies to the standard errors of the dispersion

parameters in Models 4 and 5. The Baseline parameter becomes quite significant here

compared to Tables 7.9 and 7.10. This significance is maintained down to Model 5A

but disappears rather dramatically in Model 58.

The question that arises is, whether there is any real advantage in setting V¿, : O.

A major problem with this example is the small sample size and the large sample

asymptotics are probably not very appropriate. This would at least partially explain

the difficulty encountered in fitting the models in Tables 7.9 and 7.10 for a number of

cases. Setting Vd, = 0 has reduced the instability in estimation, especially for AR-l, and

the number of cycles required for convergence. The standard errors between all models

in Tables 7.11 and 7.I2 are similar, in contrast with Tables 7.10 and 7.9 where standard

errors can differ significantly. Using Vd, :0 may possibly result in standard errors that
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are more realistic. Also in a number of cases, Vd, :0 is equivalent to estimating all the

parameters by three separate GEE leading to consistent mean estimates irrespective of

the dispersion/variance and correlation models chosen. As specified earlier, consistency

of the GEE estimates is upheld in the face of incorrect specification of the covariance

model. The discussion in $5.6 also highlighted concerns for the estimation of the mean

parameters if inappropriate working models for the third and fourth moments were

used. These considerations have led to setting Vd, :0 as a valid modification for WC2

difficulties.

Tables 7.9-7.12 highlight the danger in basing sole goodness of fit criterion on log (G),

and the information criteria provide useful supplementary information on the goodness

of fit.

The models in Tables 7.11 and7.l2 were re-estimated with the correlation param-

eters estimated by moment estimators. In general the mean and dispersion parameter

estimates and standard errors were either identical or very close to the corresponding

estimates listed in Tables 7.ll and 7.I2. The moment estimates of the Equal Corre-

lation parameter were virtually idenbical with their counterparts in Table 7.11. The

AR-1 correlation parameter was higher however, ranging from 0.922 to 0.937. As was

seen in Tables 7.11 and 7.I2, the log (G) criterion showed little difference between Equal

Correlation and AR-l. These differences were slightly in favour of AR-1 (from 0.2 to

0.8 above). The other goodness of fit statistics demonstrated a more noticeable, but not

overly striking leaning towards AR-l (1 to 2 units above except for a few cases where

higher differences were observed).

Table 7.13 represents the models of Tables 7.11 and 7.I2 with respect to the mean and

dispersion parameters, and the 'working covariance' matrix is the general unstructured

case. The unstructured log (G) values are very similar to those of AR-l and Bqual

Correlation (a estimated by the method of moments). The other goodness of fit statistics

are, as expected, much more favourable to the unstructured case. The correlation matrix
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Table 7.13

Unstructured Correlation Structure
Param Model

1B , D 4 5 5A 5ts

þo 4.419
(.r77\

4.418
(.r77)

4.425
(.147)

4.45r
(.170)

4.535
( . 161)

4.524
(.r7 4)

4.428
(.r77)

þt -.II7
(.177)

-.rt7
(.r77)

-.154
(.13e)

-.136
(.17e)

-.176
(.183)

-.139
(. le0)

-.r27
(. l7e)

þz .398
(.1e8)

.397
(.1ee)

.355
(.1e2)

.394
(.201)

.542
(. 1 7e)

.547
(. r82)

.424
(. I e4)

þs -.272
(.017)

-.272
(.017)

_ t1t
(.017)

-.272
(.017)

-.284
(.017)

-.282
(.016)

-.272
(.017)

9+ .008
(.008)

.008
(.008)

.010
(.007)

.005
(.007)

-,003
(.005)

-.002
(.006)

-.008
(.008)

ó .148
( 02e)

óct .r72
(.074)

ócz .r39
(.051)

öcs .144
(.051)

ót .132
(.046)

öz .0003
(.0006)

6O -2.1 18

(.275)
-2.625
(.332)

-2.272
( .28 1)

-2.084
(.362)

é1 .676
(.461)

-.T71
(.432)

-.E66
(.535)

e2 .r32
(.087)

.148
(.0e 1)

€B -.338
(.1 57)

-.298
(.r74)

€4 -.032
(.147)

.013
(.1 33)

fó .05 r
(.016)

.049
(.017)

.0t2
(.021)

log G 38.4 50.3 54.9 It c 64.6 47.7 44.5
AIL' -358.5 -3ö0.4 -359.7 -3tti.l -3tt3.4 -362.1 -360. I
SC -362.7 -366.0 -364.6 -368. I -372.1 -367 .7 -365.0

CAIC -365.7 -370.0 -368. l o19 1-Jrù.1 -377.6 -37r.7 -368.5
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estimate for Model 18 in Table 7.13 is

I 0.875

1

with similar values for the other models. The standard errors in Table 7.13 are compa-

rable to the corresponding models in Tables 7.II and 7.I2.

An adjustment to WC2 can be made to reflect Gamma distributed type data by

letting the varianceof d¡¡ equal Zó?¡(I+3ó;¡) (Paik (1992) [104]) rather than2$2¡¡ as has

been used here. Alternatively, rather than using fourth moments derived by assuming

the response vectors Ui are Normally distributed, I suggest a'working covariance' matrix

developed from a multivariate Gamma distribution, such as that described in Johnson

and Kotz (1972) [60] (pp. 216-220), could be used.

As for the seizure case, the choice of model specification can strongly affect the

outcome of estimation, particularly for Equal Correlation and 'working correlation' WC2

(Table 7.9). Under Model 18, GEE1 and GEE2 are the same (with respect to B) because

of the choice of WC2. Recall that the estimates under Model 18 and Model 1D were

very close. The main difference with Model lD (pseudo.orthogonal GEEI) is the much

lower standard error of a under Model 18, possibly reflecting the loss of information in

using GEE1 for Model 1D. The standard errors under the pseudo-orthogonal Model 1B

are much lower than Model 1C. Model 3A is closer to fulfilling the pseudo-orthogonality

properties implied by GEE1 than the equivalent Model 3. This is reflected by the

much higher standard errors of Model 3 displayed in Table 7.9. Overall for Equal

Correlation, the choiceof the specification is important under GEE2. Under AR-1, the

standard errors under Models 3 and 3A (see Table 7.10) are equally high, relative to

the other models. The AR-l case differs from the Equal Correlation case in that the

most successful model out of 18, lC and 1D (in the sense that it was the only one that

converged) was Model 1C (GEE2).

0.748

0.911

1

0.723

0.858

0.875

1
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When V¿, is set to 0 (as in Tables 7.11 and 7.12), the standard errors are lower for

Models lC and 3 than Models 1B and 3A respectively. The magnitude of difference (of

the standard errors) is much lower though than in Table 7.9. This reversal for Equal

Correlation (compared to when V¿, # 0) may occur because the dispersion response

vector involves dividing by the estimate of the assumed variance function g(p;¡) (as in

Model 1B) compared to the empirical covariance response vector (as used in Model 1C).

This could result in a greater degree of imprecision in the overall estimating procedure.

Further, to some extent Vd, : 0 reduces the non-orthogonality of Models 1C and 3

(and 3A under AR-1) with GEE2 compared to Tables 7.9 and 7.10 negating much of

the impact of 0o;lôþ þ, Aó;lAþ) in D¡.

This example reinforces the orthogonality considerations discussed in the seizure

example (at least for Equal Correlation), but it also highlights the effect of 'working

correlations' on the estimation particularly under GEE2. A poor choice of the 'working

covariance'for the first and second order GEE's may seriously handicap the estimating

procedure, especially for small data sets. The particular choice of the variance/dispersion

specification is also an important consideration. At least for this example, extending the

GEE estimation to the correlation parameterq may not be the best approach compared

to moment estimation which provides a robust and stable procedure.

7.2.3 SPRINT example

The third example considered is data from the Secondary Prevention Reinfarction Israeli

NifedipineTrial (SPRINT) data reported in Laor and Cohen (1992) [73]. The aim of the

study was to examine the efficacy of Nifedipine in preventing myocardial infarction (MI),

and included2320 patients from 13 heart institutes in Israel. Patients were randomly

allocated a placebo or the drug, forming two groups, within 7 to 2I days after their

MI. The data included one 24 hour electocardiogram (ECG) recording for each patient

taken 3-6 months after MI.

Laor and Cohen (1992) [73] examined the hourly count over the 24 hours of ventric-
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ular premature heartbeats (VPB) as a response variable. They considered a set of 31

explanatory variables, which were all binary categorical variables, before arriving at a

final set of significant variables with estimates displayed in their Table 1. Patients were

only considered if complete ECG recordings and explanatory variables were available

(906 patients). Comparisons between the group where full data was available and the

group where it was not, implied that it was not unreasonable to consider the final data

set of 906 patients as representative of the patient population of interest. Finally, only

patients with at least one VPB non-zero were considered, giving a sample size of 686

patients. The VPB counts were combined into four 6 hour totals.

The final set of variables included an intercept term (Int), an indicator variable for

the first time block (I1), and the second time block (I2) and a ANT and Age interaction

term (ANT.Age). The ANT is the measured evidence of anterior MI and Age is a

binary variable that indicates ( 55 or not. The explanatory variables, effort onset

angina pectoris with functional capacity III or IV (EFANS), and MI according to ECG

(MI) were also included in the final model. The relationship of the mean and variance

was taken to be g(p;¡) : p,!, where the variance is (5.6) with a log-link function for the

mean.

Two data sets were ma,de available by Laor and Cohen (1992) [73]. One of bhe data

sets was composed of the full 906 patients with VPB counts grouped into four 6 hour

totals. The other data set appears to consist of a subset of the 686 (at least one non-zero

count) patients and complete hourly counts for the 24 hours were available. The size of

this subpopulation was ns : 423. The VPB counts for this subset were grouped into

eight 3 hour blocks. Indicator variables were created for each of the first four blocks

(I11, I12, I2I and Í22). A mean model with indicators representing the first 2 time

blocks (I1) and the second 2 (12) corresponding to the four 6 hour blocks case was also

fitted. The 2 models for the mean are

Model 1 (ú:8):

l"s(pt) : þo * PilIl + PnIrz + P2J2r + P22122 + B3ANT.Age + B4EFANS * 0sMI,
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Model 2 (t:4, 8):

l"e(/rr) : 0o i P¡II + P2I2 + B3ANT.Age * |qEFANS + ÉsMI.

Models 1 and 2 are considered for the subset data (ú :8 time points), and Model I for

the full data (ú : 4). Both models were used with WC2.

A difficulty arose for the full 906 patient data set, and which casts some doubt over

the other data set made available. Estimators of some of the mean parameters and

standard errors, and particularly the dispersion parameter, for the 686 sub-population

patients examined here do not agree with those of Table I of Laor and Cohen (1992)

[73]. We have endeavoured to reproduce the results of their paper but have not been

successful. Out of the 906 patients in our copy of their data set, there were indeed 686

patients with at least one non-zero count, and the oublier,, (2800, 0, 0, 2)', reported in

their paper was indeed present.

Table 7.14 reproduces Table II (except the fitted values column) in Laor and Cohen

(1992) [73], and represents the distributionof the VPB by subgroups (covariate profiles)

with the outlier removed. The distribution of the VPB by subgroups for our copy of

this data set is listed in Table 7.15. The percentiles in Table 7.15 were obtained by

the quantile function in the Splus statistical package which uses a linear interpolation

between quantiles. The counts of subgroups, N, are the same for both tables, but the

mean VPB and percentiles of the VPB differ. Some of the 99% percentile values in Table

7.I4 are greater than the I00To percentile values in Table 7.15 for the same subgroups.

This indicates that at least in these cases, the maximum values from Table 7.14 for these

subgroups are higher than the same subgroups or profiles in our data. These two data

sets which should be the same somehow differ. Attempts to contact Laor and Cohen to

this date have been unsuccessful. Given this lack of communication, we can only make

the assumption that our data is correct or free of contamination.

The eigenvalues and eigenvectors of the sample correlation matrices for the entire

data (t:4) and its subset (t:8) were examined. For ú : 4 the eigenvalues were

e1 : (0.1624 0.2582 0.4052 3.1742)',
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Table 7.14:

Table 7.15

Distribution of VPB by subgroups I Laor & Cohen
Percentiles of VPB

MID EV AA EF MI N Mean VPB 50 75 90 99

0

0

0

0

0

0

0

0

0

0

0

0

I
I
1

1

I
1

0

0

0

0

0

0

1

1

I
I
I
I
0

0

0

0

0

0

0

0

0

0

I
I
0

0

0

0

I
I
0

0

0

0

1

1

0

0

1

1

0

1

0

0

I
I
0

I
0

0

I
1

0

1

0

I
0

1

1

1

0

1

0

I
I
I
0

1

0

I
1

I

26

922
L2

136

238
36
13

461

6

68

119

l8
r3

461

6

68

119

18

60.38
95.90
68.58

265.93
20.32
16.32
30.15

136.23
57.83

414.22
31.11

8,83
21.13

120.30
77.0

409.69
27.28
22.22

,
3

46

I
2

0.5

26

36

tt2.5
t44

I
il

12

47
105

227.5
l5
4

I2
38

87
243.5

18

t2

165

170

130

710
49
69

149

247
187

1 r30
59

26

72

213
294

1040
6l

t32

765
1815

¿t I

3050
274
212
165

22r0
187

5500
5i0
9r

130

1990

294
5r50

464
155

0

4

26.5
I
D
d

I
3

4

40.5
16

r)

1.5

Distribution of VPB by subgroups
Percentiles of VPB

MID EV AA EF MI N Mean VPB 50 75 90 99 100

0

0

0

0

0

0

0

0

0

0

0

0

1

1

I
1

1

1

0

1

0

1

I
I
0

I
0

I
I
I
0

I
0

1

I
1

0

0

1

I
0

1

0

0

I
I
0

I
0

0

1

1

0

1

0

0

0

0

I
I
0

U

0

0

I
1

0

0

0

0

1

1

0

0

0

0

0

0

1

1

I
I
I
1

0

0

0

0

0

0

26

922
12

136

238

36
13

46r
o

68

119

18

13

461

6

68

119

18

51 .00

r24.40
55.67

320.18
28.56

9.72
21.23

I 20.30
77

409.69
27.28
22.22
48.92
79.19
83.67

305.72
14.62
22.22

765
7700

r87
5500

960
104

130

4750
294

5 150

470
i55
392

2020
277

3486
274
212

40.5
l6

td

1.5

tr.25
38

105.75
r2t.25

12.75
4

I2
38

85.25
224.25

16.5
9.75

26
38

119.75
216.25

8

2.5

127.5
203.9
116.1

842.5
60.2
22.5
66.4
213

r90.5
r034.4

57

90
137.4

t74
203.5
768.5

37

57

615
2155.3

179.3
4522.5
477.07

99.45
r23.04

r972
283.65
4513.5
432,68
151 .09

364.76
1504

269.65
3193.88

168,56
204.69

1

.)

285
I
2

I
3

4

5

.)

47
I
1

0
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with eigenvectors

E

If we assume an Equal Correlation matrix, then using our preliminary estimate o =
0.7276 for the correlation parameter, the resulting eigenvalues of the Equal Correlation

matrix was

e2 -- (0.2724 0.2724 0.2724 3.t827)',

which is similar to e1, and the eigenvector corresponding to the largest eigenvalue is

0.514, where 1¿ is a unit vector of size 4. This is very close to the last eigenvector in

.Er. The eigenvalues of the sample correlation mabrix of the subset data (ú : 8) were

4: (0.2280 0.1884 0.1032 0.0541 0.475t 0.6359 0.8604 5.4439)' ,

and the eigenvector of the largest eigenvalue (5.4439) is

.Ðs(e) : (0.3805 0.3708 0.3886 0.3974 0.3389 0.3567 0.3223 0.2507).'

Again assuming an Equal Correlation parameter with our preliminary estimate o :

0.6283, the eigenvalues of the Equal Correlation matrix are 0.3747 (multiplicity 7) and

5.3774 (multiplicity 1) which are similar to e3. The eigenvector corresponding to the

largest eigenvalue (5.3774) is 0.35361s, which is very close to .E¡(s). Such observations

provide strong evidence that an Equal Correlation matrix would provide a good approx-

imation for both data sets.

The form of the inverse covariance/correlation matrix for an Autoregressive process

for a Normal distribution was also used. The inverse of the covariance matrix is derived

in Verbyla (1985) [taS] and is shown in equation (3) of that paper. The inverse of the

correlation matrix follows directly. The inverse of the sample correlation matrix is then

compared to this form. In the case of the subset data (l : 8), an AR-l approximation

-0.0573

0.7425

-0.6668

-0.0291

0.7722

-0.3764

-0.4917

0.1424

-0.3920

-0.1907

-0.2168

0.8735

0.4967

0.5203

0.5164

0.4647
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was found to be entirely inadequate. With the entire data (ú - 4), it was not as clear

whether the inverse of the sample correlation matrix had a form similar to the inverse of

an AR-1 matrix (Normal approximation). Examination of the estimated unstructured

correlation matrix (with and without outlier) in Table 1 of Laor and Cohen (1992) [73]

implies the AR-l structure is probably not warranted.

Setting Vd, :0 for both data sets resulted in identical parameter estimates as their

full WC2 counterparts listed in Table 7.16. Unfortunately Model 2 (AR-l) did not

converge (except for V¿,: 0) and may be attributable to the unsuitability of the AR-l

case. The goodness of fit stabistics AIC, SC and CAIC are weighted towards an AR-l

model despite the earlier evidence to the contrary. Since models have been considered

for both data sets (one is a subset of the other), comparisons of models by the goodness

of fit statistics between the bwo data sets is not appropriate. The information criteria

favour Model l with AR-1 for the subset data (ú:8) in Table 7.16. Under Equal

Correlation, Model 2 (t :8) is approximately as good as Model I (¿ : 8) using AIC

and SC (given the magnitude of the observed criteria).

Since the number of parameters are identical between models with the same mean

and dispersion structure but different correlation structures, the large sample suggests

the asymptotics of the parameter estimates are more valid. This implies that log (G)

may provide a reliable statistic to base inferences. Further, Figure 2 in Laor and Cohen

(1992) [73] displays the histogram of VPB's for the four time blocks, and which shows

the data as being highly skewed. This makes the Normality approximation used in AIC,

SC and CAIC highly suspect and conclusions based on these statistics very dubious

indeed.

There is little difference between the Bqual or AR-1 correlation structures by the

Iog (G) statistic. The standard errors for the mean parameters are either marginally

lower (except f.or B6 and B5 (¿ : 8) and B1 (¿ : 4) which are marginally higher) or sig-

nificantly lower (B3 and ú : 8) for the Equal Correlation structure. The AR-l structure

reduces the size of the standard error of the dispersion parameter however.
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Table 7.16:

Param Model
l=8 l=4

Model I
(Eq.)

Model I
(AR1)

Model 2

(EQ)
Model 2

(ARl &V¿"=0)
Model 2

(EQ)
Model 2

(AR1)

0o 3.368
(.462)

3.459
(.450)

3.368
(.461)

3.476
(.448)

3.714
(.475)

3.895
(.4e3)

0t 0.079
(.1 14)

-0.029
(.r5e)

-0.215
(.1e0)

-0.267
(.188)

9z 0.171
(.110)

0.050
(.1 l4)

-0.008
(.072)

-0.068
(.078)

0tt 0.086
(.1 1e)

0.040
(.137)

0tz 0.072
(.123)

0.084
(.165)

þzt 0.175
(.1 16)

0.084
(.121 )

þzz 0.167
(. 1 14)

0.046
(.121)

þs -t.264
(.2e2)

- 1.006
(.453)

-t.264
(.2e2)

-1.010
(.456)

-1.416
(.30e)

-1.314
(.363)

þs 0.868
(.281)

0.986
(.2s7)

0.867
(.281)

0.991
(.2e8)

0.883
( .2e0 )

0.859
(.2e2)

þt 1.071
(.456)

0.891
(.453)

1.071
(.456)

0.900
(.443)

1.082
(.477\

0.882
(.4e7)

d 0.375
(.0e5)

0.818
(.043)

0.375
(.0e5)

0.834
(.037)

0.456
(.087)

0.621
(.04e)

ö tt.927
(2.660)

13.895
(1.825)

rr.927
(2.660)

13.733
(r.72e)

15.829
(2.661)

18.651
(2.230)

los(G 36.2 36.0 25.5 25.8 25.0 24,9

AIC -20260 -20065 -20258 -20t41 - r7308 -17205
SC -20280 -20085 -20274 -20),57 -t7326 -r7223

CAIC -20285 -20090 -20278 -20 16 1 - 17330 -17227
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Table 7.17 displays Models I (¿ : 8) and 2 (t - 4) examined in Table 7.16, but

now the correlation parameters are estimated by moment estimators. Also listed are

the models evaluated with an unstructured correlation matrix. Model 3 represents a

separate dispersion model. The estimated unstructured correlation matrix for Model 2

(r:8) is

1 0.789

1

0.784

0.758

1

0.737

0.656

0.873

1

0.586

0.418

0.746

0.769

I

0.647

0.688

0.636

0.699

0.693

1

0.478

0.529

0.504

0.478

0.385

0.750

1

0.157

0.r42

0.120

0.r27

0.089

0.r44

0.200

I

and (ú : 4)

| 0.407 0.440 0.328

1 0.710 0.465

1 0.506

1

Notice that an Equal Correlation for ú : 8 may be adequate if the last column is

ignored. The estimate of the last column (the correlation of the 8tÀ time block with the

other time blocks) is indeed unusual. The results given in Table 7.17 indicate a different

conclusion to that of Table 7.16 in that the AIC, SC and CAIC are strongly in favour of

Equal Correlation compared to AR-l. This is further supported by log (G). As expected,

the AIC, SC and CAIC definitely favour the unstructured case, but more importantly

the log (G) favours Equal Correlation over the Unstructured case when ú : 8, and is

very close when t : 4. Interrelated with the log (G) results is the observation that the

standard errors for the mean parameters are lower for Equal Correlation than for AR-1 in

Table 7.17. Further, the standard errors for Bqual Correlation and the Unstructured case

for Model 1 (t : 8) and Model 2 (t :8) are generally similar (except Equal Correlation
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Table 7.17:

Param, Model

ú=8 t=4
Model I

(Eq.)

Model I
(ARr)

Model I
(Unstr.)

Model 2

(Eq.)

Model 2

(AR1)

Model 2

(Unstr.)

Model 3

(Eq')

Model 3

(ARl)
Model 3

(Unstr.)

9o 3.368

(.462)

3.447

(.451 )

3.39r

(.467)

3.714

(.42s)

4.O20

(.504)

3.864

(.483)

3.584

(.56e)

3.315

(.8o3)

3.780

(.s42)

þt -0.215

(.leo)

-0.317

(.1e2)

-o.239

(.17e)

-0. I 70

(.225)

-0.288

(.342)

-0.1 87

(.2o4)

þz -0.008

(.o72ì,

-0.093

(.086)

-o.o47

(.o74)

0.013

(.078)

-0.058

(.078)

-0.028

(.075 )

þtt 0.086

(.1le)

-o.oo9

(. l s6)

o.066

(. l l8)

þn o.o72

(. r 23)

-0.04s

(.18e)

0.083

(. r r3)

þr' 0.1 75

(. I r6)

0.052

( .133)

0.099

(.111)

þr, 0.167

(. I r4)

0.028

(. l3l)
0.082

(. r06)

þ" -r.264

(.2s2)

-o.902

(.526)

-0.789

(.423)

-l 416

(.30e)

-1.233

(.413)

-1.292

(.378)

- l .685

(.313)

-1.966

(.648)

- r.481

(.280)

â 0.868

(.281)

1.041

(.30e)

l 060

(.311)

0.883

(.2e2)

0.843

(.2e6)

0.878

(.2s8)

0.808

(.2s5 )

0.896

(.344)

0.837

(.283)

þs 1.071

(.456)

0.818

(.448)

0.891

(.466)

1.082

(.477)

0.743

(.508)

0.908

(.486)

t.244

(.566)

l.534

(.788)

0.979

(.54 r )

ó tt.927

(2.660)

t4.772

( 1.s84)

14.570

(2.644)

15.829

(2.66r )

t7.544

(2.636)

16.884

(2.576)

ót 34.886

(24.233\

70.lll
(88.608)

29.224

( l2.oo8 )

ö, 10.324

(t.2s4)

12.603

(2.862 )

t2.o49

( 1.861)

ös 16.720

(5.083)

18.222

(7.oo7)

t7.825

(6.075)

ó^ tt.797

(2.122)

13.975

(4.262\

r 2.020

( r.eo8)

ø 0.504 o.929 0.456 0.88r 0.479 o.824

los(G) 29.9 27.5 28.3 18.6 17.7 18.4 10.9 b. ¡r I 1.4

AIC -20306 -2226r -19145 - 17313 - r 8254 -16966 -17262 - 18256 - 16928

SC -20232 -22277 -19161 -17327 - 18268 - 1 6979 -17284 -18277 - 16950

CAIC -20327 _rti9t - l 9166 - I 7331 -18272 - 16983 -t7289 -t8282 - r6955
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has a significantly lower B3 standard error). However, the standard errors are lower

unde¡ the Unstructured case for Model 3. Overall, Equal Correlation performs as well

as or better than (except for Model 3) the naive Unstructured or fully parameterized

case. All the standard errors under Model 3 and AR-l are quite poor compared to Equal

Correlation and the Unstructured Case.

With respect to Model 3 in Table 7.17, the test for differences among the dispersion

parameters leads to the retention of the null hypothesis of no significant differences

among the dispersion parameters. The poor fit by this model is clearly indicated by

the low log (G) statistic and the overall higher standard errors for all three correlation

structures. Unfortunately, relative to Model 2, this is not verified by the other goodness

of fit criteria, again questioning their reliabilityfor this example. A'separate'dispersion

model was also tried for ú : 8 under Equal, AR-1 and Unstructured correlation matrices

but there was little evidence of separate dispersions.

Comparing Models I (t : 8) and 2 (t : 4) in Table 7.16 to the corresponding

models in Table 7.l7,it is observed that for Equal Correlation, the mean and dispersion

parameter estimates and their standard errors are the same (to three decimal points).

With AR-1, the parameter estimates are comparable across tables, but generally the full

GEE models in Table 7.16 have lower standa¡d errors. The GEE correlation estimates

are lower than the corresponding moment estimates (except for Model 2 (t :4) where

they are the same to three decimal points). On the one hand, full GEE estimation of

all parameters increases the complexity of the estimating procedure, introduces possible

stability problems, and has had no effect on the mean and dispersion parameter estimates

(and their standard errors) under Equal Correlation. On the other hand, the possible

bias and high inefficiency of moment estimates is well known, and full GEE can reduce

the standard errors as occurred for AR-l.

The dispersion parameter estimates, /, recorded here are vasbly different to those of

Laor and Cohen (1992) [ZS] (witn outlier: ô : .6519, and without outlier: ó: .7746) and

may be attributable to a recording error. There are no significant differences between
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the four 3 hour block indicators of Model 1 using the ¡2 tests described earlier. What

difference there is, is mainly attributable to differences between the first 6 hour block

and the second. The indicators are themselves not significant. The lack of significance

for the indicator variables 11 and 12 for Model 2 (t :4 and ¿ : 8) also occurs though

Laor and Cohen (1992) [73] report a significant indicator for the second 6 hour block.

The other mean parameter estimates for Models 1 and 2 are reasonably similar to those

of Laor and Cohen (1992) [73] with nearly all having marginally lower standard errors

than their estimates (with outlier case).

In this example, it was observed that incorporating the correlation estimation into the

GEE framework can have a positive effect, reducing the overall standard errors, at least

for large data sets where asymptotic properties may be achieved. The trade-off is that

the estimation procedure may become computationally complex and unstable and the

gains marginal. This example also demonstrates that the choice of 'working correlation'

can improve stability and reduce standard errors. Simpler correlation structures such

as the Bqual Correlation in this example can perform as effectively and more efficiently

than the naive Unstructured case. Since our earlier analysis tended towards Equal

Correlation, and Table 7.17 supports this, then there is evidence to support that the

AR-1 Correlation structure is inferior to Bqual Correlation. In terms of the goodness of

fit, given that the number of parameters for competing models do not differ greatly, and

the sample size is large, it is my belief that log (G) can be a useful tool. The generally

more robust information criteria (AIC, SC and CAIC) based on a multivariate Normal

approximation did not appear to perform as well due to the highly skewed nature of the

data.

7.3 Discussion

Fitting occasion-specific mean models can highlight key features or trends for the data

in question. The occasion-specific parameters themselves may follow some simple rela-

tionship over time allowing simplifications to be made, that is a profile specification of
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the form (6.3). For example, there is evidence of higher treatment effectiveness, espe-

cially for younger patients, at the first time point for the seizure data. Such modelling

of the occasion-specific parameters is especially important for small data sets such as

the seizure data because as the number of time points and/or covariates becomes large,

a potentially very large number of parameters need to be estimated, diluting the power

for each variable. The complexity of the model increases and analysis becomes confused.

As was seen for Model 2 in the seizure example, occasion-specific parameters can

easily be extended to the dispersion model. A dispersion model provides an intuitive and

powerful way to explore and understand the underlying variance mechanism, accounting

for heterogeneity and overdispersion. For example, with the seizure data, a high base

count individual could have a strong response (compared to a small response for a low

base count individual) when the treatment is initially applied, but with diminishing

effect over time. This variation could be modelled through a dispersion model. The

GEE's for the dispersion model are also relatively simple to implement.

An important benefit of a good dispersion model is in reducing the standard errors

of the estimates of all or most of the mean model parameters (e.g. Model 2 in Tables

7.5,7.6 and 7.7). Hopefully thìs reduction is due to a good representation of the true

variance process rather than some artifact of the dispersion model. The dispersion model

may also indicate problems with mean model itself.

As demonstrated for the occasion-specific mean model (seizure data), the choice

of the particular dispersion f var\ance specification can lead to different inferences on

the mean under GEE2. This may indicate that the occasion-specific mean models are

especially sensitive to the incorrect specification of the dispersion/variance model, that

is the mean of the dispersion/variance response vector. Different inferences were also

observed for the same model under GEE1 and GBE2 (e.g. Models 3A and 38 in Table

7.2).Stability problems and higher standard errors were also encountered depending

on the particular dispersion/variance specification and GEE strategy (GEE1 or GEE2)

used.
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When the within-unit 'working correlation' was the Equal Correlation, lower stan-

dard errors and fewer iterabive steps were often encountered in the first two examples

for a particular choice of the dispersion/variance specification under GEE2. The spec-

ification thab usually achieved the above was the one that was in some sense closest

to fulfilling the pseudo-orthogonal properties of GEEl. This can generally be judged

by how close )o;f 0p or \ónlAþ is to 0. The pseudo-orthogonal property is important

because it ensures consistency of the mean parameters irrespective of whether the mean

of the second order response vectors has been correctly defined. However, as the fertility

data clearly demonstrate, the effect of the 'working covariance' matrix on the estima-

tion procedure can be quite important as well. It appears that inferences on the mean

regression parameters using GEE's can be quite sensitive to the choice of the 'working

correlation' matrix. Thus for the sake of robustness, choosing dispersion or variance

models, along with a sensible 'working' correlation matrix of bhe second order responses

that potentially increases consistency of the mean parameters is desirable. The po-

tential loss of efficiency of the mean regression parameters for inappropriate 'working

covariance' matrices for the second order response variables was discussed in $5.6.

The stability problems (Models 18 and lD in Table 7.10, fertility example) for

the AR-1 'working correlation', contrary to the Equal Correlation case, demonstrated

a specification that did not have the desired pseudo-orthogonal property (Model 1C

instead of 1B) was the only one to converge. Model lD (i.e. Model lC with GEEI)

also failed to converge. Thus another factor that needs to be considered is the choice of

the correlation design for the first order response vector. As for Equal Correlation, the

choice of the 'working covariance' of the second order response vectors was important

as well (Models 3 and 3A in Tables 7.10 and 7.12).

In some cases, such as bhe fertility data, estimating the correlation parameters by

moment estimators can lead bo an improvement in stabilìty and speed of estimation. The

correlation parameters are usually nuisance parameters, and their estimation by GEE's

increases computational complexity, often for little gain. However, GEB estimation of
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the nuisance parameters can improve the estimation of mean parameters (lower standard

errors) as indicated by the AR-l case in the SPRINT data. Thus full GEE estimation

of all parameters should at least be considered. This raises the issue of whether to

employ GEE1 or GEE2. Overall (but not always) GEE1 is the safest method, leading

to consistent estimates, acknowledging however the possible loss of efficiency to the less

robust GEE2. As discussed earlier, if GEB2 is used, choosing a dispersion/variance

specification (if one is available) that makes GEE2 closer to GEEI may be helpful.

The above discussion so far, highlights the need of further study into a number

issues. Proposed future work will be to perform a series of simulation studies. These

will examine the impact of incorrect specification of the dispersion/variance model on

the estimation of the mean parameters under GEE1 and GEE2. The effect of the choice

of alternative dispersion/variance specification on the mean parameter estimates and

the stability of GBB1 and GEE2 will also be addressed. Similarly, the effect of the

choice of 'working correlation' on the estimating procedure is to be considered.

The goodness of fit statistic Iog(G) appears to produce spurious conclusions for the

seizure and fertility examples. This is because this statistic tends to favour models with

a larger number of parameters. Thus caution is recommended in using log(G) as the sole

goodness of fit criterion. Since log (G) is a function of the asymptotic variance of the

estimators, the large sample size of the SPRINT data (implying greater confidence of

the asymptotics of the GEE estimates being achieved) indicates log (G) is a reasonable

goodness of fit statistic in this case. The model selection criteria AIC, SC and CAIC

using a multivariate Normal approximation are useful and valuable alternative methods

to the log (G) statistic. However, for a highly skewed data set, such as the SPRINT

data, AIC, SC and CAIC does not appear to work very well. This is not surprising

because of the use of the multivariate Normal approximation. An alternative multi-

variate approximation bo the Normal approximation is to use a multivariate Gamma

distribution (Johnson and Kotz (1972) [60j (pp. 216-220)). The above proposed simu-

lation study could be extended to examine the different model selection criteria under
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different distributional assumptions.
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Chapter 8

Patterned Correlation Matrices

and GEE

8.1 Introduction

In many situations a particular covariance/correlation structure or pattern is suggested

by the experimental design or physical properties of repeated measurements. In the

Normal case, incorporation of the patterned correlation matrix into the estimating pro-

cedure and tests of hypotheses on particular patterns is fairly straightforward. However,

in the non-Normal case, including the cor¡elation matrix into the estimation procedure

is no longer a simple affair.

The GEE approach provides a method to model data with particular patterned

correlation matrices. It provides a natural and straightforward way to analyse such

data analogous to Normal theory, and hypotheses on various correlation structures may

be explored. An example of nested correlation structures is considered in relation to rat

teeth data.
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Table 8.1

Diet Cariogenic Trt. A Trt. B

Control

1 No

2 Yes

3 Yes 0.25%

4 Yes 0.50%

l) Yes I.00To

6 Yes 0.25%

7 Yes 0.50%

R Yes 1.00%

8.2 A Description of the Rat Teeth data

The rat teeth data are found in Table 43.1 of Andrews and Herzberg (1985) [a] (pp. 2a5-

248), and supplied by the General Food Corporation. A total of 120 rats were randomly

assigned to 8 diets. The experimental design is displayed in Table 8.1. For example Diet

1 is noncariogenic control (NC), Diet 2 is cariogenic control (CC) and Diet 3 applies

0.2570 of Trt A to CC. The aim of the experiment was to see if Treatments A and B

would reduce the cariogenic effects of Diet 2.

Three rats died before the completion of the study, two in Diet 3 and one in Diet 7.

At the completion of the trial, the rats were killed and their teeth removed and stained.

A total of 28 occlusal surfaces in each rat were examined for caries and severity of decay

scores were recorded. The ordinal scores were 0, 1 and 2 for no decay, decay into enamel

and decay into dentin respectively.

Unfortunately, the authors or their source do not have any further information on

this data set. The site location for each measurement is unknown. However the data

itself and the dental structure of a rat contains information that can be used.
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Information on the dental structure of rats may be obtained from a number of sources

such as Farris and Griffith (1949) [39], Rowett (1957) [123] or Hebel and Stromberg

(1936) [56]. A summary of the dental structure of a rat is provided here. A rat has

no premolars or canines, only 12 molars and 4 incisors. The incisors occur as pairs at

the front of the jaw, one pair on the lower jaw and the other on the upper jaw. Molars

occur in 4 rows, 3 large molars per row. The actual dental formula of the rat is thus,

Il; C3; PNt3; M3: 16,

where I, C, PM and M refer to incisors, canines, premolars and molars respectively.

Rows will be labelled here as TR, TL, BR and BL (top-right, top-left, bottom-right and

bottom-left respectively). The lower pair of incisors protrudes further into the mouth

cavity than the upper pair. Incisors grow continuously throughout the life of the rat,

and wear of the incisors normally keeps pace with growth. The implication of the conical

shape and rapid wear of the incisors is that they are not conducive to caries (decay)

formation. However the form and function of rat molars is similar to those of human

molars and thus lend themselves readily to experimental studies in caries. The size of

the molars decreases from the first molar (M1) to the third molar (M.). Each molar

is molariform, that is each molar has several cusps, the tips of which are free from the

enamel. The number of cusps per molar is

where the numerator and denominator refer to the upper and lower jaws respectively.

The masticatory surface of the molars contain transversely oriented (mainly) enamel

folds and tubercles. Three main transverse (four in lower M2) folds can usually be

counted in the adult. A large interdental gap (the diastema) exists between the front

incisors and the molars.

In dentistry, an occlusion is the meeting of the teeth of the upper and lower jaws

when closed.

It is presumed one measurement is taken on the surface of each incisor and two per

molar at a point where the incisor/molar contacts the corresponding incisor/molar on the

M3rt,l n,1'4 -4
3

5
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other jaw. This would account for the 28 measurements per rat. The two measurements

per molar as compared to one per incisor would reflect the greater importance of the

molar site in examining caries formation. Obviously some other design structure may

have been used but the one assumed seems to be a reasonable one.

Presumably the measurements recorded reflect some systematic experimental design

or pattern. Close examination of the occlusal scores highlights structure present in the

data. The first 2 measurements per rat appear closely related and differ very strongly

from adjacent measurements. Again, at the fifteenth and sixteenth measutement, a close

relationship between the pair is evident. This would be logical if the 2 pairs correspond

to the incisors which are spatially apart from the molars. The two pairs generally

have lower occlusal scores than the trailing adjacent measurements (but admittedly the

preceding adjacent measurements to the second pair are generally low as well). The

lower scores for these pairs would be expected if they did indeed correspond to the

incisor pairs because of the greater resistance to caries formation for incisors.

The remaining measurements probably correspond to measurements on the within-

molar sites. Two recording strategies for these measurements seem equally likely. The

first assumes measurements 3 to 14 correspond to the top jaw and 17 to 24 to the lower

jaw or vice versa. After the first pair (the presumed incisors) the next pair are assumed

to be measurements on the same molar but different within-molar sites, and so on until

the next pair of presumed incisors. The same molar pattern would follow after the

second pair of incisors. The second recording strategy assumes measurements 3 to 14

correspond to the left (or right) side of the mouth and 17 to 28 to the other side. The

first 6 measurements for both sides belong to the top (or bottom) jaw and the next 6

per side belong to the bottom (or top) jaw.

It seems reasonable to presume that decay would be asymmetric between the top

and bottom jaw but symmetric between the left and right side of the mouth. Such

an assumption would provide information on which recording strategy was more likely.

Preliminary analysis indicates the second strategy supports the symmetry assumptions
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best.

Analysis will be focussed on the 24 molar measurements due to their commonality.

The 4 incisor measurements per rat are excluded from the analysis. This is because the

incisors differ from the molars by location, physical structure and purpose.

8.3 The Mean Model

To reduce the complexity in this data set, the number of categories are reduced from

3 to 2. The first two categories are amalgamated into a no/minor cavity category with

score 0. The last category now has score 1, and is ¡eferred to as the severe cavity case.

Let ¡1,;¡ indicate the mean of the response variable Yj, i :117 and i :24. It is

reasonable to expect differences for severity of decay between the top and bottom jaw.

Possibly decay would be greater on the bottom than on the top. The position of the

molars within a row may also be important. Decay may increase towards the rear of the

jaw. Let factor TB take the value 0 if a measurement belongs to the top jaw, otherwise

it is 1. Let factor MOL take the values 0, l or 2 corresponding to the frrsb, second or

third molar. A very general linear predictor model which includes treatment, TB and

MOL main effects and two-way interactions will be considered. The linear predictor

model is

n¿j: 0o+ [(CC + A + B) *,(TB + MoL) + (TB + MoL)^2](i,i), (s'1)

using the corner-point parameterizabion such as used by the GLIM program. The '*' is

a binary operator, indicating the main effects of the linear predictor model are the terms

in both arguments of this operator, and that there are two-way interactions involving

the terms of one argument with the terms of the second argumenb. The operator'0^2'

is a unary operator indicating two-way interactions between all the terms within its

argument. The link function between the mean and the linear predictor is taken to be

logistic. The variance of the response Y,¡ is presumed to be Sp'¡¡(I - tlii).

Symmetry implies differences between the left and right side of the mouth should
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not on average be large. Similarly within-molar differences would not be expected to be

large. However the expanded linear predictor model,

Ttij = Éo+[(cc+A+B) *(TB+LR+MOL+WM) +

(TB + LR + MOL + WM)"21(i,i), (8.2)

will be considered as well, where LR and WM are indicator variables of left-right and

within-molars positions.

The simple dichotomous case was considered, but analysis of the polytomous case

followsbyconsideringthevectorsof theindicators Ui¡:U@r¡:0), I(y;¡:l), I(y;¡:
2))' (see Liang, Zeger and Qaqish (1992) [82]). Then if E(yiþ : rijk¡ lc : l, 2, 3, use

uar(yi¡*) : $*n;¡¡(l - r;¡t) and cov(y¿ jt¡ Uijm) : -r¡jfi¡j^.

8.4 Nested Correlation Structures

A number of nested correlation st¡uctures are proposed. As the size of the within-

rat molar measurements is large the number of covariance/correlation parameters that

need to be estimated can be quite large (276 for the fully parameterized case). Patterned

correlation matrices may significantly reduce the number of parameters.

In the following description, the rat data response matrix has been modified. The

columns of the 117 x 24 response matrix Y are split into the blocks TL, TR, BL and

BR each of size 117 x 6. This is a reordering of the columns of the original data in Table

43.1 of Andrews and Herzberg (1985) [4] (the original presumed molar pattern was TL,

BL, TR and BR).

It is ¡easonable to assume the TL, TR, BL and BR blocks have the same pattern.

Denote the common 6 x 6 correlation matrix for these blocks as Ð1. Let TL¿ represent

the i'h measurement for block TL, and similarly for TR;, BL; and TR;. Further suppose

corr(Tl¡, TRj) : corr(Tl¡, TR;), V i, i.

The 6 x 6 correlation matrix, Ðz say, between blocks TL and TR is consequently sym-

metric. Similarly, let the correlation matrices between blocks TL and BL, and between
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TL and BR be the symmetric matrices Ð3 and Ða. The symmetry argument can be

extended: for example the correlation between blocks TR and BR is also .D3. The

working correlation matrix becomes

R_

We call this pattern Model 1. This particular choice of correlation pattern reduces

the number of unique correlation parameters to 78. Model 1 is simplified if Ðz: Ðc,

that is the correlation pattern between TL (BL) and TR (BR) is the same as between

TL (BL) and BR (TR) This simplification results in 57 unique correlation parameters,

and is labelled Model 2. Note that IÙ is the patterned correlation matrix discussed in

Olkin (1974) [103] if Ðz: Ðs: Ðs.

Another simplification of Model 1 that adds more structure is

Ðt Ð2 Ð3 Ða

ÐL Ða Ðz

Ð1 Ð2

Ðt

(8.3)

(8.4)

PjrPj2
pjr

pj3

pj4

pjr

pj4

pj3

pj2

pjL

pjs

pj4

pj3

pj4

pjr

pj4

pj3

pj4

pj3

pj2

pjr

Ð , j:2,3, 4
J

This incorporates a number of features:

(i) Correlations of the same sites between rows are the same, \.e. pjt.

(ii) The correlation between the first within-molar site and the second within-molar

site of the equivalent molar on another row is p¡2.

(iii) The correlation between the first (second) within-molar site and the first (second)

within-molar site is p¡s, where the molars of the different rows occupy different

sites within the row.
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(iv) The correlation between the first (second) within-molar site and the second (first)

within-mola¡ site \s pjq, where the molars of the different rows occupy different

sites within the row.

Call this structure Model 3, and let Model 4 be the equivalent simplification of Model

2. Such a model implies that the first within-molar site occupies an approximately

equivalent spatial location for all molars. The same applies to the second within-molar

site. The number of unique correlation parameters reduces to 27 and 23 for Models 3

and 4 respectively.

Naturally Ðr could also be simplified to pattern (8.4)' where Ptt :1. Define Models

5 and 6 to be Models 3 and 4 respectively with Ð1 having pattern (8.4). This results

in a very economical 15 and 11 unique correlation parameters respectively.

The above proposed correlation patterns may be written as a sum of kronecker

product matrices. For example, Model 2 can be written as

0101 0

0

1

0

1

0

I

010
010
001
000
100

R:fq8Ðr* 8Ðz*

laa

8Ð¡
101
010

A highly structured correlation matrix that will also be considered is

R_

Ip,
Pz1
Pt Pq

Pq Pt

Pt Pq

Ps Pt

lp,
Pzl

dla

aal

lP"

Ps1
(8 5)a a

The first matrix of (S.5) models the correlation between top and bottom and left and

right. The second matrix is the between molar correlation contribution for a given

row, with equal correlations applied. The within molar correlation is given by the

third matrix. This kronecker form is labelled Model 7. Thus the original 276 unique

correlations in the fully parameterized case can be reduced to only 5 parameters. We

I4T



Table 8.2

Model CorrelationPattern Comments Ðz: Ðq

1

2

3

4

5

6

n
I

8

9

Equation (8.3)

Equation (8.3)

Equation (8.3)

Equation (8.3)

Equation (8.3)

Equation (8.3)

Equation (8.5)

Equation (8.5)

Equation (8.6)

n-

Ð2, Ðs and Ða have structure (8.4)

X2 and Ð3 have structure (8.4)

Ðt, Ð2, Ð3 and.Ð¿ have structure (8.4)

Ðt, Ðz and !e have structure (8.4)

No

Yes

No

Yes

No

Yes

No

Yes

No

p t Ps

can simplify (8.5) by setting pq : p2,t that is correlations between TL and BR, and

between BL and TR are the same as between TL and TR, and between BL and BR.

This is referred to as Model 8.

Alternatively the kronecker form (8.5) can be extended to

l; ll.l; Pz

1

a a
1aa
aIa

oal

lP"

Psl
(8.6 )

where the first two matrices separately model the correlations between the bop and

bottom, and between left and right. Refer to this pattern as Model 9.

Figure 8.1 shows the nesting of the correlation patterns that are proposed in this

section. Table 8.2 presents a summary of Models 1-9.

8.5 Estimation of the Correlation Parameters

Estimation of the unstructured or fully parameterized correlation matrix is by the mo-

ment estimator (6.13). Denote .R,., as the matrix of moment estimates of the correlations.
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Unstructured

Model I

Model 2 Model 3

Model 4 Model 5

Model 6 Model 7

Model I Model 9

Independence

Figure 8.1: Correlation Model Lattice Diagram
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Let the notation R,(i : j,k : l) represent the submatrix of .l?., indexed by rows i to j

and columns k to L The 6 x 6 matrix Ð1 of Model 1 is estimated by

Ðt :{I|"(l : 6, 1 : 6)+Il"(7 : I2,7 : 12)*fi|,(13 : 18, 13 : 18)*.R,(19 : 24,19 : 2\}la

Let

Az : {,R*(1 : 6, 7 : 12) + I|"(13 : 18, 19 :2a)} 12,

and

Ez : {triu(ar) * túl(A2)'} 12,

where triu(^42) and tril(Az) are the upper and lower triangular (excluding the main

diagonal elements) matrices of A2 respectively. Then Ð2 is estimated by

Ðr: diag(Á2) I Ez + E;,

where diag(^â2) is the matrix of diagonal elements of A2. The submatrices X3 and Ða

are estimated similarly. Estimation of the correlation parameters in Models 2-6 follow

in a similar manner.

The above approach is not suitable for estimation of the correlation parameters in

Models 7-9. This is because of the occurrence of products of correlation parameters.

However suitable transformations of the individual matrices in the kronecker products

offers an effective estimation technique.

The g x q equal correlation matrix,

I aa
aIa

a.

d.

I

Rz: - oLrl| + (1 - o)1,

aaa

has eigenvalues c and (1 - a) of multiplicity I and q - I respectively. Thus .R2 can

be diagonalized by T;R2T2 to the diagonal matrix of the eigenvalues by the Spectral

Decomposition Theorem. The column vectors of T2 are the normalized eigenvectors of
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.R2. With q: 3, then

The third matrix in the kronecker product (8.5), .F|3 saj, can be diagonalized to a

matrix TLF,¡TT with diagonal elements (1 * ps) and (1 - p.), where

r -l'tø rl'/' I¡3- 
L rl,Æ -rlJr)

The first matrix in (8.5), .F|1 sa), can be diagonalized by T\R1T¡to

(r*pr*ø*pq)
0

0

0

00
(r-pr*ø-pq) o

o (r-p'-Pz*pa)
00

0

0

0

(t-lpz-rr-pq)

where

Tt: llt/4

I -1 1 -i
1 1 -1 -1
1 -1 -1 1

1111
If ?| : Tr I Tz Ø 113, then by the properties of kronecker products,

T' RT : (T'rRtlfr) Ø (T'2R2Tr) ø (finrÏr), (8.7 )

which is a diagonal matrix. The diagonal elements of (8.7) are the products of the

diagonal elements of individual matrices T',F-¡T¡, j : I, 2, 3. For example the first

diagonal element of (8.7) is (1 * Ø * pz I pa)(2a+ 1)(1 * p3) and the last is (1 - p1 f
pz- p¿)(I - a* 1)(1 - ps). The individual parameters are separated by various linear

combinations of the diagonal elements of (8.7). The sum of the first 12 diagonal elements

for example, equals 12(1 - pr) and hence yields p1.
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Bstimates of the correlation parameters are obtained by considering linear combina-

tions of the diagonal elements of the transformed correlation matrix T' R*T. Estimates

of the correlation parameters under Models 8 and 9 follow by similar transformations of

R*.

8.6 Testing Correlation Models

It is difñculb to test the validity of particular correlation structures under the GEE frame-

work. The likelihood method is not available because of the semi-parametric nature of

the GEE. However it is possible to use the asymptotic properties of the z-transforms to

test the validity of Models 7-9.

Let Y¡ be the 24 x I vector of responses for the i¿å rat with mean vector p¿. If

fi| is the correct correlation matrix of the within-unit correlation, then bhe random

vector C,: A¿'l'Ynló has covariance matrix,Fl. The diagonal matrix A; has diagonal

elements p;¡(I - p¿¡).

If Model 7 (or 8 or 9) is correct then the covariance matrix of the transform TC;\s

(8.7). Thus the transform lf C; has zero correlations between the 24 observabions.

Under the assumption of Normality, Hills (1969) [58] and Schweder and Spjøtvoll

(19S2) [127] used graphical techniques to study large sets of correlation coefficients.

Moran (1980) [96] derived a formal testing procedure based on the distribution of the

maximum correlation coefficient. An asymptotic formula for the tail of the distribution

of the maximum of a set of product moment correlation coefficients was derived by

Bagleson (1983) [35]. Under the Normality assumption, the procedure was shown to be

quite accurate even for a small number of characteristics, p. It was also shown to be

robust against failure of the Normality assumption. Cameron and Eagleson (1985) [17]

expand the Poisson limit result used in Eagleson (1983) [35] and test the hypothesis

that all the correlations bebween a set of variables are zero under Normality.

Brien et at. (1984) [16] study the large-sample joint distribution of the àp(p - t)
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Fisher z-transforms,
t /|*r¡t 

) :tunr,_,("¡o),z¡¡:Zl"*(.L_r¡*/

of the elements, r¡*,\n a p variable sample correlation matrix. Let

Z : (Zn, Zß,.. ., Zþ, Zz", Z(p \p

and / : p(p - I)12. Define Z as /n(Z -.), where cu is the vector of population

correlations. The vecto, 2 i" asymptotically multivariate Normally distributed with

zero mean vector and covariance matrix 21. The elements of zl are complex functions

of the population correlations (see Brien et al. (1984) [16]).

If Z were distributed as N(a.t, zl), then the quadratic form Q : Z'A-'Z has the

noncentral chi-squared distribution

)

X2 p(p - I), us'A-'u
2

I

If the spectral decomposition of zt is ! n;P;, where P; : P'i, D P¿ : f¡ and P;P ¡ :

6;¡P; (6;¡: 1if i: j,0 otherwise), then Q:Dn¡tZ'P¿Z. Each component of Q is

independently distributed as noncentral chi-squared,

n-r z'P¿z - y2(tr(P;), rc;tu'P;w)

where tr(P¿) is the dimension of the invariant subspace onto which P; projects.

The covariance matrix zl has three projector matrices (Po, Pt and P2) in its spectral

decomposition under the null hypothesis of equal population correlations, pjk : p,

V i, lc. The projector matrices define three mutually orthogonal invariant subspaces of

the sample space. See Brien et al. (1984) [16] for further details including computational

expressions of the quadratic components

Qo: z'Poz, Qt : z'Ptz, Qz: z'Pzz.

The following theorem holds,
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Theorem 8.1 ff the correlations are all equal, the three quadratic forrns Q;f n;, i :

0, l, 2, haue independent chi-squared distributions giuen by,

Qol*o - x2(1,f,n@ - r)u2 f rcs), Qrf n1 - x2(p - r), Qrl*, - x'(f,n@- 3)),

where u is the z-transJorm of the con'¿n1on correlation p.

Proof: See Brien et al. (1984) [16]

The quadratic forms Z'P;Z (i:0, 1, 2) can be calculated by fitting a notional

linear model (see Ogawa and Ishii (1965) [101]) of the form

E(2,¡):3.i+dj

The 'main effects' sum of squares for testing Ils : d1

'residual' or 'interaction' sum of squares it Qr. The components are arranged in the

analysis of variance Table 8.3. The overall test statistic for equality of correlations is

the sum of the quadratic forms, Qtlkt and Q2lk'2'

Table 8.3

Analysis of uariance for equal correlations

Component Degrees of Sum of

freedom squares

Grand mean | 8o: Z'PoZ

Main effects (p - t) Qt: Z'PtZ

Interaction. j p(p - 3) Qz: Z'PzZ

Equal Correlation àp(p - 1) - 1

Total Lp@ - t) Z'I Z

Divisor X2

9-e.
ñ0

%
Â1

Qz
n2

t- - {t+(p-t\pI'tuu - n(r+p)z

t_tn2 - ;oW
%+9^Kt'K2

If ô is the sample mean of the vector of z-transforms, Z, then the inverse transform

p : tanh(ô) is an obvious estimate of p. Under the assumption of equal correlations,

then

ô - /v(o, 2Kol(p(p - 1))),
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and specific hypotheses about the common correlation can be examined. Alternatively,

the quadratic form, Qolko, can be evaluated at u = 0 giving a formal test of indepen-

dence if the assumption of equal correlations is correct.

An equivalent approach is discussed in Seber (1984) [129] (pp. 98-101) which is

a generalization of the method of Layard (1972) [7a]. The random vectors Y¡ were

presumed to be i.i.d., with mean vector ¡"r, and covariance matrix V . Let U be the p x 1

vectorof logarithms of sample variances, and Àl : rfr'(U, Z)',wh\ch has mean ø and

covariance matrix I : T' d)T. The vector ÀI is asymptotically multivariate Normal

by the multivariate central limit theorem. The matrix f} is the covariance matrix of

sample variances and covariances and Tuu: ôtrlðo, where

o':(orr, o22¡,.., opp, o1z¡..., otp, o2pr..., o(p-\p),

that is the vector of variances and covariances. See Seber (1984) [129] (pp. 98-101) for

a discussion of the estimation of the matrix ?.

Let the sample covariance matrix be S : {";*} : DLt(Y; -Y)(Y,-Y)' l(" - 1). It

can be shown (e.g. Muirhead (1982) [98] (p. 42)) that asymptotically cov(1frs¡n, 1/nsm)

is

EIV¡ - u¡)(Y* - pk)(Yt - pt)(Y^ - p^)) - EIV¡ - p¡)(Y¡ - p*)lglVt - pt)(Y^ - p^))

which can be estimated by the moment estimator

+ Ëtt",, - y¡)(yo - yr)(y;t - y)(y^ - y^)l -n- t tlt

#Ëtlx, - Y¡)(Yr - Yr)],, 
--J-rËlln, 

- u)(u^ - Y^)1. (s.8)

This leads to an estimator of dl. Replace Y and the divisot n - I by þ; and n - q

respectively, when E(Yr) : lt¿ (i.e. some design is assumed), q are the number of

parameters in the mean model.

Test of hypothesis about the covariance matrix of the response matrix Y takes the

form Ílo : Gzr :0, where G is a g x k matrix with full column rank, and k : p+ln@-I).
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When Ils is true, then G.ll is approximately N(0, G.l-G') and

(GN)',(G^rG',)-'GN - x3.

This approach is suitable for examining Models 7-9 as well as Models 1-6, although G

will generally be quite complicated.

8.7 A Mixed Bffects Model

Zeger, Albert and Liang (1988) [168] considered mixed effects for generalized linear

models (GLM's) in the analysis of longitudinal data. The mean regression parameters

are estimated by GEE.

Let æ;¡ and z;¡ be m x I and q x 1 vectors of explanatory variables respectively at

observation j for subject i. Suppose b; is a q x 1 vector of random effects with covariance

matrix ü. The mixed effects GLM is defined as

h("r¡) : æ'¿jþ t z';jb¡, var(Y¡¡) : Óg1u¡), (8.e)

where uij E(y;¡lb¿), and b¿ is an independenb variable with mixture distribution F.

This is termed a subject specific (SS) model in Zeger, Albert and Liang (1988) [168].

The marginal mean is

u¿j : E(y;¡) : E[E(y¿,lb;)].

Suppose the mixture distribution F is the Normal distribution with mean 0. This

choice of F simplifies the marginal mean. Zeger, Albert and Liang (1988) [168] give

exact expressions for the log and probit link for this choice of F. No exact closed-

form expression exists for the marginal mean using a logit link. InsteadZeger, Albert

and Liang (1988) [168] approximate the logistic function by a cumulative Gaussian

approximation yielding logit(¡rij) = aúilt) . æ';¡Þ, where d,úiZ) - lc2iltz;¡ztij +ll-sl2
and c : 16/3105r). The parameter vector B is estimated by the GEE (5.8). An

approximation to the marginal covariance for the ith subject is

V; : cov(Y¡) = L¡Z;ú Z'¿L; * óA; : Û,, (8.10)
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where f,; : diag{0h-r(u)lôu, u: r'¿¡þ, j : L,..., p} and ,4; : diag{.q(þ;¡), j :

1,. . ., p). A crude estimate of the random effects covariance matrix ú is the moment

estimator,

,i, = 
r 

flz',2,)-'z',L,'[(y, - îr,)(y, - þ,)' - óÀ,1L,' z;(z',2¿)-t. (8.r1)
n?' ¡

?=l

Note the diagonal elements of the approximation (8.10) are

E(y¿¡ - p;¡)2 = óg0tò(L,,,)""¡itrtt,j, j : 1,. .. , p. (8.12)

The moment estimator of the dispersion parameter using (8.12) is

n P ( 
Y'¡ - tt'¡)' - (L;,,)2 z';,úi z;¡npó:tt (8.13)

i=L j=t g1t;¡)

To model the dispersion parameters in a similar manner as the marginal case con-

sidered in $6.3, I suggest using a second order GEB for / with the response variable

, (a,¡ - tt;¡)' - (L;¡¡)zz'¿¡Vz¿¡*tr 
g0r;¡)

8.8 Analysis of the Rat Teeth Data

The estimated parameters in mean model (8.1) were tested and non-significant terms

were progressively dropped. All two-way interaction terms containing treatment B were

non-significant. The interaction of C and TB is also non-significant. Neither is the main

effect of treatment B statistically significant. The above applies equally to correlation

Models 1-9 as well as the independence and fully parameterized or unstructured cases.

Parameter estimates for the reduced mean model are displayed in Table 8.4. Models 4

and 6 are excluded because they are similar bo Models 3 and 5 respectively, except the

latter models have slightly lower AIC values. Models 8 and 9 are also excluded because

they are similar, not unexpectedly, to Model 7.

The parameter estimates over all the parametric models are generally similar. The

standard errors are lowest for the unstructured case and increase as the number of
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Table 8.4

Param Model
I U I 2 3 5 7

þo -r.220
(.3 25)

-r.r42
(.320)

- 1.070
(.343)

-1.094
(.34e)

- 1.296
(.360)

- 1,163
(.348)

- 1. r92
(.336)

CC 3.258
(.414)

2.38 I
(.348)

2.793
(.401)

2.816
(.406)

3.08 1

(.425)
3.188
(.431)

3.220
(.420)

A1 -0. l0 I
(.e36)

-0.03 r
(.474\

-0.089
(.701)

-0. r09
(.704)

-0.103
(.783)

-0.048
(.e27)

-0.07 4

(.e25)

^2
-0.612
(.551)

-0.232
(.384)

-0.434
(.4e5)

-0.464
(.4e7)

-0.584
(.504)

-0.620
(.546)

-0.605
(.547\

A3 -0.969
(.588)

-0.687
(.407)

-0.E93
(.507)

-0.933
(.504)

-0.9E2
(.513)

-0.956
(.587)

-0.958
(.586)

TB 0.905
(.213)

0.538
(.1 1e)

0.718
(.168)

0.755
(.170)

1.107
(.223)

0.893
(.223)

0.898
(.21e)

MOL2 0.064
(.285)

-0.063
(.10e)

0.016
(.207)

0.042
(.204\

0.201
(.24r)

0.045
(.261)

0.028
(.261)

MOL3 -0.056
(.318)

0.262
(,207)

-0.03E
(.262)

-0.032
(.265)

0.306
(.270)

0.033
(.310)

0.037
( 313)

AIxTB -0.475
(.3e5)

-0.455
(.248)

-0.491
(.31e)

-0.482
(.335)

-0.545
(.423)

-0.522
(.422)

-.504
(.410)

A2xTB -0.647
(.38e)

-0.575
(.288)

-0.711
(.347)

-0.676
(.353)

-0.627
(.3e4)

-0.660
(.3e6)

-0.655
(.3e r )

ASxTB -t.257
(.436)

-0.7 14

(.242)
- 1.114
(.s24)

- 1.064
(.311)

- 1.106
(.362)

- 1.250
(.420)

- 1.255
(.422)

CCxMOL2 -1.428
(.361)

-0.375
(.140)

- 1.017
(.266)

- 1.015
(.263)

- 1.280
(.2e5)

- 1.401
( 331)

- r.383
(.333)

AlxMOL2 0,208
(.734\

0.286
(.204)

0.290
(.503)

0.300
(.500)

0.265
(.577)

0.200
(.722\

0.207
(.7 t7\

A2xNf OL2 0.784
(.40e)

0.405
(.141)

0.627
(.317)

0.637
(.315)

0.72r
(.31e)

0.766
(,3e5)

0.763
( 3e7)

A3xMOL2 0.332
(.510)

0.038
(.171)

0.237
(0.357)

0.261
(.345)

0.322
(.375)

0.305
(.461)

0,302
(.456)

CCxMOLS -0.914
(.36e)

-0.357
(.230)

-0.426
(.2e3)

-0.447
(.2e6)

-0.951
(.310)

-.998
(.3e7)

- 1.002
(.366)

AlxMOL3 0.870
(.548)

0.836
(.228)

0.908
(.321)

0.916
(.31e)

0.944
(.388)

0.867
(.53e)

0.870
(.535)

A2xMOLS 0.282
(.4r4\

0.017
(.230)

0.133
(.338)

0.151
(.332)

0.243
(.31e)

0.248
(.3e7)

0.244
( 0.3e8)

A3xMOL3 0.219
(.3e2)

0.202
(.236)

0.152
(.272)

0.185
(.267\

0.355
(.2e1)

0.225
(.385)

0.229
(.3e0)

TBxMOL2 -2.492
(.247)

- 1 .673
(.158)

-2.t34
(.205)

-2.2t9
(.206)

-2.752
(.251)

-2.479
(.245\

-2.486
(.246)

TBxMOLS -3.8 15

(.2eo)
-3.482
(.216)

-3.734
(.265)

-3.715
(.265)

-4.034
(.2e1)

-3.797
(.2e2)

-3.801
(.2e1)

ó 0.985
(.183)

0.841
(.082)

0.921
(.22t)

0.916
(.483)

0.954
(.428)

0.980
(.1ee)

0.983
(.187)

Iog G 66.5 85.0 7r.2 7i.6 69.4 66.6 67.0

AIC r497 2199 1953 1934 1802 181 I t725
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Table 8.5:

Analysis of uariance for equal correlations

Component Degrees of X2

freedom

Grand mean 1 8.046

Main effects 23 70.387

Interactions 252 801.118

Equal Correlation 275 871.505

Total 276

correlation parameters are reduced. This is because the smaller the number of correlation

parameters, the further the parametric correlation model is from the observed correlabion

pattern, especially for large correlation matrices. The statistics log (G) and AIC also

reflect this result.

The standard error of / under Models 2 and,3 (and Model 4) is quite high relative

to the other correlation models. In Models 3 and 4, applying (8.4) to Ðz and Ð3 (and

to Ða for Model 3) and not to Ð1 ma] be a contributingfactor.

Except for the high standard error of /, Model 2 appears to be almost as good as

Model 1. The standard errors of the estimabes of the mean parameters are quite similar.

This is reflected in the log (G) statistic (Model 2 is actually marginally higher than

Model 1). Similarly the AIC statistic acknowledges moving from Model I to Model 2

does not incur a big penalty especially compared to Models 3-9 (though the reduction

in the number of correlation parameters is more pronounced for these models).

Testing the kronecker product correlation matrices of Models 7-9 was discussed in

98.6 using the method proposed by Brien et al. (1984) [16]. Table 8.5 displays the analysis

of variance for equal correlation of the transform TC; (recall Ci: lntl'y,lÓ) under

Model 7. Similar values occur for Models 8 and 9.

The magnitude of the test stabisbic,871.5, convincingly rejects the hypothesis of
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equal correlation, and consequently testing that the common correlation is zero is not

appropriate.

Theequivalent method discussed by Seber (1984) [129] (pp.98-101) and introduced

in $8.6 was also used for Models 7 to 9. To test the hypothesis of zero correlations

for TC¡, then G : [0p lr6-t¡¡z) in the hypothesis .É/s : Gr : O. Unfortunately the

estimate of the 300 x 300 covariance matrix,l' : T'd¿T is highly singular (rank 103).

This is because the matrix of moment estimators (8.8) (i. e. the estimate of A) is highly

singular (rank 103). The discrete nature of the data is probably responsible for the

singularity. Using a pseudo-inverse instead of the inverse (GfG)-1 with such a severe

singularity, the test statistic must be viewed with extreme caution. The test statistic

for Model 7 for example, is 5.9850 x 104 (compared to 871.5 in Table 8.5).

In Figure 8.2a the histogram of the correlations of the transformatiot TC¿ is dis-

played. The correlations are dependent and correlation values need not be large to be

significant given the large sample size. The contributions in the tails of the histogram

in Figure 8.2a is large enough to reject the hypothesis of zero correlations.

Given that the second test procedure (Seber (1984) [129] (pp. 98-101)) discussed in

$8.6 failed for this example, histograms such as Figure 8.2b were used to examine Models

I to 6. The histogram in Figure 8.2b displays the distribution of the differences between

the 276 correlation parameter estimates for the unstructured case and the corresponding

correlations under correlation Model 1. The differences are slightly asymmetric, with

mean and mode both nearly zerc. Though not much emphasis should be placed on

Figure 8.2b, because the estimates of the parameters of the Model I were derived from

the unstructured parameter estimates, the magnitude of the differences are generally not

very big, and given the size of the correlation matrix then Model 1 may be a reasonable

correlation model. Obviously histograms under Models 2-6 (not shown) become worse as

the number of correlation parameters decreases but, particularly for Model 2, generally

appear to be adequate.

The correlation assumpbions under Model 1 are minimal compared to Models 2-9
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and the Independence case. Except for Model 2, AIC (and to a lesser extent log (G))

indicates the poorer fitting of the other parametric models compared to Model l. This

is reflected in the higher standard errors for Models 3-9. Even under Model I a sub-

stantial reduction in the number of correlation parameters over the unstructured case is

achieved. Consequently I consider Model 1 as the preferred parametric model. Model 2

is handicapped by the high standard error of /. However as stated earlier the estimates

of the mean parameters and their standard errors are close to those under Model 1

(reflected in AIC and log (G)). As well there is a further and significant reduction in

the number of correlation parameters. Thus Mod el 2 can be considered to be almost as

good as Model 1 in Table 8.4,

Now suppose mean model (8.1) is expanded to include random effects specified by

left-right and within-molar indicators, that is a mixed effects model. The random effects

are assumed to have zero mean. This mixed effects model follows from the assumption

that there are no biological differences between bhe left and right jaw (symmetry) and

within a molar. The results of $8.7 can be applied. The estimation procedure using

(5.8), (8.11) and (8.13) failed to converge. The estimabor (8.11) became unstable very

quickly. Zeger, Albert and Liang (1988) [168] reported this algorithm also failed to

converge for the one example they analysed because there was little information about

ú (a scalar there) in the data they examined. They examined the regression coefficients

over a range of values for ú.

However an estimate of ü was obtained by first making ü fixed at some initial

starting value (".g.Ûo : Iz), and (5.8) and (8.13) were iterated until convergence. A

new estimate of V,ú, say, was obtained bV (8.11) with the current estimates of B and

ó.New estimates of B and, S are obtained for V fixed at ûr until convergence. This

procedure was continued until convergence of the estimate of ú was achieved. The final

estimate of ú was

0.960 -0.019

-0.019 0.379
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Estimates of B and @ for two other fixed choices of Ú, that is

and

were calculated. The second of these matrices was chosen by tracking the moment

estimate (8.11) before the instability of the estimating procedure of $8.7 occurred. The

estimates are given in Table 8.6. A number of features are worthy of comment. The

final mean parametric model conditional on the random effects is the same as the final

unconditional mean parametric model (8.1). It is interesting to note, with respect to

the goodness of frt statistic log(G), the worst model corresponds to the third model in

Table 8.6 (i.e. the moment estimate of ú). With the same number of parameters, the

second model in Table 8.6 is superior by this criterion. The first model is roughly on

par with bhe third model. The second model in Table 8.6 is also bhe best using AIC and

the third model is marginally ahead of the first. With respect to the various correlation

models displayed in Table 8.4, the mixed effects model does not perform as well. There

is further structure in the variance that has not been accounted for under the mixed

effects model.

Now suppose the linear predictor (8.1) is expanded to incorporate a Left-Right (LR)

fixed effect and a Within Molar (WM) fixed effect, that is (8.2). Correlation Models 1,

5 and 9 were considered as well as the independence and unstructured cases. The final

parametric form of (8.2) incorporates all the significant terms of the final form (8.1).

Not surprisingly the interaction of Molars and Within Molars is significant. What is

surprising is that the Left-Right effect is significant. The estimates are displayed in

Table 8'7' Model 4 was considered as well, and has estimate Ó : l'1043 with standard

error 0.168. This standard error differs little from the corresponding standard error in

the other models displayed in Table 8.7. This is in contrast to Modèl 4 with mean model

(8.1).

As expected, the Unstructured model has the highest goodness of fit values. What

is interesting, is that the Independence model appears to be equally as good as Models

1.0

0.0

0.0

0.5

0.25

0.05

0.3

0.25

lb/



Table 8.6:

Param Matrix

{r11 = 1.0

iúrz = 0.0

Üzz = 0.500

\Úrr = 0.3

Vrz = 0.250

iÚzz = 0.050

Ürr = 0.960

Úrz = -0.019

Úzz = 0.379

þo - 1.2e3 (.402) - 1.235 (.366) -1.310 (.406)

CC 3.560 (.513) 3.348 (.464) 3.62e (.51e)

A1 0.067 (1.137) 0.028 (1.036) 0.058 (1.162)

^2
-0.776 (.626) -0.684 (.581) -0.7e7 (.63e)

A3 -1 0e4 (.659) -1.010 (.615) l.l00 (.675)

TB 1.058 (.244) 0.e81 (.225) 1.06e (.247)

MOL2 0.n1 (.323) 0.111 (.300) 0.117 (.323)

MOL3 0.004 (.317) -0.030 (.310) 0.0002 (.322)

AIxTB -0.56e (.415) -0.524 (.431) -0.577 (.480)

A2xTB -0.761 (.468) -0.70e (.423) -0.770 (.473)

A3xTB -r.542 (.530) -1.3e7 (.483) -1.566 (.535)

CCxMOL2 -r.744 (.415) -1.584 (.381) -1.758 (.418)

AlxMOL2 0.235 (.6e4) 0.2t2 (.824) 0.247 (.e36)

A2xMOL2 0.e2e (.485) 0.848 (.44r) 0.e44 (.491)

ASxMOL2 0.4t7 (.605) 0.360 (.552) 0.423 (,612)

CCxMOL3 -r.228 (.388) -1.063 (.368) -r.248 (.3e5)

AlxMOLS 0.e91 (.6e4) 0.e22 (.623) 1.003 (.7t2)

A2xMOL3 0.424 (.485) 0.351 (.44r) 0.430 (.4e3)

ASxMOL3 0.25e (.458) 0.240 (.42r) 0.265 (.46e)

TBxMOL2 -2.e03 (.2e6) -2.70r (.26e) -2.e4e (.2e9)

TBxMOL3 -4.405 (.347) -4.083 (.317) -4.44r ( 350)

ó 0.939 0.958 0.938

loe (G) 50.1 53.6 49.5

AIC r487 1509 1489
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Table 8.7:

Param. Model

I U 1 5 I

þo -1.4r7 (.344) -r.432 (.347) -1.307 (.363) - 1.460 (,370) -1.436 (.355)

CC 3.2e1 (.417) 2.84r (.368) 3.136 (.434) 3.235 (.436) 3.184 (.415)

A1 -0.0e5 (.e45) -0.132 (.538) -0.161 (.77e) -0.087 (.840) -0.0e2 (,836)

A2 -0.608 (.558) -0.382 (.402) -0.557 (.524) -0.658 (.513) -0.571 (.415)

A3 -0.e7 4 (.5e5) -0.838 (.450) -o.e50 (.56e) -0.861 (.5e6) -0.7e5 (.605)

TB 0.917 (.215) 0.531 (.141) 0.820 (.201) 0.850 (.225) 0.844 (2le)

LR 0.453 (.145) 0 .445 (. r 26) 0.454 (.141) 0.454 (.r44) 0 .467 (. 145)

MOL2 0.475 (.2e4) -0.040 (.r16) 0.048 (.215) 0.365 (.24t) 0.332 (.222)

MOL3 -0.162 (.331) -0.008 (.24r) -0.348 (.318) -0.084 (.340) -0.207 (.344)

WMOL -0.090 (. r l5) .0.068 (.078) -o.oe3 (.110) -0.060 (.1r3) -0.061 (.u4)

AIxTB -0.4e3 (.408) -0.461 (.254) -0.485 (.338) -0.501 (.426) -0.460 (.425)

A2xTB -0.668 (,401) -0.657 (.306) -0.7ee (.377) -0.77 r (.38e) -0.777 (.388)

A3xTB -r.273 (.44r) -0.910 (.276) -r.276 (.372) - 1.356 (.403) -L .4r2 ( .4 r 8)

CCxMOL2 -1.348 (.374) -0.360 (.r44) -0.e78 (.2e0) -t.r23 (.30e) - r.1e0 (.298)

AlxMOL2 0.206 (.738) 0.36e (.255) 0.360 (.600) 0.166 (.680) 0.173 (.700)

A2xMOL2 0.785 (.4r7) 0.480 (.168) 0.688 (.353) 0.683 (.3e5) 0.664 (.4t2)

ASxMOL2 0.2e0 G22) 0.011 (.2t7) 0.2e4 (.355) 0.125 (.452) 0.r44 (.477)

CCxMOLS -0.e21 (,370) -0.643 (.242) -0.644 (.358) -0.972 (.371) -0.e52 (.370)

AlxMOL3 0.878 (.548) 0.8e3 (.218) 0.ee5 (.416) 0.873 (.482) 0.842 (4e2)

A2xMOLS 0.280 (.418) 0. r33 (.234) 0.238 (.402) 0.1e8 (.377) 0.178 (.381)

ASxMOL3 0.218 (.3e6) 0.270 (.234) 0.218 (.326) 0.175 (.3e0) 0.r53 (.401)

TBxMOL2 -2.617 (,260) -2.138 (.1e4) -2.465 (.255) -2.648 (.264) -2.708 (.272)

TBxMOL3 -3.854 (.2e1) -3.377 (.230) -3.ee6 (.306) -3.881 (.302) -3.e46 (.303)

MOL2xWM -0.e18 (.191) -0.636 (.r24) -0.e47 (.184) - 1.033 (.1e3) -0.970 (.202)

MOLSxWM 0.2r4 (.186) 0.15e (.155) 0.181 (.1e1) 0.204 (.183) 0.353 (.183)

ó 1.004 (.ee2) o.eoe (.128) 1.046 (.167) 1.053 (.237) 1.08e (.168)

log (G) 83.2 100.0 83.6 82.7 81.9

AIC 1531 22t8 1958 18 15 1695
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1 and 5 by the log (G) sbatistic. This is definitely not the case in Table 8.4. Model 9

also fares well compared to these models. Adding key significant terms to the model

(8.1) has improved the goodness of fit criterion log (G) for Models 5 and 9 (and the

Independence Model) relative to Model 1 (compared with Table 8.4). The AIC statistic

on the other hand indicates the poor fitting qualities of the Independence model as would

be expected here (and reflected in the higher standard errors). Similarly the magnitude

of the differences of the model AIC statistics has changed little when moving from the

mean model (8.1) to the extended mean model (8.2). The AIC statistic provides a

clearer indication of the better fitting parametric models. As demonstrated in chapber

7, log (G) must be used with some caution. The preferred model in Table 8.7 is again

Model 1. Another unusual feature of the Independence model is the high standard error

for $. Both log (G) and to a lesser extent AIC show the improvement in goodness of frt

from moving from (8.1) to (8.2)

A mixed-effects model, with random effects LR and WM, was applied to (8.2). This

model failed to converge except when the random effects covariance matrix was fixed

indefinitely.

Table 8.8 displays the correlation parameter estimates for the kronecker product

correlation Models 7-9 under (8.1) and Model 9 under (8 2)'

Figure 8.3 is a plot of the predicted probability of severe decay against the within-

row molar position under the final form of (8.1) with correlation Model l. The index for

the molar axis corresponds to molar/(within-molar) position within a row, e. g. indices

1 and 2 refer to the first and second within-molar site of the first molar. The solid line

is the Cariogenic control group (Diet 2), the broken line is the Non-Cariogenic control

group (Diet 1) and the dotted line is either Diet 3, 4 or 5. Note the probabilities under

Diets 6, 7 and 8 are the same as Diet 2 because of the non-significance of teatment B.

The top row may be either the left or right top row. Similarly for the bottom row.

A number of key features become evident from Figure 8.3. The higher the amount of

Treatment A applied, the lower the probability of severe decay for bobh top and bottom
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Param Model

n
I 8 I 9*

d 0.2463 0.2463 0.2463 0.2527

Pt 0.2310 0.2310 0.2309 0.2278

Pz 0.2197 0.1694 0.2196 0.2236

Ps 0.5046 0.5047 0.5045 0.5257

Ps 0.1 190

Table 8.8:

9* is correlation Model 9 under the extended

linear predictor (8.2)

rows. There are fundamental differences in the underlying probabilistic mechanism

between the top and bottom rows. One possible explanation of the indicated probability

structure is that the top row is really the bottom row and vice versa. This follows if it is

assumed the chance of decay is greater on the bottom than on the top. Further, if decay

increases towards the rear of the mouth, then index 1 is now the second within-molar

site of the last molar.

Figure 8.4 is a plot of the observed probabilities for the top-left row for Diets 1 to 8.

As in Figure 8.3, Diets 1 and 2 are the reference diets. Figures 8.5, 8.6 and 8.7 are the

observed probabilities for the top-right, bottom-left and bottom-right rows respectively.

The cavity reducing effect of Treatmenb A is fairly obvious as is the ineffectiveness

of Treatment B. The similarity of the bottom-left and bottom-right probability pattern

supports the original assumption that these measurements belong to the same jaw. The

significance of the Left-Right effect in the extended mean model (8.2) is understand-

able given the obvious graphical differences between the top-left and top-right observed

probability structures. However there is still sufficient likeness between the top-left and

top-right patterns (compared to the bottom patterns) to continue advocating they be-
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long to the same jaw. Figures 8.8 and 8.9 are plots of the expected probabilities of the

extended mean model (8.2) under correlation Model 1. They indicate that the proba-

bility of severe decay is shifted downwards for the right-hand side of the mouth. The

extended mean model (8.2) tends to be better than the final form of (8.1) at capturing

the underlying process that is indicated in Figures 8.4-8.7.

8.9 Discussion

The difficulty of analysing complex non-Normal data containing structure which indi-

cates possible parametric covariance matrices is a common problem. The GEE approach

can provide a natural and usually straightforward method, reminiscent of the regression

techniques employed in Normal theory. The parametric covariance matrices are neatly

and explicitly incorporated into the estimating procedure.

Modelling the covariance structure such as for the rat teeth data can lead to im-

provements in the efficiency of the estimating procedure and possibly lower standard

errors. A principal goal of the researcher is to uncover and model influential factors

or explanatory variables of the mean of the response variable, and though usually of

secondary importance, to adequately account for the underlying covariance structure.

In modelling the covariance structure, the unobserved error process may be examined.

The choice of the covariance structure can be critical to the actual mean model selected.

It may also affect the stability of the estimating procedure and inflate the estimates of

the standard errors of the parameters, as was seen in chapter 7. Accordingly, it is worth-

while devoting effort to try to determine the suitability of various covariance structures

for a given data set.

As was discussed, asymptotic tests on the parametric covariance structures can be

developed and sometimes the parametric structure lends itself to possible specialized

tests (such as for Models 7-9). Despite the difÊculties encountered with the rat teeth

data in applying the more general tests to different parametric covariance structures,
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the techniques discussed in this chapber can be implemented successfully to other data

sets
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Figure 8.4: Observed probabilities for top-left portion of the mouth
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Appendix A

We can approximat"r'/'(\ - À) : l"tl'(il - P)', ,tl'(i - 1)', ,rlz(a - o)']'using a

Taylor expansion about À to equal

[-n-' D ¿v,{r, Ê(.r)}/¿.r]-tln-tt2 D v,(r, êtrlll
n

i-r

n

i=l
(A.1)

(A.2)

where
n

u¿(\,ê) : D D'nv,-'s;
i=l

and
ótl,(À, €) 0u¿ À,€

+óÀ aÀ

A Taylor expansion about {, À fixed, gives

n-tlz Ð ø(r, Êtrll n-ttz D {/,(À, €) +
fL n n

aui(^,Êl aÊ
--ã-^

,-'D aui(^,Ðla4' ,rlr(ë_€) +or(1)
i=1 i=1

n

f=1

i=l

n-ttz I ø(r, €) + oo(r).

This follows from i1.f¡ U"ing nll2-consistent, that i. rrtl'(Ê(À) - €) is or(1), and

because ôU;(),, ÐlAf. is a linear function of the S¿'s which have mean zero, then

"-'D aui(^,Ðlag
n

i=l

is oo(1). The asymptotic multivariate distribution of n-r12DT=rU¡(\,Êtfll is thus

0, n-r L n'nv,-'cov(f¡)V,-'Do
n

¡/
i-r

t7r



Since n-tD':=tAui(^,Êtrlllaê ana ôi/ô.\ are both oo(1) then

- n-t D du,{}, i1r¡1¡tr
n

d=l

n

i=1

(A.3)

converges in probability to the limit of

-rr-' D ôu ;{\,Ê(.r)}/a.r.

Finally, by (4.2), we have

- n-t D ayr{À, i1,r¡17a.r = -n-'Ð oivn-'(D; - alila\ -F oo(1), (4.4)
n

i=l

n

i=l

where

arila^:
000

adilap o o

0r;lðB 0r;lô1 0

Consequently as (4.3) converges in probability to the first term on the right-side of (A.4),

then the Normality of ,t/'(i - À) follows. The asymptotic variance of n'l'(\- À) using

(4.1) leads to (6.8).

172



Bib ography

[1] A. Agresti. A survey of models for repeated ordered categorical response data.

Statistics in Medicine, 8:1209-1224, 1989.

[2] A. C. Aitken. Determinants and Matrices. Oliver and Boyd, London, 9th edition,

1956.

[3] H. Akaike. Information theory and an extension of the maximum likelihood prin-

ciple. In Znd International Symposium on Inforrnation Theory, pages 267-281,

Budapest: Akademia Kiado, 1973'

[4] D. F. Andrews and A. M. Herzberg. Data: A Collection of Problems from Many

Fields for the Student and Research Worker. Springer-Verlag, New York, 1985.

[5] D. F. Archer. Prolactin response to thyrotropin-releasing hormone in women with

infertility and/or randomly elevated serum prolactin levels. Fertility And Sterility,

47:659-564, 1987.

[6] R. B. Avery, L. P. Hansen, and V. J. Hotz. Multiperiod probit models and orthog-

onality condition estimation. International Economic Reuieto,24:2I-35, 1983.

t7] J. K. Baksalary, L. C. A, Corsben, and R. Kala. Reconciliatìon of two different

views on estimation of growth curve parameters. Biometrika, 65:662-665' 1978.

[8] P. J. Beitler and J. R. Landis. A mixed-effects model for categorical data. Bio-

rnetrics, 41 :991-1000, 1985.

ti

173



[9] D. A. Binder. On the variances of asymptotically normal estimators from complex

surveys. International Statistical Reuiew, 5L:279-292, 1983.

[10] Y. M. M. Bishop, S. E. Fienberg, and P. W. Holland. Discrete Multiuariate Anal-

ysis: Theorg and Practice. The MIT Press, U. S. 4., 1975.

[11] L. Boltzmann. Uber die Beziehung zwischen dem zweitin Hauptsatze der mecha-

nischen Wärmetheorie und der Wahrscheinlichkeitsrechnung repective den Sätzen

über das Wärmegleichgewicht . Wiener Berichte, T6:373-435, 1877.

[12] D. G. Bonett, J. A. Woodward, and P. M. Bentler. Some extensions of a linear

model for categorical variables. Biornetrics, 4l:745-750' 1985.

[13] G. E. P. Box. Problems in the analysis of growth and wear curves. Biometrics,

6:363-389, 1950.

[14] H. Bozdogan. Model selection and Akaike's information criterion (AIC): the gen-

eral theory and its analytical extensions. Psychometrilea, 52:345-370, 1987.

[15] N. E. Breslow and D. G. Clayton. Approximate inference in generalized linear

mixed models. Journal of the An¿erican Statistical Association, 88:9-25, 1993.

[16] C. J. Brien, W. N. Venables, A, T. James, and O. Mayo. An analysis of correlation

matrices: equal correlations. Biometrika, 71:545-554, 1984.

[17] M. A. Cameron and G. K. Eagleson. A new procedure for assessing large sets of

correlations. Austral. J. Statist., 27:84-95, 1985.

[18] V. Carey, S. L. Zeger, and P. Diggle. Modelling multivariate binary data with

alternating logistic regressions. Biometriåø, 80:517-526' 1993.

[19] G. J. Carr and E. M. Chi. Analysis of variance for repeated measures data: a

generalized estimating equations approach. Statistics in Medicine, 11:1033-1040,

1992.

174



[20] R. J. Carroll and D. Ruppert. Robust estimation in heteroscedastic linear models.

The Annals of Statistics,10:429'441, 1982.

[21] P. J. Catalano and L. M. Ryan. Bivariate latent variable models for clustered

discrete and continuous outcomes. Journal of the American Statistical Association,

87:651-658, 1992.

l22l E. M. Chi and G. C. Reinsel. Models for longitudinal data with random effects

and AR(1) errors. Journal of the American Statistical Association, 84:452-459,

r989.

[23] V. M. Chinchilli and W. H. Carter. A likelihood ratio test for a patterned co-

variance matrix in a multivariate growth-curve model. Biometrics, 40:15i-156,

1984.

l24l J. B. Cologne, R. L. Carter, S. Fujita, and S. Ban. Application of generalized es-

timating equations to a study of in uitro radiation sensitivity. Biometrics, 49:927-

934, 1993.

[25] D. M. Cooper and R. Thompson. A note on the estimation of the parameters of

the autoregressive-moving average process. Biometrika, 64:625-628, 1977.

[26] D. R, Cox and N. Reid. Parameter orthogonality and approximate conditional

inference. J. R. Statist. Soc. B, 49:1-39, 1987.

l27l B. R. Cullis and C. A. McGilchrist. A model for the analysis of growth data from

designed experiments. Biometrics, 46:131-142' 1990.

[28] B. R. Cullis and A. P. Verbyla. Nonlinear regression modelling and time dependent

covariates in repeated measures experiments. Austral. J. Statist.,34:145-160, 1992.

[29] C. V. Damaraju. Category-specific covariate effects in longitudinal study designs

C ommun. Statist. - Theory M eth., 22:144I-1469' 1993.

175



[30] G. A. Darlington and V. T. Farewell. Binary longitudinal data analysis with

correlation a function of explanatory variables. Biorn. ./., 34:899-910' 1992.

[31] M. Davidian and R. J. Carroll. Variance function estimation. Journal of th'e

American Statistical Association, 82:1079-1091, 1987.

[32] A. P. Dempster, D. B. Rubin, and R. K. Tsutakawa. Estimation in covartance

component models. Journal of the American Statistical Association, 76:341-353,

1981.

[33] M. L. Drum and P. McCullagh. REML estimation with exact covariance in the

logistic mixed model. Biometrics, 49:677-689, 1993.

t34] Q. P. Duong. On the choice of the order of autoregressive models: a ranking and

selection approach. J. Time Ser. Analysis, 5:145-157' 1984'

[35] G. K. Eagleson. A robust test for multiple comparisons of correlation coefficients

Austral. J. Statist., 25:256-263, i983.

[36] R. C. Elston. On estimating time response curves. Biometrics,20:643-647, 1964

[37] R. C. Elston and J. E. Grizzla Estimation of time-response curves and their

confidence bands. Biornetrics, 18:148-159' 1962.

[38] J. C. Evans and E. A. Roberts. Analysis of sequential observations with ap-

plications to experiments on grazing animals and perennial plants. Biometrics,

35:687-693, 1979.

[Jg] E. J. Farris and J. Q. Grifñth. The Rat in Laboratory Inuestigation. J. B. Lippin-

cott Company, U. S. 4., 2nd edition, 1949'

[40] T. Fearn. A two.stage model for growth curves which leads to Rao's covarlance

adjusted estimators . Biometrika, 64:14l-143, L977.

r76



[41] D. Firth. On the efficiency of quasi-likelihood estimation. Biornetrika, T4:233-245,

1987.

[42] D. Firth. Statistical Theory and Modelling: In honour of Sir Dauid Cor, FRS,

pages 55-82. D. V. Hinkley, N. Reid & E. J. Snell (ed.). Chapman & Hall, London,

1991.

[43] G. M. Fitzmaurice and N. M. Laird. A likelihood-based method for analysing

longitudinal binary responses. Biometrika, 80:141-151, 1993.

[44] G. M. Fitzmaurice, N. M. Laird, and A. G. Rotnitzky. Regression models for

discrete longitudinal responses. Statistical Science, 8:284-309, 1993.

[45] D. A. Follmann. Growth curve models with restrictions on random parameters

C o mmun. St atist. - Th eory M eth., 2l :27 7 5-2795, I 992.

[46] R. N. Forthofer and G. G. Koch. An analysis for compounded functions of cate-

gorical data. Biometrics, 29:143-157, 1973.

[47] Y. Fujikoshi and C. R. Rao. Selection of covariables in the growth curve model

Biometrika, 78:779-785, 1991.

[4S] L. J. Gleser and I. Olkin. Linear Models in Multiuariate Analysis, pages 267-292.

Bssays in Probability and Statistics, R. C. Bose eú a/. (ed.). Wiley, New York,

1970.

[49] V. P. Godambe and C. C. Heyde. Quasi-likelihood and optimal estimation. In-

ternational Statistical Reuiew, 55:23I-244, 1987.

[50] C. Gourieroux, A. Monfort, and A. Trognon. Pseudo maximum likelihood meth-

ods: theory. Econometrica, 52:681-700, 1984.

[51] J. E. Grizzle and D. Allen. Analysis of growth and dose response curves. Biomet-

rics, 25:357-381, 1969.

177



[52] J. E. Grizzlq C. F. Starmer, and G. G. Koch. Analysis of categorical data by

linear models. Biometrics, 25:489-504' 1969.

[53] D. A. Harville. Bayesian inference for variance components using only error con-

trasts. Biometrikø, 61:383-385' 1974.

[54] D. A. Harville. Extension of the Gauss-Markov theorem to include the estimation

of random effects. The Annals of Statistics, 76:384-395' 1976.

[55] D. A. Harville. Maximum likelihood approaches to variance component estimation

and to related problems. Journal of the American Statistical Association, T2:320-

340, 1977.

[56] R. Hebeland M. W. Stromberg. Anatorny and Embryology of the Laboratory Rat.

Bio. Med. Verlag, Federal Republic of Germany, 1986.

[57j M. Hills. A note on the analysis of growth curves. Biometrics,24:189-196, 1968

[58] M. Hills. On looking at large correlation matrices. Biometrika, S6:249-253, 1969

[59] R. I. Jennrich and M. D. Schluchter. Unbalanced repeated-measures models with

structured covariance matrices. Biometrics, 42:805-820' 1986.

[60] N. L. Johnson and S. Kotz. Distributions in Statistics: Continuous Multiuariate

Distributions, pages 216-220. Wiley, New York, 1972.

[61] R. H. Jones. Longitudinal Data with Serial Correlation: A State-space Approach.

Chapman and Hall, London, 1993.

[62] R. L. Kashyap. Optimal choice of AR and MA parts in autoregressive moving

average models. IEEE Transactions on Pattern Analysis and Machine Intelligence,

4:99-104, 1982.

[63] C. G. Khatri. A note on a MANOVA model applied to problems in growth curve

Ann. Inst. Statist. Math.,18:75-86, 1966.

178



[64] D. G. Kleinbaum. A generalisation of the growth curve model which allows missing

data. Journal of Multiuariate Analysis, S:lI7-I24, 1973.

[65] G. G. Koch, P. B. Imrey, and D. W. Reinfurt. Linear model analysis of categorical

data with incomplete response vectors. Biometrics, 28:663-692, 1972.

[66] G. G. Koch, J. R. Landis, J. L. Freeman, D. H. Freeman, and R. G. Lehnen' A

general methodology for the analysis of experiments with repeated measurement

of categorical data. Biometrics, 33:133-158, 1977.

[67] E. L. Korn and A. S. Whittemore. Methods for analyzing panel studies of acute

health effects of air polution. Biometrics, 35:795-802, 1979.

[68] T. Kubokawa. Two-stage procedures for parameters in a growth curve model

Journal ol Statistical Planning and Inference,22:1.05-115, 1989.

[69] T. Kubokawa, A. K. Saleh, and K. Morita. Improving on MLB of coefficient

matrix in a growth curve model. Journal of Statistical Planning and Inference,

31:169-177, 1.992.

[70] S. Kullback and R. A. Leibler. On information and sufficiency. Annals of Mathe-

matical Statistics, 22:79-86, 1951.

[71] N. M. Laird and J. H. Ware. Random-effects models for longibudinal data. Bio-

metrics,, 38:963-974, 1982.

[72] N. Lange and N. M. Laird. The effect of covariance structure on variance esti-

mation in balanced growth-curve models with random parameters. Journal of the

Am erican Statistical A s s ociation, 84:241-247, 1 989.

[73] A. Laor and A. Cohen. Analysis of premature ventricular counts in long term

ECG following myocardial infarction. Statistics in Medicine, ll:963-973, 1992.

[74] M. W. J. Layard. Large sample tests for the equality of two covariance matrices

Ann. Math. Statist.,43:123-141 , L972.

1,79



[75] J. C. Lee. Tests and model selection for the general growth curve model. Biomet-

rics, 47 :147-159, 1991.

[76] Y. H. K. Lee. A note on Rao's reduction of Potthoff and Roy's generalized linear

model. Biometrika, 61:349-35I, I97 4.

[77] F. B. Leech and M. J. R. Healy. The analysis of experiments on growth rate

Biometrics, 15:98-106, 1959.

[7S] M. Lefkopoulou, D. Moore, and L. Ryan. The analysis of multiple correlated

binary outcomes: application to rodent teratology experiments. Journal of the

American Statistical Association, 84:810-815, 1989.

[79] M. Lefkopoulou and L. Ryan. Global tests for multiple binary outcomes. Biornet-

rics, 49:975-988, 1993.

[80] I. E. Leppik eú a/. A double-blind crossover evaluation of progabide in partial

seizures. Neurology, 35:385, 1985.

[81] K. Y. Liang and S. L.Zeger. Longitudinal data analysis using generalized linear

models. Biometrika, 73:13-22, 1986.

[82] K. Y. Liang, S. L. Zeger, and B. Qaqish. Multivariate regression analyses for

categorical data. J. R. Statist. Soc. 8,54:3-40, 1992.

[83] M. J. Lindstrom and D. M. Bates. Newton-Raphson and EM algorithms for

linear mixed-effects models for repeated-measures data. Journal of the American

Statistical Association, 83:1014-1022, 1988.

[84] M. J. Lindstrom and D. M. Bates. Nonlinear mixed effects models for repeated

measures data. Biornetrics, 46:673-687, 1990.

[S5j S. R. Lipsitz, N. M. Laird, and D. P. Harrington. Finding the design matrix for

the marginal homogeneity model. Biometrika, 77:353-358, 1990.

180



[36] S. R. Lipsitz, N. M. Laird, and D. P. Harrington. Generalized estimating equa-

tions for correlated binary data: using the odds ratio as a measure of association.

Biometrika, 78:153-160, 1991.

[87] S. R. Lipsitz, N. M. Laird, and D. P. Harrington. A three-stage estimator for stud-

ies with repeated and possibly missing binary outcomes. Appl. Statist.,4I:203-213,

).992.

[88] E. P. Liski. Detecting influential measurements in a growth curves model. Bio-

rnetrics,, 47:659-668, 1991.

[89] S. Lundbye-Christensen. A multivariate growth curve model for pregnancy. Bio-

metrics, 47 :637-657, 1991.

[90] L. Mancl. Regression analysis oJ correlated discrete and continuous data: eualua-

tion of an estimati,ng equation approach. Ph. D. dissertation, Dept. Biostatistics,

Univ. Washington, 1992.

[91] P. McCullagh. Regression models for ordinal data. ./. R. Statist. Soc. 8,42:109-

142, 1980.

[92] P. McCullagh and J. A, Nelder. Generalized Linear Models. Chapman and Hall,

London, 2nd edition, 1989.

[93] R. D. Mensah, R. K. Blswick, and V. M. Chinchilli. Consistent estimators of the

variance-covariance matrix of the GMANOVA model with missing data. Commun.

Statist.- Theory M eth., 22:I495-L514, 1993.

[94] M. E. Miller, C. S. Davis, and J. R. Landis. The analysis of longitudinal polyto-

mous data: generalized estimating equations and connections with weighted least

squares. Biometrics, 49:1033-1044, 1993.

[95] M. E. Miller and J. R. Landis. Generalized variance component models for clus-

tered categorical response variables. Biom,etrics, 47:33-44, 1991.

181



[96] P. A. P. Moran. Testing the largest of a set of correlation coefficients. Azsúral. J

Statist., 22:289-297, 1 980.

[97] D. F. Morrison. Multiuariate Statistical Methods. McGraw-Hill, New York, i967

[98] R. J. Muirhead. Aspects of Multiuariate Statistical Analysis. Wiley, New York,

1982.

[99] J. A. Nelder and Y. Lee. Likelihood, quasi-likelihood and pseudolikelihood: some

comparisons. "I. R. Statist. Soc. 8,54:273-284, 1992.

[100] J. A. Nelder and D. Pregibon. An extended quasi-likelihood function. Biometrika,

74:221-232, 1987.

[101] J. Ogawa and G. Ishii, The relationship algebra and the analysis of variance of

a partially balanced incomplete block design. Ann. Math. Statist.,36:1815-1828,

1965.

[102] R. J. O'Hara Hines and J. F. Lawless. Modelling overdispersion in toxicological

mortality data grouped over time. Biornetrics, 49:107-121, 1993'

[103] I. Olkin. Inference for a normal population when the parameters erhibit sorne

structure, pages 759-773. Reliability and Biometry: Statistical Analysis of Life-

length, F. Proschan and R. J. Serfling (ed.). Society for Industrial and Applied

Mathematics, Philadelphia, 1974.

[104] M. C. Paik. Parametric variance function estimation for nonnormal repeated

measurement data. Biometrics, 48:19-30, 1992.

[105j T. Park and C. S. Davis. A test of the missing data mechanism for repeated

categorical data. Biornetrics, 49:631-638, 1993.

[106] T. Park, S. Lee, and R. F. Woolson. A test of the missing data mechanism for

repeated measures data. Commun. Statist.-Theory Meth., 22:2813-2829, 1993.

r82



[107] H. D. Patterson and R. Thompson. Recovery of inter-block information when

block sizes are unequal. Biometrika, 58:545-554, l97I'

[108] R. F. Potthoff and S. N. Roy. A generalized multivariate analysis of variance

model useful especially for growth curve problems. Biometrika, 51:313-326, 1964.

[109] R. L. Prentice. Correlated binary regression with covariates specific to each binary

observation. Biometrics, 44:1033-1048, 1988.

[110] R. L. Prentice and L. P. Zhao. Estimating equabions for parameters rn means

and covariances of multivariate discrete and continuous responses. Biometrics,

47:825-839, 1991.

[111] B. F. Qaqish and K. Y. Liang. Marginal models for correlated binary responses

with multiple classes and multiple levels of nesting. Biometrics, 48:939-950, 1992.

[112] C. R. Rao. Some problems involving linear hypotheses in multivariate analysis.

Biometrika, 46:49-58, 1959.

[113] C. R. Rao. The theory of least squares when the parameters are stochastic and

its application to the analysis of growth curves. Biometrika, S2:447-458, 1965.

[114] C. R. Rao. Couariance Adjustment and Related Problems in Multiuariate Analysis,

pages 87-103. Multivariate Analysis, P. R. Krishnaiah ("d.). Academic Press, New

York, 1966.

[115] C. R. Rao. Least Squares Theory using an estirnated dispersion matrir and its

application to measurement of signals, pages 355-372. Proceedings of the 5th

Berkeley Symposium on Mathematical Statistics and Probability, C. R. Rao ("d.).

volume 1, Berkeley, 1967.

[116] G. Reinsel. Multivariate repeated-measurement or growth curve models with mul-

tivariate random-effects covariance structure. Journal of the American Statistical

Association, 77 :190-195, 1982.

183



[117] G. Reinsel. Estimation and prediction in a multivariate random effects generalized

linear model. Journal of the American Statistical Association, T9:406-414, 1984.

[118] P. J. Ricci and A. P. Verbyla. Generalized estimating equations and the sum of

profiles model. Research Report 91/6, The University of Adelaide, Department of

Statistics, 1991.

[119] P. J. Ricci and A. P. Verbyla. Regression models of repeated binary response.

Research Report 9111, The University of Adelaide, Department of Statistics, 1991.

[120] P. J. Ricci, A. P. Verbyla, and W. N. Venables. Residual maximum likelihood and

the growth curve model. Austral. J. Statist., submitted.

[121] A. Rotnitzky and N. P. Jewell. Hypothesis testing of regression parameters in

semiparametric generalized linear models for cluster correlated data. Biornetrika,

77:485-497, 1990.

ll22l J. G. Rowell and D. E. Walters. Analysing data with repeated observations on

each experimental tnit. The Journal of Agricultural Science, 87:423-432, 1976.

[123] H. G. Q. Rowett. The Rat as a small Mammal. John Murray, London, 1957.

[124] D. B. Rubin. Inference and missing data. Biometrika, 63:58i-592, 1976

[125] R. L. Sandland and C. A. McGilchrist. Stochastic growth curve analysis. Biomet-

rics, 35:255-27 l, 1979.

[126] G. Schwarz. Estimating the dimension of a model. The Annals of Statistics,

6:461-464, 1978.

[I27] T. Schweder and E. Spjøtvoll. Plots of P-values to evaluate many tests simulta-

neously. Biometrika, 69:493-502, 1982.

[128] S. R. Searle. Linear Models. Wiley, New York, 1971.

184



[129] G. A. F. Seber, Multiuariate Obseruations. Wiley, New York, 1984.

[130] P. J. Smith and A. Hadgu. Sensitivity and specificity for correlated observabions

Statistics in Medicine, 11:1503-1509, 1992.

U31] G. K. Smyth. Generalized linear models with varying dispersion. J. R. Statist.

Soc.8,51:47-60, 1989

[132] J. N. Srivastava and L. L. McDonald. Analysis of growth curves under the hier-

archical models. Sankhya A,36:251-260, L974.

[133] M. S. Srivastava. Multivariate data with missing observations. Commun. Statist.-

Theory Meth., 14:775-792, 1985.

U34] E. J. Stanek III and S. R. Diehl. Growth curve models of repeated binary response

Biornetrics, 44:973-983, 1988.

[135] W. M. Stanish, D. B. Gillings, and G. G. Koch. An application of multivariate

ratio methods for the analysis of a longitudinal clinical trial with missing data.

Biometrics, 34:305-317, 1978.

[136] R. Stiratelli, N. Laird, and J. H. Ware. Random-effects models for serial observa-

tions with binary response. Biornetrics, 40:961-971, 1984.

[137] D. O. Stram, L. J. Wei, and J. H. Ware. Analysis of repeabed ordered categor-

ical outcomes with possibly missing observations and time-dependent covariates.

Journal of the American Statistical Association, 83:631-637, 1988.

[138] T. A. Stukel. Comparison of methods for the analysis of longitudinal interval

count data. Statistics in Medicine,l2:1339-1351, 1993.

[139] N. Sugiura and T. Kubokawa. Bstimating common parameters of growth curve

models. Ann. Inst. Statist. Math.,40:119-135, 1988.

185



[140] W. H. Swallow and J. F. Monahan. Monte Carlo comparison of ANOVA,

MIVQUE, REML, and ML estimators of variance components. Technornetrics,

26:47-57, 1984.

[141] P. F. Thall. Mixed poisson likelihood regression models for longitudinal interval

count data. Biometrics, 44:197-209, 1988.

[142] P. F. Thall and S. C. Vail. Some covariance models for longitudinal count data

with overdispersion. Biometrics, 46:657-671, 1990.

[143] K. T. Tsai and J. A. Koziol. Score and Wald tests for the multivariate growth

curve model with missing data. Ann. Inst. Statist. Math.,40:179-186, 1988.

ll44] K. T. Tsai and J. A. Koziol. Score and Wald tests for the multivariate growth

curve model with missing data and a patterned covariance matrix. Commun.

Statist.- Theory M eth., 22:3ll-3I7, 1993.

[145] A. P. Verbyla. A note on the inverse covariance matrix of the autoregressive

process. Austral. J. Statist., 27:22I-224, 1985.

[146] A. P. Verbyla. Conditioning in the growth curve model. Biometrika, TS:475-483,

1986.

[147] A. P. Verbyla. Ertensions to profile analysis. Unpublished Ph. D. Thesis, Depart-

ment of Statistics, The University of Adelaide, 1986.

[148] A. P. Verbyla. A condibional derivation of residual maximum likelihood. Austral

J. Statist., 32:227 -230, 1990.

[149] A. P. Verbyla and B. R. Cullis. Modelling in repeated measures experiments. Appl.

Statist., 39:341-356, 1990.

[150] A. P. Verbyla and B. R. Cullis. The analysis of multistratum and spatially corre-

lated repeated measures data. Biometrics, 48:1015-1032, 1992.

186



[151] A. P. Verbyla and W. N. Venables. An extension of the growth curve model.

Biometrika, 75129-138, 1988.

[152] D. Von Rosen. Maximum lìkelihood estimators in multivariate linear model. Jour-

nal of Multiuariate Analysis, 31:187-200, 1989.

[153] D. Von Rosen. Moments for a mulbivariate linear model with an application to

the growth curve model. Journal of Multiuariate Analysis, SS:243-259, 1990.

[154] D. Von Rosen. Moments of maximum likelihood estimators in the growth curve

model. Statistics, 22:1ll-L31, 1991.

[155] M. Von tess. Longitudinal models for polytomous responses. Comrnun. Statist.-

Theory Meth., 22:3523-3536, 1993.

[156] J. H. Ware. Linear models for the analysis gf longitudinal studies. The American

Statistician, 39:95-101, 1985.

[157] J. H. Ware, S. Lipsitz, and F. E. Speizer. Issues in bhe analysis of repeated

categorical outcomes. Statistics in Medicine, 7:95-107, 1988.

[158] R. W. M. Wedderburn. Quasi-likelihood functions, generalized linear models, and

the Gauss-Newton method. Biometrika, 6l:439-447, I974.

[159] L. J. Wei and D. O. Stram. Analysing repeated measurements with possibly

missing observations by modelling marginal distributions. Statistics in Medicine,

7:139-148, 1988.

[160] S. Weisberg. Applied Linear Regression Wiley, New York, second edition, 1980

[161] J. Wishart. Growth rate determination in nutrition studies with the bacon pig,

and their analysis. Biornetrika, 30:16-28, 1938.

[162] R. F. Woolson and W. R. Clarke. Analysis of categorical incomplete longitudinal

data. "I. R. Statist. Soc. A, 147:87-99, 1984.

187



[163] R. F. Woolson and J. D. Leeper. Growth curve analysis of complete and incomplete

longitudinal data. comrnun. statist. -Theory M eth., A9: i491-1513, 1980.

[164] R. F. Woolson, J. D. Leeper, and W. R. Clarke. Analysis of incomplete data from

longitudinal and mixed longitudinal studies. J. R. Statist. Soc. A, 14l:242-252,

1978.

[165] D. Wypij, M. Pugh, and J. H. Ware. Modeling pulmonary function growth with

regression splines. Statistica Sinica, 3:329-350, 1993.

[166] S. L. Zeger. Commentary. Statistics in Medicine;7:161-168, 1988

[167] S. L.Zeger and K. Y. Liang. Longitudinal data analysis for discrete and continuous

outcomes. Biometrics, 42:12l-130' 1986.

[168] S. L. Zeger, K. Y. Lìang, and P. S. Albert. Models for longitudinal daba: a

generalized estimating equation approach. Biometrics, 44:1049-1060, 1988.

[169] S. L.Zeger, K. Y. Liang, and S. G. Self. The analysis of binary longitudinal data

with time-independent covariates. Biometrika, 72:31-38, 1985.

[170] I. Lei¡tla. Covariance components estimation in the growth curve model. Statistics,

24:321-330, 1993.

[171] L. P. Zhao and R. L. Prentice. Correlated binary regression using a quadratic

exponential model. Biometrika, 77:642-648, 1990.

lL72l L.P.Zhao, R. L. Prentice, and S. G. Self. Multivariate mean parameter estimation

by using a partly exponential model. J. R. Statist. Soc.8,54:805-811, 1992.

188




