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Summary

The analysis of longitudinal data is a very important problem in a wide range of statisti-
cal fields. There has been a great deal of work for continuous (Normal and non-Normal)
and discrete data, involving parametric and semi-parametric approaches. In this thesis
both the Normal and non-Normal cases are considered and the sum of profiles idea of
the growth curve model (Normal theory) is extended to non-Normal data.

Chapter 1 provides a literature review of the area and a more detailed description of
the thesis.

Chapter 2 introduces the profile model (growth curve model) in a canonical form.
The straightforward extension to the sum of profiles model is discussed. We also describe
residual maximum likelihood.

In chapter 3 estimation of the parameters for the profile model is considered un-
der maximum likelihood and residual maximum likelihood. Two versions of residual
maximum likelihood are derived and used.

Repeated categorical responses are considered in chapter 4. Extensions to the Stanek
and Diehl (1988) [134] linear model are given. Connections with the sum of profiles
model are discussed.

The theory of quasi-likelihood and generalized estimating equations is introduced
in chapter 5. Second order extensions of the generalized estimating equations are also
presented. Estimating equations obtained from a class of quadratic models are also
considered.

Time dependency of the mean (and dispersion parameters) is one of the topics ex-

v



amined in chapter 6. The dispersion parameters are also considered as functions of
covariates and are estimated using another set of generalized estimating equations.
Application of the GEE methodology of chapters 5 and 6 to three examples is the
focus of chapter 7. Positive and negative aspects of the methods are discussed.
In chapter 8 a data set is examined where generalized estimating equations provide
a natural approach for analysis. A number of special nested correlation structures are

proposed for this data set and tests for these structures are considered.
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Chapter 1

Introduction

1.1 Background

1.1.1 The Profile and Sum of Profiles Model

The analysis of repeated measures or longitudinal data has been examined extensively
in the literature for both Normal and non-Normal cases. The common feature in all
cases is that repeated measurements within each data unit cannot be presumed to be
mutually independent, requiring a more elaborate estimation and analysis procedure.

A method for the analysis of multivariate Normal data is sometimes referred to
as profile analysis. It is usually associated with the analysis of growth curves where
observations occur at specific time points, usually evenly spaced. Interest focuses on
estimation of the mean growth curves and their associated confidence bands, or tests of
hypotheses concerning treatment effects. Profile analysis may also be used to analyse
spatial data or situations where several similar features have been measured at a single
time point.

Profile analysis involves a two-stage specification of the mean response profiles.
Defining the form of the repeated measurements for the individual units represents
one stage, such as by ¢**-order polynomial representation. The other stage is achieved

by specifying the effect of treatments on the individual profiles.



Wishart (1938) [161] was apparently responsible for the first work on profile analysis.
His analysis involved fitting second order orthogonal polynomials to repeated measure-
ments of bacon pigs. A separate analysis of variance was conducted for the estimated
linear and quadratic orthogonal polynomial coeflicients. Rowell and Walters (1976) [122]
followed this approach but considered higher order polynomials as well. Box (1950) [13]
used an analysis of variance approach based on differences and discussed a multivariate
analysis of variance, taking initial measurements as covariates. Leech and Healy (1959)
[77] also extended Wishart’s (1938) [161] approach, focusing on growth rates. They took
differences and also suggested using the initial measurement as a covariate.

Rao (1959) [112] used a multivariate model, where the mean growth curve for a sin-
gle group of units is modelled as a polynomial. Coeflicients are estimated by weighted
least squares, and a model test of fit and confidence intervals are derived. Elston and
Grizzle (1962) [37] considered three models, one of which is Rao’s multivariate model.
Another model, a mixed model where the coefficients of individual polynomials follow
independent Normal distributions, is modified by Elston (1964) {36] to allow correlated
coeflicients, resulting in a centrosymmetric (Aitken (1956) [2] (p. 124)) covariance ma-
trix. An alternative to polynomial growth curve models recommended by Hills (1968)
[67] is to use repeated differences.

Potthoff and Roy (1964) [108] introduced a generalized multivariate linear model
(GMANOVA or growth curve model) which allows simultaneous modelling of the profile
with complex experimental designs. Their analysis however, depended on an arbitrary
matrix. Rao (1965, 1966, 1967) [113, 114, 115] removed this arbitrary nature by stating
that the correct approach is to base inferences on a conditional model. The condi-
tional model is used by Khatri (1966) [63] who derives the explicit maximum likelihood
estimates as well as test procedures and confidence intervals.

Grizzle and Allen (1969) [51] presented some distributional results and discussed the
problem of loss of efficiency in estimation when a large number of covariates must be

used in the conditional approach. Removal of covariates on the basis of low correlations



introduces non-unique inferences; Verbyla (1986) [146] showed that the only way to
overcome this is to model the covariance structure. Lee (1974) [76] and Baksalary,
Corsten and Kala (1978) [7] also discussed the relationship between the conditional
approach and that of Potthoff and Roy (1964) [108]. Fujikoshi and Rao (1991) [47]
discussed two types of formulation for testing hypotheses of redundancy for a given set
of conditioning covariables; unfortunately in practice the analyst must decide which set
to use.

Sugiura and Kubokawa (1988) [139] considered estimation of growth curve models
with a common matrix of unknown mean parameters, but differing covariance matrices
for two-sample and k-sample cases. A two-stage estimation procedure for the parameters
in the growth curve model is given in Kubokawa (1989) [68] such that the covariance
matrix is bounded above by a preassigned matrix, and a fixed-width confidence region
is proposed. Kubokawa, Saleh and Morita (1992) [69] consider estimating the mean
parameter matrix under a set of quadratic loss functions.

Lee (1991) [75] focuses on the selection of models for the growth curve model with
regard to the covariance matrix. Likelihood ratio tests and selection procedures based
on sample reuse as well as predictions are developed. The influence or effect of delet-
ing measurements on growth curve estimates is studied in Liski (1991) [88], and a pro-
posed measure for detecting influential versus non-influential measurements is discussed.
Von Rosen (1991) [154] derived the moments of the maximum likelihood estimators of
GMANOVA.

Zezula (1993) [170] examines a growth curve model where the experimental units
are not necessarily independent. The covariance structure considered follows a simpler
form than the kronecker product of two unknown matrices that arises because of the
possible between-unit dependency. An estimate of the value of a parametric function
of the vector of covariance components is derived. If the between individual covariance
structure is completely unknown then a uniformly best estimator of the corresponding

variance matrix is given.



Reinsel (1982) [116] extended the GMANOVA of Potthoff and Roy (1964) [108] to
a multivariate random effects regression model. Estimation of an individual’s random
coeflicients and prediction of future responses given values of previous responses for that
individual is considered in Reinsel (1984) {117] in the multivariate context. Chinchilli
and Carter (1984) [23] derive a likelihood ratio test for the patterned covariance matrix
considered in Reinsel (1982) [116)].

Generalizations which permit missing data have been considered by Kleinbaum
(1973) [64], Srivastava and McDonald (1974) [132] (nested patterns of missing data),
Woolson, Leeper and Clarke (1978) [164] and Woolson and Leeper (1980) [163]. Sri-
vastava (1985) [133] explicitly derived likelihood ratio tests for Kleinbaum'’s (1973) [64]
growth curve problem. Jennrich and Schluchter (1986) [59] also considered the analysis
of unbalanced or incomplete repeated-measures. The problem of computing maximum
likelihood estimates under a very general model for expected responses and arbitrary
structural models for the within-subject covariances was examined. Tsai and Koziol
(1988) [143] presented an alternative to Srivastava (1985) [133], and provided score and
Wald test analogues to his likelihood ratio tests. Score and Wald test analogues to
Jennrich and Schluchter’s (1986) [59] likelihood ratio tests are given by Tsai and Koziol
(1993) [144]. Four consistent estimators of the covariance matrix for missing data are
constructed by Mensah, Elswick and Chinchilli (1993) [93] using the fact that the un-
derlying model is GMANOVA. Comparisons are made with Kleinbaum’s (1973) [64]
estimator where the underlying GMANOVA model has not been used. Park, Lee and
Woolson (1993) [106] develop a test procedure for distinguishing whether the missing
data mechanism is missing completely at random (MCAR) or missing at random (MAR,
see Rubin (1976) [124]) for incomplete Normally distributed data.

An extension to the growth curve or profile model, termed the sum of profiles model,
was proposed by Verbyla and Venables (1988) [151]. Rather than modelling the treat-
ment effects so that they all follow the same form (e.g. polynomials of same degree), the

sum of profiles model permit different functional forms or profiles. The sum of profiles



model is equivalent to the analysis of Evans and Roberts (1979) [38] who modelled the
treatments marginally, but only for orthogonal contrasts and complete data. Von Rosen
(1989, 1990) [152, 153] extended the GMANOVA to a multivariate linear model. The
extension has a sum of profiles type mean structure but involves a nesting structure of
the profile design matrices. Verbyla and Cullis (1990) [149] combine the sum of profiles
model and modelling the covariance matrix. The ability to handle incomplete data is
demonstrated and estimation is based on residual maximum likelihood (REML).

REML was introduced by Patterson and Thompson (1971) [107] for unbalanced
incomplete block designs. REML partitions the likelihood function into two parts, a
marginal likelihood which is free of fixed effects and a conditional likelihood which
depends on the fixed effects. Under REML, the marginal likelihood is used to estimate
the covariance parameters. This contrasts with ML where the covariance parameters
are estimated using the full likelihood; this makes no allowance for the loss in degrees
of freedom in estimating the fixed effects. To find estimates of the fixed effects we
use the conditional likelihood. Harville (1977) [55] described the properties of ML and
REML along with their strengths and deficiencies; see also Cooper and Thompson (1977)
[25]. Verbyla (1990) [148] presented an alternative derivation of the likelihood to that
of Harville (1974) [53] and Cooper and Thompson (1977) [25], resulting in a useful
formulation of residual maximum likelihood.

A number of articles have appeared recently that use REML in conjunction with
longitudinal data. A discussion on how various linear patterned covariance structures
affect the estimated variance of mean parameters estimated for balanced longitudinal
data was presented by Lange and Laird (1989) [72] for a family of models. Log-likelihood
functions for the models considered, are given under maximum likelihood and REML
for the variance parameters. Explicit relations between these estimators from models
within the family are derived. A modified version of REML was applied by Lundbye-
Christensen (1991) [89] to a multivariate growth curve model for pregnancy. An exten-

sion of the stochastic differential equations of Sandland and McGilchrist (1979) [125)



to model growth data for designed experiments was given in Cullis and McGilchrist
(1990) [27]. Parameters are estimated by REML, and extensions to incomplete data are
presented.

Laird and Ware (1982) [71] considered a family of two-stage models (based on
Harville (1977) [55]) for longitudinal data, examining both maximum likelihood and
Bayes estimation. The Bayesian approach was considered by Harville (1974, 1976)
[53, 54] and Dempster, Rubin and Tsutakawa (1981) [32], and the Bayesian formulation
of the models yields REML estimates of the variance parameters.

Chi and Reinsel (1989) [22] consider linear models that contain both random ef-
fects across units and auto-correlated within-unit errors. Such models accommodate
unbalanced longitudinal data. Autocorrelation is tested by a score test and Empirical
Bayes estimation is used to estimate the random effects. Lindstrom and Bates (1988,
1990) (83, 84] considered linear and nonlinear mixed effects models respectively for lon-
gitudinal data and discussed computational procedures for estimating parameters under
maximum likelihood and REML. Follmann (1992) [45] examines mixed effects models
for growth curves with restrictions on the random parameters. Cullis and Verbyla (1992)
[28] consider non-linear and time dependent covariates, while Verbyla and Cullis (1992)
[150] extend work to allow for random components arising from sampling or spatial

correlations as in field experiments. REML estimation is used in both articles.

1.1.2 Analysis of Non-Gaussian Longitudinal Data

There have been two major and distinct lines of development for modelling longitudinal
data with a categorical response. The first and earliest is reviewed by Koch et al.
(1977) [66]. This approach is applied to complete split-plot design data and longitudinal
analysis of variance designs and is an extension of the modelling of the multivariate
categorical responses described by Grizzle et al. (1969) [52].

Suppose that there are d conditions under which the categorical response (c cate-

gories) variable is measured. The d conditions are usually the time points at which



observations are taken. Then r = ¢? represents the number of possible multivariate
response profiles. Similarly it is presumed that we have s subpopulations or treatments
and the data may be summarized by an s X r contingency table. The joint probability of
the frequencies is the product multinomial model. Standard likelihood methods would
require specification of the multivariate distribution of the response profiles, but Koch
et al. (1977) [66] argued that inferences on covariate and marginal time effects may be
based on first-order marginal distributions of the profiles. Differentiable functions of
the marginal probabilities are modelled as linear models of covariates of interest and
parameters are estimated by weighted least squares. A consistent estimator of the co-
variance matrix for large samples is given and an asymptotic goodness-of-fit test and
tests of linear contrasts of parameters are provided.

Koch et al. (1972) [65] extended the general linear approach of Grizzle et al. (1969)
[52] for categorical data analysis to incomplete response data. Other authors who apply
Grizzle et al. (1969) [52] methods for correlated categorical data include Woolson and
Clarke (1984) [162], where modifications are made allowing incomplete response data by
adding additional outcome categories designating survey-specific missing data. A test of
the missing data mechanism for repeated categorical data incorporated into the Grizzle
et al. (1969) [52] method is given by Park and Davis (1993) [105].

Beitler and Landis (1985) (8] applied a two-way analysis of variance model for multi-
nomial responses. The variance components are estimated by a reduction sum of squares
method giving an estimate of the covariance matrix of the observed response propor-
tions. The covariance matrix is then inserted into the weighted least squares equations
of Grizzle et al. (1969) [52] to obtain estimates of the treatment effect parameters. The
Grizzle et al. (1969) [52] linear model is also expanded in Bonett, Woodward and Bentler
(1985) [12] to include standard log-linear models and a class of Poisson distributions.
Model parameters are estimated by weighted least squares under exact and stochastic
constraints.

Stanish, Gillings and Koch (1978) [135] use a ratio estimation procedure for longi-



tudinal categorical data, which is an extension of Koch et al. (1977) [66]. Stanek and
Diehl (1988) [134] use the methods of Koch et al. (1977) [66], but consider the situation
where the number of repeated measures is too large to permit modelling all the marginal
response functions. A class of growth-curve models are developed for binary data which
characterize the marginal response pattern within each response subpopulation by a
subset of significant effects from the full set of polynomials. Estimation of the param-
eters is carried out using weighted least squares. Lipsitz, Laird and Harrington (1990)
[85] discuss the finding of the design matrix for a marginal homogeneity model applied
to repeated categorical data. Estimation of the parameters of the marginal homogeneity
linear model follows the weighted least squares framework of Koch et al. (1977) [66].

The second major method for modelling longitudinal categorical data is the Gener-
alized Estimating Equation (GEE) method, which can be thought of as an extension of
quasi-likelihood theory for longitudinal data.

The quasi-likelihood method was proposed by Wedderburn (1974) [158] for estima-
tion of the parameters in regression models, when a fully specified likelihood is not
assumed because of insufficient information. For each observation, the mean and vari-
ance however is presumed to follow a particular relationship. If the unknown underlying
distribution is a member of the exponential family the quasi-likelihood estimate max-
imizes the likelihood and so full asymptotic efficiency occurs. There is some loss of
efficiency for more general models (Firth (1987) [41]).

Nelder and Pregibon (1987) [100] introduced the extended quasi-likelihood to permit
formal comparison of models having different variance functions or dispersion param-
eters. As in the case of quasi-likelihood, the extended quasi-likelihood assumes infor-
mation is available on the first two moments. Another important feature of extended
quasi-likelihood is the possibility of modelling the dispersion parameter as a function of
covariates of interest. Nelder and Lee (1992) [99] compared the maximum likelihood,
extended quasi-likelihood and pseudolikelihood (see e.g. Carroll and Ruppert (1982) [20]
or Davidian and Carroll (1987) [31]) estimators under three models. The finite sampling



properties of the estimator of the dispersion parameter for the three methods is explored
by simulation. The maximum extended quasi-likelihood estimator frequently had lower
mean square error than the other methods in this simulation study.

Zeger, Liang and Self (1985) [169] applied extensions to logistic regression models
for longitudinal binary data and discussed an estimating equation approach. Liang and
Zeger (1986) [81] presented an extension of generalized linear models for the analysis of
longitudinal data. Their primary concern is modelling the dependence of the marginal
distribution on covariates of interest. The dependencies among repeated measurements
over time are treated as nuisance parameters. The marginal distribution is presumed
to follow a generalized linear model and a ‘working’ correlation matrix is used. A set
of generalized estimating equations lead to consistent estimates of the mean parameters
even if the ‘working’ covariance matrix is incorrectly specified. A consistent estimate
of the covariance matrix (even under incorrect specification of the ‘working’ correlation
matrix) of the estimates of the regression parameters is presented. Under certain regu-
larity conditions and correct specification of the mean relationship, the solution of the
generalized estimating equations is asymptotic multivariate Normal, with the true pa-
rameter vector as the mean and an estimable covariance matrix. A number of possible
‘working’ correlation matrices are presented.

Zeger and Liang (1986) [167] extended the work of Liang and Zeger (1986) [81],
the marginal distribution not being specified, but the first and second moments are
presumed to follow a particular relationship. This is essentially an extension of quasi-
likelihood for discrete and continuous longitudinal data. The estimating equations are
referred to as generalized estimating equations (GEE) and the basic results of Liang and
Zeger (1986) [81] apply.

An alternative method of estimation by maximum likelihood was proposed by Avery,
Hansen and Hotz (1983) [6] for fitting multivariate probit models to longitudinal binary
data. The class of estimators is termed orthogonality condition estimators and is closely

related to those developed by Liang and Zeger (1986) [81]. Binder (1983) [9] addressed



the problem of finding asymptotic sampling variance estimators for finite population
regression parameters in complex survey data for the class of generalized linear models.
The asymptotic variance matrix obtained for the estimators is also the variance estimator
described by Liang and Zeger (1986) [81].

A number of articles have appeared that consider random effects models for discrete
longitudinal data. Stiratelli et al. (1984) [136] described a mixed-effects model for the
analysis of clustered or longitudinal data, which is analogous to the Normal case dis-
cussed in Laird and Ware (1982) [71]. A subset of this model is the two-step model
of Korn and Whittemore (1979) [67]. Zeger, Liang and Albert (1988) [168] considered
two extensions of the generalized linear model. The first is subject-specific models for
which heterogeneity is explicitly modelled, and the second is population-averaged mod-
els which describe the average response over subjects within a population. Comparisons
are made between the subject-specific models and the population-averaged models for
a mixed effects form and interpretation of the regression parameters for both models
is discussed. GEE is used to fit both classes of models for discrete and continuous
responses.

A comparison of the mixed Poisson-gamma method proposed by Thall (1988) [141]
with Zeger and Liang’s (1986) [167) GEE method for longitudinal interval count data
was undertaken by Stukel (1993) [138]. The two methods produced similar standard
errors in the examples considered except in the case of time-dependent covariates and
non-Poisson-gamma data, where not surprisingly Thall’s method was distinctly inferior.

Wei and Stram (1988) [159] modelled marginal distributions of discrete and contin-
uous responses observed over equal time intervals by a quasi-likelihood function with
covariates that may be time-dependent. The dependency among repeated measures is
not represented by any parametric model and missing data under certain conditions
are allowed. The solutions of the time-specific quasi-likelihood equations yield mean
parameter estimates that are asymptotically multivariate Normal with estimable vari-

ance matrix. Multiple testing procedures for examining covariate effects over time are

10



given. Stram, Wei and Ware (1988) [137] described a method for comparing two groups
of subjects with an ordered categorical response variable. Time-dependent covariates
are considered. This is a special case of the method used by Wei and Stram (1988)
[159] and the GEE approach of Liang and Zeger (1986) [81]. Separate ordinal regression
models for the marginal probabilities are fitted at each time point. Tests of hypotheses
of differences in the marginal distribution of the responses between groups are discussed.

Damaraju (1993) [29] considers the Stram, Wei and Ware (1988) [137] semi-parametric
approach (time-specific proportional odds models) but allows for non-proportional odds
at each time point. In this case the covariate effects vary across the categories of the
ordinal response variable.

Ware, Lipsitz and Speizer (1988) [157] reviewed the marginal models of Koch et al.
(1977) [66], Liang and Zeger (1986) (81] and Stram, Wei and Ware (1988) [137] and
discussed the relative strengths of these approaches. Connections are made between
these three approaches in the discussion by Zeger (1988) [166]. Agresti (1989) [1] also
reviewed marginal models for repeated observations on categorical response variables
including the multinomial model of Koch et al. (1977) [66] and the GEE approach of
Liang and Zeger (1986) [81].

Lefkopoulou, Moore and Ryan (1989) (78], Laor and Cohen (1992) [73] and Cologne
et al. (1993) [24] applied GEE to specific data problems. Generalized Wald and score test
statistics are described by Rotnitzky and Jewell (1990) [121] for the regression parame-
ters of the GEE for cluster correlated data. Lefkopoulou and Ryan (1993) [79] derive a
class of quasi-likelihood score tests for multiple binary outcomes. Special cases of this
class are shown to correspond to tests proposed by other authors. Extensions to allow
for clustered data are discussed and the multivariate models examined in Lefkopoulou,
Moore and Ryan (1989) [78] are considered. Clustered outcomes and the GEE approach
are also examined by Catalano and Ryan (1992) [21].

The work by Miller and Landis (1991) [95], who considered generalized variance

component models for clustered categorical responses, is adapted by Von Tress (1993)
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[155] to longitudinal data with polytomous responses. Each response has a multinomial
distribution, and estimation is by GEE. An identity link is considered. Miller, Davis
and Landis (1993) [94] also extend the GEE approach to polytomous response variables.
Under certain assumptions, the GEE’s are shown to reduce to the weighted least squares
equations discussed in Koch et al. (1977) [66)].

Thall and Vail (1990) [142] described an extension of the GEE for longitudinal count
data which provides for estimation and inference on the covariate effects on the mean,
and for the variance and covariance parameters. Random subject and time effects
are incorporated, leading to a class of covariance models. These covariance models
can characterize heteroscedasticity, over-dispersion and dependency among repeated
observations. Parameters are estimated by alternating between the GEE for the mean
parameters and a set of moment equations for subject and time variance components.
The combined estimates of mean and variance parameters is shown to be consistent and
asymptotically Normal.

Carr and Chi (1992) [19] described analysis of variance type models for longitudinal
data, and if the data is complete, then under these models the solutions to the GEE are
simplified and of closed-form. Hypothesis testing is also discussed. Smith and Hadgu
(1992) [130] used the GEE approach to obtain estimates of sensitivity and specificity
when the data consists of correlated binary responses. Lipsitz, Laird and Harrington
(1992) [87] considered a three-stage generalized least squares method for longitudinal
binary data, which is similar to the methods of Ware (1985) [156] and Jennrich and
Schluchter (1986) [59]. The estimates are asymptotically equivalent to the estimates
obtained from GEE. O’Hara Hines and Lawless (1993) [102] examine robust asymptotic
covariance matrix estimators for the regression parameters in toxicological mortality
data grouped over time. These estimators are similar to those discussed in Liang and
Zeger (1986) [81] and Zeger and Liang (1986) [167]. Wypij, Pugh and Ware (1993) [165)
discuss the use of regression splines and GEE in the modelling of pulmonary function

growth.

12



Prentice (1988) [109] outlined many of the important approaches in modelling cor-
related binary data with a corresponding vector of covariates at each outcome time.
Extensions of the GEE are also proposed which allow joint inference on the regression
parameters and pairwise correlations among observations. Lipsitz, Laird and Harrington
(1991) [86] suggested using the odds ratio as an alternative to the pairwise correlation
as a measure of association. The estimating equations of Prentice (1988) [109] are modi-
fied appropriately. Paik (1992) [104] considered an extension of the GEE that allows for
heterogeneity of the dispersion parameter. This is equivalent to the ertension considered
in chapter 6 and which was derived independently (Ricci and Verbyla (1991) [118]).

A family of multivariate models that are parameterized in terms of marginal means
and pairwise correlations was proposed by Zhao and Prentice (1990) [171] for corre-
lated binary data. Score equations and Fisher’s Information matrix are simplified by
expressing the models in terms of convenient underlying parameters. When the number
of responses is small, estimation by maximum likelihood is proposed for a special case
of the multivariate model. Specifying a ‘working’ covariance matrix instead leads to
a system of generalized estimating equations and solutions related to Liang and Zeger
(1986) [81]. Consistency and the asymptotic distribution of the estimators are shown
informally. Prentice and Zhao (1991) [110] extended the arguments of Zhao and Prentice
(1990) [171] to the more general case of multivariate discrete and continuous responses.
The models discussed in Darlington and Farewell (1992) [30] are a special case of the
formulation given in Prentice (1988) [109] and Zhao and Prentice (1990) [171] but allow
direct likelihood based inference procedures in contrast to the use of GEE. Zhao, Pren-
tice and Self (1992) [172] noted that the GEE arises as maximum likelihood equations
under any special case of the multivariate model introduced in Zhao and Prentice (1990)
[171]. Related to the pseudo-maximum likelihood approach of Zhao and Prentice (1990)
[171], Fitzmaurice and Laird (1993) [43] considered analysis of correlation binary re-
sponses but the associations between responses are modelled in terms of log-odds ratios,

rather than correlations.
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An interesting review of analytical methods for regression models for longitudinal
categorical data is presented by Fitzmaurice, Laird and Rotnitzky (1993) [44]. Com-
parisons are made between likelihood-based approaches and the GEE approach. Useful
discussions follow, by a number of authors including Zeger, Liang, Prentice and McCul-
lagh.

Liang, Zeger and Qaqish (1992) [82] discussed a class of models for the marginal
expectations of each response and for pairwise association. The marginal models are
compared with log-linear models and pairwise association is in terms of the odds ra-
tio. Two GEE approaches are compared for parameter estimation. The first approach
focuses on the regression parameter as in Liang and Zeger (1986) [81], Prentice (1988)
[109] and Lipsitz, Laird and Harrington (1991) [86] and is referred to as GEEL. The
second approach simultaneously estimates the regression and association parameters, is
referred to as GEE2 and was introduced in Zhao and Prentice (1990) [171]. Qaqish and
Liang (1992) [111] considered a model for correlated binary data where the marginal
probabilities and odds ratios may have regression structures that include multiple classes
and multiple levels of nesting. Estimation is based on the second-order generalized es-
timating equations GEE2.

An alternative to GEE1 for multivariate binary data is presented in Carey, Zeger
and Diggle (1993) [18]. The association amongst random variables in terms of the odds
ratios is of interest. The algorithm presented alternates iteratively between a GEE for
the mean parameters under a logistic regression model and a logistic regression of each
response on others from the same cluster. An offset is applied to update the pairwise
odds ratio.

REML estimation has been proposed by a number of authors for generalized lin-
ear mixed models. Breslow and Clayton (1993) [15] approximate the marginal quasi-
likelihood method by Laplace’s method. The penalized quasi-likelihood approach leads
to estimating equations for the mean parameter vector. Approximations using Normal

theory REML results for the estimation of variance components are applied in an ad
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hoc manner, yielding a set of estimating equations for the variance parameters. Drum

and McCullagh (1993) [33] adapt REML to certain logistic regression models.

1.2 An Outline of the Thesis

This thesis considers methods for Normal and non-Normal data in the analysis of re-
peated measures. Natural extensions of Normal theory methods to the non-Normal case
can lead to a simple and flexible approach in the modelling of such data.

An overview of the theory of residual maximum likelihood (REML) is presented in
chapter 2. The profile model (growth curve model) of Potthoff and Roy (1964) [108]
is introduced. The profile model is represented in canonical form and the maximum
likelihood (ML) estimator of the mean matrix is derived. The extension of the profile
model to a sum of profiles model is also considered.

Two versions of REML are considered for the profile model in chapter 3 (Ricci,
Verbyla and Venables (1994) [120]). Estimation of the variance parameters of the profile
model covariance matrix is presented for both versions of REML and ML. It is then
shown that the two versions of REML provide more realistic estimators of the covariance
matrix of the estimated mean parameters relative to ML. The reduction in bias for
REML compared to ML for the standard errors becomes evident. It is demonstrated
that for a number of examples considered, the estimates of the mean parameters for
all three methods are either identical or very close. REML’s importance in the profile
context is in providing more realistic standard errors.

Chapter 4 extends the growth curve strategy of Stanek and Diehl (1988) [134] (itself
based on work of Koch et al. (1977) [66]) for binary repeated data (Ricci and Verbyla
(1991) [119]). This extension is analogous to the sum of profiles model allowing different
linear models for different groups. Marginal functions of interest for response proportions
are modelled in terms of polynomial matrices. The case of incomplete data is also
discussed.

An overview of quasi-likelihood equations is presented in chapter 5. The extended
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quasi-likelihood equations are also discussed which may permit modelling the disper-
sion parameter (as defined for generalized linear models) as a function of covariates of
interest. A multivariate extension for the univariate dispersion case is derived in chap-
ter 6. The extension of the quasi-likelihood equations to the GEE approach proposed
by Liang and Zeger (1986) [81] and Zeger and Liang (1986) [167] is also discussed. A
second order extension of the GEE is discussed which adds a second set of GEE for
the correlation or odds ratio parameters. Finally a set of estimating equations obtained
from a class of quadratic models for the mean and covariance parameters as proposed by
Zhao and Prentice (1990) [171] and Prentice and Zhao (1991) [110] is briefly discussed.
A number of ‘working’ covariance matrices are presented here which can be used with
the estimating equations of the quadratic models leading to the second order GEE.

In chapter 6 we consider occasion-specific parameters for the mean and the disper-
sion in a GEE context (Ricci and Verbyla (1991) [118]). Stram, Wei and Ware (1988)
[137] modelled occasion-specific parameters for the mean, but estimated the parameters
separately at each time point. Zeger (1988) [166] commented that this is a solution
to the GEE when we let the coefficients vary in time and use an identity (indepen-
dence) working correlation matrix. How the occasion-specific regression parameters can
be written in a form that allows missing values is discussed. Estimation of the mean
parameters is considered with non-independent working correlation matrices. The mean
model can be written in a form analogous to the sum of profiles model.

The dispersion parameters (which may also be occasion-specific) in terms of covari-
ates of interest are modelled and another set of GEE for estimation of the covariate
parameters is developed. The dispersion covariate parameters may be estimated with
the mean parameters by either two separate sets of GEE or in a combined GEE for all
parameters. Covariance or correlation parameters may also be estimated in their own
GEE or as part of a combined GEE. Discussion of estimation by separate GEE (GEE1)
or combined GEE (GEE2) is given in chapter 5. An outline of the asymptotic covari-

ance matrix for the parameter estimates is presented in chapter 6. As acknowledged
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earlier, Paik (1992) [104] independently considered dispersion models with GEE1 (but
not GEE2).

Measures of the goodness of fit of a model are discussed in chapter 6.

Three examples are considered in chapter 7 for parameter estimation by the GEE
approach. The first example involves occasion-specific parameters. Modelling the dis-
persion parameter in terms of covariates of interest is considered in two of the examples.
Difficulties in estimation by GEE2 become apparent in the three examples. The positive
and negative aspects of GEEl, GEE2 and moment estimation are discussed.

Chapter 8 proposes a series of nested kronecker product correlation structures for
dental data for 117 rats. The GEE approach provides a natural and straightforward
method for analysis of this data set. Tests of the validity of the correlation structures

are given. A mixed effects model is also applied.
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Chapter 2

REML and the Profile Model

2.1 Introduction

In this chapter the philosophy and theory of residual maximum likelihood (REML) is
introduced. REML attempts to redress the bias nature of standard maximum likelihood
(ML) techniques with respect to estimating the variance parameters.

The profile model or growth curve model is also introduced for repeated measure-
ment data. This model has been extensively examined in the literature. A canonical
representation of the profile model is considered and the maximum likelihood estimator
of the mean parameters is derived. An extension of the profile model, titled the sum of

profiles model is briefly described.

2.2 REML and the General Linear Model

In this section the methodology of Verbyla (1990) [148] is used to derive the REML

estimators for the general linear model,
y=XB+e (2.1)

where y is an n x 1 vector of responses, X is an n X p design matrix and is assumed to be

of full column rank, and € is the random error vector which is distributed as N(0, o%12).
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The matrix £2 is assumed to be positive definite and is completely specified by an r x 1
parameter vector v, r < p; if necessary we write £2(5). We require estimates of 3, o2
and ~.

The following lemma will be required:

Lemma 2.1 Let M?*? and N?*P~9 be matrices of full column rank q and p — q re-

spectively, such that M'N = 0. Then if £2 is a symmetric positive definite matriz,

Q7' = Q7 'M(M'Q M) M'Q7 + N(N'Q2N)™'N',

Proof: See Khatri (1966) [63].
We derive a canonical form for the general linear model (2.1). Let L = [L}*? L3*"~7)],

where L is of full column rank, and satisfies
L' X =I°" and L3 X =0. (2.2)

A convenient choice for L, is X(X'X)™". If we let y, = L'y and y, = L7y, then the
transformed matrix is distributed as

NN( '8:|,0'2 ) (2.3)
0

If ¥, = L' 2L,, the marginal distribution is

L'.2L, L' N2L,
L',2L, L';82L,

Felly, — Y1

Y2

y, ~ N(O, 0222),

which does not depend on 8.

The conditional distribution,

y1|y2 ~ N(IB + By, 0'221) (2.4)

where

B = (L' 2L,)(L'2L,)"
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and

2 = (I'QL,) - (L'RL,)(L.2L,)* (L' 2L,)
= (XIQ—IX)—I

contains all the information on 3. Thus y, acts as a covariate in (2.4) in the estimation

of 3.
If £2 is assumed given, then B is known and By, acts as an offset in (2.4). Sub-

tracting By, from y, then leads to the simple maximum likelihood estimator of 3,

B

[y, — Bys]
= LI - RL,(L,N2L,)" L]y
= (X' X)) X'y (2.5)

where we have applied Lemma 2.1 and the maximum likelihood estimator is the gener-
alized least squares estimator as expected.

The log-likelihood function for the marginal distribution of y, is

L(c? ~; y,) = const — 2(n — p)logo? - slog{det (L £2L,)}

—57(y' La(L,2L,) " Ly) (2.6)

where det (L’ $2L,) is the determinant of L/ §2L,. The log-likelihood £(0?, 7; y,) is the
log-likelihood of the contrasts with zero mean, that is the error contrasts. Information
on the error parameters is concentrated solely in the marginal distribution of y,. This
can be seen by noting that the size of the vector y, for the conditional distribution of
¥, given ¥y, is equal to the size of the parameter vector 3.

Since
L(B, 0% ~; L'y) = L(B; y.|y.)L(o?, ~; vya) (2.7)

then equating the determinants on the left and right side of (2.7) gives
det (L'2L) = det (X'2- X ) det (L' R2L,)
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and by properties of determinants
det (L' 2L,) = det (L'L) det (§2) det (X'£27* X). (2.8)
Hence we can then write (2.6) as

L(c*, ~; y;) = const— %(n —p)logo® — %log{det (£2)}

!/
~Slog{det (X' 27 X)} ~ ¥ Py (2.9)

202

where we have used (2.8) and
P=L,(L'0L,)"L =2 — 2 X(X'Q" X)" X'
by Lemma 2.1. The adjustment to the full log-likelihood is the term
log{det (X'27* X)}/2.

This is the log-likelihood as given by Harville (1974) [53] and Cooper and Thompson
(1977) [25]. Harville (1974) [53] transforms the n x 1 response vector y to the p x 1
estimator 3 = (X'27' X)) X'27'y and to a set of n — p linear functions with zero
means, corresponding to L’y above. The likelihood is derived by the independence of
these sets of linear functions. However the transformation used is dependent on §2.

Estimates of the variance parameters ¢ and ~4 are obtained by maximizing the

log-likelihood £(o?, ~; y,), that is solving the score equations,

0L(*, v; Y,) (n—p)  y'Py
do? T 202 + 204 &=10)
9L (%, ~; y,) 1 08 1 082 .
= ——t P ’P = . .
071- 5 r (?7, + 202!/ 8’)’1 Pya [ 1, y Ty (2 11)

where (2.10) is derived from (2.9) and (2.11) is algebraically easier to derive from (2.6).
Equation (2.10) yields the REML estimator for o2,

!/
.2 _ Y Py
Gp = et (2.12)
Using the result
oP o0
= _P_
i oy



the second order derivatives are

0L(c* v y,) _ (n—p) y'Py

0c200? h 204 o® (2.13)
OL(d%, v; ¥2) 1,00
0a20; = TonY P Oi Py
and
OL(a?%, ~; y,) 1 0 _ 0N I 0N

= - —_ P — —t . .

9707 o' Pé’“ﬁpam 2" Pawam (2.14)

1, 002 08 1, 0'
Y P%Pa—mpy g 2527 Payja’yipy'

A number of results are required to evaluate the expectations of the above second

order derivatives.

(a) If D is a symmetric matrix then E(y’Dy) = tr(X¥'D) + p'Dp, where E(y) = p
and var(y) = X, and

(b) PRP = P.

Fisher’s Information matrix for (¢, 4')’, represented as @ say, from the marginal

likelihood of y, has components,

o Vi i
L(mp) L (L0 1 (02
7 2014 202 tr (P 07; 202 (| 5 0v;
L a2\ 1 an _on
1 89}2
- —tr P—
"\ 2 ({ o, )/

Estimation of 6% and <+ from (2.10) and (2.11) can be obtained by Fisher’s method of
scoring. Since an explicit estimate (2.12) of o? is available, we can use (2.12) and the

part of the iterative procedure that is used in estimating «,
Yo =Y + I Uiy, (kth iteration), (2.15)

where I' is the submatrix formed from the bottom r rows of the inverse of @ and U is

the score vector of .
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2.3 The Profile Model

Potthoff and Roy (1964) [108] introduced a generalized multivariate linear model referred
to here as the profile model. The profile model is also referred to as the growth curve
model or GMANOVA. As the profile model can be applied to situations other than
growth curve problems, we prefer to use the more general title, due to Morrison (1967)
[97].

Suppose p measurements of a response variable of interest are taken for each of n
individuals or experimental units. The measurements may be taken over p time points or
under p different conditions. For each individual, a ¢ x 1, (¢ < p), vector of explanatory
variables or covariates, m;, are measured at each time point. We assume that the

response at the j** time point, of the i** individual, Yij, has mean
E(yi;) = mi8.

The vector 87%! is a vector of unknown regression parameters. Consequently
E(y:) = M6

where ¥; = [yi1, Yizy---, Yip) and M = [m,, m,,..., m,]".

Each individual y; is assumed to be distributed as
yvi~ N(M0O, 02), (2.16)

where 277 is an unknown covariance matrix. We will consider the case of £ fully
parameterized as well as two parsimonious parametric forms. The linear model (2.16)
can be thought of as a ‘within individual model’.

If the individuals are randomly allocated to m groups or treatments then the model

for the entire sample is

Y ~N(XOM', I, ® R2), (2.17)

where the rows of Y™*? correspond to the experimental units, and X"™*™ is a fixed design

matrix specifying the treatment structure ‘across individuals’. Model (2.17) permits

23



expectations to vary from group to group (defined for example by several factors), with
the rows of @™*? representing the regression parameters for different treatment groups.
Model (2.17) however restricts the means between groups to have the same profile design
dimension and form, for example polynomial models with equal degrees. The matrices

X and M are assumed to be of full column rank.

2.4 The Canonical Form

The canonical form introduced in §2.2 can be easily extended for the profile model. Let

Q., Q., L, and L, be matrices of full column rank such that
MQ =1, MQ.=0 LX=1I,, and L.X =0. (2.18)

and Q = [Q,”? Q,”*""9] and L = [L,"™ L,"*"~™)] are non-singular. A convenient
choice for L, is X(X’'X)™* and L, can be chosen to have orthonormal columns, satis-
fying L,L, = I — Px where Px = X(X'X)"'X' . IfY,, = L'YQ,, Y., = L'YQ,,
Y., = L)YQ, and Y, = LY Q. denote the components of the non-singular transfor-
mation of Y, L'Y Q, we have the canonical form (similar to Gleser and Olkin (1970)

[48])

Y., Y, © 0 (X'X)* o
L'yQ = ~ N , RQNQ| ,
Y., Y. 0 0 0 I
Y,.|Yi. ~ NO+Y.B, ( X'X)*'Q(M'QM)™),
Y.|Yea ~ N(Y..B, I,_,Q(M'27*M)™"), (2.19)
Y. ~ N( s ( )_1 ®Q;an)a
},25 et N(O, In m & Q ‘QQz)
where

=(Q.2Q.)'Q.NQ,.
If §2 is fully parameterized, the new parameters B, (M'27* M )™ and Q/£2Q, are a
one to one mapping of the p(p + 1)/2 parameters of §2.
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2.5 Fully Parameterized Covariance Matrix

Using the canonical form (2.19), estimation of @ is based on the conditional distribution
of Y, given Y,,, analogous to estimating B from the conditional distribution of y, given

Y, in §2.2. Assuming §2 is known, then as occurred for 3 in (2.5), Y,,B is completely

known and can be used as an offset. The ML estimator is

A

® =Y,—-Y.B
— LZY(I - Qz(Q;QQz)—IQIgn)Ql

Using Lemma 2.1 and (2.18), the ML estimator of @ reduces to

O=X'X)" XY 'M(MQM)™! (2.20)
with covariance matrix
var(@|Y,;) = var(Y,,|Y.,) = (X' X)' @ (M'$27* M), (2.21)

The actual choice of Q,, Q., L, and L, when §2 is known is not important. The
resulting estimator (2.20) and covariance matrix (2.21) are invariant to the choice of Q
and L. However knowledge of §2 can provide simplifications in the estimation of @. If
Q. is chosen such that Q! 2Q, = 0, for example Q, = 27*M(M'2*M)~*, then Y,,
and Y, are independent and inferences on & are based on the marginal distribution of
Y.

In practice §2 is generally unknown. In this situation Potthoff and Roy (1964) [108]
proposed taking Q, = G*M(M'G™* M )™, where G is an arbitrary non-singular non-
stochastic matrix. Inferences are then based on the marginal distribution of Y Q, (i.e.
L'Y Q,). The problem with this approach is that using an arbitrary matrix G leads to
inferences dependent on the actual choice of G. Another potential problem is that the
sufficiency principle may be violated because of the reduction of the data from Y to Y,.

As previously discussed in chapter 1, Rao (1965) [113] removed the arbitrary nature
of the marginal analysis of Potthoff and Roy (1964) [108] by basing inferences on a
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conditional model, such as those presented by the canonical forms in §2.2 and §2.4.
Khatri (1966) [63] derived the explicit maximum likelihood (ML) estimators, but we
will follow the approach of Grizzle and Allen (1969) [51].

2.6 The Sum of Profiles Model

In some situations the profile model (2.17) is not appropriate. A more flexible model
that allows units or treatments to have different profiles is called the sum of profiles
model, and was developed in Verbyla and Venables (1988) [151]. The sum of profiles
model is briefly outlined using the terminology of Verbyla and Cullis (1990) [149].
Suppose that the i** unit is observed at p; of a total of p time points, permitting
incomplete data. Let X; be a p; X mp design matrix for the i** unit. X specifies which
treatments are applied and which time points observations have been taken for the i**

unit. The p; x 1 response vector ¥, is assumed to be distributed as
N(X:B, o*Zi(7)),

where 3 is a mp x 1 parameter vector denoting time-by-treatment effects. The covariance
matrices, (<), are presumed to follow the same form for all » units, and is dependent
on the r x 1 parameter vector .

If we concatenate the response vector, y = (¥}, ¥3,-.-, ¥,), then
y ~ N(XB, o*02(v)), (2.22)

where X = (X! X!...X!) and 2 = diag(Xi(v)). Let N =pi+p2+ ...+ pn. In
most situations the N x mp design matrix X is of full column rank.

The mean parameter vector B is composed of m blocks of p elements. The j*
block represents the j** treatment effect at each of the p time points. We may in some

situations wish to model the blocks of 3, i.e. the treatment effects, for example by a
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linear model of form,

- e - - - 1T

B. M.0, M, 0 0 0,
3. M.6, o M, --- O 0,
| Bm | | M0, | | 0 0 -+ M, ||0On

Model (2.23) allows different parametric forms for different blocks of 3, by different
profile design matrices MP*%.

When the data is complete, then we can represent (2.23) and (2.22) in matrix form,

that is i i
6'M'
6’ M; L
E(Y)=TA=H _ => 0] M; (2.24)
i=1
| 6 M, ]

where T = [t, t, ... t,]isan nxm treatment design matrix and A is the m X p matrix
of parameters. If all the M, are equal then A = @M’, and (2.24) is the mean of the
profile model (2.17). The vectors y and 3 are formed by stacking the rows of Y and A
respectively and X = T ® I,. Complete data implies that 2 = I, ® X.

Equation (2.24) is a sum of profiles formulation. If some of the M; are equal then

we can write (2.24) as

k
E(Y)=Y.T.OM]

=1

where T;"*™ and @;™*% are formed accordingly and is the sum of profiles form given
in Verbyla and Venables (1988) [151].

If we consider (2.22), then as in §2.2, let L = [LY*™, LY*™ """ be a N x N
matrix of full column rank such that L'y X = I,,, and L';X = 0. Then the results of

§2.2 hold. For given =, the estimator of 3 is

A

B=(X'R"X)" X'y (2.25)

and the ML and REML estimators of 3 are found by replacing 2 by £2x = 2(%)
and £2r = $2(4R) respectively. The estimators 4,; and 4 are the ML and REML
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estimators of v respectively. In the case of complete data, we can write ,@ as

“~

A= (T'T)"'T'Y

where the rows of A are the blocks of 3.

The estimator B for given «y is distributed as B ~ N(B, d*A), where
A= (X'27*X)™". Model (2.23) indicates that the generalized least squares estimate
of 8 is

§=(A'ATA)TA'AT B (2.26)
The REML (ML) estimator is found as before, by replacing A by Ag = A(9R)
(Am = A(H3s)). The estimated covariance matrix of 6 is &Z(A';l_lA)‘l.

Since the matrices in (2.26) may be large, Verbyla and Cullis (1990) [149] use a
procedure based on conditional regressions to simplify computations. The details of this
procedure are given in Appendix C of their paper. The standard errors however are not
directly obtainable from this computational procedure.

Alternatively § may be estimated directly from (2.22) under (2.23). The conditional
distribution (2.4) contains further information on the covariance parameters v above
that provided by the marginal distribution of y,. Let Q; = [Qi,"*% Q,P*P~%)], i =

1,...,m, be p x p matrices of full column rank such that
Q:'IMi=Iq.'a Q22M,'=0, 1= lyus o, M

holds. Define

Qn 0 e 0 Q12 0 e 0
0 Q21 0 0 Q22 0
Q = ) ) ‘ . . - . . = [Ql Q2]
i 0 0 le 0 0 Qm2
If we let
1O Q1L Ly,
Ly=|Q, o L'=| Ly | =| L, |
0 I(N_mp) L, L,
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which has full rank, and X~ is the N x q (¢ = ¥i%, ¢i) matrix, X A, then
LIIIX“ = Iq><q and [L12 LQ]IX* =0.

If y3, = L)y, ¥}, = L,y and y5 = Ly = y, then the transformed matrix Ly is
distributed as

Y1 0 L'L,, L'N2L,, L'N2L,
Lyy= |y, |~ N 0|,0%| L'yRLy, L';;2Ly, L',2RL,
y; 0 ngnLu LIQQle LIQQLQ

The simple maximum likelihood estimate of 8 is
f=((X)X" ) (X2 ly=(AX' 2 XA)TTAX 2y,

from the conditional distribution of y7j, given [y}, y3]. This follows by applying the
results of §2.2 with X™, Ly;, [L12 L], yi, and [y, y;] replacing X, L,, L,, y, and
1, respectively, and N and q replacing n and p respectively. Equation (2.5) can now be
used to estimate 6.

The full REML estimate of the covariance parameters is derived from the marginal
distribution of [y}, y3]. Estimating the covariance parameters from the marginal distri-
bution of y; alone leads to a partial REML estimate of the covariance parameters. In

chapter 3 we will consider full and partial REML estimates for the profile model.



Chapter 3

The Profile Model with Maximum
Likelihood and REML estimation

3.1 Introduction

In this chapter we compare maximum likelihood (ML) and two versions of residual
maximum likelihood (REML) for the estimation of the parameters of the profile model
introduced in chapter 2. Note however, that the closing remarks of chapter 2 show that
the sum of profiles model also accommodates both approaches.

The canonical form (2.19) provides a natural way to select REML components for the
variance parameters. We are specifically interested in the estimation of @ by the three
likelihood methods and the estimated covariance matrix of the respective estimators of

©. The three likelihood methods considered are,
(a) full ML, using all components of the canonical form,

(b) partial REML (PREML) using L'Y Q = [Y;, Y.,] for the estimation of the variance

parameters and

(c) full REML using [Y,, Y2,] and Y, for the estimation of the variance parameters.
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The components [Y;, Y,,| and Y,, provide no information on @, have zero means,
and consequently correspond to error contrasts. Consequently the variance parameters
are estimated from these components.

There are two versions of REML; there is a justification for the second, PREML.
Usually the profile model specified by M is unknown but the design X is determined by
the experimental protocol. If we construct the marginal likelihood free of fixed effects
for the regression model of Y on X, we obtain PREML. This likelihood is not affected

by incorrect specification of the profile model.

3.2 Estimation when the covariance matrix is un-
known

For all three methods, the conditional distribution of Y;, given Y, is used to estimate

©; the estimator is

é&=Y,-Y.B (3.1)

where B is an estimator of B. Under ML, estimation of B is based on the two condi-

tional distributions of Y;, given Y, and Y, given Y,,. The normal equations are

AW AS = AW'Y,,

where
I, Y, (X'X)" 0 e Y.,
= ; e Z = and Y, =
0 Y, 0 IL_. B Y.,
Hence
B = (Y.Y,,) 'Y Y, (3.2)
and if S = Y'(I, — Px)Y, after manipulation (3.2) reduces to
B =(Q,5Q.)7'Q,5Q.. (3.3)
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PREML and REML estimators of B are found using the conditional distribution Y,
given Y,, and hence we also obtain (3.2) for these methods. Substituting (3.3) in (3.1)
leads to
O=(X'X)'X'YS*M(M'S™*M)™*,

which is the ML estimator derived by Khatri (1966)[63]. All three methods lead to the
same estimators of @ and B.

As estimation of @ and B involves the conditional distributions of Y;, given Y,,,
and Y., given Y,,, the appropriate covariance matrix of © for all three methods is the

conditional covariance matrix (see also Grizzle and Allen, (1969) [51])
var(@|Y,,,Y.,) = R®Q (M'Q27* M)~ (3.4)
where
R=(X'X - XY, (YY.)"'Y.X)" and Y,=YQ..

We need to estimate (M'§27*M)' in order to estimate (3.4). The three methods
differ in the estimates of (M'$27*M)’. Under ML, the estimator for 2 is 2 = So/n
where S, = (Y — XOM')(Y — XOM'). It can be shown that S7*M = S M
(Verbyla (1986) [147] (p. 13)) and hence the ML estimator is

(M2 ' M)~ = (M'S7* M)~ fn = (M'S~ M)~ /n.

PREML uses only L' Y Q or equivalently LY for estimation of the variance parameters.
As LY ~ N(0, I,_, ® 2) the PREML estimator of £2 is S/(n —m) which is unbiased
for £2. The PREML estimator of M'§27' M is therefore

(M'S™*M)~*/(n —m).

To estimate (M'§27* M )~* under REML, we use the conditional distribution of Y,
given Y,,; this distribution has non-zero mean and a second application of REML is
required. Asin (2.18),let T = [Tﬁ"‘"‘)x""") Tg"‘"‘)x("'"“(”“’”] have full column rank,

assuming (n —m) > (p — q), such that
T'Y,. =1I,_,, and TY,, =0,
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where the columns of T, are constructed to be orthonormal. Let D, = T'Y,, and

D, =T'Y,,. Then

NN(

and D, and D, are conditionally independent. The REML estimator of (M'$2"*M )™

B
0

D, v, (Y, Y.,)™ 0
D2 22

0 In-m—(p-q)

® (M’.Q“M)‘1> ,

is therefore derived from the conditional distribution of D, given Y,,, and is
D.D./(n—m—(p—q))=(M'STM)™*/(n —m — (p — q)),

which is unbiased for (M’'$27* M )~* and is the form stated by Grizzle and Allen (1969)
[561]. Notice also
B=D, =T, =(Y,Y..)'Y.Y,,

as in (3.2).

All three estimators of M'§27*M differ only in their divisors, and PREML and
REML provide simple degrees of freedom adjustments to the ML estimator. PREML
and REML reduce the bias of maximum likelihood estimation of the variance parameters,

with REML providing the full adjustment.

3.3 Structured Covariance Matrices

3.3.1 Rao’s Covariance Form
Rao (1967) [115] considered a covariance matrix of the form
N=MIXM +7Z%,Z'+ I,

where X, and X, are possibly unknown, M'Z = 0. Z need not be a basis of R(M ).

We consider a simpler form

R=MIM'+ 25,7, (3.5)
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where Z is a p X (p— ¢) matrix of full column rank. Let @Q,, Q., L, and L, be matrices
of full column rank that satisfy (2.18) and additionally

Z2'Q, =0, and Z2'Q, =1I,_,.

These restrictionson Q, and Q, mean Q, = M(M'M)™* and Q, = Z(Z'Z)~*. Hence

|

so that Y;,, Y.,, Y., and Y., are independent and inferences concerning @ are based on

the canonical form reduces to

@ 0
0 0

0
0 X,

LWQNN( ®

(X'X)" 0
’ 0 Ium

the marginal distribution of Y,,. The ML estimate of @ is then

-

O=(X'X)'X'YM(M'M)™,

which does not depend upon £2. Thus the ML estimator is also the PREML and REML
estimator.

The ML estimators of X, (via L'Y Q, or equivalently Y @Q,) and X, (via Y Q,) are

A

5. =(M'M)""M'SM(M'M)~/n, and $,=(2'2)"Z'Y'YZ(Z'Z)"/n.

The PREML estimators of X, and X, are the ML estimators with n replaced by n —m.
The REML estimators have divisors n — m and n for 3, and ¥, respectively. The
PREML and REML estimators of X, are unbiased and the ML and REML (but not
PREML) estimators for X, are unbiased. The covariance matrix of @ is (X'X)™* ®
(M'M)"*M'Q2M(M'M)™" =(X'X)"* ® ¥, for all three methods. PREML and
REML again provide the degrees of freedom corrections for estimation of ..
The modified model,
Y ~NXOe,M!, I,® R),

where M, is a known p x go matrix of full column rank, go < ¢, and $2 is (3.5) as before,
may arise when individual sampling units are represented by, for example, higher degree

polynomials than that which adequately describes the overall mean; see Fearn (1977)
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[40]. Let M, be a p x ¢ matrix such that g + ¢t = ¢ and M = [M, M,] be of full
column rank. Since Y @, and Y @, are independent, inferences on @, are based on the

marginal distribution

YQ,~N(6,0], I,o X)).

If M* = (M'M)*M'M,, a q X go matrix of full column rank, which incidentally is
[I,, O], then
YQ, ~NXO,(M*Y, I, X))

which has a profile model form and the results of §2.5 can be applied for estimating @,.

3.3.2 The General Case

Suppose §2 = o?V(v), where 7 is an s x 1 vector of unknown parameters with jth
component ;. This section is primarily concerned with estimation of 2 and ~. All three
approaches give (2.20) as the estimator of © with -~ replaced by the appropriate estimate.
The likelihood functions for estimation of o2 and - for the three approaches are found
using the canonical form (2.19), although for maximum likelihood it is more convenient

to use the original growth curve model. The three log-likelihoods for estimation of o2

and ~ are

np 2 N I -1

Ly 5 log o 5 log(det V) 2aztr( Ry,),

— - 1
Lprp = —wlog ot log(det V') — —tr(V~18),
2 202
np — mq , M m P 1 13
= ——= - = V)—-— ‘ - —
Lr 5 log o 5 log(det V') 5 det(M'V~'M) 2U,Ztr(V Ry),

A

where R, = (Y — XOM')(Y — XOM'), Ry is R, with © replaced by (2.20) which
is a function of =, and S is given preceding (3.3). The estimates of o? are all of the
form

5% = %tr(f/—lﬁo) (3.6)

where v is np, (n—m)p and np—mgq for ML, PREML and REML respectively, V= V(%)
is evaluated at the ML, PREML or REML estimate of + and Ry is S, evaluated at ©
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for ML and REML, and S for PREML. Note that we are using R, instead of R, in Lp
because using REML, the mean parameter matrix @ is replaced in the error contrast
likelihood function by the estimate @(+). Further, the expectation of the score equations

is zero in Lp by noting that
E(Ry) = o*nV — a*mM'(M'V—*M)™* M,

This is not the case if R, was used instead in Lg. The REML log-likelihood Lg has
adjustment
_% det(M'V="M)
to the profile likelihood under ML.
Let V) = 9V ~1/dy,. Under ML the score vector has jth component, j = 1,...,s,
0Ly

n
0v; 2

tr(VOV) - —I——tr(V(j)So).

20?

For PREML, the only change involves the replacement of n by n —m and S, by S. For
REML, there is an additional term to those in the ML result namely

—I;—tr(M’VU)M(M’V“M)‘l) - —%tr(M(j)), say.

The expected information matrix from the full likelihood has components

2

o Y Vi
, [/ NP n ; n ,
— —t(VOV —tr(VOV
204 20? x( ) 202 x( )
” gtr(VU)VV(i)V) %tr(vﬁ)vvmm
” gtr(V(j)VV(j)V)

Under PREML and REML, np in the expected information for o? is replaced by
(n —m)p and np — mgq respectively, while n in the remaining terms is replaced by n —m

under PREML. Under REML additional terms like

(a2 ) (vis %) (76 %)
— 2 tr(M @), —%tr(M(‘)M(‘)), —%tr(M(i)M(f))
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are required.

We can use the method of scoring to estimate < for all three methods; in fact as
we have an explicit expression for 6% in each case, we need only consider the scoring
equation (2.15).

The asymptotic covariance matrix of all three estimators of @ is given by (2.21).
No analytical solutions appear to exist for the conditional covariance matrix var(@|Y,,)
because © is a complex nonlinear function of 4. Therefore, to make a comparison of
the three estimators, we use the asymptotic covariance matrix in the simulation study

discussed in the following section.

3.4 A Simulation Study: First Order Autoregres-
sive Covariance Structures

Consider the case where the covariance matrix has a first order autoregressive structure

(AR-1), that is

2 =0V,
where i
1 »p e
a-Ayv=| " e
| pp—l pp-2 1 ]

The inverse of V is D = (I, + p?E, — pF,) (see Verbyla (1985) [145]). Here E, is a
diagonal matrix with the first and last diagonal entries set to zero and the remaining
entries set to one; F, has ones along the first upper and lower minor diagonals and zero
elsewhere. As the inverse of V' is a simpler expression to use than V', we will work with
the likelihood function written in terms of D.

We already know the form of the estimator of @ for ML when 2 is known, that is

(2.20). When 2 is not known, estimates of the scalar variance parameters ¢? and p are
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required using likelihood methods (a), (b) and (c). We then substitute the respective
estimators of the variance parameters into (2.20) to give estimators for @ for all three
methods.

In the following, the subscripts M, PR and R refer to estimators under ML, PREML
and REML respectively. The ML estimator for o2 is (3.6) (v = np), and the ML equation

for p can be simplified to the cubic equation,

gtr(FlRo) — (tr(Ry) + ptr( By Ro))pn — E=tr(FLRo)p% + (p — )tr(E, Ry)p%, = 0 .

In method (b) the PREML equation for p can also be represented as a cubic equation

PU(F.S) = (41(S) + ptr(B, S))prn —~ L =t(F.S)bs + (p — Dox(E, S)ihp = 0.

The divisor for 6% is v = (n — m)p.

Finally in method (c) the likelihood equation for p can be written as a quintic
2 3 4 5 _
@ — Q1pR — Q2P + a3pp — Qapp + aspp =0

where

ao = %Ctr(ﬁo) + wtr(pﬁo)

a; =(n+ mA)tr(Ro) + %Ctr(Flléo) + (np — mq)tr(E'IRo)
np —mq

f)

]

oz = (n+mA)tx(F,R,) + = Ctr(E, R,) - %Ctr(ﬁo) - tr(FR,)

a3 = —(n + mA)tr(E, R,) + mAtr(R,) + %Ctr(FIRO) + (np — mq)tr(E, R,)
as = mAtr(F,R,) + %Ctr(E,Ro) as = mAtr(E, R,),
where we have set A = tr(M'DM)"*M'E, M) and C = tr(M'DM)*M'F,M).
The divisor for 6% is v = np — mq.
A simple simulation study was performed so that comparisons could be made, for
the autoregressive case, on the three likelihood methods considered in this chapter in

terms of estimation of @ and the pertinent standard errors. Different values of the

autoregressive parameter p and ‘group size’ m were considered. The mean was defined
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to be a straight line, that is 6,; + 8,;¢ where j is the treatment number. For simplicity,

we let the parameters of the lines be identical over the different treatments, that is
(91]‘ = 01 and 92]' = 02 V]

The number of sampling units and time points are n = 40 and p = 6 respectively and
we have let 0; and 0; equal 2 and 1 respectively. At each combination of values of p
and m considered, a total of 500 simulations were performed. The number of groups,
m, considered are 2, 5, 10 and 20.

We use the asymptotic covariance matrix (2.21) for all three estimators of ® to show
that ML biases the standard errors downwards and that REML provides more suitable
estimators of the standard errors. To do this we compare the estimates of the matrix

(M'27* M)~ for the three methods. The quadratic equation
g(M'Q27*M)'z =1

defines an ellipse which can be mapped to a unit circle y'y = 1 where
y=(M'Q2 M) ze.

Let 5 and 42 be estimators of p and 2. We denote §2 evaluated at j and &% by §2. If
z = (M’.Q“M)%y, the quadratic equation

2(M'SY M)z =y (M'Q7MFM'2 M) (M'QM)iy=1,  (3.7)

defines another ellipse. If p and 62 are unbiased, we would expect on average the ellipse
(3.7) to be approximately a unit circle. If p and 6% are biased downwards, we would
expect on average the ellipse (3.7) to lie within the unit circle. The square root of the
eigenvalues of (M'.Q'IM)%(M'fZ—lM)"(M’.Q"M)%, A; and A; say, give the lengths
of the first and secondary principal axes of the ellipse. If the ellipse is a unit circle then
both A; and Ay are 1. When the profile model is a straight line, and we have an AR-1
covariance structure, the two eigenvectors of (M'.Q“‘M)%(M'Q_IM)“(M’Q“M)%

turn out to be independent of p, except for the sign. With this restriction in mind we
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have chosen \; and A, to correspond to the same eigenvectors over the 500 simulations.
The lengths A; and A; were calculated for all 3 methods at each of the simulations, and
their means were recorded over the 500 simulations. For the same set of values of p and
m, the mean of the estimates of p, 0% and @ were recorded as well.

The ML, PREML and REML estimates of the mean parameters were found to differ
little (see figures 3.1 and 3.2), in other words for this simple case the three likelihood
estimators of @ considered are essentially, if not exactly, the same. It is conjectured
this will be true more generally.

Figure 3.3 shows the increase of the negative bias of ML as m increases, with the bias
greatest for low |p|. PREML and REML estimates are very close to the correct value of
p. The averages of the sample standard errors of the p estimates are displayed in figure
3.4. The PREML standard errors rise as m increases reflecting the loss of information
by not utilizing Y.

The negative bias in estimating o2 under ML is demonstrated in figure 3.5, with the
bias increasing as m increases. The bias is marginally greater for negative values of p.
Again the PREML and REML estimates are close to the true value. The averages of
the sample standard errors are recorded in figure 3.6. The standard errors under ML
are low with REML rising a small amount as m gets larger. PREML standard errors
rise more dramatically with increasing m, and reflects the loss of information of PREML
relative to REML as was seen in figure 3.4.

Each of the diagrams in figure 3.7 represent plots of A\; and A; against m for ML,
PREML and REML. The circles correspond to the larger of the two A’s, A;, and the
triangles correspond to A;. As in the previous figures PREML and REML are very
close. Figure 3.7 clearly demonstrates that as m increases, ML is under-estimating the
standard errors of @ while PREML and REML provide more realistic standard errors.
There is also an interesting trend for the ellipse defined by (3.7) to move away from
a circle as p increases. This is occurring in a more dramatic way as m gets larger for

ML. The average sample standard errors of A; and A, are displayed in figure 3.8. The
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partial REML standard errors are slightly higher than REML again reflecting the loss
of information. There is a dramatic difference in the standard error pattern for ML
relative to either of the REML estimates as m increases.

As noted, PREML and REML estimators of ¢? and p are very similar when the
number of groups are very large. This is surprising as PREML does not use Y, in
its estimation of the variance parameters, which amounts to discarding information in
the error space. As m increases, Y,, increases in size and the amount of discarded

information increases.

3.5 Discussion

It appears from the cases examined in this chapter that the three likelithood methods
considered all give identical or very close estimates of ©@. However ML estimation can
lead to quite misleading standard errors for ©, where the correct covariance matrix
is the conditional one. In the unstructured case, PREML and REML provide degrees
of freedom corrections to (M'$2"*M)~*, REML being unbiased. PREML and more
specifically REML provide more realistic levels for the standard errors of ©. With
Rao’s covariance structure we saw that PREML and REML estimators of 3, are the
same and unbiased.

In the structured case, ML demonstrates an increasing negative bias for the estima-
tion of the variance parameters as m increases, while REML provides a sounder and
more robust estimating procedure. If the variance parameters are of interest, then as m
increases REML provides the sensible method. Due to the reduction in bias in estimat-
ing the variance parameters, the estimates of the standard errors of © under REML will
be more realistic than under ML. On this point alone, it is better to use REML than
ML.

The simulations in the autoregressive case showed little difference between PREML
and REML with respect to the estimates of the standard errors for the estimator of

©. The benefits of REML as opposed to PREML require further study but the gain in
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precision for the standard errors appears small. REML presumes a correct specification
of the profile design matrix M, and if M is incorrectly specified then an element of
negative bias may occur as with ML. On the other hand PREML results in a positive
bias if M is correct, but this may be a price worth paying for robustness in the face
of possible incorrect specification of M. A suggestion for future work is a study of the
impact of M on the three likelihood methods.

Another positive point of PREML is its simplicity. As pointed out by Swallow and
Monahan (1984) [140] a common problem of ML and to a greater extent REML is that
variance parameter estimators need to be obtained iteratively. The resulting computing
may be very complicated and time consuming. PREML can be an iterative method but
the likelihood form is often much simpler and consequently easier to implement from a

computing point of view.
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Figure 3.7: The estimates of the A’s.
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Eigenvalue Std. Errors
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Figure 3.8: The standard errors of the estimate of the A’s.
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Chapter 4

Models for Repeated Categorical

Response

4.1 Introduction

Koch et al. (1977) [66] present a general modelling approach for repeated categorical
response variables analogous to the general multivariate linear model for continuous
response variables. The method is an extension of the weighted least squares (WLS)
method of Grizzle et al. (1969) [52]. Stanek and Diehl (1988) [134] further extend the
WLS method of Koch et al. (1977) [66] to the situation where the number of repeated
measurements is too large, relative to the sample size, to allow for the modelling of
all the marginal response functions. They restrict themselves to the case of repeated
measurements of binary response variables. Their method is analogous to growth curve
models with continuous response variables using polynomials to model the response
functions.

In the incomplete data case, Koch, Imrey and Reinfurt (1972) [65] provide an ap-
proach which extends the work of Grizzle et al. (1969) [52]. More recently, Lipsitz, Laird
and Harrington (1992) [87] propose a three stage least squares approach more along the
lines of the generalized estimating equation approach of Liang and Zeger (1986) [81].
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Suppose we have p repeated measurements of a categorical response of ¢ levels for n
experimental units; initially we assume there are no missing values. There are therefore
r = cP possible response profiles. In the case of a binary response, r = 2°P. Let s
denote the number of treatments or subpopulations for the n experimental units, n; is
the number of experimental units in subpopulation or treatment :, and let Y; be the
r x 1 vector, (ni1, nia,..., nir)', of observed frequencies for the i** subpopulation. The
vector Y; is assumed to follow a multinomial distribution with some parameter vector
n; = (T, mi2,..., Tir), where m; (7 = 1,..., r) is the probability that a randomly
selected experimental unit from the ** subpopulation is observed in the j** response
profile.

An unbiased estimator of #r; is the vector of observed proportions p; = Y ;/n;, with
covariance matrix

Vi = var(p,) = — (A; — mere!) (4.1)

n

where A; is a diagonal matrix with elements ;. The maximum likelihood estimator
(MLE) of =, is p;, and a consistent estimator of V';, V., is obtained by replacing 7; by
p;.

In practice, marginal functions of the response proportions are of interest. Let
f: = [fi(p;)] be a column vector of u; (u; < r) differentiable functions of the vector
p;. For example, f; may be a linear transformation of the form f; = A;p; where A; is a
matrix of known constants, forming marginal probabilities of interest. Other examples
of transformations are logarithmic, f; = log(p;), and the exponential, f;, = exp(p;).
Grizzle et al. (1969) [52] and Forthofer and Koch (1973) [46] demonstrated that a large
number of situations may be adequately analysed using one of these three transforma-

tions. An approximate covariance matrix of f, is the u; X u; matrix
H;=P,V,P, (4.2)

where P; = [0f;(®;)/0m;] is a u; xr matrix of the first partial derivatives of the functions
f; evaluated at p,. Equation (4.2) is the asymptotic covariance matrix obtained by the

multivariate version of the §-method (see e.g. Bishop, Fienberg and Holland (1975) [10]
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(pp. 487-488)). If f, = A;p, as above, then P; = A;. A consistent estimator of H; is
found by replacing =; by p,.

4.2 The Linear Model and Inference

Typically one is interested in p time effects for the s treatments or subpopulations,
measurements occurring at time points ty, t2,..., t,. In this case u; = p for all + =
1,..., s. We will assume that u; = u. Koch et al. (1977) [66] consider a linear model
E(f,) = X3, where X is a known u X w design matrix, w < us, and B is an unknown
parameter vector. If f = (f] f3-- f,) is the full us x 1 vector over subpopulations we

have

E(f)= X3 and var(f)=H, (4.3)

where X is formed by stacking the X; and H is a block diagonal matrix with blocks

H,; given by (4.2). In many situations the entries for each vector of functions f,,

(2 =1,..., s) correspond to the p time points in each treatment or sub-population.
The parameter vector 3 is estimated by generalized least squares (GLS) with weights

Pyl ; i :
given by H , the consistent estimator of H ™', that is

B=(XH'X)"'X'H'f (4.4)
which is a best asymptotically normal (BAN) estimator of 3. It is noted here that this
method has been referred to in the literature as a WLS method, technically it a GLS
method.

For complete data, f can be written as an s x p matrix F, with the f; forming the
rows. Let M, be a known p x (¢; + 1) matrix which provides the design matrix for
modelling the ith profile (using the sum of profiles model terminology of §2.6). For
example, if polynomials are used, for subpopulation 7, the jth row of M; would be

(1t t]? -t%),7 =1, 2,..., pand g is the order of the polynomial model. Consider
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the model ) )
6, M)

0, M,
B(F) =E(f, fa £, =D | (45)

0 M!
analogous to (2.24), where D is an s x v full-rank design matrix (v < s) which relates
growth across the subpopulations. If D = [Dy D;--- D,] then we can write (4.5) as a
sum of profiles model, that is

E(F)=)_ D;o;M;.
i=1
Equation (4.5) is of the form discussed by Verbyla and Cullis (1990) [149] in the con-
tinuous case. In vector form we have (4.3) with linear model (2.23), where m = v.
If the M; = M, that is the profile models for all the subpopulations are the same,
then (4.5) reduces to equation (2.2) in Stanek and Diehl (1988) [134] (apart from different

notation), namely the profile model
E(F)=DI[68,6,---6,/M' = DOM'. (4.6)

In the case of incomplete data we can follow the approach of Koch et al. (1972) [65].
Thus for treatment ¢, we suppose there are m; different response patterns due to missing
data with nj; units with jth response pattern, j = 1, 2,..., m;, and let Y; be the
vector of observed frequencies. For example consider a binary response measured at 3
time points. Table 4.1 demonstrates the possible response patterns when missing data
has occurred. The values n;;, correspond to the number observed in the k** response
profile, with the 7** response pattern and in the 1** subpopulation. Table 3 in Koch et al.
(1972) [65] displays the observed response patterns for a simulated incomplete split-plot
experiment with binary responses and 3 time points.

As above Y j; follows a multinomial distribution. If p;; = Y ;i/n;; and f,; = [fi(p;:)],
we assume that for some design matrix X ;;, E(f;;) = X;;3. Furthermore the covari-

ance matrix can be defined using (4.1) and (4.2) by adding the additional subscript

34



Table 4.1:
Response profiles with r = 23 and missing data for subpopulation 1.

(-’ denotes missing values)

nj; Response Profiles i
1 1 1 nii

1 1 0 142

1 0 1 143

ny 0 1 1 N1i4
1 0 0 N5

0 1 0 Niie

0 0 1 ni7

0 0 0 7148

1 1 n2i1

ny 1 0 n2i2
0 1 12:3

0 0 2.4

1 - 1 N3

ny; 1 - 0 n3i2
0 - 1 n3;3

0 = 0 3.4

= 1 1 N4i1

N4 - il 0 T 42
- 0 1 M4:3

e 0 0 N4:4
ns; 1 - B 7541
- - Nsi2

ne: - 1 - Nei1
= 0 - Nei2
ne - - 1 n7i1
- - 0 N7
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j. Stacking all the f;; we again obtain (4.3). The analysis can now be carried out as
before.

Joint estimation of the parameters can be carried out using GLS. Having estimated
B by (4.4), a consistent estimator of the covariance matrix of Bis® = (X’I:I—IX)‘1
and so a GLS estimate of 8, (3 = A8), is

6=(A'TTA)TA'S3 (4.7)
with variance matrix consistently estimated by (A'Zﬂl‘1 A)~1. The vector of differentiable
functions f is estimated by f = X A0 with a consistent estimator of the variance of f
being X A(A'S1A)TA'X',

The Wald statistic @ = (f — Xﬁ)’I:I_I(f — XB) can be used to test the goodness
of fit of (4.3), and @ has an approximate x? distribution with d.f. = u—w if the sample
sizes n; are sufficiently large. Stanek and Diehl (1988) [134] also use Wald statistics to
test hypotheses of the form C3 = 0 where C is a known ¢ X w matrix of full rank.
In particular, they consider polynomial models and discuss the determination of the

appropriate order.

4.3 Order Selection of Polynomial Models

Assume the profile design matrices M; are all identical (M; = M) say, that is the
polynomial models for all the subpopulations have the same order. Suppose that the p
repeated measurements correspond to ¢ time points measured under d conditions, that
is p = dq. Let the order of the polynomial model be ¢ — 1, that is M is a ¢ X ¢ matrix
of natural polynomials. Then (4.5) can be written as (4.6).

Determination of the appropriate orders for the separate polynomial models of (4.5)
can be achieved by a simple modification of the method used in Stanek and Diehl (1988)
[134]. Assume that D = I, as in Stanek and Diehl (1988) [134].

Stanek and Diehl (1988) [134] transform the polynomial models to orthogonal poly-

nomials and test globally and marginally for orthogonal trends. These tests are carried
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out sequentially beginning from the highest order polynomial. Stanek and Diehl (1988)
[134] state that these tests are independent. This is not strictly correct because of the
dependency among the elements of the response vectors f; for each subpopulation.

For the it* subpopulation, let P; be a g x q orthogonal matrix (P;P; = P;P, =1,)
such that M; = P;R; for some non-singular matrix R;. Obviously, P; = P;, Vi, j.
Let P be the block diagonal matrix with diagonal matrix elements P;. Post multiply
(4.6) by P. Define the s x ¢ matrices F and ¥ by

; . 4
!
P
F=(F\Fy... Fy)= fz_ :
| £oPs |
and ) .
1R,
0, R;
248y
W=(!p1!p2wq)= .
6.R, |
The model now becomes E(F) = I,W.
The q column vectors Fy (k =1, 2, ..., q) represent q orthogonal trends for the

s subpopulations. F;; denotes the ;% trend for the i** subpopulation. In many cases
significant trends consist of a lower-order polynomial, for example for subpopulation 7,
order ¢; < gq. The i"* row of F, which corresponds to subpopulation ¢, can be written
as E(F;) = (Fia Fia... Fiy) = 0.R.. A consistent estimator of the covariance of f;P;
18

Vg = P.HP;.

Important trends for subpopulation 7 are identified by testing hypotheses of the form
Ea(F;;) = 0, where E4 is the asymptotic expectation of F;;. The Wald test statistics
are Q;; = .7:%/\/}-'.]. where Vi, is the 7*" entry of the main diagonal of Vr. Qi; has
an approximate x? distribution with 1 d.f. under the null hypothesis. Thus for each

subpopulation we can test sequentially for the appropriate degree of the polynomial.
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The above development can easily be generalised to non-polynomial models.

4.4 Oviposition of flies example

Stanek and Diehl (1988) [134] consider a study of host fruit acceptance for oviposition
by Rhagoletis pomonella adult female flies. The flies originated as larvae from apple or
hawthorn fruit and were exposed to apple and hawthorn fruit (separately) at ages 8-9,
11-12, 15-16 and 18-19 days after adult eclosion. If the fly attempted oviposition during
exposure then this was recorded as an “accept” otherwise it was recorded as a “reject”.
The subpopulations are the two larval origins and p = 8 (2 fruit x 4 ages). Of the total
of 70 flies observed, 37 belonged to the apple larval origin subpopulation, the remainder
belonging to the hawthorn larval origin subpopulation. Complete data was recorded on
all flies. Only 30 response profiles of the possible 2% were recorded (see Table 1, Stanek
and Diehl, 1988 [134]). Linear functions of the response that represent the proportion
of accepter responses for each test fruit and age in each subpopulation are of interest;
note there is an error in Table 2 of Stanek and Diehl (1988) [134] for the apple larval
origin on Hawthorn test fruit at age 11-12 days and in subsequent tests of hypotheses.

One approach is to fit the suggested model and test its fit. The other approach is
the sequential procedure of Stanek and Diehl (1988) [134] or its modified form suggested
above.

The modified sequential approach for polynomial order is given in Table 4.2. The
linear effect for the subpopulation larval apple with test fruit apple is only just non-
significant leaving only the constant effect as significant. Examination of the observed
values listed in Table 4.3 for larval origin and test fruit apple implies a linear effect is not
inappropriate (given that the test for the linear effect was close to significance). Thus it
was decided to select a polynomial model of order 1 (straight line) for larval origin and
test fruit apple.

In the case of larval origin apple and test fruit hawthorn, the linear term is significant

and hence a straight line adequately represents the data. For larval origin hawthorn. and
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Table 4.2:
Sequential Tests for Polynomial Order

Order
Larvae  Test Fruit Cubic Quad Linear Const.
Apple Apple 0.45 0.54 3.68  24.45

Apple Hawthorn 1.61  0.07  4.99 -

Hawthorn Apple 040 0.34 0.05 3.94

Hawthorn Hawthorn  3.81 0.06 12.39 -

test fruit apple, Table 4.2 implies a constant effects model, which appears clear from
the observed data. Finally for larval origin hawthorn and test fruit hawthorn, the cubic
term is just non-significant, the quadratic term is non-significant while the linear term
is highly significant. We consider the straight line for reasons of parsimony.

We differ with Stanek and Diehl (1988) [134] in the selection of the significant poly-
nomial effects (that is a linear one) only for the larval hawthorn and test fruit apple.
This is a consequence of Stanek and Diehl’s (1988) [134] method which forces the order
of polynomials to be the same for all subpopulations.

Stanek and Diehl (1988) [134] model the constant and linear trends by a simple
modular model with main effects for larval origin and test fruit, and a larval origin by
test fruit interaction. The larval origin by test fruit interaction for the linear trend was
found to be significant, and by inspection it was concluded that the interaction was due
to a differential response of hawthorn flies on apple test fruit. By a separate regression
model approach, interpretation of the data is simplified.

. The parameters of our final model are estimated and hence predicted values of the

proportion that accept fruit are calculated. The column denoted by Predicted Values

39



Table 4.3:

Observed and predicted proportion (and standard errors)
that accept fruit.

Larval | Test | Agein | Observed | Predicted Values (SE)
Origin | Fruit | Days | Value (SE) | (a) (b) (c)
A A 8-9 162 118 167 | .138
(.061) (.049) | (.058) | (.055)

11-12 216 .186 209 | .202

(.068) (.043) | (.050) | (.049)

15-16 324 278 266 | .287

(.077) (.044) | (.054) | (.048)

18-19 297 .347 308 351

(.075) (.051) | (.067) | (.054)

A H 8-9 703 667 693 | .681
(.075) (.048) | (.060) | (.047)

11-12 .676 736 751 745

(.077) (.039) | (.043) | (.039)

15-16 .865 827 .829 831

(.056) (.036) | (.038) | (.037)

18-19 865 .896 | .888 .895

(.056) (.042) | (.051) | (.043)

H A 8-9 .061 .088 073 | .078
(.042) (.038) | (.034) | (.034)

11-12 .091 .083 073 | .078

(.050) (.033) | (.034) | (.034)

15-16 .061 076 | .073 078

(.042) (.036) | (.034) | (.034)

18-19 .061 071 073 | .078

(.042) (.043) | (.034) | (.034)

H H 8-9 455 514 | .506 572
(.087) (.058) | (.075) | (.058)

11-12 .636 583 | .603 637

(.084) (.049) | (.057) | (.052)

15-16 .636 674 | 732 | 722

(.084) (.046) | (.050) | (.050)

18-19 .849 743 | .829 786

(.062) (.049) [ (.061) | (.053)
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(a) in Table 4.3 represents the predicted values of Table 2 in Stanek and Diehl (1988)
[134]. The predicted values for the model chosen here (linear models except for larval
origin hawthorn and test fruit apple which is constant) are listed in Table 4.3 under (b).
Parameters are estimated by the GLS equation (4.7), where B = f from (4.4) as X is
the identity matrix. A correlation of 1.00 for hawthorn larval origin flies tested on apple
fruit at 15-16 and 18-19 days presents a problem in that this implies the weight matrix
3 in (4.7) is singular. To overcome this problem ¥is replaced by a generalized inverse
matrix (see Searle (1971) [128] (pp. 1-30)).

Stanek and Diehl (1988) [134) test and retain the hypothesis of parallel slopes among
flies on all test fruit except hawthorn flies on apple fruit. As there is no linear term
for hawthorn flies on apple fruit, we test parallel slopes for the other fly, test fruit
combinations. We retain the hypothesis of parallel slopes, with the Wald statistic Q) =
2.2003 on 2 degrees of freedom. The predicted values found by fitting this model, are
recorded in Table 4.3 under (c).

Predicted values under (a), (b) and (c) are reasonable compared to the observed
values given the small sample size. When compared to (a) and (c), nine of the sixteen
predicted values under (b) are the closest to the observed values. This is not surprising
because of the restriction of parallel slope under (a) and (c). Differences between (a)
and (c) are generally not very large. The observed values however for hawthorn-apple

indicates a constant model may be more suitable. This is supported by the sequential

tests of Table 4.2.

4.5 Discussion

The approach presented in this chapter extends the work of Stanek and Diehl (1988) [134]
in a straightforward manner. Connections are made with the continuous case especially
as presented by Verbyla and Cullis (1990) [149] in terms of sum of profiles. In modelling
the subpopulations separately we have incorporated a greater level of flexibility rather

than rigidly forcing all subpopulations to have polynomials of the same order.
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Although polynomials are used, following the work of Verbyla and Cullis (1990) [149],
and Verbyla and Venables (1988) [151], other model forms could be used.
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Chapter 5

Quasi-likelihood and Generalized

Estimating Equations

5.1 Quasi-likelihood

Let y be an n X 1 response vector of n independent units with mean vector p and

covariance matrix ¢V (g). The matrix V' (u) is a matrix of known functions,

V(u) = diag(gi(p1), g2(p2)s- -5 gnlptn))

where the function g;(u;) specifies the mean and variance relationships. It is usually
assumed that g;(u;) = g(u;), though this is not necessary for the material in this section.
The mean is related to the linear predictor, n; = @!8, by ui = h(«!3) where 3 is an
m X 1 vector of parameters, and x; is a vector of explanatory variables or covariates.
The inverse of h is the link function.

The function, for a single observation, y; say,

Ui = Ulpi;yi) =

has the following properties,
(a) E(U;)) =0
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(b) var(Ui) = 1/¢g(pi)
(c) —E(0Ui/0u:) = 1/ dg(i)-

These 3 properties are shared by the log-likelihood derivative, and are important for

most first-order asymptotic theory for likelihood functions. The integral

By — t
ihYi) = dta
Q(# ) vi d’g(l‘i)

if it exists, behaves in a similar manner to a likelihood function for y;. It is referred to as

a quasi-likelihood for p; based on y;. It is more correct to refer to Q(u;; y;) as a log quasi-
likelihood function. Due to the independence of the elements of y, the quasi-likelihood
for complete data is )

y) = ElQ(Hi; Yi)-
Similarly the function

D(y ’l’ _2¢ZQ F‘uyt

is the analog of the deviance function, and is referred to as the quasi-deviance function.
By differentiating Q(pt; y) with respect to B, the quasi-likelihood estimating equa-

tions for the regression parameters 3 is

n a'ul

35k Z

which in vector form is

'_ yi—pi)/é=0, k=1,..., m,

UB)=D'V7i(y — u)/é (5.1)
where D is an n X m matrix with components Dy, = 0u,;/08, and V is the m x m

diagonal matrix with diagonal elements g(u;). The estimator of 3, ,[:], is obtained by

solving (5.1). Equation (5.1) is referred to as the quasi-score function. The covariance

matrix of U(B) is

var(U(B)) = —E (8%—;{3)) . i[‘l =D'V™'D/é¢.
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The asymptotic covariance of ﬂ is
var(8) = ig' = ¢(D'VD)™!

analogous to Fisher’s information matrix.
Estimation of B can be performed by the Newton-Raphson method with Fisher
Scoring, that is
R = Y} A —1 A R A —1 n
:Bj = ﬂj—l + (Dj—le—le—l) Dj—lvj—1(y - p’j—l)
. . , -1 ) ;
for the j** iteration, and D;_,, V. iand p1;_, are D, V and p evaluated at 3;_,. The
conventional estimate of ¢ is the moment estimator

L S — ) (8.

n—pr:3

The estimate 3 is asymptotically unbiased and Normally distributed.

5.2 Extended Quasi-likelihood

5.2.1 Specifying the Extended Quasi-likelihood

To include analysis and estimation of the dispersion parameter and the variance func-
tion, extended quasi-likelihood was introduced by Nelder and Pregibon (1987) [100].
This section is included because modelling the dispersion parameter with GEE for lon-
gitudinal data is examined in chapter 6. The extended quasi-likelihood approach and
the related work of Smyth (1989) [131] provides the impetus for chapter 6.

The extended quasi-likelihood for a single observation y;, with mean y; and variance

bg (i) is St el
0 ey — 2NV i) 108

Q (/“tl’ qs’ yl) 2¢ 2 )

allowing Q7% to act as a log-likelihood with respect to ¢ because E(0Q*/0¢) = 0. See

Nelder and Pregibon (1987) [100] and McCullagh and Nelder (1989) [92] (pp. 349-351)

(5.2)

for a more detailed discussion. The second term on the right hand side of (5.2) is replaced
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by —log (2r#g(u:))/2 in Nelder and Pregibon (1987) [100]. Since we are assuming that
the y; are independent then

Q+(#, ¢7 y) i zj: Q+(un d)’ y:)

If we assume that ¢ is sufficiently small so that the approximation E(D(y;;ui)) = ¢ is

reasonable, then the derivatives
0 _yi—mi 4 9Q7 _ Dlysm) 1
i dg(pi) d¢ 247 2¢

have zero mean, and consequently the estimate of 3 obtained by maximizing Q7 is

the same as maximizing (). The estimate of the dispersion parameter ¢ obtained by
maximizing Q7 is b= D(y; ft)/n. When the underlying distribution is the Normal or

inverse Gaussian then q‘) is the maximum likelihood estimate of ¢.

5.2.2 Indexed Variance Functions

We can relax the requirement that the variance of y; is known up to a multiplicative
constant, ¢. Suppose the variance function is an unknown parameter (. Thus we can
write the variance of y; as var(y;) = ¢g¢(¢;). This implies for a single observation the
extended quasi-likelihood is

QO (i 1) = _De(yispi)  log(4)

2¢ 2

where
MY — Uy

vi ge(wi)

An important example for g;(u:) is g¢(p:) = u$, with commonly occurring values of ¢

De(yss pi) = =2 du;.

being 0, 1, 2 and 3. These values correspond to variance functions from the Normal,

Poisson, Gamma and inverse Gaussian distributions respectively.

5.2.3 A Variable Dispersion Parameter
Suppose the dispersion parameter varies across the observations such that
var(y:) = ¢ig(pi),
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and is assumed to be a function of a set of covariates,
b(¢:) = aiv

where b is a link function, a; is a k x 1 vector of covariates and 4 is the corresponding
vector of unknown parameters. The covariate vector a; may be a subset of ;. A
desired goal of the dispersion model is to improve estimation of the mean parameters
(lower standard errors).

Let d;(y:; ui) be a suitably chosen statistic such that

E(di(ys; i) = ¢ and  var(di(yi; 1)) = Tva(éi),

where vq(¢;) is the dispersion variance function. McCullagh and Nelder (1989) [92] (pp
358-359) consider two possible choices for the dispersion statistic d;,

(a) Generalized Pearson statistic,
di(yis i) =13 = (s — )"/ 9(s),

(b) Deviance statistic for the :** unit,

vi iy, — t
di(ys; pi) = 7"2,- = 2/ Ciapl dt.
(y Y ) d " g(t)

Using Normal theory, the two statistics r2; and r are equivalent; this is not true when
Normality does not hold. Though F (rfn-) = ¢; exactly, the expected value of the deviance
statistic r3; is only approximately ¢;. If y; is Normal, d; has the ¢;x} distribution and
consequently we would choose the Gamma model with v(¢;) = 2¢?. A second quasi-
likelihood equation for the d;’s will lead to an estimate for «.
The second quasi-likelihood can be written as
—20* =3 % 43" log (2nig(v1)

i=1 ¥ =1

where d; = ry4;. The estimating equations for 3 are

= i lal -
Zy BP0, j=1,..., m, (5.3)
1=1 /BJ



which are the quasi-likelihood equations except 1/¢; is included as a weight.

The estimating equations for v are

"\ d; — ¢; O
3 @i 0

St =0 =Lk (5.4)
=1 1 J

Equations (5.3) and (5.4) are the quasi-likelihood with deviance components d; = r2,.
Often, however the variance of d; exceeds 2¢? and an appropriate adjustment should be
considered (see McCullagh and Nelder (1989) [92] (pp. 361-362)).

The difficulty with using d; = r3; or equivalently the extended quasi-likelihood, is
because, as discussed earlier, E(r%;) is not exactly ¢;. It is not generally possible to
derive the expectations of 73, without full distributional results.

Smyth (1989) [131] obtains estimates of the mean and dispersion parameters by
quasi-likelihood equations of the form (5.3) and (5.4), but uses the generalized Pearson
residuals d; = rZ; instead. Further, Smyth (1989) [131] observes that 3 and ~ are quasi-

orthogonal by differentiation of (5.3) by v, and (5.4) by Bx and taking expectations.

5.3 Marginal Means and First Order Generalized

Estimating Equations

5.3.1 Extension of the Quasi-likelihood Equations for Longi-
tudinal Data

Liang and Zeger (1986) [81] proposed an extension of generalized linear models for lon-
gitudinal data. A class of estimating equations was introduced that produce, under mild
regularity conditions, consistent estimates of the regression parameters. The estimating
equations they consider attempt to account for the correlations among the repeated
measurements for a given unit. The distribution of the response values is presumed to
belong to the exponential family.

The joint distribution of a unit’s observation is not specified, but the estimating
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equations reduce to the score equations for Normally distributed multivariate data. The
estimating equations can be thought of as an extension of the quasi-likelihood equations.

Zeger and Liang (1986) [167] propose, in a more general way, methodology for discrete
and continuous data that is based on quasi-likelihood theory. This extension of the quasi-
likelihood case to longitudinal data makes no specification of the underlying marginal
distribution for the marginal responses for each unit. Only first and second moment
assumptions are made. The resulting estimating equations are referred to as generalized

estimating equations (GEE).

5.3.2 GEE for the Mean Parameters

Suppose we have observations (yi;, @;;) for subjects ¢« = 1,...,n at time points ¢;;,
Jj=1,...,pi, where @;; is an m x 1 vector of explanatory variables that may be time-
dependent or time-independent or a mixture of both. Let 4;; be the expectation of y;;,
y; and p; be the p; x 1 vectors (yi1,. .., Yip; )’ and (fi1, - . ., fip; )’ respectively. One of the

assumptions made is that the mean is related to the linear predictor n;; = ;3 by

pi; = h(z;;8), (5.5)

where 3 is an m x 1 vector of parameters and the inverse of A is the link function.

Further, it is assumed that the variance of y;; is

var(ys;) = vi; = dg(pis) (5.6)

where ¢ is a scale parameter. Interest lies in 3, and ¢ is treated as a nuisance parameter.

To account for the correlations within a subject let R;(a) represent a p; x p; ‘working’
correlation matrix of y;, so named because we do not expect it to be correctly specified.
R;() is assumed to be fully specified by an s x 1 vector of unknown parameters, a,
which is the same for all subjects even though R;(a) may differ from subject to subject.

A working covariance matrix for y; is given by
Vi = 6A;*Ri(a) A},
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where A; is a p; x p; diagonal matrix with g(u;;) as the jth diagonal element. The
GEE’s for longitudinal data are

> Usi(By a) =) D;V,7* Sy =0, (5.7)
i=1 =1

where Sy = y; — u; and Dy, = 9pu;/0B8. When p; = 1 for all 1, (5.7) reduces to the
quasi-likelihood equations (5.1). When Normality is assumed, Y7, D, V,7'S); is the
score vector of 3.

The estimating equations (5.7) depend on a as well as 3. If a is replaced by an
n!/?-consistent estimator &(3, ¢) and ¢ by an n!/?-consistent estimator &(,B), then (5.7)

becomes a function of 3 alone, that is

>_Ui(B, &(8, #(8))) =0. (5.8)
=1
The following definition is used in Theorem 5.1.

Definition 5.1 Consider a sequence of random variables {a,}. Then O,(a,) denotes a
random variable such that for all € > 0, there is a constant K and an integer ng such

that
P(|0y(ar)/an| < K) >1—€ V¥V n > ny,

where P signifies the probability.
For a given R;(a), let the solution of (5.8) be ,@R. The following theorem applies to fiR.
Theorem 5.1 Under mild regularity conditions and given that:

(i) & is n'/%-consistent given B and ¢,

(i) ¢ is n}/?-consistent given B and

(iii) 10&(8, $)/98] < H(Y, B) which is 0,(1),

then n1/2(,BR — B) is asymptotically multivariate Normal with zero expectation and co-

variance matrix

Vr = 7}_1_)1’1;10 n(G:‘GOGrl), (59)
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where

G, = ZDQ.'Vbi_ICOV(yi)Vb;—lDbi and G, = ZD,’”.V!".”D;,.-.
=1

i=1
Proof: A sketch of the proof is given in the Appendix of Liang and Zeger (1986) [81].

The asymptotic covariance matrix Vi can be estimated by replacing cov(y;) by
S4:S;;, and B, a and ¢ by their estimates. This estimate will be denoted as Vr. The
vector B g and matrix Vi are consistent estimators of 3 and Vg respectively if the mean
is correctly specified. Consistency does not depend on the correct selection of R;(«)
however.

To compute BR, Liang and Zeger (1986) [81] use an iteration scheme based on a
modified Fisher scoring method for 3 and moment estimation of the nuisance parameters

a and ¢. At iteration ¢ we have, given the current estimates & and é,

By =B —{G.(B & (B N ULBY & (B ), (5.10)

where &*(3) = d(,@,q@(ﬂ)) and G, is as defined above and is the limiting value of the
expectation of the derivative of Y, Uyi(8, &(8, $(8))) and Uy, is the GEE quasi-score
. D.V;'Sy. Let D= (D, ,...,.D; ),S8=(S,,...,S;,) and V be a k x k block
diagonal matrix, k = 3", pi, with %i(,fi;_l,d'(,@;_l)) as the diagonal elements. If we
let Z = DB — S, then (5.10) is equivalent to an iteratively re-weighted linear regression
of Z on D with weight matrix V7',
At a given iteration the nuisance parameters a and ¢ can be estimated from the

current Pearson residuals
P = (yi; — i (Br))/9(pi(Br)'?,

where [‘]R (suppressing the superscript c¢) is the current value of B in the iterative

procedure. The scale parameter ¢ can be estimated by the moment estimator

which is n'/?-consistent. The correlation parameter « is estimated consistently by bor-

rowing strength over the n subjects. The specific estimator depends on the choice of
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R(a) and is usually estimated by a simple function of

Rst e Z zsr;t/ n-— )

Examples of several different choices for R(a) and their parameter estimators are
given in Liang and Zeger (1986) [81]. Moment estimators for AR-1, Equal and Unstruc-

tured (fully parameterized) correlation matrices are discussed in chapter 6.

5.4 A Second Order Extension of the GEE

Prentice (1988) [109] extends the GEE’s of Liang and Zeger (1986) [81] to involve a
second set of estimating equations of the same form as (5.8) when examining regression
methods for correlated binary data. The response vector for this second set is the vector

of sample correlations 7; = {r;s},

o — [ _ (yis = mis)(yir — mit)
st — tSi(/B) (Wis(l . Tris)ﬂ'it(l _ 71_”))1/27

where y;; is the jth binary response in block ¢ and m;; = E(yi;) = pr(y;; = 1). The

sample correlation r;;; has expectation F(r;y) = corr(yis, ¥it) = pist(a) and variance

(1 = 2m)(1 — 2mi) pise 2

ts =1 — D .
w t(a) + (Trw(l _ 7['13)7'['”(1 _ 7['”))1/2 pzst

The mean response vector p; = {p;u(a)} is modelled as a linear function of a. The
GEE for estimation of a from the response vector r; is

. 2, (8pi\'
EUri(:Ba v, @) = Z (a ) V- 1("'1‘ — pi) (5.11)
1=1 1=1 a

1'1 rz LT pl) = 0'
1=1

Under mild regularity conditions, Prentice (1988) [109] demonstrates that the joint
asymptotic distribution of n'/2(3 — B) and n!/?(& — a) is Normal with mean zero and

variance matrix being n times

A, O A Ap A A,21
Ay Agp Ay A 0 Ay

(5.12)
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where

A11 = ZD Dbz 1

A22 = Z ri n—lD” ’

or
A = A D .V A
21 22 (Z ri Vi 8ﬁ> 11,
Ay = Dl'“V"var(y,-) v Dhi,

Ay, = D!V tvar(r))V7 Dy,

riri

A12 — Dlln"/bi—lcov(yi’ Ti)V”_-an',
/

A21 s A12'

Equation (5.12) may be estimated by replacing var(y;), cov(y;, 7:) and var(r;) by Sy;:Sy;,
Syi(ri— p;) and (v; — p;)(r; — p;)’ respectively, and evaluating (3, ) at (B, &), where
(B, &) are the GEE estimators derived from the two sets of estimating equations.
Lipsitz et al. (1991) [86] recommend the use of the odds ratio as an alternative to
the correlation coefficient as a measure of association between pairs of correlated binary
response. They take as their response vector the p;(p; — 1) random vector r; = {yist},
where yiss = yi,yis. The expected value of yis is the joint probability m;,, = pr(y, =
1, yi: = 1) and so E(r;) = §; = {mis}. The joint probability m;, can be written in
terms of the marginal probabilities m;s, 7;; and the odds ratio
Mist(1 — Tis — it — Tigt)
(mis — mist) (Tis — Tist)

as shown in equation (6) in Lipsitz et al (1991) [86]. The joint probability m; is a

Tist — Tist(aa /8) . 9

function of B and a and the expectation of the log of the odds ratio can be modelled
as a linear function of a.
Liang et al (1992) [82] discuss the usage of the odds ratio for not only the binary
case but also for the polytomous case, as well as mixed continuous/discrete responses.
Using (5.7) and (5.11) to estimate 8 and a separately assumes 3 and a are orthog-
onal parameters (Cox and Reid (1987) [26]). Liang (1992) et al [82] refer to (5.7) and
(5.11) as GEEL.
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Suppose that f; = (yi, »!)’, where f; has mean vector n; = (u!, p!), and let

1

A = (B, ). As we have seen, estimates of A can be obtained from GEE1. We can

also estimate A by the set of unbiased estimating equations,
UA) =) D/X'S;=0 (5.13)
1=1
where S; = f; — n;, X is the covariance matrix of f; and

Dy, 0
0pi/0B D,;

D,‘ = 817,-/8A =

The estimating equations (5.13) are referred to as GEE2 by Liang et al. (1992) [82].
Note that we can write (5.7) and (5.11) as the combined GEE

! -1

n oK, ] .
B Y var(y;) O yi—Hi | _ o (5.14)
=1 0 g—gi 0 var(r;) T — pi

which is a more concise way of specifying GEEL.

If
Vi Viri

Vi
replaces X; in (5.13) as a working covariance matrix, then GEE1 is equivalent to setting
0p;/03 =0 and V,,; = 0.
Let the v x 1 parameter vector £ completely specify the matrices V,,; and V,; and
let €(A) be an n'/Zconsistent estimate of £&. The vector n/%(A — A), where A is the
solution of (5.13), has as n — oo, an asymptotic multivariate normal distribution with

mean zero and covariance matrix that can be consistently estimated by
VR"=n(H*H,H™), (5.15)

if the mean vector is correctly specified and certain mild regularity conditions hold. The

matrices H, and H, in (5.15) are

H,=) D/V7'S;S/V'D; and H, =Y DV, (D;+df./o)),

i=1 i=1
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where 8 f;/0A denotes 8 f;/OX evaluated at A = A. Consistency of the solution of (5.13),
A, depends upon the correct specification of E(y,;) and E(r;).
When 7; = {y;;yi:} and when we use the odds ratio as a measure of association, H,

simplifies to

H, =Y DV D

1i=1

5.5 Estimating Equations by a Class of Quadratic
Models

Zhao and Prentice (1990) [171] and Prentice and Zhao (1991) [110] introduced a class
of quadratic exponential models (see Gourieroux et al. (1984) [50]), which were used
to develop estimating equations for the mean and covariance parameters. This more

systematic approach was compared to the more ad hoc method of GEE for the covariance

matrix.

Let rise = (yis — pis)(yie — pit), that is ri; are the empirical covariance values, so
that »;, = {ris} for discrete and continuous responses. The mean of r; is the vector
of covariances o; = {0} which is a function of parameter vector c«. The ad hoc

method described in Prentice and Zhao (1991) [110] is GEE1 defined in (5.14), where
p: is replaced by o;.
Estimating equations by the more systematic approach for the mean and covariance

parameters of y;, can be generated by the quadratic exponential model
Pr(y;; pi, i) = AT exp (y/8; + wiéi + ci(yi)) (5.16)

where w; = (y4, Ya¥iz, .-, Y5, Yial¥is,-.-), ci(+) is a shape function and
A; = A0, &, ci(-)) is a normalization constant. The ‘canonical’ parameters ; =
0:(p;, o;) = (0a, biz,..., 0:,) and &, = &,(p;, o) = (&1, Eazy- .., &2, Eina,...) are
expressed as functions of the marginal parameters (p;, ;).

Under mild regularity conditions it can be shown that maximum likelihood estima-

tion of the mean and covariance parameters using any member of the family will be
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consistent and asymptotically Normal. This family is unique because the consistency
holds even if the quadratic exponential model does not hold. Gourieroux et al. (1984)
[50] called this method pseudo-maximum likelihood estimation.

The Jacobian for the transformation from (8;, §;) to (u;, o) is the inverse of the

!

covariance matrix for (y;, w!

). This is generally a one-to-one transformation, except if
(y!, w!) has a degenerate distribution.

Using any particular case of (5.16), the score equations for 8 and « are n™! times
equations (5.13) with p; replaced by o, that is they correspond to GEE2. Estimation of
the mean and covariance parameters under this pseudo-maximum likelihood approach
are, however, typically computationally involved and thus unattractive. A more con-
venient approach is to replace X; by a working covariance matrix as done in GEE2.

Prentice and Zhao (1991) [110] offered a number of suggestions for the working covari-

ance matrix V;. They were:

(WC1) Independence Working Matrices: Assuming the elements of y; are independent
and using the Normal theory value for r;;; leads to
cov(yi,7;) =0 and cov(Tist,Timn) =0 s#Em, t#n

2

var(rijx) = 0ijoi J # k and var(rij;) = 205,

If the dependencies among the elements of y; are not very great then this specifi-

cation may be adequate.

(WC2) Normal Distribution: Using a Normal distribution for y; gives
cov(yi, i) =0,

coV(Tisty Timn) = COV(Yis, Yim )COV(Yit, Yin) + cOV(Yis, Yin ) cOV(Yit, Yim )-

If the distribution of y; does not differ greatly from Normality, then we can expect

that the estimates of 3 and a are highly efficient.
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(WC3) Common Third and Fourth-Order Correlations: This specification is a relax-
ation of WC2, where

E((yij — i) ik — pin) (it — par)) = viwr(0i55000k001)
and

E((yij — pii )(yie — pir)(yir — pit)(Yim — Pim)) =

1/2
ik Oitm + Oij10ikm + TijmTikt + Sikim(Ti5i OikkOitTimm )"/

where vjr and djxm, J < k <1 < m, are the extra parameters that need to be
estimated. We can use the n'/?-consistent estimators 4;,; obtained by averaging

over all n (such that p; > ()

(i — ;) (win — pir) (var — )/ (i oimn0oin) *

evaluated at (ﬂ, ¥).

Similarly we can obtain a n'/?-consistent estimator of Sjk[m, where we average
over all n such that p; > m. This specification allows adaptation to skewness or
kurtosis in the sampling distribution, relative to the Normal distribution. Sample
sizes (n) may need to be large for good asymptotic efficiencies. Simplifications
could be made by making certain of the v;5 and é;4,, equal, for example if the

elements of y; are in some way exchangeable.

5.6 Efficiency and Consistency of GEE1 and GEE2

The usual focus in longitudinal studies is estimating the mean parameters, and the
association parameters are considered as nuisance parameters. By ignoring information
on B in r;, the use of GEE1 results in consistent estimates of 3 given only that E(y;)
is correctly specified, irrespective of whether E(r;) is correct or not. The penalty paid

by ignoring this information is that these estimators will be less efficient than A when
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E(r;) is correct. However the loss of efficiency may be of secondary importance to the
inconsistency of the estimate of X because of incorrect specification of the expectations.

In a series of simulations of blocked correlated binary data under various models,
Liang et al. (1992) [82] examined the efficiency of B and «a relative to maximum like-
lihood estimates for GEE1 and GEE2, where the odds ratio is a linear function of the
parameter vector a. They reported estimates of 3 for both methods were highly efficient
but there is a non-negligible loss of efficiency in the estimation of a when using separate
GEE (GEEL1) (as low as 40% when the true odds ratio was 5). This is analogous to using
PREML instead of full REML for the profile model discussed in chapter 3. Liang et al.
(1992) [82] recommend using GEE2 when the number of repeated measurements (p) is
large relative to the number of subjects (n) and/or the association parameter vector a
is of interest.

Both GEEl and GEE2 require additional third and fourth moment assumptions.
However, GEE1 has the advantage of fewer higher moment assumptions than GEE2. In
the commentary of Fitzmaurice, Laird and Rotnitzky (1993) [44], Prentice and Mancl
argue that in most situations there is likely to be little usable information of 3 from
the vector of empirical covariances. They report that in an extensive set of simulation
studies (Mancl (1992) [90]) there was very little efficiency gain in using GEE2 rather
than GEEL. In some cases there was a noticeable efficiency loss for estimation of 3
with GEE2 compared to GEEL, even when the variance model was correctly specified.
This was apparently due to inappropriate working models for V;, and V, assigning
undue weight to the contribution of the »;’s in the estimation of 8. In the rejoinder,
Fitzmaurice, Laird and Rotnitzky however express the belief that these findings heavily
depend on the choice of design matrix and parameter values.

Another important consideration is the stability of the estimating procedure under

GEE1 and GEE2. This will be examined further in chapter 7.
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Chapter 6

Extensions of the Generalized

Estimating Equation Method

6.1 Introduction

The profile and sum of profile models (chapters 2 and 3) allow for modelling of effects
over time for Normal data. In the discrete case, Stram, Wei and Ware (1988) [137]
considered the analogous problem, but their analysis is equivalent to GEE with inde-
pendence ‘working’ covariance matrix (Zeger (1988) [166]). This will lead to inefficient
estimation, much like the case of ordinary least squares for correlated data. The model
parameters in Stram, Wei and Ware (1988) [137] were assumed to be occasion-specific,
that is they are specific to each occasion.

Thall and Vail (1990) [142] used GEE’s to model count data with overdispersion and
described some covariance models with occasion-specific variance parameters. Some of
the variance models they considered were var(y;;) = asu; and var(y;) = oupy + aop?, t
indexing the repeated measurements within each unit.

In this chapter we will consider the extension of GEE’s to models which have
occasion-specific mean and/or dispersion parameters. The within unit correlations are

not restricted to the independence case. Modelling the occasion-specific mean param-
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eters leads to a form analogous to a sum of profiles model and a two-stage estimation
procedure may be used. Missing data for equally spaced measurements over time can
also be easily accommodated into the analysis.

Modelling the dispersion parameter for univariate data was briefly discussed in §5.2.3,
in relation to quasi-likelihood and extended quasi-likelihood. For longitudinal data, a
set of GEE’s to model the dispersion parameters is developed in this chapter. The mod-
elling of the dispersion parameters may provide important information on the influence
of particular covariates on the variance. Another benefit may be an increase in the
efficiency in the estimation of the mean parameters. It is noted that a similar set of
estimating equations to ours for the dispersion parameters was independently developed
by Paik (1992) [104].

A difficulty with the GEE approach is selecting a best model from a number of
possible candidate models. Model selection criteria for the GEE will be discussed in

this chapter and applied to the examples in chapter 7.

6.2 Occasion-Specific Parameters and Sum of Pro-

files

Suppose the mean relationship (5.5) is generalized to allow for occasion-specific regres-
sion parameters, that is
pij = h(zi;8.;) (6.1)
or equivalently
pi; = flpi) = 23,8, (6.2)
3.; denoting the occasion-specific regression parameters. Stram et al. (1988) [137] devel-
oped an approach that is closely related to that of Liang and Zeger (1986) [81]. Firstly
they analysed the data at each occasion separately using a proportional-odds model

from the family of models for ordinal data described by McCullagh (1980) [91]. They

combined the estimates of the occasion-specific parameters 3 ; into a single vector ,Bc
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say, which is asymptotically unbiased and Normal, and performed simultaneous infer-
ences on individual characteristics over time. Zeger (1988) pointed out that by allowing
the regression parameters to vary in time and using the working correlation matrix,
R(a) = I, then B3, is the solution of (5.8).

We formulate the GEE for the occasion-specific problem in the following manner.
Suppose the ith individual is measured at p; of a total of p time points. Let pu? =
(Bi1s e pily,) and B = (Bay..ey Bp) = (Biye.+yBn). For the ith individual we can
write the linear forms in (6.2) as u! = E;3, where E; is a p; x mp design matrix that
reflects both the treatments applied and the time points at which observations have been
made. This formulation allows missing values to be easily accommodated. The mp x 1
vector B is the vector of parameters for the time-by-treatment combinations obtained
by stacking the rows of B, that is 8 = (8/,...,8 )". As a consequence we may write
(6.1) as

pis = h(e;; B),
where e;; is the jth row of E;. We now have exactly the same form as that in §5.3.2
and hence the results follow here, except the divisors for qAS and R,, are now (n —m)p
and n — mp respectively. We could also generalize (6.1) (and similarly (6.2)) to u;; =
h;(®;;8.;) as discussed by Liang et al. (1992) [82].

To investigate differences over time for intercept terms of the occasion-specific mean
model, it may be better to use a deviations from the sample averages (DFTSA) form

(Weisberg (1980) [160] (pp. 10-11)) of the mean model. For a simple linear model,
Yi = Po + Pizi + €,

the DFTSA form is
yi = By + Bi(zi — &) + e,

where e; is the random error term, and 8§ = 8o + $1Z. Thus the new occasion-specific
intercept terms are now takén about the covariate sample averages (reducing the effect

of time-varying parameters of the covariates on the intercept estimates).
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Now suppose that we are interested in modelling the blocks of B by a linear model

of the form (2.23), that is

B.. M6, M, 0 0 6,
B.. M.,0, 0 M, --- 0 0.
,Bm. Mmem 0 0 M Mm 0m

and so the profile design matrices MP*? allow different parametric forms for different
blocks of 3. This allows for modelling of individual characteristics over time. We can

write (6.2) in a form analogous to the sum of profiles model (2.24),

m
* — .. I .
pi = xifmy;,
=1

where my;, is the jth row of M;.

The GEE when (6.3) is true is

ZU“ 0, a) = Z Ou;/086)V,;*S; = 0. (6.4)
1

=1 1=

With time-independent explanatory variables, Gaussian responses and identity link func-
tion, this model is a form of (2.24) and (6.4) is the score function of the sum of profiles
model. Computation of Op is as in $5.3.2 for BR.

The estimation procedure for 8 from the GEE’s is two-stage. First we estimate 3
via the GEE (5.7) to obtain the estimator ﬁR. We then test and select the appropriate
profile specification in (6.3) and then use (6.4) to obtain the estimator Or of 8. Using
the asymptotic distribution of BR we can perform a goodness of fit test of (6.3), that is

(Br— M6V (Br~ MO)

which has an asymptotic x?2 distribution on mp—¢q degrees of freedom, where ¢ = Y"I2 | ¢i.
We can also perform tests on hypotheses of the form C,@R = 0 where C is a known

r X mp matrix, using the test statistic
(CBR)(CVRC')™'CBp (6.5)
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which has an asymptotic x? distribution on r degrees of freedom.

If the number of regression parameters and/or time points are moderately large,
then the selection of the appropriate profile specification could be performed in stages,
analogous to the standard backwards elimination method. For example the assumption
of separate regression parameters at each occasion could be tested in stages by applying
(6.5) to each characteristic (adjusting the contrast matrix C for each characteristic).
The smallest non-significant test statistic indicates an intermediate profile specification.

At this stage one of two different strategies could be employed. Under the first strat-
egy new estimates are obtained by the GEE (6.4) and the variance matrices are adjusted
or updated accordingly. New tests based on (6.5) (éR replacing BR) are performed on
8. This procedure is continued until the final profile model specification is reached.

Alternatively, a computationally simpler strategy is to use the asymptotic properties
of the GEE estimate BR to estimate 8 by generalized least squares. If (6.3) is correct,
then ﬁiR is asymptotically distributed as N(M @, Vg). The generalized least squares

estimator of 8 based on the asymptotic distribution of ZJR is

6" = (M'Vi* M) M'Vy* Bg

and & has asymptotic covariance matrix (M'V;*M)~'. This is analogous to the
generalized least squares estimator (2.25). New tests on 6" are implemented and a new
estimate of @ is obtained by generalized least squares. This procedure is repeated until
the final profile model specification is determined. The main difference between this
strategy and the previous one is that the estimating equations are employed once only
and consequently Vg is evaluated once.

The second strategy is probably the less efficient of the two. However it would be
more robust to an incorrect specification of the profile design matrix M. In the first
strategy, the association and dispersion parameter estimates are re-estimated at each
step. If the profile design specification is incorrect at one of the stages then these new
parameter estimates are now incorrect, and inferences on the mean parameters may

be misleading. This is in contrast to the second strategy, where the association and
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dispersion parameters are estimated once only.

If we are interested in modelling the characteristics (3 ;, K = 1,...,p) at each time
point, we can model the pm x 1 vector § attained by stacking the columns of B, which
is just a reordering of 3, in a similar fashion as (6.3) for 3. The estimator £ of & derived

from the GEE’s (5.8) is also a reordering of the elements of 3p.

6.3 A Dispersion Model

Suppose that we replace the dispersion parameter ¢ in (5.6) by ¢,;;. Generalizing the
univariate case of §5.2.3, let d;;; = (yi; —pij)%/g(p;), which has expectation ¢;;. Assume

that we can model the dispersion parameters ¢;; by
b(¢i;) = al;y (6.6)

where b is a link function, a;; is a k x 1 vector of covariates and = is the corresponding
vector of unknown parameters. Let ¢; = (i1, -, éin,)’ and d; = (diy1, -+, din;n,). To
complete our second-order construction, we use the empirical pairwise correlation values
rist = (Yis — pis)(Vie — ,u,-t)/(¢is¢i,g(pis)g(,uit))1/2 where s # t, for the response vector
r; = {rix}. We assume that p;;x = c(a), where p;;; is the correlation between y;; and
Yik- The unknown s x 1 parameter vector a specifies the pairwise correlations and the
inverse of ¢ is a link function. Since only first and second order moment assumptions
have been made, the covariance matrix of d; and 7; is unknown, involving fourth order
moments. However we can use working covariance matrices Vy; and V,; for d; and r;
respectively.
The dispersion regression parameters <y can be estimated from the GEE

= "0\,

U, 1) = (52) Virld = 9 =0 (67

i=1 i=1
and the correlation specification parameter vector a from (5.11), where p; = {pis}. It

may be the case that the dispersion regression parameters are occasion-specific, that is
b(¢i;) = al;v,
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which allows an extension to the sum of profiles procedure described in §6.2 for the

b

.58

Equation (6.7) is of the same form as that given independently in Paik (1992) [104].
The mean regression parameters are estimated by GEE (5.7) and the correlation pa-
rameters are estimated by the method of moments. The actual estimating procedure
used is GEEL.

Ifwelet A = (@, ¥/, &) and fi = (y!, d, r!) with mean vectorn; = (u!, ¢., p!)
then we can use (5.7), (6.7) and (5.11) to estimate X, that is in the spirit of GEEL. Note
that the mean parameter vector 3 may refer to occasion-specific parameters. The pa-
rameter vector A may also be estimated from the unbiased estimating equations (5.13),

where

Dy, 0 0
D; = 0ni/0X = | 8¢:/08 Du 0
0p:/0B 0pi/0y D,
Dy = 8¢,/0~. This is an extension of GEE2. In the examples in chapter 7, all models
considered result in dp;/d3 = 0 and dp;/0~ = 0.

Replace X; in (5.13) by the ‘working’ covariance matrix

Vii Viai Viri
Vi=| - Vi Vil
Vei

and let the v x 1 parameter vector £ completely specify the matrices Vigi, Viri, Viri,
V4 and V;;. Let é(A) be an n'/?-consistent estimate &, and consequently let X be the
solution of (5.13).

The following definition is used in the proof of Theorem 6.1.

Definition 6.1 For a sequence of random variables {a,}, then o,(a,) represents a ran-

dom variable such that for any fized € > 0,
P(lop(as)/an] <€) =1 asn — oo,
that is op(an)/an converges in probability to 0.
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A simple modification of Theorem 5.1 in §5.3.2 to account for the second order (dis-
persion and correlation) extensions under GEE2 is formally presented in the following

theorem. The proof is a straightforward extension of the proof of Theorem 5.1 (Liang

and Zeger (1986) [81]).

Theorem 6.1 Under mild regularity conditions, and & is n'/2-consistent given A, then
the vector n1/2(;\— A) is asymptotically multivariate Normal with zero mean and covari-
ance matriz given by

2 = lim n(0272,027), (6.8)

where

2, =Y DV7cov(f)V,*D; and 02, = Y D!V, (D;+ 0f;/0X).

i=1 i=1
Proof: An outline of the proof is given in Appendix A.

The asymptotic covariance matrix (6.8) can be consistently estimated by (5.15) if
the mean vector is correctly specified. Consistency of the solution of (5.13), A, depends
upon the correct specification of E(y;;), E(d;;) and E(r;;) and as such may not be robust
to incorrect specification.

The matrix

0 0 0
0fi/0OX = | od;/03 0 0
or;/0B3 Or;/0y O
from Appendix A may be simplified further. Since

Odis o (yis — mis) Opis _ (Yis — tis)* 09 (psis)
9P 9(pi) 9B g(pi)* OBk
then part of .7, D!V.7*0f;/OA corresponds to sample averages of linear functions of

(6.9)

the (yi; — pij) (from the first term of (6.9)) and is 0,(1). Thus for large sample sizes, we
can effectively set the first term in (6.9) to zero. A similar simplification may be used
in Or;/0B. If instead the d;; are the empirical variances (yi; — pi;)?, then by the same
arguments 0d;/00 is approximately zero. Similarly if rije = (yij — pi;)(¥ik — pix) then
Or;/0B is approximately zero and Jv;/07 is exactly zero.
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Using GEE1 type estimation for 3, 4 and a instead of GEE2 (5.13) is equivalent to
presuming 3, < and a are mutually orthogonal. As discussed in §5.6 there is a trade-off
to be considered between the increased efficiency under GEE2, and the robustness under
GEEL.

The use of (5.7), (6.7) and (5.11) is equivalent to requiring the following restrictions,

06:/0B =0, 8pi/0B=0 and 0pi/dy =0, (6.10)

and

‘/bdi = 0, ‘/bri =0 and Vd”' = 0. (611)

If X is the solution of (5.7), (6.7) and (5.11), then by Theorem 6.1, n'/2(X — A) is
asymptotically Normal with zero mean and variance (6.8), under the restrictions (6.10)
and (6.11). Depending on the need, efficiency may be increased and robustness decreased
or vice versa by using separate GEE’s (GEEL) or a combined GEE (GEE2), or a mixture
of both such as estimating 3 by (5.7) and a combined GEE that estimates « and a.
In this case the estimate of 3 is consistent irrespective of whether the correct mean
specifications for ¢; and p; are given. Other GEE combinations may be useful for
different levels of parameter importance. Estimating the parameters v and a in a
combined GEE separate from 3 is analogous to estimating the dispersion and correlation
parameters by REML in Normal Theory, that is from the marginal likelihood of zero
contrasts. Similarly, the mean and dispersion parameters are estimated by separate
quasi-likelihoods in Smyth (1989) [131].

In §5.5 we listed a number of possible working covariance matrices (WC1, WC2 and
WC3) as suggested by Prentice and Zhao (1991) [110] for the vector of empirical covari-
ances, and so leading to working covariance matrices Vy; and V,;. Another possibility for
V,; would be to assume that the correlation matrix of d; follows an autoregressive struc-
ture of order 1 (Paik (1992) [104]). Unfortunately a sensible correlation structure for »;
analogous to AR-1 is not so simple to define but the approximations WC2 or WC3 may
still be adequate for V;; (and V;,; if GEE2 is used). Other working covariance matrices
of f; could also be used (see Prentice and Zhao (1991) [110]).
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6.4 Pseudo-likelihood Estimates

Suppose the variance function belongs to a family of functions indexed by an unknown
parameter ( as in the univariate case of §5.2.2. For longitudinal data, then the variance
can be written as
var(yij) = bijge(is),
where for example
9c(ij) = ul;

where common values of  are 0, 1, 2 and 3. To estimate {, we can consider the pseudo-
likelihood approach of Davidian and Carroll (1987) [31]. If we condition on the GEE
estimates X and use the ‘working covariance’ matrix for the responses f;; then assuming
a multivariate Normal distribution allows us to find an estimate of (, in a straightforward
manner. Further, by conditioning only on the GEE estimate B via (5.7), we can find
pseudo-likelihood estimates of a and + as well (see Thall and Vail (1990) [142]). This
offers an alternative approach to estimating the nuisance parameters but will not be

considered further.

6.5 Estimation of the GEE parameters

If Ao = (BO, 4o, Gp) are the initial starting values of A = (3, v, «), then A may be
estimated iteratively by the modified scoring procedure (5% iteration),

n
A

A= A +(Xn: AU Nj—1, ENj=1))/OXN—)) ' 3 Ui(Njor, E(Xj-1))

1=1 i=1

= :\j-l + (Z D;'(j—l)vi_(Jl'—l)(Di(j—l) - afi/a'\j—l))_1

i=1
n

X Z:Ui()‘j-lv é(Aj—l))’ (6.12)

where the product terms on the right-hand side of the equal sign are evaluated at the

(7—1)t* value, ;\j_l. Instead of (6.12), setting 0f,;/OX = 0 generally leads to a procedure
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both faster and more stable in terms of convergence, especially for small data sets. This

modification is also computationally simpler.

6.6 Moment Estimation
The moment estimators of the correlation parameters are derived as follows: suppose
that s;; is the standardized residual,

Yij — i
dH2g(fui; )12

When p; = p V i, and R(a) = R;() is the unstructured or unspecified correlation

Si; =

matrix, then the p(p — 1)/2 unique correlation parameters may be estimated by the

moment estimator
A n__ S;;8;¢
Rjk = —~ le_l i tkz (6.13)

( i=1 Sij ?:l Stk)l/z,

given 3 and . Liang and Zeger (1986) [81], suggested using the moment estimator

A 1 2
R(a)=—> A"/*S8/S,A7/=

nd) =1

for scalar ¢, and which is easily modified for vector ¢. This estimator however may give
diagonal values unequal to 1. Paik (1992) [104] also uses the moment estimator (6.13),
but appears to have incorrectly defined s;; as the square of the above term.

In the case of an equal correlation, cov(y;;, yik) = a V1, j and k, then the moment

estimator of « is )

Yisk Pk

p(p—1)/2

If R;(c) follows an AR-1 structure, that is cov(y;;, yik) = al’~*l then regressing log R

a=

on |j—k| leads to an estimate of log , and hence ¢, from the slope. For more complicated

structures, moment estimation can be messy; see for example chapter 8.
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6.7 Model Selection Criteria

The statistic log(G), where G = det(var(A)~1) (see Thall and Vail (1990) [142]) can be
used to ordinally evaluate goodness of fit, that is higher values correspond to better fits
of the data. This is because det(var(X)_l) is an increasing function of the squared vector
correlation between the estimation equations and the score vector of the true likelihood
(which is unknown, as is the squared correlation vector). Thus a higher value of the
statistic corresponds to a higher squared vector correlation.

Another way of interpreting the log(G) statistic is that higher values correspond to
more optimal parameter estimation with respect to the variance of the estimators (see
Godambe and Heyde (1987) [49]). It can be thought of as a function of the precision of
the estimators.

There is however a difficulty in attempting to use log(G) to compare the various
models. As the number of parameters increases, log(G) also increases. Comparing
a model with large numbers of parameters to one with a much smaller set may be
deceptive. This is also a problem with maximum likelihood or maximizing some other
goodness of fit criteria, as these methods are liable to automatically select the model
with highest possible dimension. Some form of parameter size compensation or penalty
factor appears to be in order.

A number of methods have been proposed for selecting a model from a set of al-
ternative statistical models, particularly where the alternative models contain different

numbers of unknown estimable parameters (different dimensionality). The Kullback-

Leibler (K-L) information quantity (Kullback and Leibler (1951) [70])

s = (55 L ) e

is a measure (metric) of the distance between a model density function and the true

underlying density function, where fr(z) is the true density, and fa(z) is the density
function that defines the model. The negative of the K-L information quantity is called

the generalized entropy (Boltzmann (1877) [11]). A model selection criterion is to select
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a model density that has the smallest distance from the true unknown density.

The well known Akaike Information Criterion (AIC) was developed by Akaike (1973)
[3] as an estimate of the entropy. The AIC can be used to test nested and non-nested
models and an allowance is made for parsimony. Let k& be the number of estimable

parameters for a given model. AIC is defined here as,

Definition 6.2 AIC: Select the model for which the quantity,
log(mazimized likelihood) — k,
is the largest.

A criticism of the AIC is that it is not consistent. For example, suppose an autoregressive
process has order p and the number of time series observations tends to infinity, then
frequently AIC does not select the proper order p.

Schwarz (1978) [126] presented an alternative criterion which is known as the Schwarz
Criterion (SC) or Bayesian Information Criterion. The justification for this criterion is
essentially Bayesian, since asymptotically, we select the model with the largest posterior
probability distribution corresponding to a special prior distribution. The a priori dis-
tribution is the weighted sum of conditional a priori distributions. The weights are the
a priori probabilities that the j** competing model is the true one, and the conditional
a priori distributions are the distributions of the random parameter vector given the j'*

model. See Schwarz (1978) [126] for further details.
Definition 6.3 SC: Select the model for which the quantity,

log(mazimized likelthood) — %k logn,
is the largest.

This is basically a modified AIC, with increased penalty of overfitting. Kashyap
(1982) [62] also takes a Bayesian approach but adds extra terms to SC by going a term
further than Schwarz (1978) [126] in the asymptotic expansion of the logarithm of the

posterior probabilities.
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A slight variation to SC is Bozdogan’s (1987) [14] so called consistent AIC (CAIC).

Definition 6.4 CAIC: Select the model for which the quantity,
log(mazimized likelihood) — %k(l + log n),
is the largest.

This is derived as an analytical extension to the AIC, without violating the princi-
ples laid down by Akaike (1973) [3]. Bozdogan (1987) [14] exploits the large sample
asymptotic distributional properties of the maximum likelihood estimators to propose a
different information criterion that incorporates the Fisher information matrix into the
penalty component of the criterion. It is referred to as the Consistent AIC with Fisher
Information (CAICF). Both of these criterions make AIC asymptotically consistent.

CAIC and CAICF should be used if it is desired to avoid overfitting a model. This
may be at the expense of underfitting the model sometimes in finite samples, especially
for the CAICF. However, because of the consistency, the probability of underfitting and
overfitting a model will diminish as the sample size increases. If it is important to avoid
underfitting, then use AIC or perhaps CAIC when the sample size is small. The CAICF
will not be considered further.

Jones (1993) [61] suggests using AIC, but recommends that models within two units
of the highest AIC be taken as competitive models for the best. Among these competitive
models, selection is usually based on the model with the smallest number of estimable
parameters, k. There is some theoretical justification for this interpretation of AIC
(Duong (1984) [34}).

Since no likelihood function is defined with the GEE’s, a multivariate Normal dis-
tribution will be used with the above information criteria. The advantage in using a
multivariate Normal approximation is that it has a simple form, permits the correlations
within each unit to be easily included into the information criteria, and in many cases

provides a reasonable approximation to non-Normal data.
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Chapter 7

Applications of Generalized

Estimating Equation Methods

7.1 Introduction

In this chapter we consider three examples. The first example involves a clinical trial.
Fifty nine epileptics were observed at four time points, the response being the number of
seizures in each time interval. Occasion-specific parameters for the mean and dispersion
models will be considered for this example. The second example involves a study of
prolactin levels in 30 women, the prolactin levels taken at four time points. The third
example consists of counts of the ventricular premature heartbeats for patients that have
experienced a myocardial infarction.

Some of the issues considered will be:

(i) The suitability of the different model selection criteria in measuring the success of

a model.

(ii) Stability of the GEE estimating procedure, including alternative dispersion/variance
model specifications. Related to the issue of stability is the orthogonality of GEE1
compared to GEE2.
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(iii) The effect of the choice of the specification of the dispersion/variance model on
inferences on the mean parameters. Alternative specifications of the dispersion
parameter, ¢;, and the variance function, g(u;), were discussed by Firth (1991) [42]
(pp. 76-77) for the extended quasi-likelihood @Q*. The alternative specifications

can lead to different values for Q.

7.2 Examples

7.2.1 Seizure example

Thall and Vail (1990) [142] present analyses of data given in Table 2 of their paper for
a clinical trial of 59 epileptics (Leppik et al. (1985) [80]). Patients were randomized to
receive either an antiepileptic drug, progabide, or a placebo. There were four successive
clinical visits after randomization where the number of seizures occurring over the pre-
vious 2 weeks since the last visit (or the randomization starting point for the first visit)
were recorded. Table 3 in Thall and Vail (1990) [142] shows that the seizure counts
display a large amount of extra-Poisson variation (overdispersion), heteroscedasticity
and within-patient correlation.

The covariates considered in their models are the baseline seizure rate calculated as
the log(psc/4), where psc is the 8-week prerandomization seizure count, log(Age), the
binary indicator Trt for the progabide drug group, and the binary indicator Visit4 for
the fourth clinical visit.

Thall and Vail (1990) [142] demonstrate a heuristic derivation of a parametric form
for the block-diagonal variance matrix V using random effects acting multiplicatively
on the mean. Other forms of V' are suggested by this derivation.

We consider a number of models and employ GEE’s to obtain estimates of the

unknown parameters. All the models considered will have the mean form

log(uij) = Boj + B1jBase + 32;Trt + [3;Base.Trt + (4;Age, (7.1)
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that is the parameters are occasion specific. Note that Visit4 cannot be included in
the mean because of aliasing with the occasion specific intercept terms (fq;). Mean
model (7.1) is the occasion-specific generalization of the mean model (except for Visit4)
considered in Thall and Vail (1990) [142]. Let p;;x be the correlation between y;; and
yik. For ease of interpretation we will use a DFTSA form (§6.2) of model (7.1) instead,
where 35 represents the new intercept parameter, all other parameters remaining the
same.

The models considered are displayed in Table 7.1, also indicating which working
covariance structure, WC1 or WC2 (see §5.5), is used. Note that using WC1 or WC2
implies that the mean parameters are estimated directly from (5.8). This is analogous to
REML in Normal theory, where the mean regression parameters are estimated from the
conditional likelihood alone, and the dispersion and correlation parameters are estimated
from the marginal likelihood where an adjustment over the full likelihood is made. A
DFTSA form of dispersion Model 2 (€5, replaces €o;) will be used.

Models 1A and 3A are the same as Models 11 and 23 in Table 1 of Thall and Vail
(1990) [142]. The variance parameters in Model 3A are estimated by using a variance
response vector with elements (y;; — pi;)%. Equivalently the variance under Model 3A

can be rewritten as ¢;;g(uij), such that
$ij =1+ ¢jpi; and  g(pi;) = pij.

and is referred to as Model 4A. The dispersion response vector with elements (yi; —
1i;)2/g(pi;) is used for estimation of the variance parameters under Model 4A (Repa-
rameterized Quadratic Model).

The parameters of Models 3A and 4A were estimated by separate GEE (GEE1),
that is the mean parameters are estimated from (5.7), and the correlation and variance
parameters are estimated in a combined GEE like (5.13). This is the same as setting
both d¢;/08 and 9p;/0B3 to zero in D; (V4 and V., in V; are already zero under
WC1 or WC2). The parameters are also estimated by a combined GEE like (5.13)
(GEE2); these are Models 3B and 4B.
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Table 7.1:

Model Covariance Structure GEEl/GEE2  Working  Description
Correlation
1A cov(yij, ym) =0, #F k & J # 1, WCl1 Indept.
var(yij) = bjij, V4, J.

1B var(yi;) = @jtij, V1, J. GEE2 WC2 General
2 var(y,-j) = ¢,~j,uij, Vi,j. GEE2 WQC2 Log-linked
log(¢:;) = €oj + €1;Base Dispersion
3A var(yij) = pij + diu; GEE1 W(C2 Quadratic
3B As Model 3A GEE2 WC2 Quadratic
4A var(yi;) = ¢i;9(pij) GEE1 WC2 Reparam.
bij = 1+ djpi; & g(uij) = pij Quadratic
4B As Model 4A GEE2 WQC2 Reparam.
Quadratic

All models except 1A (Independence) have p;jx = , 7 # k, (Equal Correlation).
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The selection of the final profile model specification is done in stages and the first
of the two multistage estimating strategies discussed in §6.2 will be used, because the
number of data units is not large. The final forms for the models considered are listed
in Table 7.2 and refer to DF'TSA models.

The estimates of the parameters and standard errors for Models 3A and 4A are
virtually the same and so Model 4A is not shown. This is expected as they are effectively
the same model (3A and 4A differ only in the choice of a variance or dispersion response
vector respectively) and estimation has been performed by separate GEE in both cases.
Models 3A and 4A show no significant evidence of any of the parameters being occasion-
specific. However the high parameter estimate at Visit 1 in Table 7.3 indicates some
evidence of a higher Age effect at the first time point. Table 7.3 shows the occasion-
specific parameter estimates for Age for Model 3A with all other mean parameters fixed
over time. The final profile model forms of Models 1A, 1B, 2 and 4B indicate that
each of the mean parameters of Trt, Base.Trt and Age significantly differ over time.
The main sources of these differences over time for these parameters occur between the
first time point and the latter 3 time points, which are not significantly different. This
indicates the treatment is having a major effect at the first time point with lower impact
afterwards, but older patients respond less favourably to the treatment initially. Thus

for Models 1A, 1B, 2 and 4B, the profile component matrix in (6.3) for Age has the

form,
1 0
01
Mage =
0 1
01

Similarly, the profile component matrices for Trt and Base.Trt have the same form.

A

Using the marginal distribution for the Age estimates 3 and specifying the model

age’
Bage = M,g4ew leads to a generalized least squares estimate of w. A crude goodness of

fit

A

(Bage - Magew)lvt:gle(:@age - Mﬂgew)
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Table 7.2:

Param. Model
1A 1B 2 3A 3B 4B
B 1.658 | 1.628 | 1.557 | 1.679 | 1.740 1.703
(0.084) | (0.083) | (0.085) | (0.072) | (0.069) | (0.071)
By 0.931 | 0.922 | 1.016 | 0.886 % 0.876
(0.084) | (0.083) | (0.078) | (0.101) * (0.153)
P21 -2.120 | -2.168 | -2.122 -1.411
(0.471) | (0.431) | (0.459) (0.574)
B -1.178 | -1.257 | -1.138 | -0.982 | -0.790 | -0.690
(0.471) | (0.431) | (0.459) | (0.427) | (0.602) | (0.503)
P31 0.907 | 0.918 | 0.907 0.544
(0.177) | (0.178) | (0.163) (0.257)
B3 0.469 | 0.492 | 0.448 | 0.357 | 0.274 0.215
(0.170) | (0.178) | (0.155) | (0.208) | (0.270) | (0.225)
Ba1 1.618 | 1.634 | 1.741 1.217
(0.392) | (0.393) | (0.408) (0.296)
Ba 0.606 | 0.594 | 0.561 | 0.515 X 0.232
(0.283) | (0.307) | (0.322) | (0.282) * (0.267)
& 0.409 | 0.425 | 0.351 | 0.393 0.374
(0.061) | (0.060) | (0.101) | (0.073) | (0.072)
& 2.944 | 3.643 0.525 | 0.455 0.352
(0.717) | (0.704) (0.169) | (0.171) | (0.103)
b2 4.390 | 4.133 0.530 | 0.396 0.466
(1.448) | (1.599) (0.309) | (0.236) | (0.240)
b3 8.274 | 8.358 0.791 | 0.599 0.806
(4.002) | (4.390) (0.495) | (0.247) | (.436)
b4 1.972 | 1.960 0.096 | 0.117 0.111
(0.303) | (0.389) (0.050) | (0.052) | (0.052)
é 1.538
(0.234)
& -0.218
(0.198)
13 1.195
(0.508)
és -0.726
(0.290)
log(G) | 35.0 40.0 53.2 41.5 66.8 55.0
AIC | -483.4 | -462.6 | -450.1 | -463.8 | -459.3 | -459.2
SC -495.9 | -476.1 | -463.6 | -474.2 | -474.9 | -472.7
CAIC | -501.9 | -482.6 | -470.1 | -479.2 | -482.4 | -479.2

* Model 3B estimates for Trt and Age are displayed in Table 7.4.
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Table 7.3:

Param. | Visitl | Visit2 | Visit3 | Visit4

Age 1.075 | 0.270 | 0.255 | 0.476

(0.354) | (0.338) | (0.430) | (0.327)

Table 7.4:
Trt and Age parameter estimates for Model 3B.

B B2 Pia Bia Bar Baa Ba(3q)
0916 | 0.685 | 1.193 | 0.809 | 0.792 | -0.419 | 0.155
(0.226) | (0.173) | (0.254) | (0.149) | (0.236) | (0.245) | (0.231)

for this model can be performed, which has an asymptotic x? on 2 d.f. The param-
eter estimates for w (in Model 2) are (1.752 0.410)" with estimated standard errors
(0.401 0.289)', and the goodness of fit statistic is 1.669, indicating a good fit. Similar
goodness of fit tests for Trt and Base.Trt produced the values 0.517 and 0.683 respec-
tively, also indicating good fits.

In Model 3B no clear trends or patterns appear. In this model the Base parameter,
in contrast with the other models including Model 4B, varies over time (x? = 14.6354,
3 d.f.), and pairwise tests on the four time points of Base show strong differences for
different times. For Age, the results are only a little more informative, there being
little difference between time points 3 and 4, but differences between other time point
combinations. Table 7.4 shows the parameter estimates for Base and Age (combined
estimate for time points 3 and 4). These peculiarities between Model 3B and the others

may be due to the influence of
0o;/0B = 0u; /08 + 2¢;". » p;. x Op; /083 (7.2)

appearing in D; = 0n,/0A, where here o; replaces ¢; for Model 3B and ¢;" =
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(¢1, P2, ¢3, P4)’. The binary operator, ‘.#’, multiplies the elements of the left vector
operand with the corresponding rows of the right matrix operand. The term d¢,/083 is

zero in the other models except in Model 4B, where it is

@:". * Op; /08, (7.3)

and which has lesser impact than de;/08 in Model 3B. Thus it is observed that the
mean model inferences have changed between GEEl and GEE2, and for alternative
specifications (under GEE2).

There is no indication of a Visit 4 effect in any of the models considered, even
though it is significant if included in the mean model with all parameters fixed over time.
However in Model 2, the intercept parameters ¢;; for the dispersion model significantly
differ over time. This difference is due to strong differences between €}, and the other
time points, and so is equivalent to a fixed intercept over time and a Visit 4 effect. This
observation agrees with the low parameter estimate <2>4, as estimated from the other
models. As well, there are strong differences between the third time point and the other
time points for Base in the dispersion model. This is not surprising because of the large
parameter estimate for ¢ in the other models.

Using the log(G) criterion Model 3B would be considered the best, but it has the
largest number of parameters compared to the other models, and meaningful patterns
are not obvious for this model. The next best would be Model 4B (which is really
equivalent to 3B) followed by Model 2. Models 3A and 4A show the loss of efficiency by
using two separate GEE. The advantage of Model 2 is that due to the choice of ‘working’
covariance matrix and dispersion mean model, the mean parameters are consistent even
if the dispersion and correlation models are incorrectly specified.

These conclusions contrast the information provided by AIC and SC (inferences
based on SC and CAIC are generally identical), which attempt to account for differing
parameter sizes. The ranking of models using AIC and SC differ in the middle range
but both select the same 2 models for the first and second positions, these models

being Models 2 (first) and 4B (second). Jones’ (1993) [61] modified AIC also selects
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Model 2 as the best model. Intuitively, modelling the dispersion with a Base Variable is
not unreasonable. Individuals with large base counts may have large changes in seizure
counts as the treatment is applied, tapering off over time, compared to those with smaller
base counts with small changes. These changes may appear as a variable dispersion.

As with log(G), AIC and SC show the inefficiency of Model 1A. Similarly, AIC and
Jones’ criteria imply (but not as dramatically as log(G)) estimation of Models 3A and
4A by GEEL1 results in loss of information compared to Models 3B and 4B and GEE2.
Criterion SC is more neutral on this issue, and CAIC selects Model 3A over 3B. The four
information criteria are unanimous in showing that the alternative variance specification
to Models 3A and 3B (i.e. Model 4B) is either as good as, or usually better. Clearly the
variance specification used has a significant effect in the resulting goodness of fit of the
model (especially if used in conjunction with GEE2).

Table 7.5 provides a comparison of models where the mean parameters are now all
fixed over time and a binary Visit 4 term added. This allows a comparison with the
models considered in Thall and Vail (1990) [142]. All the models in Table 7.5 except
2A and 2B are the same as those described for the occasion-specific case in terms of the
variance and correlation. In Model 2A the intercept and Base are fixed over time and
there is a Visit 4 effect. Model 2B has no Visit 4 term.

The estimates for Model 4A are identical to 3A except the estimated standard errors
are slightly lower for the ¢'s and « in 4A. As in Table 7.2, we simplify dispersion Model
2 to an intercept term fixed over time, plus a significant Visit 4 effect. However, there
are strong differences between time points 1 and 3 with the other time points for the
dispersion base parameter. Model 2B shows a significant base term in the dispersion
model, but this is not so in Model 2A.

Models 2, 3B (and 3A) and 4B (and 4A) appear to be the best under the log(G)
model criterion, while not surprisingly Model 1A is by far the worst. Even though
Model 2 has the highest value for the goodness of fit test log((G), its larger number of

parameters makes comparison to the other models difficult by this test criterion.
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Table 7.5:

Param. Model
1A 1B 2 2A 2B 3A 3B 4B
Bo -2.717 | -2.181 | -1.980 | -1.588 | -1.679 | -1.431 | -0.559 | -1.112
(0.907) | (0.929) | (1.001) | (0.900) | (0.913) | (0.910) | (0.735) | (0.836)
e 0.932 0.920 1.008 0.918 0.913 0.903 0.868 0.907
(0.086) | (0.084) | (0.077) | (0.100) | (0.120) | (0.097) | (0.182) | (0.148)
[ -1.438 | -1.356 | -1.152 | -1.123 | -1.052 | -0.989 | -0.759 | -0.801
(0.415) | (0.422) | (0.370) | (0.430) | (0.428) | (0.419) | (0.599) | (0.507)
B3 0.595 0.547 0.454 0.439 0.427 0.365 0.232 0.267
(0.170) | (0.176) | (0.148) | (0.200) | (0.202) | (0.203) | (0.303) | (0.228)
B4 0.902 0.753 0.615 0.5677 0.601 0.541 0.311 0.444
(0.266) | (0.274) | (0.293) | (0.265) | (0.262) | (0.270) | (0.192) | (0.239)
Bs -0.168 | -0.162 | -0.128 | -0.153 | -0.150 | -0.158 | -0.147 | -0.154
(0.065) | (0.063) | (0.062) | (0.074) | (0.078) | (0.074) | (0.074) | (0.072)
& 0.390 0.401 0.367 0.349 0.347 0.390 0.363
(0.059) | (0.060) | (0.060) | (0.056) | (0.101) | (0.081) | (0.065)
o1 3.252 4.324 0.391 0.438 0.417
(0.718) | (0.774) (0.127) | (0.112) | (0.106)
b2 4.267 3.733 0.383 0.346 0.368
(1.372) | (1.292) (0.230) | (0.181) | (0.173)
3 7.436 6.990 0.615 0.615 0.614
(3.419) | (3.608) (0.383) | (0.359) | (.316)
04 2.189 1.983 0.101 0.112 0.108
(0.360) | (0.397) (0.051) | (0.060) | (0.055)
€0 1.480
(0.216)
€1 0.461
(0.369)
€12 -0.255
(0.184)
€13 1.138
(0.474)
€14 -0.258
(0.353)
€0 0.723 0.321
{0.441) | (0.465)
€1 0.433 0.570
(0.280) | (0.273)
€9 -0.662 | -0.773
(0.264) | (0.292)
log(G) 27.8 33.8 51.8 41.8 38.5 49.5 49.2 50.0
AlIC -487.3 | -469.4 | -457.0 | -466.8 | -472.1 | -463.2 | -463.2 | -462.7
SC -497.7 | -480.8 | -470.5 | -477.2 | -481.5 | -474.6 | -474.6 | -474.2
CAIC -502.7 | -486.3 | -477.0 | -482.2 | -486.0 | -480.1 | -480.1 | -479.7
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The selection criteria AIC and SC agree for the order of ranking for the models in
Table 7.5. Further they support the results of log(G) in terms of the best models, again
confirming Model 2 as the best model and Model 4B as the next best. Jones’ (1993)
[61) modified AIC also indicates Model 2 is the best model. This agrees with the results
seen in Table 7.2 for the occasion-specific case. We can also use the selection criteria
AIC and SC to provide meaningful comparisons of models between Tables 7.2 and 7.5.
Amongst all the models considered in Tables 7.2 and 7.5, Model 2 (Table 7.2) is still by
far the best followed by Model 2 (Table 7.5) and then by Model 4B (Table 7.2).

Overall, the best models imply that occasion-specific models may be important and
introducing a Base variable in the dispersion better represents dispersion variation.
Effectively, as indicated by Models 2A and 2B (but less clearly in 2), the larger the
baseline, the greater the impact on the dispersion which does not seem unreasonable.
Though not considered here, instead of explicitly modelling the dispersion in terms of
the baseline as in Model 2, a random effects model with a baseline random effect could
be used. The baseline random variable could be categorical, indicating high, medium
or low baseline values.

Under AIC with Jones’ (1993) [61] selection proposal, Model 2 (Table 7.2) is the best
choice, however Models 2 (Table 7.5), 3B and 4B (Table 7.2) must be considered com-
petitors for second best model. As Model 3B contains the largest number of parameters
amongst the three it is excluded, the other two models containing an equal number of
parameters. The higher AIC value of Model 2 probably puts it ahead of Model 4B.

In Table 7.6 a selection of the models considered in Table 7.5 is given, but the equal
correlation parameter is estimated by a moment estimator (see §6.6). The case of an
unstructured covariance matrix (moment estimated) is given in Table 7.7. The best
models in Tables 7.6 and 7.7 are the same as Table 7.5, and estimates of the parameters
and standard errors are in general quite similar.

The baseline parameter estimate ¢, in Models 2A and 2B for Tables 7.6 and 7.7

is significant, and differs little between the two models, providing further support of a
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Table 7.6:

Equal Correlation and Moment Correlation Estimator

Param. Model
1B 2 2A 2B 3B
Bo -2.800 | -1.672 | -1.218 | -1.438 | -1.657
(0.918) | (0.925) | (0.902) | (0.906) | (0.808)
51 0.920 1.032 .900 0.901 (.888
(0.083) | (0.070) | (0.107) | (0.124) | (0.170)
B -1.547 | -0.987 | -1.024 | -1.003 | -0.911
(0.417) | (0.356) | (0.427) | (0.419) | (0.484)
o2 0.635 0.384 0.392 0.402 0.366
(0.171) | (0.142) | (0.207) | (0.203) | (0.214)
B4 0.939 0.503 0.476 0.536 0.606
(0.271) | (0.267) | (0.265) | (0.260) | (0.209)
s -0.170 | -0.118 | -0.149 | -0.147 | -0.149
(0.066) | {(0.066) | (0.082) | (0.084) | (0.079)
é1 3.183 0.321
(0.696) (0.103)
2 4.353 0.461
(1.484) (0.223)
é3 7.442 0.715
(3.505) (0.348)
b4 2.215 0.141
(0.367) (0.046)
5 1.475
(0.212)
€1 0.431
(0.410)
€19 -0.379
(0.232)
é13 1.416
(0.421)
€14 0.083
(0.320)
éo 0.320 0.082
(0.479) | (0.456)
€1 0.644 0.699
(0.253) | (0.244)
éq -0.697 | -0.736
(0.232) | (0.257)
o 0.382 0.387 0.355 0.347 0.366
log(G) 27.5 47.0 35.9 324 45.0
AIC -467.5 | -455.7 | -466.2 | -471.4 | -461.9
SC -477.9 | -468.1 | -475.5 | -479.7 | -472.2
CAIC -482.9 | -474.1 | -480.0 | -483.7 | -477.1
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Table 7.7:

Unstructured Correlation and Moment Correlation Estimator

Param. Model
1B 2 2A 2B 3B
Bo -3.144 | -1.779 | -1.706 | -1.872 -1.953
(0.940) | (0.948) | (0.915) | (0.918) (0.808)
51 0.920 1.033 0.912 0.919 0.881
(0.084) | (0.069) | (0.102) | (0.117) (0.163)
B -1.678 | -1.086 | -1.192 | -1.142 -1.017
(0.419) | (0.351) | (0.434) | (0.418) {0.473)
03 0.689 0.416 0.461 0.457 0.411
(0.169) | (0.137) | (0.207) | (0.202) (0.210)
D4 1.043 0.533 0.618 0.657 0.700
(0.277) | (0.271) | (0.270) | (0.265) (0.212)
Bs -0.163 | -0.103 | -0.145 | -0.143 -0.143
(0.063) | (0.060) | (0.080) | (0.084) (0.079)
1 3.112 0.314
(0.694) (0.102)
b2 4.589 0.488
(1.641) (0.244)
o3 7.534 0.725
(3.486) (0.348)
b4 2.295 0.139
(0.391) (0.046)
é 1.500
(0.217)
€11 0.409
(0.401)
€19 -0.416
(0.233)
13 1.387
(0.427)
€14 0.049
(0.315)
o 0.461 0.170
(0.483) | (0.084)
€1 0.674 0.648
(0.259) | (0.253)
és -0.721 | -0.762
(0.255) | (0.243)
log(G) 27.1 47.0 35.8 32.4 44,7
AIC -463.9 | -451.7 | -463.3 | -468.9 -459 4
SC -474.3 | -464.1 | -472.6 | -477.2 -469.8
CAIC | -479.3 | -470.1 | -477.1 | -481.2 -474.8
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baseline effect in the variance. The baseline estimates in Models 2A and 2B are higher
in Tables 7.6 and 7.7 than Table 7.5. Moving to the higher Model 2A from 2B alters
the magnitude little for this estimate under moment correlation estimation. This is not
the case in Table 7.5 where the parameter estimate is more model sensitive (reduction
in magnitude when moving to the upper model) accounting for the non-significance of
baseline in Model 2A.

The results in Tables 7.6 and 7.7 further support incorporating baseline into a disper-
sion model. Unfortunately the parameter estimates of the dispersion baseline covariate
of Model 2 displayed in Tables 7.2, 7.5, 7.6 and 7.7 are not in themselves very informa-
tive. The individual estimates have high standard errors except at the third time point.
This indicates that the third time point contributes greatly to the overall significance
of baseline in the dispersion.

Referring to Tables 7.5, 7.6 and 7.7, the standard errors of the mean parameters
(except for the intercept and a marginally higher Age) are the lowest for Model 2. This
indicates Model 2 has an overall positive effect reducing the standard error of the mean
parameters, at least when the mean parameters are fixed over time. These observations
do not generally hold in Table 7.2.

The model sensitivity in Table 7.2 demonstrates the difficulty in analysis when incor-
porating dispersion/variance estimation within the GEE framework. The choice of the
model specification can alter the inferences (e.g. Models 3B and 4B) as in the extended
quasi-likelihood case. The choice of GEEl (modified in the context of this example) or
GEE2? also affects model sensitivity complicating the issue further. In Models 1A, 1B
and 2, GEE1 and GEE2 are the same because the working correlation is WC2 (WCI1 for
1A) and 9p;/98 = 0 (page 85) and d¢;/0B3 = 0 (page 100) in D;. Thus the estimate of
3 will be consistent for incorrectly specified correlation and dispersion models. Though
GEE1 and GEE2 are not the same under Models 3B and 4B, Model 4B is closer to
achieving the pseudo-orthogonal properties of GEE1 than Model 3B. This follows from
the contribution of (7.2) and (7.3) to D; for Models 3B and 4B respectively.
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The model sensitivity problem encountered in this example casts some doubt on the
reliability or security of using GEE2 here. However choosing model specifications that
generate estimating equations which are in some sense closer to the pseudo-orthogonal
GEE1, may be an acceptable compromise utilizing all available information on the mean
parameters.

The impact of choice of working correlation upon parameter estimation especially in
terms of dispersion models needs further study.

Computationally, estimation of the parameters in Table 7.5 presents little difficulty
over estimation using a moment correlation estimator in Table 7.6. Moment estimation

does allow however a reduction in the complexity of the estimating equations.

7.2.2 Fertility example

The second example involves a study of prolactin levels in women (Archer (1977) [5]) and
was examined in Paik (1992) [104]. The prolactin levels were measured at four times, of
15 minute intervals, after an injection of thyrotropin releasing hormone (TRH). A total
of 30 subjects were examined forming three groups depending upon the status of their
fertility. The subjects groups were classified as normal, infertile with an endometrial
biopsy and infertile with lateral deficiency, with group sizes 6, 12 and 12 respectively.
Two baseline levels were recorded at -10 and 0 minutes before injection of TRH. The
explanatory variables are the indicators for groups 2 (G2) and 3 (G3), time and the
average of the two baseline levels. We assume a log link for both the mean and dispersion
unless otherwise specified. If the data followed a Gamma distribution, then a constant
coefficient of variation (CV) implies a constant dispersion parameter. Table 4 in Paik
(1992) [104] shows a slight increase in time for the CV for groups 1 and 2, and a decrease
for group 3. The data also displays some heteroscedasticity.

The mean model considered is

log(u:) = Bo + B1G2 + B,G3 + B5Time + (34Base,

and the dispersion models (assuming correlated within subject responses except Model
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1A) are displayed in Table 7.8.

The subscript k& in Model 2 refers to the group number. Model 3 uses the empirical
variances for the response vector in (6.7) in a similar manner to Prentice and Zhao
(1991) [110]. Model 3A is a reparameterization of Model 3, and the dispersion response
vector is used for estimation.

The working correlations for the mean responses either follow an Equal correlation
structure such as that in Model 1B for the seizure data, or an AR-1 structure. All
models considered are in conjunction with WC2 except for 1A which uses WC1.

The ¢ parameter in Model 1B can also be estimated using an empirical variance
response vector in a combined GEE or from two separate GEE (like Model 3A of the
seizure example). These models are denoted 1C and 1D respectively in Table 7.8.

Paik (1992) [104] estimates the mean and dispersion parameters by (5.7) and (6.7)
separately and uses an AR-1 structure for both the mean and dispersion. The AR-
1 parameters are then estimated by moment estimators. Model 1B is equivalent to
variance Model 5 in Table 5 of Paik (1992) [104) and Model 4 and variance Model 1 are
the same.

The estimates for Models 1-5 are displayed in Tables 7.9 and 7.10 for Equal and AR-1
correlation structures respectively. Model 1A appears in Table 7.9 only. Convergence
problems for Models 1B and 1D for the AR-1 case result in the exclusion of these models
from Table 7.10. Model 1D yields identical estimates as Model 1B in Table 7.9 except
the standard error of a is more than twice that of Model 1B. Interestingly Models 1A
and 1B (Table 7.9) produce identical estimates for the mean and dispersion parameters
and their respective standard errors. Only the goodness of fit statistics log(G), AIC,
SC and CAIC signify the inefficiency of assuming complete independence (Model 1A).
The goodness of fit tests SC and CAIC as expected produced identical inferences for
the fertility data.

A test of equality of the dispersion parameters for the 3 groups in Model 2 results

in the acceptance of this hypothesis for both Equal and AR-1 correlation structures.
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Table 7.8:

Model Covariance Structure GEE1/GEE2  Working  Description
Correlation
1A cov(yij, yi) = 0,1 #k & 7 # 1, WCl Indept.
var(yi;) = ¢u;, Vi, J.
1B var(yij) = ¢i;g(pi;), Ve, J- GEE2 WC2 General
di; = ¢ & gpi;) = p;
1C var(yi;) = oul;, Vi, J. GEE2 WQC2 Reparam.
General
1D As Model 1C GEE1 WC2 Reparam.
General
2 var(yi;) = bisg(pis), Vi . GEE? w2 Group
bij =k, k=1,2,3 &
g(mis) = i
3 var(yi;) = ¢rpd; + bapsi; GEE2 WC2 Cubic
3A var(yi;) = éi;g(i;) GEE2 WC2 Reparam.
$ij = P + by & Cubic
9(pis) = pij
4 var(yi;) = ¢ijpij, Ve, J. GEE2 WC2 Log-linked
log(¢i;) = €0 + €G3 + e, Time+ Dispersion
€3G3.Time + ¢4G1.Time
5 var(yi;) = @iitij, Ve, 7. GEE2 WQC2 Log-linked
log(éi;) = €0 + €G3 + €, Time+ Dispersion

€3G3.Time + ¢4G1.Time + ¢sBase
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Table 7.9:

Equal Correlation Structure

Param., Model
1A 1B 1C 2 3 3A 4 5
Bo 4.468 | 4.468 | 4.522 | 4.471 | 4.567 | 4.554 | 4.478 | 4.493
(.187) | (.187) | (.358) | (.188) | (.325) | (.176) | (.185) | (.186)
51 -.104 | -.104 | -.208 | -.103 | -.190 | -.183 | -.089 | -.095
(.191) | (.191) | (.421) | (.192) | (.563) | (.246) | (.190) | (.195)
[32 425 425 256 427 170 .193 372 424
(.209) | (.209) | (.508) | (.210) | (.839) | (.274) | (.217) | (.212)
Bg -.265 | -.265 | -.276 | -.265 | -.269 | -.268 | -.263 | -.268
(.017) | (.017) | (.028) | (.017) | (.016) | (.016) | (.017) | (.017)
B4 .005 .005 011 .006 .008 .008 .003 .002
(.008) | (.008) | (.008) | (.008) | {.017) | (.007) | (.008) | (.008)
Qe .830 .836 .829 .842 .840 .837 .833
(.050) | (.044) | (.044) | (.115) | (.042) | (.041) | (.065)
¢ 143 .143 146
(.027) | (.027) | (.029)
b1 71
(.137)
dG2 .136
(.045)
bG3 135
(.031)
1 .087 .090
(.268) | (.123)
?2 .001 001
(.004) | (.002)
€0 -1.875 | -1.967
(.436) | (.932)
3] .638 191
(.750) | (.787)
€ -.025 | -.057
(.233) | (.295)
€3 -.250 | -.153
(.299) | (.285)
€4 073 .081
(.434) | (.778)
€5 .015
(.029)
log(G) 38.3 45.3 44.0 56.3 58.4 59.7 54.1 62.8
AIC -429.7 | -369.8 | -369.9 | -371.4 | -371.5 | -371.2 | -371.8 | -372.9
SC -433.9 | -374.7 | -374.8 | -377.7 | -377.1 | -376.8 | -379.5 | -381.3
CAIC | -436.9 | -378.2 | -378.3 | -382.2 | -381.1 | -380.8 | -385.0 | -387.3
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Table 7.10:

AR-1 Correlation Structure

Param. Model
1C 2 3 JA 4 5
Bo 4.416 | 4.441 4.405 4.396 4.448 4.439
(.156) | (.180) | (.264) (.314) | (.179) | (.179)
51 .035 -.076 037 .009 -.094 -.087
(.140) | (.185) | (.224) (.346) | (.184) | (.182)
Ba .384 438 416 427 445 416
(.070) | (.201) | (.620) (.458) | (.201) | (.204)
Jo 2 -.252 | -.263 -.259 -.260 -.263 -.262
(.048) | (.017) | (.025) (.020) | (.018) | (.018)
B4 .003 .005 .004 .005 .004 .005
(.004) | (.008) | (.010) (.007) | (.008) | (.008)
o, 873 .880 .870 .869 879 877
(.041) | (.037) | (.049) (.042) | (.046) | (.054)
] 131
(.023)
da1 136
(.011)
G2 174
(.024)
Jex) 115
(.033)
o1 .149 .154
(.218) (.051)
b2 -.0003 | -.0004
(.0034) | (.0007)
€o -2.020 | -1.968
(.619) | (.730)
€1 -.181 -.001
(.891) | (1.421)
€ 115 130
(.200) | (.211)
€3 -.106 -.153
(.329) | (.672)
€4 -.107 -.116
(.092) | (.094)
€5 -.009
(.039)
log(G) 51.2 63.7 64.9 63.6 62.7 71.7
AIC -363.5 | -364.4 | -364.6 | -364.4 | -366.3 | -367.4
SC -368.4 | -370.7 | -370.2 | -370.0 | -374.0 | -375.8
CAIC | -371.9 | -375.2 | -374.2 | -374.0 | -379.5 | -381.8
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Similarly the parameter ¢, in Models 3 and 3A is not significant. In none of the models
was the baseline variable shown to be significant, in contrast to Paik (1992) [104], due
to the higher standard errors reported here. None of the parameters in the dispersion
Models 4 and 5 appear to be important, though G3.Time was significant in Model 1 of
Paik. The standard errors recorded for the dispersion parameters in Model 4 for both
AR-1 and Equal Correlation are generally much greater than those of Paik’s Model 1,
though the mean parameters are similar except for the baseline.

We note that even though Models 4 and 5 are rated strongly under log(G) for both
AR-1 and Equal Correlations, Model 5 being the best, AIC and SC clearly demonstrate
they are the worst (after Model 1A). This supports the non-significant nature of the
parameters in the dispersion models and highlights the misleading nature of log(G)
especially for small data sets. With such a small sample size it is obvious that little
information can be obtained from the variance. Therefore it is not surprising AIC and
SC lean towards selecting Model 1B (and consequently 1C) as the best and simplest
model.

One further result is the higher efficiency of the AR-1 correlation to Equal Correlation
for this data set. This is strongly supported by the four goodness of fit statistics when
comparing dispersion/variance models in Table 7.9 with the same models in Table 7.10.
This is reflected in the generally lower standard errors (except for Model 3A) of the
mean parameters under AR-1.

The models in Tables 7.9 and 7.10 were repeated with the ‘working covariance’
submatrix V. set to the 0 matrix, that is the vectors d and = have zero covariance
matrix. In the case of Model 1B for example, this is equivalent to estimating 3, ~
and o by three separate GEE, that is a GEEl type estimation. Tables 7.11 (Equal
Correlation) and 7.12 (AR-1) list the estimators for the re-estimated models. Models
5A and 5B in Tables 7.11 and 7.10 are submodels of Model 5 (and Model 4). Insignificant
terms are gradually removed in Model 5 leading to Model 5B.

For Equal Correlation, log (G) is higher in Table 7.11 (V. = 0) than in Table 7.9.
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Table 7.11:

Equal Correlation Structure (V4. = 0)

Param. Model
1B 1C 2 3 3A 4 5 5A 5B
Bo 4.468 | 4.497 | 4.480 4.490 4.477 4.507 4.579 | 4.570 | 4.470
(.187) | (.165) | (.189) | (.165) | (.170) | (.184) | (.172) | (.188) | (.188)
01 -.104 -.158 -.099 -.158 -.135 -.101 -.147 -.122 -.111
(.191) | (.167) | (.192) | (.168) | (.174) | (.194) | (.193) | (.204) | (.193)
G2 425 .369 433 .355 379 425 .585 .b48 442
(.209) | (.186) | (.211) | (.185) | (.190) | (.218) | (.189) | (.194) | (.207)
03 -.265 -.266 -.266 -.264 -.265 -.266 -.278 -.276 -.266
(.017) | (.016) | (.017) | (.017) | (.017) | (.018) | (.017) | (.016) | (.017)
B4 .005 .006 .004 .006 .006 -.0003 -.008 -.005 004
(.008) | (.006) | (.008) | (.006) | (.006) | (.0078) | (.005) | (.006) | (.008)
e .830 .830 828 .831 831 .840 824 .820 .830
(.050) | (.052) | (.054) | (.052) | (.050) | (.049) | (.066) | (.066) | (.048)
¢ .143 .143
(.027) | (.027)
dG1 189
(.079)
$G2 139
(.050)
bG3 126
(.046)
b1 127 128
(.045) | (.048)
b2 .0003 .0003
(.0005) | (.0005)
€0 -2.028 | -2.651 | -2.260 | -2.047
(.268) | (.322) | (.296) | (.390)
€1 .532 -.400 | -1.007
(.475) | (.427) | (.525)
€9 112 119
(.082) | (.085)
€3 -.339 -.267
(.157) | (.152)
€4 .018 .068
(.139) | (.135)
€5 .059 .050 .007
(.020) | (.019) | (.023)
log(G) | 453 | 46.2 | 59.9 | 61.9 61.6 60.0 | 705 | 53.8 | 51.1
AIC -369.7 | -369.5 | -371.6 | -370.3 -370.4 -371.6 | -373.6 | -372.3 | -370.7
SC -374.7 | -374.4 | -3779 | -375.9 | -376.0 | -379.3 | -382.0 | -378.6 | -376.3
CAIC | -378.2 | -377.9 | -382.4 | -379.9 | -380.0 | -384.8 | -388.0 | -383.1 | -380.3

113




Table 7.12:

AR1 Correlation Structure (V4. = 0)

Param. Model
1B 1C 2 3 3A 4 ) 5A 5B
Bo 4.400 | 4.424 | 4.388 4.420 4.409 4.410 4.482 4473 4.402
(.180) | (.151) | (.180) | (.149) (.158) | (.173) | (.167) (.182) | (.181)
Jeo -.090 | -.145 | -.094 -.145 -.122 -.097 -.123 -.104 -.098
(.183) | (.148) | (.183) | (.147) (.158) | (.180) | (.185) (.195) | (.185)
G2 411 .368 403 .356 375 .382 525 527 .429
(.202) | (.174) | (.203) | (.171) (.178) | (.205) | (.184) (.190) | (.199)
3 -.259 | -.261 -.258 -.258 -.259 -.258 -.270 -.268 -.260
(.017) | (.015) | (.017) | (.017) (.017) | (.017) | (.017) (.016) | (.017)
Jen .008 .009 .009 .009 .009 .007 -.0004 .0008 .008
(.008) | (.006) | (.008) | (.005) (.006) | (.007) | (.0054) | (.0064) | (.008)
g .894 .896 .898 .895 .895 903 .894 .889 .894
(.051) | (.051) | (.054) | (.050) (.050) | (.051) | (.083) (.065) | (.049)
¢ 143 .143
(.028) | (.028)
dc1 181
(.073)
b2 124
(.047)
dGa .143
(.049)
b1 124 125
(.046) (.048)
b2 .0003 .0003
(.0006) | (.0006)
€0 -2.138 | -2.606 | -2.236 | -2.065
(.286) | (.331) (.297) | (.366)
€1 725 -.048 - 717
(.446) | (.443) (.532)
€2 .067 .092
(.084) | (.079)
€3 -.279 -.260
(.135) | (.138)
€4 .075 102
(.146) | (.135)
€5 .047 .040 .008
(.017) (.019) | (.021)
log(G) 45.1 46.4 57.3 62.0 61.5 60.3 71.4 53.7 50.8
AlIC -362.2 | -362.3 | -364.8 | -363.4 | -363.4 | -365.6 | -369.6 | -365.9 | -363.7
SC -362.2 | -362.3 | -364.8 | -363.4 | -363.4 | -365.6 | -369.6 | -372.2 | -369.3
CAIC | -370.6 | -370.7 | -375.6 | -373.0 | -373.0 | -378.8 | -384.0 | -376.7 | -373.3
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This reflects the fact that log (G) is a function of the variance of A and may be sensitive
to different working covariance matrices. The AIC, SC and CAIC values have changed
little, indicating no preference for either table.

The AR-1 case is interesting because there is a drop in log (G) values in Table 7.12
relative to Table 7.10. This is in contrast to what was observed for Equal Correlation
and indicates some interacting effect of the ‘working covariance’ matrix for the second
order response variables and the correlation model for the measured response variables.
The other test statistics, AIC, SC and CAIC indicate little change.

Comparing Tables 7.11 and 7.12 indicates a closing of the gap between Equal Cor-
relation and AR-1 in terms of log (G). In fact closer examination shows some of the
log (G) values under Equal Correlation have overtaken their AR-1 counterparts. The
other goodness of fit criteria, including Jones’ modified AIC criterion support the supe-
riority of AR-1. Thus log (G) may indeed be a less robust method than other methods
which tend to be reasonably consistent even though the distribution used is not techni-
cally correct (since we are using a Normal approximation).

Estimated standard errors for the mean parameters of Models 3 and 3A are much
lower when V,, = 0 is used. The same applies to the standard errors of the dispersion
parameters in Models 4 and 5. The Baseline parameter becomes quite significant here
compared to Tables 7.9 and 7.10. This significance is maintained down to Model 5A
but disappears rather dramatically in Model 5B.

The question that arises is, whether there is any real advantage in setting Vu = 0.
A major problem with this example is the small sample size and the large sample
asymptotics are probably not very appropriate. This would at least partially explain
the difficulty encountered in fitting the models in Tables 7.9 and 7.10 for a number of
cases. Setting Vi, = 0 has reduced the instability in estimation, especially for AR-1, and
the number of cycles required for convergence. The standard errors between all models
in Tables 7.11 and 7.12 are similar, in contrast with Tables 7.10 and 7.9 where standard

errors can differ significantly. Using V,, = 0 may possibly result in standard errors that
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are more realistic. Also in a number of cases, V. = 0 is equivalent to estimating all the
parameters by three separate GEE leading to consistent mean estimates irrespective of
the dispersion/variance and correlation models chosen. As specified earlier, consistency
of the GEE estimates is upheld in the face of incorrect specification of the covariance
model. The discussion in §5.6 also highlighted concerns for the estimation of the mean
parameters if inappropriate working models for the third and fourth moments were
used. These considerations have led to setting V. = 0 as a valid modification for WC2
difficulties.

Tables 7.9-7.12 highlight the danger in basing sole goodness of fit criterion on log (G),
and the information criteria provide useful supplementary information on the goodness
of fit.

The models in Tables 7.11 and 7.12 were re-estimated with the correlation param-
eters estimated by moment estimators. In general the mean and dispersion parameter
estimates and standard errors were either identical or very close to the corresponding
estimates listed in Tables 7.11 and 7.12. The moment estimates of the Equal Corre-
lation parameter were virtually identical with their counterparts in Table 7.11. The
AR-1 correlation parameter was higher however, ranging from 0.922 to 0.937. As was
seen in Tables 7.11 and 7.12, the log (G) criterion showed little difference between Equal
Correlation and AR-1. These differences were slightly in favour of AR-1 (from 0.2 to
0.8 above). The other goodness of fit statistics demonstrated a more noticeable, but not
overly striking leaning towards AR-1 (1 to 2 units above except for a few cases where
higher differences were observed).

Table 7.13 represents the models of Tables 7.11 and 7.12 with respect to the mean and
dispersion parameters, and the ‘working covariance’ matrix is the general unstructured
case. The unstructured log (G) values are very similar to those of AR-1 and Equal
Correlation (o estimated by the method of moments). The other goodness of fit statistics

are, as expected, much more favourable to the unstructured case. The correlation matrix
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Table 7.13:

Unstructured Correlation Structure

Param. Model

1B 2 3 4 5 5A 5B

Bo 4419 | 4.418 | 4.425 | 4.451 | 4535 | 4.524 | 4.428
(177) | (177) | (147) | (170) | (161) | (.174) | (.177)

B 117 | -117 | -.154 | -.136 | -.176 | -.139 | -.127
177y | (177) | (139) | (.179) | (.183) | (.190) | (.179)
Ba 398 | .397 | 355 | .394 | 542 | .547 | .424
(.198) | (.199) | (.192) | (.201) | (.179) | (.182) | (.194)
B3 -272 | -272 | -272 | -272 | -284 | -.282 | -.272
(.017) | (.017) | (.017) | (.017) | (.017) | (.016) | (.017)
B4 008 | .008 [ .010 | .005 | -.003 | -.002 | -.008

(.008) | (.008) | (.007) | (.007) | (.005) | (.006) | (.008)

¢ 148

(.029)
ba1 172
(.074)
¢G2 139
(.051)
éGa 144
(.051)
b1 132
(.046)
b2 .0003
(.0006)
€o -2.118 | -2.625 | -2.272 | -2.084
(.275) | (.332) | (.281) | (.362)
3 676 | -.171 | -.866
(.461) | (.432) | (.535)
€ 132 | .148
(.087) | (.091)
€3 -.338 | -.298
(.157) | (.174)
€ -.032 | 013
(.147) | (.133)
€5 051 | .049 | 012

(.016) | (.017) | (.021)

log(G) 38.4 50.3 54.9 53.3 64.6 47.7 44.5

AIC -358.5 | -360.4 | -359.7 | -361.1 | -363.4 | -362.1 | -360.1

SC -362.7 | -366.0 | -364.6 | -368.1 | -372.1 | -367.7 | -365.0

CAIC | -365.7 | -370.0 | -368.1 | -373.1 | -377.6 | -371.7 | -368.5
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estimate for Model 1B in Table 7.13 is

[ 1 0.875 0.748 0.723 |
1 0911 0.858

1 0.875 |

1-

with similar values for the other models. The standard errors in Table 7.13 are compa-
rable to the corresponding models in Tables 7.11 and 7.12.

An adjustment to WC2 can be made to reflect Gamma distributed type data by
letting the variance of d;; equal 2¢7 (14 3¢;;) (Paik (1992) [104]) rather than 2¢7; as has
been used here. Alternatively, rather than using fourth moments derived by assuming
the response vectors y; are Normally distributed, I suggest a ‘working covariance’ matrix
developed from a multivariate Gamma distribution, such as that described in Johnson
and Kotz (1972) [60] (pp. 216-220), could be used.

As for the seizure case, the choice of model specification can strongly affect the
outcome of estimation, particularly for Equal Correlation and ‘working correlation’ WC2
(Table 7.9). Under Model 1B, GEE1 and GEE2 are the same (with respect to 3) because
of the choice of WC2. Recall that the estimates under Model 1B and Model 1D were
very close. The main difference with Model 1D (pseudo-orthogonal GEE1) is the much
lower standard error of o under Model 1B, possibly reflecting the loss of information in
using GEE1 for Model 1D. The standard errors under the pseudo-orthogonal Model 1B
are much lower than Model 1C. Model 3A is closer to fulfilling the pseudo-orthogonality
properties implied by GEE1 than the equivalent Model 3. This is reflected by the
much higher standard errors of Model 3 displayed in Table 7.9. Overall for Equal
Correlation, the choice of the specification is important under GEE2. Under AR-1, the
standard errors under Models 3 and 3A (see Table 7.10) are equally high, relative to
the other models. The AR-1 case differs from the Equal Correlation case in that the
most successful model out of 1B, 1C and 1D (in the sense that it was the only one that

converged) was Model 1C (GEE2).
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When V, is set to 0 (as in Tables 7.11 and 7.12), the standard errors are lower for
Models 1C and 3 than Models 1B and 3A respectively. The magnitude of difference (of
the standard errors) is much lower though than in Table 7.9. This reversal for Equal
Correlation (compared to when Vi # 0) may occur because the dispersion response
vector involves dividing by the estimate of the assumed variance function g(ui;) (as in
Model 1B) compared to the empirical covariance response vector (as used in Model 1C).
This could result in a greater degree of imprecision in the overall estimating procedure.
Further, to some extent Vj. = 0 reduces the non-orthogonality of Models 1C and 3
(and 3A under AR-1) with GEE2 compared to Tables 7.9 and 7.10 negating much of
the impact of da;/03 (or 0¢;/IB) in D;.

This example reinforces the orthogonality considerations discussed in the seizure
example (at least for Equal Correlation), but it also highlights the effect of ‘working
correlations’ on the estimation particularly under GEE2. A poor choice of the ‘working
covariance’ for the first and second order GEE’s may seriously handicap the estimating
procedure, especially for small data sets. The particular choice of the variance/dispersion
specification is also an important consideration. At least for this example, extending the
GEE estimation to the correlation parameters may not be the best approach compared

to moment estimation which provides a robust and stable procedure.

7.2.3 SPRINT example

The third example considered is data from the Secondary Prevention Reinfarction Israeli
Nifedipine Trial (SPRINT) data reported in Laor and Cohen (1992) [73]. The aim of the
study was to examine the efficacy of Nifedipine in preventing myocardial infarction (MI),
and included 2320 patients from 13 heart institutes in Israel. Patients were randomly
allocated a placebo or the drug, forming two groups, within 7 to 21 days after their
MI. The data included one 24 hour electocardiogram (ECG) recording for each patient
taken 3-6 months after MIL.

Laor and Cohen (1992) [73] examined the hourly count over the 24 hours of ventric-

119



ular premature heartbeats (VPB) as a response variable. They considered a set of 31
explanatory variables, which were all binary categorical variables, before arriving at a
final set of significant variables with estimates displayed in their Table 1. Patients were
only considered if complete ECG recordings and explanatory variables were available
(906 patients). Comparisons between the group where full data was available and the
group where it was not, implied that it was not unreasonable to consider the final data
set of 906 patients as representative of the patient population of interest. Finally, only
patients with at least one VPB non-zero were considered, giving a sample size of 686
patients. The VPB counts were combined into four 6 hour totals.

The final set of variables included an intercept term (Int), an indicator variable for
the first time block (I1), and the second time block (I2) and a ANT and Age interaction
term (ANT.Age). The ANT is the measured evidence of anterior MI and Age is a
binary variable that indicates < 55 or not. The explanatory variables, effort onset
angina pectoris with functional capacity III or IV (EFANS), and MI according to ECG
(MI) were also included in the final model. The relationship of the mean and variance
was taken to be g(ui;) = puf; where the variance is (5.6) with a log-link function for the
mean.

Two data sets were made available by Laor and Cohen (1992) [73]. One of the data
sets was composed of the full 906 patients with VPB counts grouped into four 6 hour
totals. The other data set appears to consist of a subset of the 686 (at least one non-zero
count) patients and complete hourly counts for the 24 hours were available. The size of
this subpopulation was n, = 423. The VPB counts for this subset were grouped into
eight 3 hour blocks. Indicator variables were created for each of the first four blocks
(I11, 112, 121 and 122). A mean model with indicators representing the first 2 time
blocks (I1) and the second 2 (I2) corresponding to the four 6 hour blocks case was also
fitted. The 2 models for the mean are

Model 1 (t = 8):
log(/.t,) = ﬂo +B11111 +,612112 +ﬁ21121 +,322122 +B3ANTAge+ﬁ4EFANS +ﬁ5MI,
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Model 2 (t = 4, 8):
log(ui) = Bo + i1l + (212 + B3ANT.Age + B4EFANS + g;ML

Models 1 and 2 are considered for the subset data (t = 8 time points), and Model 1 for
the full data (¢t = 4). Both models were used with WC2.

A difficulty arose for the full 906 patient data set, and which casts some doubt over
the other data set made available. Estimators of some of the mean parameters and
standard errors, and particularly the dispersion parameter, for the 686 sub-population
patients examined here do not agree with those of Table I of Laor and Cohen (1992)
[73]. We have endeavoured to reproduce the results of their paper but have not been
successful. Out of the 906 patients in our copy of their data set, there were indeed 686
patients with at least one non-zero count, and the outlier, (2800, 0, 0, 2), reported in
their paper was indeed present.

Table 7.14 reproduces Table II (except the fitted values column) in Laor and Cohen
(1992) [73], and represents the distribution of the VPB by subgroups (covariate profiles)
with the outlier removed. The distribution of the VPB by subgroups for our copy of
this data set is listed in Table 7.15. The percentiles in Table 7.15 were obtained by
the quantile function in the Splus statistical package which uses a linear interpolation
between quantiles. The counts of subgroups, IV, are the same for both tables, but the
mean VPB and percentiles of the VPB differ. Some of the 99% percentile values in Table
7.14 are greater than the 100% percentile values in Table 7.15 for the same subgroups.
This indicates that at least in these cases, the maximum values from Table 7.14 for these
subgroups are higher than the same subgroups or profiles in our data. These two data
sets which should be the same somehow differ. Attempts to contact Laor and Cohen to
this date have been unsuccessful. Given this lack of communication, we can only make
the assumption that our data is correct or free of contamination.

The eigenvalues and eigenvectors of the sample correlation matrices for the entire

data (t=4) and its subset (t=8) were examined. For ¢ = 4 the eigenvalues were

e; = (0.1624 0.2582 0.4052 3.1742)’,
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Table 7.14:

Distribution of VPB by subgroups (Laor & Cohen)

Percentiles of VPB

MID EV AA EF MI N Mean VPB 50 75 90 99

0 0 0 0 0 26 60.38 2 26 165 765

0 0 0 0 1 922 95.90 3 36 170 1815

0 0 0 1 0 12 68.58 46 1125 130 277

0 0 0 i 1 136 265.93 9 144 710 3050

0 0 1 0 1 238 20.32 2 9 49 274

0 0 1 1 1 36 16.32 0.5 3 69 212

0 1 0 0 0 13 30.15 0 12 149 165

0 1 0 0 1 461 136.23 4 47 247 2210

0 1 0 1 0 6 57.83 26.5 105 187 187

0 1 0 1 1 68 414.22 9 2275 1130 5500

0 1 1 0 1 119 31.11 3 15 59 510

0 1 1 1 1 18 8.83 1 4 26 91

1 0 0 0 0 13 21.13 3 12 72 130

1 0 0 0 1 461 120.30 4 38 213 1990

1 0 0 1 0 6 77.0 40.5 87 294 204

1 0 0 1 1 68 409.69 16 243.5 1040 5150

1 0 1 0 1 119 27.28 3 18 61 464

1 0 1 1 1 18 2222 15 12 132 155

Table 7.15:
Distribution of VPB by subgroups
Percentiles of VPB

MID EV AA EF MI N Mean VPB 50 75 90 99 100
0 0 0 0 0 26 51.00 1 11.25 1275 615 765
0 0 0 0 1 922 124.40 3 38 2039 2155.3 7700
0 0 0 1 0 12 55.67 28.5 105.75 116.1 179.3 187
0 0 0 1 1 136 320.18 9 121.25 8425  4522.5 5500
0 0 1 0 1 238 28.56 2 12.75 60.2 477.07 960
0 0 1 1 1 36 9.72 1 4 22.5 99.45 104
0 1 0 0 0 13 21.23 3 12 66.4 123.04 130
0 1 0 0 1 461 120.30 4 38 213 1972 4750
0 1 0 1 0 6 77 40.5 85.25 190.5 283.65 294
0 1 0 1 1 68 409.69 16 224.25 10344  4513.5 5150
0 1 1 0 1 119 27.28 3 16.5 57  432.68 470
0 1 1 1 1 18 2222 15 9.75 90  151.09 155
1 0 0 0 0 13 48.92 5 26 1374 364.76 392
1 0 0 0 1 461 79.19 3 38 174 1504 2020
1 0 0 1 0 6 83.67 47 119.75  203.5  269.65 277
1 0 0 1 1 68 305.72 9 216.25 768.5 3193.88 3486
1 0 1 0 1 119 14.62 1 8 37 16856 274
1 0 1 1 1 18 22.22 0 2.5 57  204.69 212
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with eigenvectors

[ —0.0573  0.7722 —0.3920 0.4967

0.7425 -0.3764 —0.1907 0.5203
—0.6668 —0.4917 -0.2168 0.5164
—0.0291  0.1424  0.8735 0.4647 |

E,

If we assume an Equal Correlation matrix, then using our preliminary estimate a =
0.7276 for the correlation parameter, the resulting eigenvalues of the Equal Correlation

matrix was

e; = (0.2724 0.2724 0.2724 3.1827)',

which is similar to e;, and the eigenvector corresponding to the largest eigenvalue is
0.514, where 14 is a unit vector of size 4. This is very close to the last eigenvector in

E,. The eigenvalues of the sample correlation matrix of the subset data (t = 8) were
es = (0.2280 0.1884 0.1032 0.0541 0.4751 0.6359 0.8604 5.4439)’,
and the eigenvector of the largest eigenvalue (5.4439) is

E5) = (0.3805 0.3708 0.3886 0.3974 0.3389 0.3567 0.3223 0.2507).’

Again assuming an Equal Correlation parameter with our preliminary estimate a =
0.6283, the eigenvalues of the Equal Correlation matrix are 0.3747 (multiplicity 7) and
5.3774 (multiplicity 1) which are similar to e;. The eigenvector corresponding to the
largest eigenvalue (5.3774) is 0.35361s, which is very close to E3(s). Such observations
provide strong evidence that an Equal Correlation matrix would provide a good approx-
imation for both data sets.

The form of the inverse covariance/correlation matrix for an Autoregressive process
for a Normal distribution was also used. The inverse of the covariance matrix is derived
in Verbyla (1985) [145] and is shown in equation (3) of that paper. The inverse of the
correlation matrix follows directly. The inverse of the sample correlation matrix is then

compared to this form. In the case of the subset data (¢t = 8), an AR-1 approximation
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was found to be entirely inadequate. With the entire data (¢t = 4), it was not as clear
whether the inverse of the sample correlation matrix had a form similar to the inverse of
an AR-1 matrix (Normal approximation). Examination of the estimated unstructured
correlation matrix (with and without outlier) in Table 1 of Laor and Cohen (1992) [73]
implies the AR-1 structure is probably not warranted.

Setting V. = 0 for both data sets resulted in identical parameter estimates as their
full WC2 counterparts listed in Table 7.16. Unfortunately Model 2 (AR-1) did not
converge (except for V. = 0) and may be attributable to the unsuitability of the AR-1
case. The goodness of fit statistics AIC, SC and CAIC are weighted towards an AR-1
model despite the earlier evidence to the contrary. Since models have been considered
for both data sets (one is a subset of the other), comparisons of models by the goodness
of fit statistics between the two data sets is not appropriate. The information criteria
favour Model 1 with AR-1 for the subset data (¢ = 8) in Table 7.16. Under Equal
Correlation, Model 2 (¢t = 8) is approximately as good as Model 1 (¢ = 8) using AIC
and SC (given the magnitude of the observed criteria).

Since the number of parameters are identical between models with the same mean
and dispersion structure but different correlation structures, the large sample suggests
the asymptotics of the parameter estimates are more valid. This implies that log (G)
may provide a reliable statistic to base inferences. Further, Figure 2 in Laor and Cohen
(1992) [73] displays the histogram of VPB’s for the four time blocks, and which shows
the data as being highly skewed. This makes the Normality approximation used in AIC,
SC and CAIC highly suspect and conclusions based on these statistics very dubious
indeed.

There is little difference between the Equal or AR-1 correlation structures by the
log (G) statistic. The standard errors for the mean parameters are either marginally
lower (except for o and G5 (t = 8) and B3 (t = 4) which are marginally higher) or sig-
nificantly lower (33 and ¢ = 8) for the Equal Correlation structure. The AR-1 structure

reduces the size of the standard error of the dispersion parameter however.

124



Table 7.16:

Param. Model
t=28 i=4
Model 1 | Model 1 | Model 2 Model 2 Model 2 | Model 2
(Ba) | (AR1) | (FQ) |(AR1& Vi =0)| (EQ) | (ARD)
Bo 3.368 3.459 3.368 3.476 3.714 3.895
(.462) (.450) (.461) (.448) (.475) (.493)
51 0.079 -0.029 -0.215 -0.267
(.114) (.159) (.190) (.188)
B 0.171 0.050 -0.008 -0.068
(.110) (.114) (.072) (.078)
B 0.086 0.040

(.119) (.137)

Bz 0.072 | 0.084
(.123) | (.165)

P21 0.175 0.084
(.116) (.121)

Baa 0.167 0.046
(.114) (.121)

B3 -1.264 | -1.006 | -1.264 -1.010 1416 | -1.314
(292) | (453) | (.292) (.456) (.309) | (.363)

B 0868 | 0.986 | 0.867 0.991 0.883 | 0.859
(281) | (207) | (.281) (.298) (.290) | (.292)

Bs 1.071 | 0.891 1.071 0.900 1.082 | 0.882
(.456) | (453) | (.456) (.443) (A477) | (497)

& 0.375 | 0.818 | 0.375 0.834 0.456 | 0.621
(.095) | (.043) | (.095) (.037) (.087) | (.049)

! 11.927 | 13.895 | 11.927 13.733 15.829 | 18.651
(2.660) | (1.825) | (2.660) (1.729) (2.661) | (2.230)

log(G) | 36.2 36.0 2.5 25.8 25.0 24.9
AIC | -20260 | -20065 | -20258 20141 -17308 | -17205
SC | -20280 | -20085 | -20274 20157 17326 | -17223
CAIC | -20285 | -20090 | -20278 20161 17330 | -17227
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Table 7.17 displays Models 1 (¢t = 8) and 2 (t = 4) examined in Table 7.16, but
now the correlation parameters are estimated by moment estimators. Also listed are
the models evaluated with an unstructured correlation matrix. Model 3 represents a
separate dispersion model. The estimated unstructured correlation matrix for Model 2
(t=28)is
- 1 0.789 0.784 0.737 0.586 0.647 0.478 0.157 -

1 0.758 0.656 0.418 0.688 0.529 0.142
1 0.873 0.746 0.636 0.504 0.120

1 0.769 0.699 0.478 0.127

1 0.693 0.385 0.089

1 0.750 0.144
1 0.200
1 e
and (¢t = 4)
[ 1 0.407 0.440 0.328 |
1 0.710 0.465
1 0.506
L 1 J

Notice that an Equal Correlation for ¢ = 8 may be adequate if the last column is
ignored. The estimate of the last column (the correlation of the 8" time block with the
other time blocks) is indeed unusual. The results given in Table 7.17 indicate a different
conclusion to that of Table 7.16 in that the AIC, SC and CAIC are strongly in favour of
Equal Correlation compared to AR-1. This is further supported by log (G). As expected,
the AIC, SC and CAIC definitely favour the unstructured case, but more importantly
the log (G) favours Equal Correlation over the Unstructured case when ¢ = 8, and is
very close when t = 4. Interrelated with the log (G) results is the observation that the
standard errors for the mean parameters are lower for Equal Correlation than for AR-1 in
Table 7.17. Further, the standard errors for Equal Correlation and the Unstructured case
for Model 1 (¢t = 8) and Model 2 (¢t = 8) are generally similar (except Equal Correlation
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Table 7.17:

Param. Model

t=28 t=4

Model 1 | Model 1 | Model 1 | Model 2 | Model 2 | Model 2 | Model 3 | Model 3 | Model 3
(Eq.) (AR1) (Unstr.) (Eq.) (AR1) (Unstr.) (Eq.) (AR1) (Unstr.)

Go 3.368 3.447 3.391 3.714 4.020 3.864 3.584 3.315 3.780
(462) | (451) | (467) | (a475) | (504) | (483) | (569) | (.803) | (.542)
B -0.215 -0.317 | -0.239 | -0.170 -0.288 | -0.187
(.190) (.192) (.179) (.225) (.342) (.204)
s -0.008 .0.093 | -0.047 0.013 -0.058 | -0.028
(.072) (.086) (.074) (.078) (.078) (.075)
811 0.086 -0.009 0.066
(.119) (.156) (.118)
Br2 0.072 -0.045 0.083
(.123) (.189) (.113)
B21 0.175 0.052 0.099
(.116) (.133) (.111)
a2 0.167 0.028 0.082
(.114) (.131) (.108)
Bs -1.264 -0.902 0789 | -1.416 | -1.233 | -1.292 -1.685 21966 | -1.481
(.292) (.526) (.423) (.309) (.413) (.378) (.313) (.648) (.280)
Ba 0.868 1.041 1.060 0.883 0.843 0.878 0.808 0.896 0.837
(.281) (.309) (.311) (.292) (.296) (.298) (.295) (.344) (.283)
Bs 1.071 0.818 0.891 1.082 0.743 0.908 1.244 1.534 0.979
(.456) (.448) (.466) (.477) (.508) (.486) (.568) (.788) (.541)
é 11.927 | 14.772 | 14570 | 15.829 | 17544 | 16.884
(2.660) | (1.984) | (2.644) | (2.661) | (2.636) | (2.576)
b1 34.886 | 70.111 29.224
(24.233) | (88.608) | (12.008)
b2 10.324 | 12.603 | 12.049
(1.294) | (2.862) | (1.861)
d3 16.720 18.222 17.825
(5.083) | (7.007) | (6.075)
4 11.797 | 13.975 | 12.020
(2.122) | (4.262) | (1.008)
& 0.504 0.929 0.456 0.881 0.479 0.824
log(G) 29.9 27.5 28.3 18.6 17.7 18.4 10.9 5.7 11.4
AIC 220306 | -22261 | -19145 | -17313 | -18254 | -16966 | -17262 | -18256 | -16928
SC 20232 | -22277 | -19161 | -17327 | -18268 | -16979 | -17284 | -18277 | -16950
CAIC | -20327 | -22282 | -19166 | -17331 | -18272 | -16983 | -17289 | -18282 | -16955
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has a significantly lower 33 standard error). However, the standard errors are lower
under the Unstructured case for Model 3. Overall, Equal Correlation performs as well
as or better than (except for Model 3) the naive Unstructured or fully parameterized
case. All the standard errors under Model 3 and AR-1 are quite poor compared to Equal
Correlation and the Unstructured Case.

With respect to Model 3 in Table 7.17, the test for differences among the dispersion
parameters leads to the retention of the null hypothesis of no significant differences
among the dispersion parameters. The poor fit by this model is clearly indicated by
the low log (G) statistic and the overall higher standard errors for all three correlation
structures. Unfortunately, relative to Model 2, this is not verified by the other goodness
of fit criteria, again questioning their reliability for this example. A ‘separate’ dispersion
model was also tried for ¢ = 8 under Equal, AR-1 and Unstructured correlation matrices
but there was little evidence of separate dispersions.

Comparing Models 1 (¢ = 8) and 2 (¢ = 4) in Table 7.16 to the corresponding
models in Table 7.17, it is observed that for Equal Correlation, the mean and dispersion
parameter estimates and their standard errors are the same (to three decimal points).
With AR-1, the parameter estimates are comparable across tables, but generally the full
GEE models in Table 7.16 have lower standard errors. The GEE correlation estimates
are lower than the corresponding moment estimates (except for Model 2 (t = 4) where
they are the same to three decimal points). On the one hand, full GEE estimation of
all parameters increases the complexity of the estimating procedure, introduces possible
stability problems, and has had no effect on the mean and dispersion parameter estimates
(and their standard errors) under Equal Correlation. On the other hand, the possible
bias and high inefficiency of moment estimates is well known, and full GEE can reduce
the standard errors as occurred for AR-1.

The dispersion parameter estimates, qAS, recorded here are vastly different to those of
Laor and Cohen (1992) [73] (with outlier: é = .6519, and without outlier: ¢ = .7746) and

may be attributable to a recording error. There are no significant differences between

128



the four 3 hour block indicators of Model 1 using the x? tests described earlier. What
difference there is, is mainly attributable to differences between the first 6 hour block
and the second. The indicators are themselves not significant. The lack of significance
for the indicator variables I1 and 12 for Model 2 (f = 4 and ¢t = 8) also occurs though
Laor and Cohen (1992) [73] report a significant indicator for the second 6 hour block.
The other mean parameter estimates for Models 1 and 2 are reasonably similar to those
of Laor and Cohen (1992) 73] with nearly all having marginally lower standard errors
than their estimates (with outlier case).

In this example, it was observed that incorporating the correlation estimation into the
GEE framework can have a positive effect, reducing the overall standard errors, at least
for large data sets where asymptotic properties may be achieved. The trade-off is that
the estimation procedure may become computationally complex and unstable and the
gains marginal. This example also demonstrates that the choice of ‘working correlation’
can improve stability and reduce standard errors. Simpler correlation structures such
as the Equal Correlation in this example can perform as effectively and more efficiently
than the naive Unstructured case. Since our earlier analysis tended towards Equal
Correlation, and Table 7.17 supports this, then there is evidence to support that the
AR-1 Correlation structure is inferior to Equal Correlation. In terms of the goodness of
fit, given that the number of parameters for competing models do not differ greatly, and
the sample size is large, it is my belief that log (G) can be a useful tool. The generally
more robust information criteria (AIC, SC and CAIC) based on a multivariate Normal
approximation did not appear to perform as well due to the highly skewed nature of the

data.

7.3 Discussion

Fitting occasion-specific mean models can highlight key features or trends for the data
in question. The occasion-specific parameters themselves may follow some simple rela-

tionship over time allowing simplifications to be made, that is a profile specification of
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the form (6.3). For example, there is evidence of higher treatment effectiveness, espe-
cially for younger patients, at the first time point for the seizure data. Such modelling
of the occasion-specific parameters is especially important for small data sets such as
the seizure data because as the number of time points and/or covariates becomes large,
a potentially very large number of parameters need to be estimated, diluting the power
for each variable. The complexity of the model increases and analysis becomes confused.

As was seen for Model 2 in the seizure example, occasion-specific parameters can
easily be extended to the dispersion model. A dispersion model provides an intuitive and
powerful way to explore and understand the underlying variance mechanism, accounting
for heterogeneity and overdispersion. For example, with the seizure data, a high base
count individual could have a strong response (compared to a small response for a low
base count individual) when the treatment is initially applied, but with diminishing
effect over time. This variation could be modelled through a dispersion model. The
GEE’s for the dispersion model are also relatively simple to implement.

An important benefit of a good dispersion model is in reducing the standard errors
of the estimates of all or most of the mean model parameters (e.g. Model 2 in Tables
7.5, 7.6 and 7.7). Hopefully this reduction is due to a good representation of the true
variance process rather than some artifact of the dispersion model. The dispersion model
may also indicate problems with mean model itself.

As demonstrated for the occasion-specific mean model (seizure data), the choice
of the particular dispersion/variance specification can lead to different inferences on
the mean under GEE2. This may indicate that the occasion-specific mean models are
especially sensitive to the incorrect specification of the dispersion/variance model, that
is the mean of the dispersion/variance response vector. Different inferences were also
observed for the same model under GEE1 and GEE2 (e.g. Models 3A and 3B in Table
7.2). Stability problems and higher standard errors were also encountered depending
on the particular dispersion/variance specification and GEE strategy (GEE1 or GEE2)

used.
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When the within-unit ‘working correlation’ was the Equal Correlation, lower stan-
dard errors and fewer iterative steps were often encountered in the first two examples
for a particular choice of the dispersion/variance specification under GEE2. The spec-
ification that usually achieved the above was the one that was in some sense closest
to fulfilling the pseudo-orthogonal properties of GEEl. This can generally be judged
by how close da;/9 or O¢;/0B is to 0. The pseudo-orthogonal property is important
because it ensures consistency of the mean parameters irrespective of whether the mean
of the second order response vectors has been correctly defined. However, as the fertility
data clearly demonstrate, the effect of the ‘working covariance’ matrix on the estima-
tion procedure can be quite important as well. It appears that inferences on the mean
regression parameters using GEE’s can be quite sensitive to the choice of the ‘working
correlation’ matrix. Thus for the sake of robustness, choosing dispersion or variance
models, along with a sensible ‘working’ correlation matrix of the second order responses
that potentially increases consistency of the mean parameters is desirable. The po-
tential loss of efficiency of the mean regression parameters for inappropriate ‘working
covariance’ matrices for the second order response variables was discussed in §5.6.

The stability problems (Models 1B and 1D in Table 7.10, fertility example) for
the AR-1 ‘working correlation’, contrary to the Equal Correlation case, demonstrated
a specification that did not have the desired pseudo-orthogonal property (Model 1C
instead of 1B) was the only one to converge. Model 1D (i.e. Model 1C with GEE1)
also failed to converge. Thus another factor that needs to be considered is the choice of
the correlation design for the first order response vector. As for Equal Correlation, the
choice of the ‘working covariance’ of the second order response vectors was important
as well (Models 3 and 3A in Tables 7.10 and 7.12).

In some cases, such as the fertility data, estimating the correlation parameters by
moment estimators can lead to an improvement in stability and speed of estimation. The
correlation parameters are usually nuisance parameters, and their estimation by GEE’s

increases computational complexity, often for little gain. However, GEE estimation of
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the nuisance parameters can improve the estimation of mean parameters (lower standard
errors) as indicated by the AR-1 case in the SPRINT data. Thus full GEE estimation
of all parameters should at least be considered. This raises the issue of whether to
employ GEE1 or GEE2. Overall (but not always) GEE1 is the safest method, leading
to consistent estimates, acknowledging however the possible loss of efficiency to the less
robust GEE2. As discussed earlier, if GEE2 is used, choosing a dispersion/variance
specification (if one is available) that makes GEE2 closer to GEE1 may be helpful.

The above discussion so far, highlights the need of further study into a number
issues. Proposed future work will be to perform a series of simulation studies. These
will examine the impact of incorrect specification of the dispersion/variance model on
the estimation of the mean parameters under GEE1 and GEE2. The effect of the choice
of alternative dispersion/variance specification on the mean parameter estimates and
the stability of GEE1 and GEE2 will also be addressed. Similarly, the effect of the
choice of ‘working correlation’ on the estimating procedure is to be considered.

The goodness of fit statistic log(G) appears to produce spurious conclusions for the
seizure and fertility examples. This is because this statistic tends to favour models with
a larger number of parameters. Thus caution is recommended in using log(G) as the sole
goodness of fit criterion. Since log (G) is a function of the asymptotic variance of the
estimators, the large sample size of the SPRINT data (implying greater confidence of
the asymptotics of the GEE estimates being achieved) indicates log (G) is a reasonable
goodness of fit statistic in this case. The model selection criteria AIC, SC and CAIC
using a multivariate Normal approximation are useful and valuable alternative methods
to the log (G) statistic. However, for a highly skewed data set, such as the SPRINT
data, AIC, SC and CAIC does not appear to work very well. This is not surprising
because of the use of the multivariate Normal approximation. An alternative multi-
variate approximation to the Normal approximation is to use a multivariate Gamma
distribution (Johnson and Kotz (1972) [60] (pp. 216-220)). The above proposed simu-

lation study could be extended to examine the different model selection criteria under
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different distributional assumptions.
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Chapter 8

Patterned Correlation Matrices

and GEE

8.1 Introduction

In many situations a particular covariance/correlation structure or pattern is suggested
by the experimental design or physical properties of repeated measurements. In the
Normal case, incorporation of the patterned correlation matrix into the estimating pro-
cedure and tests of hypotheses on particular patterns is fairly straightforward. However,
in the non-Normal case, including the correlation matrix into the estimation procedure
is no longer a simple affair.

The GEE approach provides a method to model data with particular patterned
correlation matrices. It provides a natural and straightforward way to analyse such
data analogous to Normal theory, and hypotheses on various correlation structures may
be explored. An example of nested correlation structures is considered in relation to rat

teeth data.
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Table 8.1:

Diet Cariogenic Trt. A Trt. B
Control

1 No

Yes

Yes 0.25%
Yes 0.50%
Yes 1.00%
Yes 0.25%
Yes 0.50%
Yes 1.00%

O[T | ||

8.2 A Description of the Rat Teeth data

The rat teeth data are found in Table 43.1 of Andrews and Herzberg (1985) (4] (pp. 245-
248), and supplied by the General Food Corporation. A total of 120 rats were randomly
assigned to 8 diets. The experimental design is displayed in Table 8.1. For example Diet
1 is noncariogenic control (NC), Diet 2 is cariogenic control (CC) and Diet 3 applies
0.25% of Trt A to CC. The aim of the experiment was to see if Treatments A and B
would reduce the cariogenic effects of Diet 2.

Three rats died before the completion of the study, two in Diet 3 and one in Diet 7.
At the completion of the trial, the rats were killed and their teeth removed and stained.
A total of 28 occlusal surfaces in each rat were examined for caries and severity of decay
scores were recorded. The ordinal scores were 0, 1 and 2 for no decay, decay into enamel
and decay into dentin respectively.

Unfortunately, the authors or their source do not have any further information on
this data set. The site location for each measurement is unknown. However the data

itself and the dental structure of a rat contains information that can be used.
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Information on the dental structure of rats may be obtained from a number of sources
such as Farris and Griffith (1949) [39], Rowett (1957) [123] or Hebel and Stromberg
(1986) [56]. A summary of the dental structure of a rat is provided here. A rat has
no premolars or canines, only 12 molars and 4 incisors. The incisors occur as pairs at
the front of the jaw, one pair on the lower jaw and the other on the upper jaw. Molars

occur in 4 rows, 3 large molars per row. The actual dental formula of the rat is thus,
I;; Co; PMg; M3 = 16,

where I, C, PM and M refer to incisors, canines, premolars and molars respectively.
Rows will be labelled here as TR, TL, BR and BL (top-right, top-left, bottom-right and
bottom-left respectively). The lower pair of incisors protrudes further into the mouth
cavity than the upper pair. Incisors grow continuously throughout the life of the rat,
and wear of the incisors normally keeps pace with growth. The implication of the conical
shape and rapid wear of the incisors is that they are not conducive to caries (decay)
formation. However the form and function of rat molars is similar to those of human
molars and thus lend themselves readily to experimental studies in caries. The size of
the molars decreases from the first molar (M) to the third molar (M3). Each molar
is molariform, that is each molar has several cusps, the tips of which are free from the

enamel. The number of cusps per molar is
where the numerator and denominator refer to the upper and lower jaws respectively.
The masticatory surface of the molars contain transversely oriented (mainly) enamel
folds and tubercles. Three main transverse (four in lower M;) folds can usually be
counted in the adult. A large interdental gap (the diastema) exists between the front
incisors and the molars.

In dentistry, an occlusion is the meeting of the teeth of the upper and lower jaws
when closed.

It is presumed one measurement is taken on the surface of each incisor and two per

molar at a point where the incisor/molar contacts the corresponding incisor/molar on the
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other jaw. This would account for the 28 measurements per rat. The two measurements
per molar as compared to one per incisor would reflect the greater importance of the
molar site in examining caries formation. Obviously some other design structure may
have been used but the one assumed seems to be a reasonable one.

Presumably the measurements recorded reflect some systematic experimental design
or pattern. Close examination of the occlusal scores highlights structure present in the
data. The first 2 measurements per rat appear closely related and differ very strongly
from adjacent measurements. Again, at the fifteenth and sixteenth measurement, a close
relationship between the pair is evident. This would be logical if the 2 pairs correspond
to the incisors which are spatially apart from the molars. The two pairs generally
have lower occlusal scores than the trailing adjacent measurements (but admittedly the
preceding adjacent measurements to the second pair are generally low as well). The
lower scores for these pairs would be expected if they did indeed correspond to the
incisor pairs because of the greater resistance to caries formation for incisors.

The remaining measurements probably correspond to measurements on the within-
molar sites. Two recording strategies for these measurements seem equally likely. The
first assumes measurements 3 to 14 correspond to the top jaw and 17 to 24 to the lower
jaw or vice versa. After the first pair (the presumed incisors) the next pair are assumed
to be measurements on the same molar but different within-molar sites, and so on until
the next pair of presumed incisors. The same molar pattern would follow after the
second pair of incisors. The second recording strategy assumes measurements 3 to 14
correspond to the left (or right) side of the mouth and 17 to 28 to the other side. The
first 6 measurements for both sides belong to the top (or bottom) jaw and the next 6
per side belong to the bottom (or top) jaw.

It seems reasonable to presume that decay would be asymmetric between the top
and bottom jaw but symmetric between the left and right side of the mouth. Such
an assumption would provide information on which recording strategy was more likely.

Preliminary analysis indicates the second strategy supports the symmetry assumptions
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best.
Analysis will be focussed on the 24 molar measurements due to their commonality.
The 4 incisor measurements per rat are excluded from the analysis. This is because the

incisors differ from the molars by location, physical structure and purpose.

8.3 The Mean Model

To reduce the complexity in this data set, the number of categories are reduced from
3 to 2. The first two categories are amalgamated into a no/minor cavity category with
score 0. The last category now has score 1, and is referred to as the severe cavity case.

Let p;; indicate the mean of the response variable Yi;, 1 = 117 and j = 24. It is
reasonable to expect differences for severity of decay between the top and bottom jaw.
Possibly decay would be greater on the bottom than on the top. The position of the
molars within a row may also be important. Decay may increase towards the rear of the
jaw. Let factor TB take the value 0 if a measurement belongs to the top jaw, otherwise
it is 1. Let factor MOL take the values 0, 1 or 2 corresponding to the first, second or
third molar. A very general linear predictor model which includes treatment, TB and
MOL main effects and two-way interactions will be considered. The linear predictor

model is
ni; = Bo+ [(CC+ A+ B)*(TB+ MOL) + (TB + MOL)"2](z, ), (8.1)

using the corner-point parameterization such as used by the GLIM program. The ‘x’ is
a binary operator, indicating the main effects of the linear predictor model are the terms
in both arguments of this operator, and that there are two-way interactions involving
the terms of one argument with the terms of the second argument. The operator ‘()*2’
is a unary operator indicating two-way interactions between all the terms within its
argument. The link function between the mean and the linear predictor is taken to be
logistic. The variance of the response Y;; is presumed to be ¢p;;(1 — ;).

Symmetry implies differences between the left and right side of the mouth should
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not on average be large. Similarly within-molar differences would not be expected to be

large. However the expanded linear predictor model,

ni = Bo+[(CC+A+B)*(TB+LR+MOL+ WM) +
(TB + LR + MOL + WM)"2](i, ), ‘ (8.2)

will be considered as well, where LR and WM are indicator variables of left-right and
within-molars positions.

The simple dichotomous case was considered, but analysis of the polytomous case
follows by considering the vectors of the indicators yi; = (I{y:;; = 0), I(y;; = 1), I(yi;; =
2))' (see Liang, Zeger and Qaqish (1992) [82]). Then if E(yf;,) = mijx, £ = 1, 2, 3, use

var(yf;,) = ¢*mijk(1 — mijk) and cov(yiji, Yijm) = —TijiTijm.

8.4 Nested Correlation Structures

A number of nested correlation structures are proposed. As the size of the within-
rat molar measurements is large the number of covariance/correlation parameters that
need to be estimated can be quite large (276 for the fully parameterized case). Patterned
correlation matrices may significantly reduce the number of parameters.

In the following description, the rat data response matrix has been modified. The
columns of the 117 x 24 response matrix Y are split into the blocks TL, TR, BL and
BR each of size 117 x 6. This is a reordering of the columns of the original data in Table
43.1 of Andrews and Herzberg (1985) [4] (the original presumed molar pattern was TL,
BL, TR and BR).

It is reasonable to assume the TL, TR, BL and BR blocks have the same pattern.
Denote the common 6 x 6 correlation matrix for these blocks as 3';. Let TL; represent

the 7** measurement for block TL, and similarly for TR;, BL; and TR;. Further suppose
corr(TL;, TR;) = corr(TL;, TR;), V¢, J.

The 6 x 6 correlation matrix, X5 say, between blocks TL and TR is consequently sym-

metric. Similarly, let the correlation matrices between blocks TL and BL, and between
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TL and BR be the symmetric matrices X3 and Xy. The symmetry argument can be
extended: for example the correlation between blocks TR and BR is also X3. The

working correlation matrix becomes

(2, 52, 5 X,
>R D>
R_—_ ' * ° . (83)
2 5,
- 21-

We call this pattern Model 1. This particular choice of correlation pattern reduces
the number of unique correlation parameters to 78. Model 1 is simplified if ¥, = ¥4,
that is the correlation pattern between TL (BL) and TR (BR) is the same as between
TL (BL) and BR (TR). This simplification results in 57 unique correlation parameters,
and is labelled Model 2. Note that R is the patterned correlation matrix discussed in
Olkin (1974) [103] if X, = X3 = X4,

Another simplification of Model 1 that adds more structure is

Pij1 Pjiz Pi3 Pja Pj3 Pj4
Pi1  Pia Pji3 Pj4 P;3
Pi1 Pjz Pji3  Pja

;= ,7=2,3,4 (84)
Pt Pja Pj3
Pit  Pj2
Pi1

This incorporates a number of features:

(i) Correlations of the same sites between rows are the same, i.e. p;.

(ii) The correlation between the first within-molar site and the second within-molar

site of the equivalent molar on another row is pjs,.

(iii) The correlation between the first (second) within-molar site and the first (second)
within-molar site is p;3, where the molars of the different rows occupy different

sites within the row.
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(iv) The correlation between the first (second) within-molar site and the second (first)
within-molar site is pj4, where the molars of the different rows occupy different

sites within the row.

Call this structure Model 3, and let Model 4 be the equivalent simplification of Model
2. Such a model implies that the first within-molar site occupies an approximately
equivalent spatial location for all molars. The same applies to the second within-molar
site. The number of unique correlation parameters reduces to 27 and 23 for Models 3
and 4 respectively.

Naturally X, could also be simplified to pattern (8.4), where p;; = 1. Define Models
5 and 6 to be Models 3 and 4 respectively with X', having pattern (8.4). This results
in a very economical 15 and 11 unique correlation parameters respectively.

The above proposed correlation patterns may be written as a sum of kronecker

product matrices. For example, Model 2 can be written as

(01 0 1] (000 1 0]
1010 000 1
R=1,3% + ® 2o+ ® M.
010 1 1000
(101 0] 0100

A highly structured correlation matrix that will also be considered is

1 p2 p1 pa
]l o «
p2 b pa p 1 ps
R = Qla 1l a|® . (8.5)
pr pa 1 p2 ps 1
a o 1
| P2 p1 P2 1|

The first matrix of (8.5) models the correlation between top and bottom and left and
right. The second matrix is the between molar correlation contribution for a given
row, with equal correlations applied. The within molar correlation is given by the
third matrix. This kronecker form is labelled Model 7. Thus the original 276 unique

correlations in the fully parameterized case can be reduced to only 5 parameters. We
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Table 8.2:

Model Correlation Pattern Comments =234
1 Equation (8.3) No
2 Equation (8.3) Yes
3 Equation (8.3) Yy, ¥3 and X4 have structure (8.4) No
4 Equation (8.3) X, and X3 have structure (8.4) Yes
5 Equation (8.3) X, ¥,, Y3 and X4 have structure (8.4) No
6 Equation (8.3) XY, ¥, and X5 have structure (8.4) Yes
7 Equation (8.5) No
8  Equation (8.5) P2 = P4 Yes
9 Equation (8.6) No

can simplify (8.5) by setting ps = py, that is correlations between TL and BR, and
between BL and TR are the same as between TL and TR, and between BL and BR.
This is referred to as Model 8.

Alternatively the kronecker form (8.5) can be extended to

l o «

1 pe
Qla 1 a|®

R it

®

! p"’}. (8.6)
ps 1

where the first two matrices separately model the correlations between the top and

pro 1 pz 1

a o 1

bottom, and between left and right. Refer to this pattern as Model 9.
Figure 8.1 shows the nesting of the correlation patterns that are proposed in this

section. Table 8.2 presents a summary of Models 1-9.

8.5 Estimation of the Correlation Parameters

Estimation of the unstructured or fully parameterized correlation matrix is by the mo-

ment estimator (6.13). Denote R, as the matrix of moment estimates of the correlations.
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Figure 8.1: Correlation Model Lattice Diagram
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Let the notation R, (7 : 7,k : [) represent the submatrix of R, indexed by rows ¢ to j
and columns k to [. The 6 x 6 matrix X', of Model 1 is estimated by

5 = {Ru(1:6,1:6)+R,(7:12,7:12)+R,(13: 18,13 : 18)+ R,(19 : 24,19 : 24)} /4.

Let
A; ={R,(1:6,7:12)+ R,(13 : 18,19 : 24)}/2,

and

=, = {triu(A;) + tril(A;)'}/2,

where triu(A;) and tril(A;) are the upper and lower triangular (excluding the main

diagonal elements) matrices of A, respectively. Then X, is estimated by
iyg = dlag(Ag) + 52 + 5'2,

where diag(A;) is the matrix of diagonal elements of A;. The submatrices '3 and 34
are estimated similarly. Estimation of the correlation parameters in Models 2-6 follow
in a similar manner.

The above approach is not suitable for estimation of the correlation parameters in
Models 7-9. This is because of the occurrence of products of correlation parameters.
However suitable transformations of the individual matrices in the kronecker products
offers an effective estimation technique.

The q X q equal correlation matrix,

l o a -+ «
a l o« « )
R, = =al,l, + (1 —a)l,,
\_a o a 1_

has eigenvalues a and (1 — a) of multiplicity 1 and ¢ — 1 respectively. Thus R; can
be diagonalized by Y, R;Y; to the diagonal matrix of the eigenvalues by the Spectral

Decomposition Theorem. The column vectors of Xy are the normalized eigenvectors of
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R;. With ¢ = 3, then

1/v3 1/v2  1/V6
Yo=|1/V3 -1/vV/2 1/V6
1/V3 0 —2/\/6

The third matrix in the kronecker product (8.5), R3 say, can be diagonalized to a
matrix T3 R3Y3 with diagonal elements (1 + p3) and (1 — p3), where

. 1/ve 1/V2
TluvE e |

The first matrix in (8.5), R, say, can be diagonalized by TR, Y to

(14 p2+ p1 + ps) 0 0 0

0 (1 —=p2+p1— pa) 0 0

0 0 (1= p1—p2+pa) 0

! 0 0 0 (1+p2—p1—pa) |
where
1 -1 1 -1
1, = 1/\/1 1 1 -1 -1
1 -1 -1 1
| 1 1 1 1|

Y=Y, 7Y,® T3, then by the properties of kronecker products,

which is a diagonal matrix. The diagonal elements of (8.7) are the products of the
diagonal elements of individual matrices T;-Rj'fj, 7 =1, 2, 3. For example the first
diagonal element of (8.7) is (1 + p1 + p2 + p4)(2a + 1)(1 + p3) and the last is (1 — p; +
p2 — pa)(1 — a+ 1)(1 — p3). The individual parameters are séparated by various linear

combinations of the diagonal elements of (8.7). The sum of the first 12 diagonal elements

for example, equals 12(1 — p;) and hence yields p;.
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Estimates of the correlation parameters are obtained by considering linear combina-
tions of the diagonal elements of the transformed correlation matrix 7' R,Y. Estimates

of the correlation parameters under Models 8 and 9 follow by similar transformations of

R,.

8.6 Testing Correlation Models

It is difficult to test the validity of particular correlation structures under the GEE frame-
work. The likelihood method is not available because of the semi-parametric nature of
the GEE. However it is possible to use the asymptotic properties of the z-transforms to
test the validity of Models 7-9.

Let Y; be the 24 x 1 vector of responses for the ¢** rat with mean vector p;. If
R is the correct correlation matrix of the within-unit correlation, then the random
vector C; = A:1/2Yi/¢ has covariance matrix R. The diagonal matrix A; has diagonal
elements p;;(1 — pij).

If Model 7 (or 8 or 9) is correct then the covariance matrix of the transform Y'C; is
(8.7). Thus the transform ¥ C; has zero correlations between the 24 observations.

Under the assumption of Normality, Hills (1969) [58] and Schweder and Spjgtvoll
(1982) [127] used graphical techniques to study large sets of correlation coefficients.
Moran (1980) [96] derived a formal testing procedure based on the distribution of the
maximum correlation coefficient. An asymptotic formula for the tail of the distribution
of the maximum of a set of product moment correlation coeflicients was derived by
Eagleson (1983) [35]. Under the Normality assumption, the procedure was shown to be
quite accurate even for a small number of characteristics, p. It was also shown to be
robust against failure of the Normality assumption. Cameron and Eagleson (1985) [17]
expand the Poisson limit result used in Eagleson (1983) [35] and test the hypothesis
that all the correlations between a set of variables are zero under Normality.

Brien et al. (1984) [16] study the large-sample joint distribution of the {p(p — 1)
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Fisher z-transforms,
1 14+ -
2= e (12 =t

of the elements, r;i, in a p variable sample correlation matrix. Let
Z = (le, Zl3, ceny le, Z23, R Z(p_l)p)l,

and f = p(p — 1)/2. Define Z as \/n(Z — w), where w is the vector of population
correlations. The vector Z is asymptotically multivariate Normally distributed with
zero mean vector and covariance matrix A. The elements of A are complex functions
of the population correlations (see Brien et al. (1984) [16]).

If Z were distributed as N(w, A), then the quadratic form Q = Z'A7*Z has the
noncentral chi-squared distribution

1
¢ (boto-1), wams).

If the spectral decomposition of A is 3 «;P;, where P; = P}, > P, = I; and P;P; =
6;;P; (8;; = 1if i = j, 0 otherwise), then Q@ = ¥ «;'Z'P;Z. Each component of Q is

independently distributed as noncentral chi-squared,
k1Z'P;Z ~ X*(tr(Py), k7w Piw)

where tr( P;) is the dimension of the invariant subspace onto which P; projects.

The covariance matrix A has three projector matrices (P, P; and Pj) in its spectral
decomposition under the null hypothesis of equal population correlations, p;x = p,
V i, k. The projector matrices define three mutually orthogonal invariant subspaces of
the sample space. See Brien et al. (1984) [16] for further details including computational

expressions of the quadratic components
Q():Z’P()Z, Q1:Z,PIZ, Q2=Z,PQZ.

The following theorem holds,
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Theorem 8.1 If the correlations are all equal, the three quadratic forms Qi/ki, ¢ =

0, 1, 2, have independent chi-squared distributions given by,

1 il
Qo/ro ~ x*(1, PP = Dw?/ko), Qi/k1~x*(p—1), Q2/k2~ X2(§P(P - 3)),
where w is the z-transform of the common correlation p.

Proof: See Brien et al. (1984) [16].
The quadratic forms Z'P;Z (i = 0, 1, 2) can be calculated by fitting a notional
linear model (see Ogawa and Ishii (1965) [101]) of the form

E(Zij) = «y + Qj.

The ‘main effects’ sum of squares for testing Hy : «; = ... = a, is ¢ and the
‘residual’ or ‘interaction’ sum of squares is (Jo. The components are arranged in the
analysis of variance Table 8.3. The overall test statistic for equality of correlations is

the sum of the quadratic forms, Q;/&; and Q2/K2.

Table 8.3:

Analysis of variance for equal correlations

Component Degrees of Sum of Divisor x?
freedom squares

Grand mean 1 Qo=2'PyZ ko= il_j:((%))?pﬁ %’

Main effects (p—1) Qi=2'P\Z k= E:%_(_f%fz'—éﬁ %‘

Interactions ip(p—3) Q.= 2'P,Z Ky = n(—li,;—)z 2_22

Equal Correlation %p(p -1)-1 %L + %

Total ip(p—1) Z'1Z

If & is the sample mean of the vector of z-transforms, Z, then the inverse transform

p = tanh(&) is an obvious estimate of p. Under the assumption of equal correlations,

then
&~ N(w, 2k0/(p(p —1))),
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and specific hypotheses about the common correlation can be examined. Alternatively,
the quadratic form, Qo/%o, can be evaluated at w = 0 giving a formal test of indepen-
dence if the assumption of equal correlations is correct.

An equivalent approach is discussed in Seber (1984) [129] (pp. 98-101) which is
a generalization of the method of Layard (1972) [74]. The random vectors Y; were
presumed to be i.i.d., with mean vector u and covariance matrix V. Let U be the p x 1
vector of logarithms of sample variances, and N = /n(U, Z)', which has mean 7 and
covariance matrix I' = T'2T. The vector N is asymptotically multivariate Normal
by the multivariate central limit theorem. The matrix §2 is the covariance matrix of

sample variances and covariances and T, = 0w,/00, where

/
o = (0'11, 02254y Oppy T12y+++5 O1py, T2py---, U(p—l)P)a

that is the vector of variances and covariances. See Seber (1984) [129] (pp. 98-101) for
a discussion of the estimation of the matrix T.

Let the sample covariance matrix be S = {s;} = ¥, (Y=Y )(Y;=Y)/(n=1). It
can be shown (e.g. Muirhead (1982) [98] (p. 42)) that asymptotically cov(v/ns;k, v/nsim)

E[(Y; = p)(Ye = i) (Yo — ) (Yo = )] = E[(Y; = p)(Yie = )| E[(Y1 — 1) (Yon = )]

which can be estimated by the moment estimator

n - 1 i[(y, = ¥;)(Yir = Yo)(Ya = Y) (Yim — o)) —
n i 1 i:[(ij = Y;)(Yie - Yi))~ i . i[(yﬂ — %) (Yim = ¥in)]- (8.8)

This leads to an estimator of §2. Replace Y and the divisor n — 1 by fi; and n — ¢
respectively, when E(Y;) = p; (i.e. some design is assumed), g are the number of
parameters in the mean model.

Test of hypothesis about the covariance matrix of the response matrix Y takes the

form Hy : Gm = 0, where G is a ¢ x k matrix with full column rank, and k = p—}—%p(p—l).
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When Hy is true, then GN is approximately N(0, GI'G') and
(GN)(GI'G')*GN ~ x2.

This approach is suitable for examining Models 7-9 as well as Models 1-6, although G

will generally be quite complicated.

8.7 A Mixed Effects Model

Zeger, Albert and Liang (1988) [168] considered mixed effects for generalized linear
models (GLM’s) in the analysis of longitudinal data. The mean regression parameters
are estimated by GEE.

Let z;; and z;; be m x 1 and g x 1 vectors of explanatory variables respectively at

observation j for subject 7. Suppose b; is a ¢ x 1 vector of random effects with covariance

matrix ¥. The mixed effects GLM is defined as
h(ui;) = =i,8 + zi;biy  var(yi;) = ég(pis), (8.9)

where u;; = E(y;;|bi), and b; is an independent variable with mixture distribution F'.
This is termed a subject specific (SS) model in Zeger, Albert and Liang (1988) [168].
The marginal mean is

pi; = E(yi;) = E[E(yi|bi)].

Suppose the mixture distribution F' is the Normal distribution with mean 0. This
choice of F simplifies the marginal mean. Zeger, Albert and Liang (1988) [168] give
exact expressions for the log and probit link for this choice of F'. No exact closed-
form expression exists for the marginal mean using a logit link. Instead Zeger, Albert
and Liang (1988) [168] approximate the logistic function by a cumulative Gaussian
approximation yielding logit(pi;) ~ a/(¥) . ¢{,8, where /(W) = [*Wz;;z]; + I~/
and ¢ = 16v/3/(157). The parameter vector 3 is estimated by the GEE (5.8). An

approximation to the marginal covariance for the i** subject is
V,‘ = COV(Y,') = L,Z,WZ;L, + ¢A, = ‘7,', (810)
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where L; = diag{0h~'(u)/du, u = };3, j = 1,..., p} and A; = diag{g(u;;), J =

1,..., p}. A crude estimate of the random effects covariance matrix ¥ is the moment
estimator,
. B B .- . . sn o ae
&= =3(212)7 ZiL (Y - i)Y - i) - dANL] Z(ZiZ2:) (8.1
n 4

=1

Note the diagonal elements of the approximation (8.10) are
E(yi; — wis)* = ég(uij)(Li,,) 2;Wzi, j=1,..., p. (8.12)

The moment estimator of the dispersion parameter using (8.12) is

s A (i — i)t — (L)) 2Pz,
Z (y] /‘t]) ( ]]) Zl] zJ. (8.13)

np¢ = n
1 =1 g(fi;)

To model the dispersion parameters in a similar manner as the marginal case con-
sidered in §6.3, I suggest using a second order GEE for ¢ with the response variable

dij = (yis — #is)” = (L"n)2z§j¢’zij.
g(/iij)

8.8 Analysis of the Rat Teeth Data

The estimated parameters in mean model (8.1) were tested and non-significant terms
were progressively dropped. All two-way interaction terms containing treatment B were
non-significant. The interaction of C and TB is also non-significant. Neither is the main
effect of treatment B statistically significant. The above applies equally to correlation
Models 1-9 as well as the independence and fully parameterized or unstructured cases.
Parameter estimates for the reduced mean model are displayed in Table 8.4. Models 4
and 6 are excluded because they are similar to Models 3 and 5 respectively, except the
latter models have slightly lower AIC values. Models 8 and 9 are also excluded because
they are similar, not unexpectedly, to Model 7.

The parameter estimates over all the parametric models are generally similar. The

standard errors are lowest for the unstructured case and increase as the number of
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Table 8.4:

Param. Model
1 U 1 2 3 5 7

Bo -1.220 | -1.142 | -1.070 | -1.094 | -1.296 | -1.163 | -1.192
(.325) | (.320) | (.343) | (.349) | (.360) | (.348) | (.336)

CC 3.258 | 2.381 2.793 | 2.816 | 3.081 | 3.188 | 3.220
(.414) | (.348) | (.401) | (.406) | (.425) | (.431) | (.420)

Al -0.101 | -0.031 | -0.089 | -0.109 | -0.103 | -0.048 | -0.074
(.936) | (.474) | (.701) | (.704) | (.783) | (.927) | (.925)

A2 -0.612 | -0.232 | -0.434 | -0.464 | -0.584 | -0.620 | -0.605
(.551) | (.384) | (.495) | (.497) | (.504) | (.546) | (.547)

A3 -0.969 | -0.687 | -0.893 | -0.933 | -0.982 | -0.956 | -0.958
(.588) | (.407) | (.507) | (.504) | (.513) | (.587) | (.586)

TB 0.905 | 0.538 0.718 | 0.755 | 1.107 | 0.893 | 0.898
(.213) | (.119) | (.168) | (.170) | (.223) | (.223) | (.219)

MOL2 0.064 | -0.063 | 0.016 | 0.042 | 0.201 | 0.045 | 0.028
(.285) | (.109) | (.207) | (.204) | (.241) | (.261) | (.261)

MOL3 -0.056 | 0.262 | -0.038 | -0.032 | 0.306 | 0.033 | 0.037
(.318) | (.207) | (.262) | (.265) | (.270) | (.310) | (.313)

Al1xTB -0.475 | -0.455 | -0.491 | -0.482 | -0.545 | -0.522 | -.504
(.395) | (.248) | (.319) | (.335) | (.423) | (.422) | (.410)

A2xTB -0.647 | -0.575 | -0.711 | -0.676 | -0.627 | -0.660 | -0.655
(.389) | (.288) | (.347) | (.353) | (.394) | (.396) | (.391)

A3xTB -1.257 | -0.714 | -1.114 | -1.064 | -1.106 | -1.250 | -1.255
(.436) | (.242) | (.324) | (.311) | (.362) | (.420) | (.422)

CCxMOL2 | -1.428 | -0.375 | -1.017 | -1.015 | -1.280 | -1.401 | -1.383
(.361) | (.140) | (.266) | (.263) | (.295) | (.331) | (.333)

A1xMOL2 | 0.208 | 0.286 0.290 0.300 | 0.265 0.200 0.207
(.734) | (.204) | (.503) | (.500) | (.B577) | (.722) | (.717)

A2xMOL2 | 0.784 | 0.405 | 0.627 | 0.637 | 0.721 | 0.766 | 0.763
(.409) | (.141) | (.317) | (.315) [ (.319) | (.395) | (.397)

A3xMOL2 | 0.332 | 0.038 | 0.237 | 0.261 | 0.322 | 0.305 | 0.302
(.610) | (.171) | (0.357) | (.345) | (.375) | (.461) | (.456)

CCxMOL3 | -0.914 | -0.357 | -0.426 | -0.447 | -0.951 | -.998 | -1.002
(.369) | (.230) | (.293) | (.296) | (.310) | (.397) | (.366)

AlxMOL3 | 0.870 | 0.836 | 0.908 | 0.916 | 0.944 | 0.867 | 0.870
(.548) | (.228) | (.321) | (.319) | (.388) | (.539) | (.535)

A2xMOL3 | 0.282 | 0.017 | 0.133 | 0.151 | 0.243 | 0.248 | 0.244
(.414) | (.230) | (.338) | (.332) | (.319) | (.397) | (0.398)

A3xMOL3 | 0.219 | 0.202 0.152 | 0.185 | 0.355 | 0.225 | 0.229
(.392) | (.236) | (.272) | (.267) | (.291) | (.385) | (.390)

TBxMOL?2 | -2.492 | -1.673 | -2.134 | -2.219 | -2.752 | -2.479 | -2.486
(.247) | (.158) | (.205) | (.206) | (.251) | (.245) | (.246)

TBxMOL3 | -3.815 | -3.482 | -3.734 | -3.715 | -4.034 | -3.797 | -3.801
(.290) | (.216) | (.265) | (.265) | (.291) | (.292) | (.291)

¢ 0.985 | 0.841 0.921 0.916 | 0.954 | 0.980 | 0.983
(.183) | (.082) | (.221) | (.483) | (.428) | (.199) | (.187)

log (G) 66.5 85.0 71.2 71.6 69.4 66.6 67.0
AIC 1497 2199 1953 1934 1802 1811 1725
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Table 8.5:

Analysis of variance for equal correlations

Component Degrees of x?
freedom

Grand mean 1 8.046

Main effects 23 70.387

Interactions 252 801.118

Equal Correlation 275 871.505

Total 276

correlation parameters are reduced. This is because the smaller the number of correlation
parameters, the further the parametric correlation model is from the observed correlation
pattern, especially for large correlation matrices. The statistics log (G) and AIC also
reflect this result.

The standard error of ¢ under Models 2 and 3 (and Model 4) is quite high relative
to the other correlation models. In Models 3 and 4, applying (8.4) to X'y and X3 (and
to X4 for Model 3) and not to ¥'; may be a contributing factor.

Except for the high standard error of ¢, Model 2 appears to be almost as good as
Model 1. The standard errors of the estimates of the mean parameters are quite similar.
This is reflected in the log (G) statistic (Model 2 is actually marginally higher than
Model 1). Similarly the AIC statistic acknowledges moving from Model 1 to Model 2
does not incur a big penalty especially compared to Models 3-9 (though the reduction
in the number of correlation parameters is more pronounced for these models).

Testing the kronecker product correlation matrices of Models 7-9 was discussed in
§8.6 using the method proposed by Brien et al. (1984) [16]. Table 8.5 displays the analysis
of variance for equal correlation of the transform Y'C; (recall C; = Ai_lﬁY,-/gb) under
Model 7. Similar values occur for Models 8 and 9.

The magnitude of the test statistic, 871.5, convincingly rejects the hypothesis of
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equal correlation, and consequently testing that the common correlation is zero is not
appropriate.

The equivalent method discussed by Seber (1984) [129] (pp. 98-101) and introduced
in §8.6 was also used for Models 7 to 9. To test the hypothesis of zero correlations
for YC;, then G = [0, I,(,-1)/2] in the hypothesis Hy : G& = 0. Unfortunately the
estimate of the 300 x 300 covariance matrix I' = T'£2T is highly singular (rank 103).
This is because the matrix of moment estimators (8.8) (i. e. the estimate of £2) is highly
singular (rank 103). The discrete nature of the data is probably responsible for the
singularity. Using a pseudo-inverse instead of the inverse (GI'G)~! with such a severe
singularity, the test statistic must be viewed with extreme caution. The test statistic
for Model 7 for example, is 5.9850 x 10* (compared to 871.5 in Table 8.5).

In Figure 8.2a the histogram of the correlations of the transformation Y'C; is dis-
played. The correlations are dependent and correlation values need not be large to be
significant given the large sample size. The contributions in the tails of the histogram
in Figure 8.2a is large enough to reject the hypothesis of zero correlations.

Given that the second test procedure (Seber (1984) [129] (pp. 98-101)) discussed in
£8.6 failed for this example, histograms such as Figure 8.2b were used to examine Models
1 to 6. The histogram in Figure 8.2b displays the distribution of the differences between
the 276 correlation parameter estimates for the unstructured case and the corresponding
correlations under correlation Model 1. The differences are slightly asymmetric, with
mean and mode both nearly zero. Though not much emphasis should be placed on
Figure 8.2b, because the estimates of the parameters of the Model 1 were derived from
the unstructured parameter estimates, the magnitude of the differences are generally not
very big, and given the size of the correlation matrix then Model 1 may be a reasonable
correlation model. Obviously histograms under Models 2-6 (not shown) become worse as
the number of correlation parameters decreases but, particularly for Model 2, generally
appear to be adequate.

The correlation assumptions under Model 1 are minimal compared to Models 2-9
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and the Independence case. Except for Model 2, AIC (and to a lesser extent log (G))
indicates the poorer fitting of the other parametric models compared to Model 1. This
is reflected in the higher standard errors for Models 3-9. Even under Model 1 a sub-
stantial reduction in the number of correlation parameters over the unstructured case is
achieved. Consequently I consider Model 1 as the preferred parametric model. Model 2
is handicapped by the high standard error of ¢. However as stated earlier the estimates
of the mean parameters and their standard errors are close to those under Model 1
(reflected in AIC and log (G)). As well there is a further and significant reduction in
the number of correlation parameters. Thus Model 2 can be considered to be almost as
good as Model 1 in Table 8.4.

Now suppose mean model (8.1) is expanded to include random effects specified by
left-right and within-molar indicators, that is a mixed effects model. The random effects
are assumed to have zero mean. This mixed effects model follows from the assumption
that there are no biological differences between the left and right jaw (symmetry) and
within a molar. The results of §8.7 can be applied. The estimation procedure using
(5.8), (8.11) and (8.13) failed to converge. The estimator (8.11) became unstable very
quickly. Zeger, Albert and Liang (1988) [168] reported this algorithm also failed to
converge for the one example they analysed because there was little information about
W (a scalar there) in the data they examined. They examined the regression coeflicients
over a range of values for W.

However an estimate of ¥ was obtained by first making W fixed at some initial
starting value (e. g. Wy = I,), and (5.8) and (8.13) were iterated until convergence. A
new estimate of W, W, say, was obtained by (8.11) with the current estimates of 8 and
¢. New estimates of 3 and ¢ are obtained for ¥ fixed at ¥, until convergence. This
procedure was continued until convergence of the estimate of ¥ was achieved. The final

estimate of ¥ was

0.960 —0.019
—0.019 0.379
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Estimates of B and ¢ for two other fixed choices of ¥, that is

1.0 0.0 0.3 0.25

and ,

0.0 0.5 0.25 0.05

were calculated. The second of these matrices was chosen by tracking the moment
estimate (8.11) before the instability of the estimating procedure of §8.7 occurred. The
estimates are given in Table 8.6. A number of features are worthy of comment. The
final mean parametric model conditional on the random effects is the same as the final
unconditional mean parametric model (8.1). It is interesting to note, with respect to
the goodness of fit statistic log (G), the worst model corresponds to the third model in
Table 8.6 (i.e. the moment estimate of ¥). With the same number of parameters, the
second model in Table 8.6 is superior by this criterion. The first model is roughly on
par with the third model. The second model in Table 8.6 is also the best using AIC and
the third model is marginally ahead of the first. With respect to the various correlation
models displayed in Table 8.4, the mixed effects model does not perform as well. There
is further structure in the variance that has not been accounted for under the mixed
effects model.

Now suppose the linear predictor (8.1) is expanded to incorporate a Left-Right (LR)
fixed effect and a Within Molar (WM) fixed effect, that is (8.2). Correlation Models 1,
5 and 9 were considered as well as the independence and unstructured cases. The final
parametric form of (8.2) incorporates all the significant terms of the final form (8.1).
Not surprisingly the interaction of Molars and Within Molars is significant. What is
surprising is that the Left-Right effect is significant. The estimates are displayed in
Table 8.7. Model 4 was considered as well, and has estimate 45 = 1.1043 with standard
error 0.168. This standard error differs little from the corresponding standard error in
the other models displayed in Table 8.7. This is in contrast to Model 4 with mean model
(8.1).

As expected, the Unstructured model has the highest goodness of fit values. What

is interesting, is that the Independence model appears to be equally as good as Models
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Table 8.6:

Param. Matrix
¥y =1.0 ¥y =03 Wy, = 0.960
W, =0.0 V1o = 0.250 ¥y = —0.019
W5y = 0.500 W3y = 0.050 Wy = 0.379
Bo -1.293  (.402) | -1.235 (.366) | -1.310  (.406)
CC 3560 (.513) | 3.348  (.464) | 3.629  (.519)
Al 0.067 (1.137) | 0.028 (1.036) | 0.058 (1.162)
A2 -0.776  (.626) | -0.684 (.581) | -0.797  (.639)
A3 -1.094  (.659) | -1.010 (.615) | -1.100  (.675)
TB 1.058  (.244) | 0.981  (.225) | 1.069  (.247)
MOL2 | 0.111  (.323) | 0.111  (.300) | 0.117  (.323)
MOL3 | 0.004 (.317) [-0.030 (.310) | 0.0002 (.322)
AIXTB | -0569 (.415) | -0.524 (.431) | -0.577  (.480)
A2xTB | -0.761 (.468) | -0.709 (.423) | -0.770  (.473)
A3xTB | -1.542 (.530) | -1.397 (.483) | -1.566  (.535)
CCxMOL2 | -1.744  (.415) | -1.584  (.381) | -1.758  (.418)
A1xMOL2 | 0.235 (.694) | 0.212  (.824) | 0.247  (.936)
A2xMOL2 | 0.929  (.485) | 0.848  (.441) | 0.944  (.491)
A3xMOL2 | 0.417 (.605) | 0.360  (.552) | 0.423  (.612)
CCxMOL3 | -1.228  (.388) | -1.063 (.368) | -1.248  (.395)
A1xMOL3 | 0.991 (.694) | 0.922  (.623) | 1.003 (.712)
A2xMOL3 | 0.424 (.485) | 0.351  (.441) | 0.430  (.493)
A3xMOL3 | 0.259  (.458) | 0.240  (.421) | 0.265  (.469)
TBxMOL2 | -2.903  (.296) | -2.701  (.269) | -2.949  (.299)
TBxMOL3 | -4.405 (.347) | -4.083  (.317) | -4.441  (.350)
¢ 0.939 0.958 0.938
log (G) 50.1 53.6 49.5
AIC 1487 1509 1489
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Param. Model
I §) 1 5 9

Bo -1.417 (.344) | -1.432 (.347) | -1.307 (.363) | -1.460 (.370) | -1.436 (.355)
CC 3.291  (.417) | 2.841 (.368) | 3.136 (.434) | 3.235 (.436) | 3.184 (.415)
Al -0.095 (.945) | -0.132 (.538) | -0.161 (.779) | -0.087 (.840) | -0.092 (.836)
A2 -0.608 (.558) | -0.382 (.402) | -0.557 (.524) | -0.658 (.513) | -0.571 (.415)
A3 -0.974 (.595) | -0.838 (.450) | -0.950 (.569) | -0.861 (.596) | -0.795 (.605)
TB 0.917 (.215) | 0.531 (.141) | 0.820 (.201) | 0.850 (.225) | 0.844 (.219)
LR 0.453 (.145) | 0.445 (.126) | 0.454 (.141) | 0.454 (.144) | 0.467 (.145)
MOL2 0.475 (.204) | -0.040 (.116) | 0.048 (.215) | 0.365 (.241) | 0.332 (.222)
MOL3 -0.162 (.331) | -0.008 (.241) | -0.348 (.318) | -0.084 (.340) | -0.207 (.344)
WMOL -0.090 (.115) | -0.068 (.078) | -0.093 (.110) | -0.060 (.113) | -0.061 (.114)
AIxTB | -0.493 (.408) | -0.461 (.254) | -0.485 (.338) | -0.501 (.426) | -0.460 (.425)
A2xTB -0.668 (.401) | -0.657 (.306) | -0.799 (.377) | -0.771 (.389) | -0.777 (.388)
A3xTB -1.273  (.441) | -0.910 (.276) | -1.276 (.372) | -1.356 (.403) | -1.412 (.418)
CCxMOL2 | -1.348 (.374) | -0.360 (.144) [ -0.978 (.290) | -1.123 (.309) | -1.190  (.298)
A1xMOL2 | 0.206 (.738) | 0.369 (.255) | 0.360 (.600) | 0.166 (.680) | 0.173  (.700)
A2xMOL2 | 0.785 (.417) | 0.480 (.168) | 0.688 (.353) | 0.683 (.395) | 0.664 (.412)
A3xMOL2 | 0.290 (.522) | 0.011 (.217) | 0.294 (.355) | 0.125  (.452) | 0.144  (.477)
CCxMOL3 | -0.921 (.370) | -0.643 (.242) | -0.644 (.358) | -0.972 (.371) | -0.952 (.370)
A1xMOL3 | 0.878 (.548) | 0.893 (.218) | 0.995 (.416) | 0.873 (.482) | 0.842 (.492)
A2xMOL3 | 0.280 (.418) | 0.133 (.234) | 0.238 (.402) | 0.198 (.377) | 0.178 (.381)
A3xMOL3 | 0.218 (.396) | 0.270 (.234) | 0.218 (.326) | 0.175 (.390) | 0.153  (.401)
TBxMOL2 | -2.617 (.260) | -2.138 (.194) | -2.465 (.255) | -2.648 (.264) | -2.708 (.272)
TBxMOL3 | -3.854 (.291) | -3.377 (.230) | -3.996 (.306) | -3.881 (.302) | -3.946 (.303)
MOL2xWM | -0.918 (.191) | -0.636 (.124) | -0.947 (.184) | -1.033 (.193) [ -0.970 (.202)
MOL3xWM | 0.214 (.186) | 0.159 (.155) | 0.181 (.191) | 0.204 (.183) | 0.353  (.183)
¢ 1.004 (.992) | 0.909 (.128) | 1.046 (.167) | 1.053 (.237) | 1.089 (.168)

log (G) 83.2 100.0 83.6 82.7 81.9

AIC 1531 2218 1958 1815 1695
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1 and 5 by the log (G) statistic. This is definitely not the case in Table 8.4. Model 9
also fares well compared to these models. Adding key significant terms to the model
(8.1) has improved the goodness of fit criterion log(G) for Models 5 and 9 (and the
Independence Model) relative to Model 1 (compared with Table 8.4). The AIC statistic
on the other hand indicates the poor fitting qualities of the Independence model as would
be expected here (and reflected in the higher standard errors). Similarly the magnitude
of the differences of the model AIC statistics has changed little when moving from the
mean model (8.1) to the extended mean model (8.2). The AIC statistic provides a
clearer indication of the better fitting parametric models. As demonstrated in chapter
7, log (G) must be used with some caution. The preferred model in Table 8.7 is again
Model 1. Another unusual feature of the Independence model is the high standard error
for ¢. Both log (G) and to a lesser extent AIC show the improvement in goodness of fit
from moving from (8.1) to (8.2).

A mixed-effects model, with random effects LR and WM, was applied to (8.2). This
model failed to converge except when the random effects covariance matrix was fixed
indefinitely.

Table 8.8 displays the correlation parameter estimates for the kronecker product
correlation Models 7-9 under (8.1) and Model 9 under (8.2).

Figure 8.3 is a plot of the predicted probability of severe decay against the within-
row molar position under the final form of (8.1) with correlation Model 1. The index for
the molar axis corresponds to molar/(within-molar) position within a row, e. g. indices
1 and 2 refer to the first and second within-molar site of the first molar. The solid line
is the Cariogenic control group (Diet 2), the broken line is the Non-Cariogenic control
group (Diet 1) and the dotted line is either Diet 3, 4 or 5. Note the probabilities under
Diets 6, 7 and 8 are the same as Diet 2 because of the non-significance of Treatment B.
The top row may be either the left or right top row. Similarly for the bottom row.

A number of key features become evident from Figure 8.3. The higher the amount of

Treatment A applied, the lower the probability of severe decay for both top and bottom
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Table 8.8:

Param. Model

(] 8 9 9*
o 0.2463 | 0.2463 | 0.2463 | 0.2527
P1 0.2310 | 0.2310 | 0.2309 | 0.2278
P2 0.2197 | 0.1694 | 0.2196 | 0.2236
pP3 0.5046 | 0.5047 | 0.5045 | 0.5257
P4 0.1190

9* is correlation Model 9 under the extended

linear predictor (8.2)

rows. There are fundamental differences in the underlying probabilistic mechanism
between the top and bottom rows. One possible explanation of the indicated probability
structure is that the top row is really the bottom row and vice versa. This follows if it is
assumed the chance of decay is greater on the bottom than on the top. Further, if decay
increases towards the rear of the mouth, then index 1 is now the second within-molar
site of the last molar.

Figure 8.4 is a plot of the observed probabilities for the top-left row for Diets 1 to 8.
As in Figure 8.3, Diets 1 and 2 are the reference diets. Figures 8.5, 8.6 and 8.7 are the
observed probabilities for the top-right, bottom-left and bottom-right rows respectively.

The cavity reducing effect of Treatment A is fairly obvious as is the ineffectiveness
of Treatment B. The similarity of the bottom-left and bottom-right probability pattern
supports the original assumption that these measurements belong to the same jaw. The
significance of the Left-Right effect in the extended mean model (8.2) is understand-
able given the obvious graphical differences between the top-left and top-right observed
probability structures. However there is still sufficient likeness between the top-left and

top-right patterns (compared to the bottom patterns) to continue advocating they be-
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long to the same jaw. Figures 8.8 and 8.9 are plots of the expected probabilities of the
extended mean model (8.2) under correlation Model 1. They indicate that the proba-
bility of severe decay is shifted downwards for the right-hand side of the mouth. The
extended mean model (8.2) tends to be better than the final form of (8.1) at capturing
the underlying process that is indicated in Figures 8.4-8.7.

8.9 Discussion

The difficulty of analysing complex non-Normal data containing structure which indi-
cates possible parametric covariance matrices is a common problem. The GEE approach
can provide a natural and usually straightforward method, reminiscent of the regression
techniques employed in Normal theory. The parametric covariance matrices are neatly
and explicitly incorporated into the estimating procedure.

Modelling the covariance structure such as for the rat teeth data can lead to im-
provements in the efficiency of the estimating procedure and possibly lower standard
errors. A principal goal of the researcher is to uncover and model influential factors
or explanatory variables of the mean of the response variable, and though usually of
secondary importance, to adequately account for the underlying covariance structure.
In modelling the covariance structure, the unobserved error process may be examined.
The choice of the covariance structure can be critical to the actual mean model selected.
It may also affect the stability of the estimating procedure and inflate the estimates of
the standard errors of the parameters, as was seen in chapter 7. Accordingly, it is worth-
while devoting effort to try to determine the suitability of various covariance structures
for a given data set.

As was discussed, asymptotic tests on the parametric covariance structures can be
developed and sometimes the parametric structure lends itself to possible specialized
tests (such as for Models 7-9). Despite the difficulties encountered with the rat teeth

data in applying the more general tests to different parametric covariance structures,
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the techniques discussed in this chapter can be implemented successfully to other data

sets.
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Appendix A

We can approximate n'/2(A — A) = [n'/3(8 — B, n'/2(§ — v, n'/}(& — a)']' using a

Taylor expansion about A to equal

SEDWIREN I TV DR -PV)) (A1)
where
Ui(X,€) = 3 DiV;S:
and

SU(X &) OU(N€) | 0U(A,&) 08
'3 ) 9 OX

A Taylor expansion about &, A fixed, gives

n=1/2 Z: Ui(X,€R)) = n7'/2 Z_: Ui(X, €) + {n-‘ Zj OU:(A, 5)/85} n'/3(€ —€) + oy(1)

= a2 UM E) + op(1). (A.2)

i=1

This follows from &(\) being n!/?-consistent, that is n!/2(§(A) — &) is 0,(1), and

because QU;(A, €)/0€ is a linear function of the §;’s which have mean zero, then
w7t Y AU /08
is 0,(1). The asymptotic multivariate distribution of n='/2 5%, Ui(X, €(N)) is thus
N (0, n! Z": D;Vi"cov(fi)Vi_lDi) :
i=1
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Since n~! T, AU (A, €(X))/B€ and O€/AN are both o0,(1) then

_nl Z: SULN, E(N)}/6X (A3)

converges in probability to the limit of

—n! 2_: OUAN, E(N)}/OA.

Finally, by (A.2), we have

—n! ian{A,&(A)}/ak T S DIVAD; - 0F:/0N) +0p(1),  (AA)

i=1
where

0 0 0
Ofi/oOA=| od;/o8 0 0
dr;/0B Or;/0~ 0
Consequently as (A.3) converges in probability to the first term on the right-side of (A.4),

then the Normality of n!/2(A = A) follows. The asymptotic variance of n'/2(X = X) using
(A.1) leads to (6.8).
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