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Abstract

In an attempt to gain a sophisticated understanding of non-equilibrium quantum statistical
processes in the early universe, I formulate a model of quantum Brownian motion in a bath of
parametric oscillators. An important result is the derivation of the influence functional and thus
the noise and dissipation kernels in terms of the Bogolubov coefficients thus setting the stage
for the influence functional formalism treatment of problems in quantum field theory in curved
spacetime. I also derive the exact propagator and master equation for the reduced density
matrix of the system interacting with a parametric oscillator bath in an initial squeezed thermal
state. These results are expected to be useful for related problems in quantum optics. Using
these results I discuss the statistical mechanical origin of quantum noise and thermal radiance
from black holes and from uniformly-accelerated observers in Minkowski space as well as from
the de Sitter universe discovered by Hawking, Davies-Unruh and Gibbons-Hawking.

Building on the previous work, the influence functional formalism is used to show how to
derive a generalized Einstein equation in the form of a Langevin equation for the description of
the backreaction of quantum fields and their fluctuations on the dynamics of curved spacetimes. [
show how a functional expansion on the influence functional gives the cumulants of the stochastic
source, and how the cumulants enter in the equations of motion as noise sources. I derive an
expression for the influence functional in terms of the Bogolubov coefficients governing the
creation and annihilation operators of the Fock spaces at different times, thus relating it to
the difference in particle creation in different histories. I then apply this to the case of a free
quantum scalar field in a spatially flat Friedmann- Robertson-Walker universe and derive the
Einstein-Langevin equations for the scale factor for these semiclassical cosmologies.

Using the squeezed state formalism the coherent state representation of quantum fluctuations
in an expanding universe is derived. It is shown that this provides an interesting alternative
to the Wigner function as a phase space representation of quantum fluctuations. The quantum
to classical transition of fluctuations is simply implemented by decohering the density matrix
in this representation. The entropy of the decohered vacua is derived and is shown to agree
with previous results in the high squeezing limit. It is shown that the decoherence process can
significantly change the predictions derived using pure states.

Finally, I investigate the quantum to classical transition of small inhomogeneous fluctuations
in the early Universe using the decoherence functional of Gell-Mann and Hartle. I study two
types of coarse graining; one due to coarse graining the value of the scalar field and the other
due to summing over an environment. I compare the results with a previous study using an
environment and the off-diagonal rule proposed by Zurek. I show that the two methods give
very different results. I show that coarse graining the scalar field leads to some decoherence

after Hubble crossing but not enough for an effective quantum to classical transition.
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Chapter 1

Introduction

The common theme of this thesis is the theory and applications of non-equilibrium quantum
statistical mechanics (NEQSM), particularly the concept of quantum open systems (8], to prob-
lems in cosmology and gravity. Studies that involve NEQSM typically start with a closed system
whose evolution is unitary and reversible. The closed system is then split into a system and
some unobserved sector of the theory (the “environment”) which is then coarse-grained. How
the split is made and how natural it is will depend on the specific problem at hand and on the
fineness and level of desciption desired. The information loss due to the coarse graining turns
the unitary, reversible dynamics of the closed system system into the nonunitary, irreversible
dynamics of an open system, that is it turns a fundamental theory into an effective theory.

In general the coarse-graining will introduce noise, dissipation and renormalisation effects
into the dynamics of the open system. The noise and dissipation will be related by some
fluctuation-dissipation relation. This relation reflects the balance between energy flowing into
and out of the system. The combination of noise, dissipation and renormalisation in the open
systems dynamics can be described as the backreaction of the environment on the system. Since
these 3 effects are all qualitatively different they should all be included in any complete treatment
of backreaction processes. Noise will induce diffusion and decoherence (the loss of quantum
coherence). Decoherence when combined with dissipation can then generate the quantum-to-
classical transition.

The above scheme has a wide range of applications in theoretical physics. Some examples of
issues in cosmology and gravity include:

1. Thermal radiance from accelerated observers, de Sitter space and black holes as fluctuation-
dissipation phenomena

2. Backreaction in semiclassical gravity.

3. Galaxy formation from primordial quantum fluctuations

4. Entropy of cosmological perturbations



5. Phase transitions in the early universe as noise induced processes

6. Dissipation in quantum cosmology and the issue of the initial state

7. Decoherence and the semiclassical limit of quantum gravity

8. Stochastic spacetime and continuum limit, gravity as an effective theory
9. Topology change in spacetime and loss of quantum coherence problems
10. Gravitational entropy, singularity and time asymmetry

11. ‘Birth’ of the universe as a spacetime fluctuation and tunneling phenomenon

Recently there is an increasing effort to understand these processes in terms of NEQSM (see
[6, 11, 17] for reviews). Some of these processes are not as well-understood as others. Indeed
Topics 8-11 may not even be well-defined or posed. But there is hope that if one can construct a
more rigorous theory of noise in quantum fields in curved spacetimes one can begin to formulate
these problems in a meaningful and solvable way.

Topics 1-7 above can all be discussed using the quantum Brownian motion (QBM) paradigm.
In QBM the coarse graining invoked involves a clear separation between the system and envi-
ronment. In all of the above applicable cases the separation is quite natural for the problem
at hand. For example, topics 2,6,7 involve a separation between the gravitational sector (the
system) and the matter sector (the environment). Topic 1 requires a separation between the
detector degree of freedom and the quantum field which it probes. Topics 3-5 naturally involve
a separation between modes inside and outside a cosmological horizon.

Other coarse graining schemes are possible. In Boltzmans kinetic theory the coarse graining
involves truncating higher order multiparticle correlation functions. This paradigm is fundamen-
tally different from Brownian motion since there is no disparity between system and environment
as is the case in QBM. (For a discussion on Boltzmans paradigm and its applications to cosmol-
ogy and gravity see [24]). A general notion of coarse-graining is fundamental to the decoherent
histories formulation of quantum mechanics [21, 22, 23]. This allows for more flexible coarse-
graining schemes in studies of NEQSM. In this thesis we will concentrate on the Brownian
motion paradigm though we will also consider briefly an averaging procedure in chapter 6 using
the decoherent histories formulation.

.The above topics will generally involve time dependent backgrounds. This requires a general
understanding of how time dependent backgrounds play a role in non-equilibrium quantum
statistical processes. In chapter 2 we present a general formalism which does this. In the rest

of the thesis we consider topics 1-4 above. We will leave detailed introductions to the beginning

of each chapter.



Chapter 2

Quantum Brownian Motion in a

Bath of Parametric Oscillators

2.1 Introduction

In two papers, called Paper I, II henceforth [1, 2], Hu, Paz and Zhang began a systematic
study of the celebrated problem of quantum Brownian motion (QBM) in a general environment
using the Feynman-Vernon influence functional (IF) formalism (3, 4, 5]. The special features
associated with a nonohmic bath, or ohmic bath at low temperatures are the appearance of
colored noise and nonlocal dissipation. The motivation for this study was amply explained
there. What prompted them to this undertaking was the belief that a correct and deepened
understanding of many interesting quantum statistical processes in the early universe and black
holes [6] requires an extension of the existing framework of quantum field theory in curved
spacetime [7] to statistical and stochastic fields in the framework of quantum open systems 8]
represented by the QBM [9]. This viewpoint and methodology have indeed been applied to the
analysis of some basic issues in quantum cosmology [10, 11, 12, 13, 14, 15], effective field theory
[16, 17], and the foundation of quantum mechanics, such as the uncertainty principle [18, 19]
and, most significantly, decoherence {20, 21, 22, 23, 24] in the quantum to classical transition
problem. (See the recent reviews of (25, 26, 27] and references therein and in Papers I, II for the
standard literature on this topic). QBM is one of the two major paradigms of non-equilibrium
statistical mechanics (the other being Boltzmann’s kinetic theory) which is also amenable to
detailed analysis. The study of many problems mentioned above which have nonlinear and
nonlocal characteristics typical of quantum processes in gravitation and cosmology necessitates
a closer scrutiny of this model beyond the ordinary limited conditions.

In order to make it useful for addressing issues in semiclassical gravity and quantum cos-

mology, a theory of quantum open systems has to be developed for quantum fields in curved
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spacetime. Noticeable effort has been put into this direction. Hu, Paz and Zhang [28] con-
structed a stochastic field theory based on the QBM model and described how thermal field
theory can be obtained as the equilibrium limit. As a tool for the study of the quantum origin
of noise, fluctuations and structure formation in cosmology, they [29] have extended the result of
Paper II to quantum fields in Minkowski, Robertson-Walker and de Sitter spacetime. The nature
and origin of quantum noise from particle-field interaction were discussed in [30] (see chapter 3)
where a statistical field-theoretical derivation of thermal radiance in the Hawking [31, 32] and
Davies-Unruh effects [33] were given (see chapter 3). For semiclassical gravity Kuo and Ford
[34] have studied the fluctuations of quantum fields on the Einstein equations. Calzetta and Hu
[35], and the present author [36] (see chapter 4) have analyzed the nature of noise, fluctuations,
particle creation and backreaction for quantum fields in cosmological spacetimes and proposed
an Einstein-Langevin equation as the centerpiece of a generalized theory of semiclassical gravity.
For quantum cosmology, Sinha and Hu [37] had used the coarse-grained [38] Schwinger-Keldysh
effective action [39] to analyze the validity of the minisuperspace approximation in quantum
cosmology. Paz and Sinha [13] had used the influence functional method to discuss the transi-
tion from quantum to semiclassical gravity, and Calzetta and Hu [40] have studied dissipation
problem in quantum cosmology. However, except for the few cases mentioned above, none of
these earlier work made use of the master or Langevin equation approach characteristic of the
QBM study, which is necessary to probe into the noise, fluctuation (35, 36], instability and phase

transition [17] aspects of quantum fields and spacetime.

The work in this chapter is an intermediate step in that direction. It is a generalization
of Papers I and II in that the oscillators which make up the system and bath are now the
most general time-dependent quadratic oscillators. This bath of parametric oscillators (as the
number of modes goes to infinity) is identical to a scalar field, while the motion of the Brownian
particle modeled by a single oscillator could be used to depict the behavior of a particle detector
(with zero spring constant, as in e.g., [33]), the scale factor of the universe, (with a negative
kinetic energy term, as is seen in Eq.(2.2) of [37]) or the homogeneous or inhomogeneous (density
fluctuation) modes of the inflaton field in an early universe [41, 42, 43, 44, 45, 46, 47]. Indeed the
results obtained here can be taken over directly for the description of scalar fields in cosmological
spacetimes, as the work in chapters 3 and 4 will demonstrate. Parametric amplification of
the bath oscillator quanta gives rise to particle creation, as was pointed out by Parker and
Zel’dovich [48], which can be depicted by the Bogolubov transformation between the creation
and annihilation operators of the Fock spaces defined at different times. The averaged effect
of the bath on the system is described by the influence functional, which, in the statistical
field-theory context measures the backreaction of quantum processes associated with the field

like particle creation on the dynamics of the background spacetime [49, 50]. There are two

4



components in the influence functional, a noise kernel and a dissipation kernel. The noise kernel
governs the decoherence process and also limits the degree of attainment of classicality [23]. It
also depicts the effect of fluctuations (in particle number) [35]. The dissipation kernel which
appears in the effective equa,tion.of motion depicts the effect of particle creation on the dynamics
of the system. An important result of this chapter is the derivation of the influence functional and
thus the noise and dissipation kernels in terms of the Bogolubov coefficients. This enables one to
trace the source of statistical processes like decoherence and dissipation to vacuum fluctuations
and particle creation, and in turn impart a statistical mechanical interpretation of quantum
field processes. The QBM paradigm thus provides a unified framework where one can see the
interconnection of the basic quantum statistical processes like decoherence, dissipation, particle
creation, noise and fluctuation. The necessity of analyzing these processes on the same footing

was emphasized earlier in [11].

Although we will use examples from quantum and semiclassical cosmology to illustrate the
physical relevance of the QBM model with parametric bath, the range of applicability of this
model goes beyond. An important area where parametric amplification plays a central role
is in quantum optics. Here the properties of baths prepared in squeezed initial states (rigged
reservoirs) are of interest [52, 53]. Squeezed baths are capable of processing optical signals (at-
tenuation or amplification) while retaining their quantum features. It has also been shown that
an appropriately squeezed bath is capable of greatly increasing the decoherence timescale [54].
The description of these processes is based on the quantum optical master equation generalized
to include squeezing in the initial state. It is an approximate equation derived under the ro-
tating wave, Born and Markov approximations. Since this formalism is exact it is capable of a
more accurate description of non-equilibrium quantum statistical processes in quantum optics.
It also allows for the squeezing to be generated dynamically rather than imposed as an initial

condition.

The effect of the bath on the svstem is studied here, as in the previous two QBM papers,
by means of the influence functional formalism. We will derive exactly the evolution operator
for the reduced density matrix, the influence functional, and the master equation for a time-
dependent system and bath, using a slightly different method and language from Paper . We
adopt the language of squeeze and rotation operators (55, 56, 57) for describing the evolution of
the system. In Sec. 2.2 We define the model and mention its relevance in problems in quantum
optics, quantum and semiclassical cosmology, and quantum field theory in curved spacetimes.
We then derive an analytic expression for the influence functional of a system linearly coupled
to a bath of parametric oscillators in terms of the Bogolubov coefficients. In Sec. 2.3 we derive
the exact evolution operator for the reduced density matrix and adopt the simpler method

introduced by Paz [58] and used in [28] for the derivation of the master equation. We consider



the general case when the bath is initially in a squeezed thermal state, which includes the
common cases of a thermal state and a squeezed vacuum. We indicate how it is different from
the model with a bath of time independent oscillators. The diffusion coefficients of this equation
can be analyzed for decoherence studies, as is done in Papers I, Refs. [29] and [20]. The relation
of decoherence and particle creation was also discussed in the field theory context by Calzetta
and Mazzitelli [60] and in the quantum cosmology context by Paz and Sinha [13]. Here we aim
not at the decoherence or the dissipation processes, but focus on the definition and nature of
noise associated with quantum fields and use them, in chapter 3, to depict some well-known
processes such as the Hawking effect in gravitation and cosmology.

In Sec. 2.4 we give a few simple examples of a system interacting with a bath of parametric
oscillator, first treating the case with constant frequency; but with an initial squeezed thermal
state and then the case of inverted oscillators which can be used to model amplifiers in quantum
optics and electronics [53]. In Sec. 2.5 we summarize the results and suggest further problems
in cosmology and gravitation where they can be usefully applied. The details of derivation in

Sec. 2.2 are recorded in Appendices A and B.

2.2 Influence Functional

Our system, the Brownian particle, is modeled by a parametric oscillator with mass M (8), cross
term B(s) and natural (bare) frequency Q(s). The environment (bath) is also modeled by a set
of parametric oscillators with mass my(s), cross term b,(s) and natural frequency wy(s). The
system is coupled to the bath through an arbitrary function F(z) of the system variable and
linear in the bath variables ¢, with coupling strength c,(s) in each oscillator. The action of the

combined system + environment is
Sz, q] = S[z] + SE[q] + Sins[2, q]

= / ds [%M(s)(ﬁ + B(s)zz — Qz(8)3:2) (2.1)

it ;{;—mn(s) <q72‘ +bn(8)gndn — WZ(S)Q§)} + ; (—cn(S)F(a:)qn)J

where z and ¢, are the coordinates of the particle and the oscillators. The bare frequency  is
different from the physical frequency €, due to its interaction with the bath, which depends on
the cutoff frequency. We will discuss this point in more detail in Sec. 2.4. For problems discussed
here we are interested in how the environment affects the system in some averaged way. The
quantity containing this information is the reduced density matrix of the system obtained from

the full density operator of the system + environment by tracing out the environmental degrees



of freedom. The evolution operator is responsible for the time evolution of the reduced density
matrix. The equation of motion governing this reduced density matrix is the master equation.
Our central task is to derive the evolution operator and the master equation for the Brownian
particle in a general environment.

We will briefly review here the Feynman-Vernon influence functional method for deriving
the evolution operator. Readers who are familiar with it can skip this subsection. The method
provides an easy way to obtain a functional representation for the evolution operator for the
reduced density matrix J,. Let us start first with the evolution operator for the full density

matrix J defined by
p(t) = T (1, t:)p(t:)- (2:2)

As the full density matrix j evolves unitarily under the action of (2.1), the evolution operator
J has a simple path integral representation. In the position basis, the matrix elements of the

evolution operator are given by

J(z,q, 113', qut I xiaqi1$:‘7q£7t’i) = K:((E,q,t | xiaqi’ti)l(:*(xlaqlat l W;',q:',ti)
(2.3)

i

z q , z! q .
= /Dx/Dq exp %S[m,q]/Dm'/Dq' exp—%S[:z:',q’]
T qi z! qi
where the operator K is the evolution operator for the wave functions. In the second equation,
the path integrals are over all histories compatible with the boundary conditions. We have used
q to represent the full set of environmental coordinates ¢, and the subscript ¢ to denote the
initial variables.

The reduced density matrix is defined as

+o0 +o0
pr(z) = [ da [ dgo(z,qi5a)o(a - q) (2.4)

and is propagated in time by the evolution operator J,

+00 +00
pr(z,7',1) = / dz; / dz! Jo(z,2',t | =i,z t) pr(mi, 2iy 8 ). (2.5)
—00 -0

By using the functional representation of the full density matrix evolution operator given in (2.3),
we can also represent J, in path integral form. In general, the expression is very complicated
since the evolution operator J, depends on the initial state. If we assume that at a given time

t = t; the system and the environment are uncorrelated

Bt = 1) = po(t:) X pulti), (26)



then the evolution operator for the reduced density matrix does not depend on the initial state

of the system and can be written [3] as
Ty =y ,
i

Te(zs, 2%t | @i,z t;) = /Dx/Dx’ exp E{S[x] - S[m']} Flz,z']. (2.7)

The factor F{z, z'), called the ‘influence functional’, is defined as

+00 +00 400 q

f ay
f[x,ﬂ=/dqu / dqi/dqf/DQ/Dq'
—-co -0 -0 q q£

d ’ rot ’ (2.8)
x exp ={Sbla) + Sintl2, al = SH[a] ~ Sinelz’, a1 }o(ai, ol )
?
h
where Srr[z,2’] is the influence action. The effective action for the open quantum system is
defined as Sej¢[z, 2] = §[z] - S[z'] + Sir[z, 2'].
It is not difficult to show that (2.8) has the representation independent form

Str(z, 2]

= exp

Fla,o) = Tr(Ulewulpe(t:)0 [} ) (2.9)

where U is the quantum propagator for the action Se[q] + Sine[z(s), q] where z(s) is treated as
a time dependent classical forcing term. This form is very convenient for deriving the influence
functional.

It is obvious from its definition that if the interaction term is zero, the influence functional
is equal to unity and the influence action is zero. In general, the influence functional is a
highly non-local object. Not only does it depend on the time history, but ~and this is the more
important property- it also irreducibly mixes the two sets of histories in the path integral of
(2.7). Note that the histories z and z’ could be interpreted as moving forward and backward
in time respectively. Viewed in this way, one can see the similarity of the influence functional
(3] and the generating functional in the closed-time-path (CTP or Schwinger-Keldysh) integral
formalism [39]. The Feynman rules derived in the CTP method are very useful for computing
the IF.

In those cases where the initial decoupling condition (2.6) is satisfied, the influence functional
depends only on the initial state of the environment. The influence functional method can be
extended to more general conditions, such as thermal equilibrium between the system and the
environment [65], or correlated initial states [5, 4].

We now proceed to derive the influence functional for the model (2.1). From its definition
it is clear that the influence functional is independent on the choice of system but only on the

coupling of the system to the environment. Since our method is quite general we have been able



to include, in Appendix A, the influence functional for the most general coupling linear in the
bath variable. However in the body of the paper we only consider the position-position coupling
in (2.1). For the case of a squeezed thermal initial state (to be defined later) we find that for

the model (2.1) the influence functional has the form

Flz, 2 = exp{ - % ds/ds' [F(z(s)) - F(z/(s))]u(s, s [F(x(s')) + F(a:’(s’))]

; (2.10)

t

— 3 [ ds [ a5 [F(a() = FG)]uls, ) [Fal(s) - ()] }

ti
The functions u(s,s’) and v(s,s’) contain the effects of the environment on the system. They
are known respectively as the dissipation and noise kernels. The reason for these names becomes
clear in the semi-classical regime of the open system generated by (2.10).
To find the appropriate semiclassical limit of this open quantum system we must find an

action which generates the same influence functional as (2.10). Consider the action

Sla(s)] = /t: ds(L(z,3,5) + F(x)E(s)) (2.11)

where £(s) is a gaussian stochastic force with a non-zero mean. This system generates the

influence functional
et
FT, A] = <exp [% /t ’ff(s)A(s)ds]> (2.12)

where ¥ and A are given by
2(s) = 5 (Fla()) + F(5)), A(s) = F(a(s)) - F(&'(5)) (2.13)

and the average is understood as a functional integral over £(s) multiplied by a normalized
gaussian probability density functional P{é(s); £(s)]. The probablility density functional is a
functional of %(s) if we allow the statistical properties of £ to depend on the system history.

The avergaing can be performed to give
ot 1 t 9
Flz,z'] = exp{%/dsA(s)(f(s)) - —h—2/ds/ds’A(s)A(s')Cg(s,3')} (2.14)
t; 1 i

where C3(s, s') is the second cumulant of the force £. The equation of motion generated by the

action (2.11) is
0L d oL O0F(z) 0F(z)

o = e + () = =5 (1) (2.15)

where £(t) is a zero mean gaussian stochastic force with (£(¢)€(¢')) = Cy(t,t'). Now by comparing

(2.14) and (2.10) we see that

(&(s)) = -2 /ts ds'i(s,s"NS(s"), Cafs,s") = hv(s,s). (2.16)

9



Therefore the semiclassical equation for the system described by the influence functional (2.10)

18

OF(z) -,
5o () (2.17)

g_f. - %g—f 8F(x /. p(t, s)F(z(s))ds =
where (£(t)€(t")) = hw(t,t'). Under special circumstances p tends to the derivative of a delta
function which generates local dissipation. More generally we see that in the semiclassical limit
4 generates non-local dissipation while Av is the correlator of a zero mean gaussian stochastic
force.

We find that the dissipation and noise kernels take the form

u(o,8) = 3 [7 dol(w,5,) [{au(s) + Buls)} {auls) + Bul))

(2.18)
= {0u(8) + Aul)Houls) + Au()Y']
/ huo(t:)
v(s,s") = 2/ dewss)coth<2kBT>
X [cosh 2r(w){aw(s) + Bu(s)} {aw(s) + Bu(s)}
(2.19)

+ cosh 2r(w){au(s) + fu(s)Haw(s) + Bu(sH}*
— sinh 2r(w)e ¥ ) {ay,(s) + fu(s)} {aw(s") + Bu(s)}"

— sinh 2r(w)e?®“ e, (s) + B, (s) Haw(s) + ﬂw(s')}] .
The quantities in these kernels describe three different properties of the environment.
A) The o and 8, known as the Bogolubov coefficients, are complex numbers that contain
all the information about the quantum dynamics of the bath parametric oscillators. They are

derived from two coupled first order equations

Qpn = _if'r):ﬂn — thpon,
_ (2.20)
Pn = thaB3 + tfna
where the time dependent coefficients are given by
1 (ma(t)wi(t) | ma(t)bi(2)
nll) = = n(l
fa(®) 2( P n(:)”’”
(£)w( QUAQ) o
L ke  mp(t) z) ma(1)b2 (¢
hn(t) = 3 (mn(t) + K 4k, )

These equations are a by product of finding the quantum propagator for a parametric oscillator
which is done in appendix B. We will usually choose &, (defined by (A.6)) so that f(t;) = 0.
Thus if b, = 0 we will usually have &, = M (8 )wn(t;). Eq’s (2.21) must satisfy the initial
conditions a(%;) = 1,8(t;) = 0. Note that the mode label w in the kernels is equivalent to n in

the continuous limit.
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If we assume b = 0 and m = 1 we can show using (2.20) that
Xn+wi®)X,=0 (2.22)

where X,,(t) = an(t) + Bn(t). The solution of (2.22) must satisfy X,(;) = 1. In this case the

noise and dissipation kernels become

u(s,s) = % /Ooo dwl(w,s,s") [X;(S)z w(s) — Xw(s)X:,(s')] (2.23)
/ hw(t:) / .ot
v(s,s') = dwl(w, s, s') coth cosh 2r(w) | X5 (s) Xu(s") + Xu(8) X5 (")
1 (Gt 5t | e | (2.24)
— sinh 2r(w) [e"2i¢(“’)X:,(s)X:,(s’) kS ezi'b(‘"}AYw(s)‘Yw(s’)]] :
Note that we can always write
Xn(t) = Co(t) - twn (t:)Sn(t) (2.25)

where C,, and S, are subject to the boundary conditions Cr(t;) = Sn(t{) =1 and S,(%;) =
Cn(t;) = 0. If the kernels are written in this notation we can show that for a thermal initial

state (2.17) reduces to the classical Langevin equation in the high temperature limit [59].

B) The spectral density, I(w,s,s’) defined formally by

I(w,s,8) =3 §(w - ) E28)enl) (2.26)

2K,

is obtained in the continuum limit. It contains information about the environmental mode
density and coupling strength as a function of frequency. Different environments are classified
according to the functional form of the spectral density I(w). On physical grounds, one expects
the spectral density to go to zero for very high frequencies. Let us introduce a certain cutoff
frequency A (a property of the environment) such that I(w) — 0 for w > A. The environment
is classified as ohmic [4, 5] if in the physical range of frequencies (w < A) the spectral density
is such that /(w) ~ w, as supra-ohmic if I(w) ~ w™,7 > 1 or as sub-ohmic if n < 1. The most
studied ohmic case corresponds to an environment which induces a dissipative force linear in

the velocity of the system. We will see this in section 2.4.1.

C) The initial state of the bath is a squeezed thermal state. It has the form
pa(t) = TT Sa(r(n), (m))punS](r(n), 6(m)) (2:27)

where pg, is a thermal density matrix of temperature 7' defined by (A.18) and 5(r,¢) is a

squeeze operator defined by (B.12). Since a squeezed thermal state is still gaussian it is a
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tractable generalization of the usual thermal initial state that is of interest in quantum optics
[54]. For the case of zero temperature we have a squeezed vacuum initial state.

Physically the term squeezing arises because the phase space noise distribution of a squeezed
vacuum is an ellipse squeezed from a circle (coherent state) by r and rotated by angle ¢ with

respect to the z and p axes. Thus, for the squeezed vacuum (55]

(%) = -2-1—[cosh 27 — sinh 27 cos 2¢]
1’* (2.28)
(p2> = 2—[cosh 2r + sinh 27 cos 2¢).
K

Note that the dissipation kernel is independent of the bath initial state.

For the case of no initial squeezing we see that the noise and dissipation kernels are built out
of symmetric and anti-symmetric combinations of identical Bogolubov factors. Thus the two
kernels are intimately linked. For the case when the bath is a standard harmonic oscillator this

interelationship can be written as a generalized fluctuation-dissipation relation [2].

2.3 Evolution Operator and Master Equation

In this section our goal is to calculate the evolution operator for the reduced density matrix
and the master equation. The master equation is the evolution equation for the reduced density
matrix. It provides a transparent means for sifting out the different physical processes caused
by the bath on the system. First we must calculate the evolution operator p, in (2.7), which
contains all the dynamical information about the open system. From this point on we shall put
F(z) ==z.

The influence functional (2.10) and the corresponding influence action (2.8) can be written

in a compact way
Seff[l‘, "BI] a S[Z‘] - S[:E’] + SIF[zv '7"/]7

Sirle, 2] = -2 /: ds /t "ds' Ads)u(s, sNE(s) + /t s /t ’ ds'A(s)v(s, 8')A(s) (2.29)

Slal = ST = [ s{MOBEA() + 7(B6) EAE) + A()80) (2.30)

- M(s)2%(s)(s)A(s) }
with the use of the ‘center of mass’ and ‘relative’ coordinates defined earlier in (2.13).
As pointed out by many authors [3, 4, 5], and in Sec. 2.2, the real and imaginary parts
of Str[z,2'] can be interpreted [3] as being responsible for dissipation and noise respectively.
The imaginary part of (2.29) is determined by v(s), the noise (or fluctuation) kernel. The

name becomes apparent when we realize that this term can be interpreted as coming from the
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interaction between the system and a stochastic force £ that is linearly coupled to the system
and has a probability density given by P[] = ezp{—£(hr)*€}. On the other hand, the kernel
u(s) in (2.29) is known as the dissipation kernel. The motivation for the name comes from the
fact [9] that it introduces a modification in the real saddle point trajectories of the path integral
in (2.7). Strictly speaking only the non-symmetric part of the u kernel should be associated
with dissipation. Thus, all the symmetric part can be absorbed in a non-local potential (that
does not contribute to the mixing of the z and z’ histories). There is no such symmetric part

in the p—kernel of our problem although it does appear in other cases [2].

2.3.1 Evolution Operator

The evolution operator given in equation (2.7) generates a non-Markovian dynamics since it

fails in general to satisfy the relation
jr(t27ti) == jr(t%tl) Jr(th ti)

for the reason that the operator J.(t2,t1) depends on the state of the system at time ¢, un-
less that time is the one for which the system and the environment were decoupled. The
non-Markovian behavior is, in fact, a direct consequence of the non-locality of the influence
functional.

Our task is to compute the evolution operator

Iy Ay i
T (Zg, Ay, | i, Agy ti) =/);: DY /A DA exp [-ﬁ-seff[):(s),A(s)]] . (2.31)

Let us schematically describe how to compute the path integral in (2.31). We start by reparametriz-

ing the paths, writing

£(s) = 24(s) + Ba(s) (2.32)

A(3) = z_(8) + Auls)

z
where the “classical paths” ( ) are solutions to the equations of motion derived from the real

cl
part of Sess[Z,A], and z4 are the deviations from the classical paths. The equations governing

these functions are

s M(s) . B(s) M(s)B(s)
ch(s) + M(S) z:c[(3) + (QZ(«S) + 5 + 2}]/[{3) ) Z:cl(s)
+ M_z(s} fds',u(.s,s’)zcl(s/) =0 (2.33)
ti

Salt;) = 2., and ch(t) =Xy
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and

cl( )+ :ZE )A 1(s) + (QZ( )+ Bgs) + Ag(;}ff;)) Ag(s)

W{ /ds,u(.s.s Ay(s) =0

Acl(t,‘) = A, and Acl(t) = Ay.

After the path-reparametrization, (2.31) can be rewritten as
Tr(E5:Af,t | B3, Aiyti) = Z(2, ;) exp [h Sef f[Zei(s), Act(S)]]

where

t24.=0 t,r.=0
Z(t,t;) =/t Da:+/t Dz_ exp[ Serflz4(8),z-(3)]

i;T4+=0 (1 T—-=0

- % t.—t ds /t: ds'[z_(S)Acl(S’)V(Sv3/)]]'

We can write the classical solutions £, and A in terms of the elementary functions

Ecz(s) = E,-ul(s) + Efug(s)

Au(s) = Aivr(8) + Aguvq(s)
which satisfy the boundary conditions

ul(s = t,‘) =1 = U2(8 = t)

u(s=t)= 0 ug(s = t;)

n(s=t)=1 = v(s=t)

v(s=1t) =0 = vn(s=t).

Now setting
M(t)B(t _ 7 )
._(;J, bo(t, ;) = M(t:)uq(2;)

M(t;)B(t;)
2

bi(t, %) = M(t)ao(2) +

ba(t, ti) = M(t)ia(2), balt,ts) = M(t:)in(ti) +

where the dot denotes the derivative with respect to s and
. ¢ ¢
ai;(t,t;) = ——/dS/dSI'U,'(S)I/(S,Sl)’Uj(S,)
1+ (5;']'
te iy

we get

Jr(:l,‘f,x’f,t | z;, xﬁ,ti) = Z(t,t;) exp [%{bIEfAf — b + bgz:,-Af - b4EiA;}]

1 .
X exp [—ﬁ{auﬁf + a128;A5 + a22Afe}] :
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(2.34)

(2.35)

(2.36)

(2.37a)

(2.37b)

(2.38q)

(2.38b)

(2.39)

(2.40)

(2.41)



The evolution operator (2.41) must preserve the normalisation of the density matrix. By requir-

ing that T'r(p) = 1, (2.5) implies
/ deJ,(z, z,t|z, Th, t:) = 8(zi — z).
We therefore find that

bZ(t, t'L)

Z(tati) = I

(2.42)

2.3.2 Master Equation

We now proceed with the derivation of the master equation from the evolution operator (2.41)
using the simplified method of Paz [58]. We first take the time derivative of both sides of (2.41),
multiply both sides by p.(Zi, Ai,t;) and integrate over ¥;, A; to obtain

Z A%
pr(Z, g t) = |7 + thEfAf — G- h pr(Zg,Af,1)

n %Afbs/dAngiE{err(ziaAi,ti)
B %(ii)zzf +d1247) / dAAZ; A Trpr(Zi; Ay 1) (2.43)
= 164 / dAdE T AT 0 (S0, Ay 1)

_au /dA AT AL T pr(Si, Ay ).

Here the dot denotes derivative with respect to . We can perform the integrals in (2.43) by

using
RO, | Ay
Azjr - bg (?Ef + b2 \71' (2.4401)
. |, 0T b
A E LE [ aA (A,'(llg + 2Afa22).7,-)] . ézfj,- (2.44b)
o [in 8 b
ZiliJr = (bg 0%y + by )

(2.44c)

ih 0 3
X (EaAf-}- 3[A a12+2Afa22]+—Ef) Tr-

The derivation of the master equation simplifies greatly with the use of the following relations

S) — WalS ) §) = U)Z(S)
n(s) = wa(s) — wals) gl wals) = o (2.45)

In order to satisfy the boundary conditions, (2.38a), we require

wl(t,') = '(bg(ti) =1. 1[72(0) = wl(O) = 0. (246)

-
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In this representation we can show that

bs _ 1 blz—M()z

2 B(t) . .
babs M(t)’ + M(t)—= 5 0 L= v1(t)ars. (2.47)

With these relations the master equation reduces to

RE ;92 0*
5

L9 o 9,9
’hﬁ”’(“”x’t)_{—zM(t 0m2—8$’2)+ B(t)(“” =)

3 7

+ 5202 0 1) - o)+ in 2L (2,0
) 9
N . — 4= 7
ALt (e - o) (5 5a7) Prl@ ) (2.48)
+ iDpy(t, ti)(z — 2')? pp(z, 2, t)
0 0
- P . — I — R l
- h(Dxp(t,t,) + Dp,(t, ti))(m T )(3:3 + (99:’) pr(z,z',t)
~ th? Dgg(t, 1) o (z,2',1)
TT\Yy “1 (8m+a$,)2p‘r Y b/
where y ) \ .
bib b B%(t)  beB(t)
2 N 193 1 _ _
Qren(t,ti) = Me  MEH T 1 25, (2.49)
by by
I(t,t) = — (E E) (2.50)
2 a1 au 2b1 b b1b3 R b1
pp(t t; ) (M(t) b2 ) + Wa (1,22 + 2b ag + 19— bgb3 - ay125— bg (251)
N No _llaz ) oa;m bsaiz  2by ( a12 au)
D:L'P(t’tl) - DPI(t7ti) - 2 ,: b2 2M(t) bSb'Z 2 M(t) b2 (2'52)
L [ a1p (111)
Daalt, ) = ( s 2. (2.53)

The dot in these equations denotes the derivative with respect to {. We can rewrite the master

equation in the operator form which may be easier for physical interpretation. We find that it

becomes
12 50(0) =Urens ) + i Dol (6, ] + iDiel, (5,1
(2.54)
where
); > AZ ol @(m +ip) + MQﬁnm(mz. (2.55)

From the master equation we know that D, and Dy, generate decoherence in p and z respec-
tively and T' gives dissipation. The master equation differs from Paper I by more than changing
the kernels. The factor aip/M () -y /b2 vanishes only when the dissipation kernel is stationary

(i.e a function of s — §’) and also when the system is a time independent harmonic oscillator.
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When this happens v1(s) = ua(t — s) and we have 91(t) = —bz/M(¢). We see from (2.47) that
the factor aja/M(t) — d11/b2 is zero in this case. All the diffusion coefficients contain this factor
and D, depends solely on it. Thus Dy, arises purely from non-stationarity in the dissipation
kernel and system.

The coefficients Dy, Dy, Dzp and Dy, promote diffusion in the variables p?,z% and zp+ pz
respectively. This can be seen by going from the master equation to the Fokker-Planck equation

for the Wigner function [1, 67]. The Wigner function is defined by
1 [~ A A
- wA/Ry 5 .
Fu(Sp0)= 5z [ AN - FI5iS+ S)da. (2.56)

where ¥, A are defined in (2.13). We can show that the Wigner distribution function from the
master equation (2.54-55) (with B(z) = 0) obeys the following Fokker-Planck type equation [67]

2
2 pu(®0,0 =3 + MO TY 2L )2 - 20055

, (2.57)

Denlt) g+ 2(D®) + Dyult)) 5t | P 2,5,

2.4 Simple Examples

2.4.1 Squeezed Thermal Bath of Static Harmonic Oscillators

This is the simplest case treated before in Paper I and II. In this case the bath modes have time

independent coupling constants with the Lagrangian
1
L(t) = [q - w?¢?. (2.58)

From (2.1) my, = 1,b, = 0 and w? = w?. Substituting these into (2.21) and solving (2.20) (with
Kk = w) one obtains
a=e ¥ B=0 (2.59)

where o = 1 at the initial time ¢ = 0. Substituting these into (2.18-19) one obtains
u(s,s') / dwl(w)sinw(s — ') (2.60)
and

v(s,s') = / dw coth (2ZMT> I(w) [cosh 2r(w) cosfw(s — s')]

sinh 27(w) cos[2¢(w) — w(s + s')] . (2.61)

This is a simple generalization of previous studies in that we have a squeezed thermal initial
state (A.17) [54] rather than a thermal state. There are two distinct contributions to the noise

kernel for an initially squeezed bath. The first term represents a change in the spectrum of
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the stationary vacuum noise. The second term has a new feature which is a non-stationary
contribution to the noise kernel. This is expected since the fluctuations of a squeezed vacuum
mode oscillate between conjugate observables.

As (s 4 s') — oo the second term in (2.61) tends to zero by the Riemann-Lebesgue lemma.
Thus the nonstationarity in the noise kernel is a transient effect for the initial squeezed bath. For
an initial squeezed bath with thermal spectrum the late time noise kernel would tend to that of
the usual thermal state. This is because at late times, the noise kernel v loses track of the initial
phase distribution #(w). This is, however, not true for the master equation diffusion coefficients.
Equations (2.51-53) show that the diffusion coefficients depend on the noise kernel in a non-local
way in time. It may be interesting to compare the timescales in which the semi-classical system
and the full quantum system forget the ¢(w) initial condition in the bath.

Although we have considered only single mode squeezed initial states our results can be
easily extended to two-mode squeezed initial states [55]. This will change the noise kernel (2.61)
but not the dissipation kernel (2.60) which remains independent of the initial state. Since the
influence functional (2.10) is unchanged the exact forms for the evolution operator and master
equations in Sec. 2.3 will stay. These results could then be used for an accurate description of
systems coupled to an initially squeezed bath [52, 54].

If we set the initial squeezing to zero we regain the results of Paper I. For completeness
we will summarise the simple analytical results obtained previously. In this case the noise and
dissipation kernels are functions only of s — s’. They can always be related by some integral

equation known as the fluctuation—dissipation relation (FDR) [1]:
+o00
v(s) = / ds' K(s - ') 1(s) (2.62)
-0

where the kernel K(s) is
P 1
K(s)= / — w coth §ﬂhw cos ws (2.63)
0
and p(s) = %*y(s). In the classical or high temperature limit, the kernel X is proportional to the

delta function K(s) = 2kpT6(s) and the FDR is equivalent to the well known Einstein formula.

An interesting case is an environment which generates an ohmic spectral density
2
I{w) = ;’Yon. (2.64)

With a discrete high frequency cutoff A,

2 d [sinAs
p(s) = ;;70M£< . >

— 2’70Mdi‘96(s), as A — oo. (2.65)
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In this case for a harmonic oscillator system (2.17) becomes
X(s) + 270X + Q32X = —£(¢) (2.66)

where Q, = Q — %’YOA. We see that the ohmic environment is special in that it gives local
dissipation in the infinite cutoff limit.
Theoretically, the meaning of renormalization can be understood as follows [1]: We can

rewrite the action as

c2

—":c2].} (2.67)

Ld

S:/tds{EM(é:z—sz)—i-Z[lm (jz—lm wi(g+ . :1:)2+l
0 2 =gy Eem P Mpw? 2

n“n

The last term can be viewed as a frequency counter term 22 arising from the interaction of the

Brownian particle with the bath oscillators

1 I(w)
2 _ R
0= - mnwz - / A (2.68)

The bare frequency Q2 is thus modified into a renormalized frequency Q2 given by

"

02 = 0% 4+ Q2 (2.69)

Another interesting case is the high temperature limit. If we consider the temperature to be
such that 7 << A~ -1 and then let A — oo (the order in which we take the limits is important),
the noise kernel (2.61) is simplified to

4Mk‘BT"/0

v(s) = 8(s)- (2.70)

In this case we see that the noise is white with an amplitude 4yoMkpT, and (2.66) reduces to the
Nyquist formula. In the ohmic, high temperature and infinite cutoff limit the master equation
coefficients can be calculated. Using (2.33) we find that, for a time independent harmonic

oscillator system, u; and uy must satisfy
ii(s) + 2You(s) + Q2u(s) = —4706(s)u(0). (2.71)

The solutions satisfying the appropriate boundary conditions (with ¢; = 0) are

sin[Q(s — t)]e? sin[{2s]e~10(s=)

- ! , : _ 9.72
u(s) sin (2t vals) sin ¢ (2.72)
where 22 = Q2 — 72, Applying these to (2.39) we find
MQent MQe w0t
0 B o Gl - 2.73
2(?) sin 2t (1) _ sin{ (2.73)
b4(t) = —b1(t) = M(‘)’o —Qcot Qt) (274)

Since by is discontinuous before and after t = ) (due to the kick) we have taken the average.
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The results (2.73-74) are exact in the infinite cutoff limit of an ohmic environment. This is
a local approximation which has been shown to be good for timescales greater than the inverse
cutoff [20]. Equations (2.73-74) depend only on the dissipation kernel which is unchanged by
initial squeezing in the bath. Thus these equations can also be applied to more general situations.
Using the noise kernel (2.70) and the fact that vi(s) = u(t — s), vy(s) = u1(t — s) we can

calculate a;; and find that the master equation coefficients to be

YoksTM
Qren(t) = Qr, T(t) = 70, Dap(t) = Dug(t) = 0, Dp(t) = ——":—. (2.75)

For decoherence studies under these and other environmental conditions see [20].

2.4.2 Bath of Upside Down Oscillators
This is the next simplest case. In this case the bath modes have the Lagrangian.
1.
L(t) = 51¢" + w?¢?]. (2.76)

From (2.1) mn = 1,b, = 0 and w2 = —w?. Substituting these into (2.21) and solving (2.20)
(with ¥ = w) we obtain
a,(t) = coshwt, B,(t) = —isinhwt (2.77)

where o = 0 at t = 0 which is our initial time. Substituting these into (2.18-19) we obtain
oo
u(s, ) = —/ dwl(w)sinhw(s — s") (2.78)
0
and

v(s,s') = /Ooo dw coth (%) I(w) [cosh 2r(w) coshw(s + §)
sinh 2r(w) cos 2¢(w) coshw(s — s)
— sinh 2r(w) sin 2¢(w) sinh w(s + s')] . (2.79)

This case can be used as an amplifier model in quantum optics and electronics [53].

2.5 Discussion

Many physical problems can be modeled by a quantum Brownian particle in a parametric os-
cillator bath. We mention quantum optics, quantum and semiclassical cosmology and gravity.

This chapter aimed to accomplish the goal:

¢ To derive the influence functional of a parametric oscillator bath, the evolution operator

and the master equation for the reduced density matrix for explicit use in these problems.
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With this we found out

e How to relate noise to particle creation. Parametric amplification of vacuum fluctuations
and backscattering of waves in the second-quantized formulation give rise to particle cre-
ation. By writing the influence functional in terms of the Bogolubov coefficients which
determine the amount of particles produced, one can identify the effect of particle creation

on the properties of noise in this system[30, 35, 36] (chapters 3 and 4).
As further studies, the results obtained here can be useful for the following problems:

e Decoherence. The transition of the system from quantum to classical requires the diminish-
ing of coherence in the wave function. The noise kernel is found to be primarily responsible
for this decoherence process. Decoherence can be studied by analyzing the magnitude of
the diffusion coefficients in the master equation. The new result obtained here is useful
for the analysis of decoherence where parametric excitation is present in the environment.
This is the case when considering the quantum to classical transition of the wavefunction
of the universe [15, 13], homogenous and inhomogenous modes (density fluctuations) of
an inflaton field [46, 47, 29] (chapters 5 and 6) or the primordial gravitational radiation
background. For the case of density fluctuations we can expect decoherence, dissipation
and diffusion to have important consequences for the amplitude and spectrum of density
perturbations. The relation of particle creation and decoherence was one of the original
physical motivations for this work. Indeed it has been speculated [11] that in the early
universe, vacuum particle creation and decoherence can be important at the same scale

near the Planck time. These are problems for the future.

e Backreaction. The backreaction of these quantum field processes manifests as dissipation
effect, which is described by the dissipation kernel [50]. In chapter 4 (see also [35]) I outline
a program for studying the backreaction of particle creation in semiclassical cosmology in
the open system framework. I use a .model where the quantum Brownian particle and the
oscillator bath are coupled parametrically. The field parameters change in time through the
time-dependence of the scale factor of the universe, which is governed by the semiclassical
Einstein equation. I can derive an expression for the influence functional in terms of the
Bogolubov coefficients as a function of the scale factor. The equation of motion becomes
an Einstein-Langevin equation, from which a new, extended theory of semiclassical gravity
is obtained. This is necessary for furthering the investigation of quantum and statistical

processes in curved spacetimes.

o A fluctuation-dissipation relation for non-equilibrium quantum fields. Sciama [62] first

suggested that the thermal radiance in a uniformly accelerated observer (Davies-Unruh
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effect) and in black holes (Hawking effect) can be understood in terms of a fluctuation-
dissipation relation. This relation was also later derived for de Sitter spacetime via linear
response theory by Mottola [63]. These familiar cases all deal with spacetimes with event
horizons and thermal parti.cle creation. From earlier particle creation- backreaction studies
in semiclassical gravity [49] a general FDR was conjectured in [16] for quantum fields in
curved spacetimes. It corresponds to a non-equilibrium generalization of Hawking-Unruh
effect to general dynamical spacetimes without event horizons. Such a relation can in
principle be identified from the results of this chapter. The interpretation of backreaction

processes in terms of fluctuation-dissipation relations is explored further in (64, 36].
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Chapter 3

Particle Detector in a Scalar Field

Bath

3.1 Introduction

The formalism developed in the last chapter can be used to study quantum statistical processes
in cosmological and black hole spacetimes. The model (2.1) can be used to depict a particle
detector probing a quantum field. It can also be used to describe the non-equilibrium dynamics
of homogeneous and inhomogeneous modes (density fluctuations) of the inflaton field or gravity
wave perturbations (which in the linear approximation obey the wave equation of a massless,
minimally coupled scalar field) in the early universe (see chapter 5). In this chapter, using
the new influence functional methods developed in chapter 2, I will discuss the well-known
results by Davies-Unruh [33], Hawking [31] and Gibbons-Hawking [32] on thermal radiance
from uniformly-accelerated observers [51], black holes and for comoving observers in de Sitter
spacetime. Sciama [62] first suggested that the thermal radiance in a uniformly accelerated
observer (Davies-Unruh effect) and in black holes (Hawking effect) can be understood in terms
of a fluctuation-dissipation relation. From the explicit form of the noise and dissipation kernels
we derived, one can see clearly the interplay of different factors which contribute to making the
spectrum of particle creation in these situations thermal, and, more interestingly, what makes
them nonthermal, as in the more general non-equilibrium situations. This is where the capability
of the statistical field-theoretical interpretation supercedes the geometric interpretation (in terms
of event horizons). We will discuss the implications of this point later.

In section 3.2 we will see how a general real scalar field in an expanding universe is reduced
to a sum over quadratic time dependent Hamiltonians. In sec. 3.3 we work out the spectral
density. In Sec. 3.4-6, we derive the noise kernels for four cases: the accelerated observer, a

two-dimensional black hole and a massless, conformally and minimally coupled scalar field in
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the de Sitter universe. In the de Sitter universe case the parametric oscillator bath can serve
as a relatively simple model of the environment for homogenous and inhomogenous (density
fluctuation) modes of the inflaton field in the early universe. We will see the factors entering
into the determination of the spectrum, and indicate how one can derive a fluctuation-dissipation
relation [61] for these cases along the lines suggested by Sciama [62], to understand the Hawking
and Davies-Unruh effects in a purely statistical-mechanical sense without recourse to geometric
notions (like the event horizon). The fluctuation-dissipation relation approach [61, 62, 63] to

understanding backreaction in semiclassical gravity will be discussed in later work [16, 64, 35, 36].

3.2 Scalar field Decomposition

The action for a free massive (m) scalar field in a curved spacetime with metric guv and scalar

curvature R is given by
S = /ﬁ(x)d‘*x = / YL dts (¢ 7, 8 v, B~ (m? + ER)D?) (3.1)
where 7, denotes covariant derivative, and £; is the field coupling constant (£, = 0,1/6 re-
spectively for minimal and conformal coupling). In the spatially-flat Robertson-Walker (RW)
metric
ds? = a*(n){dn® = da?] (3.2)
we can write
_ 12 512 2 22 a\ z2
£(@) = 33*(n) [(@) - 2@ - (it 4067 ) @ (33)
where a dot denotes derivative taken with respect to conformal time n = [ dt/a. If we rescale

the field variable x = a®, this becomes

a o

L(z)= % [(X)"’ - Z_(x,z-)2 - (m""a2 + (6&4 — 1)3—) X -(1- 6&1)% (EX )] (3.4)

where the last term is a surface term. !

If we confine the scalar field in a box of co-moving volume V (fixed coordinate volume), we

can expand it in normal modes
2 B = 1 e A
x(z) = \/V Z[ql.c.“' cosk T+ q; sink - T (3.5)
E
which leads to the Lagrangian

+= . -2
Ln=553 [(qg)? - 2(1 - 664)2qZ47 - (kz + ma? + (664 - 1)%) qu (3.6)
Tk

'The part of the surface term proportional to €4 has been added in by hand. The surface term ensures that the
second derivative of the scale factor doesn’t appear in the Lagrangian [47]. This is necessary to have a consistent

variational theory when the scale factor is treated dynamically rather than kinematically [79].
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where k = |k| and L(n) = [ £(2)d®%. The canonical momentum is

s  OL
Py = 5 (ZI)
%

o a o P

Defining the canonical Hamiltonian the usual way we find
= a a2
H(n)= 5 3 |p8 + (1 - 660)- (vpaf + a7pp) + (/c2 +m?a® + 664(664 - 1);) qk] (38)
7 k>0
where the sum is over positive k only since we have an expansion over standing rather than
travelling waves.

The system is quantized by promoting (p‘]-:.,qg), (p:E, q"-’c.) to operators obeying the usual
harmonic oscillator commutation relation. Thus the amplitude functions of the normal modes
behave like time-dependent harmonic oscillators. (The Hamiltonian is not unique but is a result
of our time coordinate and choice of canonical variables.)

The above shows that a scalar field can be represented as a bath of parametric oscillators.
In order to study the noise properties of the quantum field, we now introduce an interaction
between the system, which can be a particle detector or a field mode, and the bath, the scalar

field.

3.3 Spectral Density of a Scalar Field

Consider the general form of interaction between the system harmonic oscillator r, and a scalar
field x of the form

Lint(z) = —erx(2)6(Z — To)- (3.9)
They are coupled at the spatial point Zo with coupling strength ¢. We want to derive the spectral
density function for this field I(w) = 3_ 6(w — wn)c2 /2K, Integrating out the spatial variables
we find that

Lins(0) = [ Lint()d%F = —erx(&o, ) (3.10)
where
. 2 - -7
x(Zo,n) =1/ v Z[ql.:.' cosk - To + q sink - Zo)- (3.11)
k

Comparing this with (2.1) we see that each set of modes has the effective coupling constants

/2 - _ 12 . =
c%’= VGCOS]‘?'(L'O, ¢ = —‘-/—esmk-:ro. (3-12)

In the continuous limit the oscillator label 7 is replaced by k. Adding the spectral densities from
both the * sets of modes we obtain

I(k) = 5;25(/«)% (3.13)
E



where w is replaced by k. In the continuous limit: Y. — (%) [d3k. Writing &%k =
k?sin fdkdfd¢ and integrating between the limits #[2r,0] and 8[r/2,0] (remembering we only
include half of the modes) 3~ — # 157 k*dk, we get

e k2

I(k) = @) ne (3.14)

For a two-dimensional scalar field we get

€2

I(k) = (3.15)

2wk

3.4 Accelerated Observer

We consider a two dimensional massless scalar field ® in flat space with mode decomposition
d(z) = \/%;[q,': cos kz + ¢, sin kz]. (3.16)

The Lagrangian for the field can be expressed as a sum of coupled oscillators with amplitudes

ki for each mode
L(s)= {Z; [(ag)? - k2q2?]. (3.17)
Now consider an observer undergoing constant acceleration a in this field with trajectory
z(r) = — cosh ar, s(r)= %sinh ar. (3.18)

We want to show via the influence functional method that the observer detects a thermal ra-
diation. This effect was first proposed by Davies-Unruh [33], as inspired by the Hawking effect
[31] for black holes. Let us see what the spectral density is. The particle- field interaction is

Lint(z) = —er®(z)é(z — z(1)) (3.19)

where they are coupled at the spatial point z(r) with coupling strength € and r is the detector’s

internal coordinate. Integrating out the spatial variables we find that
Lins(r) = /Eint(a:)dz = —er®(z(7)). (3.20)

Comparing (3.20) with (2.1) we see that the accelerated observer is coupled to the field with

effective coupling constants

ct(s) = e\/%cos kz(r), ci(s) = e\/ism kz(T). (3.21)

From (2.26) the spectral density in the discrete case is given by

0(k — kn)ea(m)es(r)

I(k,r,7") ZZ 9%, (3.22)
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where we have to include the sum over both sets of modes and we have put K, = w, = |kn|.

This ensures that f,(s;) = 0 in (2.21). Making use of (3.21) and 3, — % [ dk we find that

(3.22) becomes
I(k,7,7") = I(k) cos k{z(r) — z(r")]

(3.23)

where I(k) = % is the spectral density of the (2-dim) scalar field seen by an inertial detector.

From (2.60) and (2.61) we can write, using an initial vacuum state (T' = r = 0),
C(s(r), (")) = v(s,8') + iu(s,s') = / dk I(k, T, ")es(r)=s(7")],
0

We can rewrite this as

C(T,T’) e %/OO dk I(k)e-—z'k[z(f)—z:(r’)+s('r)—s(r’)]
0

L= —ik{a(r')=2(r)+a(r)=(r')]
+ 3 /0 dk I(k)e

which upon using (3.18) can be written as

C(r, ) = % /0 . I(k')[exp (—2ik'e= sinh[aA]/a)

+ exp (—Zik'e"‘r’ sinh[aA]/a)]
where 2% = 7+’ and A = 7 — 7. Making use of [51]
e iosinh(z/2) - %/Ooo dv Kq;,(@)[cosh(nv) cos(ve) — i sinh(rv) sin(vz)]
where K., is a Bessel function of order n, we find that (3.26) becomes
¢(r, ™) = /:o dk G(k) [coth (W—f-) cosk(r — ') — isink(r — 'r')]

where

G(k) ;rg(; Sinh(ﬂ-k/a)/o dk' I(k") [Kzik/a (2k'e“z/a)

+ Knina (2Ke*% /a)| = I(k).
In deriving this we have used the integral identity

/ dz z*K,(az) = 2*"1a™#IT (1 L ; T V) T (1 _H; — V)
0

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

and the properties of gamma functions. Comparing (3.28) with (2.60-61) we see that a thermal

spectrum is detected at temperature

a
kpT = 5.

(3.31)

This was first found by Davies-Unruh [33] and stated in this form recently by Anglin [51].
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3.5 Hawking Radiation in Black Holes

Consider the metric of a two-dimensional uncharged black hole with mass m
2 T 2m\ !
ds? = (1 - 7’”) di® ~ (1 - Tm> dr?, (3.32)

In the Regge-Wheeler coordinates

™ =r+2mln|r/(2m) - 1| (3.33)
this can be written as
2 2m 2 *2
ds? = (1 _ T) (di? — dr*?). (3.34)

The Kruskal coordinates are defined by

r*—t

e Pk r* 41
-7 = 4mexp[4m], t+7 _4mexp[4m]. (3.35)
With this the metric becomes
ds? = 2Tme-r/<2m)(df2 - dFD), (3.36)

Since the metric (3.36) is conformal to flat space, the field theory is equivalent to that of
flat space. Thus a detector at constant Kruskal position 7 will have an influence functional
identical in form to that of an inertial detector in flat two-dimensional spacetime in Kruskal
coordinates. However we are interested in a detector at constant »*. In this case we see from

(3.35) that constant r* is effectively an accelerating detector in Kruskal coordinates since
7(t) = dme™" /4™ cosht/(4m)). (3.37)
We also want to express the influence functional in cosmic time ¢ which from (3.35) is
#(t) = 4me™ /™) sinh[t/(4m)] (3.38)

for the detector at constant 7*. This case is now similar to the accelerating observer and as in

Sec. 3.4 the spectral density is
I(k,t,t") = I(k) cos k[F*(t) — 7*(¢')] (3.39)

where I(k) = % and w = |k|. With this spectral density we can write for a massless scalar

field in a two-dimensional black hole spacetime
Ct,ty=v(t, ')+ iu(t,t) = %/ dk [(k)e-ik[f‘(t)-T"(t’)+f(t)—f(t')]
0

+ % /0 dk I(k)e™ I (€)= O+ )] (3.40)

28



Comparing (3.40) and (3.25) we see that this case is identical to the accelerated observer if we

identify a = 1/(4m). The factor involving 7* can be absorbed into the definition of k. Hence we

can rewrite (3.40) as
¢(t,t) = /m dk I(k) [coth(drmk) cosk(t —t") — isink(t - t')] . (3.41)

Comparing (3.41) with (2.60-61) we see that a thermal spectrum is detected by an observer at

constant r* at temperature

1
kgT = ——. )
sT ry— (3.42)

In the two dimensional case the detector response is independent of its position r*. This will

not be the case in four dimensions.

3.6 Hawking Radiation in de Sitter Space

We now illustrate how the Gibbons-Hawking result [32] can be obtained from the influence
functional method. These examples are also of practical use for describing the non-equilibrium
dynamics of the homogenous and inhomogenous (density fluctuations) modes of the inflaton

field in the early universe [41, 42, 43, 44, 45, 46, 47).

3.6.1 Massless conformally coupled field

Consider now a four-dimensional spatially-flat Robertson-Walker (RW) spacetime with metric
ds? = dt? — Z a?(t)dz?. (3.43)
For this metric the Lagrangian density of a massless conformally coupled scalar field, defined by
(3.1),is
Loy =2 @ - S0 - (L -2 e (3.44)
S a? & a? a )
where a dot denotes a derivative with respect to {. Decomposing ® in standing wave normal

modes we find (after adding a surface term)
3= = a‘3 M AY a g 0 kz a’ o2
L(t) = /E(iv)d =22 5 |@)+ i - | 5 - 5 | & (3.45)
7 k

where k=|E|. If we wrote the Lagrangian in terms of conformal rather than cosmic time we see
from (3.6) that we would have obtained a bath of stationary oscillators. Our kernels would then
be (2.60) and (2.61) but written in conformal time. If we were to rewrite these kernels in cosmic
time we would get the same kernels as those by starting with a Lagrangian written in cosmic

time as we are doing here.
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The detector-field interaction is of the same form as (3.9) (with x replacing ) and we find
that with x¢ = k (3.14) gives

a2 fi &
k)y=1{—) k. .
| 1= () (3.46)
Using the Lagrangian (3.45) we find from (2.20) that the Bogolubov coefficients are
_(+a?) iy o, (1-d%) 4,
@ = ——re™, 8= PR (3.47)

where 7 = ftt' dt/a(t) with a(t;) = 1. Using these we find that the noise and dissipation kernels

(2.18-19) are, for an initial vacuum state
1 oo ; y
n— / : "N — ~tk(n—n") .
C(t, ") = v(t,t') + 1u(t, t) 2Da() /0 dk I(k)e (3.48)

We will now specialise to the de Sitter dynamics where, in the spatially-flat RW coordinatization

[7], the scale factor has the time-dependence
a(t) = e, (3.49)

In this case n = —%e ! with ¢; = 0. If we define A =t — ¢/, 2% = ¢ + #' we find that (3.48)

becomes '
((t, 1) = e 2 / dk I(k)exp [~%’°e—“ sinh(HA/Q)]. (3.50)
0
Using (3.27) we find that
ey = [ dk Gl [coth (%’K) cos k(t — #') — i sin k(t — t')] (3.51)
0
where
4sinh(wk/H) [ .
Gk) = —Fme— H(eZH/E ) [* aw I(K) Ky (2K e HE ) )
2
€
- (g) k = I(k). (3.52)

We have again used the integral identity (3.30) and the properties of gamma functions. Com-
paring (3.31) with (2.60-61) we see that a thermal spectrum is detected by an inertial observer

in de Sitter space at temperature

H

Cornwall and Bruinsma [45] who considered the evolution of low momentum modes of an inflaton
field coupled to a thermal bath in a de Sitter background also derived the influence functional
for a conformally coupled scalar field in de Sitter space. The noise and dissipation kernels they
found in their Eq. (3.31) differs from ours since they did not add a surface term proportional to
§4- As a result they got nonstationary kernels when written in conformal time. As we pointed

out previously a surface term is needed to give a consistent variational theory when the scale
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factor is treated as a dynamical variable [79]. In this case we see from (3.6) that in conformal
time conformal coupling with a bath of ordinary stationary oscillators gives the usual stationary
kernels. In cosmic time these kernels lead to (3.51) which is still stationary, but shows the

expected Gibbons-Hawking temperature.

3.6.2 Massless minimally coupled field
From (3.6) the Lagrangian for a minimally coupled massless field in de Sitter space is
b 1 ~0\2 2 o0 2 1 o2
Lim =335 (@) + JitE = (K- ) |- (3.54)
7
Solving (2.20) (with &, = k) we find that the Bogolubov coefficients are
_ _ L —ikn — _L —ikn
a(n) = (1 2kn> e, B(n) Fer® (3.55)

Substituting these into (2.18-19) we find that

(3.56)

L+ k*nn’ +ik(n — 1)
k2nn’

¢(m, TI') =v(n, n') + (), 77’) = /Ooo dk I(k)e—ik(n—n') (

where I(k) is given by (3.46). We want to write this in terms of cosmic time given by n =

—%e‘m. Following a similar procedure as before, we find

C(t ) = /0 " dk G(k) [coth (%’“) cos k(t — ) — i sin k(% — t')] (3.57)
where
G(k) = I(k) [1 + JZ: + 2z%s1nh <H(t2 tf)) nh (ﬁk—)J (3.58)

and we have ignored a factor e (*+*) which gets cancelled by changing the integration measure
from 7 to ¢ in the influence functional.

The imaginary part of (3.58) generates a contribution to the dissipation kernel of the form

2 _
pim(t —1t) = 2—fsmh (—%—t—)) 6(t—~1t). (3.59)

Inserting this into the influence functional (2.10) we see that it leads to a vanishing contribution
 to the influence functional. Similarly the imaginary part of (3.58) generates a contribution to

the noise kernel of the form

2Hée H(t—t)\ [*
vim(t—=1) = £sinh <(—22> / dk tanh (%c) sin k(¢ — t')
0

(2m)2
_ 2HE [ . (H(t—1t)\ cosA(t - t') H
- @y [_s “h< ) e +7J 1200

where we have first integrated by parts and then used a standard integral. The first term in

(3.60) will generate a vanishing contribution to the influence functional (2.10) since it involves
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an integral over a term oscillating infinitely fast (the Riemann-Lebesgue lemma). The second
term in (3.60) can also be ignored since it generates only a zero frequency contribution to the
noise spectrum. Thus the imaginary part of (3.58) can be ignored leaving a thermal influence
functional at the Gibbons-Hawking temperature but with an effective spectral density of the
form

q?

Gk) = I(k) [1 + F} . (3.61)

We see in this spectral density the well known infrared divergence associated with massless,
minimally coupled fields in de Sitter spacetime.

Habib and Kandrup claimed [59], from a classical analysis, that a fluctuation-dissipation
relation (FDR) would increasingly fail to hold as the physical period of oscillation increased
over the expansion timescale of the universe. Its possible that the definition of FDR and its
applicability in their work is more restricted than here. We see that in both of these examples
here the FDR (2.62) is exact despite the fact that the physical period of oscillation can be
arbitrarily greater than the expansion timescale. This is consistent with the view of [16, 1, 2]

that the FDR is a categorical relation as it is a description of the full backreaction of the

environment on the system.

3.7 Discussion

In this chapter we aimed

o To relate the quantum mechanics of parametric oscillators to quantum fields, thus provid-
ing a bridge from quantum statistical mechanics to quantum field theory. This connection
can benefit the former with the well-developed techniques of field theory (e.g., use of
Feynman diagrams [2, 37, 38]) and enrich the latter with imparting a statistical mechanics

meanings to many quantum effects [6, 11, 16].
Two issues are discussed in this chapter:
o The nature and origin of noise and dissipation in quantum fields.

o The statistical mechanical meaning of quantum processes in the early universe and black

holes.
On the first issue we have discussed these problems:

o How to extract the statistical information of a quantum field. We couple a particle detector
to the oscillator bath and study the detector’s response to the fluctuations of the field. We

found that the characteristics of quantum noise vary with the nature of the field, the type
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of coupling between the field and the background spacetime, and the time-dependence of

the scale factor of the universe.

e How to relate noise to particle creation. Parametric amplification of vacuum fluctuations
and backscattering of waves in the second-quantized formulation give rise to particle cre-
ation. By writing the influence functional in terms of the Bogolubov coefficients which
determine the amount of particles produced, one can identify the effect of particle creation

on the nature of noise in this system [30, 35, 36].
On the second issue, we have studied the problem of

e quantum noise and thermal radiance. We illustrate how a uniformly accelerating detector
in Minkowski space, a static detector outside a black hole and a comoving observer in a de
Sitter universe observes a thermal spectrum. The viewpoint of quantum open systems and
the method of influence functionals can, in our opinion, lead to a deeper understanding of

black hole thermodynamics and quantum processes in the early universe [6].
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Chapter 4

Backreaction in Semiclassical

Cosmology

4.1 Introduction

Backreaction of quantum processes like particle creation in cosmological spacetimes [48] has been
considered by many researchers in the past for the purpose of understanding how quantum effects
affect the structure and dynamics of the early universe near the Planck time [70, 71]. Because
of the general nature and complexity of the problem, backreaction studies have also been used
as a testing ground for the development and application of different formalisms in quantum field
theory in curved spacetime [7], e.g., regularization schemes to obtain finite energy-momemtum
tensor, perturbation methods, effective action formalism, etc. The most recent stage of develop-
ment for the discussion of cosmological backreaction problems was the use of Schwinger-Keldysh
(or closed-time-path, CTP) functional formalism [39], which, being formulated in the in — in
boundary conditions, gives rise to a real and causal equations of motion ( the semiclassical Ein-
stein equation), where the expectation value of the energy-momentum tensor of a quantum field
acts as a source which drives the classical effective geometry. In this equation one can identify
a nonlocal kernel in the dissipative term whose integrated dissipative power has been shown to
be equal to the energy density of the total number of particles created, thus establishing the
dissipative nature of the backreaction process [72, 73].

In pursuing a deeper understanding of the statistical mechanics meaning of dissipation, Hu
[16] cast this backreaction problem into the conceptual framework of quantum open systems
(8]. He made the observation that a Langevin-type equation is what should be expected, and
predicted that for quantum fields a colored noise source should appear in the driving term. He
also conjectured that the particle creation backreaction problem can be understood succintly as

the manifestation of a general fluctuation-dissipation relation for quantum fields in dynamical
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spacetimes, a non-equilibrium generalization of such relations depicting particle creation in black
holes [74, 62] and de Sitter universe [63]. The missing piece in this search is the noise term

associated with quantum fields.

To look into this aspect of the backreaction problem in semiclassical gravity, as well as ex-
ploring the quantum origin of noise and fluctuations in inflationary cosmology [29], and under-
standing the decoherence problem in quantum to classical transition [75], Hu, Paz and Zhang
[1, 2] looked into the relation of colored noise and nonlocal dissipation in a quantum Brow-
nian motion model with the influence functional of Feynman and Vernon [3, 4, 5]. In this
formalism the effects of noise and dissipation can be extracted from the noise and dissipation
kernels in the real and imaginary parts of the influence functional, their interrelation residing
in the fluctuation-dissipation relation obtained as a simple functional relation. If one views the
quantum field as the environment and spacetime as the system in the quantum open system
paradigm, then the statistical mechanical meaning of the backreaction problem in semiclassical
cosmology can be understood more clearly [16]. In particular, one can identify noise with the
coarse-grained quantum fields [30, 76] (chapter 3), derive the semiclassical Einstein equation as
a Langevin equation [35, 36], and understand the backreaction process as the manifestation of a
fluctuation-dissipation relation [77]. Continuing their investigation of the backreaction problem
via the CTP formalism, Calzetta and Hu [35] also found that the results obtained from the influ-
ence functional formalism is the same as that obtained earlier (but displayed only partially) from
the Schwinger-Keldysh method. This paradigm has also been applied to problems in quantum

cosmology [13]. (For an account of the search and discovery of these ideas, see [14, 6].)

The specific goal of this chapter is to derive the semiclassical Einstein equation in the form of
a Langevin equation. Our primary task is the derivation of noise from the quantum field source,
and we do this by carrying out a cumulant expansion of the influence functional. This goal is
shared by two papers addressing different aspects of this problem: In Ref. [35], using the closed-
time-path method [72, 73|, Calzetta and Hu identify the source of decoherence and particle
creation to the noise kernel and show their relation through the Bogolubov coeflicients. They
also show the relation of quantum noise with classical fluctuations, and derive the semiclassical
Einstein equation with a noise term. In Ref. [77] Hu and Sinha started with the density matrix
of the unjverse in quantum cosmology in the manner of [13] and demonstrated the existence of a
fluctuation-dissipation relation for the particle creation and backreaction problem in a Bianchi
Type-I universe. These two pieces of work together with this chapter present a quantum open
system approach to the backreaction problem in semiclassical gravity and cosmology. This can
serve as a platform for exploring the transition to quantum cosmology. It can also address
the dissipative nature of effective theories [16, 78], and, to the extent that Einstein’s general

relativity can be viewed as an effective theory, possible dissipative effects in the low-energy limit
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of any theory of quantum gravity. For a general discussion of these ideas, see [17]

This chapter is organized as follows: In Sec 4.2 we will see how a functional expansion on the
influence functional gives the cumulants of the stochastic source, and how these cumulants enter
into the equations of motion as noise sources. In Sec. 4.3, following the results of [76] (chapter 2),
we consider a class of actions where the field modes are coupled parametrically to the scale factor
of the universe. We derive an expression for the influence functional in terms of the Bogolubov
coefficients governing the creation and annihilation operators of the Fock spaces at different
times which signify particle creation. In Sec 4.4, we study two standard cases of cosmological
particle creation and derive the Einstein-Langevin equations describing its backreaction on the

background spacetime.

4.2 Stochastic Forces from the Influence Functional

In this chapter we will be interested in models that have a Hamiltonian of the general form
H(a,q)= H(a) + H.(q) + Z Ao(a, a)e(qn, dn) (4.1)

where A is a coupling constant and ¢ and ¢ are arbitrary functions of the system and environment
variables. The simplification made in (4.1) is that system environment interaction is separable.
This ensures that the effect of the environment on the system can be described by a single
stochastic source.

Let us introduce the sum and difference system variables as

= %(m, &)+ o(d, a')), A = o(a,d) - o(d', &), (4.2)

and define the real quantities

i) " MWIE(s), A(s)] (4.3)

Co(t1r ooyt Bty e oes Btns] = (n RS |
where W = InF and F is the influence functional discussed in section 2.2. The notation of
C1(t1; Lt,,1;] means C is a function of t; and also a functional of £ between endpoints ¢; and
t;. Writing W as a functional Taylor series and generalizing the notation to n variables we find
that formally

WIS(), 8060 = 5 [ dA@IC(h; Bl

1 i ts
- 57-{2_/; dtl /; dt?A(tl)A(t2)C2(t17t21 Eh,t,‘aztz,t,‘]
1 fe\™ [¥
Fot (5) /t 7ty A (11).e- A () Cn(t1 s b Tt s s Bt

(4.4)
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This form of the influence functional will turn out to be useful for its physical interpretation.

From (2.9) and the propagator U given by
A Pt . .
Ulaes] = [[ T exp ['E /t ds(H.(d,5) + AU(S)f(qn,qn))] : (4.5)

it is observed that C, is of order A™ in the coupling constant.

We can interpret the Cy, in (4.4) as cumulants of a stochastic force. Consider the action

Sla(s)] = /:f ds (L(a, a,s) + o(a, d){(s)) (4.6)

where £(s) is some forcing term. We want to consider the case where £(s) is a stochastic
force with a normalized probability density functional P[o(a, a);£(s)]. The probability density
functional is taken to be conditional on the system history o(a.a). The action (4.6) generates

the influence functional
Fl£,A] = <exp [-;i— /:f f(s)A(s)ds] >£
= /D{’P[f, Y] exp [% /tjf f(s)A(s)ds] (4.7)

where ¥ and A are defined in (4.2). The essential point is that the influence functional (4.7) has
the exact same form as the characteristic function of the stochastic process £. Therefore given
any influence functional F[Z, A], we can interpret the C,, given by (4.3), as the cumulants of an
effective stochastic force £(s) coupled to the system in a way described by the action (4.6). The
probability density functional P[£, X] of £(s) can be obtained from a given influence functional
by inverting the functional fourier transform (4.7).

If we ignore all cumulants after the second order (the cumulants are of order A\") we are
making a Gaussian approximation to the noise. Although A is usually assumed to be small for
the series (4.4) to converge, the formal expansion in orders of A is acceptable even if A = 1, as
long as the deviations from Gaussian arc small. With the Gaussian approximation we can write

the influence functional as

Fla,a] = /DEP[E,E]expv[%SIF[a,a’,E]]

- k3 ,
= <exp [ﬁ, Srrla,d’, E]] >E (4.8)
where t/ 9
PlE,Z] = P eXP(—/dtl /dtz £(t1)C5 7 (t, ta; Ty s Etz.ta]f(t2)) (4.9)

t¢ by

is the normalised functional distribution of £(s), C;* is the inverse kernel of C, and

Strla, €] = /t f’ dt1 A(t1)(Calts, oy ] + £(t))- (4.10)
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We can use this effective action to obtain our semiclassical equation of motion which is given
by
) (Seff[a‘> a‘la 6])

=0 4.11
8A(1) Aa=0 ( )
where A, = a — a’. We find it becomes
oL dorL do  d o do s - .
iy (55 - E%) (Cr(t oes] +E(1)) - %(Cl(t,%ti] +E1) =0  (412)

where L(a, a) is the system Lagrangian and £(t) is a zero- mean Gaussian stochastic force with

a correlator given by

(E(1)E()) = Ca(t, Vs o4y 000 1,) (4.13)

Clearly both the noise and driving term are still dependent on the system history in a complex
way in general. However we can further simplify things by expanding around a background

a = ap. In this case we approximate the first cumulant by

t
Cr(t; 0v] = Calt; Tre ooy + /t ()t ) + . (4.14)
. . t .
CL(t: ore] = Cult: O llymoy + /t ()t ) . (4.15)

where & = ¢ — 0 and

6Cl(t' ay t'] .

AN ? yby
:u’(t7 3 ) - 6&(t/) — (4'16)

. 6C’1(t' ay t']

N 7 [133
ae) = =il (4.17)

We have assumed in (4.15) that u(t,t’) is antisymmetric. The noise £(¢) now has the correlator
(E@)EH)) = Ca(tst; 0es, 0ur)lo=os- (4.18)

These approximations greatly simplify (4.12). Our task is then to solve for the fluctuations

d = a — ap subject to the initial condition a(t;) = fz(t,-) = 0.

4.3 Influence Functional for Cosmological Backreaction

In this section, following the methods of [76], we will derive the form of the influence functional in
terms of the Bogolubov coefficients in the transformation between the creation and annihilation
operators of field amplitudes at different times. First we show how the dynamics of a general
real scalar field in an expanding FRW universe can be described by a sum over quadratic
time dependent Hamiltonians. Then we discuss the Bogolubov coefficients in terms of the

squeeze parameters [55, 57]. It also applies to the case of gravity wave perturbations whose two
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polarizations obey wave equations of the same form as a massless, minimally coupled scalar field
(see [56] for details).
The action for a free scalar field in an arbitrary space-time can be written as the sum of

gravitation action S, and matter action S, of the form

S, =12 / d4o/"G(R ~ 2A) - 212 / PovV—RK (4.19)

12
S, = / d*oy/=5 (0" V4 BV @ — (m? + ELR)D?) + 402 / PoVTRES.  (4.20)

where 2 = 1/(167G) and & = (n — 2)/4(n — 1) which in four dimensions d = 4 is equal to
0 for minimal coupling and 1/6 for conformal coupling. Adding a surface term in the action
proportional to K, the trace of the extrinsic curvature, is is necessary for a consistent variational
theory [79] which is required for a correct treatment of the backreaction problem.

In the spatially- flat Friedmann-Robertson-Walker (FRW) universe with metric
ds® = a*(n) (dn Z dz; ) (4.21)

R = 6i/a®, K = 3d/a® (where a dot denotes a derivative with respect to conformal time 7 =

J dt/a) we have
S, = —Vi2 / dn (642 + 2Aa%) (4.22)

Sm = % [d [(502 = (i) - 21 - 66) 7k - (m2a2 + (664 - 1)2—2) x2} . (423)
Here x = a® is the rescaled field variable and V is the volume of the universe. From now on we
will absorb I, by rescaling x and a.

We can expand the scalar field x in a box of co-moving volume V (fixed coordinate volume)
as in (3.5) to obtain the Lagrangian (3.6) and the Hamiltonian (3.8). With the Lagrangian (3.6)
we see that a free quantized scalar field coupled to a spatially- lat FRW universe with scale

factor a(s) has an action that belongs to the general form

S[a'7 q] = /.d's [L(aa d, 3) + Z{%mk(av d‘) (QI% + bk(av d)qu.n o= wz(av d)‘]l%) }} . (4'24)
k

ti
By tracing out the scalar field we can obtain an influence functional and from which derive an
equation of motion for the scale factor in the semiclassical regime. Here since we work explicitly
in the semiclassical regime, the environment is quantum and gravity enters classically through
the scale factor a.

We want to calculate the influence functional for this model. From (2.9) we see that it is

formally given by
Fla,a] = [T Tr(Oilace sl 1)0{1d}, ) (4.25)
k
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where Uy is the quantum propagator for the bath mode in (4.24) with a(s) treated as an arbitrary
classical time dependent function. With the results of appendicies A and B the propagator for

a particular mode is (we drop the mode label)

Ulass] = 8(r, ¢)R(8) (4.26)
where
R(6) = e B, §(r,$) = explr(Ae2% — Alei9)] (4.27)
and ;
-2 ~t2
A=%, Af = “7 B=ala+1/2. (4.28)

S and R are called squeeze and rotation operators respectively. The parameters 7, ¢, are

determined from the equations (2.20) and (2.21) where
a=e%coshr, fB=—e"2+0)ginhr (4.29)

The time dependence of f and h comes directly from a(t) in (4.24).
Applying (4.26) to (4.25) we find that the influence functional for a mode in an initial vacuum

state is given by

Fila,a] = 3 (nl8(r, ) R(9)|0)(0| R (8)$1(r', ¢') ) (4.30)

n

where |n) are the usual number states. Using

R(8)[0) = e~*/2|0) (4.31)
we find
Fila,a]= 3 [(nlS(r, #)[0)(0|5T(+", ¢")|n)| e~ 0~/ (4.32)
With
5(r, $)|0) = (cosh r)~1/2 > [(—e%"S tanh r)"%,?n)} (4.33)
and making use of
2n)! 1
2 [Enn)z | = A= (434)
we can show that
1

Fla,a'l = [T (4.35)

i \Jesl@lozla] - AelaBzla]

This shows yet another way of deriving the influence functional in terms of the Bogolubov

coeffients, in addition to the derivations given in [35].
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4.4 Einstein-Langevin Equation

From the Hamiltonian (3.8) we see that the system- environment interaction is separable for
two cases: the massive conformally coupled field (for which & = a? in (4.1)) and the massless
minimally coupled field (¢ = a/a) which also describes gravitons. For these two cases the results
from Sec. 4.2 apply: (4.12) is the appropriate equation describing backreaction of the quantum
scalar field on the metric. To derive the Einstein-Langevin equation we need to compute the
first two cumulants given by (4.3) using the influence functional (4.35).

The solution of (2.20) can be written as

Ulas ;] = T exp ( / ds u(s)) (4.36)

B(s)  g%(s) "
u(s) = 4.37
() ( ~9(s) —h@)) 0

where

and

m%d=(aW“ WW“)- (4.38)

Blars] o[asy]
The key to calculating the functional derivative of (4.38) is recognizing that we can always write
Ulass;] = Ulat,r]Ulars,]. We therefore find

5U[at't'.] _ 6U[at,.,-] (5U[a.q-|t'.]
§A(T) — 6A(T) SA(T) .

Making use of the formal expression for the time ordered representation of (4.38) it is easy to

Ularz] + Ulae,r) (4.39)

see that s
§Ulas , , L u(s
———JA[(T)] = —ZU[at,‘r]/ ds —JAET)) (4.40)
6Ulary] . ([7, bu(s)
SA(r) < & §A(T)> Ularsl (440
Substituting (4.40) and (4.41) into (4.39) we find that
?A[(E“)] = —iUay ] ( f ds ;52((3)) Ulars,]- (4.42)

4.4.1 Massive conformally coupled field

For the massive conformally coupled case we have o = a? and

1 (k2 + m2a2)lz2, K 1 (k:2 + m2a?)2 g
= = | === h==|~—m P24 4.43
f 2 K 33 d 2 K t lg ( )

in (2.20). From (4.3) and (4.35) (we have reinstated the Planck length) we find the first cumulant

of the stochastic force is
2 25 +-

m o
Ci(myal, ] =~ 5 ZZ ZZ (’Jn+ﬁn)(a’n+ﬂn) (4.44)

p-
k =
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where ¢ = (ﬁ[amm](fﬁ[an,m] and the average is with respect to the vacuum. The propagator
U is given by (4.26) with the Bogolubov coefficients determined via (2.20) with f, & given by

(4.43). We will use this notation below as well. Similarly for the second cumulant we find

14 4 +-

Co(m 15 a5 s @ 0] = Z Z [(a262) + (a2d2) — 2a2)a)]

l 4+—

= Z Z [ (Br + an)(aly + B2)?

+ (B +ap) (anl + 8,7, (4.45)

Applying (4.16) to (4.44) we find the dissipation kernel to be

l4 4 -
un,m) = = ZZ[q,,q,, (g2a2)] s
z4n 41
= 2= ZZ [(ﬂn+an) (op + B3)* — (ﬁ:‘,+a:,)2(a,,,+ﬁ,,,)2] _ (A6)

Again we see the close relation between the noise and dissipation kernels.
Using (4.22) and o = a? we find that the equation of motion (4.12) with the background

approximation becomes

i 2ad* 4 63}2 (1@ plarmag + [ /et o, ) =—g‘(/7;%§(n) (4.47)

where £ is a zero mean gaussian stochastic force with the correlator (4.45) evaluated on the

background a.

4.4.2 Massless minimally coupled case

For the massless minimally coupled case, ¢ = a/a,
. 2k* &k
f-";+2<7-rz i =

Ci(m; (a/@)nn] = ——ZZ {(pg + qp)n) = —= ZZ[a By — anB] (4.49)

b=

14

LN 4.48
K +I3 ’ (4.48)

we get

where p is the canonical momentum (37) from the Lagrangian (3.6) with m = &; = 0. For this

case g—g - %g—g = 0 so we see from (4.12) we must find C;. Taking the derivative of (4.49) and

using (2.20) and (4.48) (with & = [2k) we find
. +_
Ci(n; (a/a)pm] = R Z Z k[a;ﬁ,, + anﬂ;]~ (4.50)
Tk
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For the second cumulant we find
+_
Ca(n, 03 (&) @) i (@) )y n] = é S 3" [((pa + ap)a(pa + ap)or) + (P4 + ap)er(Pa + aP)n)

-4 I-c. :

— 2(pg+ ap)o){(pa + aP)o')]
r? & .
= =22 (e] - Bt - 57D)
o F

+ (e - ek - B2)]. (4.51)

From (4.17) and (4.50) the dissipation kernal is given by

+_
i, m) = =8 Y S K[(B2 + a2)(esf = BiF) + (B3 + oo — )] PP 1)
T I afa=(aja)p
The equation of motion (4.12) with the background approximation becomes
A VSN S L M 8 )
a 31\“ 12V Za(n) [Cl(na(a/a)n,ne)|a/a=(a/a),,+/m dn z n,)V(TI,TI)] = ToVia(n)’ (4.53)

We need to know the stochastic properties of E(n) given that &(n) is a zero mean gaussian
stochastic force with the correlator (4.51) evaluated on a background. We can deduce this by
integrating by parts the noise term in the effective action (4.4). We find that (relaxing the

notation for Cs)

surface term

nf
dmdne A(m)A(n2)Ca(m, 2]

m

ny dC dC o

+ [ dnI(ny) [——2<n1,n,-)r(n,-) =% T ()

m dm dm
dC, dCq ]

+ — (2] r s) — T ) T
T )T = 2T

d*Co(m, ma]

4.54
dmdn; ( )

ny ¥
+ / dty dnz T(m)C(m)
i ™

where I'(n) = [dn A(n) = In @ — In a’. The surface term will not contribute to the equation of
motion but the last term of (4.54) shows clearly that E(t) corresponds to a zero mean gaussian
stochastic force with the correlator

d?Ca(m, 712]. ) (4.55)

Catlm ] = dmdng

The meaning of the middle term of (4.54) is more difficult to interpret. It vanishes only when
the noise is stationary since we then have Cy(n,n] = C2(n — 7']. We will not discuss this term
further since it will vanish in the example we consider next. Clearly though, its meaning will

need to be considered for a study about nonstationary backgrounds.
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4.4.3 Backreaction of Graviton Fluctuations on Flat Space

A simple case to study is the case of a massless minimally- coupled field around a flat background
(@ = a). In this case a(n) = e~** and B(n) = 0. We see that in this case the first cumulant
(4.49) vanishes. For the massive field the first cumulant is divergent around a flat background.

The noise kernel (4.51) becomes

RV

Caln—n]= T 2/ dk k?* cos[k(n — n’)]——32—7rﬁ"(n—n’) (4.56)

where a prime on a function denotes a derivative taken with respect to its argument. From

(4.55) we have

BRIV oo RV
. _’:_ 4 _/:_/m _/' )
Cotln =)= g5 [ db K coslh(n — )] = 56" (n — ') (457)
The dissipation kernel (4.52) becomes
in =)=~y / dk K coslk(n — n')] (4.58)
The Einstein-Langevin equation (4.53) becomes

- ZAd® - ———— —(n). 4.59
T OWA (/) ") = iz ") (4:59)

where £ is a zero- mean Gaussian force with the correlator (4.57). The solution of the Einstein-
Langevin equations for these sample cases is beyond the scope of this chapter and will be left

for future work.

4.5 Summary

Together with two related work (35, 77], this chapter has established a new framework for
the study of semiclassical gravity theory based on the Einstein-Langevin equation. In [35] the
noise and fluctuation terms are identified from the closed-time-path formalism and the Einstein-
Langevin equation derived for perturbances off the Robertson-Walker spacetime. In [77] the
influence functional method is used to derive an equation of motion for the anisotropy matrix
of the Bianchi Type-I universe. Dissipation of anisotropy from particle creation in a quantum
scalar field is seen to be driven by an additional stochastic source (noise) term related to the
fluctuations of particle creation and shown to be a manifestation of a fluctuation-dissipation

relation. In this paper, we have derived the following results:

e By carrying out a functional Taylor series expansion on the influence functional we show
how the successive orders measure the higher cumulants of noise in its most general (colored
and multiplicative) forms, the lowest order truncation yielding a Gaussian noise. The
second cumulant gives the autocorrelation function for the stochastic force (noise), which

drives the Einstein-Langevin equation.
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e Using a general form for the Hamiltonian of a quantum field whose normal modes are
coupled to a curved spacetime parametrically, we showed a new way to derive the in-
fluence functional in terms of the Bogolubov coefficients between the second-quantized
operators of Fock spaces at two different times. This relation connects our new influence
functional / effective action method with the traditional canonical quantization approach
and thus incorporates the established body of knowledge in quantum field theory in curved

spacetimes.

o With the previous two results we were able to express the noise and dissipation kernels
in terms of the Bogolubov coefficients. This connection offers a more transparent inter-
pretation of the physical meaning of the many statistical mechanical processes such as

decoherence and dissipation in terms of particle creation and related quantum effects.

e We have also derived the form of the Einstein-Langevin equations for some well-studied
cases of scalar fields in Robertson-Walker and de Sitter spacetimes. They form the starting
points of the next stage of work, which is the solution of these equations for the analysis
of fluctuations, instability and phase transition type of problems. We hope to report on

these problems in future communications.
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Chapter 5

The Coherent State Representation
of Quantum Fluctuations in the

Early Universe

5.1 Introduction

The gravitational instability picture for galaxy formation assumes that the early Universe started
with a very smooth background on which small density fluctuations were superimposed. It
is these small fluctuations which are ultimately responsible for the structure in the present
Universe. They have been amplified by the gravitational interaction since the beginning of the
matter dominated era and produced the galaxies we see.

In the sixties and seventies no theories were able to predict the existence of these perturba-
tions, they were just postulated to be there. Zeldovich [80] and Harrisson [81] suggested that
in order to fit the observation the initial spectrum of these perturbations must be roughly scale
free. In 1980 Guth [41] proposed the Inflationary scenario to solve the horizon, flatness and
monopole problems of the Big Bang. This scenario asserts that the Univserse went through a
phase of very rapid expansion in its very early stage. The Universe would have expanded by a
factor of at least 10?8 in a mere 10732 seconds.

It was soon realized that this very rapid expansion would have very interesting effect on
fields especially the inhomogeneous part of the inflaton [43]. During inflation, initial quantum
fluctuations of the ground state of the inflaton undergo significant parametric amplification
(squeezing) after Hubble crossing. This leads to a macroscopic (i.e. many particle) quantum
state that describes a scale free spectrum of primordial fluctuations. It was therefore suggested
that these inhomogeneities gave rise to the needed density fluctuations in the early Universe.

However, in all of the early work on this subject macroscopic was incorrectly taken to be
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synonymous with classical thus the origin of classical density perturbations was not properly
addressed. In actual fact the quantum state of the inflaton is spatially-homogeneous. It was
argued that the quantum expectation value of the square of the field (¢*) can be interpreted as
a statistical average of classical perturbations. The argument used by Guth & Pi [44] was that
((¢2)(1r£))1/ ? >> h and thus quantum mechanical affects should be negligible.

Interestingly enough this consideration is not invariant under linear canonical transforma-
tions. To see this more clearly the Wigner function can be calculated. In general the Wigner
function is not positive and cannot represent a classical phase space density distributidon but in
the case of a gaussian state it is positive. So let’s assume it can give us an idea of the classical

phase space distribution. The Wigner function is defined as
1 .
fo(9yma) = 5= [dBTTIA(p— A, 64 A)

where p is the state of the system. The 1 — ¢ contour of the Wigner function for a mode k of a
massless scalar field in the Bunch-Davies vacuum is initially an ellipse rotating with frequency
k/2m whose amplitude is adiabatic. As soon as the wavelength of the mode crosses the Hubble
radius the ellipse stop rotating and gets elongated in the momentum direction. The variance of ¢
and 7y are such that ((¢2)(7r§))1/ 2 >> h but the surface of this ellipse remains A. Using a linear
canonical transformation so that ¢ and Tty are in the direction of the proper axis of the ellipse
would give ((&2)(1?%))1/ 2 = h. It is therefore difficult to understand why the quantum mechanical
average can be substituted by a statistical one. This can only be justified if the quantum state
of fluctuations is described by a statistical mixture of classical-like spatially-inhomogeneous
states. The transition of quantum fluctuations from a pure spatially-homogeneous quantum
state, to a statistical mixture of spatially-inhomogeneous classical-like states, can only occur via
a decoherence process (from here on we shall refer to this transition as simply the quantum to
classical transition).

In order to get decoherence it is necessary to go from a closed quantum system to an open
quantum system. Omne way to do this is via the introduction of an external environment for
the inflaton. By using simple toy model environments it has been shown that decoherence in
the coordinate representation is an effective process on super-horizon scales [46, 47]. However,
as pointed out by Laflamme and Matacz [47] (chapter 6), decoherence in the coordinate repre-
sentation is not always a reliable criteria for the quantum to classical transition. Any realistic
model for an open system will introduce dissipation and fluctuation that will greatly complicate
and qualitatively change the dynamics of quantum fluctuations [29]. This will almost ‘certainly
have important astrophysical implications for an inflationary phase. These implications have
not yet been addressed in the literature.

Given the complexity of a realistic open system, it is worth looking at simple means of
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implementing the quantum to classical transition. Recently Brandenberger et al [82] attempted
to implement the quantum to classical transition by decohering the quantum state of fluctuations
in the number state representation. Gasperini and Giovannini [83] have implemented a scheme
which decoheres in the basis of what they call the superfluctuant operator. These authors were
interested in calculating the entropy of cosmological perturbations. They utilized the squeezed
state formalism and, with these coarse graining schemes, obtained the same entropy in the high
squeezing limit.

The adoption of the language of squeezed states to cosmological particle creation was first
introduced by Grishchuk and Sidorov [56]. Albrecht et al [84] have pointed out that the squeezed
state formalism contains no new physics in itself. In fact, as noted by Hu et al [57], (who
have used the squeezed state formalism to discuss the role of intitial states in particle creation
and fluctuation in particle number) the squeeze and rotation operators were derived, based on
earlier work by Kamefuchi and Umezawa [85], in Parker’s original work on cosmological particle
creation [48]. Although the physics is not new, the squeezed state formalism gives an alternative
description which can draw upon developments in quantum optics. It is valid for any system
described by a time dependent quadratic Hamiltonian. Thus it could describe scalar fields,

gravitons or gauge invariant cosmological perturbations.

In this chapter we will make use of the squeezed state formalism to derive the coherent state
representation (CSR) of quantum fluctuations in an expanding FRW universe. This idea stems
from work in quantum optics which has shown that many states, including squeezed states, can
be represented as one dimensional superpositions over coherent states [86]. As is well known
coherent states [87] describe classical-like, spatially-inhomogeneous quantum states since they
have well defined amplitude and momentum. Thus they are the best quantum analogue of points
in phase space. The Wigner function has previously been used as a phase space representation
of quantum fluctuations in an expanding FRW universe (88, 56]. In general the Wigner function
shows oscillatory behaviour and associated negative regions. For these reasons it can not be
considered a true phase space probability distribution. It is accepted that these properties are
the signature of non-classical quantum interference effects [89]. However, the Wigner function
of a gaussian state, like the squeezed vacuum, is a positive definite gaussian. This may lead
one to incorrectly suspect that squeezed vacua can be thought of as classical-like states. The
advantages of the CSR over the Wigner function is that it shows explicitly how squeezed quan-
tum fluctuations are built from quantum superpositions over coherent states. This is of great
pedagogical value in understanding the difference between quantum and classical fluctuations
and hence the need for decoherence. Like the Wigner function, phase space information is also
included since each coherent state with support in the superposition has a well defined amplitude

and momentum. Also by decohering the squeezed vacuum in the CSR we have a simple and,
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as discussed below, a physically well motivated means of implementing the quantum to classical
transition of fluctuations. a

Studies of environmentally induced decoherence [90] have shown that coherent states are the
most robust to the effects of a dissipative environment. This singles out the coherent state basis
as a preferred basis for decoherence. For the case of scattering or non-dissipative environments,
we would expect decoherence to be most effective in a number state basis [91]. However, in the
early universe we expect environments to be dissipative [29]. Decoherence in the CSR is therefore
a well justified alternative to the decoherence schemes advocated in (82, 83]. Decoherence in a
CSR is a desirable result since it implies the transformation of a coherent quantum phase space
distribution to an incoherent classical phase space distribution. Such a process is necessary
before we can, as Grishchuk and Sidorov advocated [56], adopt and interpret a squeezed vacuum
as a classical stochastic collection of standing waves.

The expectation values of observables calculated using decohered vacua will in general be
different to that calculated using the corresponding pure states. Thus part of the purpose of this
paper is to see if the loss of quantum coherence greatly changes the basic predictions of the pure
states and also how sensitive these predictions are to the nature of the decoherence process.

In section 5.2 we will see how the dynamics of a real scalar field in an expanding FRW uni-
verse can be described as a squeezing process. In section 5.3 we show how a squeezed vacuum can
be written as a quantum superposition over coherent states. We then apply this formalism to the
case of quantum fluctuations in a de Sitter phase providing a a new and interesting phase space
representation of the fluctuations. In section 5.4 we implement the quantum to classical transi-
tion by decohering the squeezed vacuum in the CSR. We then compare the fluctuations between
the pure vacuum and the decohered vacuum in general and then specifically for fluctuations in
a de Sitter phase. We also consider results for decoherence in the number state representation
as proposed in [82]. In section 5.5 we consider the entropy of vacuum fluctuations obtained
by decohering in the CSR. In section 5.6 we discuss the relevance of these results to the gauge

invariant theory of cosmological perturbations. In section 5.7 we discuss and conclude.

5.2 Squeezing of Quantum Fluctuations in an Expanding Uni-

verse

As was shown in section 3.2 the dynamics of a real scalar field in an expanding universe reduces

to the Lagrangians

L(n) = .i;z[(qgf—(k2+m2a2+<6e—1)j—')q,gﬂ] )

E

N =
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('12
Ly(n) = —ZZ (47)* — 2(1 - 66)—- qqu—<k2+m2a2+(6§—l)p> qu]. (5.2)

In this chapter we will consider both the cases where the surface term of (3.4) is kept or dropped.
We do this to point out explicitly that ad hoc decoherence schemes are surface term dependent.
All quantities derived where the surface term has been kept will be denoted with an s subscript.

Canonical momenta are

OL(n)
Pr = 5, = q?,’ (53)
k 942 k
a aLs Ui 4 a’ a
= =g -a-eole (5.4)
k
Defining the canonical Hamiltonian the usual way we find
H()—liz 22 1 (k2 4 m2a® 4 (66 ~ 1)) 22 (5.5)
m=3 Pz 2/ % '
7 i

. -2
Hy(n) = ZZ {p"z +(1- 6£)g(p‘s’,;q% +q7p7) + (lc2 +m2a® + 6£(6¢ - l)z—z) q,%z] (5.6)

where the sum is over positive k£ only since we have an expansion over standing rather than
travelling waves.

As equations (5.3-4) show, dropping the surface term is the same as a canonical transfor-
mation that only changes the canonical momentum. We see from (5.5-6) that this leads to two
different Hamiltonians which inturn will define two vacua which are different up to a coordinate
dependent phase which has no effect on the expectation values of physical observables. We show
this in appendix C.

The Hamiltonians (5.5-6) are a special case of the generalized harmonic oscillator defined by
the Hamiltonian

A 52 saa 242
A(n) = () + ba(m) PLELE 4 ) £ (57)

where [, p] = 7. We define creation and annihilation operators as

a = a

Ve T Ve

where & is an arbitrary positive real. It is generally chosen so that (5.7) reduces to an ordinary

. _Kg+p oy KG—ip (5.8)

static harmonic oscillator at the initial time. The Hamiltonian can be written in the form

H(n) = f(nA+ (AT + h(n)B (5.9)
where ,
f(n) = ﬁ”k— — by — bl{ h(n) = b;—i + %’f (5.10)
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and f2
A= % At =“7, B=ala+1/2 (5.11)

We want to find the propagator for (5.7). From appendix B we find it has the form
U(n,n) = S(r, $)R(6) (5.12)

where § and R are called squeeze and rotation operators respectively [55] defined by (B.12).
The interesting property of a squeeze operator is that it squeezes fluctuations in one quadra-

ture at the expense of the other. From the properties
51at§ = al coshr — ae=24sinh r (5.13)
5148 = acoshr — afe?®sinh r (5.14)

we can derive the fundamental properties of a squeezed vacuum state S(r, #)|0) which are

(@ = %[cosh 27 — sinh 27 cos 2¢)] (5.15)
(5% = g[cosh 27 + sinh 27 cos 2¢)] (5.16)
(gp + Pq) = —sin2¢sinh 2r. (5.17)

The squeeze parameter r determines the strength of the squeezing while the squeeze angle ¢
determines the distribution of the squeezing between conjugate variables. We note that the
lower bound of the uncertainty relation is satisfied only when ¢ = nr/2.
From appendix B we find that r, ¢, 8 are determined by
& = —if'f—iha (5.18)
B = ihB+ifa. (5.19)

subject to the boundary condition a(n;) =1, () = 0 where
a=e"coshr, f=—e""sinhr. _ (5.20)

If we are only interested in the vacuum state rather than the complete propagator it may be
better to reduce the above system to a single second order differential equation. We can do this

as follows. Putting

_ ‘B* _ a*
e (5.21)
we find that, using (5.18-19)
20 —ip(2h — f = F*) + 2iu(f - ) +i(f+ FF+2h) = 0. (5.22)
Substituting . '
29 (5.23)

STy
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we find

L[ fHfr=2h o) L 4P+ )2
g+g(2h_f_f*+z(f f))+ 1 g=0. (5.24)
We can rewrite (5.23-24) as
i
i (5.25)
and
§+ §(2b9 — b1/by) + k*brbag = 0. (5.26)

We require that r(n’) = 0 so we must choose our solution of (5.26) so that u(’) = —1. In
most cases we will choose « so that f(7’) in (5.10) will vanish. From (5.20) and (5.21)

1+ e¥® tanh r -1+ tanh®r — 2isin 24 tanhr (5.27)
H= —1+4e*¢tanhr 1+ tanh®r — 2cos2¢tanhr '

The solution of (5.26) therefore determines the squeeze operator.
Using (5.27) we can determine the squeeze parameter from

1 * 2

tanh?r = " oF
1—p—p+pl

Given the squeeze parameter we can then, using (5.27), solve for sin 2¢ and cos 2¢. To solve for

the rotation operator we use (5.21) and (5.18) and find that

a . L+p
o= if T ih. (5.29)
This is solved by
n
)= [—i/l dH(f*(L+ p7)/(1 = u*) + h)]. (5.30)
1
Using (5.20) we can then write
(14 1+
8(n) = 2/ dn<2h+f( ‘“ +f( Z)) (5.31)
A similar procedure with (5.19) gives
K (1-p) (l—u))
2 =_—/ d (2h c 2. 5.32
p==5/ a1 +f1+,n+f1+u+"’ (5.32)

The constant contribution to the phase (n) is determined by the requirement that 8(7’) = 0.
We do not require 2¢(n’) = 0. Thus 2¢, must be chosen carefully so that the equations of
motion (5.18-19) are satisfied. For the rest of the paper we shall deal only with the squeezed
vacuum |r, @) = e~*/29(r, $)|0), though clearly we have a formalism which can deal with more
general initial states.

The squeezed vacuum has the coordinate space representation [96]

1/4 2 2i¢
_ -8z (K % .+ -1/2 —kq* {14+ e“**tanhr
bro(q) = / (;) (cosh r — &% sinh 1)~/ 2 exp [ 5 (1 —— Wy

(5.33)
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The term in the curved brackets in the exponential is nothing but —u defined in (5.25). This is
the usual way of studying quantum fluctuations in the Schrodinger picture [97, 98]. Thus the
wavefunction (5.33) and (5.25-26) show the necessary equivalence between the squeezed state
formalism and the coordinate representation methods.

Albrecht et al [84] have also derived the equations of motion for the squeeze paramater r,
squeeze angle ¢ and the phase §. Their equations are three coupled first order nonlinear equa-
tions. On the other hand the equations derived here (5.18-19) are two coupled first order linear
equations. These equations were previously derived by Fernandez [68] using a different proce-
dure. The interested reader is referred there for other references dealing with time dependent

quadratic Hamiltonians.

5.3 The Coherent State Representation of Quantum Fluctua-

tions

As is well known, coherent states [87] describe classical-like states since they have well defined
amplitude and momentum. Therefore they are the best quantum analogue of points in phase
space. For these reasons the CSR is well suited to highlighting the difference between quantum
and classical fluctuations.

Recent work motivated by quantuin optics has shown how squeezed states can be represented
as one dimensional superpositions over coherent states [86]. In this representation the squeezed

vacuum has the form

: 00 1 - tanhr :
— ,—i8/2 : -1/2 a2 L apt®
Ir,d) = e (27 sinh 1) /_w exp [ Y (—2 P )] | — tye'®)dy (5.34)

where the expansion is over coherent states defined as eigenstates of the annihilation operator,
ila) = ala) where a is complex. These Gaussian states are minimum uncertainty packets in §

and p with mean values determined by

@ = —=(xl0) +0)). (5.35)

The mean values for the coherent states with support in the superpositions are therefore deter-
mined by

- iye® = ——(xl0) + i) (5.36)

Here we will specialise to a massless minimally coupled scalar field in a de Sitter phase

where @ = —1/Hn. This example is of great relevance to the early universe. The massless

minimally coupled scalar field in a de Sitter phase describes the perturbation of an inflation

driving field under the ‘slow roll’ conditions which are obeyed in most inflation models. [97].

These perturbations are taken as the seeds for structure formation. It also describes gravitational
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radiation which are of great interest since they contribute to fluctuations in the microwave
background (though they do not act as seeds for structure formation).

For the Hamiltorians (5.5-6) equation (5.26) becomes

i+ (K-2/1")g=0 (5.37)
2
fs = Ldat k*g, = 0. (5.38)
These have the general solutions
g(n) = c1e®(1+i/kn)+ cze™* (1 — i/kn) (5.39)
gs(m) = cne™(1+i/kn)+ cane”*1(1 - i/kn). (5.40)
In order that u(n") = —1 as ' — —o0, we take the solutions ¢; = 0. We also choose k = k.

With these we find that (5.25) becomes

(1+ 4k2n2)1/2'

—i—k3p3
A= el T Bon?) (5-41)
—kn(kn — 1)
, = =aEn 23 4
kin? +1 ' (542)
Equation (5.41) agrees with that derived by Ratra [98]. Using (5.27-28) we find that
1
2 e N —
tanhr = pyEmr— (5.43)
1
2 - —_—_—_—_—
tanh® r, = T (5.44)
and
1 — 2k2p? 2%kn
2%=— T Sin2p= ol ____ 4
cos 2¢ 5 R sin 2¢ (15 k)i (5.45)
-1 . —2kn
Ccos 2¢, = (—I_;W’ sin 2¢3 = (546)

Albrecht et al [84] and Grishchuk and Sidorov [56] have calculated the squeeze parameter
for this model using vacua defined with and without the surface term respectively. Their results
agree with equations (5.43-44). The limit of interest is |kn| << 1 which is long after Hubble
crossing. This is also the high squeezing limit. Using a standard inflation model, modes with
wavelengths of the current Hubble radius would have had |kn| = 10750 at the end of inflation
[56]. Thus |kn| << 1is a very good approximation.

In the high squeezing limit we find that up to relevant order in k7

tanhr — 1-2k** tanhr, — 1 - 2k%p? (5.47)
e - 1-E2?/2+ i(kn+ k°p%/2) (5.48)
e i — k. (5.49)
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Using these we find that (5.34) become
| )= N [ e (<Pt lo(kn + K02 i1 KPP 20y (5.50)
| 7sy s = N/_ exp (~y2K*n%) [ys(1 + ikn))dys. (5.51)

To understand the significance of (5.50-51) we must know the properties of the physical variables
for the coherent states with support in (5.50-51). From (3.5) the quantized physical field is given

by

d(z) = \/;—2; 3 [QF cosk -+ Q; sink - Z| (5.52)
3
and .
di(tm) = \/%—;Z[Pg' cosk-Z + Pi.'_ sin k - £] (5.53)
k
where "
Qs = q;’? (5.54)
and _ .
=g () = (5:5)

The operator Q% measures the amplitude of a standing wave of wavelength 27 /k, while the
operator P/ measures the rate of oscillation of the wave. The canonical momenta p% and p7.
are defined in (5.3-4).

From (5.36) and (5.50-51) we have

e

y(kn + K2n%/2 — i(1 - k*n?/2)) = Zorkta) + i(p)) (5.56)
3ol -+ k) = == (k(a) + i(pe). (5.57)

From (5.50-51) we know that after Hubble crossing the superposition has support in the range
y = +1/(kn)? and y, = £1/(kn). This translates as an amplitude and canonical momenta range
of

(9) =i\/%(,:—n+k2—"), (p)=:t—x/é%(ﬁln—2—%> (5.58)
(0)s = i@ (k%;) . {ps) = V2. (5.59)

Using these and (5.54-55) we find that the physical amplitude and momentum, for both vacua,

range between

Q= :{:H\/%, P = +V2kH*np?. (5.60)

This result gives us a new way of interpreting the vacua of quantum fluctuations in the after

Hubble crossing regime. It tells us that the vacua comprise a continuous quantum superposition

95



over coherent states (or standing waves) with the physical amplitude and momenta range in
(5.60). Although each coherent state describes a spatially-inhomogeneous perturbation the total
state is still spatially-homogeneous. We also see that as time goes on (7 — 0) the coherent states
with support in the superposition have vanishing physical momentum. This is the quantum
analogue of the freezing of classical perturbations after Hubble crossing. The classical freezing
occurs since the oscillatory factor, e**”, in the solution to the classical equation of motion stops
oscillating after Hubble crossing since |kn| < 1. This phase space picture is consistent with
fluctuations in @ and P calculated using the pure squeezed vacua which give in the after Hubble
crossing regime

ikt

2

(AQ)% - %, (AP)? - (5.61)

This is true for both vacua as it must for any two pure states that differ only by a coordinate
dependent phase. The result for (AQ)? in (5.69) is the well known result that gravity waves and
perturbations of an inflation driving field describe a scale free spectrum. In the next section we

will see if this result is still true after implementing a simple decoherence scheme.

5.4 A Simple Phase Space Decoherence Mechanism

When written as a density matrix (5.34) becomes

. 1 oo ) - <1—ta,nh7‘)} i i )
p—27rsinhr/_ooexP[ W+ 9 S ||~ e ) (—iy'e|dyay’ (5.62)

Dropping the off-diagonal terms in this representation corresponds to decohering the squeezed

vacuum in phase space. The resulting normalised density matrix is

1 —tanhr\1/2 foo 9 {1 —tanhr . .
) = | ———— 2 (2T ARATN L by id
= ( Wtanhr> /;ooexp[ g < tanh 7 )J' i) (~iye'’|dy. (5.63)

We find that mean values with respect to the decohered squeezed vacuum (5.63) are

_ 1 -~ cos2¢tanhr

~2
(&)m = 25(1 — tanhr) (5-64)
L —sin 2¢tanh r
(P + Pl =~ (5.65)
2y _ k(14 cos2¢tanhr)
(B )m = 20 tamhr) (5.66)

The m subscript denotes the expectation value with respect to the mixed state. These averages
are not equal to equations (5.15-17) which were calculated with respect to the pure squeezed
vacuum. We will show here that the differences can be important.

It is instructive to compare equations (5.64-66) with those obtained by using a squeezed

vacuum which has been decohered in the number state representation. This was proposed in
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[82] as a simple means of modelling the quantum to classical transition. We can write a squeezed

vacuum as

|r, ) = (cosh r)~1/2 i |:(—621‘b tanh 7')"—2(712:')'|2n)] (5.67)
n=0 :

{from which we obtain the reduced density matrix

Beg—t BT {(t‘“;hr) " Ei?));pn)@m]. (5.68)

cosh r o

Making use of

o [Ei’f)); z"] = ﬁ (5.69)

n

we find that for the mixed state (5.68)

oy _ cosh2r
@) == (5.70)
(p*) = gcosh 2r (5.71)
(gp + pq) = 0. (5.72)

The main difference between these results and equations (5.64-66) is that the squeezing angle
information has been lost. Thus the two decoherence schemes are significantly different. In
principle it would seem possible to recover the original squeezed state parameters from the mixed
state (5.63) by measuring the quantities (5.64-66). Obviously this would would be impossible
for the mixed state (5.68).

The decoherence mechanism we have proposed breaks the quantum interference between co-
herent states. It should be emphasized that no causal decoherence mechanism is being proposed
since no open system has been considered. What is being suggested is that decoherence in the
CSR is a plausible end state of a causal decoherence process. Given this it is therefore of inter-
est to see how the fluctuations in the individual coherent states compare with the distribution
(5.60). As is well known the fluctuations in ¢ and canonical momenta p, p, are at the vacuum

level for coherent states. Using this and (5.54-55) we find that the fluctuations of the coherent

states are
1 H2n2
2 _ 2 _ - .

k 1

(AP)? = 5.1 = ikH‘*n‘* (5.74)
1 . a? kH“n“ 1

AP? = — = 2:———[ —] .75

(AP) = [(Ap) + 3(Aq) } 5|1+ o (5.75)

The first thing we notice is that the superposition bandwidth of @ in (5.60) is 1/(kn) times
the vacuum fluctuation level of Q calculated in (5.73). This shows that the @ fluctuations are

enhanced after Hubble crossing. It also means that our coarse graining scheme breaks the phase
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space into 1/kn incoherent pieces along the () axis. Equations (5.60) and (5.74) show that the
superposition bandwidth in P space is of the same order as the P fluctuations for the coherent
states defined with the surface term. That is, the P fluctuations are unsqueezed and remain at
the vacuum level. The big difference between the two vacua can be seen by equations (5.74) and
(5.75). The coherent states defined without the surface have fluctuations in P space of order
1/(kn) over those defined with the surface term. Thus although the two vacua are comprised
from superpositions over coherent states with the same range of mean values, the P fluctuations
of the coherent states defined without the surface term are of order 1/(kn) larger. This means
the quantum phase space for this vacuum is much more spread out in the P direction. Despite
this we still have the same P fluctuations for both pure state vacua. However it does suggest
that if the quantum coherence is broken these enhanced P fluctuations will become evident.

This is indeed the case since for the mixed state (5.63) we find

H2

(AQ)* = (AQ); = 73 (5.76)
(AP)? — H4kn* (5.77)
(AP)? — i};’?. (5.78)

We see that the @) fluctuations are unchanged from those derived from the pure squeezed vacua.
The P fluctuations for the vacuum defined with the surface term only differ by a factor of a
half from the pure state. However we see that the vacua defined without the surface term has
fluctuations in P of order 1/(kn) larger than the other. The two vacua give different results
because the coherent states, and therefore the decoherence process, are different for the two
vacua. Equations 5.74-75 show how the coherent states get changed by the surface term. Its
comforting to see that we can implement a decoherence scheme and still get results that are
essentially the same as those derived using the pure squeezed vacuum. This is what is happening
when the surface term is included. Most importantly this implies that we still have a scale free
spectrum of fluctuations after decoherence.

Its worth comparing these results with those obtained using the mixed state (5.68). Using
(5.70-72) we find that in the long after Hubble crossing regime

H? H?

2 e 2 e
<AQ ) 4k5n2> (AQ )8 4k3 (5‘79)
A* Hp?
2 ]
<AP ) - W’ (AP2>3 — . (580)

We see that in this case we get more dramatic variations from the pure squeezed vacuum results
than those obtained by decohering in the CSR. We see that a scale free spectrum is only obtained

if the surface term is kept.
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5.5 Entropy Generation

We can also calculate the entropy §. It has been shown [99] that for a gaussian density matrix

of the form
p(y,2) = N exp[—(Ay® + iByz + C2%)] (5.81)

where y=¢—¢ and z=¢q+¢

§=-Tr{pln ] = —v (ulnu + vinv) (5.82)
where
201/2 A1/2 _ 01/2
= arrcoiz YT Ay o (5.83)
In the coordinate representation the density matrix (5.63) has the form
’ _ —-K 2 S
p(q,q) = Nexp [2(1 ~cos 2ptanh ) (q (1 + isin2¢ tanhr)
+ ¢*Q1 - isin2¢tanhr) - 2¢¢’ tanh r)] . (5.84)
Using this we find
Y- 2(1 - tanh r)1/? Y = (1 + tanh r)}/? — (1 — tanh )"/ eV
~ (1 —tanhr)Y/2 4 (1 + tanh r)1/2’ ~ (1 - tanh7)/2 + (1 + tanh r)1/2° (5:85)

Using (5.82) and (5.85) we find that in the limit of large squeezing § — 2r and in the small
squeezing limit § — r. We have doubled the result since the field was decomposed into two
infinite sets of modes. The high squeezing limit is in agreement with those from Brandenberger
et al [82] and Gasperini and Giovannini [83]. These authors adopted different coarse graining
schemes which suggests that the result § — 2r for a highly squeeied vacuum is robust to the
particular coarse graining implemented.

In the limit k7 << 1 we find that from (5.43-44)
ry — —lInlkn|, r — =2ln|kn)|. (5.86)

This shows that, under these conditions, the vacuum defined by dropping the surface term
generates twice as much entropy. The reason for this inequivalence is that by changing the

surface term we are changing the nature of the decoherence process.

5.6 Gauge Invariant Theory of Cosmological Perturbations

In this section we will see how the previous results have important implications for the power
spectrum of primordial fluctuations on super-horizon scales. We will use the gauge invariant

theory of cosmological perturbations presented in [93]. The formalism will only be very briefly

sketched here.
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The action for gauge invariant cosmological perturbations has the form

S = %/dm‘1 [(1})2 —c? ;(0,5)2 + §v2 - d_dﬁ (;ﬁ)} (5.87)

where v is a gauge invariant combination of metric and matter perturbations, ¢, is a constant
(cs=1 in inflation) and z is given by

2 _ an\1/2
z___a(’H H)

— (5.88)

where H = a/a is the conformal Hubble parameter (as before the dot denotes a derivative with

respect to conformal time). The important physical quantity is the Bardeen variable ®°. It

o f3 2 -H)d <3)
o= \/;l” He2  dn\z (5:89)

where [, is the Planck length. The surface term in (5.87) has been added in by hand. Albrecht

takes the form

et al [84] included the same surface term for convenience.

The Lagrangian density derived from (5.87) is equivalent to (3.4) if we make the identification
X =7, a =z and put { = m = 0. Therefore the quantization and decoherence scheme
implemented in this chapter are applicable to gauge invariant cosmological perturbations. For
the de Sitter phase discussed z = 0 and no fluctuations are amplified. However for a realistic
inflationary scenario we would have small deviations from the purely exponential expansion. In
this case, following the approach of Albrecht et al [84], we can approximately put 2(n) x a(n) x
1/n. This should be a reasonable approximation as long as we are not interested in the overall
amplitude of fluctuations. The action (5.87) is now identical to the model in this chapter.

Of particular interest is the power spectrum |§;|?, which is the spectrum of fluctuations of
the Bardeen variable ®®. When quantized the Bardeen variable is equivalent to (5.53) up to an
overall k¥ independent numerical factor. Therefore we find from (5.77-78) that the power spectra

has the spectral dependence
|6k)2 o &y |0k|? o kL (5.90)

Thus we see that, when combined with decoherence, scale invariant power spectra (on super-
horizon scales during inflation) are only obtained if the surface term of (5.87) is included in the
action.

The role of the surface term is only to change the nature of the decoherence scheme. In an
open system the decoherence process is determined by the open system model. In this case the
surface term will play no role. What we have shown is that basic astrophysical predictions from
inflation can be sensitive to nature of the decoherence scheme. However in some sense keeping
the surface term does give a more natural decoherence scheme since it breaks up the original

phase space into smaller pieces. This is not the case when the surface term is dropped.
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5.7 Discussion and Conclusion

So what has been learnt? First of all the coherent state representation (CSR) has given us
a new phase space representation for the quantum state of fluctuations. As discussed in the
introduction, the CSR has advantages over the Wigner function as a phase space representation.
Work motivated by quantum optics showed that a squeezed vacuum consists of a continous
superposition over coherent states. The coherent states with support in the superposition form

a 1 dimensional line in phase space. We showed that:

e In the after Hubble crossing regime this line of support rotates towards the amplitude axis
and is exponentially suppressed beyond the amplitude level in (5.60). This shows trans-
parently the quantum coherence between classical-like spatially-inhomogeneous coherent
states. This quantum coherence inturn gives rise to the spatially-homogeneous squeezed
vacuum. Unlike the Wigner function the CSR shows clearly the need for decoherence in
order to generate inhomogeneities. The coherent states with support in the superposition
have momentum that tends to zero. This is the quantum analogue of the classical freezing

of fluctuations after Hubble crossing.

By decohering the squeezed vacuum in the CSR we have a simple way of implementing

the quantum to classical transition that is well motivated by work on environmentally induced

decoherence. We showed that:

o This procedure gave the same entropy as other coarse graining methods in the high squeez-
ing limit. This suggests the result § — 2r for the entropy in the high squeezing limit is
robust to the coarse graining implemented. Its important to realise that the squeezing
parameter r and therefore the entropy depends on the surface term in the Lagrangian. As
equations (5.43-44) show, the dropping of a surface term causes very large changes in 7
in the long after Hubble crossing regime. The entropy depends on the surface term since
it affects the nature of the decoherence process. Clearly the result § — 2r is ambiguous
unless the surface term is specified in some manner. This is a disadvantage of the simple
but ad hoc decoherence schemes used here and in (82, 83]. In a causal decoherence process
generated by an open system, the surface term plays no role [100] and the entropy can be

calculated in an unambiguous way.

e Amplitude and momentum fluctuations are sensitive to the nature of the decoherence
process, as is the spectrum of gauge invariant cosmological perturbations. However we
did show that scale invariant power spectra could be obtained by decohering in the CSR.

This was not possible by decohering in the number state representation. Clearly, we can
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not assume a priori that the quantum to classical transition will give results essentially

equivalent to those obtained using the pure states.

There has been an assumption in this chapter, also implicit in (82, 83], that the effect of the
continuous process of decoherence can be modelled at a given time by taking the pure state and
putting the off-diagonal terms in some chosen basis to zero. The assumption is plausible but is
by no means proved. Such a proof is beyond the scope of this chapter. A proper understanding of
the quantum to classical transition requires the introduction of an open system. The qualitative
effect of considering an open system is to renormalize the free system and to contribute an
effective dissipation and noise into the dynamics. The noise and dissipation are related at a
fundamental level via a fluctuation-dissipation relation. Noise is responsible for decoherence
and entropy generation. Dissipation may have important implications for the amplitude and
spectrum of fluctuations. The effect of dissipation can not be taken into account using the ad
hoc decoherence mechanism used here and elsewhere. Processes such as decoherence, entropy
generation and dissipation in the early universe should be studied within the rigorous framework
of a quantum field theory of open systems [29]. However this leads to very complex dynamics. A
more tractable first step in this direction would be to study the dynamics of quantum fluctuations
within the framework of quantum Brownian motion extended to allow for time dependent system
and bath oscillators [76] (chapter 2). Hopefully such a model will contain the essential features
of the non-unitary dynamics of quantum fluctuations in the early universe. The great advantage
of an open system model is that we have a causal decoherence mechanism and the nature of
the decoherence process is determined by the open system. The important issue is how does
decoherence and dissipation affect the astrophysical predictions and how sensitive are these
predictions to variations in environmental properties. One would hope that the properties
of classical demsity perturbations that emerge from quantum fluctuations would be robust to
variations in how we model the environment. In inflation the Hubble radius provides a natural
scale in which to divide the spectrum into environmental modes (short wavelengths) and system

modes (long wavelengths). These issues are currently under investigation [100].
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Chapter 6

Decoherence Functional Approach

to Inhomogeneities

6.1 Introduction

A lot of effort has recently been focused on understanding the transition between quantum
and classical mechanics. It has been proposed that a measure of the classicality of a system is
obtained by investigating the off-diagonal terms of the density matrix [20].

In [101] such a criteria was used to investigate the classicality of the inhomogeneous quantum
fluctuations in the inflationary period. It was shown that these fluctuations were not classical if
they were not interacting with an environment. A simple model of an environment represented
by a single scalar field was constructed and it was shown that the off diagonal terms of the
density matrix, in the configuration space basis, decreased rapidly as soon as the mode left
the Hubble radius. The main problem with this approach is the assumption that when the
off-diagonal terms in configuration space vanish, the system behaves classically. The density
matrix gives information about the field at a given instant in time but it does not indicate how a
small cell in phase space evolves. It tells us only how the sum of all these cells evolve. Classical
behaviour requires each small cell of phase space to evolve independently of the others, that is,
for there to be no quantum interference between different cells of phase space.

In this chapter we want to investigate a different approach to classicality, the one using
the decoherence functional [21, 22, 23]. This approach to the quantum to classical transition
considers not the state or eigenvalues of operators at a given time but rather focused on histories
defined by a series of the value of fields at a different time. The idea is that a necessary condition
for a system to be thought of as classical is that the probability sum rule for different histories

should be obeyed. In other words interference should vanish. In such a case Griffith called them
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consistent histories.

The tool to calculate the probability of an history is the decoherence functional. The fine
grained decoherence functional for histories defined by the positions at all times can be defined

through the path integral
DIN,h] = 6(q; = q5) expi [Sla'(m)] - Sla(m)]] old}y @i m0) (6.1)

where § is the action for the given history. In order for two histories A/, h to be consistent the
decoherence functional must be diagonal. Except for very special cases, fine grained histories
will not decohere. A possible way to get consistent histories is to coarse grain them.

A coarse-graining of this decoherence functional can be obtained by looking at histories
with approximate position or momenta, or by summing over some field which is considered an
environment. It is the latter case which corresponds to the the decoherence studied using the

density matrix method. A coarse graining can be defined as
De[R, h] = /h Dy /h Dq 8(¢} — a5) expi[Slg'(m)] — Sla(m)]] (g}, aim)- (6.2)

The path integral over ¢(7) is over all paths that start at ¢; at 7;, pass through the intervals
Al(m), A%(n2)..., A™(ns) at 1, z...n, and wind up at ¢; at time ny. Similarly for ¢'(n) which
goes through primed interval but end at the same endpoint g;.

In this chapter we study two types of coarse-graining; one due to coarse-graining of the value
of the scalar field and the other by summing over an environment as in [101]. We compare the
coherence length of the decoherence functional coarse grained from an environment with that of

the density matrix and find striking differences. We then discuss and conclude.

6.2 Comparing the Decoherence Functional and Density Ma-
trix Method

We will evaluate (6.2) for a scalar field evolving in the early universe both for coarse graining
of the field or of an environment. A crucial question is how to model this environment. Any
realistic model will be very complicated and hard to analyze. However, the basic physics should
emerge from the simplest models. Hence we use a model which can be solved exactly: the system
is a real massless scalar field ®1, (the inflaton), the environment is taken to be a second massless
real scalar field ®; interacting with ®; by their gradients. This will permit us to compare our
results with the ones in [101]. We consider the fields in the de Sitter phase of an expanding
Universe with scale factor a(t) = exp(Ht), where H is the Hubble constant.

The action of system and environment is

I= / d%\/g%((au@l)? +(8,82)° + 2¢(9,8,04®3)) (6.3)
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where g is the determinant of the background metric with line element given by
ds? = a*(—=dn?® + dz?). (6.4)

c is a constant measuring the strength of interaction between system and environment. We shall
normalize the conformal time 7 such that n ranges between —occ and 0 and a = —(Hn)™! with
H™! being the Hubble radius.

We will study two types of coarse graining. The first one will consist in summing over the
field ®; which mimicks the environment. The second one will consist of coarse graining the
value of the field ®;.

Our Lagrangian is quadratic in the derivatives of the fields and can hence be diagonalized
using fields ®, and ®_ for which the interaction term disappears. The coherences in the
quantum state between ®, and ®_ are only given by the initial conditions. For example, we
could choose an initial state where these coherences vanish. In this case, a pure state gives rise
to a pure state reduced density matrix when summing over one of the fields. Decoherence of one
field cannot occur by summing over the other one. We, however, suppose that the inflaton and
the environment do not form the diagonal basis. This assumption is reasonable since any inflaton
field (whose reduced density matrix we want) will interact with gravitational perturbations (part
of the environment).

We can expand the fields in harmonics in a box of fixed comoving volume (physical volume
a®) and investigate a particular wavenumber k = (k2 + k2 + k2)/2. As there is no coupling
between modes with different k&, we can consider a single wavelength and drop the index & for

convenience. The Lagrangian reduces to
2
L(g, 4,77 7) = “—g’—) [+ — K2q? — K*r® 4 20(d — K2qr)]. (6.5)

For simplicity we will consider histories described by only two values of ¢’s, the value at time 7;
and 7;. When a hamiltonian exists we can rewrite the decoherence functional in the operator

formalism as

D(h1, ha) = TriU (ng = 1) Pgr, p(m) P, U (0 = )5 ). (6.6)

In order to compare with the results using the density matrix, we will look for histories where
r is considered as an environment and at first ¢ is fine grained. The two histories that we will
consider are defined by starting at either ¢; or gz at 7; and ending up at g¢5. The decoherence

functional becomes
D(hy,hg) = N/drldrgder*(q,c,rf,Tlf;‘lz,rz,m)ff((lf,rfyflf;fh’?‘h‘ﬂi)ﬂ((h,?l; 2,72, i) (6.7)
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and the propagator K is (see appendix D)

K(a5, 75,07 41, 71, mi) = ik | i (g At 2oy (gf 4 rf 4 2emr)ys
QfsTH N5, 0) = on H2z ‘p22‘ Hzn;% Hn,
(6.8)
2k (qrqy + ryr1 + cqpry + erpqy)
+ P
where
T = —k®nsn;sin kA + kA cos kA — sin kA (6.9a)
ys = —k°nsmi cos kA — k?ny sin kA (6.95)
Y = —k377fm cos kA + kZn; sin kA (6.9¢)
and A = 5 — n;. If we assume the initial state is
¥(g, 7, mi) = aexp —blg® + 7° + 2aqr] (6.10)

where b is complex and « is real, we find that

i(1—¢2) [y(q? — g2 2%° — .
D(hy,he) = Dexp ( o ) [J‘(Eznfz] + Qf(HQ; QZ)} exp —(¢t A + 3A* + q12B) (6.11)

where
A =[b*(1 - ) + bb*(1 + ¢* — 2ca)]/ (b + b*)

B = —2bb"(c — @)*/(b+b%) (6.12)
. T 1/2 k3
b =aa (b n b*) i

This decoherence functional predicts a certain coherence length Lgs, which is the maximum
length (in configuration space squared) between histories over which interference is not expo-
nentially suppressed. However to get a better measure of the decoherence of the decoherence
functional, Dy, we should divide Ly by the probability width of the system Py. This is ob-
tained by setting ¢1 = ¢; in (6.11) and finding the length in configuration space squared where
the probability not exponentially suppressed. We find that

_ Py A+A-B 4bb*(c — o)?
T Ly A+ A +B T (It

Dy 1+ (6.13)

When Dy >> 1 we have significant histories decoherence. This measure for histories deco-
herence can be compared to the one used in [101], using the off-diagonal terms of the reduced

density matrix which is given by

T

1/2 '
Pred(@1, 92, i) = /¢(q1,r, n)¥" (g2, 7, mi)dr = aa® (b+b*> exp—(qi f+ 05 f*+q1929) (6.14)

where
g=-20%06%/(b+b"), f=(b%1~a?) +bb")/(b+b"). (6.15)
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In this case an analogous measure used was

Pim _ [+ =g _ (b+0)*—o?(b-b)?

Lam f+ f*+yg - (1- az)(b-{-b*)? (6.16)

de =

This expression was analysed in [101] for the Bunch-Davies initial condition which corresponds

to
k2
Y o

The limit of interest is long after Hubble crossing where |k7;| << 1 which implies that b =

(6.17)

a=ec,

k3/(2H?) — ik?/(2H?n;). In this limit we see that Dgy >> 1, however Dgs = 1. Thus we have
a situation where an arbitrarily large decoherence of the configuration space density matrix
corresponds to a maximally coherent decoherence functional. The Bunch-Davies vacuum is the
ground state. If we perturb the initial coupling away from ¢ then we will have some histories
decoherence as well as density matrix decoherence. In this case the propagator will generate an
imaginary contribution to c. This imaginary part will modify (6.13) and (6.16) in a way that
cancels the divergence which would otherwise occur for o # ¢ (a real) in the limit kn; — 0. In
this case there may be closer relationship between the two decoherence measures. We can get
an idea of the relative strengths of the two decoherence measures (for real a) by taking their
ratios. We find

Lim A+A"-B c(e — 20)bb*

Ly T f4fr—g =1 (re b)? + a2(im b)?’

We can see that if ¢ = 0 the two coherence lengths agree. This can be easily seen form

(6.18)

(6.7). The integral over r¢ will be proportional to é(r; —r2) and thus the decoherence functional
is proportional to the initial density matrix. It is rather surprising however that turning on
the interaction from ¢ = 0 to ¢ = 2a will increase the coherence of the decoherence functional
relative to the density matrix. However for ¢ > 2a the coherence length of the density matrix
is larger than the coherence length of the decoherence functional. This shows that in this case
there is no obvious correlation between the two decoherence measures and that the decoherence

of the density matrix does not imply the decoherence of the decoherence functional or vice-versa.

6.3 Averaging the System

It is important to ask whether a simple averaging of the system field is enough to generate the
quantum to classical transition. So in this section we consider coarse-graining our system in
configuration space. In this case the histories are not defined by precise values of ¢ but by a
range determined by ¢ (a variance) around a given value. The decoherence functional can then
be obtained by integrating the fine grained one. The Ps are projectors on a range 20 of the

fields. They are rather tedious to work with analytically. It will he useful to keep the analytical
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result simple so we use the gaussian pseudo-projectors
1 e —(zi — @:)?
a — . . . . . .
B = m/—w dz;dr; exp ( =, |2i, i) (ri, 2] (6.19)

They are not exactly projectors as
P #£p (6.20)

but are a sufficiently good approximation for our purpose. Substituting (6.19) into (6.6) we get

P 2 2o — 2 2o — 2
D%(hy, ) = / dzdzydzs exp | - (2 o,fl) _( 202‘12) (& aff) |D(hy,ha)  (6.21)

where D(h1,hs) is given by (6.11). We choose the Bunch-Davies initial condition (6.17) for
(6.11). This is the most natural initial state to choose, it considerably simplifies the algebra and
it ensures by virtue of (6.13) that any decoherence obtained will not be due to the environmental

coarse-graining. We can rewrite the result in terms of Q = ¢; + ¢q2 and § = q; — g2 and get

D°(hy,h3) = N exp[a1Q? + a6% + agqfe + a4Q6 + asqsb + agQqy] (6.22)
where
-1 1 M+ M*+2V
A i M A8
202 " 40t MM*-V?
L, L MM
27552 T 4ot MM*-V?
V(M + M -2V)
2T e MM V)
= S (MM — V)
4 _z'V”?(M + M* - 2V)
ST (MM - V?)
e VMM — M)
¢ T (MM —V?)
Wik ( 2) ( 2)2k6 2
1 avge  H1 =%y l1-¢ o
@ o2 (L)t + 2cH?n? 4z H*
(6.24)

(1 — 2)2%k542
4z '
Investigating (6.22-24) shows that coarse grained histories that are determined by their

V =

approximate positions at various times are not exactly consistent. Exact decoherence is rather
difficult to obtain so we investigate approximate decoherence. Histories are approximatively
consistent if

|ReD(h1, ha)| < eMin |ReD(hy, 1), ReD(ha, hy)] (6.25)
This only means that the off-diagonal are much smaller than its corresponding diagonal part

and thus the classical sum rules applies approximatively. ¢ controls how good the approximation
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is. If we consider symmetrical histories (¢, = —¢2,q7 = 0) then it is easy to see from (6.22) that

(6.25) translates mathematically as

a
= <<, (6.26)
a

We also want to be able to interpret the quantum mechanical average of operators as a statistical
one. This implies that the coarse-graining should be smaller than the fluctuations (Agq)? of the
field. For the Bunch Davies vacuum (6.17), in the long after Hubble crossing limit, (Aq)* —

H?/k> hence we require
2

= (6.27)

In general (6.23) will be very long expressions. However they simplify greatly in the late
time limit which implies that from (6.9a,6.9c) y; — —k3n? and z — ‘;A(.?»nmf + A?). We
further consider the limit A — 0,7; — 0 and 7y — 0. We can take this limit while keeping an

arbitrary constant proper time interval, §¢ since dn -~ _H 7. In this limit we find that
dt

ay —

-1 1 {i+(l~c2)k3]—l

202 " ot | o2 H?
. -1
S
27 902
—(1—e2) [2m2 — 2\ B3 g2
a5 — (1 —¢ ) |2H+ (1 ¢ )k o (6.28)
a? 3H? 4 (1 - e?)k®0?
a4 — a5 — 0
-1
201-¢* |3 (1-c*k®
- [? |
For our model in the late time limit (6.26) becomes
2 x~1/3. (6.29)
az

Equation (6.29) tells us that there is weak decoherence but not a significant amount. Clearly
more coarse graining is required than a simple averaging. To get a better feel for this number it
is worth comparing it to the long before Hubble crossing limit which gives a;/az = 1. Thus the
after Hubble crossing limit does lead to some decoherence but not a significant amount.
Assuming decoherent histories (6 = 0,¢ = @/2) we find that (6.22) becomes, using (6.28)
and (6.27)
-2

De(h,h) ~ N exp [F(q - qf)2] i (6.30)

Thus at late times the histories would be peaked about ¢ ~ ¢ which is exactly the behavior of

the classical motion.

69



6.4 Discussion and conclusion

We see from (6.16) that the decoherence in the density matrix is due purely to the phase of
the wave-function. This dependence on the phase is interesting since the phase can always be
changed by a point transformation on the Lagrangian. We can see this as follows. A point

transformation will transform the total Lagrangian (system+environment) as
- ) . d
L(q(2), q(t)) — L(q(1), @2)) = = f(q(1), 1) (6.31)

which, as shown in appendix C, means that the propagator and wavefunction transform as

transform as

U(35.t5: @ ti) — e DTGy, t5; G, t:) e (@8) (6.32)

and

B(§,1) — e~ @y(g, 1) (6.33)

Physics is generally considered invariant under the point transformation (6.31) because expecta-
tion values of functions of ¢ and the physical momenta ¢ are invariant as was shown in appendix
C. However the reduced density matrix of a subsystem in is not invariant to these point trans-
formations on the total system. A point transformation is exactly what is being done when
surface terms are dropped in a lagrangian. Using (6.32) and (6.33) we can see that the decoher-
ence functional (6.7) is invariant under point transformations. This is an important difference
between the two formalisms.

In models with more general couplings we should expect decoherence of the reduced density
matrix to depend not only on the phase but also on the real part of the exponent of the wave
function. In this case there might be a simpler relation between the decoherence functional and
the evolution of the density matrix.

It is also interesting to investigate the influence functional for this model. Naively we might
relate a diagonal density matrix with the existence of a noise kernel in the influence functional.
Consider (6.2) where ¢ — (g,7),¢ — (¢/,r') and the r,7’ coordinates are completely coarse-

grained out. In this case (6.2) becomes
DIK',h] = /h Dg /h D [ dasdaidayda); 8(as—d5) exo i[Ssla(n)]~ S4d' ()| Fla(n), ¢ (n)] (6.34)
where Fq(n),q'(n)] the influence functional is

Flg(n),¢'(m)] = / dridridr pdr’; 6(rg — r)p(gi, 7is 5 75 )
(rg.rmy) (6.35)
X /( DrDr’ expi[Sy[r(n)] + Sila(n), r(m)] = S¢r' ()] = S:ld'(m), '(m)]-

ol .
Tlv".‘ynl)
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For our model (6.5) with the Bunch-Davies initial condition (6.17) we find that the influence

functional is
/ i [ 5 g g €Y 4 g
Flan, dm) = exo | = [ 2@ = ) - 5= [ (@ - 1)
T T

e Cbpbar - q})*]

(6.36)
X exp |—(1 — ¢*)big? - 1 —cHbrg)
P[ ( Jbigi — ( )biq b 5

A striking feature of (6.36) is the absence of a noise kernel that is typically associated with
decoherence (see (2.10)). This is due to the very special form of interaction we have chosen.
The result is that in (6.34), there is no exponential suppression of widely separated histories and
hence no histories decoherence. This explains why we found no histories decoherence in section
6.2. The influence functional will still not have a noise kernel even if the initial state does not
have ¢ = a. This shows that the absence of noise kernel does not imply a coherent evolution of
the density matrix. Clearly we must be very careful in using the density matrix as a tool for
investigating the quantum-to-classical transition.

We have shown that the decoherence functional shows some decoherence for the interaction
given in (6.3) for a wide selection of initial states. We have also shown that there is a surprising
result for the case ¢ = a as we have already mentioned. This case surely needs further study
in order to understand why a mixed state can lead to a maximally coherent (factorizable) de-
coherence functional. We also considered the interesting possibility of decoherence after Hubble
crossing though coarse-graining the system field. We found this led to weak decoherence after
Hubble crossing but probably not enough for an effective quantum to classical transition. This

means that coarse-graining in addition to system averaging is required.
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Appendix A

Influence Functional

Here we describe the calculation of the influence functional. From (2.9) the influence functional
is

Fla, 2] = Tr(0low ()0 1[2),]) (4.1)
where U is the quantum propagator for the action Sg[q] + Sint[z(s), q] with z(s) treated as a
time dependent classical forcing term.

Our first task is to determine the propagator for the action
Sela] + Sins[(s),q] = /ds {Z{ mn(3) (22 + ba(5)ndn - wi(s)e?) }
+ Z( —c1n($)F(2(5))gn — Can()F(5(5))gn (A.2)

) Fa(6)in(5) = ()P )) |

This interaction is the most general interaction possible which is linear in the bath. Dropping

the n subscript the Lagrangian for a mode takes the form
5(t) = 5m(®)(# + b()ad - w2(Oc?) - dler(t)F(a(®)) + ea(H) (1) s
3
— dlea(t)F(2(2)) + ea(t)F(2(1)))-
Defining the canonical momenta the usual way we find that

o = T = m(Oi + MO - (D (a(2)) + e F(ED). (A4)
The Hamiltonian, H(t) = p.¢ — L(t) then takes the form

H(t) = e ()(pcq+qpc)+ ()< z(t)+b2 t))

am(t)
+ [0 F((0) + e F(2(1)) - (”)(cs(t)F( (1) + el ()] (45)

4 lea@F(=(t)) + ca(t) F(£(2))] pe+ [ea(t) F(2(2)) + calt)F(2(2))]?
m(t) 2m(t) '
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The system is quantized by promoting ¢, p. to operators obeying [, p.] = ¢/. Then writing

q= %(&MT), D=1 %(dT—d) (A.6)
we find that (A.5) becomes

A(t) = f)A+ (AT + h()B + d(t)a + d*(D)al + g(2) (A7)

where A and B are defined in (B.2) and

m(t)w? m(t)b? K
f) =4 ( 0, = s ib(t)) (458)
_h{ & m(t)wi(t)  m(t)b*(t)

Alt) = 2 (m(t) * K LT ) (4.9)

K

d(t) = \/2E [a(t)F(w(t» +aOF(E0) - (- i) (R (a(0) +c4(t>F(¢<t)>1] (4.10)

(1) = [c;;(t)F(a:(t);:r;(;a;(?5)1‘—1(-":(15))]2 (A.11)

In appendix B we have derived the evolutionary operator generated by the Hamiltonian of
(A.7). It has the form

0t,t) = 30, DRODG) exp [~ ~ L [g(o)ds + [ s [(asalyp ()] (412

From the first two equations of (B.13) we see that the squeeze and rotation operators do not
depend on z. Thus § = §’, R = R'. Using this fact, the unitiary nature of the operators in the
propagator, the cyclic trace rule and the identity [55]

2 - - 1 * *
D(p)D(p') = D(p+p) exp [g(pp’ -p p’)] (4.13)
we find that (A.1) becomes

~ " 1 * * &) *
Flz, 2"} =Tr{pp(t:)D(p — p')] exp [5(;013’ -p*p —pp" - p'p )J

t s - (A.14)
X exp [ [ ds [ ds [po) () + 57 (s8] - 5 [ dslals) - g'(s)]].
Making use of the integral identity
/b " (0 dt /b " h(t)dt = /b ’ /b [(OA(E) + g()h(8)]dt dt (4.15)

its possible to write
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Fla, ) =Tr{pu(ts) Do — )] exp [~ [ dsla(s) = ()]

co |y [as [ 4 (0 - OO HIO] (g

te

+[(s) + 5/ () (s) - p*(s)])] .

We will now evaluate the influence functional for a squeezed thermal initial state. Qur first

task is to compute the trace in (A.16). Our initial state is of the form
po(ts) = 5(r, 8)pn81(r, 6) (4.17)

where fj;p, is a thermal density matrix of temperature T defined by the thermal density matrix

takes the form

. —hw —nhw
o= [1- e ()] Tew (23 il (4.18)
and §(r, ¢) is a squeeze operator defined in (B.12). The trace in (A.16) becomes
Tripn(t:) D(p — p)] = Tr(puST (v, ) D(p — )5 (7, 9)]. (4.19)
Making use of [55]
S'T(r, $)D(p)S(r, $) = D(pcoshr + p*sinh re?i®) (A.20)

equation (B.16) and [69]

A A.l. : - [t_u ( hw )]
Tr(pen exp(ta' + ua)] = exp 5 coth T (A.21)
we find that

Trip(t) Dl = 1)} = exp [~ coth (70 ) 1(o = ) coshr + (p = )" sinh re[2] . (4.22)

Making use of the integral identity (A.15) we can write

Trlpu(t:)D(p - )] = exp [ Lo () [as [
x {505) = # (k') ~ 7)1 cosh2r
+ [B(s) = P (&) [6(s") ~ §/(s')] cosh2r wL23)
+ sinh 2re™2[p(s) — 5/ (s)][5(s') - 7/(s")]
+ sinh 2re™?[p(s) ~ /()] [p(s") ~ p’(s’)}*}} :

Now put into (B.17)
d=uF(z)+vF() (A.24)
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where from (A.10)

_ h c3 . C3 _ | h ¢y . C4
u_\/ﬂ(cl—bg—m;&—), 0_1/—2;<02—b-§—m7—n—) (A.25)

and further define
U=uf*+uea*, V=0v8*+v"a". (A.26)
Using (B.17,A.23) and (A.16) we find that the influence functional for a mode n takes the form

t

Fila,o) =exp| - 3 [ ds [ ds [A(s)unnls, )Z() + Ahan(s, 5()

i

+ A(ian(s, )E() + Als)itan(s. )E()
— %/dsé/dsl [A(S)Vln(sa S’)A(s/) + A(S)VZn(S, Sl)A(s’) (A27)

+ A(8)van (s, SA(S) + A(8)van(s, 3’)A(3’)]

1 t

-3 [ asto(e) - 9]

where
A(s) = [F(z(s)) — F(a'(s))], 25(s) = [F(a(s)) + F(2'(s))]
A(s) = [F(a(s)) = F(#(s))], 25(s) = [F((s") + F(&'(s))]
pn(s,8) = SEU(U(") = UH(8)U(s")]
pan(5,5) = =V ()U*(s) = V*(5)U (")
i (A.28)
on(3, ) = 2= U (V (&) = U@V
pan(,8) = = VV() = V*(5)V ()]
and
4 —ico —hi cosh 2r(U(s)U™(s’ *(s)U(s
in(3,8') = g coth (7 ) [cosh 2r(U (U™ (s") + U ()U(S") o
— sinh 2re” %4 (s)U(s') — sinh 2re2i"’U*(s)U*(s')]
/ —iCO _hi cos r s\V* S, *(s 5,
van(s,) =3 coth (5 ) [cosh 2r(U(5)V(s) + U ()Y () o
~ sinh 2re~%*U(5)V(s') — sinh 2r62i¢U*(s)V*(s’)]
14 _i _BL *®0 7 * !/
v3n(s,8") =oz coth (2k3T> [cosh 2r(V(s)U™ (") + V*(s)U(s")) B

— sinh 2re~2*V (5)U(s') — sinh 2r62i‘bV*(s)U*(s')]
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Van(s,s") =% coth (%) [cosh 2r(V(.§)V"(s') + V*(s)V(s"))

(4.32)
— sinh 2re %%V (s)V(s') — sinh 2r62i¢V*(s)V*(s')]
and
(9)F(a(s) + ea(s)F(i(s))]
g(s) = s - (3‘; | . (A.33)

Note that the g term in the influence functional can be absorbed into the system Lagrangian.
Of course the total influence functional is an infinite product of influence functionals over n.

Therefore if we define the spectral densitry as

Hw,s,8) = 3 6(w - wn)ﬁ‘-(%:_(ﬂ (A4.34)

we obtain the results of (2.10) and (2.18-19) where we have put ¢g,¢3,¢4 = 0.
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Appendix B

Propagator 1

Consider the Hamiltonian

A(t) = f)A+ FFOAT +h@)B + dt)a + d*(t)al + g(2) (B.1)
where T
52 ~T2

A= 52- At = “T B=atat+1/2 (B.2)

and [a, dT] = 1. We want to find the propagator for this general time dependent system. We

make the ansatz

U(t, ti) — ez(t)Bey(t)/iez(t)AT eq(t)&ep(t)&Ter(t). (33)

It has proved by Fernandez [68] that this is global. It must satisfy the evolution equation for
the propagator
ﬁmmmm=m%0@m (B.4)

subject to the initial condition f](t,',ti) = 1. We find that the operators A, AT,B, “,&,T satisfy

the following commutation relations

(A, A'= B =B, [4d,B)=A4, |4l B]=-24t

[, Al = af, [af, 4] = -4
[a,B)=a, [af,B]=-al (B.5)

[a, A] = [dT,fiT] = 0.
Making use of the commutation relations and the operator relation
<A R B
e“COPpe 0 = P + [0, P] + 5710, [0, P + . (B.6)
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we find

Substituting (B.3) into (B.4) and using (B.7) we find
f = ih(ge™%" + 3y2e27)
f* = ih(2e*)
h = h(z + 2y)
d = ih(d(1 - y2)e™> + pye™)
d* = ih(pe® — §ze®)

g = ih(pq + 7).

(B.7)

(B.8)

Since the first three equations of (B.8) are independent of d and g the first three terms in the

propagator (B.3) are independent of the last three. As it stands (B.3) is not necessarily unitary.

Thus z, vy, z must satisfy some further restrictions. If we write
zt=lnea, y=-Pa, 2=

where

oa=e¢%coshr, B=—e*sinhr
then we can write (B.3) as (using relations in [55})
U(t,t;) = §(r, ¢)R(0)eq'iep‘iTer

where 2¢ = 2¢ — 6 and

R(9) = "B, S(r, ) = exp[r(Ae~ ¢ - ATCWJ)]_
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(B.9)

(B.10)

(B.11)

(B.12)



§ and R are called squeeze and rotation operators respectively [55]. They are are both unitary

as is required. Substituting (B.9) into (B.8) we find

hé = —if*B - iha

KB =ihB +ifa
hp = —i(df™ + da”) (B.13)
¢=-p

ht = —ig — hpg = —ig + hpp*.

The first 2 equations of (B.13) completely determine a and 3. The last three determine p,q,r.
Making use of

P T e
F+6 = oF G- (B.14)

where £ and G are any operators that satisfy [F', G] =constant, we find that (B.11) becomes

U(t,t;) = S(r, $)R(6)D(p)e~7P"/2e™ (B.15)
where
D(p) = explpal ~ p*d] (B.16)
and o
pt,t) =~ [ dd@F () +d'(Da”(1) (B.17)
)= -3 [ o@ae+ [ 50wt (B.13)
If we define ‘
p(t) = pa(t) + 1p2(2) (B.19)

and use the identity, (A.15), we find that (B.15) becomes
= = " “ t s
0(t,8) = S(r, $)R(6)D(p) exp [z /t ds /t " ds'[a(s)pr (o) pl(s)m(s')]}

X exp [%z /t:g(s)ds] .

This form shows explicitly that the propagator is unitary.

(B.20)
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Appendix C

Surface Term

Consider the following addition of a general surface term to a Lagrangian

Ked) ~ L)~ 5@

. Of. 0
~ Hai)-ghi- 3 (C.)

This is the same as a point transformation on the Lagrangian. This transformation changes the
canonical momentum to

&, (C2)

where p is the canonical momentum of the original Lagrangian. From (C.1) we find that the

action transforms as

Sla) — Slql - flas,t5) + f(agir ). (C.3)

This point transformation doesn’t affect the classical equation of motion because they are derived
{from the stationary action condition 6.5 = S{q(t)]— S[q(t)+d¢(t)] = 0 where §¢(¢) vanishes at the
endpoints. However from the general expression U(gy,t5;qi,t:) = N 3 op, 'S for the quantum
propagator we can see that under the transformation (C.1) the quantum propagator transforms

as

U(as,trigirts) — e WU (gp, by i, 1) 0080 (C4)
which inturn means that the wavefunction transforms as
P(g,t) — e~ (g, 1), (C.5)

The effect of this phase on average values is as follows. Consider the observable g(q,p). The

average value of this observable with respect to the transformed wavefunction (C.5) is

(9(g,p)) = / dqe' !0y (q,8)g(q, e~/ @0(q, 1), (C.6)
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Obviously if g is only a function of ¢ then everything commutes and the phase cancells. When

g is also a function of p we must write, using (C.2)

.0 Of
p= —la—q + (9_(1 (07)
remembering that now p = —ia% since it is the new canonical momentum. We therefore have
. - 0 ,t
pe—"f(‘bt)f(/](q, t) = _Ze_"f(qtt)M_ (C.S)

dq

Clearly then the phase in (C.6) will cancell in general and it therefore has no effect on the
expectation values of observables. Thus vacua which differ by a coordinate dependent phase are

considered physically equivalent.
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Appendix D

Propagator 11

In this appendix we will outline how to calculate the propagator for the Lagrangian
2(77) 2,2 2,.2 . 2
L(q,4,r,71n) = ) [q + 72 - k2q% — k*r? 4 2c(gr — k qr)]. (D.1)

This can be rewritten as
Ln) = T2 4 2 - k3?1 47) (D.2)

1+e¢
=\ —g—(a+7), y=

Our task is now to calculate the propagator for (D.2).

where

“g=). (D.3)

Since the Lagrangian (D.2) is quadratic the propagator (for the z variable) is [3]

I(( . )_ 7 025 1/2 [15 (:B - I)] (D 4)
T, T 777 27!'53.’13893’ exp Boe RN .
where
Se(z,m;2', 7)) = l/n dr a*(7) (9:'62 - kzxg) (D.5)
2/

is the action evaluated along a classical path z.(7) which obeys the classical equation of motion
. a. 2
o+ 25% + k*z. = 0. (D.6)

By integrating the kinetic term in (D.5) by parts and using (D.6) we find that (D.5) becomes

a?z o m

2 (D.7)

Sc(z,m2',n') =

'
The two linearly independent solutions to the equations of motion (D.6) for the de Sitter phase

a(t) = —1/(HT) can be written
Te1(7) = krcoskr — sink7, () = k7sin kT + coskT. (D.8)
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The general solution that satisfies z.(n) = z and z.(n") =z’ is

ze1(7) (22a(n) = @'2c2(n)) + 2ea(7) ("2 01 (m) = 231 ("))
ze2(n)ze1(n) — Ter(n')ze2(m)

z.(T) =

(D.9)

If we substitute this into (D.7), use (D.4) and write the answer back into the variables ¢, we

get the propagator (6.8).
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