Noncommutative Spin Geometry

by

Adam Rennie

Thesis submitted in partial fulfillment
of the requirements for admission to
the degree of Doctor of Philosophy

in the Department of Pure Mathématics
at the University of Adelaide

July, 2001



i
Abstract

We formulate and examine a generalisation of Connes’ axioms for noncommutative
manifolds. This generalisation allows the description of noncompact versions of these
manifolds. A key ingredient is an extension of Connes and Moscovici’s Local In-
dex Theorem to a large class of nonunital algebras. We then prove that with this
level of generality the commutative examples are precisely the complete classical spin
manifolds.
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Introduction

This thesis grew out of an attempt to understand Connes’ paper ‘Gravity Coupled
with Matter and the Foundations of Noncommutative Geometry,” [18]. This was
released as an eprint in 1996, and came to my attention as an honours student at
Sydney University in 1997. My interest in the paper at that time was focussed on
the physical applications, and I wrote my honours thesis on these aspects of the
paper. These physical considerations are taken up further in [25, 15, 16, 50, 37,
23, 42, 46, 33] to mention just a few. We will not be speaking explicitly about
these physical applications or results in this thesis. Instead, this thesis examines the
more mathematical aspects of the paper, in particular the axiomatic formulation of
noncommutative manifolds.

The central result of this thesis is a proof of Connes’ claim that his axioms for noncom-
mutative geometry recover closed spin manifolds when specialised to the commutative
case. In fact, considerable effort is devoted to extending the result to complete non-
compact spin manifolds as well. This necessitates a number of minor extensions of
known results, proofs of folk theorems, and the occasional nontrivial extension of
some analytic or algebraic result to nonunital algebras. A key result is the extension
of Connes and Moscovici’s Local Index Theorem to the nonunital setting, proved in
Chapter 2. Consideration of the nonunital case also draws out some of the essential
structural properties of noncommutative geometries which are hidden by simplifica-
tions arising from unitality.

The thesis is organised in what is rapidly becoming a traditional manner in noncom-
mutative geometry. The first Chapter deals with background results and establishes
notation that will be required for the rest of the thesis. The section on C*- and smooth
algebras recaps standard definitions and results, with the one possible exception of
the definition of local algebras. Noncommutative algebraic topology is discussed in
the next section, and while discussing K-theory, we clear the air about what algebraic
objects generalise sections of vector bundles in the noncompact case. This ‘Nonuni-
tal Serre-Swan Theorem’ has been assumed in various (often erroneous) forms in the
literature, but to the knowledge of this author, it has never been adequately described.

Before leaving K-Theory and K-homology, we generalise Connes’ picture of Poincaré
Duality to the nonunital case, working by analogy with Poincaré Duality for noncom-
pact manifolds. This involves defining a compactly supported K. -homology group,
which relies on the local structure of the algebras that we employ. It is highly un-
likely that such a group could be defined for an arbitrary nonunital algebra.
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The next section deals with (noncommutative) differential forms, connections and
the homology theory that goes with them, Hochschild homology. The only result
of note here is that local algebras, in the sense of Section 1, are H-unital and so
satisfy excision for Hochschild homology. The next section briefly recaps the main
definitions and results of Connes’ cyclic theory. We will be interested in this mainly
in the context of the Local Index Theorem of [26]. We need to extend this result
to the noncompact/nonunital situation in order to utilise the noncompact version of
Connes’ Theorem 8, [19].

The last introductory section outlines the Dixmier trace, its relation to the Wodzicki
residue in the commutative case and what these two ‘measures’ have to do with
spectral theory via Voiculescu’s results. We also prove some results about the Dixmier
trace for noncompact manifolds.

Chapter 2 is the most technical. It begins by introducing spectral triples, Connes’
notions of summability, dimension spectrum, and ‘Wodzicki residues.” Numerous tech-
nical results are required to show that the weaker summability conditions employed in
the nonunital case are nonetheless strong enough to ensure the various continuity and
measurability properties of the Dixmier trace continue to hold. We then offer refine-
ments of the estimates in [35, 26, 27] necessary to extend the Local Index Theorem to
nonunital, local algebras. This is a technical but essentially routine exercise, however
the result is nontrivial. In particular, we obtain as a corollary a nonunital version
of Connes’ Theorem 8, [19, IV.2.y]. We also describe, in the Appendix, a simple
and explicit example of a spectral triple which fails to be summable, but which has
finite dimension spectrum and otherwise satisfies the conditions of the Local Index
Theorem.

The third Chapter introduces Connes’ axioms, stated slightly differently to his original
formulation in [18]. We then outline and prove the main results which hold irrespective
of commutativity or unitality. A main feature is that Poincaré Duality in K-Theory
provides a strong Morita equivalence between the noncommutative analogues of the
algebra of functions and the Clifford algebra. This provides a noncommutative version
of a spin® structure, in line with the results of [59]. We do not claim any kind
of completeness or exhaustiveness in our study of these axioms, and fully expect
that many more consequences of them remain to be proved. We will mention a few
conjectures and possible directions in the conclusion.

Chapter 4 proves that commutative geometries satisfying Connes’ axioms are indeed
complete spin manifolds. We also prove that the minimum of the gravitational action
selects out the Dirac operator of the (lift of the) Levi-Civita connection amongst all
compatible connections on the spinor bundle. This was proved in dimension 4 in
[46] and in even dimensions in general in [42]. Our proof, which deals with the odd
dimensional case also, follows [42] quite closely. We note that the proof of the closed
(compact, no boundary) version of Connes’ spin manifold theorem first appeared in
[62].

We conclude the thesis with a summary of the state of the art of noncommutative
manifolds and some ongoing open problems. We also outline some aspects of [18]
which are not addressed in this thesis, owing to time and space constraints. These
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largely deal with operations on noncommutative geometries, and methods of con-
structing new geometries from old.

It is worth pointing out from the beginning that this thesis was never intended to
touch the results of index theory more than lightly. However, Connes’ generalisation
of the notion of manifold is not just for the sake of generalisation, but is guided by
and built upon the requirements of index theory. That this is so can be seen by the
necessity of generalising precisely the same tools as those necessary for the Local Index
Theorem, and conversely that the axioms for noncommutative manifolds guarantee
that the hypotheses of the Local Index Theorem are satisfied.

The extensive background dealt with in Chapters 1 and 2 is included not just for com-
pleteness, nor just to give the framework for the various nonunital results we consider.
The main reason for incuding it is to motivate the form of the axioms, and to under-
stand why they have the form they do. In particular, understanding Connes’ Theorem
8 as identifying the noncommutative integral in terms of the Dixmier trace, via the
index pairing, gives the strongest possible justification for including the Dixmier trace
as part of the axioms.

In the last six months, noncommutative geometry has benefited from two new books.
The first, [37], is very much in the vein of this thesis, dealing with commutative geom-
etry from the noncommutative point of view. The second, [39], is an excellent treatise
on K-homology, a subject that had been lacking an in-depth and clear treatment for
some time. Both these books have made the job of writing this thesis easier in two
ways. First, they have provided clear proofs of various folk-theorems that have im-
peded my progress or distracted me from my main tasks. Second, they have provided
handy references to which I can point for further information. Previously, it had
appeared that this thesis would balloon out of control due to the enormous amount
of background material which required explanation. These books have considerably
eased that burden.
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Chapter 1

Background Results

This Chapter provides what has by now become the standard tour of the basic back-
ground to noncommutative geometry, [37, 19, 50], but in addition we prove numerous
results extending known results to the nonunital case. We begin with noncommuta-
tive pointset topology, that is C*-algebras, as well as their smoother cousins. We also
define in this section the class of local (nonunital) algebras with which we will work
throughout the rest of the thesis.

Then it is on to algebraic topology (K-theory and K-homology.) Two important
generalisations are dealt with. The first of these is the algebraic characterisation of
modules provided by sections (vanishing at infinity) of vector bundles on noncompact
spaces. This nonunital Serre-Swan Theorem goes beyond the usual description of
tvector bundles trivial at infinity’ and deals with the general case. The second is the
identification of the endomorphism algebras of such modules.

Following the section on K-homology we tackle the formulation of Poincaré Dual-
ity using the cap product and the pairing. In particular we discuss the nonuni-
tal/noncompact version of Poincaré Duality, and extend Connes’ definition of Poincaré
Duality to the noncompact setting. This requires a definition of ‘compactly supported’
K-homology. Such a definition is not possible for a general nonunital algebra, but is
quite natural for our local algebras. We prove some basic results about these groups.

Differential forms and differential topology occupy the next two sections, the two
corresponding to Hochschild and cyclic (co)homology respectively. The main results
from these sections are that local algebras are H-unital, and so satisfy excision in
both Hochschild and cyclic (co)homology. This allows us to use the reduced forms
of these theories in an unambiguous manner. We also make some effort to describe
the links between Index Theory and the results of these sections, in particular what
Connes’ Theorem 8 tells us about the integral.

The last introductory section offers a brief description of the Dixmier trace, Wodz-
icki residue, and the relation of these two constructions to each other and spectral
measures. The main result here is that the Dixmier trace can be used to recover the
measure on a noncompact manifold. This serves as further justification for employing
the Dixmier trace as the noncommutative integral in the subsequent Chapters.
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1.1 Algebras

We will accept the motto ‘von Neumann algebras are noncommutative measurable
functions while C*-algebras are noncommutative continuous functions,’ without doing
more to justify it than referring to [19]. In this thesis we will scarcely touch on the
world of von Neumann algebras, despite the fact that everything in noncommutative
geometry takes place within a ‘von Neumann envelope.” We will focus for the most
part on the continuous and the smooth aspects of the theory, ignoring the merely
measurable. This section offers some relevant background results and definitions.
The only nonstandard items are irreducibility of representations of C*-algebras on
C*-modules and the definition of local algebras.

1.1.1 (C*-Algebras

Most of the basic facts about these algebras will be assumed or quoted as necessary;
our basic references are [57, 30, 31, 60].

Our principal interest will be in representations of separable C*-algebras and certain
of their dense subalgebras on Hilbert spaces and sometimes on C*-modules as well.
Since we will (almost) always require a representation, mention of it will usually
be omitted, and it will be assumed faithful. This will allow us to concentrate on
C*-subalgebras of B(#{) where # is a separable Hilbert space. The main technical
benefit of assuming that a C*-algebra is separable is that it ensures the existence of
a countable approximate unit. A C*-algebra with a countable approximate unit is
called o-unital, and has paracompact primitive ideal space (see below), [57]. Also, if
A is a (C*-) algebra, then A’ denotes the opposite algebra. The opposite algebra,
AP, has the same linear structure as A, but the product of a,b € A is given by
a - b = ba, where on the right hand side we have the product in A.

We collect a few results we will employ later, as well as some more ‘philosophical’
comments. Given a C*-algebra A, the pure state space, PS(A), the structure space,
A, and the primitive ideal space Prim(A) are three topological spaces associated
with A. The former is always Hausdorff while the two latter spaces are always locally
compact. They are compact if A is unital. The Gel’fand-Naimark theorem says that
when A is commutative, these three spaces coincide and, calling this space X,

A= Cy(X). (L.1)

Note that in this case, assuming that A is separable is equivalent to assuming that
X is metrisable. Here Co(X) means the continuous functions on X which vanish at
infinity, and = indicates isometric *-isomorphism.

We shall denote the one-point compactification of a topological space X by X+ and
the ‘one-point’ unitization of a C*-algebra by A*. More general compactifications
will also occur. If i : X < X°¢ is an embedding of the locally compact Hausdorff
space X in the compact Hausdorff space X¢ as a dense open subset, then we may
define a unitization of Cy(X) as follows. Define, [60],

ix : Co(X) = C(X°)
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by
0 if y & i(X)

(i f)y) = { fl@) ify=i(z), s€X. (12)

We may think of ¢ := X¢\ X as the points at infinity (for this compactification)
and the quotient algebra C(X°¢)/Cy(X) as the continuous functions on the points at
infinity.

More generally, if 1 : A < Ay is a unitization of a C*-algebra A, then we may think
of Ay/A as the ‘continuous functions’ at infinity. For an arbitrary C*-algebra A, the
maximal unitization of A is the multiplier algebra M(A), [60]. If A is unital then
M(A) = A, and in fact the only unitization of A is A. Note that in this context, a
unitization of A is an injective *-homomorphism A4 < A whose image is an essential
ideal. Recall that an ideal I in a C*-algebra A is called essential if for all ideals J in
A, INJ # {0}. Equivalently, I is essential if whenever a € A satisfies al = Ia = {0}
we have a = 0, [60].

Example The best example is M (K(H)) = B(H), where K(#) is the ideal of compact
operators on the separable Hilbert space #. More generally, if F is a (right) C*
A-module then we denote the compact adjointable endomorphisms of E by K(E),
or more often by End%(E). The multiplier algebra of these compact operators is
M(K(E)) = Enda(E), the algebra of all adjointable operators on E.

Example An important example for this thesis is the following. If X is a locally
compact Hausdorff space, and Cp(X) the algebra of continuous functions vanishing
at infinity, then M(Cy(X)) = Cp(X), the algebra of bounded continuous functions
on X. This can also be thought of as the continuous functions on the Stone-Cech
compactification of X.

In the general case where A is not commutative, we have a commutative diagram of
surjective maps

PS(A)
kerm/ \ym
Prim(A) & A

where the map 7 takes a pure state onto (the unitary equivalence class of) the asso-
ciated irreducible representation, ker takes a representation onto its kernel, and ker 7
is their composite. We refer to these as GNS maps, since they are all induced by
the Gel’fand-Naimark-Segal construction of C*-representations from states. In the
simplest. noncommutative case, when A is postliminal, [31], Prim(4) ~ A (homeo-
morphic) and so we have

PS(A) 5 A. (1.3)

This is as clear a picture that emerges of Connes’ conception of a ‘space with relations’
or ‘points with relations.” The Hausdorff space PS(A) provides us with well-defined
‘things/points,” w encodes the quotient by a relation (unitary equivalence of repre-
sentations) and we regard A as the ‘continuous functions’ on A. As can be seen from
above, this picture becomes significantly murkier when A is not postliminal.
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Example A pure state ¢ on M, (C), the algebra of n x n complex matrices, is of the
form

#(A) = Trace(UPU*A), VA e M,(C),

where U € M,(C) is a unitary and P is a fixed rank one projection. Thus the
pure state space is PS(M,(C)) = PU,(C), the projective unitary group. Since all
representations of M, (C) are equivalent, Prim(M,(C)) ~ M,(C) = {pt}.

Example In exactly the same way, each state ¢ on the compact operators X on
Hilbert space, H, is of the form

¢(A) = Trace(UPU*A) VAeK,

where U is a unitary on H and P is a fixed rank one projection. Working through
the GNS construction for these states shows that all the resulting representations are
equivalent and faithful (they are all equivalent to the defining representation on H.)
Hence both Prim(K) and K are single point spaces.

Example In both of the previous examples we have a fibre bundle over a point with
fibre a projective unitary group. If instead we consider A = M,,(Cy(X)), where X is
a locally compact space, we have

A

PS(A) =PU, x X, Prim(A)~A=2X.

Thus we obtain a trivial fibre bundle over X. To obtain a nontrivial bundle, we
can twist by a projection. For simplicity, let us for the moment assume that X is
compact, and take p € M, (C(X)), p a projection. Then, if X is connected so that p
has constant rank, k say,

PS(pMn(C(X))p) = PUL(X)

where PU(X) is a fibre bundle over X with fibre PUy, which is only locally trivial.

Example The irrational rotation algebra, Ay, which we will refer to as the noncom-
mutative torus, unlike the previous examples, is not postliminal. Worse, of the three
spaces associated to the noncommutative torus only two are known. We realise Ay
as the semidirect product algebra

C(S?) >4y Z,

where Z acts by a rotation through an angle 276, where 8 € [0,1) is irrational. We
can take this algebra to be (the universal C*-algebra) generated by two unitaries U, V
such that

UV = ey. (1.4)

As a consequence of this simple description, and C*(Z) & C(S'), we see that the
pure state space is PS(Ag) ~ S x §1. It is known that the map linking PS(Ay) and
the structure space of Ay is nontrivial, but a complete description of the irreducible
representations does not yet exist (as far as this author is aware.) When @ is irrational
we know that the primitive ideal space is Prim(Ay) = {0}, as the algebra is simple
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in this case. At the other extreme, when 6 is 0, we know that Prim(Ayp) is the torus.
Hence the topological structure here is extremely sensitive to the value of 6.

Since we regard C*-algebras as analogues of continuous functions in noncommutative
geometry, we should regard the relations encoded by the GNS quotient map(s) as of
a purely topological nature. Indeed, this is exemplified by Connes’ description of the
quotient space construction, [19, p 85].

We again mention that we will almost always be thinking of A as faithfully represented
on Hilbert space, or equivalently, A C B(#). We will also have to consider the case
when 7 is an A-bimodule. In this case we consider A ® A°? C B(#H). If A is not
nuclear we shall always mean the minimal tensor product, [74, 17].

We will always assume that this representation satisfies
[a,5%] = 0. (1.5)

To make this statement in the nonunital case, we need to be working in the bimodule
point of view. The problem with this statement from the representation theoretic
point of view (or Hilbert space point of view) is that a =a ® 1 g A® A°. So while
we are considering an A-bimodule, such a statement is fine, but if we try to interpret
it in the context of representations of A ® A% we will be in trouble. One way of
dealing with this problem is to assume we have two representations 7 : A — B(H)
and 7% : A — B(H) which commute. Alternatively, we can assume that we have a
representation 7 : A — End4(E), where E is a right C* A-module. The basic theory
of these modules can be found in a number of references; we refer to [60, 49].

One nonstandard aspect of C*-modules that we wish to employ is the following notion
of irreducibility. To motivate the definition, we recall that sections of the spinor
bundle form an irreducible representation of the Clifford algebra in the sense that it
is irreducible (in the usual sense of irreducibility of algebra representations) fibrewise.
The following concept is useful in dealing with this situation.

Definition 1.1.1 Let E be a right C*-A-module. Then we say that the representation
7 : B = Enda(E) is A-irreducible if there do not eist (closed) complementary C*-
A-submodules F,G such that E=F & G and n(B)F C F and n(B)G CG.

Remark This works just as well for pre-C*-modules and pre-C*-algebras. In this
context the word representation simply means continuous s-homomorphism. Such
maps extend continuously to *-homomorphisms of the C*-completion, [60, 37].

Example Let E = I'(X,V) be the smooth sections of a vector bundle V' over the
closed spin manifold X, and suppose that E is a Clifford module. That is, E ad-
mits a (fibrewise) representation of the smooth sections of the Clifford algebra of the
cotangent bundle of X. Then E is a pre-C* C*°(X)-module, and the representation

is C%(X)-irreducible if and only if it is irreducible (in the usual sense) fibrewise.

The next lemma translates this idea into a statement about projections in End(E).
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Lemma 1.1.2 The representation w: B — End4(E) is irreducible if and only if no
projection p € Ends(E) commutes with w(B), ezxcept 0 and Idg.

Proof 1f p € Enda(E) is a nontrivial projection commuting with 7(B), then
E = pE @ (1 — p)FE provides a 7(B) invariant decomposition of E.

Conversely, if there is a 7(B) invariant decomposition E = F®QG, then the projections
onto F' and G are both elements of End,(F) which commute with 7(B). O

Example If A is a unital C*-algebra, then the algebra M, (A) acts irreducibly on
the left of the right C*-A-module A”. This is obvious, since Ends(A4™) = M, (A).
Similarly, if p € Enda(A™) is a projection, then pM,(4)p acts irreducibly on pA™,
for the same reason.

For the nonunital case we have the following result.

Proposition 1.1.3 Suppose that I is an essential ideal in the unital C*-algebra A.
Then My (I) acts irreducibly on A™.

Proof Suppose that I is an essential ideal in A. Then My (I) is essential in M, (A),
and without loss of generality we may suppose that n = 1. So suppose that I does not
act irreducibly on A. Then there exists a projection p € A such that A = pA®(1-p)A4
as a left I-module, and pb = bp for allb € I. As I-I C I, I is contained in either pA or
(1-p)A. Suppose the former. Then pb = b forallb € I and so (1—p)b = b(1—p) =0,
contradicting I essential. Similarly, if I C (1 —p)A thenpb=bp=0forallbe I. O

Corollary 1.1.4 If A is unital, E = pA™ is finite projective, and I is an essential
ideal in A, then pM,(I)p acts irreducibly on E.

Proof This follows from the above by replacing a € M,,(A) by pap. O

These results will be employed in Chapter 3, where we show that the axiom of Poincaré
Duality implies that the noncommutative manifolds that we consider have a ‘spin®
structure’, and that the anologues of the continuous functions and Clifford algebra,
are Morita equivalent.

1.1.2 Smooth Algebras

In this section we deal with the issues of regularity and (non)unitality. The usual
definition of smooth is as follows.

Definition 1.1.5 A *-algebra A is smooth if it is Fréchet and *-isomorphic to a
proper dense subalgebra i(A) of a C*-algebra A which is stable under the holomorphic
functional calculus.

Thus saying that A is smooth means that A is Fréchet and a pre-C*-algebra. Note
that asking for i(A) to be a proper dense subalgebra of A immediately implies that the
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Fréchet topology of A is finer than the C*-topology of A (since Fréchet means locally
convex, metrisable and complete.) We will sometimes speak of A = A, particularly
when A is represented on Hilbert space and the norm closure A is unambiguous. At
other times we regard i : A — A as an embedding of A in a C*-algebra. We will use
both points of view.

It has been shown that if A is smooth in A then Mpy(A) is smooth in M,(A), [64].
This ensures that the K-theories of the two algebras are isomorphic, the isomorphism
being induced by the inclusion map ¢ (see next section). We will always suppose that
we can define the Fréchet topology of A using a countable collection of seminorms
which includes the C*-norm of A = A. This definition ensures that a smooth algebra
is a ‘good’ algebra, [37], and so these algebras have a sensible spectral theory which
agrees with that defined using the C*-closure.

Example The algebra of smooth functions A = C*(X) on a smooth, compact
manifold X is a smooth algebra, and sits inside the C*-algebra of continuous functions,
A = C(X). To see this, recall that we can define the locally convex topology of A
using the family of seminorms ¢, : 4 = R*, n € No = N U {0}, defined by
of
w) =l D a—5a (L.7)

ar ., ap
|Ol|=ﬂ axl axp

where dim X = p, o € N? is a multi-index and the norm is the usual supremum norm.
Note that gg gives the C*-norm on C(X). To see that C*°(X) is stable under the
holomorphic functional calculus, simply note that if h : C — C is holomorphic, h o f
is smooth.

Of course, this is a bit sloppy, since we are using local coordinates on a single co-
ordinate chart here, and should instead employ a partition of unity subordinate to
a fixed (finite) family of charts and sum over these inside the norm. Changing the
choice of charts will not change the topology. We will remain sloppy, to save excessive
notation.

Example The analogue of C*® for the noncommutative torus Ay, is the following
subalgebra Ay C Ag. We restrict to those norm convergent sums

A= ) anmU"V™e 4y
n,meZ

for which (anm) € S(Z?), the double sequences of rapid decay. Thus
lenm|(1 + || + Iml)d

is a bounded sequence for all d € Ng. The Fréchet topology can be determined by
the family of seminorms

ga(4) = Y lonm|(1 + In| + m))?, d>1

with A € Ay as above. Again qg is defined to be the C*-norm of Ay. Later, when
we discuss the corresponding notion of smoothness for spectral triples, we will prove



8 CHAPTER 1. BACKGROUND RESULTS

a general result which will show that Ay is stable under the holomorphic functional
calculus, and so smooth.

Stability under the holomorphic functional calculus extends to nonunital algebras
easily, since the spectrum of an element in a nonunital algebra is defined to be the
spectrum of this element in the ‘one-point’ unitization. Likewise, the definition of
a Fréchet algebra does not require a unit. However, many analytical problems arise
because of the lack of a unit (concerning summability), as well as some homological
ones (namely excision in various homology theories). We make two definitions to
address these issues. The first deals with ‘compactly supported functions.’

Definition 1.1.6 An algebra A has local units if for every finite subset of elements
{a;}_, C A, there exists ¢ € A such that for each i

da; = a;¢ = a;.

Some quite noncommutative algebras have local units, as we will see.

Example If X is a (paracompact) smooth manifold, then by employing (sums of)
elements in a partition of unity, we can easily show that both C¢°(X) and C,(X) have
local units. Here the subscript ¢ denotes the compactly supported functions. Note
that if X is not compact, then C°(X) is not complete in its natural locally convex
topology (provided by the same seminorms as those appearing in equation 1.7), and
C.(X) is not complete in its natural C*-norm topology. Their respective completions
when X is noncompact are C§°(X), the smooth functions all of whose derivatives
vanish at infinity, and Cp(X).

Example The finite rank operators, F', on Hilbert space have local units. If we have
a1,...,an € F,let V C H be the union of the ranges of the a;. Then Py, the projection
onto V, serves as a local unit for the a;. Just like the last example we obtain a Fréchet
and C*-closure. We endow the algebra of matrices of rapid decrease

RD(H) = {(aij)i jeN : supi*5'ja;;| < oo Vk,1}
]

with the topology determined by the seminorms

qra(aij) = supi®stlasil, k,1>0,
2Y)

0,0 =l (ai) |-
Then RD(#) is a Fréchet algebra, and it is easy to see that RD is the completion of
F in the topology determined by the seminorms. Moreover, g is a C*-norm, and
the completion of F' in this norm is simply X, the compact operators on H. Of course,
from the point of view of noncommutative topology, we have just defined the smooth
functions of compact support and rapid decrease, as well as the continuous functions
tending to zero at infinity, on a point!

These two examples have raised completion issues that it would be unwise to ignore.
So our second definition is
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Definition 1.1.7 Let A be a smooth algebra and A, C A be a dense ideal with local
units. Then we call A a local algebra (when A, is understood.)

Localizable would be a more descriptive word, and local is much abused, but it will
do for now. Note that unital algebras are automatically local.

In general, if A is a local algebra and a € A, there exist {a;}§° € A such that

0o
a = Zai.
1=0

Since A, has local units, for all N € N there is a ¢ € A, such that
N N N
4’201 = (Z ai> == Zai. (1.8)

Thus for all seminorms p : A — C and € > 0, there is an N € N (depending on p and
€) and ¢ € A such that

p(éna —a) <e. (1.9)

So A has an approximate unit which may be taken to converge in its Fréchet topology.
Moreover, if a € A, there is an element ¢ of an approximate unit such that ¢ is also
a local unit for a. We refer to such an approximate unit as a local approximate unit.

Since we will be dealing with the nonunital case throughout this thesis, we will also
require (not necessarily closed) ideals in smooth algebras. So let Ap be a smooth,
unital algebra, and 4 a not necessarily closed ideal in Ap. If A possesses a topology
for which A is a local algebra (in particular, complete) such that the inclusion map

i: A= A

is continuous, we call A a smooth ideal. Note that the topology making .4 local is
necessarily finer than that on .4;, and we will always suppose that the C*-norm of Ay
can be included in any family of seminorms defining the topology of \A. This ensures
that A is a (closed) ideal in Aj.

A smooth ideal A in a smooth algebra A, will be taken to mean that if bA = {0} for
some b € Ay, then b = 0.

Example Let X be a complete, paracompact, infinite volume manifold, and A, =
C$°(X), the algebra of smooth functions all of whose derivatives are bounded. We will
refer to these functions as smooth, bounded functions, with the understanding that
we refer to all derivatives. The algebra A, is complete with respect to the seminorms
appearing in 1.7, and Ap = C§°(X) is a closed essential ideal in .A; for this topology.
However, not every element of C§°(X) will be integrable, so we introduce another
ideal.

Let A = C{(X) be the algebra of smooth functions all of whose derivatives are
integrable. We will refer to these functions as smooth integrable functions. The
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algebra 4 is not complete in the topology defined by the seminorms 1.7, so A is an
ideal in A, which is not closed. The natural topology on .4 which makes it a local
algebra is provided by the family of seminorms

wm(f)= 2 10°f 1, am(f)= > 118°Flh, feA

la|=n |a)=n

where « is a multi-index and || - ||; denotes the L! norm.

Note that the definitions of the topologies on .4y and A contain the same sloppiness
as in the definition 1.7, but the problem is slightly more difficult here as we must sum
over a fixed countable family of coordinate charts. This can be dealt with by using
the fact that we can choose this family to be locally finite.

1.2 K-Theory and K-homology

In recent years K-theory has become much more accessible, with many good accounts
available, (74, 68, 10, 39]. The dual theory, K-homology, was initiated by Atiyah and
Brown, Douglas, and Fillmore, and brought to maturity by G. G. Kasparov. It has
a more fearsome reputation, but has recently benefited from a new text, [39]. Our
main references for K-homology are [43, 12, 39, 19, 10].

It should be stressed that a more explicit use of K K-theory could be used throughout
this section and in later chapters. However, we feel that K-homology proper is also
interesting, and avoiding the bivariant point of view allows us to make use of stronger
analogies with the classical case.

1.2.1 K-Theory

Given a unital C*-algebra A, we define K((A) as the Grothendieck group of the
semigroup FGP(A). This is defined to be the additive (direct sum) semigroup of
isomorphism classes of finitely generated projective (right) modules over A. The
same group results if we consider left modules. The resulting abelian group has as
its elements stable isomorphism classes of finite projective modules. Every element
of Ky(A) can be represented in the form (for some n)

[E] -n

where F is a finite projective module and n stands for the free module A™.

If A is nonunital we define
Ko(A) = ker(g. : Ko(AT) = Kp(C))
where g arises from the exact sequence

0Ao AT S Ccoo.
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Since all finite projective modules over a unital C*-algebra A are of the form
pA”

for some n and some projection p € M, (A), we can equivalently describe Ky(A) in
terms of stable isomorphism classes of projections. We will use both descriptions.

In the commutative and unital case, the Serre-Swan theorem, [67], shows that E is a
finite projective C(X)-module if and only if E = I'(X, V) where V — X is a complex
vector bundle and I'(X, V) denotes the continuous sections.

Despite the complete algebraic description of sections of vector bundles available in
the unital case, the nonunital case seems to be the subject of folklore at best. We
attempt to clarify the situation here.

To do this, we note that if i : A — A, is a unitization of the C*-algebra A, we can
define the pull-back of a right Aj,-module E by

i*E = E|4 := Ei(A) = {ei(a) :e € E, a € A},

with the obvious right action of A on E|4. Note that as an Ap-module, E|4 is
a submodule of E because E|4A, C E|4. In fact, this works for any embedding
i: A< Ap of A as an ideal in A,.

Example Let 1 — X© be the trivial line bundle over X°¢, where X° is a compactifi-
cation of the locally compact, noncompact Hausdorff space X. The space of sections
of this line bundle is E = C(X¢), and this is a right C(X°) module. We have the
unitization map, i : Co(X) — C(X®), and so we can pull E back to Co(X). We find

*E = i*C(X®) = C(X)i(Co(X)) = Co(X).

Thus we obtain the space of sections vanishing at infinity.

Example Let X be as above, and consider the embedding i : Ce(X) < Co(X). If
E = Ty(X,V) is the Co(X)-module of sections vanishing at infinity of the vector
bundle V, where V — X¢, then we can pull it back to Ce(X ) as above. Then

#*E =T¢(X,V)

and we obtain the compactly supported sections.

Definition 1.2.1 Ifi: A < Ay is a unitization, we say that an A-module is Ay finite
projective if it is of the form i*E for some finite projective A,-module E.

The main result of this section is the following.

Theorem 1.2.2 (Nonunital Serre-Swan) Let X be a locally compact Hausdorff
space, A = Co(X), and A, = C(X°) for some compactification X¢ of X. Then a
right A-module E is of the form E = pA™, p € My(Ay) @ projection, if and only if
E =Ty(X,V|x), where V — X is a vector bundle and I'g denotes sections vanishing
at infinity.
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Proof Suppose that E =T(X,V|x), where V — X¢ is a vector bundle. Then for
some n and projection p € M, (A,),

[(X% V) = p(Ap)",

by the Serre-Swan theorem. Note that as X C X° is dense and open, and rank p is
locally constant, p & M,(A). Setting 7 : A <+ A, to be the unitization, we have

i*P(Xca V) =pA" = FO(X,V|X)'

Conversely, let E = pA™ with p € M, (A;) a projection. Then we can define a finite
projective Ap-module, E = p(A,)", with the obvious right action of A;. By the
Serre-Swan theorem, there is a vector bundle V' — X° such that

E = p(4;))" =T(X4,V).
Employing the pull-back by the unitization map as above immediately shows that
i*E=E =Ty(X,V|x).

O

Corollary 1.2.3 With A and Ay as above, the A-module E is isomorphic to To(X,V)
for V. — X trivial at infinity if and only if E = pA™ for some p € M, (A™).

In fact, since a bundle trivial at infinity will extend to any compactification (trivially),
there must be p € My (Ap) such that I'g(X,V) = pA™, for any unitization A;. This
does not contradict the corollary. Excision in K-theory, [74, 39], tells us that the com-
pactly supported K-theory (the usual definition in the nonunital/noncompact case)
is independent of any compactification. However, the nonunital Serre-Swan theorem
is telling us that to get a handle on the actual vector bundles, and not just the result-
ing cohomology theory, we need to take account of all compactifications/unitizations
simultaneously. Fortunately, the existence of a maximal compactification ensures the
existence of a maximal compactification to which a given bundle extends. Note that
any notion of bounded cohomology (the natural dual of singular homology defined
using finite chains) in K-theory will require this notion. We will take this up further
when we discuss Poincaré Duality.

Example If X is the interior of a compact manifold with boundary X, then the
sections of the tangent bundle of X vanishing on the boundary is certainly an example
of the above phenomena. This seems somewhat trivial as we have a compact space
to which the vector bundle extends, and so we can realise it in the usual compact
Serre-Swan fashion.

A more genuine seeming example is any (finite dimensional) manifold which does not
have finitely generated cohomology groups. It is easy to construct a vector bundle V'
on such a space which is not trivial outside any compact set. An example of such a
space is RP, p > 1, with the open balls of radius % around each point of Z? deleted.
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So whenever A < A, is a unitization of the C*-algebra A, we will regard A, finite
projective A-modules as the noncommutative generalisation of the modules of sections
of vector bundles vanishing at infinity. These bundles should be thought of as being
defined over the noncompact, noncommutative space A.

Next we look at the endomorphism algebras of these bundles. Since these modules
come from modules which are finite projective over A, it follows that they have
Hermitian forms making them into C* A,-modules, [19, 49, 60]. These forms restrict
to take values in A, as it is an ideal, and so yield C* A-modules.

Proposition 1.2.4 Let E|4 be an Ay-finite projective A-module, E|4 = pA", where
p € M, (Ay). Then, regarding E|4 as a C* A-module, we have

Endy(E|a) =pMn(A)p  Enda(E|a) = pMn(Ay)p, (1.10)

where End%(E|a) denotes the ideal of compact endomorphisms and End4(E|4) the
C*-algebra of adjointable operators on E| 4.

Proof The A;-module E is of the form E = p(A,)". Writing M (B) for the multiplier
algebra of a C*-algebra B, it is then standard that, [37, 49],

Enda,(E) & M(EndY, (E)) = Endy, (E) = pMy(Ap)p-

These equalities follow from End%b (E) being unital. To prove the proposition, we
begin with a variant on a standard isomorphism, [37]. Denoting the A-finite rank
operators on E|4 by End%(E), define § : End} (E|4) — pMn(A)p by setting
0(|p€)(pn|) to be the matrix with i,j-th entry 3y ; pik€xnjpij. One checks that this
is a *-homomorphism and an isometry and has dense range. As such, 6 extends to a
x-isomorphism of End%(E|4) & pM,(A)p.

As i*F is a right Ap-submodule of E, we see that

Endg, (i*E) = Enda(i*E).
Also, i*E is a left End4,(E)-submodule, as is easily checked. Consequently
Enda(i*E) = Enda, (E) = pMy(Ap)p-
O

Remark In [39, Appendix A), the authors introduce ‘the endomorphisms carried by
A’ in their description of relative K-theory classes for K.(Ap, A). This is just the
compact endomorphisms of an A, finite projective A-module.

Recall that a C* Ap-module E is called full if elements of A, of the form (¢,7),
¢,n € E, are dense. Here (-,-) is the Ap-valued inner product. As finite projective C*
modules are full, so are A, finite projective A-modules. As A is o-unital, and these
modules are full, the following result holds, [60].

Lemma 1.2.5 Given an A, finite projective A-module E, there exists a sequence
of elements {€,} C E such that Y oo (&n,€n)a converges in the strict topology to
1€ M(A).
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It is important to notice that despite the multiplier algebra of pAp being pAyp (by
restricting the last proposition to the scalar matrices), the lemma involves the mul-
tiplier algebra of A which can be much larger. The multiplier algebra acts naturally
on the right of E|4.

We refer to [60] for the proof, but briefly recall the strict topology. This is the topology
on the multiplier algebra generated by the seminorms

folle=[lba|l+ | ab|| Vae€ A be M(A). (1.11)

If X is a C* A-module, then strict convergence in End4(X) implies x-strong conver-
gence in End4(X), and the strict topology coincides with the *-strong topology on
norm bounded sets. We will abbreviate *-strong convergence to *-SOT, by analogy
with the x-strong operator topology on Hilbert space.

We will also require smooth versions of these modules. So let A be a smooth ideal
in Ay which is essential. Let p € M, (A;) be a projection, and consider the right A
module E = pA™. If M € pM,(Ap)p is a positive, invertible element, we can define a
nondegenerate A-valued inner product £ x F — A by

(& m) =D (&) Mijn;, &ne€ A

As far as the topological issues below are concerned, we can always suppose that
M = pld4,p = p and employ the (Euclidean) inner product

&n)g = Z&i‘m = ZE;’pn-

This is because

Since the topology of A is finer than that on A4y, in the following we will denote
the family of seminorms defining the topology on A by {¢,}, and the family on A
by {gn1}. Recall that we always assume that {gn} C {gn1}. If {gn1} is a family of
seminorms defining the topology of A, then

gie(§) = V gn1(§, )

defines a family of seminorms on E. Since this family contains the C*-norm of .4, and
(+,) is nondegenerate, E has a canonical C*-module completion. This completion is
the A, finite projective .A-module E = pA".

Lemma 1.2.6 Let A be a smooth essential ideal in Ay, and {gn1} a family of semi-
norms on A. Then the A-module E = pA" defined as above is complete with respect
to the seminorms {qn1e} if and only if A is complete with respect to the family {qn1}-

Proof Suppose that A is complete for the seminorms ¢y, and let {¢,,} be a sequence
in E which is Cauchy for all the seminorms g, . Then (&, &) is a Cauchy sequence
in A for the seminorms g,. Without loss of generality, this means that

E f:m'fmi
i=1
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is a Cauchy sequence in 4, and indeed for each i, m; is Cauchy in A. Let {; be the
limit of this sequence, so that & = p(£1, ..., &n)T € pA™. Then for each n we have

gnie(Em —§) = qnl(Z(ﬁm —8i(m — i) 20,

i
so that £ € E is the limit of the sequence {{x,}, and E is complete.

Conversely, suppose that E is complete, and that {as,} is a Cauchy sequence in A.
Define &, = p(am, .., am)T, so that {&n} is a Cauchy sequence in E. The limit in E
is of the form £ = p(a,...,a)T € pA", so a € A, and A is complete. O

We will usually suppose that E has the topology arising from A in this fashion.
There is an obvious notion of adjointable, A-linear continuous operators on these
smooth modules, so we can discuss endomorphism algebras. We can topologise the
endomorphism algebra using the seminorms

qn(T)2 = sup {QH(T&T&)}’
qn1p(é)=1
where on the right hand side we use the seminorms defining the topology of Ap. There
is an obvious notion of finite rank operators, as usual, and we define the compact
operators to be the completion of the finite rank operators in the topology defined by
the seminorms

gn1(8)2 = sup {gn1(S¢,S€)},

gn1e(€)=1
where g1 are the seminorms defining the local topology of A. Thus the topology on
the compact operators is a priori stronger than that on the full endomorphism algebra.
Note that we can also complete the compact operators in the topology coming from
Ay, but we will not need this.

Lemma.1.2.7 If A.is a smooth essential ideal.in. Ay and.E = pA™ is as above, then.
End%(E) is a smooth essential ideal in End4(E), End%(E) is local, and we have the
identifications

EndY(E) = pMa(A)p  End4(E) = pMy(Ab)p.

Proof Let E be the C*-module closure of E. Let
By, = {T € Endz(E) : ¢:(T) < oo}

where we regard the g; as possibly unbounded linear forms on Endz(E). Then each
B, is a Banach space for the norm || T' |ln= Yg<i<n ¢(T) (recall that go is the C*-
norm). Then End4(E) = NyBy and if T; & T for all seminorms g, then T' € By, for
each n, so T € End4(E). Hence End4(F) is complete. Moreover,

End A(E) = pMy(Ap)p N Npdomgn = pMp (As)p.
Since E = p.A™, the finite rank operators are dense in pMpy(A)p for the smooth topol-

ogy provided by the gn1 (which make sense on pM,(A)p), so End%(E) = pMy(A)p.
Finally, pM,(A¢)p is a dense ideal in pM,,(A)p, so End%(E) is a local algebra. D
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So we now have a good handle on smooth endomorphism algebras. A final point is
that the (right) action of A on the module E = pA™ naturally extends to an action
of Ay, since A is an ideal in A;.

Having examined bundles, modules and Ky, we turn to the other half of K-theory,
namely Kj.

The group Ki(A) is defined to be the group of connected components of GL(A)
under multiplication, modulo the action of elementary row operations, [68]. This is
usually still written as addition since

u 0 uv 0
[u]—l—[v]—(o v)N< 0 1 )_[uv]. (1.12)
Unitality matters less here because, mimicking the Ky procedure,
Ki(4) = ker(K (A%) = K;(C))
= ker(K1(AT) = 0)
= Ki(4™).

There are many properties enjoyed by the K-groups, including functoriality (already
used implicitly), homotopy invariance, Morita invariance, continuity and most impor-
tant, Bott periodicity.
To describe Bott periodicity we begin by defining the suspension of a C*-algebra A
by

SA=A®Cy(R), S'A=AQCyR). (1.13)

Then we define higher K-functors by
K_;(A) := K(S'A).
Then Bott periodicity asserts that for all C*-algebras
K_i(A) = K_i11(S4),

for all 5. Thus, once one checks that our previous definition of K; agrees with the one
above, there are only two K groups, and together they form a homology theory for
complex C*-algebras. The most important consequence of Bott periodicity is that to
any short exact sequence of C*-algebras

02J—2A-2A4/J-0
we can associate the six term long exact homology sequence
Ko(J) = Ko(A) = Ko(A4/J)
o1t 10
Kl(A/J) (—KI(A) (—Kl(J) (1.14)

One can define K-theory for the class of pre-C*-algebras using pre-C*-modules, see
[10, 19], and the importance of this class of algebras stems from the fact that the map

ix 1 Ko (A) = K. (A) (1.15)



1.2. K-THEORY AND K-HOMOLOGY 17

induced by the inclusion

it A A
is an isomorphism. See [64].

There is also defined a relative K-theory K,(Ap, A) whenever A is an ideal in A;. We
need not go into this theory in great detail here, except to note that excision holds
in K-theory, so that K,(Ap, A) & K,(A) for any Ap in which A sits as an ideal. We
refer to [39] for the full details and the relation to the modules we are employing in
the nonunital case.

1.2.2 K-Homology

The cycles of this theory are one of the basic tools of noncommutative geometry, and
form the basis of what might be called noncommutative elliptic theory; see (3] for the
initial motivation for this viewpoint and {43, 44, 19] for a more modern and complete
discussion. The most thorough exposition of (analytic) K-homology is to be found in
the book of Roe and Higson, [39].

Definition 1.2.8 A Fredholm module for the unital and separable *-algebra A is a
pair (M, F) where H is a Hilbert space on which A is represented and F : H — H
satisfies F = F*, F2 =1 and [F,a] € K(H) for all a € A.

Such a Fredholm module is called even if there is an operator I' : H — H such that
=I*T1%2=1TF+4Fl =0 and Ta—al' =0 for all a € A. Otherwise it is called
odd.

The conditions on I’ may be summarised by saying that I" is a Z,-grading of H such
that F is odd and A is even. If we wish to discuss Fredholm modules in a parity free
way, we shall include T in formulas with the understanding that I' = 1 in the odd
case.

This is actually the definition of a normalised Fredholm module, but there is a canon-
ical way to replace an unnormalised Fredholm module, for which F2—_1and F—F*
are compact operators, with a normalised one without changing the equivalence class,
[19].

Addition of Fredholm modules is by direct sum. Two Fredholm modules (#, F,T),
(#', F',T",) are unitarily isomorphic if there is a unitary U : #{ — H’ such that

(H',F',T') = (UH,UFU*,UTU*). (1.16)

A Fredholm module is called degenerate if [F,a] = 0 for all a € A. Two Fredholm
modules (H, F,T), (#,F',T) with the same underlying Hilbert space and action of A
are said to be operator homotopic if there is a norm continuous map

Fy:[0,1] = B(H) (1.17)

such that (H, F;) is a Fredholm module of the same parity over A for all t € [0,1] and
Fo=F,F =F'
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From the above ingredients we concoct an equivalence relation. Two Fredholm mod-
ules £, n are equivalent if there are degenerate Fredholm modules ¢, ' and a ho-
motopy of £ @ ¢’ to ¢ where ( is unitarily equivalent to 5 @ n'. When A = A is
a C*-algebra, the resulting collections of classes (even and odd) are abelian groups
denoted

K% 4) and K'(A). (1.18)
The identity element is in both cases represented by any degenerate module, and the
inverse of [H, F| is [/, —F] (in the even case [H,—F, —T].)

The nuclearity of A is only required when we desire an isomorphism
KY(A) = Ext(A). (1.19)

In fact nuclearity is still too strong, and one can replace it with weaker nuclear-type
conditions; see [73, 17, 43].

K-homology is a Morita invariant, contravariant functor from separable C*-algebras
to abelian groups. In [39], K-homology is shown to be Bott periodic, dual to K-theory
in the usual sense, and finitely additive. In particular

We note that if (#, F) is a Fredholm module over a pre-C*-algebra A, it automatically
extends to a Fredholm module over the norm closure 4, and so defines a class [H, F] €

K*(A).

For nonunital algebras we may define
K*(A) := coker(K*(C) = K*(A™)).

Whenever A is an ideal in A, and both algebras are separable, there is also a rela-
tive K-homology defined, K*(A;, A). In [39] it is shown that K-homology satisfies
excision, so whenever A is an ideal in A, and both are separable,

K*(A) 2 K*(Ay, A).

For us this means that we can use the earlier definition of Fredholm modules even in
the nonunital case, but elements of the K-homology will be differences of such classes
lying in the cokernel cited above. It is feasible (even likely) that when we have a
separable unitization Ay that a description arising from relative modules would be
more useful, but this is very much in the vein of (local) boundary value problems
which we are not discussing here; see [4, 7].

One of the main purposes of these relative groups is to ease the description of the
boundary maps in the K-homology six term sequence

K%(Ap/A) = K°(4p) —» K°(4y, A)
a1t 19
K'(Ap, A) — K'(4p) + K'(4y, A) (1.20)
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Despite the great depth and interest of these boundary maps and their relevance to
index theory, we do not explicitly need them or the relative theory, and so refer the
reader to [39, 4, 7] for more information.

1.2.3 Cap Products, Bimodules, the Pairing and Poincaré Duality

For the cap product and its relation to the pairing of K-theory and K -homology we
will begin with the commutative and unital case to illustrate, and then proceed to the
noncommutative and nonunital case. The cap product is a bilinear, Z-graded map

() : K.«(A) ® K*(4) = K*(A). (1.21)

This turns K-homology into a module over K-theory. If X is a closed spin® manifold,
we have the important result

K*(C(X)) = K. (C(X) D] (1.22)

where [D] is the K-homology class defined by any Dirac operator on any fundamental
spinor bundle, [51, 6]. This is Poincaré Duality in K. -theory for spin® manifolds, and
we shall return to it continuously. The relation of the cap product to the pairing

(K«(A),K™(A)) € Z
in the commutative case is given by

([e], [H, F,T]) = Index([e] (\[H, F,T]), [e] € Ko(A)

([ul, [H, F]) = Index([u](\[H, F]), [u] € K1(A).

The map
Index: K°(A) = Z (1.23)
is defined by

2 & 2

where on the right we have the usual index of Fredholm operators. The even valued
products can be made explicit. We write [(e, N)] ([(u, N)]) for an even (odd) K-theory
class, where e € My (A) (u € My(A)) is a representative of the class. Then we have

Index([H, F,T]) = Index (1 —lplt F)

Ko(A) x KO(A) = K(A)
[(e; M) N [(H, F,T)]

0 eﬁ""@lNe e O
— N N _
= [(e’H+ ®eHl, ( eF ® Lye 0 ) , ( 0 —e ))] , (1.24)

where Hy = lﬂ;—r’){, and F = F,O* g . As every projection determines a finite

projective module, this is easily seen to be just twisting the Fredholm module by the
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module given by [(e, N)]. The product of a unitary and an odd Fredholm module
leads to the odd index, [4, 39],

Ki(A) x K'(4) — K9(4)
[(u,N)]ﬂ[(’H,F)]=[((H)”,( 2 ﬁ),(lg _j’N))]. (1.25)

~ FruF+t 0

where Ft = @M. Note that these classes are not normalised.

Here

So in terms of these cap products the pairings are
Index (e(ﬁ‘ ® l)e) and Index (FfuF™).

One can show that the latter expression computes the spectral flow of the pair (F,u).

In the noncommutative case the cap product does not generally exist. The pairing is
still given by the above Fredholm indices, but these operators will not define Fredholm
modules in general.

To see how to generalise this picture, note that in the unital and commutative case,

any Fredholm module can automatically be extended to a (symmetric) bimodule, and
so define a module over A ® A. Thus we can embed

K*(A) = K*(A® A).

In particular, for the formulation of Poincaré Duality for spin® manifolds, we may
take the class of the Dirac operator [D] € K*(4 ® A) and still have

K.(4) [D] = K*(4).

In this context we should properly interpret () as a special case of the Kasparov
intersection product (described as a slant product in [39]), however the formulas 1.24,
1.25 give explicit cycles representing the product.

So in the noncommutative, unital case we exploit the fact that K*(A) = K*(A%) and
formulate Poincaré Duality as follows. We say that A satisfies spin® Poincaré Duality
if there is a class u € K*(A ® A%) such that

K.(A) =2 K*(A4).

The justification for such a formulation of Poincaré Duality in noncommutative ge-
ometry is taken up extensively in [18, 19, 22] as well as the stronger spin or Real form.
For now we note that it gives the noncommutative pairing/Index Theorem the same
formal structure as the commutative one.

In the nonunital and commutative case we would like an analogous formulation.
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The usual statement of Poincaré Duality for a noncompact homology manifold of
dimension p is the isomorphism, [56],

(T : H (X;Z) = Hp—«(X;Z)

where I’ € H°(X;Z) is the fundamental class, H}(X;Z) is the compactly supported
cohomology, H,(X;Z) is the usual singular homology of X defined using finite chains,
and H®(X;Z) is the homology defined using infinite but locally finite chains. If in
addition one (and so both) of these groups is finitely generated, then

{O\T: HX(X;Z) - H (X Z)

is also an isomorphism. Here the bounded cohomology H*(X; Z) is defined using the
chain complex dual to that used to define the finite singular homology.

Example The trivial example is R?. In this case

Hy(RP) =Z Hg(R?) = {0} Vk>0
HP(RP)=Z HP(RP)={0} VE#p
H(RP) =Z HE(RP)={0} Vk#p
HYRP)=Z HFRP)={0} Vk>0

Checking that the cap product with either of the generators [RP] € HX(RP) yields
an isomorphism is straightforward.

To translate this into K-theory, we need analogues of all these groups and the funda-
mental class. The usual definition of the K-theory of a nonunital algebra (noncompact
space) is precisely the analogue of compactly supported cohomology. From results in
[4] comparing relative and absolute K-homology of a nonunital algebra, we know that
the analogue of locally finite homology is K*(A), where A is nonunital. The analogue
of bounded cohomology should consist of Ay finite projective A-modules, but which
unitization Ay to employ is not obvious.

In the classical case, we can take the projection defining any of the complex spinor
bundles to live in a matrix algebra over a particular compactification Ap. This then
tells us that the projection defining the exterior and Clifford algebras can also be
taken over the algebra Ay, and so taking our cue from de Rham’s theorem, we shall
describe the bounded K-theory as K,(Ap). The ambiguity in the choice of Ay may
be repaired by taking the maximal possible As. Frequently this algebra will fail to be
separable, but K-theory behaves well for such algebras, unlike K-homology. For the
general noncommutative case we will have to build such a choice of A, in as well, and
this will inevitably be part of our data set/axioms.

Lastly, we need to make a sensible definition of finitely supported or compactly sup-
ported K-homology. This seemingly has no good counterpart in the world of arbitrary
o-unital C*-algebras, but for those that are the completions of local algebras we have
a clean definition.

So suppose that A, C A C A = A is a local algebra and {¢»} is a local approximate
unit. Without loss of generality we may suppose that ¢y is a local unit for all ¢; with
i < n. Define subalgebras

An={a€-A:a¢n=¢na=a}, An=_A_m
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and define the compactly supported K-homology of A to be

K (A) = lim K*(Ay).

The inverse limit is defined with respect to the obvious inclusion maps
Inm : Ap = A

defined whenever n < m. Recall that elements of the inverse limits are sequences
(F1, Fay ...y Fiy Fiyq,...) with F, € K*(A,) and such that F, = inn+1Fny1 for all n,
Note that typically ¢, & A, because ¢2 # ¢p,.

Lemma 1.2.9 Let A be a smooth local algebra with A = A separable. Then K*(A)
is independent of the local approzimate unit used to define it.

Proof Let {¢,} and {¢,} be local approximate units. Then, by virtue of the fact
that for all n € N and ¢,, ¥, € A, there is some m > n so that for all N > m we
have

YNDn = PnYN = ¢n and YN = dNYn = Pn.

So for all n there exists N > n such that A% C A%, where A$ is the subalgebra
defined using ¢, and A% is defined using 1. Clearly this is symmetric.

Next, we notice that the family of inclusion maps i, : A, — A provide us with
a family of surjective maps i}, : K*(4) - K*(A,). The compatability of these
inclusions shows that they assemble to give a surjective map (i}) : K*(4) —» K (A).
Thus if F = (F1, Fa, ..., Fy,...) is an element of K*(A?), the compactly supported
K-homology group defined using units ¢, and inclusions i, there is an F' € K*(A)
such that F, = i% F for all n. Write K*(A¥) for the group defined using units 1, and
corresponding inclusions j,. Now define a map

®: K!(A%) — KX (AY)
by setting
&(F, Fy, ..., Fy,...) = (i F, 55 F, ..., jiF, ...).

This is well-defined, for if F' is in the kernel of all the maps j%, then it is in the
kernel of all the maps ;. This also shows that the map is injective. The symmetry
of the relation between the two local units allows one to easily check that @ is an
isomorphism by constructing the obvious (analogously defined) inverse map. ]

The key points that we require are that the K-theory of a local algebra A is actually
the direct limit of the K-theory groups K,(A,), and that the image of the cap product
with p is consequently contained in K} (A).

Lemma 1.2.10 Suppose that A is a smooth local algebra with A = A separable. Then
K. (A) = li_anK,,(An).
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Furthermore, if u € K*(A® A°) then

Ko(A) (1 € K2(4).

Proof First, the algebras A, together with the inclusions ipm : A, — A, form a
directed system of algebras, and clearly A = U, A,. Similarly, extending the inclusion
maps to unital maps, [39],
At = U, Af.
Now K, is a continuous functor, so
*

K.(A) == K.(A%) = lim K. (A]).

So the first statement is proved. For the second statement, we first must explain what
we mean. Using the inclusion maps, we have a family of surjective maps, as above,

in : K*(A) = K*(An).
Since 4y, 4 19p+1 = in, We have a well-defined surjective map
(i) : K*(4) = K;(4),

which takes [k] € K*(4) to (i%[k])n>1 € K}(A). To say that K.(4) Np C KZ(A) is
the same thing as saying that (i) is an injective map on the range of the cap product.

To prove this, we need to show that if

in(l2] O p) = in(lnp), (=] ] € K(A),

for all n > 1, then [z] N p = [y] N g The statement iy ([z] N p) = iz(ly] N p) for
all n > 1, means that the restriction of the right action of A to A, on any (right)
Fredholm module representing the class of [z] N u agrees with the restriction of the
action on [y] N pu. As A = Up Ay, we conclude that any representatives of these two
classes define equivalent Fredholm modules for A, and so [z] Ny = [y] N p. Hence the
cap product with p can be regarded as lying in K (A). a

Remark We can not deduce from the above that [z] = [y] unless we know that the
cap product with y is injective on K,(A).

Corollary 1.2.11 When X is a paracompact, complete spin® manifold, the map
b Kald) = K2(4)

is an isomorphism, where A = Co(X) and p € K*(A) is the K-homology class of any
Dirac operator on the fundamental complex spinor bundle.

Proof (Sketch) We have already seen that the smooth integrable functions on X
form a local algebra with the compactly supported functions forming the dense subal-
gebra with local units. It is shown in many places, [39, 5, 6], that the Dirac operator
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on a complete space defines a K-homology class [D] € K*(A). The previous result
shows that the cap product with [D] lies in the compactly supported K-homology, so
we need only show that this map is an isomorphism.

To prove this, one notes that the isomorphism is true for R?, and then uses a suitably
chosen partition of unity together with a standard Mayer-Vietoris argument to patch
together the various isomorphisms, [39]. o

So now we come to our K-theoretic definition of Poincaré Duality for the commutative,
nonunital case. Suppose we have a unitization of a local algebra A, C 4 C A C A4,
and a class u € K*(A) (or more properly K*(A® A°).) Then we say that A satisfies
Poincaré Duality and that u is a fundamental class if

(1 K(A) = K2(A) (1.26)
is an isomorphism. If the map
e Ku(4y) > K*(A) (1.27)

is also an isomorphism, we say that A is of finite type.

Note that in the compact case, these maps coincide. Also, taking u € K*(A4 ® A°P)
allows these statements to be carried over verbatim to the nonunital noncommutative
case. Hence, given a nonunital local algebra .4 and a class u € K*(A ® A?), we
say that A (or more properly A) satisfies Poincaré Duality if the map 1.26 is an
isomorphism. If in addition 1.27 holds, then A is said to be of finite type.

One other important fact that is automatically true in the unital case but requires
attention in the nonunital, is that the fundamental class p actually defines classes in
K*(A) and K*(A°) as well. In the unital case this is easy, since we can restrict a
representation of A ® A°? to A® 1, and so on. In the nonunital case we have already
seen that to formulate requirements such as

[@,6P] =0 Va,be€ A,

we need two representations, 7 and 7°. This is an important stipulation, and ensures
that we have the associated classes mentioned above. This feature is not noticeable
in the unital case, but is in fact an important structural feature, as we shall see.

Poincaré Duality can also be formulated in terms of the intersection product in the
commutative case, and there is an analogue in the noncommutative case also. This
approach only works rationally, or in the absence of torsion in the K-groups, and
typically one obtains only rational invertibility of the intersection form, even when
there is no torsion. We consider only the unital case here, for simplicity, but it is
clear that the whole discussion extends to the nonunital case.

Let [p],[q] € Ko(A), [u],[v] € K1(A). Then the outer product in K-theory (yet
another special instance of Kasparov’s intersection product) yields elements, [19, 39,

[p® q”] € Ko(A® AP) [u Av?) € Ko(A ® AP)
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Pou”+(1-p)®1] € Ki(A® A®).

We note that the definition of the product of two odd classes is quite involved, [19].
The intersection form () defined by the fundamental class p, is

() : K.(4) x K(4) = Z

is given by

e ® ™) = (ulp®q™])
A v?) = (g, [u®@v7])

in the case where y is an even K-homology class, and
Neeu?+(1-p)@1)=(npou?+(1-p) 1))

when 4 is an odd class.

Lemma 1.2.12 If u € K*(A ® A%) satisfies Poincaré Duality,
M Ku(A) S EX(A),
then the intersection form is nondegenerate if and only if the K-theory is torsion free.

Proof Using the compatibility of the cap product and external product with the
index pairing, [39], we have for all classes z,y € K.(4)

(,zUyP) = (uNy”?,z).

Now if we assume that there are no torsion elements in K.(A), then the Poincaré
Duality isomorphism shows that there is no torsion in K-homology either. Hence for
each y there is some z such that the pairing (4,7 U y°P) is not zero. That is, the
intersection form is nondegenerate.

Conversely, suppose that for each y there is an « so that the pairing is nonzero. If we
suppose that some y is a torsion element then it is clear that p Ny°P is also a torsion
element, and hence defines the zero homomorphism on K-theory. This contradicts
the nondegeneracy of the intersection form. O

We will use the intersection form to check Poincaré Duality in some important cases
where we know the K-groups are torsion free. For other important consequences
of Poincaré Duality, see [19, 55]. Some of the significance of Poincaré Duality is
summarised below.

We have dealt so far with noncommutative point-set and algebraic topology, the
next two sections will deal with noncommutative differential topology. Apart from
providing a generalisation of the classical theory, the motivation for these subjects,
like so much of noncommutative geometry, stems from index theory. Having set up
the pairing between K-theory and K-homology, which is of couse integral, we would
like to mimic as far as possible the structure of the Atiyah-Singer Index Theorem.
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To do this, we recall that one requires (some degree of) smoothness to employ the
Chern-Weil theory to translate K-theory data into differential forms. The index
pairing can then be computed by integrating the resulting differential forms. However,
as stated this is incomplete. We require a Chern character for K-homology also, so
that

([p), [H, F,T]) = (Cha[p], Ch*[H, F,T]),

where on the left we have the K-theoretic pairing of a projection and an even K-
homology class, and on the right we have the pairing of a differential form and a de
Rham cycle, [19].

The K-homology Chern character does in fact exist, and allows one to employ this
picture of Index Theorems. However, the Atiyah-Singer Index Theorem uses the
integral over the whole manifold (i.e. the fundamental class), rather than arbitrary
cycles, to compute the index pairing. The key to resolving this is Poincaré Duality,
for when this is satisfied, every cycle is the cap product of a differential form by
the fundamental class. This allows us to express the index pairing of K-theory and
K-homology in terms of the K-theory data and the fundamental class only. In K-
homology of a spin or spin® manifold, we have noted that the fundamental class is
the class of any Dirac operator, [D], on a fundamental spinor bundle. So for any even
Fredholm module [H, F,T'], there is a projection q so that

([P],[H,F,F])=(Lv],[fI]ﬂ[D])=([:0]U[(J],[D])=/XCh*([P]U[Q])/\I(D), (1.28)

where I(D) is a differential form appearing from the structure of D (eg the Todd genus,
fi-genus,...) This is the form of the Atiyah-Singer Index Theorem, and we note that
it is a sum of integrals of differential forms. However, the Chern characters have good
homotopy invariance, and homomorphism properties at the level of (co)homology, but
to perform such an integral, we require actual differential forms, not just cohomology
classes.

Thus in the next section we investigate the noncommutative generalisations of differ-
ential forms. The construction of universal differential forms will turn out to be far
too large to be useful (in particular it has trivial homology), but provides a common
language for the homology theories and differential algebras to follow. Ultimately we
will require something we can represent on Hilbert space, and natural requirements
on this representation will focus our attention on Hochschild homology as the gener-
alisation of differential forms. To justify the word generalisation, we mention a result
of Connes and Teleman, namely that for a smooth manifold the Hochschild homology
of the smooth functions coincides with the de Rham complex.

The following section introduces the cyclic theory, which will provide the generalisa-
tion of de Rham (co)homology, provide a receptacle for Chern characters, and allow
us to formulate Index Theorems in the noncommutative theory. We will describe the
Chern characters and the pairing as well. Combined with the existence of a funda-
mental class in K-homology satisfying Poincaré Duality, we will then be in possession
of all the tools necessary to mimic the structure of the Atiyah-Singer Index Theorem.
All that will remain is to identify good representatives of the Chern characters to
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effect calculations with. The Local Index Theorem does just this, giving concrete
representatives for the K-homology Chern character. This requires additional data
above and beyond a Fredholm module, requiring smooth structure and an unbounded
operator D. The result will then have the form of a sum of ‘integrals’ over differen-
tial forms (and some strange cousins) which reproduces the usual Index Theorem for
manifolds.

Finally, inspecting equation 1.28 shows that the top component of the homology
Chern character is given simply by the integral of the top component of the K-theory
Chern character. This is because the multiplicative characteristic classes I(D), which
appear must all have constant term 1. Thus this top component is the ordinary
integral, and pairing it with Hochschild classes (differential forms) will reproduce the
integral over the manifold. One does not usually think of the integral on a manifold
as the Hochschild class of a Chern character, but it is clear that one can. Essentially,
Connes’ Theorem 8 (which appears as Theorem 8 of Chapter IV of [19]) identifies
the Hochschild class of the Chern character in terms of the Dixmier trace. Our final
introductory section shows that this is not an unreasonable expectation at all.

1.3 Differential Forms and Hochschild Homology

In this section we will always consider A a smooth, local algebra unless mentioned.
Many of the constructions we will encounter can be performed for other algebras, but
this will be all we require. We will employ the projective tensor product throughout
this section, and denote it by ® instead of ®. This should cause no confusion as no
C*-algebras will appear in this section at all.

1.3.1 Noncommutative Differential Forms and Connections

Let A be a unital smooth algebra and set A = A/C. There should be no confusion
with the norm closure of A as no C*-algebras will appear.

Definition 1.3.1 The A-bimodule of universal 1-forms is

QlA) =AR A (1.29)
with differential defined by
§: A= QU A), da)=1®a-a®1 (1.30)
and bimodule structure
ab(b) =a®b—ab®1, d(a)b=1®ab—a®b. (1:31)

Remark Note that §(a) depends only on the class of a in A and that the left and
right module structures are related by the Liebniz rule

d(ab) = 6(a)b + ad(b).
The adjective universal is justified by the following.
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Lemma 1.3.2 Let M be an A-bimodule and d : A - M a derivation. Then there
ezists a bimodule map p : Q1 (A) = M such that d = po 4.

Proof Define p(d(a)) := d(a) and extend p by left and right .A-linearity to a
bimodule map. |

It is well known, [52], that Q'(A) = I where I = kerm and m : A® A — A is the
multiplication map. When 4 is nonunital we define

QHA) = AT @ A= AT © AT, (1.32)

To obtain differential forms of all orders we set
QMA) = QN (A) @4 ®40(A), n 21
and
Q0(A4) = A (1.33)

in both the unital and nonunital case. Thus Q°(A) is nonunital if A4 is. The reason
for this choice among the several conventions available, [19, 37], will be discussed in
the next subsection.

Lastly we define the universal differential algebra

2°(4) = B (A, (1.34)

n=0
with product, .4-bimodule structure and differential given by
(agday - - ban)(bodby - - 8bg) = aobay---6(anby)dby - - - 6by
+ E(—l)"_jagdal e+ 8(a5i41) -+ - 8an 8bodby - - - Sby
+ Zill)"agaléag -+ danbbg - - - Oby,

a(a05a1 L Jak)b = aa06a1 - J(Gkb)
k-1
+ D (-1)*agday - - 8(asais1) - - - Saydb
i=1
+ (—l)ka0a15a2 . §ak6b

§(pw) = 8(p)w + (—1)Plps(w), (1.35)

where p,w € Q2*(A), p is a form of order |p| and we extend this rule by linearity. The
seemingly complicated form of the product and right module structure can easily be
seen to stem entirely from the compatibility with the Liebniz rule.

If A is a *-algebra, then we can endow Q*(.A) with two natural *-algebra structures:
ifa € A and p,w € 2*(A) then

(ba)* = é(a”),  (pw)* =w*p", or
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(6a)* = —d(a"),  (pw)" = w'p".

We will employ the latter, but this is basically a matter of convention. The cohomol-
ogy of the complex (2*(A4),6) is zero in all degrees when .4 is nonunital, and is C in
degree zero when A is unital. We summarise this by saying that the reduced complex
is zero in all degrees (see below). Despite it being cohomologically dull, it serves as
an extremely useful unifying tool for the homology theories to follow.

Example Let X be a complete Riemannian manifold and Ct°(X) the algebra of
smooth integrable functions. Then the universal one forms can be determined from
CR(X) ® C§°(X) = C°(X x X), where of course we mean the projective tensor
product. Analogously, C(X)®" = C{°(X X --- x X). The map

§: CX(X) - C°(X x X)

is given by
(6f)(z1,22) = f(z2) — f(21)-
The bimodule structure of Q!(C{°(X)) is defined by
(96f)(@1,22) = g(z1)(f(22) — f(=1))  ((6)9)(w1,22) = (f(m2) — f(=1))9(22)-

More generally, w € QF(C$°(X)) if w is smooth and w(zo, ..., %, 2, .y Zg) = 0 for any
consecutive pair of coordinates. The adjoint is

(6f)*(z1,32) = —(f*(z2) — f*(x1)),
where f* is the complex conjugate of f, and the product of a k-form w and an [-form
pis
(WP) (T +vry Thtt) = W(T0y +ee Tk)P(Tkes vov Thtl) -

In the commutative case one can form another differential algebra. We define AY(A)
to be the symmetric A bimodule of symbols da, a € A, subject only to the relation
d(ab) = adb + bda. (1.36)

This is not an entirely precise definition, but can be made so, [52, 37]. Thus we can
form the exterior algebra over A

A*(A) 1= A% (AN (A)). (1.37)
The product on A*(.A) is given by
(apday A -+ Adag) A (bodbi A- -+ Adby) = agbodar A--- Adag Adby A - - Adbp, (1.38)
and is a differential graded algebra for the operator d defined by

d(p Aw) = d(p) Aw + (=1)Flp A dw,
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where p,w € A*(A), p is homogenous of degree |p| and d is extended by linearity to
not necessarily homogenous terms. This algebra possesses universal properties similar
to 2*(A), but in terms of symmetric bimodules (A commutative of course).

The closest analogy to a skew symmetric differential algebra for a not necessarily
commutative algebra A is the abelianisation of the universal differential algebra. This
is defined by quotienting the universal differential algebra by the submodule of graded

commutators;
0 (A)gp = Q*(A) mod graded commutators.

This is not an exterior algebra in general. The differential é of the universal differ-
ential algebra descends to this quotient, turning Q*(A),, into a graded differential
algebra. The cohomology of the complex (Q2*(A)qp,d) is called noncommutative de
Rham theory, and is closely related to cyclic homology, [52, 19]. We will examine the
relationship of the abelianised differential forms to Hochschild homology in the next
section.

One might suspect that for a commutative algebra we have
A*(A) = Q% (Ao,

but this is not true in general. However, for ‘sufficiently smooth’ algebras it is true,
and we will return to this briefly in the next section. On a related note, we quote the
following result from [37].

Proposition 1.3.3 If A is the algebra of smooth integrable functions on a smooth
manifold X, then A*(A) is the exterior algebra of ordinary smooth integrable differ-
ential forms on X.

Proof With A = C{°(X), we have Hom 4(A!(A), E) — Der(A, E) for any sym-
metric A-bimodule E, [52], so in particular

Hom 4(A!(A),.A) —» Der(A, A).

But Der(A, A) is precisely the Lie algebra of vector fields on X with bounded smooth
coefficients. This says that Al(A) is the .A-dual of these vector fields, but this is
precisely the integrable one forms on X. Comparing the product and differential
completes the proof. O

It can also be shown that the (topological) Hochschild homology HH,(A) of any
commutative and unital algebra A contains A*(4) as a direct summand, [52]. For
purely algebraic Hochschild homology there is a definition of smooth ensuring that
HH,(A) = A*(A), and this result is known as the Hochschild-Kostant-Rosenberg
Theorem, [52]. For the topological theory, Connes proved that for the smooth func-
tions on a compact manifold, HH,(A) = A*(A). We will return to this in the next
section.

We also use the universal differential algebra to define connections in the algebraic
setting. So suppose that F is a projective right .4-module, where for the moment A is
unital. Then it can be shown, [37, 19], that connections, in the sense of the following
definition, always exist.



1.3. DIFFERENTIAL FORMS AND HOCHSCHILD HOMOLOGY 31

Definition 1.3.4 A (universal) connection on the projective right A-module E 1is a
linear map V : E = E ® 4 Q' (A) such that

V(€a) =€£®5(a) + V(£)a, Vac A, € €E. (1.39)

Note that this definition corresponds to what is usually called a universal connection,
a connection being given by the same definition, but with O (A) replaced with a
representation of Q!(A). The distinction will not bother us, but see [50, 19, 37].
When Q! (A) is the degree one term in a graded differential algebra (as in the universal
case), a connection can be extended to a map on the right Q*(A) module

E®40*A) = E@4 QT1(A)
by demanding that V(pw) = V(p)w + (—1)!Plp§(w) where p is homogenous of degree

|p|, and extending by linearity to nonhomogenous terms.

If there is an Hermitian structure on E, and we can always suppose that there is, then
we may ask what it means for a connection to be compatible with this structure. It
turns out that the appropriate condition is

§&me =& Vne—(VEnE. (1.40)

Here we write V¢ as 3 & ® w;, and the expression (V¢,7)g means 3w} ® (&,7)E,
and similarly for the other term. As real forms, that is differentials of self-adjoint
elements of the algebra, are anti-self-adjoint, we see the need for the extra minus sign
in the definition.

In the unital case it is known that a compatible universal connection exists on a right
A-module E only if F is projective, [37]. For a nonunital algebra A, we note that a
finite projective Ay-module E has a universal connection with values in E®4, QL(Ap).
If ¢ € E|4 and a € A then

V(a) =V(€)a+{®da € El4®4 Q(A). (1.41)
Thus V restricts to E|4.

1.3.2 Hochschild Homology and Cohomology

In this section we review the basics of the Hochschild theory. As mentioned earlier,
representations of Hochschild cycles and cocycles on Hilbert space will provide us
with the means to effectively compute the index pairing in a wide range of examples,
including the case of classical manifolds.

If A is a smooth unital algebra, and M is an A-bimodule, set
Cn(4, M) =M ®A®", n>0
and define b : Cp,(A, M) = Cpn_1(A, M) by

b(ao, --',a'n) = (aoal,a2, ---,an)
n—1
it E(—l)‘(amal’ ereyQiQit1, .- 1an)
i=1

) (_l)n(ana07 (45 PRI an—l)
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where ag € M and a; € A, i > 1. It is clear that b is continuous.

Definition 1.8.5 The (continuous/topological) Hochschild homology of A with coef-
ficients in M is the homology of the complex (C(A, M),b) and is denoted by

Ho(A, M) = @) Hn(A, M).

n>0

If M = A we denote the resulting homology by HH,(A) and the chain complez by

It is straightforward to show that the homology of (C(A, M), b) also yields H, (A, M),
where

Col(A, M) =M e A"

This is called the normalised Hochschild complex. Similarly there is a reduced com-
plex C,(A)eq defined by the short exact sequence

0 — C[0] — Ci(A) — Ci(A)rea,

where C[0] is the complex consisting of C in degree zero only. Note that the reduced
complex is the same as the normalised complex except that in degree zero we have A
instead of A. In general we obtain an exact sequence

0 = HH1(A) — HH;i(A)re¢ — C — HHy(A) — HHy(A)req — 0,

and HH,(A) = HHp(A)req for n > 2. If A is nonunital and topologically H-unital
(see below), then we find that

HHn(A) = HHn(A+)red

where on the left we define the Hochschild homology as usual.

One can also show that in the unital case

Cn(A) 2Q"A4), n>0
(agy ...y an) — agbay - - - day, (1.42)

as linear spaces. In the nonunital case a similar isomorphism holds, but now it is
the reduced complex Cy(A%)req on the left hand side owing to the slightly different
definition of Q*(A).

The relationship between the Hochschild boundary b and the differential of universal
forms is easily determined by application of the Liebniz rule, which yields, [52],

b(wéa) = (-1)“[w, a], (1.43)

where the bracket denotes the commutator. Equation (1.43) is very important in
what follows and we will make much use of it. We also make use of the following
result, [52].
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Lemma 1.3.6 For any unital smooth algebra A there is a commutative diagram

Qr(A) -5 Q1 A)
{ {
Q" (A)ap — O 1(A) gp-

and the induced map HHy,(A) — Q"(A)gqp is injective.

So for A commutative we see that
A*(A) C HH,(A) € Q*(A)w,

and if A is sufficiently regular then we have equality between A*(A) and HH.(A).
This ‘Goldilocks’ property of the Hochschild groups, neither too big nor too small,
makes them an attractive generalisation of (smooth) differential forms to more sin-
gular situations, even in the commutative case. A particularly useful feature of this
lemma is that Hochschild k cycles, ¥ > 1, can be taken to be antisymmetric as
products of one forms.

We will not reproduce the proof of the Lemma here, [62], but will draw attention to
the following operator which appears in the proof. Define o(a) = a for a € A and

o(wda) = (-1)(da)w, |w| > 0.
By (1.43), this operator satisfies
1—o=0b0+6b (1.44)
and the lemma asserts that HH,(A) is a submodule of
Q" (A)gp = Q™(A) mod (Im(b) + Im(1 — o)), n=>0.

Note also that Equation 1.44 shows that § provides a chain homotopy between the
identity map on the Hochschild complex and cyclic permutation of the one form com-
ponents. This is the first sign of the cyclic theory which appears in the next section, for
restricting to those chains which are invariant under such a cyclic permutation yields
a pair of differentials satisfying the requirements for the definition of a bicomplex.

Before dealing with the issues that arise when dealing with nonunital algebras, we
introduce Hochschild cohomology. The appropriate cochain complex is

C*(A) = Home(Ci(A), C)
with coboundary b : C*(A) — C"*1(A) given by
(bF)(ao, seny an+1) = (F o b)(ao, ceny an+1)

where on the right we mean the b appearing in the definition of Hochschild homology.
The resulting cohomology is usually denoted HH*(A, A*). For an explanation of



34 CHAPTER 1. BACKGROUND RESULTS

this notation and the definition of Hochschild cohomology with more general coeffi-
cients, see [52]. Just as in the homological setting, one can use a normalised complex
to compute the Hochschild cohomology. This complex consists of those multilinear
functionals F : Cp(A) — C such that

F(a’Oaa’la ---,an) =0

whenever any of the a;, ¢ > 1, is equal to 1.

One of the advantages of the cohomological framework is that we need not be as
worried about the completeness of the algebra. The reason is that any continuous
functional on a topological algebra .4 automatically extends to the completion. So
when A, C A is a local algebra, we may work purely with A.. This can greatly
simplify many proofs.

There is a natural pairing between Hochschild homology and cohomology, given by
evaluation.

We now come to the issues surrounding nonunitality. This is a tricky problem in

Hochschild homology, associated to excision and related problems. A detailed discus-
sion can be found in {52].

The obvious way to define Hochschild homology of nonunital algebras is precisely as
one would for unital algebras, since the definition makes no use of a unit. The problem
is that this definition does not always give rise to a well-behaved homology theory;
in particular it does not always agree with other natural definitions or guarantee
that excision holds. However, for the following class of algebras, this definition is
apppropriate, and agrees with the other possible definitions, [52].

Definition 1.3.7 A topological algebra A is topologically H-unital if the topological
bar complez is acyclic.

The bar complex is the following
o ALY g B Y g

where

n—1 ]

b’(ao, Alyeeny an) = Z(—l)z(ao, ey Qi 41y evey an).

i=0
For any unital algebra .4, this complex is acyclic, and the following theorem of Wodz-
icki shows that this is the correct generalisation of unitality for homological purposes.
Note that the proof of Wodzicki’s Excision Theorem extends to the topological set-

ting provided we are working with a complete algebra, as all the relevant maps are
continuous, [52].

Proposition 1.3.8 (Wodzicki) Let A be a Fréchet algebra. Then the following are
equivalent:

1) A is H-unital
2) A satisfies excision in topological Hochschild homology.
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Saying that A satisfies excision means that whenever A is an ideal in B, we have an
isomorphism

HH,(B, A) & HH,(A).

The relative homology groups H H, (B, .A) (not the same as H,(B, A)) are defined to
be the homology groups of the complex ker(C,(B) — C«(B/A)). They fit into a long
exact sequence

.- — HH,(B, A) » HH,(B) - HH,(B/A) - HH,_1(B,A) — - --
Thus if 4 satisfies excision there is a long exact sequence
-+ HH,(A) - HH,(B) » HH,(B/A) = HH,_1(A) — -+

Our main purpose in this section is to show that smooth local algebras without units
are topologically H-unital.

Proposition 1.3.9 Let A. C A be a smooth, local algebra. Then A is topologically
H-unital.

Proof We know that the closure of the algebraic tensor product
AS
(4
in the projective tensor product topology is
A®™,

As A, has local units, it is algebraically H-unital, [52]. In other words, the algebraic
bar complex of A, is acyclic.

Since b is continuous, it extends to the closure of the algebraic bar complex in the
projective tensor product topology, and kerd' is closed. So if

¢ € A®" N kerb,

there is a sequence
{¢n} €A™ N kerd

such that ¢, — ¢ and ¢, = b'th, for some o, € AP"HL. The continuity of b’ now
shows that
¢ = lim ¢ = lim b4y = V' lim o = b

Thus the topological bar complex of A is acyclic and A is H-unital. O

Corollary 1.3.10 For A a smooth local algebra, the Hochschild homology of A is
given by
HH,(A) = HH,(A")red,

where the right hand side is the reduced Hochschild homology of AT,
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This indicates that Q%(4) = AT @ AT"", n > 1, Q0(A4) = A, is the correct definition
for our purposes in the nonunital case. Just as we write *(.A) in all cases, we will
now write H H,(A) whether A is unital or not.

We now state the generalisation to topological Hochschild homology of the Hochschild-
Kostant-Rosenberg Theorem, [52].

Theorem 1.3.11 (Connes’ HKR Theorem) If X is a smooth complete manifold
then
HH,(CT°(X)) = Agp(X)

where on the right we have the de Rham algebra of smooth integrable differential forms.
In particular, A*(C7°(X)) = Q5 (CF°(X)) = Ajp(X).

The proof of this theorem in the compact case was given by Connes in [20] and in
the general case by Teleman in [69]. Teleman actually shows that the theorem is true
(among other algebras) for the algebra of smooth integrable functions and for the
algebra of bounded smooth functions (whose derivatives of all orders continue to be
bounded). The Morita invariance of Hochschild homology for H-unital algebras, [52],
shows that this theorem remains true if we replace C{°(X) by pM,(C$°(X))p, where
p is a projection over a compactification of X. In other words the theorem is just as
applicable to the smooth endomorphism algebra of a smooth vector bundle.

A ‘genuinely’ noncommutative example is given by the following theorem of Connes,
which computes the Hochschild homology of the noncommutative torus. Setting
A = exp(2mif), we say that @ satisfies a Diophantine condition if |1 — A*|7! is O(n¥)
for some k.

Theorem 1.3.12 (Connes) Let 0 ¢ Q. Then one has

1) HH%( Ay, A3) = C.

2) If 6 ¢ Q satisfies a Diophantine condition, then H7(Ag, A}) is of dimension 2 for
j =1 and dimension 1 for j = 2.

8) If 0 ¢ Q does not satisfy a Diophantine condition, then H7(Ag, A}) are infinite
dimensional, non-Hausdorff spaces.

The proof of this theorem can be found in [20].

1.4 Cyclic Cohomology and the Pairing with K-Theory

As discussed earlier, Connes’ cyclic theory provides the noncommutative analogue
of de Rham theory and a receptacle for Chern characters in both homology and
cohomology. We will give a rapid description of the key results, and then describe
the pairing and the Chern characters. Finally, we will recall the basic definitions of
entire cyclic cohomology, in preparation for the next Chapter.
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1.4.1 Cyclic Homology and Cohomology

We begin with topological cyclic homology. If A is a unital smooth algebra, define
the (b, B)-bicomplex of A by setting

A®PHL g > p
B(A)pg = { 0 otherwise

and the following diagram

+ } +
A®3 L 482 2 4
bl bl
A®2 & A

bl

A

The map b is the Hochschild boundary, and the map B = (1 — ¢)sN is defined by
setting

t(ag, @1, -y an) = (—1)"(an, ao, vy Qp—1)
N=1+t+---+t* s(ag,-,an) = (1,a0,...,0n).

Definition 1.4.1 The cyclic homology groups of A are defined to be
HCy(A) := Hp(TotB(A)).

One can also use the following normalised bicomplex, denoted B(A) to compute the
cyclic homology,

AQAT: B AA LA
bl bl
A9A & 4
bl
A

where we can write B as

n
B(ao, cery an) = Z(—l)m(l, AiyeeayQpy A0y ney a,-_l)
1=0
or in terms of differential forms

n
P_(aO(safl S aan) b Z(—l)"iéai < dapdag---dai—1.

1=0
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Example A straightforward calculation shows that

HC3,(C) = C and HCyn41(C) = {0}.

Just as in Hochschild homology, we can define a reduced complex by
0 — B(C) = B(A) = B(A)req = 0

and a reduced cyclic homology by setting

HO(A)yea = Ha(B(A)red)-
The main result we require from the reduced theory is that if 4 is nonunital, then

HC,(AY) = HC.(C) ® HC.(A™)rea,
and so, from the definition of the reduced complex,
HC\(A) = HC(A")rea.

More generally, excision is satisfied in cyclic homology for all H-unital algebras. One
of the fundamental results in the cyclic theory is the following, due to Connes. This
periodicity exact sequence identifies precisely the obstructions to cyclic homology
being periodic of period two.

Theorem 1.4.2 (Connes’ Periodicity Exact Sequence) If A is a smooth there
s a natural long ezact sequence

v = HH,(A) 5 HCo(A) D HCr_o(A) B HH,_1(4) - ---

Here S is (the dual of) Connes’ periodicity map which we will describe shortly in the
cohomological framework. The map I may almost be regarded as taking a differential
form to its cohomology class, and the word almost comes from the following. For the
algebra A of smooth integrable functions on a manifold X, it turns out that, [19, 52],
that
HCy(A) = A™(A)/dA™H(A) @ Hi2(X) @ Hig*(X) & - --

where the de Rham groups on the right terminate at HgR or H‘}R depending on
whether 7 is even or odd. So we see that I takes a differential form to itself modulo
boundaries. The periodicity operator S basically ‘forgets’ the top two terms, and B
is n times the exterior derivative on n-forms.

For cyclic cohomology we begin with the dual (b, B) bicomplex of the unital algebra
A. Set C"(A) = Hom(A®"t!, C) and

c*(4) 2 cl(4) -2 )

bt bt
cl(4) -2 c0(4)
bt

Co(A)
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where (b$)(ag, .- an+1) = ¢(b(ao, ..., ant1)) and similarly for B. Again, we can alter
this bicomplex by replacing C™(.A) by C"(A) without changing the homology. Here
C"(A) is the linear space of cochains vanishing on elements (ag, ...y an) wWith a; = 1 for
some i > 1. The resulting bicomplex is called the normalised bicomplex, and denoted
B(A). An important result, using the fact that A is a unital, complex algebra, is that

HC™(A) & Hom(HC,(A),C), n>0.

Utilising excision and the reduced theory for nonunital algebras, we find that we can
adopt this as our definition of cyclic cohomology also. This will correspond to locally
finite de Rham homology, as the definition of cyclic homology for a nonunital algebra
yields the analogue of compactly supported de Rham cohomology. Just as for K-
homology we can define a compactly supported cyclic cohomology for a local algebra.
We will not explicitly require such a theory, so we leave the details to the reader.

There are analogues in cyclic cohomology of most results in cyclic homology, in par-
ticular the periodicity exact sequence. Again we look at what happens for the smooth
functions on a manifold X. The cohomological version of the map I: HC"A) —
HH"(A, A*) takes a cyclic cocycle in

HC™(A) = kerb @ Hp—2(X) & Hp_s(X) &+

to its top component. Thus if X is n dimensional, we expect that the Hochschild
class of the Chern character of the Dirac class will provide us with the integral on the
manifold. In fact this is true, and we will prove it in the next Chapter.

Before looking at some specific computations, we need to describe the periodicity
operator and periodic cyclic cohomology. In [19], Connes defines a cup product

HC™(A) @ HO™(B) - HC™™(A® B),

sending ¢®v — ¢#. It is straightforward to compute that HC*(C) is a polynomial
algebra with a single generator o in degree two. Then for all complex smooth algebras
A, HC*(A) is a module over the ring HC* (C) via the cup product. This allows us
to define

S:HC"(A) = HC"3(A), S¢=o#¢

where ¢ is any cyclic cochain. The periodic cyclic cohomology, H,, (A), of an algebra
A is then defined to be the inductive limit of the groups HC"(.A) under the collection
of maps S : HC"(A) — HC™?(A). Alternatively, one can quotient HC*(.A) by the
relation ¢ ~ S¢. Periodic cyclic homology is defined similarly, see [62).

Theorem 1.4.3 (Connes) For X a smooth complete manifold
Hper (C1°(X)) = Hjp(X;C)

H2,(C5°(X)) = Hugr(X; C)

where the de Rham cohomology is compactly supported and the de Rham homology is
locally finite.
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This follows from the identification of HH,(C{°(X)) & A*(X), identification of the
duals and the operator B, along with the results in [20].

Theorem 1.4.4 (Connes) For the noncommutative torus and for all 8 € [0,1), we
have

Hpot™(Ag) = C* Hpo(Ag) = C*
By the duality result quoted earlier, similar statements hold for cyclic homology. The
proof can be found in [20].

1.4.2 Chern Characters, Fredholm Modules and the Pairing

This final section on the cyclic theory provides the definitions and some basic results
for the Chern characters in both K-theory (with values in cyclic homology) and in
K-homology (with values in cyclic cohomology.) After we have dealt with the pairing
in the cyclic theory (which is just evaluation modulo some normalisations), we look
briefly at the definition of entire cyclic cohomology.

In the classical case, the Chern-Weil theory requires some degree of smoothness if
one wants to compute characteristic classes (in terms of connections and curvature
for instance.) In the noncommutative setting the analogous regularity requirement
for K-theory classes is the smoothness of the algebra to which they belong, while for
K-homology the natural requirement is a summability restriction. This, too, forces
us to consider smaller and more regular algebras.

Definition 1.4.5 Given a normalised Fredholm module (H, F,T) over A, we say that
it is p + 1-summable if p is of the same parity as (H,F,T") and

[F,a) € LPTY(H) Va e A (1.45)

The Chern character of the p+ 1-summable Fredholm module in the (b, B)-bicomplex
is given by the following formula for n > p and of the same parity

1
Chi(ag,...,an) := Ey,,Trace(I"F[F, ag]- - [F,ay))
= pnTrace'(Tao[F,a1]- - [F,ay)) (1.46)

where, as usual, I' = 1 if the module is odd. The constants p, are given by

(241
_(Eﬂu n even

Un =
——F—ﬁrfﬂ) n odd

One can check that this is well-defined, gives a cyclic cocycle in HC™(.A) and that
S[ChE] = [ChEH)
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so that this also gives a well-defined class in periodic cyclic cohomology.

Note that Chern characters vanish whenever any of their arguments is a scalar, so the
definition also extends to the nonunital case, where we obtain elements of the reduced
cyclic cohomology, [37].

In cyclic homology we have the Chern characters of projections and unitaries in matrix
algebras over .A. These are given in the unital case by

Chan(p) = (1) BV Tvace((p — 2)(59)%), € Ma()
Chagt1(u) = (—1)F k! Trace(u ™ dudu™ du- - - du~tou), u € Mp(A),

where the trace is just the normalised matrix trace on matrices over A. Using the
simple formulae

b(p(6p)™) = p(6p)" ™" B((6p)™) = (2p — 1)(6p)" "
B(p(ép)™) = (n+ 1)(ép)"*"  B((6p)") =0
we can check that for all k

bChag12(p) + BChai(p) =0

so that (Chgg) gives a cycle in the (b, B)-bicomplex of .A.

For the odd case we note that
u—l(Su = _(6"’—1)’[1,, (Ju)u"l — —u(&u‘l)
so that
Chok+1(u) = k!Trace((u_l(S(u))%H)‘

This allows one to show that

B(Chgk_1(uw)) = (=1)*k!Trace((§(u™")du)* — (fud(u™))¥)
—b(Char41(u)),

s0 that (Chgg41(u)) defines a periodic cyclic homology class.

In the nonunital case we work with reduced K-theory. In the odd case we can simply
take unitaries in the one point compactification, and the above Chern character can be
applied to these unitaries. In the even case, we consider classes of the form [p] —[1x] €
Ko(A™) which are in the kernel of the map induced on K-theory by the quotient map
q: AT = C. Here I is the identity element of the k X k matrices over At. In this
case we compute the Chern character by Ch,([p]) — Ch.([1£]) = Ch.([p]) — 3.

The chief result is the translation of the K-pairing to the cyclic pairing, [19],
([p], [M, F,T)) = (Ch.[p), Ch*[H,F,T|) € Z
([u), [, F]) = (Chulu], Ch*[H, F]) € Z.
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That is, the Chern character of a finitely summable Fredholm module pairs integrally
with K-theory, [19]. The pairings are given simply by evaluation, except in the odd
case where we need to divide by v/277 to obtain the correct normalisation. The
constants appearing in the various chain complexes defining cyclic (co)homology are
thoroughly dicussed in [19].

Finally, we briefly look at the more technical entire theory for use in the next Chapter.
In some sense the periodic theory is of a polynomial nature while the entire theory is
more analogous to entire function theory, hence the name. It comes into play when
we deal with infinite dimensional spectral triples. In particular, finite dimensional
objects turn out to be (trivially) infinite dimensional, and we can consider the entire
cyclic cohomology of the algebra of a finite dimensional spectral triple (see Chapter
2).

Definition 1.4.6 Let A be a unital Banach algebra. We define the norm of a multi-
linear function ¢™ € C"(A) = Hom(A®"+1) py

I 6" ll:= sup{|¢" (ag, ..., an)| : || a5 |< 1 ¥j}. (1.47)
An analogous definition can be applied to a locally convex algebra also; see [19].

Definition 1.4.7 An infinite sequence of multilinear functions (¢%*) (even case) or
(¢?*+1) (odd case), with ¢" € C™(A), is called an entire (even or odd respectively)
cochain if the following series in a complez variable z have infinite radius of conver-
gence

Zoo 2k zF Zoo 2k+1 i
k=0 : k=0 ’

Let CE°(A) and CE!(A) be the spaces of even and odd entire cochains respectively,
and form the complex

CE°(A) <~ CE'(A) (1.49)

where b + B is the coboundary operator in each direction. The cohomology of this
complex is denoted HE°(A) ® HE"(A) and called entire cyclic cohomology.

Example HE?(C) = C and HE(C) = 0, just as for periodic cyclic cohomology.

This will turn out to be the appropriate cohomology theory for §-summable spectral
triples, which play the réle of infinite dimensional spaces. We also note that this
theory continues to make sense for smooth algebras, [19].

The previous definition of the Chern characters in K. -theory continues to make sense
in the entire theory without alteration, [35). Likewise, the integrality of the pairing
continues to hold. The initial impetus for the entire theory was the need for a re-
ceptacle for Chern characters of ‘infinite dimensional’ objects; i.e. Fredholm modules
which failed to be finitely summable. In the next Chapter we will employ the entire
theory in order to use the Chern character of an ‘infinite dimensional’ spectral triple,
rather than Fredholm module. A spectral triple requires an additional ingredient
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above and beyond the structure of a Fredholm module, namely an unbounded op-
erator. Before we define spectral triples precisely, we first examine how unbounded
operators are related to integration and measure, and how the Dixmier trace can be
related to ordinary integration.

1.5 Noncommutative Measure Theory

As mentioned earlier, this section is not about von Neumann algebras, despite their
role as measurable functions in noncommutative geometry. Rather it is about the
integrals that appear naturally in the context of noncommutative manifolds. This
section centres on the Dixmier trace (of the Dirac operator), largely because it appears
as the Hochschild class of the cyclic cohomology Chern character of a smooth manifold.
From what we have seen, this provides a natural generalisation of the usual integral.
To demonstrate this, we will relate the Dixmier trace to spectral theory and show that
the Dixmier trace of the Dirac operator recovers the usual measure on a manifold.

1.5.1 The Dixmier Trace and the Wodzicki Residue

We now relate the noncommutative integral given by the Dixmier trace to the usual
measure theoretic tools. This is achieved using two results of Connes; one building on
the work of Wodzicki, [75], and the other on the work of Voiculescu, [72]. For more
detailed information on these results, see [19] and [75, 72].

To define the Dixmier trace and relate it to Lebesgue measure, we require the defi-
nitions of several normed ideals of compact operators on Hilbert space. The first of
these is

LI (3) = (T € K(H) 3 pn(T) = Oog N}

n=0
with norm
1 N
T = su T).
” ”1100 NZ% logN nX___%IJ’ﬂ( )

In the above the p,(T) are the eigenvalues of |T| = vTT* arranged in decreasing
order and repeated according to multiplicity so that po(T) 2 p1(T) > .... This ideal
will be the domain of definition of the Dixmier trace. Related to this ideal are the
ideals LP*)(H) for 1 < p < oo defined as follows;

LPR) ) = {T € K(H) : i un(T) = O(N'77)}

n=0

with norm

1 N
I T lpoo= 590 —1 > #a(T).

P n=0
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We introduce these ideals because if T} € E(”"’°°)(”H,) fori=1,...,n and ¥ p% =1,

then the product Tj - - - T, € L(1%°)(#). In particular, if the operator T € LP:>)(74)
then TP € L(12°)(H).

An important point is that if T € L) (H), p > 1, pa(T) = O(n_%). So T? €
L) () will have eigenvalues py, (TP) = O(%), and so be measurable in the sense to
be introduced below. However, not all elements of £{1:) (%) have eigenvalues which
are O(L).

We want to define the Dixmier trace so that it returns the coefficient of the logarith-
mically divergent part of the trace of an operator. Unfortunately, since the sequence
(1/log N) SN un(T) is in general only bounded, we can not take the limit in a well-
defined way. The Dixmier trace is usually defined in terms of linear functionals on
bounded sequences satisfying certain additional properties, [19]. One of these proper-
ties is that if the above sequence is convergent, the linear functional returns the limit.
For any such functional w, one defines a functional on £{1:%)(#) by

oN (T) )
log(NV)

Tr,(T) =w (

where oy (T) = N pn(T). For T € L%)() with T > 0, we say that T' is measur-
able if

1 &
F7= i, gy 2 (D) = Tl

exists and so is independent of w.

It can be shown that for positive T' € £(1’°°)('H), measurability is equivalent to the
following, [19]. Denote by (r(s) the trace of T° for s > 1. Then T is measurable if
and only if

lim (s —1){(s) = L < oo, (1.50)

s—1+

and in this case, L = £ T, [19]. We will utilise this point of view in the next Chapter.
It is our strongest means of showing the measurability of operators. For not necessarily
positive operators we note that T'r, is linear, so we extend Tr, by linearity to all
of £(1:%) (M), and similarly for f. The space of measurable operators is a closed
(in the (1,00) norm) linear space invariant under conjugation by invertible bounded

operators and contains L',(()l’°°) (#), the closure of the finite rank operators in the (1, c0)
norm.

The following properties are satisfied by T'r,, for any choice of w, [19]:
1) If T > 0 then T'r,(T) > 0;

2) For all S € B(H) and T € LI°)(H), we have Tr,,(T'S) = Tr,(ST);
3) T'r,, depends only on H as a topological vector space;

4) Tr, vanishes on C((,l’oo) (H).

Next we relate this operator theoretic definition to geometry.
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If P is a pseudodifferential operator acting on sections of a vector bundle ¥ - M
over a compact manifold M of dimension p, it has a symbol o(P). The Wodzicki
residue of P is defined by

W Res(P) = 1721@ [ Tracouo_y(P)(a,)aduds. (151)
In the above S*M is the cosphere bundle with respect to some metric g, and o_,(P)
is the part of the symbol of P homogenous of order —p. In particular, if P is of order
strictly less than —p, W Res(P) = 0. The interesting thing about the Wodzicki residue
is that although symbols other than principal symbols are coordinate dependent, it
is easy to check that the Wodzicki residue depends only on the conformal class of the
metric. It is also a trace on the algebra of pseudodifferential operators, and we have
the following result from Connes, [23, 19].

Theorem 1.5.1 Let T be a pseudodifferential operator of order —p acting on sections
of a smooth bundle E — M on a p dimensional compact manifold M. Then as an
operator on the Hilbert space H = L>(M,E), T € LEO)N(H), T is measurable and
+T = WRes(T).

It can also be shown that the Wodzicki residue is the unique trace on pseudodifferential
operators extending the Dixmier trace, [23]. Hence we can make sense of 4T for any
pseudodifferential operator on a manifold by using the Wodzicki residue. This is
done by setting T = WRes(T). In particular, if T' is of order strictly less than
—p = —dim M, then #T = 0. This will be important for us later in relation to
gravity actions.

1.5.2 Voiculescu’s Theorem and Absolute Continuity

The other connection of the Dixmier trace to our work is its relation to the Lebesgue
measure. Since the Dixmier trace acts on operators on Hilbert space we might expect
it to be related to measure theory via the spectral theorem. Indeed this is true, but
we must backtrack a little into perturbation theory.

The Kato-Rosenblum theorem, [47), states that for a self-adjoint operator T' on Hilbert
space, the absolutely continuous part of T' is (up to unitary equivalence) invariant
under trace class perturbation. This result does not extend to the joint absolutely
continuous spectrum of more than one operator. Voiculescu shows that for a p-tuple
of commuting self-adjoint operators (T,...,Tp), the absolutely continuous part of
their joint spectrum is (up to unitary equivalence) invariant under perturbation by a
p-tuple of operators (Ai,...,Ap) with 4; € L®D(H). This ideal is given by

LONH) = (T € K(H) 3 m3 pn(T) < oo},

n=0
with norm given by the above sum.

For X a finite subset of B(?) and J a symmetrically normed ideal of compact oper-
ators, [67, 19], Voiculescu identified the obstruction to finding an approximate unit
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quasi-central relative to X, [72]. That is, an approximate unit whose commutators
with elements of X all lie in J. This obstruction was measured by the following

quantity,

ky(X) = liminf | [4,X] |, .
AERT, A1

Here R is the unit interval 0 < A < 1 in the finite rank operators, and in terms
of the norm || - ||y on J, | [4,X] |ls= suprex || [4,T] [l;. With this tool in hand
Voiculescu proves the following result.

Theorem 1.5.2 Let T1,...,T, be commuting self-adjoint operators on the Hilbert
space H and Eqoc C RP be the absolutely continuous part of their joint spectrum.
Then if the multiplicity function m(zx) is integrable, we have

Yo f m(@)dPz = (kpen ({T1, ..., T,}))?
X

ac

where v, € (0,00) is a constant.

This result seems a little out of place, as we are using £®*) as our measurable
operators. However, Connes proves the following, [19, pp 311-313].

Lemma 1.5.3 Let D be a self-adjoint, invertible, unbounded operator on the Hilbert
space H, and let p € (1,00). Then for any set X C B(H) we have

ke (X) < Cp(sup || [D,T] [)(Tru|D| 7)1, (1.52)
TeX
where Cp is a constant.

The case p = 1 must be handled separately owing to the different behaviour of the
eigenvalue sequences in this case.

Despite the power of this technical result, as exemplified by the following consequence,
even this result is inadequate for our purposes. We will require something that works
in the nonunital case, which will involve |D|~1 never being in the ideals required. We
will discuss this in the next Chapter once we have introduced the appropriate notions
of summability.

Nonetheless, for the unital case where the above theorem will apply, we have

Theorem 1.5.4 Let p and D be as above, with D~! € L®®)(N) and A a unital,
involutive subalgebra of B(#H) such that [D,a] is bounded for all a € A. Then

1) Setting 7(a) = Fa|D|™? defines a trace on A. This trace is nonzero if we have
kﬁ(p,l) (A) # O'

2) Let p be an integer and ay,...,a, € A commuting self-adjoint elements. Then the
absolutely continuous part of their spectral measure

Haolf) = /E f(@)m(z) Pz

ac
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is absolutely continuous with respect to the measure

r(f) = 7(f (@1, sap) = f FIDI, ¥F € CE(RP).

Combining the results on the Wodzicki residue and these last results of Voiculescu
and Connes, we will be able to show that the measure on a commutative geometry is
a constant multiple of the measure defined in the usual way. The details of the proof
of Theorem 1.5.4 are in [37].

1.5.3 The Nonunital Case

The results of the previous subsections rely on the summability of the unbounded
operator D. We will require similar results in the nonunital case, and so we have
some technical work to do. In [32], it was shown that one can analyse the Wodzicki
residue of operators on complete noncompact manifolds using the spectral density
function. This led to the identification of the Wodzicki residue in the noncompact
case as precisely the same thing as in the compact case! That is, if T' is an operator
of order —p on an p-dimensional manifold X, then for all f € L'(X) we have
1
W Res(fT) = oD /S*X o_p(fT)(x,&)dzds.

The reason for including f is of course so that the integral makes sense. Also, Connes’
Trace Theorem remains true in this generality, [37).

It has also been known for some time that in the non-unital case one should replace
p? e ™) by f(1 +'D2)_§ € £1oo)

for all integrable functions f, [19, 50]. Below we make some estimates to show that
this works. While these results are not novel in themselves, they help to fill in one of
the many “folk areas’ of the nonunital discussion, and justify the definitions we will
make in the next Chapter.

Lemma 1.5.5 For any 0 #m €R
k
/ (m? + r?)~ErP~ldr = logk + O(1),
0

for k large.

Proof The substitution r = msinh# turns the above into a standard integral

[ 2
sinh’1%=log(%+ 1+(%)) p=1
sinh~! % o1 :
L =/D tanh®™" 0d6 = 4 log(cosh(sinh~(£))) = log ( 1+ (%) ) p=2
_2p sinh—1 £
5 _m:—pT”mmh ™+ Ipo p>2
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It is easy to check that for the p = 1,2 cases the solution behaves like log(k) + o(1)
as k — oo. For p > 2 we obtain I, o + O( L). This proves the assertion. O

Corollary 1.5.6 Writing BE(0) for the closed unit ball of radius k about 0 € RP, we
have

/ (m?+ ||  [[2)~ 3Pz = Vol(5P~1) log k + O(1),
B2(0)
for k large.

Proposition 1.5.7 If f € L}(RP) then f(z)g(—iV) € LILX)(L2(RP)), where we
have set g(z) = (m2+ || z ||2)"%, V denotes the gradient operator and f acts as a
multiplication operator on L?(RP).

Proof Let A= f(z)g(~iV). From results in [66], A is a compact operator. Define
An = f(2)gn(—iV),

where g, is g restricted to the ball B2(0) and extended by 0. Then A, is trace class

and
Trace(A,) = / Kn(z, )z
RrP

where Kp(z,y) = (2r)"%f(2)gf (x — ) is the kernel of A,. Here g¥ is the inverse
Fourier transform of g,. So

Trace(4,) = (2m)"% / f(z)gE (0)dPz

= 07 [ 1@ ([ mee) @2

ol(§P-1
% logn / flz)dz + O(1).

Now g(—iV) = (m? + A)~% where A is the Laplacian. The spectral density of A, see
[32], is NP. If f has compact support, then A has eigenvalues and there are O(N?)
of these less than N (counted with multiplicities). So, asymptotically,

log(no. of eigenvalues < N) = plog N,

and the same argument applies to each A,. Thus

1 Vol(SP~!
log rank Ay, Trace(4y) = p(2r)Plogk ./ f(z)dzlogh +O < log k)
_ Vol(S'"‘l)
- L / f@) Pz + 0( k)
Hence A; — A in the (1,00)-norm and so A € L£{1%). |

In fact similar results hold for more general g € L} (RP), the weak L' functions, [67].
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Corollary 1.5.8 For f € L(RP) acting by multiplication on spinors and with P the
Dirac operator acting on spinors, we have

f(@)(m? + p*)7F € £,
Furthermore, it is measurable and
28IV ol (SP—1
]lf (m?®+ p)~% ——(2—7(r)'—2 Rpf(ﬁv)dpx

Proof All of the above statements follow from the proof of the last lemma. We

note that in fact )
f(@)(m? + P2~z € L),

O

Corollary 1.5.9 Let X be a complete p-dimensional spin manifold. Let f : X — C
be an integrable function and P the Dirac operator on spinors. Then for allm >0

f(m? + p?)~% € L®)

f(m? + P?)~% € £5%) is measurable

front 4 p7F = WhRes(f(m?+P*)7F)

_ 2&lyoi(sr)
- p(27r /f(

Proof Choose coordinate charts U? which are contractible and coordinates which

provide diffeomorphisms
z;: Ut =3 RP.
Using a partition of unity we can now reduce the general case to the R? case. The

equality with the Wodzicki residue is from [32]. O

We will, for the sake of brevity, employ the notation

_ 28lval(se-t)
— p@mp
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Chapter 2

Spectral Triples and The Local
Index Theorem

In this Chapter we define the basic geometric objects of noncommutative geometry,
spectral triples, and investigate the simplest constraints that one can place on them.

We begin with the definition and a few of the main examples. In the next section
we introduce the basic regularity hypotheses on spectral triples. Smoothness arises
first, and this minimum of regularity also allows one to construct a pseudodifferential
calculus for spectral triples, which is an extension of the usual notion. While we do not
develop this calculus here, merely summarising the results, ideas and objects arising
from this viewpoint will be utilised in proving the Local Index Theorem. The main
feature of this calculus is Connes’ result that one can employ asymptotic expansions,
modulo operators of lower order.

To turn these expansions into computational tools, one needs to control the size of the
remainders in these expansions. Our first attempt at this utilises (p, 00)-summability.
In the unital case, one can prove many results with a minimum of fuss, however in
the nonunital case the much weaker constraints limit what one can reasonably hope
to prove. We prove some basic results, and point out where we would like to extend
them.

The difficulties of the nonunital case, reasons cited by Connes and Moscovici, [26],
and an examination of the most important examples, including a detailed example
in the Appendix, show that there is a different notion of dimension which will allow
us to control our asymptotic expansions. This assumption is the discreteness and
finiteness of the dimension spectrum. Essentially, this tells us that a (very large)
family of zeta functions have discrete singularities, with at most finite poles, and
continue analytically to the rest of the complex plane. When coupled with (p, 00)-
summability, this condition allows us to prove continuity and measurability results for
the Dixmier trace which are trivial in the unital case, even with only the assumption of
(p, 0o0)-summability. Thus the nonunital case shows that this new definition of ‘finite
dimensional’ is extremely natural. In addition, we use the continuity of the Dixmier
trace to show that we can employ the functional calculus in an effective manner in the

61
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nonunital case, by working with the ‘compactly supported’ elements of our algebra
and approximating.

Another point of view is that spectral triples are unbounded Fredholm modules, and
from this aspect, we expect these new hypotheses of smoothness and dimension to
give us new means for constructing Chern characters in cyclic cohomology. We briefly
review the various Chern characters, including the definition of the well known JLO
definition for the Chern character in entire cyclic cohomology. To extend this def-
inition to the nonunital case requires further hypotheses, namely that we have an
approximate unit {¢,} C .4 which is also an approximate unit for the ‘differen-
tial forms,” Q% (A). Our main aim from there is to (closely following Connes and
Moscovici, [26]) construct a new Chern character in ordinary cyclic cohomology, by
employing the JLO cocycle, asymptotic analysis and all our previously developed an-
alytical tools. The construction of this Chern character is analogous to the methods
underlying the heat kernel proof of the Atiyah-Singer Index Theorem.

Our main purpose in doing this is to obtain a nonunital version of Connes’ Theorem
8, [19, p 308], an important consequence of the Local Index Theorem. This Theorem
identifies (in the case of simple dimension spectrum) the Hochschild class of our new
Chern character as the noncommutative integral given by the Dixmier trace. This
shows that the Dixmier trace not only behaves like an integral from the measure
theoretic point of view, but also homologically. These nonunital results, the Local
Index Theorem and Connes’ Theorem 8, are the most important results of the first
half of this thesis.

2.1 Spectral Triples

In this section we present the definitions of spectral triples and some of the basic
examples.

Definition 2.1.1 A spectral triple (A, H,D) is given by
1) A representation w: A — B(H) of a (local) *-algebra A on the Hilbert space H.

2) A closed, (unbounded) self-adjoint operator D : domD — H such that [D, a] extends
to a bounded operator on ‘H for all a € A and a(l + DZ)"% is compact for all a € A.

The triple is said to be even if there is an operator I' = T'* such thatT? =1, [[',a] = 0
foralla € A and TD+DI' =0 (i.e. [ is a Zy-grading such that D is odd and A is
even.) Otherwise the triple is called odd.

Remark Since A is represented on a Hilbert space we may unambiguously speak
about the norm on A, and the norm closure A = A. The word local is usually not
part of this definition, but we will always work in this setting. We will almost always
suppress the representation , regarding A as a subalgebra of B(H).

Example Let X be a complete Riemannian spin manifold (geodesically complete
with no boundary) with metric g. Let S — X be the spinor bundle on X and
D : T'o(S) — I'o(S) the Dirac operator on the smooth, square integrable sections of
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the spinor bundle. Note that by the (smooth version of the) nonunital Serre-Swan
Theorem, Theorem 1.2.2, T'¢(S) is an A4, finite projective .A-module, where A is the
algebra of smooth integrable functions on X and A is some compactification. It is
then natural to ask for a geometric description of the endomorphism bundles of 'y (S).

In dimensions 6, 7,8 mod 8, S is a real bundle and complexifying yields a representa-
tion space (modulo a small caveat; see below) I'g(Sc) for the algebra

Clif fo(X) := To(Clif f(T*X ® C, g)),

the smooth integrable sections of the Clifford algebra on the complexified cotangent
bundle. In other dimensions the spinor bundle is already a complex (or quater-
nionic) bundle, and so carries a representation of Clif fo(X). In fact, Clif fo(X) acts
A-irreducibly on T'g(S), and so may be identified as the algebra of compact endo-
morphisms on T'y(S). Similarly there is a unital subalgebra of the smooth, bounded
sections of the complex Clifford algebra, all of whose derivatives are bounded, which
also acts A-irreducibly on [4(S) (or T'g(Sc)), and plays the réle of the full endomor-
phism algebra, of I'g(S). This is guaranteed by Theorem 1.2.7, and can be identified
with the algebra of sections of the endomorphism algebra of the same regularity and
boundedness as A,.

Set H = L?(X, S), the square integrable sections of the spinor bundle for the measure
determined by the metric g. The operator D extends to a closed, unbounded, self-
adjoint operator, [51],

D :domD — H

where the domain of D may be taken to be those sections £ such that D{ is square
integrable. If f € C{°(X) acts by multiplication on H, then

[D, f] = df- = Clifford multiplication by df,
and so is bounded. In the last section we showed that
F1+D2) "3 € LP™)(H) c K(H) Vf € CP(X).

Thus we know that (A,H,D) is a spectral triple, and we just wish to determine its
parity. In even dimensions § = S~ @ S™, with the two orthogonal subbundles the +1
eigenbundles of the complex volume form wg, [51], acting on S (or Sc.) The complex
volume form satisfies, [51],

Dwc +wcD = 0.

In odd dimensions S does not split, and we is central in Clif f(X). In fact, we do not
consider the full Clifford algebra in odd dimensions (this is the caveat) but instead
utilise the isomorphism Clif fon+1 = Clif fan ® Ci, where C) is the commutative
algebra generated by 1 and wc over C. In this case, the (complexified) spinor bundle
provides an irreducible representation of Clif fan ® wc, not the full Clifford algebra,
and we fix the representation of wc by demanding that it acts as the identity. Thus in
odd dimensions the endomorphism algebra(s) are provided by this ‘reduced’ Clifford
algebra. We will frequently be sloppy and simply refer to the Clifford algebra.
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Summarising, the tuple (C°(X),L?(X,S),D,wc) comprises a spectral triple. It is
even if the dimension of X is even, with grading provided by the volume form, and odd
if the dimension of X is odd. This is our principal example, and we will henceforth
refer to it as the Dirac spectral triple of a complete spin manifold.

Example If G is a finitely generated, infinite discrete group, we let # = I?(G) be the
Hilbert space completion of the group algebra CG for the canonical trace

’T(Z Cgdg) = Ce,
9€G

where e € G is the identity and J, the function which is 1 on ¢ € G and zero
everywhere else. Let I(G) be a word length function on G for some generating set

{g1,--,9n} € G, and set
D(Z cy(sg) = Z Cgl(g)‘sg-
[[e 9€eq

Now D is only defined for those sequences (cy) such that (c4l(g)) is square summable,
and clearly the linear space of such sequences defines a domain for D. In [21], Connes’
shows that if I(g) — 0o as g = oo in G, then (#,D) defines a spectral triple for the
subalgebra A of the reduced group C*-algebra governed by the boundedness of the
commutator, given on group elements by

[D,g] = Ug),

multiplication by the length of g. In the absence of further information, we have only
an odd spectral triple (A, H, D).

Example For the noncommutative torus we can define a family of examples. Let
01,0, be the derivations of Ay defined by

81U = 27T’LU (91V = 0
AU =0 GV = 2miV.
Let H = L%(Ap, ¢) ® L%(Ayg, ¢) where ¢ : Ag — C is the unique trace on Ay given by

$(A) = ¢()_ anmU™V™) = apo.

The operator

. 0 oL+ 70
D_(—al—?az 0 ), T €C, Im(r) >0,

defines a closed, unbounded, self-adjoint operator with

n domD™ = Ay & Ay.

m>1

The triple so defined is even, as the operator
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provides a grading. We will check shortly that (1 4 D2)_% € L&) C K(H), and
the only other remaining detail is the boundedness of the commutators. If A =
Y @ U™V™ then since apm is of rapid decay, [D, A] is bounded,;

(D, 4] = 0 > apm2mi(n + Tm)UmV™
HT =Y onm2wi(n + Tm)UTV™ 0 '

Example Let
A= P My(C), I finite
i€eICN

be a finite dimensional complex C*-algebra. A spectral triple over A is defined by
a (finite dimensional) representation and any self-adjoint operator D. The repre-
sentation is determined, up to unitary equivalence, by a list of nonnegative integers
a;, i € I, by setting H = @C™%. Given this representation, any self-adjoint matrix
D satisfies the conditions for (4, H, D) to be an odd spectral triple. Given a grading
operator, more restrictions ensue. A thorough discussion and complete classification
of finite spectral triples can be found in [48].

A concrete example with A commutative and finite dimensional is given by Krajew-
ski’s two point construction, [40]. This generalises to n-points in such a way that
all the axioms (which we will present in the next Chapter) are satisfied. Further-
more, this triple can be constructed to have prescribed distances between points (we
will discuss the metric structure in the next Chapter), provided of course that these
distances satisfy the triangle rule. The construction is largely an iteration of the
following two point example. Let A = C2, H = C3, and

0 m O
D= m 0 m
0 m O

The action of A on H is given by

& r1€1
(:l:l,:l,‘z) & = 262 |, V(wl,xg) €A, £EEH.
€3 z2§3
A grading operator can be given as
1 0 0
'=|0 -1 0
0 0 1

and this satisfies the requirement of an even spectral triple.

With this small collection of examples to begin with, we now turn our attention to
the more technical aspects, smoothness and summability.
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2.2 Summability and Dimension Spectrum

We now define what smooth means for spectral triples, and relate it to the notion of
smoothness for algebras. Then we will examine the two main definitions of dimension
in noncommutative geometry. For both of these we will pay particular attention to
the weaker summability hypotheses in the nonunital case.

Definition 2.2.1 A spectral triple (A, H,D) is smooth if
Aand [D,A] C () dom 6™

m2>0

where for x € B(H), é(z) = [| D], z].

In much of what follows, smooth could be replaced by C?, meaning 62(a) is bounded.
Note the difference between the definitions of smooth for topological algebras and
spectral triples. In fact we have the following.

Lemma 2.2.2 If (A,H,D) is a smooth spectral triple, then (As, H,D) is also a
smooth spectral triple, where Ay is the completion of A in the locally convex topology
determined by the seminorms

an(a) =|| 6"(a) | -
Moreover, A is a smooth algebra.

Proof The first statement is clear, for if a is in the completion, then 6"(a) =
lim 6™ (a;) for some a; € A and all n. The only things to check are that [D,aq] is
bounded and that a(l + sz)—% is compact. The first follows because [D,-] is a
closed derivation (using the fact that D is closed and remarks below about domains)
and the second follows from the norm convergence of the a; and the compactness of
ai(1+ D)3,
The second statement follows because 4; is a complete, metrisable locally convex
algebra, and so Fréchet. To see that Aj is stable under the holomorphic functional
calculus, we refer to [19, page 247], where it is shown that the domain of any closed
derivation § : By — B3 from a Banach algebra B; to a Banach B;-bimodule Bj is
stable under the holomorphic functional calculus. We employ this by noting that the
closure of A in the norm .

>

n=0

is a Banach algebra, A,,. Now § : A; — B(H) is densely defined and closable,
so dom § is stable under the holomorphic functional calculus; call this subalgebra
dom &™. Then
As = ﬂ dom &™.
m>1
So if @ € Aj; is invertible (in (the one point unitization of) the norm closure), then
a € dom § for all m, so a~! € dom 8™ for all m and hence a~! € A;. m]
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Thus we can assume without loss of generality that the algebra of any smooth spectral
triple is smooth, in the algebra sense. In particular we have shown that the algebra
Ajp of smooth functions on the noncommutative torus is a smooth algebra, since by
definition it is complete in the topology determined by the seminorms coming from
the spectral triple defined earlier.

If (A, H, D) is a smooth spectral triple, we can define an algebra of pseudodifferential
operators associated to it. All the calculations of the Local Index Theorem will
take place inside the algebra of ¥DOs, and it coincides with the usual YDOs in the
classical spin manifold case, [24]. Furthermore, it is appropriate to introduce it at
this point because it relies only on the smooth structure of the spectral triple. We
will extract from the general theory of [24, 26] only those definitions and notations of
immediate relevance, but acknowledge that ideas arising from, and results proved in,
these references have wider implications for this work than those discussed here.

For s € R, define
H, = dom|D|*, Hoo =[] Has-
5>0

These will play the réle of Sobolev spaces, and we define op” to be the space of
operators on Ho, that are continuous for all s € R as operators

op’ : Hs =+ Hs—r.

In [24], Connes shows that A and [D,A] Cop’, and that for b € A or [D, A], and
n € N,
b = [Dz, [Dza tee [Dza b]] n] € op™.

This is a convenient notation, and one thinks of b as an n-th order differential
operator. Indeed, we can obtain a reasonable notion of differential operators. First,
define the filtration

PeOP* <= (1+D%)"%P¢ () dom ™
m>1

So OP? =op? and OP* Cop® for all . Then set
v(T) = [D?,T] =TW

and define D to be the algebra generated by V*(A) and V™([D, A]), for all n,m €
N UO0. Connes shows, [24], that D is filtered by powers of V and

D" c OP™.

Using this we see that
V(D") C Dn+1

whilefor A€ D" and z € C

A|D|* € OP™+Re(?),
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Thus the operators in D play the role of differential operators. To obtain a suitable
notion of YDOs, we use the filtration OP of op to discuss asymptotic expansions.
Note that when employing inverse powers of |D| in these expansions, one should
really be using (1 +’D2)%, which is the same size. Likewise, one can employ (1 +D2)%
in place of |D| when defining the ‘Sobolev’ spaces, and the filtration OP.

Definition 2.2.3 Let B(A) be the algebra generated by the operators 6™([D,a]) and
6™(a), for all a € A and n > 0. Also, define U*(A) to be the algebra of operators

pOSSessing an erpansion
P~ bg|D|? +bg1[DI¥7 4+, by € B(A),
where the tilde indicates that

P- > b)preop™
—N<n<q

Then ¥*(A) is indeed an algebra since we have an expansion, [26],
oo
[DI*b ~ > ca k8" (b)| D>,
k=0
where cq k is the coeflicient of €* in

(a—k+1)e,c
k!

2 afa—1)-
1+e*=)"
0

and €(b) = §(b)|D|~1. That this is true for nonintegral a follows from results in

[26, 24], in particular the

Theorem 2.2.4 (Connes) Let A € DY and n € N. Then for all z € C and with
E(A) = [D?, AID~% = V(A)D~2, we have
DEAD™ 2 _ (A +2E(A) + ( )82(A) & e

2(z—1)-- (z—n+1)
!

o £n(A )) € Opa-(n+1),

We will accept U*(A) as the algebra of pseudodifferential operators on (A, H, D),
based largely on the ability to employ asymptotic expansions within ¥*(A). Further
justification can be found in [24, 26]. The real power of these asymptotic expansions
will become apparent when we can control the remainder using various summabil-
ity hypotheses on the operator D. These are related to definitions of dimension in
noncommutative geometry, and we now pursue these ideas. The usual definitions in
noncommutative geometry corresponding to finite and infinite dimensional objects
are as follows.
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Definition 2.2.5 A spectral triple is (p, 00)-summable if p > 1 and
a(1+D?)"1 € LO™(}) Vae A

We call it 6-summable if

—t(1+’D2)) < 00

Trace(ae
for alla € A and t > 0. We refer to p as the degree of summability of (A, H, D).

Remark If 4 is unital, ker D is finite dimensional. This case is fairly well described
in the literature. From now on we will restrict attention to the following two cases:

i) A is unital, and so (1 + Dz)_% € LPo), 'I‘race(e_t(l"'pz)) < 00;
ii) 4 is nonunital and (1 + D?)~3 ¢ L), Trace(e 1+P*)) = oo.
These restrictions, along with our assumption of self-adjointness of D, rule out the
possibility of ‘boundaries.” Note that Lemma 2.2.2 does not guarantee that elements
of the completion of A for the seminorms arising from the derivation § satisfy the

above summability condition in the nonunital case. Of course, there is no difficulty
in the unital case.

Example From our results on the Wodzicki residue and the Dixmier trace, we know
that for any infinite volume, noncompact complete spin® manifold X, f(1 + 'Dz)'% €
L) for all f € C°(X). If ¢; is a smooth approximate unit, then ¢;(1 +D?)~% is
measurable and .

][¢i(1 + D% 2% 0.

In the unital case we consider closed manifolds, and it is then a standard result of
elliptic theory that ker D is finite dimensional and the spectrum of D consists of
eigenvalues of finite multiplicity. Connes’ Trace Theorem tells us that

][ (1+D%)"% = ¢(p) Vol(X).

Example For the noncommutative torus we can compute the eigenvalues explicitly
in order to show that it is (2, 00)-summable. We begin by looking at D?,

D2 _ —6% - |T|25% - (‘T + 7_’)5162 0
B 0 —6% — |7[268 — (T + F)o12 )

Applying this to the monomial U"V™ & 0 gives

D? ( Unglm ) = (2r)%(n? + |7[2m?2 + nm(r + 7)) ( Ungfm )
= (2n)Yn+7m|? ( Ungfm ) )

This shows that all of these monomials are eigenvectors of D%, and similarly for
0® U™V™. Note that

¢(V—l U—k Unvm)

¢(V—1Un—kvm)
¢(e—21ri10(n—k) Un—ka—l)

= Opidm, s
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so that the monomials U™ V™ form an orthonormal basis of L?(Ag, ¢). As D? preserves
the splitting of H, we see that these are all the eigenvalues of D? and that they give
the whole spectrum of D2. Also note in passing that

ker D* = spanc{1} @ spanc{l} = C & C.

Our results so far are actually enough to conclude that |D|=2 € £{1:*)(%), (we are
inverting |D| off its finite dimensional kernel) but let us make the eigenvalues and
eigenvectors of D explicit.

The eigenvalues of D are given by the square roots of the eigenvalues of D2, and so

are
£27|n+71m| n,m € Z. (2.1)

The corresponding eigenvectors are

+ve ( z:::’:’n e ), —ve ( Z:I:’T g ) (2.2)
Unvm _U'H.Vm

The multiplicity of these eigenvalues depends on the value of 7, but is always finite.

Thus (D — \)~! € L&*)(H) for all A g R. So, for any choice of 7 with Im(r) > 0

we have a smooth, (2, 0o)-summable spectral triple. Moreover, it is computed in [37]

that the operator |D|~2 is measurable and

DI~2 — c(2)m 1

][I == Im(r)  2nIm(r)’

It is curious that this is the inverse of the surface area of the analogous elliptic curve
with ratio of periods Im(7).

A standard result in the unital case is that a(1 + D2)~% € L) (%) for all a € A.
This is easy to prove, because (1 + ’Dz)_% € LP*®)(3{), but when one tries to prove
this result in the nonunital case, one quickly runs into trouble when p is not integral.
The reason is that we always need an element of .4 multipling an inverse power of
D to obtain any estimates. Taking powers of a(1 + 'DZ)_% shows that its p-th power
is in £(1:*°)(7{), but unless we have more information guaranteeing that (fractional)
powers of a € A remain in A (or at least remain integrable), we can not say that
a(l + ’Dz)_'zl is in this ideal. Approximating such powers leads to difficulties, since
we require continuity in the (1, 00)-norm, in general a difficult thing to prove. Again
in the unital case, something like

I (@ = a)(1 +D*)7% llge<ll e —a [l (1 + D)2 ||(1,00)

reduces everything to simple norm convergence. One argument would be to change
the definition to require a(1 + D2)~% € L) (%), which is fine, but typically the
measurability properties of operators in C(p’°°)(7-[), p > 1, are much better than those
of the (1, 00) ideal. However, even this would not solve all possible problems.

Additional difficulties arise when we want to prove that a(1+ D?)~% is trace class for
all z with Re(z) > p. Again, this is completely trivial in the unital case, but is rather
fiendish without more information about the behaviour of the function

z — Trace(a(l + D?)"1).
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We are not claiming that these things can not be proved, just that one runs into
endless difficulties when trying to. We now state some rather limited results of this
kind, and invite the reader to try to improve them.

Lemma 2.2.6 Let (A,H,D) be a smooth (p,00)-summable spectral triple, and let n
be the least integer greater than p. Then for all z with Re(z) > n, a(l + D?)~3 is
trace class for all a € A. Moreover, the function

Ca iz = Co(z) = Trace(a(l + D?)"3%)

is continuous in the half-plane Re(z) > n for all a € A. If p is integral, then for all
a € A, a(l+D?)"% € LE®)N(H). Finally, (A, H,D) is -summable.

Proof It is straightforward using [a, (1 + 'D2)_5] € E(p ’ )(?{) and the density of
(finite) products in .4 to show that a(1 +'D2) % is trace class To obtain the finiteness
and continuity of the Trace in the half-plane, let 2o be a point where Ca(20) is defined
and finite. Let z be another complex number with Re(z) > Re(z). then

[¢a(2) = Cal20)] < (I (X +D%)~%F* —1||[Trace(a(l + D?)~ %)
— 0 as z — zp.

The §-summability employs a standard trick,
|Trace(ae™ —tDh| <|| (1 + D) %e =tD? || | Trace(a(1 + D?) %)),

and the norm is easily checked to be finite. a

Obviously this simple continuity argument will not let us get any closer to p than n,
at least not without more information. For instance, if we knew that (,(2) had an
isolated simple pole at z = p, and was holomorphic for all z > p, then the Laurent
expansion at z = p shows that (,(z) is finite for (at least some) z > p and, from
Equation 1.50, that

res;—pla(2) = ][a(l +D?)~ 5,

In the absence of such assumptions, it is difficult to say anything. This analytic
assumption is in fact true for our main examples, and we will return to these later.

A final difficulty which arises is trying to prove that
b(1+D?)~7 € LP®)(H), Vbe B(A).

This is a natural result to try to prove, since elements of B(.A) provide the ‘coefficients’
in the description of pseudodifferential operators. We will also see that elements of
B(A) also measure the size of derivatives of elements of .A. This is related to the issue
of determining which topology to complete A in so that the completion consists of
smooth and ‘integrable’ elements. In the unital case there is no issue, as ‘integrability’
is not a problem, since (1+ ’D2) € L(P)(3). Essentially, (1 +'D2)" tells us what
kind of behaviour we require at ‘infinity’ to maintain integrability.
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However, it is not just that it is technically hard work employing (p, 00)-summability
without more regularity hypotheses. There are also naturally defined spaces which
we would like to be finite dimensional, but which are not (p, 0o)-summable for any p.
A number of these are mentioned in [26] and [24], but we mention the following two
examples as justification for a more general definition of dimension.

Example If (A, Hg, D) are spectral triples for k =1, ..., N, then
(A=A, H = ®Hy, D = &D)

is a spectral triple. Further, if (Ag, Hg, Dx) is (pk, 00)-summable for each k, then
(A,H,D) is (p,o00)-summable where p =max pg. So our definition of summability
captures only the component of highest dimension. In this example we still retain
a sensible logarithmic divergence definition of the dimension, despite its inability to
capture the lower dimensional pieces, but the next example shows that even this can
fail.

Example In the Appendix we define a spectral triple (A, H,D,T) over the double

cone
C = {(z,y,2) € R®: 2% + ¢ = k22%}

where k € (0,00) is a constant. It is shown there that
Ca(2) = Trace(a(l +D?)™*) <00 Va€ A, Vs> 1,

but that the operators a(1 + D?)~! are not elements of £{1:®)(#) for all a € A. In
fact the expansion of the (,(z) near s = 1 contains a double pole. The partial trace of
a(1 + D?)~! diverges as (log N)?, and so there is no hope of retaining a definition of
dimension in terms of a logarithmic divergence. One could try a (log N)? definition,
but then there will always be examples with ever higher poles....

These various considerations lead to Connes’ definition of dimension spectrum. Ob-
jects which are quite singular but intuitively finite dimensional, can satisfy this defi-
nition of ‘finite dimensionality,” as the example of the cone shows.

Definition 2.2.7 A spectral triple (A, H,D) has discrete dimension spectrum Sd if
the set Sd C {z € C : Re(z) < p}, p > 1, is discrete and for any b € B(A) the

function
Co(2) := Trace(b(1 + D)~ %), (2.3)

is defined for all z € C with Re(z) > p and eztends holomorphically to C\Sd. Fur-
thermore we require that

I'(2)Cb(2)
is of rapid decay on vertical lines with Re(z) > 0. We say that the discrete dimension

spectrum Sd is of finite multiplicity k if for all b € B(A), () has a pole of order at
most k. We say that Sd is simple if k = 1.

Remark The rapid decay of I'(2){3(2) can be weakened to integrability of sufficiently
high derivatives on vertical lines in most cases. In particular, we are not so interested
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in the decay of the derivatives, except to ensure that various integrations (by parts)
can be carried out. Also, it is the large Im(z) behaviour that is a problem. There
will of necessity be isolated singularities with Re(z) > 0, and we just need to control
the behaviour as I'm(z) becomes large.

Remark In [26], it is tacitly assumed at various points that the spectral triples they
consider have discrete dimension spectrum and are (p, co)-summable for some p. In
fact the results of [26] depend only on the zeta functions defined above being finite
and holomorphic for all z with Re(z) > p, for some p, which we always assume to be
the case. In fact, if one of these zeta functions possesses a double pole at p, it can
not be (p,00)-summable, even if it has an otherwise simple spectrum. The example
of the cone highlights this behaviour.

Before we can show that our main examples satisfy these conditions, we require a
raft of technical results. The first few deal with various continuity and measurability
properties of the Dixmier trace in the special case of simple dimension spectrum. In
particular, we extend the Dixmier trace to operators in B(A)(1 + ’D2)_§. This will
allow us to obtain some trace results and asymptotics for the heat kernel.

We also require some localisation results in order to be able to apply the functional
calculus in the form af (D) for suitable functions f and a € A. This is necessary to
make certain calculations in the nonunital setting.

Our main interest is in examples with simple dimension spectrum (or more generally
those with a simple pole at the critical value p), and the next few results look at the
interplay between dimension spectrum and (p, oo)-summability. The first thing we
have is an assurance of measurability.

Lemma 2.2.8 If (A, H,D) has simple dimension spectrum contained in the half
plane {2 : Re(z) < p}, and a(l +D2)~% € LLO)(H) for all a € A, then a(l +D?)" %
is measurable for all a € A.

Proof By hypothesis, (,(z) = Trace(a(l + D2?)~%) is meromorphic with (at worst)
a simple pole at z = p. Thus

lim (2 — p)¢a(2) < oo,
z—pt

and employing Equation 1.50 along with the linearity of the Trace, we may conclude
that a(l + 'D2)—§ is measurable. In particular, this result holds in the notoriously
badly behaved (1, co)-summable case. Simplicity of the dimension spectrum is also a
hypothesis of measurability. 0

Remark The definition of finite and discrete dimension spectrum shows that this
result applies equally well to B(A). This assumption in the definition of the dimen-
sion spectrum imposes additional ‘integrability’ conditions on the algebra A in the
nonunital case, in addition to the obvious smoothness constraints. This result also
allows us to replace Ty, by -f.

Next we look at the continuity of the map a = fa(1 + D?)~%. As mentioned, this
is automatic in the unital case because (1 + D)% is an element of L1:)(%). To
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obtain the full benefits of this continuity, we must look at elements of B(.4), and how
this algebra is topologised. If we were to complete B(.A) in the topology provided by
the seminorms

¢a(b) =|| 6"(b) II,

we would not be able to guarantee the integrability of elements of this completion.
This would be rather absurd, given the very strong assumptions contained in the
definition of discrete dimension spectrum ensuring the integrability of elements of
B(A). If instead we were to complete B(.A) in the topology provided by the seminorms

w® =15°0) I, ) = {1 @I+,

then elements of the completion would necessarily remain integrable. So, in the
following we will always suppose that B(.A) is endowed with this ‘smooth integrable’
topology, though we will not assume that it is complete. Note that by the definition
of discrete dimension spectrum, smooth convergence in A or [D,.A] implies that the
limit lies in B(.4) and so is integrable.

Lemma 2.2.9 Let (A, H,D) be a nonunital, smooth spectral triple with discrete and
finite dimension spectrum contained in the half-plane {2 : Re(z) < p}. Let {bj} C
B(A) be a sequence converging smoothly to b € B(A). Then for all z with Re(z) > p

and t >0 )
§™(b)(1+D?) "% £S5 57 (b)(1 + D)%
C

1
(5"(bl)e_“)2 - 5"(b)e_tD2,
where L1 denotes convergence in the trace norm.

Proof We obviously have norm convergence for all the above sequences, and so
strong and weak convergence as well. Since (without loss of generality)

|67(B) (1 + D?)73|, [6™(b)(1 + D?) 73| < 2J6™(B)(1 + D?) 73|
(6" (b)e*"), |6 (B)e "] < 208" (B)e*"),
we can apply dominated convergence, [66, Theorem 2.16], to conclude that
I 67(B)(1 +D?)~% — 6™(b)(1 +D?) 73 1= 0
|| 6™(b)etP" — 6™(b)etP” ||,— 0.
0

Corollary 2.2.10 With (A, H,D) as above and (p,00)-summable, the linear map
B(A) — C given by
b ][b(l + D)3

is continuous on B(A). Similarly, if (A, H,D) is 0-summable

b— Ti'ace(be_wz)
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18 continuous.

Proof We need only prove the (p,o0)-result, which amounts to the continuity of
the the residues

lim (z — p)Trace(by (1 + D?)~2), lim+(z — p)Trace(b(1 + D?)~%),

z—pt 2—p

where b, — b € B(A). Write the zeta functions corresponding to these elements of
B(A) as

() = S+ 52, 6 = 2+ 102,

where fi, f are holomorphic for Re(z) > p. The last lemma shows that for Re(z) > p,
lilme, (z) = ¢(2), so c_1(b) = c-1(b),
by the uniqueness of Laurent expansions. Thus
lim lim, (2 — p)Trace((b; — b)(1 + D*)~2)| =0
and this agrees with the value obtained by reversing the limits. 0O
This result will allow us to work purely with elements of A, which have local units,

and to then take limits to obtain results for all of 4. We will see this in action shortly.

The next result shows that the usual small time asymptotics of the heat kernel still
hold in our nonunital setting.

Lemma 2.2.11 Let (A, H,D) be a smooth, (p,o0)-summable spectral triple with dis-
crete and finite dimension spectrum contained in {z : Re(z) < p}. Then for all
b € B(A) and Re(z) > &,

Trace(b(1 + D?)™*) < 00

and in particular (A, H, D) is 0-summable. Moreover, ast — 0
’I‘race(be'wz) =0t %)
for all b € B(A).

Proof The first statement holds by hypothesis. We have already seen that (A, #, D)
is -summable, but now let € > 0 and consider

Trace(ae~*?") = Trace(a(1 + D?) 8 ~%¢~>" (1 + D?)3%),
It is easy to check that the norm of
e~tP* (1 + D?)b+e

is
t—%—e(g +¢) Bteg—(+e)+t,

So
Tra,ce(ae‘mz) < Ct~ 5 *Trace(a(l + D?)~5-¢) < .
As this holds for all e > 0, Trace(ae™tP*) < ct k. o
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Remark Even if we only have (;(z) initially defined for all z with Re(z) > p, instead
of (p,00)-summability, we have shown that the §-summability result still holds, as
does the proof of the asymptotics for fixed € > 0.

Next, define 2},(A) to be the algebra generated by A and the operators [D, a], a € A.
We will return to this algebra ever more frequently, but for now we show that when
Qp(A) is a local algebra (not just .A), we have the tools necesary to employ the
functional calculus efficiently.

Suppose that ¢ is a local unit for a € A; and [D™, a] for all m < n. Then (and here
we require the fact that all these operators preserve the smooth domain i)

[D™,a] = [D™,a¢] = a[D™, ¢] + [D™, a]¢

shows that a[D™,¢] = 0. Similarly, [D™,¢]a = 0 and we have expressions like
[D™,a](1—¢) = a[D™, ¢] = 0. Now if T is any operator on H, T = ¢T'¢+ ¢T (1 —-¢)+
(1—=¢)T¢+(1-#)T(1-¢), so that if Ta = aT = 0, we must have T = (1—¢)T(1—¢).
From this we see that [D™, 4] = (1 — ¢)[D™, ¢](1 — ¢), because a annihilates it on
either side, and so [D™, ¢][D, a] = [D, a][D™, ¢] = 0. These observations allow us to
prove the following

Lemma 2.2.12 Suppose that ¢ is a local unit for a € A, and [D,a]. Then ¢ is a
local unit for [D",a] for all n > 1.

Proof By hypothesis, ¢ is a local unit for [D,a], so the case n = 1 is true. So
suppose that ¢ is a local unit for [D™, a] for all m < n — 1. Then

[D"a] = a[D", ¢] + [D", al¢
= —['D,a,][D"_l, ¢] +[D", al¢
[D", a)o.
Hence ¢ is a local unit for all [D", a]. O

This allows us to prove the following essential lemma.

Lemma 2.2.13 With a, ¢ as above, for all n > 0 we have
aD" = a¢pD"¢ = a(¢De)™.

Proof For n = 1 we have a¢D¢ = ag[D, ¢] + a¢?D = aD. So suppose that the
result is true for all m < n — 1. Then
aD" = a¢’D"'D = aD"14?D
aD""'¢[D, ¢] + aD"'¢D¢
a(¢D¢)" +aD"'¢[D, ¢]
a(¢D¢)" +a[D", ¢][D, 4] + aD"'[D, ¢]
a(¢D¢)n + a’[Dna ¢] - a[an—l, ¢]D
a(¢Dg)".
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Corollary 2.2.14 If Q%,(A) is local and f € CP(R) is a smooth function, then

af(D) = af (¢D¢),
whenever a € A. and ¢ is a local unit for a and [D,al.

Proof We employ the standard identity

1 oo, .
D)= —— / isD d
f( ) \/2_7‘_ A f(s)e &)
where f is the Fourier transform of f. Using the local unit ¢ we obtain

af(D) = \/—12_;/_0:0 f(s)ae*Pds

- \/_% /_ °:o f(s)ae™P pds

= \/%/_o:o f(s)aei*?P?ds
= af(¢Dg).

O

This is an extremely potent tool, allowing us to localise our analytical problems and
essentially employ compactness. For example, we can now generalise Theorem 1.5.3.

Lemma 2.2.15 Let X C dom[D, ] C B(H) be a subset of operators such that X
and Q%(X) have local units where D is self-adjoint, unbounded and invertible. Let
f € C®(R) be a smooth, even function and p € (1,00). Then for all € > 0 and for
all a € X with ¢ a local unit for both a and [D, a], there ezists C = C(f,p) < oo such
that

I (f(eD), ] o,y < C Il [Dsa] I D17 o) -

Proof First note that if ¢ is a local unit for some a € X then [D, ¢] is automatically
bounded. Next, we recall that

I (F(D)sa] i<l F Il [P, a] I,

as shown, for instance, in [19, pp 311-312]. The important step is to estimate the
L-norm of [f(eD), a]. By the last result, this is the same as estimating the L'-norm
of [f(e¢D¢), a], where ¢ is a local unit for a. To do this, note that

(¢#D¢)(¢D~¢) = ¢* + ¢[D,¢*|D7'¢,
SO

apDP*D 'p=a, ¢DFD 'da =a+¢*[D,¢|[D7},a] + ¢[D,¢|[D7,al.
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The second two terms on the right are both in [,((,p ) whenever aD~! € LP:), A
similar result holds when we consider ¢D~1¢?D¢. This shows that as far as elements
of A are concerned, (¢D¢)~! = ¢D~1¢, despite the fact that ¢D¢ may not be an
invertible operator. The rest of the proof is now much like Connes’, [19], and we
repeat the details for completeness.

So now we suppose that suppf C [~k,k]. Then the rank of f(e¢D¢) is bounded
above by the number of eigenvalues of ¢[D|~1¢ larger than ek~!. By definition these
eigenvalues satisfy

N N
> tn < SIDI 76 ll(pocy D1 -
n=0 n=0
So
1 X o
pv S 52 pn SCNTF

n=0

and puy > ek ! = N < (Cp)PkPe™P. hence
| [f(eD), a] [11< 2(Cp)PkPe™® || [f(eD),a] || -

Note that the above argument does not hold for p = 1, owing to the greater possibil-
ities for the behaviour of the eigenvalues in that case.

The result now follows as in [19], since the interpolation inequality
, 1 1-1
I T ley<S G I TP INT lloo ®
gives us
3 -
I 17(eD),a] llpy < 2°CyCpke™" || [f(eD),q] |
1 "
2 CLCok || £ |1l [D, d] ||
L ; _
20 Gk [| £/ 111l [P, a] [l 1D17 ¢ [l (p,00) -

IA

IA

O

Corollary 2.2.16 Letp € (1,00), and the data be as above. Then there ezists C < oo
depending only on p such that

keon (X) < Cp (( o I [D;a] ll) Try(¢|D| 7).

,a)€

Here ¢ is a local unit for a € X and the right hand side need not be finite.

Proof By the last result

-

limint || [£(eD), d] o< C || [D,a] || (Tru(41DI7))7 ,

Choose f such that f(1) =1 and 0 < f < 1. Then f(e¢Dg¢) € Rf for all € > 0 and
f(eD) — 1 weakly as € — 0. a
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This allows us to state the generalisation of Theorem 1.5.4.

Theorem 2.2.17 Let p € (1,00) and let (A, H,D) be a (p,o0)-summable spectral
triple with A local. Then

1) Setting T(a) = T'r,(a(1 +D?)~%) defines a trace on A. This trace is nonzero if we
have ky(p,1) # 0.

2) If p is an integer, and ay, ...,ap € A are commuting self-adjoint elements, then the
absolutely continuous part of their joint spectral measure

pael$) = [ f@n(@)z,
is absolutely continuous with respect to the measure T

7(f) = 7(f (@1, ap)) = Tro(f(1 +D?)73),
where f € C°(RP).

We now show that our main examples have discrete and finite dimension spectra. In
fact, the most important examples, spin manifolds, have simple dimension spectra.
Example We showed in Chapter 1 that if (4, %, D) = (Cf°(X), L*(X,S), P) is the
Dirac spectral triple of a complete spin manifold X, then it is (p, c0)-summable where
p = dimX. Using the fact that both D and |D| are first order pseudodifferential
operators on X, we have

Here |df] is pointwise multiplication by the length of df. Since f is assumed to be
a smooth integrable function, it is not hard to check that every element of B(A)
is integrable. This shows that for Re(z) > p the only pole of (3(2) is at z = p
for any b € B(A), and this pole is simple. Following ideas in [65], and using the
localisation arguments above, we can write, using the Laplace transform and the
functional calculus,
1 2o 2

b1+ D% = = [ e Py 2.4

a+0 =g | (2.4
and this integral converges in operator norm and in trace norm whenever Re(z) > p,
[14]. Hence we can take the trace,

1 [o.0]
Trace(b(1 + D)%) = ) X Trace(beXHP)dA b € B(A).
0

Since 1+ D? is invertible, the integrand is of rapid decay and so the integral is regular
at the upper limit. The lower limit can be understood by employing our results for
the small time asymptotics, Lemma 2.2.11. For Re(z) > £ this yields

Trace(b(1+D?)7%*) = O (F(lz_) /ooo X’_l—%d)\)

1
O(u—swuﬂ'
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Again we can see that the trace is singular at z = %

In fact, the function (y(z) analytically continues to the whole complex plane, except
the integers < p, and the poles at these points are at most simple. These results
follow from the results in [65], though some additional argument is required in the
noncompact case. In [65], the necessary analytical results (analytic continuation,
estimates of the trace et cetera) are all carried out on a single open coordinate chart,
and the final result deduced using compactness; i.e. taking a finite sum. In the
noncompact case, we need to take an infinite sum of operators, one for each coordinate
chart, taken in a strong operator limit. That this is possible can be seen by analysing
Seeley’s principal hypotheses which are

1) Uniform ellipticity of the operator, which is true for the Dirac operator, and

2) Existence of a single ray of minimal growth which works for the restriction of the
operator to each coordinate chart of the manifold, which is again true for (1 + ’D2)%,
by positivity, [65].

Following Seeley’s arguments, and recalling our caveat that we always work on an
infinite volume manifold with no boundary in the noncompact case, so there are never
any boundary problems on L?(X, S), shows that Seeley’s results continue to hold in
the case of a complete manifold. This shows that for the complete spin manifolds we
consider, the dimension spectrum is simple and contained in the integers < p.

Finally, the technical requirement of rapid decrease of I'(2){,(2) on vertical lines with
Re(z) > 0 can be deduced as follows. Using integration by parts we have

/Oo )\z—le—/\ud)\ — 1 /oo uk+le—)\qu+kd)\
0 2(z+1)(z+2)---(2+k) Jo

SO

1 [od]
Trace(L+0%)) = gy f, X Tl + D)

1
=0 (I‘(z)z---(z+k)(z—’23))'

Here we used an estimate like that in Lemma 2.2.11 above. This shows that for
Re(z) > 0, the function I'(2)(y(2) decreases faster than any inverse power of Im(z)
as Im(z) — %o0. To check that the derivatives have similar decay, note that di:k.)\z =
logk (M) 2.

Example For the noncommutative torus, life is in some ways easier, because we
know the spectrum of |D| is precisely 27|n + 7m|, though the multiplicity is not so
well-known. Nonetheless, for all b € B(Ag), and s > 1, Trace(b(1 + D?)~*) <|| b ||
Trace((1 + D2)~¢), since Ay is unital. Then the asymptotics of the partial trace of
|D|=2 (inverted off its kernel) can be computed, [37)], yiclding

i} 2 _
Traceg(|D|"%) = 2@ Y (ntrm)2

n24+m2<R
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_ g 2T 2
- 2(47r2)5 /1§z2+y2§R2 (z + Ty) " “°dzdy
o [ i (1) 1
(4n2)s [Im(7)(1 —s) Im(1)(1 — )

where these equalities are equalities modulo negative powers of R, so that the complete
trace for s > 1 is given by

2 1
(4w2)s Im(7)(s — 1)

Trace(|D|”%) =

This shows that there is a simple pole at s = 1, and also that the residue of the trace
at s = 1 is precisely the value of the Dixmier trace of |D|~2. This shows again that
|D|~2 € £2*) is measurable, by Equation 1.50. Also, the function I'(2){(2) is of rapid
decay on vertical lines, just as for the spin manifold case. The dimension spectrum
is again simple here, and this is most easily seen by comparison with LZ(T.,?, S), the
square integrable sections of the spinor bundle on the ordinary two-torus with side
lengths 1 and 7, and the results for spin manifolds above. This follows because as far
as the linear structure of the Hilbert space is concerned, D is the same as the Dirac
operator on the elliptic curve defined by 7.

We now combine the smoothness based notions coming from the ¥DO calculus with
the hypothesis of discrete dimension spectrum to define a family of functionals on
(A, H, D). These will continue to make sense for examples like the cone, and provide
higher order versions of the Wodzicki residue.

Proposition 2.2.18 Let (A, H,D) be a smooth spectral triple whose discrete dimen-
sion spectrum is of finite multiplicity and contained in the set {z : Re(z) < p, p € R}.
Then

1) For P € U*(A) the function h(z) = Trace(P(1 + D?)~%) is holomorphic for all
z € C with Re(z) > %(OrderP + p) and extends to a holomorphic function on the
complement of a discrete subset of C.

2) Set 7,(P) = res;—0z"h(z), k > 0. Then

Tk(P]_PZ - P2P1) = Z (—f:.')" Tk+n(P1Ln(P2)) (2.5)
n>0 )

where L(P) = [D|~1[D?, P].

Remark We refer to [26] for the proof of this result. If ¢ is the multiplicity of Sd,
then by part 2), 7, is a trace. In the special case of a simple dimension spectrum, 7o is
an extension of the Dixmier trace, the latter being defined only for P € OP~?. Note
also that 74(P) is the coefficient of z—(+1) in the expansion of h(z) near 0. These
higher residues will be used in the expression of the Local Index Theorem.

Example For the spin manifold case, our previous example shows that the dimension
spectrum is always simple, and so the trace 7p on the algebra of ¥DOs extending the
Dixmier trace is the Wodzicki residue.
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Example The noncommutative torus also has simple dimension spectrum. Conse-
quently only 74 is nonzero, and this provides us with a trace on the algebra of ¥DOs,
in analogy with the Wodzicki residue.

Example The example of the double cone discussed in the Appendix does not have
simple dimension spectrum. In fact the trace of a(1 + D2)'§ has a double pole at
z = 2. Thus in this case, assuming that this is the highest order pole, the trace on
the algebra of pseudodifferential operators on the cone is given by 7y.

These higher Wodzicki residues come into the statement of the Local Index Theorem
when the dimension spectrum is no longer simple. It is quite remarkable that a
Chern character can be built from this collection of functionals. Before doing just
that, we briefly review the various representatives of the Chern character that exist,
in particular the JLO cocycle in entire cyclic cohomology.

2.3 Chern Characters

Spectral triples are also known as unbounded Fredholm modules or K-cycles. The
reason for this is that to any spectral triple there is an associated Fredholm module,
and so K-homology class, over the C*-closure of 4. It is defined as follows. Let F
be the phase in the polar decomposition of D, so D = F|D|. Then the K-homology
class of (A, H, D) is by definition

[(H,D)] := [(H, F)] € K*(A).

One can apply the normalisation procedure to the cycle (#, F) to obtain a cycle in
the sense of our earlier definition. If (4, H, D) is (p, 00)-summable, the corresponding
Fredholm module is p + 1-summable (even in the nonunital case; [39]). This allows
us to define the Chern character of (A, H, D) as follows:

Chp := Ch|(H,D)] = Ch|(H, F)] =: Chy

Recall that if the class [(#, F)] has a p + 1-summable representative, then setting

Ap = (—l)wﬁ__lll"(lzZ + 1), for p even, and with an extra factor of v/27 in the odd case,
Chp is given by

Ch%(ag, ..., ap) = ApTrace'(ao[F, a1 - - [F, ap))-

If we wish to regard the Chern character as deﬁning an element of the (reduced)
(b, B)-bicomplex, we must replace )\, with p, = (—1)[2](;0!)"1)\,,.
The various algebraic and analytic difficulties brought about by the kernel of D can

be removed in much of the following when we are working directly with the spectral
triple. Given (A, #,D) we define (A, Ha, Dy,) with D,, invertible as follows.

(A7H21Dm) = (-A@O,H@H,(z _WLD)>, m > 0.
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The two spectral triples (A,H,D) and (A, Ha,Dy,) define the same K-homology
classes, for all m > 0, and so the index pairings arising from these two classes coincide,
[28]. Thus we may always assume that D is invertible without changing our index
pairing. Moreover, the phase Fy, of Dy, satisfies

F: =1, F,=F},

m

and we have the following relations, [39],
[Fm,a] e E(Puoo) — ’D;ll € E(P,OO) — (1 +D2)—% e E(p,oo),

for all a € A and all m > 0. Similar equivalences hold for the case when (1+D?)"% is
trace class for all n > p, so in particular for the case of discrete dimension spectrum.
Most importantly, at the level of cohomology classes,

Chp = Chp = Chg,, = Chop,,.

In [20], yet another cyclic cocycle cohomologous to the Chern character was defined
for (p, co)-summable spectral triples like (A, H2, D). It is given by

Chy(H2, Dm)(ag, ..., an) = %Ti’l‘race(I"D;ll [P, a0] - - D,;l[Dm, az)),

where n = p,p+2, .... This formula utilises the p + 1-summability of Dy,, but not the
stronger (p, co)-summability.

The question of how to represent the Chern character of a (p, 00)-summable spectral
triple using D and the stronger summability hypothesis was (asked and) answered by
Connes and Moscovici. Indeed, the answer is a local index formula which remains
true in the full generality of discrete and finite dimension spectrum, regardless of
(p, 00)-summability (provided of course each {y(2) is holomorpic for Re(z) sufficiently
large). First we note that because any spectral triple with discrete and finite dimen-
sion spectrum is also §-summable, we can employ the following JLO formula for a
representative of the class of the Chern character in entire cyclic cohomology, [41].
The expression continues to make sense for spectral triples with discrete dimension
spectrum whose zeta functions are holomorphic for all z with Re(z) sufficiently large.

Definition 2.3.1 Let (A,#,D) be an odd 0-summable spectral triple. The Chern
character of (A,H,D) in entire cyclic cohomology is the class of the cocycle with
components (for n odd)

Chf(ao, vy Q) = \/E‘l'/ Trace(aoe'”"vz [D, al]e—"1D2 cen e—v.._1’1>2 ['D, an]e—vn’Dz),
An
where the aj € A, and A" is the standard n-simplez with coordinates v; > 0, i =

0,....,n, with Y ov; = 1. In the even case, we drop the V'2i and insert T in front of
ag. ]
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In fact, this formula makes sense on the Banach algebra Ap which is given by the
closure of A in the norm || a [p=| a || + || [D,a] || We can also extend the
definition of the functional used to define the Chern character to various larger classes
of operators. So when A;, i = 0,...,n, are operators on H preserving the smooth
domain of D, we define

JLO,(Ag,...,Ay) = R 'l’rzadce(Aoe_"ODzAle""lD2 e e”””‘lDzAne_""Dz).
We refer to this as the JLO functional, and we now show that it defines an entire cyclic
cochain of 4. Much of this is as in [35], and we focus attention on those adjustments
necessary to deal with the weaker summability hypotheses of the nonunital case. In
fact the following lemma deals with most of the technical estimates necessary to
employ the results of [35], at the expense of introducing more local structure.

Lemma 2.3.2 Suppose that (A, H,D) is as above, 4;, B; € B(A), with at most k of
the A; nonzero, and that there ezists ¢ € A such that || (1—¢)X ||< & | X || whenever
X =A4;B;,1>6>0. Then

it e—(1-€)D?y n
e e | (PR

=0

|JLOW(AoD + By, ..., AnD + By)| <

where % >e>0.
Proof As in [35], we employ the Hélder inequality to obtain
[Trace(Ao -+ An)| <|| Ao ll,=1 -+~ || An [l,-1,

where }Jo; =1 and || - [|x denotes the norm on £L¥(#H). We are also given ¢ such that
| X(1—¢) <l X || 6 <|| X || whenever X = A;, B;. Using
(1=¢)=d(1-¢)+(1-¢)" =61 -¢) +¢(1 - >+ (1—¢)* ="+

we estimate

| ADe=P" ||,-s = || AgDe™P" + A(1 — ¢)De=" ||,
o0
= [ Y A1 - ¢)*De=P" |,
k=0

(1 i 5) I A [l De=o<P* | I'I‘race(qb”_le—(l—f)vz)

(ﬁ) (2ec0)™% || A || [Trace(4” ™ e-0-97")

g

[

Similarly we have the estimate

1B s < (7=5) 1B 1 [Trace(9”™" ™)

a

- \1-9¢
1 —* —(1~-¢€
< ({25 1B 1 [Trace(gr™ e=-07")

[
.
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Putting the two estimates together yields

1

I (AD+B)e o < (725 (Geeo) 301 Al +11 B )

S ‘Tra,ce((ﬁo"_le—(l_e)pz) i

1 -1
< (=) (eeonH( 41+ 11 B )
X I'I‘race(qﬁe_(l_e)pz)ai

since || ¢ ||< 1. Using the fact that 3 0; = 1 we may assemble these pieces to obtain

|JLOp(AoD + By, ...; AnD + By)|

1 (n+1) PR T

< (—) (2e¢)™% TT( As | + | Bi [} |Trace(ge==97")
i=0

IR
n

(n+1) . k . 2
< (_1__) (266)_E(n—2—%ﬁ H(" Ai |+l Bi ll) ITrace(d)e‘(l‘f)D )
" 3=0

The integrand in the integral over the n-simplex is defined by setting o';- =1ifA; =0,
and the integral is then bounded by ﬁ)—. when at most k of the A; are nonzero. O

The requirement that we have an approximate unit for the elements appearing in
the JLO functional is quite restrictive. In general, one can only show that a smooth
approximate unit for A is a strong approximate unit for B(A). This means that
A(1 — ¢,) converges strongly to 0 (by virtue of the fact that (1 — ¢n) does), but
it appears to be an additional requirement that we have a norm approximate unit.
Similar problems arise for Q%,(A).

Corollary 2.3.3 Suppose that the algebra Q5(A) is local, where (A, H,D) is a -
summable spectral triple. Then the Chern character in entire cyclic cohomology of
(A, H,D) defines an entire cyclic cocycle for both of the algebras A and Ac.

Proof The estimates required of an entire cyclic cocycle are now easy to check. In
particular

n
IT Il ai llo,

1=0

|JLOy (a0, [P, a1, .-, [Dyan])| < = 1

—(1—€)D?
——_5)("+1)n! l'I‘ra.ce(¢e (1-¢) )

where || a |p:=| @ || + || [D,a] || - The proof that (b4 B)ChE = 0 is as in [35], except
that we always work with elements of 4., and employ the localisation results from the
last section. Exploiting the continuity of the JLO cocycle given by Corollary 2.2.10
then allows us to extend the result to the completion. O
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Of course, if we evaluate the Chern character on elements which possess a local unit,
then we can take 6 = 0.

We now recall that we have a certain limited homotopy invariance for the Chern
character. For V =D or V € B(A), define the cochain

—F W .
Chy, (D, V)(ag, ..., an) = Y_(=1)*JLOn41(ao, ..., [D, @i}, V; [D, aiy1], ..., [D, ag)).
i=0

——E
A special case of this definition yields Ch,, (D,1) = ChZ(D). Then using our previous
estimates and results in [35] we have

Proposition 2.3.4 The cochain ﬁf(’D, V) is entire if V is bounded or V = D.
When V =D and ¢ > 0 we have

%Chf(ep) = (b+ B)Ch. (¢D, D).

We refer to [35] for the proof of this result, noting that the technical issues associated
to nonunitality can be dealt with by simply restricting to .4, and invoking continuity.

As a consequence, the cyclic cohomology class of the Chern character of (A, H,D)
is invariant under the scaling of D by a positive number. Now for a fixed collection
ag, ..., an of elements of A, we have

n
I lailo.

| CHE(ED) (@0, - 0n) IS [ Trace(e=-92?)
' i=0

When (A4, H, D) is (p, c0)-summable,
’I‘race(gbe—(l‘e)tzvz) =0(t™?)

ast— 0. So
. E _
P—% Ch,, (tD) =0 for n > p.

Since sending ¢ to 0 is a homotopy of the above form (at least for ¢ > 0), we see that
the entire Chern character ‘should’ be cohomologous to a cocycle with finitely many
terms; i.e. one in the image of the map

HC*(A) — HE*(Ap).

This conclusion depends on the regularity of the Chern character as t — 0, or at least
it being cohomologous to something regular at ¢ = 0. In fact the latter is the case,
and the real challenge is to identify the components of a cyclic cocycle representing
this class, and relating it to the usual definition of the Chern character.
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2.4 The Local Index Theorem and Connes’ Theorem 8

The aim in this section is to find a representative of the Chern character of a finitely
summable spectral triple in the (reduced) (b, B)-bicomplex in terms of D and the
higher Wodzicki residues introduced earlier. Beginning with the entire Chern char-
acter provided by the JLO functionals, the scale invariance of the entire cyclic coho-
mology class allows us to employ asymptotic analysis to identify the (finitely many)
components of this cocycle.

In the following k = (k1,...,ks) € N®, |k| = k1 + - ky, da = [D, a] for a € A, and
the functionals 74 are the higher residues defined in Proposition 2.2.18. We always
suppose that the dimension spectrum is contained in the half plane {z : Re(z) < p}

Theorem 2.4.1 (Local Index Theorem, [26]) Let (A, H,D) be a smooth spectral
triple, with discrete and finite dimension spectrum, and suppose that §25,(A) is local.
Then if A is unital, the following formulae define the components of a cyclic cocycle in
the (b, B) bicomplez of A whose class coincides with the class of the Chern character
in HC*(A). If A is nonunital, then the following formulae define cyclic cocycles in
the reduced (b, B)-bicomplez of AT and their class coincides with that of the Chern
character in the reduced cyclic cohomology HC™ (A1) = HC*(A).

a) For (A,H,D) even and summing over ¢ < |k| + % and |k| +n <p,

on(ag, -, an)

—1)Ikl )
= Z - (' 1) _'ak,no'q(lkl + E)Tq(pao(dal)(h)...(dan)(kn)(l +D2)_gg|%+_z)
o kil kg! 9 /"%

for n # 0 even, while
¢o(ao) = 7-1(Tao)

where
7_1(b) = res,=os ' Trace(b(1 + D?)™°).

The o, are the symmetric functions of the numbers 1,2,.., |kl + %, and
a;,}l = (k1 + 1) (k1 +hy+2)--(ki+ ket +kn+n)
b) For (A,H,D) odd and summing over g < |k| + 2-1 gnd |k|+n < p,

én(ag, -, an)
1

—1)lxl (2lk|+n)
=V2mi ) k—(r-l)—k'-ak,n;]—'am_q(m)fq(ao(dal)(kl) o+ (dap)*) (1 4+ D)~ A )
& Rl k! !

where m = |k| + 251 and o; is defined by

"ﬁl (z + (2t ;_ 1)) . szam_j(m).

=0
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Before describing the proof of this theorem, we have the following important result,
which we refer to only as Connes’ Theorem 8, [19, IV.2.4].

Corollary 2.4.2 (Theorem 8) Let (A, #H,D) be a smooth, (p,00)-summable spec-
tral triple with simple dimension spectrum, Q},(A) local and p € N.

1) For any choice of Dizmier trace Tr,,, a Hochschild p-cocycle ¢, is defined by

bu(a0, ..., ap) = ppTry(Tag[D,a1] -+ [D, ap)(1 + D)%),

2) For all Hochschild cycles ¢ € Zy(A, A) we have

(d’w’ C> = (TP’ C),

where 7, € HCP(A) is the Chern character of (A, H,D). In particular, operators of

the form
Tag[D,a1]- -+ [D,ap](1 + D?)~%

are measurable.

Proof When the dimension spectrum is simple, we need only consider 7, since for
g 2 1, 7¢ = 0. Moreover, simplicity assures us measurability of the operators above,
so that for any choice of Dixmier trace we obtain the same answer. The p-dimensional
Hochschild class of (¢,) is the Hochschild class of ¢,, and this is easily computed.
First, we must have |k| = 0, since n = p and from simplicity ¢ = 0. So, in the even
case, using Equation 1.50 we have

bu(ag,...,ap) = aLOUO(E)To(Faodal <+ day(1+D?)~%)
N p!( ) ][(Faodal -dap(1+D?)7E)
= %—1—) ][(Faodal <o-dap(1 + D)%)

as claimed. For the odd case we have an extra factor of v/27i and we note that

p—1 p+1 1
)= T +3)

09_5_1(
%e)

8000, 1) = iy f (@0lD, 1] -+ [, ap)(1+ DY) E),

Connes notes that for any Hochschild cycle ¢ the pairing with ¢, is equal to the
pairing of (¢,) with ¢, so we must have that the pairing is independent of w. Hence

the operators
Y Ta}[D,ai]--- [D,al](1 + D?)~%

are measurable. Thus we can write

@(a0, s 0n) = f Tao[D,a1] - [D, an)(1 + D7) %
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In fact this proof of measurability is redundant, given the simplicity of the dimension
spectrum. Measurability is assured by the discreteness of the dimension spectrum
and (p, c0)-summability, for in this case we have a simple pole at p. O

We begin the proof of the local index theorem by defining a number of zeta functions.
So for ag, ..., an, € A, fixed, define (with I' = 1 in the odd case)

C(20y ey 2n) = Trace(Lag|D|~%*da; | D]~ .- |D|"#n1da,|D|"*#"), z € C.

Note that here and below we are writing |D| in place of (1 + D2)% for the sake of
brevity. This may be justified by first replacing (A, H, D) by (A, Ha, Dm) withm = 1.
Initially, ¢ makes sense for 3 Re(z;) > &. Using the ¥DO calculus of [24] we have

_ 1)k
|D|_22da - Z ( kl') z(k)(da)(k)|D|—2z—2k
k>0 7

where z(®) = z(z+1) -+ (2 +k —1). This allows us rewrite the function { in terms of
a single complex variable. For if we set

hi(z) = Trace(ag(da1 ) ¥ (dag) 2 - .- (day)Fn)|D|~2kI=22)

where k = (k1,..., kn) € NB, |k| = k1 + ka2 + - - - kn, and (da)¥é = V¥i(da), then

n

C(Zo, ey zn) = ZPk(an "',zn—l)h’k(z zj)'
k

0

The polynomial P is given by

—1)l¥l
Pi(20y -0y 2n-1) = éﬁ?—mzékl)(zo +ky +21)* 4.

ot (o k2t 2 e koot + 2o )

Since hg(z) is holomorphic for z large and tends to zero as Re(z) — 00, summing those
terms for which |k| > p contributes by a function of (2o, ..., 2p) which is holomorphic
and bounded in the half plane 3 Re(z;) > 0. This follows because |D|~¥! is trace
class in this case, and Proposition 2.2.18 guarantees the holomorphicity.

The next task is to relate the zeta function defined above to the components of the
Chern character defined by the JLO formula. This is achieved by utilising the Mellin
transform with A > -F5y. In this region the integrand is sufficiently regular to
deduce the independence of the result on the specific value of A used. We employ a
local unit ¢ for the finite collection of a; and [D, a;] we are considering, and invoke
our localisation results for the functional calculus to obtain

o0 B .
4= = 5= [ DO+ is)gID|HAHIu0+0ds Yu > 0.
—00



80 CHAPTER 2. SPECTRAL TRIPLES AND THE LOCAL INDEX THEOREM

Taking A > mﬁ_—ﬁ and inserting this expression for ¢e‘“D2 in the JLO formula yields

T‘I‘ace(aoe_uop2dale_u1D2 - dane—UnDZ)
1 —
= (2mi)n+1 /c"+1 D(z0) -+ T(zp)u ?C(20y ey 20 )dzg + - - d2p,
A
= O, .y un) = B(u), (2.6

where u; > 0, v = uy®---uz? and Cy = {A +is : s € R}. By hypothesis on
the dimension spectrum (namely the rapid decay of I'(2){(2) on all vertical lines with
Re(z) > 0) and the boundedness of

[(20) -+ - T(2n)T(20 + -+ + Zn)_l
on CI{H, we see that
F(ZO) T F(Zn)C(ZO, vy Zn)

is integrable on Cf\""l for all but finitely many values of A > 0. The points where this
is not integrable are those A where there are singularities in the integrand.

These singularities will contribute to the coeficient of €~ 7 as € — 0 in the expression

O(eu, €uy, ..., €uy,), Z”i =1.

The reason for considering these asymptotics is as follows. By taking the Chern
character for the operator €2D and fixed elements aq, ...,a, € A, we have for n > 0

C’hf,e(ao, -..,an) = e%\/2_’t - e(eu)duo P dun,

where the €2 arises from the one forms [D,a;], i = 1,...,n. Since the entire cyclic
cohomology class of this functional is independent of € > 0, we seek the coefficient of
€7 in @ in order to obtain an invariant part. We now undertake this, following [26].

When the above expression for §(eu) is evaluated using a A for which the integrand
is regular, we see that |6(eu)| = O(e~("*1)*) by inspecting the formula for 8(eu),

Z (27”:)—("1'*'1) /;‘n+1 F(ZO) e F(zn)u—ze— Z ZiPk (z07 ooy zn—l)hk(z Zi)dZo - dzy.
k[0 3

However, as € — 0 we will pick up contributions from the residues of the integrand.

So let c(k,q) be the coefficient of €~¢ in the expansion of hx(% +¢€) at e = 0. This
allows us to compute the effect of the residues of

Z F(Zo) ves I‘(zn)u"sz(zo, ey zn—l)hk(z z,-)

k|20

at Z =} z; = § by computing those of

Wi,g(w,2) =T'(20) -+ - T'(2n) Pi (204 ey 2n—1)u"% (20 + - -+ + 2, — g)‘q, (2.7
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multiplying by c(k q) and summlng over k and q. We now want to integrate this
function on C’ 1 with A = _(n_+17’ so as to find the coefficient of €%,

Since any n of these integrals in dzo, ..., dz, can be carried out without difficulty, we
are left with a single integral in 2o, say, of the form

/ A(ll, Zo)
—— w7970,
Re(z0)=2 (20 — §)7

where A is holomorphic in the region we are interested in. If we integrate along

2—d+itfromt=—-Rtot= R, then across to the line £ 44t and then complete the

(a-1)
rectangle, the Cauchy integral formula tells us the answer is simply ﬁ(——g;—-— By

the rapid decay hypothesis, we can let R — oo and the answer remains the same. If
8, and &, are both positive numbers less than %, the difference between integrating
along % — 6; and 3 — 42 is zero, by the Cauchy integral formula and the rapid decay
at :i:zoo This shows that the asymptotics are independent of é, and we p1ck up the
coefficient of ¢~ 7, modulo factors of € ~% arising from integrating along A =

After checking that the Jacobian of (29,...,2n) = (Z,Z — 20y, Z — (20 + -~-zn_1))
is simply one, we can rewrite this by employing the differential operator

2.0
n+lz;)-3_2—i.

For then the contribution of this residue to the coefficient of €7 is

-1
(—;E::—ifl—I/ e (;(_q o (I‘(zo)---I‘(zn)Pk(zg,...,zn_l)u_z) dz - dzp,

since the derivatives of ¢~ % involve factors of (loge)®. This also shows that the full

asymptotic expansion of §(eu) will contain terms of the form €3 log’c ¢ for positive
integers [, k.

As the real part of Z is fixed, this is a function of Im(Z) only. Thus, using the ordinary
pseudodifferential calculus, we can write, for any smooth function f: R — C,

(Xf)Im(Z) = 2—17; / / e~(Z-8)t45(Z)dZdt
= % / / e~ m(2)ty £ (Z)dZ dt.

Inserting this in the above expression for the residue yields (2mi)~ ("t ¢(k, g) times

1 / a1 ——T(20) - ' -T(2n) Pi( Ju~? -4 %-%)g dedt
o €R,Re(z)=A (@ — 1)| 0 n) P (20, .00y Zn—1)Uu” "€ % ndt,
(2.8)

where A = ﬂnn_-i-lf’ and we interpret the last of the integrals in the z; as before, by
integrating on a line to the left of A = 5.
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Employing the Mellin transform again shows that for each fixed ¢ and all u; > 0 we
have

/ L(z)--- F(zn)u_ze_tz”"dzo - dzy = (2m) () H e~ue, (2.9)
Re(z;)=X 0

So the immediate task is to compute the effect of including Py (2, ..., 2,) in the inte-
gral. Recalling the notation

M) =2z 4+1) - (2 4+ k1)

we have

9 \F k
(55) @w)™ = (~1faPu-totbiygo

This expression is useful as it gives us a way of computing the effect of

-1 Yok
Py (29, ..., Zn—1) = ﬁz(()kl)(m +k; +zl)(k2) vzt ki 42+ kot +zn_1)(kn)
! !

on the integral 2.8. Denote the integral 2.9 by f(ug,...,u,) and apply the following
series of operations

a\M
<%) f(vug, ug, ..., un) = f1(v,ug, ..., up)

AN
<%) fi(v,ug,vuq, ..., un) = fo(v,ug, ..., uy)

(gaa)kn f1(v,ug, U1, ..., vup) = fo(v,ug, ..., uy)
before evaluating the result at v = 1. From 2.9, the function f is given by
fluo, ..yup) = e~ (2w,
The final solution, f,(1,u), is
fa(lyu) = (=) 2K LRiuft (ug +ur)*2 - (g + -+ + tn_1)" f (i, .., un),

as is easily checked. Hence the integral 2.8 is given by
L kj (97 \n+1 -1
(=1) 2 (2mi) [ e Sy
2mky!t e k! (g—1)!
X ugl (uo +u)*2 - (ug +--- + Up—1)".

As 3 uj =1 we need to compute the integral

(o) g—1
/ i etee—e gt
—o0 (g—1)!
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where a = )" k; + 5. Since by definition
[e o]
/ 59 le*ds = ()
0

where I'(c) is just the Gamma function evaluated at , and

d b oo t
—TI(a) = / log(s)s® le~*ds =/ tet®e ¢ dt
da 0 —0o

dq_l 0 —~1 _t _ept
daq_lr(a) =/_°ot4 el®e™¢ dt.

Thus the coefficient of €% in 6(eu) is the sum over k, q of the terms

we have

1)2 ks (2mi)nH+ T(@-1) (q) o

2.,.. R kn
TSR ( = 1) (uo + ul) (U() + + un—l) ’

o =

V\l/e now put this computation to use. By taking the Chern character for the operator
€2D and fixed elements ay, ..., a, € A, we have already noted that when n > 0

Chfe(aOa--wan) =€%\/2_Z' o(fu)dUO"'d’un,
b Aﬂ

where the € arises from the one forms [D, a;], 2 = 1, ...,n. From the above computa-
tions we know that

0(eu) = Z am 1€ P™(log e)l + O(e_%),

where the p,, correspond to poles of hj, whose real parts Re(pn) are greater than 2
Integrating 6(eu) over the simplex using

/A “’81 (ugp +u1)¥2 - (ug + -+ + Un—1)*mdug - - - dup,
= (AL ki ka2 (B k)

yields

ChE (a0, an) = Y Bma€? "Pm(log €)' + O(1).
Now, as J

—~—E —~—E
a_eohf,e - bCh‘n—l,e + BCh’n+l,e
we can compute the pairing of the Chern character with cyclic cohomology by
Y (Chieen) = D {Chyscn)
n2>0 n>0

for all (entire) cyclic cycles ¢ = (cn), and this is independent of € > 0, [28]. However,
forn > p, Ynsp Ch,’{‘:e — 0 as € — 0, being of order e ? by Lemma 2.2.11. Hence
we have

> (Chii e, cn) 3 (CHE (D), ).

n<p
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This pairing yields a scalar independent of € which is also a sum of terms of the form
crie *(log ¢)!. In particular, of the terms in the expansion

ChP =" ez P (loge)! + O(1),

for nonpositive powers of €, only the constant term can contribute to the pairing.
This term is given by (writing o = Y k; + %, and oy, as in the statement of the
theorem)

)ij Ck.n Fq_l(a)

v2i(= c(k,
IklzzO,:q>0 ( kil-- kpl (g —1)! (k,q)
T?
B Z \/2_2(_1)2 kj kllc.“.g’.nk | q(|a) Tq(aodagkl) - da%kn)lpl—n—zlkb.
“C|ZO,‘IZO ° " .

Finally, the existence of an expansion of the above form for both Chf . and Ch
shows that the results of [28] hold, namely that ChZ, is cohomologous to its ﬁmte
part, which is given by the above formula.

This establishes a formula for the index pairing in terms of residues of appropriate
functionals, but it is not the formula quoted in the statement of the theorem. In
particular the bounds on the number and type of terms for each n has not been
established. These final statements follow from the renormalisation argument of [26],
which does not depend on unitality in any way. The idea is to employ the scale
invariance of the formulae to remove the derivatives of the Gamma function. We
omit any further discussion of this essentially combinatorial argument.

Furthermore, the latter part of this argument where n was taken positive can be
adapted to identify the 0-th component of the Chern character. The details are in
[26], and again we leave these to the interested reader.

Example For an even dimensional (connected) closed spin manifold X the dimension
spectrum is simple and the terms arising in the Local Index Theorem have been
computed in [11] using the asymptotic pseudodifferential calculus of Getzler. Their
computation shows that the components arc

S2x(forn ) = const. [ AT fodfy A+ h
where A denotes the ‘A-roof genus’ and R is the Riemannian curvature tensor. From
our earlier results and comments it is clear that this result extends to the (infinite
volume) noncompact case, provided of course that the f; € C(X). Of course the
Hochschild class evaluated on a p-form fwc, where wg is the complex volume form,
yields

][ Tfwo(l + D)~ / fdPz,

namely the usual integral of a p form (or function).

Example The example of the double cone satisfies the hypotheses of the Local Index
Theorem, and so we can write down the components of (this representative of) the



2.4. THE LOCAL INDEX THEOREM AND CONNES’ THEOREM 8 85

Chern character. They are given by
1 _ 1 _
¢2(ag,a1,02) = ETO(FaOdaldaz(l + D%~ + ETl(I‘aodaldag(l + D%

Il
do(ao) = resz=o;TYa,ce(1"a0(1 + D)%),

where ag,a1,az € A. Thus the Chern character for the double cone involves both
terms in the Laurent expansion.
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Chapter 3

Noncommutative Spin Manifolds

Having worked our way through the basic structural results about spectral triples,
including the Local Index Theorem, we can now state Connes’ axioms for noncom-
mutative manifolds, and examine their immediate consequences.

In Section 1 we begin by showing that spectral triples have an intrinsic metric struc-
ture, and also support a natural representation of the universal differential algebra.
These two features show that there spectral triples possess geometric structure beyond
the minimum needed for the Local Index Theorem. With this as some motivation for
taking spectral triples as our basic geometric data, it is natural to ask what further
constraints can be made in order to obtain a sensible notion of manifold.

In answer to this question, we state the axioms for noncommutative manifolds, check
that they are satisfied by our examples and examine some of the principal conse-
quences of these axioms. First we show that the axioms imply that Q%3 (A) ® A% is a
local algebra, and so the Local Index Theorem applies to noncommutative manifolds.
Further results identify the bimodule structure and the behaviour of the integral pro-
vided by the Dixmier trace. We also show that there exists a canonical ‘smooth
compactification’ in the nonunital case, and it is determined by the operator D.

In the next section, we show how Poincaré Duality gives us a strong Morita equivalence
between the analogues of the functions and Clifford algebra, just as for commutative
spin manifolds. This shows that the representation of the universal algebra is irre-
ducible in the sense of (pre) C*-modules. In addition, Poincaré Duality coupled with
Connes’ Theorem 8 gives us measurability of various elements of this Clifford algebra,
showing that the integration given by the Dixmier trace is well-defined.

The last section looks at two closely related issues, the form of the operator D and
morphisms of the geometry. First we prove a formula first given by Connes, [24],
which shows how the operator D is related to junk forms. Then we define a represen-
tation of the automorphism group of the algebra .A. This is typically only represented
by bounded invertibles, so we rapidly specialise to two important unitary subgroups.
The first is the ‘gauge group’ provided by the inner automorphisms. We show that
D has a description in terms of connections on the bimodule Ho, whose form is pre-
served by the inner automorphisms. This description is specified only up to operators

87
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which are simultaneously left and right .A-linear, and this gives us an extra degree of
gauge freedom, provided by isometries. These isometries give us the second group of
unitaries which we consider.

Both of these descriptions of D are employed in the last Chapter where we show that
the commutative examples of these axioms are precisely the complete spin manifolds.

3.1 The Axioms for Spin Geometry

As mentioned above, we will begin by showing that spectral triples are ‘noncommu-
tative metric spaces,” and that they carry a natural representation of the universal
differential algebra. We begin with the definition of the metric.

Lemma 3.1.1 Suppose that (A,H,D) is a spectral triple and that
{ac A\1: [/ [D,q] ||< 1}
is a norm bounded set in A. Then

d(¢, %) = 223{I¢(a) —¢(a)| : | [D,a] <1}

defines a metric on PS(A), the pure state space of A.

Proof This is straightforward, [21] 0

The condition in the lemma is an irreducibility type constraint. In future, when we
mention the metric associated to a spectral triple (A, #, D), we implicitly assume
that the condition is met. In particular, it means that no element of .4 except scalars
commutes with D, [63].

Example It is easy to check that Krajewski’s two point example yields a distance of
# between the two points.

Note that when A is commutative, so that A is an algebra of (at least continuous
for the weak* topology) functions on X = PS(A), the metric topology on PS(A) is
automatically finer than the weak* topology. In the case of a smooth spin manifold,
whose algebra of smooth functions is (locally) finitely generated by the (local) coor-
dinate functions, not only do the topologies on the pure state space agree, so do the
metrics, [19, 21].

Lemma 3.1.2 If (A, H,D) is the Dirac spectral triple of a complete Riemannian spin
manifold X = PS(A), then

d(¢7 '(/)) . d"/(¢a "p), V¢a "p € PS(A)v
where d., is the geodesic distance on X.

Proof Let ai,..., a:, be local coordinates on an open chart U* where the open sets
U* form an atlas. All one needs to know in order to show that these metrics agree
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is that for any a € A the operator [D,a] = 3°,(0a/0a;)[D, a;] is (locally, so over U
for each i) Clifford multiplication by the gradient. Then Connes’ proof holds with no
modification:

1/2

Oa * da
D, = 22 pa]) Lo,
I [D,d] | sup %(aaj[ ag]> aak[ ax)

. 1/2
Oa da

_ i Dt il
sup |> _ gji (aa) Jan

Jik

|a(z) — a(y)|
= a||lLippi=sup ————— -
" " P nre d7(x,y)

In the last line we have defined the Lipschitz norm, with d,(-,) the geodesic distance
on X. The constraint || [D,a] ||< 1 forces |a(z) — a(y)| < dy(x,y). To reverse the
inequality, we fix = and observe that d,(z,-) : X — R satisfies || [D,d,(z,")] |I< 1.
Then

sup{la(z) — a(y)| : | [D,a] < 1} = d(z,y) 2 |dy(2,y) — dy(2,2)| = dy (2, ).

Thus the two metrics d(-,-) and d,(:,-) agree. O

More generally, whenever A is commutative, we can take A C Lipy(PS(A)), the
Lipschitz functions with respect to the metric topology, since

la(¢) — a(¥)] := |p(a) — (a)| <I| [D,q] || d(¢, %)
for all a € A, ¢, € PS(A). The issue of smoothness is taken up further in the next
section.

Before going on to the axioms, we briefly look at the differential structure associated
to a spectral triple. Given (A, H, D), we have the (usually implicit) representation
7 of A on H. We use this, together with D, to construct a representation of the
universal differential algebra of A, Q*(A).
Thus we define
7 Q*(A) = B(H)

by setting

w(agda; - - - dax) = ao[D,a1] - [D, ax)

m(6(agday - - - dax)) = [D, ag)[D,a1]- - - [D, ax].
If we define
Qp(A) = m(Q*(A))

then it is clear that

m: Q*(A) = Qp(A)

is a *-homomorphism and a morphism of .4-bimodules. However, in general 7 will
fail to be a morphism of differential graded algebras, i.e.

wobd#domw
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where
d(ao[D,a1]---[D,ax]) = [D,ag][D,a1] - - - [D, ak).

In fact, the *-algebra Q%,(A) is not even a differential algebra in general. The central
difficulty arising from this lack of ‘intertwining of differentials’ is that there may exist
forms w € (" (A) with m(w) = 0, but m(éw) # 0. The images in Q3,(A) of these latter
forms are known, somewhat unfairly, as junk.

Example For a (connected, complete and compact for simplicity) spin manifold X
this representation is simple to describe. First we compute the commutator in terms
of the principal symbol op of the Dirac operator D

so that w(6f) = df., Clifford multiplication by df. Larger expressions can then be
computed using the rules of Clifford multiplication. To see why we do not obtain
a morphism of differential graded algebras, notice that if the representation of 4 =
C*(X) is faithful and only scalars commute with .4 and D, as is the case for the
spinor representation, the kernel of the representation of Q*(.A) arising from the above
prescription is generated by the terms

hé(f) — 8(f)h.

However

m(6(h6(f) — 6(f)R)) = m(8(h)6(f) + 6(f)6(R))
= dh-df - +df - dh -
= —2g(df,dh)Id, Vfhe A,

where g is the Riemannian metric. Of course, if we set the metric to zero, we obtain
the exterior algebra, and from our earlier discussion of the exterior differential forms,
we would then obtain an isomorphism of differential graded algebras

7 A*(A) — AY(TEX).

This would be untenable however, as the spinor bundle and Dirac operator depend
on the metric. Note also that the above calculation, the ‘irreducibility’ (only scalars
commute with A and D) and the universal nature of the Clifford relations combine
to tell us that Q3 (A) = Clif f(T&X, g), [19].

Despite not obtaining a differential algebra, the algebra Q%(.4) is nonetheless an
important structural component of the spectral triple. To see this, simply consider
the spin manifold case above. There, the algebra 4(.A) obtained is both the Clif-
ford algebra, and the (compact) endomorphism algebra of the .4-module I'(S). This
demonstrates a strong Morita equivalence between the algebras .4 and 25(A), and
so defines a spin® structure on X, [59]. The junk forms are also identified as being
generated by the components of the metric, another important geometric ingredient.
This example also shows that there is a differential algebra ‘inside’ 0%5(A), for the
Clifford algebra and the exterior algebra of forms are linearly isomorphic, though they
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have different products. This also hints at relations with the Hochschild cycles, and
the other apparatus of noncommutative differential calculus.

To analyse junk and the algebra Q% (A) in the general case would be rather difli-
cult, but the example of the spin manifold gives us some hints as to what would be
‘good’ conditions to impose, at least in the commutative case. Though it may not
be immediately apparent, the axioms we shall now state will ensure all of these good
properties in the commutative case.

We now come to the axioms for noncommutative spin manifolds. From this point on
we assume that (A4, H,D) is a (p, 00)-summable smooth spectral triple with discrete
dimension spectrum of finite multiplicity. Furthermore, we will assume that A is local.
In the unital case, this amounts to no assumption at all. When we wish to discuss
the local nature of A, we will write A, C A. In addition we will assume that we are
given a continuous embedding i : A <+ Ay of A into a smooth unital algebra A, as an
essential smooth ideal. This may seem a restrictively long set of assumptions, but in
fact we will prove shortly that the assumption of the existence and smoothness of Ap
can be removed in favour of a simpler statement of the data. For the meantime we
note that A. C A C A, is supposed to be reminiscent of the smooth functions with
compact support contained in the smooth integrable functions, contained inside (a
subalgebra of) the smooth bounded functions. This latter appears rather naturally
in this context due to the non-unital Serre-Swan Theorem.

So let (A, H,D) be a smooth (p, 00)-summable spectral triple with discrete dimension
spectrum of finite multiplicity and with 4 as above. In order that (A, #, D) define a
noncommutative spin geometry, we will demand that the following axioms be satisfied.

Axiom 1 (Finiteness and Absolute Continuity) The linear space

Hoo = ﬂ dom D™

m>1

is a pre-C* Ay finite projective right A-module. Moreover we suppose that the Hilbert
space inner product (-,-) is given by

(Ene) = {(€mall +DY)7E, £n € Haoy a €A

where

(','):HooxHoo_)A

is the A-valued inner product on Heo.

Axiom 2 (First Order Condition) We have two representations 7% : A% —
B(H) and m : A — B(H), with the representation of A% giving the right A-module
structure of Hoo appearing in Aziom 1. We demand that

[a,6°°) =0 and [[D,a],b?]=0 Va,be A

Equivalently, Q% (A) C Ends(Hoo), regarding Hoo as a right pre-C* A-module.
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Note that both the commutator conditions are symmetric in A and A°. In particular,
[D, a’] is bounded for all a € A, and so we in fact obtain a spectral triple over A®.4°P.
As discussed earlier, we necessarily have two representations, = and 7°?, though we
will often abuse notation and simply write 7 when we mention the representation.

Axiom 3 (Orientability) We say the spectral triple (A, H, D) is orientable if for
each n > 1 there exist Hochschild cycles 37 ¢; € Zp(Ac, Ac ® A%P) such that
(X" ¢) = w(X" ¢;)* for all m and

n

T
*SSOTW(Z ¢i)=T peven * SSOTTF(E ¢)=1 podd.
We write *SSOTn (3" ¢;) =T in all cases. The A-bimodule structure of A ® AP is
gwen by a(c ® d°P)b = achb ® d°P.

Remark This tells us that we must assume that p € {0,1,2,3,...}, so that the
dimension is necessarily integral. We will describe the *SSOT convergence shortly.

Axiom 4 (Poincaré Duality) Let p = [(A ® A%, H,D)] denote the K-homology
class of the spectral triple, p € KR*(A® A°P). Then we say that A satisfies Poincaré
Duality and that p is a fundamental class if

M s Ku(A) = K3 (4)
is an tsomorphism. If in addition the map
(1 : Ki(4p) = K*(A)

is an isomorphism, we say that A is of finite type.

Remark The Real structure of 4 ® A% is given by
7(a ® b%) = b* ® a*?.

This is implemented on Hilbert space by the operator specified by the following axiom.
If the Reality axiom is not satisfied, we can only take u € K*(A ® A°P).

Axiom 5 (Reality) A real (p,00)-summable spectral triple is a (p,00)-summable
spectral triple together with an anti-linear involution J : H — H such that

1) Jn(a)*J* = w(a)?
2) J2=¢, JD =€DJ, JT = 'TJ,
where €,€,€" € {—1,1} depend only on p mod 8 as follows:

p 0 1 2 3 4 5 6
e 1 1 -1 -1 -1 -1 1
€ 1 -1 1 1 1 -1 1
e 1 x -1 x 1 x -1

X = g

When A is commutative we say that (A,H,D,J) satisfies strong reality or is sym-
metric if a% = a for all a € A. Otherwise we say A satisfies weak reality.
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Definition 3.1.3 A (p, c0)-summable smooth spectral triple (A, H,D,c, J) is a com-
plete (noncommutative) spin geometry if it satisfies the above azioms. If A is unital,
we call it closed. In the commutative case we distinguish between symmetric spin
geometries (those satisfying strong reality) and those satisfying weak reality.

Example Let X be a complete spin manifold of dimension p. The domain of D
consists of spinors whose first derivatives are square integrable. Repeatedly applying
D and taking the intersection shows that

Hoo = (£ € I(X,5)  §(D",D")(1+D?) 7% <00}

since the Dixmier trace gives the same measure structure on L?(X, S) as the Lebesgue
measure. The required embedding can be obtained by including C{°(X) in Cp°(X).

The first order condition clearly holds if we define the right action to be the same as
the left. The reason for this is

[D,f] =0'(.’E,df) =df'

so that all functions commute with [D, f].

To show that orientability holds, we must display a Hochschild cycle satisfying the
above requirements. So let (U*,a*) be an open cover of X by coordinate charts, and
let ¢* be a partition of unity subordinate to the U*. Then

q=¢ida’iA---Ada§,,

is a differential p-form defined over U i, and so by the Hochschild-Kostant-Rosenberg
Theorem 1.3.11, a Hochschild cycle. If we can choose a finite collection of coordinate
charts to cover X (i.e. the compact case), then

c=Ya
i

makes sense. Sending da to da- shows that m(c;) is proportional to the complex
volume form we on U?. Assuming, without loss of generality, that the constant of
proportionality is 1, we see that m(c) =TI in even dimensions, because wc provides
the Zo-grading on L2(X,S). In odd dimensions the volume form is central, and can
be normalised to 1.

When we can not take a finite number of coordinate charts, we note that for any
¢ € L%(X,S) we have SOT lim, 3" n(c;)¢ = T'¢ or £, depending on the dimension,
where SOT lim denotes the strong operator limit. In fact, as the volume form is a
smooth differential form, results from the next Chapter will show that || 6™(m(c;))¢ ||
converges for all £ € Heo, but owing to commutation of I' and |D|, it must convege
to zero for all n > 0 and € € Heo.

We sketched the proof that spin® manifolds satisfy Poincaré Duality in the first Chap-
ter. For more information, see [19, 6, 44, 53].
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Lastly the real structure is well dealt with in the book [37]. In fact the real structure
for a spin manifold is nothing but the charge conjugation operator on the spinor
bundle. We refrain from discussing it now, as we will look at it in some detail in the
next Chapter.

Example The noncommutative torus is a noncommutative example of these axioms.
It is easy to see that the first order condition holds (with the left and right represen-
tations being given by left and right multiplication respectively), and that

ﬂdom'Dm='Hoo=Ao®Ao

is a finite projective Ag module. Giving this module the canonical Hermitian form,

2
(5’77) = Z&;n‘i,
=1
it is easy to check that

€ ma) = ¢(¢ima) + ¢(¢3m20)
= femaa+oy

(check it on monomials, use the trace property and [a, (1 +D?)"1] € E(()l’°°) to check
that the integral vanishes except on scalars.) Next we let JT (a) = a* for all a € Ay

and set 5
0
(5 7).

Then J2 = —1 and JD = DJ, and as the grading of # is given by

= (o %)

we see that JI' = —I'J. So J satisfies the reality axiom for p = 2, which is the same
as the degree of summability, as we saw earlier. The orientability axiom is nontrivial,
but we can write down a Hochschild 2-cycle which satisfies the requirements, [18];

1

° G-

VIUTleUeV -UVleVeU).

Lastly, Poincaré duality can be checked by noting that Ko(Ag) = Z2, K1(Ag) = Z2
and similarly for the K-homology groups (of Ag), [58]. Hence we are justified in
checking only the intersection form defined by D. We choose the basis [eg], [e1] €
Ky(Ag) determined by ¢(e;) = § (Powers-Rieffel projector) and ey = 1. We take the
classes of the generators U and V' of 4y as a basis of K;(Ap). The intersection form
in this basis is computed in [18] and is given by

0 -1 0 0
1 0 0 0
00 0 -1 |’
0 0 1 0
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which is clearly invertible.

We begin our analysis with the following straightforward set of observations. If A
is commutative, it is frequently noted that if (4,7, D) is a spectral triple then so
is (A°?,H, D), where the action of A% = A is defined to be the same as that of
A. That is, we make H a symmetric .A-bimodule. So far, so good, but despite the
commutativity of 4, this need not produce a first order spectral triple.

Lemma 3.1.4 Suppose that (C",CN,D) is a spectral triple with D a self-adjoint
matriz such that [D,a] # 0 for all a € C*. Then the symmetric bimodule (C" ®
C", CVN, D) is not first order.

Proof Let a = (a;) withi = 1,..., N act as a diagonal operator (with repetitions
according to the multiplicity of the representation) and check that

(D, a], blij = (a; — ai)(b; — b:) D
which is not zero for all a,b € C". a
Example Despite the above lemma, Krajewski’s n point construction shows that

there is no impediment to obtaining a spectral triple over C" satisfying all our axioms,
[47]. Recall that for two points A = C2, H =C3, and

0 m O
D=l m 0 m
0 m O
The action of A on H is given by
&1 z1€1
(z1,22) | &2 | = z2b2 |, V(z1,22) €A E€H.
€3 z2€3
We define the opposite representation by
&1 z2€1
(z1,22)" | &2 | =| =22
€3 z1€3

It is straightforward to verify the first order axiom for (A,H,D). Note that the
distance between the two points in the pure state space is # Also note that we have
the following matrix representation

z2 0 O 0 01 z; 0 O 0 01
(z1,22)®?=| 0 22 0 |=]1010 0 =z O 010
0 0 = 1 00 0 0 =z 100

Since the unitary relating these two actions commutes with D, we might call it an
isometry. Indeed, computing the distance using either action yields the same answer.
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This shows that even in the commutative case we need not (in fact sometimes can
not) have a symmetric bimodule. To see that the rest of the axioms are satisfied,
simply check that

O = O
o O
(o]

@]

A

0
C=(,-1)(-L1)" J=]| o0
1

satisfy the axioms, where cc is complex conjugation. To see that Poincaré Duality
holds, one may compute the cap product explicitly as follows. Let p; and p, denote
the projections corresponding to the identities of the first and second copy of C
respectively. Then

[p1] N[C?,C3, D] = [C?,C = p;C3,0 = p, Dp1] (3.1)
and we note that because p;Dp; = p1DTp; = 0, this has index 1. Next
0 m 0
[p2] N[C? C?,D,J,c] = [C?, C? =p,C¥,poDpo= [ m 0 0 |]
0 0 0

and as poDtps = m : C — C, this has index zero. Hence this is a distinct element
from [p1] N 1, and
(1 : Ko (C?) — K*(C?)

is an isomorphism. Alternatively we may compute the intersection form, [47], since
we know that the K-groups in question are torsion free. Krajewski shows that in this
case we can express the intersection form as the matrix () with 4, 7 component

Trace(T'p;p;?),

n-(9 %)

Example This example follows the isometry theme a little further. Let (A, H, D) be
the spectral triple of a complete spin manifold, X. Then, because [D, f] = df- for all
f € A, this is a first order spectral triple for A with # a symmetric bimodule. It
is not the only possibility, however. Let T': X — X be a spin structure preserving
isometry of order two, o : A — A the corresponding automorphism, and let U be the
unitary implementing 7" on #. Thus

which yields

which is invertible.

UH=H, UAU*=A, UDU* =ZD.

We can define the opposite action of A by a®?¢ = UaU*¢. Then H is not a symmetric
A-bimodule, but (A, H, D) is a first-order spectral triple. The rest of the axioms can
also be checked, provided we replace the real structure J of the obvious underlying
symmetric spin manifold by JU.
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We now begin our examination of the axioms and their main consequences. Our
immediate aim is to show that Q%(A) is a local algebra, so that all the hypotheses of
the Local Index Theorem are satisfied.

Lemma 3.1.5 If (A, H,D) is a real noncommutative geometry then
Spec(a’?) = Spec(a) Va € A.
Proof We have

a®? — X not invertible
J(a* —X)J* not invertible

a* — ) not invertible

t ¢ e

a — ) not invertible.

]

Corollary 3.1.6 Let (A,H,D,T) be a spin geometry with A local. Then for all
a € A, there is ¢ € A such that

afp = af = ap™¢{ = ¢™at.

Lemma 3.1.7 Let (A,#,D) be a first order spectral triple with A nonunital. Then
for a € A, and ¢ € AP such that ap = ¢a = a we have

[¢D¢,a] = ¢[D,al¢,  [¢D,a]=¢[D,a],  [D¢,a] = [D,al¢
[D—¢D¢aa] = [D_D¢7a] = [D_ ¢D7a] =0

4

a[D, ¢] = —aD(1 — ¢) = a[D, ¢] is bounded
= (1-¢)[D,a(1l-¢) = (1-9¢)’[D,a] = [D,a](1 —¢)° =0
= G’[D’ ¢l =0 [D7¢a¢] = ¢[D1 al¢

[D,a](1 - ¢)

Proof All of the above results follow from manipulating the first order condition
and

0=[D,(1 - ¢)a].
This yields [D,a] = ¢(2 — ¢)[D,a], or
(1 - ¢)[D,a] = ¢(1 — ¢)[D, d].
As we also have
D, a] = ¢[D, al¢ + ¢[D, a](L — ¢) = ¢*[D,a] +0,

we obtain (1 — ¢)[D,a] = 0. This is enough to show that ¢ is a local unit for [D, al,
and the rest follows from elementary manipulations. O
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Corollary 3.1.8 The algebra Q3,(Ac) ® AP C Q3(A) ® AP is local.

Corollary 3.1.9 If ¢, € A is a local unit for the elements of A. appearing in the
Hochschild cycle 3" ¢;, then {¢n} forms a local approzimate unit for A. In particular,
for all a € A, there is an n € N such that

n
al' =a Z m(c;).
i=1

Proof This follows from the fact that I'? = 1 and that 3" 7(c;) converges strongly
to I O

Since Q5 (A) ® A is a local algebra, we may employ all the localisation results
obtained in the last Chapter (modulo a few very simple details). So, the Dixmier trace
and D provide a trace on A, the Local Index Theorem holds, and most importantly,
Theorem 8 is true, since we have assumed (p, 00)-summability and discrete dimension
spectrum. In addition, Axiom 1 ensures that the trace provided by the Dixmier trace
is faithful.

Lemma 3.1.10 If a € A is positive, then §a(1 + D?)"% #£ 0.

Proof Since Mo is a full pre-C* A-module, the image of the map & — (¢,¢)
provided by the Hermitian form is dense in the positive elements of 4. Now Axiom
1 guarantees that

0< (66 = {0 +D)E,

with equality if and only if € = 0. As a consequence, we see that o -(1 + D?)% is
nonzero on this dense set of positive elements. If a € A is positive, there exists a
sequence of these elements converging to a, so a; = (&;,£;) — a. If we suppose that
fa(1+D?)~% =0, then we see that (&i,&) > 0 and so a = 0. O

Our next task is to examine the bimodule structure of Ho,. We initially regard Hoo as
a right A module, and so write it as Ho, = p AN, where p € My (A;) is a projection.
Using the notation ay, for whatever the left action of A is we find

aLE . a[,pf = [aLap]E +pa’L£ = [aL’p]§ + aLé"
the last equality following because ar,Hoo C Hoo- Thus [ar,p] = 0. We have proved

Lemma 3.1.11 The projection p defining the right A-module Hoo = pAN commutes
with the left action of A as operators on AN. In particular, Hoo is an A, finite
projective left A-module.

Corollary 3.1.12 As a left A-module, Hoo = AVNp.

Proof
£€EHoo & & € Hoo & £jpji € Hoo.
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Note that it is not asserted that Hoo is an Ay finite projective A ®.A°°-module, merely
that it is A finite projective as both a left and a right .4-module. Moreover, if { € Ho
then p¢ = ép = €. Hence p = Idy,, as a left or right module.

The representation 7 : A = End4(Hoo) can be extended to a representation of Ay,
using the fact that the right action extends and 7 (a) = J7*%(a)J*. Similar comments
apply to the representation of A%, and by the associativity of the product in A, we

immediately have
[a,bP] =0 Va,be€ Ap.

Likewise, if a € A and b € Ap, we immediately have
([D,a], 4] =0

since l[D, a] € End4(Hoo). The symmetry of this condition between a, b shows that
a commutes with [D,b%] for all b € A;. So [D,b%] is A-linear, and has adjoint
[D,bP]* = —[D, b*] = —€'J[D, b]J*. Since b maps Hoo into itself, it is now not hard
to check that [D,b] is continuous on Heo for all b € A, and consequently bounded.
Hence we have shown

Lemma 3.1.13 The representation 7 : A = End4(H) extends to a representation
7 Ap = Enda(Heo). Moreover, [D,b] € Enda(Heo) for all b € Ay.

To get a handle on the unital Fréchet algebra of smooth, bounded functions define
+*SSOT convergence of a sequence (net) {an} C A to be convergence of §™(as) and
6™(a,)* in the strong topology for all m. This is called the smooth, star, strong
operator topology. Elements of *SSOT(A), the closure of A in this topology, are
clearly in the smooth domain of d, and so deserve to be called smooth, and they are
certainly bounded, meaning that their operator norm is finite. We now analyse this
topology in more detail. We set Hoo = pA®, p € Mp(Ap) a projection, as per Axiom
1.

Lemma 3.1.14 Whether A is unital or not
*SSOT (pMy(A)p) = pMy (A )p = *SOT (pMy(A)p) N Nm>1dom o,

where AP is the completion of Ay in the topology given by the family of seminorms
gn(b) =|| 6™(b) || In particular, pMy(Af°)p = pMyp(A*®)p in the unital case, where
A is the completion of A for the topology determined by the qy.

Proof As elements of the form ab, a,b € A, are dense in A4, it is easy to see from
Axiom 1 that the action of A on H has trivial null space. Consequently, convergence
in the *-strong topology tells us that

+SOT (pM,,(A)p) = xSOT (pMy,(A)p) = pMn(A)p",

the double commutant, [30]. This clearly contains pMy(As)p. As Ay C Nyy>1dom 6™,
we have
pMy(Ap)p C *SOT (pMy(A)p) N Nm>1dom om.
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So let {ax} be a strictly (and so *-strongly) convergent net from pM,(A)p. Then it
converges to an element of pM,(Ap)p, since it is the multiplier algebra of pM,, (A)p,
by Proposition 1.2.4. If we restrict attention to those nets converging to an element of
the smooth domain of §, then we see that 6™ (ay) must converge in the strict topology
for all m. Hence

ax—a € pMy(Ap)pNNp>1dom 6™
= PMn(Ab°°)p N ﬂm21dom &,

Here A° is the completion of 4, for the topology induced by the seminorms || §™(-) ||.
O

Remark This shows that we may as well take A; to be complete in the ‘smooth
bounded’ topology from the outset. Similarly, the assumptions contained in the defi-
nition of discrete dimension spectrum ensure that if {a;} C .4 converges in the smooth
topology of A, then the limit a € 4 satisfies

I 6™(a) [|< oo, ][|(5"(a)|(1 +D%) % <oo Vn>0.

So from now on we will replace A by its completion in the topology determined by
these seminorms. In the unital case when A4 = 4; we have

F1 @1+ D) E <) @) || -+ D)

so these topologies agree.

In fact we conjecture that Axiom 1 implies that A is necessarily complete in the
‘smooth integrable’ topology. This is not unreasonable, as Ho, = pA™ is complete in
the topology provided by the seminorms

an(©? = f(0m, DO+ DY),
though relating this information to the above topology on A is nontrivial.
Restricting the last result to ‘scalar’ matrices ald, a € A, yields
Ap = xSSOTA =+SOTAN ﬂmzldom oam.

As a consequence we have the following reformulation of our data. Moreover, we
obtain a canonical smooth compactification, dictated by the structure of D.

Corollary 3.1.15 We can reformulate Aziom 1) for a noncommutative spin mani-
fold as follows:

Hoo s an Ay finite projective right A-module where

Ap = +*SSOTA = xSOTA() (] dom 6™.
m>1



3.2. POINCARE DUALITY AND CONNES’ THEOREM 8 101

Proof The only thing to check is that the norm closure of A, actually provides a
unitization of the norm closure of .A. This follows from the fact that Ay is unital (by
the existence of the approximate unit &, € Ho) and is the smooth strong * closure
of A. O

This is intuitively pleasing, since it gives us a noncommutative generalisation of
C°(X), the bounded smooth functions all of whose derivatives are also bounded,
where X is a noncompact manifold. From now on we will use this (complete) defini-
tion of Ay, as well as the ‘smooth integrable’ completion of A.

Corollary 3.1.16 We have the following identifications and inclusions
EndyHoo = pMn(A)p 2 Qp(A)

EndsHo = pPMn(As)p 2 Qp(As).
Moreover, Q% (Ap) = *SSOTQ;(A)

Proof The identification of the endomorphism algebras follows from Lemma 1.2.7
and the above results on the smooth closures. The inclusion of the algebra of forms
follows from the first order condition. Lastly, because Q3,(A) is a subalgebra of
End (M), the result about the smooth closure is easily seen to hold. Note that
similar comments hold when we think of Heo as a left module (see below). a

Remark This also shows that Q% (.A) is an essential ideal in Q},(Ap). This is because
strict convergence implies *SOT convergence in Enda(He) (C*-module closure). To
see how this works, note that if bQ%(A) = Q3 (A)b = {0} for some b € Q}(Ap), then

6 llo=llbw | + || wb =0 Vwe Qp(A).

Since the seminorms || - ||, separate points in the multiplier algebra of 0% (A), and
%(Ap) is contained in this multiplier algebra, we must have b = 0. Thus Q}(A) is
an essential smooth ideal in Q7 (Ap).

3.2 Poincaré Duality and Connes’ Theorem 8

In this section we show how the assumption of Poincaré Duality and Theorem 8 con-
spire to show that certain elements of the various algebras acting on H are measurable.
This also shows that the degree of summability can not be improved.

The other main consequence of Poincaré Duality is that Ho, provides a (pre) strong
Morita equivalence bimodule between A and Q3 (A). We begin with this important
result.

Theorem 3.2.1 Suppose that (A, H, D) is a noncommutative spin manifold, and that
the only bounded operators commuting with A and D on H are scalars. Then, regard-
ing Hoo as a pre-C*-A-module, the representation of Q5 (Ap) is A-irreducible.
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Proof Suppose, for a contradiction, that the representation of Q% (A) is not irre-
ducible. We begin by writing Ho, = p.A™ for some projection p € M,,(Ap). Then, by
Lemma 1.1.2, there exists a nontrivial projection e = ¢* = €2 € pM,,(Ap)p such that

1) [e,p] = 0, by definition, and
2) [w,e] =0 for all w € Q(Ap).

Commutation of e with Q%,(.Ap) naturally implies that e commutes with the left action
of A also. We write

D = eDe+(1—e)D(1—e)+eD(l—€)+ (1 —e)De
= eDe+(1—€e)D(1—¢e)+ B
= D, + B.
Note that 1 — e means Idy,, — e or p —e. Using 2) we have that for all a € A,
[D,a] = e[D,ale + (1 — €)[D,a](1 — €) = [De, q]

so (B,a] = 0. In other words, B = B* is Aj-linear and so can easily be seen to be
bounded. Consequently, the map

t— D.+tB

provides us with an operator homotopy from D to D,. It is easy to check that this
homotopy preserves the K-homology class of u, [39]. Hence we may write

p=[(AHD)] = [(AeH,eDe)]+[(A (1- e, (1-e)D(1-¢))]
€ K*'(A® A%).
The next step is to show that [e] = [Idy — €] = [p — €] = [p] — [¢] in the K-theory of
Ap. To do this we will construct an explicit Murray-von Neumann equivalence. First

we note that
[D,e] =[B,e] = (1 — e)De — eD(1 —e),

and using €2 = e, (de)e = (1 — €)(de) et cetera, we compute
Dde = D(1-e)De—DeD(1—e)
[D,(1—e)](1 - €)[D, €] — [D,e]e[D, (1 — ¢)]
—¢[D,e][D,e] + (1 - €)[D, €][D, e]
= —(2e— 1)dede.

In a completely analogous fashion we find that
deD = (2e — 1)dede.

This shows that Dde = —deD and so Ddede = dedeD. An easy calculation, using the
fact that e commutes with all of Q%,(.A), shows that [D, €] commutes with all @ € A.
Hence [D, €} commutes with all @ € .4 and D, and so must be a scalar. Moreover,
(de)* = —(de) so

—dede = B2 >0
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is a positive real number m. Suppose first that m = 0. Then de = 0 so e is a scalar,
whence a contradiction. Thus the representation of Q% (Ap) is A irreducible.

So suppose that m > 0, and set B’ = ﬁB so that
B"*B'=B'B* = Id.

Since B'e = (1 — €)B' we see that B'e provides a partial isometry implementing a
Murray-von Neumann equivalence

(B'e)*(B'e) = e (B'e)(B'e)* = (1 —e).
Now we have established that
p=2[(A,eH, eDe)] € K*(A® A°P),

from which we may conclude that y does not satisfy Poincaré Duality. To see this,
note that for any class [g] — [1x] € Ko(A), the class ([g] — [1k]) N [(A, eH,eDe)] can
not be in the image of Ko(A) N g. Similar comments apply for an odd class. Hence
we have a contradiction, and the representation of Q3 (.Ap) must be irreducible. O

Corollary 3.2.2 With the same hypotheses as the Theorem above, the representation
of % (A) is A-irreducible.

This last result follows from Proposition 1.1.3 and the Remark following Corollary
3.1.16.

Theorem 3.2.3 If (A,H,D,c,J) is a spin geometry, with Hoo = pA", then Q5 (As)
is isomorphic to pMyn(Ap)p. Furthermore, Q5 (A) = pMn(A)p = End%(Heo), s0 A
and Q% (A) are strongly Morita equivalent.

Proof As Q%(A}) is unital and acts irreducibly on Heo,
Qp(Ab) = pMy(B)p (3:2)

where B C A, is some unital subalgebra. This follows because

1) Ay is unital and so is its own multiplier algebra, and

2) 0% (As) acts irreducibly, and so must comprise a full matrix algebra over B.
However, Q% (Ap) is also an A bimodule, so A (Ap) C 5 (Ap). Thus B must be
an ideal, and as it is unital, B = Ap.

The same argument applies to 2%(.4) except that now B can be a proper ideal of Ap.
By the Remark following Corollary 3.1.16, it must be an essential ideal, and since
Q% (A) is also an A-bimodule, we have Q5,(A) = pM,(A)p.

As two algebras A, B are (pre) strongly Morita equivalent if and only if B End%(E)
for some (pre) C* A-module E, we have shown that A and Q7 (A) are strongly Morita
equivalent, with He, providing an equivalence bimodule. (]
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We feel that it is worthwhile pointing out that the proof that H, provides a strong
Morita equivalence between 2},(4) and A did not rely at all on the real structure J.
As with so many of our other results, knowing that H, is finite projective as a right
A module fixes much of the possible behaviour. The additional requirement that D
‘sees’ everything is the clincher. This would seem to contain the essential concepts
underlying the appropriate definition of a noncommutative spin® manifold, but we
will remain focussed on the real case.

The next thing to examine is measurability of the various operators. So we suppose
that we are given (A, H,D,c,J) and the associated class u € KR(A ® A%P). If we
suppose that this spectral triple satisfies Poincaré Duality

Nu: K (4) 5 K2 (4),

then we immediately know that u is neither zero nor a torsion class. We also know
that the following diagram commutes, [19],

{Fredholm modules for 4 ® A} I Hp,.(A® A)

i i
K*(A® A”) — Hom(K,(A ® A%?),C)

As p is not a torsion class, it defines a nonzero class in Hom(K,(4 ® A%), C) under
the duality pairing. Thus Ch*(u) # 0 in H},,.(A ® AP).

One of the most important consequences of Theorem 8 is that the value of ¢, on
Hochschild cycles agrees with the value obtained by employing the Chern charac-
ter, and so is independent of the linear form w, Corollary 2.4.2. As a consequence,
operators of the form

I'S ao[D,a1]- - [D,ap)(1 + D?)~%

are measurable. Here we may take the a; to be elements of A, A% or A ® A°. For
each n we are given Hochschild cycles

3 € Zy(Ae, Ac ® AP)

i=1

which converge to I'. Thus for all ¢ € Z,(A. ® A%) we have (for some n)

(O (1, = (Bur0) = f a1 +D2)F = Ln(3- em(e)(1 + DY F < oo,
=1

As we have seen, this is strongly analogous to the integration of ¢ using a partitition
of unity. In the case where c is ‘compactly supported’, as above, we have only finitely
many nonzero terms in this sum. We can then compute this pairing for Hochschild
cycles over A by approximation using the continuity of the Dixmier trace, and we
know from earlier results that the integral remains finite. This also shows that the
value of the integral on an element of A, is independent of n for n sufficiently large.
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So now suppose that for all c € HH,(A ® AP), (Ch*(u),c) = 0. Then for each n
we apply the above result to 3" c, to see that 7 (X" ¢;)(1 + D?)~ % = 0 and so

for all n > 0, Tw(37 ¢i)(1 + D2)~% E(p’ )( ), [19]. This of course implies that
¢o = 0, and also implies that the inner product on H is zero, that A is therefore
zero, and so on. To avoid the vacuity of these conclusions, which clearly contradict
finiteness and absolute continuity as well as Poincaré Duality, we must therefore have
(Ch*(u),c) # 0 for some ¢ € HH,(A ® A°%). It follows, or one may deduce from
Lemma 3.1.10, that we can never have a(1 + D)% ¢ Egp 1) (H) for any positive
a € A. Other consequences of Poincaré Duality are discussed in [19].

Since we have seen that the Chern character gives a family of functionals which
together compute the index pairing, it is worth asking what this Hochschild class
gives us. Typically, the Chern character of a first order differential operator on a
manifold is integration against a characteristic class;

Chk(D)(ao, vy QE) = /ﬁp_k Aagday A -+ - A dag,

where in this formula C'hp k is the component of degree p — k of a differential form
representing the characteristic class in question (Todd, A, Euler, signature,...). Since
these classes are multiplicative, Cho =1, and so

ChP(ag,...,ap) = /aodal A+ Adap,

and this is precisely the integration over the manifold. So Theorem 8 is returning the
integral in terms of a single component of the index pairing, as promised in Chapter
1.

3.3 Morphisms, Junk and the Operator D

We begin this section by examining the general structure of junk forms that prevent
us obtaining a differential algebra, and how they are related to D.

The fact that the universal derivation and that provided by D are not intertwined by
the representation gives us the problem of junk. In general the algebras (AR AP),
Q%5(A) ® A%, and so on, are not even differential algebras. As we have seen, we may
have w € 2*(A ® A%) such that m(w) = 0 but m(dw) # 0. The forms in the image

(6 ker ) (3.3)

are called junk forms. To obtain a differential algebra we must consider

Ab(A® AP) := Q5 (A ® AP)/m(é ker T).

It is shown in [19, 50] that this is a well-defined algebra, though the action of this
quotient on Hilbert space is not.
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If we assume that the representation of 4 is faithful, and that no element of A
commutes with D except scalars, the kernel of 7 in Q*(A ® A°P) is generated by
terms of the form

[0, 6], [6(a),6%],  [6(6),a].

To find the junk forms we differentiate in the universal algebra and then take the
representation. Differentiating the first term, [a, b°?], gives a sum of the second two
types. Differentiating either of these second two and representing gives rise to forms
of the type

[D,a][D,6”] + [D,b*][D, a.

The A-bimodule of junk forms is in fact linearly generated by terms like this, [52].
Despite making perfectly good sense as Hilbert space operators, the problem with
these terms is that they are in general ill-defined as endomorphisms of the bimodule
Hoo, because for £ € Hoo

(da)db # da(&db).

This lack of associativity means that such expressions make sense only in special
circumstances. It also shows again that it is representations of Q*(.A) ® A% which
are important. This is because this is the largest subalgebra of Q*(A® 4°P) for which
the associativity embodied in the first order condition can be guaranteed to hold.

It is tempting to think of junk forms as components of a Riemannian metric, and
previous examples might justify this to some extent. However, as we have seen,
the ‘correct’ way to view the representation is as an 9} (4) — A-bimodule. This view
comes from the fact that the module H, provides us with a strong Morita equivalence
between these two algebras, just as one would have between the Clifford algebra and
the algebra of functions via the spinor bundle. With this point of view, it is terms of
the form

[D,a][D, 8] + D, b][D, a]

which should be regarded as analogues of Riemannian metric elements. Nonetheless,
in the commutative and symmetric case where these viewpoints coincide, realising the
junk forms as metric elements is the key to recovering the Clifford algebra, the Dirac
operator and so on.

Example For Krajewski’s two-point space we have

0
m(6(z1,22)) =m(ze — 1) | -1
0

[ e I
oo o

It is easy to check that this commutes with the right action. Terms of the form

dzdy”® + dyPdz = —m2(x2 —z1)(y2 — 1)

k]

- o O
oo O
OO =
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generate the junk that prevent O} (A ® A) being a differential algebra. Here the
junk forms make sense as operators, but are not in the algebra. However

drdy + dydz = —2m*(z — 1) (y2 — 1)

o O
o = O
o O O

which is an element of 4.

Despite the fact that these simplistic approaches to ‘junk as metric’ are probably
futile, junk forms are intimately related to the metric structure as provided by the
operator D. The next lemma proves a result of Connes’, [24], and the following
corollary shows that this formula links junk forms to the operator D. This will be a
key element of our proof in the next Chapter that the commutative examples of our
axioms are spin manifolds.

Lemma 3.3.1 The operator D satisfies the following formula (with n = oo and strong
convergence allowed in the nonunital case)

(1!
2

—1ptr .. P . . . = F .
D= (__12)__1" > aghy” z(—l)’_lda'l e da;-__l[’D2, atldajq -+~ day + I'dl,
i=1 j=1

where T = ¥; abbyPdal - - - dal,.
Proof The demonstration of this formula is straightforward. First note that

[D?, 0] = {D,da} := Dda +daD Va€ A

So
n . > . . . n - 3 Y - n . K] - . 3
> abby?[D? ailda} - - -da} = 6P Ddal - - - day, + Y abby T daiDdaj - - - da,
i=1 i=1 i=1
n . B . -
= — d(apby”)da; ---da;, + DT
i=1
n . g i3 . - -
+ Y afbyPdai[D?, ab)da} - - - day,
i=1
n . > . . - .
- Z ahby? daydasDday - - - da,
i=1
= —dI'+2DT
p . n . . . - .
+ Z(—l)J Eabbﬁ“"da’l e [’D2,a;-] -+ - day,.
j=2 i=1
The formula may now be checked immediately. O

Note that from JD = ¢'DJ, this formula can also be written in terms of .A%.
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Corollary 3.3.2 If a € A, commutes with each by appearing in the formula for T,
as well as [D,b}], then for some n > 0,

[D, ]—e I‘Z “"’bzz 17" 1da} - - - (dada™ + da’Pda) - - - daio?.
j=1

Proof  First we have [[D?, al, 6] = dadb® + db®da for all a,b € A by the first
order condition. Next since [a, b}] = 0 = [a, [D, b}]] for each 4, it is simple to compute
the commutator of a with D by employing the above expression and the first order
condition;

F Z toppi Z 1)7~1da’" .. (dada;"p + daj-"p da) - - dai®.
ji=1

D, a]—e

O

The necessity of a commuting with the coefficients of I" in A, is quite tenacious. If one
relaxes the requirement that a commute with the [D, b}], we pick up the additional
term [dT, a]T".

An important consequence of this result is that if we factor out by junk forms, or
antisymmetrise in elements of QL (4) and Q4 (A%), then T' A da is zero. Here the
wedge product should be regarded as the operator obtained by antisymmetrising. In
fact if we write I' = 3" I'¥ and a commutes with the coefficients, then

IMa#0=>T Ada=0.

This result will help us identify the local coordinates in the commutative case where
the commutation condition is automatically fulfilled.

Next we define a representation of the automorphism group of A on H. In fact
to define the representation in a natural manner, we need to restrict the class of
automorphisms we consider. Let Aut;(A) be the group of unital automorphisms of A,
which restrict to automorphisms of .A. So for all o € Aut;(A), a: Ay — Ap is a unital
automorphism, and o : 4 = A is also an automorphism. We will occasionally refer
to such automorphisms as diffeomorphisms. To obtain a representation of Aut;(.A)
on H, we first let e; = (0,0,...,1,...,0), i = 1,..., N be the obvious generating set for
the module A,I,V . Then with Ho, = pAY, every € € H o can be written as

€= (&), = pijejaj, a; € A.
j

For each a € Aut;(A) define an invertible linear map Gq : Hoo — Hoo by

(Gab)i = Y a(pijeja;) = &),

J
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with £ as above. Then Va € A
Gam(a)GZlE = G Zﬂ' a)a” pweja])

Likewise

Gan®(a)Gg '€ = a(r?(a))é.
Thus the group Aut;(A) has a natural representation on H, by bounded invertible
operators, and as such they extend to the whole Hilbert space H. These operators
are not in general right or left A-linear. Since the right action of A is by hypothesis
multiplication on the right, we also have a(7°?(a)) = 7?(a(a)). Applying conjugation
by J to this shows that

JGoJ*1(a")JG1T* = m(a(a*)).

It then seems a natural restriction on the group of diffeomorphisms we consider that
they satisfyJGoJ* = G4. This is the analogue of spin structure preserving diffeo-
morphisms. Of course we need to impose the additional condition that GoI' = I'Gq
(orientation preserving) to fully specify this notion in the commutative case, so we
make this restriction also. One can obviously employ the condition GoI' = —I'G,, to
define spin structure reversing diffeomorphisms, {5].

The operators G also implement these automorphisms component-wise on the en-
domorphism algebras. For if T € End4(Hw), then

(T€)i = Tijpjrerar
ik

and
(GaTGF'€)i = Y a(Tij)pjkerar = ((T)E)i-
ik
Similar comments apply to the endomorphism algebra acting on the right. Thus
this representation preserves Hoo, A, A, End4(Hoo) and End%(Heo). These are all
desirable properties, but how do these diffeomorphisms interact with D?

Lemma 3.3.3 If G, implements o € Aut,(A), then for alla € A
[Ga[D, G5, ]
is a bounded operator.
Proof First, setting b = G;'aG,, a simple calculation shows that
[D,b] = Gal[D, a]G5" — [Ga[D, G5}, 8]

and the result follows by the boundedness of [D,.A] and the fact that G, preserves
Hoo by construction. m]
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Corollary 3.3.4 If G, is as above, then

Gl (A)GS! = 1(GaAGSY).

m GalD,Gs

In addition, it is easy to check using the first order condition that on the smooth
domain Heo

([0, Go[D, G311}, 5] = 0, Va,b € A.

Thus Go DG, = D+ Go[D, G, ] satisfies the first order condition whenever D does.
However, the operator Go[D, G| is in general not bounded, behaving rather more
like the action of a vector field. Moreover, it is not self-adjoint in general.

In order that these diffeomorphisms define morphisms of the geometry, not just A,
there must be further restrictions, and we have already seen some of these. In order
to preserve the self-adjointness of D, it is necessary to restrict to those diffeomor-
phisms with a unitary representation. Connes describes altering the representation
of (A,H,D) by these unitary diffeomorphisms as corresponding to different metrics,
and these results support that view. Using the definition of the metric, Lemma, 3.1.1,
we see that changing D to D + G4[D, G}] changes the metric.

In the unital case, there is never any problem in realising what this means. For if
the Hermitian form for (A, H, D) is defined by some M € Endg(Hoo), M > 0, M
invertible, by

(&m) =&EMn=>_ & Mn;,
ij

then G, is a unitary Gy : Heo = HL,, where H.  is the same module as H o, but has
the Hermitian form defined by Go,MG},. Since the inner product is defined using the
Hermitian form, along with the Dixmier trace, we see that #' is the same as H, but
with the corresponding new inner product. Setting D’ = D + G4[D, G}] = G.DGS,
and similarly IV = G,I'G}, and A’ = G, AG%, we see that

(A,, HI? DI’ J’ I")

is a new spin geometry with a different metric, and G, is a unitary intertwining them.
This is easy to see, using Axiom 1, since

fGat Y (1+GaD?G)E = f Gale, Gan)GL(1 + GaD?Gl) S

fe.cma+oyE

In the nonunital setting we are heavily restricted by our requirement that D not
be summable. One can produce many diffeomorphisms in the commutative setting
which take an infinite volume manifold onto a finite volume manifold, and this would
produce boundary difficulties for us. It is likely that the problems produced by these
phenomena will in time be put to use in obtaining a spectral characterisation of
manifolds with boundary, but we will leave these issues for now and concentrate on
some special classes of diffeomorphisms.
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A particularly important class of these diffeomorphisms is the group of inner auto-
morphisms of A. If « is inner, then there is a unitary u € A, such that

Ga€ = Zﬂ'(u)pijejaju* = Zpijejw(u)au*.

_ J J
Here we have been careful to include the left representation, as it may not be mul-
tiplication. We have also moved this left respresentation through the projection p,
using our earlier results. These inner diffeomorphisms behave much better than gen-
eral diffeomorphisms, since we automatically have u[D, v*] bounded, and of course u
is unitary. Moreover they preserve the form of D which is obtained by considering
connections on the bimodule Hs. To see this, we make some preliminary definitions.

Let w06 : Hoo = Enda(Hoo) ®4 Hoo be the composite map
Heo = AVp — AN 2L QL A) @ 4 AY = QHA) ©4 AVp 5 Qb (A) ® 4 Hoo.

Define 7% 0 6% : Hoo — Hoo ® Enda(Hoo) similarly, but with Q4,(AP) in place of
QL (A). We can regard the endomorphism algebra on the left or right as Hilbert space
operators by employing the operator J. These are essentially representations of the
standard ‘Grassman connections’ on our module, [50]. Also, let c: B(H)®@ H — H
denote the obvious map, and recall that all the operators we employ preserve Heo-

Proposition 3.3.5 With mo é and 7% o 6 defined as above, we have the equality
modulo operators which are simultaneously left and right A-linear (i.e. commute with
both A and A°P),

D=comob+con®od?+A+eJAJ*
where A € End(Ho) is a self-adjoint 1-form.

Proof The first thing to notice is that D —como4 is left A-linear, because if { € Hoo
and a € A

D(ag) — com o §(af) = [D,a + a(D§) — [D, alf = a(D¥),

so that the difference is left A-linear. Consequently it is given by an element B of
pMpy(Ap)p acting on the right. Likewise, the difference D —co m%P o §°P is right
A-linear, and so given by some A € pMy(Ay)p acting on the left. Finally, using
JD = ¢DJ, we must have B = € JAJ*. Whatever remains is simultaneously left and
right A-linear, and modulo such operators,

D=comod+con®PodP+A+TAT".

Here we regard n% o §° as being left linear. The maps V = mod+ B ®1 and
Vo = 1% 0 §% + 1 ® A define connections on He, with respect to the left and right
module structures respectively only when A is a one form. They are compatible
connections precisely when in addition A = A* and B = B*. The self-adjointness
of D and Axiom 1 shows that this is necessarily the case. So all that remains to be
shown is that A is indeed a one form. Since (c o 7 o da)¢ = [D,a)¢ + [4,a}¢ is the
action of a one form on £ € Hyo, we see that (again modulo operators which are left
and right linear) A is a one form. Hence the result. ]
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If u € Ay is unitary, then the unitary operator uJuJ* intertwines the two geometries
(A,H,D,J,T') and (A, H', D + u[D,u*] + ¢ Ju[D,u*]J*, J,T), [50]. Connes calls such
transformations ‘internal fluctuations of the metric,’ [18], and as far as the connection
picture of D is concerned, provide a good candidate for gauge group. Note that H._ is
again Hoo, but with the Hermitian structure determined by uMwu*. Thus the ‘internal’
fluctuations of the metric are obtained by altering the Hermitian form.

It is easy to compute that in the commutative and symmetric case, JAJ* = —¢' A*,
so that all the internal fluctuations vanish. This gives us

Corollary 3.3.6 In the commutative and symmetric case there is a compatible con-
nection V : Hoo = 05(A) ® Hoo such that

coV—-D

is left and right A-linear. Hence in this case D = coV + A where A € End(Hoo) is
a self-adjoint sum of one forms.

We now look at the naturally defined subgroup of unitary isometries. We have seen
that [a, G4 [D, G,]] is bounded for all & € Aut;(A). From the definition of the metric
on the pure state space, Lemma 3.1.1, we see that if this commutator is zero for all
a € A, then the metric defined by D and that defined by D+ G%[D, G,] will be equal.
Moreover, we have the following

Lemma 3.3.7 If G, implements o € Auti(A), [a, G%[D, Ga]] is zero for all a € A,
and Go is unitary, then G4[D, G, is bounded as an operator on H and is both left
and right A-linear.

Proof It is immediate from the hypotheses that G%[D,G,] is, say, left A-linear,
and since G, commutes with J by hypothesis, it is obvious that the same result holds
for A°. Since Axiom 1 tells us that elements of H., are .A-linear combinations of a
finite collection of basis vectors, it follows at once that G%[D, G,] is bounded on all
of Heo, and so on H. a

Corollary 3.3.8 Under isometries, Qp(GaAG%) = GoS¥s(A)GY. For such an op-
erator,

GalD, G2 € End s(Hoo) N End gor(Hoo).

Thus isometries preserve the endomorphism algebra completely. In addition, the
isometries actually preserve the connection structure of D completely, only modifying
it by operators which are left and right A-linear. From the Corollary above, we see
that in the commutative case the unitary isometries provide the obvious gauge group
for the operator D.

We now come to the invariance of the integral under isometries. Let U € B(#) be
unitary. Then

[UDU*| = /(UDU*)*(UDU*) = VUD?U~.
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However, (U|D|U*)? = U|D|?U* = UD?U* so
\UDU*| = U|D|U*.
From this (U(1 + D?)U*)~! = U(1 + D?)~!U*, and
(1+UD2U*)~% =U(1 + D?)~3U™.
So if U is an isometry of the triple, then
][UaU*(l +DY) % = ]la(l +UrD) = ][a(l +DY)5.

The second equality holds by the following expansion of the resolvent of D+U [D,U*],
[39]. Since U[D,U*] is bounded for isometries, and writing Ry for the resolvent, we
have

R\(D+U[D,U*)) = Ra(D)~-RA(D)U[D,U*]R\(D +U[D,U"))
= Ri(D) — R\(D)U[D, U*|RA\(UDU")

where ) € Spec(D + U[D,U*]). The results now follows from the observation that D

and UDU* have the same degree of summability.

Anticipating our later interest, we note that + aD?(1 + D?)~% is not invariant under

isometries. Sending A to UAU* sends faD?(1 4 D?)~% to
][UaU*D2(1 +D%)% = ][Ua[U*,Dz](l +D%) 5+ ][UaDZU*(l +D?)%
S ][a[D2, U1 +D)8U + ][UaD2(1 + D?)~Eu
= ][aD2(1 +DY) %+ ][aU*[Dz, U)(1 + D%~}

It is important for us that we can evaluate this using the Wodzicki residue when D
is an operator of order 1 on a manifold. Note that when this is the case, U [D?,U*]
is a first order operator, and the contribution from this term will be from the zero-th
order part of a first order operator. This can be computed in far more generality using
Connes’ pseudodifferential calculus for spectral triples, along with his extension(s) of
the Dixmier trace/Wodzicki residue.



114 CHAPTER 3. NONCOMMUTATIVE SPIN MANIFOLDS



Chapter 4

Commutative Geometries are
Spin Manifolds

In this Chapter we use the preceeding analyses of the definitions and axioms to prove
that commutative geometries are in fact complete spin® manifolds. This was claimed
in the unital case by Connes in [18] and proved in [62]. Note that there are a number
of innaccuracies in [62] that we have addressed in this thesis.

The proof proceeds as follows. From previous results we know that if (A, H, D) satis-
fies the axioms and A is commutative, then 4 C Cy(X), where X is a locally compact
Hausdorff space and both Ho and 2%,(A) consist of sections of vector bundles over
X. One shows first that 03,(A) is generated as an .A-module by the [D, aé] appearing
in the representation of the Hochschild cycle c. Once this is done, the long exact
sequence in Hochschild homology can be employed to show that the algebra is gener-
ated by functions ag-. This gives us local coordinates and coordinate charts. At this
point we have a topological manifold, and showing that the smoothness requirement

gives us A = C{°(X) proves that it is a smooth manifold.

The last step in determining that X is a spin® manifold is showing that D is a
Dirac operator and that Q%(A) = Clif f(X). This is done simultaneously, and the
irreducibility of the representation of €},(.A) shows that the manifold is spin®. This
shows the importance of (the form of) Poincaré Duality in determining the structure
of the manifold; see [53].

The additional hypothesis of a real structure provides a spin structure on the manifold
X. By employing weakly real structures, we partially extend the result to describe
pseudo-Riemannian manifolds as indefinite geometries.

Lastly, we compute the gravitational action functional in the positive definite case.
This is a complicated piece of pseudodifferential calculus, and the computation is quite
tedious. The result shows that this action functional selects out the Dirac operator
of the Levi-Civita connection as the natural minimum, and that the value at this
minimum is precisely the Einstein-Hilbert action for general relativity.

115
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4.1 Statement of the Theorem

Theorem 4.1.1 (Connes, 1996) Let (A,7(,D, J,c) be a (p, o0)-summable noncom-
mutative spin geometry with p > 1 such that

a) A is commutative and local, and the real structure is symmetric;
b) m is irreducible (i.e. only scalars commute with 7(A) and D).
Then

1) The space X = Spec(m(A)) is a locally compact, connected, metrisable Hausdorff
space for the weak™ topology.

2) Any such 7 defines a metric dy on X by
dr(,9) = jgg{lﬂa) —%(a)| : I[P, m(a)]ll < 1} (4.1)

and the topology defined by the metric agrees with the weak* topology. Furthermore,
this metric depends only on the isometry class of .
3) The space X is a smooth spin manifold, and the metric above agrees with that
defined using geodesics. When A is unital, for any © there is a smooth embedding
X < RN,
4) The fibres of the map 1] = dr are a finite collection of affine spaces, denoted A,
parametrised by the spin structures o on X.
§) Forp > 2, anda € A, a > 0, faD2(1 +D2)"% := W Res(aD2(1 4+ D2)~%)
is a positive quadratic form on each A,, with unique minimum 7,.The minimum is
independent of a € A.
6) The representation m, is given by A acting as multiplication operators on the
Hilbert space L?(X,S,) and Dy, as the Dirac operator of the lift of the Levi-Civita
connection to the spin bundle S,.

2 -2 _ _ (p=2)c(p) .
7) Forp>2anda >0 faD2 (1+ D%~z = — L= [, qR, /gdPz where R is the
scalar curvature and

9lp/2]

o(p) = (4m)P20(p/2 + 1) (42)

Remark Since we have shown that every complete spin manifold gives rise to such
data, the above theorem demonstrates a one-to-one correspondence between spin
structures on spin manifolds and real commutative geometries, up to some notion
of equivalence. The last section of the previous Chapter shows that we in fact have
a one-to-one correspondence between Riemannian spin manifolds and commutative
geometries, up to spin structure preserving isometries, in both the usual and noncom-
mutative geometry sense. We also mention that several aspects of the proof do not
require the symmetry of the real structure. They will be pointed out as they arise.
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4.2 Generalities and Local Coordinates

Without loss of generality, we will make the simplifying assumption that = is faithful
on A. This allows us to identify .4 with n(4) C B(H), and we will simply write

A. As 7 is a *~homomorphism, the norm closure, 4, is a C*-subalgebra of B(#).
Then the Gelfand-Naimark theorem tells us that X = Spec(A) is a locally compact,
Hausdorff space. Since A is dense in its norm closure, each norm continuous positive
linear functional of norm one on 4 extends to a state on the closure, by continuity.
In particular the algebra of functions A on X separates points. The connectivity
of such a space is equivalent to the non-existence of nontrivial projections in the
C*-algebra A, and since .A separates points, this is in turn equivalent to the non-
existence of projections in .A. So let p € A be such that p? = p. Then, by the first

order condition,
[D,p] = [D,p?] = p[D,p] + [D,plp = 2p[D, ). (4.3)

So (1 — 2p)[D,p] = 0 implying that [D,p] = 0. By the irreducibility of 7, we must
have p = 1 or p = 0. Hence A contains no non-trivial projections and X is connected.
Note that the irreducibility also implies that [D,a] # 0 unless a is a scalar. Also, as
there are no projections, any self-adjoint element of A has only continuous spectrum.
To obtain this result when the geometry is assumed to be only weakly real, we would
require that JpJ* = p.

We have already seen that equation (4.1) defines a metric on X, and the corresponding
topology is finer than the weak* topology. Thus functions continuous for the weak*
topology are automatically continuous for the metric and elements of .4 are Lipschitz.
Later we will show that the metric and weak* topologies actually agree. This will
follow from the fact that A, and so A, is finitely (countably in the nonunital case)
generated. This also implies the separability of Co (X) = A, which is equivalent to
the metrizability of X. This will complete the proof of 1) and 2), but it will have to
wait until we have learned some more about A. Note that if A is unital, X = Spec(.A)
is compact. The last point of 2) is that the metric is invariant under isometries, and
this was demonstrated in the last Chapter.

To proceed further, we need to get a handle on the algebra Q5(A). The central
idea for studying this algebra is the first order condition. When we construct this
representation of Q*(.A) from 7 and A using D, the first order condition forces us to
identify the left and right actions of .4 on 3,(A), at least in the commutative case.
Assuming as we are that the representation is faithful on A and that no elements of
A (except scalars in the unital case) commute with D, we see that the ideal ker 7 is
generated by the first order condition,

ker m = (wa — aw)qec A wens (4) = (first order condition). (4.4)
So for w = df of degree one and a € A, adf —dfa € kerm and
(6f)(da) + (8a)(6f) € dkerm. (4.5)

For more general one forms, w = 3 g;dfi, an analogous result holds modulo elements
of ker m. Equation (4.4) ensures that m o b = 0, as Image(b) = kerm, so that we have
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a well-defined representation of Hochschild homology
7 HH,(A) = Q5 (A).
In fact this representation is faithful, since
7 Q(A)ep = Q5 (A) mod Junk

is well-defined and faithful since [D, a] # 0 for all nonscalar a € A, and HH,(A) C
Q*(A)ap- We can also identify the module Q4 (A) with Q(A),s since faithfulness of
the representation of .4, and the first order condition show that Q3 (A) is (isomorphic
to) the quotient of Ql(A) by the relation ad(b) = §(b)a for all a,b € A. Consequently,
we see that in fact

Q" (A)gp = Q5(A) mod Junk,

and every Hochschild cycle has a completely antisymmetric representative (antisym-
metric in elements of Q},(4)). In particular, T' = x(c) is completely antisymmetric.
This is our key tool in recovering local coordinates and showing that X is indeed a
manifold.

We claim that the elements aj-, i=1,..,n (n = o0 is allowed) j = 1, ..., p appearing
in the Hochschild cycle T, along with 1 € A in the unital case, generate .4 as an
algebra over C. Without loss of generality we take a' to be self-adjoint for 1,7 > 1.
Furthermore, we may also assume that || [D, aJ] ||= 1. To show that the a generate,
we first show that the [D,a ] generate Q% (A). Let ' be the (totally antlsymmetrlc)
representative of the Hochschlld p-cycle provided by the axioms. We write da := [D, ]
for brevity, and similarly we write d for the action of [D,] on forms.

By Poincaré Duality, 0},(.A) is an A, finite projective .A-module, and we denote it by
[o(X, E) for some bundle E — X, where as before we do not specify the regularity
of the sections, only that they are at least continuous for the weak* topology and
Lipschitz for the metric topology (and of course they vanish at infinity in the nonunital
case). Here X° is the maximal compactification to which E extends, characterised by
the algebra A;.

From Corollary 3.3.2 we know that I'* Ada = 0 for all i such that aI" 5 0. Since each
daj- is a section of this bundle, we can use elementary exterior algebra to see that if
I(z) # 0 for some z € X, then da(z) is linearly dependent on daj (x), ..., da}, (z). Thus
for each such z there exist constants c; (a:) such that da(z) = 3°; ](a:)da] (z) These
constants define functions c , § =1,...,p in a neighbourhood of = (where I'* # 0) of
the same regularity as a, and so one may easily deduce that dat ( ), i =1,...,p, span
E; for every x where they are not zero.

Hence the collection of all the daj generate Q4(A) as a symmetric bimodule over
A. As an immediate consequence, they also generate the graded differential algebra
Q*(A)gs- To show that E is in fact locally p-dimensional, notice that if the da® % ()
were a linearly dependent set in the fibre over z, then I"(a:) = 0 by antlsymmetry
However we know that there exists some i such that I'"* #£ 0, and so E; is always a
p-dimensional vector space.
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Putting all these facts together, and recalling that X is connected, we see that E
has dimension p as a vector bundle, and moreover, for all z € X there is an index ¢
such that the dag(x) form a basis of E;. Later we will see that F is essentially the
(complexified) cotangent bundle.

We now have the pieces necessary to show that A is in fact finitely (countably in the
nonunital case) generated by the aj. Suppose that the functions aj do not separate
the points of X. Define an equlvalence relation on X by

z ~y & ai(z) = aj(y) Vij.

Then by adding constants to the aj- if necessary, there is an equivalence class B such
that
B) {0} Vi,j.

So the a]' generate an ideal (aj-) whose norm closure is contained in Co(X \ B). The
fact that Q% (A) is complete in the topology determined by the family of seminorms
provided by §, and is a locally convex Hausdorff space for this topology, allows us to
use the long exact sequence in topological Hochschild homology. We have the exact
sequence of Fréchet algebras

0 (ai) 5> AD A/al) =0

Since we have shown that Q},(A) is generated as an A-bimodule by the sections
[D, ai], we know that every element of }(A), n > 1, is of the form

e Z(a®a1®a2® o Ray)

where a € A and a € (a;'-) for each 1 < k < n. As HH,(A) C Q3(A), the same is
true for Hochschild cycles.

Next we apply the long exact sequence in topological Hochschild homology to the
short exact sequence of algebras above. The bottom end of this looks like

. = HH((a})) » HHy(A) - HHi(A/(a})) — (a}) > A S A/(af) =0
The map induced on homology by P : A —+ A/(a}) is easy to compute:
P, Y (abmd - Gan) = S (P@)&P(@))d-- 8P(an) = Y (P(2)80- - &0) = 0.

So HH,(A/(a%)) = 0 for all n > 1. Finally, suppose that a € A. Then, recalling that
b6 +db=1— a, from Chapter 1 Equation 1.44, we have

bda = —dba + (1 — o)a =0,
so da is a Hochschild cycle. Computing the effect of P, on this cycle yields

Pba=P(1®a—a®1)=1Q P(a) — P(a)®1=0.
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Consequently, P(a) € C. As a € A was arbitrary, we see that
Af{a3) C C.

Hence C(B) C C (in the nonunital case B is necessarily empty, as the only scalar
available is zero; thus C(B) = {0}) and B = {pt} or possibly empty, even in the
unital case. As an immediate corollary we see that all the equivalence classes of ~

are at most singletons, so A is generated in its Fréchet topology by the elements a;'-.

Now take the natural open cover of X given by the open sets
U'={z€X:[D,dl],..,[D,a}] # 0}.
From what we have already shown, over this open set we obtain a local trivialisation
EIU" - l-]z x CP.

As
|a3(z) — a5()| <Il [D, af]IF || d(z,y)

where F' is any closed set containing z and y, we see that the aj- are constant off U®.
In the nonunital case this constant must be zero. In the unital case altering these
functions by adding scalars, we see that we can take their value off U? to be zero.
Thus (ag-) j € Co(U?). Noting that the daj- provide a generating set for Q(A;:) over
Ay (the closure of the functions in 4 vanishing off U* for the Frechet topology), the
previous argument shows that the a_’; generate Ay in the Frechet topology and Cy(U?)
in norm. The inessential detail that 4y is not unital may be repaired by taking the
one point compactification of U* or simply noting that the above argument runs as
before, but now the only scalars are zero, whence the equivalence class B is empty,
just as in the nonunital case.
We are now free to take as coordinate charts (U*, a*) where a* = (ai, ..., a;,) : U — RP.
As both the aj- and the af generate the functions on U? N U¥, we may deduce the
existence of continuous transition functions f}k : R? = R? with compact support
such that

a;- = f;fk(a’f, ...,ag) on the set U NU*.
As these functions are necessarily continuous, we have shown that X is a topological
manifold, and moreover that in the unital case the map a = (a!,...,a") : X — R™
is a continuous embedding. In the noncompact case we are assured of an embedding
by Whitney’s embedding theorem, but here we only obtain an embedding in R®. In
neither case do we expect this to be the optimum dimension for such an embedding.

4.3 Smoothness

We can now show that X is a smooth manifold. On the intersection U* N U¥, the
functions can be taken to be generated by either at, ..., a, or a’f, . aj’,f. Thus we may

write the transition functions as

00
a;. = f;k(allc, ...,a:) = Z PN(a’f, "'?a‘:)
N=0
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where the py are homogenous polynomials of total degree N in the af As the a;'
generate A in its Frechet topology, we may assume that this sum is convergent for
all the seminorms || 8%(-) ||. Also, Q% (4) C Np>1dom 6" and [D,] : A = Qp(A),

showing that the sequence
o0

Z [D7pN]

N=0
converges. Since D is a closed operator, the derivation [D, -] can be seen to be closed
as well. Thus, over the open set U*N U*, we see that the above series sums to [D, aJ],
SO
3PN
D,GJ]_EZ [Da l],
=1 N= 0

where we have also used the first order condition and strong reality. Consequently,
the functions

ZapNeAcCO( X)
Noaa,

are necessarily continuous. This allows us to identify

) aft P
Applying the above argument repeatedly to the functions F{f’c’i’ shows that f;-k is a
1

C® function, and that 0% fz oak € Cy(X) for all « € NP. Hence X is a smooth
manifold for the metric topology In fact, since the a] are assumed to lie in A, they
possess local units, and so they are compactly supported. This follows because if
f € A, there is some function ¢ € A, such that ¢(z)f(z) = f(z) for all z € X. As ¢
vanishes at infinity, it can only equal one on a compact set, and this set contains the
support of f. Hence A, C C(X). Later we will show that the measure provided
by D and the Dixmier trace is a multiple of the usual Lebesgue measure. Since the
algebra A is the completion of 4. with respect to the smooth integrable topology,
this will show that A C C§°(X). Likwise, completing .A. with respect to the smooth
strong topology shows that Ay C C5°(X).

Conversely, let f be a smooth function on X all of whose derivatives are bounded.
Over any open set V C U* we may write

f=2 pn(ar, -, ap)

n=0

where we have temporarily written a; := aj-. As f is smooth, all the sequences

olalf 29 dlolpy
2 d%ray---0%a, z=: 2 0%ay---0%ay

|la|=n



122 CHAPTER 4. COMMUTATIVE GEOMETRIES ARE SPIN MANIFOLDS

converge, where o € N™ is a multi-index. Let py = 3 4=y Caa?" - -~ap® and let
SpM = ZN o PN be the partial sum. Then

M p N
[DLsu]l=> 5 D3 Cna} -0l *[|D|,as)ah - a

N=0|a|=N j=1k=1

—2 > zz aaft 0™ agr(|D )
+30 3 33 Caal - THID, a5, ab - 0]

To show that f € dom d, we must show that G}, can be bounded independent of
M, the other term being convergent by the smoothness of f and the boundedness of
[|D}], a;] for each j. We have the following bound

M p_ Ty
c—k .
Gl 30 30 3> 1 Caal -0 [[ID], 03] 057" - 7] |

N=0|a|=Nj=1k=1

M p N
<Y X Y >ACN lan ™ - fag It - ap ™| [1D], a5] |

N=0|a|=N j=1k=1
M p

3PN
=23 > w—(latll,-llap ) | ID],a5] |,
N=0j=1 an

where py(z1,...,2p) = Zlaj=n |Calz? -+-xp”. The absolute convergence of the se-
quence of real numbers

9p
> oy (a1l ap 1)

N=0

now shows that || G}, || can be bounded independently of M. Thus the sequence
[|D], sm] converges, and as [|D|, ] is a closed derivation, it converges to [|D|, f]. Hence
I [ID], £] lI< o0, and f € dom 6.

Applying § twice gives
(DL [DLsall = G+ Y ot (1D], ;)% [|D] ak]™* + 3 2M oM g2 3
b ) M Ia|26a1aa°‘ka i Rt} 9 k Il laaj ].
o

‘The second two terms can be bounded independently of M by the smoothness of
f. The term G}, is a sum of commutators and double commutators which can be
bounded independently of M in exactly the same manner as G},. This shows that

DL (D1, £ 1< o0
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and f € dom 2. Continuing this line of argument shows that the restriction of f to
any coordinate chart is in dom §" for all n. Employing a partition of unity subordinate
to these coordinate charts, and summing over these coordinate charts using the strong
topology, shows that f is contained in the smooth, strong closure of A., and so
f € A,. Consequently, C°(X) C Ay, and the seminorms || 6™(-) | determine the
natural Fréchet topology on C°(X). Likewise, if f € C{°(X) is a smooth integrable
function, then it lies in the completion of .A; with respect to the ‘smooth integrable’
topology, and so f € A. Once we have demonstrated that D and the Dixmier trace
recover the Lebesgue measure on X, this will show that A = C{°(X).

The above smoothness considerations are necessarily for the metric topology. To show
that the weak* and metric topologies agree, it is sufficient to show that convergence in
the weak* topology implies convergence in the metric topology, as the metric topology
is automatically finer.

So let {¢x}32; be a weak* convergent sequence of pure states of A. Thus there is a
pure state ¢ such that for all f € A,

|6k (f) — &(£)| = 0.

As A is commutative, we know that every pure state is a *-homomorphism, and so
writing f = Y pn, where the py are homogenous polynomials in the generators aj
(which we temporarily write a;), we have

o) = 3 pr(d(ar))
N=0

and this makes sense since the sum is convergent in both the norm and the Fréchet
topology.

The next aspect to address is the norm of [D, f]. Since the ¢, is a weak™* convergent
sequence of points in X, it must be contained in some compact set, so it is sufficient
to consider f € A, to have compact support. Let ¢ be a local unit for f, and let a;
run over the set of generators of A such that a;¢ = a;. Then

a = (@i, -, @i, ) : Supp{f} < R

is a smooth embedding of supp{f}. In the unital case we could simply consider the
complete list of generators. Recalling that || [D,a;] [|= 1, we have

k a =
IS ipai (5{) (0,051 |

1,j=1

su : gf—l' <if—)* T
2l 3 5 () @

k *
= s 15 2 (3] @

a(z)€a(X) ¢ j=1 U
= || df ||?, regarding f : R* - C,

I 2, 1112

IA
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where a : X — R* is our (smooth) embedding and z; are coordinates on R¥. Thus
| df I<1=|[Df]lI<1 Any function f : R¥ — C satisfying || df I< 1 is
automatically Lipschitz (as a function on R*). So

|66 () — (F)] = 1f (Pr(ai)) — fb(as))]
< |dr(a:) — #(ai)| = 0 as k — oo.

Hence

sup{|¢x(f) — &(F)| Il [D, f1 1< 1} = sup{|f (d(as)) — f(¢(a:))| :|| df [|< 1}
< A{l¢k(ai) — #(ai)|} =0

80 ¢ — ¢ in the metric topology. Thus the two topologies agree.

At this point we have shown that X is a smooth manifold, and the weak* topology
agrees with the metric topology of X. Once we have shown that D is (essentially)
the Dirac operator, Lemma 3.1.2 shows that this metric topology is in fact the same
as that defined using geodesics.

4.4 The Dirac Operator

We have been given an Hermitian structure on Hoo, (-,-)s, and as Q},(A) is A, finite
projective, we are free to choose one for it also. Regarding Q% (A) as End%(Hoo) =
pMn(A)p, any non-degenerate Hermitian form we choose is invertibly equivalent to
([D,a], [D,b])qr := %T’r([’D, a][D,b]*), [19], where p is the fibre dimension of QL (A).
We have shown this is a non-degenerate positive definite quadratic form. Over each
U*, we have a local trivialisation (recalling that we have set QL (A) =Ty(X, E))

Elys 2 U x CP.

As X is a smooth manifold, we can also define the cotangent bundle, and as the o’
are local coordinates on each U*, we have

TEX |y 2 U x CP.

It is now easy to see that these bundles are locally isomorphic. Globally they may not
be isomorphic, though. The reason is that while we may choose TeX tobeT*X ®C
globally, we do not know that this is true for Q},(4). Nonetheless, up to a possible
U(1) twisting, they are globally isomorphic. It is easy to show using our change of
coordinate functions f}k that up to this possible phase factor the two bundles have
the same transition functions. For the next step of the proof we require only local
information, so this will not affect us. Later we will use the real structure to show
that Q% (A) is actually untwisted.

From the above comments, the results on smoothness, and Proposition 1.3.3 we may
easily deduce that (writing A} (A) for 93,(A) modulo symmetric terms)

Ap(A)lys = T(AG(T" X)) .
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The action of d = [D,-] on this bundle may be locally determined, since we know
that A%(A) is a skew-symmetric graded differential algebra for d. First d* =
and d satisfies a graded Liebnitz rule on A% (.,4). Furthermore, from the above local
isomorphisms, given f € A,

p

Zp of 1=y of
dflUi == —T[D,(ﬁ] = 7 d 1’
= (9aj : 0

By the uniqueness of the exterior derivative, characterised by these three properties,
[D,-] is the exterior derivative on forms. We shall continue to write d or [D, ] as
convenient.

Let us choose a connection compatible with the form (-,-)s
V : Hoo = A (A) ® Hoo
V(a€) = [D,a] @ { + aVE.

Note that from the above discussion, this notion of connection agrees with our usual
idea of covariant derivative. As was discussed in Section 3.3,

(coV —D)(ag) =a(coV-D)

so that co V — D is A-linear, or better, in the commutant of A. Thus if co V —D
is bounded, it is in the weak closure of Q3 (A). However, as (co V — D)Hoo C Hoo,
it must in fact be in Q%(A;). The point of these observations is that if co V —1D is
bounded, then as V is a first order differential operator (in particular having terms
of integral order only) so is D (as elements of Q5(Ap) act as endomorphisms of Heo,
and so are order zero operators.) So let us show that co V —D is bounded. We know
Hoo = pAY for some N and p € My(Ap). As both D and V have commutators with
p in Q% (Ap) (because D, coV : Hoo — Hoo) there is no loss of generality in setting p
to 1 for our immediate purposes So, simply consider the canonical generating set of
Hoo over A given by &; = (0,...,1,...,,0), j = 1,...,N. Then, there are v, cl € Asuch

that . ,
co V& =) blEj, Dé&i=3 q&
j J

As co V — D is A-linear, this shows that co V — D is bounded. Hence D is a first
order differential operator. As the difference co V — D is in Q},(Ap), coV —D = A4,
for some element of Q% (As). However, as coV = D + A is a connection (ignoring ¢),
A € Q) (A).

Thus over U?, we may write the matrix form of D as
E y m 3 m
where g%, ajkm are bounded for each k, m. Similarly we write the square of D as
D), = A i+23 —‘9—+C"
m T kaaajaak - kma
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with all the terms A, B, C bounded, so that (as a pseudodifferential operator)
Dy = Y B s+ F,
k Ok
where E, F' are bounded and
; Ey'mEj"y = Aij'p

et cetera. We will now show that the boundedness of [|D|,[D, a]], required by the
axioms, tells us that the first order part of |D| has a coefficient of the form fIdy, for
some f € A. With the above notation,

L
+ (BP0l = (D, B o + B D,

k,m

For this to be bounded, it is necessary and sufficient that [E,[D,a]] = 0, for all
k=1,..,p. As is a derivation and the commutant of Q%(Ay) restricted to U* is the
weak closure of A} restricted to U?, the matrix E; must be scalar over .4, for each &
(not A} since |D|H o C Hoo). Thus E™ = fi6",, for some fy € Ap. Since

Apltp = frfid%

the leading order terms of D? also have scalar coefficients.

Using the first order condition we see that
[D,a5][D, ak] + [D, ak][D, o] = [[D?, aj], ax] = [[D?, ax], aj], (4.6)

and denoting by g;'-k == ([D,ag], [D,ai])q1, we have
1 ;
;TT‘([D,G_,‘][D, a'k] + [D’ a’k][D’ aj]) = _2Re(g;'k)’

since [D, a;]* = —[D,a;]. Now (4.6) is junk (since it is a graded commutator), and
we are interested in the exact form of the right hand side. This is easily computed in
terms of our established notation, and is given by

Aji + Agj = 2fr fildn.
Taken together, we have shown that

[D1a’j][D7 ak] il [Da ak][D, aj] = [[Dz,a'k]a aj]
= Akj+ Aji
= 2fifildn
= —2Re(gl)Idy.
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This proves that

1) The [D,aj.] locally generate Clif f(Qk(at, ...,a;',),Re(gj.k)), by the universality of
the Clifford relations. Also, from the form of the Hermitian structure on Q}(A),
Re(g?k) is a nondegenerate quadratic form.

2) The operator D? is a generalised Laplacian, as fif; = —Re(gj-k).

3) From 2), we have the principal symbols oP*(z,€) =|| £ || Id, a'lpl(:v,ﬁ) =| & || Id,
for (z,¢) € T*X|yi, the total space of the cotangent bundle over U*. This tells us
that |D|, D? and D are elliptic differential operators, at least when restricted to the
sets U*. With a very little more work one can also see that oP(z,¢) = ¢, Clifford
multiplication by &.

4) As 5 (A)|y: = Clif f(T*X)|yi, and Heo is an irreducible module for Q4,(A), we
see that S is the (unique) fundamental spinor bundle for X; see [51, appendix].

5) D = co V + A, where V is a compatible connection on the spinor bundle, and A
is a self-adjoint element of Q4 (A). (Using the above results one can now show that
coV is essentially self-adjoint, whence A must be self-adjoint.)

6) It is possible to check that the connection on A}, (A) ®I'(X, S) given by the graded
commutator [V,-] is compatible with (-,-)Q% . Hence V is the lift of a compatible
connection on the cotangent bundle.

7) By Poincaré Duality, we know that the representation of Q5,(A) = Clif f(T*X ®L),
for some complex line bundle £, is irreducible. This shows that X is a spin® manifold.

4.5 The Real Structure and the Spin Structure

In discussing the reality condition, we will need to recall that Clif fr s module multi-
plication is, [51],

1) R-linear for r — s = 0,6,7 mod 8

2) C-linear for r —s = 1,5 mod 8

3) H-linear for r — s = 2, 3,4 mod 8.

To show that X is spin, we need to show that there exists an irreducible representa-
tion of Q% (AR), where Ar = {a € A : a = a*}. This is a real algebra with trivial
involution. We will employ the properties of the real structure to do this, also extend-
ing the treatment to cover representations of Clif fr s, with r + s = p. This requires
some background on Real Clifford algebras, [51, 2].

Let Clif f(R™) be the Real Clifford algebra on R @ R’ with positive definite
quadratic form and involution c defined on generators by

c: (xla '-'axriyla--wys) - (xl,'",mr’_yl,'“,_ys)

for (z,y) € R"®R*. The map c has a unique antilinear extension to the complexifica-
tion Clif f(R™®) = Clif f(R™*) ® C given by c® cc, where cc is complex conjugation.
Note that all the algebras Clif f, , with r + s the same will become isomorphic when
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complexified, however this is not the case for the algebras Clif f(R™*) with the in-
volution. If we forget the involution, or if it is trivial, then Clif f(R™) = Clif frys
and Clif f(R"*) & Clif fr1s-

A Real module for Clif f(R™*) is a complex representation space for Clif f. s, W,
along with an antilinear map (also called ¢) ¢: W — W such that

c(pw) = c(p)c(w) Vo € Clif f(R™), Yw € W.

It can be shown, [51], that the Grothendieck group of Real representations of the
algebra Clif f(R™*) is isomorphic to the Grothendieck group of real representations
of Clif fr s, and as every Real representation of Clif f(R™*) automatically extends to
Clif f(R"™®), the latter is the appropriate complexification of the algebras Clif f ;.
It also shows that K R-theory is the correct cohomological tool.

Pursuing the KR theme a little longer, we note that (1, 1)-periodicity in this theory
corresponds to the (1, 1)-periodicity in the Clifford algebras

Clif frs 2 Clif fr—s 0@ Cliff11® - - ®Clif f11 (4.7)

where there are s copies of Clif f1; on the right hand side. As Clif f;1 = Ma(R) is
a real algebra (as well as Real), this shows why the R, C, H-linearity of the module
multiplication depends only on r — s mod 8. We take Clif f1,1 to be generated by 1,

and v = (v1,v2) € R? by setting
—V1 —v2

and the multiplication is just matrix multiplication

0 1
v-w = (vaw — v1W2) ( 1 0 ) — (v1wy — vow)1s

0 -1
=v/\w(_1 0 )—(v,w)mlz.

We take Clif f(R>!) to be generated by (v,iv;) and we see that the involution is
then given by complex conjugation. The multiplication is matrix multiplication with

'u.w=—(v,'w)212+'u/\w( Ez Bt )

Thus we may always regard the involution on
Clif f(R™) 2 Clif fr_s0 ® Cl’iff(Rl’l) ® - ® Cl'iff(Rl’l) ® C

as 1®cc®cc- - ®cc® cc. This is enough of generalities for the moment. In our case
we have a complex representation space I'(X, S), and an involution J such that

J(¢8) = (J@J)NIE), Vo € Qp(A), VEeT(X,S).
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So we actually have a representation of Clif f (R™*) with the involution on the algebra
realised by J - J*. It is clear that J - J* has square 1, and so is an involution, and we
set s = number of eigenvalues equal to —1. Then from the preceeding discussion it is
clear that

J-J' = 1Cliffp—2s,o Rcec@---VWee®ce

with s copies of cc acting on s copies of Clif f(R!!) and with the behaviour of
J|Cliffp—2s,0 determined by p — 2s mod 8 according to table (5). It is clear that J- J*
reduces to 1 on the positive definite part of the algebra, as it is an involution with all
eigenvalues 1 there. This implies that J - J* preserves elements of the form ¢ ® 1 ®
-+ ®1® 1c where ¢ € Clif fp—25,0. However, we still need to fix the behaviour of J,
and this is what is determined by p — 2s mod 8.

So we claim that we have a representation of Clif fp—s s(T*X, (J - J*,)q1) provided
the behaviour of J is determined by p — 2s mod 8 and table 5. Two points: First,
this reduces to Connes’ formulation for s = 0; second, the metric (J - J*,-)q1 has
signature (p — s, s) and making this adjustment corresponds to swapping between the
multiplication on Clif f(RY!) and Clif f1,1. Similarly we replace (:,-)s with (J-,-)s.

In all the above we have assumed that 2s < p. If this is not the case, we may start
with the negative definite Clifford algebra, Clif fo 2s—p, and then tensor on copies of
Clif f1,1.

Note that it is sufficient to prove the reduction for 0 < p < 8 and s = 0. This is
because the extension to s # 0 involves tensoring on copies of Clif f (RY1) for which
the involution is determined, whilst raising the dimension simply involves tensoring
on a copy of Clif fs = Mis(R), and this will not affect the following argument. These
simplifications reduce us to the case J-J* = 1®cc on Q% (A). To complete the proof,
we proceed by cases.

The first case is p = 6,7,8. As J2 =1 and JD = DJ, J = cc. We set ['r(X, S) to be
the fixed point set of J. Then restricting to the action of 05 (AR) on I'r(X,S), J is
trivial. Hence we may regard the representation r as arising as the complexification
of this real representation. As ¢ = J¢ = ¢J = JpJ* on C'r(X, S), the action can only
be R-linear. From the fact that [D,J] = 0, we easily deduce that VJ = 0, so that
J is globally parallel. Thus there is no global twisting involved in obtaining Q7,(.A)
from Clif f(T*X). Hence X is spin.

In dimensions 2, 3,4, not only does J commute with Q3,(Ag), but 7 does also (we are
looking at the action on I'(X,S), not I'r(X, S)). So set

e=']1 f‘:":, g’__Jia

note that e2 = f2 = g2 = —1, and observe that the following commutation relations
hold:

ef =—fe=g, fg=-gf=e, ge=-eg=f.
Thus regarding e, f,g and %5 (AR) as elements of Homr(I'(X, §),I'(X, S)), we see

that I'(X, S) has the structure of a quaternion vector bundle on X, and the action
of Clif f(T*X) is quaternion linear. As in the last case, VJ =0, so that the Clifford
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bundle is untwisted and so X is spin.

The last case is p = 1,5. For p = 1, the fibres of Q2},(AR) are isomorphic to C, and we
naturally have that the Clifford multiplication is C-linear. For p = 5, the fibres are
M4(C), and as J? = ~1, we have a commuting subalgebra spang {1,J} = C. Note
that the reason for the anticommutation of J and D is that D maps real functions to
imaginary functions, for p = 1, and so has a factor of . Analogous statements hold
for p = 5. In particular, removing the complex coefficients, so passing from D to V,
we see that VJ = 0, and so X is spin.

Note that in the even dimensional cases when 7(c)J = Jn(c), n(c) € 5 (Ar). When
they anticommute, 7(c) is 4 times a real form. This corresponds to the behaviour
of the complex volume form of a spin manifold on the spinor bundle. Compare the
above discussion with [51].

It is interesting to consider whether we can recover the indefinite distance from
(J - J* -)q1. We will not address the issue here, but we do note that the topol-
ogy determined by (J-J*,-) will in general differ from the weak* topology. It is worth
noting that if J-J* has one or more negative eigenvalues and V is compatible with the
Hermitian form (J-,-)gs, then D = co V is hyperbolic rather than elliptic. So many
remaining points of the proof, relying on the ellipticity of D, will not go through for
the pseudo-Riemannian case. We will however point out the occasional interesting
detail for this case.

So for all dimensions we have shown that X is a spin manifold with A the smooth
functions on X acting as multiplication operators on an irreducible spinor bundle.
Thus 3) is proved completely.

4.6 General Form of D and Measure Theory

To prove 4), note that if we make an isometric change of representation, the metric,
the integration defined via the Dixmier trace, and the absolutely continuous spectrum
of the aj- (i.e. X), are all unchanged. The only object in sight that varies in any
important way with an isometric change of representation is the operator D. The
change of representation induces an affine change on D:

D - UDU* = D + U[D,U*]. (4.8)

This in itself shows that the connected components of the fibre over [7] = d(,-) are
affine. To show that there are a finite number of components, it suffices to note that
a representation in any component satisfies the axioms, and so gives rise to an action
of the Clifford bundle, and so to a spin structure. As there are only a finite number
of these, we have proved 4).

The only items remaining to be proved are, for p > 2,

1. Foralla > 0,a € A, FaD?(1 +’D2)“5Z is a positive definite quadratic form on each
component A, with unique minimum 7,

2. This minimum is achieved for D = J), the Dirac operator on S,
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3. Foralla € A, fa?(1 + P?)~% = _gp;%ﬁ(gl [x aRdv.
These last few items will all be proved by direct computation once we have narrowed
down the nature of D a bit more.

The torsion of the connection [V¥,:] on T*X given by the graded commutator, as in
Section 1.3.1, is defined to be T([V5,]) = d— €0 [V5,-], where d = [D, ] and € is just
antisymmetrisation. Then from what has been proved thus far, we have

D=coVS+T, [D,]=co[V® ]+coT([V*]), (4.9)

on I'(X, S) and Q% (Ar) ® T'(X, S) respectively. Here c is the composition of Clifford
multiplication with the derivation in question and T is the lift of the torsion term to
the spinor bundle. . On the bundle A%(A) ® I'(X,S) we have already seen that [D, ]
is the exterior derivative.

Any two compatible connections on S differ by a 1—form, A say, and by virtue of
the first order condition, adding A to VS does not affect [V°,] on A, and so in
particular V¥ would still be the lift of a compatible connection on the cotangent
bundle. As U[D,U*] is self-adjoint, for any representation =, the operator Dy is the
Dirac operator of a compatible connection on the spinor bundle. Note that as D
is self-adjoint, the Clifford action of any such 1-form A must be self-adjoint on the
spinor bundle.

It is important to note that for every unitary element of the algebra, u say, gives rise
to a unitary transformation U = uJuJ*. If we start with D, and conjugate by U, we
obtain D+u[D, u*]+€ Ju[D, u*]J*. If the geometry is symmetric, then JAJ* = —¢'A*
for all A € (5,(A). Thus all of these gauge terms (or internal fluctuations, [18]) vanish
in the positive definite, commutative case. This corresponds to the Clifford algebra
being built on the untwisted cotangent bundle, so that we do not have any U (1) gauge
terms. Moreover, our earlier discussions show that the most general form of D in the
real case is D + A + € JAJ*, for A a self-adjoint 1-form, at least modulo operators
which are simultaneously left and right A-linear. The above discussion shows these
vanish in the positive definite, commutative case.

Since we are unequivocably in the manifold setting now, and as we shall require the
symbol calculus to compute the Wodzicki residue, we shall now change notation. In
traditional fashion, let us write

Yy Ayt = 29" 1g

,Ya,yb +’Yb7a — —26abls
for the curved (coordinate) and flat (orthonormal) gamma matrices respectively. Let
ok, k=1,...,,[p/2], be a local orthonormal basis of I'(X, S), and a € m(A). Then the
most general form that D, can take when the geometry is symmetric is
1

’D,r(aok) e 'y“(aua)cr’c + 2

1
> at'wua™' ot + 5 30 artuany®y o
ha<b ha<b

where w is the lift of the Levi-Civita connection to the bundle of spinors and ¢ is the lift
of the torsion term. We will now drop the 7 and consider D as being determined by ¢,
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so D = D(t). It is worth noting that tce is totally antisymmetric, where ¢,,5, = € teabs
and ef is the vielbein.

This gives us enough information to recover the measure on our space also. All of
these operators, D(t), have the same principal symbol, ¢, Clifford multiplication by
§. Hence, over the unit sphere bundle the principal symbol of |D| is 1. Likewise, the
restriction of the principal symbol of a(1+D?)~¥ to the unit sphere bundle is a, where
here we mean 7(a), of course. Before evaluating the Dixmier trace of a(1 + D?)~%,
let us look at the volume form.

Since the [D, a;'-] are independent at each point of U?, the sections [D, ag], i=1,..,p,
form a (coordinate) basis of the cotangent bundle. Then their product is the real
volume form w'. With wg = il(P+1)/2ly, the complex volume form, we have (with an
infinite sum and strong convergence in the nonunital case)

P =n(0) = YaiDyaf] -+ [D,a) = ¥ abot
1 1

where af = aiilP+t1/2), [51],

As wc is central over U* for p odd, it must be a scalar multiple, &, of the identity. So
> a5(z) = k, and we see that the collection of maps {a}}; form a partition of unity
subordinate to the U*. The axioms tell us that k = 1. In the even case, we gives the
Z,-grading of the Hilbert space,

14+ wc 1 —-wc
3 He 2 H.

This corresponds to the splitting of the spin bundle, and for sections of these subbun-

dles we have ;
14w i
1=Za6 5 c =Za6
i

i

FV

and similarly for 1——2“"1 Thus in the even dimensional case we also have a partition
of unity.

Recall the usual definition of the measure on X. To integrate a function f € A over
a single coordinate chart U*, we make use of the (local) embedding a* : U* — RP. We
write f = f(ai, ..., a;) where f : R? = C has compact support. Then

ot = [ = [, i@

To integrate f over X, we make use of the embedding a and the partition of unity
and write, knowing this sum converges in the nonunital case,

5 [ @P @

Now given a smooth space like X, a representation of the continuous functions will
split into two pieces; one absolutely continuous with respect to the Lebesgue measure,
above, and one singular with respect to it, [72], # = w4 @ m,. This gives us a
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decomposition of the Hilbert space into complementary closed subspaces, H = Hoc D
‘Hs. The joint spectral measure of the a;'-, j = 1,...,p, is absolutely continuous with
respect to the p dimensional Lebesgue measure, so Heo € Hae. By the definition of
the inner product on H glven in the axiom of finiteness and absolute continuity,
Moo = L*(X, S, F-(1 + D)~ %). As the Lebesgue measure on the joint absolutely
continuous spectrum is itself absolutely continuous with respect to the measure given
by the Dixmier trace, we must also have H,. C Hoo, and so they are equal. As all

the aJ act as zero on H,, since they are smooth elements, and they generate both A
and A, the requirement of irreducibilty says that H; = 0. Thus the representation
is absolutely continuous, and as the measure is in the same measure class as the
Lebesgue measure, H = Hoo = L*(X, S).

Let us now compute the value of the integral given by the Dixmier trace. From the
form of D, we know that D is an operator of order 1 on the spinor bundle of X, so

(1+ D?)~% is of order —p. Invoking Connes’ trace theorem

][j‘(1+'l)2)—“2l = 27r E trs(ag f)/gdPrd€

S*Ui
[p/2] p—1
_ 2 VolS’ Z/ &Offdpx

Thus the inner product on # is given by

2lp/2y o1(5P~1)
a’fa "I) . p(27r)1’

1 Ax\P/2
We note for future reference that Vol(SP~ 2—,,(:1—&%, [36], so that the complete
factor above is the same as in equation 4.1. 4 2,

o/2yol(SPY)
p2mpP (p)-

All the above discussion is limited to the case p # 1. The only 1 dimensional compact
spin manlfold is S1. In this case the Dirac operator is ; d‘i, with singular values
pn (DY) = L, each of multiplicity 2. We need to show that Theorem 1.5.3 holds in
this case. Our aim then is to bound the trace of [f(¢D),a]. Examining the proof of
1.5.3, we see that the only detail we required was precisely the fact that the eigenvalues
were of order n~!, and this is the case. Likewise, from the proof of Proposition
1.5.7, we know that for the only 1nﬁn1te volume noncompact one-dimensional (spm)
manifold, the real line, f(1 + D?)~ 3 has eigenvalues, and they are of order n™ 1 also.
Hence the noncompact generalisation, Lemma 2.2.15, also holds in dimension 1.

[ @ensvaes.

As the Dirac operator of a compatible Clifford connection is self-adjoint if and only
if there is no boundary, the self-adjointness of D and the geometric interpretation
of the inner product on the Hilbert space now shows that the spin manifold X is
complete. There are numerous consequences of completeness, as well as a more general
formulation for the noncommutative case; see [19]. All that remains is to examine
the gravity action given by the Wodzicki residue.
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4.7 The Gravitational Action in Even Dimensions

Much of what follows is based on [42], though we also complete the odd dimensional
case in the next section. We also note that this calculation was carried out in the
four dimensional case in [46], and has been more thoroughly discussed in [37].

In all of the following calculations, we are working with symbols other than principal
symbols, and so there is a difference between D? and 1 + D2. We are interested in
computing

o_p(D*(m +D?)~%)
in the nonunital case, and we have inserted the m because we know the integral is

completely insensitive to its value, from Chapter 1. Indeed, even in the unital case
D? is usually not invertible and one should properly always include this extra factor.

We will not continue to write the m, nor the proper (m +D2)~%, instead just writing
|D|~P for simplicity. The only place the m comes back or makes a difference is in the
order zero symbol for m + D2, and it will be clear that it can be set to zero without
harm.

The key to the following computations is the composition formula for symbols:

(=)
(9o (P))(050(Q))-

al

a(PoQ)(z,§) =

e

We shall use this to determine o_,(|D|27?), so that we may compute the Wodzicki
residue. In the even dimensional case, we use this formula to obtain the following,

o—p(D*P) = 6o(DX)_p(D?) + 01(DY)o_p1 (D)
+o2 (D2)0_p_2 (D—p) —1 2(8@ leal (Dz))(azu U_p(D_p))
i

—1 2(65“02(D2)) (8.1:# O_p-1 (D_p))
U

3 S os D) 507

This involves the symbol of D? which we can compute, and lower order terms from
|D|~?. Since |D|2 = D?, we have a simplification in the even dimensional case, namely
that the expansion

CO® 0po(D-m42) 020 (D), (4.10)
Tl

M3

O.(D—2m) —

laf

provides a recursion relation for the lower order terms provided we can determine
the first few terms of the symbol for a parametrix of D%2. Let o3 = 03(D?) and
P = 2m. Then by the multiplicativity of principal symbols, or from the above,
o_am(D~2™) = 0;™, at least away from the zero section. Also let us briefly recall
that while principal symbols are coordinate independent, other terms are not. So all
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the following calculations will be made in Riemann normal coordinates, for which the
metric takes the simplifying form

o(z) = I — %Rﬁg(xo)x”m” +0(z%).

This choice will simplify many expressions, and we will write =gy to denote equality
in these coordinates. Also, as we will be interested in the value of certain expressions
on the cosphere bundle, we will also employ the symbol =gy, mod ¢ to denote a
Riemann normal expression in which || £ || has been set to 1. So using (4.10) to write

U_2m_1(D—2m) _ 02—m+10__3(D—2) + 0 —om +1(D—2m+2)0_2—1
_1’2 afn z""z 1))

we can use Riemann normal coordinates to simplify this to

O—9m—1 (D—2m) =RN 02-m+10___3 (D—Z)
+0_gm41 (D7 2)05 !

=RN m0'2_m+10'_3 (D—Z),

after applying recursion in the obvious way. The next term to compute is

—2m) — 02—m+10,_4(D—2) m 0_2m+1(D_2m+2) ( —2)
+0_om(D72" g —12(35,‘02 M+2) (Ogno—3(D~?))

O-2m—2 (D

'—_Z aﬁuﬁu o3 ™) (Ougr oz ).
Using the last result and the following two expressions

agyf., | € |72 2 =Ry 2m(2m — 2)o; ™ 16T €6V €y — (m — 1)og ™M,

_ 1 .
Fuzy | € 17> =Ry SRIIEpEo0s”

we find

0 2m-a(D~2™) =gy 55 ™ a_g(D2) + (m — Doy ™ (0_s(D2)?
+0—am(D"T )05 + 2i(m — 1)67¢,0pu0_3(D~?)

1
_4m(n; 1) —m—3£u£u Z€P§¢7+ (m3 ) —m 26"pr,,£ 50'

Given o_4(D~2) and o_3(D~2) this can be computed recursively, giving
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0__2m_2(D—2m) =aN m02—m+10_4 (D—Z)

= 1) ma2(o_y(D77))?

+  im(m — 1)¢*0mo_3(D7?)

_ 4m(m + 1)(m - 1) 02—m—3§u§uRzz£p£a

9
m('m'G_ l)o_—m—26uuRpa'£p€a_,

+

where £* = §#¥€,. In the even case, this gives us a short cut; we shall compute this
term in general for the odd case, but note that in the even case the short cut gives us

(p—2

)0,_4(1)—2) + (p — 2)(]) — 4) (0'_3(D_2))2

o_p(DP*%) =g, mod |i¢] 3

+ (p - 2)4(10 . 4) i:f#apo'—3(D_2) _ p(p — i)s(p )g,ugl/R §p€a
422207 e g,

Having obtained o_gy,—2(D %) and o_9;-1(D72), the next step is to compute the
terms o_3(D~2) and o_4(D~2). We follow the method of Kalau and Walze, [42], to
construct a parametrix for D2.

First, let us write D? in elliptic operator form
So the symbol of D? is

o(D?) = g™ ¢, +iakE, + b
=|| £ || +iakE, + b
= 09 + 01 + 0.

With this notation in hand, let P be the pseudodifferential operator defined by o(P) =
o5t In fact we should consider the product x(||)o2(x,&)™!, where x is a smooth
function vanishing for small values of its (positive) argument. As this does not affect
the following argument, only altering the result by an infinitely smoothing operator,
we shall omit further mention of this “mollifying function”. So, one readily checks

that o(D?P — 1) is a symbol of order —1. Denoting this symbol by r, we have
o(D?P)=1+4r so o(D*P)o(1+r)t~1

where on the right composition means the symbol of the composition of operators.
So if 0(R) =1+ r, then D?PR~! ~ 1. Hence PR™! ~ D=2, As r is of order —1, we
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may expand (1 +7)~! as a geometric series in symbol space. Thus

o0

O_(D—?.) ~ 0_2—1 o Z(—l)k’rOk
k=0

~oglto(l—r+r2—r3+..)

~02_1—a{lor+a2_10ror+order-5.

It is straightforward to compute the part of order —1 of r

: -1 . -
r_1 =14a’€ 05 + 218+ g7 Eplrog 1
=RN ia“fﬂaz_l

and its derivative
F) . - P -1 21 P ROt -2
z»T—1 =RN za,u&pob - 'gf py,é.aé'roé )

as well as the part of order —2

1 2 B
r_9 =gN bo, 1_ §5“”Rﬁ;‘,§p§002 e

Using the composition formula (repeatedly) and discarding terms of order —5 or less,
we eventually find that

o_3(D7%) = —ia*€,u057,
and
2
o_4(D?) = —boy’+ gaﬂ"Rg,:gagTaf
+ 2§“af’”§pa2'3 — a“fua”fpaé"q‘
4 _
- §£“£”R3;§affaz &

Employing the shortcut for the even case yields

. 1 ~2
7-p(D7"**) =R, mod ¢l -5(1’-2)”1’—%—) Halid

= p__(pé- 2) at€uaféy + p(pzz 2 awRﬁfzfpfo
—2)(p?* —4p+6
- e B+ Ouppmsy,.

In order to perform the integral over the cosphere bundle, we make use of the standard
results
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[ ede=o, [ eeea=o [ ged=g
ll€li=1 ll€]1=1 l1€]1=1 p

and

|
§rEVEPETds = (99" + 99" + 97" ¢"*).
45”:1 p(p+2)
Using the symmetries of the Riemann tensor, one may use the last result to show that
[ RSP g rudedn =0,

So noting that for all smooth functions f : X — C o_p(fD*P) = ao(f)o_p(D*7P),
we have

WRes(fD%?) = — /S ., J@)tro_p(D*7) Gdéds

p(2m)?
(- )Vol Sp 1)
2

/ ftr(b+ la”au - —a“ 2)Vgdx

(p—2) Vol(Sp 1)2@/21
o P /X fR\/gdz.

To make use of this we will need expressions for a* and b. The art of squaring Dirac
operators is well described in the literature, and we follow [42]. Writing

+

the square may be written, with V the lift of the Levi-Civita connection,
1
D = —g*(VuV,) + (0¥ = 4T*)(V, + T) + 5991V, + T, Vi + T

Here we have used the formulae

(T 7"] = ~4T"

V7] = =y T}, =TV := gHT},

To simplify the following, we also make use of the fact that the Christoffel symbols and

thelr partial derivatives vanish in Riemann normal coordinates, and v#/[V,,V,] =
R with R the scalar curvature. We can then read off

a¥ = =2(w* + 3T*)

1 1
b= Eaﬁ" . Za"aﬂ + 511,‘;‘ + 2[w”,T,‘]

+4THT, + R+ [V, T,) + 14# (T}, T,).



4.8. THE GRAVITATIONAL ACTION IN ODD DIMENSIONS 139

Here is where we should properly add an extra m to the value of b. As [w#,T,] =
9" [wy, Tu] = 0, and the trace of T, and vanishes, we have

1 1 1
—a'a, — Ea“ ) = 2P/ A (m + ZR — 3tapct?) + traces (v [V, T.)).

traces(b4 7

Here we have used
traces(THT),) = —tgpct® x 2[P/2
traces(%'y‘“’ Ty, 1)) = —tpetote x 2lp/ 2,

So for the even case we arrive at, setting m = 0 as promised,

W Res(fD-7*?) = (p 2);;?((2,5: 1)2[1’/2]/ {RGdn
(p—2)Vol($P71)

op(2m)P /X F(—3tapct® + tr(v* [V, T]))v/9dz.

As V,, is torsion free, y**[V,, T)] is a boundary term, so

W Res(fD*?) = (p 2 ffR\/_d:c+ p—2)e(p) / f= tabct“bcdm

This clearly has a unique minimum, given by the vanishing of the torsion term. If we
wish to regard the above functional on the affine space of connections, as suggested by
Connes, we do the following. Every element of A, may be written as (Do + T) — Dy,
where Dy is the Dirac operator of the Levi-Civita connection. Denote this element
by 7. Then, from what we have proved so far, for each positive function f,

(p — 2)Vol(SP~1)2lp/2]
p(2m)P

q(T) := W Res(fT*D7?) = / f= tabct“bc\/_dm

This is clearly a positive definite quadratic form on A, for p > 2, and for each f>0
has unique minimum T = 0. The value of W Res( fD?7P) at the minimum is just the
other term involving the scalar curvature. This term selects out the Dirac operator
of the Levi-Civita connection, at least over the support of f. Hence, in the even
dimensional case, we have completed the proof of the theorem.

4.8 The Gravitational Action in Odd Dimensions

For the odd dimensional case (p = 2m + 1) we begin with the observation that
|D|~P+2 = D~2™|D|. As we already know a lot about D2, the difficult part here will
be the absolute value term. So consider the following

o_p(ID*"?) = 61(|D))o-2m-2(ID|~*™) + o0(ID|)o—2m—1 (DI *™)
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+0-1(IDNo-2m (D] ™) = i 3 8,01 (ID))den o —gm—1 (|D[72™)
7
—i ) 0,00(|D|)dgu0—2m (|D|7>™)
7

1 —&m
5 0,6, 1 (1D 0 (1D ™).
1214

This tells us that the only terms to compute are o1(|D|), oo(|D|) and o_1(|D|), the
other terms having been computed earlier. It is a simple matter to convince oneself
that o(|D|) has terms of integral order only by employing

(D) = o(ID*) = o(ID))o(|D)) iy B, o(|D])0smo(|D]) + etc.
I

Clearly o1(|D|) =|| £ ||, which we knew anyway from the multiplicativity of principal
symbols. Also

a6y +b = 2 €| (0o(|D]) + o-1(|D]) + 0_2(ID}))
+ 0o(|ID)? + 201 (D)oo (D))
— 1) 9,01(|D)8mao(|D|) — iy 0, 00(|D|)der01(|D))
H u

— i) 8,01(|D))0no_1(|D]) =i 8,00(|D])dunan(|D|)
7 7
. 1
— i) 08,0-1(|D|)8mo1(|D]) - 5 D8 ¢,01(ID])02%u v 01(|D))
7 1,V

1 1
— 5 2.0,6,01(D)uge00(ID) = 53" 82, 00(IDN)02 5001 (D))
2 2
2214 wv
4+ order —2 or less.

Looking at the terms of order 1, we have
iak8y =2 |1 & [ oo(ID) i) B, | €1l 8w 1| € |,
I
or, in Riemann normal coordinates,
a0(|D)) ik
0 =RN Sz .
2l el

The terms of order 0 are more difficult, and we find that

1
b =rnv 2| ¢ || oa(|D]) - W““ﬁuayﬁu
= i€0m00(1D)) = i3, o0 (|D]) deer (D)
~  5%,6,01(D) s (ID).
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Remembering that the derivative of an expression in Riemann normal form is not the
Riemann normal form of the derivative, we eventually find that

1
b =RgN, mod |j¢| 20-1(|D]) = Za“€ua"§u

1 |
+§a:jp,£l/§# + —155” Rﬁugpfo’-

In the above, as well as expressing the result in Riemann normal coordinates and
mod || £ ||, we have omitted a term proportional to £#¢” Rf7€,€s, since we know that
this will vanish when averaged over the cosphere bundle. This gives us an expression
for o_1(|D]) in terms of a* and b. Indeed, with the same omissions as above we have

1 1
o-1(ID]) =rN, mod gl 30+ Ea“g,‘a”.f,,
1 1
_ga'l,jpfugﬂ - ﬂéuuRﬁggp&r-
Completing the tedious task of calculation and substitution yields
- p—2 p(p—2
o—p(IDI*™?) =R, mod |i¢] _{ 5 )b + (p4 )afuﬁué“
(p—2) p(p—2)
——8——(1,#5“(1"6,, + TéuuRﬁZé‘pga’-
We note that the factor p(p — 2) arises from 4m? —1 = (2m +1)(2m —1) = p(p - 2).

Using the experience gained from the even case, we have no trouble integrating this
over the cosphere bundle, giving

W Res(f|D|2?) = —(—1)1—_2ac(p) /X fRVGPz + (p — 2)c(p) /X f%tabct“bc\/gd"a:.

Again, this expression clearly has a unique minimum (for p > 1 and odd, f > 0) given
by the Dirac operator of the Levi-Civita connection, at least over the support of f.

From the results of [42] and the above calculations, if we twist the Dirac operator by
some bundle W, the symbol will involve the “twisting curvature” of some connection
on W. This does not contribute, and so the above result will still hold, except that
the minimum is no longer unique. In particular, if we have no real structure J, and
so are dealing with a spin® manifold, we have the same value at the minimum, though
it is now reached on the linear subspace of self-adjoint U(1) gauge terms. We refer to
[42] for more discussion of these results. This completes the proof of the theorem.
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Chapter 5

Conclusion

We now have a precise spectral characterisation of complete spin manifolds, together
with a more or less (depending on one’s taste) natural generalisation to the noncom-
mutative setting. What remains undone, and what are the next steps to take?

We begin with the what remains undone. A general investigation of morphisms of
noncommutative geometries, and the effect of such morphisms on the various homol-
ogy and cohomology theories, representations and integrals should be carried out.
This is essential to the structural analysis of these spaces. For much the same rea-
sons, the various operations such as sum, product and passage to a Morita equivalent
geometry require more thorough investigation. In particular, the results presented in
this thesis dealing with diffeomorphisms and their unitary subgroups is unsatisfactory.
For instance, are the inner diffeomorphisms and isometries the only diffeomorphisms
with a unitary representation? What others are there?

In {34], the prospect of characterising different kinds of manifolds (almost complex,
Kihler, hyperkihler etc) by employing ‘Connes-like’ axioms, together with additional
operators and commutation rules was put forward. To our knowledge only one other
type of manifold has so far been characterised, and this was the not necessarily spin®
Riemannian case, described in [53]. Here it was shown that a more von Neumann-
Tomita-Takesaki approach was useful, owing to the fact that the representation of
the Clifford algebra on itself provides a cyclic and separating vector (at least in the
unital case). The construction of coordinates is essentially the same as in the spin®
case, though the volume form plays a slightly different role. We expect that any
other efforts to spectrally characterise specific types of manifold will require an axiom
akin to orientability in order to produce the coordinates. As a final comment on the
paper [53], we note the K K-nature of the formulation of Poincaré Duality, and our
expectation that variations in this axiom will occur for the various types of manifolds.
We look forward to seeing more work in this direction.

Related to this is the possibility of pushing the Real point of view further. We showed
that it was perfectly reasonable to employ a real structure which behaved as if 7 — s-
dimensional, while the geometry was (r + s, 00)-summable. This pseudo-Riemannian
behaviour depends on how much freedom we have to alter the real structure, and by
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what isometries. The basic example to look at is R*? with the standard Euclidean
structures, but with a real structure given by composing charge conjugation with time
reversal. This will yield a weakly real geometry, with the above ‘indefinite’ behaviour.

Another area which is currently active is ‘new geometries from old.” In [25], isometries
are used to construct families of noncommutative manifolds from a commutative
manifold. This is similar to the procedure in [18], and we expect that despite the
current formulation being in terms of closed manifolds, the whole discussion can be
carried through to the noncompact setting. It is to be hoped that these procedures
can be used in future to construct more examples.

This range of examples, as well as the diffeomorphism invariant geometry of [26], gives
us more reasons for examining morphisms of noncommutative geometries. Similarly,
Lord has obtained interesting results on the behaviour of ‘crossed products of spectral
triples’ when a compatible smooth C*-dynamical system exists for the algebra, [54].

All of these previous comments have centred around operations and morphisms, but
one classical construction of enormous theoretical interest is cobordism. This would
be of great benefit to index theory (cobordism invariance of the index of the Dirac
operator ‘should’ generalise), noncommutative geometric topology and the classifi-
cation of noncommutative manifolds. However, at present, there is no clear way to
spectrally characterise a manifold with boundary. Indeed, there would seem to be
two ways to approach the matter with distinctly different flavours: via local or global
boundary conditions. We expect that the local boundary condition approach would
follow a relative K-homology path, as in [7].

Another issue that arises from geometric topology is exotic smooth structures. Sup-
pose we have distinct smooth subalgebras of a C*-algebra with distint and non-
diffeomorphic noncommutative manifolds associated with them. Despite the vague-
ness of a couple of the terms here, we know that such situations exist, from the
study of exotic differentiable structures on the spheres. Can this also happen for
noncommutative manifolds? One suspects the answer is yes.

Finally, we should close with a small conjecture. It is easy to state: Is the algebra A
of a finite dimensional noncommutative geometry always finitely generated by the a}
appearing in the definition of the Hochschild cycle appearing in the axioms? I expect
the answer is yes.
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Appendix

In this Appendix, we describe an example of a spectral triple (A, #, D) such that
1) A is nonunital, but local

2) D is self-adjoint, closed, unbounded with infinite dimensional kernel

3) the dimension spectrum of (A, #, D) is not simple

4) the function Trace(a(l + D?)7#) is well-defined for all z with Re(z) > 1, but
a(1 + D2)~! is not an element of L) (H).

We build this triple by making a deliberately naive attempt to work on a singular
space. The extremely simple space we choose is the double cone,

C= {(-'L',y,z) € R3 H .’I}2+y2 — H22’2},

where k = tan(§), and « € (0, 7) is the cone angle.

Rather than specifying an algebra of functions on C, we begin with the metric struc-
ture. At every point z # 0, we have a well-defined cotangent space, and choosing
cylindrical coordinates (z, ), this cotangent space is spanned by dz,df. At each such
point, we define a Clifford action of these covectors on C? by

0 —k& 0 £z
dz—<n 0), de—(% 6)-

These satisfy the Clifford relations for the metric

K222 0
g(zao)=( 0 KI2>‘

Of course this metric is degenerate at z = 0, but elsewhere reproduces the correct

distances on the cone. The next ‘obvious’ step is to define the corresponding Dirac
operator,

0 £20y — KO,

P = d00y = ! .

d20; + iy <%a,,+na, 0 )
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What is not so obvious is the Hilbert space on which D can be extended to a closed,
self-adjoint operator. We will go about this in a pragmatic fashion, by simply going
ahead and computing the spectrum of D, and seeing what can go wrong. The only
stipulations we make on the putative domain of D for now is that it consists of smooth
functions which decrease rapidly as z — 4o0.

The sensible way to tackle the spectrum of a Dirac operator is to first consider the
associated Laplace equation,
D% = N,

—228% — 82 — 14, 0 G\ _XN(la&a
0 —2203 — 82 4 19, L) K\ &)

To solve this equation, we employ separation of variables. For the first component we
write §1(2,0) = f(0)g(z), and we consider three possibilities.

First, f is constant. In this case the equation for the first component reduces to

2
9"(2) = —%9(2)-

If A2 > 0, then the only solutions are oscillatory, and do not vanish at infinity.
Provided that such a A\? is not an eigenvalue, this will effectively show that it is in
the continuous spectrum of D? (once we have identified the Hilbert space of course.)
If A2 = 0, we will obtain a linear solution, again not of rapid decrease, but we will see
later that there are in fact many solutions in the kernel of D?. Finally, if A2 < 0, we

have the solutions
+4/-23
glz)y =€V **

and these fail to be of rapid decrease at one of +o00 or the other. This piece of our
computation is closely related to issues of self-adjointness. If we can identify a Hilbert
space on which D is formally self-adjoint, then this computation shows that

I

ker(D? + 1) = {0},

and so ker(D =+ i) = {0}, so we will have shown that D is self-adjoint. This result
clearly depends on the fact that we are working on the double cone, for if not, one of
the above solutions would destroy the self-adjointness of D?. So our alleged naivety
is already exposed as of a very special kind....

Having considered what happens for f constant, we now look at f(6) = €™, m > 0.
This yields the equation

2
9"(2) = (*m? = m — 2)g(2)

The substitution g(2) = §(z)e~ %** reduces this to

. . A2
§"(z) - 2mzg' () + 59= 0.
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For m = 1 this is the defining equation for the Hermite polynomials, and it is not
difficult from there to see that

9(2) = Ho(Vmz)e 2%, Xt =2x'nm, m >0, n>0

is the unique solution, [29, 61]. We will quote a few easy results about these modified
Hermite polynomials shortly.

The final case we consider is when f = e~ m > 0. With the same ansatz as the

last case we find

§(2) - 2mag' () — (2m — 2)3(2) =,

and for A2 = 2x?m(n + 1) this is the same as for the last case. Thus the unique
solution is

g(z) = Hn(\/ﬁz)e_%zz, 2 =2?m(n+1), m>0, n>0.

The equation for the second component behaves exactly as the first when f is constant,
while the roles of the two cases f(6) = ™ and f(8) = e~"™f are reversed.

Thus the spectrum of D? (on a suitable Hilbert space) is the whole real line, with
the points 2k2N, N € N, being eigenvalues and everything else being continuous
spectrum. The multiplicity of each A% = 2k?N, N > 0, is 4d(N), where d(N) is the
divisor function, the number of divisors of NV including 1 and N, [38]. The origin of the
divisor function is clear; the four arises by counting the eigenvectors for A2 = 2k2nm,

m>0,n>0
e~im0 H, (ymz)e” 7% 0 \
0 '\ ™ H,(y/mz)e 2*

and those for A2 = 2x?m(n+1), m>0,n >0

() (g )
0 ' e "™ H, (/mz)e 2 *

The presence of the divisor function, whose asymptotics are extremely subtle, [38],
indicates that the behaviour of the sum of inverse powers of the nonzero eigenvalues
will have very interesting behaviour. Before going on with the operator D, however, we
should make the previous spectral computations rigorous by specifying the Hilbert
space. This brings up some interesting issues. Firstly, the odd Hermite functions
vanish at z = 0, but the even ones do not, so only half our solutions define functions
(spinors) on the cone. Secondly, even those that do define functions on the cone have
derivatives that do not. Thus any hope of building our Hilbert space from sections of
a spinor bundle on the cone is immediately dashed.

So we take our cue from Connes’ picture of quotient spaces. Topologically, we should
think of the cone as an infinite cylinder quotiented by the relation which collapses the
central circle to a point. Connes would have us pass to a larger algebra containing



148 CHAPTER 6. APPENDIX

the functions on the cylinder, rather than adopting a subalgebra which remains well-
defined on the quotient. However, the quotient in this case is Hausdorff, and so we
expect to obtain Morita equivalent algebras from these two processes anyway.

What we have here is a slightly more subtle situation, which might be loosely called
a metric quotient. That is we regard the cone as a cylinder, but imbued with a
‘metric’ which can not distinguish the points with z = 0. Indeed, all of the solutions
presented earlier can be seen to define perfectly good (square integrable) functions
on the cylinder. Thus it would make perfect sense (pragmatically or quotiently) to
adopt the square integrable sections of the spinor bundle on the cylinder as our Hilbert
space, but for which measure? It is easy to check that the operator D is not formally
self-adjoint for the measure (not Clifford vectors)

k2 zdzdf

which arises naturally from our singular metric. However, D is formally self-adjoint
with respect to the usual measure, dzdf), and again it makes sense for us to adopt
H = L%(Cyl, S, dzdf) as our Hilbert space.

One final point in favour of this choice is that I' = idzdf is a Zy-grading for H
anticommuting with D. In this expression dz,d# act via the usual Clifford action on

the cylinder,
0 -1 0 —i
(0 3) o= 7)

This choice formalises our previous calculations, so that D? is self-adjoint. It is also
closed, since all of z,0,,0y are closed operators on this Hilbert space. This also
allows us to check that D itself is self-adjoint, with spectrum the whole real line, and
eigenvalues A = £v2x2N. To write down the corresponding eigenvectors, we first
record some properties of the modified Hermite polynomials. Writing w = /mz,

2 d" 2

Hp(w) = (=1)%* - = (™),

as usual, and we also have the recurrence relations

Hpy1(w) = 2wHp(w) — 2nH, 1 (w), dian(w) = 2nv/mH,_1(w).
The first few are simply

Ho(w) =1, Hi(w)=2w, Hy(w)=4w?~2, H;s(w)=_8uw®—12w

Hy(w) = 16w* — 48w? + 12, Hs(w) = 320° — 160w® + 120w.

To obtain the solutions, first set ry,, = e"'mae‘%zan(\/mz). Then notice that

(%aﬂ — 0z)rnm = _zn\/m'rn—l,m

z
(;80 & az)"'nm . —\/E'rn+1,m-
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—Tnm

. ( V2nro_1m )
Xnm =

is an eigenvector of D with eigenvalue A = kv/2nm.

. ( Vanrg_1m )
—Xnm =

Tnm

Similarly

is an eigenvector of D with eigenvalue A = —k+/2nm.
Now set spm = €™e 52" H, (y/mz). Then

z
(';60 - 6z)snm = \/ﬁsn+1,m

z
(;80 + 0;)Snm = 2"\/T_nsn—1,m-

Enm = Sn,m
4 \% 2nsn—l,m

is an eigenvector of D with eigenvalue A = kv/2nm.

Similarly

= Sn,m
o -V 2"7"911—1,m

is an eigenvector of D with eigenvalue A = —x+v/2nm. The kernel of D is spanned by
€om and Xom-
Using the orthogonality relations

oo 2T X
/ H, () Hon(w)e™" dw = Spm2 I/, / ¢lle=imigy — &, on
- 0

and the completeness of the Hermite and trigonometric polynomials, it is easy to

check that these spinors provide an orthonormal basis for the closed subspace of H

corresponding to the point spectrum and kernel of D. For the continuous subspace
2

for D we simply choose basis vectors ¢ (2) = Hy(z)e™ 7, and these are orthogonal
to the point spectrum by the orthogonality of the trigonometric polynomials. The
normalisations to obtain an orthonormal basis are

__Vm
4m/T2"n!

Xnm Enm — Xnm) Enm,

1
Yn — —=———="n.
27y/m2"n!
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Of course the reason for taking so much trouble with specifying the basis is so that
we may compute Trace(a(l + D?)~*) for suitable functions a. We want this algebra
of functions to satisfy

AC ﬂmzldomdm,
so it must consist of smooth functions of rapid decrease as z — +oco. However,
the presence of the infinite dimensional kernel for D indicates that we need further
restrictions. So we adopt the definition

A=1{a:C — C:aissmooth and of rapid decrease at z = 0, £oo}.

It is clear that for elements of this algebra, the operator [D, a] extends to a bounded
operator on . Thus the only remaining task necessary to show that (A, #,D,T) is
an even spectral triple is to check that a(1 + ’D2)_% is compact for all a € A. The
computations necessary to check this will also aid us when we come to computing
traces.

Write H = H. ® Hp @ Hi, for the decomposition of H into closed subspaces corre-
sponding to the continuous and point spectra of D, and the kernel, respectively. Let
P, Py, Py, be the corresponding projections. Then from what we have already shown,
and employing the closure of the compacts under adjoints, we know that

. ? K 7 He
a(l+D*"2=| K K K Hp |,
?7 K 7 Hy

where K indicates that the entry is a compact operator between the appropriate
subspaces. So, we begin with

[

b

1 — k282 0 >—

_1 ~
Pca(1+D2) 2Pc:a< 0 1—[{,283

where a(z,0) = a(z) + X0 am(2)e'™. In this case, the results of Chapter 1 show

that .
P.a(1+D?)"2P, € LI®)(H,),

and so compact. In fact it is measurable and

o0 - C
][ Poa(l + D)2 P, = kc(2) / a(z)dz.
—00
Next we consider .
Pia(1 4+ D?) 2P,

The projection Py projects on to the subspace spanned by

1 _m,2 — _m,2
ezmﬂe 2z’ e imGe 2’,m>0

22

while P, projects on to the space spanned by Hp(z)e” 2, n > 0. Thus we need to
estimate

ZM/% ‘/C a(z, G)Hk(z)e_%zze_imedde )
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It is now that we need the rapid decrease at z = 0, for the functions compactly
supported away from z = 0 are dense in this algebra, and so it suffices to prove the
compactness for these functions. So let supp(a(z,8)) C [, K] x [0, 2], so that

_Vm
9mv/2m ok Rl

and so Pra(l + ’D?')‘%Pc is compact. Similarly, the final term

[ ale,6)Hy(e)e™ =m0 dzds)| < Y -2 | g oo,
c V2

P.(1+ D2)_%Pk = PraPy

is compact, and to show this we need to estimate

m 0 M _me? || ~
e /_ooe ™ a(z,0)dzdf| < —2\/776 ™ a(2) |1,
and we see that this is compact.

Thus we have succeeded in showing that (A, H, D, T) is a smooth, even spectral triple.
We now want to show that it has discrete and finite dimension spectrum, and is not
(2, 00)-summable. So we examine

Trace(a(l + D?)™%)

where initially we suppose that s >> 1. As above, this trace is the sum of three
pieces

Trace(a(l + D?)™%) = Trace(Pra(l + D)~ R)
+ Trace(P.a(l + D?)~°P,) + Trace(Ppa(l + D?)~*F,).

As already noted, Trace(Pea(l + D?)~*P,) is holomorphic for all s with Re(s) > 3.

The pole at s = % is simple and the residue is given by

[o ]
res,_1 Trace(Pea(l + D3P, = iz/ a(z)dz,
2 27[‘ —00

with @ the piece of a independent of 8. Seeley’s results, [65], allow us to conclude
that this piece of the trace analytically continues to C with the exceptions of the
half-integers less than or equal to %

We have already seen that the contribution of
Trace(Pya(l 4+ D?)~*Py) = Trace(PyaPy)
is independent of s and in fact finite, from our earlier estimate. So we are left with

the point spectrum.

An old result of Euler’s, [61], already used implicitly to calculate asymptotics, says
that

LU n 1 1 n ,
>0 = [ f@)d+ 510+ 35 + [ P@)f (@)
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where P(z —[z]— prov1ded only that f'(z) is continuous for z > 1. Employing
this tw1ce we see that for s> 1 and N large
i 1 B N [N/m] 1
n,m=1 (nm)s m=1 n=1

N/m
&= / / (zy) " *dzdy

y—s+1 N/m
= x d
/1 v [—s+ IL o

Ni=s 1

1
= 2 g N-— NSty _—
1-s 8 (1—s)2 ti e

where equality is in the sense of asymptotics. Seemingly, if we let N — oo in this
expression, we are left with a simple pole at s = 1, but this is incorrect. The reason
is

N7HL = gl=s+DlogN — 1 | (1 — g)log N +---

So in fact
N 1—
1 N 1 1
= log N — N=stlp —
ngzl (nm)® 1-s 8 (1—s)2 + l1-s
1 1 1
B 1—s_(1—s)2+0(ﬁ)'

To put this information to use, we estimate

2\—s _ m(1 + 2x2km)~*
lTrace(Ppa(l + D7) PP)I = k%o 2m\/m2kk!

| @ |loo Z (1 + 262km)~°.
k,m>0

/ a(z, 0) HE(v/mz)e ™ dzdo

IA

This is unlikely to be the best estimate in general. So summing over the nonzero
eigenvalues of (1 + D?)~* gives asymptotically

o
I’I‘race(a(l +D)7)| < fdfle 2w Y (nm)~
n,m=1
1 1
_ ~ 2—s8, .—2s8 _
- ”0‘”002 K (l—s (1—8)2)

We also note that the behaviour for s = 1 can be determined by computing the partial
trace as an integral, as above. This yields

Tracen((1 + D?)~1) = %(logN)z,

again showing that their can not be a simple pole at s = 1. Thus we have shown that
the function 2 — Trace(a(1 4+ D?)~*) has a double pole at z = 1, and a simple pole at
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z= % Computing the actual values of the residues at these points requires a concrete
form for the function a, and of course we are mostly interested in the case where the
function a is (a component of) a projection or unitary representing a K-theory class.

The Local Index Theorem gives us a formula for components of the Chern character
of (A, H,D,T). Substituting the various constant terms in yields

1
d2(ap,a1,a2) = ETo(Faodmdaz(l +D3)™)

+ %*rl(l“aodaldaz(l +DH™h

¢o(ao) = res,—o %’I‘Iace(FaO(l +D?)7%).

The top component involves the coeflicients of % and }1; in the expansion of Trace(a(1+
D?)~1%), while the zero-th component involves the coefficient of the constant term.
A routine calculation shows that the trace Trace(T'agda;daz(1 + D?)~?) is given by

4ik®Traceq+ (ao((8;01) (Bpaz) — (8pa1)(Bzaz2))z(1 + D?)7%)

where H™ is the = 1 eigenspace of I
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