
Noncommutative SPin Geometry

by

Adam Rennie

Thesis submitted in partial fulfillment

of the requirements for admission to

the degree of Doctor of PhilosoPhY

in the Department of Pure Mathèmatics

at the University of Adelaide

July, 2001
I

I

l
!

I

¡

I

I

I

1

I

I



ll

Abstract
We formulate and examine a generalisation of Connes' axioms for noncommutative
manifolds. This generalisation allows the description of noncompact versions of these
manifolds. A key ingredient is an extension of Connes and Moscovici's Local In-
dex Theorem to a large class of nonunital algebras, We then prove that with this
level of generality the commutative examples are precisely the complete classical spin
manifolds.
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Introduction

This thesis grew out of an attempt to understand Connes' paper 'Gravity Coupled

with Matter and. the Foundations of Noncommutative GeometrS' [18]. This was

released as an eprint in 1996, and came to my attention as an honours student at

Sydney University in 1997. My interest in the paper at that time was focussed on

the physical applications, and I wrote my honours thesis on these aspects of the

paper. These physical considerations ale taken up further in [25, 15, 16, 50, 37,

23, 42,46, 33] to mention just a few. We will not be speaking explicitly about

these physical applications or results in this thesis. Instead, this thesis examines the

more mathematical aspects of the paper, in particular the axiomatic formulation of

noncommutative manifolds.

The central result of this thesis is a proof of Connes' claim that his axioms for noncom-

mutative geometry recover closed spin manifolds when specialised to the commutative

case. In fact, considerable effort is devoted to extending the result to complete non-

compact spin manifolds as well. This necessitates a number of minor extensions of

known results, proofs of folk theorems, and the occasional nontrivial extension of

some analytic or algebraic result to nonunital algebras. A key result is the extension

of Connes and Moscovici's Local Index Theorem to the nonunital setting, proved in

Chapter 2. Consideration of the nonunital case also draws out some of the essential

structural properties of noncommutative geometries which are hidden by simplifica-

tions arising from unitality.

The thesis is organised in what is rapidly becoming a traditional manner in noncom-

mutative geometry. The first Chapter deals with background results and establishes

notation that will be required for the rest of the thesis. The section on C*- and smooth

algebras recaps standard definitions and results, with the one possible exception of

the deûnition of local algebra^s. Noncommutative algebraic topology is discussed in

the next section, and while discussing K-theory, we clea¡ the air about what algebraic

objects generalise sections of vector bundles in the noncompact case. This 'Nonuni-

tal Serre.swan Theorem' has been a*ssumed in va¡ious (often erroneous) forms in the

Iiterature, but to the knowledge of this author, it has never been adequately described.

Before leaving K-Theory and K-homology, we generalise Connes' picture of Poinca¡é

Duality to the nonunital ca^se, working by analogy with Poinca.ré Duality for noncom-

pact manifolds. This involves defining a compactly supported K-homology grouP,

which relies on the local structure of the algebras that we employ. It is highly un-

tikety that such a gloup could be defined for an arbitrary nonunital algebra.

v
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The next section deals with (noncommutative) differential forms, connections and
the homology theory that goes with them, Hochschild homology. The only result
of note here is that local algebras, in the sense of Section 1, are }/-unital and so
satisfy excision for Hochschild homology. Thc ncxt section briefly recaps the mai¡
definitions and results of Connes' cyclic theory. We will be interested in this mainly
in thc context of the Local Index Theorem of [26]. We need to extend this result
to the noncompa,ct/nonunital situation in order to utilise the noncompact version of
Connes' Theorem 8, [19].

The last introductory section outlines the Dixmier trace, its relation to the Wodzicki
residue in the commutative case and what these two 'measures' have to do with
spectral theory via Voiculescu's results. We also prove some results about the Dixmier
trace for noncompact manifolds.

Chapter 2 is the most technical. It begins by introducing spectral triples, Connes'
notions of summability, dimension spectrum, and 'Wodzicki residues.' Numerous tech-
nical results are required to show that the weaker summability conditions employed in
the nonunital case are nonetheless strong enough to ensure the various continuity and
measurability properties of the Dixmier trace continue to hold. We then ofler refi.ne-
ments of the estimates in [35, 26,27) necessary to extend the Local Index Theorem to
nonunital, local algebras. This is a technical but essentially routine exercise, however
the result is nontrivial. In particular, we obtain as a corollary a nonunital version
of connes' Theorem 8, [19, IV.2.7]. we also describe, in the Appendix, a simple
and explicit example of a spectral triple which fails to be summable, but which has
finite dimension spectrum and otherwise satisfies the conditions of the Local Index
Theorem.

The third Chapter introduces Connes' axioms, stated slightly differently to his original
formulation in [18]. We then outline and prove the main results which hold irrespective
of commutativity or unitality. A main feature is that Poincaré Duality in /{-Theory
provides a strong Morita equivalence between the noncommutative analogues of the
algebra of functions and the Clifford algebra. This provides a noncommutative version
of a spinc structure, in line with the results of [59]. We do not claim any kind
of completeness or exhaustiveness in our study of these axioms, and fully expect
that many more consequences of them remain to be proved. We will mention a few
conjectures and possible directions in the conclusion.

Chapter 4 proves that commutative geometries satisfying Connes' a:cioms a¡e indeed
complete spin manifolds. We also prove that the minimum of the gravitational action
selects out the Dirac operator of the (lift of the) Levi-Civita connection amongst all
compatible connections on the spinor bundle. This was proved in dimension 4 in
[46] and in even dimensions in general in fazl. Our proof, which deals with the odd
dimensional case also, follows [42] quite closely. We note that the proof of the closed
(compact, no bounda¡y) version of Connes' spin manifold theorem first appea,red in
1621.

We conclude the thesis with a summaxy of the state of the art of noncommutative
manifolds and some ongoing open problems. We also outline some aspects of [18]
which are not addressed in this thesis, owing to time and space constraints. These
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largely deal with operations on noncommutative geometries, and methods of con-

structing new geometries from old.

It is worth pointing out from the beginning that this thesis rvas never intended to
touch the results of index theory more than lightly. However, Connes' generalisation

of the notion of manifold is not just for the sake of generalisation, but is guided by

and built upon the requirements of index theory. That this is so can be seen by the

necessity of generalising precisely the same tools as those necessary for the Local Index

Theorem, and conversely that the axioms for noncommutative manifolds guarantee

that the hypotheses of the Local Index Theorem are satisfied.

The extensive background dealt with in Chapters 1 and 2 is included not just for com-

pleteness, nor just to give the framework for the various nonunital results we consider.

The main reason for incuding it is to motivate the form of the axioms, and to under-

stand why they have the form they do. In particular, understanding Connes' Theorem

8 as identifying the noncommutative integral in terms of the Dixmier trace, via the

index pairing, gives the strongest possible justification for including the Dixmier trace

as part of the axioms.

In the last six months, noncommutative geometry has benefited from two new books.

The first, [37], is very much in the vein of this thesis, dealing with commutative geom-

etry from the noncommutative point of view. The second, [39], is an excellent treatise

on K-homology, a subject that had been lacking an in-depth and clear treatment for

some time. Both these books have made the job of writing this thesis easier in two

ways. First, they have provided clear proofs of various folk-theorems that have im-
peded my progress or distracted me from my main tasks. Second, they have provided

handy references to which I can point for further information. Previously it had

appeared that this thesis would balloon out of control due to the enormous amount

of background material which required explanation. These books have considerably

eased that burden.
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Chapter 1

Background Results

This Chapter provides what has by now become the standard tour of the basic back-

ground to noncommutative geometr¡ [37, L9, 50], but in addition we prove numerous

results extending known results to the nonunital case. We begin with noncommuta-

tive pointset topolog¡ that is C*-algebras, as well as their smoother cousins' We also

define in this section the class of local (nonunital) algebras with which we will work

throughout the rest of the thesis.

Then it is on to algebraic topology (K-theory and K-homology.) Two important

generalisations are dealt with. The first of these is the algebraic characterisation of

modules provided by sections (vanishing at infinity) of vector bundles on noncompact

spaces. This nonunital Serre-Swan Theorem goes beyond the usual description of
,vector bundles trivial at infinity' and deals with the general case. The second is the

identification of the endomorphism algebras of such modules'

Following the section on K-homology we tackle the formulation of Poincaré Dual-

ity using the cap product and the pairing. In particular \rye discuss the nonuni-

tat/noncompact version of Poinca¡é Duality, and extend Connes' definition of Poincaré

Duality to the noncompact setting. This requires a definition of 'compactly supported'

K-homology. Such a definition is not possible for a general nonunital algebra, but is
quite natural for our local algebras. We prove some basic results about these groups.

Differential forms and differential topology occupy the next two sections, the two

corresponding to Hochschild and cyclic (co)homology respectively. The main results

from these sections a¡e that local algebras are I/-unital, and so satisfy excision in

both Hochschild and cyclic (co)homology. This allows us to use the reduced forms

of these theories in an unambiguous manner. We also make some effort to describe

the links between Index Theory and the results of these sections, in particula.r what

Connes'Theorem 8 tells us about the integral.

The last introductory section offers a brief description of the Dixmier trace, Wodz-

icki residue, and the relation of these two constructions to each other and spectral

meaÍ¡ures. The main result here is that the Dixmier trace can be used to recover the

mea¡¡ure on a noncompact manifold. This serves as further justification for employing

the Dixmier trace as the noncommutative integral in the subsequent Chapters.

1
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CHAPTER 1. BACKGROUND RESU¿TS

1 Algebras

We will accept the motto 'von Neumann algebras are noncommutative measurable
functions while C*-algebras ale uoncornrnutative continuous functions,'without doing
more to justify it than referring to [19]. In this thesis we will scarcely touch on the
world of von Neumann algebras, despite the fact that everything in noncommutative
geometry takes place within a'von Neumann envelope.' We will focus for the most
part on the continuous and the smooth aspects of the theory, ignoring the merely
measurable. This section offers some relevant background results and definitions.
The only nonstandard items are irreducibility of representations of C*-algebras on
C*-modules and the definition of local algebras.

1.1.1 C*-Algebras

Most of the basic facts about these algebras will be assumed or quoted as necessary;
our basic references arc 157,30, 31, 60].

Our principal interest will be in representations of separable C*-algebras and certain
of their dense subalgebras on Hilbert spaces and sometimes on C*-modules as well.
Since we will (almost) always require a representation, mention of it will usually
be omitted, and it will be assumed faithful. This will allow us to concentrate on
C*-subalgebras of ß(77) where'J7 is a separable Hilbert space. The main technical
benefit of assuming that a C*-algebra is separable is that it ensures the existence of
a countable approximate unit. A C*-algebra with a countable approximate unit is
called ø-unital, and has paracompact primitive ideal space (see below), [57]. Also, if
,4 is a (C.-) algebra, then .4.op denotes the opposite algebra. The opposite algebra,
¡on, has the same linear structure as .4, but the product of a,b e Aop is given by
a.b : bo, where on the right hand side we have the product in á.
We collect a few results we will employ later, as well as some more 'philosophical'
comments. Given a C*-algebra á, the pure state space, PS(A), the structure space,
Â, and the primitive ideal space Prim(,4) are three topological spaces associated
with ,4.. The former is always Hausdorff while the two latter spaces are always locally
compact. They are compact if ,4 is unital. The Gel'fand-Naimark theorem says that
when 14. is commutative, these three spaces coincide and, calling this space X,

A e Co(x). (1.1)

Note that in this case, assuming that á is sepa^rable is equivalent to assuming that
X is metrisable. Here Co(X) means the continuous functions on X which vanish at
infinit¡ and ry indicates isometric *-isomorphism.

We shall denote the one-point compactification of a topological space X by X+ and
the 'one'point' unitization of a C*-algebra by á*. More general compactifications
will also occur. If. i : X -l Xc is an embedding of the locally sornpact Hausdorff
space X in the compact Hausdorf spa,ce Xc as a dense open subset, then we may
define a unitization of Cs(X) as follows. Define, [60],

i,*: Cs(X),+ C(Xc)
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by

(¿.Ð(ù:{?,,, iTïr:o}ä|,,,* (1 2)

We may think of c :: X" \ X * the points at infinity (for this compactification)
and the quotient algebra C(X")lCy(X) ," the continuous functions on the points at
infinity.

More generally, if i : A -+ -46 is a unitization of a C*-algebra /, then we may think
of A6lA as the'continuous functions'at infinity. For an arbitrary C*-algebra,4,, the
maximal unitization of ,4, is the multiplier algebra M(A), [60]. If ,4. is unital then
M(A) : Á, and in fact the only unitization of ,4, is ,4.. Note that in this context, a

unitization of ,4, is an injective *-homomorphism A.+ A6 whose image is an essential

ideal. Recall that an ideal .I in a C*-algebra ,4, is called essential if for all ideals J in
A, I nJ + {0}.Equivalentl¡ .I is essential if whenever a € A satisfies aI : Ia: {0}
we have ¿ :0, [60].

Example The best example is M(K(11)) : ß('11), where rcQl) is the ideal of compact

operators on the separable Hilbert space 71. More generally, if .E is a (right) C-
.A.-module then we denote the compact adjointable endomorphisms of .Ð by K(E),
or more often by øndo@). The multiplier algebra of these compact operators is
M(lC(E)) : End,t(E), the algebra of all adjointable operators on E.

Example An important example for this thesis is the following. If X is a locally
compact Hausdorff space, and C¡(X) the algebra of continuous functions vanishing
at infinit¡ then M(Cy(X)) : CúX), the algebra of bounded continuous functions
on X. This can also be thought of as the continuous functions on the Stone-Cech

compactification of X.
In the general case where /, is not commutative, we have a commutative diagram of
surjective maps

Ps(A)
kerr ¿/ \ n

Pri,m(A) ë1 á

where the map zr takes a pure state onto (the unitary equivalence class of) the asso
ciated irreducible representation, ker takes a representation onto its kernel, and ke¡zr

is their composite. We refer to these a^s GNS maps, since they a¡e all induced by
the Gel'fand-Naimark-Segal construction of C*-representations from states. In the
simplest noncommutative case, when á is postliminal, [31], Pri,m(A) = ,4 (ho-"o
morphic) and so we have

Ps(A) + Â. (1.3)

This is as clea¡ a picture that emerges of Connes' conception of a 'space with relations'
or 'points with relations.' The Hausdorff space PS(A) provides us with well-defined

'things/points,' n encodes the quotient by a relation (unita,ry equivalence of repre-
sentations) and we rega,rd .á as the ßcontinuous functions' oo á. As can be seen from
above, this picture becomes significantly murkier when .Á is not postliminal.

3
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Example A pure state { on Mn(C), the algebra of. n x n complex matrices, is of the
form

ó(A) : Tace(UPU* A), VA e M"(C),

where U e M"(C) is a unitary and P is a fixed rank one projection. Thus the
pure state space is PS(M"(C)) : PU"(C), the projective 'nitary group. Since all
representations of M"(C) are equivalent, Prim(M"(C)) = M"(C) : {pt}.
Example In exactly the same way, each state / on the compact operators K on
Hilbert space, '17, is of the form

ö(A) : a\ace(UPU* A) YA e K,

where [/ is a unitary on'Jl and P is a fixed rank one projection. Working through
the GNS construction for these states shows that all the resulting representations are

equivalent and faithful (they are all equivalent to the defining representation on ?1.)

Hence both Prim(K) and K are single point spaces.

Example In both of the previous examples we have a fibre bundle over a point with
fibre a projective unitary group. If instead we consider A: Mn(Co(X)), where X is
a locally compact space, we have

PS(A) : P(Jn x X, Prim(A) - Â: X.

Thus we obtain a trivial fibre bundle over X. To obtain a nontrivial bundle, we

can twist by a projection. For simplicity let us for the moment assume that X is

compact, and take p e M,(C(X)), p a projection. Then, if X is connected so that p
has constant rank, k sa¡

P S (pM"(C (x))p) : PU*(X)

where PUk6) is a fibre bundle over X with fibre P[/¡, which is only locally trivial.

Example The irrational rotation algebra, .46, which we will refer to as the noncom-
mutative torus, unlike the previous examples, is not postliminal. Worse, of the three
spaces associated to the noncommutative torus only two are known. We realise áp
as the semidirect product algebra

c6\ xo z,

where Z acts by a rotation through an angle 2n0, where d e [0, 1) is irrational. We
can take this algebra to be (the universal C*-algebra) generated by two unil,aries [/, V
such that

(JV : 
"2rioYg. (1.4)

As a consequence of this simple description, and. C*(Z) o C(,Sl), we see that the
pure state space is PS(Aù - ,51 x ,S1. It is known that the map linking PE(A¡) and
the structu¡e space of 14,¿ is nontrivial, but a complete description of the irreducible
representations does not yet exist (as fa¡ as this author is aware.) When 0 is irrational
we know that the primitive ideal space is Prim(As) : {0}, as the algebra is simple
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in this case. At the other extreme, when 0 is 0, we know that Prim(As) is the torus.

Hence the topological structure here is extremely sensitive to the value of 0.

Since we regard C*-algebras as analogues of continuous functions in noncommutative

geometry, we should regard the relations encoded by the GNS quotient map(s) as of

a purety topological nature. Indeed, this is exemplified by Connes' description of the

quotient space construction, [19, p 85]'

We again mention that we will almost always be thinking of ,4, as faithfully represented

on Hilbert space, or equivalently, A C ß(11). We will also have to consider the case

when ?ú is an A-bimodule. In this case we consider AØAop C ß(11)' If '4' is not

nuclear we shall always mean the minimal tensor product, 174,17).

We will always assume that this representation satisfies

la,bonl: g. (1.5)

To make this statement in the nonunital case, we need to be working in the bimodule

point of view. The problem with this statement from the representation theoretic

point of view (or Hilbert space point of view) is that o': aØL ø AØ Aop' So while

rye are considering an A-bimodule, such a statement is fine, but if we try to interpret

it in the context of representations of ,4. I Aop we will be in trouble. One way of

dealing with this problem is to assume we have two representations n : A -+ ßQA)

and. nú : Aop -+ B(Tt) which commute. Alternatively we can assume that we have a

representation zr : A -+ End¡(.E), where .E is a right c* ,4.-module. The basic theory

of th"ru modules can be found in a number of references; we refer to [60' 49]'

One nonstandard aspect of C*-modules that we wish to employ is the following notion

of irreducibility. To motivate the definition, we recall that sections of the spinor

bundle form an irreducible representation of the Clifford algebra in the sense that it
is irreducible (in the usual sense of irreducibility of algebra representations) ûbrewise.

The following concept is useful in dealing with this situation.

Deffnition L.L.L Let E be a right C* -A-module. Then we say that the representati,on

r : B + En¿¡(E) is A-irreilucibte i,! there do not eri,st (closed) complementary C* -

A-submodules F,G such that E: .t' @ G and n(B)F Ç F and r(B)G Ç G'

Remark This works just as well for pre'C*-modules and pre'C*-algebras. In this

context the word representation simply means continuous *-homomorphism' Such

maps extend continuously to ,¡-homomorphisms of the C*-completion, [60, 37]'

Example Let E : l(X, V) be the smooth sections of a vector bundle V over the

closed spin manifold X, and suppose that .E is a Clifiord module. That is, E ad-

mits a (fibrewise) representation of the smooth sections of the Clifford algebra of the

cotangent bundle of X. Then .E is a pre-.C* C-(X)-module, and the representation

Ctil I (7. x) + Ends*(x) (E) (1.6)

is Cæ(X)-irreducible if and only if it is irreducible (in the usual sense) fibrewise.

The next lemma translates this idea into a statement about projections in End'¡(E).
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Lemma L.1.2 The representation n : B -+ End¡(E) is irreducible if and only if no
projection p €. End"¡(E) commutes with n(B), ercept0 and IdB.

Proof rf p Ç End¡(E) is a nontrivial projection commuting with r'(B), thcn
E : pE O (1 - p)E provides a zr (B) invariant decomposition of .Ð.

Conversely, if there is a n(B) invariant decomposition -E : F@G, then the projections
onto F and G are both elements of. End,¡(E) which commute with zr(B). !

Example If ,4 is a unital C*-algebra, then the algebra M"(A) acts irreducibly on
the left of the right C*-.A-module .4n. This is obvious, since End,¡(A) : M"(A).
Similarl¡ if p € End¡(An) is a projection, then pM"(A)p acts irreducibly on pAn,
for the same reason.

For the nonunital case we have the following result.

Proposition 1.1.3 Suppose that I is an essential i,d,eal in the unital C*-algebra A.
Then M"(I) acts irreducibly on An.

Proof Suppose that I is an essential ideal in .4.. Then M"(I) is essential in Mn(A),
and without loss of generality ìMe may suppose that n : 1. So suppose that .I does not
act irreducibly on,4,. Then there exists a projection p e Asuch that A : pA@(l_p)A
asaleftl-module, andpb-bpfor allb €.I. As I.I ç/, liscontainedineither pAor
(t-p)A. Suppose the former. Then pb : ö for all b e .I and so (1-p)ö : b(I-p) : 0,
contradicting .[ essential. Similarl¡ if ,I C (1 - p)A then pb: try: 0 for all ö e I. I

Corollary r.L.4 Il A is unital, E : pA is finite projectiue, and I is an essential
ideal in A, then pM"(I)p acts irreducibly on E.

Proof This follows from the above by replacing a € Mn(A) by pop. tr

These results will be employed in Chapter 3, where we show that the axiom of Poinca¡é
Duality implies that the noncommutative manifolds that we consider have a 'spinc
structure', and that the anologues of the continuous functions and Clifiord algebra
are Morita equivalent.

L.L.2 Smooth Algebras

In this section we deal with the issues of regularity and (non)unitality. The usual
definition of smooth is a^s follows.

Deffnition 1.1.6 A ,r-algebro "A is smooth iÍ it is fuéchet and *-isomorphic to a
proper dense subalgebro ;(A) of a C* -algebm A uhich is stable under the holomorphic
functional calculus.

Thus saying that v4 is smooth means that ,A is Fbéchet and a preO*-algebra. Note
that asking for i(,A) to be a proper dense subalgebra of á immediately implies that the
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Fbéchet topology of "4 is finer than the C*-topology of A (since t}échet means locally
convex, metrisable and complete.) We will sometimes speak of A: á, particularly
when ,4 is represented on Hilbert space and the norm closure *4 is unambiguous. At
other times we regard i: A-+ ,4, as an embedding of Ain a C*-algebra. We will use

both points of view.

It has been shown that if ,4 is smooth in ,4 trlen Mn(A) is smooth in M"(A), l6a).
This ensures that the K-theories of the two algebras are isomorphic, the isomorphism

being induced by the inclusion map i (see next section). We will always suppose that
we can define the F!échet topology of 

"4, 
using a countable collection of seminorms

which includes the C*-norm of A: ,4.. This definition ensures that a smooth algebra

is a 'good' algebra, [37], and so these algebras have a sensible spectral theory which
agrees with that defined using the C*-closure.

Example The algebra of smooth functions A : C*(X) on a smooth, compact

manifold X is a smooth algebra, and sits inside the C*-algebra of contimrous functions,

A : C(X). To see this, recall that we can define the locally convex topology of ,4,

using the family of seminorms qn : AJ R*, n € Ne : N U {0}, defined by

q"U):ll D
aÍ

ôrI' .'.ôrl' I (1.7)

where dimX : pt e € Np is a multi-index and the norm is the usual supremum norm.

Note that g0 gives the C*-norm on C(X). To see that C*(X) is stable under the

holomorphic functional calculus, simply note that if. h : C -+ C is holomorphic, h o f
is smooth.

Of course, this is a bit sloppy, since we are using local coordinates on a single co-

ordinate chart here, and should instead employ a partition of unity subordinate to
a fixed (finite) family of charts and sum over these inside the norm. Changing the

choice of charts will not change the topology. We will remain sloppy to save excessive

notation.

Example The analogue of C- for the noncommutative torus .46, is the following

subalgebra Ae C Ae. \Me restrict to those norm convergent sums

/- t annUnV*eAs
nrmê.Z

for which (on*) e S(22), the double sequences of rapid decay. Thus

la,,-l(1+ lrzl + lrnl)d

is a bounded sequence for all d e No. The FÌéchet topology can be determined by

the family of seminorms

q¿(A): ! lo"-l(r + Inl + l*Dd, d> L

with ,4, € ,Ao a,s above. Again gs is defined to be the C*-norm of. 46. Later, when
we discuss the corresponding notion of smoothness for spectral triples, we will prove

7

lal:n
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a general result which will show that Ae is stable under the holomorphic functional
calculus, and so smooth.

Stability under the holomorphic functional calculus extends to nonunital algebras
easily, since the spectrum of an element in a nonunital algebra is defined to be the
spectrum of this element in the 'one-point' unitization. Likewise, the definition of
a F!échet algebra does not require a unit. However, many analytical problems arise
because of the lack of a unit (concerning summability), æ well as some homological
ones (namely excision in various homology theories). We make two definitions to
address these issues. The first deals with 'compactly supported functions.'

Definition L.L.6 An algebra A has local units if for euery fi,ni,te subset of elements

{"¡)T=, C A, there erists þ e. A such that for each i

óo¡: a¡ó: a¿.

Some quite noncommutative algebras have local units, as we will see.

Example If X is a (paracompact) smooth manifold, then by employing (sums of)
elements in a partition of unity, we can easily show that both Cf;(X) and C.(X) have
local units. Here the subscript c denotes the compactly supported functions. Note
that if X is not compact, then Cf;(X) is not complete in its natural locally convex
topology (provided by the same seminorms as those appearing in equation 1.7), and
C.(X) is not complete in its natural C*-no¡m topology. Their respective completions
when X is noncompact are Cf (X), the smooth functions all of whose derivatives
vanish at infinity, and Ce(X).

Example The finite rank operators, -F', on Hilbert space have local units. If we have
art...tane F,letVCTlbetheunionoftherangesof thea¿. Then Py,theprojection
onto V, serves as a local unit for the a¿. Just like the last example we obtain a Fléchet
and C*-closure. We endow the algebra of matrices of rapid decrease

RD(11) : {(a¿j)¡,¡e¡ : supikj¿lo¿¡l < oo Vk, /}
,J

with the topology determined by the seminorms

qt ,t(a¿j) : gupik jtla¿jl, Iç,1 > o,
7J

so,o :ll @¿ù ll'
ilhen RD(77) is a FÏéchet algebra, and it is easy to see lhat RD is the completion of
-F. in the topology determined by the seminorms. Moreover, Ço,o is a C*-norm, and
the completion of .F in this norm is simply rC, the compact operators on?l. Of course,
from the point of view of noncommutative topology, we have just defined the smooth
functions of compact support and rapid decrease, aç well as the continuous functions
tending to zero at inûnit¡ on a point!

These two examples have raised completion issues that it would be unwise to ignore.
So our second definition is
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Definition L.t.7 Let A be a smooth algebra anil A" C "4 be a dense ideal with local

units. Then we catt A a local algebra (when A. is understood.)

Localizable would be a more descriptive word, and local is much abused, but it will
do for now. Note that unital algebras are automatically local'

In general, if "4 is a local algebra and ¿ € .4, there exist {a¿}ffo € "4" such that

o:îon.
¿=0

Since ,4" has local units, for all N e N there is a Ó e A" such that

N N

óDo,:
Nt D"u'

I

ó (1.8)

Thus for all seminormsp: A-+ C and e ) 0, there is an.ôy' € N (dependingonp and

e) and Q7¡ € A" such that

p(óxa - a) 1e. (1'e)

So,4 has an approximate unit which may be taken to converge in its Fléchet topology.

Moreover, if. a € Ac, there is an element $ of. an approximate unit such that / is also

a local unit for ¿. We refer to such an approximate unit as a local approximate unit.

Since we will be dealing with the nonunital case throughout this thesis, we will also

require (not necessarily closed) ideals in smooth algebras. So let At be a smooth,

unital algebra, and,4 a not necessarily closed ideal in ,Au. If ,4 possesses a topology

for which ,4 is a local algebra (in particular, complete) such that the inclusion map

i: A+ Aa

is continuous, we call A a smooth ideal. Note that the topology making "4 local is

necessarily finer than that on Au, and we will always suppose that the C*-norm of "Au

can be included in any family of seminorms defining the topology of "4. This ensures

that Z is a (closed) ideal ir'Ã.
A smooth ideal ,4 in a smooth algebra .4a wiII be taken to mean that if 6"d : {0} for

some ö € "46, then ö: 0.

Example Let X be a complete, paracompact, infinite volume manifold, and "4¿ -
Cf 6\, the algebra of smooth functions all of whose derivatives a¡e bounded. We will
refer to these functions as smooth, bounded functions, with the understanding that
we refer to all derivatives. The algebra,46 is complete with respect to the seminorms

appearing in 1.7, and ,40 : Cfl(X) is a closed essential ideal in Ao for this topology.

However, not every element of Cfl(X) will be integrable, so we introduce another

ideal.

Let A : Ci(X) be the algebra of smooth functions all of whose derivatives a¡e

integrable. We will refer to these functions as smooth integrable functions. The

ai
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algebra "4 is not complete in the topology defined by the seminorms L.7, so -4 is an
ideal in "46 which is not closed. The natural topology on ,4 which makes it a local
algebra is provided by the family of seminorms

q^(Í): D ll a"/ ll, qnff): t ll ô"/ llr, r e A,
lol=t, lul=rt

where a is a multi-index and ll . ll1 denotes the -Ll norm.

Note that the definitions of the topologies on Ao and,4 contain the same sloppiness
as in the definition 1.7, but the problem is slightly more difficult here as we must sum
over a fixed countable family of coordinate charts. This can be dealt with by using
the fact that we can choose this family to be locally finite.

L.2 K-Theory and K-homology

In recent years /f-theory has become much more accessible, with many good accounts
available, 174, 68,10, 39]. The dual theory /l-homology, was initiated by Atiyah and
Brown, Douglas, and Fillmore, and brought to maturity by G. G. Kasparov. It has
a more fearsome reputation, but has recently benefited from a new text, [Bg]. Our
main references for K-homology are [43, 12,39,19, 10].

It should be stressed that a more explicit use of K K-theory could be used throughout
this section and in later chapters. However, we feel that -Il-homology proper is also
interesting, and avoiding the bivariant point of view allows us to make use of stronger
analogies with the classical case.

1.2.L 1l-Theory

Given a unital C*-algebra A, we define Ko(A) as the Grothendieck group of the
semigroup FGP(A). This is defined to be the additive (direct sum) semigroup of
isomorphism classes of finitely generated projective (right) modules over á. The
same group results if we consider left modules. The resulting abelian group has as
its elements stable isomorphism classes of finite projective modules. Every element
of Ks(A) can be represented in the form (for some n)

lE)-"
where .E is a finite projective module and r¿ stands for the f¡ee module án.
If ,4 is nonunital we define

KoØ) - ker(q* : Ks(A+) -| f(o(C))

where q a,rises from the exact sequence

o+A+A+åc-ro.
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Since all finite projective modules over a unital C*-algebra A ate of the form

pA"

11

for some n and some projectionp €. Mn(A), we can equivalently describe Ks(A) in

terms of stable isomorphism classes of projections. We will use both descriptions.

In the commutative and unital case, the Serre-Swan theorem, [67], shows that ,Ð is a

finite projective C(X)-module if and only if E =l(X,V) where V -+ X is a complex

vector bundle and f (X, V) denotes the continuous sections.

Despite the complete algebraic description of sections of vector bundles available in

the unital case, the nonunital case seems to be the subject of folklore at best. We

attempt to clarify the situation here.

To do this, we note that if. i : A .+ Au is a unitization of the C*-algebta A, we can

define the pull-back of a right ,4'¿-module .E by

i* E : El¡ :: Ei(A) : {ei(a) : e e E, o < A},

with the obvious right action of ,4 on El¡. Note that as an -46-module, El¡ is

a submodule of .Ð because E|qAo Ç Elt. In fact, this works for any embedding

i : A'+ A6 of.,4 as an ideal in .46.

Example Let 1 -+ Xc be the trivial line bundle over X", where Xc is a compactifi-

cation of the locally compact, noncompact Hausdorff space X. The space of sections

of this line bundle is .E : C(X"), and this is a right C(X") module. We have the

unitization map, i z co(x).+ c(xc), and so we can pull.E back to co(x). we find

i* E : i. C (X') : C (X')i(Co(x)) : Co(x).

Thus we obtain the space of sections vanishing at infinity.

Exarnple Let X be as above, and consider the embedding i : C.(X) '-+ Co(X). If
E : lo(X, V) is the C6(X)-module of sections vanishing at infinity of the vector

bundle V, where V + X", then we can pull it back to C"(X) as above. Then

i*E:|"(X,V)

and we obtain the compactly supported sections'

Definition L.z.t IÍ i z A + A6 is a unítization, ue soy that an A-module is A6 finite
projectiue if it is of the formi*E for sorne finite proiectiue A6-module E.

The main result of this section is the following.

Theorem 1.2.2 (Nonunital Serre-Swan) Let X be a locally compact Housdorff

spoce, A: Co(X), and Ao: C(X") lor sonxe cornpactification Xc of X. Then a

right A-module E is of the lonn E : pAn, p €. Mn(Ao) o proiection, il ønil only if
E :lo(X,Vlx\, whereV -> X" ís a ue*tor bundle andls denotes sect'ions aanishing

at infinity.
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Proof Suppose that .Ð : fo(X, Vlx), where V -+ Xc is a vector bundle. Then for
some ?? and projection p € M"(Aa),

f (X", V) = p(A6)n,

by the Serre-Swan theorem. Note that as X C X" is dense and open, and rank p is
locally constant, p I M"(A). Setting i : A.-+ A6 to be the unitization, we have

i*l(X",V) : pA": fo(X, Vlx).

Conversely,let E : pAn-with p € Mn(A) a projection. Then rve can define a finite
projective á6-module, E : p(Au)", with the obvious right action of A6. By the
Serre-Swan theorem, there is a vector bundle V -+ Xc such that

É: p(Aù :l(X",V).

Employing the pull-back by the unitization map as above immediately shows that

i*É : E:lo(X,Vlx).

D

Corollary L.2.3 With A and A6 as aboue, the A-module E is isomorphic tols(X,V)
lor V -+ X triuial at infinity iJ and only if E = pAn for some p € M"(A+).

In fact, since a bundle trivial at infinity will extend to any compactification (trivially),
there must be p € M"(Aa) such that lo (X, V) : pAn , for any unitization ,4.6. This
does not contradict the corollary. Excision in K-theory, 174,39], tells us that the com-
pactly supported /{-theory (the usual definition in the nonunital/noncompact case)
is independent of any compactification. However, the nonunital Serre-Swan theorem
is telling us that to get a handle on the actual vector bundles, and not just the result-
ing cohomology theor¡ we need to take account of all compactifications/unitizations
simultaneously. Fortunately, the existence of a maximal compactification ensures the
existence of a ma>rimal compactification to which a given bundle extends. Note that
any notion of bounded cohomology (the natural dual of singular homology defined
using finite chains) in .I{-theory will require this notion. We will take this up further
when we discuss Poincaré Duality.

Example If X is the interior of a compact manifold with boundúy X, then the
sections of the tangent bundle of X vanishing on the boundary is certainly an example
of the above phenomena. This seems somewhat trivial as we have a compact space
to which the vector bundle extends, and so rve can realise it in the usual compact
Serre-Swan fashion.

A more genuine seeming example is any (finite dimensional) manifold which does not
have finitely generated cohomology groups. It is easy to construct a vector bundle I/
on such a spaÆe which is not trivial outside any compact set. An example of such a
space is FiP, P ) 1, with the open balls of radius I a,round each point of. 7] deLeted..
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So whenever A .-+,4,6 is a unitization of the C*-algebra A, we will regard ,4.6 finite
projective á-modules as the noncommutative generalisation of the modules of sections

of vector bundles vanishing at infinity. These bundles should be thought of as being

defined over the noncompact, noncommutative space A.

Next we look at the endomorphism algebras of these bundles. Since these modules

come from modules which are finite projective over A6,, it follows that they have

Hermitian forms making them into Cr A6-modules, [19, 49, 60]. These forms restrict

to take values in -4, as it is an ideal, and so yield C* ,4'-modules.

Proposition L.2.4 Let El¡ be an A6-fi,nite proiectiue A-module, El¡: PAn, where

p e Mn(Aa). Then, regarding El¡ as a C* A-module, we haue

EnSA@lA) : pM^(A)p End'¡(El¡) : pMn(Aùp, (1'10)

where EnæA@lA) denotes the ideal of compact endomorphisms and End¡(El¡) the

C* -algebra of adiointable operators on El¡'

Proof The A6-module .E is of the form .E : p(Au)". Writing M(B) for the multiplier
algebra of a C*-algebra B, it is then standard that, [37, 49],

End,¡u(E) d M (Enf¡u (E)) : ønilou(ø) = pM^(A)p.

These equalities follow from End¡u(E) being unital. To prove the proposition, we

begin with a variant on a standard isomorphism, [37]. Denoting the ,4'-finite rank

operators on Ela by Endf (.8), define 0 : Enilf (Elò ---+ pM"(A)p bv setting

elpÐ@nD to be the matrix with i,i-th entry !¡,¿p¿n€*Tip¿¡. One checks that this

is a x-homomorphism and an isometry and has dense range. As such, 0 extends to a
*-isomorphism of øndo@l¡) = pM"(A)p.

As i* E is a right á¡-submodule of E, we see that

End¡oþ* E) : End,¡(i* E).

Also, i*.8 is a left End,au(E)-submodule, as is easily checked. consequently

Enda(i* E) : End'¡a(E) : PM"(A)P.

tr

Remark In [39, Appendix A], the authors introduce'the endomorphisms ca^rried by

r4.' in their description of relative lf-theory classes for K*(A6,A). This is just the

compact endomorphisms of an A6 finite projective .Á-module.

Recall that a C* A6-module .E is called full if elements of. A6 of the form ({,4),

€,q € E, ate dense. Here (',') is the /.¡-valued inner product. As finite projective c*
modules a,re full, so axe ,4,¿ finite projective .A-modules. As ,4. is ø-unital, and these

modules are full, the following result holds, [60].

Lemma L.2.6 Giuen on A6 finite projætiue A-module E, there eaists a sequence

of elements {€"} Ç E such thot l;?=1(€r,,€")¡ conl)erges in the strict topology to

r e M(A).
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It is important to notice that despite the multiplier algebra of pAp being pAup (by
restricting the last proposition to the scalar matrices), the lemma involves the mul-
tiplier algebra of ,4 which can be much larger. The multiplier algebra acts naturally
on the right of Ela.

We refer to [60] for the proof, but briefly ¡ecall the strict topology. This is the topology
on the multiplier algebra generated by the seminorms

ll ö ll,:ll öa ll + ll ab ll Va e A,b e M(A). (1.11)

If X is a C* A-module, then strict convergence in End,¡(X) implies *-strong conver-
gence in End,¡(X), and the strict topology coincides with the *-strong topology on
norm bounded sets. We will abbreviate x-strong convergence to *-SOT, by analogy
with the x-strong operator topology on Hilbert space.

We will also require smooth versions of these modules. So let A be a smooth ideal
in 

"4.6 
which is essential. Let p e Mn(A6) be a projection, and consider the right "4

module E : pAn. If M e pM"(Aùp is a positive, invertible element, \Me can define a
nondegenerate "4-valued inner product E x E -+ Aby

(f ,'l) : D(eù. uu¡rtt, (,n e A.

As far as the topological issues below are concerned, we can always suppose that
¡14 : pId¡up: p and employ the (Euclidean) inner product

G,rùø :D(in¿:lÊinn.
iz

This is because
((, €) : (tMc,Ju1, <ll M ll ((, ()ø.

Since the topology of "4 is finer than that on A6, in the following we will denote
the family of seminorms defining the topology on A6by {q"}, and the family on 

"4
by {q"r}. Recall that we always assume that {q"} Ç {q"r}. If {q"t} is a family of
seminorms defining the topology of 

"4., 
then

q¡ø(€): q"{€,€)

defines a family of seminorms on .8. Since this family contains the C*-norm of ,4, and
(.,.) is nondegenerate, E has a canonical C*-module completion. This completion is
theÆ finite projective Z-module E :'pT.

Lemma 1.2.6 Let "A be a smooth essential ideal in ,Au, and {q"t} o family of serni-
nonns on A. Then the A-module E : pA" defined as aboue is complete with respect
to the sem'i,norms {q,¿ø} il and only if A, is complete uith respect to the tamily {rf"t}.

Proof Suppose that A, is complete for the seminorms qn, artd let {f-} be a sequence
in .E which is Cauchy for all the seminorms gnø. Then (f-, €-) is a Cauchy sequence
in "4 for the seminorms qn. Without loss of generalit¡ this means that

iekr*'
i=L
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is a Cauchy sequence in .,4, and indeed for each i, t^¿ is Cauchy in "4. Let (¿ be the

limit of this sequence, so that { : P(€r, .'., €r,)" e pA. Then for each n we have

Q¡E(t^- () : ø",(f (€- - €)i(€- - €)¿) + 0,

so that 4 e Eis the limit of th" ,"qrr"rrle {€-}, and -E is complete'

Conversely, suppose tlnat E is complete, and that {a-} is a Cauchy sequence in ,4,'

Define €^: p(a*,...,a*)T, so that {€-} is a Cauchy sequence in .8. The limit in ,Ð

is of the form ( : p(a,...,o)r € pAn, so ¿ € A, arrd "4 is complete' D

\Me will usually suppose that .Ð has the topology arising from "4 in this fashion'

There is an obvious notion of adjointable, "4-linear continuous operators on these

smooth modules, so we can discuss endomorphism algebras. We can topologise the

endomorphism algebra using the seminorms

qn(T)2 : suP {q"(T€,"€)}'
q"rø (€)=1

where on the right hand side we use the seminorms defining the topology of.46. There

is an obvious notion of finite rank operatots, as usual, and we define the compact

operators to be the completion of the finite rank operators in the topology defined by

the seminorms
qn{S)2 : sup {q"r(S(, S€)},

súø(Ê)=r

where en1 ãrê the seminorms defining the local topology of ,4,. Thus the topology on

the compact operators is a priori stronger than that on the full endomorphism algebra.

Note that we can also complete the compact operators in the topology coming from

,4a, but we will not need this.

Lemrna-L-2^7 If ,A,.is a smooth essential ideal in Aa anil.E - pAry is as aboue, then'

nnflo(n) is a smooth essential iileal í,n End,¡(E), Endo@) is local, and we haue the

i,denti,fications

nnfn@) : pMn(A)n End¡(E) : pM"(Aa)p.

Proof LetE be the C*-module closure of. E. Let

Bn: {T e End,V(E) , q¿(T) < oo}

where we regard the q¿ as possibly unbounded linea¡ forms ot End'V(E). Then each

8,, is a Banach spa,ce for the norm ll T lln: Do<¿<r, q¿(?) (recall that gs is the C*-

norm). Then End¡(E) : (lnBn and if T¿ + T foi aII seminorms grr, then T e Bn for

each rz, so ? € Enda(E). Hence Enda(E) is complete. Moreover,

End,t(E) : pM"(Tùp fì fì,'dom1n: PMn(,Aùp.

since.E : pAn, the finite rank operators axe dense inpM"(,A)p for the smooth topol-

ogy providãd by the gr,1 (which make sense on pMn("4)4), to øndn@) : pM"(A)p'
Finally, pMn(A")p is a dense ideal in pMn(A)p, so Enda(E) is a local algebra. tr
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So we now have a good handle on smooth endomorphism algebras. A final point is
that the (right) action of ,4, on the module E : pA naturally extends to an action
of Au, since 

"4. 
is an ideal in Au.

Having examined bundles, modules and 116, we turn to the other half of If-theory,
namely K1.

The group KúA) is defined to be the group of connected components of GL*(A)
under multiplication, modulo the action of elementary row operations, [68]. This is
usually still written as addition since

rur +rur :(ä i)-(t ?):r, (Lrz)

Unitality matters less here because, mimicking the Ko procedure,

KíA) :: ker(I(1(,4+) -+ /f1(C))

I 
k;r(xt(,a+) -+ 0)

: 
^r 

(Á+).

There are many properties enjoyed by the I(-groups, including functoriality (already
used implicitly), homotopy invariance, Morita invariance, continuity and most impor-
tant, Bott periodicity.

To describe Bott periodicity we begin by defining the suspension of a C*-algebra A
by

sA:.4øcs(R), siA-AØco(Ri). (1.18)

Then we define higher /f-functors by

K-¿(A):: K(S'A).

Then Bott periodicity asserts that for all C*-algebras

K_¿(A) = K_¿+\(SA),

for all i. Thus, once one checks that our previous definition of Ifi agrees with the one
above, there are only two I( groups, and together they form a homology theory for
complex C*-algebras. The most important consequence of Bott periodicity is that to
any short exact sequence of C*-algebras

0+J-+A-+AlJ+0
we can associate the six term long exact homolog-y sequence

KoQ)+Ko(A)+Ks(AlJ)
ô1 +a
KL(A/J) <- K{A) + K1(J) (1.14)

One can define K-theory for the class of pre-C*-algebras using pre-C*-modules, see

[10, 19], and the importance of this cla.ss of algebras stems from the fact that the map

i*: K*(A) -> K.(Ã) (1.15)
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induced by the inclusion 
i : A _+ A

is an isomorphism. See [6a].

There is also defined a relative K-theory K*(Au,,4.) whenever Á is an ideal in A¿. We

need not go into this theory in great detail here, except to note that excision holds

in K-theory, so that K*(A¡,A) = K"(A) for any A6 in which.4 sits as an ideal. We

refer to [39] for the full details and the relation to the modules we are employing in

the nonunital case.

L.2.2 K-Homology

The cycles of this theory are one of the basic tools of noncommutative geometr¡ and

form the basis of what might be called noncommutative elliptic theory; see [3] for the

initial motivation for this viewpoint and [43, 44, L9] for a more modern and complete

discussion. The most thorough exposition of (analytic) K-homology is to be found in
the book of Roe and Higson, [39].

Definition L.2.8 A Fredholm module Jor the unital and separable *-algebra A is a
pai,r (7í,F) where',lL is a Hilbert space on whi,ch A is represented, and F :'11 -+'11

satisfies F : F*, F2 : I and lR,al e lCQl for all a e A.

Such a Fredholm module i,s called euen if there is an operator I :'ll + 'lí such that

l: f*, 12:I,ltr'+r'l: 0 and la-ol :0 Íor all a€. A. Otherwise it is called

odd.

The conditions on I may be summarised by saying that I is a Z2-grading of 7l such

that -F is odd and ,4 is even. If we wish to discuss Fbedholm modules in a parity free

way, we shall include f in formulas with the understanding that I : 1 in the odd

case.

This is actually the definition of a normalised Fledholm module, but there is a canon-

ical way to replace an unnormalised Fledholm module, for which F2 - L and tr' - tr'*

are compact operators, with a normalised one without changing the equivalence class,

[1e].

Addition of Fledholm modules is by direct sum. Two Fledholm modules (?{,41),
(H', F',1', ) are unitarily isomorphic if there is a unitary U :7{ + ?ú' such that

(H',F',f') : (U?t,(IFtl*,UlU*). (1.16)

A Fhedholm module is called degenerate if [r, o] : 0 for all a' € "4' Two F]edholm

modules (H, F,t), ('ll,tr'" f) with the same underlying Hilbert space and action of ,4

a¡e said to be operator homotopic if there is a norm continuous map

F¿ 
' [0, L] + ß(?t) (1.17)

such that (?1, Fù is a Fbedholm module of the same pa.rity over ,,4 for all Ú € [0, 1] and

Fo: F, Fr: F'.
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Flom the above ingredients we concoct an equivalence relation. Two Fledholm mod-
ules {, 4 are equivalent if there are degenerate FÌedholm modules (/, 4/ and a ho-
motopy of {@('to ( where ( is unitarily equivalent to qØr¡t. When A: Ais
a C*-algebra, the resulting collections of classes (even and odd) are abelian groups
denoted

Ko(A) and r1(.4). (1.18)

The identity element is in both cases represented by any degenerate module, and the
inverse of [71, Fl is 171,-,F'] (in the even case 177,-F, -f].)
The nuclearity of ,4. is only required when we desire an isomorphism

Kt(A) P Ert(A). (1.1e)

In fact nuclearity is still too strong, and one can replace it with weaker nuclear-type
conditions; see [73, L7,43].

/(-homology is a Morita invariant, contravariant functor from separable C*-algebras
to abelian groups. In [39], K-homology is shown to be Bott periodic, dual to /(-theory
in the usual sense, and finitely additive. In particular

Homq(K.(,4) ø Q, q) = K.(A) ø Q.

'We note that if (11, F) is a Fledholm module over a pre-C*-algebra A, it automatically
extends to a Fledholm module over the norm closure ,4., and so defines a class [11, F] e
K.(A).
For nonunital algebras \Me may define

K.(A):: coker(/f-(C) -+ K.(A+\.
'Whenever á is an ideal in ,46 and both algebra,s are separable, there is also a rela-
tive K-homology defined, K*(A6,,4). In [39] it is shown that I{-homology satisfies
excision, so whenever ,4. is an ideal in á6 and both are separable,

K.(A) e K*(A6,A).

For us this means that we can use the earlier definition of Fledholm modules even in
the nonunital case, but elements of the l(-homology will be differences of such classes
lying in the cokernel cited above. It is feasible (even likely) that when we have a
separable unitization A6 that a description arising from relative modules would be
more useful, but this is very much in the vein of (local) boundary value problems
which we a,re not discussing here; see [4, 7].

One of the main purposes of these relative groups is to ease the description of the
boundary maps in the .If-homology six term sequence

KoØb/A) -+ Ko(Aù -+ Ko(Ab,A)
aî +a

Kt(Ar,A) + x,(,qù <- KL(A,,A) (1.20)
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Despite the great depth and interest of these boundary maps and their relevance to

index theory, we d.o not explicitly need them or the relative theory, and so refer the

reader to [39, 4,7] for more information.

L.2.3 Cap Products, Bimodules, the Pairing and Poincaré Duality

For the cap product and its relation to the pairing of K-theory and /(-homology we

will begin with the commutative and unital case to illustrate, and then proceed to the

noncommutative and nonunital case. The cap product is a bilinear, Z2-graded map

fì ' 
K-(,4) Ø K.(A) -+ K.(A). (1'21)

This turns K-homology into a module over K-theory. If X is a closed spinc manifold,

we have the important result

K.(c(x)): K.(c(x))[lt2] (r'22)

where [2] is the K-homology class defined by any Dirac operator on any fundamental

spinor-bundle, [51, 6]. This is Poincaré Duality in /(-theory for spinc manifolds, and

we shall return to it continuously. The relation of the cap product to the pairing

(K.(A),K.(A)) çZ

in the commutative ca^se is given by

{"1,1't7,4 fl) : Index([e] À1x,4 fl)' lel e Ks(A)

{ul,l'11,r1) : rndex([u] l-ì[ø, r]), lul e K1(A).

The maP 
Index : xo(A) -+ z (1.28)

is defined by

Index([?l,4r]) : Index (+t+)
where on the right we have the usual index of Ftedholm operators. The even valued

products can be made explicit. 'We write [(", N)] ([("' N)]) for an even (odd) K-theorv

ãlass, whe. e e €. M¡¡(A) (" e MnØD is a representative of the class. Then we have

Ko(A)xKo(A)+Ko(A)
[(",N)] nÍ(T{,4r)l

: 
l(""* 

@er\,( 
"rJ,"" 

"F* Øot"' 
) 
,( ; j, ))] , e.24)

where ?t+ : Ex,and .tr, : ( å i ) 
* every projection determines a finite

projective module, this is easily seen to bá just twisting the Fledholm module by the
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module given by [(",N)]. The product of a unitary and an odd F]edholm module
leads to the odd index, [4, 39],

rq(A) x r(1(A) -+ Ko(A)

r(,,N)l ¡t(?l,r)l : 
[(r"1,",(å i ),( 'il _î" ))] o25)

Here
F+uF+

0

where It+ - 1+'q81'v. Note that these classes are not normalised.

So in terms of these cap products the pairings are

Index ("1r ø r¡") and Index (F+uF+) .

One can show that the latter expression computes the spectral flow of the pair (,F, z)

In the noncommutative case the cap product does not generally exist. The pairing is
still given by the above Fïedholm indices, but these operators will not define Fledholm
modules in general.

To see how to generalise this picture, note that in the unital and commutative case,
any Fledholm module can automatically be extended to a (symmetric) bimodule, and
so define a module over ,4.8 Á. Thus we can embed

K.(A),+ K.(Aø A).

In particular, for the formulation of Poincaré Duality for spin" manifolds, we may
take the class of the Dirac operator lDl e K.(A 8,4) and still have

K.(A)l-ì[o] : K.(A).

In this context we should properly interpret lì as a special case of the Kasparov
intersection product (described as a slant product in [39]), however the formulas 1.24,
1.25 give explicit cycles representing the product.

So in the noncommutative, unital c¿rse we exploit the fact that /(.(,4) e K*(Aon) and
formulate Poincaré Duality as follows. We say that ,4, satisfies spinc Poincaré Duality
if there is a class p e K+(AØ y', p) such that

K.(A) l'lp = K.(A).

The justification for such a formulation of Poincaré Duality in noncommutative ge-
ometry is taken up extensively in [18, L9,22] as well as the stronger spin or Real form.
For now we note that it gives the noncommutative pairing/Index Theorem the same
formal structure as the commutative one.

In the nonunital and commutative case we would like an analogous formulation.

î),F: (
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The usual statement of Poincaré Duality for a noncompact homology manifold of

dimension p is the isomorphism, [56],

.f-ìr , Hi6;z) -+ Ho-*6;z)

where I e Hi6;Z) is the fundamental class, Ht6;Z) is the compactly supported

cohomology, H*(X;Z) is the usual singular homology of. X defined using finite chains,

and ¿7¡ (X ;Z) is the homology defined using infinite but locally finite chains. If in
addition one (and so both) of these groups is finitely generated, then

.l-ìr' H*(x;z) -+ Hf,'-(x;z)

is also an isomorphism. Here the bounded cohomology H*(X;Z) is defined using the

chain complex dual to that used to define the finite singular homology'

Example The trivial example is Rp. In this case

Ho(F¿p):Z fIr(Rp) :{0}
Hf;(F.e) : z
Hpc(Flùp) : z
Ho(nn¡:7

Checking that the cap product with either of the generators [Re] € I{f (Rp) yields

an isomorphism is straightforward.

To translate this into K-theory, we need analogues of all these groups and the funda-

mental class. The usual definition of the K-theory of a nonunital algebra (noncompact

space) is precisely the analogue of compactly supported cohomology' Flom results in

[4] comparing relative and absolute K-homology of a nonunital algebra, we know that

ill uoutogou of locally finite homology is K*(A), where.á. is nonunital. The analogue

of bounded cohomology should consist of .46 finite projective Á-modules, but which

unitization A6 to employ is not obvious.

In the classical case, we can take the projection defining any of the complex spinor

bundles to live in a matrix algebra over a particular compactification ,4¿. This then

tells us that the projection defining the exterior and Clifford algebras can also be

taken over the algebra,46, and so taking our cue from de Rham's theorem, we shall

describe the bounded K-theory a^s /r-(,4¡). The ambiguity in the choice of .46 may

be repaired by taking the ma>cimal possible .,46. Flequently this algebra will fail to be

separable, but K-theory behaves well for such algebras, unlike K-homology' For the

general noncommutative case we will have to build such a choice of ,4,¿ in as well, and

this will inevitably be part of our data set/a:<ioms.

Lastly, we need to make a sensible definition of finitely supported or compactly sup-

ported K-homology. This seemingly has no good counterpart in the world of a,rbitrary

ø-unital C*-algebras, but for those that a¡e the completions of local algebras we have

a clean definition.

So suppose that.A"ç AçÁ: A is a local algebra and {/"} is a local approximate

unit. Úithout loss of generality we may suppose tbiat Qn is a local unit for all /¿ with
i < n. Define subalgebras

'4n 
: {ø e ,A i aÓn: Óna: a}, An:Æ,

vk
YK

VK

VK

: {0}: {0}: {0}

¡rr(Rp)
øf (nr¡
f/k1nr¡

0
p
p
0
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and define the compactly supported K-homology of .4 to be

K:(A):: limK*(,4,,).

The inverse limit is defined with respect to the obvious inclusion maps

in :An)A*

defined whenever n 1 m. Recall that elements of the inverse limits are sequences
(Ft,Fz,...,,Fk,F*+t,...) with Fn e K*(Ar) and such that Fn : ilr,n+t4n+r for aII n.
Note that typically ón I An because ó2"+ ó".

Lemma L.2.9 Let A be a smooth local algebra with A: A separable. Then Ki(A)
is independent of the local approrimate unit used to define it.

Proof Let {Qn} and {t/"} be local approximate units. Then, by virtue of the fact
that for alln € N and ón,rþ, € r4", there is some m) n so that for all N > rn we
have

,þNó": öntþx - Sn and rþ"ó¡v : ó¡¡tþn:1þn.

So for all n there exists N > r¿ such that l* C ,4'$, where Af is the subalgebra
defined using /r, and, AÚ* is defined using r/iy. Clearly this is symmetric.

Next, we notice that the family of inclusion maps ir, : An -+ .4 provide us with
a family of surjective maps ii : K.(A) -+ K.(An). The compatability of these
inclusions shows that they assemble to give a surjective map (ii) : K.(A) -+ KiØ).
Thus if F : (.t'r, F2,...,Fn,...) is an element of K[(Ad), the compactly supported
/(-homology group defined using units Sn and inclusions irr, there is an .F' e K.(A)
such that Fn : iLF for all n. Write KiØ'þ) for the group defined using units tþn and
corresponding inclusions jn. Now define a map

o: Ki(A\ -+ KiØ'þ)

by settirrg
O(ft, F2,..., Fr,...) : UiF, ji?,..., jirF,...).

This is well-defined, for if .F' is in the kernel of all the maps jfi, then it is in the
kernel of all the maps i[. This also shows that the map is injective. The symmetry
of the relation between the two local units allows one to easily check that Õ is an
isomorphism by constructing the obvious (analogously defined) inverse map. tr

The key points thal, we require are that the K-theory of a local algebra A is actually
the direct limit of the K-theory groups K*(A"), and that the image of the cap product
with ¡^r is consequently contained in KiØ).

Lemma L.2.LO Suppose that A is a smooth local algebra with A: A separable. Then

K.(A): h#¡(-(,4").



1.2, K.THEORY AND K-HOMOLOGY 23

Furthermore, il t-r € K.(AØ Aop) then

K.(A)[l¡, ç KiØ).

Proof First, the algebras ,4.r, together with the inclusions in^ : An -+ A* form a

directed system of algebras, and clearly A: U;8. Similarly, extending the inclusion

maps to unital maps, [39],
At - unAt.

Now K* is a continuous functor, so

K.(A) ,-- È.çt+¡ : limft*(A:).

So the first statement is proved. For the second statement, we first must explain what

\rye mean. Using the inclusion maps, we have a family of surjective maps' as above,

ii: K.(A) -+ K.(An)'

Since il,rr* jIr+t : ift, we have a well-defined surjective map

(ii): K.(A) -+ Ki@),

which rakes [rc] e K.(A) to (ii[rc]),¡ r e Ki(A). To say that K*(A) n p g Ki@) is
the same thing as saying that (i[) is an injective map on the range of the cap product.

To prove this, we need to show that if

i;(þl n p) : i;(laln p,),, ["], [g] e K*(A),

for all n) l, then þl t)p: [a]np. The statement i[([ø] fìp) : ¿å([v] n¡r) for

all r¿ ) 1, means that the restriction of the right action of á to An on any (right)

Ftedholm module representing the cla^ss of [ø] n p agrees with the restriction of the

action on [g] fì p. As A : ffi, we conclude that any representatives of these two

classes definà equivalent Fbedholm modules for A, and so l"ln p: [g] n ¡.r,. Hence the

cap product with p can be regarded as lying in K"(A). u

Remark We can not deduce from the above that [ø] : [g] unless we know that the

cap product with ¡.r is injective on K.(A).

Corollary L.2.LL When X is o poraoornpoct, complete spint manifold, the map

.l-ìp 
' 
K.(A) -> Ki@)

is øn ísomorphism, uhere A: Co(X) and ¡.t, e K.(A) is the K-homology closs of any

Dirac operotor on the funilamentol cornplex spinor bunille.

Proof (Sketch) We have already seen that the smooth integrable functions on X
form a local algebra with the compactly supported functions forming the dense subal-

gebra with local units. It is shown in many places, [39, 5, 6], that the Dirac operator
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on a complete space defines a K-homology class lD] e K.(A). The previous result
shows that the cap product with [2] lies in the compactly supported K-homology so
we need only show that this map is an isomorphism.

To prove this, one notes that the isomorphism is true for Rp, and then uses a suitably
chosen partition of unity together with a standard Mayer-Vietoris argument to patch
together the various isomorphisms, [39]. D

So now we come to our l{-theoretic definition of Poincaré Duality for the commutative,
nonunital case. Suppose we have a unitization of a local algebra A"ç AÇ AÇ Au
and a class p e K. (A) (or more properly K. (A Ø A'p) .) Then we say that A satisfies
Poincaré Duality and that ¡^r is a fundamental class if

.)p, K.(A) -+ K;(A) (1.26)

is an isomorphism. If the map

'ìp, K.(Aù -+ K.(A) (t.27)

is also an isomorphism, we say that ,4. is of finite type.

Note that in the compact case, these maps coincide. Also, taking p e K*(AØAop)
allows these statements to be carried over verbatim to the nonunital noncommutative
case. Hence, given a nonunital local algebra A and a class p, e K*(A* ¡on), we
say that A (or more properly ,4.) satisfies Poincaré Duality if the map 1.26 is an
isomorphism. If in addition 1.27 holds, then ,4 is said to be of finite type.

One other important fact that is automatically true in the unital case but requires
attention in the nonunital, is that the fundamental class ¡.1 actually defines classes in
K. (A) and K* (Aon) as well. In the unital case this is easy, since we can restrict a
representation of A Ø Aop to ,4. I 1, and so on. In the nonunital case we have already
seen that to formulate requirements such as

[a,bq]:g Ya,be A,

we need úuo representations, zr and zrop. This is an important stipulation, and ensures
that we have the associated classes mentioned above. This feature is not noticeable
in the unital case, but is in fact an important structural feature, as we shall see.

Poinca.ré Duality can also be formulated in terms of the intersection product in the
commutative case, and there is an analogue in the noncommutative ca"se also. This
approach only works rationall¡ or in the absence of torsion in the K-groups, and
typically one obtains only rational invertibility of the intersection form, even when
there is no torsion. We consider only the unital case here, for simplicity, but it is
clear that the whole discussion extends to the nonunital case.

Let þl,lq) e Ko(l), [r], [u] e lfr(,a). Then the outer product in ,If-theory (yet
another special instance of Kaspa.rov's intersection product) yields elements, [19, 39],

lpø q*l e Ko(AØ Aq) fu Auql e Ks(AØ Aq)
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lpØuoo + (1 -p) s 1l e Ky(Aø AoP).

We note that the definition of the product of two odd classes is quite involved, [19].

The intersection form fl defined by the fundamental class ¡.r,, is

[l ' 
lr.(a) x K*(A) -+ z

is given by

[ìøø qo'):\¡t,þØø"eJ)

f^ì(" n uop): (p',luØu"el)

in the case where ¡^l is an even K-homology class, and

[ì(pø uoP +(t -p) I 1) : (¡r,þø uoP +(t -p) ø t])

when p is an odd class'

Lemma L.2.L2 IÍ p e K*(AØ Aop) satisfies Poincaré Duality,

'Ip' K.(A) 3 x;1't¡,

then the intersection form is nondegenerate il and only if the K-theory is torsion lree

proof Using the compatibility of the cap product and external product with the

index pairing, [S9], we have for all classes fr,U e K.(A)

ilt,nUAoP) : 0tñAoPrnl'

Now if lve assume that there are no torsion elements in K-(Á), then the Poincaré

Duality isomorphism shows that there is no torsion in K-homology either. Hence for

each y there is some ø such that the pairing At,r U ronl is not zero' That is, the

intersection form is nondegenerate.

Conversely, suppose that for each gr there is an c so that the pairing is nonzero. Ifwe

suppose that some gr is a torsion element then it is clear that ¡.r, ñAry is also a torsion

element, and hence defines the zero homomorphism on -Úf-theory. This contradicts

the nondegeneracy of the intersection form. tr

We will use the intersection form to check Poincaré Duality in some important cases

where we know the K-groups axe torsion free. For other important consequences

of Poinca¡é Duality, see [19, 55]. Some of the significance of Poinca¡é Duality is

summarised below.

We have dealt so fa¡ with noncommutative point-set and algebraic topology, the

next two sections will deal with noncommutative differential topology. Apart from

providing a generalisation of the cla.ssical theory, the motivation for these subjects,

like so much of noncommutative geometr¡ stems from index theory. Having set up

the pairing between f(-theory and K-homology, which is of couse integral, we would

like to mimic as far as possible the structure of the Atiyah-Singer Index Theorem.



26 CHAPTER 1. BACKGROUND RESULTS

To do this, we recall that one requires (some degree of) smoothness to employ the
Chern-Weil theory to translate If-theory data into differential forms. The index
pairing can then be computed by integrating the resulting differential forms. However,
as stated this is incomplete. We require a Chern character for K-homology also, so
that

{pl, 111,F, ll) : (C h.[p], C h* [']1,4 fl),
where on the left we have the K-theoretic pairing of a projection and an even K-
homology class, and on the right we have the pairing of a differential form and a de
Rham cycle, [1,9].

The -I{-homology Chern character does in fact exist, and allows one to employ this
picture of Index Theorems. However, the Atiyah-Singer Index Theorem uses the
integral over the whole manifold (i.e. the fundamental class), rather than arbitrary
cycles, to compute the index pairing. The key to resolving this is Poincaré Dualit¡
for when this is satisfied, every cycle is the cap product of a differential form by
the fundamental class. This allows us to express the index pairing of /(-theo¡y and
K-homology in terms of the K-theory data and the fundamental class only. In K-
homology of a spin or spinc manifold, we have noted that the fundamental class is
the class of any Dirac operator, lDl, on a fundamental spinor bundle. So for any even
Fledholm module lH,F,l], there is a projection q so that

{p),Í?r,4 rl) : {p),Íq][ìtall : (þ] u [q], [p]) : I*"n.rrrUtql) n r(D), (1.28)

where I(D) is a differential form appearing from the structure of D (egthe Todd genus,
,4.-genus,...) This is the form of the Atiyah-Singer Index Theorem, and we note that
it is a sum of integrals of differential forms. However, the Chern characters have good
homotopy invariance, and homomorphism properties at the level of (co)homolog¡ but
to perform such an integral, we require actual differential forms, not just cohomology
classes.

Thus in the next section we investigate the noncommutative generalisations of differ-
ential forms. The construction of universal differential forms will turn out to be far
too large to be useful (in particula¡ it has trivial homology), but provides a common
language for the homology theories and differential algebras to follow. Ultimately we
will require something ïve can represent on Hilbert space, and natural requirements
on this representation will focus our attention on Hochschild homology as the gener-
alisation of differential forms. To justify the word generalisation, we mention a result
of Connes and Teleman, namely that for a smooth manifold the Hochschild homology
of the smooth functions coincides with the de Rham complex.

The following section introduces the cyclic theory, which will provide the generalisa-
tion of de Rham (co)homology, provide a receptacle for Chern characters, and allow
us to formulate Index Theorems in the noncommutative theory. We will describe the
Chern characters and the pairing a.s well. Combined with the existence of a funda-
mental cla^ss in.tf-homology satisfying Poinca¡é Dualit¡ we will then be in possession
of all the tools necessa,ry to mimic the structure of the Atiyah-Singer Index Theorem.
All that will remain is to identify good representatives of the Chern characters to
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effect calculations with. The Local Index Theorem does just this, giving concrete

representatives for the K-homology Chern character. This requires additional data

above and beyond a Fbedholm module, requiring smooth structure and an unbounded

operator D. The result will then have the form of a sum of integrals'ovet differen-

tial forms (and some strange cousins) which reproduces the usual Index Theorem for

manifolds.

Finally, inspecting equation 1.28 shows that the top component of the homology

Chern character is given simply by the integral of the top component of the /(-theory

Chern character. This is because the multiplicative characteristic classes 1(2), which

appear must all have constant term 1. Thus this top component is the ordinary

integral, and pairing it with Hochschild classes (differential forms) will reproduce the

integral over the manifold. One does not usually think of the integral on a manifold

as the Hochschild class of a Chern character, but it is clear that one can. Essentially,

Connes' Theorem 8 (which appears as Theorem 8 of Chapter IV of [t9]) identifies

the Hochschild class of the Chern character in terms of the Dixmier trace. Our final

introductory section shows that this is not an unreasonable expectation at all.

1.3 Differential Forms and Hochschild Homology

In this section we will always consider ,4 a smooth, local algebra unless mentioned.

Many of the constructions we will encounter can be performed for other algebras, but

this witl be all we require. We will employ the projective tensor product throughout

this section, and denote it by El instead of ø. fhis should cause no confusion a^s no

C*-algebras will appear in this section at all.

1.3.1 Noncommutative Differential Forms and connections

Let Abe a unital smooth algebra and set Á: "41C. There should be no confusion

with the norm closurc of. A as no C*-algebra-s will appear.

Definition L.S.L The A-bimoilule of uniuersal L-forms ós

o1(,4) ::.4ØÁ (1.29)

wi,th differenti,al ilefined by

6zA+Ot(.Á), ô(a) :18¿-¿81 (1.30)

and bimodule structure

aõ(b):aØb-abØL, 6(a)b:LØab-aØb' (1'31)

Remark Note that d(a) depends only on the class of a inÁ, and that the left and

right module structures a¡e related by the Liebniz rule

d(ab): d(ø)b+ ø6(b)'

The adjective universal is justified by the following.
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Lemma L.3.2 Let M be an A-bimodule and d : A -+ M a deriuation. Then there
erists a bimod,ule Ìnap p: A1("4) -+ M such that d - p o 6.

Proof Define p(6(")) :: d(a) and extend p by left and right ,4.-linearity to a
bimodule map. ¡

It is well known, [52], that O1(.,4) È l where 1 : ker m and. m: AØ A -+,4 is the
multiplication map. When.4 is nonunital we define

ot(..4) :: A* Ø A: A+ øF. (1.82)

To obtain differential forms of all orders we set

o"(A): o1("4) 8¿'.. 4/ Q1("4), n) r

and
aolA¡: a (1.33)

in both the unital and nonunital case. ttrus O0("4) is nonunitalif A is. The reason
for this choice among the several conventions available, [19, 37], will be discussed in
the next subsection.

Lastly we define the universal differential algebra

ç¿-(.,4) ': S e^(A), (1.s4)
n=0

with product, "4-bimodule structure and differential given by

(as6q..' 6a")(bs6fu ... 6b¡) : as6ay... 6(a"bs)6bt... 6bn

n-L
+ D(-t)"-' as6a1. . . 6(a¿a¿¡)-' . 6an6bs6fu. .-6b¡

j=L

+ (-L)asa16az-.. 6an6bo... 6b*,

a(as6q...6a¡)b : aas6a1... 6(a¡b)
k-L

+ D{-t¡u-,' as6a1. ..õ(a¿a¿¡) . '-6at öb
d=1

+ (-I)kasay6a2... 6a¡r6b

6(p) :6(p), + (-\totp6@), (1.35)

where p,u € O-(.,4), p is a form of order lpl and we extend this rule by linearity. The
seemingly complicated form of the product and right module structure can easily be
seen to stem entirely from the compatibility with the Liebniz rule.

If 
",4 

is a *-algebra, then we can endow O-(.,4) with two natu¡al *-algebra structures:
if. a e ,4 and p,ø e O*(,4,) then

(ôø)* : d(o*), (w)* : u*p*,, or
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(ôa)* : -ô(o*), (P)* : ,* P*.

We will employ the latter, but this is basically a matter of convention. The cohomol-

ogy of the complex (fl-(,4), ô) is zero in all degrees when ..4 is nonunital, and is C in
degree zero when,4 is unital. We summarise this by saying that the reduced complex

is zero in all degrees (see below). Despite it being cohomologically dull, it serves as

an extremely useful unifying tool for the homology theories to follow'

Example Let X be a complete Riemannian manifold and C1-(X) the algebra of

smooth integrable functions. Then the universal one forms can be determined from

Cf(X) SCf(X) = Cf6 * X), where of course we mean the projective tensor

product. Analogously, Cr-(X)8" : C?(X x "' x X). The map

ô : Cfl(X) -+ Cf (x x x)

is given by
(ô/)("r, *r): f @ù - Í("ù'

The bimodule structure of Q1(Cr-(X)) is defined by

(g6l)@t,*r) : s(rùU@2) - /("r)) ((6f)g)("r, ,z) : U@ù - Í@ù)g("ù'

More generall¡ c,.r € Ofr(CÎ"(X)) if ø is smooth and ø(ø¡, ...tt,r,..',rk):0 for any

consecutive pair of coordinates. The adjoint is

(ô/)-("t, ,z): -U.@z) -.f*("r)),

where /* is the complex conjugate of /, and the product of a k-form ø and an l-form

pis
(, p) (, o, ..., r ¡¡ t) : u (n o, ..., r x) p(r *, "', t x +t)'

In the commutative case one can form another differential algebra. We define 
^1(.,4)to be the symmetric .A bimodule of symbols d,a, ø € "4, subject only to the relation

d,(ab) : adb + bda. (1.36)

This is not an entirely precise definition, but can be made so, [52, 37]. Thus we can

form the exterior algebra over ¿{

^-("4) 
:: 

^i(^1(.4)). 
(1.37)

The product on Â*(,4) is given bY

(asd,ø14...4 d,a¡) A(bod,bt^...A dbr-) : aobodoi-^...A dø¡, Ad,h A"'Adbm (1.38)

and is a differential graded algebra for the operator d defined by

d,(P A u) : aþ)A ø * 1-t)lol P n tu,,
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where p,u e 
^-(.,4), 

p is homogenous of degree lpl and d is extended by linearity to
not necessarily homogenous terms. This algebra possesses universal properties similar
to o.("4), but in terms of symmetric bimodules (,4 commutative of course).

The closest analogy to a skew symmetric differential algebra for a not necessarily
commutative algebra "4 is the abelianisation of the universal differential algebra. This
is defined by quotienting the universal differential algebra by the submodule of graded
commutators;

Q.(A)"u:: CI*(.Á) mod graded commutators.

This is not an exterior algebra in general. The differential d of the universal differ-
ential algebra descends to this quotient, turning Q*(A)"a into a graded differential
algebra. The cohomology of the complex (o-("4)16, ô) is called noncommutative de
Rham theory, and is closely related to cyclic homolog¡ [52, 19]. 'We will examine the
relationship of the abelianised differential forms to Hochschild homology in the next
section.

One might suspect that for a commutative algebra we have

^-(.,4) 
: O*(.A)oa,

but this is not true in general. However, for 'suffi.ciently smooth' algebras it is true,
and we will return to this briefly in the next section. On a related note, we quote the
following result from [37].

Proposition 1.3.3 If A is the algebra of smooth i,ntegrable functions on a smooth
rnanifold X, then L.(A) is the erterior algebra of ordinary smooth integrable differ-
ential forms on X.

Proof with "4 : cf(x), we have Hom¿(.4.1(,4),.E) å Der(,A, E) for any sym-
metric " -bimodule E, [52], so in particular

Homa(Âl (A), A) Ê+ oer(A, A).

But Der(., , "4) is precisely the Lie algebra of vector fields on X with bounded smooth
coefficients. This says that 

^t("4) 
is the r4-dual of these vector fields, but this is

precisely the integrable one forms on X. Comparing the product and differential
completes the proof. tr

It can also be shown that the (topological) Hochschild homoloçy HH*(A) of any
commutative and unital algebra "4 contains 

^-(r4) 
as a direct summand, [52]. For

purely algebraic Hochschild homology there is a definition of smooth ensuring that
HH.(A) = Â*(/), and this result is known a^s the Hochschild-Kostant-Rosenberg
Theorem, [52]. For the topological theory, Connes proved that for the smooth func-
tions on a compact manifold, HH.(A) ô¿ 

^*(.4). 
We will return to this in the next

section.

We also use the universal differential algebra to define connections in the algebraic
setting. So suppose that E is a projective right .r4-module, where for the moment -4 is
unital. Then it can be shown, [37, 19], that connections, in the sense of the following
definition, always exist.
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Definition L.3.4 A (uniuersal) connect'i,on on the projectiue right A-module E is a

linear map Y : E -+ E ø,q0t(.,4) such that

V((") :€Ió(ø) +V(€)o, Ya€A,€eE. (1.3e)

Note that this definition corresponds to what is usually called a universal connection,

a connection being given by the same definition, but with Ot("4) replaced with a
representation of Ot(.,4). The distinction will not bother us, but see [50, 19, 37].

When Ot(.,4) is the degree one term in a graded differential algebra (as in the universal

case), a connection can be extended to a map on the right O-(.4) module

E Ø.no-(,4) -+ E ØtQ-+l(.,4)

by demanding that V (pr) : Y (p)u + (-t¡þlp6(a.') where p is homogenous of degree

lpl, and extending by linearity to nonhomogenous terms.

If there is an Hermitian structure on .8, and \Me can always suppose that there is, then

we may ask what it means for a connection to be compatible with this structure. It
turns out that the appropriate condition is

6((,rùn: (€, Vr/)e - (V(, tl)ø. (1.40)

Here we write V{ æ D €¿ I ø¿, and the expression (V{, ?)E means D,i S (€¿,'ùn,

and similarly for the other term. As real forms, that is differentials of self-adjoint

elements of the algebra, are anti-self-adjoint, rve see the need for the extra minus sign

in the definition.

In the unital case it is known that a compatible universal connection exists on a right

,,{-module .E only if ,E is projective, [37]. For a nonunital algebra ,A, we note that a

finite projective ,4¿-module .Ð has a universal connection with values in 884 f)1(.4¿).

If €€ Elaandae "A.then
V((o) : V(€)¿+€8 6aeEla8,4ç¿1(..4). (1.41)

Thus V restricts to Ela.

L.3.2 Hochschild Homology and Cohomology

In this section we review the basics of the Hochschild theory. As mentioned ea,rlier,

representations of Hochschild cycles and cocycles on Hilbert space will provide us

with the mearu¡ to effectively compute the index pairing in a wide range of examples,

including the case of classical manifolds.

If ",4 is a smooth unital algebra, and' M is an "A-bimodule, set

C,(A,M) : M Ø AØn, r¿ ) 0

and define b z C¡("4,M) + Cn-t(A,M) bV

b(as,...ra,") : (ooorra2r...ran)
n-L

+ D(-t)t(o0,o1,. .. ¡aiai+L¡...,an)
i=1

+ (-L)"(anas,aLr...,an-t)
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where as € M and øi e A, i > 1. It is clear that ó is continuous.

Definition L.3.5 The (continuous/topological) Hochschild homology of A with coef-

f,cients in M is the homology oJ the cornpler (C.(A,M),b) and is d,enoted, by

H*(A,M): @ n"ç,1,,u¡.
n)0

IÍ M : A we denote the resulting homology by H H.(A) and the chain compler by
(c.(A),b).

It is straightforward to show that the homology of (e (A, M),b) also yields H*(A, M),
where

Cn(A, M) : M ØÃØ" .

This is called the normalised Hochschild complex. Similarly there is a reduced com-
plex C-("4)r"¿ defined by the short exact sequence

o ---+ C[o] ---+e .(A) ---+e *(A),"a,

where C[0] is the complex consisting of C in degree zero only. Note that the ¡educed
complex is the same as the normalised complex except that in degree zero v¡e have Z
instead of. A. In general we obtain an exact sequence

0 -+ HH{A) + HH{A),"¿ + C --r HH¡(A) + HH¡(A),"¿ 10,
and HH"(,A) : HH"(A)r"¿ for n ) 2. If 

"4, 
is nonunital and topologically .Il-unital

(see below), then we find that

HH"(A) = HH,(A+),"¿

where on the left we define the Hochschild homology as usual.

One can also show that in the unital case

C"(A)=Q"(A), n)0
(oo, ..., an) + o,o6aL. . . 6an (L.42)

as linear spaces. In the nonunital case a similar isomorphism holds, but now it is
the reduced complex e *G4+)r"¿ on the left hand side owing to the slightly different
definition of Q-(.,4).

The relationship between the Hochschilcl boundary ô and the differential of universal
forms is easily determined by application of the Liebniz rule, which yields, [52],

b(u6a):1-t¡løl¡ø,o1, (1.48)

where the bracket denotes the commutator. Equation (1.43) is very important in
what follows and we will make much use of it. We also make use of the following
result, [52].
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Lemma L.3.6 For any unital smooth algebra A there is a commutatiue diagram

o" (A) -5 o"-1("4)

J+
Q"(A)oa -9 Q"-t(,4),a.

and the induced map HHn(A) -+ Q(A)"u is injectiue'

33

So for .4 commutative we see that

A-(.,4) ç H H.(A) Ç 0*(/)oo,

and if ,4 is sufficiently regular then we have equality between z\-(.4) and HH.(A)'
This ,Goldilocks' property of the Hochschild groups, neither too big nor too small,

makes them an attractive generalisation of (smooth) differential forms to more sin-

gular situations, even in the commutative case. A particularly useful feature of this

lemma is that Hochschild k cycles, k ) L, can be taken to be antisymmetric as

products of one forms.
'We will not reproduce the proof of the Lemma here, [52], but will draw attention to

the following operator which appears in the proof. Define o(a) : a for a e A and

o(uõa): (-1)lul(6a)w, lrl > o.

By (1.a3), this operator satisfies

L-o:b6+õb (1.44)

and the lemma asserts that HH"(,4) is a submodule of

Q"(A)"u : Q"(A) mod (Im(b) * Im(l - o)), n ) 0'

Note also that EquatTonL.44 shows that ô provides a chain homotopy between the

identity map on the Hochschild complex and cyclic permutation of the one form com-

ponents. This is the first sign of the cyclic theory which appears in the next section, for

restricting to those chains which a¡e inr¡ariant under such a cyclic permutation yields

a pair of difierentials satisfying the requirements for the definition of a bicomplex.

Before dealing with the issues that a¡ise when dealing with nonunital algebras, we

introduce Hochschild cohomology. The appropriate cochain complex is

C. (.4) :: Homc (C* (.4)' C)

with coboundary b: Cn(A) - çn+L('4) given by

(ö,F)(øs, ...,an*L) - (F o ö)(oo, ..., @n*1)

where on the right we mean the ö appearing in the definition of Hochschild homology.

The resulting cohomology is usually denoted HH*(A,,"A*). For an explanation of
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this notation and the definition of Hochschild cohomology with more general coeffi-
cients, see [52]. Just as in the homological setting, one can use a normalised complex
to compute the Hochschild cohomology. This complex consists of those multilinear
functionals F : C"(A) -+ C such that

F(agra1r...ran) :0

whenever any of the a¿, i ) 7, is equal to 1-.

One of the advantages of the cohomological framework is that we need not be as
worried about the completeness of the algebra. The reason is that any continuous
functional on a topological algebra ,4 automatically extends to the completion. So
when "4" C "4 is a local algebra, ì¡/e may work purely with "4,¿. This can greatly
simplify many proofs.

There is a natural pairing between Hochschild homology and cohomologg given by
evaluation.

We now come to the issues surrounding nonunitality. This is a tricky problem in
Hochschild homolog¡ associated to excision and related problems. A detailed discus-
sion can be found in [52].

The obvious way to define Hochschild homology of nonunital algebras is precisely as

one would for unital algebras, since the definition makes no use of a unit. The problem
is that this definition does not always give rise to a well-behaved homology theory;
in particular it does not always agree with other natural definitions or guarantee
that excision holds. However, for the following class of algebras, this definition is
apppropriate, and agrees with the other possible definitions, [52].

Definition L.3.7 A topological algebra A is topologically H-unital if the topological
bar compler is acyclic.

The bar complex is the following

... - ¿pn*r \ Aøn \ ... \ A _+ 0

where 
n-r

b, (as, a1, ..., an) : D (- t)n (oo, ..., aiai+r ¡ ..., an).
d:0

For any unital algebra.4, this complex is acyclic, and the following theorem of 'Wodz-

icki shows that this is the correct generalisation of unitality for homological purposes.
Note that the proof of Wodzicki's Excision Theorem extends to the topological set-
ting provided we a¡e working with a complete algebra, as all the relevant maps are
continuous, [52].

Proposition 1.3.8 (\Modzicki) Let A, be a h'écl¡,et algebru. Then the followi,ng are
equiualent:

1) ,A is H-unital

2) A satisfies encision in topologicol Hochschi,Id hornology.
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Saying that A satisfies excision means that whenever A is an ideal in 6, we have an

isomorphism
HH*(ß,A) = HH.(A).

The relative homology groups HH*(ß,"4) (not the same as H*(ß,"4)) are defined to
be the homology groups of the complex ker(C-(6) -, C.(BlA)). They fit into a long

exact sequence

... -+ HHn(ß,A) -+ HH"(ß) -+ HH"(ßlA) -+ HHn-1(ß,A) -+ "'

Thus if "4 satisfies excision there is a long exact sequence

...HH"(A) -+ HH"(ß) -+ HH"(ßIA) -+ HH"-L(A) -+ "'

Our main purpose in this section is to show that smooth local algebras without units

are topologically H-unital.

Proposition 1.3.9 Let Ac Ç A be a smooth, local algebra. Then A is topologically

H-unital.

Proof We know that the closure of the algebraic tensor product

A?"

in the projective tensor product topology is

AØN.

As A" has local units, it is algebraically H-unital, [52]. In other words, the algebraic

bar complex of. A" is acyclic.

Since d is continuous, it extends to the closure of the algebraic bar complex in the

projective tensor product topolog¡ and kerö'is closed. So if

óe Aø" ñ kerd,

there is a sequence

{ó"} ç"4P" n kerö'

such that Ón -+ s and Ón : b,tþn for some ,þn e -4?"+1. The continuity of Ó', now

shows that
ô : limón : lil¡b'tþn : U L\mtþ" :, Ürþ-

Thus the topological bar complex of "4 is acyclic and "4 is H-unital. tr

Corollary 1.3.10 For A o srnooth local algebm, the Hochschild homology of "4 is
gi,uen by

HH.('A): HH*('4+),"¿,

where the right hand síile is the reduceil Hochschilil homology ol '4+.
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This indicates that A(A) : A* €l á+€", n ) L, Oo("4) : .,4, is the correct definition
for our purposes in the nonunital case. Just as we write O*(-4) in all cases, we will
now write HH.(A) whether "4 is unital or not.

We now state the generalisation to topological Hochschild homology of the Hochschild-
Kostant-Rosenberg Theorem, [52].

Theorem 1.3.11 (Connes' HKR Theorem) If X is a smooth complete manifold
then

HH.(C?(x)) = 
^ån(x)

where on the right we haue the de Rham algebra of smooth integrable d,ifferential forms.
In particular, Ìr.(Cf (X)) :Qå¿(Cfl(X)) : Lån-X).

The proof of this theorem in the compact case lvas given by Connes in [20] and in
the general case by Teleman in [69]. Teleman actually shows that the theorem is true
(among other algebras) for the algebra of smooth integrable functions and for the
algebra of bounded smooth functions (whose derivatives of all orders continue to be
bounded). The Morita invariance of Hochschild homology for H-unital algebras, [52],
shows that this theorem remains true if we replace Cf 6) by pM"(Cf (X))p, where
p is a projection over a compactification of X. In other words the theorem is just as
applicable to the smooth endomorphism algebra of a smooth vector bundle.

A 'genuinely' noncommutative example is given by the following theorem of Connes,
which computes the Hochschild homology of the noncommutative torus. Setting
À: exp(2zri?),we say that d satisfies a Diophantine condition if l1 - )"1-l is O(nk)
for some k.

Theorem L.3.L2 (Connes) Let 0 / Q. Then one has

1) HHo(Ae,Aä) : C.

2) Il0 /Q sati,sfi,es a Diophantine condition, then Hi(At,A$) is of dimension 2 lorj:L and dimension l for j:).
3) IÍ 0 / Q does not satisfy a Di,ophanti,ne condition, then Ht(Ao,Afi) are infinite
dimensional, non-Hausdorff spaces.

The proof of this theorem can be found in [20].

L.4 Cyclic Cohomology and the Pairing with K-Theory

As discussed ea,rlier, Connes' cyclic theory provides the noncommutative analogue
of de Rham theory and a receptacle for Chern characters in both homology and
cohomology. We will give a rapid description of the key results, and then describe
the pairing and the Chern cha¡acters. Finall¡ we will recall the basic definitions of
entire cyclic cohomolog¡ in preparation for the next Chapter.
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L.4.L Cyclic Homology and Cohomology

We begin with topological cyclic homology. If "4 is a unital smooth algebra, define

the (ó, B)-bicomplex of ,4 by setting

B(A)pq: AØq-P+r q > p
0 otherwise

and the following diagram

JJT
A$ ¿- AØ2 ¿- A
b+ äl
Aø2 ë_ A

b+

A

The map b is the Hochschild boundary, and the map B : (1 - f)sll is defined by

setting

t(as, a1, ..., an) : (t)n (ant a0 ¡ ..' t an-r)

N:1 +t+..'*tn, s(o0,..., an): (1,oo,...ran)

Definition L.A.L The cyclic homology groups of A are defined to be

HC"(A) 7: H"(Totß(A)).

One can also use the following normalised bicomplex, denoted B(A) to compute the

cyclic homology,

.tø78z &,qøÁZ,¿,
ö+ b+

DAø,4 + "4
bJ
A

where v¡e can write B a"s

B (oo, ..., ar) : t ( - 1 ) "o (!, on, ..., an, ao, ..., ai-r)
n

d=0

or in terms of differential forms

B (asõq . . . 6o,n) : D(-1)"' 6o, . . . 6a¡6as''' 6a¡-t.
i=0



3B CHAPTER 1. BACKGROUND RESULTS

Example A straightforward calculation shows that

HC2"(C): C and HCzn+t (C) : {0}.

Just as in Hochschild homology, \Me can define a reduced complex by

0 -+ B(c) -+B(A) -+ ß(A),.¿ -+ 0

and a reduced cyclic homology by setting

H C (A), 
"¿ 

: H.(ß (A), 
"a).

The main result we require from the reduced theory is that if 
"4, 

is nonunital, then

H C.(A+) : H C.(C) @ H C*(A+),"d,

and so, from the definition of the reduced complex,

HC.(A): HC*(A+),"¿'

More generally, excision is satisfied in cyclic homology for all I/-unital algebras. One
of the fundamental results in the cyclic theory is the following, due to Connes. This
periodicity exact sequence identifies precisely the obstructions to cyclic homology
being periodic of period two.

Theorem L.4.2 (Connest Periodicity Exact Sequence) If A is a smooth there
is a natural long eract sequence

... -+ HH^(A) 4 UC^1"t¡ 4 nC*_r(A) 3 HH,4(A) -+ ,..

Here ,S is (the dual of) Connes' periodicity map which we will describe shortly in the
cohomological framework. The map.[ may almost be regarded as taking a differential
form to its cohomology class, and the word almost comes from the following. For the
algebra 

"4, 
of smooth integrable functions on a manifold X, it turns out that, [19, 52],

that
HC"(A): L"(A)ldLn-r(A) @ HiR26) e ni;41x) e...

where the de Rham groups on the right terminate at Hflp or ,F/jo depending on
whether n is even or odd. So we see that .I takes a differential form to itself modulo
bounda¡ies. The periodicity operator ,9 basically 'forgets' the top two terms, and B
is r¿ times the exterior derivative on r¿-forms.

For cyclic cohomology we begin with the dual (ó, B) bicomplex of the unital algebra

"4. Set C"(A): Hom(.,44'*1, C) and

c2(A)lcrçq)4coçt)
ö1 bî
cL(A) 3 coçq)
ô1

c0Ø)
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where (bd)("0, ...,on¡t): S(b(as,.",a'ti) and similarly for B' Again, we can alter

this bicomplex by replacing C"(A) by e Ø) without changing the homology. Here

îçq) isthelinearspaceof cochainsvanishingonelements (ao,...,arr) with ai:lfot
some i 2 1. The resulting bicomplex is called the normalised bicomplex, and denoted

B(A).41 important result, using the fact that ,4 is a unital, complex algebra, is that

HC"(A) =Hom(HCn(..4)' C)' n20'

Utilising excision and the reduced theory for nonunital algebras, we find that we can

adopt this as our definition of cyclic cohomology also. This will correspond to locally

finite de Rham homology, as the definition of cyclic homology for a nonunital algebra

yields the analogue ofiompactly supported de Rham cohomology. Just as for K-

horrrology *" "ur 
define a compactly supported cyclic cohomology for a local algebra'

We wilinot explicitly require such a theor¡ so we leave the details to the reader'

There are analogues in cyclic cohomology of most results in cyclic homology, in par-

ticular the periodicity exact sequence. Again we look at what happens for the smooth

functions on a m"oiiold X. The cohomological version of the map ,[ : HC"(A) -+

HH"(A,"4*) takes a cyclic cocycle in

HC"(A): kerb @ H^-2(X) e ¡/"-¿(X) @ "'

to its top component. Thus if X is n dimensional, we expect that the Hochschild

class of the Chern cha¡acter of the Dirac class will provide us with the integral on the

manifold. In fact this is true, and we will prove it in the next chapter.

Before looking at some specific computations, we need to describe the periodicity

operator and periodic cyciic cohomology. In [19], Connes defines a cup product

HC"(A) Ø HC^(ß) -+ HC,+*("Aø g),

sending óørþ -+ Ó#ú.h is straightforward to compute that HC"(C) is a polynomial

algebrJwith a singie'generator ø in degree two. Then for aII complex smooth algebras

"ll nC.çl) is a module over the ring HC.(Ç) via the cup product. This allows us

to define
S z HC"(A) -+ HC"+2ç4), Sþ: offQ

where ,f is any cyclic cochain. The periodic cyclic cohomolo_gt, IIì*( ), of an algebra

,4 is then defined to be the inductive limit of the groups HC"(A) under the. collection

of ^rp, s : HC"(A) + HC"+2(,4). ¡,tt"rnativel¡ one can quotient HC.(A) by the

rehtiãn ó - Só. periodic cyclic homology is defined similarly, see [52].

Theorem 1.4.3 (connes) For X a smooth complete manifolil

H*p",(CT(x)) = Hf;a$;c)

H;",Qf 6)) = lI-¿a( x;c)
wherc the de Rham enhomology is compactly supportetl anil the de Rhom homology is

IocaIIy finite.
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This follows from the identification of HH.(Ci(x)) = ^.(x), 
identification of the

duals and the operator B, along with the results in [20].

Theorern L.4,4 (connes) For the noncomrnutat,iue torus and for atl0 e [0, l), we
haue

Hfri"(Aù = c2 n;d"!1,t6¡ = c2

By the duality result quoted earlier, similar statements hold for cyclic homology. The
proof can be found in [20].

L.4.2 Chern Characters, tr\edholm Modules and the Pairing

This final section on the cyclic theory provides the definitions and some basic results
for the Chern cLaracters in both K-theory (with values in cyclic homology) and in
/f-homology (with values in cyclic cohomology.) After we have dealt with the pairing
in the cyclic theory (which is just evaluation modulo some normalisations), we look
briefly at the definition of entire cyclic cohomology.

In the classical case, the Chern-Weil theory requires some degree of smoothness if
one wants to compute characteristic classes (in terms of connections and curvature
for instance.) In the noncommutative setting the analogous regularity requirement
for /f-theory classes is the smoothness of the algebra to which they belong, while for
If-homology the natural requirement is a summability restriction. This, too, forces
us to consider smaller and more regular algebras.

Definition L.4.6 Giuen a normalised fuedholm module (H,F,l) ouer A, we say that
it i,s p i t-summable il p is of the same parity as (71, F,T) and

[F,a] e LP+r}Ð Ya e A. (1.45)

The Chern cha,racter of thep*l-summable Fïedholm module in the (b,B)-bicomplex
is given by the following formula for n ) p and of the same parity

Chþ(as,...,an) :: 
f,u,TrucelflfF,as]. 

. . IF, anJ)

: ¡r,rTbace,(l aslE,a1l. . .ÍF,onl)

where, as usual, I : 1 if the module is odd. The constants ¡.tn are given by

(1.46)

,t: 

{

r? even

r¿ odd

one can check that this is well-defined, gives a cyclic cocycle in HC"(A) and that

s[chþ]: lchþ+z)
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so that this also gives a well-defined class in periodic cyclic cohomology.

Note that Chern characters vanish whenever any of their arguments is a scalar, so the

definition also extends to the nonunital case, where we obtain elements of the reduced

cyclic cohomology [37].

In cyclic homology we have the Chern characters of projections and unitaries in matrix
algebras over .4. These are given in the unital case by

Chz*@): {-t¡*@ ftace((p -tlto,frl'' p e Mn(A)

C h2¡ ¡1(u) : (- 1) 
k k!T[ ace(u-r 6u6u-r 6u''' 6u-L 6u), u e M n(A),

where the trace is just the normalised matrix trace on matrices over .4. Using the

simple formulae

b(p(6p)") : p(6p)"-r b((6p)") : (2p - L)(6p)-'

B(p(6p)"): (n* 1)(ôp)"+1 B((ôp)n) : s

we can check that for all k

bCh2¡¡2(p) -l BCh2¡(pt) : g

so that (Chzù gives a cycle in the (ó, B)-bicomplex of "4.

For the odd case we note that

u-L6u: -(6u-L)u, (6u)u-r : -u(6u-L)

so that
c h2¡a@) : /clThace((r-1 o1z¡ ¡zr+t ¡.

This allows one to show that

B(Ch2¡a@\ : (- 1)e-1 klrrace((ô(u-1 ) õu)o - (ôua(u-1 ))ft )

-b(Ch2¡,¡1(u)),

so that (Ch2¡ra@)) defines a periodic cyclic homology cla^ss.

In the nonunital case vi/e work with reduced K-theory. In the odd ca^se rile can simply

take unita¡ies in the one point compactification, and the above Chern cha¡acter can be

applied to these unitaries. In the even case, we consider classes of the form þ]- [1t] e
K,QA+) which are in the kernel of the map induced on K-theory by the quotient map

q I A+ -| C. Here .I¡ is the identity element of the k x k matrices over ¿4+. In this

ãur" *u compute the Chern cha¡acter by Ch.(þl) - Ct¿-([lft]) : Ch.(lp} - r.
The chief result is the translation of the .tf-pairing to the cyclic pairing, [19],

{pl,l?1,4 rl) : (C h.[p], C h*l',4, F,tll e Z

(Íul,l?t,Fl) : lC h.lul, C h* 01, F)) e Z.
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That is, the Chern character of a finitely summable FÌedholm module pairs integrally
with K-theor¡ [19]. The pairings are given simply by evaluation, except in thã odd
case where we need to divide tV t/n¿ to obtain the correct normalisation. The
constants appearing in the various chain complexes defining cyclic (co)homology are
thoroughly dicussed in [19].

Finall¡ we briefly look at the more technical entire theory for use in the next Chapter.
In some sense the periodic theory is of a polynomial nature while the entire theoìy is
more analogous to entire function theory, hence the name. It comes into play when
we deal with infinite dimensional spectral triples. In particular, finite dimensional
objects turn out to be (trivially) infinite dimensional, and we can consider the entire
cyclic cohomology of the algebra of a finite dimensional spectral triple (see Chapter
2).

Definition L.4.6 Let A be a unital Banach algebra. We define the norm of a multi-
linear function Q" e C"(A) : Hom("4øn+\ by

ll d" ll,: sup{l/"(a6, ...,a,")l ' ll o¡ llS 1 Vj}. (r.47)

An analogous definition can be applied to a locally convex algebra also; see [1g].

Definition 1.4.7 An infi,nite Eequence o! multilinear functions (ó2k) (euen case) or
(ótk+r) þd'd case), with Qn e c"(A), is called, an ent,i,re (euen or od,d respectiuely)
cochain if the following series in a compler uariable z haue infi,nite rad,ius o¡ 

"onr"r-gence 
oo -h oo -k
D ll ö'r ll fr "u"" D ll ó'o*' ll fi oaa. (1.48)

Let CE0(A) and CEL(A) be the spaces of even and odd entire cochains respectivel¡
and form the complex

cEo(A) ë Cntl,t) 1r.+o¡

where b + B is the coboundary operator in each direction. The cohomology of this
complex is denoted HEï(A) @ HEI(A) and called entire cyclic cohomology.
Example HE0(C): C and HE|(C):0, just as for periodic cyclic cohomology.
This will turn out to be the appropriate cohomology theory for 0-summable spectral
triples, which play the rôle of inûnite dimensional spaces. 'We also note that this
theory continues to make sense for smooth algebras, [19].
The previous definition of the Chern characters in .I(-theory continues to make sense
in the entire theory without alteration, [35]. Likewise, the integrality of the pairing
continues to hold. The initial impetus for the entire theory wa^s the need for a re_
ceptacle for Chern characters of infinite dimensional'objects; i.e. Fledholm modules
which failed to be finitely summable. In the next Chapter we will smploy the entire
theory in order to use the Chern cha¡acter of an 'infinite dimensi onal, spectral triple,
rather than Fbedholm module. A spectral triple requires an a.dditional ingredient
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above and beyond the structure of a Fbedholm module, namely an unbounded op-

erator. Before we define spectral triples precisely, we first examine how unbounded

operators are related to integration and measure, and how the Dixmier trace can be

related to ordinary integration.

1.5 Noncommutative Measure Theory

As mentioned earlier, this section is not about von Neumann algebras, despite their

rôle as measurable functions in noncommutative geometry. Rather it is about the

integrals that appear naturally in the context of noncommutative manifolds. This

secti,on centres on the Dixmier trace (of the Dirac operator), largely because it appears

as the Hochschild class of the cyclic cohomology Chern character of a smooth manifold.

Flom what we have seen, this provides a natural generalisation of the usual integral.

To demonstrate this, we will relate the Dixmier trace to spectral theory and show that

the Dixmier trace of the Dirac operator recovers the usual measure on a manifold.

1.5.1 The Dixmier Trace and the'Wodzicki Residue

We now relate the noncommutative integral given by the Dixmier trace to the usual

measure theoretic tools. This is achieved using two results of Connes; one building on

the work of wodzicki, [75], and the other on the work of voiculesa4l72l' For more

detailed information on these results, see [19] andl75,72l'

To define the Dixmier trace and relate it to Lebesgue measure, we require the defi-

nitions of several normed ideals of compact operators on Hilbert space. The first of

these is 
N

LG'*) (H) : {T e K(11) : D p"F) : O(Ios N)}
n=0

with norm 
1 N

ll ? llr,-: 
ï,îp, r"s¡ L p"Q).

In the above the ¡1"(?) are the eigenvalues of l"l - 1FT* arranged in decreasing

order and repeated according to multiplicity so that ¡rs(?) > tu(T) > " "
will be the domain of definition of the Dixmier trace. Related to this ideal a¡e the

ideals L@,*)(?t) for 1 < p < oo defined a.s follows;

lV

L@det) : {T e K.(?t) : t, p^@): o(N1-å)}
n=0

with norm
I .rv

ll ? llp,-: iy-, iv-t D P"Q)'
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We introduce these ideals because if.T¿ e ¿(n;,*)(H) for i : 1,...,n and D# : 1,

then the product Tt..'Tn, ¿G,æ)(11). In particular, if the operator T e ¿{i,*)1lt)
then ?p € L$,æ)Ql).

An important point is that if T e. ¿@,*)Q1), p ) l, tt^(T) : O(n-i). So ?p e
LG,æ)(H) will have eigenvalues p^(Tp) : O(t), and so be measurable in the sense to
be introduced below. However, not all elements o¡ ¿$,*)(11) have eigenvalues which
are o(|).
We want to define the Dixmier trace so that it returns the coefficient of the logarith-
mically diver-gent part of the trace of an operator. Unfortunately, since the sequence
(1/togN)DN p^(T) is in general only bounded, \Me can not take the limit in a well-
defined way. The Dixmier trace is usually defined in terms of linear functionals on
bounded sequences satisfying certain additional properties, [19]. One of these proper-
ties is that if the above sequence is convergent, the linear functional returns the limit.
For any such functional o, one defi.nes a functional oo ¿(1'-)(11) bV

Tr"(T) : ,( o¡,¡(r)
log(N)

where "u(T): DN pr(T). For ? a ¿(t'*)(H) with ? à 0, we say that ? is measur-
able if

f ,,:rt31 # i, t,(rt : rr,(r)
exists and so is independent of ¿¡.

It can be shown that for positive 7 ç ¿0,æ) (H), measurability is equivalent to the
following, [19]. Denote by (7(s) the trace of ?' for s ) 1. Then ? is measurable if
and only if

,\T*(r-tX(r) :L1æt (1.50)

and in this case, L : {7, [19]. We will utilise this point of view in the next Chapter.
It is our strongest means of showing the measurability of operators. For not necessarily
positive.operators we note that Tr, is linear, so we extend Tr, by linearity to all
o¡ ¿G'*)(71), and similarly for J. The space of measurable operators is a closed
(in the (1, -) norm) linear space invariant under conjugation by invertible bounded
operators and contain s tf,L'*) çî¡, the closure of the finite rank operators in the (1, oo)
norm.

The following properties are satisfied by Tr, for any choice of ø, [1g]:
1) If")0thenTr,(T)>0;
2) For all ,S € ß(?l) andT ç ¿G,æ)1'll),wehaveTr,(TS):Tr,(ST);
3) Tr, depends only on ?l as a topological vector space;

4) Tr, vanishes oo L{'*)1tt¡.
Next we relate this operator theoretic definition to geometry.
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If P is a pseudodifferential operator acting on sections of a vector bundle E -+ M
over a compact manifold M of dimensionp, it has a symbol o(P). The Wodzicki

residue of P is defined by

wRes(P) : #æ lr.*ou""øo-p(P)(r,O1/Qd'rd'(' 
(1'51)

In the above S*M is the cosphere bundle with respect to some metric A, and 
"-o(P)

is the part of the symbol of P homogenous of orde¡ -p. In particular, if P is of order

strictly less than -p,W Res(P) : O. The interesting thing about the Wodzicki residue

is that although symbols other than principal symbols are coordinate dependent, it
is easy to check that the Wodzicki residue depends only on the conformal class of the

metric. It is also a trace on the algebra of pseudodifferential operators, and we have

the following result from Connes, [23, 19].

Theorem L.6.L LetT be a pseudodifferential operator of order -p acting on sections

of a smooth bundle E -+ M on a p d,imensional compact. manifold M. Then as an

iperoto, on the Hilbert space'14: L2(M,E), T a ¿G,æ)(H), T is measurable and

{T:WRes(T).

It can also be shown that the Wodzicki residue is the unique trace on pseudodifferential

operators extending the Dixmier trace, [23]. Hence we can make sense of JT for any

pseudodifferential operator on a manifold by using the'Wodzicki residue. This is

ãone by setting JT : WRes(T). In particula,r, if ? is of order strictly less than

-p - -dimM, then JT :0. This will be important for us later in relation to

gravity actions.

L.6.2 Voiculescu's Theorem and Absolute Continuity

The other connection of the Dixmier trace to our work is its relation to the Lebesgue

measure. Since the Dixmier trace acts on operators on Hilbert space we might expect

it to be related to measure theory via the spectral theorem. Indeed this is true, but

we must ba,cktrack a little into perturbation theory.

The KatoRosenblum theorem, [47], states that for a self-adjoint operator ? on Hilbert

space, the absolutely continuous part of ? is (up to unita,ry equivalence) invariant

under trace class perturbation. This result does not extend to the joint absolutely

continuous spectrum of more than one operator. Voiculescu shows that for a ptuple
of commuting self-adjoint operators (ft, ...rTp), the absolutely continuous part of

their joint spectrum is (up to unitary equivalence) invariant under perturbation by a

ptuple of operators (Ár, . . . , Ao) with -4¿ a ¿@'L) (?t). This ideal is given by

oo

Lte,L) (?Ð : {T e K(14) z D nì-' pn(") < oo},
n=0

with norm given by the above sum.

For X a finite subset of B(H) and ./ a symmetrically normed ideal of compact oper-

ators, [67, 19], Voiculescu identified the obstruction to finding an approximate unit
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quasi-central relative to X, [72]. That is, an approximate unit whose commutators
with elements of X all lie in J. This obstruction was measured by the following
quantit¡

kr(X) : liminf ll [A,X] ll"r .

AeRl ,A-+L

Here ,Rf is the unit interval 0 < ,4 ( 1 in the finite rank operators, and in terms
of the norm ll ' ll"¡ otr J, ll lA,Xl ll¡: suprex ll [A,T) ll"¡. With rhis rool in hand
Voiculescu proves the following result.

Theorem L.6.2 Let Tt,. . . ,To be commuting self-adjoint operators on the Hitbert
space'ì[ and Eo" C Rp be the absolutely continuous part of their joint spectrum.
Then if the multipli,city function m(r) is i,ntegrable, we haue

"Yp m(r)tx: (k¿1o,rt ({ft,. ..,To}))o

where h € (0,oo) is a constant.

This result seems a little out of place, as we are using ¿(n,æ) as our measurable
operators. However, Connes proves the following, [1g, pp 311-313].

Lemma L.6.3 Let D be a self-adjoint, inuertible, unbounded operator on the Hilbert
space 71, and let p € (1, æ). Then for any set X C ß(17) we haae

te¿".,t) (x) < 
"r(;Ëp 

llID,TIþQrlnl-n¡L/n, (1.52)

where C, is a constant.

The case P : I must be handled separately owing to the different behaviour of the
eigenvalue sequences in this case.

Despite the power of this technical result, as exemplified by the following consequence,
even this result is inadequate for our purposes. We will require something that works
in the nonunital case, which will involve l2l-1 never being in the ideals required. \Me
will discuss this in the next Chapter once we have introduced the appropriate notions
of summability.

Nonetheless, for the unital case where the above theorem will apply, we have

Theorem L,6.4 Let p and D be as aboue, with D-L , ¿(t,*)(?t) anit A a unital,
inuolutiue subalgebra ol B(?l) such thatlD,al is bounded for all a e .A. Then

1) Setting r(a): Jalol-n d,efines a trace on A. This trace is nonzero i,f we haue
kap,¡(A) l o.

2) Let p be an ínteger and, a1,...rap € A commuti,ng setf-ailjoint elements. Then the
absolutely continuous part of their spectral measure

P""(Ð: 1"""f 
(r)m(r)ûn
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i,s absolutely continuous wi'th respect to the n'Leûsure

rU):r(f@t,-'.,ap)): f fP], v/e ci(Re)

loo 
,*' * rz¡-Ëro-Ldr :Iog k * o(1),

Combining the results on the Wodzicki residue and these last results of Voiculescu

and Connes, we will be able to show that the measure on a commutative geometry is

a constant multiple of the measure defined in the usual way. The details of the proof

of Theorem 1.5.4 are in [37].

1.5.3 The Nonunital Case

The results of the previous subsections rely on the summability of the unbounded

operator 2. trVe will require similar results in the nonunital case, and so we have

some technical work to do. In [32], it was shown that one can analyse the Wodzicki

residue of operators on complete noncompact manifolds using the spectral density

function. This led to the identification of the 'Wodzicki residue in the noncompact

case as precisely the same thing as in the compact case! That is, if ? is an operator

of order -p on an p-dimensional manifold x, then for all Í e LL(x) we have

w Res(fr) : h l r. *o -rrrr)(r, {)d'nd{.

The reason for including / is of course so that the integral makes sense. Also, Connes'

Trace Theorem remains true in this generality, [37].

It has also been known for some time that in the non-unital c¿tse one should replace

D-p e¿(l,oo) by /(1+ Dr)-", € 4(1'-),

for all integrable functions /, [19, 50]. Below we make some estimates to show that

this works. While these ¡esults are not novel in themselves, they help to filI in one of

the many 'folk areas' of the nonunital discussion, and justify the definitions we will
make in the next Chapter.

Lemma L.6.6 For any 0 I m eR

1+ (*)'

47

P:L

F:2

for k large.

Proof The substitution r : rnsinhd turns the above into a standa¡d integral

sinh-l #:loe(*.
k
m

log(cosh(si"h-t(#))) - los

-f,¡lî'-'* *Ip-z

1+ (*)'rp: tanhp-l 0d0:

p>2.
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Chapter 2

Spectral Triples and The Local
Index Theorem

In this Chapter we define the basic geometric objects of noncommutative geometr¡

spectral triples, and investigate the simplest constraints that one can place on them.

We begin with the definition and a few of the main examples. In the next section

we introduce the basic regularity hypotheses on spectral triples. Smoothness arises

first, and this minimum of regularity also allows one to construct a pseudodifferential

calculus for spectral triples, which is an extension of the usual notion. 'While 
we do not

develop this calculus here, merely summarising the results, ideas and objects arising

from this viewpoint will be utilised in proving the Local Index Theorem. The main

feature of this calculus is Connes' result that one can employ asymptotic expansions,

modulo operators of lower order.

To turn these expansions into computational tools, one needs to control the size of the

remainders in these expansions. Our first attempt at this utilises þ, oo)-summability'

In the unital case, one can prove many results with a minimum of fuss, however in

the nonunital case the much weaker constraints limit what one can reasonably hope

to prove. We prove some basic results, and point out where we would like to extend

them.

The difficulties of the nonunital case, re¿Nons cited by Connes and Moscovici, [26],

and an examination of the most important examples, including a detailed example

in the Appendix, show that there is a different notion of dimension which will allow

us to control our asymptotic expansions. This assumption is the discreteness and

finiteness of the dimension spectrum. Essentially, this tells us that a (very large)

family of zeta functions have discrete singularities, with at most finite poles, and

continue analytically to the rest of the complex plane. When coupled with (p, oo)-

summabilit¡ this condition allows us to prove continuity and measurability results for

the Dixmier trace which are trivial in the unital case, even with only the assumption of

þ, oo)-summability. Thus the nonunital case shows that this new definition of 'finite
dimensional' is extremely natural. In addition, we use the continuity of the Dixmier

trace to show that we can employ the functional calculus in an effective manner in the

51
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nonunital case, by working with the 'compactly supported' elements of our algebra
and approximating.

Another point of view is that spectral triples are unbounded Fledholm modules, and
from this aspect, we expect these new hypotheses of smoothness and dimension to
give us new means for constructing Chern characters in cyclic cohomology. We briefly
review the various Chern characters, including the definition of the well known "I-LO
definition for the Chern character in entire cyclic cohomology. To extend this def-
inition to the nonunital case requires further hypotheses, namely that we have an
approximate unit {ó"} ç "4 which is also an approximate unit for the 'differen-
tial forms,' AbØ). Our main aim from there is to (closely following Connes and
Moscovici, [26]) construct a new Chern character in ordinary cyclic cohomolog¡ by
employing the JLO cocycle, asymptotic analysis and all our previously developed an-
alytical tools. The construction of this Chern character is analogous to the methods
underlying the heat kernel proof of the Atiyah-Singer Index Theorem.

Our main purpose in doing this is to obtain a nonunital version of Connes' Theorem
8, [19, p 308], an important consequence of the Local Index Theorem. This Theorem
identifies (in the case of simple dimension spectrum) the Hochschild class of our new
Chern character as the noncommutative integral given by the Dixmier trace. This
shows that the Dixmier trace not only behaves like an integral from the measure
theoretic point of view, but also homologically. These nonunital results, the Local
Index Theorem and Connes' Theorem 8, are the most important results of the first
half of this thesis.

2.1, Spectral tiples
In this section we present the definitions of spectral triples and some of the basic
examples.

Definition z.L.L A spectral triple (A,?7,D) i,s giuen by

1) A representation r: A+ ßQÐ ol a (Iocal) *-algebra A on the Hilbert space77.

2) A closed, (unbounded) self-adjoint operator D : domD -+ 'll such that ID, a] ertends
to a bound,ed operator on'\L lor aII a €. "4 anil a(l + D\-+ is compact for aII a € A.
The triple is saiil to be eaen if there is an operatorl :l* such thatl2 : 1, [f,¿] : 0

for allae A anillD+Dl:0 (i.e. I is aZ2-grailing suchthatD is odd and A is
euen.) Othetwise the tri,ple is colled odd.

R,ernark Since ,4 is represented r¡n a Hilbert space we may unambiguously speak
about the norm on A, and the norm closure ,A:,4. The word local is usually not
part of this definition, but we will always work in this setting. We will almost always
suppress the representation n, regarding A æs a subalgebra of ß(71).

Example Let X be a complete Riemannian spin manifold (geodesically complete
with no boundary) with metric A. Let .S + X be the spinor bundle on X and
2 : ls(,S) -l le(,9) the Dirac operator on the smooth, square integrable sections of
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the spinor bundle. Note that by the (smooth version of the) nonunital Serre-Swan

Theorem, Theorem 1.2.2, f¡(,S) is an "4a finite projective " -module, where "4 is the

algebra of smooth integrable functions on X and ,46 is some compactification. It is

then natural to ask for a geometric description of the endomorphism bundles of f¡(^9).

In dimensions 6,7,8 mod 8, ,S is a real bundle and complexifying yields a representa-

tion space (modulo a small caveat; see below) fo(,Sc) for the algebra

Chf f/X) ::to(CliÍ Í(T.X a C,g)),

the smooth integrable sections of the Clifford algebra on the complexified cotangent

bundle. In other dimensions the spinor bundle is already a complex (or quater-

nionic) bundle, and so carries a representation of C,Iil l¡(X). In fact, CIif fs(X) acts

, -irreducibly on ls(,S), and so may be identified as the algebra of compact endo-

morphisms on 16(^9). Similarly there is a unital subalgebra of the smooth, bounded

sections of the complex Clifford algebra, all of whose derivatives are bounded, which

also acts "A-irreducibly on lo(,5) (or lo(Sc)), and plays the rôle of the full endomor-

phism algebra of ls(S). This is gua,ranteed by Theorem L.2.7, and can be identified

with the algebra of sections of the endomorphism algebra of the same regularity and

boundedness as "46.

Set ?l : LZ(X,,S), the square integrable sections of the spinor bundle for the measure

determined by the metric a. The operator 2 extends to a closed, unbounded, self-

adjoint operator, [51],
D : domD ---+'17

where the domain of. D may be taken to be those sections { such that D( is square

integrable. If / € Cf (X) acts by multiplication on 7í, then

lD, Íl: dÍ' : Clitrord multiplication by dl,

and so is bounded. In the last section we showed that

ÍG +D\-+ . ¿@,*)(17) c K(?t) v/ e cr-(x).

Thus we know that (A,H,2) is a spectral triple, and we just wish to determine its
parity. In even dimensions ,9 : .9- @ S+, with the two orthogonal subbundles the *1
eigenbundles of the complex volume form øs, [51], acting on 

^S 
(or Sç.) The complex

volume form satisfies, [51],
Drc + uçD :0.

In odd dimensions .9 does not split, and øs is central in C,li,f f (X). In fact, we do not

consider the full Clifford algebra in odd dimensions (this is the caveat) but instead

utilise the isomorphism QIil f2n+L = CIil lzn Ø Cu where Cr is the commutative

algebra generated by 1 and ûrc over C. In this case, the (complexified) spinor bundle
provides an irreducible representation of. CIiÍ Í2" Ø uc, not the full Clifford algebra,

and we fix the representation of øs by demanding that it acts a.s the identity. Thus in
odd dimensions the endomorphism algebra(s) a,re provided by this 'reduced' Clifford
algebra. We will frequently be sloppy and simply refer to the Clifford algebra.
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Summarising, the tuple (Cf (X),L2(X,S),D,øs) comprises a spectral triple. It is
even if the dimension of X is even, with grading provided by the volume form, and odd
if the dimension of X is odd. This is our principal example, and we will henceforth
refer to it ¿Ls the Dirac spectral triple of a complete spin manifold.

Example If G is a finitely generated, infinite discrete group, we let ?1: I2(G) be the
Hilbert space completion of the group algebra CG for the canonical trace

r(l cn6) : c.,
c€G

where e e G is the identity and d, the function which is 1 on g € G and zero
everywhere else. Let /(G) be a word length function on G for some generating set

{gu -.',9n} e G, and set
D(D"sös):D"n|(g)6n.

seG gec

Now 2 is only defined for those sequences (cr) such thaf (cnl(g)) is square summable,
and clearly the linear space of such sequences defines a domain for D. In [21], Connes'
shows that if l(g) -+ oo as 9 -r oo in G, then (11,D) defines a spectral triple for the
subalgebra "4 of the reduced group C*-algebra governed by the boundedness of the
commutator, given on group elements by

[D,s]: I(s),

multiplication by the length of g. In the absence of further information, we have only
an odd spectral triple ("4,'11,D).

Example For the noncommutative torus we can define a family of examples. Let
ô1,02 be the derivations of ..4p defined by

01U :2triU ô1V :0
02U :0 }zV :2triV.

Let 'tl : L2(Ae,ó) @ L2(A0, {) where ó , Ae + C is the unique trace on ,4.p given by

ó(A) : ó(Da" UnV*): 0oo.
nrfn

The operator

D_ 0 âr *r&z
-ù -Tõz 0 , r€C, Im(r)>0,

defines a closed, unbounded, self-adjoint operator with

f'l domD- : "4e @ Ae.
m)t

The triple so defined is even, as the operator

0

-1
1

0
Ta_l-
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provides a grading. We will check shortly that $ + Oz¡-i ç ¿Q'æ) c K(71), and'

the only other remaining detail is the boundedness of the commutators. If A :
lc,,,, n(J"Vm then since orr- is of rapid deca¡ lD, A] is bounded;

ID,A):
0 Dan*2ni(n*rm)U"V^

-lc,,,, 2ni(n|im)UnVm 0

Example Let
A- O Mn,(c), .Ifinite

t€1cN

be a finite dimensional complex C*-algebra. A spectral triple over ,4. is defined by

a (finite dimensional) representation and any self-adjoint operator D. The repre-

sentation is determined, up to unitary equivalence, by a list of nonnegative integers

a¿i, i e.I, by setting?l: @C'¡a¡. Given this representation, any self-adjoint matrix
2 satisfies the conditions for (A,H,D) to be an odd spectral triple. Given a grading

operator, more restrictions ensue. A thorough discussion and complete classification

of finite spectral triples can be found in [a8].

A concrete example with ,4, commutative and finite dimensional is given by Krajew-

ski's two point construction, [40]. This generalises to n-points in such a way that
all the a>cioms (which we will present in the next Chapter) are satisfied. F\rrther-

more, this triple can be constructed to have prescribed distances between points (we

will discuss the metric structure in the next Chapter), provided of course that these

distances satisfy the triangle rule. The construction is largely an iteration of the

following two point example. Let A: C2,'J7.: C3, and

The action of "4 on ?l is given by

A grading operator can be given as

(,,,*z) (i):(îiä ),
Y(r¡n2)eA, ee'll.

lon'l 0\
D:l n'L 0 m I

\o n'L o)

1

0

0

f:

and this satisfies the requirement of an even spectral triple.

With this small collection of examples to begin with, we now turn our attention to
the more technical aspects, smoothness and summability.

+ i)



56 CHAPTER 2. SPECTRAL TRIPLES AND THE LOCAL INDEX THEOREM

2.2 Summability and Dimension Spectrum

'We now define what smooth means for spectral triples, and relate it to the notion of
smoothness for algebras. Then we will examine the two main definitions of dimension
in noncommutative geometry. For both of these we will pay particular attention to
the weaker summability hypotheses in the nonunital case.

Deffnition 2.2.L A spectral tri,ple (A,'11,D) is smooth if

A and ID,A) ç ['l dom ô-
m)0

where for r € B(17), ô(r) : llDl,"l.

In much of what follows, smooth could be replaced by C2 , meaning d2 (o) is bounded.
Note the difference between the definitions of smooth for topological algebras and
spectral triples. In fact we have the following.

Lemma 2.2.2 Il (A,?l,D) is a smooth spectral tri,ple, then (46,'11,D) 'is also a

srnooth spectral triple, where A6 is the cornpletion of A in the IocaIIy conuer topology
determined by the seminorms

q"(o):ll ô"(") ll .

Moreouer, A¿ is a srnooth algebra.

Proof The first statement is clear, for if ¿ is in the completion, then õ"(a) :
limô"(ø¿) for some a¿ e ,A and all r¿. The only things to check are that lD,al is

bounded and that a(l + D\-+ is compact. The first follows because [2,.] is a
closed derivation (using the fact that D is closed and remarks below about domains)
and the second follows from the norm convergence of the a¿ and the compactness of
a¿(I*D\-+.
The second statement follows because A¿ is a complete, metrisable locally convex
algebra, and so FTéchet. To see that A6 is stable under the holomorphic functional
calculus, we refer to [19, page 247], where it is shown that the domain of any closed

derivation 6 : 81 + Bz from a Banach algebra Bt to a Banach B1-bimodule Bz is
stable under the holomorphic functional calculus. We employ this by noting that the
closure of "46 

in the norm

io.-
is a Banach algebra, A*. Now d ; "A* + BQI is densely defined and closable,
so dom ã is stable under the holomorphic functional calculus; call this subalgebra
dom ã-. Then

no: 
ßrdom 

6-.

So if ø € .,46 is invertible (in (the one point unitization of) the norm closure), then
ø € dom 6- fo. all m, so ¿-1 € dom T" fo, all rn and hence a-r e A¿. tr
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Thus we can assume without loss of generality that the algebra of any smooth spectral

triple is smooth, in the algebra sense. In particular we have shown that the algebra

"4e of. smooth functions on the noncommutative torus is a smooth algebra, since by

definition it is complete in the topology determined by the seminorms coming from

the spectral triple defined earlier.

If (A,'11,D) is a smooth spectral triple, we can define an algebra of pseudodifferential

operators associated to it. AII the calculations of the Local Index Theorem will
take place inside the algebra of üDOs, and it coincides with the usual ![¡DOs in the

classical spin manifold case, [24]. F\rrthermore, it is appropriate to introduce it at

this point because it relies only on the smooth structure of the spectral triple. We

will extract from the general theory of 124,26] only those definitions and notations of

immediate relevance, but acknowledge that ideas arising from, and results proved in,

these references have wider implications for this work than those discussed here.

Fors€R,define
?{,: domlDl" ?l*: )X''

s)0

These will play the rôle of Sobolev spaces, and we define opr to be the space of

operators on'J7oo that are continuous for all s € R as operators

op' :77" )'JLr-r.

Inl24l, connes shows fnat A and,lD,r4] Çopo, and that for b e Aor 1D,"4], and

n€N,
6Ø) .- p, ,lD, , . . . lD, ,öll .? .1 € op'.

This is a convenient notation, and one thinks o1 6(z) as an rz-th order differential

operator. Indeed, we can obtain a reasonable notion of differential operators. First,

deûne the fiItration

P e OP" aa (l +oz¡-i e e [^l dom 6-.
m)L

So OPO :opo and OPo Çopo for aII a. Then set

V(") : lD2,Tl:7$)

and define D to be the algebra generated by v"("4) and v-([2,"4]), for alIn,m €
N U 0. Connes shows, [24], that D is ûItered by powers of V and

D¿ c OP".

Using this we see that
V(D") ç Pn*l

whilefor AeD" andz-e C

AlDl'ç gPn+Rz(z).
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Thus the operators in D play the rôle of differential operators. To obtain a suitable
notion of ÚDOs, we use the filtration OP of op to discuss asymptotic expansions.
Note that when employing inverse powers of lDl in these expansions, one should
really be using (t+o2)å, which is the same size. Likewise, one can employ (l +o2¡T
in place of lDl when defining the 'sobolev' spaces, and the filtration OP.

Definition 2.2.3 Let ß(A) be the algebra generated by the operators 6"(lD,al) and
6(o), for all a € A and, n ) 0. Also, d,efine ú*(A) to be the algebra of operators
possessing an enpans,i,on

P - bqlDlq + bq-rlDf-r +

where the tild,e indicates that

bo e ß(A),

P_ t b,lDl" € oP-iv
-N1n1q

Then ![*("4) is indeed an algebra since we have an expansion, [26],

lDlb - | co,¡6k (b)lDl"-k,
oo

,k=0

where co,¡ is the coefficient of ek in

(1 + €)a - S a(a - 1) ":(a - k + 1).¡

0

and e (b) : 6(b)lDl-r. That this is true for nonintegral a follows from results in
126, 24], in particular the

Theorem2,2.4(connes) LetAe Dq andne N. Thenfor all z€c andwith
e(A) : lD2, A)D-2 : Y(A)D-2, we haae

'P2z¡'P-22 - (o * ze@) * #t'çÐ +'..
z-L)...(z-n*L) trl) . sP-(n+t).

z
+

nl

We will accept v-("4) as the algebra of pseudodifferential operators on ("A,H,D),
based largely on the ability to employ asymptotic expansions within V-("4). F\rrther
justification can be found in [24,26]. The real power of these asymptotic expansions
will become appa,rent whcn we can control the remainder using various summabil-
ity hypotheses on the operator 2. These are related to definitions of dimension in
noncommutative geometr¡ and we now pursue these ideas. The usual deûnitions in
noncommutative geometry corresponding to finite and infinite dimensional objects
are a,s follows.
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Definition 2.2.6 A spectral triple is (p,æ)-summable il p> I and

ø(1 + D')-i , ¿@'*)(Ì1) Va e A.

We call it 9-summable if
TTace(a¿-t\+oz)) a -

59

for all a €. A and t ) 0. We refer to p as the degree o! summability of (A,'17,D).

Remark If "4 is unital, ker 2 is finite dimensional. This case is fairly well described

in the literature. FÌom now on we will restrict attention to the following two cases:

i) ,4 is unital, and so (L+Oz¡-i ç ¿@'æ),Thace(e-¿(1+2')) < oo;

ii) ,4 is nonunital and (1 +D2)-i / L@'æ), Thace(e-¿(1+D2)) : oo.

These restrictions, along with our assumption of self-adjointness of 2, rule out the

possibility of 'boundaries.' Note that Lemma2.2.2 does not guarantee that elements

of the completion of. A for the seminorms arising from the derivation d satisfy the

above summability condition in the nonunital case. Of course, there is no difficulty
in the unital case.

Example Flom our results on the the Dixmier trace, we know

that for any infinite volume, nonco manifold X, Í(1+D2fi ç
¿@,æ) ro, utt Í e Cf 6). If /¿ is e unit, then /¿(1 +o2)-l is

measurable and I
I o,t, + D2)-Ê '3 oo'

In the unital ca,se we consider closed manifolds, and it is then a standard result of
elliptic theory that ker 2 is finite dimensional and the spectrum of D consists of
eigenvalues of finite multiplicity. Connes' Tlace Theorem tells us that

f O *D\-Ê: cþ)vol(x).

Example For the noncommutative torus we can compute the eigenvalues explicitly

in order to show that it is (2, oo)-summable. We begin by looking at D2,

^,r-(-6?-l"l'õ3-(r*Ì)6162 0 \u:\ o -61-11126|-(r+î)6162)'
Applying this to the monomial UnVn @ 0 gives

"' ('"{* ) 
: (a)2@2 +lrl2m2 *nm(r* o)) ( 

u"{* 
)

: (2n)2ln*rml2( "î- )
This shows that all of these monomials are eigenvectors of D2, arrd similarly for

0 @U"V*. Note that

þ(V-tLí-*Ar"V*) : Q(V-tOrn-*Ym¡

: !:::;: r':,* 

k) sn- k vm-t ¡
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so that the monom ials (J"Vm form an orthonormal basis of. L2 (A6 , d) . Ar 22 preserves
the splittingof H, \Me see that these are all the eigenvalues of D2 and that they give
the whole spectrum of D2. Also note in passing that

kerD2 : spanc{l} o spans{1} : C o C.

Our results so far are actually enough to conclude rhat lDl-2 , ¿(r'*)(H), (we are
inverting lDl otr its finite dimensional kernel) but let us make the eigenvalues and
eigenvectors of D explicit.

The eigenvalues of D are given by the square roots of the eigenvalues of D2, and so
aIe

i2rln * rml n,m €. Z. (2.1)

The corresponding eigenvectors are

lue ffiu"v*
unvm , -ue ffiu"v^

-unv^
(2.2)

The multiplicity of these eigenvalues depends on the value of r, but is always finite.
Thus (D - À)-t , ¿(2,æ)(H) for all À ø R. So, for any choice of r with Im(r) > 0
we have a smooth, (2, oo)-summable spectral triple. Moreover, it is computed in [37]
that the operator lDl-2 is measurable and

c(2)r 1:- Im(r) 2rIm(r)
It is curious that this is the inverse of the surface area of the analogous elliptic curve
with ratio of periods Im(r).
A standard result in the unital case is that a(l +D2)-l e LQ,*)07) for all a e A.
This is easy to prove, because (I+Oz¡-ï a ¿{n,*)Qí), but when one tries to prove
this result in the nonunital case, one quickly runs into trouble when p is not integral.
The reason is that we always need an element of "4 multipling an inverse power of
2 to obtain any estimates. Taking powers of a(l + D\-à shows that its p-th power
is in 4(1,-)(fl), but unless we have more information guaranteeing that (fractional)
powers of a_e .Á remain in ,4 (or at lea^st remain integrable), rrye can not say that
ø(1 * D\-Ê is in this ideal. Approximating such powãrs leads to difficulties, since
we require continuity in the (1, oo)-norm, in general a difficult thing to prove. Again
in the unital case, something like

ll (o - a¿)(1 + D\-Ë llrr,*t<ll a - ar llll (r + Dt)-Ë ll1r,."¡

reduces everything to simple norm convergence. One argument would be to change
the definition to require a(l +D2)-Ê e LG,æ)(?l), which is f.ne, but typicallv the
measurability properties of operators in ¿@,*)1?t), p ) l, a¡e much better than those
of the (1, -) ideal. However, even this would not solve all possible problems.

Additional difficulties a¡ise when we want to prove that a(l +D2)-i is trace class for
all z with Re(z) ) p. Again, this is completely trivial in the unital case, but is rather
fiendish without more information about the behaviour of the function

z +a\ane(o(l+ D')-i).

f ,r'
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We are not claiming that these things can not be proved, just that one runs into
endless difficulties when trying to. We now state some rather limited results of this
kind, and invite the reader to try to improve them'

Lemma 2.2.6 Let (A,H,D) be a srnooth (p,æ)-summable spectral triple, and let n

be the least integer greater than p. Then iàr au z with Re(z) ) n, a(!+D2)-i is

trace class for aII a e A. Moreouer, the lunction

(o: z -+ eoQ) : Ttace(a(1 +O2¡-i¡

is continuous àn the hatf-ptane Re(z) ) n Jor all a e A. IÍ p is integral, then for all

a € A, ø(1 * D')-Ë a ¿(t'*)(14). FinaIIy, (A,H,D) is ï-summable'

proof It is straightforward using [o, (t+o2¡-hJ e r[r'*l1?-) and, the density of

(finite) products in,4 to show that a(I+O2)-i is trace class. To obtain the finiteness

and continuity of the Tface in the halÊplane, Iet z¡ be a point where e"Qo) is defined

and finite. Let z l:e another complex number with rBe(z) > -Re(zs). then

lÇQ) - Ç"(,0)l <

-f 0 asz-1 zo.

The d-summability employs a standard trick,

lTtace(øe-¿'')l <ll $+o2¡is-"' ll lTbace(o(l +o2¡-i¡1,

and the norm is easily checked to be finite.

Obviously this simple continuity argument will not let us get any closer to p than n,,

at least not without more information. For instance, if we knew that ÇoQ) had an

isolated simple pole at z : Pt and was holomorphic for all z ) P, then the Laurent

expansion at z : p shows that (o(z) is finite for (at least some) z > p and, from

Equation 1.50, that
resr:pÇo(z) : f 

^t 
+D\-t

In the absence of such assumptions, it is difficult to say anything. This analytic

a"ssumption is in fact true for our main examples, and we will return to these later.

A ûnal difficulty which arises is trying to prove that

bÍ +D\-i ç ¿@,*)1y¡, vb e ß(,4).

This is a natural result to try to prove, since elements of 6("4) provide the 'coefficients'
in the description of pseudodifferential operators. 'We will also see that elements of
6("4) also measure the size of derivatives of elements of "4. This is related to the issue

of determining which topology to complete ,4 in so that the completion consists of
smooth and 'integrable' elements.- In the unital case there is no issue, as 'integrability'
is not a problem, since (1 +D\-1, a ¿@'*)(?t). Essentially, (L+D2)-å t"Ut us what
kind of behaviour we require at 'infinity' to maintain integrability.

tr
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However, it is not just that it is technically hard work employirg (p, oo)-summability
without more regularity hypotheses. There are also naturally defined spaces which
we would like to be flnite dimensional, but which are not (p, oo)-summable for any p.
A number of these are mentioned in [26] and [24], but we mention the following two
examples as justification for a more general definition of dimension.

Exarnple If. (An|11*,D*) are spectral triples for k : 1,..., N, then

(A: @A¡,'Jl: @?1*,D : ØDn)

is a spectral triple. F\rrther, if (An,?4*,Dù ir (pr, oo)-summable for each k, then
(A,H,D) is (p,oo)-summable where p :max ph. So our definition of summability
captures only the component of highest dimension. In this example we still retain
a sensible logarithmic divergence definition of the dimension, despite its inability to
capture the lower dimensional pieces, but the next example shows that even this can
fail.

Exarnple In the Appendix we define a spectral triple ("4,'lL,D,l) over the double
cone

C: {(r,g,z) e R3 : n2 lA2: 
^,12}

where rc e (0, oo) is a constant. It is shown there that

e"Q) : Tlace(ø(l +D2)-') < æ va e A., vs ) 1,

but that the operators a(l +D2)-L are not elements o¡ ¿G,*)(77) for alt a e. A. In
fact the expansion ofthe Ç"(z) near s : 1 contains a double pole. The partial trace of
a(L+D2)-'diverges as (IogN)2, and so there is no hope of retaining a definition of
dimension in terms of a logarithmic divergence. One could try a (log N)2 definition,
but then there will always be examples with ever higher poles....

These various considerations lead to Connes' definition of dimension spectrum. Ob-
jects which are quite singular but intuitively finite dimensional, can satisfy this defi-
nition of 'finite dimensionality,' as the example of the cone shows.

Definition 2.2.7 A spectral triple (A,TL,D) has d,iscrete dimension spectrum Sd, if
the set Sdc {z € C: Re(z) <p},p) I, is disuete andlor anybe ß(A) the

function
Çúz):: Thace(b(l +O2¡-i¡, (2.8)

is defined, tor all z e C with Re(z) ) p and entends holomorphically to C\Sd. Fur-
thermore ue requi,re that

t(z)Ç¡(z)

is of rapid, decay on uerticol lines with Re(z) > 0. We say that the discrete dimension
spectrum Sd í,s of finite multiplicity k if tor allb e B("4), Ç6 has a pole of order at
¡nost Ie . We say that Sd, is simple if k : l.

Remark The rapid decay of l(z)Ç6þ) can be weakened to integrability of sufficiently
high derivatives on vertical lines in most cases. In particula,r, rr/e are not so interested
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in the decay of the derivatives, except to ensure that various integrations (by parts)

can be carried out. Also, it is the large Im(z) behaviour that is a problem. There

will of necessity be isolated singularities with Re(z) ) 0, and we just need to control

the behaviour as Im(z) becomes large.

Rernark In [26], it is tacitly assumed at various points that the spectral triples they

consider have discrete dimension spectrum and are (p, oo)-summable for some p. In
fact the results of [26] depend only on the zeta functions defined above being finite

and holomorphic for all z with Re(z) ) p, fot some p' which we always assume to be

the case. In fact, if one of these zeta functions possesses a double pole at p, it can

not be þ, oo)-summable, even if it has an otherwise simple spectrum. The example

of the cone highlights this behaviour.

Before we can show that our main examples satisfy these conditions, we require a

raft of technical results. The first few deal with various continuity and measurability

properties of the Dixmier trace in the special case of simple dimension spectrum. In
particular, we extend the Dixmier trace to operators in 6(,4)(1 +D2)-1. This wilt

allow us to obtain some trace results and asymptotics for the heat kernel.

We also require some localisation results in order to be able to apply the functional

calculus in the forma!(D) for suitable functions / and a e A. This is necessary to

make certain calculations in the nonunital setting.

Our main interest is in examples with simple dimension spectrum (or more generally

those with a simple pole at the critical value p), and the next few results look at the

interplay between dimension spectrum and (p, oo)-summability. The first thing we

have is an assurance of measurability.

Lemma 2.2.8 If (A,?l,D) has simple dimension spectrurn contained, in the half

plane {z : Re(z)'3p}, and'a(L+oz¡:Ë 6 ¿(r'oo)1?f) ior all a e A, then a(r+o2)-Ê
is measurable for all a e. A.

proof By hypothesis, (o(z) : Ttace(¿( L + D2)-i) is meromorphic with (at worst)

a simple pole at z - p. Thus

,\('- P)Ç"(") < æ'

and employing Equation 1.50 along with the linea.rity of the Tface, we may conclude

that a(l + D\-l is measurable. In particular, this result holds in the notoriously

badly behaved (1, oo)-summable case. Simplicity of the dimension spectrum is also a

hypothesis of measurability. tr

Remark The definition of finite and discrete dimension spectrum shows that this

result applies equally well to ß(A). This assumption in the definition of the dimen-

sion spectrum imposes additional 'integrability' conditions on the algebra "4 in the

nonunital case, in addition to the obvious smoothness constraints. This result also

allows us to replace Tr, by f .

Next we look at the continuity of the map ø -+ { a(L + D2)-"'' As mentioned' this
is automatic in the unital case because (1 * D\-Ë is an element of É(1'æ)1ø¡. ro
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obtain the full benefits of this continuit¡ we must look at elements of B(A), and how
this algebra is topologised. If we were to complete B(A) in the topology provided by
the seminorms

s"(b) :ll d"(b) ll,

we would not be able to guarantee the integrability of elements of this completion.
This would be rather absurd, given the very strong assumptions contained in the
definition of discrete dimension spectrum ensuring the integrability of elements of
ß(A). If instead we were to complete B(A) in the topology provided by the seminorms

q,(b) :ll d"(ó) ll, qú(b) : f ø"@)lQ +o2¡-Ê,

then elements of the completion would necessarily remain integrable. So, in the
following we will always suppose that ß(A) is endowed with this 'smooth integrable'
topolog¡ though we will not assume that it is complete. Note that by the definition
of discrete dimension spectrum, smooth convergence in A ot 1D,"4] implies that the
limit lies in B(A) and so is integrable.

Lemma 2.2.9 Let (A,H,D) be a nonunital, smooth spectral triple with discrete and
fi,nite dimension spectrum contained in the half-plane {z : Re(z) < p}. Let {b¿} Ç
B(A) be a sequence conaerging smoothly to b e ß(A). Then for all z with Re(z) > p
andt>0

6"(bt)(r +D\-i I o"p¡1t +D\-i
õn(br)e-Ð2 L'> 6"76¡"-to" ,

where Lr denotes conaergence in the trace norm.

Proof We obviously have norm convergence for all the above sequences, and so
strong and weak convergence as well. Since (without loss of generality)

ld"(ó¿)(1 +D2)-il, ld"(b)(1 +D2)-il < 2ld"(b)(L+D2)-il

lõ" (b¿)e-tD' l, l6n (b)e-"' I . z16" (b)e-tÐ'l,

we can apply dominated convergence, [66, Theorem 2.16], to conclude that

ll ô"(ö¿)(1 +D2)-i - ô"(ö)(1 +D2)-i l¡-+ o

ll õ"(b¿)e-tD' - 6"1b¡" t,' ll1* o.

tr

Corollary 2.2.LO With (A,TL,D) as aboue and (p,æ)-summable, the linear rnøp
ß(A)+C siaenby

u- {bg+o2¡-P"
J

i,s continuous on ß(A). Similarly, il (A,AL,D) is |-sum¡nable

ó -l Thace(b"-tD')



2.2. SUMMABILITY AND DIMENSION SPECTRUM 65

is continuous.

Proof We need only prove the þ, oo)-result, which amounts to the continuity of
the the residues

lim (z - p)Tbace(b /t +O2¡-i¡, li--(, - p)Thace(ó(t +O2¡-â¡,
z-+p+' z-+Pr

where b¿ -+ b e ß(A). Write the zeta functions corresponding to these elements of

ß(A) as

(u,(z) : 7+ + rúz), eoþ) : * + Íe),

where f ¿, f are holomorphic for Re(z) ) p. The last lemma shows that for Re(z) > p,

tfn(ar Q) : eu|), so c-1(ö¿) -r c-1(b),

by the uniqueness of Laurent expansions. Thus

Iii",\xr. l(z - p)Trace((b¿ - ö)(1 + o2¡-i¡¡: s

and this agrees with the value obtained by reversing the limits. D

This result will allow us to work purely with elements of -4", which have local units,

and to then take limits to obtain results for all of ¿4. We will see this in action shortly.

The next result shows that the usual small time asymptotics of the heat kernel still
hold in our nonunital setting'

Lernma 2.2.LL Let (A,?t,D) be a smooth, (p,æ)-summable spectral triple with ilis-

crete and, finite d,imens'í,on spectrum conta'i,ned, in {z : Re(z) < p}' Then for all

b e B(A) and, Re(z) > $,
Tlace(b(l+D2)-")<*

and in particular (A,17,D) i,s ?-summable. Moreouer, øs ú -+ 0

1\ane(be-tD'): Oþ-l)

for allbeß(A).

Proof The first statement holds by hypothesis. We have already seen that ("4,'17,D)

is d-summable, but now let e ) 0 and consider

Tace(ae-t") :Tbace(ø(l ¡'pz¡-Ê-e e-tD2 (L +D2¡Ê+''¡,

It is easy to check that the norm of

e-tD2 (L *D2¡Ê+,

is
,-' -, (1, + )Ê 

+ e 

"- 
lfi + e)+t 

.

So
Trane(ae-t") < CrrÊ-cTrane(ø(1+ 'pz¡-22-'¡ < æ.

As this holds for all e ) 0, Tlace(ae-'o') < CrÊ. tr
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Remark Even if we only have (6(z) initially defined for all z with Re(z) ) p, instead
of (p, oo)-summability, we have shown that the d-summability result still holds, as
does the proof of the asymptotics for fixed e ) 0.

Next, define a:p@) to be the algebra generated by 
"4, 

and the operators [D,a), a e A.
We will return to this algebra ever more frequently, but for no\¡¡ we show that when
obØ) is a local algebra (not just "4), we have the tools necesary to employ the
functional calculus efficiently.

Suppose that @ is a local unit for a € Ac ar'd fD ,ø] for all m 1 n. Then (and here
we require the fact that all these operators preserve the smooth domain ?l-)

lD*, al : fD^, aól : olD*, þl + lD^, alS

shows that a[Dm,ó] : 0. Similarly, ID ,óJo : 0 and we have expressions like
[D*,a](L-ó) : alD^,ól:0. Now if ? is any operator on71,7 : gTQ-tóT(L-ó)+
G-Ðf ó+G-ÐT(I-þ), so that if.Ta : aT :0, we must have ? : (I-Ð?^ (I-ó).
Flom this \¡/e see that [Dm,d] : (1 - ö)lD*,d](l - /), because o annihilates it on
either side, and so fDm,óllD,"l: fD,olLD ,ó]:0. These observations allow us to
prove the following

Lernma 2.2.L2 Suppose that Q is a local unit tor a e Ac and [D,a). Then þ i,s a
local unit Jor [Dn,a] for all n] L.

Proof By hypothesis, / is a local unit for [D,o), so the ca,se n : 1 is true. So
suppose that S is a local unit for @*,a) for all m 4 n - 1. Then

lD",ol : o[D",ó] i [D",a]þ
: _[D,a)lD"-r, ó] + lD",oló
: lD",oló.

Hence / is a local unit for all lD",a). !

This allows us to prove the following essential lemma.

Lemma 2.2.L9 With a,S as aboue, for all r¿ I 0 we haue

aDn : aóD"ó: a(óDó).

Proof For r¿ : 1 we have aþDþ : aólD,ól + aó2O : aD. So suppose that the
result is true for all m 1n - 1. Then

aDn : aþzPn-t, : aDn-LÓ2D
: aD"-l41D,þl + aO"-tçO6
: a(óDó)" * aDn-16¡tt,4,1
: 

"(öDó) * oT-r,ó)[D,ó] * aD^-1[Tt,44
: o,(óDó)" * alDn,ôl - "[D"-1,ô]D: a(óDó).



2.2. SUMMABILITY AND DIMENSION SPDCTRUM

Corollary 2.2.14 If AbØ) is local and f € Cf (R) is a smooth function, then

o'l@) : a'f (ÓDÓ)'

wheneuer a e Ac and þ is a local uni,t lor a and [D,o]-

Proof We employ the standard identity

Í(D): h |:iç,¡"i'Dd"

where ¡ i. ttr" Fourier transform of /. Using the local unit @ we obtain

aÍ(D) : 
ã |:i6¡o"i'Dd,

| 
= [* î("\oó"iraód": 

,/nl-*r\-'-'r- 
I

: 
#l:iþ)aei'ÓDÔd's

: al@Dó).

67

D

This is an extremely potent tool, allowing us to localise our analytical problems and

essentially employ compactness. For example,'we can now generalise Theorem 1.5.3.

Lemma 2.2.t5 Let X Ç dom[2,.] C ßQl) be ø subset of operators such that X
and Aþ(X) haue local units where D is self-adioint, unbounded and inuertible. Let

/ € cr(R) be a smooth, euen lunction and p € (1, oo). Then for aII e ) 0 and for
allae X withQ alocal unitfor botha andlD,a), there enistsC:CU,ù 1æ such

that
llIlkD),ol llþ,r)< c llÍD,ol llll dlDl-l llk,-) .

Proof First note that if / is a local unit for some ø € X then P,Óli" automatically

bounded. Next, we recall that

ll [/(2),"] ll<ll l' ll'll P,olll,

as shown, for instance, in [19, pp 311-312]. The important step is to estimate the

Él-norm of. [f (eD),¿]. By tle h^st result, this is the same a.s estimating the Él-norm
of lf (eSDþ), o], where / is a local unit for a. To do this, note that

(óDó)(óD-' ö) : ó4 + ólo, ó2lD-r Ö,

ó: a,aóDó2D-

so

öD ó2D-L óa : a + ö21D, óllD-', øl + óÍD, óllD-t, "l
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The second two te¡ms on the right are both in Lg'*) whenever aD-r e ¿@,*). ¡
similar result holds when we consider óD-ró2Dó. This shows that as far as elements
of ,4 are concerned, (óDó)-t : öD-ró, despite the fact that þDþ may not be an
invertible operator. The rest of the proof is now much like Connes', [19], and we
repeat the details for completeness.

So now we suppose that supp/ C l-k,kl. Then the rank of Í(róOó) is bounded
above by the number of eigenvalues of þlDl-\f larger than ek-1. By definition these
eigenvalues satisfy

NN

D p, <ll ólDI-tó ll(e,-) D"-i.
n=0 n=0

So

PNr } 
^=i^'^t

1

2p
1

2n
1

2p

CoN-
I
p

and p,¡¡ 2 etc-t + N < (C)n¡çnr-o. hence

lllÍko),øl llrl 2(Co¡n¡rnr-e lllf (eD),a)ll .

Note that the above argument does not hold for p:I, owing to the greater possibil-
ities for the behaviour of the eigenvalues in that case.

The result now follows as in [19], since the interpolation inequality

ll " llp,r¡s cillr ttf'll r llL-å

grves us

lll,Íko),ol llþ,r) c;ceke-r | [f (eo), a] ll

c;cpk ll l, lhll lD,"lll
cik ll i, llrll [a, "]llll ólDl-'d llþ,-) .

tr

Corollary 2.2,L6 Let p e (1, oo), and the d,ata be as aboue. Then there erists C < æ
depending only on p such that

sup ll [2,o] ll
Q,ø)ex

Here $ is a local unit for a € X and the right hand side need, not be finite.

Proof By the last result

limi-nf lllf kÐ,ol llþ,r)< C llID,a)ll (Tr,(QlDf\)i ,¿-+0

Choose/ suchthat /(1):1and 0< I ( 1. Then lköDó) e r?f foralle ) 0and
IGO) -r 1 weakly as 6 -) 0. o

lc¿6,r)(X) 3 Cp rr,(QlDf)i.(,
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This allows us to state the generalisation of Theorem 1.5'4.

Theorem 2.2.L7 Let p € (1,-) and let (A,]l,D) be a (p,æ)-sumrnable spectral

triple with A local. Then

1) Setting r(a):Tr,(a(I+O\-Ê) defines a trace on A. This trace is nonzero if we

haue Ie ¿rnt # 0.

2) IÍ p i,s an integer, and art...,ao € A are conl,rnuting selt-adjoint elements, then the

absolutely continuous part of their ioint spectral rnealure

p'""U) : 
Iu""f 

(r)n(r)Êr,

is absolutely continuous with respect to the nxeosure r
,(Í) : r(Í (at ..., ap)) : Tr,(f (L + o2¡-l¡,

where / e Cf;(Rz).

'We now show that our main examples have discrete and finite dimension spectra. In
fact, the most important examples, spin manifolds, have simple dimension spectra'

Example We showed in Chapter 1 that if (A,11,D): (Cflo(X) ,Lz(X,S),P) is the

Dirac spectral triple of a complete spin manifold X, then it is (p, oo)-summable where

p : dimX. Using the fact that both D and lDl are first order pseudodifferential

operators on X, we have

lD,l): dl., ÍlDl,ll: ld,Í|¡, V/ e Cr-(X).

Here ldll is pointwise multiplication by the length of df . Since / is assumed to be

a smooth integrable function, it is not hard to check that every element of ß(A)
is integrable. This shows that for Re(z) ) p the only pole of (6Q) is at z : P

for any b e ß(A), and this pole is simple. Following ideas in [65], and using the

Iocalisation arguments above, r¡{e can write, using the Laplace transform and the

functional calculus,

bg +D\-" : ;l) fo* 
x'-tu"-\(t+D2)¿¡ (2'4)

and this integral converges in operator norm and in trace norm whenevet Re(z) > p,

[14]. Hence we can take the trace,

Thace(ö(l + D')-') : 
#/*,rr'-ttace(öe-À(r+o'\d^ 

b e ß("4)-

Since 1 +D2 is invertible, the integrand is of rapid decay and so the integral is regula^r

at the upper limit. The lower limit can be understood by employing our results for

the small time asymptotics, Lemma 2.2.\1. For .Re(z) > $ this yields

o
lo* 

x,-r-Êax)1

f (r)T[ace(ó(l +D')-')

o /t\
\(, - Ê)rØ )
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Again we can see that the trace is singular at z : E.

In fact, the function eaQ) analytically continues to the whole complex plane, except
the integers ( p, and the poles at these points are at most simple. These results
follow from the results in [65], though some additional argument is required in the
noncompact case. In [65], the necessary analytical results (analytic continuation,
estimates of the trace et cetera) are all carried out on a single open coordinate chart,
and the final result deduced using compactness; i.e. taking a finite sum. In the
noncompact case, we need to take an infinite sum ofoperatots, one for each coordinate
chart, taken in a strong operator limit. That this is possible can be seen by analysing
Seeley's principal hypotheses which are

1) Uniform ellipticity of the operator, which is true for the Dirac operator, and

2) Existence of a single ray of minimal growth which works for the restriction of the
operator to each coordinate chart of the manifold, which is again true for (t+o2¡i,
by positivity, [65].

Following Seeley's arguments, and recalling our caveat that we always work on an
infinite volume manifold with no boundary in the noncompact case, so there are never
any boundary problems on L2(Xr^9), shows that Seeley's results continue to hold in
the case of a complete manifold. This shows that for the complete spin manifolds we
consider, the dimension spectrum is simple and contained in the integers ( p.

Finall¡ the technical requirement of rapid decrease of l(z)Ç6Q) on vertical lines with
Re(z) ) 0 can be deduced as follows. Using integration by parts we have

[æ ¡z-r"-),pd),: ] roo

lo zlz+L)(z+j-Ð":kÃ J0 'k*,"-Àu¡z+k¿¡
SO

1

fo* 
X"+k||'race(ö(l *'pz¡k+l.- ^(r+D2) ) d^l}ace(ó(l +D')-') t(z)z (z+k)

1o t(z)2...(z+Ð(r-l)
Here we used an estimate like that in Lemma 2.2.11 above. This shows that for
Re(z) ) 0, the function l(z)Ç6þ) decreases fa,ster than any inverse power of Im(z)
as Im(z) -+ *oo. To check that the derivatives have similar deca¡ note that {*^' :
togk(.1)À,.

Example For the noncommutative torus, life is in some ways easier, because we
know the spectrum of lDl is precisely 2rlnt rrnl, though the multiplicity is not so
well-known. Nonetheless, for all ó e ß(Aù, and s ) 1, Tlace(b(l + D2)-") <ll b ll
T}ace((l +D2)-'), since 14¿ is unital. Then the a^symptotics of the partial traàe of
lO¡-z' (inverted off its kernel) can be computcd, [BZ], yielding

2r
D (n + rm)-2'tace¿(l2l-2') 2

(4n2)'
n2¡121R
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2r

77

2
(4n2)'
2n

I, (r + ry)-2'drdy

p-2(s-'1)--t¿är]
<t2+,U2<R2

1

(4n')' Im(r)(I - s)

where these equalities are equalities modulo negative powers of .R, so that the complete

trace for s ) 1 is given by

T[ace(lol-"¡ - ''T^.(4n')'Irn(r)(s - 1) 
'

This shows that the¡e is a simple pole at s : 1, and also that the residue of the trace

at s : 1 is precisely the value of the Dixmier trace of lDl-2. This shows again that

lDl-, e ¿(2,æ) is measurable, by Equation 1.50. Also, the function l(z)Ç(z) is of rapid

decay on vertical lines, just as for the spin manifold case. The dimension spectrum

is again simple here, and this is most easily seen by comparison with Lz(T|, ^9), the

square integrable sections of the spinor bundle on the ordinary two-torus with side

lengths 1 and r, and the results for spin manifolds above. This follows because as far

as the linear structure of the Hilbert space is concerned, 2 is the same as the Dirac

operator on the elliptic curve defined by r.

We now combine the smoothness based notions coming from the i[¡DO calculus with
the hypothesis of discrete dimension spectrum to define a family of functionals on

(A,H,2). These will continue to make sense for examples like the cone, and provide

higher order versions of the Wodzicki residue.

Proposition 2.2.L8 Let (A,'17,D) be a smooth spectral tri,ple whose d'öscrete dimen-

sion spectrum is of fini,te muttiplicity and containeil in the set {z : Re(z) 1p, p € R}.
Then

1) For P eú.(A) the functionh(z): Tlace(P(l+D2)-") is holomorphic for aII

z e C with Re(z) > j(OraerP +p) and ertends to a holomorphic function on the

complement of a d,iscrete subset oJ C.

2) Set ,*(P) : rêsz-ozkh(z), k ) 0. Then

r*(PrPz - PzPt): 
à #ro*^eLL"(P2D (2.5)

where L(P) : lDl-LlD2,Pl.

Remark We refer to [26] for the proof of this result. If g is the multiplicity of Sd'

then by pa,rt 2), ro is a trace. In the special case of a simple dimension spectrum, rs is

an extension of the Dixmier trace, the latter being defined only for P e OP-p. Note

also that ,*(P) is the coefficient ¡¡ ,-(k+r) in the expansion of. h(z) near 0. These

higher residues will be used in the expression of the Local Index Theorem.

Example For the spin manifold case, our previous example shows that the dimension

spectrum is always simple, and so the trace rs on the algebra of lt¡DOs extending the

Dixmier trace is the Wodzicki residue.
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Example The noncommutative torus also has simple dimension spectrum. Conse-
quently only 16 is nonzero, and this provides us with a trace on the algebra of \[DOs,
in analogy with the Wodzicki residue.

Example The example of the double cone discussed in the Appendix does not have
simple dimension spectrum. In fact the trace of a(1 + D\-i has a double pole at
z : 2. Thus in this case, assuming that this is the highest order pole, the trace on
the algebra of pseudodifferential operators on the cone is given by 11.

These higher Wodzicki residues come into the statement of the Local Index Theorem
when the dimension spectrum is no longer simple. It is quite remarkable that a
Chern character can be built from this collection of functionals. Before doing just
that, we briefly review the various representatives of the Chern character that exist,
in particular the JLO cocycle in entire cyclic cohomology.

2.3 Chern Characters

Spectral triples are also known as unbounded Fïedholm modules or /(-cycles. The
reason for this is that to any spectral triple there is an associated Fþedholm module,
and so K-homology class, over the C*-closure of. A. It is defined as follows. Let .F

be the phase in the polar decomposition of D, so D : FlDl. Then the I(-homology
class of (A,'17,2) is by definition

l(11,D)1,: [(']7,F)l e K.(Á).

One can apply the normalisation procedure to the cycle (?1,f') to obtain a cycle in
the sense of our earlier definition. If ("4,,71,D) is þ, oo)-summable, the corresponding
trÌedholm module is p * l-summable (even in the nonunital case; [39]). This allows
us to define the Chern character of. (A,'11,D) as follows:

C hp :: Ch[(17,D)] : Ch[(\t, F)] :: C he

Recall that if the class lQL, F)l has a p * l-summable representative, then setting

Àp : (-1)tl'/Ðr9* 1), for.p even, and with an extra factor of tFa in the odd case,
Chp is given by

C hpp (as, ..., ap) - ÀoTlace' (ro [4 otJ - . . lF, oo]) .

If we wish to regard the Chern cha¡acter as defining an element of the (reduced)
(ô, B)-bicomplex, we must replace Ào with pp : eÐlÊl6t¡-1Ào.
The various algebraic and analytic difficulties brought about by the kernel of. D can
be removed in much of the following when we are working directly with the spectral
triple. Given (A,?l,D) we define (A,'llz,2-) with 2- invertible as follows.

(A,?{z,D*)::(n*o,U*u.( D a \l
\ o''\; -" ))' 

m)o'
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The two spectral triples (A,H,D) and (A,'112,2-) define the same K-homology
classes, for all m ) 0, and so the index pairings arising from these two classes coincide,

[28]. Thus we may always assume that D is invertible without changing our index
pairing. Moreover, the phase F^ of 2- satisfies

P2 -1 F..-r..*Lm- L1 Lfn- LfTLl

and we have the following relations, [39],

lF^,a] ç ¿@,æ) çp;L ç ¿(n'æ) 1a (l +D2)-+ ç ¿(n'æ),

for all a e Aand all m ) 0. Similar equivalences hold for the case when (l+D2)-t is

trace class for all n) p, so in particula¡ for the case of discrete dimension spectrum.
Most importantly, at the level of cohomology classes,

Che - ChP: ChP^ - Cho^'

In [20], yet another cyclic cocycle cohomologous to the Chern character was defined

for (p,oo)-summable spectral triples like ("4, ?12,D^). It is given by

C hn (?12, D *) (oo, ..., an) : lm u""(lD;L lD ^,¿0]''' 
D *L fD ^, 

an)),

where fr : ptp *2, .... This formula utilises the p * l-summability of D^, b:ut not the

stronger þ, oo)-summability.

The question of how to represent the Chern character of. a (p,oo)-summable spectral

triple using 2 and the stronger summability hypothesis was (asked and) answered by

Connes and Moscovici. Indeed, the answer is a local index formula which remains

true in the full generality of discrete and finite dimension spectrum, regardless of

þ, oo)-summability (provided of course each Ç6(z) is holomorpic for Re(z) sufficiently

large). First we note that because any spectral triple with discrete and finite dimen-

sion spectrum is also d-summable, we can employ the following JLO formula for a
representative of the class of the Chern character in entire cyclic cohomolog¡ þ1]'
The expression continues to make sense for spectral triples with discrete dimension

spectrum whose zeta functions a,re holomorphic for all z with Re(z) sufficiently large.

Definition 2.3.1 Let (A,H,D) be on odd î-sumrnoble spectral triple. The Chern

character of ç4,'t1,D) in entire cycli,c cohomology is the class of the cocycle with

components (for n odd)

Ch7r@s,...ran) : tÆ [ T]ace(ase-ooo'ÍD,a¡f¿-ttrD2 ..- e-ao-tD'¡D,on1"-'^D'¡,-Jt

where the a¡ e A, and An ¿'s the stanilard n-simplen uôth coorilinøtes u¡ ) 0, i :
0,...,fl, ui,thDl=oai:L. In the euen cose, we d,rop the tÆ ond ínsertl án front of
d,0.
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In fact, this formula makes sense on the Banach algebra ,4p which is given by the
closure of "4 in the norm ll o lla:ll ¿ ll + ll lo,"] ll. we can also extend the
definition ofthe functional used to define the Che¡n character to various larger classes
of operators. so when A¿, i : 0,...,h, are operators on ?l preserving the smooth
domain of D, we define

J LO^(AI, ..., An) : 
Io.Tlace(,4¡e- 

aoD2 fir"-ut" . . . 
"-on-rD" 

Ane-onD" ).

We refer to this as the JLO functional, and we now show that it defines an entire cyclic
cochain of "4. Much of this is as in [35], and we focus attention on those adjustments
necessary to deal with the weaker summability hypotheses of the nonunital case. In
fact the following lemma deals with most of the technical estimates necessarv to
employ the results of [35], at the expense of introducing more local structure.

Lemma 2.3.2 suppose that (A,?{.,D) is as aboue, A¿,8¿ e ß(A), with at most k of
the A¿ nonzero, and that there exists ö e A such that ll (1- ó)x ll< ô ll x ll wheneuer
Y:Ai,B¿,I)6>0. Then

lrLo^(AoD*Bo, ...,AnD+8,)l 
= 

('.J. *ï':î{gÍ-t'l]l'l 
úfl,, ll + ll a¿ ll),(1 - d¡("+t) (n - k)t i=o

whereå>.>0.

Proof As in [35], we employ the Hölder inequality to obtain

lTbace(áe '..A")l <ll Áo ll,-' .. . ll An ll";,,
where Do¿:1 and ll . ll¿ denotes the norm on LkQÐ.'we are also given / such that
ll X(1 - d) ll<ll x ll 6 <ll X ll whenever X : A¿,8¿. Using

G - Ð : ó(1 - ó) + G - Ð2 : óG - Ð + öQ _ ó)2 + (1_ d)' : ...
we estimate

ll ADe-"D" llo-, ll AQDe-"D' + A1t - ó)De-oo" llo-,

ll D ¿øtt - ó)uD"-"" llo-,
oo

rk=0

Similarly we have the estimate

ll Be-"D" llo-, <

(*) ll / llll 'p"-oe'zll 
ltacelp"-'e-{t-')o'¡¡o

(fr) (2eeQ-l ¡l a ll lruc e(óo-te-$-')o')l .

(fr) ll all l*.ce(6o-t"-øzr¡o

(*) ll B ll lriac e(óa-'e-Q-')")l
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Putting the two estimates together yields

ll (A¿D * B¿)¿-o;D' llo.,

75

sinceÓ(l.Usingthefactthatloi:|wemayassemblethesepiecestoobtain

x 
lThace(4"'-' 

e-G-e)o2¡loi

x 
lTYace(/e-(t-e)a'z¡l'r

lJ LO"(A¡D * 80,..., AnD + B")l

= (*) 
("*') 

7r",¡-å útrl A¿ ll + ll ¡¿ ll) ltace(/e- 
$-e)D2¡l 

I^^@6'' 
'o',)-+

= (*)("*') 1r",¡-t #W¡1ttt ,, ll + ll B¿ ll) ltacelø 
e-Í-e)o'z¡l'

The integrand in the integral over the n-simplex is defined by setting o'j : L if. A¡ : Q,

and the integral is then bounded by #. when at most k of the A¡ are nonzero' Ú

The requirement that we have an approximate unit for the elements appearing in

the J LO functional is quite restrictive. In general, one can only show that a smooth

approximate unit for A is a strong approximate unit for ß(,4). This means that

A(L - {,,) converges strongly to 0 (by virtue of the fact that (L - Ó") does), but

it appears to be an additional requirement that we have a norm approximate unit.

Similar problems arise for AbØ).

corollary 2.3.3 Suppose that the algebra abØ) is local, where (A,H,D) is a 0-

summable spectral tri,ple. Then the Chern character in entire cyclic cohomology of
(A,H,D) defines an ent'ire cyclic cocycle for both of the algebras ,A' and 4,"'

Proof The estimates required of an entire cyclic cocycle a,re now easy to check. In
pa^rticular

|JLon(ao,|D,at],...,P,@'])l<#|rrace({e-('-.)2,)lfillo,llo,

wherell allp::ll øll +ll P,"lll.Theproofthat(ö*B)Ch?:0isa"sin[35],except
that we always work with elements o1.A., and employ the localisation results from the

last section. Exploiting the continuity of the JLO cocycle given by Corollary 2.2.L0

then allows us to extend the result to the completion. tr
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Of course, if we evaluate the Chern character on elements which possess a local unit,
then we can take d:0.
We now recall that we have a certain limited homotopy invariance for the Chern
character. For V :D or V e ß(A), define the cochain

Tn!^ ço, v) (oo, ..., an) : ieÐn r Lo n¡1(as, , ÍD, a¿f ,V, ID, a¡¡y], ..., lD, on]).
i=0

A special case of this definition yields C nÏ (O , L) : C nE, (O) . Then using our previous
estimates and results in [35] we have

Proposition2.3.4 The cochainell(p,V) is entire if V is bounded, orV : D
WhenV:D ande )0wehaue

ftcniço¡: (ó + a¡õñ! q,o,o¡.

We refer to [35] for the proof of this result, noting that the technical issues associated
to nonunitality can be dealt with by simply restricting to ,4," and invoking continuity.

As a consequence, the cyclic cohomology class of the Chern character o1. (A,?t,D)
is invariant under the scaling of D by a positive number. Now for a fixed collection
aot...tør, of elements of u4" we have

ll chP,gD)(a;,,...,¿,) ll< \l*^*16"-G-e)t2D2¡l ¡1 tt ", lt,

When (A,17,D) is (p,oo)-summable,

Tr ace(þe- (L - e)t2 D2 
¡ : O (t-P )

asú-+0. So

fwcnY\o) : o for n> p.

Since sending Í to 0 is a homotopy of the above form (at least for ú > 0), we see that
the entire Chern character 'should' be cohomologous to a cocycle with finitely many
terms; i.e. one in the image of the map

HC.(A) a HE.(A>).

This conclusion depends on the regularity of the Chern cha¡acter as ú -+ 0, or at least
it being cohomologous to something regular at ú : 0. In fact the latter is the case,
and the real challenge is to identify the components of a cyclic cocycle representing
this class, and relating it to the usual definition of the Chern character.
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The Local Index Theorem and Connes' Theorem 8

The aim in this section is to find a representative of the Chern character of a finitely
summable spectral triple in the (reduced) (b, B)-bicomplex in terms of 2 and the

higher Wodzicki residues introduced earlier. Beginning with the entire Chern char-

acter provided by the JLO functionals, the scale invariance of the entire cyclic coho-

mology cf¿ss allows us to employ asymptotic analysis to identify the (finitely many)

components of this cocycle.

In the following k: (1q,..',kn) € N', lkl:h*"'lrn,da:lD,ø] for ae A,and
the functionals ro are the higher residues defined in Proposition 2'2'18. We always

suppose that the dimension spectrum is contained in the half plane {z : Re(z) < p}

Theorem 2.4.L (Local fndex Theorem, 126l) Let (A,11,D) be a smooth spectral

triple, with d,iscrete and finite dimension spectrum, and suppose that A:pÇA) is local.

Then if A is uni,tal, the fotlowing formulae define the components of a cyclic cocycle in

the (b,, B) bicompler of A whose class coincides with the class of the Chern character

in HC.(A). IÍ A is nonunital, then the following formulae ilefi'ne cgclic cocycles in

the red,uced (b, B)-bicomplex of A+ and their class coincides with that of the Chern

character in the reduced, cyclic cohomology ffi.1A+¡ : HC*('A).

a) For (A,'11,D) euen and summing ouer q <lkl * | and lkl * n < p'

Ón(o0, "',an)

- 1) lklt ,no q(lkl + |)rø(l oo(dø1 ) 
(Èr ) .'' (dan¡&') g + o2)-sP ¡Icl'..knl

k,q

fornlo euen' while 
do(oo) :r-r(fao)

where 
,-r(b): ress='.s lThace(ö(l +D\-').

The oo are the syrnmetric lunctions of the numbers L,2,...,1k1* fi' and

ol,!o : (kr + 1) (kr * Icz * 2)''' (h * kz *''' * lc" * n)'

b) For (A,?!,D) od,d' and summing oaer q < lkl + + and lkl* n 1P,

Ón(oor "',an)

: r/ 2n i Dffi " 
x,n\,o *- o(m) ro',s(dar ) 

(tr ) . . . (do,, ) 
(t" ) 

1 L + o2 ¡- W ¡

where *: lkl + + and o¡ i,s defined by

,:\^ 
(". ry) - | zi o*-¡ (m)'
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Before describing the proof of this theorem, we have the following important result,
which we refer to only as Connes' Theorem 8, [19, IY.2.].

Corollary 2.4.2 (Theorem 8) Let (A,71,D) be a smooth, (p,æ)-summable spec-
tral triple with simple dimension spectrum, ObØ) local and p € N.
1) For any choice of Dirmier trace Trr, a Hochschi,Id p-cocycle S, is defi,ned by

ó, (ao, ..., ap) : p,oT r, (l as[D, al' .' ID, ar](L + Dt)- Ë 
) .

2) For all Hochschi,Id cycles ce Z,(A,A) we haue

(ó,, c) : (r,p, c),

where ro e HCp(A) is the Chern character oÍ (A,'ll,D). In particular, operators of
the form

laslD, aLl. . [D, ao]g + D2)-Ê

are measurable.

Proof When the dimension spectrum is simple, we need only consider r0, since for
8 ) I, Tq: 0. Moreover, simplicity assures us me¿Nurability of the operators above,
so that for any choice of Dixmier trace we obtain the same ansìiler. The p-dimensional
Hochschild class of (d") it the Hochschild class of óp, and this is easily computed.
First, we must have lkl : 0, since n : p and from simplicity q : 0. So, in the even
case, using Equation 1.50 we have

ór(a0,...,ap)

as claimed. For the odd ca^se we have an extra factor of \m and we note that

j",rf,l^rtasd,al

;G)r f Fooao,

#flooao,

d,ar(L * D2)-Ê)

d,ao(L +D2)-Ê)

' d,ao(l + o2¡-Ê¡

"4(+):årt2 ¿ \/7t

p+L *Tt
2

so

ó,(o0,..., ap) : un f @olD, atf . . . P, aolg + D\-\.
Connes notes that for any Hochschild cycle c the pairing with Q, is equal to the
pairing of (ó") with c, so we must have that the pairing is independent of o. Hence
the operators

Dr "'olo, 
a|l. . . ÍD, dpl(L + D\- Ê

are measurable. Thus we can write

ö,(o0,...,an) : f fao[O,atf ,..ÍD,o,](t +D\-Ê.
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In fact this proof of measurability is redundant, given the simplicity of the dimension

spectrum. Measurability is assured by the discreteness of the dimension spectrum

and (p, oo)-summability, for in this case \Me have a simple pole at p' tr

We begin the proof of the local index theorem by defining a number of zeta functions.

So for a¡t...¡an € A" fixed, define (with f : 1 in the odd case)

e(r0,...,2n) : Tlace(fø¡lDl-2"od,olol-2zt "'lD1-zz'-roonlDl-2'^)', z¿ e c'

Note that here and below \rye are writing l2l in place of (r + o2¡i for the sake of

brevity. This may be justified by first replacing (A:lí,D) by (A,'l[z,D*) with m : I'
Initiall¡ ( makes sense for lRe(z¿) > $. Using the ÜDO calculus of [2a] we have

/r>0

(- 1)fr

lctlol-2"da: t ,@ çaa¡@1Dl-zz-zn

where z&) : zþ +I).'. (z +/r - 1). This allows us rewrite the function ( in terms of

a single complex variable. For if we set

h ¡(z) : Tbace (ø6 (da1 ) 
(ft r ) @,ar¡Q'ù''' (d,an¡(k*) lDl-2lkl-2 

z 
)

where Ie :(let,...,lcn) €Nä, lkl :kr *tcz1-"'kn, and (dø)er: V&t(da), then

Ç(zo, ..., zn) : D PuQo, ..., zn-t)hr(D r¡)
n

0k

The polynomial P¡ is given bY

P*(20r..., zn-t) : (-1 lfrl

4o') (rr* kr * z)(xz) * ...
kf.. . . le',l

"' * ("0* kr + zt * kz * zz + "' * lcn-t * zn-1)$")'

Since ä¡(z) is holomorphic for zlarge and tends to zero as Re(z) 4 ñ, summing those

terms for which lkl> p contributes by a function of (zs, ...,2n) which is holomorphic

and bounded in the half plane I Re(z¿) > 0. This follows because lO¡-t*t is trace

class in this case, and Proposition 2.2.L8 guarantees the holomorphicity.

The next task is to relate the zeta function defined above to the components of the

Chern character defined by the JLO formula. This is achieved by utilising the Mellin

transform with À > #r\. In this region the integrand is sufficiently regula,r to

deduce the indepe"d""Ëä'o'f tnu result on the specific value of À used. We employ a

local unit / for the finite collection of ø¿ and lD,o¿) l¡/e are considering, and invoke

our localisation results for the functional calculus to obtain

öe'uo' : * I:r(À + ós)Slal-2(x+de)u-(À+ds)d" v, > 0.
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Taking À > q#Ð and inserting this expression for óe-uo" in the JLO formtla yields

Tlace(a¡e-uoD2 ¿or"-utD2 '. - d,ane-u^D2¡

# I"^*,r("0)''' t(zn)u-" Ç("0,..', zn)dzs "' dzn

:: 0(u0,...,un) : 0(tt), (2.6)

where u¡ ) 0, LL-z : ul'o...ui'" and C¡ : {À l-is: s € R}. By hypothesis on
the dimension spectrum (namely the rapid decay of l(z)((z) on all vertical lines with
Re(z) > 0) and the boundedness of

f(ro).'.1(z^)l(zo *'.. ¡ zn)-L

otr Cf+l, we see that
|("0) " 'I(2")((zs,..., zn)

is integrable on Cf+l for all but finitely many values of À > 0. The points where this
is not integrable are those À where there are singularities in the integrand.

These singularities will contribute to the coeficient of e-ä as € -) 0 in the expression

0(eus, eu1,..., €un), Du¿ : L

The reason for considering,these asymptotics is as follows. By taking the Chern
character for the operator eiD and fixed elements øs, ...r&n € A" we have for n ) 0

ChPn,,(as,...,an) - rg Æ, 
Io^0(eu)d,uo.. 

.dun,

where the ei arises from the one forms lD,a¿\, i: r,...,n. Since the entire cyclic
cohomology class of this functional is independent of e ) 0, we seek the coefficient of
,-i ind in order to obtain an invariant part. We now undertake this, following [26].
When the above expression for d(eu) is evaluated using a À for which the integrand
is regular, we see that l0(eu)l :O(e-(n+L)^) Uy inspectingthe formulafor O(eu),

,f 
(2,.;)-{"*', I"r*rf (ro) . . .t(zn)u-'r-D" Po(rc,..., zn-t)h*(D r¿)aro . . . dzn.

However, as € -+ 0 we will pick up contributions from the residues of the integrand.

So let c(k,q) be the coefficient of e-'I in the expansion of h¡(fi * e) at e : 0. This
allows us to compute the effect of the residues of

D r(.) . . . I(zn)u-" p*(ro, ..., zn_t)ht (D ")
lel>0

at Z:Dz¡: f by computing those of

@,r,c(u, z) : t(zo) . . .l(2")P¡(ro, ..., zn-1)u-z (zs * n¡""_i -q (2.7)
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multiplying by c(k,q) and summing over /c and q. We now want to integrate this

frrn"tLo oi C1+i *itn .f : ffi, so as to find the coefficient of e-i '

Since any n of these integrals ind,zs,...,dzn can be carried out without difficulty, we

are left with a single integral in 20, sa,y, of the form

A(u, zs)

to - i)q

where ,4, is holomorphic in the region we are interested in. If we integrate along

i-õ+itfrom t: -Rto ú:.1?, thenacross tothe line !* the

rectangle, the Cauchy integral formula tells us the answer By

the rafid decay hypothesis, \r¡e can let -B + oo and the ans ' If
ô1 and ô2 are both positive numbers less than Lz, the difference between integrating

along i - õ, and, | - ô2 is zero, by the Cauchy integral formula and the rapid decay

at *ió. This shows that the asymptotics are independent of ô, and we pick up the

coefficient of e-i ,, modulo factors of. e-Ê arising from integrating along X: I'
AftercheckingthattheJacobianof.(2s,...,2n)-+(Z,Z-20,"',2-('o+"'2"-ù)
is simply one, lve can rewrite this by employing the differential operator

x: 1 Ë9.n+l?'-oAz;

For then the contribution of this residue to the coefficient of e-Ë is

since the derivatives of. e-t involve factors of (loge)e. This also shows that the full

asymptotic expansion of d(eu) wiII contain terms of the for- .-å logfr e for positive

integers I,,k.

As the real part of. Z isfixed, this is a function of Im(Z) only. Thus, using the ordinary

pseudodifierential calculus, we can write, for any smooth function / : R -l C,

(xÐ(tm(z)) : * I I "-Ø-Ðt¡¡Ø)dzdt
: * I I "-ilm(z)t¡¡Ø)dzdt.

Inserting this in the above expression for the residue yields (%rl-(n+r¡c(k, g) times

* In*,*r.1=^ ål('o) 
' ' 'l(z^)P¡(zlt "'¡ zn-1)u-z e-t(D'¡-i) d'zs' ' ' d'znd't'

(2.8)

where ¡ : 1ft¡, and we interpret the last of the integrals in the z¡ as before, by

integrating oir a iine to the left of ¡: i.

l^"r,or=,

l, ",:, #(r('o) ' ' 't(zn)P¡('o' "'' zn-t)u-') d'21 ' ' ' d'zn'
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Employing the Mellin transform again shows that for each fixed f and all u¡ ) 0 we
have

t^,, . f(ro) ...1(zn)u-ue-tDz¿d,20. -. dzn - (znq@+t) fi"-","' . (2.g)
J Re(z¿)=) 

o

So the immediate task is to compute the effect of including p*(20,...,2n) in the inte-
gral. Recalling the notation

z(k) - zQ+r)...('+k-r)
we have

(*)r (uus)- "o : 1-\k z[k) u-Qo+k) u-'o .

This expression is useful a^s it gives us a way of computing the effect of

l-tlD*, /'- \
Pn("o,'..,zn-t): #4*"(rof kr* z)(*z) "'(ro*kr+ zt*kz+...+ zn-1)ft')K1!... Kn! -

on the integral 2.8. Denote the integral 2.g by f fu0,...,un) and apply the following
series of operations

(*)" Í('uo,rtLt "'tun) : Ít(r,us,..',un)

hza
a, Ít(u, uo,'u'ttrL,t ..., u,.) : Íz(u, us r ..., un)

(#)" lt(u, us,'rL t'.. t uun) - rn(r, u0, ..., un)

before evaluating the result at u:1. Flom 2.g, the function / is given by

f (u0,.',u,.) : ¿-(lu¡'¡"t '

The final solution, /,r(1, u), is

,f" (1, u) : (-1)D x¡ 

"tl 
*¡ ugr (uo + ur)kr. . . (ro + . . . + un_t)k, I (u0, ..., un),

as is easily checked. Hence the integral 2.8 is given by

fl-L
(q-l

k¡+i)"-(lw)et 
¿¿

x u\'@o ¡ ur)o'...(ro + ...+ un-t)kn

At D uj : L we need to compute the integral

r _F-'
I-* (q - U-='et"e-" 

dt
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v¡here 0 : D k¿ + i. Since by definition

[* "o_r"-rds 
: f(a)

lo

where f (c) is just the Gamma function evaluated at a, and

Ittrl : [* log(s)so-le-'ds: [* tutoe-"dtaa Jo J-æ

83

we have
dq-r f (a) : l*_ro-t"'"e-" dt.

dac-r

Thus the coefficient of. e-i in g(eu) is the sum over k,q of- the terms

u3' @o ¡ ut)k'' " (ro +''' + un-t)k'q-1)!

We now put this computation to use. By taking the Chern cha¡acter for the operator

elD and, fixed elements øs, ...ran € A"we have already noted that when n ) 0

ChPn,,(as,...,an) - ,ç ¡a 
|o.0(eu)d,uo. 

' .d.un,

where t]ne ei arises from the one forms lDra¡1, i : Lr..., n. FÏom the above computa-

tions we know that

d(eu) : Do*,rr-o-(log e)¿ + Olr-i¡,

where the p^ correspond to poles of /r,¡ whose real parts Reþ-) are greater than fi.
Integrating 0(eu) over the simplex using

: Ie:r,T:,:,":r;. 
;-î :,-1. :- I 

" 

Ii,,I"
yields

C h|n,r(as, ..., an) : D þ^,rri -p^ (Ioge) ¿ + O ( t ).

Now, as

*tnT,,: bdñl-r,, + nTn!,*r,,

we can compute the pairing of the Chern character with cyclic cohomology by

llcnï,,,cnl : lQnI,ul
n)0 z)0

for all (entire) cyclic cycles ": ("n), and this is independent of e ) 0, [28]. However,

for r¿ ) p, Dn>pChl,, -r 0 a^s e -l 0, being of order en-p by Lemma 2.2.LL. Hence

we have

D(c hI,,,",,) a9 Ph? (D), cl.
nSP

¡(a-t)(a)
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This pairing yields a scalar independent of e which is also a sum of terms of the form
c¡¿e-e(log e)¿. In particular, of the terms in the expansion

C h?n,, : D þ^,ri -o- (log e)¿ + o(1),

for nonpositive powers of e, only the constant term can contribute to the pairing.
This term is given by (writing a : D k¡ i i, antd a¡,n as in the statement of the
theorem)

D,/a1-}Dr't ff!*ffi"1r,n¡
lfrl>0,q>0

: D,/a1-t¡Du rffiyf,,f^d,afù ... aaffò¡oan-2tk\.
lfrl>0,q>0

f r¡,"1t + D\-Ê : 
"@) I* f *,,

Finall¡ the existence of an expansion of the above form for both ChEn,, una ei,!n,,
shows that the results of [2S] hold, namely that Chfl,, is cohomologous to its finite
part, which is given by the above formula.

This establishes a formula for the index pairing in terms of residues of appropriate
functionals, but it is not the formula quoted in the statement of the theorem. In
particular the bounds on the number and type of terms for each n has not been
established. These final statements follow from the renormalisation argument of [26],
which does not depend on unitality in any way. The idea is to employ the scale
invariance of the formulae to remove the derivatives of the Gamma function. We
omit any further discussion of this essentially combinatorial argument.

F\rrthermore, the latter part of this argument where n was taken positive can be
adapted to identify the 0-th component of the Chern character. The details are in
[26], and again we leave these to the interested reader.

Example For an even dimensional (connected) closed spin manifold X the dimension
spectrum is simple and the terms arising in the Local Index Theorem have been
computed in [11] using the asymptotic pseudodifferential calculus of Getzler. Their
computation shows that the components arc

ózx(r',..., Íz*): corsr. l.A#)ÍodÍt A. . . A d,f2¡,

where ,4 denotes the '.A-roof genus' and ¡3 is the Riemannian curvature tensor. Flom
ou¡ ea¡lier results and comments it is clea¡ that this result extends to the (infinite
volume) noncompact case, provided of course that the fi e Cf (x). Of course the
Hochschild cla^ss evaluated on a pform /øç, where øs is the complex volume form,
yields

namely the usual integral of. a p form (or function).

Example The example of the double cone satisfies the hypotheses of the Local Index
Theorem, and so we can write down the components of (this representative of) the
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Chern character. They are given bY

85

óz(ao,at,az) : 
lSrs(laod,aLd,o,2(1. 

+ D')-') +f,nlasd,arda2(r + D\-r)

1

do(oo) - resz-o:Tace(fa¡(1 + D')-'),

where ao,at¡a2 €. A. Thus the Chern character for the double cone involves both

terms in the Laurent exPansion'
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Chapter 3

Noncommutative Spin Manifolds

Having worked our way through the basic structural results about spectral triples,
including the Local Index Theorem, we can now state Connes' axioms for noncom-

mutative manifolds, and examine their immediate consequences.

In Section 1 we begin by showing that spectral triples have an intrinsic metric struc-
ture, and also support a natural representation of the universal differential algebra.

These two features show that there spectral triples possess geometric structure beyond

the minimum needed for the Local Index Theorem. With this ari some motivation for

taking spectral triples as our basic geometric data, it is natural to ask what further
constraints can be made in order to obtain a sensible notion of manifold.

fn answer to this question, we state the axioms for noncommutative manifolds, check

that they are satisfied by our examples and examine some of the principal conse-

quences of these axioms. First we show that the axioms imply that Aþ(A) Ø Aon is a

local algebra, and so the Local Index Theorem applies to noncommutative manifolds.

F\rrther results identify the bimodule structure and the behaviour of the integral pro-

vided by the Dixmier trace. 'We also show that there exists a canonical 'smooth
compactification' in the nonunital case, and it is determined by the operator 2.

In the next section, we show how Poincaré Duality gives us a strong Morita equivalence

between the analogues of the functions and Clifford algebra, just as for commutative
spin manifolds. This shows that the representation of the universal algebra is irre-
ducible in the sense of (pre) C*-modules. In addition, Poincaré Duality coupled with
Connes' Theorem 8 gives us measurability of various elements of this Clifford algebra,

showing that the integration given by the Dixmier trace is well-defined.

The last section looks at two closely related issues, the form of the operator D and

morphisms of the geometry. First we prove a formula first given by Connes, Í241,

which shows how the operator D is related to junk forms. Then we define a represen-

tation of the automorphism group of the algebra "4. This is typically only represented

by bounded invertibles, so we rapidly specialise to two important unitary subgroups.

The first is the 'gauge group' provided by the inner automorphisms. 'We show that
2 has a description in terms of connections¡ on the bimodule T{* whose form is pre-

served by the inner automorphisms. This description is specified only up to operators

87
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which are simultaneously left and right " -linear, and this gives us an extra degree of
gauge freedom, provided by isometries. These isometries give us the second group of
unitaries which we consider.

Both of these descriptions of D are employed in the last Chapter where we show that
the commutative examples of these axioms are precisely the complete spin manifolds.

3.1 The Axioms for Spin Geometry

As mentioned above, we will begin by showing that spectral triples are 'noncommu-
tative metric spaces,' and that they carry a natural representation of the universal
differential algebra. 'We begin with the definition of the metric.

Lemma S.t.L Suppose that (A,11,D) is a spectral triple and that

{a€A\t'll [D,a]ll<1]

is a norm bounded set in A. Then

d,(ó,,þ): 
i|g{ld(r) -,þ@1, ll lD,"l ll< 1i

defi,nes a metric onPE(Á), the pure state space of Ã,

Proof This is straightforward, [21] fI

The condition in the lemma is an irreducibility type constraint. In future, when we
mention the metric associated to a spectral triple (A,'11,D), we implicitly assume
that the condition is met. In particular, it means that no element of 

"4, 
except scalars

commutes with 2, [63].

Example It is easy to check that Krajewski's two point example yields a distance of
j bet*eeo the two points.

Note that when ..4 is commutative, so that A is an algebra of (at least continuous
for the weak* topology) functions on X: PS(Ã), the metric topology on PS(Z) is
automatically finer than the weak* topology. In the case of a smooth spin manifold,
whose algebra of smooth functions is (Iocally) finitely generated by the (local) coor-
dinate functions, not only do the topologies on the pure state space agree, so do the
metrics, [19, 21].

Lemma 3.L.2 If (A,TL,D) is the Dirac spectral triple of a complete Riemanni,an spin
manifolil X : PE(Ã), then

d,(ó,rþ) : h(ó,,1þ), Yó,rþ ePS(A),

where d, i,s the geodesic d,istance on X.

Proof Let alr...raibe local coordinates on an open chart U' where the open sets
Ul form an atlas. AII one needs to know in order to show that these metrics agree
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is that for any a € A the operator lD,al: lr(0al0o¡)lD,ør'] is (locally, so ovet Ux

for each i) Clifford multiplication by the gradient. Then Connes' proof holds with no

modification:

ll [2, o] ll : sup
neX

: sup
ne.X

: llollr¿or:"rHW
In the last line we have defined the Lipschitz notm, with d.r(',') the geodesic distance

on X. The constraint ll [D,"] ll31 forces l"(") - a(a)l < d.r(r,a). To reverse the

inequality, we fix ø and observe that dr(n,'), X -r R, satisfies ll [D'd"(c'')] ll( 1.

Then

sup{lø(z) - a(ùl,llÍD,ol ll< 1} : d(n,ù >-14@,a) - Q@,n)l:4@,a)'
Thus the two metrics d(',') and d.r(',') agree. D

More generall¡ whenever A is commutative, we can take A ç Lipd(P5("4)), the

Lipschitz functions with respect to the metric topolog¡ since

l"(ó) - a(tþ)l z: lóþ) - ú(o)l <ll lD,"l ll d(Ó,,þ)

for all a e n4, ó,rþ ePS("4). The issue of smoothness is taken up further in the next

section.

Before going on to the axioms, we briefly look at the differential structure associated

to a spectral triple. Given (A,?l,D), we have the (usually implicit) representation

r of. A on ?1. We use this, together with D, to construct a representation of the

universal differential algebra of A, Q*(A).

Thus we define
zr:O*("4) +BQf)

by setting
n(as6q''' 6a*) : o,slD,or]''' P, a*)

r(6(as6 1. . . dør)) : ÍD, aollD,otl''' ÍD, øx).

If we deûne
AbØ):: n(Q-(r4))

then it is clear that
zr : O*(",4) -> 0bÇa)

is a *-homomorphism and a morphism of ",4-bimodules. However, in general zr will
fail to be a morphism of differential graded algebras, i.e.

ro6fd,or

n@'"') #'o'"u'l'''

Dd,o(#).#l'''
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where
d(aslD,ot] . . . ID, onl) : lD, asllD, ar] . . . lD, a*].

In fact, the *-algebra Ai(A) is not even a differential algebra in general. The central
difficulty arising from this lack of intertwining of differentials' is that there may exist
forms ø € O-("4) with r'(ø) : 0, but n(6u) I 0. The images in O|("a) of these latter
forms are known, somewhat unfairl¡ as junk.

Example For a (connected, complete and compact for simplicity) spin manifold X
this representation is simple to describe. First we compute the commutator in terms
of the principal symbol oyt of the Dirac operator 2

lD, Íl: oo(r,dÍ) : dÍ ' vÍ € Cl'o(x)

so that T(61) : dÍ., Clifford multiplication by df . Laryer expressions can then be
computed using the rules of Clifford multiplication. To see why we do not obtain
a morphism of differential graded algebras, notice that if the representation of. A:
C*(X) is faithful and only scalars commute with "4 and D, as is the case for the
spinor representation, the kernel of the representation of O- (.Á) arising from the above
prescription is generated by the terms

h6(Í) - 6(Í)h.

However

r(6(h6U) - ô(/)ä)) n(6(h)6(f) + d(/)ô(å))
dh.dÍ . +dl .dh.

-2g(dÍ,dh)Id, Yf ,h e A,

where g is the Riemannian met¡ic. Of course, if we set the metric to zero, we obtain
the exterior algebra, and from our earlier discussion of the exterior differential forms,
we would then obtain an isomorphism of differential graded algebras

n : lt*(A) -+ ^.(7ËX).
This would be untenable however, as the spinor bundle and Dirac operator depend
on the metric. Note also that the above calculation, the 'irreducibility' (only scalars
commute with "4 and 2) and the universal nature of the Clifford relations combine
to tell us that AbØ) = C.liÍ Í(T¿X,e), [19].

Despite not obtaining a difierential algebra, the algebra AbØ) is nonetheless an
important structural component of the spectral triple. To see this, simply consider
the spin manifold case above. There, the algebra AbØ) obtained is both the Clif-
ford algebra, and the (compact) endomorphism algebra of the -4-module l(S). This
clemonstrates a strong Morita equivalence between the algebras A and, Oi("4), and
so defines a spin" structure on X, [59]. The junk forms are also identified a^s being
generated by the components of the metric, another important geometric ingredient.
This example also shows that there is a differential aþbra,inside' nb(A), for the
Clifford algebra and the exterior algebra of forms a^re linea,rly isomorphic, though they
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have different products. This also hints at relations with the Hochschild cycles, and

the other apparatus of noncommutative differential calculus.

To analyse junk and the algebra AbØ) in the general case would be rather diffi-

cult, but the example of the spin manifold gives us some hints as to what would be

'good' conditions to impose, at least in the commutative case. Though it may not

be immediately apparent, the axioms we shall now state will ensure all of these good

properties in the commutative case.

We now come to the axioms for noncommutative spin manifolds. Flom this point on

v/e assume that ("4, ?l,D) is a þ, oo)-summable smooth spectral triple with discrete

dimension spectrum of finite multiplicity. F\rrthermore, we will assume that A is local.

In the unital case, this amounts to no assumption at all. When we wish to discuss

the local nature of ,4, we will write A" C A. In addition we will assume that we are

given a continuous embedding i : A.+ Ao of. A into a smooth unital algebra "4¿ as an

essential smooth ideal. This may seem a restrictively long set of assumptions, but in
fact we will prove shortly that the assumption of the existence and smoothness of "4¿

can be removed in favour of a simpler statement of the data. For the meantime we

note that A"Ç A Ç "4¿ is supposed to be reminiscent of the smooth functions with
compact support contained in the smooth integrable functions, contained inside (a

subalgebra of) the smooth bounded functions. This latter appears rather naturally

in this context due to the non-unital Serre-Swan Theorem.

So let (A,'J¡,D) be a smooth þ, oo)-summable spectral triple with discrete dimension

spectrum of finite multiplicity and with .4 as above. In order that ("4,'11,D) define a

noncommutative spin geometry, we will demand that the following axioms be satisfied.

Axiom 1 (Finiteness and Absolute continuity) The linear space

ar _ [-l dom D-,r* 
*r,

is a pre-C* Au frnite projectiue right A-module. Moreouer ue suppose that the Hilbert

space inner product (',') ,t giuen by

G,rto) : f ,r,rt)a(L +D\-1, t,q €?t6, a € A

where
(.,') r ?l- x'lloo + .A'

is the A-ualued inner product on 7{6e.

Axiom 2 (First order condition) w" haue two representotions nq : "Aq ->
ß(?t) ond r z A + B(71), with the representation ol .Aq giaing the right A-module

structure oÍ ?{* appeori'ng in Ani,om 1. We demand that

la,bwl: g and ll?,al,bwl: g Yø,b e A.

Equiualentl\, Abç4) Ç End'aQl*), regarding ll- as a right pre-C* A-module.



92 CHAPTER 3. NONCOMMUTATIVE SPIN MANIFOLDS

Note that both the commutator conditions are symmetric in A arrd Aop. ln particular,
lD,aonl is bounded for all a € A, and so we in fact obtain a spectral triple over AØAop.
As discussed earlier, \Me necessarily have two representations, n and zroP, though we
will often abuse notation and simply write zr when we mention the representation.

Axiom 3 (Orientability) We say the spectral triple (A,'11,D) is orientable i,f for
each n ) I there erist Hochschild cycles DT=tc¿ e (A.,A"Ø AJ) such that
iT(D" c¡) : r(D" c¿)* lor all n and

*Ssoftr(ic¿) :f peven *SSoftr(lc¿):I podd.

We write *SSOTT(1" "¿):l in all cases. The A-bimodule structure of AØ Aop is
giuen by a(cØ don)b: acb do?.

Remark This tells us that we must assume that p € {0, L,2,3,...}, so that the
dimension is necessarily integral. We will describe the x,S^9O7 convergence shortly.

Axiom 4 (Poincaré Duality) Let ¡.r,: l(AØ Aop,?4,D)l denote the K-homology
class of the spectral triple, p e KR.(AØAe). Then we say that A satisfi,es Poincaré
Duality and that ¡1, is a fund,amental class il

)u, K.(A) -> xi(A)
is an isomorphism. If in addition the map

)u: K.(A6) -+ K.(A)

is an isomorphism, ue sl,y that A is of finite type.

Remark The Real structure of. AØ Aq is given by

r(aØbo?):b* Øa*oP'

This is implemented on Hilbert space by the operator specified by the following axiom.
If the Reality a:ciom is not satisfied, lve can only take p e If (AØ AoI').

Axiom 5 (Reality) A real (p,æ)-summable spectral triple is a (p,æ)-summable
spectral triple together with an anti,-Iinear inuolution J z 7{ -+'Jl such that

1) Jn(a). J* : n(a)q

2) J2 : e, JD - etDJ, Jl : ettlJ,
where ere're" € {-1, L} d,epend, only onp mod I as follows:

When "4 is commutatiue we say that (Ar?l,D,J) sati,sfies strong reality or is sym-
metric if aw - a tor all a e A. Otheruise ue say A satisfies weak reality.

p 0 1 2 3 4 5 67
e 1 1-1-1-1-1 1 1

¡¿'1-1 1 1 1-1 11
e"1x-1 xlx-l x
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Definition 3.1.3 ,4 (p,,æ)-summable smooth spectral triple (A,71,D,c,J) is a com-

plete (noncommutatiue) spin geometry if it satisfies the aboue ariorns. If A is unital,

we call it closed. In the commutatiue case we distinguish between symmetric spin

geometries (those sati,sfying strong reality) and those satisfying wealc reality.

Example Let X be a complete spin manifold of dimension p. The domain of D
consists of spinors whose first derivatives are squa,re integrable. Repeatedly applying

D and taking the intersection shows that

't7æ: {E e 12(x,s¡ , f (o"€,D"t)G +D\-Ê < oo}

since the Dixmier trace gives the same measure structure on L2(Xr,9) as the Lebesgue

meâsure. The required embedding can be obtained by including Cr-(X) in C¿-(X).

The first order condition clearly holds if we define the right action to be the same as

the left. The reason for this is

lD, ll : o(r,df ) : a¡ '

so that all functions commute with [2' /].
To show that orientability holds,.we must display a Hochschild cycle satisfying the

above requirements. So let (Ui,oi) be an open cover of X by coordinate charts, and

let {i be a partition of unity subordinate to the [/'. Then

o- qidairn.'. Adai,

is a differential p-form defined over (J', and so by the Hochschild-Kostant-Rosenberg

Theorem 1.3.11, a Hochschild cycle. If we can choose a finite collection of coordinate

charts to cover X (i.e. the compact case), then

":Ðo

makes sense. Sending d,a tod¿' shows tn"t ,r("t) is proportional to the complex

volume form øg on (Ji. Assuming, without loss of generality, that the constant of

proportionality is 1, we see that n(c) : I in even dimensions, because øg provides

ih" Z"-gruding on L"(X,,S). In odd dimensions the volume form is central, and can

be normalised to 1.

When we can not take a ûnite number of coordinate charts, we note that for any

( e L2(X,S) we have ^9O?Iim'D"zr(ci)€: f€ or (, dependingonthe dimension,

where SO?lim denotes the strong operator limit. In fact, as the volume form is a

smooth difierential form, results from the next Chapter will show that ll ô"("("i))€ ll

converges for all t € '14-, but owing to commutation of I and lDl, it must convege

to zero for all r¿ ) 0 and { e 'J7-.

We sketched the proof that spinc manifolds satisfy Poinca¡é Duality in the first Chap-

ter. For more information, see [19, 6, 44r 63].
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Lastly the ¡eal structure is well dealt with in the book [37]. In fact the real structure
for a spin manifold is nothing but the charge conjugation operator on the spinor
bundle. We refrain from discussing it now, as we will look at it in some detail in the
next Chapter.

Exarnple The noncommutative torus is a noncommutative example of these axioms.
It is easy to see that the first order condition holds (with the left and right represen-
tations being given by left and right multiplication respectively), and that

[lao-D^:?l*:Ae@Ae
is a finite projective "4a module. Giving this module the canonical Hermitian form,

2

(1,a) : Deiqn,
i,=L

it is easy to check that

G,,qa)

: IG,r)o((t +D\-lI
(check it on monomials, use the trace property and [a, (1 + D\-L] e trf;'-) to check
that the integral vanishes except on scalars.) Next we let JT(a): ø* for all a € Ae
and set

J_ _¡T
0 .rr

0

Then ,I2 : -1 and JD:DJ, and as the grading of.?l is given by

r-
we see that Jl : -lJ. So "I satisfies the reality axiom for p - 2, which is the same
as the degree of summability, as we saw earlier. The orientability axiom is nontrivial,
but we can write down a Hochschild 2-cycle which satisfies the requirements, [18];

1

c : Ofu(v-r¡¡-t I u I v - u-rv-t I Y s u)'

Lastl¡ Poincaré duality can be checked by noting that Ks(A,a) : 22, K{,Afi : 7z
and similarly for the -ãf-homology groups (of ,4¿), [58]. Hence rve are justified in
checking only the intersection form defined by D. W'e choose the basis [es], [e1] e
Ko(Ao) determined by d("r) : 0 (Powers-Rieffel projector) and es : 1. We take the
classes of the generators U andV of. A,e as a ba"sis of K1(As). The intersection form
in this basis is somputed in [18] and is given by

1

0

0

-1
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which is clearly invertible.

We begin our analysis with the following straightforward set of observations. If A
is commutative, it is frequently noted that if (A,11,2) is a spectral triple then so

is (Aon,'\L,D), where the action of. Aop : ,4 is defined to be the same as that of

A. That is, we make'Jl a symmetric "A-bimodule. So far, so good, but despite the

commutativity of ,4, this need not produce a first order spectral triple.

Lemma 3.L.4 Suppose that (cn,cN,,D) is a spectral triple with D a self-adioint

matrin such that lD,ol # 0 lor atl a € C". Then the symmetric bimodule (C" I
C', CN, D) is not first order.

Proof Let a : (a¿) with i : 1, ... , N act as a diagonal operator (with repetitions

according to the multiplicity of the representation) and check that

[@, o],bl¿¡ : (a¡ - a¿)(b¡ - b¿)D¡¡

which is not zero for aLL a,b e Cn ' tr

Example Despite the above lemma, Krajewski's n point construction shows that

there is no impediment to obtaining a spectral triple over Ct satisfying all our axioms,

[47]. Recall that for two points "A: C2,'11 : C3, and

The action of. A on ?l is given bY

lo n'L 0\
D:l rn o m I

\o rn o)

(runz) (ii):(îiii) , V("r, 12) e A, t e1L

/e'\ /"2{r\
(*,,*z)qt 

[a ,|:[;i[î)
It is straightforward to verify the first order a:ciom for (A,?l,D). Note that the

distance between the two points in the pure state space is fi. Ato note that we have

the following matrix representation

(,,,2,q:(î +l):(i åä)(î + å)(i åå)

We define the opposite representation by

Since the unita,ry relating these two actions commutes with D, we might call it an

isometry. Indeed, computing the distance using either action yields the same aru¡wer.
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This shows that even in the commutative case we need not (in fact sometimes can
not) have a symmetric bimodule. To see that the rest of the axioms are satisfi.ed,
simply check that

| : (1, _1)(_t, t¡'r

satisfy the axioms, where cc is complex conjugation. To see that Poincaré Duality
holds, one may compute the cap product explicitly as follows. Let p1 and p2 denote
the projections corresponding to the identities of the first and second copy of C
respectively. Then

[pt] nlC' ,c3,Dl : lC2 ,c : ptc\,o : ptDpt)

and we note that because ptDn:ptD+pt:0, this has index 1. Next

(3. 1)

[pt] n [c', c3,D, J, c] : Íc', c' : p2c3, p2Dp2 :

and as pzD+pz : n'L i C -r C, this has index zero. Hence this is a distinct element
from þ1] íì ¡r, and

)u, K.(c') --- K.(c')
is an isomorphism. Alternatively we may compute the intersection form, [47], since
we know that the .K-groups in question are torsion free. Krajewski shows that in this
case we can express the intersection form as the matrix fl with i, j component

\\ace(lp¿pf),

which yields

':(iiå).-

n: 0

1

1

-1
which is invertible.

Example This example follows the isometry theme a little further. Let (A,?t,D) be
the spectral triple of a complete spin manifold, X. Then, because @, Íl: d/. for all
I e A, this is a first order spectral triple for A, with 7l a symmetric bimodule. It
is not the only possibilit¡ however. Let T : X + X be a spin structure preserving
isometry of order two, o : A + "4 the corresponding automorphism, and let t/ be the
unitary implementing ? on ?ú. Thus

U'll:Tt, UAU* : A, UDU* : *D.

We can define the opposite action of. A,by aqt: UaU*(. Then?t is not a symmetric
¿4-bimodule, but (A/17,D) is a first-order spectral triple. The rest of the axioms can
also be checked, provided we replace the real structure "I of the obvious underlying
symmetric spin manifoldby JU.
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We now begin our examination of the axioms and their main consequences. Our

immediate aim is to show that A:p(A) is a local algebra, so that all the hypotheses of

the Local Index Theorem are satisfied.

Lemma 3.L.6 Il (A,H,D) is a real noncommutati,ue geometry then

SPec(aoe) : SPec(a) Ya e A'

Proof We have

aoP - À not invertible

e J(o* -f)J* not invertible

<+ ¿* - À not invertible

<+ ø-Ànotinvertible.

corollary 3.L.6 Let (A,H,D,|) be a spin geometry with A local Then for aII

a € Ac there is Ö e A such that

a]Ó: at: aÓop€: ÓoPat.

Lemma g.L.7 Let (A,?l,D) be a first order spectral triple with A nonunital. Then

lor a e A" and Ó e A"p such that aþ: Sa: o' ue haae

lóDó,"1 : ólD,oló, lóD,"1: SlD,al, lDÓ,o): lD,alQ

+ lD - ÓDÓ,al: lD - DÓ,al : lD - ÓD,¿l : 0

fD,al(t - Q) : alD,Ój + -aD(l - Ó) : alD,Ó) is bounded

+ (t - ó)lD,¿l(l - d) : (1 - Ó)2lD,a): P,øl(l - Ó)2 :0
+ alD,61: g lD,Ó"Ól: SlD,a)S

proof All of the above results follow from manipulating the first order condition

and
0 : lD, (1 _ d)rl.

This yields P,al: ó(2 - Q)lD,a), or

(L - ó)lD,al: SQ - ÐlD,"l.

As we also have

ó1D,, ol : ó@, a)ó + QlD, a)(L - ó) : 621D, a) + 0,

we obtain (l - ÐlD,ø] : 0. This is enough to show that { is a local unit for ÍD,al,
and the rest follows from elementary manipulations. D
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Corollary 3.L.8 The algebra Ab(A.) Ø A9! C AbØ) Ø Aop 'is local.

Corollary 3.1.9 ff ón € A. is a local unit for the elernents of A" appearing in the
Hochschild cyclel" c¿, then {þ"} Jorms a local approrimate uni,t for A. In particular,
for all a e A. there is an n € N such that

at: ain("n).
t:l

Proof
to f.

This follows from the fact that 12 : 1 and that !n n(q) converges strongly
!

Since Oþ("4) ø Aoo is a local algebra, we may employ all the localisation results
obtained in the last Chapter (modulo a few very simple details). So, the Dixmier trace
and D provide a trace on A, the Local Index Theorem holds, and most importantl¡
Theorem 8 is true, since we have assumed (p, oo)-summability and discrete dimension
spectrum. In addition, Axiom 1 ensures that the trace provided by the Dixmier t¡ace
is faithful.

Lemma 3.1.10 If a e A is positiue, then { a(L +'pz¡-t ¡ O.

Proof Since ?l- is a full pre-C* .4-module, the image of the map € -+ (€, €)
provided by the Hermitian form is dense in the positive elements of ,4. Now Axiom
1 guarantees that

o < (€, q: f G,€)(t + D\-Ê,

with equality if and only if { : 0. As a consequence, rve see that f 'Q + O2)-E is
nonzero on this dense set of positive elements. If a €..4 is positive, there exists a
sequence of tlese elements converging to a, so a¿ : (€¿,(c) -+ ¿. If we suppose that
J a(r + D')-t : 0, then v¡e see that l(¿, (¿) -+ 0 and'so a : 0. !

Our next task is to examine the bimodule structure of 7l*. We initially regard '11* as
a right -4 module, and so write it e^is'11*: pAN, where p e Mw(A6) is a projection.
Using the notation aL fú whatever the left action of 

"4, 
is we find

aLe : o,Lp€ : [o¡,,p]e * pa¡,t : lar,pJ€ * at t,
the last equality following because aL'JLæ Ç7{*. Thus [a¿,p] : 0. We have proved

Lemma 3.1.11 The projection p ilefi,ning the right A-moilule ?{* : p"4N commutes
with the left action of A as operators on ,AN. In parti,cular, ?lse is an A6 f,nite
proj ectiae left A.-module.

Corollary 3.1.12 As a Ieft A-module, ?l*: ANp

Proof
t e7l* <+ €* € 7l* ë €jn¡; e?{*
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Note that it is not asserted that'J1* is an ",46 finite projective AØAop-module, merely

that it is ,4,6 finite projective as both a left and a right " -module. Moreover, if € e '11*

thenp{ : €p: (. Hence p-- Idu* as a left or right module.

The representation r : A -+ Enda(ll-) can be extended to a representation of "46,
using the fact that the right action extends and r(a) - J¡*oP(a)"I*. Similar comments

apply to the representation of ¡oo , and by the associativity of the product in "46, we

immediately have

lo,bo'l:0 Vo,beAu'

Likewise, if. a e A and b e A6, we immediately have

ID,o],bovl:0

since [2, a] e End¿(ll-). The symmetry of this condition between ø, bop shows that
¿ commutes with fD,bonl for all b e Ao. So [2,6or] is "A-Iinear, and has adjoint

lD,bonl* : -lD,b*opf : -etJlD,b]J*. since ö maps 7tæ into itself, it is now not hard

to check that [2, ó] is continuous on 71* for all b e A6, and consequently bounded.

Hence we have shown

Lernma 3.1.13 The representation r : A + EndaQl*) extends to a representation

T;A6 + End,tQT*). Moreouer,lD,bl e End'aQL*) for all b e Au.

To get a handle on the unital FYéchet algebra of smooth, bounded functions define

,*SSOT convergence of a sequence (net) {ø"} Ç.4to be convergence of 6 (an) and

6*(or)* in the strong topology for all rn. This is called the smooth, star' strong

operator topology. Elements of. *SSOT("4), the closure of "4 in this topology' are

clearly in the smooth domain of d, and so deserve to be called smooth, and they are

certainly bounded, meaning that their operator norm is finite. We now analyse this

topology in more detail. \Me set 'll* : pAn, p e M"(Aù a projection, as per Axiom

1.

Lemma 3.1.14 Whether A. is unital or not

*SSOT(pMn(A)p) : pM"("4f;)p: *SOT(pM"(A)p) ñ ñ->1dom dm,

where Af; is the completi,on of A6 in the topology giuen by the fami'ly of seminorms

q,(ä) :ll 6"(ó) ll. In particular, pMn(Af;)p : pM"(A*)p in the unital case, where

Aæ is the completi,on of "4 for the topology detennined by the q".

Proof As elements of the form øö, arb e A, ate dense in -4, it is easy to see from
Axiom 1 that the action of Z on ?t has trivial null space. Consequentl¡ convergence

in the *-strong topology tells us that

,, 5 OT (p MnÇ4)p) : * S OT (pMn(Á)p) : p M"(A)l',

the double commutant, [30]. This clea,rly contains ptvI"("4ùf. As "4¿ C fì->1dom dm,

we have
pM"(Aùp Ç *SOr(7tM"("4)p) fì fìm>rdom dm.
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So let {ø¡} be a strictly (and so *,-strongly) convergent net from pM"(A)p. Then it
converges to an element of pM"(Aa)p, since it is the multiplier algebra of. pM^(Á)p,
by Proposition L.2.4. If we restrict attention to those nets converging to an element of
the smooth domain of ô, then \Me see that ô* (ø¡) must converge in the strict topology
for all rn. Hence

o,^ -+ o, € pM"(Aùp ñ ñ-¡1dom ô-
: pM"(Af;)p lìfì-¡1dom ô-.

Here ..4f is the completion of. A6 for the topology induced by the seminorms ll ô-(.) ll
tr

Remark This shows that we may as well take A6 to be complete in the 'smooth
bounded' topology from the outset. Similarly the assumptions contained in the defi-
nition of discrete dimension spectrum ensure that if {"n} ç..4 converges in the smooth
topology of "4, then the limit a e A satisfies

ll ô"(o) ll< -, f ø"øllt, +D\-Ê a * vr¿ ) 0.

So from now on we will replace ",4 by its completion in the topology determined by
these seminorms. In the unital case when A: Au we have

f ø"øll, +D\-Ê <ll d"(o) ll f o +D\-Ê

so these topologies agree.

In fact we conjecture that Axiom 1 implies that A is necessarily complete in the
'smooth integrable' topology. This is not unreasonable, aß 7l*: pAn is complete in
the topology provided by the seminorms

q'i:(€)2 : f {o" €,D" e)$ + D\-2,,

though relating this info¡mation to the above topology on "4 is nontrivial.

Restricting the last result to'scalar'matrices aId, a €.,4, yields

A6: *SSOTA: *SOTAí-ì ñ-¡1dom ôm.

As a consequence we have the following reformulation of our data. Moreover, we
obtain a canonical smooth compactification, dictated by the structure of 2.

Corollary 3.1.15 We con refonnulate Axiom 1) for a, noncornrnutati,ue spi,n mani,-

told as follows:

?1* is an Ao f,nite projectiae ri,ght ,4-module where

"4a:*SSOTA:*SOT,a,Q ['] dom ô-.
m)L
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Proof The only thing to check is that the norm closure of A6 actually provides a

unitizationof thenormclosureof A. Thisfollowsfromthefact thatAuisunital(by
the existence of the approximate unit tn e'll*) and is the smooth strong r' closure

ofA. tr

This is intuitively pleasing, since it gives us a noncommutative generalisation of

Ctr6), the bounded smooth functions all of whose derivatives are also bounded,

where X is a noncompact manifold. Fbom now on \Me will use this (complete) defini-

tion of Au, as well as the 'smooth integrable' completion of "4'

corollary 3.1.16 We haue the following identifications and inclusions

Enfa|7*: pM¡¡(A)p ) abØ)

EndaTl* : pM ¡¡ (A6)P > AbØù'

M oreouer, AbØù : * S S OTA\(A)

proof The identification of the endomorphism algebras follows from Lemma L'2.7

and the above results on the smooth closures. The inclusion of the algebra of forms

follows from the first order condition. Lastly, because ObØ) is a subalgebra of

End,l}¡*), the result about the smooth closure is easily seen to hold' Note that

similar comments hold when we think of.'J{* as a left module (see below). !

Remark This also shows that Aþ("4) is an essential ideal in Oi@ù' This is because

strict convergence implies *SOT convergence in End,t@*) (C*-module closure). To

see how rhis works, note that if bab(A):ab(A)b: {0} for some b eob(Aù, then

ll ó ll,:ll h, ll + ll øö ll:0 Vø eabØ).

Since the seminorms ll . ll, separate points in the multiplier algebra of Oi("4)' and

Afr@ù is containe¿ in this multiplier algebra, we must have b:0. Thus Oþ("a) is

an essential smooth ideal in AbØù.

3.2 Poincaré Duality and Connes' Theorem 8

In this section we show how the assumption of Poinca,ré Duality and Theorem 8 con-

spire to show that certain elements of the various algebras acting onTl ate measu¡able'

This also shows that the degree of summability can not be improved.

The other main consequence of Poinca¡é Duality is that ?16o provides a (pre) strong

Morita equivalence bimodule between ,4 and AbØ). W'e begin with this important

result.

Theorem 3.2.L Suppose that (A,H,D) is a noncorwnutatiue spin manitolil, and that

the only bounilú operotors cornmut'ing with,A ondD on'14 are scalors. Then, tegord-

ing ?{* as a pre-c* -A-moilule, the representøtion or abÇ4ù is A,-ineducible.
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Proof Suppose, for a contradiction, that the representation of ObØù is not irre-
ducible. We begin by writing 'J1*: pA for some projection p e Mn(A). Then, by
Lemma 1.1.2, there exists a nontrivial projection e: e+ : e2 e pM"(Aùp such that
r) l",P):0, bY definition, and

2) [u,e]: 0 for all ø € ObØù.
Commutation of e with Oi("46) naturally implies that e commutes with the left action
of ,4, also. We write

D 

: it":j::-_:lii:_:l:?G-e, 

+(1 -e,De

Note that 1 - e means ldy*- e or p - e. Using 2) we have that for all a e Ao

lD,a): elD,ale + (1 - e)lD,a)(7 - e) : lD.,al

so [8, ¿] : 0. In other words, B : B* is ,4,¡-linear and so can easily be seen to be
bounded. Consequently, the map

t-+D"+tB
provides us with an operator homotopy from D to D.. It is easy to check that this
homotopy preserves the l(-homology class of p, [39]. Hence we may write

u,: [(A,?4,D)] : l(,4,e7l,eDe)l +[(A,(L - e)?1,(L - e)D(L - e))]

€ K.(AØ A"P).

The next step is to show that [e] : lIdT - el : [p - "J 
: lp] - [e] in the K-theory of

Au. To do this we will construct an explicit Murray-von Neumann equivalence. First
we note that

[D, e] : IB , e] : (l - e)De - eD(I - e),

and using e2 : €, (de)e: (I - e)(de) et cetera, we compute

Dde : D(L - e)De - DeD(L - e)

: ID,(L - e)](1 - e)[D,e] - lD,elelD, (1 - ")l: -e[D,e]@,el + (1 - e)lD,elfD,el
: -(2" - L)dede.

In a completely analogous fashion we find that

deD:(2e-t)d,ed,e.

This shows that Dde: -deD and so Ddede : dedeD. An easy calculation, using the
fact that e commutes with all of fli(",4¿), shows that [D,e] commutes with all a €. A.
Hence [Dr")2 commutes with all a e AandD, and so must be a scalar. Moreover,
(de)* : -(de) so

-dede: B2 > 0
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is a positive real number rn. Suppose first that m: 0. Then de : 0 so e is a scalar,

whence a contradiction. Thus the representation of Oä(-4u) is ,4' irreducible'

So suppose that m ) 0, and set B' : -l--A so that

B'* B' : B'B'* : Id.

Since B/e : (1 - e)8, we see that B'e provides a partial isometry implementing a

Murray-von Neumann equivalence

(B'e)*(Bte): e (B'e)(B'e)": (1 - e)'

Now we have established that

p:21(A,e77,eDe)) e K*(AØ AoP),

from which we may conclude that ¡.r does not satisfy Poincaré Duality. To see this,

nore that for any class [q] - [r¡,] e Ko(A), the class (tql - [t¡]) n l(A,e'l1,eDe)lcan
not be in the image of Ks(A) f-ì ¡r. Similar comments apply for an odd class' Hence

we have a contradiction, and the representation of fti(.Aa) must be irreducible. D

Corollary g.2.2 With the same hypotheses as the Theorem aboue, the representation

of O:p(A) is A-irreducible'

This last result follows from Proposition 1.1.3 and the Remark following Corollary

3.1.16.

Theorern g.2.3 IÍ (A,H,D,c, J) is a spin geometry, with 77* : prAn, then Ab(Ao)

i,s isomorphic to plvin(Au)p. Furlthermore, Ab(A) : pMn(A)p: Enfli}l*), so A
and Oi(A) are strongly Mori,ta equiualent.

Proof As Oä(.Á¿) is unital and acts irreducibly on 7ú )

abØù = pM,(B)p (3'2)

where B Ç At is some unital subalgebra' This follows because

1) 
",4¿ 

is unital and so is its own multiplier algebra, and

Z) Ai(Aù acts irreducibly, and so must comprise a full matrix algebra over B.

However, abÇaù is also an Aobimodule, "o 
Auab(Ao) Ç Ob(/6). Thus B must be

an ideal, and as it is unital, B : At.

The same argument applies to Ai(A) except that now B can be a proper ideal of At'
By the Rema¡k following Corollary 3.1.16, it must be an essential ideal, and since

AbØ) is also an "4-bimodule, we have Oi("'4) = pM"(,A)p'

As two algebras "4, B arc (pre) strongly Morita equivalent if and only if B = End¡(E)
for some þre) C* -4-module E,wehave shown that 

"'4 
and Oi(r4) a^re strongly Morita

equivalent, with ?l- providing an equivalence bimodule' tr



104 CHAPTER 3. NONCOMMUTATIVE SPIN MANIFOLDS

We feel that it is worthwhile pointing out that the proof that '11* provides a strong
Morita equivalence between ObØ) and ..4 did not rely at all on the real structure J.
As with so many of our other results, knowing that ?1oo is finite projective as a right
"4 module fixes much of the possible behaviour. The additional requirement that 2
'sees' everything is the clincher. This would seem to contain the essential concepts
underlying the appropriate definition of a noncommutative spin" manifold, but we
will remain focussed on the real case.

The next thing to examine is measurability of the various operators. So we suppose
that we are given (A,'l7,D,c,J) and the associated class ¡-r e KR(AØAoe). If we
suppose that this spectral triple satisfies Poincaré Duality

)u: K.(A¡ 3 x;q,+¡,

then we immediately know that p, is neither zero nor a torsion class. We also know
that the following diagram commutes, [19],

{tr}edholm modules for ,4I A*} 9\ H;*(AØ Aop)

+J
K*(AØ AoP) ---+ Hom(K* (Aø A"r),,C)

As ¡-r is not a torsion class, it defines a nonzero class in Hom(K-(,  Ø Aop),C) under
the duality pairing. Thus C/r,*(p,) + 0 in H|*(AØ Aop).

One of the most important consequences of Theorem 8 is that the value of S, on
Hochschild cycles agrees with the value obtained by employing the Chern charac-
ter, and so is independent of the linear form a;, Corollary 2.4.2. As a consequence,
operators of the form

I I aslD, orl. . . [D, ao]g + D2)-",

are measurable. Here u¡e may take the ø¿ to be elements of A, Aop or ,4 I Aop. For
each n we are given Hochschild cycles

f r. zp(A",A"Ø Ay)
i:L

which converge to l. Thus for all c € Zo(A.Ø Ay) we have (for some rz)

(ch. Qò,c) : (ó,,"¡ : f rnlc)(1 + D\-Ë : I "räetr(c)(L + D\-Ë a *.

As we have seen, this is strongly analogous to the integration of c using a partitition
of ulity. In the case where c is 'compactly supported', as above, we have only ûnitely
many nonzero terms in this sum. We can then compute this pairing for Hochschild
cycles over .,4, by approximation using the continuity of the Dixmier trace, and we
know from earlier results that the integral remains finite. This also shows that the
value of the integral on an element of. A," is independent of r¿ for n suftciently large.
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So now suppose that for all c € HH.(AØAop), (Ch.(tt),c) :0. Ihg" for each n

we apply the above result to D"ci to see that Jft(Ð"c¿)(l + Dz)-' :0 and so

for all n ) 0, f"(Dlq)(1 + D\-Ê e tf'*)1X), [19]. This of course implies that

ó, : 0, and also implies that the inner product on 11 is zero, t}rat A is therefore

zero, and so on. To avoid the vacuity of these conclusions, which clearly contradict

finiteness and absolute continuity as well as Poincaré Duality, we must therefore have

(Ch.(tò,c) + 0 for some c €. HH*(AØAop). It follows, or one may deduce from

Lemma 3.1.10, that we can never have ø(1 +D\-Ë e L?'*)QL) for any positive

a € A. Other consequences of Poincaré Duality are discussed in [19].

Since we have seen that the Chern character gives a family of functionals which

together compute the index pairing, it is worth asking what this Hochschild class

gives us. Typically, the Chern cha¡acter of a first order differential operator on a

manifold is integration against a characteristic class;

Chk (D)(aq,..,a*) : 
I *r-o A asd,a1 A "' A d,a¡,,

where in this formula Tno-* is the component of degree p - k of a differential form

representing the chaxacteristic class in question (Todd, Á, Eol"t, signature,..'). Since

these classes are multiplicative, Cho - 1, and so

Che(as,...,ap) : I ooao, A "' A d'a,p,

and this is precisely the integration over the manifold. So Theorem 8 is returning the

integral in terms of a single component of the index pairing, as promised in Chapter

1.

3.3 Morphisms, Junk and the Operator 2
'We begin this section by examining the general structure of junk forms that prevent

us obtaining a differential algebra, and how they are related to 2.

The fact that the universal derivation and that provided by D are not intertwined by

the representation gives us the problem of junk. In general the algebras AS(Aø"40),
ObØ) Ø Aq, and so on, are not even differential algebras. As we have seen, we may

haveø€o-("4ØA'p)suchthatt(u):0butzr(dø)*o'Theformsintheimage

zr(ô ker zr) (3.3)

are called junk forms. Tìo obtain a diferential algebra we must consider

LbçAØ Aq) z: QbQ4Ø Aq)ln(6 kerzr).

It is shown in [19, 50] that this is a well-defined algebra, though the action of this
quotient on Hilbert space is not.
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If we assume that the representation of "4 is faithful, and that no element of ,4
commutes with 2 except scalars, the kernel of n in O-("4 I ¡on) \s generated by
terms of the form

lo,bo'1, l6(a),b"el, l6(b'e),a).

To find the junk forms we differentiate in the universal algebra and then take the
representation. Differentiating the first term, [a, bop], gives a sum of the second two
types. Differentiating either of these second two and representing gives rise to forms
of the type

ID, a][D, bop] + lD, b"ellD, al.

The "4-bimodule of junk forms is in fact linearly generated by terms like this, [52].
Despite making perfectly good sense as Hilbert space operators, the problem with
these terms is that they are in general ill-defined as endomorphisms of the bimodule
77*, becanse for ( e '17*

(daOdb I da({db).

This lack of associativity means that such expressions make sense only in special
circumstances. It also shows again that it is representations of O-("4) Ø Aop which
are important. This is because this is the largest subalgebra of Q. (Aø Aq) for which
the associativity embodied in the first order condition can be guaranteed to hold.

It is tempting to think of junk forms a^si components of a Riemannian metric, and
previous examples might justify this to some extent. However, as we have seen,
the 'correct' way to view the representation is as an Aþ(A) - "4-bimodule. This view
comes from the fact that the module ?l6e provides us with a strong Morita equivalence
between these two algebras, just as one would have between the Clifford algebra and
the algebra of functions via the spinor bundle. With this point of view, it is terms of
the form

lD,, a)lD, bl + lD, bllD, al

which should be regarded as analogues of Riemannian metric elements. Nonetheless,
in the commutative and symmetric case where these viewpoints coincide, realising the
junk forms as metric elements is the key to recovering the Clifford algebra, the Dirac
operator and so on.

Example For Krajewski's two.point space we have

n(õ(n¡rr)):m(x2-g'1)

It is easy to check that this commutes with the right action. Terms of the form

0

-1
0

('li)drdyq * d,gqd,n : -m2(rz - rù@z - yù
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generate the junk that prevent abØ Ø Aop) being a differential algebra. Here the
junk forms make sense as operators, but are not in the algebra. However

which is an element of. AoP '

Despite the fact that these simplistic approaches to 'junk as metric' are probably

futile, junk forms are intimately related to the metric structure as provided by the

operator 2. The next lemma proves a result of Connes', 1241, and the following

corollary shows that this formula links junk forms to the operator 2. This will be a

key element of our proof in the next Chapter that the commutative examples of our

axioms are spin manifolds.

Lernma 3.3.L The operator D satisfies the lollowing formula (with n : oo and strong

conuergence allowed in the nonunital case)

o : ?2o-' ri"'rryË,-r,r-t donr. . .d,a'¡-tp2,a'¡\d,a!*1. . .doi+ Eprar,
- i=l j=l

where I : D¿ oioU'fP aoir. . . dqe.

Proof The demonstration of this formula is straightforward. First note that

lD',ol: {D,d,a} ;: Dda * daD Ya e ,A'

So

| "'ou'y ¡o2, oir1dol. . . d"i i"'ouyodoi. . .dai +ia'sulo"paaioaa'". ' 'dqe

d,rd,y-l d,yd,r : -2m2(r2 - ,t)(az- rt, ( 
ä :i)

n

i=L i=L i:L

-D¿ø'rW)d"\...dqe+Dt
1L

i=l

+ | atsb'{ d,a\¡o2, ai1aa" . . ddo
n

i=L
n

I a'sb'f d,a\d,al2D d,ai . . - ddo

i=1
: -d1+2Dlpn
+ D(-r)' \a'sbfl dai''' lD', øi1''' aa;

j=2 i,=L

The formula may now be checked immediately.

Note that from JD: e'DJ, this formula can also be written in terms of. "4q.

tr
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Corollary 3.3.2 IÍ a e A. cornmutes with each b's appearing in the forrnula for l,
as weII as [D,b'¡], then for some n ) 0,

lD, al : r, 
(-Ð'-' r f, "tfrr,rf,eÐt-' aoTo . . . (dadalfe + d,a,fp da) . . . cto,bp .

i:I j=l

Proof First we have [lD2,a],bon1 : dadbop * dbopda for all a,b e,4 by the first
order condition. Next since [a,bô] : O :la,[D,b[]] for each i, it is simple to compute
the commutator of ¿ with 2 by employing the above expression and the first order
condition;

lD,a): ,,(-Ðo-'rf,"t"rr,rfr-rrr-rooTo ...(d,ad,a,¡"p + da;joed,a)...dd;o.
i=l j=l

The necessity of a commuting with the coefficients of f in "4" is quite tenacious. If one
relaxes the requirement that ø commute with the [D,bb], we pick up the additional
term [dI, ø]1.

An important consequence of this result is that if we factor out by junk forms, or
antisymmetrise in elements of Alp@) and Qro(A'n), then T A da is zero. Here the
wedge product should be regarded as the operator obtained by antisymmetrising. In
fact if we write f : D f¿ and ø commutes with the coefficients, then

lio*0+lt Ada:0.

This result will help us identify the local coordinates in the commutative case where
the commutation condition is automatically fulfilled.

Next we define a representation of the automorphism group of A on'J1. In fact
to define the representation in a natu¡al manner, we need to restrict the class of
automorphisms we consider. Let Autl(A) be the group of unital automorphisms of ,4a
which restrict to automorphisms of ,4,. So for all a e Aut¡(A), a: A6 -+ Aa is a unital
automorphism, and a : A -+ ,4 is also an automorphism. We will occasionally refer
to such automorphisms as diffeomorphisms. To obtain a representation of AutíA)
on7l, we first let e¿: (0,0,...,1,...,0), ,i:L,...,N be the obvious generating set for
the module "4fl. tnen with ?l- : pAN , every ( e '14* can be written as

€ : (€¿), €i:løq"¡o¡, a¡ e A.
j

For each a e Autl(A) define an invertible linear map Go : ?t* -+ ?7* by

(G"€)¿ : D o(po¡"¡a¡) : a(€¿),
j
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\Mith 4 as above. Then V¿ € "4

Gor(a)G;I1 : G"Dr(a)a-r (Pr¡e¡a¡¡
l

! o(r(a))pijejaj
J

: a(n(ø))(.

109

Likewise
G oroe (a)Go t€ : a(n"e (a))(.

Thus the group AutíA) has a natural representation on '11* by bounded invertible
operators, and as such they extend to the whole Hilbert space ?ú. These operators
are not in general right or left " -linear. Since the right action of "4 is by hypothesis
multiplicationon the right, we also have aþrop(a)) : rq(a(a)). Applying conjugation
by .I to this shows that

J G oJ* r (a*) J G;L J* : n (a(o*)).

It then seems a natural restriction on the group of diffeomorphisms we consider that
they satisfyJcoJ* - Go. This is the analogue of spin structure preserving diffeo-

morphisms. Of course we need to impose the additional condition that Gg,T : lG(-
(orientation preserving) to fully specify this notion in the commutative case, so we

make this restriction also. One can obviously employ the condition Gol : -lGo to
define spin structure reversing diffeomorphisms, [5].

The operators Go also implement these automorphisms component-wise on the en-

domorphism algebras. For if T e End¡(?ú*), then

("{)¿ : DTn¡p¡u"nou
jk

and
(G,T G;r e), : D a(T¿¡)p ¡ *"na¡ : (a(T)() ¿.

jk

Simila¡ comments apply to the endomorphism algebra acting on the right. Thus

this representation preserves ?l*, A, .A6, End'a(746) and EndaQl*). These a¡e all
desirable properties, but how do these diffeomorphisms interact with D?

Lemma 3.3.3 Il Go implements a e Autl(A), then lor all a e A

IG.,[D,G;L],o)

is a bounded operator.

Proof First, setting b: G;LaGo, a simple calculation shows that

lD,b): GolD,olG;L - lG.lD,G;\,b)

and the result follows by the boundedness of [2,",4] and the fact that G" preserves

?t*by construction. tr
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Corollary 3.3.4 Il Go is as aboue, then

G 
"Ob 

(A) G ã' : QL t c.lD,G;L.(G " 
AG;r )

In addition, it is easy to check using the first order condition that on the smooth
domain ?l-

l[a,GolD,G;1]1, b*l:0, Ya,b e A.

Thus G.DGãL : D + GolD,G;1] satisfies the first order condition whenever D does.
However, the operator GolD,G;l] is in general not bounded, behaving rather more
like the action of a vector field. Moreover, it is not self-adjoint in general.

In order that these diffeomorphisms define morphisms of the geometry, not just 
"4,

there must be further restrictions, and we have already seen some of these. In order
to preserve the self-adjointness of.D, it is necessary to restrict to those diffeomor-
phisms with a unitary representation. Connes describes altering the representation
of. (A,'11,D) by these unitary diffeomorphisms as corresponding to different metrics,
and these results support that view. Using the definition of the metric, Lemma 3.1.1,
we see that changingD to D * GoP,G|] changes the metric.

In the unital case, there is never any problem in realising what this means. For if
the Hermitian form for (A,?l,D) is defined by some M e End¡(11*), M > 0, M
invertible, by

(€, ry) : €* Mq : D€i M¿¡n¡,
7J

then G* is a unitary Go :7t* - ?11, where 771is the same module ¿s'J7*, but has
the Hermitian form defined by G"MG|. Since the inner product is defined using the
Hermitian form, along with the Dixmier trace, we see that'Jlt is the sâme as 71, but
with the corresponding new inner product. Setting Dt : D + G"lD,GLl: G"DGL,
and similarly l/ : GalGå and At : G,AGL, we see that

(A' ,H' ,D' , J,lt)

is a new spin geometry with a different metric, and Go is a unitary intertwining them.
This is easy to see, using Axiom 1, since

f G,e ,?)'(1 + G,D2GL)-Ê : f c,(€,Giq)Gig + G.D2GL)-Ê

: f c,cl,rltL +D2¡-1,.

In the nonunital setting we are heavily restricted by our requirement that 2 not
be summable. One can produce many diffeomorphisms in the commutative setting
which take an infinite volume manifold onto a finite volume manifold, and this would
produce bounda,ry difficulties for us. It is likely that the problems produced by these
phenomena will in time be put to use in obtaining a spectral cha¡acterisation of
manifolds with bounda,r¡ but we will leave these issues for now and concentrate on
some special classes of diffeomorphisms.
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A particularly important class of these diffeomorphisms is the group of inner auto-

morphisms of A. If a is inner, then there is a unitary u € Aa such that

G of : I n (u)p,i¡ e¡ a¡u* : I n¡ e ¡n (u) au* .

JJ

Here we have been careful to include the left representation, as it may not be mul-

tiplication. We have also moved this left respresentation through the projection p,

using our earlier results. These inner diffeomorphisms behave much better than gen-

eral diffeomorphisms, since we automatically have ulD,u*l bounded, and of course ?,

is unitary. Moreover they preserve the form of 2 which is obtained by considering

connections on the bimodule 7l*. To see this, we make some preliminary definitions.

Let r o 6 :'11æ -+ End¡(?l*) 8/ '|l* be the composite map

?t* : A* p .+ AN õ4 ot (.,4) Ø.t AN + CIl("4) ø¿, AN p 1 abQq Ø¿,?1*.

Define roP o 6oP :'lloo -+ H* Ø End,¡(Tlr") similarl¡ but with OLol,4fn¡ in place of

ObØ).'We can regard the endomorphism algebra on the left or right as Hilbert space

operators by employing the operator ./. These are essentially representations of the

standard'Grassman connections'on our module, [50]. Also, let c: B(?1)Ø'11 -+'17

denote the obvious map, and recall that all the operators we employ preserve ?l-.

Proposition 3.3.5 With r o õ and roP o 6oP defined as aboue, we haue the equality

modulo operators which are simultaneously left and right A-Iinear (i.e' commute uith

both A and AoP),

D : co zr o ô * c o noP o 6oP * A+ et JAJ*

where A e Enda(\l*) is a self-adioint l-torm'

Proof The first thing to notice is that D - con o 6 is left " -linear, because if. € e '11*

andae"A

D("€) - c o 7r o 6(ø{) : lD, aJ€ + a(Ot) - ÍD, alt : a(DÊ),

so that the difference is left ¿4-Iinear. Consequently it is given by an element B of
pM¡t(Aùp acting on the right. Likewise, the difference D - c o TtoP o ôop is right

,A-linear, and so given by some Á e pM¡,t(Ao)p acting on the left. FinaII¡ using

JD : e'DJ, we must have B : etJAJ*. Whatever remains is simultaneously left and

right "4-linear, and modulo such operators,

D : co r o 6 I co ¡ra o 6q * A+ e' JAJ*.

Here we regard nqo6op as beingleft linear. The maps Y: ro6*B 81and
Y@ : nq o õa + 1 A .4 define connections on ?t* with respect to the left and right
module structures respectively only when á is a one form. They are compatible

connections precisely when in addition A : A* and B : B*. The self-adjointness

of.D and Axiom 1 shows that this is necessarily the case. So all that remains to be

shown is that ,4, is indeed a one form. Since (c o r o 6a)( : ÍD,a)( + lA,ø]( is the

action of a one form on € €?l*, we see that (again modulo operators which are left

and right linear) á is a one form. Hence the result. tr
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If u e "4a is unitar¡ then the unitary operator uJuJ* intertwines the two geometries
(A,'11,,D, J,l) and (At,'llt ,D + ulD,u*l* e,JulD,u*fJ*,/, f), [50]. Connes calls such
transformations 'internal fluctuations of the metric,' [18], and as far as the connection
picture ofD is concerned, provide a good candidate for gauge group. Note that lllis
againTloo, but with the Hermitian structure determinedby uMu*. Thus the 'internal'
fluctuations of the metric are obtained by altering the Hermitian form.

It is easy to compute that in the commutative and symmetric case, JAJ* : -e,A*,
so that all the internal fluctuations vanish. This gives us

Corollary 3.3.6 /n the commutatiue and symmetric case there is a compatible con-
nectionV :'11* -+ A|r@) Ø'14* such that

coY -D
is left and right A-linear. Hence inthis caseD: coV *A where Ae End¡(71*) is
a self-adjoint sum of one forms.

We now look at the naturally defined subgroup of unitary isometries. We have seen
that [ø, GXID, G"]] is bounded for all a e Autl (,4). F]om the definition of the metric
on the pure state space, Lemma 3.1.1, we see that if this commutator is zero for all
a e A, then the metric defined by 2 and that definedby D *GLID,Go] wilt be equal.
Moreover, we have the following

Lemma 3.3.7 If Go implements a e. Autl(A),la,G[[D,G"]l is zero for all a € A,
and, Go is unitary, then GilD,G") is bounded as an operator on'Jl and is both teft
and right A-Iinear.

Proof It is immediate from the hypotheses that GL[D,G'] is, sa¡ left ,4-linear,
and since Go commutes with J by hypothesis, it is obvious that the same result holds
for AoP. Since Axiom 1 tells us that elements of '17* are ,4-Iinear combinations of a
finite collection of basis vectors, it follows at once that Gi[D,Gr] is bounded on all
of '11*,, and so on'11. tr

Corollary 3.3.8 Uniler isometri,es, Qï(G"AGå) : G"Aï(A)G[. For such an op-
erator,

G o[D,Gå] e End,¡(?l*) î End,¡"o (71*).

Thus isometries preserve the endomorphism algebra completely. In addition, the
isometries actually preserve the connection structurc of D completel¡ only modifying
it by operators which are left and right ,4-linear. Flom the Corollary above, 1ve see
that in the commutative ca^se the unita,ry isometries provide the obvious gauge group
for the operator D.
'We now come to the inva¡iance of the integral under isometries. Let U e ß(17) be
unita,ry. Then

luDU.l: (UDU.).(UDU*): ffi.
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However, (UlDlU.)2 : UlDl2tl* -- (JD2(J* so

luDU.l: ulDlu. '

FYom this (U(1 + pz¡¡¡*¡-t' : U(7 +D2)-rfI*, and

g +rto2u*¡-å : uí +oz)-Êt¡.

So if t/ is an isometry of the triple, then

f uou.{t+o')-t: f orr+u.D2tÐ-Ë: fa(l* D\-Ê-

The second equality holds by the following expansion of the resolvent of.D+U\D,U*],

[3g]. Since UID,U*I is bounded for isometries, and writing R¡ for the resolvent, we

have

Rx(D +UlD,U.l) : Rx@) - R^(D)UID,U.IR¡(D +UlD,U.l)
: Rx(D) - R^(D)U[D,U*IR¡(UDU.)

where À / Spec(D +UID,t/-]). The results now follows from the observation that 2
arld (JDU* have the same degree of summability.

Anticipatingourlaterinterest,wenotethatfaD2(l+D\-Êisnotinvariantunder
isometries. Sending AtoU"AU* sends {aD2(I+D2)-i to

f uou.o'(t +o:2¡-Ê : f uoq.,Dzl$ +D\-Ë + f uoo2u*(L +D')-'"

-f olr',t/.1(1+ o\-Êu+ f uoo2(r+o2¡-Ë¡¡.

f "o"tr +D\-Ê + f au.lo',ul(L +D2)-n'

It is important for us that \¡/e can evaluate this using the Wodzicki residue when 2
is an ojerator of order 1 on a manifold. Note that when this is the case, UlD2,U.l
is a first order operator, and the contribution from this term will be from the zero-th

order part of a first order operator. This can be computed in far more generality using

Connes' pseudodifferential calculus for spectral triples, along with his extension(s) of

the Dixmier trace/Wodzicki residue.
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Chapter 4

Commutative Geometries are
Spin Manifolds

In this Chapter we use the preceeding analyses of the definitions and axioms to prove

that commutative geometries are in fact complete spin" manifolds. This was claimed

in the unital case by Connes in [18] and proved in [62]. Note that there are a number

of innaccuracies in [62] that we have addressed in this thesis.

The proof proceeds as follows. Flom previous results we know that if (A,17,2) satis-

fies the axioms and A is commutative, then ,A Ç Co6), where X is a locally compact

Hausdorff space and both ?{* arrd Abç4) consist of sections of vector bundles over

X. One shows first that AbÇ4) is generated a"s an,A-module by thelD,a.iJ annearing

in the representation of the Hochschild cycle c. Once this is done, the long exact

sequence in Hochschild homology can be employed to show that the algebra is gener-

ated by functions ø]. This gives us local coordinates and coordinate charts. At this
point we have a topological manifold, and showing that the smoothness requirement

gives us A: Cf (X) proves that it is a smooth manifold.

The last step in determining that X is a spinc manifold is showing that 2 is a
Dirac operator and that AbØ) d CIill(X). This is done simultaneously, and the

irreducibility of the representation of AbØ) shows that the manifold is spinc. This

shows the importance of (the form of) Poinca,ré Duality in determining the structure
of the manifold; see [53].

The additional hypothesis of a real structure provides a spin structure on the manifold
X. By employing weakly real structures, we partially extend the result to describe

pseudo-Riemannian manifolds as indefinite geometries.

Lastl¡ we compute the gravitational action functional in the positive definite ca^se.

This is a complicated piece of pseudodifierential calculus, and the computation is quite

tedious. The result shows that this action functional selects out the Dirac operator

of the Levi-Civita connection a^s the natural minimum, and that the value at this
minimum is precisely the Einstein-Hilbert action for general relativity.
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Statement of the Theorem

Theorem 4.1.1 (connes, 1-096) Let(A,'ll,D,J,c) bea (p,,rc)-sunzntableTLoTtcoïL-
mutatiue spin geometry wi,th p ) I such that

a) A i,s commutat,iue and local, and the real structure is symmetric;

b) n is irreduci,ble (i.e. only scalars commute with n(A) andD).
Then

1) The space X : Spec(tr(A)) is a locally compact, connected, metrisable Hausd,orff
space for the wealc* topology.

2) Any such r defines a metric dn on X by

d"(ö,rþ): sup{ld(¿) - rþ(o)l : lllD,r(a))ll S 1}
a€.4

(4.1)

and the topology defined by the metric agrees with the wealc* topology. Furtherntore,
this metric depends onlg on the ,i,sometry class of r.
3) The space X is a smooth spin manifold, and the metric aboue agrees with that
defined using geodesics. When A is unital, for any r there is a smooth embed,ding
X -r RN.

/) The fi,bres of the rnap ln) -+ d" are a fini,te collection of ffine spo,ces, denoted, Ao,
parametrised by the spi,n structures o on X.
5) For p ) 2, and a € A, a > 0, +aD2*(I+DÐ-Ê :: WRes(aD?(I+DÐ-t)
i,s a positiue quadratic torm on each Ao, with unique minimum no.The minimum is
independ,ent oJa€A.
6) The representation no is giuen by A acting as multiplication operators on the
Hilbert space L2(X,S.) andDno as the Dirac operator of the tift of the Leui-Ciuita
connection to the spin bund,Ie So.

7) For p > 2 and, a> 0 J aD2n,(r + D2)-Ê : -(p-?)4ù !* ailr/gdpx where R is the
scalar curuøture and

c(p):@,*Yñ. Ø.2)

Rernark Since we have shown that every complete spin manifold gives rise to such
data, the above theorem demonstrates a one-to-one correspondence between spin
structures on spin manifolds and real commutative geometries, up to some notion
of equivalence. The last section of the previous Chapter shows that we in fact have
a one-toone correspondence between Riemannian spin manifolds and commutative
geometries, up to spin structure preserving isometries, in both the usual and noncom-
mutative geometry sense. We also mention that several aspects of the proof do not
require the symmetry of the real structure. They will be pointed out as they arise.
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4.2 Generalities and Local Coordinates

r77

\Mithout loss of generality, we will make the simplifying assumption that n is faithful

on A. This allows us to identify "4 with r(A) C BJU), and we will simply write

A. As n. is a *-homomorphism, the norm closure, Ã, is u C*-subalgebra of ß(11).

Then the Gelfand-Naimark theorem tells us that X : Spec(.4) is a locally compact,

Hausdorff space. Since ,4 is dense in its norm closure, each norm continuous positive

linear functional of norm one on ,4 extends to a state on the closure, by continuity.

In particular the algebra of functions ,4 on X separates points. The connectivity

of such a space is equivalent to the non-existence of nontrivial projections in the

C*-algebra Z, and since ,4 separates points, this is in turn equivalent to the non-

existence of projections in ,4. So let p € A be such tinat p2 - p. Then, by the first

order condition,

ID,p]: lD,p'): plD,p) + lD,p)p :2plD,p). (4.3)

So (1 - 2p)ÍD,pl : 0 implying that ÍD,pl : 0. By the irreducibility of zr, we must

have p : 1 or p:0. Hence ,4 contains no non-trivial projections and X is connected.

Note that the irreducibility also implies that ÍD,"1* 0 unless ø is a scalar' Also, as

there are no projections, any self-adjoint element of 
"4, 

has only continuous spectrum.

To obtain this result when the geometry is assumed to be only weakly real, we would

require t}nat JpJ* : P'

We have already seen that equation (4.1) defines a metric on X, and the corresponding

topology is finer than the weak* topology. Thus functions continuous for the weak*

topology are automatically continuous for the metric and elements of. A are Lipschitz.

Later we will show that the metric and weak* topologies actually agree' This will
follow f¡om the fact that A, and so ,4, is finitely (countabìy in the nonunital case)

generated'ThisalsoimpliestheseparabitityofCo(X)È.4,whichisequivalentto
the metrizability of X. This will complete the proof of 1) and 2), but it will have to

wait until we have learned some more about ,4. Note that if ,4 is unital, X : Spec(Z)

is compact. The last point of 2) is that the metric is invariant under isometries, and

this was demonstrated in the last Chapter.

Tìo proceed further, we need to get a handle on the algebra AbØ). The central

idea for studying this algebra is the first order condition. 'When we construct this

representation of O-(.,4) from n arid A using 2, the first order condition forces us to

identify the left and right actions of "4 on A!D(A), at least in the commutative case.

Assuming as we a¡e that the representation is faithful on ,4 and that no elements of

.,4 (except scalars inthe unitalcase) commute with D,we see that the idealkern is

generated by the first order condition,

kerzr: (ro- auloeA,uee.(,4) : (first order condition). (4'4)

So for u : 6Í of degree one and a € A, a6Í - 6fa ekerzr and

(ô/)(ôa) + (ôo)(ô/) € ôkern,' (4.5)

For more general one forms, w :Dg¿õt¡, an analogous result holds modulo elements

of ker zr. Equation (a.a) ensures that zr o ö : 0, as Image(ó) : ker zr, so that we have
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a well-defined representation of Hochschild homology

n : HH*(A) -+ A:r@).

In fact this representation is faithful, since

n : Q* (A)o6 -+ AbØ) mod Junk

is well-defined and faithful since [2, a] + 0 for all nonscalar a e. A, and HH*(A) Ç
Q.(A)"u.We can also identify the module ObØ) with A1(.,4)o6 since faithfulness of
the representation of 

"4,, 
and the first order condition show that Ai(A) is (isomorphic

to) the quotient of Í-)1("4) by the relation a6(b) : ô(b)a for all a,b € "4. Consequentl¡
we see that in fact

Q* (A)"a = AbØ) mod Junk,

and every Hochschild cycle has a completely antisymmetric representative (antisym-
metric in elements of O!("a)). In particular, I : zr'(c) is completely antisymmetric.
This is our key tool in recovering local coordinates and showing that X is indeed a
manifold.

we claim that the elements d¡, i : !,...rfl (n : oo is allowed) j : rr...,p appearing
in the Hochschild cycle l, along with I e A in the unital case, generate A as an
algebra over C. Without loss of generality we take o|¡ tobe self-adjoint for i, j ) I.
F\rrthermore, we may also assume that ll P,"'j) ll:1. To show that tlne a,¡ generate,
we first show that the lD,ø.il generate AIp@). Let I be the (totally antisymmetric)
representative of the Hochschild p-cycle provided by the axioms. We write ¿s 2: ID,a]
for brevity, and similarly we write d for the action of.lD,.] on forms.

By Poincaré Duality, abØ) is an ,4,¿ finite projective ,4-module, and we denote it by
fo(X,,Ð) for some bundle.Ð -+ X", where as before we do not specify the regularity
of the sections, only that they are at least continuous for the weak* topology and
Lipschitz for the metric topology (and of course they vanish at infinity in the nonunital
case). Here Xc is the maximal compactification to which.E extends, characterised by
the algebra .46.

Flom Corollary 3.3.2 we know that li Ada:0 for all i such that ølt f 0. Since each
da] is a section of this bundle, we can use elementary exterior algebra to see that if
t¿(ù l0forsome r € X,thendo(ø) islinearlydependent ond,air(r),...,dai(ø). Thus
for each such ø there exist constants ci(r) such that da(r):Dic'¡(n)da'¡'(r). These
constants define functions cj, ! : L,...,p in a neighbourhood of-c 

-(wheré 
rd I 0) of

the same regularity as o, and so one may easily deduce that daj(r), j : r,...,p, span
E, for every ø where they are not zero.

Hence the collection of all the daj Eenetate AL.p(A) aÍ¡ a symmetric bimodule over
,4' As an immediate consequence, they also generate the graded difierential algebra
Q*(A)"o. To show that .E is in fact locally pdimensional, notice that if the dai@)
were a linearly dependent set in the fibre ovet n, then li(c) - 0 by antisymmetry.
However we know that there exists some i such that li * 0, and so .8" is always a
¡rdimensional vector space.
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Putting all these facts together, and recalling that X is connected, we see that .Ð

has dimension p as a vector bundle, and moreover, for all r € X there is an index i
such that tlne dai@) form a basis of Er. Latet we will see that .E is essentially the

(complexified) cotangent bundle.

We now have the pieces necessary to show that "4 is in fact finitely (countably in the

nonunital case) generated by tlne a'¡. Suppose that the functions a] do not separate

the points of X. Define an equivalence relation on X by

r-Ueai@):a'¡(u) Yi,i.

Then by adding constants to the ¿jq if necessary, there is an equivalence class B such

that
ai@): {o} vi' i.

So the aj| generate an ideal (a;i) wtrose norm closure is contained in Co(X \ B). The

fact that AbØ) is complete ii the topology determined by the family of seminorms

provided by d, and is a locally convex Hausdorff space for this topolog¡ allows us to

use the long exact sequence in topological Hochschild homology. We have the exact

sequence of Fléchet algebras

o -| (o,) \ ,¿,3 Alþi) + o.

Since we have shown that 0f,("4) is generated a^s an ,4-bimodule by the sections

lD , o,'jl, we know that every element of A$(A), n ) I, is of the form

., : f (øøat6az6 '.. ôo")

where a€Aandø¡ e (a'¡l foreach I<k (r¿. As HH"(A)çAb(A), thesameis

true for Hochschild cycles.

Next we apply the long exact sequence in topological Hochschild homology to the

short exact sequence of algebras above. The bottom end of this looks like

. . . -| nr{þiÐ + HH{.l) + HH{Alþ'jÐ -+ ("'jl \ 'q 3 Al@"1 -+ o.

The map induced on homology by P z A + '41þit is easy to compute:

r- !(oøorø... ø¿,,) - E(p(")Op(or)tô "'ôP(o")¡ : !(P(ø)ô0 " ' øo¡ : s'

So HHnÇ41þ+Ð:0 for all r¿ ) 1. FinaII¡ suppose that ¿ €.4. Then, recalling that

b6 + 6b: 1 - ä, from Chapter 1 Equation 1.44, we have

b6a:-6ba*(1 -o)o:0,
so ôø is a Hochschild cycle. Computing the effect of P* on this cycle yields

P,6a :P*(1 I ø - øØ1) : t I P(ø) - P(o) I I : 0.
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Consequently, P(a) € C. As a € A was arbitrary, we see that

Alþ') Ç c.
Hence C(B) C C (in the nonunital case B is necessarily empt¡ as the only scalar
available is zero; thus C(B) : {0}) and B : {pt} or possibly empty, even in the
unital case. As an immediate corollary we see that all the equivalence classes of -
are at most singletons, so "4 is generated in its Fhéchet topology by the elements a].
Now take the natural open cover of X given by the open sets

U' : {r € X : ID, oir],...,1D, ail + 0].

FÏom what we have already shown, over this open set we obtain a local trivialisation

Elv,=U'xCP.
As

14@ - 4@l <ll [D, a'¡)b ll d(*,a)
where tr' is any closed set containing ø and g, we see that the ai are constant off Ui.
In the nonunital case this constant must be zero. In the unital case altering these
functions by adding scalars, we see that we can take their value ofr. (J' to be zero.
rhus (or4)r Ç Co(Uà). Noting that the dai vrovide a generating set for Qf,(Ayt) over
A¡¡, (the closure of the functions in ,4, vanishing off Ui for the Flechet topology), the
previous argument shows that the øj. Benerate Au; inthe trYechet topology and Cs((I¿)
in norm. The inessential detail that A,ui is not unital may be repaired by taking the
one point compactification of [/t or simply noting that the above argument runs as
before, but now the only scalars are zero, whence the equivalence class B is empty,
just as in the nonunital case.

We are now free to take as coordinate charts (Ui , oð) where oi : (oT, . .., dì : (Ji -+ Rp .

As both the o] and the al Eenerate the functions on U¿ n (Ik, we may deduce the
existence of continuous transition functions Íj¡ : Rn -+ Rp with compact support
such that

"'¡ 
: ljx@|,...,ot) on the set Ui nuk.

As these functions are necessarily continuous, \rye have shown that X is a topological
manifold, and moreover that in the unital case the map o : (o1, ...ran) : X -+ Wp
is a continuous embedding. In the noncompact case rrye are assured of an embedding
by Whitney's embedding theorem, but here we only obtain an embedding in Ræ. In
neither case do we expect this to be the optimum dimension for such an embedding.

4.3 Smoothness

'we can now show that x is a smooth manifold. on the intersection uinuk,the
functions can be taken to be generated by either oi,...,ai or a|,...,ot. Thus we may
write the transition functions as

a'¡ : finfrl|,..., aß): Ë p*þ1.,...,oÍ)
lV=0
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where the p¡y are homogenous polynomials of total degree l/ in the øf . As the a,]

generate ,4 in its FYechet topology, we may assume that this sum is convergent for

utt ttt" seminorms ll ô"(') ll. Also, ObØ) C íì,,¡1dom ô" and lD,] , A -+ Ob(A),
showing that the sequence

ilo,o*l
N=0

converges. Since 2 is a closed operator, the derivationlD,'] can be seen to be closed

as well. Thus, over the open set UiìUk, we see that the above series sums tolD,a'¡J,

SO

lD,"'jl: t D
ôp¡¡
aof lo,of),

pæ

where we have also used the first order condition and strong reality. Consequently,

the functions
S ôpry

P^ã4eAcco6)
are necessarily continuous. This allows us to identify

a1ln?."k): Ë fu{..
aof f=o aof'

Applying the above argument repeatedly to the functions ffi, ,no*. that lriu is a

Cæ function, and that ôd f]¡ o ak e Co6) for all a € Np. Hence X is a smooth

manifold for the metric topólogy. In fact, since the aj arc assumed to lie in A", they

possess local units, and so they are compactly supported. This follows because if
Í € A",there is some function / €.4" such that þ(r)f (r): t@) for all r e X. As $
vanishes at infinity, it can only equal one on a compact set, and this set contains the

support of /. Hence "A" Ç C?(X). Later we will show that the mea^sure provided

by 2 and the Dixmier trace is a multiple of the usual Lebesgue measure. Since the

algebra ..4 is the completion of. "4. with respect to the smooth integrable topology

this will show that A ç Cf Ø). Likwise, completing .4" with respect to the smooth

strong topology shows ttLat A6 C Cf 6).
Conversel¡ let / be a smooth function on X all of whose derivatives are bounded.

Over any open set V c Ui we may write

l-1 N:0

oo

n=0
l:Dpy(ar..,ap)

where we have tempora,rily written a¡ :: a\. As / is smooth, all the sequences

t 6lol¡
?ataL-..Ùapap E al"lpw

ÙotaL. . . 0apapt
lcl=n lcl=n N=0
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converge, where a € Nn is a multi-index. Let p¡¡ : D¡o¡:lr CoaIt . ..olo and let
s ¡ø : Ðff=o p¡¿ be the partial sum. Then

M pnj

llDl,"ml: t I tDc*"T, "it 
-h 

Uol, "¡)"!-' 
. . . s:n

N=0 lal=N j:1 &=1

Mpnj:I D DDc,,oi' oi'-t "'afi,|Dl,ai)
n:0 lol:N j=1 fr:1
Mpnj

+ t t t Dc*oî, ... ait-k¡¡1ol,o¡l,o!-r ...oi,)
n-0lal-N i-Ik-r

p

: Gru*D osu
ôoj llDl,"¡l

j=l

To show that / € dom ô, we must show that G1¡4 can be bounded independent of
M, the other term being convergent by the smoothness of / and the boundedness of
ÍlDl,"¡) for each j. We have the following bound

Mpni
ll cil ll< t t t D ll c."î, ... ait-k¡¡1ol,o¡l,o!-, ...o9,) 

ll
N-0 lol-ffi-l&-1
Mpnj

< D t t lzlc'l ll or ll"' ... ll "¡ ll',-' 
. .. ll "o ll",ll llDl,"À ll

N=0 lal-IV j=l ft-1
Mp:2f fuø* ttt ^' n rr ^

N=0i:l ñ\ll 
¿r ll' "'' ll ¿p ll) ll [l2l'o¡] ll'

where F¡,t(rt,...,rp): D¡o¡=iv l2"lrit...rlo. The absolute convergence of the se-
quence of real numbers

ËPrrl ¿rll,...,ll ,, ll)
N=o u*j

now shows that ll G', ll can be bounded independently of. M. Thus the sequence

Íl2l,tul converges, and as llDl,.l is a closed derivation, it converges to [lDl, /]. Hence

ll [2],/] ll< oo, and / e dom d.

Applying d twice gives

[lDl,llDl,,u)]:G2u*í\|=,ffi|Dl,o¡],jÍlDl,at,)or*'"?,Wo,,,,.

I'he second two te¡ms can be bounded independently of. M by the smoothness of
/. The term G2¡¡ is a sum of commutators and double commutators which can be
bounded independently of. M in exactly the same manner es GLM.This shows that

ll fl21, llDl, fll ll< -
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and / € dom d2. Continuing this line of argument shows that the restriction of / to

any coordinate chart is in dom ô" for all n,. Employing a partition of unity subordinate

to these coordinate charts, and summing over these coordinate charts using the strong

topology, shows that / is contained in the smooth, strong closure of 4., and so

I e A.u. Consequently, Cf;(X) Ç Au, and the seminorms ll ô"(') ll determine the

natural FYéchet topology on Cr-(X). Likewise, if / € Cf (X) is a smooth integrable

function, then it lies in the completion of "4" with respect to the 'smooth integrable'

topology, and so f e A. Once we have demonstrated that D and the Dixmier trace

,""o'rr", the Lebesgue meariure on X, this will show that A: Cf (X)'

The above smoothness considerations are necessarily for the metric topology. To show

that the weak* and metric topologies agree, it is sufficient to show that convergence in

the weak* topology implies convergence in the metric topology, as the metric topology

is automatically finer.

So let {ót}it be a weak* convergent sequence of pure states of "4. Thus there is a

pure state { such that for all t €. A,

W*U) - d(/)l -+ o.

As Z is commutative, we know that every pure state is a *'-homomorphism, and so

writing I : Dptr, where the pry are homogenous polynomials in the generators a]

(which we temporarily write ø¿), we have

ónU): f r"(d *@¿))

and this makes sense since the sum is convergent in both the norm and the Fréchet

topology.

The next aspect to address is the norm of ÍD,rl.since the s¡ is a weak* convergent

sequence of points in X, it must be contained in some compact set, so it is sufficient

to consider j e A"to have compact support. Let $ be a local unit for /, and let a¿

run over the set of generators of "4 such that 04Ó: a¿' Then

a: (a¿t,t...,,aix): supp{/} -l R,e

is a smooth embedding of supp{/}. In the unital case u'e could simply consider the

complete list of generators' Recalling that ll ÍD,o¿l ll:1, we have

|tD,fl|, : ll,å ffiw,"r(#) tD,o¡t. I

.tJ-'

: 
<,ìålr"r Éffiøþ))(åi) (o("))l

: ll d,l ll2, rega,rding .f t Rft 4 C,
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where a: x -+ Rk is our (smooth) embedding and r¿ are coordinates on Rfr. Thus
ll d/ ll< 1 +ll [2,/] llf 1. Any funcrion / : Rk -+ C sarisfyinsil d,f ll< 1is
automatically Lipschitz (as a function on Re). So

lónj) - óU)l: lf (ó*("¿)) - Í(ó("ùl
< lóx@ò - ó("ùl -+ 0 as /c -+ oo.

Hence

sup{ld,t(/) - óU)l,ll[D,l] ll< 1] : sup{l/(dn@¿)) - f @þ¡))1,il d,f ll< 1}
< {ló*@¿) - þ(a¿)l} -+ 0

so /¡ -+ / in the metric topology. Thus the two topologies agree.

At this point we have shown that X is a smooth manifold, and the weak* topology
agrees with the metric topology of X. Once we have shown that D is (essentially)
the Dirac operator, Lemma 3.1.2 shows that this metric topology is in fact the same
as that defined using geodesics.

4.4 The Dirac Operator

We have been given an Hermitian structure onTl*, (., .)s, and as AbØ) is ,46 finite
projective, rve are free to choose one for it also. Regarding a!"Ø) as Enfln(H*) :
pM¡,t(A)p, any non-degenerate Hermitian form we choose is invertibly equivalent to
(lD,ol,[D,b])$ ,: ]fr([O,a)lD,b]*), [19], where p is the fibre dimension of AbØ)
We have shown this is a non-degenerate positive definite quadratic form. Over each
U', we have a local trivialisation (recalling that we have set ObØ) : lo (X, E))

Elu;=U'xCP.

As X is a smooth manifold, ìMe can also define the cotangent bundle, and as the ai
are local coordinates on each [/t, we have

TfXlû?(I'xCP.
It is now easy to see that these bundles are locally isomorphic. Globally they may not
be isomorphic, though. The reason is that while we may choose T[x to be ?*x g c
globally, we do not know that this is true for A!p(A). Nonetheless, up to a possible
Úr(1) twisting, they are globally isomorphic. It is easy to show using our change of
coordinate functions fj¡ *^t up to this possible phase factor the two bundles have
the same transition functions. For the next step of the proof we require only local
information, so this will not affect us. Later we will use the real structure to show
that A!p(A) is actually untwisted.

Flom the above comments, the results on smoothness, and Proposition 1.3.3 we may
easilv deduce that (writinl Lbç4) fot aS(A) modulo symmetric terms)

Lbç4)lû ry r(^b("- x))\u,.
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The action of d : [2,.] on this bundle may be locally determined, since we know

that Ìti(A) is a skew-symmetric graded differential algebra for d. First d2 : 0,

andd satisfies a graded Liebnitz rule on LbØ).F\rrthermore, from the above local

isomorphisms, given Í e A,

dflut:äffir",",,r:Ëffi*,

By the uniqueness of the exterior derivative, characterised by these three properties,

[2,.] ir the exterior derivative on forms. We shall continue to write d or [2,'] as

convenient.

Let us choose a connection compatible with the form (',')g

Y :'.JL* + Lbç4) Ø 71*

V("() :fD,alø{+øV{.
Note that from the above discussion, this notion of connection agrees with our usual

idea of covariant derivative. As was discussed in Section 3.3,

(c o V - D)("€) : a(c oY - D)(

so that coV- D is A-Linear, or better, inthe commutant of "4. Thus if coY -D
is bounded, it is in the weak closure of Oi("a). However, as (coV -D)11*Ç'J7*,
it must in fact be in fli("46). The point of these observations is that if coV -D is

bounded, then as V is a first order differential operator (in particular having terms

of integral order only) so is 2 (as elements of Qþ("40) act as endomorphisms of 7l-,
and so are order zero operators') So let us show that coV-D is bounded' 'We know

11* ? pAN for some -ô[ and p e M¡t(Au). As both D and V have commutators with
p in Ai(Au) (because D , c o Y : 74* -+ 't1*) there is no loss of generality in setting p

to 1 foi our immediate purposes. So, simply consider the canonical generating set of

?l* over.A given by €¡ : (0, ..., 1, ...,0), i : 1r..., N. Then, there a¡e 4,4 e..4 such

that
c o Vf¿ :E{q¡, D€¿:D¿oe¡

jj

As co V -D is,4-linea¡, this shows that coV-D is bounded' Hence 2 is a first

order difierential operator. As the difference c o V - 2 is in aiÇ4ù'' c o V - D : A,

for some element of A:pÇaù.However, as coV :D*r4. is a connection (ignoring c),

A e abÇaù.
Thus over (Ji, we may write the matrix form of 2 as

p
aDk*:D"lo^ * þk*

j:L ôoj

where þk-, ojk* a¡e bounded for each k,rn. Simila.rly we write the square of.D as

* Cn*(D2)n^:Ì t,{*&*\"*^h
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with all the terms A,B,C bounded, so that (as a pseudodifferential operator)

lDl,*:Ðu,:^! i Fn^
u ^ "'don rtl

where E,F are bounded and

Døo'*n¡"Å: Aoî,

et cetera. We will now show that the boundedness of il2l,lD,oll, required by the
axioms, tells us that the first order part of l2l has a coeffi.cient of the form /.Id¡¡, for
some / € "4. With the above notation,

|Dl,lD,all"o Dø{^(
ôlD,a

ôox ):

+

k,m

D@ o^^lo, "l'i - lD, a)^E ¡\) IF,[D,a]lo
a

-I
oax I

krm

For this to be bounded, it is necessary and sufficient that [E¡,LD,"]I: 0, for all
Ic: L,...,p. As ô is a derivation and the commutant of O\(Aù restricted to [/i is the
weak closureof.A6 restricted to(Ji, the matrix-Ð¡ must be scalar over A6 for each k
(not AI since lDl?í* çtl*). Thus -Eun- : Ík6n^, for some Í* € A6 Since

Anf o: hf ¡fp
the leading order terms of.D2 also have scalar coefficients.

Using the first order condition we see that

lD,a¡][D,a¡,) -l lD,ak]lD,a¡l : l[D2,aj],anJ : [[D2,ak],ajl,

and denotin1by g'jx,: (lD,ql,P,oij)o', we have

!r, qo, o¡)ïD, a¡l + lD, a*llD, a il) : -zae(sj ¡),p

since [2, ojf* : -lD,o¡]. Now (4.6) is junk (since it is a graded commutator), and
lve axe interested in the exact form of the right hand side. This is easily computed in
terms of our established notation, and is given by

A¡x * Ani :zÍkliIdN

Taken together, we have shown that

: [ÍD2,ot),o¡]
: A*¡ * A¡n
: 2lkljIdN
: -2&e(g'j¡)Idtr

(4.6)

ID, a ¡)[D, a ¡l I ID, o n]lD, o ¡l
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This proves that

1) The lo,a'¡J locally generate CIilf @b(a\,...,ai),Re(o'¡*)), bv the universalitv of

the Clifford relations. AIso, from the form of the Hermitian structure on Of,("4),

R"(g'j*) is a nondegenerate quadratic form.

2) The operator D2 is a generalised Laplacian, as Í*Í¡ : -n"Ø'jù.
3) Fbom 2), we have the principal symbols o?'(*,€) :ll t ll" Id, o?l@,() :ll { ll /d,
for (ø, Ð € T.Xlui, the total space of the cotangent bundle over [/'. This tells us

that l2l, D2 arrdD are elliptic differential operators, at least when restricted to the

sets Ui. With a very little more work one can also see that o!(r,{) : (., Clifford

multiplication by {.
4) As Ab(A)lú = CIülg.X)lvt, and'116e is an irreducible module for Oi(,4), we

see that ,S is the (unique) fundamental spinor bundle for X; see [51, appendix].

5) D : c o V * -4., where V is a compatible connection on the spinor bundle, and A
is a self-adjoint element of Of,("a). (Using the above results one can now show that
c o V is essentially self-adjoint, whence ,4, must be self-adjoint.)

6) It is possible to check that the connection on Âþ("4)Al(X',S) given by the graded

commutator [V,.] is compatible with (',')o;. Hence V is the lift of a compatible

connection on the cotangent bundle.

7) By Poincaré Duality we know that the representation of AbØ) d A¿f Î(T*XØL),
for some complex line bundle É, is irreducible. This shows that X is a spin" manifold.

4.5 The Real Structure and the Spin Structure

In discussing the reality condition, we will need to recall ttrat Clif fr., module multi-
plication is, [51],

1) R-linear for r - s : 0,6,7 mod 8

2) C-linear for r - s = 1,5 mod 8

3) H-linear for r - s = 2,3,4 mod 8.

To show that X is spin, we need to show that there exists an irreducible representa-

tion of Oi("4n), where "4n": {a e A: a : a*). This is a real algebra with trivial
involution. We will employ the properties of the real structure to do this, also extend-

ing the treatment to cover representations of CUf fi,r, with r*s:p. This requires

some background on Real Clifford algebras, [51, 2].

Let Ctif f(R",') be the Real Clifford algebra on R" @ R'g with positive definite

quadratic form and involution c defined on generators by

c : (r1,...¡rr¡ULr...ty) + (rrr...rrr,t -AI¡..., -Ar)

for (ø, g) e R"6rR3. The map c has a unique antilinea¡ extension to the complexifica-

tion(j,tif f(R"'") : Chf Í(È''t)8C given by cØoc, where cc is complex conjugation.

Note that all the algebras CUf îr,, with r * s the same will become isomorphic when
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complexified, however this is not the case for the algebras Clif f (Fer,s) with the in-
volution. If we forget the involution, or if it is trivial, then CIif f (R"'') = CIil lr+"
and CIif f (R",') = CIiÍ lr+,.
A Real module for CIif f (Fl',') i. a complex representation space for Clif fr,r, W,
along with an antilinear map (also called c) c: W -+ I,I/ such that

c(ów) : c(ó)c(w) vþ e CIif f (R"''), vu e w.

It can be shown, [51], that the Grothendieck group of Real representations of the
algebra CliÍÍ(F.r's) is isomorphic to the Grothendieck group of real representations
of. CIif fr,r, and as every Real representation of Clif f (n',' ) automatically extends to
CIiÍÍ(Fir,s), the latter is the appropriate complexification of the algebras CIif fr,".
It also shows that K,R-theory is the correct cohomological tool.

Pursuing the KR theme a little longer, we note that (1,l)-periodicity in this theory
corresponds to the (1,l)-periodicity in the Clifford algebras

ChlÍ,,'= ChÍlr-',0ØCIif f1,18 " 'ØCliÍfL,L (4'7)

where there are s copies of Clif f1¡ on the right hand side. As CIif hl ry M2(R) is
a real algebra (as well as Real), this shows why the R, C, H-linearity of the module
multiplication depends only on r - s mod 8. We take Clif f1,1 to be generated by 12

and u : (ur, u2) e R2 by setting

,: (
u2 uL

-uL -u2

and the multiplication is just matrix multiplication

'u .,tD : (uz*t - rt-z) -(ut t-u2w2)I2

:uAlo 1

0 - (u,u)t¡Lz

We take Ctt¡¡1nt,t) to be generated by (rr, iu2) and \¡/e see that the involution is
then given by complex conjugation. The multiplication is matrix multiplication with

,u.rr:-(a,w)2l2*uAw

Thus we may always regard the involution on

c¿i| Í (Rî,s) = ctt¡ ¡,_s,o Ø clil Í(Rt't) I . . . A ctil l(Púr,L) ø c
as 1 8 ccØ cc ' ' ' 8cc I cc. This is enough of generalities for the moment. In our case
we have a complex representation space l(X,.9), and an involution "I such that

J(ó€) : (JóJ.)(J€), vS e ai(A),, V{ e t(x, S).
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So we actually have a representation of CIiÍ Í (Rr's ) with the involution on the algebra

realised lry J. "I*. It is clear that J.J* has square 1, and so is an involution, and we

set s : number of eigenvalues equal to -1. Then from the preceeding discussion it is

clear that
J . J* : Icu¡¡o_r",o6l cc I . . . Ø cc Ø cc

with s copies of cc acting on s copies of Clitf (Pt1'1) and with the behaviour of

Jlc6¡¡r_r",odeterminedbyp-2smodSaccordingtotable(5). ItisclearthatJ'J*
reduces to 1 on the positive definite part of the algebra, as it is an involution with all
eigenvalues 1 there. This implies that J . J* preserves elements of the form / A 1 I
. . .A 1 B lc where ó e CIil Íe-2s,0. However, we still need to fix the behaviour of "I,
and this is what is determined by p - 2s mod 8.

So we claim that we have a representation of Clille-r,(T*X,(J '"I*,')ot) provided

the behaviour of .I is determined by p-2s modS and table 5. Two points: First,

this reduces to Connes' formulation for s : 0; second, the metric (J ' J*, ')et has

signature (p - t,s) and making this adjustment corresponds to swapping between the

multiplication on clif Í(Rr,L) and clif f1,1. similarly we replace (.,.)s with ("I.,.)5.

In all the above we have assumed that 2s < p. If this is not the case, we may start

with the negative definite Clifford algebra, Clif fs,2t-r. and then tensor on copies of
CI¿Í l\r.
Note that it is sufficient toplove thereductionfor0 <p ( 8 and s:0. Thisis
because the extension to s f 0 involves tensoring on copies of Chf f (F.i1'1) for which

the involution is determined, whilst raising the dimension simply involves tensoring

on a copy of CIif fs: Mro(R), and this will not affect the following argument. These

simplifications reduce us to the case ,I. J* : IScc on AbØ). To complete the proof,

we proceed by cases.

The first case is P:6,7,8. As J2 : L and, JD - DJ, J : cc. We set ln(X, 'S) to be

the fixed point set of J. Then restricting to the action of oä("4n) on lp(x, ^9), J is
trivial. Hence \Me may regard the representation zr as arising as the complexification

of this real representation. As { : JÓ : ÓJ : JÓJ* on l¡1(X, ,S), the action can only

be R-Iinea¡. Fbom the fact that [2, J] : 0, we easily deduce that V/ : 0, so that
.I is globally parallel. Thus there is no global twisting involved in obtainingo,bØ)
from CIif f (f.X). Hence X is spin.

In dimensions 2,3,4, not only does "I commute with Oi(;4¡), but i does also (we are

looking at the action on l(X,,9), not ln(X, S)). So set

e:J, l:i, g:Ji,

note that .2 : Í2 : 92 : -1, and observe that the following commutation relations

hold:
ef :-fe:g, fg:-gf :e, le:-e!:f.

Thus regarding e, 1,9 ffid Oi("an) as elements of Homp(f(X,S),f(X,,9)), we see

that l(X, S) has the structure of a quaternion vector bundle on X, and the action

of Ctil Í(T*X) is quaternion linear. As in the last case, Y J :0, so that the Clifford
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bundle is untwisted and so X is spin.

The last case is P : 1,5. For P : I, the fibres of Oi(" s) are isomorphic to C, and we
naturally have that the Clifford multiplication is C-linear. For p : 5, the fibres are
Mq(C), and as J2 : -7, we have a commuting subalgebra spans{l,J} ry C. Note
that the reason for the anticommutation of ,./ and 2 is that 2 maps real functions to
imaginary functions, for p - 1, and so has a factor of i. Analogous statements hold
fot p - 5. In particular, removing the complex coefficients, so passing from 2 to V,
we see that V"I: 0, and so X is spin.

Note that in the even dimensional cases when n(c)J : Jn(c), zr(c) e Oä("an). When
they anticommute, n'(c) is i times a real form. This corresponds to the behaviour
of the complex volume form of a spin manifold on the spinor bundle. Compare the
above discussion with [51].

It is interesting to consider whether we can recover the indefinite distance from
("I . J*, .)er. V[e will not address the issue here, but we do note that the topol-
ogy determined by (J .J*,.) will in general differ from the weak* topology. It is worth
noting that if J.J* has one or more negative eigenvalues and V is compatible with the
Hermitian form (J.,.)s, then D : c o V is hyperbolic rather than elliptic. So many
remaining points of the proof, relying on the ellipticity of D, will not go through for
the pseudo-Riemannian c¿ße. We will however point out the occasional interesting
detail for this case.

So for all dimensions we have shown that X is a spin manifold with ;4 the smooth
functions on X acting as multiplication operators on an irreducible spinor bundle.
Thus 3) is proved completely.

4.6 General Form of D and Measure Theory

To prove 4), note that if we make an isometric change of representation, the metric,
the integration defined via the Dixmier trace, and the absolutely continuous spectrum
of the a|¡ (i.e. X), are all unchanged. The only object in sight that varies in any
important way with an isometric change of representation is the operator 2. The
change of representation induces an a,ffine change on D:

D -+ UDU* : D + UID,U*1. (4.8)

This in itself shows that the connected components of the fibre over [n] + d,"(.,.) are
a,ffine. To show that there are a finite number of components, it suffices to note that
a representation in any component satisfies the anioms, and so gives rise to an action
of the Clifford bundle, and so to a spin structure. As there are only a finite number
of these, we have proved 4).

The only items remaining to be proved a,re, for p ) 2,

1. For all ø ) 0, ø € "4, J aD2(l+D2)-l is a positive definite quadratic form on each
component Ao with unique minimum ero

2. This minimum is achieved for D : p, the Dirac operator on 
^9o
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3. For all ¿ € A, J ap2(t + P')-Ë : -(p-?þ(p) [, afud'u'

These last few items will all be proved by direct computation once we have narrowed

down the nature of. D a bit more.

The torsion of the connection [Vs, .] on T* X given by the graded commutator, as in
Section 1.3.1, is defined to be 

"([Vs,']) 
: d- eo [Vs,'], where d,: lD,'] and e is just

antisymmetrisation. Then from what has been proved thus far, we have

D:coVs+?, lD,.l:co[Vs,']+co"([Vs,']), (4.9)

on f (X, S) and Oi(.An) A l(X, ^9) respectively. Here c is the composition of Clifford
multiplication with the derivation in question and ? is the lift of the torsion term to
the spinor bundle. . On the bundle LbØ) A f (X, ,S) we have already seen that [2, ']
is the exterior derivative.

Any two compatible connections on ,9 differ by a l-form, A say, and by virtue of
the first order condition, adding ,4, to Vs does not affect [Vs,'] on A, and so in
particular Vs would still be the lift of a compatible connection on the cotangent

bundle. As UID,U*] is self-adjoint, for any representation zr, the operator D' is the

Dirac operator of a compatible connection on the spinor bundle. Note that as 2
is self-adjoint, the Clifford action of any such l-form -4 must be self-adjoint on the

spinor bundle.

It is important to note that for every unitary element of the algebra, u say, gives rise

to a unitary transformation [/ : uJuJ* . If we start with 2, and conjugate by U, we

obtain D+ulD,u"l+dJulD,u*\J". If the geometry is symmetric, tlnen JAJ* : -etA*
for all A e Ar"@). Thus all of these gauge terms (or internal fluctuations, [18]) vanish

in the positive definite, commutative case. This corresponds to the Clifford algebra

being built on the untwisted cotangent bundle, so that we do not have any t/(1) gauge

terms. Moreover, our earlier discussions show that the most general form of D in the

real case is 2 * A+ etJAJ*, for A a self-adjoint l-form, at least modulo operators

which are simultaneously left and right ,4,-linear. The above discussion shows these

vanish in the positive definite, commutative case.

Since we are unequivocably in the manifold setting now, and as we shall require the

symbol calculus to compute the \Modzicki residue, we shall now change notation. In
traditional fa^shion, let us write

^lP^y" +.y'.yts : -2gP'ls

^,"^lb +.yb.yo : _26"bLg

for the curved (coordinate) and flat (orthonormal) gamma matrices respectively. Let

ok, k : 1,...,Íplzl, be a local orthonormal basis of I' (X, ^S), and ø e n("4). Then the

most general form that Dn can take when the geometry is symmetric is

Dn(aok) : f (Lra)or * I | ø1pu¡,ot^to^tb ok* ; t al\t¡,oalotbok
o lrro<b lrrø1b

where ø is the tift of the Levi-Civita connection to the bundle of spinors and ú is the lift
of the torsion term. We will now drop the n and consider 2 as being determined by ú,
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soD:D(t). h is worth noting thatt"o6 is totally antisymmetric, where t¡rab: e'tt"ou,
and e", is the vielbein.

This gives us enough information to recover the measure on our space also. All of
these operators, 2(ú), have the same principal symbol, (., Clifford multiplication by
{. Hence, over the unit sphere bundle the principal symbol of lDl is 1. Likewise, the
restriction of the principal symbol of a(I+D2)-B to th" unit sphere bundle is o, where
here we mean ri(a), of course. Before evaluating the Dixmier trace of ø(1 +D2)-Ë,
let us look at the volume form.

Since the ID,4] are independent at each point of.(Ji, the sectionslD,ar¡J, j:I,...,p,
form a (coordinate) basis of the cotangent bundle. Then their product is the real
volume form øi. With øs : il@+r)/2lu the complex volume form, we have (with an
infinite sum and strong convergence in the nonunital case)

f : zr(c) : \aiofo, "l . . . [D, 4) : Da,orL

where a'o : ¿5¿l@+Ð121, þIl. 

tr 7

As øs is central over U' for p odd, it must be a scalar multiple, /c, of the identity. So

D¿"'o@): k, and \Me see that the collection of maps {ãfi}¿ form a partition of unity
subordinate to the U' . The axioms tell us that k : 1. fn the even case, øc gives the
Z2-grading of the Hilbert space,

,:ll#HeL;cH.
This cor¡esponds to the splitting of the spin bundle, and for sections of these subbun-
dles we have

t:laio 1+ uiç
2

:Dã',0
i

and similarly for S. Thus in the even dimensional case we also have a partition
of unity.

Recall the usual definition of the measure on X. To integrate a function I e A over
a single coordinate chart (J1, we make use of the (local) embedding ai : fIi -+ Rp. We
write / : i(a|,...,dì where i ,W -+ C has compact support. Then

(o').G): I
J at(Ut)lu,l': lu, l@)ûr

To integrate / over X,we make use of the embedding ¿ and the pa,rtition of unity
and write, knowing this sum converges in the nonunital case,

\ I',rur@6i¡1r¡ær'

Now given a smooth space like X, a representation of the continuous functions will
split into two pieces; one absolutely continuous with respect to the Lebesgue mea^sure,
above, and one singular with respect to it, [72], n : r,,,¿ @ lts. This gives us a
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decomposition of the Hilbert space into complementary closed subspaces, 71 :'JLo"@

'Jlr. Thejoint spectral measure of the a'¡, i :1,.'.,3I. absolutely continuous with

respect to the p dimensional Lebesgue measure, so ?l"o Ç'Jlo"' By the definition of

the inner product on'll* giv_en in the axiom of finiteness and absolute continuity,

?l*: ¡,r(X,S,f .(1 +D2)-\. As the Lebesgue measure on the joint absolutely

continuous spectrum is itself absolutely continuous with respect to the measure given

by the Dixmier trace, we must also have ?lo. Ç ?{oo, and so they are equal. As all

tie aj act as zero on ?lr, since they are smooth elements, and they generate both "4

and'Á,therequirementofirreducibiltysaysthat')1':0'Thustherepresentation
is absolutely continuous, and as the measure is in the same measure class as the

Lebesgue measure, 'll :'11* : L2(X, S)'

Let us now compute the value of the integral given by the Dixmier trace. Flom the

form of D, we know that 2 is an operator of order 1 on the spinor bundle of X, so

(t + O2¡-Ê is of order -p. Invoking Connes' trace theorem

I ,o +D\-Ë #, \ I * u,tr 
s GLió Í) \/ s tr rd'(

2tn/zJy o¿çgn-t¡

+ Ir,ã1ol\/sdPrp

Thus the inner product on'17 is given by

2blz)yo¿15n-t

2r

(aÊ,n) :
p

We note for future reference that Vol(^9r-t) :
factor above is the same as in equation 4.L.4.2,

( 4¡r\P/2
zp-Lr(p/2) [36], so that the complete

2lnlzlyo¡15n-t) : c(p)
n(2r)n

Alt the above discussion is limited to the case p I 1. The only 1 dimensional compact

spin manifold is .91. In this case the Dirac operator i" l*, with singular v-alues

i"(Ol-r): fi, each of multiplicity 2. We need to show that Theorem 1'5.3 holds in

this case. Oui aim then is to bound the trace of.lf (eD),ø]. Examining the proof of

1.5.8, we see that the only detail we required was precisely the fact that the eigenvalues

were of order n-1, and this is the ca.se. Likewise, from the proof of Proposition

1.5.2, we know that for the only inûnite volume noncompact one-dimensional (spin)

manifold, the real line, /(1 + D\-t has eigenvalues, and they a,re of order zr,-l also.

Hence the noncompact generalisation, Lemma 2.2.15, also holds in dimension 1.

As the Dirac operator of a compatible Clifford connection is self-adjoint if and only

if there is no boundary, the self-adjointness of D and, the geometric interpretation

of the inner product on the Hilbert space now shows that the spin manifold X is

complete. There are numerous consequences of completeness, a^s well as a more general

formulation for the noncommutative caf¡e; see [19]. All that remains is to examine

the gravity action given by the Wodzicki residue.

2r)n l*{o.{t,rt)strù@)ûr
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CHAPTER 4. COMMUTATIVE GEOMETRIES ARE SPIN MANIFOLDS

The Gravitational Action in Even Dimensions

Much of what follows is based on 1421, though we also complete the odd dimensional
case in the next section. We also note that this calculation was carried out in the
four dimensional case in [46], and has been more thoroughly discussed in [32].

In all of the following calculations, lve are working with symbols other than principal
symbols, and so there is a difference between D2 and I + D2. We are interested in
computing

o-o(D2(m +o2¡-Ë¡
in the nonunital case, and we have inserted the m because we know the integral is
completely insensitive to its value, from Chapter 1. Indeed, even in the unital case
22 is usually not invertible and one should properly always include this extra factor.

We will not continue to write the m, nor the proper (m+D\-Ë, instead just writing
lDl-o fo, simplicity. The only place the rn comes back or makes a difference is in the
order zero symbol for m * D2, and it will be clear that it can be set to zero without
harm.

The key to the following computations is the composition formula for symbols:

lal=o

(-ø¡l"t
al

o(P o Q)@,€): t @io(P))(a"o(Q))

We shall use this to determine o-o(lDl2-p), so that we may compute the Wodzicki
residue. In the even dimensional case, we use this formula to obtain the following,

o _o(D2-o¡ : oo(D2) o _p(D-P) + o{D2)o _et(D-e)
+ o 2(D2) o -e-z(D-p) - il(ô 

e u 
o {D2)) (ô,u o -o(D-r))

p

- t l(ô ¿, o z (D2 )) (0, u o - e - {D - e ))
p

-jDo?, r, o, 1o2 ¡¡ P2, ø s, o - p (D- P 
)) -

þP

This involves the symb ol of. D2 which we can compute, and lower order terms from
IDI-p. Since l2l2 - D2, we have a simplification in the even dimensional case, namely
that the expansion

o(D-2\: Ë #rr"1o-zn+z¡ç6ao(D-\), (4.10)

lal=o

provides a recursion relation for the lower order terms provided we can deterurine
the ûrst few terms of the symbol for a parametr'tx of. D2. Let oz : oz(D2) and
p : 2m. Then by the multiplicativity of principal symbols, or from the above,
o-2rn(D-2*): ol*, at lea^st away from the zero section. Also let us briefly recall
that while principal symbols a¡e coordinate independent, other terms a¡e not. So all

æ
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the following calculations will be made in Riemann normal coordinates, for which the
metric takes the simplifying form

'|

gP' (r) : 6þ' - Unyi@o)rqro 
+ o(r3)'

This choice will simplify many expressions, and we will write -a,¡v to denote equality
in these coordinates. Also, as we will be interested in the value of certain expressions

on the cosphere bundle, we will also employ the symbol :.RN, mod 116l to denote a

Riemann normal expression in which ll ( ll fr* been set to 1. So using (4.10) to write

o -z^-r(D-'* ) : ol ^+r o -s (o-') + o -zm+r (D-z^+2 ) o 2 
L

- t' l(o e, ol *+L 
) (ô,u o; L 

),
p

we can use Riemann normal coordinates to simplify this to

o -zrna(D-t^) : ^* 
o;^+r o -s(D-2)

*o-2rna1(D-2rn+2)o-r

-nN mol^+'o-t(D-z),

after applying recursion in the obvious way. The next term to compute is

o-z*-z(D-'*) : o1^+ro-a(o-') + o-zm+r(D zm+z¡o4(D-2)

* o -2^(D-zm+z ) o 2 
L - i l(ô e, o; *+2 

) (a,, o - t (o-2 ))
It

1,
- 2 D@?, e, o;*+' ) (a" t"' o;r )'

Using the last result and the following two expressions

02ç,u¿" ll € ll-2o,+2 - r'¡¡ 2m(2m - 2)ol*-' 6P' tr6"o €o - (m - L)o"m 6t'v ,

0",r,, ll€ ll-2:nrv !aerî€o€"o;'

we find

o-z^-2(D-'*) :** ol*+Lo-t(D-\ + (m - L)o2*+2þ-s(D-2))2

*o-2*(D-2mr2'¡o-r + 2i,(m - l)6u" ÇAruo-s(D-2)
4m(m - | -m-3

3 2 ¿u( nfli€o€, * +o-m-25uu P,rcpe"

Given o-¿(D-'\ ard o-s(D-2) this can be computed recursivel¡ giving
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o-2^-2(D-2^) RN mor^+ro-+(O-')

ry";^*'(o-r(D-'))'
im(m - I)(Pô,,o-z(D-2)

+";*-26u,Rt1toÊo,

o-o(D-n+z) :Rr, mod ll4l 
@-2-"-nqo-,) + @-2?a9þ-r(D-r)),

+

+

+

where €P:6p"€r. In the even case, this gives us a short cut; we shall compute this
term in general for the odd case, but note that in the even case the short cut gives us

(p-z)(p-+) p(p-2)(p-4)
4

(p-2)(p-4)
ðro4(D-2) - 18

(" R!¡"i€o€"

+
24

Rf,f,€oÊ"

Having obtained o-zrn-z(D-2) and o-zm-L(D-2), the next step is to compute the
terms o-s(D-2) and o-a(D-'). W" follow the method of Kalau and Walze, [42], to
construct a parametrix for D2.

First, let us write D2 in elliptic operator form

D2:-gþ',0p0r+ap7r+b.

So the symbol of. D2 is

o(D2) : 9P" €pe, * iaP(, + b

:ll { ll2 +iau(r+b
-- oz * o1* os.

With this notation in hand, let P be the pseudodifferential operator defined by o(P) :
o;t. In fact we should consider the product y(l(l)o2(r,€)-1, where X is a smooth
function vanishing for small values of its (positive) argument. As this does not affect
the following argument, only altering the result by an infinitely smoothing operator,
we shall omit further mention of this "mollifying function". So, one readily checks
that o(D2P - 1) is a symbol of order -1. Denoting this symbol by r, we have

o(o2e): 1* r so o(Dze'¡ " 1t * r)-1 - 1

where on the right composition means the symbol of the composition of operators.
So if ø(A) : 1 * r, then D2PR-L - 1. Hence Pn-L - D-2. As r is of order -1, we

+
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may expand (1 + r)-1 as a geometric series in symbol space. Thus

o(D-\ - ol" i{-t)t"'*
k=0

- olt o (1 - r I r"2 - "o3 
+...)

- ol' - o;r or I o2r o r o r* order -5.

It is straightforward to compute the part of order -1 of r

r -L : ia\ (ro2r + 2ieq geí e p€rorr

:p¡¡ iat"(ro2t

and its derivative

and

1,37

ôaur-1 :o* i,al,"too;r -'!eo 
^77-e"ol2,

as well as the part of order -2

r-2 :RN bol' -?t" Aorî€r€oo12-

Using the composition formula (repeatedly) and discarding terms of order -5 or less,

we eventually find that

o-s(D-2): -ia+epol2,

o-¿(o-2) : -boiz +2¡r" n|î€.,t ol3

+ Z{ualrÊpolt - suçraq{po23

!rrr,, ¡¿1;ç.,€,ola.3\'
Employing the shortcut for the even case yields

o-p(D-P+z) :.RN, mod llql

Rl,f"€o€"

-Ð(p2 -ap+6) {'Rf'i€ryt".
18

-iø-2)b+offe'o1,to
p(p :2) ouü"op€p *p(p--n2) 5u"

In order to perform the integral over the cosphere bundle, we make use of the standard

results
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2 p(2n)n

t €pd€:0, t (€"€pd€:0, t et"€'d€:!sr',rll€ll=1 /llell=l Jll€ll:l - p-

l*r:r€tl eu ee { d€ : ffits,' spo t s,o nuo * so' suo¡ '

Using the symmetries of the Riemann tensor, one may use the last result to show that

l r, * ^X'or" 
to €" €" g 

" 
t"g,,dÊd* : o.

So noting that for all smooth functions f , X -+ C o-,ffD2-p) : oo(l)o-p(D2-p),
we have

WRes(fO2-r¡ # l r. * I lùr, o -o(o2-o) r/ s d^€ar

(p - 2) Vot(So-r¡
f* nfu + jopo, - |"fi),/sa*

+
(p - z) Vo1Se-t)zfen î

24 nQn)n - J*f Rlfsdr'

To make use of this we will need expressions for aP and ó. The art of squaring Dirac
operators is well described in the literature, and we follow [42]. Writing

D :.yp(y p +Tr)

the square may be written, with V the lift of the Levi-Civita connection,

D2 : -gþ'(YpV,)+ (1" - 4T')(V, +f,) +Lrlrl"ll rlT¡,,Y, +7,1.

Here we have used the formulae

l+lTp,.l"f : -4T"
''lPÍY pr'Y') : -lqlPl"t"p : lu i: g44l"t p

To simplify the following, we also make use of the fact that the Christoffel symbols and
their partial derivatives vanish in Riemann normal coordinates , and l""fY ¡",Y rf :
|R, witn.R the scalar curvature. We can then read off

ap: _2(up +ïTt')

u : t 
ol, - Ioro, + tTfr + z[ut",Tp)

* Tprp + |n + lp,[Y p,T,) * Llp'ITp,T,]
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Here is where we should properly add an extra m to the value of b' As luþ,Trl :
gp'lur,Trl:0, and the trace of T!, and vanishes' r¡/e have

tracesþf,aro, - I**, : 2ln/2)(m *I^ - Stob"tob') I tracq(1t'"Ív t",T,l).

Here we have used

tr ace s (TÞTp) : - |t o6"tabc v 2[t I 2)

tr ace s (ll4' lTp, Tr)) : -t ob"tob" x 2lP I 2l 
.

So for the even case we arrive at, setting m:0 as promised,

WRes(fO-n+z¡ _(p 
_ 2)v_or!fp. _\ztp/2t [ ¡ n¿¡a,L2P(2r)n J x -

(p - 2)vol(sp-1)
l, Í {-t, "r"tob' 

+ tr (1P' IY ¡,, T,])) r/g dr
2p(2r)n

As V, is torsion free, 1P"lY ¡",Trl is a boundary term, so

q(T) :: W Res(fT2D-P) : (p-2)Vot(St-t)2lt/z)
l* l|t"u"'"'",/sd'

nQr)o

This is clearly a positive definite quadratic form on Ao,, for P ) 2, and for each / > 0
has unique minimum T :0. The value of W Res(f D2-p) at the minimum is just the

other term involving the scalar curvature. This term selects out the Dirac operator

of the Levi-Civita connection, at lea^st over the support of /. Hence, in the even

dimensional case, we have completed the proof of the theorem.

4.8 The Gravitational Action in Odd Dimensions

For the odd dimensional case þ : 2m * 1) we begin with the observation that

lO¡-n+z : p-2m1pl. As we already know a lot about D-2, ttre difficult pa.rt here will
be the absolute value term. So consider the following

o - p(lDl2-p) : or ( 
I 
2 

I ) o -z*-z(lDl -'- ) + o s(lDl) o -2*- {lol-2*)
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+ o a(lD l) o -z* (lDl-2*) - i t ô a, o 1 lD l) ô * p a _2m_ | QD l- 
r^ 

)
lt

-i t 0 a, o s (lD l) 0,t o -2^(lD l-2* )
It

1

- ;D Ô2r, r, o {lD l) Ôl u,, o -2* (lD l-2* ) .

'tt,,

This tells us that the only terms to compute ãre o1(lDl), os(lDl) and ø_1(l2l), the
other terms having been computed earlier. It is a simple matter to convince oneself
that o(lDl) has terms of integral order only by employing

" 
(D2) : 

" QD 12 ) : o (lDl) o (lD D - t I a r, o (1o l) ô 
", 

o (lo l) * etc.
l.L

Clearly "{IDD:ll ( ll, which we knew any\May from the multiplicativity of principal
symbols. Also

i,a+(r+b : 2ll 6ll @o(lo\+oa(lDl)+o_2(lol))
+ 

"o(Dl)2 * 2o-1(lDl)oo(lDl)
t | 0 s * o r (lD l) a., o s (lD D - t | ô 6, o s (lD l) a, t" o 1 (lD l)

plt

t, | ô a, o 1 (lD l) Ô,, o - t (lD l) - t | 0 
E u 

o o (lD l) ô, - o s (lD l)
plt

tl06,o-t(Dl)0,,o1(Dl)-Iprul¡,r""{lDl)ô3,,,ot(Dl)

I¡u?,r."r(DDa3,*oo(lol)-inô2r,r.os(lDl)0|¡.,.o11D1)
+ order -2 or less.

Looking at the terms of order 1, we have

iap{r- 2ll €ll "¡QDD_it0a,llÊ ll ô,, ll (ll,
It

or, in Riemann normal coordinates,

ooQDI):." ¡fro iap€t".

The terms of order 0 are more difficult, and we find that

tt :nN 2 ll € ll o-1(l1ll) - iff"þ€ro,€,
i€þ ô 

", 
oo (lDl) - i0 

s u 
o ¡ (lDD 0", o {lDl)

|a2, u r, o t 1¡o ) A2,, * o 1 (lD l) .
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Remembering that the derivative of an expression in Riemann normal form is not the

Riemann normal form of the derivative, we eventually find that

1

b :EN, mod llql 2oa(lDl) - io'tro'€,
11

+'rair€"tp + nõt" Rflieee".

In the above, as well as expressing the result in Riemann normal coordinates and

mod ll 1 ll, *" have omitted a term proportionalto (u{uRf"iÊp€", since we know that
this will vanish when averaged over the cosphere bundle. This gives us an expression

for oalDl) in terms of ¿r' and b. Indeed, with the same omissions as above we have

o-tloù:ßN, mod rretr |a * f,a\Ça" 
(,

11
- rair€,€P - ¡6e'Rl¡f,to€"'

completing the tedious task of calculation and substitution yields

o-o(lDl'-,) :Rru, mod ll4l -(p -r2) u.'þ? iÅ,€p

_p(p :2) orero, t, . rþP6* Rffi1o€".

We note that the factor p(p-2) arises ftom4m2 - 1- (2m+L)(2m- 1) : p(p-2)'

Using the experience gained from the even case, we have no trouble integrating this

over the cosphere bundle, giving

w Res(f lDl'-,) : -f 
"" 

"rl l * f a rrsæ r * (p - z)"(p) l * Íf,r"r.r"" r/sæ r'

Again, this expression clearly has a unique minimum (for p > 1 and odd, / > 0) given

by the Dirac operator of the Levi-Civita connection, at least over the support of /.

Flom the results of la\ and the above calculations, if we twist the Dirac operator by

some bund\eW, the symbol will involve the "twisting curvature" of some connection

on W. This does not contribute, and so the above result will still hold, except that

the minimum is no longer unique. In particula,r, if we have no real structure J, and

so are dealing with a spin" manifold, we have the same value at the minimum, though

it is now reached on the linea¡ subspace of self-adjoint t/(1) gauge terms. We refer to

[42] for more discussion of these results. This completes the proof of the theorem.
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Chapter 5

Conclusron

We now have a precise spectral characterisation of complete spin manifolds, together

with a more ot less (depending on one's taste) natural generalisation to the noncom-

mutative setting. What remains undone, and what are the next steps to take?

We begin with the what remains undone. A general investigation of morphisms of

noncommutative geometries, and the effect of such morphisms on the various homol-

ogy and cohomology theories, representations and integrals should be carried out'

This is essential to the structural analysis of these spaces. For much the same rea-

sons, the various operations such as sum, product and passage to a Morita equivalent

geometry require more thorough investigation. In pa,rticular, the results presented in
this thesis dealing with diffeomorphisms and their unitary subgroups is unsatisfactory.

For instance, are the inner diffeomorphisms and isometries the only diffeomorphisms

with a unitary representation? What others are there?

In [34], the prospect of characterising different kinds of manifolds (almost complex,

Kähler, hyperkähler etc) by employing'Connes-like' axioms, together with additional

operators and commutation rules was put forward. To our knowledge only one other

type of manifold has so far been characterised, and this was the not necessarily spin"

Riemannian case, described in [53]. Here it was shown that a more von Neumann-

Tomita-Takesaki approach was useful, owing to the fact that the representation of
the Clifford algebra on itself provides a cyclic and separating vector (at lèast in the

unital case). The construction of coordinates is essentially the same as in the spinc

case, though the volume form plays a slightly different rôle. We expect that any

other efforts to spectrally characterise specific types of manifold will require an axiom

akin to orientability in order to produce the coordinates. As a final comment on the

paper [53], we note the KK-nature of the formulation of Poinca¡é Dualit¡ and our

expectation that variations in this a:<iom will occur for the va¡ious types of manifolds.

We look forward to seeing more work in this direction.

Related to this is the possibility of pushing the Real point of view further. We showed

that it wa^s perfectly rea.sonable to employ a real st¡ucture which behaved as if r - s-

dimensional, while the geometry was (r * s, oo)-summable. This pseudoRiemannian

behaviour depends on how much freedom we have to alter the real structure, and by

a

L43
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what isometries. The basic example to look at is Ra with the standard Euclidean
structures, but with a real structure given by composing charge conjugation with time
reversal. This will yield a weakly real geometr¡ with the above 'indefinite' behaviour.

Another area which is currently active is 'new geometries from old.' In [25], isometries
are used to construct families of noncommutative manifolds from a commutative
manifold. This is similar to the procedure in [18], and we expect that despite the
current formulation being in terms of closed manifolds, the whole discussion can be
carried through to the noncompact setting. It is to be hoped that these procedures
can be used in future to construct more examples.

This range of examples, as well as the diffeomorphism invariant geometry of [26], gives
us more rea,sons for examining morphisms of noncommutative geometries. Similarl¡
Lord has obtained interesting results on the behaviour of'crossed products of spectral
triples' when a compatible smooth C*-dynamical system exists for the algebra, [54].

AII of these previous comments have centred around operations and morphisms, but
one classical construction of enormous theoretical interest is cobordism. This would
be of great benefit to index theory (cobordism invariance of the index of the Dirac
operator 'should' generalise), noncommutative geometric topology and the classifi-
cation of noncommutative manifolds. However, at present, there is no clear way to
spectrally characterise a manifold with boundary. Indeed, there would seem to be
two ways to approach the matter with distinctly different flavours: via local or global
boundary conditions. We expect that the local boundary condition approach would
follow a relative K-homology path, as in [7].

Another issue that arises from geometric topology is exotic smooth structures. Sup-
pose we have distinct smooth subalgebras of. a C*-algebra with distint and non-
difieomorphic noncommutative manifolds associated with them. Despite the vague-
ness of a couple of the terms here, we know that such situations exist, from the
study of exotic differentiable structures on the spheres. Can this also happen for
noncommutative manifolds? One suspects the answer is yes.

Finall¡ we should close with a small conjecture. It is easy to state: Is the algebra ;4
of a finite dimensional noncommutative geometry always finitely generated by the or1

appearing in the definition of the Hochschild cycle appearing in the axioms? I expect
the answer is yes.



Chapter 6

Appendix

In this Appendix, we describe an example of a spectral triple (A,H,2) such that

1) "4 is nonunital, but local

2) D is self-adjoint, closed, unbounded with infinite dimensional kernel

3) the dimension spectrum of. (A,71,D) is not simple

4) the function Tbace(o(l + D\-".) is. well-defined for all z with Re(z) ) 1, but

o(t + D\-'is not an element o¡ ¿G'*)(?l).

We build this triple by making a deliberately naive attempt to work on a singular

space. The extremely simple space we choose is the double cone,

C : {(r,a, z) <- Fc3 : n2 * a2 : o' r'},

where rc: tan(Ë), and a € (0,2r) is the cone angle.

Rather than specifying an algebra of functions on C, we begin with the metric struc-

ture. At every point z f 0, we have a well-defined cotangent space' and choosing

cylindrical coordinates (t,0), this cotangent space is spanned by dz,de. At each such

point, we define a Clifford action of these covectors on C2 by

o,:(2î), *:(+ i)
These satisfy the Clifford relations for the metric

n2z2 o

0n2

Of course this metric is degenerate at z: 0, but elsewhere reproduces the correct

distances on the cone. The next 'obvious' step is to define the corresponding Dirac

g(z,o) :

0
Elôe * n0"

Efùs - n0,
operator,

D:dzùr+dîAe:

L45
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What is not so obvious is the Hilbert space on which D car. be extended to a closed,
self-adjoint operator. 'We will go about this in a pragmatic fashion, by simply going
ahead and computing the spectrum of 2, and seeing what can go \'/rong. The only
stipulations we make on the putative domain of D for now is that it consists of smooth
functions which decrease rapidly as z -+ +oo.

The sensible way to tackle the spectrum of a Dirac operator is to first consider the
associated Laplace equation,

D2€: 
^2t'(-",a7-a?-Iô, o \/e,\_r,/{,\

\ o -,ra3-al+las/\er)-ê\A/
To solve this equation, we employ separation of variables. For the first component we
write {1(2, e) : l(e)g(z), and we consider three possibilities.

First, / is constant. In this case the equation for the first component reduces to

s,,(r): _fisel.

If À2 > 0, then the only solutions are oscillator¡ and do not vanish at infinity.
Provided that such a À2 is not an eigenvalue, this will effectively show that it is in
the continuous spectrum of D2 (once we have identified the Hilbert space of course.)
If. \2 :0, we will obtain a linear solution, again not of rapid d.ecrease, but we will see

later that there are in fact many solutions in the kernel of. D2. Finally, if À2 < 0, we
have the solutions

g(z) : "*{--I?"
and these fail to be of rapid decrease at one of *oo or the other. This piece of our
computation is closely ¡elated to issues of self-adjointness. If we can identify a Hilbert
space on which 2 is formally self-adjoint, then this computation shows that

ker(D2 * 1) : {0},

and so ker(D + i) : {0}, so we will have shown that D is self-adjoint. This result
clearly depends on the fact that we axe working on the double cone, for if not, one of
the above solutions would destroy the self-adjointness of D2. So our alleged naivety
is already exposed as of a very special kind....

Having considered what happens for / constant, we now look at f @) : ei^0 , m > 0.
This yields the equation

g"(t) : ("'*' - n1, -
¡z
K2

)s(").

The substitution g(z) : Eþ)e-Tz' reduces this to

ã" (r) - 2mzj'(z) +
¡2
K;2

ã:0



r47

For rn : 1 this is the defining equation for the Hermite polynomials, and it is not

difficult from there to see that

g(z): H*(r/mz)e-T"', \2 :2n2nm, ffi) 0, n, ) 0

is the unique solution, [29, 61]. We will quote a few easy results about these modified

Hermite polynomials shortlY'

The final case '$/e consider is when I : "-i^0, 
m > 0' With the same ansatz as the

last case we find 
\2

ã" (r) - 2mzþt(z) - (2* - þ)ø{r) 
: o,

and for \2 : 2n2m(rz + 1) this is the same as for the last case' Thus the unique

solution is

g(z) : H^(1/mz)e-T" , À2 :2n2m(n * 1), m ) 0, r¿ ) 0.

The equation for the second component behaves exactly as the first when / is constant,

while the rôles of the two cases /(0) - "im| 
and /(0) : ¿-imq are reversed'

Thus the spectrum of. D2 (on a suitable Hilbert space) is the whole real line, with

the points 2n2 N, N e N, being eigenvalues and everything else being continuous

.p""lrrr-. The multiplicityof each À2 :2n2N, N ) 0, is 4d(N), where d(N) is the

divisor function, the number of divisors of N including 1 and ¡f , [38]' The origin of the

divisor function is clear; the four arises by counting the eigenvectors for \2 :2n2nm,

m)0rn)0

("-me¡yn(/m)e-7"'\ / o \(." o )' \"n^'Hn¡,,ñ'r)"-i"')

and those for À2 :2n2m(n * L), m ) 0, n, ) 0

ei*o Hnlr/-mz)e-ir'
0

0

"-tmo 
¡¡n(trffi2)e-tz2

The presence of the divisor function, whose asymptotics are extremely subtle, [38],

indicates that the behaviour of the sum of inverse powers of the nonzero eigenvalues

will have very interesting behaviour. Before going on with the operator 2, however, we

should make the previous spectral computations rigorous by specifying the Hilbert

space. This brings up some interesting issues. Firstl¡ the odd Hermite functions

vanish at z:0, but the even ones do not, so only half our solutions define functions

(spinors) on the cone. Secondly, even those that do deûne functions on the cone have

derivatives that do not. Thus any hope of building our Hilbert space from sections of

a spinor bundle on the cone is immediately dashed.

So we take our cue from Connes' picture of quotient spaces. Tìopologicall¡ we should

think of the cone as an infinite cylinder quotiented by the relation which collapses the

central circle to a point. Connes would have us pass to a larger algebra containing
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the functions on the cylinder, rather than adopting a subalgebra which remains well-
defined on the quotient. However, the quotient in this case is Hausdorff, and so we
expect to obtain Morita equivalent algebras from these two processes anyway.

What we have here is a slightly more subtle situation, which might be loosely called
a metric quotient. That is we regard the cone as a cylinder, but imbued with a

'metric' which can not distinguish the points with z : 0. Indeed, all of the solutions
presented earlier can be seen to define perfectly good (square integrable) functions
on the cylinder. Thus it would make perfect sense (pragmatically or quotiently) to
adopt the square integrable sections of the spinor bundle on the cylinder as our Hilbert
space, but for which measure? It is easy to check that the operator D is not formally
self-adjoint for the measure (not Clifford vectors)

n2 zd,zd,O

which arises naturally from our singular metric. However, 2 is formally self-adjoint
with respect to the usual meastre, dzdî, and again it makes sense for us to adopt
'17: L2(Cgt, S,dzdï) ¿É our Hilbert space.

One final point in favour of this choice is that I : i,d,zd,0 is a Z2-gràding for ?l
anticommuting with D. In this expression d,z,d0 act via the usual Clifford action on
the cylinder,

ot:(lo;,)
0

Or: (? -1

This choice formalises our previous calculations, so that D2 is self-adjoint. It is also
closed, since all of z,ôr,0g arc closed operators on this Hilbert space. This also
allows us to check that 2 itself is self-adjoint, with spectrum the whole real line, and
eigenvalues ),: !.tffiÑ. To write down the corresponding eigenvectors, we first
record some properties of the modified Hermite polynomials. Writing u : 1/mz,

H,(.) - (-!¡n".' ffi{"-.'),
as usual, and we also have the recurrence relations

Hn+{ta) : 2wHn(w) - 2nïna(w), *r^r-, :2nt6:mTn-r(u).

The first few are simply

Hs(w) : 1, H{w) - 2w, Hz(*) : 4w2 - 2, Hz(.): 8to3 - L2w

Hr(w) : L6w4 - 48w2 + 12, Hs(w) : B2w5 - 160t¿3 * L20w.

To obtain the solutions, ûrst set rn - "-im| "-!"' Hn(rñ2). Then notice that

tiat - o,)rn^: -2ntñ,rn-L,m

(iut * ô,)rn : -1lmrna,1,^.
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So

1/-2nrn-1,^
I TI,TTL

is an eigenvector of 2 with eigenvalue \: nt/2nm.

Similarly
1/Tnrn-1,^

T'nrn

is an eigenvector of 2 with eigenvalue ),: -nt/2nm.
Now set snm : .nm| 

"-\22 
¡7n(1/mz). Then

z(iUt-Ô,)tn :tñsn+t,,n

(i ut * ô,) s n^ : 2nt/ñ,sn-1,^'

So

Xnm:

^nn1 -

¿-
-lnn'¿ -

è_\nrn -
8nr^

,,/2nsn-1,*

is an eigenvector of 2 with eigenvalue À,: nt/2nm.

Similarly
8nr^

-y'-2nsn-1,^

is an eigenvector of D with eigenvalue À: -nt/2nm. The kernel of 2 is spanned by
(s* and ysn-'

Using the orthogonality relations

foo

I* ,r(.)H^(w)e--' d,. : 6n*2nnl1,G, 
Io'" "it| "-irn| 

¿6 - õ¿^2r

and the completeness of the Hermite and trigonometric polynomials, it is easy to
check that these spinors provide an orthonormal basis for the closed subspace of ?l
corresponding to the point spectrum and kernel of. D. For the continuous subspace

for D we simply choose ba"sis vectors tþn(z) : Hn(z)e-î, and these a¡e orthogonal
to the point spectrum by the orthogonality of the trigonometric polynomials. The
normalisations to obtain an orthonormal basis are

f:
^nfnr\nm

€n, tr1fr2"nt.

ún++r!,n
1f znrñznt
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Of course the reason for taking so much trouble with specifying the basis is so that
we may compute Tiace(a(l -f D2)-s¡ for suitable functions ¿. We want this algebra
of functions to satisfy

A ç n^>tdom6^,

so it must consist of smooth functions of rapid decrease as z -+ +oo. However,
the presence of the infinite dimensional kernel for 2 indicates that we need further
restrictions. So we adopt the definition

A: {a: C -+ C: ø is smooth and of rapid decrease at z:0,+-}.

It is clear that for elements of this algebra, the operator [D,a] extends to a bounded
operator on'J1. Thus the only remaining task necessary to show that ("4,71,D,1) is

an even spectral triple is to check that a(l + D\-+ is compact for all a e A. The
computations necessary to check this will also aid us when \¡¡e come to computing
traces.

Write '14 : '11" Ø'lLe @ ?{¡ for the decomposition of '11 into closed subspaces corre-
sponding to the continuous and point spectra of D, and the kernel, respectively. Let
P.,Pp,P¡ be the corresponding projections. Then from what we have already shown,
and employing the closure of the compacts under adjoints, we know that

/z K z \ /ø"\
a(t+o2¡-i:l K K K ll 'ltp l,

\z K ?/\?tn)
where 1( indicates that the entry is a compact operator between the appropriate
subspaces. So, we begin with

p"a(L +or)-Ip.: õ (, - ;,u, t _o*a2)-*,

where a(2,0) : ã,(z) *D^+oa^(z)ei^0. In this case, the results of Chapter 1 show

that
P""G +o2¡-ÈP. a ¿(t,*)(H"),

and so compact. In fact it is measurable and

f ,"^r+o2¡-ïP": nc(2) l* aP¡ar.

Next we consider
P¡a(L + o2¡-T e".

The projection P¡ projects on to the subspace spanned by

"irnî "-122, "-im| "-Tzr, 
m ) 0

while P" projects on to the space spanned by Hnþ)e-*, rz ) 0. Thus we need to
estimate

ffil I 
" ^', 

o) H ¡(z) e- 
s# 

" "- 
;^e ¿' ¿sl'
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It is now that we need the rapid decrease at z : 0, for the functions compactly

supported away from z : 0 are dense in this algebra, and so it suffices to prove the

compactness for these functions. So let supp(a(z,A)) Ç [.,](] x [0,22r], so that

J* 
I [.o{r,0)H¡(z)e-4#22 "-im\¿r¿els ff" i" ll o*ll*,

znt/znznH I

and so P¡,a(L + D\-l p" is compact. Similarly, the final term

Pfr(1 + Dt)-i Po: P*aPk

is compact, and to show this we need to estimate

*=l [* e-^"'a(2,0)d,zd.0l < !:"-*'" ll aQ) llr,%ft lJ -*ç 
Ú\2)v )wPuv 

I = zt/¡" I

and we see that this is comPact'

Thus we have succeeded in showing that ("4, 'tLrD,l) is a smooth, even spectral triple.

TVe now want to show that it has discrete and finite dimension spectrum, and is not

(2, oo)-summable. So we examine

T[ace(a(l +D\-')

where initially we suppose that s >> 1. As above, this trace is the sum of three

pieces

Tface(a(l +D")-') : Ttace(P¡ø(l +D2)-'Pk)
+ Tbace(P.o(L + D2)-'P.) + Thace(Poø(l * o')-'pò.

As already noted, Thace(P"ø(l + D2)-'P") is holomorphic for all s with Re(s) > l-
The pole at s : I is simple and the residue is given by

ress-rTrac e(p.a(L +D\-'P") : # ll-a1r¡ar,

with ã the piece of a independent of 0. Seeley's results, [65], allow us to conclude

that this piece of the trace analytically continues to C with the exceptions of the

half-integers less than or equal to |.
We have already seen that the contribution of

Tbace(P¡ø( I + D2)-' P¡r) : T[ace(PraPr)

is independent of s and in fact finite, f¡om our earlier estimate. So we a¡e left with

the point spectrum.

An old result of Ðuler's, [61], already used implicitly to calculate asymptotics, says

that n

É¡tut : Ir" f(r)d'r+f,rol+|tøl* 1," 
P(r)f'(n)dr

k:1
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where P(r) : "-["]- ], provided only that //(ø) is continuous for r 2I. Employing
this twice we see that for s ) 1 and N large

N
1

nlT.:l
t (n*)'

N lN/ntl a

\-F I

^2, ?=, ('*)'
rN rN/m

J, l, @v)-'d'rdv

[* *-, I Y-'*' 1*t*Jt l-s + lJ,

H.*r-tr+¡¿-s*l

dr

1
I-' 1- "'

where equality is in the sense of asymptotics. Seemingly if we let N -+ oo in this
expression, \Me are left with a simple pole at s : 1, but this is incorrect. The reason
is

¡¿-s*1 - r(-s+l)logN - 1 + (1 - s) logN +...
So in fact

H.*N- #;p¡¿-s*l* *
1 1 1+o )1-s (1-s¡z

To put this information to use, we estimate

m(l * 2rc2lem)-'

2tr1/tr2kkllrlace(Poa(L + D\-'Pp)l D
,m)0 I I 

" 
" U, Ø n'n G/-* r) "- ^ "' a 

" 
ael

o ll". f ft +2n2lcm)-'.
lc,m)0

This is unlikely to be the best estimate in general. So summing over the nonzero
eigenvalues of (1 + D2)-'gives asymptotically

N

h

lt

oo

lTbace(o(l + o')-')l ll õ ll- 22-s *-2s | @m)-'
nfn:l

ll ã ll* 22-sn-2s7
11

1-s-(t_s¡z
We also note that the behaviour for s : 1 can be determined by computing the partial
trace as an integral, as above. This yields

rrace¡y((l + D\-\: j{tos lr)r,

again showing that their can not be a simple pole at s : 1. Thus we have shown that
the function z + Thace(a(l +D2)-z) has a double pole at z :1, and a simple pole at

)
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z : +,. Computing the actual values of the residues at these points requires a concrete
form for the function a, and of course we are mostly interested in the case where the
function ø is (a component of) a projection or unitary representing a K-theory class.

The Local Index Theorem gives us a formula for components of the Chern character

of (A|ll,D,l). Substituting the various constant terms in yields

1: 

',,1+ ,rt (lasdaúa2(L +D2)-r)

óz(aorarre2) (lasdø1da2$ +Dz)-t)

1

do(ro) - resz-o :Ttace(løs (1 + D')-').

The top component involves the coefficients of ) and ) in ttre expansion of Tbace(a(lf
pz¡-t-z¡, while the zero-th component involves the coefficient of the constant term.
A routine calculation shows that the trace Tlace (lasdalda2! + D2)-') is given by

4i n2 h ace1l+ @ s ((0, a ù (ô o oz) - (0 s a ù (ô, a2)) z (L + D2 )-' )

where 7l+ is the : 1 eigenspace of l.
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