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Abstract

This thesis examines a vector-valued generalization of the Harper operator on a
graph with a free action of a discrete group, the scalar version of which was de-
fined by Sunada. A spectral approximation result is obtained for the vector Harper
operator (and more generally for a large class of operators) which states that when
the group is amenable, the spectral density function can be approximated by the
average spectral density functions of finite approximations to the operator with
arbitrary boundary conditions.

Subject to certain boundedness constraints, when the operator A has elements
in an algebraic number field, a log Holder-type estimate can be found for the growth
of the spectral density function at algebraic points on the real line. Further, in this
situation the Fuglede-Kadison determinant of A — A is shown to be positive for
some algebraic A that may be in the spectrum of A.

A construction is also provided for vector Harper operators acting on matrix-
valued functions over a Cayley graph of the group in terms of a Busby-Smith twist-
ing pair for the group and the matrix algebra. This is used to construct an example
of a vector Harper operator from an extension of Z? by the quaternion group Q.
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Chapter 1

Introduction

The primary goal for this work is two-fold: firstly, to take the notion of the Harper
operator or discrete magnetic Laplacian (DML) over a graph and extend it to act
on vector-valued functions; secondly, to extend to such operators spectral approxi-
mation results enjoyed by their scalar counterparts.

Take X to be a combinatorial graph on which a discrete group I' acts freely,
and under which X has a finite fundamental domain F. Consider L? functions on
the vertices of X which take values in a vector space M with a left Hilbert module
structure. The vector Harper operator H,, is then an operator of the form

(Hof)(@) = ole) f(t(e)) + D ole)” - f(o(e))

o(e)=c t(e)=z

where o(e) and t(e) are the origin and terminus of an edge e (with respect to some
choice of orientation) and o is a map from the edges of X to module automor-
phisms of M. The weight function o is required to be weakly I'-invariant in that
there must exist U (Aut M)-valued functions s, on the vertices of X such that

o(ve) = sy(o(e))a(e)s,(t(e))".

The motivating examples are M equal to C* as a module over C and M equal to
the algebra of complex n x n matrices My, (C) regarded as a left regular module; in
each of these cases the algebra of endomorphisms of M is isomorphic to M,(C),
with unitaries U (Aut M) isomorphic to U(n). When M = C, the vector Harper
operator reduces to the scalar Harper operator on a graph. A case of particular
interest is when M is M,,(C) and X is a Cayley graph of T'. In this situation, vector
Harper operators arise from Busby-Smith twisting pairs ([8]) for I and My ©.
These in turn can be constructed from certain group extensions of I, such as by the
Clifford finite groups Cox. A simple illustrative example is constructed over Z?in
section 6.4.1, giving a vector Harper operator over M(C)-valued functions of the
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form
f(a7b+1)+f(a'7b_1)
: for b even,
+ f(a—1,b)+ f(a+1,b)
(Hf)(a,b) =
fla,b+1) + f(a,b-1)
for b odd,
— fla— 17b)M(a—1 mod 3) T fla+ 1ab)M(a mod 3)
with

0 1 0 i i 0
w=(fg) m=(35) e-(0 L)

Pictorially, it takes a function to the weighted average of its values on neighbouring
grid cells (see Figure 1 for an example.)

(4.8)
1
()] 6
10 10
(3,7) (47) (5,7)
1
(4,6)

Figure 1.1: A portion of a vector Harper operator on the Cayley graph of z?

When X is the Z?2 lattice, the scalar Harper operator and the closely related
DML have been studied extensively in mathematical physics, arising as Hamilto-
nians in discrete models for free electrons in a magnetic field. The DML is the
Hamiltonian in a discrete model for the integer quantum Hall effect (see for exam-
ple [5]). Classically the scalar Harper operator Hg, o, is defined on the Z2 lattice
as follows,

(Hoy a0 f)(m,n) = i‘(e_ialnf(m +1,n) + €1 f(m — 1,n)
+ €72 f(m,n + 1) + 2™ f(m,n — 1)).
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Shubin’s paper [32] investigates the spectral properties of a more general DML
involving an additional anisotropic scaling parameter A, relating it to the Almost
Mathieu operator on £2(Z). A Harper operator on the three dimensional lattice
Z3 is investigated by Bédos in [3], where the weights are defined in terms of the
differences of three angles 61, 62, and 83 and the anisotropic scaling is represented
by three scale factors.

The Harper operator on more general graphs was defined and investigated by
Sunada in [33], and has found application in the study of the fractional quantum
Hall effect in [10], [9] and [25]. The vector Harper operator then has potential ap-
plication in discrete models in quaternionic quantum mechanics (see for example,
[2]) and in higher-dimensional generalizations of the quantum Hall effect such as
described in [34].

Regarding M as an n complex dimensional vector space, the vector Harper
operator is an example of an operator on L? functions C&) (X,C™) which is near-
diagonal and weakly I'-equivariant. Near-diagonal operators A — also called op-
erators of bounded propagation — have components Az, € M,(C) which are
zero whenever the distance between the vertices z and y in the simplicial metric is
greater than some constant a. A weakly ['-equivariant operator is one which com-
mutes with a set of twisted translation operators T, which are translations by ~y
twisted by maps t, : Vert X — U(n). When the group I is amenable, it admits a
Fglner sequence of subsets A, which form a regular exhaustion of I'. These in turn
give an exhaustion X s of subgraphs of X. It is shown in chapter 4 that the spectral
density function F' of a bounded self-adjoint weakly I'-equivariant near-diagonal
operator A can be approximated by the normalized spectral density functions Fr,
of finite operators A(m) on functions supported on X,,, where the Al™) are re-
strictions of A with arbitrary boundary conditions and F,, () is defined to be #+m

times the number of eigenvalues counting multiplicity of A(™) that are less than
or equal to \. The strong spectral approximation theorem (Theorem 4.3.14) then

states
lim Fn(\) =F(\) YAeR

m—roo

The point-wise limit limy,— . Fr, is often called the integrated density of states
(IDS) of A.

Stronger statements on the continuity of F' can be made when A is further
restricted. When A is defined over the r-dimensional integer lattice (being the
Cayley graph of Z" with respect to the canonical symmetric set of generators), an
argument of Delyon and Souillard shows that the spectral density function of A is
continuous.

Craig and Simon in [11] prove that the Laplacian with a random potential over
the Z™ lattice has an IDS that is log Hélder continuous. This provides bounds on
the rate of growth of the IDS F: for any real R there is a constant Cr such that
|F(z 4+ €) — F(z)| < Cr(—log|e|)~* for small € and all z < R. In our setting we
can obtain a log Hoélder type estimate on the growth of F' when the operator A has a
matrix with elements in some algebraic number field, subject to some boundedness
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constraints described in section 5.2. This estimate is obtained via an argument of
Farber [19] and is a different approach to that of Craig and Simon; however our
estimate for this class of operators is considerably weaker than their result. For
those operators satisfying the strong spectral approximation described above, the
algebraic boundedness constraints also allow us to show that the Fuglede-Kadison
determinant of A — X can be positive for some X in the spectrum of A.

These results constitute a generalization of the material in [27] and [26] (in-
cluded here as Appendices A and B) where the Fuglede-Kadison determinant and
spectral density function of the scalar DML were investigated. The results obtained
here in section 5.2 are extensions of those obtained in [27] for the rational scalar
DML, and are based upon an argument of Farber [19]. The equality of the spectral
density function and the IDS follows the argument presented in [26], extended to
vector-valued operators and with arbitrary boundary conditions.

Amenable groups have the algebraic eigenvalue property. Defined in [15] (in-
cluded as Appendix C), a group I enjoys the algebraic eigenvalue property if every
A € M,(QT) has algebraic eigenvalues when regarded as an operator on £2(T')",
where QI refers to the group algebra of I" over the algebraic numbers. It is proved
in [15] that all amenable groups and all groups in a class € have this property,
where € contains all free groups and is closed under extensions with elementary
amenable quotient and under directed unions. It is conjectured that every discrete
group has this property. The elements of M,(QI') correspond to I'-equivariant
near-diagonal bounded operators on C¢-valued L? functions on the Cayley graph
of I". More generally one could ask if weakly I'-equivariant near-diagonal bounded
operators also have algebraic eigenvalues when their matrices have algebraic el-
ements. Proposition 4.3.2 states that for amenable I', the eigenvalues of such an
operator A form a subset of the union of the sets of eigenvalues of finite approx-
imations A'™). As a consequence, if the matrix of A has algebraic elements, the
eigenvalues of A must also be algebraic. Ideally one could extend this result to
show a larger class of groups have the algebraic eigenvalue property for weakly I'-
equivariant operators; a different argument would have to be pursued, as the proof
of Proposition 4.3.2 very much relies upon the existence of a regular exhaustion
for I

A torsion-free group G is said to satisfy the strong Atiyah conjecture (SAC)
over the group algebra K G if dim¢ ker A is integral for every A in M, (K G). Lin-
nell has proved that torsion-free groups G in the class C satisfy the strong Atiyah
conjecture over CG (see [21] and [22]). Schick in [31, 30] extended this to show
that G satisfies the SAC over QG for G in a larger class D of groups, containing
the residually torsion-free nilpotent and residually torsion-free soluble groups. In
[15] this result is improved further to show that the algebraic group algebra QG
satisfies the SAC for G in D. These results have bearing on the continuity of the
spectral density function F' of a I'-equivariant bounded self-adjoint near-diagonal
operator A: if I' € D and the components A, of A are matrices over Q, or if
I’ € @, F can have only a finite number of eigenvalues.

The strong Atiyah conjecture is a sufficient condition for the Atiyah conjecture
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to hold: if G is torsion-free and satisfies SAC, then for a CW-complex X with
a free cocompact action of G, the ¢2 Betti numbers of X are integers. The strong
Atiyah conjecture for K'G also implies the zero-divisor conjecture (ZDC) holds for
K G: that the group algebra KG contains no non-trivial zero-divisors. It can also
be shown that the SAC over Q@ is in fact sufficient for the complex group algebra
CG to have no non-trivial zero-divisors. Consequently the results obtained in [15]
for the class D are sufficient to show that every torsion-free group in this class
satisfies the zero-divisor conjecture for CG. An immediate consequence is that CG
has no non-trivial idempotents for such groups G. The relationships between the
strong Atiyah conjecture, the zero-divisor conjecture, the idempotent conjecture
and other algebraic and topological conjectures are explored in detail in [28].



Chapter 2

Preliminaries

2.1 von Neumann algebras

A von Neumann algebra (also known as a W*-algebra, or a ring of operators) is
a subalgebra of B(H) — the Banach algebra of bounded linear operators over a
Hilbert space H{ — which is closed in the weak topology on B(3). The weak
topology is one of a number of important topologies on B(X), described below.

The topology commonly associated with a Banach space is that corresponding
to the metric d(z,y) = ||z — y|[. The usual norm on B(X) is given by ||T|| =
SUPgeg¢ |z)=1]1T|l, and the topology generated by this norm is the norm topology
on B(3H).

The strong and weak topologies are examples of locally convex topologies.

Definition 2.1.1. A topology T on a linear space X is locally convex if every
point has a convex open neighbourhood, or equivalently, if the operations of scalar
multiplication and addition are continuous in J.

The strong topology is the weakest locally convex topology in which the func-
tions T + ||Tz|| are continuous for all z € J}, while the weak topology is the
weakest locally convex topology in which the functions T' — (x, T'y) are continu-
ous forall z,y € .

The strong topology is weaker than the norm topology, and consistent with the
terminology, the weak topology weaker than the strong. The commutant of a subset
M of B(H) is the set M’ = {z € BH: zm = mz Vm € M}. A standard result
is the following.

Lemma 2.1.2. If M C B(XH) then M' is weakly closed.

The famous bicommutant theorem of von Neumann relates the commutant to
the weakly and strongly closed *-subalgebras of B(H).

Theorem 2.1.3 (von Neumann’s bicommutant theorem). Let M be a *-subalgebra
of B(H). Then the following statements are equivalent:
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1. M"=M.

2. M is weakly closed.

3. M is strongly closed.

Then a von Neumann algebra can be defined as follows.

Definition 2.1.4. A von Neumann algebra A is a x-subalgebra of the Banach
space B(H) of bounded linear operators on a Hilbert space JH, satisfying one of
the equivalent conditions of Theorem 2.1.3, that is that A is weakly closed, A is
strongly closed, or A equals its double commutant.

An important consequence is that von Neumann algebras can be categorized as
the commutants of sets of operators.

Corollary 2.1.5. Let M be a *-subalgebra of B(}). M is a von Neumann algebra
ifand only if M = N’ for some subset N of B(H) which is closed under involution.

Proof. Let N C B(XH), with N* = N. Let M = N'. The commutant must be
closed under taking sums and products, and as N is closed under involution, the
commutant must be also. M is therefore a x-subalgebra of B(J{). It is clear that
N C N, and as a consequence one has that N’ = N". Therefore M = M", and
M is a von Neumann algebra.

Going the other way, let M be a von Neumann algebra, as a *-subalgebra of
B(J) with M = M". Then M is the commutant of N = M’, and as M is closed
under involution, so must V. a

A trace on a von Neumann algebra generalizes the notion of the trace of a
matrix. The following definition is from [14].

Definition 2.1.6. Consider a von Neumann algebra A C B(%), and denote by A™
the positive self-adjoint elements of M. A trace on A is then a function 7 : AT —
[0, o] such that

1. 7(A+ B) = 1(A) + 7(B) forall 4, B € A%,
2. T(AA) = Ar(A) forall A € AT, X € [0,00).
3. 7(UAUY) = 7(A) forall a € A" and unitary U € A.

If 7(A) < oo for all A € AT, then the trace is said to be finite. If 7(A) = 0
implies A = 0 for any A € A™, then 7 is faithful. The trace 7 is normal if for
every increasing filtering set F' C AT, supscp 7(A4) = 7(sup F).

An alternative to the third requirement is that 7(AA*) = 7(A*A) forall A €
A.
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Proposition 2.1.7 ([14, 1.6 Corollary 1]). Let 7 : AT — [0, 00] satisfy T(AA +
B) = AT(A) + 7(B) forall A € [0,00) and A, B € A*. Then 7 is a trace on A if
and only if T(AA*) = 1(A*A) forall A € A.

If 7 is a finite trace, it can be extended to a real-valued linear map on all self-
adjoint operators in the von Neumann algebra. In this situation one has 7(AB) =
7(BA) forall A, B in A ([14, 1L6.1]).

Given a von Neumann algebra A and a finite normal and faithful trace 7 on
A one can form the completion £2(A) with respect to the inner product (4, B) =
7(B* A). It is useful to consider situations when the elements of A C B(J{) act on
Hilbert spaces other than 3{; this prompts the definition of a Hilbert module.

Definition 2.1.8. Let A be a von Neumann algebra with a finite normal faithful
trace 7, and £2(A) be its completion with respect to 7. A Hilbert module over A
is then a Hilbert space M and continuous left A action on M, such that M is a left
A-module and such that there exists an isometric A-linear embedding of M into
£%(A) ® H for some Hilbert space H. M is finitely generated if there is such an
embedding with finite dimensional H.

Consider a self-adjoint operator A in a von Neumann algebra A with finite
trace 7. The operator A has a spectral decomposition E which is a resolution of
the identity on the Borel subsets of spec A C R The spectral density function F
of A is defined by

F() = 7(EW),

where E(\) = E((—oo0, )]) is the spectral projection of A for the interval (—co, A].
F so defined is a monotonically increasing right-continuous function on the real
numbers. As the spectral radius of A is less than or equal to ||A]|, the spectral
density function is constant on the complement of [|| A[}, || Al|)-

Definition 2.1.9 (Fuglede-Kadison determinant). Let A be a self-adjoint opera-
tor in a von Neumann algebra with finite trace 7. Consider the Stieltjes integral

log|\|dF(A), (2.1)
0<[AI<L
where L > ||A|| and F is the spectral density function of A with respect to the trace

7. This integral will be finite or equal to —oco. The Fuglede-Kadison determinant
of A is defined by

det; A = exp / log|A\|dF())
0<|M<L
whenever the integral is finite, and

det;A=0

when the integral (2.1) is equal to —co.
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Remark 2.1.10. This definition differs from the usual definition of the Fuglede-
Kadison determinant. Typically the determinant is defined for positive self-adjoint
operators, and then extended to other operators A by taking the determinant of
Al = (AA*)%. For self-adjoint operators A the integral (2.1) is equal to that of
| Al, and so the two definitions agree.

The Fuglede-Kadison determinant has the following properties analogous to
those of the trace, as shown in [20].

Proposition 2.1.11. Let det, be the Fuglede-Kadison determinant for self-adjoint
operators in a von Neumann algebra A with finite trace 7. Then the Jfollowing
identities hold for all A, B € A and non-zero X € C:

1. det.(AB) = det,(A) - det,(B);
2. det,(AA) = |\["U)det, (A), where I is the identity operator.

2.2 Graphs and amenable groups

There are many equivalent characterizations of amenable groups; the one which is
most applicable here is the Fglner condition (see for example [29, Chapter 4].)

Definition 2.2.1. Let I be a locally compact group with left Haar measure A. Then
T is amenable if, given any ¢ > 0 and compact subset C' C T', there exists a non-
empty compact subset K C I' such that

MzK A K)/ANK)<e VzeC,
where A denotes the set symmetric difference.

Amenable groups include all the finite groups, Abelian groups, and solvable
groups. The class of amenable groups is closed under taking subgroups and quo-
tients. Note that surface groups and free groups with two or more generators are
not amenable.

We will only be interested in the case when I is finitely generated, in which
case ' is amenable if and only if it admits a regular exhaustion (this follows from
an argument of Adachi [1].) A regular exhaustion is a tower of finite subsets A,,, C
Apnt1 with union T', with the property that the sizes of the subsets grow faster than
the size of their boundaries in I". More precisely,

. # 86 Am
lim

m—o0 #FHAn,

=0 foralld >0, 2.2)

where 95 A, is the 6-neighbourhood of the boundary of Ag:
OsAm = {7y €T : d(v,Am) < dand d(v,T \ Ag) < 6}

where d is the word metric on I' with respect to some choice of generators.
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Most of the material hereafter concerns operators acting on functions on the
vertices of a locally finite graph X. The graphs in question will be regarded as
combinatorial graphs. The edge set Edge X is a collection of oriented edges; each
combinatorial edge in X has two corresponding oriented edges in Edge X, one for
each choice of orientation.

If e is an oriented edge, € will denote the edge with opposite orientation, and
t(e) and o(e) will denote the terminus and origin respectively.

It will be convenient to regard a subset E* of Edge X in which each combina-
torial edge has exactly one oriented representative; E* corresponds to a choice of
orientation for the graph. Unless otherwise qualified, the set of edges under consid-
eration will always be such a subset E'*, and expressions which depend implicitly
upon this subset should be invariant under the choice of E~.

The vertex set of a graph X will be denoted Vert X. For the sake of avoiding
unnecessary clutter, z € X will often be written to describe a vertex = of X, where
context makes it clear that = can not be an edge.

Typically the graph X will have on it a free action by a group I' with finite
fundamental domain F. When I' is amenable, the regular exhaustion A, of I' gives
a regular exhaustion X, of X. Let X, be the largest subgraph of X contained
in J{7F|y € Am}, the translates of the fundamental domain by elements of the
subset A,,. The X,, enjoy a property similar to (2.2),

lim ——mm8™—

Jim 7., =0 foralléd >0, (2.3)

where here 95X, is the §-neighbourhood of the boundary in the simplicial metric,
being the intersection of the d-neighbourhoods of X, and X \ Xm.



Chapter 3

The Harper operator

3.1 The scalar Harper operator on a graph

In the following we will be working over a locally finite combinatorial graph X on

which there is a free action by a group I, with finite fundamental domain.
Consider the spaces of functions over the vertices and edges of the graph X.

Let 0(2)( ) be the L? complex functions over the vertices of X, and C 2)( )

be the L? complex functions g over the edges, with the requirement that g(€)
—g(e). Then one has the L? cochain complex of the graph,

0 — Cly(X) LN Clpy(X) — 0
where
(df)(e) = f(t(e)) — f(o(e)).
The adjoint d* of the coboundary operator is given by
(@)=Y gle)— > gle),
t(e)=v o(e)=v

where the sums (and those hereafter) are implicitly taken over a choice of oriented
edges E™ as discussed previously. The discrete Laplacian on the complex is then
a 0-degree chain map given by A = d*d + dd*. We are presently only interested
in the Laplacian on Cy) (X)), where

Af = d*df

(Af)(v) = Z flee) = > f(o

e)=v tle)=v

Here O(v) is used to denote the valence of the vertex v.
The discrete Laplacian is closely related to the random walk operator R which
at each point sums a function over its nearest neighbours,

= > flHe)+ Y, flo

o(e)=v t(e)=v

11
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giving,
(Af)(v) = O(v)f(v) = (Bf)(v)-

Recall the definition of the Harper operator on the Z? lattice,

(Ha1,a2f)(ma ’I’L) = %(e—ialnf(m + 1, TL) + ei‘“"f(m == 1,n)
+e7i M f(m n + 1) + 2™ f(m,n — 1)).

As can be seen, it has a form similar to the random walk operator, save that each
term in the sums is weighted by a complex number associated with the edge. This
forms the basis of Sunada’s generalization [33] of the Harper operator to more
general graphs. While Sunada examines weights which can take any non-zero
complex value, here we restrict attention to U (1)-valued weights.

A U(1)-weight function o on the edges of the graph is an element of the space
C(X;U(1)). As such, it is a member of an equivalence class H'(X;U(1)), given
explicitly by

c~o = Js:Vert X - U(1l):0'(e) = 0_(6)3(0(6)) Ve € Edge X.
s(t(e))
Maps ¢ in C1(X;U(1)) are required to respect the involution e — € of Edge X,
by o(€) = o(e)*. A weight function is termed weakly T'-invariant if it is equivalent
to its left translation by any member of the group I'. Specifically, if o is weakly
T-invariant there must exist a [-indexed set of U(1) valued functions s, on the
vertices of X satisfying

o(ye) = a(e)% Vv €T, e € Edge X. 3.1)

The Harper operator is then defined by
(Hof)w) = Y ale)f(te)) + Y ale)*f(o(e)), (3.2)

o(e)=v te)=v

for weakly I'-invariant 0. If ¢ ~ ¢, the corresponding Harper operators are uni-
tarily equivalent by multiplication by s.

The discrete magnetic Laplacian A, is defined analogously to the discrete
Laplacian,

(Agf)(v) = O(v)f(v) — (Hof)(v).

The random walk operator and discrete Laplacian are I'-equivariant operators,
commuting with the left I' translations. The Harper operator though typically is
not; it does however commute with a set of operators called the magnetic transla-
tion operators. These are left I'-translations twisted by the s of equation (3.1),

(Tyf) () = sy (o) F(v™0).

When X is connected, the T, form a projective representation of I'.
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Lemma 3.1.1. On each connected component of X thereisamap © : T x ' —
U(1) such that _
Ty Ty, = Oy Tyiye- (3.3)

In particular, when X is connected, the T., constitute a projective representation
of T

Proof. Observe that

(T"/lT‘Yz Fnyev) = Sy ('72'0)3"/2 (v) f(v),

and
(T’71”/2f)(')’1')’2")) = Smy ('U)f('u)
b (125 0)
Sy, (120) 54y (v
O, 72 (M172v) = K S (Z)

so that (T, Ty, F) (v) = O 13, () (Ty, 4. ) (v). Note that for any edge e,

S+72 (0(€))

51 (120(6)) sm(0(€)) (o0

o(e) = olmme) =

Sy172 ((€)) sy (72t(e)) sy (tle))
and so
Om (m172tle)) = “r (12’;:)():’:)?(6))
_ 3 1(720(6))3 2(0(6)) _
= 37”2(0(1)) = Oy (M17120(€))-

It follows then that ©,, ,(v) is constant on every connected component of X.
In particular when X is connected there is ©,, 4, € U(1) such that T,, T}, =

9’71 Y2 T’YI’YZ ) O

Hereafter we will assume that X is connected. The phase ©,, ,, is a group
2-cocycle of T, that is it satisfies the cocycle condition,

@71 273 @72,73 = 6'71 Y2 @7172 Y3

This follows from the associativity of the composition T'y, T, T'y;:

T’h (T’Yz T‘Ya) b T’n (6’72,73 T’7273) = 9’11 1273 e‘)’z Y3

and
Ty, (T’YzT’Ys) == T71 (@72,73T"/273) = @71 Y273 @72,'73-

As there is some choice in the selection of s, satisfying (3.1), the ©,, ,, are
not completely determined by the choice of weight function o. It is however deter-
mined up to its cohomology class.



CHAPTER 3. THE HARPER OPERATOR 14

Proposition 3.1.2 ([33, Lemma 1.2]). If o : EdgeX — U(1) is weakly I-
invariant by functions s, : Vert X — U(1), and o ~ o', then there exist sfy
by which o' is weakly T-invariant. Further if the s, give rise to the cocycle Q then
the s, give rise to ©' € [O] € H?(T,U(1)).

The discrete Laplacian arises as (d* + d)? on the standard cochain complex
of L2 functions on X. One can construct a twisted coboundary operator d, such
that (d* + d,)? gives the discrete magnetic Laplacian. Choose 7 and ¢, such that
()2 = o(e) and t,(v)? = s,(v) for each v € Vert X and e € Edge X and
define d; : 0?2) (X) - 0(12) (X) by

(drf)(e) = T(e)f (t(e)) — 7(e)*F(o(e))-

One can extend the twisted translation operators to a zero-degree chain map on
the whole chain complex Cfy(X) by defining (Tyh)(e) = sy(yte)h(y~ e) for
h e 0(12) (X)) where s.(e) is effectively the mean of s on the endpoints,

5,(€) = t5(t(€)) 1y (0(e)).

The Ty on 0(12) (X) also form a projective representation of T', satisfying equation
(3.3). The following diagram then commutes.

0 —> C%) (X) —22= Cly (X) —0
TﬁT n]
0 — C (X) —Z> Oy (X) —0

The adjoint of d; is given by
(drg)(w) == Y Tle)gle) + D 7(e)*g(e),

o(e)=v t(e)=v

and thus

(drd-f)(v)

3 (fw) —ale)fte) + D (f(v) = a(e)* flole))),
o(e)=v t(e)=v

= 0(v)f(v) = (Hsf)(v)

= (8¢ f)(v).

3.2 The vector Harper operator on a graph

As before we take X to be a locally finite graph with finite fundamental domain
under the free action of a group I'. Let M be a finitely generated Hilbert module
over a von Neumann algebra A. The vector Harper operator on L? M-valued func-
tions is then defined analogously to the scalar Harper operator, save that the weight
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function o now takes values in the algebra of A-automorphisms of M. Unlike the
scalar case, this algebra is typically non-commutative.

The motivating examples are of M = C" as a C-module and of M = M, (C) as
the left regular M,,(C) module. In each of these cases, the module endomorphisms
of M correspond to 7 X n complex matrices. The map from M,(C) to End M,
taking a matrix ¢ to right multiplication by £*, is a C-algebra anti-isomorphism.

A weight function o is a map from Edge X to Aut M that respects the involu-
tion e — €,

o(€) = o(e)”. (3.4)
Two such functions ¢ and ¢’ will be termed equivalent if there exists a function
s : Vert X — U(Aut M) such that

o'(e) = s(o(e))o(e)s(t(e))* Ve € Edge X, (3.5)

where U(Aut M) denotes the unitaries in AutM. A weight function ¢ will be
termed weakly T-invariant if, similarly to the U(1) case, there is a I'-indexed set
of U(Aut M)-valued functions s, on the vertices of X such that

o(ve) = sy(o(e))o(e)sy(t(e))” Ve € Edge X. (3.6)
The Harper operator H,, associated with the weight function ¢ is then defined
on functions f € C’?z) (X, M) by
(Hof)(@)= Y ole)- flte) + Y ale)*- flofe)). 3.7
o(e)=z t(e)=z

Defining twisted translation operators 7', by

(Tyf) (@) = s4(v™") - F (47 2),

one has
TENE =st70) (L oo fe)+ T o) £6(e)))
o(e)=y"1z te)=7"1z
= > sy(0(e))ale) - f(t(e)) + > sy(te))ole)* - F(ole)
o(e)=y" 1z tle)=7"1z
= > o(ye)- (s4(te)) - F(t(e)))

T " )2_1 a(1e)" - (s4(0(e))" - f(o(e))
- (Z a(e)e- E;(v-lue)) (7))
- + 30 09" (sy(r7role)* - F(r7"0(e))
- .
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The adjoint of T, is given by
(Ty ) (@) = s4(z)" - f(7a),

and a similar evaluation shows that H, also commutes with the T,;‘.
Unlike the U(1) case, the T, typically do not give rise to a group cocycle. Let
© be the map from I’ x I to U(Aut M)-valued functions on X by

6'71 Y2 ('71'72-’1") = Sy, ('723:)3"/2 (x)s’ywz (.’L‘)*,

so that
T71 T’Yz . @'71 ,'sz'n Y2 -

U(Aut M) is generally not commutative and so the argument of Lemma 3.1.1 can
not be applied, and ©., -, (z) need not be constant on connected components of
X. One does however have the non-Abelian cocycle-like condition,

@71 Y2 @'7172,73 = (Ad T71)(@72 ,73)@71 YY2Y3* (3.8)

When the module M is the left regular module on M, (C), and X is a Cayley
graph of I, one can associate Harper operators with a Busby-Smith twisting pair.
This is examined in more detail in Chapter 6.



Chapter 4

Approximating the spectral
density function

4.1 Introduction

The Harper operator over a graph, as discussed in the previous chapter, acts on C
or C"-valued functions on the graph. By virtue of commuting with the magnetic
translation operators 7, the Harper operator and the DML are members of the
von Neumann algebra B (C&) (X,C™))Tr. As such, one can examine the spectral
density function F of the DML with respect to the trace on this algebra. We would
like to be able to express this density function in terms of the spectral densities of
a sequence of finite approximations to the operator.

This is achievable when the group I is amenable. In [27] and [26] it is shown
that the spectral density function F of the (scalar) DML can be expressed as the
limit of a sequence of piecewise constant functions Fy,. These in turn are the
normalized spectral density functions of restrictions of the DML to the spaces of
functions supported on a tower of subgraphs Xy, that form a regular exhaustion of
X.

In this chapter, this approximation is established for a class of operators that
includes the vector Harper operator and DML, this class being the weakly I'-
equivariant near-diagonal self-adjoint operators. Section 4.2 defines these op-
erators and describes the spectral density function. In section 4.3 the regular ex-
haustion of X is defined, together with the notion of an approximating sequence
of finite operators A(™) to a near-diagonal operator A. Associated with each Alm)
is a normalized spectral density function Fp,; F (A) is directly proportional to the
number of eigenvalues of A(m) Jess than or equal to )\, counting multiplicity.

The key result of section 4.3.1 is the weak spectral approximation theorem
which shows that F(\) = limp—eo Fin(A) almost everywhere. This is refined in
section 4.3.2, proving the equality holds at every A.

A particular case of interest arises when the functions are matrix-valued, and
the operator acts component-wise by matrix left multiplication; this is discussed in

17
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chapter 6.

4.2 Weakly I'-equivariant near-diagonal operators

Consider the space C&) (X,C") of C*-valued functions on the vertices of X satis-
fying the L? condition. This is a Hilbert space under the inner product

(foh) = D (f(@),h(z))

TeX

where the inner product on C" is with respect to the standard orthonormal basis.
We will examine linear operators A on this space. These can be regarded as
matrices indexed by the vertices of X with values being n by n complex matrices,

(Af)(@) = Y Aoy f(y)
yeX

The algebra of these operators is the von Neumann algebra of bounded linear op-
erators B(C&) (X,CM)).

We are interested in a particular subset of these operators, these being bounded
near diagonal linear operators.

Definition 4.2.1. Let A be a linear operator in B(C’&) (X,C")), and A, the n by

n matrix satisfying (Af)(z) = 3, Az f(y) forall f. A is a-near diagonal if for
a positive a, Az, = 0 whenever d(z,y) > a in the simplicial metric.

The Harper operator is an example of a 1-near diagonal operator, as it averages
functions only over their nearest neighbours.
The following lemma is a simple consequence.

Lemma 4.2.2. If A and B are a- and b-near diagonal respectively, then AB is
(a + b)-near diagonal.

Proof. Let C = AB with components Cz y € My (C). Then

(Cf)((l)) = Z Cx,yf(y) = ZAz,uBu,yf(y)'
Yy uy

Suppose d(z,y) > a + b. Then d(z,u) + d(u,y) > a + b Vu and so for all
u, d(z,u) > a or d(u,y) > b. By near-diagonality, this implies Az, = 0 or
By y = 0. We therefore have

dlz,y) >a+b = Czy=0,

and so C is (a + b)-near diagonal. O

Corollary 4.2.3. If A is a-near diagonal, then A¥ is ak-near diagonal.
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The other property demanded of our operators is weak I'-equivariance.

Definition 4.2.4. Given a ['-indexed set t., of U(n)-valued functions over the ver-
tices of X, one can construct twisted translation operators over C°(X, C™) by

(Ty ) (@) = t,(v"'2) F (7 ).

An operator A over C°(X,C") is weakly I'-equivariant if there exists such a
set of twisted translation operators which along with their adjoints commute with
A; that is

Vy el 3t,: Vert X — U(n) such that AT, = T, A and AT} =TJA
where (T, f)(z) = t,(y"'2) f (v '2z). (4.1

An example of such an operator is the Harper operator described in section 3.1,
where ¢, = s.,. Naturally every I'-equivariant operator is weakly I'-equivariant.

The set of L? functions over the graph vertices C&) (X,C") is closed under the
twisted translation operators of definition 4.2.4, and we can therefore consider the
von Neumann algebra of bounded operators on O’?z) (X,C™) which commute with

such a set of operators and their adjoints, denoted here by B(Cly, (X, C*))™". By

definition 4.2.4, every weakly I'-equivariant operator on 0?2) (X, C™) is an element
of such a von Neumann algebra.
Define a finite trace on B(C(Oz) (X,C™))Tr by

Tr A=Y Tic Asg (4.2)
TEF

where Trc is the usual trace on M, (C) and J is a choice of fundamental domain.
The following lemma demonstrates that the trace of (4.2) is well defined.

Lemma 4.2.5. Given a fundamental domain J for the T'-action on X and a weakly
T-equivariant operator A,

Z Trc A:r,:r = Z Trc A:c,m

z€F zeVF
forallvy e€T.

Proof. Let T, be the twisted translation operators that commute with A. Consider
the components (AT, )zy = (TyA)zy-

(AT,)zy = Z Ag o (To) 2y = Z Ag oty (771 2)8y (77 12)
zeX zeX

= Az yyty(y)
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and
(Ty Aoy = Z Z ty (Y ~z)8,(y 1"7)1‘112,14
z€X zeX
= t’)’('y—lm)A'y'l:c;yya
giving

Ayzyy = tv(w)Az,ytv(y)_l-
The matrices ¢ (z) are unitary, and so
Trc Ayz vz = Trc t’y(x)Az,xt7(m)—1
= Trc Az,:c
The result follows. O

Lemma 4.2.6. T is a finite von Neumann algebra trace on B(C(Oz) (X,Cr)Tr

Proof. Let A be an element of the von Neumann algebra B (C(z) (X,C"))™r. Then
A*, AA* and A* A are also elements of the algebra. Consider Trr(AA*).

r(A4%) =) Trc(AA )z
z€F

By the weak topology on B(C&) (X,C"))™r, the component (AA*); - of AA* can
be expressed as the sum

(AA%), Z Agy(A%)yz
yeX

= Z Az,y(Ax )

yeX

which converges in M, (C). The matrix trace Trc is continuous and Trc MN =
Trc NM for N, M € My(C). Therefore

Trc(AAY)zz = Tic | Asy(A
yeX

= Z Trc (Ax,y(Am,y)*)

yeX

= Z Tr‘C((A;,y)Az,y)

yeX
= Trc (A*A)x,z

And so
Trr(AA*) = Trr(A*A).

Trr is clearly linear; by Proposition 2.1.7, Trr is a von Neumann algebra trace.
The trace of the identity operator is n#J, and so Trr is finite. O
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4.3 Approximating sequences and spectral approximation

For the remainder of the chapter, we will be relying on the amenability of the group
T, and an associated regular exhaustion X, of the graph X as described in section
2.2.

We define an approximating sequence for an operator as follows.

Definition 4.3.1. Let X be a graph which has a finite fundamental domain under
the free action of an amenable group I, and let X,, be a regular exhaustion of
the graph corresponding to a regular exhaustion ', of I'. For an a-near diagonal
bounded operator A over C%(X,C"), an approximating sequence is a sequence of
finite a-near diagonal operators A(™ over C%(X,, C*) satisfying:

1. There exists a € R independent of m such that |A™ || < o Al| for all m.

2. There is an integer k independent of m such that for all m, A and A™) agree
on the k-interior I X, of Xp,:

I Xm = {z € Xn|d(z, X \ Xm) > k}

4.3)
(Af)(z) = (A™ f)(z) Yz € IxXm, f supported on Iz Xp, (
In terms of components one can Wwrite,
A = Ay, Yo,y € [iXm. (4.4)

3. The A(™) are self-adjoint if A is a self-adjoint operator.
We can now state the first of the spectral approximation results.

Proposition 4.3.2 (Point spectrum). Let A be a bounded self-adjoint weakly I'-
equivariant a-near diagonal operator over C&) (X,C"), and let {A™} be an
approximating sequence for A. Then the point spectrum of A is a subset of the
union of the spectra of the A(™.

For the proof of proposition 4.3.2 we need a preliminary Lemma.

Lemma 4.3.3. Let A and A™) be operators as in proposition 4.3.2, with A and
A™) agreeing on the k-interior IxXm of Xy Let B (m) be the operator encoding
the difference between A and A™) over X

B™ = p,A—- A™P,

where P, is the projection from CY.(X,C") onto the subspace of functions sup-
2 P
ported on Xp,. Then

flg . x=0= BMf=0. (4.5)

a.+kX‘m-
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Proof. We need to show that y € X \ O,4x X, implies B%) =Qforallz € X.
Note that

Ay, ifzeX
P,A = 4 e
(PrnA)zy {0 otherwise
and
(A(m)P Yoy = A(;Z) ifz,y € Xp
. 0 otherwise.
So
AI,ZU . Ai(:a';) lfm’y € Xm
B{M = A,, ifz € X,y & Xm
0 otherwise.

As B;(J,Z) = 0 forall z € X \ Xy, we can without loss of generality regard
only z € X, Suppose y & 9y4+kXm. There are two cases to consider.

Casel:y € X, d(y, X \ Xpm) > a+ k.
Ifd(z,X \ Xm) < k then

d(z,y) > d(y,w) —d(z,w) Ywe X\ Xn
>(a+k)—k=a,

from which B = Az, — A(x',';) — 0 by the a-near diagonality of A and A™).
If d(z,X \ X;) > k then both z and y are in the k-interior of X, and

Bg’;) =Azy— A(x’g) = 0 by the defining property of the operators Am),
Case2:y € X \ X, d(y, Xmm) > a + k.

Given & € Xpm, B = A, = 0by the a-near diagonality of A. |

The proof of proposition 4.3.2 can now be presented.

Proof of proposition 4.3.2. Consider A € R \ Up, spec A(™) that is, a A which is
not an eigenvalue of any of the approximating operators A(™) Take k to be the
integer such that A and A(™) agree on the k-interior of X, for all m. Let Py be
the projection onto the X eigenspace of A; Pr, the projection onto the subspace of
functions supported on Xn,,; and P}, the projection onto the subspace of functions
supported on 0,k Xm-

A is weakly I'-equivariant, and so is an element of the von Neumann algebra
B(C?2) (X,C"))TT as discussed above. The vertices of the subgraphs X, consist
of # A, translates of the vertices in a choice of fundamental domain F of X; as the
von Neumann trace (4.2) is unaltered by the choice of any -translate of ¥ (Lemma
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4.2.5), for any operator C in the algebra,

regarding P,,C as a matrix with complex entries indexed by pairs (z,1) € X X
{1,...,n}. As||PnPa|| £ 1,

1 1
Trr Py = ——— Tre PP, < dimim P, Py,
T L) #Am Cimi ) > #Am md A
and so 1
Trr Py, < lim inf dimim P, P). (4.6)

m—o0 #HA,

As in Lemma 4.3.3, let B{™) be the operator P, A — AMP_ . Consider f €
im P, Py, f = Py,g for some eigenfunction g of A for A. We then have

(A™ P, + B™)g = P, Ag = APpg. @.7)

Let g; and g2 be two solutions of (4.7) which agree on 8y+%Xm, that is Pl (g1 —
g2) = 0. Then by Lemma 4.3.3, B(™(g; — g5) = 0 and thus

AP (g1 — g2) = AP (g1 — g2)-

) is not an eigenvalue of A™), and so Py, (g1 —g2) = 0. This implies that f = Pr,g
for g € im P, is uniquely determined by P,,g. Therefore

dimim P, Py < dimim Py,
= n # Vert Op4 £ Xm.

Substituting into (4.6),
# Vert g4k Xm

Trr Py, < n"}l_r)noo Y. 0.
The vanishing of Trr P, indicates ) is not in the point spectrum of A. a

The following is an immediate corollary.

Proposition 4.3.4. Let A be a bounded weakly I'-equivariant a-near diagonal self-
adjoint operator over C’&) (X,C), and let {AU™} be an approximating sequence
for A. If the AU all have algebraic eigenvalues — for example, if their compo-
nents are all algebraic matrices — then the point spectrum of A is also contained
within the algebraic numbers.
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If T',, is a regular exhaustion of I, then so is any infinite subsequence of the
T,,,. Consider ) in the union of the spectra of the A(™), with the property that

#{m| A € spec A™} < oo.

Then we could pick an infinite subsequence of the A(™) excluding those operators
which had ) as an eigenvalue. Such a sequence would still be an approximating
sequence for A, but the union of their spectra would not include A. Thus we have
the following corollary.

Corollary 4.3.5. Let A be a bounded weakly I'-equivariant a-near diagonal self-
adjoint operator over C&) (X, C"), and let { A"™} be an approximating sequence
Jor A. Then

SpeCpoint A C linTln inf spec Alm),

As such, for any A € specpoint A, there exists an infinite subsequence {m;} of the
positive integers (with finite complement) such that A € spec A™) for all 4.

4.3.1 Weak spectral approximation

Recall the definition of the spectral density function F'()\) for a self-adjoint opera-
tor A:
F(A) = Trr E(X), (4.8)

where E()\) is the spectral projection of A for the interval (—oco, A]. The goal in
the remainder of this section is to derive approximation results for F'()) in terms
of a series of piecewise constant functions Fp, (1)),

1
Fn(A) = ——Trc En(X 4.
where Ey, (1) is the spectral projection of A(™) for the interval (—oo, A]. Note that
Trc B () is exactly the number of eigenvalues of A(m) Jess than or equal to ),
counting multiplicity.
In the general case we have the following approximation theorem.

Theorem 4.3.6. Let A be a bounded weakly T-equivariant a-near diagonal self-
adjoint operator over C?Z) (X,C"), and let { AU™} be an approximating sequence
for A. Thenforall A\ € R

F(\) = lim liminf Fr (A +¢€)

e—0+ M—00

. (4.10)
= lim limsup F, (A +€).
e=0% m—oo
where F and F,, are defined as above.
Furthermore, where F is continuous,
F(\) = lim Fp(A) VA € R: Fis continuous at A. 4.11)
m—ro0

Note that F is continuous at all X\ & specpoint A
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This result is already known in the mathematical physics literature for the
Harper operator (see for example [4]), though the proof presented here of this result
is a slight generalization of the proof found in [27].

In certain cases it is known that the point spectrum of the operator A is empty.
In these cases the limit (4.11) naturally holds for all A. In particular, the spectral
density function is continuous when the graph is the Z"-lattice and A is 1-near
diagonal with non-zero near-diagonal components, as shown by Delyon and Souil-
lard [13]. This argument is examined in chapter 5.

The proof of Theorem 4.3.6 follows closely the argument in [27], which in
turn is an adaption of that in [16]. Two preliminary lemmas are required, the first a
simple extension of Lemma 2.1 of [27] and the second due to Liick [23].

Lemma 4.3.7. Let A be a weakly T'-equivariant a-near diagonal self-adjoint op-
erator over C?z) (X, C"), and let {AT™} be an approximating sequence for A. Let
Trr be the von Neumann trace associated with A. Then for any complex polyno-
mial p,

Turp(d) = Jim 7 Trep(4™)

m—oo #

Proof. As A(™) is g-near diagonal, letting yo = y, = = one has

(A )ee = D0 AR AT,
yly"'ayv‘—lex
= Z A?(I?;gll o A'.S/:n—)l;yr
y1,---ayr—1EX

d(yi yis1)<aVi
If z is in the (ar)-interior of Xy, d(z,0Xy) > ar. Then d(y;, 0Xm) 2
d(z,0Xm)—ai >afori=1,...,r — 1. So,
z € X, d(z,0Xp) > ar =
A™Nep = D0 Ay Ay = (A)aa @12)

Y1 "'-1yT—1€X

Recalling the definition of the associated von Neumann trace,

Tirp(A4) = 3 Tre(p(4))s,

xGS’
Z Tr(C x Ty
™ 2€Xm
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by Lemma (4.2.5). Therefore,

1 degp
i == lpr | Z Trc (A7)z,z — Trc (A(m)r)m T
Am r=0 T€EXm
1 degp
<= lprl - 3 (ITrc (AN)eo] + [Trc (A™ )
Am r=0 TE€EXm
d(z,0Xm)<ar
1 degp
< A_#aaer . Z (2lpr|nK2T),
e r=0

where K2 is the global bound on ||A]| and ||A(™)||. As the X, form a regular
exhaustion, the result follows upon taking the limit as m — oco. O

Lemma 4.3.8 (Liick [23]). Let A be an operator as above, with || A|| < K2 for
some K. Let L be a real number and py be a sequence of real polynomials such
that for all p € [-K?,K?],

Jim pr(p) = X(~o0 (k) and  |px(p)| < L,
—00
where x1 is the characteristic function for the interval 1. Then
lim Trr pp(A) = F(A).
k—oco

In the proof of the approximation Theorem 4.3.6, the following notation is
employed.

(4.13)

Proof of Theorem 4.3.6. By the definition 4.3.1, there exists some upper bound K 2
for the norms of A and A(™),

4] < K2, |JA™)|| < K2Vm.

The spectral density function at A is approximated through finding a sequence of
polynomial approximations to the characteristic function X(_co,»-
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For a given A € R, let f, : R — R be the continuous piecewise linear function
defined by

1+¢ if p < A
few) =<1+ E—k(p-2) fA<p<A+g, (4.14)
% ifA+ 1 < p.
Then for all p,

X(—oo (1) < Fr41(p) < fi(p),

Jm fi(1) = X(=00, 3] (H)-

So by approximating fi1 sufficiently closely with a polynomial py over the inter-
val [-K?, K?], one can construct a sequence of polynomials p,, satisfying

% lfy’ € [_K2a>‘]9
Pe() = X(—ooj (1) < S 1+ % ifpe (MA+ ),
b ifpe (41K,

X(—oop) (1) < Pr(p) <2 Vu € [-K? K7,
Jim pi(p) = X(-oo (). Vi € [-K% K7,
—0o0

Let w(u) be the multiplicity of an eigenvalue u of A(™)_ Then

Fa(N) = 23— > wp)X(—oon (1),
m pEspec A(m)
giving
1 1
e T A™) - a0 = (g 3 w(e)) - F)
m i ucspec A(m)
1
= 7K. > w(w) (pe() ~ X(—co (1))
™ Lespec Alm)
>0,
(4.15)

as spec A™ C [-K? K2
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Further,

1 .
—— Tre pi(A™) — Fr(A)

#Am
il
=75 > (m)'w(u) (P (1) = X(=oc0 (1))
uEspec A
< sup  (Pe(1) — X(—oop (1)) - Fn(N)
ILE[—Kz)‘]
+ sup  (Pe(l) = X(—oo () * (Fn(A + £) = Fu(N))
HEAA+] (4.16)
+ sup (Be(k) = X(moop (1) * (Fn(K?) = Fn(A + )
pE(+1,K?

< LFn(N) + (1+ 1) (Fa(A + 1) = Fn(Y)
+ 1 (Fn(K?) = Fa(A + 1))
= 3#F + Fm(A + 3) = Fn(3), )

as F(K?) = —#}\—m dim X,, = #%, where #3 is the number of points in the
fundamental domain.
Combining equations (4.15) and (4.16) gives

Fm()) < Trepi(A™) < Fn(A+ 1) + 5. 4.17)
Taking the limit superior on the left and the limit inferior on the right as m — oo,
F(N) < Trrpu(4) S FO+§) + 2, (4.18)

by Lemma 4.3.7. Taking the limit as k¥ — oo and using Lemma 4.3.8,
F(\) < F\) <F). (4.19)

Thus for any € > 0,

FO) S FTA) < EA+€¢) < F(A+¢) S F(A+e). (4.20)

Taking the limit as ¢ — 07, together with right continuity of F' gives

F(3) = E*3) =F ().

Further, if F is continuous at ), examining the limit of F(X — €) as e — 0T gives
F(\) =F(\) =F(\) (when F is continuous at }\). 4.21)
a

The weak spectral approximation theorem (Theorem 4.3.6) implies the follow-
ing immediate corollary, corresponding to Corollary 4.1 of [27].
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Corollary 4.3.9. Let A be a bounded weakly I'-equivariant a-near diagonal self-
adjoint operator with an approximating sequence {A(m)} as described above.
Then
spec A C U spec Alm),
m

Proof. Let F be the spectral density function of A and Fy, the normalized spectral
density function of A™). Let A1 and A, be points of continuity of F. Then

TJE%OFm(Al) - Fm(A2) = F()\l) - F(A2)-

As F is monotonically increasing and right continuous, it must have at most a
countable number of discontinuities. For any z therefore one can find a sequence
{e;} with lim;_, €; = 0 such that z — ¢; and = + ¢; are points of continuity of F
for all 1. The difference of a spectral density function across an interval is non-zero
only if that interval has non-empty intersection with the spectrum, and so

z €specA = (r—¢€,z+€)UspecA#D Vi
= Flz+¢)—Flz—¢)>0 Vi
= lim Fu(z+e¢)—Fn(z—¢)>0 Vi
m—0o0

== Vi, 3m such that (z — ¢;,z + €;) N spec A™ £

= g € spec AM),

4.3.2 The strong spectral approximation theorem

In [27] it was conjectured that the result of Theorem 4.3.6 could be extended to the

statement that
F()\) = lim Fp(A) VAeR
m—=—o0

for the scalar DML. It was demonstrated in this paper for the case when the DML
is associated with a rational U (1)-valued weight function o (that is, there is some
integer n for which ¢™ = 1) using a log Holder continuity property (see section
5.2.3.) The general case was proved with a much more straightforward argument
in [26] based on an argument of Schick, and related to arguments in [17] and [18].
This argument is presented here, extended to the vector-valued case and any ap-
proximating sequence.

As before let A be the a-near diagonal weakly I'-equivariant self-adjoint op-
erator and A(™) an approximating sequence agreeing with A on the k-interior of
Xm; let F be the spectral density function of A, and F, the normalized spectral
density functions of the A(™). Denote the jumps of F and F,, at A by D()) and
Dy, () respectively:

D(N) = lim F(}) = F(x~4)

D(A) = lim Frn(A) = Fr(A — 9). (4.22)
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A consequence of Theorem 4.3.6 is that the Fy, approach F' at X if the jumps
D () approach D(X). This is shown below. Showing that the D, do indeed
converge pointwise to D then gives the desired result.

We start with an elementary lemma.

Lemma 4.3.10 (Lemma 3.3 of [26]). Given two sequences {a;} and {b;} with
a; < b; for all i, it follows that sup; a; < sup; b; and inf; a; < inf; b;.

In particular, if {f;} is a sequence of monotonically increasing functions, then
lim inf;—, oo fi and lim sup;_, o, f; are also monotonically increasing.

Proof. From a; < b; for all 4, it follows that

infa; < ag < by <supb; Vk.
i i

Then inf; a; < by for all k implies inf; a; < inf;b;, and ax < sup; b; for all &
implies sup; a; < sup; b;.

Consider the sequence { f;} of monotonically increasing functions; for any 6 >
0, fi(z + 8) > fi(z) for every i. Therefore

inf f;(z) <inf f; 5
BLAE SR+ W
Taking the limit or supremum over k then gives
liminf fx(z) < liminf fg(z + 6),
k—oo k—o0

that is, the function lim infx_,o fi is monotonically increasing. The same argu-

ment with sup instead of inf gives the corresponding inequality for lim supy_, f&-
d

This lemma allows us to show the following.

Lemma 4.3.11. Let f and f;, i € N be monotonically increasing right continuous
functions from R to R satisfying

f(z) = lim liminf f;(z +6) = JliI(I)l+ limsup f;(z + 6). (4.23)
—

§—0+ i1—o0 i—00
Denote by d and d; the jumps in f and f; respectively,
d(z) = li - -9
(2) = lim f(z) - f(z—9)

4.24
&i(z) = Jim fi(x) ~ file ~ o). 9

Then for z € R f(z) = limiyoo fi(z) if f is continuous at «, or if d(z) =
limi_,oo d,; (.’L‘)
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Proof. This lemma is essentially a rephrasing of Corollary 3.2 of [26]. B
Let f = liminf; f; and f = limsup; f;. By Lemma 4.3.10, f and f are
monotonically increasing. From (4.23),
f(z) = lim f(z—¢) = lim flz+9d)= hm lim f(z+ 6 —¢)

e—0t §—0+ —0+ =0t

— f(z) < Jim flz+d) < lim f(m——)S_Jﬁ( )

by monotonicity of f. So f continuous at x implies that f(z) = lims o+ f(z (x +
8) = f(z) and — by the same argument — that f(z) = lims_,o+ f(z+6) = F(z).
That is, for f continuous at z,
f(z) = f(g) = f(z) = lm fi(z).
i—>00

Note that f monotonically increasing implies that f can have at most a count-
able number of discontinuities. Fix some ¢ > 0 and # € R, and suppose that
lim;_, 00 di(z) = d(z). Then we will show that f(z) — 3¢ < fi(z) < f(z) + ¢ for
all sufficiently large i.

By the right continuity and monotonicity of f, there exists a > 0 such that
fly) < f(z) + §forallz < y < z+ 6. The f; approach f at all points of
continuity of f; as f has at most a countable number of discontinuities there exists
some g € [z, + §) where lim;_,oo fi(zo) = f(zo) < f(z) + §. So fori
greater than some I3, it follows that fi(zo) < f(z) + €. The f; are monotonically

increasing, so
3I; such that  fi(z) < f(z) +e Vi> Ip. (4.25)

Now f(z) = d(z) + lims_4o f(z — ), so we can choose r > 0 such that
f(z —r) +d(z) > f(z) — e. From the assumptions, and the consequence that f
is monotonically increasing, f(y + ) > f(y) forall§ > 0. Lettingy =z —r
and § = § gives f(z - §) > f(z — r) and so for sufficiently large i, fi(z — §) >
flz—r)—e

From f;(z) > fi(z — §) + di(z) and f(z — 1) > f(z) - d(z) — ¢,

3l such that f;(z) > f(z — r) — e+ di(z)
> f(z) + di(z) — d(z) — 2¢ (4.26)
> f(z) — ldi(z) — d(z)| —2¢ Vi> L.

By supposition, lim;_,o d;(A) = d(A). In particular we can pick an I greater
than I and I, such that |d;(z) — d(z)| < efor all i > I. Therefore

Il suchthat i >1 = f(z)+€> fi(z) > flz) -
and thus

lim d;(\) =d(\) = lim fi(\) = f()).

i—00 1—00
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Corollary 4.3.12. Let D()\) and Dy, () be the jumps at X in F and Fy, respec-
tively as per equation (4.22), where F and Fy, are defined as in Theorem 4.3.6.
Then

n}i_x)noo D,(\) =D()\) = %{_@w Fn,()\) = F(\). (4.27)
Proof. By Theorem 4.3.6, F' and F, satisfy the conditions of Lemma 4.3.11. Ap-
plying this lemma gives (4.27). O

The result that the jumps do indeed converge is based on an argument of Elek
([18)), and presented in [26].

Theorem 4.3.13. The jump D()\) of F at A is the limit of the jumps of the normal-
ized spectral density functions:
lim D, (A) =D(A) VAeR
m-—>o0

Proof. The jumps of the spectral density functions can be expressed as the dimen-

sions of kernels,
D()\) = dimr ker(A — )),
(4.28)

Dm(\) = dimker(Apm, — A).

1
#Am
Consider subsets Yy, of X, consisting of the (a + k)-interior of X, in the sim-
plicial metric, where A is a-near diagonal, and the operators in the approximating
sequence A(™) agree with A on the k-interior Iy X, of Xy, (equation (4.3)).

For each X, define a dimension-like function dimy,,, on subspaces of C’?z) (X,C")

by
1

gE

where Pyy is the orthogonal projection onto W with components (Pw )z, € M, (C).
This has the following properties for subspaces W and V,

dime w Z Tr(C(PW)x,z

z€Xm

1. W1V = dimx,, (W& V) =dimx, W +dimx,, V,
2. WCV = dimyx, W <dimy,, V,
3. Py € B(C?z)(X,Cn))TF => dimyx, W = dimr W,

4. W C C(Xp,C") = dimx,, W = g1~ dim W, regarding CY(Xm,C")
as a subspace of C&) (X,C).

In particular, dimy,, C%(Xy,C*) = n#5 and dimy,, C°(Ym,C") converges to
n#F as m approaches infinity.
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Let#, : C%(Yp,,C*) = C%(Xm,C") be the inclusion with (i,,, f) () = 0 for
all z in X, \ Yy, and denote by P, the orthogonal projection onto C?z) (Xm,C").

Define restrictions Aj, of A by

Al C%(Y, C*) = C% (X, CY),

Al = Amin,.

For any function f in C%(Yy,, C*), (AL, — Ail,)f = (Am — M) (4, f)- Therefore
as subspaces of 0(02) (Xx,C),

ker(A;, — Mi,,) C ker(Am — A),

4.29
im(A — il) C im(Am — A). 4-29)

Let D}, (\) = gi— dimker(A7, — Miz,). Then taking dimyx.,,
D!, ()) = dimy,, ker(Ay, — Mi,,) < dimy,, ker(Am — A) = Dm(}), 4.30)

dimy,, im(A4}, — Ai;,,) < dimyx,, im(A4, — A).
One also has for any m,
dimy,, ker(4,, — Aily,) + dimy,, im(A}, — Xil,) = dimx,, C°(Ym, C*),
and thus
lim (dimy,, ker(Ay, — Xp,) + dimy,, im(4y, — Xip,)) = n#3.
Similarly,
dimy,, ker(Apm, — A) + dimy,, im(4, — A) = dimyx,, C®(Xm,C*) = n#F

and so
(dimy,, ker(Ap, — Xip,) + dimx,, im(4;, — Xip,))

= 17}1_1}1&) (dimx,, ker(Am — A) + dimx,, im(4p, — A). 4.31)

lim
m—ro0

As a consequence of equation (4.31) and the inequality (4.30),
lim Dg(X) — Dp(X) =0. (4.32)
k—oo

Let i,, be the inclusion of C%(X,,,C") into C’?z) (X,C"). Then the A, can be

written in terms of the operator A by A!, = Pp, Aipis,, as Yy, is contained within
the k-interior of X,,. By the a-near diagonality of A, the support of Aipip, f is
contained within X, for any f in C°(Y;,, C*) and so

imAm = Py Aimil .
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Similarly to (4.29) then, one has as subspaces of C&) (X,Cr),

ker(A}, — Xy,) C ker(4 —X),
im(A4], — M\j,) Cim(A4 — A).

The kernel and image of A — X are invariant under the twisted translations 7,

and so for these subspaces, dimy,, equals dimp. It follows that

D! (\) = dimx,, ker(A4}, — i) < dimp ker(4 — X) = D(}),
dimy, im(A}, — Mir,) < dimp im(4 = }),

and

lim (dimy,, ker(A}, — Xip,) + dimx,, im(Ap, — Xiry))

m—r00

= n#F = dimr ker(4 — )\) + dimr im(4 — A).

Therefore
lim D] (\) = D(}),

which together with Equation (4.32) gives the required limit

lim Dp(\) = D(X).

m—00

O

Theorem 4.3.13 then, together with Corollary 4.3.12 demonstrates that the
spectral density function F is the limit of the normalized spectral density func-

tions F,, at every point.

Theorem 4.3.14. Let A be a bounded weakly T-equivariant a-near diagonal self-
adjoint operator over C&) (X,C"), and let { At™)} be an approximating sequence

for A as defined in 4.3.1.

Denote the spectral density function of A by F, and let Fy, be the normalized

spectral density functions of Ap, as described in equations (4.8) and (4.9).
Thenforall A € R,

F()\) = lim Fp(XA) VA € R: F is continuous at \.

m—ro0

(4.33)



Chapter 5

Continuity of the spectral density
function

Consider a weakly ['-equivariant near-diagonal operator A, as discussed in the pre-
vious chapter. Under some circumstances it can be shown that the spectral density
function of A is continuous. Delyon and Souillard ([13]) proved that for (scalar)
1-near diagonal operators over the Z'-lattice, the integrated density of states had
empty point spectrum, provided that the operator’s near-diagonal components were
all non-zero. This argument is adapted in this chapter to demonstrate the continu-
ity of the spectral density function F' for a class of near diagonal operators over
C™-valued functions on the Z" lattice.

Returning to the more general graph case, in the remainder of the chapter we
examine weakly ['-equivariant near-diagonal operators whose matrix elements all
belong to a fixed algebraic number field. In this situation — analogous to the ratio-
nal case discussed in [27] — there exists an alternative proof of Theorem 4.3.14,
and some log Holder continuity-type results are obtained. The Fuglede-Kadison
determinant is also examined; for such operators A the Fuglede-Kadison determi-
nant of A — ) can be shown to be positive for certain algebraic .

5.1 Near-diagonal operators over the Z" lattice

Consider an r-dimensional integer lattice X, corresponding to the Cayley graph
of Z™ with respect to the canonical symmetric set of generators {%(1,...,%(r}-
The vertices of this graph can be indexed by r-tuples of integers, (z1,...,2;) =
z1(; + - -+ + 2. The edges of X join z and z = (; for each z € Vert X and
1<i<r.

In this section we will take the operator A to be a-near diagonal and weakly
Z"-equivariant. A further condition is required,

A,y is non-singular Vz,y € Vert X,d(z,y) = a. .1

Hereafter such operators will be termed fully a-near diagonal. By an argument of

35
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Delyon and Souillard ([13]) (see also [12]), the spectral density function of Ais
continuous.

This argument is similar to that of proposition 4.3.2; where it was shown that
for eigenvalues A\ € Uy, spec A(m) | the values of an eigenfunction on the interior
of a regular exhaustion X, of the graph are determined by the values in a region
about the boundary of X,,. The particular geometry of the Z" lattice allows us
to construct a regular exhaustion where this holds for all A € R, when A is fully
near-diagonal.

The exhaustion used is that by cubes Cp, of X,

Cm = {(21,-- 2l <m Vi

The k-boundary of C, is contained within Cppyx \ Crm—k» and so a simple calcu-
lation confirms that the cubes do indeed form a regular exhaustion:
$0:Cn _ . (mAR) = (m—k) _

lim < lim = 0.
m—oo #F#Cp, m—»00 mT

Lemma 5.1.1 ([13] [12]). Let X be the ZT lattice, and W an a-near diagonal
operator on CE)Z) (X, C"), with W, invertible for all pairs .,y such that d(z,y) =
a — in particular, Wy may be singular. Let f be in the kernel of W. Then

flcm+2a\cm = O = f|Cm+2a = 0
where C., is the mth cube of vertices of the lattice as described above.

Proof. The proof is obtained by “working from the outside in”; the condition on f
forces f to be zero on the boundary of Cr,, which in turn forces it to be zero on the
boundary of Cy,,—; and so on.

Let Sy, be the set {(z1,...,z,)| max|z;| = m}. Then C), = UL ;Sn, and
each of the S, are distinct.

Take f to be zero on Cy, 94\m and consider z € Sm, with j such that z; = m.
By the supposition, W' is a-near diagonal and W f = 0. Therefore

0= (Wf)z+al;) = Z Wz+a(j,z+acj—yf($ +ag; —y)

yEBa(O)
= :v+a(_,-,:z:f(x) + z W$+aCj,Z+aCj—yf(I + G’Cj . y)
yEBa(O)
y#—a(;

where By (0) = {(y1,---,Yr)| Doi=q|¥i| < a} is the ball of radius a about the

1=1

identity. Now Wz.q¢; o is non-singular by the full a-near diagonality of W, and so

f(:l)) = —Wz—_*}agj,z Z Wx+a(j,z+acj—yf(z + a(j )
yGBa(O)
y#—ag;
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One has then that f|c, . .,.\c, =0 = fls, = 0. As Cim-1)+24 \ Cp-1 C
Sm U (Cm+2q \ Cm). it follows that

Flempsa\Cn =0 = floim_1y420\Cm1 = 0;
for m > 1. Proceeding by induction then gives the result. O

The continuity of the spectral density function follows.

Theorem 5.1.2. Take the group T to be Z". Let X be the standard Z" lattice, and
consider a weakly T-equivariant fully a-near diagonal self-adjoint operator A on
C?z) (X,C"). Then the spectral density function of A is continuous; equivalently,
the point spectrum of A is empty.

Proof. The argument is essentially that of proposition 4.3.2. Picking A € R, we
show that the von Neumann trace of the projection onto the eigenspace of A is zero,
and hence demonstrate that ) is not in the point spectrum. This relies crucially on
the amenability of the integer lattice, and on the lemma above.

Let Py, be the projection on to the X eigenspace of A; Py, the projection onto
functions supported on the mth cube of vertices Cy,; and Py, the projection onto
functions supported on Cry+20 \ Cr-

From the definition of the von Neumann trace Trr (equation 4.2) and Lemma
425,

1
Tr P, = —— Z Trc(Pa)z,z
#Cm i
1
= —— Trc P, P,
#Cm CLmdi )
1
< dimim P, P,
and so 1
Trr P, < liminf dimim P, P,
m—»oo m

Consider g € im P,. Then by applying Lemma 5.1.1 to the operator A — A, it
follows that P),g = 0 implies Pr,g = 0. That is,

ker P/ P C ker P, Py.
Therefore
im P, Py C im P, Py
and

dimim P, P, < dimim P, Py
< dimim P},
< n#020rCrn
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as Cyna2q \ Cm is contained within in the 2ar-neighbourhood of Cy,. As the Cp,
form a regular exhaustion, one has

. n#a2arom
< —_— =
Trr Py, < 1_11;1 o 0,
that is, A is not in the point spectrum of A. O

This argument generalizes to any finitely generated Abelian group, provided
one picks a suitable set of generators. If I' is a finitely generated Abelian group,
then I' = G x Z" for some finite Abelian group G and 7 > 0. One can then
pick generators for T, r of which give a Z" lattice in the associated Cayley graph,
the remainder generating G. The preceeding argument can then be applied with
respect to the exhaustion X, = G X Cp, where Cy, is the mth cube of vertices
on Z". Can the argument be adapted to the case where one has more freedom in
selecting the generators? It seems likely that the following conjecture holds.

Conjecture 5.1.3. Let T be a finitely generated Abelian group, and X be the Cay-
ley graph of T with respect to a finite symmetric generating set G. If A is an a-near
diagonal weakly T-equivariant operator over C?z) (X,C™) with A y non-singular
whenever d(z,y) = a, then A has no point spectrum.

On the Z" lattice, one can also show that for f € ker A, f zero on By, 12, \ B
implies f is zero on By,, where By, denotes the ball of radius k in the word metric.
The argument is similar to that of Lemma 5.1.1, but more fiddly. It may be possible
to adapt such an argument to balls in more general groups; if so, it would allow the
extension of the result to those amenable groups for which the balls constitute a
regular exhaustion.

Conjecture 5.1.4. Conjecture 5.1.3 holds for all finitely presented groups of sub-
exponential growth.

5.2 Algebraicly bounded operators

In this section we restrict attention to a class of operators A whose components
Az y are matrices over algebraic numbers, and return to looking at the more general
graphs X which admit a regular exhaustion X, with respect to the action of an
amenable group I'.

Definition 5.2.1. An operator A over 0(02) (X,C™) will be termed algebraicly
bounded if it satisfies

1. there exists a non-zero integer b and an algebraic number field E such that
the components A, are matrices with elements in %O g, where OF is the
ring of integers of E.
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2. Let F be an algebraic number field containing E. Then e;(A) is a bounded
operator for each of the Q-preserving embeddings ey, ...,e; of F into C,
where h is the degree of F as a field extension over Q.

The degree of A is the degree of the field extension |E : Q, and b will be called
the denominator of A.

Algebraicly bounded operators arise for example, when the elements of a near-
diagonal weakly-T' equivariant operator A are algebraic and the twisted translation
matrices ¢, (z) take only a finite number of values.

Examining a discrete Laplacian on the Z" integer lattice with a random poten-
tial, Craig and Simon prove the log Hélder continuity of the operator’s integrated
density of states. The definition of log Holder continuity is repeated here.

Definition 5.2.2 ([11]). A function f : R — R is log Holder continuous if for all
R € R, there exists Cr € R such that,

- . i :
|f(z+¢€)— flz)| < “Togle VO< le| <3, |z| <R

In the following sections weaker log Holder continuity-type results are ob-
tained by finding a lower bound on the magnitude of the modified determinants
det’ A(™) where the A{™) are restrictions of an algebraicly bounded A.

Definition 5.2.3. A function f : R — R is log Hélder right continuous at x if
there exists C' > 0 such that

fla+e) - f()] < _lfge Ve € (0, 1]

A set of functions { fm, : R — R|m € M} indexed by M are uniformly log Holder
right continuous at z if there exists C' > 0 independent of m such that

|fm(z +€) — fm(z)| £ — Ve € (0,3], m € M.

Consider a weakly '-equivariant near-diagonal self-adjoint algebraicly bounded
operator A, with restrictions A(™) to the spaces of functions supported on Xy,. It
is shown in section 5.2.2 that the normalized spectral density functions of F, are
uniformly log Holder right continuous at real algebraic points A, and consequently
that the spectral density function F' is log Holder right continuous at such . This
result however is much weaker than the result obtained in [11] for the Laplacian on
the lattice. It is refined in section 5.2.3, where the bound on the modified determi-
nant is used to show that the Fuglede-Kadison determinant of A — A is positive for
some algebraic A.



CHAPTER 5. CONTINUITY OF THE SPECTRAL DENSITY FUNCTION 40

5.2.1 Estimating the modified determinant

In this section A is taken to be an algebraicly bounded operator over C?z) (X,C™),
as in Definition 5.2.1. The restrictions A(™) are over the functions supported on
finite subsets X, of X, which are not required here to form a regular exhaustion.

The key to establishing the continuity results discussed above is the establish-
ment of a lower bound on the magnitudes of the modified determinants det’ Alm),
The argument presented here to determine such a bound is modelled upon and
closely follows that of Farber in [19].

Definition 5.2.4. The modified determinant of an operator W is the product of all
non-zero eigenvalues of W, including multiplicity:

det' W = H pe ),

u€spec W
where w(p) is the multiplicity of the eigenvalue 4.

Given an algebraic number field E of degree h over Q, there exist & embed-
dings e; from E into C that preserve Q. A property of the norm associated with the
field extension allows one to get a lower bound on the absolute value of an alge-
braic integer by finding an upper bound on the absolute value of its images under
the e;. This is a well known result, and repeated here for reference.

Lemma 5.2.5. Let v € O where Og is the ring of integers of an algebraic number
field E. Let e, ..., ey be the embeddings of E into C, where h is the degree of E
as a field extension over Q. Then

le;(v)| < RVi = |es(v)| > R*M Vi,
Proof. The norm N q on an algebraic number field E can be defined as the prod-
uct of the embeddings e;,

h
Ngjola) = Hei(a) fora € E,

=1
where b = |E : Q. The value of the norm is always rational, and for algebraic
integers v € Og, Ngjg(v) is an integer. As such, |[Ng/q(v)| 2> 1 for every

v € Og.
Therefore for any 7,

h
lei()] < RVi = |ej(v)] = INgo)| [ [le:) ™
=
> |Ng/o(v)| R*™"
> Rl-h,
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The modified determinant det’ A(™) is one of the coefficients of the character-
istic polynomial p(t) = det(t — A™); if p(t) = t¥q(t) for some polynomial q(t)
with g(0) non-zero, then det’ A(™ = g(0). We can therefore get a lower bound
on the magnitude of the modified determinant by finding an upper bound on the
coefficients of its characteristic polynomial. Farber derives such a bound in terms

of the trace as follows.
Lemma 5.2.6 (Lemma B of [19]). Let B be an N X N complex matrix. Denote
by s, (B) the coefficients of the characteristic polynomial of B:

N
det(t —B) = > (-1)" "sy_r(B)t".

r=0

Then for any K > 1 and C > 0 such that
ITrt¢ B"| < C- K" Vre{l,2,...,N},

one has for each of the s,

sy < QEHD O er

Thus armed, one can obtain the bound.

Lemma 5.2.7. Let A be an algebraicly bounded operator over C&) (X,C"), with

elements in $Op and a bound L > 1 on the norms ||e;(A)|| for the embeddings
e; of E as per definition 5.2.1. Take A™) 10 be the restriction of A to functions
supported on a subset X, of vertices of X. Then

|det’ A(™)| > (42 L)~ hNm
where Ny, = n# X, and h is the degree of E over Q.

Proof. Lete,...,ep, bethe embeddings of F into C. As Al™) is a restriction of A,
llei(A™)|| < |lei(A)|} for each e;, and so by the 2nd condition of definition 5.2.1,
there must exist some L > 1 such that [|e;(A™)| < Lforalli = 1,...,h. This
gives a bound on the images under e; of the traces of the scaled operator bA(™):

|Trc e;(bAT™)7| < Ny (bL)

for each positive integer 7. The e; are field monomorphisms, so if the character-
istic polynomial of bA(™) has coefficients s, then the characteristic polynomial
of e;(bA™)) will have coefficients e;(s;). The modified determinant det’ bA(™)
is equal to one of the coefficients s, of the characteristic polynomial of bAm),
applying Lemma 5.2.6 to the matrix e;(bA™)) gives

les(det’ bAT™))| = |det’ ;(bA™)| < (Nm +T" B 1> (bL)"

< 22Nm—1 (bL)r
< (4bL)Nm,
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for each i, as 7 <= N,,. Further, the elements of bA(™) are all algebraic integers
in the ring Og. So the coefficients of the characteristic polynomial of bA(™) are
also in Og, and so by Lemma 5.2.5,

lei(det/ bAC™)| > (4bL)1~PNm > (4pL)~om,

Asdet’ bA(™) = p" det’ A(™) for some non-negative integer 7 <= N,,,, and noting
that one of the e; is the identity embedding,

|det’ AT™)| > b~ |det’ bAT™)| > (4bL)PNmbNm > (452 L)~V

5.2.2 log Holder right continuity

A lower bound on the magnitude of the modified determinant of a self-adjoint
operator constrains the growth of its spectral density function. This can be shown
by an eigenvalue counting argument such as that of Liick in [23]. Liick’s lemma
(modified slightly here from its original presentation) can be stated as follows.

Lemma 5.2.8 (Lemma 2.8 of [23]). Let B : V — V be a self-adjoint endomor-
phism of a finite-dimensional Hilbert space V, and let G : R — R be its spectral
density function. (G(z) is the number of eigenvalues of B less than or equal to z
counting multiplicity, or equivalently, the trace of the projection onto the sum of the
eigenspaces for eigenvalues less than or equal to z.) Let K? > 1 with K* > ||B||,
and suppose there exists a positive real number C such that |det’ B| > C. Then

—logC + Nlog K2
—loge

G(e) - G(0) < Ve € (0,1),

where N = dim¢ V.

Proof. Counting multiplicity, there are N eigenvalues u; of B. Enumerating them
in increasing order, for any positive € one can choose non-negative g, r and s with
g < r < s and such that

< S g <O=grr == pr =0
<prp1 < Sps<e< sy <o LN

Note that

q N
detIB=Hp,i H M-

i=1 i=r+1
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and that s—(r+1), being the number of positive eigenvalues (counting multiplicity)
less than or equal to ¢, is exactly G(e) — G(0). So

s q N
IT Iwl = Idet' Bl - TTle ™ T Ieit
=1

i=r+1 =541

q N
>C- [k J] K72
i=1 i=s+1
>C- KN,
Each of the p; on the left hand side have absolute value less than or equal to €, so

es—(7'+1) >O-K2V.

Taking logs,
(s— (r+1))loge >logC — Nlog K2,
= logC + Nlog K?
Gle) = G(0) = (s — (r+1)) g —BL T T 0B
—loge
asloge < 0. O

The lower bound on |det’ A{™)| obtained in the previous section, together with
Liick’s lemma, is sufficient to prove the uniform log Holder right continuity of the
A(M) at ). Note that the proof does not rely upon the amenability of T'.

Lemma 5.2.9. Let A be an algebraicly bounded self-adjoint operator over 0(02) (X,C),
and let A(™) be the restriction of A to functions supported on Xp,. Then for any
algebraic ) there is a positive constant C () such that

c(\)

< — <
0< Fn(A+) = Fn(N) < o

Ve €0, 3), (5.2)

where F,y, is the normalized spectral density function of A, In particular, C()\)
does not depend upon m.

Proof. By condition 2 of definition 5.2.1, if A is algebraicly bounded, then A — A
is also for any algebraic A. Applying Lemma 5.2.7t0 A — A,

|det' (AT — A)| < (4bsLy) A

where N, = n#X,, and the values by, L) and h) depend both upon A and the
operator A. Note that Ly > ||A| > ||A"™)]|. If Fy, is the normalized spectral
density function of A(™), then

1 _ n#F

Fp(z) = —G(z - A) N

. (==
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where G is the spectral density function of A(™ — ), and F is the choice of fun-
damental domain of X. Applying Lemma 5.2.8,

n#F
= 7\,:(61(6) — G(0))

L n#T - log(4byLy) " Nm + Ny, log Ly

Frn(A+¢€) — Fr(N)

- Np, —loge
n#F - (hy log(4b) L)) + log L))
- —loge
C(N)
~ —loge

for e € [0, 1), where C()) is a positive real number that does not depend upon
m. a

Let A now be a weakly I'-equivariant near-diagonal self-adjoint operator that
is algebraicly bounded, and take the X, to be a regular exhaustion of X. As
established by Lemma 5.2.9, the restrictions A(™) have normalized spectral density
functions F,,, which are uniformly log Hélder right continuous at any algebraic A.
As a direct consequence, the spectral density function of A is log Holder right
continuous at each algebraic A.

Corollary 5.2.10. Let T’ be amenable. If A is a weakly I'-equivariant near-diagonal
self-adjoint algebraicly bounded operator with spectral density function F, then
for every algebraic ) there exists a constant C(\) such that

0<FM+e¢)—-F(\) < C) €[0,1). (5.3)
—loge
Proof. Let C()\) be as in Lemma 5.2.9, so that
A
0< Fr(A+€)— Fr()) < _le)g)e Ve € [0, 3), (54

for every m, where the F,,, are the normalized spectral density functions of the re-
strictions A(™). The restrictions form an approximating sequence for A in the sense
of definition 4.3.1, and so by the strong spectral approximation theorem (Theorem
4.3.14),

lim F,(z) = F(z) VzeR

m—ro0

Taking the limit as m — oo then in (5.4) gives equation (5.3). O

As the constant C()) derived in section 5.2.1 is not bounded on any open in-
terval of the real line, Corollary 5.2.10 can not be used to show log Holder right
continuity of F' generally — Craig and Simon’s log Hélder continuity result [11]
for the discrete Laplacian on the Z" lattice is much stronger. For rational ), the
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constant C'(\) grows polynomially in the denominator of A (the denominator be-
ing proportional to the b of Lemma 5.2.7.) As such, a consequence of this corol-
lary is that transcendental numbers that are very well approximated by rationals
are points of continuity of F. This possibility however is already precluded by
Proposition 4.3.4, which states that the point spectrum of an algebraic operator A
is itself comprised of algebraic numbers.

The strong spectral approximation theorem (Theorem 4.3.14) was proven in
section 4.3.2, but there is an alternative argument for the algebraicly bounded op-
erator case, relying upon the weak spectral approximation (Theorem 4.3.6) and the
uniform log Holder right continuity of the normalized spectral density functions
F,,. This is the argument used in [27] to prove Theorem 4.3.14 for the discrete
magnetic Laplacian with rational weight function; it proceeds as follows.

Let A be an algebraicly bounded self-adjoint weakly I"-equivariant near-diagonal
operator as before. Recall that the weak spectral approximation theorem has that

F(\) = F*) =F'() (5.5)

for all real A, with
F(A) = lim Fp(})
for all A ¢ specpoint A, using the notation F, F,F, F*defined in equation 4.13.
Suppose A is algebraic. Then the Fy, are uniformly log Holder right continuous
at A\ by Lemma 5.2.9; taking the lim sup and lim inf of equation (5.2) gives for
e€ (0,3]

F(\) <FE(A+¢) <F(\)+C(A)(—loge)™,
FO)<F\+e) <F(N) +C(\)(=loge)™L.
Taking the limit as ¢ — 0,
F(X) = F*()),
FO)=F"(\)

Applying equation (5.5) shows that limg,_,c Fr,()) exists, and

FO)=FX\) =F\)=F))=F () = lim Fo(\) YAeRNQ.

m—o0

For non-algebraic A, Proposition 4.3.4 indicates that A & specpoint A and thus

F()\) = lim Fn()) VAER

m—o0

5.2.3 The Fuglede-Kadison determinant

An improvement on Corollary 5.2.10 can be found by examining the Fuglede-
Kadison determinant of A — A.
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Recall the definition of the Fuglede-Kadison determinant detr of a self-adjoint
operator W (Definition 2.1.9.)

exp / log|\|dG () if / log|A\|dG(X) > —o0,
detrW = 0<A<L 0<A<L
0 otherwise,

where G is the spectral density function of W with respect to the trace Trr and L
is a real number such that L > ||W]|.

A consequence of the strong spectral approximation theorem and the lower
bound on det’ A(™) obtained in the previous section is that the Fuglede-Kadison
determinant of (A— ) can be positive for algebraic A in the continuous spectrum of
A. The result relies on the technical lemma below, which is based on the argument
used to prove the similar Theorem 0.2 of [16] and Proposition 4.4 of [27].

Lemma 5.2.11. Let f, : R — R be a sequence of monotonically increasing
functions with fmm,(0) = 0 for all m, and such that there is a pointwise limit f (x) =

limy,— 00 fm(z). Then

1. Suppose
lg% fm(e)loglel =0 Vm. (5.6)
€

Then for L > 0,

[ s dn >z ~@vm — [ Togldr 2 -Q

0<|AI<L 0<[AI<L
2. Suppose
lim fm(e)loge=0 Vm. 5.7
e—~0t
Then for L > 0,

/log)\dfm}_—-QVm = /log)\de—Q.

0<A<L 0<A<L

Proof. Note that by the assumptions on the fr,, f(z) and fr,(z) are non-positive
for z < 0, and non-negative for z > 0.
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Consider the first case. Integrating the Stieltjes integral by parts,

logjA| df = lim / log|A|df + lim / log|A| df
e—0t e—0+t
0<[AILL e<ALL —L<A<—e¢

- (jw-s-nyosz - [ Eay

0<A <L (5.8
+ grgl+f(e)(—log6)+ lim, —f(—€)(—loge)
> (5 - f-mygr - [ I an
<AL

as f(e)(—loge) and — f (—¢)(— loge) are non-negative for small € > 0. Similarly
for each m,

[ g = 6@ - s-DpiogL - [ =D 69
0<|A|<L 0<LIALL

by supposition (5.6). For non-zero A the integrands f,,())/A are non-negative for
all m, and so one can apply Fatou’s lemma to obtain

/ i&ﬁdxgliminf ] I gy (5.10)

m—oo A
o< <L 0<[ALL

Suppose now that f; <IN<L log|\| dfm > —@ for all m. Then substituting (5.9)
into (5.10) gives, ~

/ f%)‘ldA < lirrlri)ioxéf((fm(L) — fm(=L)) log L - / log|)\|dfm)
0<|AILL <MLL
<Q+ (fm(L) . fm(—L)) log L.

(5.11)
Substituting (5.11) into (5.8) gives
[ ogiar > @
0<|A<L
The argument for the second case proceeds similarly. O

The positivity result for the Fuglede-Kadison determinant follows. This result
is the analogue of Theorem 4.4 of [27].



CHAPTER 5. CONTINUITY OF THE SPECTRAL DENSITY FUNCTION 48

Proposition 5.2.12. Let A be a weakly T-equivariant near-diagonal self-adjoint
algebraicly bounded operator. Let A € R Then detr(A — )) is positive whenever
any of the following are true

1. )\ & specA,

22e€0n (R \ lim inf,, spec A),

3. Xe Qand (Af, f) 2 MIfIl Vf € Cy(X,C),
where Q is the set of algebraic numbers.

Proof. Case 1. If X is not in spec A then A — A is invertible, and thus has positive
Fuglede-Kadison determinant.

Case 2. For any such ) there exists an infinite subsequence of the X, (which
necessarily still comprise a regular exhaustion) whose corresponding A(™) do not
have ) in their spectrum, as observed in the discussion preceeding Corollary 4.3.5.
Without loss of generality then, we can assume that A ¢ spec A™) for all m.

The operator A — X itself is algebraicly bounded, while A & spec A for all
m if and only if 0 ¢ spec(A(™ — )) for all m. It suffices then to show that detr A
is positive when 0 ¢ spec A for all m; the A # 0 case is obtained by examining
the operator A’ = A — A.

Let f(z) = F(z) — F(0) where F is the spectral density function of A, and
let fu(z) = Fn(z) — Fn(0) where the Fy, are the normalized spectral density
functions of the A(™), Then

logdetrA = / log|A|dF = / log|A| df
0<|M<LL 0<|A|ILL

for some L > || A||. By the strong spectral approximation result (Theorem 4.3.14),
limpy, 00 fra(z) = f(z) for all z.

The f, are step functions with jumps #+mw(p) at points u € spec A™),
where w(u) is the multiplicity of the eigenvalue 1. Consequently,

/ log|A| dfm = Z #1me(#) log|u|

0<|AI<L pespec A™)
s uF#0

1
= lo w(p)
y [T Iul
pespec A(™)

u#0
= 1 1 A(m)
=% log|det’ A"™|

m

By Lemma 5.2.7, |det’ A(™)| > Q~#A= for some Q) independent of m, and so

log| Al dfm > —Q.
0<|\<L
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By our supposition, zero is not in the spectrum of A(™)and so there is a neigh-
bourhood of zero in which f;,, = 0. Therefore for every m,

21_1)1(1) fm/(€) loglel = 0.
All the conditions of part 1 of Lemma 5.2.11 are satisfied, and so

logdetrA = / log|A|df > —Q > —o0.
0<]AI<L

Case 3. If A € Q, then A — ) is also algebraicly bounded, and by the condition
of this case, A — ) is positive. It is sufficient then to show that detr A > 0 for
positive A.

If A is positive, then so are the restrictions A(™)_ Take f and f,, as in case 2,
and note that due to positivity of A and Ar,, f(z) and fy,(z) are constant for all
x < 0. Therefore for some L > ||A]|,

logdetrA = / log|A|df = / log A df,
0<|AILL 0<ALL
and there exists () such that

1
#Am

log|det’ A™)| = / log|\| dfym = / log A dfm.
0<|AI<L 0<A<LL

-Q<

By right continuity of the step functions f,,, for each m there is a non-empty
interval [0, §,,) on which fp, is constant, and thus zero, giving
li loge = 0.
6_1)%'14_ fm(€)loge
One can then apply part 2 of Lemma 5.2.11 to get

logdetrA4 > —Q > —oc.



Chapter 6

The matrix Harper operator

6.1 Introduction

Consider the algebra M, (C) as the left regular module M = 57, () Mn(C). The
module endomorphisms of M correspond to right multiplication by matrices in
M, (C); there is a C-algebra anti-isomorphism 4 : M,(C) — End,y, () M taking
¢ to right multiplication by ¢*. Similarly the space C?z) (X, M) is a left M,(C)-
module, and the algebra of endomorphisms is isomorphic to B(C?z) (X)) M,(C).

In this chapter we restrict our attention to operators A which are in this algebra
of M, (C)-endomorphisms of C(Oz) (X, M), As M, (C) is also an n? complex di-

mensional vector space, these operators constitute a subalgebra of B(C(Oz) (X,C")).

Definition 6.1.1. Denote by B(X, M,,(C)) the algebra of My (C)-endomorphisms
of 0(02) (X, M,(C)) regarded as a left M, (C)-module under normal matrix mul-
tiplication. The components of an operator A € B(X, My (C)) are the matrices

Az y € My(C) such that

(Af)(z) =) fy) A%y, 6.1)

yeX

for f € C&)(X, M,(C)).

Given a I'-indexed set ty of U(n)-valued functions over X, the twisted matrix
translation operators T., are defined by

(Ty)(@) = F(r o)ty (v )" (6.2)

A weakly T-equivariant matrix operator A is an operator in B(X, My, (C)) which
commutes with a a set {T,, Ty| v € I'} of twisted matrix translation operators and
their adjoints.

Any weakly I'-equivariant matrix operator over 0(02) (X, Mp(C)) is also a weakly

I'-equivariant operator over C&) (X, C™), and so the results of the preceeding
chapters apply.

50
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When X is a Cayley graph of I, such operators can be constructed from Busby-
Smith twisting pairs.

6.2 Busby-Smith twisting pairs

Busby and Smith in their paper [8] construct twisted group algebras from a twist-
ing pair — a pair of operators satisfying a cocycle-like identity. We do not use the
machinery of these twisting pairs in their full generality; the definition here is re-
stricted to the situation where the group I is countable and discrete and the algebra
A is unital. The full definition is to be found in [8], section 2.

Definition 6.2.1 (Busby-Smith (B-S) twisting pair). Let A be a unital Banach
x-algebra with an isometric adjoint, and denote by U(A) the unitary elements (that
is, those elements z for which 1 = zz* = z*z.) Let Aut; A be the group of con-
tinuous *-automorphisms of A with norm 1. A Busby-Smith twisting pair (J, &)
for a discrete group I' and the algebra A is a pair of maps J : I' — Aut; A and
a:T' x T' = U(A) satisfying

1. (Jy a(y2,73))a(11,7273) = a1, 12)e (Y172, 73)s
2. (Jy Jppa)a(r1,72) = a(v1,72)(Iny.a)s
3. a(m,) =c(l,m)=1 Ji=1,

for all y;,2,7vs € 'and a € A.

A B-S twisting pair (J, o) determines an associative multiplication on maps
fih:T' = Aby

(f- B = Y F(W)(Juh®))eln,v). (6.3)

pr="y

Together with a * operator defined by

() = alny ) (I Frh), (6.4)

this defines a twisted group algebra L'(A,T; J, @) of L! functions from I' to A
([8, Theorem 2.2]).

Given ¢ € L'(A,T;J, @), the product (6.3) allows one to define operators
Ly and Ry on maps f : ' — A by left and right multiplication by ¢ and ¢*
respectively. If ¢ is compactly supported and f is an L? function from I" to A, then
L4f and Ry f are also L? functions.
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Lemma 6.2.2. Define operators L : ¢ — Ly and R — Ry on compactly sup-
ported ¢ € LL(A,T; J,a) by

(L) (@) = ($- @) = D d(u)(Juf @))a(u,v) (6.5)

u,ver
U=z

(Ryf)(z) = =Y flu Jau(, v) (6.6)

uvel
ny=z

for f € L*(T,A) and where the product (-) and adjoint ¢* are defined as in
equations (6.3) and (6.4). Then for v, ¢ € LL(A,T;J, a),

LyRy = RyLy, (6.7)

LyLy = Ly.g, R,Ry =Ry.4. (6.8)

Proof. Both (6.7) and (6.8) follow immediately from the associativity of the prod-
uct (6.3). d

Consider the case when A = M, (C), and let X be the Cayley graph of I" with
respect to a symmetric generating set §. Equation (6.6) indicates that the operator
R, is of the form (6.1) and belongs to the algebra B(X, M, (C)). By virtue of ¢
having compact support, R is also near-diagonal.

With A = M, (C) the right multiplication operator R is not just a group ho-
momorphism from L1(A,T; J, @) into B(L?(T, A)), but also a *-homomorphism.

Lemma 6.2.3. Let Ry be defined as in (6.6) for ¢ € LL(My(C),T; J, ). Then as
operators on B(L?*(T', M,(C))),

(Rg)" = Ry,
where ¢* is as defined in (6.4).
Proof. Recall
(Rof)(@) = (- ¢")(@) = D f()(Jud* (@))ex(p,v)-

u, el

wy=z
Examining the inner product on L2(T', M, (C)), (f,h) = 3 er(f(z), h(z)) gives

(Ryf)(z) = flag)a Jz4*(9))".
gerl

Substituting the expression for ¢*,
(J:6"(9))" = Jo0"(9)"
= (Jadgd(9™")) o9, 97")
(Jng (971)e(z, 9)a(zg,977)
= a(z,g (ng¢ ) (9,9~ 1),
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and so,

(R3F) (@) =" fzg)(Jogdlg ™)) (zg,97")

ger

= Y ) (Jb0)) i)

ur=c
= (Rg-f)(2)-
|

The automorphisms of M, (C) are all inner, and so there exist u, € U(n) such
that J,a = uyau’, for all a € Mp(C). Let é,(g) be zero when g # -, and equal to
the identity matrix when g = . Then

(Ls, (@) = D 64(w) (Juf () elp, )

uv=c

= uy f(Y ' 2)ude(y, 7" 7).

Denoting by U, left-multiplication by the matrix u, let Ty = UJLs_ . Then

(T, f)(z) = F(y tz)utaly,v '),

and so constitute a set of twisted matrix translation operators as per Definition
6.1.1. As Ry is a module homomorphism, it commutes with any left-multiplication
of a matrix. In particular, Uy Ry = RyUJ, and so

T,Ry = U,;LJ,YR(/, = U,;R¢L57 e R¢U,;L57 = RyT,.
Further by lemma 6.2.3,
T;‘Rq; e (R:;,T,y)* = (RgTy)* = (TyRy~)* = R;.Ti; e R¢T,;‘.
Thus we have the following result,

Proposition 6.2.4. For any ¢ € LL(M,(C),T; J, @) the corresponding operator
Ry (as per Equation (6.6)) is a near-diagonal weakly I'-equivariant matrix opera-
tor over C&)(X , M, (C)), where X is a Cayley graph of T.

6.3 Matrix Harper operators on the Cayley graph

In this section we construct vector Harper operators over a Cayley graph from
Busby-Smith twisting pairs. Recall that the vector Harper operator H, was defined
on functions C?z) (X, M) for some left Hilbert module M, with the weight function
o being a map from Edge X to invertible maps in End M. Here we take M to be
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the left regular module 57, () M (C) as discussed in the introduction; the Harper
operator then is of the form -

= > fe)o +Zf e))o(e)*,

oe)=z =z

for matrices o(e) € M,(C), and is hereafter referred to as the matrix Harper
operator.
The Cayley graph Cayley(T', §) with respect to a symmetric set of generators
§ has vertices I" and edges e, 4 from 7y to g, fory € I'and g € G. The weight
function o for a vector Harper operator H, over the Cayley graph will then be of
the form
olez,g) =0(z,9) € My(C), forzeTl,gegq.

Recall that there is an orientation condition (3.4) on o, such that o(€) = o(e)*.
This corresponds to the following requirement

o(z,9)* =o(zg,97"). (6.9)

Let (J, @) be a Busby-Smith twisting pair for the group I' and the matrix al-
gebra M, (C) as discussed above. Then one can choose ¢ € LL(My(C),T; J, @)
such that the operator Ry is a matrix Harper operator.

Proposition 6.3.1. Ler (J, o) be a Busby-Smith twisting pair for the group I' and
M, (C), and let X = Cayley(T', §) for a symmetric set of generators S. Then for
any ¢ : § = M,(C) satisfying

Jo(9™") = plg) a9, 971)", (6.10)
the operator Ry is a matrix Harper operator H; with weight function
o(z,9) = (Jz6(9)) a(z, 9). (6.11)

Proof. The expression for o(z, g) is determined by the formula (6.6) for Ry. There
are two properties that must be verified: the orientation condition (6.9) and weak
I-invariance of o.

Note that the condition (6.10) on ¢ is equivalent to demanding that ¢(g) =
¢*(g) for all g € G, regarding ¢ as a member of LL(M,(C),T; J, o). Examining
o(zg,97%),

o(zg,97") = (Jogp(9™")) (29, 97)
= a(z, 9)* (Jqug 1)a:z:, :z:g, g )
= a(z, 9)* (JaJyp(g™")) (Jza(g,971))
= a(z,9)* (J=9(9)"),

by the equality (6.10). So
o(z,9)" = ((quﬁ(g))a(w,g))* = o(zg,97).



CHAPTER 6. THE MATRIX HARPER OPERATOR 55

Let s,(z) = a(v,z)*u,, where u, € U(n) is determined by Jya = u,au;’.

Then for an edge € = ey g,

o(ve) = o(yz,9) = (Jy2p(9)) alyz,g)
= a(v,z)*(Jy Jz¢(9)) ,z)e(vz, g)
= (7, 2)* (o T )(J a(rc 9)a(v,zg)

sy(z) (T (g ) wy)sv(xg)
s(a(e))a(e)s(t(e))*.

The s., then form a weak I'-invariance for o, and so the conditions for H, to be a
matrix Harper operator are satisfied. |

Busby and Smith describe an equivalence relation for twisting pairs, whereby
equivalent pairs give rise to isomorphic twisted algebras. Their definition is pre-
sented here in simplified form for unital Banach algebras A and discrete groups
T.

Definition 6.3.2 (2.4, 2.5 of [8]). Denote by Z(I', A) the set of all twisting pairs
for the group I' and algebra A, and denote by B(T',.A) the group of mapsp : I —
U(A).

There is an action of B(I',A) on Z(T',A) by (J,a), = (J®),a)) forp €
B(T, A) where

J¥)a = p(z)(Jza)p(z)*, (6.12)
o) (z,y) = p(z) (Jzp(y)) oz, y)p(zy)*. (6.13)

Two twisting pairs (J,a) and (J', ') are equivalent if there exists some p €
B(T, A) such that (J', &) = (J, ).

In Theorem 2.7 of [8], the authors prove that the map Y, given by (Y, f)(z) =
#(z)p(z)* is an isometric *-isomorphism from L' (A, G; J, @) onto L' (A, G; J #), o)),
Returning to the matrix Harper operator, if (J, @) and (J', ') are equivalent twist-
ing pairs by p € B(T, My, (C)), then the operator Réj’a) induced by ¢ € L1(A,G; J, )
is unitarily equivalent to R(J Q).

Proposition 6.3.3. Let (J, @) and (J', ') be equivalent twisting pairs in Z(T', My(C)),
with (J',a') = (J, @), for some p € B(T', My (C)). Then the Harper operator H,
associated with ¢ € LL(My(C), A; J, ) is unitarily equivalent to the Harper op-
erator H, associated with Yp¢ € LY (M,(C), A; J', o), witho ~ ¢’ by

Proof. The result follows from examining the operator H' and using the twisting
pair relations.
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(H'Ypf) (@) =Y fzg)p(zg)*ol® (z,9)" (P 4(9)*)"

g€es§

=" f(zg)p(c9)"p(zg)olz, )"

geS

(Jzp(9)*)p(z)"p(2) (Jop(g)) (Jzb(9)*)p(2)*
=" f(zg)a(z,9)* (Jo4(9)*)p(z)*

9€S

= (TpH f)(2)

6.4 Matrix operators and group extensions

Consider a group extension NV of the discrete group I' by a finite group G given by
the exact sequence
1—-G—-—N-5T —1.

One can pick a section 77 : ' = N with n(1) = 1 and 7(n(y)) = yforally € T.
This in turn determines amap a : I' x I' = G by

v(a(v1,72)) = n(m)n(r2)n(my2) ™, (6.14)
andamapj: [ — AutG by

t(irg) = n(v)gn(m)". (6.15)

The map a in a sense describes how 7 fails to be a homomorphism. The maps a
and j satisfy the following relations
a1, v2) (172, 73) = (ivl a(’Yz,’Ys)) a(71,7273)s
j’Ylj"/zg = a(’)’l, '72) (j’h’)'zg) a(')’la 72)—1 2

As such, these maps associated with the group extension can be used to con-
struct a Busby-Smith twisting pair for I and the group algebra CG. The following
proposition is a specialization to discrete I' and finite G of Example 6 of [8].

(6.16)

Proposition 6.4.1. Consider a group extension G — N — I’ of a discrete group
T by a finite group G. Picking a sectionn : I' = N, leta : T xI' — G and
j : I' = Aut G be the associated maps as defined in (6.14) and (6.15). Define
J:T = Aut(CG) and o : T x T' = U(CG) by

Ty Pgec @99 = 2ogec %149 (6.17)
a(y1,72) = alr,72)- (6.18)
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Then (J, @) is a twisting pair for I and the group algebra CG, and the associated
twisted group algebra LY(CG,T; J, ) is isomorphic to L*(N).

If p: G = GL,(C) is an irreducible representation of G, p extends to an onto
algebra homomorphism p : CG — My, (C). Given a twisting pair (J, ) associated
with the group extension by G, one can then construct a twisting pair (J', o) for
I" and M,,(C) provided that J,, preserves ker p for each 1.

Lemma 6.4.2. Consider a group extension G — N — I’ as above, with a section
n : I' = N and associated automorphisms j~ for v € I' as described above. Take
(J, @) to be the twisting pair for I' and CG as described in Proposition 6.4.1. Let
p : CG = M, (C) be the extension to CG of an n-dimensional irreducible unitary
representation of G, and let v : Mp(C) — CG be a right inverse of p. Then
(J', &) defined by

Jym = p(Jyv(m)) (6.19)
o (m1,72) = pa(71,72)) (6.20)

is a twisting pair for T' and M, (C) whenever
Jyk €kerp Vk € kerp, y€T.

Proof. The proof follows from a straightforward substitution of J' and ¢ into the
requirements described in the definition 6.2.1 for a twisting pair. |

The kemnel of p in CG is an ideal (CG)¢ for some idempotent £ € CG. A
sufficient condition for J, preserving the kemel of p then is that J,§ = £. One
case where this always occurs is when G is the discrete Clifford group Cox and p
is its irreducible 2 dimensional representation.

This is used in the next section to construct a simple example of a M>(C)
Harper operator over the two dimensional integer lattice Z2.

6.4.1 An example of a vector Harper operator over Z?2

The discrete Clifford group €, is the finite group generated by elements s, e1,..., €y
and satisfying the relations
s2=1
[s,ei] =1 Vi=1,...,n
e=s Vi=1,...,n

i
[ei,e_,-] =3 Vi,j = 1,...,n, 'L;éj
The element s is in the centre of the group and acts like a sign element, with the e;

and e; anticommuting. The complex Clifford algebra C£,,(C) is formed from the
complex group algebra C €y, identifying s with —1; C£,(C) = CC, /(s +1). €,
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has 227*! elements, each of the form .'sje;cl co-ep, wherel <k < - <k <n
and j =0orl.

Examining the conjugacy classes of €, reveals that €, has 2" 1-dimensional
representations taking s to 1 and e; to £1; for n equal to 2k or 2k + 1 there are
also one or two 2¥-dimensional representations respectively, both of which take s
to —1.

Letting n = 2k, one can extend the unique 2*-dimensional representation to a
representation p : CCqr — M,k (C) of the group algebra, with kernel generated by
the idempotent £ = 2'%(1 + s) — p in fact provides an isomorphism of Clz;(C)
and M, (C). Any automorphism of a group must permute the centre of the group
and preserve the order of elements. As Z(Ca) = {1, s}, any automorphism of Cy
must take s to s and 1 to 1. Given any twisting pair (J, @) associated with a group
extension by Co, it follows then that J,£ = £.

What are the extensions of Z2 by Cfp,? Brown and Porter in [7] describe
a construction for extensions 1 — H = N 5 T' — 1 of I' with presentation
[ = (G; R), in terms of elements h, € H for each relation r € R and automor-
phisms w, € Aut H for each generator g € §. These h, and w, must satisfy some
conditions based on the relations R and the module of identities among relations
for the presentation (G; R) (see for example [6].) By a result of Lyndon ([24]),
when there is only one relator » € R which is not a proper power in the free group
F(9), the module of identities is trivial. In this case, the conditions on s, and wy
simplify to

r=gt...g* € F(§) = wi- -w =h, € InnH, (6.21)

g1

where r is the sole relation and l?r is the inner automorphism by conjugation by
h, € H. The corresponding group N is the quotient H x F(SG)/(h; !, r) where
F(9) acts on H by w - h = wyh, with

= Wl ... Sk
wg?__.gjckh = wg} wgkh

for g{* -+ gi* € F(S). The product on H x F(3)/(h;?,r) then is
[(01, £1)][(p2, f2)] = [(p1, f1) (P2, f2)] = [(P1(wg, P2), fif2)]-

As Z2 has the standard presentation (z,y|[z,y] = 1), an extension 1 —
H —» N — Z? — 1 is specified by two elements w, and wy of Aut H such
that [w, w,] € Inn H.

Consider the case when H = G, = Qs, the group of quaternions generated by
iand j. Qs has elements {1,i,j,k, s, si, sj, sk} where s corresponds to —1 and
k = ij. The inner automorphism group of Qg is isomorphic to Zy x Z3, while the
outer automorphisms are isomorphic to the permutation group on 3 elements S3,
generated by automorphisms

t: (i,J,k) = (jak’ l),
5 (l,j,k) = (Sk, Sj,Si),
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with t® = 52 = 1. The map x : AutQg — S3 by the action of Aut Qs on
the set {{i,si}, {j,sj}, {k,sk}} has kemel InnQg. The requirement then that
[w,wy] € Inn Qs is the same as requiring that [wg,wy] € ker k. For the purpose
of constructing the example, let wg = t, wy = k, and thus [wg, w,] = tke k! =
_] = h,.

Recall that the twisting pair associated with an extension can be defined in
terms of a section 7 : I' — N. For simplicity, pick n by '

n(z*y’) = [(1,2%y")] € N = (Qs % F2)/(h;", [z,4)),

writing F; for the free group on the generators  and y. For the construction of the
weight function o we will need an expression for c(z%y®, z*1) and a(z%y?, y*1),
where ca(7, g) = n(7)n(g)n(v9) ™. For g = y*! the expression is simple,

(1,2%%) (1, 1) (1, 2% 7 = (1,2%0) (1,51 (1,4~ =Dz = (1,1),

giving a(vy,y) = 1. When g = z however,
(L,2%")(1,2) (1, 1y") ™! = (1, 2%Pzy 277,

One can pick (p;},, Fa ) in the normal closure of (7, [z, y]) such that f,yz°y’z =

a+1yb giving

[(1,2%ybzy 2= N)] = [(pp, fap) (L, 222y~ 2™ H)] = [(;, I

Finding o(z%y°, z) then relies on calculating pg p.
Let fop = 2®fopr ™% where fo = [z,9%]. Then f,pz%y’z = z°F!y. An
inductive argument shows that

b . .
[Ty Yz, yly~ Y ifb >0,
=1

2,971 =14",
Hl y [z, y] "yt if b < 0.
1=

Again by induction, and using the fact that wiz bt = ke (k1) = b1, we get
the identity

k k
T 00, 507 = (([Tsho)®) Hf,[x 5.
i=1 =1 (6 22)
Thus
b b
H Wiayi- 1hy) = Wge H (wyi—l hr) if 6> 0,
Pap=14"" = (6.23)

[T (wgay-ik) ™! = wge [] (wy-ihr)~™ if b < 0.

=1 =1
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Recall that w, was chosen to be E and thus has order two. With A, = j,

(wy2ihr)(wy2i+1h1-) = jkjk~! =

Substituting into (6.23) and noting that w, = t has order 3 gives,

1 if bis even

a(z®y,z)"! = = ’ 6.24
(=*y",2)™ = Pap {r“(j) if b is odd, (6:24)

if bis even,

ifbisoddanda =0 (mod 3),
ifpisoddanda=1 (mod 3),
i ifbisoddanda=2 (mod 3).

P‘-Lu;_.

(6.25)

The irreducible representation p can be chosen such that

=5 %) =(55) sw=(25) ©»

Picking ¢ : G — M,(C) to be the constant map to the identity matrix I, the
factor J}¢(g) will be the identity matrix in the defining expression (6.11) for o.
Therefore o(v,9) = p(a(v,g)) and we have the following example of a matrix
Harper operator on functions f : Z2 — M(C),

fla,b+1) + f(a,0-1)

( for b even,
+ fla—1,b) + f(a+1,b)
H,f(a,b) = (6.27)
fla,b+1) + f(a,b—1) for b odd.
—fla—1,0)Ma_1 + f(a+1,b)M,
where )
(0 1) whena =0 (mod 3),
-1 0
0 1
Ma=<( 0) whena=1 (mod 3)
1
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