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Abstract

One of the fundamental problems in biology is concerned with deciphering and un-
derstanding the nature of evolution. The results of evolution can be seen through
the diversity of life found on earth today. The relationships between species can
be ascertained using a variety of biological and statistical techniques. These re-
lationships can be pictorially represented on a tree diagram called a phylogenetic
tree. It has been found that many phylogenetic trees are imbalanced, meaning
that the subtrees of phylogenetic trees differ in shape. The focus of this thesis is
to develop physically-reasonable mathematically-tractable models of the speciation
process. We do not wish to model the evolutionary process at the genetic level but
rather, to model the process at the species level as represented by the branching
structures of phylogenetic trees.

The simplest models of macroevolution generate branching structures that are
either too balanced or too imbalanced. Therefore it has become increasingly fash-
ionable to model the macroevolutionary process using continuous-time Markovian
multitype branching processes (cctMMTBP). Continuous-time MMTBPs provide the
flexibility needed to generate tree structures with any level of imbalance. However,
the major pitfall of using ctMMTBPs is that they do not have an algorithmic ap-
proach for ascertaining measures useful in macroevolution.

The model that is proposed is called the Markovian binary tree and provides
an alternative representation of the binary-split ctMMTBP. This representation is
made possible by re-interpreting the transition structure of the ctMMTBP. The

MBT has sufficient flexibility to account for the variation in branching structures



of phylogenetic trees and is amenable to algorithmic analyses. MBTs can also be
written as level-dependent quasi-birth-and-death processes (LDQBD).

We show that many of the current models of the macroevolutionary process
are subsumed by the MBT. In particular, we show that the most flexible of these
models, the Multi-rate model (MR), which is also a ctctMMTBP, can be subsumed by
the MBT in the limit as ¢ — 0o. We do this by transforming the MR into an MBT.
This model has a simpler interpretation than the MR model and now the probability
that a random tree eventually evolves to some topology, 7, has an analytic solution.

Since the MBT is a LDQBD, the myriad numerical algorithms within the theory
of matrix analytic methods can be modified to apply to the MBT. Indeed, we show
that despite the MBT being a level-dependent QBD process, two level-independent
algorithms can be modified for determining the probability of eventual extinction
of the process. These algorithms are called the Depth and Order algorithms and
are based on different physical interpretations of the evolution of MBTs. These
algorithms can also be applied to find the extinction probability of MR model trees.
Surprisingly, we show that level-independent quadratically convergent algorithms
cannot be modified to the MBT and that level-dependent quadratically convergent
algorithms are generally less efficient than the linearly-convergent Order algorithm.
We also develop an algorithm for the MBT that determines the average imbalance.

The MBT is generalized to the Markovian tree (MT'), characterized by the fact
that branch points need not be binary. The MT provides an alternative framework
for the ctMMTBP and bridges the gap between branching processes and matrix
analytic methods. Finally, we provide the Depth and Order algorithms for the MT

model.



Chapter 1

Introduction

1.1 Macroevolution and Mathematical Modelling

Earth is home to a staggering amount of diversity of life. How did such diversity
arise? The difficulty in answering such a question makes it all the more enticing to
attempt to solve it. One can begin to understand the mechanisms behind evolution
by studying the process at the microscopic level, that is, by studying the changes
that occur at the genetic level, or at the macroscopic level, that is, by studying
the changes that occur at the species level. In macroevolution to be more specific,
we arc concerned with identifying the differences between species, quantifying these
differences and then understanding just how and why these differences arose. The
relationships between species can be represented pictorially in diagrams called phy-
logenetic trees. Phylogenetic trees give information on how related two species may
be and in some cases predict the time since these species diverged from their most
recent common ancestor.

There are, of course many problems associated with the biological and statistical
determination of phylogenetic trees [22]. For example, one very important source of
information, the paleaontological record (the fossil record) is incomplete. Therefore,

in order to infer the phylogenetic tree shape from an incomplete data set requires the
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use of statistics and a stochastic model of the macroevolutionary process. This can
in principle then, produce a phylogenetic tree shape that has the highest probability
of representing the actual tree shape [22].

Phylogenetic tree shape is important [1, 10, 11, 12, 15, 22, 30, 26, 33, 34| be-
cause it gives clues as to how the rates of macroevolution, that is, the rates of species
generation and the rates of species extinction, have changed over time and in dif-
ferent physical locations [22]. The rate of change of the macroevolutionary process
can have profound effects on the shape of the phylogenetic trees [22]. Phylogenetic
trees that demonstrate significant rate variation are imbalanced. That is, differ-
ent portions of the tree have different shapes. For example, some portions of the
tree may be densely populated with many short branches, whereas other portions
may be sparsely populated with long branches. Therefore the shape of well con-
structed phylogenetic trees can give clues as to the processes that may have driven
macroevolution and thus generated tree shape [22].

As we have stated above, to aid in the construction of phylogenetic trees one
needs to make use of stochastic modelling [1, 11, 22, 26, 30]. In order for a model
to be reasonable, it must have the ability to generate useful information and to be
mathematically tractable with physically reasonable assumptions.

Stochastic models are important in that they provide a probability distribution
over the finite number of possible phylogenetic tree shapes that have a finite number
of species. The stochastic models that have been utilized [10, 11, 30] are very simple
in that they do not allow for any variation in the rate of the macroevolutionary
process. One of these simple models is the well known, constant-rates birth-and-
death (crBD) model and another is the proportional-to-distinguishable arrangements
(PDA) model, see [22] and references therein. As expected, these models cannot
account for the levels of imbalance that are found in phylogenetic trees, because they
do not allow for rate variation. The crBD model predicts trees that are too balanced
whereas the PDA model predicts trees that are too imbalanced [30]. Consequently,

the next step in the development of physically reasonable mathematically tractable
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models is to allow for rate variation.

The process of macroevolution can be thought of as a continuous-time branching
process. That is, a process that begins with some particles that have the ability to
generate new particles at random time intervals. This is exactly what is happening
at the species level in macroevolution, a species will at some random points spawn
a new species. It is generally believed that at any time point only one new species
is generated [22]. This is a reasonable assumption, since it seems unlikely that two
or more new species will be created simultaneously. The use of more sophisticated
branching process models was originally suggested by Mooers and Heard [22] and
then re-iterated by Aldous [1].

The continuous-time Markovian multi-type branching process (ctMMTBP) [2,
21] is an excellent candidaté for a macroevolutionary model because it allows for
variations in the rates of speciation and variations in extinction rates. Unfortunately
though, the ctMMTPB is difficult to analyse and there is very little algorithmic
development.

Despite this, Pinelis [26] proposed a model based on the continuous-time Marko-
vian multi-type branching process (ccMMTBP) called the multi-rate (MR) model.
It was called the multi-rate model to emphasize the fact that this model allows for
significant rate variation. The MR model assigns to each species individual specia-
tion and extinction rates. For example, some species have the capacity to generate
new species more rapidly than others, whereas other species can become long-lived
evolving only very slowly. The MR model encompasses all the models that do not
allow for rate variation.

In this thesis we propose a model of the macroevolutionary process that is also
a continuous-time Markovian multi-type branching process which we have called
the Markovian binary tree model (MBT). The MBT requires us to interpret the
ctMMTBP in a subtly different way. This new interpretation admits a different rep-
resentation to the conventional ctMMTBP representation. Consequently, a whole

new vista of modelling flexibility is opened up to the MBT because this representa-
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tion provides an excellent platform from which to develop a sound algorithmic basis.
Consequently, the answers to questions that a biologist may have can be potentially
solved using the MBT. Thus, due to its representation and interpretation, the MBT
has a significant advantage over the MR. In fact, the MR model can be shown to be
encompassed by the MBT.

In the next section we discuss the layout of this thesis.

1.2 A guide to the thesis

We begin by giving an introduction to the world of branching processes in Chapter 2.
Branching processes have a rich history of theoretical development [2, 9]. The first
process that we discuss is the discrete-time Galton-Watson process, the cornerstone
of branching process theory. This process is then generalized to its continuous-time
counterpart, the continuous-time Markovian branching process. Following these
preliminaries we then discuss the continuous-time Markovian multi-type branching
process. This branching process provides the core from which the MBT is con-
structed and we therefore take some time in explaining it carefully.

In Chapter 3 we begin by discussing the macroevolutionary biological back-
ground. We briefly introduce phylogenetic trees and then discuss some of the im-
portant tree topological concepts. The next step we take is to discuss the most
important quantitative measure of tree imbalance: Colless’ index of imbalance.
The remainder of Chapter 3 is devoted to introducing some of the most important
macroevolutionary models. The constant-rates birth-and-death (crBD) model which
has an important place in applied probability, the proportional-to-distiguishable ar-
rangements (PDA) model, the super-PDA model and finally the multi-rate (MR)
model of Pinelis [26]. We also show how the crBD model generates the PDA model.
Finally, a discussion of the MR model is given.

Having introduced branching processes and the biological background we next

introduce the theory of matrix analytic methods in Chapter 4. We commence by dis-
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cussing the Poisson process, followed by the phase-type renewal process. The phase-
type renewal process is the generalization of the Poisson process to non-exponential
inter-event distributions. We next discuss the Markovian arrival process (MAP).
The MAP is the generalization of the phase-type renewal process to include correla-
tions. The MAP generates the dynamics of the MBT. The concept of the hidden and
observable transitions of the MAP is used to alter the interpretations of particle tran-
sitions in the ccMMTBP and create the MBT interpretation. The level-independent
quasi-birth-and-death process (LIQBD) is then introduced and we analyze the al-
gorithm of Neuts, the algorithm U and the level-independent logarithmic reduction
algorithm. The algorithm of Neuts and the algorithm U form the basis for analo-
gous algorithms for the MBT that determine the probability of eventual extinction.
The final process we discuss is the level-dependent quasi-birth-and-death process
(LDQBD). The LDQBD process is the framework within which we represent the
Markovian binary tree. The last topic we discuss is the level-dependent logarithmic
reduction algorithm.

In Chapter 5 we begin by representing the Markovian binary tree (MBT) as a
level-dependent quasi-birth-and-death process. We re-interpret the cctMMTBP pro-
cess such that each evolving branch of an MBT has its own copy of the MAP. Since
the MBT is a ctMMTBP, more specifically, a binary-branch point ctMMTBP, we
also write the basic branching process equations for the MBT. From these equations
we obtain the equation for the probability of eventual extinction of the process. The
final sections of Chapter 5 are devoted to showing that all the models discussed in
Chapter 3 are special cases of the MBT. We show, in particular, that the MR model
can also be written in terms of an MBT and is thus subsumed by the MBT.

In Chapter 6 we demonstrate the power and flexibility of the MBT by developing
an algorithm that calculates the mean imbalance conditional on tree size. We show
that there exists a simple MBT with one parameter that has sufficient flexibility to
span the entire range of theoretically allowed imbalance values for size five trees. We

also demonstrate that even though this one parameter model was designed specif-
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ically for size five trees, this model still generates interesting behaviour for larger
size trees. It still spans most of the allowed imbalance values and therefore retains
much of the flexibility seen for size 5 trees. The final section of Chapter 6 is devoted
to calculating the computational complexity of the algorithm.

Chapter 7 continues the algorithmic development of the MBT, where we specif-
ically concentrate on finding the minimal non-negative solution to the equation for
the probability of eventual extinction of the MBT process. We begin by developing
the Depth algorithm which is analogous to the algorithm of Neuts. We show that
the difficulty in describing the sample paths in the algorithm of Neuts is removed if
the sample paths are transformed into binary trees. The Order algorithm which is
analogous to the algorithm U is also developed. This algorithm has an interesting
physical interpretation based on a concept called the order of a tree. The Order
algorithm is shown to converge linearly with respect to order. A comparison of the
Depth and Order algorithms is made and we show that the Order algorithm con-
verges at a faster rate than the Depth algorithm because it considers more topologies
at each iteration. We conclude Chapter 7 by analyzing the quadratically convergent
logarithmic reduction algorithms. It is shown that a level-independent logarithmic
reduction algorithm is not possible for the MBT and that the level-dependent loga-
rithmic reduction algorithm will in general perform worse than the Order algorithm.

The success with which algorithms were developed in Chapters 6 and 7 leads us
to the generalization of the MBT. The general Markovian tree (MT) is introduced
in Chapter 8. We begin by representing the MT in a matrix analytic form, just as
we did for the MBT, and then write the general ccMMTBP definition of the MT. By
writing the general ccMMTBP as an MT we commence developing algorithms that
may be of use in a physical modelling context. Therefore as a starting point, we
develop the Depth and Order algorithms for the probability of eventual extinction
of the MT. These algorithms reduce to the Depth and Order algorithms of the MBT

if each branch point is forced to be binary.



Chapter 2

Branching Processes

2.1 Introduction

Evolutionary biologists face the daunting task of providing a framework with which
to explain the observed diversity of life found on earth. The relationships between
the species can be represented through the use of tree diagrams, called phylogenetic
trees. The task then, is to decipher the shape of the phylogenetic tree of life and
to determine the mechanisms that generated that particular shape. However, given
the incompleteness of the biological record and the scarce knowledge of the factors
that cause macroevolution, this is indeed a daunting task. At a more modest level,
evolutionary biologists have studied the shapes of some of the subtrees of the tree
of life by using biological and statistical techniques. As a result, there is now an
emphasis on developing models of the macroevolutionary process [1, 11, 10, 22, 26,
30].

There are two possible avenues with which to pursue the development of a model

of macroevolution,
e to develop a model that is based solely on physical considerations, or

e to construct a model that can account for the tree shapes that arise in na-

ture, without attempting to provide a complete mechanistic basis for their

7
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generation.

The first approach is currently extremely difficult to implement since it is plagued
by a lack of understanding of the underlying biological mechanisms that cause
macroevolution. In this thesis, we choose the second approach. Thus we shall
develop a model that can account for the tree shapes that appear in nature, which
in addition is also based on some reasonable physical considerations.

Qualitatively then, a species under some evolutionary constraints will continue
evolving and at some point during its evolution will either become extinct or give
rise to new daughter species while it then continues to evolve. Viewed in this light, a
branching process seems to be a perfect candidate as a model of macroevolution. In
fact, Mooers and Heard [22] stated this very succinctly, “most biological taza have
arisen by a branching process of descent with modification”.

The remainder of this chapter is devoted to discussing some important branching
processes. The aim is to describe the fundamental nature of the models currently
used in macroevolutionary modelling in addition to allowing us to introduce the
model that is proposed in this thesis. This chapter is organised as follows. In Sec-
tion 2.2 we discuss the simplest type of branching process called the Galton-Watson
process (GW). The Galton-Watson process is a discrete-time single-type branching
process and is the simplest of all the branching processes. In Section 2.3 we describe
the continuous-time analogue of the GW process: the single-type continuous-time
Markovian branching process (ctMBP). Finally, in Section 2.4 the ctMBP is gener-
alized to the multi-type analogue, called the continuous-time Markovian multi-type

branching process (ctMMTBP).
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2.2 The Galton-Watson Process

2.2.1 Definition

Excellent introductions to the Galton-Watson process can be found in [2] and [9].
Let the random variable Z; denote the number of particles that are present at time
| given that the process commenced with one particle at time 0. Each particle that
is present evolves independently of all the others and of its preceding history. At
time [ + 1 a particle can either give rise to no offspring with probability py or with
probability py give rise to k daughter particles, for k£ > 1.

The generating function of the offspring distribution of one particle is given by,
f(s) =E[s%] = Zpksk Is| > 1, (2.2.1)

and the expected number of particles in the first generation spawned by a single

particle is given by
df (s)
ds

E(Z,) =

= kps. (2.2.2)
k=0
The iterates of the above probability generating function are,
fols)=s,  fils)=f(s),  Jfusr(s) = f(fuls)). (2.2.3)

Let P(i,m) be the one-step probability that the process will have m particles given

that there were ¢ at the previous step, in other words,
P(i,m) = P[Zi41 =m| Z, =1). (2.2.4)

Clearly then,

> P(1,m)s™ = f(s). (2.2.5)

Suppose that the process commences with ¢ particles and since the offspring dis-

tribution at the next generation is the sum of 4 independent random variables, the
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probability generating function for the offspring distribution is given by the convo-
lution of the ¢ individual offspring probability generating functions. Hence,
CX) I
> P(i,m)s™ = [f(s)], (2.2.6)
m=0
for i > 1.
Let P,(i,m) be the probability that there are m particles at n + 1 given that

there were 4 particles at time 1. Then, following, [2],

K

i‘ Poii(1,m)s™ = > Pu(1,k)P(k,m)s™ (2.2.7)

= ipn(l,’f)ip(k,m)sm (2.2.8)
= Y RLR[AE)] (2.2.9)

=
Il
=]

where in the first step we have used the Chapman-Kolmogorov equations, and in
the final step we have used equation (2.2.6).

Using arguments similar to equation (2.2.6) it can be shown that,

Z P, (i,m)s™ = [f.(s)]". (2.2.10)

m=0
In other words, the n-th step probability generating function of the process is given
by the product of the n-th step probability generating functions of each of the

individual branching processes commenced by the ¢ initial particles.

2.2.2 Transience of the Non-zero States and the Extinction

Probability

It has been shown [9] that all the non-zero finite particle states of the process are
transient, thus, with probability one, Z, — 0 or Z; — oo as | — oo
The probability of eventual extinction, g, of the process is the probability that as

| — oo there are no living particles remaining. In other words, ¢ = lim;_,.c P[Z; = 0].
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It can be shown, [2, 9] that the extinction probability is the smallest non-negative

root of the equation

s = f(s). (2.2.11)
Furthermore, it can also be shown that, if E(Z;) < 1 and the variance is greater
than zero when E(Z;) = 1 then ¢ = 1 and if E(Z;) > 1 then ¢ < 1. The process is
called subcritical if E(Z;) < 1, critical if E(Z;) = 1 and supercritical if E(Z;) > 1.
Now, since all the non-zero finite particle states of the process are transient we have,

Pllim Z,=0]=¢=1— P[llim 7y = oo, (2.2.12)

l—0o0

2.3 The One-Dimensional Continuous-Time Marko-

vian Branching Process

2.3.1 Definition

Consider the following continuous-time process: a particle that is alive at time ¢
will live for an exponentially distributed lifetime with mean 1/«, at which point it
will either give rise to no offspring with probability py or will give rise to m > 1
offsping with probability p,,. Each particle evolves independently of all the other
particles and of its history. Such a process is called a one-dimensional continuous-
time Markovian branching process (ctMBP). The probability generating function of

the offspring distribution is again given by,
F(s) = pms™ (2.3.1)
m=0

Now let Z(t) denote the number of particles alive at time t. Let Py, (t) = P[Z(t) =
m‘Z (0) = 1] be the probability that at time ¢ there are m particles given that the

process commenced with only one particle. The probability generating function of
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the number of particles at time ¢ is,

o0

F(s,t) =) Pim(t)s™ (2.3.2)

m=0
The probability that the process will have m particles by time ¢ + 7 given that it
had i particles at time 7 is denoted by P, (t + 7;7) = P[Z(t + 1) = m‘Z(T) = 1.
Now the process is homogeneous with respect to time, s0 Py, (t + 7;7) = Pun(t).
Since each particle evolves independently with respect to all other particles, the
probability generating function for the number of particles given 4 initial particles

is the i-fold convolution of F(s,t), hence,

> P(t)s™ = (Z le(t)sm) — [F(s,1)]" (2.3.3)

m=0
Let (Qi; be the rate at which the process goes from a state with 7 particles to a

state with j particles. We then have

Qij = tapj—iy1, (2.3.4)

forj=i—1and j > 1, Q;; =0for j <i—1, and finally for ¢ = j

Qi = —iapo — o Z Pr—iy1 = —ta(l — p1), (2.3.5)
k=it1

since Y 7o, Pk = 1. The interpretation of Qy; is as follows. The rate at which each
single particle spawns j — i+ 1 particles can be seen to be ap;_;4; since the particle
must die, which occurs with rate «, and at its death it spawns j — ¢ 4+ 1 particles
with probability p;_i+1. Since any one of the ¢ particles can do this, the total rate
is therefore iap;_;+1. Thus the total number of particles is j, comprised of the ¢ — 1
initial particles and the 7 — i + 1 newly spawned particles.

We can now write down both the Kolmogorov forward and backward equations

for this system. The forward equation is,

—P,(t) = Z Pt (1) Qry) (2.3.6)
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Since Qk; = 0 for j < k — 1 we have,

) j+l
Epij(t) = ZPik(t)ij‘ (23.7)
k=1

Substituting equations (2.3.4) and (2.3.5) into equation (2.3.7) we obtain,

d . J+1
= Py(t) = —jaPy(t) + ; Py(t)kop;_pa1. (2.3.8)

The backward equation can be derived from

d (o]
ZPs() = QuPu(t), (2.3.9)
k=1
and yields
d , =
- Py(t) = —iaPy(t) +io g; Di—ir1Pe;(t). (2.3.10)

By multiplying equations (2.3.8) and (2.3.10) by s’ and then summing from j = 0
to infinity we get,

QF(s,t) . u(s)ﬁF(s, t), (forward equation), (2.3.11)
ot Os
and
%F(s, t) = u(F(s,1)), (backward equation), (2.3.12)
where

u(s) = a(f(s) —s). (2.3.13)

2.3.2 Non-Explosiveness and the Mean of the Process

In Harris, [9], it was shown that the process is non-explosive, that is, Z(t) < oo for

all t < oo almost surely, if

1
d
3 f(s)s_ - = oo, (2.3.14)
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for every € > 0. The condition

d
%f(s) ‘< 00, (2.3.15)

s=1

is sufficient to ensure that the process is non-explosive [2]. This condition implies
that the mean number of particles produced by a single particle upon its death is
finite.

The mean number of particles of the process at time ¢ is defined by,
M(t)=E[Z(t)|Z(0) = 1]. (2.3.16)

Since, M(t) = 2 F(s,t) ‘s:l we can differentiate the Kolmogorov backward equation

with respect to s to obtain,

d
EM(t) = AM(t), (2.3.17)
where
A= %u(s) . = <%f(s) B - 1> . (2.3.18)

Recall that adg f(s) \s:l is just the mean number of offspring generated when a particle

expires. The solution to equation (2.3.17) is given by,
M (t) = exp(At), (2.3.19)
and observe that, if
e )\ > 0 then lim; ., M(t) = oo and the process is supercritical,

e )\ = 0 then lim;_,o, M(t) = 1 and the process is critical, in fact M(t) = 1 for
all ¢, and finally if,

e )\ < 0 then lim; ,, M(¢) = 0 and the process is subcritical.

2.3.3 Transience of the Non-Zero States and the Extinction
Probability

Harris [9] has shown that the Galton-Watson process is imbedded in the continuous-

time Markovian branching process. Since all the non-zero finite-particle states of the
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Galton-Watson process are transient, this implies that all the non-zero finite-particle

states of the ctMBP are also transient and as a result,
P[tlirglo Z(t)=01=1- P[tlirglo Z(t) = o). (2.3.20)

Define the probability of extinction at time ¢ to be
q(t) = P[Z(t) = 0|2(0) = 1] = F(0,t). (2.3.21)

It is not hard to see from the definition of F(s,t) that ¢(t) is a non-decreasing

function of t. From the Kolmogorov backward equation (2.3.10) one obtains,

Za(t) = ula®)) (2.3.22)

with initial condition q(0) = 0. It is shown in [2] that ¢ = lim;_,o ¢() is the minimal
non-negative solution of

u(s) = 0. (2.3.23)

2.4 The Continuous-Time Markovian Multi-type

Branching Process

2.4.1 Definition

Having discussed the Galton-Watson and the one dimensional continuous-time Marko-
vian branching process we are now in a position to introduce the continuous-time
multi-type Markovian branching process (ctMMTBP). The main point of difference
between this process and the one dimensional process, is that there are now n dif-
ferent particles types as opposed to only one type in the ctMBP.

We shall follow the development in Athreya and Ney [2]. Suppose we have a
process with n-particle types, each particle of type ¢ € {1,...,n} has a life-span
that is exponentially distributed with mean 1/a;, and upon its death will produce

offspring of the n-types with distribution p® (jy, j2, ..., jn), where jp € {0} U Z*



CHAPTER 2. BRANCHING PROCESSES 16

represents the number of particles of type k € {1,...,n} that will be spawned. The
particles upon their birth evolve independently of each other and of the past.
The offspring probability generating function given that the process begins with

one particle of type 4, for i € {1,2,...,n}, is

fO(s1,89,...,8,) = Z D1, day oy Gn) S SR . Sm (2.4.1)
J1,J2,0dn 20

We say that the process is singular if the generating functions (2.4.1) only consist of
terms that are linear in s; for all ¢ € {1,...,n}. We call a branch point a singular
branch point, if an i-type particle transforms into a j type particle, for i # j. A
binary branch point occurs when a particle of type ¢ terminates and spawns two
daughter particles of types j and k, for any 7,k =1,2,...,n.

Let 5 = (J1,---,Jn) and ¢ = (41,...,1,) denote two vectors such that ji,ux €
{0y UZ* for all k € {1,...,n}. Let Z%(t) = (Z(t),..., Z(t)) be the number of
particles of each type at time ¢ given that the process began with ¢ particles at time
0. Let P(t,7;t) be the probability that a process beginning with ¢ particles at time
0 will have j particles at time ¢t. The generating function is given by,

Fi,s;8) =E[s7 . 520 = 3 P@,git)s] st (2.4.2)

Je{oyuzt)"

where 8 = (s1,...,8,) and ({0} UZ™')" is the n-fold cartesian product of {0} UZ™.
For ease of exposition we henceforth denote slzi1 @ sTZl’i‘n ® by gZ'(®)

Let e; be the vector with one in the i-th component and zero in the other
n — 1 components. Let Z;(t) be the number of particles of type ¢ present at time
t. Due to the independence of the evolution of each of these particles, each particle
initiates another multi-type branching process. Therefore, let ZJ’-C ’i(T) be the number
of particles of type 7 that are generated by the k-th particle of type 4 in a time interval
of length 7. The total number of particles of type j that are present at time ¢ + 7

is given by the sum of the type j particles generated by the Z;(t) particles at time
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t for all i =1,2,...,n. As a result, the total number of particles of type j are

’H,Zz

Zi(t+7) = E:E:Z“ (2.4.3)

=1 k=1

In terms of the generating functions of the particle distribution, equation (2.4.3) can
be written as
F(s;t+7) = F(F(s;7);t), (2.4.4)
where F(s;t) = (F(ei, s;t),..., F(en, s;t)) and
Fl(e;, s;t) = B[sZ )],

The Kolmogorov differential equations play an important role in the theory of
Markovian processes. For the case of the ccMMTBP both the forward and backward

equations were first derived by Sevastyanov [32]. The forward equations are,

g (e;, s;t) Zu(’“ —F (e;, s;t), (2.4.5)
where

u®(s) = a;[f9(s1,...,8n) — 5il, (2.4.6)
for all i € {1,2,...,n}. Sevastyanov [32] cleverly derived the Kolmogorov forward

equations using a probability generating function approach.

The backward equations are given by,

0 k .
EF@maw=MHF@@L (2.4.7)

for all k € {1,...,n}. The backward equations have a simple physical interpre-
tation, and consequently they can be derived in a more intuitive fashion than the
forward equations. We shall use the argument as presented in [5]. Let the process
commence with one particle of type k. The lifetime of this particle, T', is exponen-
tially distributed with parameter, ag, thus Py(T" < t) = 1 — exp(—axt). Now by

conditioning on the lifetime of the particle we have,

t
Fl(ey, s;t) = E[sZ™ (t)|T > t] exp(—axt) —|—/ ]E[szek(t)lT = x]ay, exp(—axx)dz.
0
(2.4.8)
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The first term in equation (2.4.8) represents the situation where the original particle

has not yet died, as result it is the only particle in the process, and therefore
]E[szek(t)‘T > t]exp(—axt) = s exp(—axt). (2.4.9)

The second term of equation (2.4.8) represents the situation where at time T' = z <
t, the initial particle dies and generates j new particles. In the remaining time ¢ —z,
each of the j new particles (spawned from the original k-type particle) generate

their own ¢tMMTBP. Thus,

E[sZ™® T =12] = Zp(k) (§)F (e, s;t — x)* ... F(en, 8;t — x)'
J
= fO(F(s;t—12)). (2.4.10)
Substituting (2.4.9) and (2.4.10) into equation (2.4.8) we obtain

F(ey, 8;t) = s, exp(—axt) + /t f®(F(s;t — 1)) ar exp(—axz). (2.4.11)
0
If we multiply through by exp(axt), we obtain,
F(ey, s;t) exp(axt) = s + /Ot fO(F(s;t — 7)) ax expla(t — x))dz. (2.4.12)
Now changing the variable of integration from x to u =t — x we obtain,

F(ey, 8;t) exp(axt) = s5 + /Ot f) (F(s;u))ay exp(agu))du. (2.4.13)

Finally differentiating equation (2.4.13) with respect to ¢, using the Fundamental
Theorem of Calculus and then multiplying through by exp(—axt) we obtain the

Kolomogorov backward equation,

0 b .
EF(ek’ s;t) = uP [F(s;1)], (2.4.14)

for all k € {1,...,n}.
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2.4.2 Non-Explosiveness and the Mean of the Process

The process is not explosive, that is, regular, [2] if

Hf®

e o, (2.4.15)
9sj |s—e

for all 4,5 = 1,2,...,n, where e is a vector of ones of the appropriate dimension

and two vectors are considered equal to each other if all their components are equal.
In other words, the process is non-explosive if the expected number of particles
of any type j given that a birth occurs from a particle of type ¢ is finite for all
,j=1,2,...,n.

The condition (2.4.15) can also be shown [2] to imply that

mi;(t) = E[Z;(t)| Z(0) = e;] < oo. (2.4.16)

Let the matrix of the expected number of particle types at time ¢ be denoted by
M(t) = {my®)|i,j =1,...,n}. From equation (2.4.4) it is easy to show that M (¢)

satisfies the semi-group property [2], namely
M(t+u) = M@)M(u), (2.4.17)
for t,u > 0, and from equation (2.4.14) to show the continuity condition,

lim M(t) = I, (2.4.18)

t—0

where I is the nxn identity matrix. Now (2.4.17) and (2.4.18) imply that there exists
a matrix A [2] which is the infinitesimal generator of the semigroup {M(t)|¢t > 0}
such that

M (t) = exp(At). (2.4.19)

Each element of the matrix A, say A;;, can be interpreted as being the average rate
at which a particle of type 7 gives rise to particles of type j. In other words, A;; is

given by the rate, a; at which a particle of type ¢ gives birth multiplied by the mean
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number of particles of type j that are a created by that initial type ¢ particle. Thus

we write, A;; = a;b;; where

(1)
by — 7 Gl I (2.4.20)
0s;  lg-e
where
1 ifi=j
8 = . (2.4.21)
0 ifij

-The process is called positive regular if there exists some ¢ = ¢y, such that
mi;(to) > 0 for all i,j. From the theory of positive matrices [31] there exists a
strictly positive eigenvalue p(ty) of M(%y), called the Perron-Frobenius eigenvalue,
which has the property that any other eigenvalue p of M (tg) is such that |p| < p(to)
and the algebraic and geometric multiplicities of the Perron Frobenius eigenvalue
are both one. The eigenvalues of M(t) are of the form, exp(\;t) for i = 1,2,...,n,
where for all 4, \; are the eigenvalues of the matrix A. Both M (¢) and A have the
same eigenvectors. Now let A; be such that p(to) = exp(Aitg). Consequently, A; is
real and \; > Re()\) for all A\, =2,3,...,n, [31].

2.4.3 Transience of the Non-Zero States and the Extinction
Probability

The proof of the transience of the non-zero finite states and of the extinction proba-
bility are well known and relatively simple for the discrete-time multi-type branching
process (also known as the Galton-Watson multi-type branching process) [9]. With
minor modifications these proofs carry over to the continuous-time Markovian multi-
type branching process [2, 9]. Thus, if the continuous-time Markovian multi-type
branching process is positive regular and non-singular, all states with a finite number
of particles are transient. Hence with probability one all realizations of the process
will either eventually become extinct or the total number of branches will tend to

infinity [2].
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Let ¢ be the probability that the process beginning with one particle of type
i will eventually become extinct. Let ¢ = (¢, ...,¢™). It can be shown [2] using

the backward equation (2.4.14) that g is the minimal non-negative solution of
u(s) =0, (2.4.22)
where u is given by equation (2.4.6). This is equivalent to the condition [9]

q= f(q), (2.4.23)

where f is given by equation (2.4.1), for the discrete-time case. In fact, one can
show, as Harris [9] did for the discrete-time case, that the solution q is either equal
to e, or all its components must be strictly less than one. Similar arguments may
be used for the continuous-time case [2]. Consequently, if Ay > 0 then q < e
componentwise and if A; < 0 then g = e. The process is then called sub-critical,
critical or super-critical depending on whether ), is less than, equal to, or greater
than zero respectively.

In the discrete-time super-critical case, Harris [9] has shown that if the process

is positive regular and non-singular, then

where q, is any starting vector in the unit cube of appropriate dimension and
fn(8) = f(f,_1(s)). This provides an algorithm for solving for the probability
of eventual extinction of the process. In Chapter 8 we derive an algorithm that
utilizes a similar equation to equation (2.4.24) and then develop another algorithm

which converges to q in a significantly more efficient manner.



Chapter 3

Models of Macroevolution

3.1 Introduction

As already stated in Chapter 1, one of the fundamental problems facing evolutionary
biologists is to explain the diversity of life found on earth [22]. Attempts at providing
solutions to this problem should in principle provide some level of understanding of
the factors that have influenced diversification during evolutionary history. The
macroevolutionary manifestation of these factors results in changes in the rates of
speciation and extinction of species [11, 22]. The consequence of this, as Mooers and
Heard [22] stated in their review article, is that “most biological taxa have arisen by
a branching process of descent with modification”. In the context of developing a
suitable model to attempt to describe the macroevolutionary process, this statement
implies that a multi-type branching process provides a useful starting point, a point

to which we shall return.

3.2 Phylogenetic Trees: Species Relationships

The relationships between species in evolutionary history are represented pictori-
ally by a phylogenetic tree. Phylogenetic trees are constructed using information

that is obtained from observational data. This data, may be genetic or paleaonto-

22
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logical for instance. Since this data is incomplete, phylogenetic trees can only be
inferred. These inferred trees may or may not represent the underlying actual tree,
the structure of which cannot be known [22].

A phylogenetic tree consists of a root node, internal nodes, leaf nodes, internal
branches which connect two internal nodes, or which connect the root node to an
internal node, and leaf branches that connect one internal and one leaf node, or
connect the root node to the leaf node if the tree has only one branch. The lengths
of the branches in well constructed phylogenetic trees should in principle represent
the age of the species. Figure 3.2.1 depicts a hypothetical phylogenetic tree for
extant species A, B,C, D, E, F,G and extinct species a,b and ¢. Based on Figure
3.2.1 one could conclude that species A and B are more closely related to each
other than say A and C. Furthermore, one could infer that A and B should be less
related to each other than say F' and G since F' and G diverged at a later time. In
practice, such inferences should be made with caution, because the true tree with all
extant and extinct species and correct branch lengths is not known. In fact, there
is seldom enough information to be able to accurately include the extinct species in
the analysis.

There are a number of statistical and practical problems associated with the
reconstruction of phylogenetic trees. For a review of these consult [22]. How-
ever, despite these possible problems, phylogenetic trees can provide insight into

the macroevolutionary process.

3.3 Tree Topology

The topology of a tree is defined [22] to be the branching pattern of that tree when
the lengths of the branches and the labels of species at the leaves are ignored. Thus,
any tree can be drawn in a topological fashion if all the branch lengths are made
equal; this is depicted in Figure 3.3.1. Trees A and B are topologically identical,
the only difference is that the branches of tree A have varying lengths whereas the
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Figure 3.2.1: A hypothetical phylogenetic tree

branches of tree B have identical lengths. The branch lengths of a tree represented

topologically do not reflect the ages of the branches.

-

(Branch lengths and topology)

.

|

Tree

_ll__l
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[T T

Tree B
(Topology only)

Figure 3.3.1: Two representations of the same tree

The topology or shape of a tree conveys information regarding the positional

relationships between species. The topology can also provide information on the
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propensity for speciation or extinction. The driving forces behind speciation or
extinction are likely to be complex and varied, for example, some may be biogeo-
graphical others may be genetic [12, 22]. The consequences of these macroevolu-
tionary driving forces is that the shape of the subtrees differ; as a result the tree
is imbalanced. Imbalance can be quantified and there are a number of measures of
imbalance, each one with its own interpretation [4, 15, 22]. Nonetheless the more
imbalanced a phylogenetic tree is, the more varied the rates of speciation and ex-
tinction in different parts of the tree [22]. Changing conditions at different physical
locations influence speciation; evolution may either “speed up”, “slow down” or
cease altogether in these locations.
T, ‘ i

N e

T

Figure 3.3.2: A tree with varying speciation rates

For example, consider the topology of a phylogenetic tree where the left subtree
undergoes speciation much more rapidly than the right subtree. An example of such
a tree is given in Figure 3.3.2. We have labeled the left subtree 7, and the right
subtree 7;. The subtree 7, has undergone many more speciation events than subtree
T, illustrating that varying speciation and extinction rates can have dramatic effects
on the topology and hence the imbalance of a tree. The greater the variation in
the rates of speciation and extinction within different parts of the tree, the more

imbalanced the tree will be. The topology of the tree thus conveys information
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about the historical macroevolutionary process.

There has been considerable interest in studying the imbalance generated by
different probability models of tree generation [1, 4, 8, 10, 11, 12, 15, 22, 26, 30]. A
model of macroevolution provides a probability measure on the space of tree shapes.
As a result some macroevolutionary models may predict more balanced topologies,
whereas others might predict less balanced topologies.

To conclude this section, we define the concept of topological isomorphism. Two
trees are topologically isomorphic if by a suitable interchange of the left and right
branches at each node those two trees can be made identical. The trees depicted
in Figure 3.3.3 are topologically isomorphic since the first tree can be transformed
into the second tree by interchanging the left and right branches at nodes 0, 1, 2, 3,
and 4.

N s

Figure 3.3.3: Two topologically isomorphic trees

Note that in this thesis any two topologically isomorphic trees are considered as
having distinct topologies. Whereas in [22] any two topologically isomorphic trees
are considered as having the same topology. Furthermore, there is a subtle difference

in the use of terminology, what we call a topology is called a tree in [22] and [30].
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3.4 A Labelling System for Binary Trees

We define three types of nodes for a binary tree (or for a general tree):
e internal nodes, also called branch points,
e extinct leaf nodes, and
e unstable leaf nodes.

The reason why we have chosen to use these three nodes types is due to the fact that
a significant portion of this thesis is concerned with demonstrating that the models
of Pinelis [26], who utilized this particular choice of node types, is encompassed
by the macroevolutionary model that we propose in Chapter 5. As a result, it is
necessary to go through and define branch types and nodes types in more detail.
An internal branch is defined to be a branch that has completed its evolution
and is not a leaf branch. An extinct branch is a leaf branch that has completed its
evolution. An unstable branch is defined to be a branch that has not completed its
evolution. Thus an unstable branch will either generate a new daughter and become

internal or it will become extinct.

time ‘
t: san

Figure 3.4.1: An example of the evolution of an unstable leaf node.
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Internal nodes, also known as branch points, have a fixed position in the tree
and do not change as the tree evolves and their name suggests they are neither leaf
nodes nor root nodes. An extinct leaf node is the node that is at the end of an
extinct branch. The position of an extinct leaf node is fixed it does not change as
the tree evolves. The best way to explain an unstable leaf node is to consider Figure
3.4.1. In this figure we depict a single branch. This branch is depicted at three
different times, ¢, to and t3. Since the branch is evolving, the position of leaf node
N alters from t; to ty and finally to ¢3. At time t3 the branch becomes extinct and
the position of the leaf node is finally fixed and it becomes an extinct leaf node.
Thus an unstable leaf node is not fixed whilst a branch continues to evolve but it
becomes fixed if the branch undergoes a branch point and becomes an internal node
or if the branch becomes extinct the node becomes an extinct leaf node.

From a topological viewpoint however, the single branches in Figure 3.4.1 are all
identical, it makes no difference that the unstable node, N, was not fixed up until
time ¢3.

Here and throughout, we encase the labels of nodes in square brackets to ensure
that each node can be recognized without ambiguity. We begin labelling from the
[0] node. This node is either the unstable leaf node of the root branch, the extinct
leaf node of a single branch tree, or the first internal node of a tree that has at least
two branches. We later give a label to the root node, which is the parent node to
[0]. Suppose that [¢)] = [0,41,...,%m]), Where iy, ..., i, € {0, 1}, is a node of a binary
tree. Let |¢o| = m 4 1 be defined as the depth of the node [¢)]. The node that is
connected to the left of 1], called the daughter node, is labelled,

[,0] = [0,%1,...,%m, 0],

whereas the node that is connected to the right of [¢], called the parental subnode
of [¢], is labelled by
[¢’ 1] B [O7i1a + aima 1]
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As a matter of correct terminology, the parent node of [¢)] = [0,4y, ..., 4] is always
that node that is at a depth of m with label [0,41,...,%, 1] and all nodes, [¢, e,
where ey, is an 1 X k row vector of ones, are the parental sub-nodes of [¢)] provided
that these nodes exist. Figure 3.4.2 depicts a binary tree topology with all its nodes

labelled.
0

L
0.0, 0,1
\ /
0.Q.1 | 01,0 0,1,1
| \ 0.1 n,(h _ /

o [\ (]

0111
0,1,1,0
.1,0,1
/
0,0,1.0,0 0.0,1,1 0,1,0,0,1
0,1,0,0,0

0,0,1,0,1

Figure 3.4.2: An example of the labelling of a binary tree.

Once again, let [¢)] = [0,41,...,%,] be any node except for the root node of a

binary tree. The function o has the following action on [¢],

al) = 10,41, ..., bm-1],

that is, a(e)) is the parent node of [¢)]. We hence label the root node of a binary
tree by «(0). The function 6, on the other hand, acts on any internal node, [¢], or
the root node a(0) so that,

0(4) = [, 1],
and

0(a(0)) = [0].
Suppose that [)] = [0,41,...,%y] is a node of a binary tree. The branch segment

between the nodes [¢] and [¢), %,,41] is represented by,

([1/1]7 [¢: im-l-l])’
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where 7,411 € {0,1}. Consider the branch ([« ()], [¢]), then,

e if the branch is extinct, we write ([a ()], [1]), and also write [)]® to denote
the extinct leaf node of that branch,

e if the branch is internal, we write ([a(1)], 1)), and also write [¢)]® to denote

the internal node of that branch, and

e if the branch is unstable we write, ([a())], [1])™ and also write [/]™ to denote
the unstable leaf node of that branch.

If a branch type is unimportant we do not specify a superscript.
Let 7 denote the topology of a binary tree. If [¢] is any internal node of a tree
of this topology, 7, then the tree of topology, /wa]’ based on node [9)] can be written

as the ordered set,
Ty = { (@), DY, Ty, Ty}

where 7;,  and ,Zfzﬁ,l] are the topologies of the daughter and parental subtrees whose

[+,0]
first internal branch points occur at nodes [¢,0] and [¢, 1] respectively, and for a

single branch topology that is extinct we have,

Ty = {([a(@)], W)},

or for a single branch topology that is unstable we have,

Ty = {([(®)), [¥)™}.

We say that ’TM is the parent tree of the daughter, 711/1,0]’ and parental, 7}1/),1]
subtrees. Consequently, at a branch point, say node [¢], the branch ([¢], [¢,0]) is
refered to as the daughter branch and the branch ([¢], [¢,1]) is refered to as the
parental branch.

Having discussed internal, unstable and extinct nodes we wish to introduce one
more node and branch type, called a quasi-stable node and a quasi-stable branch [26].

A quasi-stable node can be thought of as being similar to an unstable node, except
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for one important difference, a quasi-stable node can never become an internal node
or an extinct leaf node, therefore once a quasi-stable node is formed, that portion of
the branch becomes a non-extinct leaf branch so the node is never fixed. We denote

a quasi-stable node by [¢]? and a quasi-stable leaf branch as ([a(v)], [¥])4.

3.5 Macroevolutionary Models

One of the aims of the biologist is to decipher the possible causes of rate variation
and to understand how each leaves its “footprint” on macroevolution. The develop-
ment of stochastic models of the macroevolutionary process may shed some light on
the manner in which such complex systems have evolved over time. Models that act
as good starting points must have the flexibility to account for any of the myriad
possible tree shapes that have been inferred from biological and/or paleontological
evidence. However, due to the complexity of the macroevolutionary process a bal-
ance needs to be found between the need to provide a sound underlying biological
basis and the need to provide algorithmic tractability. To attempt, a priori, to in-
clude all the known macroevolutionary factors into one model would prove to be
intractable.

Branching processes and in particular multi-type branching processes have been
utilised in biological applications for some time [14]. Mooers and Heard [22] and
then Aldous [1] proposed the potential use of a cctMMTBP in a macroevolutionary
context while Pinelis [26] developed a model called the multi-rate model (MR) which
was based on the cctMMTBP. One of the major drawbacks to using the ctMMTBP
in a modelling context follows from the fact that there seems to be an insuflicient
number of numerical algorithms from which to calculate the useful measures of the
model [5]. In fact the major problem with using the MR approach of Pinelis lies in
the fact that there are no reasonable algorithmic approaches except for the simplest
of model types. Dorman, Sinsheimer and Lange [5] have identified this problem and

provided a step in the right direction. They considered a ctMMTBP with Poisso-
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nian immigration and numerically integrated the Kolmogorov backward differential
equations. They then applied a finite Fourier transform to obtain the marginal dis-
tributions for the generating functions of the probabilities of particle numbers and
immigrant particle numbers. As a result, they were able to calculate the mean and
variance of particle numbers, and determined numerically the probability of extinc-
tion at time ¢. Dorman, Sinsheimer and Lange [5] found that in the supercritical
case, as time gets large, the algorithm for determining the probability of extinction
failed [5].

The remainder of this chapter is devoted to discussing some general probability
concepts for tree topologies in Section 3.6, followed by a more in depth look at tree
topological properties in Section 3.7, and then an introduction to Colless’s measure
of imbalance in Section 3.8. Section 3.9 reviews one of the simplest and most studied
branching models, the birth-and-death model. In Section 3.10 the proportional-to-
distinguishable arrangements model (PDA) is also reviewed, and we show that the
subcritical birth-and-death model generates the PDA model. Finally, in Section
3.11 the most complex model to date is discussed, the multi-rate model, which is a

continuous-time Markovian multi-type branching process [26].

3.6 Probability Measures and Tree Topology

The state space in which most branching processes are studied is the non-negative
integers for one-dimensional branching processes, or the space of n-dimensional vec-
tors with non-negative integer components for n-dimensional branching processes
[2, 9]. However, since we wish to model the macroevolutionary process, such state
spaces are not the most useful or insightful. As emphasized previously, the topology
of phylogenetic trees reveals much about the underlying macroevolutionary pro-
cesses. Consequently, having a process on the space of particle numbers is not
nearly enough, we need to be able to keep track of the history (lineage) of all the

particles in a branching process if we wish to use it as a model of macroevolution.
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Knowledge of the history of the particles allows us to map the realization of the
process to the space of tree topologies. Thus, instead of analyzing branching pro-
cesses on the space of positive integers we shall analyze branching processes in their
more natural format: on the state space of tree topologies which we denote by T.
The classical branching process framework can always be recovered by counting the
number of leaf branches of a topology.

To be more precise, in this alternative framework, the evolution (ageing) of a
particle traces out a branch of the tree whose branch length is the age of the particle
since birth. In any realization of the process, a particle may die or give rise to
new particles. If this particle gives birth to new particles we consider this parental
particle as still remaining alive. As a result, each realization of the branching process
for all times generates a tree whose branch lengths are dependent on the ages of all
the particles. However, we are not interested in all this information, but rather
the topology of the tree as it evolves. We recover the topology of the tree by
applying a mapping from the space of trees to the space of tree topologies. Denote
this mapping by M. This mapping is a many to one mapping since there are an
uncountably infinite number of trees that all have the same topology but differ only
in their branch lengths. Note that as time evolves the space of topologies, T, is

exactly the same. What changes is the set of trees that map to each topology in T.

3.6.1 Branch Types and Associated Probability Measures

There are three important generic branch types that play an important role in what

follows. These three generic branch types are
1. extinct branches
2. unstable branches, and

3. quasi-stable branches.
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Let us explain each one in turn. An extinct branch is generated when a particle dies,
that is, it ceases to evolve. An unstable branch is generated whilst a particle is still
actively evolving and capable of either giving birth to new particles or becoming
extinct. A quasi-stable branch is generated when a particle is not extinct but is
unable to give birth to new particles. The use of the terms unstable and quasi-stable
is borrowed from Pinelis [26]. This concept of a quasi-stable branch type (particle
type) is crucial to the modeling in Pinelis’s paper [26] on the Multi-rate model which
we discuss later. From here and throughout we shall refer to branches and particles
interchangeably.

We can define different forms of the mapping M depending on the branch types
that interest us. Recall, that the mapping M disregards branch length; this is still
true of the variant mappings that we discuss here. The mapping that gives us the
topology of a complete tree for any ¢ is denoted by M?® = M. The mapping that
gives the topology of the extinct portion of a tree for any ¢ by pruning all branches
except for extinct ones is denoted by M¢€. The mapping that gives us the topology
of the unstable portion of the tree at any time ¢ by pruning all branches except for
unstable ones is denoted by M*. The mapping that gives us the topology of the
quasi-stable portion of a tree at any time ¢ by pruning all branches except for quasi-
stable ones is denoted by MY. It is important to note that all these mappings map to
the same space T independent of branch type. However, so that no ambiguity arises

when discussing certain models or the trees that are generated by those models,
e if 7 is the topology of the entire tree, we write 7,
e if 7 is the topology of the extinct portion of a tree, we write 7°¢,
o if 7 is the topology of the unstable portion of a tree, we write 7%, and
e if 7 is the topology of the quasi-stable portion of a tree, we write 79,

The branching process models that we analyze are continuous time models and so

the topology to which a tree is mapped will change in time. To illustrate this point,
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Time

A
N

Figure 3.6.1: Same number of branches at different times does not mean topology

is the same

consider the tree depicted in Figure 3.6.1 . This tree has evolved until time ¢ = z.
This tree consists of unstable and extinct branches but no quasi-stable branches.
Suppose we wanted to know the topology of the tree at t = x. At ¢t = z there are
four unstable branches and no extinct branches. The topology of this tree is shown
in Figure 3.6.2. At t = y there are also four unstable branches, but between ¢t = x
and t = y four branches have become extinct. The topology of the unstable portion
of the tree at t = y is also depicted in Figure 3.6.2. Note that the topology of the
unstable portion of the tree at £ = y is not the same as the topology of the unstable
portion of the tree at ¢t = x, not because of differing branch lengths, but because
the actual shape of the tree at those two times is different.

We shall finish this section with a short discussion of probability measures. As

stated above, we think of the process as being a mapping from the space of realiza-
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T

Tree at time x

Tree attime y

Figure 3.6.2: Same number of branches at different times does not mean topology

is the same

tions, or tree histories at each ¢ > 0, to the space of fixed topologies and that for
each ¢t > ( there are uncountably infinitely many trees that map to a single topology.
Hence, the probability that a realization of the process has topology 7 at time ¢ is
given by the measure of the space of all trees of differing branch lengths that are
mapped to 7 at time ¢. In the remainder of the thesis we denote this probability by
p(T,t) = p(T%t) and we say that this is the probability that a tree has topology
7 at time ¢. The probability that the unstable portion of a tree has topology 7T at
time t is denoted by p(7™,t), and similar definitions apply for p(7%,t) and p(79,t).
In other words, because there are four different mappings from the space of tree
histories of the process to the space of tree topologies there are also four different
probability measures for the process. These measures are determined by what por-
tion of the tree interests us, whether it be the entire tree, the extinct portion, the
unstable portion or the quasi-stable portion. Thus the mapping from the space of
tree histories to the space of topologies is determined by the measure that is being
used. For example, we are interested in the measure for the unstable portion of
the tree and its associated mapping, M, then the probability that a tree will have
topology T at time ¢ is p(7*,t) and this is clearly not necessarily the same as the
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probability that that same topology has under one of the different measures. It is
important to also note that although the mapping removes all other branch types
except for the ones of interest in calculating the actual measure itself, knowledge of
the entire tree history remains important, and this will be evident when we discuss
the multi-rate model in later sections.

The size of a topology, 7 € T, is given by the number of leaf branches and is
denoted by I’T‘ So if ‘T| = s we say that 7 is of size s. Similarly,

° ’T“‘ is the size of the topology of the entire tree,

° |T6‘ is the size of the topology of the extinct portion of a tree,

° |’T“l is the size of the topology of the unstable portion of a tree, and
° ’T ‘1‘ is the size of the topology of the quasi-stable portion of a tree.

Denote the subset of T such that all 7 in this subset have |T| = s by T,. As
before, this space remains invariant to the mapping used, so that exactly the same
topologies are in T* regardless of whether we are interested in 7%, 7¢, T or T1.

For the remainder of this chapter let z € {a,e,u,q}. Let §%; be the space of
trees that at time ¢ are mapped by M?* to T,. The probability that a tree is in T,
at time ¢ is just given by the measure of the set S7;, that is, the measure of the
set of trees that are mapped by M? to T, which is denoted by p(!TZ| = s,t) for
simplicity. Furthermore, lim;_,q, p(‘Tz‘ = s,t) = p(|T#| = s). We will also denote
this probability by p(T?,t), where we place the superscript z on T, to denote the
fact that we calculate this under the measure that generates trees of type 2.

At this point it is worthy of note that most of the analysis that is to be performed
in this thesis is not a transient analysis, but instead the analysis is performed as
t — oo. In this regime, if the branching process model that generates the trees
is subcritical, then the tree consists, almost surely, of a finite number of extinct
branches, or of a finite number of extinct and quasi-stable branches. The branch

types that are present as t — oo should be clear from the context.
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3.7 Some Topological Concepts

Denote the set of trees that are topologically isomorphic to 7 € T by F(7). If
J € F(T) then F(J) = F(T). If the daughter and parent subtrees at node [¢] are
not from the same topologically isomorphic class, we say that node [¢] is an uneven
node. Let the number of uneven nodes in a tree of topology 7 be denoted by e7.

It is clear that er can be calculated [26] by

er = {F(Tq) # F(Tp 1)} + €1

[0,0]

+ 6']'[ (3.7.1)

0,1}’

where I{A} is the indicator function of the condition A, and if |T'| = 1 then, ez = 0.

If a tree of topology, 7, has ez uneven nodes, then there are 2°7 trees that are
topologically isomorphic to 7, that is, the set F(7") contains 27 trees. Figure 3.7.1
depicts the two distinct topologically isomorphic classes of size 4. Class 1 consists
of one tree because there are no uneven nodes, whereas, there are four trees in the

second class because there are two uneven nodes.

Class 1

17}
.

Class 2

Figure 3.7.1: The two topologically isomorphic classes of size four.

The set of topologies of size s, Ty, can be partitioned into its topologically
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isomorphic classes. These classes are disjoint, and span all of T,. Thus, if we let IF; ,
denote the i-th topologically isomorphic class, then Ty = {Fy4,...,Fr, o}, where T

is the number of topologically isomorphic classes, and is given, for s > 1, by

3 (Top2+ SITiT, ;) if s is even,

IS I T, if s is odd,

T, = (3.7.2)

with T} = 1; see [30] and references therein.
The topologically isomorphic set, IF; ; can be constructed by combining two topo-

logically isomorphic sets, F;; and Fy sy,

{([a(O)], [0])(i)7Fj,l’ Fk,s—l} U {([a(O)], [0])(1)’ Fk,s#? ]Fj,l} if ]Fj,l # Fk,s—la

{([04(0)], [0])(1')’ Fj,l’ ]Fk,s—l} if Fj,l . Fk,s—l’
(3.7.3)

for some j € {1,2,..., T}, and k € {1,2,...,Ts ,}.

This concept of topologically isomorphic class is of course a purely topological
concept. When the actual probability measure along with its associated mapping
is important, we will label topologically isomorphic classes to reflect this. In other
words, if the current measure and mapping generates trees of branch type z, we

label the topologically isomorphic class, IF; s by F7 ..

3.8 Colless’s Index of Imbalance

As we have stated previously, there has been considerable research performed on
gaining some understanding of the imbalance of phylogenetic trees through the pro-
cess of macroevolution. Measures of imbalance have therefore gained a prominent
place in the study of macroevolution [1, 11, 15, 22, 26] and the degree of imbalance
of a topology can be quantified using a variety of indices, see for example, [15]. The
one that has been most utilised is Colless’s index of imbalance I, [4, 22]. Consider
a topology, T of size |T‘ Colless’s index, I.(7), for T is the total of the absolute

value of the difference between the number of leaves of the daughter and parent
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subtree at each and every node. Let the space of internal nodes of, 7, be denoted

by Br. If [¢)] € Br, then, as before, the daughter subtree of [¢] is denoted by Tiy

and the parental subtree of [¢] is denoted by 115 Colless’s index of imbalance is
defined to be

I(T) = ) | Tyal = |Tpal]- (3.8.1)

PpeEBr

IUQL\‘

000 001 | 1~ 1] : [01.}{‘ C T 0000
i 40T E ] Y
] [0,1 0] ' Ir : I
--------------------------- :T L e )
E |0.010.0] : [0.4.0.1]
Thoo Tion i bmenaes )

Figure 3.8.1: Colless’s index of imbalance for two trees

We now calculate I.(7) for the two topologies depicted in Figure 3.8.1. The
daughter and parent subtrees at each node are labelled for both trees. Colless’

index of imbalance for the first tree is,

T) = Y ||Twal = [Tpal

PYEBT
= “T[o,oﬂ = |Toul| + “T[o,o,oﬂ = |Tpou|
‘2—2|+|1—1l+‘1—1‘=0,

+ “T[o,l,oﬂ =T,

Il
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and for the second tree I7 is,

L(T) = > |Twal = [Twall
YEBT

N “T[o,oﬂ = [To|| + “7[070,01\ = |Toou |‘ + ||7[0.0,0,01| = Zoo0m|
= [p=1|+ -1+t -1]-5

In fact, Colless’ index of imbalance ranges from zero for the most balanced tree to
OT‘ — 1) (|T‘ — 2) / 2 for the most imbalanced tree and so it can be normalised if
one wishes to do so.

Colless’s index of imbalance for trees can be calculated recursively from the
values of the two lower order tree shapes, namely the parent and daughter subtrees
at [0], thus,

I(T) = I(Tpq) + Ic(lzfo,l]) + s — 21|, (3.8.2)

where 1.(7, ) and I.(7), ;) are Colless’s indices of imbalance for the daughter and
parental subtrees at [0], with |T[0,0]' = [ and |’T[071]‘ = s—1 leaf branches respectively.
Let p(7%,t: |TZ| = 3) = ps(T*#,t) be the probability that a random tree has a

topology 77 at time ¢ conditioned on it having size s. We write,
ps(7T7?) = lim py(77,¢t).
t—+00

In addition, we denote the expected value of I for trees of size s by, EZ[I,,t] =

E*[1,, t|s], and define it by,

Ez[Icvt] = Z Ic(Tz)ps(TZat)' (383)

TzeTs
The value of EZ[I,, t] is dependent on the stochastic model of macroevolution. Since

we are mainly interested in the behaviour of the models as t — oo let,
EZ[I] = tlim EZ[I., ],
and so the expected value of Colless’s index of imbalance becomes

Ei L] = ) I(T%)ps(T%). (3.84)

T2€Ts
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From a computational point of view, these expressions require a summation over all
the possible topologies of a given size. We can simplify this expression by noting
that I.(77) is the same for all trees within a topologically isomorphic class. This
is not difficult to see, when one considers that topologically isomorphic classes are
related by rotations at uneven nodes, these rotations only interchange the daughter
and parent subtrees and so do not affect 1,(77%). Therefore the mean imbalance can
be re-written in terms of topologically isomorphic classes. Let I.(IF; ;) denote the

imbalance of each of the trees in IF; 5, then we can re-write the mean imbalance as,

Ts
B[] = ) I(F:,)ps(F%,), (3.8.5)
i=1

where, p,(F?,) is the conditional probability as ¢ — oo that a tree is mapped to
77 € I}, given it has size ‘Tz| = s. Written in this way, the sum is not over
all topologies but over all topologically isomorphic classes of a given size and so is

computationally more efficient.

3.9 Birth and Death Model

One of the simplest models of macroevolution is the birth-and-death model (BD).
This model has been studied extensively in the probability literature in a wide range
of contexts. In the context of macroevolution, it is a common assumption [1, 22, 26,
30] that the rates of speciation and extinction for all the branches are the same. In
this case the model is called the equal rates Markov model [1, 8, 10, 26, 30]. However,
we shall always refer to it as the constant-rates birth-and-death model (cxrBD) since
we believe this to be a better description of the process. Under this assumption the
qualitative evolution is such that any branch of the tree has probability Adt of giving
birth to a daughter branch in a time interval dt and probability udt of becoming
extinct in a time interval dt, independently of the rest of the tree.

The crBD model has only two types of branch states, a branch is either unstable

or extinct. We partially follow the analysis of this model as is given in [26, Appendix



CHAPTER 3. MODELS OF MACROEVOLUTION 43

A]. In [26, Appendix A] the topology of a tree is given by only the unstable portion
of that tree; all the tree’s extinct branches are therefore pruned. Let p9@) be the
probability that a time ¢ there are no unstable branches. Note the use of the empty
set symbol to denote that such a tree has no topology since there are no unstable

branches. The probability that a tree will be extinct by time ¢ is given by,

p(0,t) = /t pexp ( — (A + p)z)ds + /t Aexp (— (A + w)z)p(®,t — 2)p(0,t — z)dz.

' ) (3.9.1)
This equation can easily be understood by noticing that a tree will become extinct if
the parental branch, ([a(0)], [0]) becomes extinct within (0, ] before undergoing any
births, or that there is a birth at node [0] at time z and the daughter and parental
subtrees both subsequently become extinct by time ¢.

Now the probability that no events occur by time ¢, and so the tree consists of
only a single unstable branch ([a(0)], [0])), is given by, exp ( — (A + u)t). However,
there is an extra term which is due to the application of the mapping M*, so that
if any branch point occurs where one branch becomes extinct by time ¢ then it is
pruned and therefore the tree retains a one unstable branch topology. Therefore the
correct probability that a tree will have a topology consisting of only one unstable
branch by time ¢ is given by,
p(‘T“| =1,t) = exp (—()\+u)t)+/t A exp (—()\+u)x)2p("1'“| =1,t—z)p(0, t—x)dz.

J 0O

More generally, the probability that a tree commencing from [« (0)] will be mapped
to a topology 7" that has "T“| > 2 at time t is

p(T"t) = /Ot Aexp (— (A + p)z) (2p(’]'“,t —z)p(0,t — z)

+p(71(1)£,0]7t - x)p(,zig,l]at - x))dm, (392)

where 7{3,0] and ’ZR)‘ ) are the topologies of the daughter and parental subtrees com-
mencing from node [0]. Equation (3.9.2) has the following interpretation: at time

0 the tree begins at, [«(0)], and in the interval (x,x + dx) the root branch under-
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goes a birth with probability Ae=*#)2dz. From this branch point there are two

possibilities:

1. in the time interval t—x one of the daughter or the parental branch can become

extinct while the other evolves into a tree with topology 7%, or

2. in the time interval ¢ — x the daughter branch eventually evolves into a subtree
that has topology 7&?0] and the parental branch evolves into a subtree that
has topology ’ng 1 The daughter and parental subtrees evolve independently.

Due to the independence of the evolution of the parent and daughter branches in
both cases, the probability of each of these two scenarios is just the product of
the probability of each of the individual topologies, that is, 2p(7%,t — z)p(0,t — )
and p(?fg,o],t — w)p(’]f&l],t — x). We then integrate z from 0 to t as the original
branch point can occur at any time in that interval. Thus the probability of a tree
having topology 7 at time ¢ can be determined recursively from the lower order
tree probabilities using equation (3.9.2).

Harding [8] studied the case of the pure birth process (where p = 0) by consid-
ering the embedded process only at birth points. He showed the probability that a
tree of size s belongs to the topologically isomorphic class F(7") is given by

o {F(7g o)#F(Tf5 1)}

p(F(T")) = 1 P(F(Tga))p(F(T5y)), (3.9.3)

where F(7;g) and F(7g ;) are the corresponding topologically isomorphic classes
for the daughter and parent subtrees at node [0], respectively.

Pinelis [26, Appendix A] tried to prove that this relation still holds in the tran-
sient crBD model. To show that equation (3.9.3) was valid in this regime, he first
wished to show by induction that a random tree, commencing with one branch,

evolves into a topology 7" of size ’T“| = r by time ¢, with probability

p(T* 1) = w(T)p(T%, £). (3.9.4)
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Pinelis made the assumption that the factor x(7*) obeyed the following equation,

”(7{&0])“(718,1])
74 -1

K(TY) = (3.9.5)

with x(7T%) =1 if ‘T“] = 0 or 1. Pinelis then assumed that equation (3.9.4) is valid
for all topologies with sizes less than s. To show that equation (3.9.4) was valid for
T of size s, Pinelis substituted p(7™,¢) from equation (3.9.4) into equation (3.9.2)

to obtain,

ST = [ e (= -+ o) (2007 £ g0t~
+p(Tg b — 2)p( Ty t — ) ) do
— /Ot Aexp (— (A + p)z) (2/@(7“);0(’]1‘;‘, t—x)p(0,t — z)

(TP ¢ — @) R(T (T, t — o) )d,

(3.9.6)

where the daughter, ’ZE&O], and parent, ’1{5"1], subtrees at node [0] are of sizes k and
s — k respectively. The flaw in going from equation (3.9.2) to equation (3.9.6) is

that in equation (3.9.6) Pinelis used
p(T* 1) = s(T*)p(T5, 1), (3.9.7)

on the right hand side, which was exactly what he was trying to prove. He assumed
it to be true on the right hand side in order to eventually show that it is true on the
left hand side. It is our purpose to show rigorously that equation (3.9.4) is indeed
the solution to equation (3.9.2).

Theorem 1 If, p(T"%,t), given by equation (3.9.4) is a solution to equation (3.9.2)
then k(T™) must satisfy,

H(T[ff,o])’@(T[g,l])
7 -1

K(T") = (3.9.8)

with £(T") =1 if |T*| =0, 1.
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Proof : We begin the proof by assuming that p(7*,t), given in equation (3.9.4)
is a solution to equation (3.9.2) and then showing that x(7*) must satisfy equation

(3.9.8). Consequently, substituting equation (3.9.4) into equation (3.9.2) gives,

ST = [ Ao (= Ot we) (2R(T(T - 2)plBt— )

0
(T P (T = DT p(TE .t — ) ) do

(3.9.9)

At this point we cannot simplify the right hand side any further.
As has been stated earlier, the probability that a random tree will have size s
at time ¢ is p(T¥,¢). Hence by the same argument as that used to derive equation

(3.9.2), we have

pT5) = [ Aew (= Ok w)a) (30,6~ (T, ¢

s—1
+ 37 p(Ty,t — 2)p(Te t — x))da:. (3.9.10)
=1

One can find the exact expressions for p(T%, t) in [26, Appendix A], where the original
derivation of these equations was given in [13]. Using these exact expressions in [26,

Appendix A], one can easily deduce that the product of p(T¥, t—x)p(T*

s—»

t—x) is the
same for all [ € {1,2...,s — 1}. Consequently, we choose some k € {1,2...,s— 1}

and equation (3.9.10) becomes

p(T¢t) = /Ot Aexp ( —(A+ u)m) (2p(0, t—x)p(Te, t — x)
+(s — 1)p(T¥, —2)p(T¥_, , t — x))d:v. (3.9.11)
Multiplying the above equation by x(7T") gives,
ST = W) [ Aexpl-(nt i) (2000, — a)p(TE 1~ )
+ (s —1)p(T,t — z)p(TY ., t — x))dm

If we subtract the above equation from both sides of equation (3.9.9) we obtain,

/0 Aexp (—(A+p)z)p(TY, t—z)p(TY_,, t—x) (n(’]fo,o]u)/-c(’lfojl]u)—m(’]’“)(s—l))daz = 0.
(3.9.12)
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Since the exponential function is always greater than zero, and p(T¢, t —x)p(T%_,, t—

x) is non-zero, (otherwise only extinct trees would be possible), we have that
w(Too)k(Toqy) — K(T*)(s — 1) = 0. (3.9.13)

Re-arranging the above equation then gives us equation (3.9.8). Furthermore, x(7T")

is well defined, since

T" = {([O&(O)], [0])(i)’ IZI(T)L,O]’ 7{(1';,1]}’ (3'9'14)

is the unique representation of 7.
Finally, equation (3.9.2) is the integral form of the Kolmogorov backward equa-
tion, and therefore has a unique solution, so the solution to equation (3.9.2) given

by equation (3.9.4) subject to equation (3.9.8) is the unique solution. [

Remark 1 Suppose that T and 1;* are in the same topologically isomorphic class.
Interchanging the daughter subtree with the parental subtree and vice versa at an
uneven node, say v, does not affect the product H(?E&O])m(’]ﬁ)u). Thus k(T*) =
k(T3) and therefore p(T*,t) = p(T3,t). So all the trees in a topologically isomorphic

class are equiprobable.

Corollary 2 The probability of obtaining a topology from the topologically isomor-

phic class Fy,, conditional on the size of the tree being s, at time t, is given by

— QI{F;,l#]F%,s_z}pl(F;fl’ t)ps—l(szs-l, t)
s—1 ’

ps(Fiis, 1) (3.9.15)

where p.(-,t) represents the conditional probability with respect to tree size v and |

represents the size of the left-hand subtree.

Proof : Let 7" € ;. The Remark immediately following the proof of The-
orem 1 tells us that the probability of each topology in F{, is uniform, for all
i € {1,2,...,Ts}. Therefore, as there are 2°7* topologies in F¥  the probability

1,87

that a random tree is generated with a topology from [}  at time ¢ is given by,

p(F,,t) = 27 k(T *)p(Te, t). (3.9.16)

%,89
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Now let s(IF},) = 27" x(T™), so equation (3.9.16) becomes,

p(FY,, 1) = A(EY,)p(T, 1) (3.9.17)

7,87

If we condition on trees of size s at time t, we obtain,

p(Fy,,t)
pFi,t) = Tl
Fiwt) = Sep

= «w(IF},). (3.9.18)
Suppose that T[&O] € I}, and ’1{8"1] € Fy,_;, and that ’ZI&O], ’]Eg,l] have ¢y and €
uneven branch points respectively. Then, Y, has 2 topologies and Fy -, has 29

topologies and so,

k(1) = 2°K(T(g ), (3.9.19)

and

Ky smt) = 296(Tgy)- (3.9.20)

Substituting the above into equation (3.9.8) gives
w () 1 w(FY)s(Fy )

== ,s = . (3.9.21)
However, recall that,
and so after some re-arrangement, equation (3.9.21) becomes,
u U
o) = 2, MR ) (3.9.23)
’ s—1
Substituting equation (3.9.18) into the above equation we finally obtain
. FY,, #)ps_y(FE ., ¢t
ps(F?S, t) = QI{Fj,l7éFk,s—l}pl( ol )ps ll( ks—l ), (3.9.24)
1 S J—
and the corollary is proven. [

Remark 2 Note that equation (3.9.18) tells us that p,(-,t) is actually independent
of t.
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Example 1 Calculation of probabilities conditioned on trees of size 4.

To calculate py(IF}',) we use equation (3.9.23) directly and then use equation (3.9.18)
to identify ps(F¥;). Denote the space of class 1 topologies (see Figure 3.7.1) by F{,
The daughter and parental subtrees of this class are identical and we denote them
by F{,. Since the two subtrees come from the same topologically isomorphic class,

we obtain from equation (3.9.23),

"“(FfA) =

The topologically isomorphic class I}, has representation,

Ff,z = {([«(0)], [O])(i),IE"f’I,IE“l‘,l},
S0,
r(FY o) = w(Fy,)" = 1.
Hence,
K(Fiq) =1/3,

and so by equation (3.9.18),

- 1
p4(IF1,41 t) = §

The space of class 2 topologies of size four is denoted by F3 ,, and has represen-

tation,

FEA . {{([O‘( [0]) ® F%B’F?I}U{ (0)], [0) F?DF%}}

Since we calculate x(IF% ;) recursively, we need to calculate F*; first. The space F{,

has representation

FY 5 = {{([(0)], [0)®, FY,, Fy, } L ([e(0)), 0D, FY, FY o3}
SO
FY F%
”(Fis) _ 2"5( 1,2)2“( 1)
1
= 2X==1,
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where in the second step we have used &(F{ ) = x(F},) = 1, as above. Therefore,

" k(F1s)r(FY ;) 12
KJ(]FQA) = 21—3— = 2X g = g
Thus,
u 2
p4(F2,4at) = g
Clearly,

Pa(Fi 4, t) + pa(F30,8) = 1/3+2/3 =1,

since there are only two classes of size four.

In Section 3.10 we discuss another simple macroevolutionary model, the proportional-
to-distinguishable arrangements (PDA) model, which gives us quite different prob-
ability distributions.

3.10 Proportional-to-Distinguishable-Arrangements

Model

The proportional-to-distinguishable arrangements (PDA) model is defined such that
each distinguishable arrangement (DA) of the species of a tree of size s is equally
probable. A distinguishable arrangement of s species is an assignment of labels on
the s leaf branches that is not equivalent to any other arrangement. Two arrange-
ments are non-distinguishable if by a suitable permutation of the uneven nodes, the
labels and topologies can be made identical. Figure 3.10.1 depicts four trees, trees
1, 2 and 4 are DAs, whereas trees 1 and 3 are not DAs. Under the PDA model each
of these three distinguishable arrangements are equally likely.

The number of DAs of a given set of s species that generate a phylogenetic
tree that belongs to a particular topologically isomorphic class has a direct corre-
spondence to the number of topologies within that class. It can be shown that the

number of ways of relabeling a tree of topology 7 of size s is given by, [26, Appendix
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| N
Aﬂ

C D A CD B

Figure 3.10.1: A distinguishable arrangements example

Al
|
a(T) = 288;1267, (3.10.1)

where e7 is the number of uneven branch points of the topology 7. This is just

the total number of tree labelings, s!, divided by 2 to the power of the number of
branch points that are not uneven, 265~1=¢7 since swapping labels between subtrees
at those branch points do not yield distinct labelings. Interestingly, Ng(ry = 2°7 and
so considering any other topology in F(7) does not add any more distinguishable

arrangements and hence one can write,
a(F(T)) = a(T). (3.10.2)

The above equation demonstrates the relationship between the number of DAs of
a particular topology and the number of trees within that topologically isomorphic

class.

Example 2 The number of DAs for trees of size four
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There are two topologically isomorphic classes of trees of size 4, see Figure 3.7.1.
The trees from class 1 have no uneven branch points, thus the number of DAs of
this class are given by,

4!

a(IFlA) = ? = 3.

Trees from class 2 have two uneven branch points, hence the number of DAs for
class 2 is given by
a(Feq) = %32 =12.
Thus the total number of DAs for trees of size 4 are 15.
We can use the above example to show how the probability distributions, con-
ditioned on tree size differ between the crBD model and the PDA model. Now, as

already stated above, each DA of a given size has an equal probability of occurring,

so using the example above, we find that,

3

1
Fprg) = — == 10.
pa(F14) Tl (3.10.3)
12 4
F = il — =Bl . 4
pa(Fo4) 55 (3.10.4)

since there are 15 DAs for size four. Comparing these values to those of the crBD

model given in Section 3.9, where

pa(Fiyt) = (3.10.5)

pa(FL,, 1) , (3.10.6)

Wl =

we find that the PDA model tends to allocate higher probabilities to topologically
isomorphic classes with higher imbalances, because these classes in general have
more uneven branch points and therefore more topologies than the more balanced
classes. We see from this example that, under the PDA model, the probability of
each topology of size four is the same, namely 1/5.

The number of topologies of size s, Ny, is given by,

s—1
N,=> NN, (3.10.7)
=1
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‘with N; = 1. It is easy to prove this using induction. The first few terms of the

series are,
N2 = N1N1 = 1
N3 = N1N2 -+ Nle =—r
N4 = N1N3+N2N2+N3N1:2+1+2=5and

N5 = N1N4+N2N3+N3N2—|—N4N1:5+2+2+5:14

Theorem 3

l 1
_ NSS:—(l— 1-4 ) 10.
N{(z) ; = V(1 - 4z) (3.10.8)
for0 <z <1/4.
Proof : To prove equation (3.10.8) we first multiply equation (3.10.7) by x°

then sum from 2 to infinity and by noting the boundary condition N; = 1 to obtain,

oo s—1
N() = =+ > NN,_z*
s=2 i=1
oo s—1
= z+) Y Na'N,_jz°™ (3.10.9)
s=2 i=1
The order of summation in equation (3.10.9) can be swapped to obtain,
N@)=z+) Naz' Y Ny (3.10.10)
i=1 s=it+1

One can perform a change of variables in the second summation of equation (3.10.10)

with the result that
N()=z+» Ngz'Y Na* = N(z) = 2+ N*(z). (3.10.11)
=1 s=1

One can solve equation (3.10.11) using the quadratic formula to obtain,

o ‘/(_21 ) (3.10.12)

Of these two solutions we choose

Wia) =3 "ﬂzl —48) (3.10.13)
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since we do not want N(z) > 1. [

Corollary 4

2s — Il
N, = gzs—l, s> 1. (3.10.14)
s!
Proof : Expanding equation (3.10.8) using a Taylor Series about z = 0 and
applying induction yields equation (3.10.14). []

More generally then, if we condition on a tree size of s, the probability, under
the PDA model, of any one particular topology is 1/Nj, independent of the actual
topology. Thus, if there are more topologies in a particular topologically isomorphic
class, the higher the probability that a random tree will be generated that has a
topology from that class. Let Ny, denote the number of topologies in F; ;, then,

ps(Fi,s) = N]Fi,s/NS)

and so the more the topologies in Ny, , the higher p,(IF; ;). Note that in [22] all the
trees in IF; ; are considered to be the same topology. Consqgeuently, in [22] p,(IF; ;) is
the probability that a random tree has the topology represented by the trees in T .

Defined in this manner, the trees in the PDA model do not grow under some

“evo-

stochastic dynamics. Attempts have been made at giving the PDA model an
lutionary” explanation; evolutionary in the sense of the temporal evolution of a
stochastic process [26, 34]. In this section we shall give an alternative model that is
simpler than that in [26], with the details given in [26, Appendix Al.

To do so, we would like to understand the connection, if any, between the the
crBD model and the PDA model. At first glance it appears that they have no rela-
tionship to each other, however this is not the case. The transient crBD model of
Section 3.9 gave us expressions for the probability that a random tree was generated
with a specific topology at time ¢. These topologies consisted entirely of unstable

branches; all extinct branches were pruned from the tree. If we consider the asymp-

totic version, that is, as ¢ — oo, in the subcritical crBD case trees are generated
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with only extinct branches and so from this model we obtain an entirely different set
of results for tree shape probabilities. Indeed, the limit of p;(7¢,¢) in the subcritical
crBD model as t — oo will be shown to be identical to ps(7") from the PDA model,
for the same underlying topology 7.

The probability, p([Te| = 0), that a tree has no extinct branches as t — oo
is clearly zero, since in the subcritical regime trees with no extinct branches exist
only on a set of measure zero. The probability that a tree has topology, 7¢ =
([a(0)), [0])%), is given by,

t

p(([OL0)) = Jim [ pexn (= O+ wa)ds

t—o0

= tlggloﬁ(l —exp (— ()\+,u)t))

= b, (3.10.15)

A p
The probability that at time ¢ a random tree will evolve into a tree with topology

7€ with ‘Te‘ > 2 is given by,
/ Aexp (— (A +p)z)p (70,05t — 2)p(T5 1, t — )dz. (3.10.16)

This can be explained as follows. At time 0 the tree begins with a single branch which
then undergoes a birth within the interval (z, x 4+ dz) with probability A exp (— (A+
p)x)dz. In the interval (z,t] the daughter and parental subtrees at node [0] evolve
into trees with topologies Te 0.0] and ’ZIO 1] Tespectively. Since they evolve indepen-
dently, the probability of this evolution is given by the product of the probabilities
of the daughter and the parental subtrees. Finally, because the original branch point

can occur anywhere in the interval (0, ¢] we integrate x over that interval.

Theorem 5 For the subcritical crBD model, a random tree eventually evolves to a
topology, T¢ of size s, with probability,

)\s—lus

p(T°) = (= (3.10.17)

in the limit as t — o0.
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Proof : We shall prove equation (3.10.17) using induction. It is clearly true for

s = 1 because from equation (3.10.15) we have

p(T°) = ﬁ (3.10.18)

We shall now define p(7°¢,t) for all ¢, such that,
Tet) ift >0,
ooy < 4 PO (3.10.19)
0 ift <0.
Suppose now that equation (3.10.17) is true for all I < s. Note that for a topology,
T¢ of size s + 1, the daughter subtree TO 0,0 18 of size 1 <1 < s and the parental

subtree, 7;£

(0,1 18 of size s +1 — I. Now taking the limit of the above equation as

t — oo we have,

= lim / Aexp ( — (A + p)z)p p(Z50,t — 2)P(15 1, t — x)dz.  (3.10.20)

t—o00

The functions p(X¢, t—x) are bounded on any compact set, and their limit as t — oo
exists. In fact,

lim p(X° t—z) = hmp(/l’e t—x),

t—o00
since t —x > 0 and so,
/\l—l l

I N N TR I AN
p(X%) = lim p(X€,¢ —z) = lim p(&X*,t — z) (A + p)2-1’

for |X¢| = I < s, by the induction hypothesis. Therefore the Dominated Convergence

Theorem implies that
o0

p(T°) = lim [ Xexp(— A+ pz)p(Tgo,t — 2)p(TG ), t — z)da

t—o0 0

= [ e (= (o) Jim (Tt~ 2T — o)
0 (e e]

— BT AT ) / Aexp (~ (A + p)o)da
)\l—lul )\s—lus+1—l

- O+ )21 (A + p)2(s+1-D-1 /0 Aexp ( - (A + u)x)dm

)\s—llus—i—l o0
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where in the fourth step we used the induction hypothesis as both trees are of size

at most s. Performing the integration yields

. )\ Ms—l»l
p(7;+1) ()\+M) (s+1)-1°

(3.10.22)

as required. |

Remark 3 The above theorem shows that the probability of a random tree in the
subcritical crBD process, evolving to a topology, T¢, of size s + 1 is dependent only
on its size and not on ils topology as t — oo. This is in contrast to the transient

model, where the probability that a random tree evolves to a topology, T* by time t,

depends on k(T").

Theorem 6
0 )\s—l s

W
AL e 10.
;:1 Gl (3.10.23)

Proof : Noting that

)\s—llus _ )\+M< )\M )3
A+p>t A \QA+p?)

and writing,

N ° )\+u ( ALt >s
Ns = s

D, A (A+u)> Z (A4 p)?

- 1/2
= %(1-(1— (A_iﬂu_)?) )(3.10.24)

where equation (3.10.8) was used in the third step. After some simple algebra

equation (3.10.24) can be shown to be equal to one thus proving the theorem. =

Corollary 7 The the limit as t — oo of the subcritical crBD model conditioned on

tree size generates the PDA model as t — oo.
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Proof : The probability, using the ctBD model, that a random tree eventually
evolves into a topology, 7°¢ of size s is given by,
)\s—l us

T°)= ———.
p(T*) Ot o)
Let the number of topologies of a given size s be N;. Now, since the probability of

any topology depends only on size in the subcritical crBD model as t — oo, we have

that
)\s—lus
PR

Finally, given that the tree is of size s, the probability of obtaining a particular

p(Ti) = N;

topology, T¢, ps(7T°), is

p(7T°)
p(T?)
)\s-l el
D)z

a1 ”.1
NS (’\,{.;1)2&— 1

1

N,

ps(Te) -

The above expression is exactly the probability of a random tree having any topology,

conditioned on tree size, in the PDA model. [ ]

The crBD interpretation of the PDA model considers extinct trees; it gives more
weighting to less balanced topologies, in comparison to the transient crBD model
that considers unstable branches'. Topologies that are less balanced belong to topo-
logically isomorphic classes that have a greater number of topologies, since there are
a higher number of uneven branch points in these topologies. Therefore, the mean
of Colless’s imbalance measure is higher in the PDA model than in the transient
crBD model. It has been found in many studies (see [22] and references therein)
that the actual imbalance of real phylogenetic trees lies somewhere between these

two classes of models.

Tt is for this, and other reasons that we had to define the various mappings, topologies and

probability distributions in Section 3.6.
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The transient crBD model and the PDA model have been the most extensively
studied in the literature. However, the fact that they predict mean imbalances,
based on Colless’s measure, that are too low and too high with respect to real
phylogenetic trees, respectively, [10, 11, 12, 22, 30] suggests that these models are

not adequate probability measures for macroevolutionary studies.

3.11 Multi-Rate Evolutionary Model

Recall that in [22] it was stated that “most biological taxa have arisen by a branch-
ing process of descent with modification”, suggesting that a multi-type branching
process should be used to generate phylogenetic trees. Aldous [1] also proposed
that the multi-type branching process could be used as a model. In fact, since it is
generally believed that “except for mass extinctions and their aftermath, the overall
number of species do not tend to increase or decrease exponentially fast” [1], ct-
MMTBPs that are close to criticality might make reasonable models. Pinelis [26]
proposed a model called the multi-rate (MR) model and used it to show that the
crBD and PDA models, under some fairly stringent conditions, are sub-classes of
the MR model. The MR model is a binary-branch point continuous-time Markovian
multi-type branching process [2, 9] with some slight modifications that we discuss
below.

More formally, Pinelis [26] considers a phase space S C Z*' where each i € S
is considered to represent a phase or a state that a species can be in. The phases
in & have the capacity to contain any amount of information, for example, size,
genotype, geographical location, and behavioural patterns of the species. The tree
evolves in the following qualitative manner. In the interval ¢ to ¢ + dt any species

in phase ¢ € S may,
1. with probability p;;dt transform into another state j, or

2. with probability o;;dt, remain unchanged and give rise to one new species in
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phase j, or finally,
3. with probability 1 — Zjes(ﬂij + 0;)dt it does not undergo any change.

The transition rates p;; and o;; for all 7,§ € S are non-negative and are referred to
as the transformation and speciation rates. The rates are assumed to be constant
in time. Any species in pahse ¢ € S at time ¢ is evolving independently of all the
existing species and of its history.

The flexibility of the multi-rate evolutionary model stems from the flexibility in
modelling the state space and the transition rate structure. Pinelis [26] proposes one
possible partition of the phase space § into three subsets, D, U and Q. Here the set
D can be thought of as consisting of those species that are extinct, in other words
for every species with phase d € D, Zjes(,u'dj +04) = 0. In addition the probability
that a speciation event from any species in phase i € S to a species in phase d € D,
0iq is zero. The set U consists of the species that are classified as unstable, that
is they have the capacity to transform and speciate. Thus if ¢ € U then o;; > 0
for at least one j € S. Finally, the set Q is the set of quasi-stable phases, that is,
species in one of these phases cannot speciate but are also not extinct. Hence, for
q€ Q, 04 =0forall: e, and py = 0 for all i € Y UD. As a result, quasi-
stable phases have the capacity to transform only to other quasi-stable phases. The
quasi-stable phases are interpreted [26] as representing species that are the most
adaptable. These species “wander” [26] the space of quasi-stable phases, changing
their attributes in order to suite their current situation. For example, they may be
changing their size, feeding patterns, and possibly their genotype to some extent in
order to adapt to a world that is changing around them.

At this point a note must be made about the position of the parental and daugh-
ter branches at a branch point. Pinelis [26, Appendix A] has chosen the left branch
to be the parental branch and the right branch to be the daughter branch. In con-
trast, we have chosen throughout this entire thesis to represent the daughter branch

as the left branch and the parental branch as the right branch. This designation is
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entirely arbitrary. However, we chose it ahead of the orientation employed by Pinelis
[26] since it is & more natural choice when the Markovian binary tree is introduced

and analysed in Chapters 5, 6 and 7.

3.11.1 The PDA Model as an MR Model

It is easy to see that the crBD model is a special case of the MR model with two
states, the extinct state and the unstable state. What is less clear is whether the
PDA model is also a special case of the MR model. Pinelis shows that the PDA
model is indeed a special case of the MR model {26, Appendix A] by making some
fairly stringent assumptions on his model in order to collapse it to a three phase
model. However, the analysis of Pinelis [26, Appendix A] can be performed by

assuming from the beginning that it is a three phase process, such that:
e Phase 0 is the phase of all extinct branches,
e Phase 1 is the phase of all quasi-stable branches, and
e Phase 2 is the phase of all unstable branches.

The phases do not serve as markers for a species as in the approach of Pinelis (26,
Appendix A], but rather they represent the state that a branch may be in at any
particular time.

The analysis below can be found in Pinelis [26, Appendix A]. The transition

rates for the process are:

e transformation from phase 2 to phase 0 (represented as 2 — 0) which occurs

with rate d,
e transformation from phase 2 to phase 1 (2 — 1) which occurs with rate g,

e a birth from phase 2 with the daughter branch in phase 1 whilst the parental
branch remains in phase 2 (represented as 2 — 1,2) which occurs with rate

by, and
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e a birth from phase 2 generating a daughter branch in phase 2 whilst the

parental branch remains in phase 2 (2 — 2,2) occurs with rate b(1 — =),

where v € [0,1) and d+ b+ ¢ = 1.

To generate an evolutionary model of the PDA assume that the process is sub-
critical and v = 0. We consider the mapping, M9, that maps the quasi-stable
portion of a tree to some topology, 77 in the limit as ¢ — oco. Thus the trees that
we study are those that exist on the space of trees that are finite, almost surely, and
consist of only quasi-stable branches.

The probability that a tree will eventually become extinct is given by,
p(0) = d -+ bp(0)*. (3.11.1)

Equation (3.11.1) has the obvious interpretation, a tree will become extinct either
directly which occurs with probability d/(d+b+¢) = d or via a birth followed by the
independent eventual extinction of the two subtrees and this occurs with probability
bp(0)?. Solving for p(M), we obtain

p(0) = 1——21();4[”, (3.11.2)

since the other root is clearly greater than one. The equation that characterises the

probability of a random tree obtaining a topology 77 under the MR-PDA model is
p(T?) = bp(Tj5 5)p(Tg ;) + 26p(0)p(77), (3.11.3)

where 7[3,01 and 77

o,1] 8re the daughter and parental subtrees at node [0]. There

are two ways of evolving to a tree with topology 77. The first term in equation

(3.11.3) represents the pathway where there is a birth at node [0] and the daughter

subtree evolves to topology 7[3’0] and the parental subtree evolves to topology 7{371]

independently. The second term in equation (3.11.3) represents the pathway where
a birth occurs at node [0] followed by the eventual extinction of either the parental
or daughter subtree whilst the other evolves into a tree that has topology 79. Re-

arranging equation (3.11.3) we obtain,

b
p(T7) = 1_—21)19(07)}')(71370] (75 1)) (3.11.4)
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It is worth taking some time to interpret equation (3.11.4) here. Because we have
pruned all dead branches/subtrees, a branch point in which either the daughter
or the parent subtrees becomes extinct is not treated as an actual branch point.
Instead an actual branch point is one in which both the daughter and parental
subtrees consist of at least one quasi-stable branch. The factor 1/(1 — 2bp(@)) in
equation (3.11.4) reflects this, and is interpreted as giving the expected number of
false branch points before the first actual branch point occurs. It can be shown using

induction that for a tree of topology 77 with |Tq| = 8, equation (3.11.4) becomes,

p(T9) = (Tbbp@)) ) (p(1))’, (3.11.5)

where p(1) is the probability that a tree consists of a sole quasi-stable branch. Now
p(1) given by,
p(1) = g + 2bp(B)p(1), (3.11.6)

since a tree that is of size one occurs if the parent branch directly transforms into
a quasi-stable branch, or if after a birth either the daughter or parental subtree
eventually becomes extinct and the other subtree is itself of size one. Equation
(3.11.6), can be re-arranged to obtain as expected

p(1) = #bpm). (3.11.7)

The PDA distribution can then be recovered from equation (3.11.5) by conditioning

on the tree size since all topologies of size s are equiprobable. The number of

topologies of a given size, s, can be obtained using equation (3.10.7).
Example 3 Size four trees

For size four trees there are 5 distinct topologies, four of which belong to topologi-

cally isomorphic class I3 ; and one of which belongs to class F{ ;. For a given size,
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equation (3.11.5) tells us that all topologies of that size are equally likely. Therefore,

(Fq ) - ZTQGTFEMP(T{])
Pa\lfas) = qu,‘ﬂ‘ﬂp(,fq)
_ 4p(17)
5p(T)
4
= 5 (3.11.8)

A similar calculation shows that, p(IF{,|s = 4) = 1/56. More generally then, the
probability of obtaining a topology from a particular topologically isomorphic class,

IF} ., conditional on size s trees is,
k)

(]Fq ) Zqu]Fzsp(Tq)
Ps k,s = :
ZTq,|Tq[=sp(Tq)
2€Tq
= ) 11,
0 (3119

In the next section the super-PDA (sPDA) model is discussed. In the sPDA model,

random topologies with higher imbalances occur with higher probability.

3.11.2 The super-PDA Model

The purpose of this section is to create a model, similar to the PDA, which gives
higher mean imbalances than the PDA. The model does this by giving higher weight-
ing to unitary branch points, where a unitary branch point is a branch point in which
the daughter subtree is of size 1. In order to define the sPDA model we use the
MR model [26, Appendix A]. The MR, formulation of the sSPDA model, like the MR
formulation of the PDA model, is a measure on the asymptotic trees that consist of
only quasi-stable branches and the associated mapping MY. The equation for the

probability that a tree eventually has a topology 79 of size s is given by,

qy _ i ) b(l —v) e .
pT?) = <1 - (1- ’Y)p(l)) (1 — 2b(1 — fy)p(g))> (n(1))", (3.11.10)

where the factor, (1 + (IT;’W) , is the weighting given to unitary branch points, the

% is the probability of a branch point, and p(1) is the probability

factor
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for a size 1 tree. We shall explain these terms in more detail in what follows. The
dependence of the probability on the number of unitary branch points can be thus
clearly seen. Thus when conditioning on the size of tree topologies, topologies with
a higher number of unitary branch points have a higher likelihood of occurrence,
with the completely unbalanced topology having the highest probability. It is for
this reason that the mean of Colless’s Index of imbalance is greater in the sPDA
than in the PDA.

We now give the MR formulation of the sPDA model as given in [26, Appendix
A]. In the MR formulation of the PDA model an unstable branch is unable to give
birth to a branch that is born quasi-stable; this is reflected by the parameter v = 0.
However, in the MR formulation of the sSPDA model the parameter v is now non-
zero and so daughter branches can now be born quasi-stable. In the MR model for

the sPDA (MR-sPDA), the probability of obtaining an extinct tree is given by
p(0) = d + b(1 — v)p*(0), (3.11.11)

and has a similar interpretation to equation (3.11.1). The equation for the proba-

bility of obtaining a tree of topology 77 is given by

p(T*) = b(1 = 7)p(Tj5,9)P(T5,1y) + 2bp(T)p(0) + byp(Tig NI{| T | = 1}, (3.11.12)

where once again, ’]Ig,o] and ’1[371] are the parent and daughter subtrees at node 0
and [/ {‘7[3,0]‘ = 1} is the indicator function of the event that the daughter topology
consists of a single quasi-stable branch. In the MR-sPDA model, a random tree
of topology 77 has three possible routes from which it can evolve. The first is
via a non-unitary branch point at [0] such that the daughter and parental subtrees

subsequently evolve into topologies 7}8,0] and T

0,1] independently; the first term of

equation (3.11.12) reflects this route. The second is via a non-unitary branch point
at [0] such that either the daughter or the parental subtree eventually becomes
extinct, whilst the other evolves into a tree of topology 79, this is reflected by the

second term of equation (3.11.12). The third and final route is via a unitary branch
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point at [0] such that the parental subtree then evolves to a tree with topology
T[g 1 this is reflected in term three of equation (3.11.12). However, the third term
is non-zero only if the daughter subtree at node [0] of the random tree consists of

only one quasi-stable branch. Equation (3.11.12) can be re-arranged to obtain,

P = (T
¢ |_ by g g
Jﬂﬁ“”‘1N1—%u—vmwmﬂ%&ﬂ=n)puﬁ@mq®9

Y
= 1+ I{ Te | = 1} 5p(7q )p(Tq ),
( L =p(|Tgq = 1) Tl j0.0/P\ 4o,

(3.11.13)

where 5 = (b(1 — 7)) /(1 — 2b(1 = v)p(d)). Equation (3.11.13) can also be written
in another way, namely,

o ~ 1{|T[8,0]|=1}
“7)‘(1+a—7ma0

]| = 1) is the probability that a subtree consists of a single

Bp(Tio.0)P(Zg,17); (3.11.14)

where p(1) = p(|’]'[870

quasi-stable branch. The probability of a one branch subtree is

p(1) = g+ 2b(1 — v)p(1)p(D) + byp(D). (3.11.15)

This equation can be simply understood by noticing that a branch may become
quasi-stable either directly, with probability ¢, or a birth may occur and then either
the daughter or parental branch evolves into an extinct subtree whereas the other
eventually becomes quasi-stable, and this happens with probability 2b(1—+)p(1)p(0),
since either the daughter or parent may become extinct, and finally, a birth may
occur such that the daughter is born quasi-stable and the parent subsequently be-
comes extinct, which occurs with probability, byp(f)). We can re-arrange equation

(3.11.15) to obtain

g+ byp(d

p(l) = -
1 —2b(1 —~)p(0)

This equation can be interpreted in a similar way to equation (3.11.4). Once again

(3.11.16)

the effect of pruning all the extinct branches and hence subtrees at a branch point
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means that we do not treat such branch points as actual branch points. In this
case, what is occurring is that at each false branch point either the parental branch
or the daughter branch is pruned, leaving us with one unstable branch. Since the
process is sub-critical the unstable branch must eventually undergo either a direct
transition to become quasi-stable or alternatively undergo a false branch point such
that the parental branch becomes extinct and the daughter is born quasi-stable. The
factor 1/(1 — 2b(1 — v)p(P)) reflects the fact that this occurs and is interpreted as
being the expected number of false branch points before a transition that generates
a quasi-stable branch occurs.

As with the PDA model one can use induction to show that equation (3.11.14)
becomes }

P = (14 ) A PO ST
if the random tree is of size s, and where v denotes the number of unitary splits
in the topology 79. Equation (3.11.17) demonstrates the sPDA property, that is,
that topologies with a larger number of unitary splits have a higher probability of
occurrence.

The purpose of this chapter has been to describe an alternative state space for
branching processes, a state space that lends itself to macroevolutionary modelling.
We have also described a number of measures from the space of trees to the space
of tree topologies and their associated mappings. We then followed this by detailing
one of the most used measures of imbalance in phylogenetics research, Colless’s
Index. We then began to analyze a number of well known models, the crBD and
the PDA model in particular. This chapter was concluded by an analysis of the
most sophisticated model to date, the MR model of Pinelis, [26]. This provides the
background for beginning our introduction and analysis of the Markovian binary
tree, the model that we propose which is equally sophisticated and yet more versatile.
To begin to understand the language with which we define the MBT, we need to
first discuss some further background material. This is done in Chapter 4 where

some important concepts in the area of Matrix-Analytic methods are introduced.
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This then allows us in Chapter 5 to define the Markovian binary tree (MBT). In
that chapter we consider the modelling flexibility of the MBT. In particular, we
show that the PDA, sPDA and the general MR model can be written in terms of
the MBT model.



Chapter 4

Matrix Analytic Methods: an

Introduction

4.1 Introduction

The theory of matrix analytic methods forms the foundation of much of the work
that is to follow in this thesis. We represent the binary-branch point continuous-time
Markovian multi-type branching process (c¢tMMTBP) as a level-dependent quasi-
birth-and-death process (QBD) and call it the Markovian binary tree (MBT). This
representation, in contrast to the classical branching process representation, opens
the door to the possibility of performing efficient numerical analysis and obtain-
ing some useful measures with which to model phenomena such as macroevolution.
In order to motivate the QBD we begin by discussing one of the simplest of all
stochastic processes, the Poisson process. The Poisson process, with exponential
inter-event times, has enjoyed enormous popularity in applied probability due to
its simplicity and wide applicability. However, there are times where such a pro-
cess is just not flexible enough to provide a useful model. Therefore, the need to
develop more complex stochastic models that still retain a certain degree of the

mathematical elegance of the exponential distribution, led to the development of

69
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the phase-type distribution (PH). The PH-distribution was utilised to generate the
phase-type renewal process from which the more general Markovian arrival process
(MAP) was spawned. To obtain the MBT representation of the binary-branch point
ctMMTBP, we embed the MAP into the branching process in order to generate a
phase process on each living branch of the MBT. This allows us to re-interpret the
transition structure of the binary-branch point ctMMTBP, a structure that is devoid
of correlations between particle lifetime and the types of offspring that are spawned,
to a transition structure that has the flexibility of allowing such correlations. This
re-interpretation is based on distinguishing between transitions that are observed
and transitions that are hidden.

The Poisson process has played a central role in modelling real world phenomena.
for many years. For example, it can be used to model radioactive decay, or the
arrival of customers to a queue. Let X(¢) denote the random variable that counts
the number of events that occur in a time interval (0,¢], where the arrivals follow a
Poisson process. The state space for X(-) is {0} UZ*. The Poisson process owes its

popularity to the fact that it possesses a number of useful properties:

1. Forallty =0<t; <ty <...<t, <... therandom variables X (t,1)—X (¢,)

are independent,

2. the time interval between two successive events is exponentially distributed,

and

3. the random variables X (¢ + s) — X (s) have a Poisson distribution and depend

only on the interval length, .
The probability that an event occurs at a time s < ¢ is given by,
Pls <t] =1 — exp(—At), (4.1.1)

where 1/ is the mean of the process. The exponential distribution has probability
density function given by

p(t) = Aexp(—At). (4.1.2)
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Furthermore, it is easy to show that the exponential distribution is memoryless,
that is,
Pls <t+tols > t] = Pls < t]. (4.1.3)

The memoryless property lies at the heart of Markov processes and explains their
success.

Section 4.2 studies the phase-type renewal process. In Section 4.3 the MAP
is analysed and the correlations that may develop within the process are empha-
sised. Section 4.4 discusses the level-independent QBD and Section 4.5 discusses
some algorithms that are of importance: the algorithm of Neuts, algorithm U and
the level-independent logarithmic reduction algorithm. The first two of these al-
gorithms will be adapted to the MBT in Chapter 7. Section 4.6 introduces the
level-dependent QBD. Finally, Section 4.7 discusses the level-dependent logarithmic

reduction algorithm.

4.2 Phase-Type Renewal Processes

The ease with which the exponential distribution can be applied prompted a search
for a generalisation that still retained many of its useful properties. The phase-type
(PH) distribution provides the matrix generalisation of the exponential distribution.
A phase type random variable is the time to absorption in state 0 of a Markov process
on the phases {0,1,...,n} and a phase type distribution is the distribution of such
a random variable. An excellent introduction is given in [18] and [23].

The initial probability vector of the process is given by (19, 7) with 7o + Te = 1,
where e is a vector of ones of the appropriate dimension and Tisa 1xn non-negative

vector. The infinitesimal generator is given by

0 O
Q= 5 (4.2.1)
d Dy
where d is an n x 1 vector and Dy is an n x n matrix. Because () is the infinitesimal

generator matrix, we require that the diagonal elements of Dy, (Dg)y;, be strictly
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negative for all ¢ € {1,...,n} and that d; > 0 and (Dy);; > 0 for 1 < i # j < n.

Finally, we require that the process is conservative, that is,
Dye +d = 0. (4.2.2)

As can be seen from the form of ), once the Markov process enters phase 0 it can

never exit phase 0.

Definition 1 The distribution of time X (t) until the process is absorbed in the state
0 is a phase-type distribution and is denoted by PH(T, Dy).

PH(T, Dy) has distribution function,
F(z) =1— 1exp(Dgz)e. (4.2.3)

It is clear then, that equation (4.2.3) provides the generalisation of the exponential
distribution as given in equation (4.1.1). It is shown in [18] that absorption into
phase 0 occurs from any phase ¢ € {1,...,n} with probability 1 if and only if the
matrix Dy is non-singular, that is, if Dy is invertible. Then (—Do);j1 is the expected
total time spent in phase j during the time until absorption, given an initial phase
of 1.

Consider the Markov process defined above that commences at time t; = 0 in
a phase determined by the distribution 7. Instantaneously upon absorption at ¢,
restart the Markov process by choosing a new phase from that same distribution,
7. The process then proceeds until absorption, which now occurs at time t, and
from here restart it again according to that same distribution 7. The set {0 =
to < t1 < ty < ...} of reinitialised time points forms a renewal process. The
inter-renewal distribution is given by PH (7, Dy). We call this process a phase-type
renewal process.

Let the above Markov process be denoted by {$(¢)|t > 0}, where ¢(t) € {1,2,...,n}.
We call this Markov process the phase process. The infinitesimal generator of the

phase process is given by,

D=D0+d-‘7‘. (424)
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The form of D indicates that there are two ways in which the process can move from

phase ¢ to phase j, and they are, either
1. directly, i — j which occurs with probability (Dg);;/(—Do)si, or

2. indirectly, via absorption in 0 from ¢ and then being immediately restarted in

phase j, which occurs with probability d;7;/(—Dg)s;.

Let N(t) be the random variable that denotes the number of renewals that have
occurred up to and including time t. The two-dimensional representation of the
phase-type renewal process is given by {(N (1), gb(t)) ‘t > 0} which is defined on the
state space, {0} UZ* x {1,2,...,n}. The Q-matrix for the entire process is

DO d-r 0
0 Do d-t ...

Q= . (4.2.5)
0 0 Dy ...

The process can be partitioned into levels: if [ renewals have occurred then the

process is said to be in level I, £(1), and the set of states at each level are

L) ={11),(12),...,(,n)},

for all [ > 1.

The process is homogeneous with respect to level, so that the future evolution
of the process does not depend on its current level.

The probability generating function of the number of events up to time ¢ in a

phase-type renewal process is [18],
P(z,t) = exp ((Do + 2d - T)t),
and the corresponding probability generating function for the Poisson process is

P(z,t) = exp ((z — 1)At).
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As a result the phase type renewal-process can be thought of as providing the matrix
generalisation of the Poisson process. The exponential inter-renewal distribution of
the Poisson process has been replaced by the phase-type distribution of the phase-
type renewal process.

In Section 4.3 we generalise the phase-type renewal process to the Markovian
arrival process (MAP). In particular, we shall study the type of MAP called the
transient MAP [19]. Transient MAPs, unlike ordinary MAPs, terminate after a
finite number of arrivals, almost surely. For the remainder of this chapter and thesis

we shall be dealing with transient MAPs and referring to them generically as MAPs.

4.3 Markovian Arrival Processes

The core process that governs the growth of a Markovian binary tree (MBT) is
the Markovian arrival process (MAP) [20, 25]. The MAP is a continuous time
Markov process with two dimensional representation {(N(t),#(t)) : t € RT}, on
the state space Z* x {0,1,...,n}, where n is a finite integer. There are two types
of transitions: hidden transitions and observable transitions. The random variable
N(t) counts the number of observable transitions that have occurred up to time
t. The random variable ¢(t), which denotes the phase of the process, evolves as a
continuous-time Markov chain.

MAPs that have almost-surely infinitely-many points have been studied for a long
time and were first introduced by Neuts [25]. A later paper [20] introduced a more
economical notation and studied a number of other properties. In [19], Latouche,
Remiche and Taylor extended the concept so that a MAP can have almost-surely
finitely-many points, known as the transient MAP. These transient MAPs cease to
evolve at some catastrophe time T'. It is the class of transient MAPs that we shall

use to generate MBTs.
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The transition rate matrix for the MAP is

Dy D 0 0

0 Di D} 0
@=| 0 0 D} D: ;

0 0 0 Dj

where,

0 o0 0 O

Dg = ,and D] =
d Dy 0 D

and the matrices Dy, D; and d have the properties that, for all 4,5 = 1,...,n,
(Do)ij > 0if i # j, (Do)is < 0, (D1)i; > 0 and d; > 0 with at least one & for which
dr > 0. It is assumed that the matrix Dy + D, is irreducible. If this is not the case
then there are redundant phases.
Using e to denote a vector of ones of the appropriate dimension, the matrices
Dj and D7 are such that,
Die+ Die =0,

which is equivalent to

D0€+D1€+d20.

The ¢-th entry of the vector d contains the rate at which the process ceases to evolve
when the phase process is in phase i. In the traditional formulation of the MAP,
due to Neuts [25], d = 0 and phase 0 is removed. The transient MAPs of Latouche,
Remiche and Taylor [19] have d > 0 componentwise with at least one k for which
di > 0.

Let (do); = —(Do);; for all 4 € {1,2,...,n}. Suppose that the current state of
a MAP is (m, 1), that is, there have been m observable transitions and the phase
process is in phase i. The process will remain in this state for an exponentially
distributed period of time with mean 1/(dp);. At the next transition there are three

possibilities:
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e for j # 4, with probability (Dg);;/(do); there will be a hidden transition to

phase j and so the new state is (m, ).

e With probability (D1);;/(do); there will be an observable transition to phase

J, so that the new state is (m + 1, 7).

e Finally, with probability d;/(dp); there will be a transition into phase 0. The

new state of the process is then (m,0). We call such an event a catastrophe.

We model the occurrence of a catastrophe by saying that the process enters phase
0. Latouche, Remiche and Taylor [19] envisaged that this transition could be either
observable or hidden. However it makes sense in our context for the catastrophic
transition to always be hidden.

MAPs have the interesting property that the phase process can generate correla-
tions between the time between two observable events and the phase of the process
immediately after the second of those observable events. These correlations arise
because the transition rates depend on the underlying phase. What interests us
here, is the distribution of the phase immediately after an observable event. As a
first step, we determine this distribution and then illustrate the correlations through
a concrete example.

The probability (P,(t));; that, at time ¢, the phase of the process is j and the
intervening phase transitions are all hidden given that the process began in phase 4
is given by

Py (t) = exp(Dot).

The density (R,(t));; that the first observable event occurs at time t and changes
the phase into phase j, given that the process began in phase 4, is given in matrix
form by

R,(t) = exp(Dqt)D;. (4.3.1)

The probability, (P (t)):;, that the phase of the process is j immediately after the

first observable event, given that the phase process began in phase 4 and the first
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observable event occurs at time ¢, is

(Ro(t)>ij
(Ro(t)e)s

Equation (4.3.2) illustrates the fact that the distribution of phase immediately after

(Povs(t))ij = (4.3.2)

the first observable event is dependent on the time ¢ of that first observable event.
Example 4 Four phase MAP

Consider the MAP on phases {1,2, 3,4} defined by

—20.0000 0.0000 0.0000 0.1000 |
0.10600 —20.0000  19.4000 0.1000
0.1000  19.0000 —20.0000 0.1000
0.1000 0.1000 0.1000 —20.0000 |

and,

0.0000 0.1000 0.0100 19.3000
0.0000 0.0100 0.1000  0.0000
0.1000 0.2000 0.1000  0.2000
i 15.0000 0.1000 0.1000  0.1000

Dy

An easy calculation shows us that

’- 0.0008 0.0052 0.0045 0.9936
0.1249 0.1849 0.4542 0.2260
Pobs(o-()l) s and
0.1766 0.3070 0.1806 0.3357

0.9791 0.0065 0.0065 0.0078_|

[ 0.0077 0.0052 0.0006 0.9866 |
0.2295 0.2063 0.1987 0.3655
0.2290 0.2099 0.1946 0.3665

i 0.9667 0.0069 0.0068 0.0195 |

Poys(0.1) =

The most striking indication of the dependence of the phase distribution immedi-

ately after the observable event on the time of the event comes when one looks
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at (Pops(0.01))e3 = 0.4542, (P,5(0.01))ay = 0.2260 and (Pps(0.1))o3 = 0.1987,
(Pops(0.1))24 = 0.3655. Thus if the process begins in phase 2, the earlier the first
observable event the more likely that the process will enter phase 3. In contrast,
the longer the inter-observable event lifetime the more likely that the process will
enter phase 4 at the first observable event. Consider the observable transition from
phase 1 to phase 1 at ¢ = 0.01 we have P,s(0.01);; = 0.0008 and at ¢ = 0.1 we have
P,ps(0.1)1; = 0.0077, the probability of such an event increases almost 10-fold in
that space of time. The reason for this is that from phase 1 there cannot be a direct
observable transition back into phase 1, so as time increases the probability that a
hidden transition say to phase 4 can occur followed by an observable transition from
phase 4 to phase 1 increases in likelihood.

Example 4 illustrates the important property that the lifetime distribution and
the distribution of phase after an observable event are correlated. The level of
correlation depends on the nature of the matrices Dy and D;. As will be seen in
Chapter 5, by constructing the MBT using a MAP process on each branch, we can
model correlations between the initial phase, branch lifetime and the initial phases
of the offspring.

Let P;;(t) be the probability that there will be an observable transition to phase
J within the interval [0, ¢] given that the process began in phase ¢ and P(t) = [P,;(¢)].
Then,

P(t) = /{;texp(DOx)Dldx
= (=Do)™*(I — exp(Dqt))D:. (4.3.3)

Figure 4.3.1 graphs the time-dependent changes to the probability for an observable
transition into the four phases given that the process began in phase 2 for the
MAP from Example 4. This figure demonstrates quite clearly how the probability
of an observable event occurring depends on time. For example, an observable
transition from phase 2 to phase 3 is the most probable up until approximately time

t = 0.06 at which point phase 4 becomes the most probable. Furthermore, up until
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approximately ¢ = 0.11 an observable transition into phase 1 is the least probable
transition, because the transition 2 — 1 cannot occur directly but requires a number
of hidden transitions, say a 2 — 4 transition followed by a 4 — 1 transition. The
probability of these transitions increases over time thus increasing the probability of
a 2 — 1 observable transition; the observable 2 — 1 transition becomes the second
most likely observable transition as time increases. These observed behaviours are

due to the complex internal hidden transitions that are generated by the Dy matrix.

Probability Distribution for an Observable Event against Time from Phase 2

0.04r

— Phase 1 0

—+- Phase 2 o

* Phase3| .~
0.035 © Phase 4 |#
./U
%)
0.03}- o
o
Ve
=

0.025F ol

Probability

0 0.05 0.1 0.15 0.2 0.25
Time

Figure 4.3.1: Probability distribution for an observable event against time given

that the process began in phase 2

It is clear from equation (4.3.3) that the time until the next observable transition

1s not exponentially distributed. Let T' be the mean time until an observable event
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occurs given that the process began in phase 4, then
0
T :/ t exp(Dyt) D; edt. (4.3.4)
0
After integration by parts this can be shown to be
T = (—=Dy)?Dye. (4.3.5)
Once again referring to Example 4, the mean time between observable transitions

conditional on the initial phase is,

0.0492
0.8451
T = . (4.3.6)
0.8367

0.0475

This is what we would have expected since phases 1 and 4 have a high probability of
triggering observable transitions at earlier times, whereas phases 2 and 3 are more
likely to undergo more hidden transitions before an observable one.

Having introduced the MAP we now are ready to begin a brief exposition on
quasi-birth-and-death processes (QBDs). The importance of the QBD in this work
is that its provides an alternative framework to that of the branching process frame-
work within which to define the Markovian binary tree. In particular, it will be seen
that despite the fact that the QBD and the traditional branching process represen-
tations of the MBT refer to the same underlying process, the QBD interpretation
confers to a process otherwise devoid of interesting lifetime-offspring correlations a

much richer structure.

4.4 Level Independent Quasi-Birth-and-Death Pro-
cesses

The level-independent QBD process is a Markov process, {X (¢)|t € {0} UR*} on
the two dimensional state space {(m,i)‘m € {0} UZ™*, 1 < i< n}. If the process
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is in state (m,i) at some time ¢, we say that the process is currently in level £(m)
and in phase i. The state space is therefore partitioned into levels, £(m), where,
L(m) = {(m,1),(m,2),...,(m,n)} for all m > 0. Consequently, for all m there are

exactly n states in £(m). The infinitesimal generator of the process is given by

(B A 0 0 ... |
Ay A Ay O

Q=0 Ay A Ay ... |, (4.4.1)
0 0 Ay A

where B, Ag, A; and A, are all n x n matrices. All the elements of the matrices
are non-negative except for (A;); and By which are strictly negative for all ¢ €
{1,2,...,n}. In addition, the matrices Ay, A; and A, obey (As + A; + Ag)e =
0 where e is a vector of ones of the appropriate dimension. It is assumed that
Ay + A1 + Ay is irreducible.

Suppose that the process is currently in state (m,4). At the next transition the

process may either
e move down to L£(m — 1) by entering state (m — 1, j) with rate (As);;, or

e remain in the same level by entering state (m,j), j # ¢, with rate (4;);, or

finally,
e move up to £(m + 1) by entering state (m + 1, j) with rate (Ap);;.

In keeping with the traditional literature we call transitions that move down a level,
left transitions and transitions that move up a level, right transitions.

It is sometimes important to determine the probability of eventually moving
from L£(m) down to L£(m — 1). This probability is given by the matrix G. Let
v(€) = inf{t > 0| X (t) € L(€)} be the first passage time into £(m). The probability

that the process eventually reaches £(m — 1) for the first time and does so in phase
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k, given that it commenced in state (m,1) is
Gy = Ply(m —1) <00 & X(v(m — 1)) = (m — 1, k)| X(0) = (m,i)].  (4.4.2)

Notice that since the process is independent of level, Gy, does not depend on m. In

a similar vein to [18] we shall adopt a slight abuse of notation and write,
G = Ply(m —1) < 00 & X (v(m — 1))|X(0) € L(m)], (4.4.3)

for equation (4.4.2) in order to “avoid storms of subscripts” [18], thereby making the
equations easier to read. Since this process is homogeneous with respect to level,
G is independent of the level, £(m), from which the process commences, provided
that m > 0.

It can be shown that GG is the minimal non-negative solution to the matrix

quadratic equation [24]
F=(-A)"A+ (—A) 1A F2. (4.4.4)

Since G is the minimal non-negative solution to equation (4.4.4) we often write
(4.4.4) as
G — (—Al)_lAz + (—Al)_1A0G2. (445)

Equation (4.4.5) has a very neat physical-interpretation. If the process begins in
L(m) then there are two ways of moving down to £(m — 1). The first way is a
direct transition to L£(m — 1) which occurs with probability (—A4;)"'A,. In the
second way, the process undergoes a right transition and moves up to £(m+1) with
probability (—A;)~!Ag. From here the process eventually moves down to £(m — 1)
from L(m + 1) by first moving to £(m) and then moving to £(m — 1); each of
these transitions has probability, G. Due to the independence of each of these three
events, the probability of this second way is (—A;) 1 A4,G2.

By repeatedly substituting the left hand side into the right hand side, equation

(4.4.5) can also be expressed as

Ei— f: U =A) Ay = (I —U) (=4 Ay, (4.4.6)
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where U = (—A;) ' AoG. Equation (4.4.6) also has a neat probabilistic interpreta-
tion. The matrix U is the probability of first return to £(m) under the taboo that

the process does not go below £(m) given that it began in £(m). Mathematically,
U= Ply(m) < y(m—1) & v(m) < oo & X(v(m))|X(0) € L(m)]. (4.4.7)

Similarly to G, the matrix U does not depend on the initial level.

Each individual term, U'(—A;)"' Ay, of equation (4.4.6) gives the probability
that the process will return to £(m) [ times, before it eventually undergoes a left
transition and enters £{m — 1), given that it began in £(m). The total probability
of eventually entering £(m — 1) is given by the sum of these terms for all I.

In addition to G being the minimal non-negative solution to equation (4.4.4) it

can also be shown [18] that G is the minimal non-negative solution to

Foy (A1) AgF)*(—Ay) " Ay, (4.4.8)

A number of important numerical schemes have been developed to solve for G,
(see [7, 17, 16, 18, 24, 23, 27]). The two of most interest in this work are the Neuts
algorithm which is also called the method of modified substitutions, [24, 23] and
algorithm U [18]. The Neuts algorithm, which is discussed in Section 4.5.1, is an
iterative scheme based on equation (4.4.4) and algorithm U, which is discussed in
Section 4.5.2, is an iterative scheme based on equation (4.4.8). These algorithms
will form the basis of algorithms we develop for the MBT and then the more general

Markovian tree in Chapters 7 and 8, respectively.

4.5 Level Independent Algorithms

4.5.1 The Algorithm of Neuts

The first algorithm that we discuss here is called the algorithm of Neuts, or the
method of modified substitutions [24, 23]. The algorithm is developed by considering
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equation (4.4.4),
F e (—Al)_1A2 + (—Al)_leFQ. (451)

Neuts [24, 23] showed that the sequence of matrices defined by,

G(0) = (—A) A, (4.5.2)
G(l) = (A1) "Ax+ (—A)TAGHI - 1), (4.5.3)

for [ > 1, are non-decreasing and converge to the minimal non-negative solution, G,
of equation (4.5.1).

Consider the set S!, which contains all sample paths of the process that begin in
L(m) and which eventually visit, £(m — 1), such that the maximum level reached
is L{m + 1) with the added restriction that each of the sample paths has at most 2
left transitions.

Level 3 ____.

Levell _| __ S . . . S

Figure 4.5.1: Two sample paths in S?

The Neuts algorithm at iteration [ only considers sample paths from the set St.
However, the space of sample paths included at the [-th iteration is a strict subset of
this set. To illustrate this, Figure 4.5.1 depicts two sample paths from S%. Sample
path 1 is included at the step [ = 2 of the Neuts algorithm but sample path 2 is not,
sample path 2 is considered at the next step of the algorithm. The space of sample

paths included at each step of the algorithm is not easily described. We will show
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in Chapter 7 a description is possible by a suitable transformation to the space of

binary trees.

4.5.2 Algorithm U

Recall that U gives the probability that the process will eventually return to £(m),
given that it began in £(m), under the taboo that it does not move down to £{m—1),
as expressed in equation (4.4.7), and G is the probability that the process will
eventually enter £(m — 1) given that it began in £(m). Algorithm U is defined as,

F0) = (—A)7'A, (4.5.4)
M) = (=A)"AF(l-1) (4.5.5)
F(l) = (I-M®1) ' (=4) A, (4.5.6)

for [ > 1.
Now consider the sequences {U(l)} and {G(I)} for [ > 1, defined by

U(l) = Plv(m) <~(m —1) & v(m) <yl +m+1) & X(v(m))[X(0) € L(m)],

G(l) = Ply(m — 1) < v(m+1+1) & X(y(m — 1)) X(0) € L(m)].  (4.5.7)

The matrix U(l) is the probability that the process will return to £(m) under the
taboo that it doesn’t visit £L(m — 1) and it can reach at most L£(m + 1) given that
it began in L£(m), and G(I) is the probability that the process eventually enters
L(m — 1) and it can reach at most L£(m + 1) given that it began in L£L(m).
Latouche and Ramaswami [18] give a simple, elegant physically-motivated proof
that shows that the sequences U(l) and G(I) are monotonically increasing and con-
verge to the matrices U and G respectively and that G(I) and U(l) are identical
to F(I) and M(l) for all [ > 0 respectively. They also show that G is the minimal

non-negative solution to equation (4.4.8).
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Algorithm U converges linearly with respect to level. It converges at a faster
rate than the Neuts algorithm, because at the [-th iteration of algorithm U all the
sample paths from the [-th iteration of the Neuts algorithm are included, in addition
to many more, because algorithm U places no restriction on the number or pattern

of left transitions.

4.5.3 The Level-Independent Logarithmic Reduction Algo-

rithm

The space of sample paths that are measured at each step of algorithm U increase
linearly with respect to the taboo level. Thus at the [-th step the sample paths
consist of those paths that commence at £(m) and end in £(m — 1) under the taboo
that the maximum level reached is £(m+1) without placing any other restrictions on
the number or positions of the left or right transitions. An algorithm that converges
quadratically with respect to level was developed by Latouche and Ramaswami
[17]. This algorithm is called the level-independent logarithmic reduction algorithm
(LILRA). It converges quadratically because the maximum level that the sample
paths can reach does not increase linearly per step but geometrically.

Consider the matrix, H, whose definition is,
H" = Ply(m +2") < y(m — 2") & X (v(m +2))|X(0) € £(m))], (4.5.8)

for m > 2!. The matrix H has a simple physical interpretation: it is the probability
that the process will enter level £(m+2') before £(m — 2!) given that it commenced

in £(m). The matrix, LY, is defined as follows,
LY = Ply(m — 2"y < v(m +2) & X (v(m — 21))|X(0) € £(m)]. (4.5.9)

The physical interpretation of LY is very similar to H": it is the probability that
the process reaches £(m — 2') before ever entering £(m + 2!) given that the process

began in £{m). The process is level-independent so it does not matter from which
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level, £(m) we commence provided that m > 2!. We can therefore write equations

(4.5.8) and (4.5.9) as,
H = Ply(271) < 4(0) & X (v(271))| X (0) € £(2Y], (4.5.10)

and,

LY = Py(0) < ~(2™") & X (+(0))|X(0) € £(2")]. (4.5.11)

Define the matrix U to be the probability that commencing from L(2+1) the
process returns to that level after visiting £(24! + 21) or £(2') but before visiting
L(22) or L£(0) and is given by,

ull = gLl 4 L gl (4.5.12)
for [ > 0. Let us commence from £(1) so G is,
G = P[y(0) < 00 & X(7(0))|X(0) € L(1)),

and can be determined using the level-independent logarithmic reduction algorithm

[17] that is stated below.

Theorem 8 The matriz G is given by,

G=>" ( 1T HW) L, (4.5.13)

>0 \0<i<i—1

where,

HO = (—A) 1A, (4.5.14)
L0 = (—A)'A,, (4.5.15)
AT (I_U[l])—l(H[l])Q, (4.5.16)
i+l (I—U[l])_l(L[l])2, (4.5.17)

forl > 0.
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The proof can be found in [17] and [18]. The I-th term in (4.5.13) contains all those
sample paths that commence in £(1) under the taboo that they never visit £(2+1)
before entering £(0). This is a powerful approach when one considers that at the
I-th step of algorithm U only those sample paths that reach at most £(I + 1) are
included.

The remainder of this chapter is dedicated to the level-dependent QBD (LDQBD).

4.6 Level-Dependent Quasi-Birth-and-Death Pro-
cesses

A level-dependent QBD (LDQBD) is defined in the following manner [3]: let X (¢)
be a two-dimensional Markov process on the state space {(m, ®):m>0,1<
o < Mm}. If X(t) = (m,®) we say that the QBD is in £(m) and in phase
® e {1,...,M,,}. The number of states of the process in each level is given by the
number of phases in each level, so if there are M,, phases at level £(m) then there
are M, distinct states.

The infinitesimal generator of the LDQBD is,

Q¥ QP o o...
& o o 0.

Q= o QP QB QP ...|, (4.6.1)

0 0 @ QP

where the matrix ng) is of dimension M,, x M,,_, ng) is M, x M,, and Qém) is
My, X Mpq1. The entries in each matrix for m > 0 are strictly non-negative, except
the diagonal elements of ng) which are strictly less than zero for all m > 0. In
addition, we assume that the process is irreducible and that Qém)e—i—ng) e—I—Qém)e =

0 where each e is of the appropriate dimension.
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The equation for the family of matrices, {G,,,m > 1} is slightly more compli-
cated in the level dependent domain. The probability of eventually entering state

(m — 1, j) starting from (m, ) is (G, )i;, where
(Gm)ij = Ply(m —1) < 00 & X(y(m — 1)) = (m — L)X (0) = (m,i)]. (4.6.2)

The family of matrices {G,,, m > 1} is the minimal non-negative solution to the

family of equations,
G = (—QI) QY + (—Q™) Qi G 1 G, (4.6.3)

for m > 1. Physically then, the process may move down to £L(m — 1) from L(m)
directly with probability (—ng))_lQém) or by first moving to £(m + 1) with prob-
ability (—Q{™)~1Q™ and then eventually moving down to L(m) with probability
Gm+1, and then eventually moving down to £(m — 1) with probability G,,. Since
each of these events is independent we have that the probability of the indirect

approach is (—ng))_ngm) Grs1Gm.

4.7 Level-Dependent Algorithms

4.7.1 The Level-Dependent Logarithmic Reduction Algo-

rithm

The level-dependent logarithmic reduction algorithm (LDLRA) was developed by
Bright and Taylor [3] and Ramaswami and Taylor [28]. For m > 2! define the matrix
Ul to be

HY = Ply(m +2") < y(m — 2') & X (v(m + 2))| X (0) € £(m)). (4.7.1)

Physically, HT[Q, gives the probability that beginning in £(m) the process will even-
tually reach £(m + 2') under the taboo that it does not ever visit £(m — 2!). The

matrix LY, for m > 2!, is defined to be,

LY = Ply(m — 2) < v(m +2) & X (v(m — 21))| X(0) € L(m)]. (4.7.2)
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LM can be interpreted as being the probability that beginning in £{m) the process
eventually visits £(m — 2') before it ever visits £(m + 2!). The matrices, HY and
L} form the basis for the LDLRA.

The factor,
[0 gl

m= m—2b

HALY 4L (4.7.3)

is interpreted as being the probability that the process will return to £(m) after
visiting either £(m+2') or £(m—2') under the taboo that it does not visit £(m-+2:+1)

or L(m — 2'*1). The algorithm to determine G, for m > 1 is as follows [28],

Theorem 9 The family of matrices defined by equation (4.6.2) is given, for m > 1

by,
00 -1
i l
Gm - Z ( Hr[n]—l—{—Qi) L»[ni_H_gl; (474)

where, for £ > 0

_ 14
HY = (—Q®)-1®, (4.7.5)
i = (e 'ep, (4.7.6)
+1 — [t l l kol {
gt = N (EPLl, + e, EP Y, (4.7.7)
k=0
I+1 — Hra l l kol +10
Y = S (s A,
k=0

An elegant physically motivated proof can be found in [28].

This chapter has been primarily concerned with many of the fundamental as-
pects of matrix analytic methods. The MAP and the QBD play a prominent role
in what is to follow; we use both to define the MBT. The MBT is an alternative
representation of the binary-branch point cctMMTBP. In particular, the MBT rep-
resentation of the binary-branch point cctMMTBP gives to the process a structure
where correlations between the branch lifetimes and branch offspring distributions
arise naturally. Furthermore, this representation allows us to exploit a much richer

algorithmic basis from which to obtain some interesting measures that are of use in
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biology; an algorithmic basis that is quite under-developed in the branching process

literature.



Chapter 5

Markovian Binary Trees

5.1 Markovian Binary Tree: Definition

In this section we define and construct the Markovian binary tree as a partic-
ular example of a level-dependent QBD, which was discussed in Chapter 4. A
Markovian binary tree (MBT) is a level-dependent QBD process with states X (t) =
(N(t), #1(t), .- -, dne (1)) defined on U2, {{k} x {1,...,n}*¥}. The random vari-
able N(t) denotes the number of branches alive at time ¢. For k = 1,..., N(t),
¢ (t) gives the phase of the k-th branch at time t. The phase process in each of the
branches evolves as the phase process of an n-phase MAP, as described in Section
4.3. If there are k branches alive then there are n* possible states of the phase
process for the entire MBT.

We define the Kronecker product and sum of two matrices. If a matrix Z is of
dimension a x b and a matrix ¥ is of dimension ¢ x e, then the Kronecker product

of the matrices Z ® Y, is given by the ac x be matrix,

[ ley Zlgy RET ZlbY
7 % v — 221Y ZQQY . . Zng
Za1Y 2pY ... zpY J

92
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The Kronecker sum of two matrices Z and Y which are both of dimension a X a is
given by
Z@Y =201+1IRY,

where [ is the a X a identity matrix.
We shall state and explain the infinitesimal generator matrix for the process and

then discuss its qualitative behaviour. The transition rate matrix for the MBT is

0 0 0 0 0
A AP A 0 o
Q=] o AP AP 4P o

0 0 AY AP 4P

o o o O

Let I® by the n* x n* identity matrix, with (0 = 1. The n* x n¥~! matrix A

for £ > 1 is given by
k—1

AP =310 @ dg 1+, (5.1.1)

=0
Equation (5.1.1) embodies the fact that only one branch can become extinct at any

moment of time. The n* x n* matrix A(lk) for k > 1 satisfies the recursion
AP = AFD g Dy, (5.1.2)

with A§°) = 0. Once again the nature of equation (5.1.2) indicates that there is no
interaction between any of the k£ phase processes that are currently evolving.

Finally the n* x nF+t! matrices Aék) for all £ > 1 are given by

k-1
AP = Y19 @B 1%, k> 1 (5.1.3)
=0

where the n x n? matrix B governs the observable transitions of the process. The
expression in equation (5.1.3) has k terms reflecting the fact that there are k actively
evolving branches and that any one of these branches can give rise to a new daughter

branch via the action of the matrix B. The independence of the k evolving branches
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is clearly seen by the fact that there is no interaction between the % copies of the B
matrix.

The state space of the process can be partitioned into levels, just as in the QBDs
of Chapter 4. The space of states in level k € {0} UZ+, denoted by £(k), are those

states that consist of k actively evolving branches.
Example 5 A model with three non-absorbing phases, {1,2,3}.

The natural extension of the MAP is to force both branches at a branch point to
be in the same phase immediately after the branch point. The matrix B for such a

model has the form,

(1,1 (1,2) (L,3) (21) (2,2) (2,3) (3,1) (3,2) (3,3)
1| (D) 0 0 0 (D)2 O 0 0 (Di)s
2 (D) O 0 0 (D) O 0 0 (Di)as
3| (D)s: 0 0 0 (Di)sz O 0 0 (Di)ss

The rows indicate the phase that the branch was in immediately before it underwent
an observable transition and the columns give the birth phase of the daughter branch
(the left digit) and the phase that the parental branch (right digit) is in immediately
after the observable transition. Thus a branch in phase ¢ immediately before the
branch point will generate a daughter and parent branch that are in an identical
phase immediately following the branch point. Hence only B; ;5 for 7 = 1,2,3 are
non-zero and correspond to the elements (D;);;. The general case where the parent
and daughter branches can be in any phase immediately after the branch point has

the transition structure given by

By Biae Biaz Bigr Bigs Biss Bigi Biss Bias
B=| Boyi Baia Bojyz Baar Bags Bags Bas Byss Baas |- (5.1.5)
B3y Bsje Bsiz Bsor Bsas Bsoss Bsai Bsass Bass

The element B, ji of the matrix B gives the rate at which the parent branch in phase

¢ spawns a branch point (observable transition) such that the daughter branch is in
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phase j whilst the parental branch is in phase ¥ immediately after the branch point.
When pictorially representing a branch point, the parental branch is drawn as the
right branch and the daughter branch is drawn as the left branch.

The MBT is a special case of the continuous-time Markovian multi-type branch-
ing process as we shall show in Section 5.2. The point of departure from the ct-
MMTRBP is an issue of interpretation. Because the branches of an MBT are governed
by MAPs, hidden transitions do not correspond to tree nodes. Observable transi-
tions that spawn daughter branches, on the other hand, do correspond to nodes. In
the ctMMTBP, the hidden transitions of the MBT are called singular transitions,
and result in the transformation of one particle type into a distinct particle type.
In the csMMTBP such singular transitions do correspond to nodes. By interpreting
the dynamics of a branch using a MAP, the time intervals between branch points
(or nodes) need not be exponentially distributed. Furthermore, the interval between
branch points can influence the offspring distribution, in particular, see equations
(4.3.2), (4.3.3) and (4.3.4) in Chapter 4,.

Suppose that at time ¢ the process is in a state with m branches and let branch

k < 'm be in phase r. Suppose the current state of the process is,

(m, a ..., b, r, ¢ ..., d)

1 ... k-1 %k kE+1 ... m

where the number beneath each branch denotes the label of that branch. The

following transitions are then possible:

e A hidden transition to phase ;7 # r, occurs with rate (Dg)rj. This transition

causes the state of the MBT to become

(m7 Ay ey b7 ja &) LR d);
1 ... k-1 k kE+1 ... m

e An observable transition that spawns a daughter branch in phase 7 whilst the

parental branch is in phase j immediately following the transition, occurs with
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rate B, ;;. The new state of the MBT is

(m+1, a, ..., b i j ¢, ..., d
I ... k=1 Fk k+1 k42 ... m+1
The tree is oriented such that the parental branch is the right branch and is
associated with the k + 1-th label and the daughter branch is the left branch

and is associated with the k-th label. The branches that were previously

labelled k£ + 1, ..., m have been re-labelled to k+ 2,...,m + 1.

e Finally a catastrophe occurs on branch k at a rate d,. This causes branch k

to cease to exist and the new state is

(m—-1, a, ..., b ¢ ..., d
1 ... k=1 k ... m-—1
where the branches that were previously labelled k£ + 1, ..., m have been rela-

belled to k —1,...,m — 1.

5.1.1 An Alternative Representation of the States of the

Process

Using the above representation for the states of the process we find that L(m) is
populated by a total of n™ states, since there are m branches and each branch can
be in any one of n possible phases. However, states of the process can be represented
in a more compact form, whereby at any time ¢, the state of the process is given by
the number of branches that are in each phase. For example, if we have m living

branches, then the states of the process are given by,
(mb ma, ... 7mn))

where m; is the number of branches in phase i, and such that,

n
E m; = m.
i=1
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Using this representation then, the number of states with m living branches is

)

This is just the number of ways of placing m like objects into n different cells, as
can be found in any textbook on combinatorics, for example see [29].

The number of states in this representation is clearly less than n™, however under
this representation we lose the ability to distinguish between parent and daughter
branches; all branches are essentially treated alike, modulo their current phase and
thus we lose any concept of ancestry. The major portion of this thesis is concerned
with analysing tree topologies and this state space representation will not allow us
to identify topologies as we have lost all relationships between branches and merely
know the number of branches in each phase. As a result, in the remainder of this
thesis we use the original representation since this representation does allow us to

keep track of the history of each branch and hence of the topology of the tree.

5.2 An MBT is a special case of a ctMMTBP

5.2.1 Definition

The MBT is a special case of the continuous-time Markovian multi-type branching
process where each and every branch point may have 0, 1, or 2 offspring. We now
write the MBT as a branching process. Recall from Section 2.4 that the probability

generating functions of the offspring distribution for each particle i are given by,
fO9) =Y p9G)sh.. s (5.2.1)
J1ye- y]nez+

The MBT is a special case of the cctMMTBP with offspring probability generating

functions that are quadratic. The generating functions are therefore,

+ Z k+z ’J’“sjsk, (5.2.2)

’ k=1k#i k,j= 1

F9(s)
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for all 4 € {1,2,...,n}. Suppose that the process consists of one particle of type 1,
we can describe the qualitative behaviour of the process quite simply. The particle
of type ¢ will live for an exponentially distributed amount of time with mean 1 /(do)si

at which point the particle will either,
1. die without giving birth to any new particle and this occurs with probability

di/(dO)i7 or

2. die and transform into a single particle of type j # 4 and this occurs with

probability, (Do);;/(do);, or finally,

3. die and give rise to two new particles that have types j and k and this occurs

with probablhty, Bz,jk/(dO)zd

5.2.2 Regularity and the Mean Number of Branches

Since all the derivatives of f (i)(s) are clearly finite, the process does not explode
[2]. The matrix of the expected number of branches in the MBT case is, by Section
2.4.2

M(t) = exp(At), (5.2.3)

where

Ay = (do)iksy, (5.2.4)

and

kij = Zf)‘ ((1 — 8i5)(Do)ij + z": (Bigk + Bi,kj)) 7 (5.2.5)

where d;; is the Kronecker delta , equal to one if 4 = j and zero otherwise. From

equations (5.2.4) and (5.2.5) it can be deduced that
A= Dy+ BC, (5.2.6)
where C is an n? x n counting matrix, with

Cijp = I{i =k} + I{j = k}. (5.2.7)
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For a process with three non-absorbing phases, {1, 2, 3}, the C matrix has the form,

1
112
121
13
21

(=i = N V]

—_

(5.2.8)
22

23
31
32
33

—t
[y
N = = = O O = S O w

[ = e
[ =]

Therefore the expected number of branches at time ¢ is given by
M(t) = exp[(Do + BC)t]. (5.2.9)

From Chapter 2.4 we saw that the process was sub-critical, critical or super-critical

depending on the dominant eigenvalue of the matrix A. Thus
o if A4 < 0 the process is sub-critical,
e if A4 = 0 the process is critical, and finally

e if A4 > 0 the process is super-critical.

5.2.3 Probability of Eventual Extinction

Recall that the minimal non-negative solution of
u(s) =0, (5.2.10)

is the probability of ultimate extinction of the process, see equation (2.4.22). Now

if Ay < 0 the process will become extinct almost surely, and if A4 > 0 then g < e



CHAPTER 5. MARKOVIAN BINARY TREES 100

component-wise. For the MBT we have,

0 = u(i)(s)
= (do):(fY(s )_31‘) (5.2.11)
o <d0 +k§k:7éz Sk—}_k;l SJSk )

= d + Z DO mSk + ZZB; kjSkSj (5.2.12)

k=1 j5=1

This can be re-written in matrix form as,
0=d+ Dys+ B(s® s). (5.2.13)

The probability of eventual extinction is the minimal non-negative solution to equa-
tion (5.2.13), [2]. We shall return to equation (5.2.13) in Chapter 7. We next
show that the macroevolutionary models that were discussed in Chapter 3 can all

be subsumed by the MBT model.

5.3 MBTSs and Simple Macroevolutionary Models

We begin by discussing the simplest of the models, the constant rates birth-and-
death model (crBD).

5.3.1 Constant Rates Birth-and-Death Model

This model is characterised by the fact that there is only one particle type. A particle
will speciate with probability A/(X + u) or will become extinct with probability
L / (A + ). The probability generating function for the process is given by,

__# A
p(s) )\+M+)\+MS'

(5.3.1)

To develop the MBT version of the crBD we associate /(A + u) with By 11/ (do):
and p/(X 4 u) with dy/(do); and apply the M¥ mapping, since as before we only
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consider unstable branches in line with the analysis of [26, Appendix A]. Finally, we

write the MBT transition rates

(Do)n = —(A+u) (5.3.2)
Bl,ll . )\ (533)

5.3.2 Proportional-to-Distinguishable Arrangements Model

The PDA model in its original incarnation stated that each distinguishable arrange-
ment of the labels on leaf branches of a given size are equally likely. The PDA
model was shown in Chapter 3, Section 3.10 to correspond to the asymptotic sub-
critical constant rates birth-and-death model. If in the MBT model the rates are
given by equations (5.3.2)-(5.3.4) and if 4 > A, then as t — oo the distribution of
probabilities over the extinct tree topologies is exactly given by the PDA model.
Here we mention a subtle point, in a subcritical branching process as t — oo, the
only tree topologies that have a non-zero probability are those that have only extinct
branches, application of the mapping M¢ does not remove any non-extinct branches
as there are none. Pinelis [26] provided an alternative definition of the PDA, called
the multi-rate-PDA (MR-PDA). In the subcritical domain of this model, the map-
ping MY needs to be applied, and after all extinct branches are pruned, all finite
quasi-stable topologies of a given size are equally likely. To demonstrate the versa-
tility of the MBT we shall derive an MBT with an identical distribution to that of
the MR-PDA model as t — oo.

Recall that in the MR-PDA setting, the probability of a particular random tree

of topology 77 is given by,

= (Tbbpw ()", (5.3.5)
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i |Tq| = 5. The MBT does not contain quasi-stable phases, instead it has two types
of phase:

e phase 0 which represents extinct species, and

e phases 1 to n which represent live species.
In order to transform the MR-PDA into the MBT domain we therefore

e map the quasi-stable phase of the MR to the absorbing phase of the MBT,
phase 0, and

e cxclude the extinct state of the MR-PDA.

What the second condition implies is that we map the space of finite non-extinct
quasi-stable trees to the space of extinct MBT trees and discard all the MR extinct
trees.

In the MBT domain the rate at which a branch becomes absorbed is given by,

_ 4
1—p(0)’

and the rate at which a branch gives birth to an identical daughter branch is given

by,

dy

(5.3.6)

By = b(l - p((Z))). (6.3.7)

It can be shown that
(Do)11 = —d1 — Byy = — (1 — 2bp(0)), (5.3.8)
by using the fact that p*(0) + 2p(0) (1 — p(0)) + (1 — p(#))* =1 and
p(0) = d + bp*(0),

which is equation (3.11.1) from Chapter 3. What is interesting about equation
(5.3.8) is the fact that (do)1 = —(Dp)11 < 1. This tells us that by discarding extinct
trees in the MR sense we are essentially slowing down the clock of the process, since

these false events never occur in the MBT.
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By analyzing the process as t — co we can write the probability that a random

tree has topology 7°¢ as

p(T%) = (=Do) "' B(p(T5q) ® P(T5 1)), (5.3.9)

since (—Dg) !B is the probability that the node [0] will eventually become an inter-
nal node, and p(’]fg’o]) and p(T[S,u) are the probabilities that the daughter branch
and the parent branch eventually evolve into trees of topology 7{8)0] and T[g,l] respec-
tively. In this case the process has only two phases, an extinct phase, corresponding
to quasi-stability from the MR-PDA model, and one unstable phase, so that equa-

tion (5.3.9) is a scalar, that can easily be shown to be equal to

p(T¢) = (7})):31,111)(7[8,0])17(7[8,1])
= 1_—21@@’)(1—p(@))p(T[S,o])p(T[S,”). (5.3.10)

Now, prior to any true binary branch point, that is, a branch point that generates
two branches that do not eventually become extinct, there may be any number
of branch points in which one of the two branches eventually generates an extinct
subtree. This possibility is reflected by the fact that for each true branch point of
the topology we must pre-multiply by 1/(1 — 2bp(0)), which is interpreted as giving
the mean number of false branch points that occur before the occurence of the true
branch point. Now, in the MBT-PDA interpretation we do not allow for extinct
trees in the sense of the MR-PDA model. In the MBT-PDA model, extinct trees are
precisely those trees that correspond to the quasi-stable portion of MR-PDA trees.

Using induction on equation (5.3.10) it can be shown that the above equation is

equal to s »
p(T¢) = (W) (b(l —p(@)))s (p(1))°, (5.3.11)

where p(1) is the probability that an individual branch eventually becomes absorbed
into phase 0 before a birth, and is given by

1 g = q
(do)r (1 —20p(0)) (1 — p(9))

p(1) = (5.3.12)
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Combining equations (5.3.11) and (5.3.12) we obtain,

el = 1 b s—1 _—q_ s
P =1 (1 - pr(f‘))) ((1 —2bp((2)))) | (5.3.13)

This equation is identical to equation (3.11.5) from Chapter 3 except for the factor
1/(1 — p(@)). Recall that in the MR-PDA model, any branches that eventually

became extinct are pruned from the evolving tree in order to generate the correct
topology. As an alternative way of thinking about this, we apply the M? mapping
from the space of realizations to the space of topologies. On the other hand, to
correctly obtain the measure for each topology, we cannot disregard the existence
of extinct subtrees; they must be taken into account. For the MR-PDA model, the
set of trees as ¢ — oo is populated by two subsets of non-zero measure, the space of
topologies representing extinct trees and the space of topologies representing quasi-
stable trees. The space of extinct trees, in the MR sense, are absent in the MBT,
and so to obtain the correct distribution we must divide the MR-PDA probabilities
by 1 — p(0) to obtain equation (5.3.13).

5.3.3 The super-PDA model

‘The multi-rate interpretation of the SPDA (MR-sPDA) model was discussed in Sec-
tion 3.11.2. The probability that a random tree is generated with topology 79 is
dependent on the number of unitary splits of that topology. The MR-sPDA allows
daughter branches to be born in the quasi-stable state, whereas the MR-PDA does
not. The MR-sPDA model can also be re-written in terms of an MBT. The space
of topologies that we are concerned with in the MBT version of the sSPDA model
is precisely that space which consists of only the quasi-stable topologies of the MR-
sPDA model. This is just the generalization of our analysis for the MBT version of
the MR-PDA in the previous section.
To transform the MR-sPDA to the MBT domain,

1. we wish to map the quasi-stable phase to the absorbing phase of the MBT.
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The problem with doing this directly is that in the MR-sPDA model, a branch
can give birth to a daughter in the quasi-stable phase, whereas, in the MBT we
do not allow births directly into the absorbing phase. Consequently, we map
the quasi-stable phase to a holding phase. Once a branch enters the holding
phase it will then be absorbed with probability one.

2. we exclude the extinct MR-sPDA state.

The second point implies that at each transition we exclude the possibility that a
branch and hence subtree will become extinct (in the multi-rate sense). Thus we
condition on the space of trees where extinction does not occur, that is, the topologies
with a positive number of quasi-stable branches as t — o00; see the discussion in
Section 5.3.2. We map the space of these trees to the space of sub-critical MBT

trees whose branches have all been absorbed in phase 0.

MR-sPDA Intermediate MBT-sPDA
y () B R e 7)) ()
byp(0) byp(0) brp(¥)
P T—p(0) (1 —2b(1 —~)p(0))(1 — (D))
by(1—p(@) - by - 2b(le— )p(0)
2b(1 — y)p(B) (1 —p(B)) | 2b(1 — ~)p(D) -
- a-p@®? [sa-pa-pm)|  ALgalopd)

Table 5.3.1: Branch point transitions from MR-sPDA to MBT-sPDA

Table 5.3.1 has three columns. The first column tabulates the most important

branch point transition probabilities of the MR-sPDA model:

1. the rate at which a branch transitions into the quasi-stable state,
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2. the rate at which a branch point occurs such that the daughter branch is born

quasi-stable and the parent branch eventually becomes extinct is byp(0),

3. the rate at which a branch point occurs such that the daughter is born quasi-

stable and the parent branch does not eventually become extinct is by(1—p(()),

4. the rate at which a branch point occurs such that either the daughter or the
parent eventually becomes extinct whilst the other does not is 2b(1—~)p(#)(1—
p(0)), and finally,

5. the rate at which a branch point occurs such that neither the daughter nor

the parent eventually become extinct is b(1 — v)(1 — p(0))?

As we have stated already, in the MBT environment we have elected to ex-
clude any transitions that lead to extinction in the multi-rate sense. Extinction
in the MBT environment coincides with quasi-stability in the MR environment.
Consequently, we cannot allow any transitions in the MBT environment that could
potentially lead to tree extinction in the MR sense. Thus, following the explanation
given in Section 5.3.2, we divide all these rates by 1 — p(f}) which then gives us the
second column in the table.

Consider now the transition 2b(1 — v)p(f) from the second column. In the MR
world, this leads to a branch point such that one of the branches generates a subtree
that eventually becomes extinct whereas the second one does not. In the MBT
world such a branch point, or such a transition does not exist. Why? Because we
have chosen to not allow extinction in the MR sense. We divide all the rates in the
second column by 1 — 2b(1 — «)p(0) because as we shall see this plays the role of
one of the diagonal elements of Dy. This factor is less than one and similarly to the
PDA example of the previous section it acts to set the ”clock” of the process.

Because we are dividing the rates of the second column by what amounts to one
of the diagonal elements of Dy, the third column actually gives us the transition

probabilities for the MBT model of the process. We explain each transition in turn.
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But before we do, note that, the absorbing phase for the MBT is 0, phase 1 is the
holding phase and phase 2 is the unstable phase. Now, there are three ways in which

a branch can become extinct in the MBT sense, that is, enter phase 0. The first

is via a direct transition from phase 2 with probability (1_%(1_7)5(0))(1_1)(@)). The
byp(0)

second is given by o0 T @) whose interpretation is quite simple, it is the

probability that a branch in phase 2 will eventually undergo a transition to phase 0,
without any associated branch point. Of course, in the MR-sPDA environment this
was associated with an internal branch point, such that the parental branch became
extinct and the daughter branch directly became quasi-stable. This internal branch
point does not exist in the MBT, it is a leaf node instead. The third way is given
by mb’y, which gives the probability that a branch, which was in phase
2 immediately before the branch point, will undergo a branch point such that the
daughter will be born in the holding phase, phase 1. This daughter branch will then

become extinct with probability 1. The parental branch remains in phase 2. The

b(1—y)(1—p(0))
* 1-26(1—)p(0)

point occurs when the parent branch is in phase 2 such that the parental branch

final entry in the third column gives us the probability that a branch
remains in phase 2 immediately after the branch point and the daughter branch is
also spawned into phase 2. Given the above transition probabilities we can easily

write the rate matrices for the process:

~1 0
Dy = : (5.3.14)

0 —(1—2b(1—)p(0))

0 0 O 0
B = . (5.3.15)
0 by 0 b(1—7)(1-p(B))
and finally,
1
d= e, | (5.3.16)
1—p(®)

We elect to study the sub-critical process as t — 00, so a random tree will

eventually become extinct with probability one. Recall from Chapter 3 that any
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topology, and in particular, any extinct topology can be written as,

7¢ = {([2(0)], [0)", Ti5 o1, Ty}

so the probability that a random tree will be mapped to a tree of topology 7°¢ is
just given by,
p(T°) = (—=Do) ' B{p(Ti5.0) ® (T 1)) (5.3.17)

where (—Dp) !B is the probability that the root branch will eventually undergo a
branch point, and p(T[g o]) and p(’]fg 1]) are the probabilities that the daughter and
parental subtrees will eventually have topologies T and ’]IO 1 Since each event
is independent we multiply them together, and the Kronecker product reflects the
fact that we need to keep track of the independent evolution of the two branches
emanating from the first branch point.

More explicitly then,

pl(T[S 0] )p1 (T[S
p(7°) |t 0 0 00 0 P16 o)p2 (T,
p2(7T°) O Tmim® 0 by 0 b(1—7)(1—p®) P25 q)p1 (T
| p2(78 [0,0] )p2 (TS
(5.3.18)
Any tree that commences in phase 1 can only ever reach a size of one, thus p; (7°) = 0

if |Te| > 2. As a result only py(7°) is non-zero for |’Te’ > 2, thus

1
1—25(1 —

po(T°) =

(5.3.19)
The first term of equation (5.3.19) is non-zero only if ']EO o is @ single branch topology
since it commences in phase 1, and in this case p1 (75 ) = pl(l’]fg,o]’ =1)=1 We

therefore re-write the above equation to reflect this,

pa(T°)

1
1 — 2b(1 —~)p(0) O H{|T5a] = 1pa(T50)+
b(1 =) (1 = p(9))p2(T5 0 )p2(T5 1)) - (5.3.20)

—

—

—_

RN N

=

o OPTo)pa(Ti ) + b0 = 7) (1 = p0)2a( T )2 (T ) -
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Re-arranging equation (5.3.20) leaves

o _ M=y -p®) Y e | _ :
pZ(T ) - 1 — 2b<1 _ ’7)]7(@) <(1 _ ’Y) (1 _ p(w)) I{|’ZEO,O]‘ o 1}]72(7{071])

+p2(7f§,o])l?2(7f3,1]))- (53.21)

The first term in the brackets of equation (5.3.21) can be re-written as

v
1= =p®)pa(|T5q| = 1)

because of the indicator function [/ {"ng’oﬂ = 1}. Combining equations (5.3.21) and
(5.3.22) we obtain,

I{| [8,0]‘ = 1}}72(7[870])1?2(7{8’1]), (5.3.22)

e b(1 =) (1 - p(0)) 0 _—
p2(T ) 1 —2b(1 — ’}’)P(m) ((1 _ ,7)(1 _p(m))p2(|7~[8’0]| — 1)I{|IZEO,O]| = 1} + 1)
*p2(Tig,0)P2(T5 ). (5.3.23)

We can now extract the indicator function in equation (5.3.23) and place it as the

exponent of the expression in brackets,

ey __ b(l - ’Y) (1 - p(@)) o I{|T[8,o]|:1}
p2<T ) 1= 2b(1 — "Y)p(@) ((1 — 7)(1 _ p(@))p2(‘7[870]1 — 1) + 1)
xpa(T5.01)P2( 76 1y)- (5.3.24)

Suppose the tree of topology 7°¢ has size ‘Te| = s with v unitary branch points,

then using an inductive argument, equation (5.3.24) can be shown to be equivalent

to,
o [ B(1— 7)(1 —p(@)) o v ! s
P (1— (1 - “r)p(ﬂ)) <<1 B CRp ) P (M =y “) (p:1)"
(5.3.25)
Clearly,

q+ byp(D)
1—p(0)) (1 —2b(1 —7)p(0))’

and incorporating this into equation (5.3.25) the final result is,

P 1 T atbwp®) N
Te _ s—1 +1 ( ) .
P = ((1—7)% ) I =251~ 7)p(0)
(5.3.26)

p| TG = 1) = p2(1) = (
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where 3 = %%. This is precisely equation (3.11.17), except for the factor of
1/(1—=p(®)). Again, for an explanation, see the text immediately following equation

(5.3.13) in Section 5.3.2.

5.4 The MBT and the Multi-Rate Model

Simple evolutionary models such as the constant-rates BD, the PDA and the sPDA
can be shown to be special cases of the MR model. All three of these models are
characterised, in the MR context, by the fact that they have only one unstable
phase, one quasi-stable phase and one extinct phase. These models are scalar (as
there is only one phase per class) and can be analysed. However, in order to provide
for better macroevolutionary models clearly more complex MRs are required, since
these simple models do not yield imbalances that are consistent with observation.
Non-scalar MR models have the major drawback that they cannot be conveniently
analysed because they do not have a representation that allows such an analysis to
be performed, see Chapter 3.

Even if such a representation existed, the MR model has one other complication,
the distinction between quasi-stability and extinction makes any transient analysis
of the process very difficult to perform. Branches that become extinct must be
pruned from the tree. The consequences of pruning are such that the death of only
a few branches may have profound effects on the entire topology of the tree. Figure
5.4.1 depicts a tree that evolves under a MR model and at two different times we
perform the necessary pruning of the extinet branches to ascertain the tree topology.
Tree, T, is the complete tree with unstable, extinct and quasi-stable branches, tree
7,* is the unstable topology of the tree after a pruning is performed at time #;
and tree 7,* is the unstable topology of the tree after pruning is performed at t,.
Topologies 7* and 7;* are very different; pruning the extinct branches has the effect
of producing longer branches, since any transition that generates an extinct branch

is not treated as a branch point after pruning. Thus the rate of undergoing a true
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Figure 5.4.1: An example of the pruning required for MR trees.

branch point, that is, a branch point that yields two non-extinct branches, is clearly
less than the rate of undergoing just a branching event. Topologies T* and T;* are
also very noticeably different; the death of three branches between t; and t¢,, has
changed a four branch topology from the second topologically isomorphic class of
size four trees to a single branch topology. In other words, after pruning all extinct
branches at t, the tree has not undergone even one true branch point!

This highlights the critical problem that the MR faces by pruning extinct branches:
in order to prune correctly at any time, a complete historical knowledge of the tree
is required because of the profound effects of even a small number of extinctions.
From a mathematical perspective then, to avoid these issues one studies the process
in the limit as ¢ — 0o and then prunes the extinct branches.

Now, because the MR lacks a representation from which a useful analysis can be
performed in the limit as ¢ — oo, we shall express the model in two different ways

that render it more transparent to analysis. The MR model can be transformed
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into an MBT-like representation or directly into a MBT representation. We shall
discuss both methods and then show that the MBT representation of the MR is the

preferred option.

5.4.1 The MBT Representation of the MR Model

As a first step we shall directly transform the MR model into a standard MBT
representation, called the MBT-MR model. The impetus behind such an approach
stems from the success with which the MR-PDA and the MR-sPDA models were
transformed to MBT processes. Because the procedure we use in this section is a
generalisation of the methods employed in Sections 5.3.2 and 5.3.3, the MBT-MR
model reduces to those models when the phase space consists of one quasi-stable
and one unstable phase.

The model is correctly formulated by

e discarding all the extinction phases of the MR model as they are not counted

in the topologies, and

e mapping all the quasi-stable phases to a holding phase, say 1. From this phase

absorption subsequently ensues with probability one.

As a result, the space we are concerned with here is the space of MR trees that are
finite with all branches being quasi-stable. Once again, since extinction in the MR
sense is not allowed in the MBT model, to transform the rates from the MR model
to the MBT domain we must therefore divide each rate by the appropriate 1 — p;(0),
see Sections 5.3.2 and 5.3.3. This implies that we are interested in the distribution
of the space of random trees from the MR domain whose quasi-stable portions are
mapped to 79, and not the measure of the subset of trees that correspond to extinct
trees in the MR sense.

As before, let U be the space of unstable phases, and Q be the space of quasi-
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stable phases. The absorption rate from any phase 7 € U is given by,

qug Hiq + qug oiqpi()
1—pi(0) '

This equation tells us that if a branch is in phase 4 € U then it will become absorbed

di =

(5.4.1)

if it undergoes
1. a direct transformation from ¢ to any ¢ € Q, or,

2. a branch point occurs such that the daughter is spawned in some phase, ¢ € Q,
whilst the parent branch, still in phase ¢+ immediately after the branch point,

subsequently generates a subtree that becomes extinct in the MR sense.

We sum over all Q since we are not interested in which quasi-stable phase it enters

but merely that it enters one. Thus the absorption vector d is given by,

1
d= ; (5.4.2)
dll

where dy, is the absorption vector for the unstable phases and is of dimension N(U/) x
1, and where the first element represents the fact that a branch in phase 1 will be
absorbed with probability one.

The rate at which branch points occur from 7 € U to a daughter branch in some
phase w € U is given by,

(1= pu(0)) (1 — pi(9))
1 —pi(0) .

A parent branch in phase i gives birth to a daughter branch in phase u with rate o;,

and since we wish that both branches independently never become extinct, o, is
multiplied by the probability of non-extinction which is (1 —p,(#)) (1 — p;(0)). The
rate at which a parent branch in phase ¢ € U will give birth to a daughter branch

in phase 1, is given by

- ZQEQ Uiq(l _pz(w))
B Y ()

(5.4.4)
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The total tate at which a parent branch gives birth to a quasi-stable daughter branch
occurs with rate ) qc0 Tig- We require that the parent never becomes extinct (in
the MR sense) and to ensure this happens we multiply by (1 — pi(@)).

To illustrate the transition structure, consider an example where there are two
unstable states denoted by I = {2,3} in the MR, which are mapped to phases 2
and 3 in the MBT, and two MR quasi-stable states Q = {4,5} mapped to the phase
1 in the MBT. In this instance the matrix B is of the form,

12 13 21 22 23 31 32 33
1 0 0 0 0 0 0 0 0
2| 094 + 095 0 0 09a(1—pa(0)) 0 0 o93(1 —p3(0)) 0
3 0 o34+ 035 0 0 o3(l —pe(0) 0 0 o33(1 — p3(0)

where for space reasons we have excluded the 11 column, which has only zero entries.
Let (Dyg)iy, for 4,u € U, i # u, be the rate at which a hidden transition occurs from

phase ¢ to phase u. This is given by,

B Lin Uiu(l - pu(@))pi(@)
(Do)ew = 1 —pi(@) + 1 —pi(@) .

This equation also has a similar interpretation: a branch in phase 4 can undergo a

(5.4.5)

hidden transition into phase u either directly via u;, or indirectly via giving birth to
a daughter branch in phase u, whilst the parent branch eventually becomes extinct
(in the MR sense); once the parent is pruned all that remains is a single branch in

phase u. The diagonal elements of the matrix Dy are given by,
(Do)is = — [ di+ D) Do)+ > Biwi|, (5.4.6)
ueld ue{l, U}

for i € U and (Dy);; = —1. The total rate at which a branch may undergo a birth is
given by the sum of all the possible eventual outcomes of a birth. These outcomes

are,

e both subtrees become extinct, or
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e the daughter branch is quasi-stable and the parental subtree does not become

extinct, or

e the daughter branch is quasi-stable and the parental subtree does become

extinct, or

e the daughter branch eventually becomes extinct and the parental subtree does

not,

e the daughter branch does not become extinct while the parental subtree does,
or finally,
e neither subtree becomes extinct.

Thus, it is relatively straight-forward to show that the rate of giving birth, is given

by,

Z Oig + Z Oy = Z osupu(0)p; () + Z Uiq(l - pi(@)) + Z oiqpi(0)

geQ uel uel qc€Q 70
+ Z (Uiupu((b) (1 - pz(@)) + Uiu(l - pu((b))pz(@))
+) il = pu(0)) (1 - pi(0)). (5.4.7)

Now using equation (5.4.7) it can be shown that (5.4.6) is equal to,

(Do)ii == = <1 - ( Z O-iupu(w) + 201‘1‘131'(0))) . (548)

u€U, u#i

It is also easy to see that if there is only one unstable phase, then equation (5.4.8)
reduces to equation (5.3.14).
The probability that a random tree eventually has a topology of 7¢ is given by

p(T°) = (—Do)™'B (P(']fg,o]) ®p(7f&1])) . (5.4.9)

Equation (5.4.9) can be solved analytically using a simple recursion on the subtree

topologies. Let 7¢ be a topology of size s, then the recursion to solve for T¢ is
p(T¢) = (=Do)'dif |T¢|=1 (5.4.10)
p(T®) = (—Dy)'B (p(']fg,o]) ® p(T5,)) otherwise, (5.4.11)
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where ‘7{8,0]‘ = j and |’ZI§’1]| =s5—7.

It can be seen that the direct transformation from the MR to the standard
MBT model generates rather complicated transition rates between phases. The
alternative is to transform the MR into an MBT-like model. Such a transformation
is performed in the next section where it will be seen that complicated transition

rates are small price to pay compared to the difficulty in solving the equations that

give the probability of any topology, even for the one branch topology!

5.4.2 The MBT-like Representation of the MR model

In the MBT-like representation we

1. group all the quasi-stable states into phase —1. This phase is effectively a sec-
ond absorbing phase, the rate of absorption into this phase from any unstable

phase i € U is Y o g, and

2. group all the extinct states into the second absorbing phase, 0. The rate of
absorption into this phase from ¢ € U is given by >, 1, pts4. Any branch that

eventually enters phase 0 is pruned from the tree.

Thus the reason why we call this an MBT-like structure is due to the presence of
two absorbing phases whereas an MBT is defined with only one absorbing phase.
We shall call this model the MBT-like-MR (MBTI-MR) model. Furthermore, the
—1 phase is not treated as a traditional absorbing phase, since a daughter may be
spawned in phase —1. Let N(U/) be the number of states in . The transformed

model has the following hidden transition structure,

-1 0 U

-110 0 O
; (5.4.12)

010 0 O

U a d DO
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where a; = > geo Migs i =D _g4ep tia and where Dy is the matrix of internal (hidden)
transitions between the states that are in /. The dimension of Dy is N(U) x N(U).
The non-diagonal elements of Dy are, (Dy);; = p; if i # j and the diagonal elements

are given by,

(Do) =~ | D mig+ D pia+d mut . oul. (5.4.13)

geQ deD uel ue{-1U}

At this point we would like to point out that from an analytical perspective,

it would be much easier to just use the —1 phase like a holding phase, as we did
in the MBT version of the MR-sPDA model. However, because we wish to keep a
distinction between multi-rate quasi-stability and extinction we cannot do this. We
shall get around this by introducing the (N () + 1) x (N(U) + 1) matrix, D, such

that,

_ 0 o
D= , (5.4.14)
0 Dy
where 07 is the transpose of the zero vector 0. The first row now corresponds to the

phase, —1. Now any branch that enters phase —1 will never exit it. Let,

0
d

d= , (5.4.15)
be the vector that gives the rates of extinction from each phase. Notice how d_; is
set to zero which distinguishes —1 from phase 0, because a branch in —1 remains
in this phase and it cannot become extinct, that is, enter phase 0. We shall also
see that there is no communication between —1 and 0 via the matrix B, the matrix
governing observable transitions. Consider, now the observable transitions. The
observable transitions are those transitions that generate a distinct daughter branch.
The transitions where a parent branch, in phase ¢, spawns a daughter branch in phase
J € {—1,U} whilst the parental branch remains in phase 4, occur at rate oyitj el

and 0y = 3, 0y if j = —1. Therefore,

Biji = 0y, j € {-1,U}, (5.4.16)
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and B;jx = 0 for k # 4. Furthermore, B_,;; = 0 for all 4,5 € {~1,U}. So, the
matrix B is of dimension (N(U) + 1) x (N(U) + 1)?. This process is conservative,

De +Be+d=0. (5.4.17)

The internal dynamics of each branch is governed by the matrix Dy just as in
the ordinary MBT. The matrix Dy is invertible so an analysis as t — 0o is possible,
however the matrix D is not invertible. We introduce the matrix D, which is defined

by,
0 o'
D= . (5.4.18)
0 (D)t
The purpose of D is to keep the dimensions of the matrices in the expressions to
follow from becoming too skewed.
The space of extinct trees consists of those trees whose branches have all been

absorbed in phase 0. Let p;(0), for all 4 € {—1,U}, be the probability that a tree

commencing in phase i eventually becomes extinct. The equation for p(f) is,

p(0) = (~D)~'d + (—D)"'Bp(¥)) @ p(0). (5.4.19)
A tree may become extinct by direct absorption into 0 from the root branch, with
probability given by the first term of equation (5.4.19) or by first undergoing a birth
and then having both subtrees subsequently becoming extinct independently and
this is given by the second term in equation (5.4.19). Note that the probability
that a tree becomes extinct given that its root branch began in phase —1, p_1(0),
is clearly equal to 0, since the phases —1 and 0 never communicate. It will be seen
in Chapter 7 that p(0) can be found algorithmically.

Recall, from Chapter 3 that the topology of the quasi-stable portion of a tree was
denoted by 79 in this chapter, we continue with nomenclature here. Let pi(T9),
i € { —1,U}, be the probability that a random tree commencing life in phase 7 will
eventually attain a topology of 79. Note that since we are studying the distribution

as t — oo and we are assuming that the process is subcritical, the only trees that
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have a non-zero probability of occurring are those that have a finite number of
extinct and quasi-stable branches and zero unstable branches. Now, there exists
only one topology with |’T‘1| = 1, and so we often write, p(1), for the probability
that a random tree evolves to eventually attain a one branch (quasi-stable) topology.

We can write the expression for this probability, and it is given by,

p(1) = (=D)'a+(—D)"'B(p(0) @ p(1)) + (—D) 'B(p(1) ® p(B)) +e_,, (5.4.20)

. 0
a =
a
and e_; is a vector of zeros, except for the —1 position which is one. The inter-
pretation for equation (5.4.20) is straightforward. A tree can attain a one branch
quasi-stable topology in two ways, the first is directly via a phase transition to —1,
and this has probability (—D)~'a, and the second is via a birth such that either the
daughter or the parent subtrees eventually become extinct and the other eventually
attains a one branch topology, and this has probability (—D)™'B (p(#) ® p(1)) +
(-=D)™'B (p(1) ® p(0)). Now if the tree commences in phase —1, it is with proba-
bility 1 that the tree will be of size 1, hence the presence of e_;. More generally,
p-1(77) = I{|T9| = 1} since any branch commencing in phase —1 cannot give birth,
The equation for the probability that a random tree will attain a topology of 79
for ’qu > 2 is given by,

p(T%) = (~D)'B(p(Thy) ©p(Ty)) +
+(=D)™'B (p(T%) @ p(1)) + (~D) ' B (p(0) ® p(T?)) . (5.4.21)

This equation illustrates the fact that a tree with eventual topology 77 achieves this

by giving birth

1. to two non-extinct subtrees of topologies 7{00 and ’ng 1 such that 79 =

{([e(0)], [0, T ), Tig > o1,



CHAPTER 5. MARKOVIAN BINARY TREES 120

2. such that the parent or daughter subtree becomes extinct, whilst the other

evolves into a tree of topology 77.

One must be very careful in expanding equation (5.4.21). Recall in Chapter 3, the
equation for the probability that a random tree eventually has topology 79 in the
MR-sPDA model is given by,

p(T%) = b(1 = )p(Tg ) )P(T5 1) + 2bp(T")p(B) + byp(Tg NI{| T | = 1} (5.4.22)

Notice that the last term in this equation gives the probability that the daughter
branch at the first branch point is born quasi-stable and hence can only have a one
branch topology, so if 77 has a daughter subtree that has a size greater than 2, this
term is zero. Now, since equation (5.4.21) is the matrix generalization of the above
equation, when we expand it there will be a term from (—D)”Bf)(?Eg’O]) ®p(Tg 1)
which will be non-zero only if the daughter subtree is of size 1.

The effects of disregarding extinct branches when mapping to the topological
domain, can be seen from equations (5.4.20) and (5.4.21). The last two terms from
both equations represent the scenario that, following a birth, either the daughter or
the parental subtree becomes extinct, and is subsequently pruned, whilst the other
subtree evolves to a topology of 79

The last two terms in equation (5.4.20) cannot be gathered because the Kronecker
product is non-commutative and so an analysis such as that performed for the
simple sPDA model cannot be applied, see [26] and Chapter 3. The equations
for the dynamics of this process are difficult to solve analytically even in the single
branch topology case because of the complicating effects of pruning extinct branches.
Algorithms can be developed to solve equations (5.4.20) and (5.4.21)

The problems associated with pruning were not an issue in the standard MBT
representation for the MR model since all the extinct states from the MR model
were discarded and quasi-stability was treated as extinction. The distribution of

the standard MBT model is identical to the distribution, p(7?) of the MR model
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restricted to the space of random trees whose quasi-stable portions are mapped to
T.

To illustrate the simplicity in using the MBT-MT model, consider the three
branch topology depicted in Figure 5.4.2. The probability of attaining this topology

&
’/’T[O,l]

[

Figure 5.4.2: A three branch topology

c
To,0r—0u

is given by,
p(T°) = (=Do) "' B (p(T) ® (T 1) , (5.4.23)

where [7}870” =1 and |7E§’1][ = 2. Since the daughter topology consists of a single
branch we have that

P(Z5q) = (—Do) "4, (5.4.24)

and since the topology of the parental subtree is a two branch topology, using

equations (5.4.11) and (5.4.10) we obtain,
p(Igy) = (—Do)‘lB[(—Do)‘ldé@ (—Do)_ld]. (5.4.25)

Substituting the expressions for p(7[5 ) and p(75 ), into equation (5.4.23) we
finally obtain,

p(T*) = <—DO>—IB(<—DO>—1d® (~Do) B[ (Do) d <—Do>-ld]) (5.4.26)

This example demonstrates the power of transforming the MR into the MBT-MR
model. The three branch topology has an analytical solution whereas the single

branch topology in the MBTL-MR model requires algorithmic methods to solve!
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The implicit nature of equations (5.4.20) and (5.4.21) represents the interaction
between the full topology and extinct subtrees are absent in the MBT-MR equations;
this is the result of neglecting the extinct states in the MBT-MR model. This
difference is most striking because equation (5.4.11) can be solved using recursion
and matrix multiplication for all s > 2, whereas the most simple equation in the
MBTL-MR model, equation (5.4.20), is implicit and requires an algorithmic scheme
to solve! Finally, the asymptotic distribution of the much more simple MBT-MR
model is still identical to that of the MR model.

The MR-PDA, and MR-sPDA models consider only topologies that consist en-
tirely of a finite number of quasi-stable branches, almost surely. The crBD model
considers topologies that consist entirely of unstable branches, and the crBD in-
terpretation of the PDA model (ctBD-PDA) considers topologies that consist of a
finite number of extinct branches, almost surely. The MBT representation of all the
above models considers topologies that consist of a finite number of extinct branches,
almost surely, except for the crBD model which considers unstable topologies. In or-
der to be completely unambiguous about the types of topologies we are considering
when having discussed each model, we have been meticulous in denoting the type of
the topology of a tree as 77 and the type of a topologically isomorphic class of size
s as 7 ;, where 2z = a, u, q,e. From this point and throughout the remainder of the
thesis we shall no longer make such a designation as all models will be discussed in
terms of the MBT in which case the types of the topologies that are being considered
are unambiguous.

The first five chapters have seen us discuss the need to provide useful models
of the macroevolutionary process. The most simple models have been shown to be
deficient in a number of areas, particularly when one factors in the need to generate
topologies with imbalances that mimic those of phylogenetic trees. The most com-
plex model to date, has been the MR model of Pinelis [26]. In theory it provides a
significant amount of flexibility that can account for the variable imbalances found

in nature. However, this model suffers from some quite fundamental problems. The
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MR model of Pinelis, which is a special case of a ¢tMMTBP, cannot be analysed
in a practical fashion. There is a well developed theoretical approach to the ct-
MMTBP, however very little of this theory provides any practical use in a modelling
context. Furthermore, the MR model requires one to prune extinct branches from
the topology, an extremely difficult task to achieve in any transient analysis, and

still of considerable difficulty in the limit as ¢ — oo. Thus, in order,

1. to provide a physically reasonable, flexible model of macroevolution, and

2. to provide a model that is amenable to practical algorithmic analysis,

we have given an alternative representation of the binary-branch point ctMMTBP
in the language of QBDs, known as the MBT. In doing this, we have given to the
binary-branch point cctMMTBP, which is a structure that has very little correlation
between particle lifetime and offspring distribution, a very rich correlation structure.
The correlations are caused by considering the evolution of each branch in terms of
a MAP.

We have thus far shown that the MBT model subsumes all the simple macroevo-
lutionary models. Furthermore, the flexibility of the MBT is such that we have
provided two alternative representations for the MR model. The first representation
is in terms of an MBT-like model and the second representation is in terms of the
standard MBT model.

Our next step is to begin demonstrating the power of the algorithmic approach
and the flexibility of the MBT as a model. In Chapter 6 we provide an algorithm
that calculates the distribution of imbalance conditioned on tree size. Using this
distribution we than calculate the mean of Colless’ index of imbalance. We show
that there exists a one parameter family of MBT models that can generate mean
imbalances that have a range spanning from a lower mean imbalance than the crBD
model all the way to the theoretical maximal mean imbalance. The correlations that
abouﬁd in the MBT domain, due to the MAP, produce interesting effects that can

be exploited in developing a suitable macroevolutionary model.



Chapter 6

Probability Distribution of

Imbalance

6.1 Introduction

Chapter 3 provided an introduction to the types of models that have been utilised
in current phylogenetic research. As stated in that chapter, the imbalance of phy-
logenetic trees is playing an increasingly important role. The reason is that the
imbalance can be used to infer information on how the rates of speciation or ex-
tinction have changed over time, because higher or lesser imbalances are likely to
have been generated by variations in these rates. The simplest macroevolutionary
models predict imbalances that are either too low, for example the constant rates
BD (crBD) model [10, 22, 30}, or too high, for example the PDA model [22, 26, 30].
For a graphical representation of this point for varying tree size, see Figure 5 from
Rogers [30]. The reason why neither of these simple models can predict the correct
imbalances is that they do not have the capacity to allow the rates to vary across
a tree; the rates of speciation and extinction are fixed. As a result, the ability to
vary rates over time and throughout a topology gives one the propensity to generate

topologies with the imbalances that are more closely aligned with those found in

124
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nature. More recently, there has been a greater emphasis on developing models that
allow for rate variation. The most sophisticated model to date, that proposed by
Pinelis [26], is a special case of the ctMMTBP.

The MBT model, as developed in Chapter 5, is also based on the ctMMTBP.
However, a novel interpretation and representation allows us to develop complex
interactions between the phases of each branch, and as a result, allows for significant
rate variation in different parts of the tree and at different times. Furthermore, the
MBT model subsumes all of the other important macroevolutionary models that
have been discussed here, including the multi-rate model of Pinelis.

The purpose of this chapter is to demonstrate further this flexibility by devel-
oping an algorithm that can calculate the mean imbalance for the MBT when we
condition on the size of the trees we are interested in. This follows the work of
Rogers [30] who developed algorithms to determine the moments of the imbalance
for the constant rates BD and PDA models, when conditioned on tree size. We will
further show that we can find a very simple one-parameter family of MBTs that has
the flexibility to produce the entire range of theoretically possible mean imbalances.

In Section 6.2 we discuss the algorithm for determining the mean imbalance of
an MBT model given its size. In Section 6.3 we discuss the mean imbalance for
the simple models, crBD, PDA, s-PDA and Completely Unbalanced (a special case
of the sPDA model), and then using the algorithm from Section 6.2 we show that
there exists a one-parameter family of MBTs that has the flexibility to generate any
mean imbalance. Finally, in Section 6.4 we discuss the computational complexity of

the algorithm.

6.2 The Imbalance Algorithm

In this section, we wish to develop an algorithm that can calculate the mean imbal-
ance, using Colless’ index of imbalance, for the MBT model. To do this, we must

first calculate the distribution of imbalance, conditioned on tree size.
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We know that for any given size s, Colless’ index of imbalance must lie in the
set, {0,1,...,(1/2)(s — 1)(s — 2)}. Let C;, denote the set of trees of size s that
have imbalance ¢ for all ¢ € {0,1,...,(1/2)(s — 1)(s — 2)}. Using the sets C;; we

partition the space of trees of size s, T, into

N

(s—1)(s—2)
T,= |J Cis
=0

If p[C; ] represents the probability of the space C;;, in other words the proba-
bility that a random tree has a topology that is in C; 5, then the mean of Colless’
index of imbalance is given by,

1/2(s—1)(s—2) g
¥ ’ p [(Ci,s]
2(s—1)(s—2)

i=0 j=0 p[Cj]

since each C; , is disjoint. Consequently, to determine the mean of Colless’ index of

E(I|s] =

(6.2.1)

imbalance we need to first determine the probabilities, p[C; ().

Recall, that we can represent a tree of topology 7 as,

T = {([(0)], [0)®, Tp 0> Tpo.17}»

where T[o,o] and 7}071] are the topologies of the daughter and parental subtrees, re-
spectively. The imbalance of a tree of shape 7 can be determined from the shapes

of its constituent daughter and parental subtrees, 7{0,0] and 7{0,1]’ in other words,
IC(T> = C(T[O,O]) + IC(,]TO,I]) + “Tl B 2IIZIO,O]”- (6-2-2)

Let IF; s be the t-th topologically isomorphic class of size s, wheret = 1,2,..., T,.
It is clear, then, that any topology from this class has the same imbalance, because
rotating the subtrees at each internal node does not change equation (6.2.2) since
17| - 2|7Io,0]|| = ||T| - 2|’ZI071]H since |7y q| = |T| — |7 y|. Furthermore, it is
also easy to see that each imbalance class, C;, is the union of the topologically
isomorphic classes of size s that have an imbalance of i. Let C; s be the set of indices
t that have the property,

Ci,s = {t|L[Fys] = i},



CHAPTER 6. PROBABILITY DISTRIBUTION OF IMBALANCE 127

where I [F; ] is the imbalance of one member, and hence all the members, of the

topologically isomorphic class IF; ;. We then have that,

We can generate the set of trees in a non-empty class, C; 5, recursively by com-
bining trees from the non-empty classes C;; and Cy ;_; at node [0] provided that,
i=1+k+ |s — 2j| with Cy; consisting of only the single branch topology. As we
shall see the algorithm to determine the mean imbalance given tree size is based on

this recursion. The set C, ; can be written as,
Cis = {{(I(0)], 0D, Crj, Crs—s}|i = L+ K + |5 — 2]}
U {0, 00, Cro—s, i}l = 1 + b+ |s = 24|}, (6.2.3)
if C;; # Cys—; and
Cis = {{([(0), [N, Cy, Cpag}i = L+ k + |s — 24} (6.2.4)

otherwise. Figure 6.2.1 depicts all the non-empty imbalance classes for trees of size
1 through 5. Commencing from Cy 1, we see that Cy, is constructed from two Cp ;.
Proceeding in this manner one finds that Cp 3 is empty and C; 3 is non-empty since
the combination Cp; with Cyo gives us an imbalance of [, = 0+ 0+ |3 — 2| = 1.
Similarly, Cs 4 is constructed by combining Cy; and C, 3 and so on.

Using equations (6.2.3) and (6.2.4) the probability that a random tree has a
topology from C; s, p[C; ], is given by
PCisl = (—Do)'B Y (p[Cy;1®P[Chs—;]+I{Cy; # Ci,ej}P[Cs—;]®PIC15]).

{l,k,j}eS;
(6.2.5)

Suppose we wish to determine the probability distribution of imbalance classes for
trees of size s. We use the following recursive procedure:
Set
p[Co,] = (—Dp)~'d,

since it consists of only one branch. Then, loop through all tree sizes, 2 < t < s.
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I=0 I=1 1=2 I=3 1=4 I=5 I=6

Size

0,1

0,2

2 525 525 . 2,5 ¢ 3,5 QS 55 e 6,5

Figure 6.2.1: An illustration of the imbalance algorithm

e For each tree size, t, loop through all the imbalances, 0 <7 < 1/2(t—1)(t—2).
— Set p[C;:] = 0.
— Loop through all possible daughter subtree sizes, 1 <1<t — 1.

* Loop through all possible daughter subtree imbalances, 0 < [; <
1/2(1—1)(1 - 2).

- Test to see whether there exists a non-empty imbalance class
Cr, +—1 such that,
ri=i—l— [t -2,

with 0 < r; < 1/2(t—1—1)(t —1—2) and if C;, ; is also non-empty
then set

plCi:] = p[Ciy] + (—Do)_lB(p[Czi,l] R p[Cr, 1] +
H{Cy1 # Cre—1}P[Cr, -] @ P[Cy 1))

In Section 6.3 we begin by computing the mean imbalance for the simple macroevo-

lutionary models we discussed in Chapter 3, for size 5 trees. We conclude that section
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be demonstrating the flexibility of the MBT by developing a one parameter family
of MBTs that can generate any desired mean imbalance, conditional on size five
trees. This model also generates some interesting and surprising features for higher

size trees.

6.3 Some Results for Simple Models

In Section 6.2 the mean of Colless’ index of imbalance, equation (6.2.1), was ex-
pressed in terms of the imbalance classes. In most of the previous work on deter-
mining the mean imbalance, [30], a different probability measure was used. Rogers
[30] utilised a measure based on partitioning trees into their topologically isomor-
phic classes and not in terms of the imbalance classes. However, since the imbalance
classes consist of the union of topologically isomorphic classes there are fewer imbal-
ance classes, and therefore our imbalance algorithm has to calculate fewer probabil-
ities. Nevertheless, we shall determine the mean imbalance for some simple models
using the topologically isomorphic class approach which for these simple models is
straightforward, particularly for small trees.

As before let IF, ; be the t-th topologically isomorphic class of size s, where
te{1,...,T}, and Ty is the number of possible topologically isomorphic classes for
trees of size s. Let I,(IF; ) be the imbalance of this class. Recall that,

Eo[I.] = E[L|s],

the expected value of Colless’ index of imbalance conditional on size s trees. This

can also be written as

ElL] = 3 L, plF,,) (6:3.1)

In Sections 6.3.1-6.3.4 we show how to find the mean of Colless’ index of imbalance
for some of the simplest macroevolutionary models. We then show in Section 6.3.5,

using the imbalance algorithm of Section 6.2, that the MBT has sufficient flexibility
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to cover all possible mean imbalances for a given tree size. To do this we generate

a simple four phase one-parameter family of MBTs.

6.3.1 The Constant Rates BD Model

where [ €

The space of trees, IF,, can be generated by joining, [F,; and F

{1,....,T;} and k € {1,...,T;_;}. Note, for each I, , there only exists one [, k and

k,S—j,

j such that,

{([Oz(O)], [O])(i)vwl,j’ ]Fk,s—j} U {([O‘(O)]’ [0])(i)ka,s—ijl,j} if IFl,j 7é IFk,s—j
{([Q(O)], [O])(i)’ ]Fl,j’ Fk,s—j} if IE‘l,j = IFlc,s—j

Harding [8] first derived the probability distribution of topologically isomorphic

IFit,s a

classes for the constant rates birth model. The probability of a random tree of size
s attaining a topology from F, ,, is given by

.S—Llpj[Fk,j]Q ifj=s/2& k=1

pslFy ] = (6.3.2)

sf—lpj[lﬁ‘k,j]ps_j[lﬁ‘hs_j] otherwise

where I, ; and F 1,s—; are the topologically isomorphic classes of the two subtrees at
node [0]. We also showed these equations to be valid for the constant-rates birth-

and-death model in Chapter 3.
Example 6 Mean imbalance for size & trees

It is easy to deduce that there are three topologically isomorphic classes for size five

trees, since size five trees are constructed from,
e size 1 and size 4 trees, or
e size 2 and size 3 trees.

There is only one class for each of the size two and size three trees, and there are
two classes of size four; one consists of joining two size two trees and the other one

consists of joining a size three tree with a size 1 tree. As a result, this implies that
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|
[ ] e

Classl | Class 2
I=2 | =3

Class 3
I=6

Figure 6.3.1: The three topologically isomorphic classes of size 5

there are three classes for size 5 trees. A member from each class is depicted in

Figure 6.3.1.
It is straightforward using equations (6.3.2) to show that,

2

p5[F1,5] = 6’ IC(IFLS) = 2,
1

p5[IF2’5] = 6’ Ic(Fz,s) =3,
3

ps[Fs,s] = 6’ Ic(]F3,5) = 6.

The mean imbalance, equation (6.3.1), is then,

2 1 3 25
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6.3.2 The PDA Model

The PDA model states that each topology of a given size is equally likely. The PDA
can be represented as a constant rates birth and death model in the limit as ¢t — oo,
or as an MR model [26], or as an MBT, see Chapter 5. Slowinski [33] first derived
the equations for the imbalance distribution for the PDA model. In this sectiomn,
we derive a much simpler set of equations that generate the distribution. Pinelis
[26] showed that there is a correspondence between the number of distinguishable
arrangements and the number of topologies given the tree size. Due to this cor-
respondence we derive a set of equations that give the PDA distribution on the
topologically isomorphic classes. Recall from Chapter 3 that the number of distinct

topologies of a given size can be found using the following recursion equation,
s—1
N,=)_ NN, (6.3.3)
i=1

with boundary condition, N; = 1. Therefore, we can see, for example, that there is
1 topology of size 2, 2 topologies of size 3, 5 topologies of size 4 and 14 topologies
of size 5.

Recall from Chapter 3, that the number of topologies in a topologically iso-
morphic class is given by the number of uneven branch points. Let the number of
uneven branch points of the topologies in IF, ; be denoted by ¢, then the number

of topologies in F, ,, N(FF, ) is
N(F,,) = 2%, (6.3.4)

All the topologies of a given size are equally likely, so the probability that a tree of
size s comes from F, , is given by,

N(]Ft,s)
N,

ps[F, ] = (6.3.5)

Example 7 Mean imbalance for size 5 trees.
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Figure 6.3.1 indicates that, N(F, ;) = 2° = 4, N(F,,) = 2! = 2 and N(F5,) = 2° =

8. As a result we have,

4 2
pslFisl = -7 (6.3.6)
2 1
pslFys] = w7 (6.3.7)
8 4
F = — = —, D,
wlFad = o =5 (6.3
So the mean of Colless’ index of imbalance is therefore given by,
2 1 4 31
Es[Ic|s = 5] = 2 x ZH3X 46X - = — = 4.42857. (6.3.9)

6.3.3 The sPDA Model

The PDA model discussed in Section 6.3.2, states that all topologies of a given size
are equally likely. The sPDA model on the other hand, states that the larger the
number of unitary branch points a topology has, the more likely it is to occur. A
unitary branch point is a branch point where the daughter subtree consists of only
a single branch. Recall from Chapter 5 that for the MBT version of the sPDA the
probability of obtaining a topology of size s with v unitary splits given that the

process began in phase 2, was

1 - v 1 q + byp(0) )
T = s—1 1 »
)= (g ) (Fhm
(6.3.10)

where,
b(1 — )
1—2b(1 —v)p(B)

In this section we are interested in understanding the distribution given the size of

0=

(6.3.11)

a tree and as a result, for trees of size s, the factors, 3°~!,

( q + byp(0) )
1—2b(1—~)p(®)) °
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and 1 — p(() are not important because they are identical for all those topologies of
size s.

Trees in a topologically isomorphic class do not all have the same number of
unitary branch points, because rotating the internal nodes of a topology has the
effect of swapping parent and daughter branches, and thus changing the number of
unitary branch points. As stated previously, the topologically isomorphic class, F, o

is represented as

{([2O)], D), Fy ;. Fy o} U{ (O], 0D, Fyy, Fy i} i By # Fpy,

{([04(0)]7 [0])(i)?Fk,j7 ]Fl,s—j} if Fk,j = Fl,s—j'
(6.3.12)

IE‘t.s =

Now since the position of a single branch subtree determines whether the branch
point to which it is attached is a unitary branch point or not, we introduce two
measures, Np(IF, ., v) which gives the number of topologies in IF, ; that have v unitary
branch points, if the trees in ¥, ; are joined as the parental subtree at some branch
point, and Ng(F; ,, v) which gives the number of topologies in IF, , that have v unitary
branch points, if the trees in If, , are joined as the daughter subtree at some branch
point. The number of topologies in F, ; that have v unitary branch points when

considered as a parental subtree is given by

v

Np(Fyv) = > (Na(Fyj, w)Np(Fp_jyv —w) +

w=1

HF, o # Fr i3 Na(Fy g, w)Np(Fy 5,0 — w)),  (6.3.13)
where, Ny(IF, ,,0) = 1 and Np(F, ;,v) =0, for v > 1, and where k € {1,2,...,T}}
and [ € {1,2,...,T,_;}. When considered as a daughter subtree, Ny(F;,,v) obeys
the same recursion, but has a different set of boundary conditions, given by Ny(IF, ;,1) =
1, and Ng(IF; ;,v) = 0 for v # 1. We need the different boundary conditions because
single branch daughter subtrees give us one unitary branch point, whereas a single
branch parental subtree does not contribute any unitary branch points. The sum-
mation in equation (6.3.13) commences from w = 1 because all daughter subtrees

have at least one unitary branch point, and finishes at w = v since considered as a
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parental subtree a single branch has no unitary branch points.

We now give an example of calculating Ny(F, ,, v) and Ny(FF, ., v). There are two
topologically isomorphic classes of size four, F, , and F, ;. We shall apply equation
(6.3.13) to IF,,. We first note that, this class is constructed from size one trees and
size three trees. Now, there is only one topologically isomorphic class of size three,
IF, 5 and it is obvious that there are only two trees in IF; ;. One of the trees in I, 5

has only one unitary branch point and the other has two, thus

Using the above we can calculate, for example, N,(F, 4,2),

2

Np(F2,4,2) = Z(Nd(]Flh )Np(F1,372_J)+Nd(F13a )Np(F1,1a2_j))

j=1
= Nd(Fl,la 1)Np(F1,3a 1) + Nd(Fl,l’ Z)NP(FLS’ 0) +
Ny(Fy 5, 1)Np(IFy 1, 1) + Ng(IF, 3, 2) Np(FF, 1, 0).
Consider the first term, Ng(F,;, 1)Np(F;3,1). Now Ny(F,,,1) = 1 because the
single branch forms the daughter subtree and N,(IF, 5,1) = 1, so,

Ng(Fp , DNG(F 5, 1) =1 x 1 =1.

The second term, Ny(F, ;,2)Ny(F, 5,0), is zero because, Ny(IF, ,v) = 0 if v # 1.
The third term, Ny(F; 3, 1)Np(F, 1, 1), is also zero because Ny(IF, ;,1) = 0, since a
single branch parent subtree does not generate a unitary branch point. The final
term, Ng(F, 5,2)Ny(F; ;,0) = 1 because Ny(F, 5,2) = 1 from equation (6.3.15) and
Np(IFy 1,0) = 1. As a result, N(IF,,,2) = 2.

Thus equation (6.3.10) tells us that the probability of a random tree of size s
having a topology that is an element of IF, , in the sSPDA model is

s—1 ol N
Z 1 Np(Fy 5, v) (1 + (1_7)p(1))
s—1 U
21 ant No(F,,,0) (1 e __(1_77);)(1))

where p(1) is the probability of a size one tree and is given by equation (3.11.16).

ps[F, ] = (6.3.16)
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Example 8 Mean imbalance for size 5 trees.

Our first step is to calculate the numbers of trees with v unitary branch points for
each of the topologically isomorphic classes. In order to avoid repititious calculations

that require equation (6.3.13) we shall give the results for the non-zero values:

Np(Fy5,2) = 2 (6.3.17)
Np(F53) = 2, (6.3.18)
Np(Fy5,2) = 1, (6.3.19)
Np(Fy5,3) = 1, (6.3.20)
Np(Fs5,1) = 1, (6.3.21)
Ny (Fs,sa 2) = 3, (6.3.22)
Np(Fs,sa 3) = 3, (6.3.23)
Np(F35,4) = 1. (6.3.24)

We choose, for example, the values, b = 0.3, ¢ = 0.3, d = 0.4 and v = 0.5 for
the sPDA model. For these values of the parameters, the only solution to equation

(3.11.11) for p(@) from Chapter 3 is given by,

1 (141 -yd)?
p(0) = 1 =) = 0.4247, (6.3.25)
and thus,
q + byp(0)
1) = — 0.4177 6.3.26
20 = T 51— 7)p®) (6.3.26)
and,
v
1+ — —33941. 6.3.27
D (6.3.27)

Using equations (6.3.17)-(6.3.27), the denominator of equation (6.3.16) can be shown
to be equal to, 439.8054. As a result, we have that,

N,(F, -, 2)(3.3941)2 + N, (F, 5, 3)(3.3941)3
pslFy 5] = ——= 439'8052 L = 0.2302

ps[Fys] = 0.1151
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Thus, finally, the mean of Colless’ index of imbalance for the sSPDA model is given

by,

Es[I.] =2 % 0.2302 + 3 x 0.1151 + 6 x 0.6547 = 4.7339. (6.3.28)

6.3.4 The Completely Unbalanced Model

The completely unbalanced (CU) model is just the MR-sPDA or the MBT-sPDA
model with v = 1. The B matrix for the MBT-sPDA, reproduced here for conve-

nience, is

0 0 0 0
B = , (6.3.29)
0 by 0 b(1—7)(1-p®)

which becomes, in the case of the CU model,

0000
B= , (6.3.30)
0b 00

when v = 1. Consequently, all branches that are in phase 2, can only give birth
to daughters in phase 1, while the parents remain in phase 2 immediately after the
observable event. Since all branches in phase 1 eventually become extinct almost
surely, all the daughter subtrees are single branches. Consequently, only topolo-
gies with the maximum allowed imbalances are possible, that is, the completely

unbalanced topologies. Figure 6.3.2 depicts such a tree for size 5.
Example 9 Mean imbalance for size § trees

Since the only possible topology in this case is the maximally unbalanced topology,
this implies that,
Es[1.] = 6. (6.3.31)
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[

Figure 6.3.2: The completely unbalanced tree of size 5

6.3.5 A One Parameter Family of MBTs

In the preceeding sections we obtained the mean of Colless’ index of imbalance for
the crBD, the PDA, the sPDA and the CU models for trees of size 5. We have
shown theoretically, in Chapter 5, that the MBT subsumes these models. This is
good, however is this good enough? We need a model that can not only account
for these simple models but has the ability to show more complex behaviour and
produce mean imbalances that mimic those found in phylogenetic trees. Indeed,
it is the purpose of this section to show that a one-parameter family of four-phase
MBTs has sufficient flexibility to give us any mean from the entire range of possible
mean imbalances, as that parameter varies from 0 to 1. This demonstrates that the
MBT does have this required flexibility.

The more complex behaviour of the rates of speciation and extinction in the MBT
arise due to the interactions that can be introduced between the underlying phases.
We are therefore free to choose transition rate matrices for the process that show
very high correlations between the phases. Consequently then, the initial phase of

an MBT can have profound effects on its subsequent evolution. To demonstrate how
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profound these effects can be, we study size 5 trees; at size 5, interesting behaviour
begins to emerge.

We commence by defining some terminology. A hidden transition from phase a
to phase b is denoted by, a — b, and an observable transition in which a branch
is in phase a immediately before the branch point, produces a daughter branch in
phase ¢ immediately after the branch point, and a parental branch that is in phase

J immediately after the branch point is denoted by a — 1, 5.

Low Imbalance Model

Consider a simple four-phase model that consists of phase 0, the absorbing phase,

and phases 1,2, 3, and which has transition rate matrices given by,

—-10 0 0
Do=1 0 —-10 0 |- (6.3.32)
0 0.000001 —10

and
0 0 0 0 999999 0 0 0 0

B=|0000 0 0 0 0 9.99999 | . (6.3.33)
0000 O 000 0

The above model has the following qualitative behaviour:
e a1 — 2 2 observable transition occurs with probability 0.999999,
e a 1 — 0 hidden transition occurs with probability 0.000001,
e a 2 — 3,3 observable transition occurs with probability 0.999999,
e 3 2 — 0 hidden transition occurs with probability 0.000001,

e a 3 — 2 hidden transition occurs with probability 0.000001,

a 3 — 0 hidden transition occurs with probability 0.999999.
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- rﬂt(l]]:l - \l__ot(O):l - -—c(0):1
0.0:3.\ 1:3.3\ | 0,1 :3‘3\ 0,1 :3.3\
0.1 '

0’
0:3,3 ja—=2 le— 12
2— 0,1,033 22— 0.1,1:33 0.1,1:3,3

-l |_ ;.1,1,1;3,:

4 1.5 F2.5 F3.5

Figure 6.3.3: Low imbalance MBT model

These transitions have been chosen specifically for the interesting tree shape dynam-
ics for trees of size 5 that ensue.

Figure 6.3.3 depicts a representative from each of the three topologically isomor-
phic classes of size five. The labels 9 : j, k mean that immediately after node [¢)]
the daughter branch is in phase j and the parental branch is in phase k. The most
probable transitions that must occur in order to generate these topologies have also
been depicted. Note, that in this case, each and every topology within a topologi-
cally isomorphic class is generated by the exact same transitions as depicted in the
figure, just in a different order. The representative topology from F 1,5 as only one

transition that is low probability,
e a hidden transition from phase 3 to phase 2 along branch ([0, 1], [0, 1, 0])®.

The representative topology from F, 5 has three low probability transitions and these

are,
e branch ([0], [0,0])®) becomes extinct from phase 2,

e a hidden transition from phase 3 to phase 2 along branch ([0,1],[0,1,0])®,
and along branch ([0, 1], [0,1,1])®.

The representative topology from [ 5 also has three low probability transitions,
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e branch ([0],[0,0])® becomes extinct from phase 2,

e a hidden transition from phase 3 to phase 2 along branch ([0, 1],[0,1,1])®,
and along branch ([0,1,1],[0,1,1,1])®,

Consequently, when considering size five trees, one would expect that p; [IB‘175] should
be much greater than either pi [[F, 5] or p:[IF; 5], since there is only one low probability
transition in each of the topologies in IF, 5 and three low probability transitions in
Fy 5 and F3 . When we apply our imbalance algorithm to this model we find that the
mean of Colless’ index of imbalance for size five trees when starting in phase 1 is very
near to I.[Fy 5] = 2 as we would expect. What is interesting about this particular
value is that it is considerably lower than that of the crBD model as calculated in
Section 6.3.1. That this is achievable, is testimony to the dependency that can be
generated amongst phases in an MBT. Thus, phase 1 is almost forced to generate
two phase 2 branches, phase 2 is almost forced to generate phase 3 branches and
phase 3 branches are essentially forced to be absorbed. Such dependency is absent

in the crBD, PDA and sPDA models.

High Imbalance Model

We now show that we can find an MBT that generates maximally imbalanced size

5 topologies. Consider the MBT with
—10 0 0
Do=1 0 -10 0 |, (6.3.34)
0 0.000001 -10

and
0 0 0 0 0 0 4.999995 0 4.999995

B=1199999 00000 0 0 0 ; (6.3.35)
0O 00000 0 0 0

Its qualitative behaviour is such that,

e a1 — 3,1 observable transition occurs with probability .4999995,
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e a 1 — 3,3 observable transition occurs with probability 0.4999995,
e a 1 — 0 hidden transition occurs with probability 0.000001,

e a 2 — 1,1 observable transition occurs with probability 0.999999,

a 2 — 0 hidden transition occurs with probability 0.000001,

a 3 — 2 hidden transition occurs with probability 0.000001,

a 3 — 0 hidden transition occurs with probability 0.999999.

a(0):1 - (0):1 —0a(0):1

0:3,1 0:3,3 0:3,1
0,1:3,3 \
0,1:3,3
2—f 2. /
0,0:1; 0,0:1,
~ 0,1,1:3,1
0,0,0:3.3 | | | 0,0,0:3,3 0,0,1:3,3 l /
i\ T“I I— /0.1,1,1:3,:
F F F
1.5 2.5 3.5

Figure 6.3.4: Maximally imbalanced MBT model

Figure 6.3.4 depicts the most probable representative topology from each of the
three size five topologically isomorphic classes of size 5. The transitions along each
branch have been included in the figure, and as before, if [¢] is some node, then
Y @ K, tells us that immediately following [¢], the daughter branch is in phase k and
the parental branch is in phase [. The topology from I, 5 has two low probability

transitions:
e there is a hidden transition from 3 — 2 along branch ([0], [0, 0])® and

e branch ([0,0], [0, 0, 1]) becomes extinct from phase 1, that is, a 1 — 0 hidden

transition.
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The representative topology from F,  has one low probability transition, the hidden
transition from 3 — 2 along branch ([0], [0, 0])®.

The only topology from all the size five topologies that does not have any low
probability transitions is the completely unbalanced topology; the third in the figure.
This particular topology is by far the most likely topology because all the other size 5
topologies require at least one low probability transition. This includes all topologies
in [F; 5 except for the one depicted in the figure. When considering trees of size 5, we
would expect that p;[IF; 5] dominates because of the completely unbalanced topology
depicted in the figure. So the mean imbalance should be very close to I.[F;5] = 6,
when starting in phase 1. In fact, when one applies the imbalance algorithm from

Section 6.2 this is indeed the case, IE[IC‘E)] = 6.

A One-Parameter Family of MBTs

We are now in a position to discuss the one-parameter family of MBT models that
transform from our low imbalance model to our high imbalance model. The in-

finitesimal rate matrices for this model are,

-10 0 0
Do=1 0 —10 0 |, (6.3.36)
0  0.000001 —10

and
0 0 0 0 9.99999(1—¢) 0 4.999995¢ 0 4.999995¢
B=19.99999¢ 0 0 0 0 0 0 0 9.99999(1 — ()
0 0 00 0 0 0 0 0
(6.3.37)
where ¢ € [0, 1].

The graph in Figure 6.3.5 plots the relationship between the mean of Colless’
index of imbalance, conditioned on size 5 trees, and the value of ( for trees com-

mencing in phases 1 and phases 2. Although, we do not analyse the transitions
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Mean of Colless’ Index of Imbalance for Size 5 Trees

RS

Phase 1—»

sPDA |
PDA 4.5
crBD . /

™y

3.5

pE— j————

Mean Imbalance

251 '«— Phase?2

Figure 6.3.5: Mean of Colless’ index of imbalance for size 5 trees

that generate size 5 trees commencing from phase 2 we plot the mean imbalance
for trees commencing from this phase because it demonstrates just how crucial the
initial phase is. Also plotted are the mean imbalances for the crBD, PDA, and sPDA
models.

When ¢ = 0, the MBT reduces to the low imbalance MBT we discussed at the
beginning of this section. So, considering size 5 trees commencing from phase 1 we
find that the mean imbalance is very close to 2 as expected. At the other extreme
is a model very similar to the high imbalance MBT we discussed earlier. In this
case, the mean imbalance is very close to 6. When ( is small but not zero we see
that there is a spike in the mean imbalance to three. Figure 6.3.6 magnifies this

region and depicts what happens as ¢ becomes non-zero: as ( — 1 x 107° the mean
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imbalance approaches 3. In other words, this means that the probability of obtaining

topologies from Cy 5 = IF, 5 is approaching one. To explain why this occurs, we study

Mean Imbalance for Small Zeta

— Phase 1

Mean |Imbalance

N N N n n o

D (6,1 N ~J o0 O
T T T T

)
(&)

N
o

2.

0 0.2 0.4 06 08 1 1.2
Zeta x 1075

Figure 6.3.6: Magnification of the mean imbalance for small (.

Figure 6.3.7, which once again depicts one tree from each of the three topologically
isomorphic classes of size 5 and the transitions that can generate these trees have

also been depicted. When ( is small there are four low probability transitions,
e the hidden transition, 3 — 2,
e the observable transition, 1 — 3,1,
e the observable transition, 1 — 3,3, and
e the observable transition, 2 — 1, 1.

All topologies from IF; 5 have 4 low probability transitions, and these are,
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a(0):1 -—0(0)1 —a(0)1
0:2_\[7 0:3,1 0:3,1 J
0,0:3, /0.1 33 \ 0,1:2,2 \ /0,1:3,1

,1,1:3,1

0,1,03,3
0,1,1:33 I
N " L1113,

[

1.5.e 2.5.e 3.5.e

0,1,0:3.3, 2

Figure 6.3.7: One topology from each topologically isomorphic class of size 5.

e the observable transitions at [0], [0, 1], [0,1,1] from 1 — 3,1, and
e the observable transition at [0,1,1,1] from 1 — 3, 3.

All the topologies from IF; 5 only have one low probability transition, a hidden tran-
sition from 3 — 2. In the tree depicted in Figure 6.3.7 this occurs on branch
([0,1],[0,1,0])®, but it could occur on any of the other three leaf branches. The
topology from IF, . that is depicted also only has one low probability transition; the
observable transition at [0] from 1 — 3,1. The other topology from F, 4 has two
more low probability transitions. We can therefore discard the topologies from F; 5
as occurring with extremely low probability and concentrate only on those from I, 5
and from F,4; in [F, 5 the topology that we have depicted dominates. So, for low
¢ > 0, why does the topology from F, 5 and hence [, 5 predominate over IF; ;7

The answer to this question resides in the relative sizes of the probabilities of
the 3 — 2 followed by a 2 — 3,3 transition and the 1 — 3,1 transition. The
probabilities of each of these transitions are given by their respective elements from
the matrix product (—Dy)™'B. For 3 — 2, 2 — 3,3, we have, (—Dy)3, Basz = 1 X
10799.99999(1 — ¢) = 9.99999 x 10 *(1—¢) and for 1 — 3,1 we have (—Dg)1{ B1 31 =
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(0.1)(4.999995¢) = 0.4999995¢. Now the ratio of these two transitions is

—Do)1i B
Do)y Big 0>111 L1 50000000 ——. (6.3.38)

(—=Do)35 B2, 1-¢
We can see from the above equation that when ¢ = 3.3 x 1078 the orders of the two

probabilities are about the same, however, if ( = 1 x 107 we have that,

(—Do)ﬁlBl,m
(—Do)§2132,33

Hence, for ( =1 x 1075, the 1 — 3, 1 transition is roughly five hundred times more

~ 500. (6.3.39)

likely than the 3 — 2 — 3,3 transition and this is reflected in the fact that the
probability of the I, class is 0.99206 as opposed to 0.007936 for the I 15 Class;
about 126 times more likely.

As( — 1,

0 0 0 0 0 0 4999995 0 4.999995
B— 1999999 0 0 0 0 0 0 0 0
0 00 00O 0 0 0

which is identical to equation (6.3.35) and as a result, E[I.|5] — 6; as shown in the
graph of Figure 6.3.5. There are essentially three competing transitions from phase

1 as ( gets larger and they are,
e the 1 — 3,1 which occurs with rate 4.999995(,
e the 1 — 3,3 which occurs with rate 4.999995¢, and
e the 1 — 2,2 which occurs with rate 9.99999(1 — ¢).

The first transition tends to favour less balanced topologies, the second transition
favours small size topologies and the last transition tends to favour more balanced
topologies. For small ¢ the third transition dominates and so more balanced topolo-
gies result, however as ( approaches one the first two transitions dominate, thus
generating small highly imbalanced topologies, until { = 1 when a mean imbalance

of 6 is achieved.
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The above one parameter family of MBTs was constructed in order to demon-
strate the flexibility of the MBT. Specifically, for size 5 trees we constructed matrices
that generated the desired correlations amoungst the phases in order to show this
flexibility by achieving the complete range of mean imbalances. This model also de-
livers very interesting behaviour for larger size trees. Figure 6.3.8 graphs the mean

imbalance against the parameter ¢ for size 6 trees. The minimum value that the

5 Mean of Colless’ Index of Imbalance for Size 6 Trees

Phase 1

\

Mean Imbalance
~ @
1 1

(o]

Figure 6.3.8: Mean Imbalance for Size 6 Trees

mean imbalance is allowed to take for size 6 trees is 2, when the C g imbalance class
predominates, see Figure 6.2.1. However, as can be seen from the graph when { =0
the mean imbalance is approximately, 3.7. This implies that at ( = 0 the imbalance
classes that predominate are Cy 6 and Cs6. They predominate because these topolo-
gies only require two 3 — 2 hidden transitions, whereas all other topologies require
more. The mean is slightly above 3.5 because Cs ¢ is populated by more topologies

than 02,6-
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The second interesting feature of the graph in Figure 6.3.8 is the spike which
occurs for small ¢. This spike occurs because as ¢ increases from zero the Cy 4 class
dominates. This imbalance class is generated from the Fy5 and I, ; topologically
isomorphic classes, and for reasons similar to those given above when discussing size
5 trees, I, 5 is the dominating topologically isomorphic class for small ¢, hence, size
6 trees that are generated from F, 5 must therefore also predominate.

The final interesting feature of the graph is the gradual decrease in mean imbal-
ance from near 7 to about 3.88 at around ¢ = 0.61. Since the mean imbalance dips
below 4, this implies that Cy¢ is gradually acquiring a more prominent role. With
¢ increasing, the dynamics amongst phases becomes more difficult to analyse, how-
ever, the number of low probability transitions that need to occur for topologies in
Co6 are decreasing and as a result the likelihood of the occurrence of Cy 6 topologies
increases and that of C; ¢ topologies decreases. This is due, in part, to an increase
in the probability of 2 — 1,1 and 1 — 3, 3 transitions; transitions that favour more
balanced topologies. Consequently, a number of the topologies in Cqg can now be
generated without any low probability transitions.

All the previously studied models, other than the crBD, have the common fea-
ture of predicting imbalances that are higher than those found in nature. In this
section we have given an example of a one-parameter family of MBT's that has the
flexibility of generating a very broad range of mean imbalances. This model pre-
dicts mean imbalances that encompass all the predictions of the models discussed
in this thesis, and much more. The MBT model is therefore extremely flexible and
because of its numerical tractability provides an excellent model of the macroevo-
lutionary process. The final section in this chapter is devoted to determining the

computational complexity of the imbalance algorithm we developed in Section 6.2.
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6.4 The Complexity of the Imbalance Algorithm

In Section 6.2 we discussed the details of the imbalance algorithm. To calculate
the probabilities of the imbalance classes of size s, we saw that we needed to first
determine the probabilities of all the imbalance classes of sizes t < s. We reproduce
the algorithm here, for convenience,
Set
p[Co, 1] = (—Do)7'd,

since it consists of only one branch. Then, loop through all tree sizes, 2 <t < s.
e For each tree size, ¢, loop through all the imbalances, 0 <¢ < 1/2(t—1)(t—2).

— Set p[(Ciyt] = 0.
— Loop through all possible daughter subtree sizes, 1 < <t — 1.

x Loop through all possible daughter subtree imbalances, 0 < [; <
1/2(1—1)(1 - 2).
- Test to see whether there exists a non-empty imbalance class
Cr, +—1 such that,
ri=1i—1l;— |t — 21,
with 0 <r; <1/2(t—1—-1)(t—1—2) and if C;, ; is also non-empty

then set

pCiy] = p[Cis] + (—Do)_lB(P[Cli,l] ® p[Cy, 1] +
H{Cy, 1 # Cy, 1—i}P[Cr, -] @ P[Cy])-

Let G(n, s) be complexity of the algorithm for size s trees with n-phase MAPs.
G(n, s) is then given by,

[ay
n—

s 3(t=1)(=2) -1 3(-1)(1-2)

G(n,s) = Z g(n), (6.4.1)

t=2 =0  I=1 ;=0

i
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where g(n), gives the number of calculations required for the matrix multiplications
of the last step of the algorithm. This equation can be understood when one no-
tices that the first summation results from the first loop over tree size, the second
summation is over all the possible imbalances of trees of size ¢, the third summation
is over all the possible daughter subtree sizes and the final summation is over the
allowed imbalance values for the daughter tree. All other steps in the algorithm are
O(1), including the if statement. Now G(n, s) is an overestimation of the actual
complexity of the algorithm since, in actual fact, if a suitable triplet does not exist
to meet the conditions of the if statement then the matrix multiplications are not
performed.

The function G(n, s) is tedious to calculate exactly, consequently, we shall instead

determine only its leading term. For large s, then, we have

—

s 3(t—

G(n,s) =~ Z

t=2 = =1
s Lt-1)(t-2)

> gt

N, %t"’g(n)

Y(1=2) 41
g(n)

o
N | —

~—
—
o+

N

Q Q

2
|
V)
=
=

(6.4.2)

Thus the algorithm has complexity O(s®g(n)), however as we have stated previously,
the actual complexity is less than this due to the fact that many suitable triplets
do not exist and so the matrix multiplications do not need to be performed. Figure
6.4.1 depicts the CPU running time for the imbalance algorithm for a three phase
model for tree sizes ranging from 1 to 50. Together with the imbalance algorithm

we have graphed the function

£() = ms*?

to demonstrate that, O(sg(n)) is clearly an overestimation. We chose the factor

4.2 purely in order to demonstrate that O(s%g(n)) is greater than the actual com-
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putational complexity of the algorithm.

o X 10 ° CPU Time versus Tree Size for a Three Phase MBT
T T Ll I T T T 'I'_‘_ |mb'Alg ==
- f)=1/72t"
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Figure 6.4.1: The computational complexity of the imbalance algorithm.

The MBT representation has allowed us to develop an algorithm that can cal-
culate the distribution of imbalance given tree size and hence deduce the mean
imbalance. This algorithm is of polynomial order, with exponent lower than 6 and
probably quite significantly lower than 6.

The MBT model has two promising attributes that set it apart from the other
models thus far proposed. The MBT is

e extremely flexible, as demonstrated in Section 6.3, and
e amenable to the use of algorithmic techniques.

In contrast, the MR model of Pinelis [26] suffers from an awkward representation

that essentially closes the door to relatively efficient numerical analysis. What is also
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promising is that by representing the binary-branch point cctMMTBP as an MBT a
whole new world of possibilities in the domain of algorithmic analysis has opened up;
see Chapter 7 for a further demonstration of the ability to develop algorithms for the
MBT, in this case algorithms that determine the probability of eventual extinction.
Chapter 8 presents a generalisation of these algorithms to the Markovian tree, the

matrix analytic representation of the general ctMMTBP.



Chapter 7

Algorithmic Approaches for the
MBT

7.1 Introduction

As already discussed in previous chapters, the MBT is a special case of the ct-
MMTBP, see for example, Chapters 3 and 5. The theoretical basis of the ccMMTBP
is well established, [2, 21], however very little has been done in developing an algo-
rithmic basis that can be used to determine measures that are of use in a modelling
context, [5]. Dorman, Sinsheimer and Lange [5] provided a step towards rectifying
some of this problem by providing an algorithmic approach to a ctMMTBP with
Poissonian immigration. For example, they were able to calculate the probability of
extinction of the process at any time. However, as they acknowledged, their algo-
rithms failed in the important supercritical case as time gets large. The supercritical
case is the important case because the probability of eventual extinction is always
one for the sub-critical and critical cases.

In this chapter we provide two interesting algorithms that can determine the
probability of eventual extinction of the MBT process in the supercritical case,

and in Chapter 8 we generalise these algorithms to the general Markovian tree. The

154
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theory of branching processes, [9], tells us that the probability of eventual extinction
is the minimal non-negative solution to equation (5.2.13) of Chapter 5, which we

reproduce here,

0=d+Dys+B(s®s). (7.1.1)

Pre-multiplying equation (7.1.1) by (—D,)™! and re-arranging we obtain,
s=(—Do)'d+ (-Dy) 'B(s®s). (7.1.2)

Also note that the equation for the probability measure of the extinct space of trees

for the MR model, as expressed in equation (5.4.19),
p(0) = (-D)'d+ (-D)"'B (p(0) @ p(0)), (7.1.3)

has an identical structure to equation (7.1.2). Therefore, the algorithms developed
here also find application in determining p(@) for the general MR model.

The remainder of this chapter is organised as follows. We discuss tree labelling in
Section 7.2 followed by the Depth algorithm in Sections 7.3. The sample path classes
of the Neuts algorithm are transformed to binary tree topologies in Section 7.3.1
and as a consequence a neat description of the sample path classes of each iteration
of the Neuts algorithm is given in terms of binary tree topologies. The concept of
the order of an MBT is defined in Section 7.4 followed by the Order algorithm in
Section 7.5. Section 7.6 compares these two algorithms and shows that the Order
algorithm converges at a faster rate. The final section, Section 7.7, discusses the
logarithmic reduction algorithms and shows that, perhaps surprisingly, the Order

algorithm is still the most efficient.

7.2 An aside: Tree Labelling and Representation

In Chapter 3 we discussed a node labelling system which we restate here. Suppose

that we are at a node labelled [¢)] = [0,41,...,%,], where i1,...,4, € {0,1}, the
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function « takes us from node [¢] to node,

Ot(’gb) S [0, il, oo s ,im—l]-

That is, a(¢), moves from the current node [)] up the tree to its parent node. Recall
that we define each node with respect to node [0], consequently, the root node is
labelled [a(0)]. As a matter of nomenclature, when we are referring to the function
« acting on a node [¢)] we do not encase it in square brackets, however, if we are
referring to the node [a(v)] then we do encase it in square brackets.

The portion of a branch that exists between the two nodes, [a(v)] and [¢], is
the ordered pair, ([a(¥)], []). We write ([a(1)], [#])® if this branch is an internal
branch. We write ([a(¢)],[1])(® if this branch is an extinct branch, and finally, we
write ([a(2)], [¢0])® if this branch is unevolved. If a superscipt is not specified then
we just refer to that branch generically; its branch type is unimportant.

The function 6 takes us from a node [¢)] and moves us along the parental branch

at 4] to [, 1]. In other words for nodes [¢] # [a(0)],

() = [¥,1],

and 0(a(0)) = [0]. Suppose there are at least k nodes along the parental branch
of a tree of topology 7, then 67 (1)) moves along the parental branch from [1)], j
parental subnodes for j < k. Clearly, 6%(¢)) = [¢/]. We define the number of internal
nodes along the parent branch of a tree of topology, 7, to be N(7). Commencing
at [(0)] and applying 6, a total of N(7) + 1 times takes us to the leaf node of 7’s
parental branch. Now, if [¢)] = [0,41, . ..,%,] is some node, then ‘@b[ =m+1 is the
depth of that node.

Suppose that the node [¢] is an internal node of a tree of topology 7. Then the
topology of the tree based around node [¢] is the ordered set,

Ty = {([e()), DY, Ty g Ty}

where T[w,o] is the daughter subtree topology based around the daughter node [¢, 0],
and ’2}1/)’1] is the parental subtree topology based around the parental subnode [1, 1].
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Clearly, then, one can see that the probability of a random tree based around node

[1] eventually attaining a topology of 7, as t — oo is given by,

P(Ty) = P, W)® NPTyl PlTyy
= (=D B(p(Tp) @ P(T)),

since each event is independent.

The set of internal nodes of an MBT with topology, 7, is denoted by By. The
set of leaf nodes of that same topology is denoted by, Iy and so the set of all nodes
is,

Ny =By ULs.

Note that we treat the root node, [@(0)] as being an element of L.

7.3 The Depth Algorithm

Let g; be the probability of eventual extinction of an MBT that commences its evo-
lution in phase i from node «(0). The vector, q is then the minimal non-negative
solution of equation (7.1.2), [9], which we write as s = f(s). Harris in his seminal
work on branching processes, [9], exploited an iterative scheme to solve the equation
for the probability of eventual extinction for the discrete-time multi-type branch-
ing process. In brief then, suppose that q, is any vector in the unit cube of the

appropriate dimension. Then,

kh_{f)lo Fi(a0) = 4, (7.3.1)

where f,,1(8) = f(f,(s)) is the generating function of the offspring probability
distribution for the k 4 1-st generation. A similar iterative approach was exploited
by Neuts to solve for GG in the level-independent QBD environment. The algorithm
of Neuts can be understood quite simply by a very neat physical interpretation as

discussed in Chapter 4. At each step of the algorithm, the set of sample paths that
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are measured are those that commence in £{m) and terminate in £(m — 1) upon

their first visit, such that

1. the maximum attainable level depends on how many iterations have been

performed,
2. there is a restriction on the positions of the left and right transitions, and
3. there is a restriction on how many left transitions are allowed.

Consequently, this space although well characterised, is not easily described. It is
more difficult to give a physical interpretation for the algorithm of Harris, particu-
larly since g, can be any vector in the unit cube.

In this section we derive an algorithm that has similarities to both the Harris
algorithm and the Neuts algorithm. We call the algorithm the Depth algorithm,
in line with the physical interpretation of equation (7.1.2). The major difference
between the algorithm presented here and the algorithm of Harris is that here we
are dealing with the binary-branch point cctMMTBP, not the discrete-time process.
The interpretation of the Depth algorithm is, as expected, different to that of the
Neuts algorithm. There is however a one-to-one correspondence between the sample
paths of the Neuts algorithm and the binary tree topologies of the Depth algorithm;
we exploit this correspondence in Section 7.3.1 to give a better description of those
sample paths.

In the MBT context, then, we shall implement the following recursion on equa-

tion (7.1.2),

5(0) = (=Do)~'d
s(l) = (=Do)'d+(~Dg)'B(s(i—1)®s(l—1)),1>1. (7.3.2)
The similarity to the algorithm of Neuts can now be seen directly. However, a

straight application of the interpretation of the Neuts algorithm is not valid. The

simple left and right transition structure of the level-independent two-dimensional
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QBD process is not sufficiently rich to physically account for the evolution of the
MBT on the space of extinct trees. However, by discarding the level-based physical

interpretation we can give the Depth algorithm a more natural interpretation.
Definition 2 The depth, 6, of a Markovian binary tree of topology T is

(T ) = max {W‘}

YEBT

u{())’/l /0
().u\ / 0,1

| 0,1,1

el

| /0,0,1,1 l__l

0,0,1,1,1

Pl

Figure 7.3.1: An example of an MBT of depth 5.

Figure 7.3.1 gives an example of an MBT whose root node and internal nodes have

been labelled. Its depth, é is therefore,
6(7') = max{|0], |0, 0}, 0, 1], 10,0, 1],]0,1,1],]0,0,1,1],]0,0,1,1,1|} = 5.

We now state and prove a lemma that is important for the correct physical
interpretation of the Depth algorithm. Let 7 (¢) be an evolving MBT, and, let
|7 (t)| be the total number of branches at time . Then,

Lemma 10 lim; |T(t)| < 00, almost surely, if and only if lim; ., §(7 (t)) < oo,

almost surely.

Proof : Since all states with a non-zero number of branches are transient,

limy_, 00 ‘T(t)’ < 00, almost surely, if and only if the tree becomes extinct, almost
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surely. Further, the tree is extinct, in the limit as ¢ — oo, if and only if on every

branch there are a finite number of nodes and so lim; ., 6(7 (t)) < oc. u

As a result of the above lemma, let us denote the space of extinct binary trees
by Ts<oo.

If [¢] is a node, then let ¢p(a(e)) be the phase that the branch ([a()], [¢]) was
in immediately following node [«(v)]. The probability of eventual extinction, ¢;, of
a topology 7y, whose parent branch, ([a()}, [¢/]), commenced in phase ¢(a(9))) = ¢

has the following physical interpretation,

¢ = P[|Ty| < co|g(a(y)) =1]
= P[6(Tpy) < oo|p(a(y)) =1]. (7.3.3)

Thus the probability that an MBT will eventually become extinct is equivalent to
the probability that it will have finite depth as £ — oo given that it began in some
phase ¢(a(¢)). In order to simplify the above equation and those that are of a
similar form we shall use an abuse of notation to avoid “storms of subscripts” [18],

and so we write instead,

q= P[(S(’wa]) < oolqﬁ(a(w))]. (7.3.4)

So q is just the measure of the space of extinct trees Ts<oo.
Define the sequence (1) for I > 1 to be the probability that a tree beginning with
one branch eventually becomes extinct under the taboo that its depth is 6 < 1+ 1.

Mathematically,
all) = P[8(Ty) < 1+ 1]¢(a(s))], (7.35)

for all I > 0. In other words q(l) is the probability that a tree will have depth
less than [ + 1 as t — oo, which is equivalent to saying that q(l) is the probability
measure of all extinct trees with § < [+ 1. Clearly q(0) = (—Dy)~'d, because the

root branch must undergo a catastrophe before a birth.
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Theorem 11 The sequence {q(l)} for 1 > 0 defined by equation (7.3.5) is mono-

tonically increasing and converges to the vector q. The sequence {q(l)} also satisfies

q(0) = (=Do)7'd
ql) = (=Do) 'd+(=Do)'B(s(l-1)®s(l—-1)),1>1. (7.3.6)

Proof : The fact that {g(l)} is monotonically increasing is obvious. That it con-
verges to g is also obvious since lim; o (1) = lim;_,o P[(S(’]Iw]) <1+ 1‘¢(0z(1/1))} -
PJ6(Ty) < oolg(a())] = a

The next step is to show that {g(l)} actually satisfies equation (7.3.6). A tree
may eventually become extinct in one of two ways, either there is a catastrophe at
[¢], or there is a branch point at [¢] and ([a(1)], [¢]) becomes an internal branch.
The two subtrees that are based around [¢,0] and [¢, 1] must then both indepen-
dently eventually become extinct.

The probability of the first scenario is just given by (—Dg)~'d. The second sce-
nario is slightly more complicated. The probability that the root branch, ([a(¢)], [¢]),
will eventually give birth to a daughter branch before it undergoes a catastrophe
is given by (—Dy) 1 B. The daughter and parental subtrees that are based around
[¢,0] and [¢, 1] must both eventually become extinct under the taboo that each
subtree has a depth of at most [ — 1, so that the entire tree has a depth of at most [.
But the probability of eventual extinction of a tree with at most depth [ — 1 is just
q(l — 1). Since each of the two subtrees generated by the daughter and the parent

branches are independent, we have that,
a(l) = (Do) 'd + (=Do)"'B(q(l - 1) @ q(l - 1)), (7.3.7)
and the proof is complete. [

The Depth algorithm converges linearly with respect to depth since at each step,
[, of the algorithm, g(l) is the probability measure of all topologies that have a
depth, § < I. At the next step the space increases by all the tree topologies that
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have a depth, § = [ 4+ 1. The number of extra topologies that are included at each

step is therefore increased by only a finite number of trees.

7.3.1 A New Interpretation for the Sample Paths of the
Neuts Algorithm

The space of sample paths that are included at each step of the Neuts algorithm
cannot be easily characterized, because of the restrictions placed on the number
and positions of the left transitions, see Chapter 4. On the other hand, the set of
topologies that are included at each step of the Depth algorithm is easily described.
For example, at the [-th step, the set of tree topologies consists of all those topologies
of at most depth .

The similarity between equations (7.3.6) for the MBT and

G(l) = (—A1) A + (= A) T AGH(1 - 1), (7.3.8)

for the level-independent QBD process suggests that there exists some relationship
between the sample paths of the Neuts algorithm and the tree topologies of the
Depth algorithm. In fact, there is a very intimate relationship: the set of sample
paths measured at each step of the Neuts algorithm can be transformed to the set
of tree topologies that are measured at the equivalent step of the Depth algorithm:
this transformation is one-to-one.

To show this to be true, we must understand the characteristics of the sample
paths better. The matrices G(I), given by equation (7.3.8) for all | > 1, record
the probability that a sample path commencing in £(m) will visit £(m — 1) under
the taboo that it must remain below L(m + [ + 1), by undergoing at most 2' left
transitions. The sample paths that fit the above description also have one more
restriction, the position of those left transitions is constrained. It is the fact that
equation (7.3.8) is quadratic in G that causes these constraints and it is these con-

straints that make it difficult to easily describe the sets of sample paths at each step
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of the algorithm. For the remainder of this section we shall define and investigate
these conclusions through consideration of the Depth algorithm.

We know for example, that there are an uncountably infinite number of trees that
have the same topology. These trees differ only in the underlying phase process that
has occured along each of their branches. We group these trees together because
their topologies are identical. Similarly, there are an uncountably infinite number
of sample paths that are related by the positions of their left and right transitions.
These sample paths differ because the phase transitions for each sample path are
different.

Let us denote left transitions by L and right transitions by R. As an example,
consider the sample path that is defined by, RLRRLLL. There are an uncountably
infinite number of sample paths that have the above characteristic; they differ only in
their underlying phase process and hence in the length of time until each transition

occurs. The probability measure of this set of sample paths is easily seen to be given

by,
(—Al)_le(—Al)_lAQ(—Al)_1A0(—A1)_1A0(_A1)_1A2(—Al)_lAg(—Al)_lAz.

Let S

mm—1 denote a set of sample paths from level m to level m — 1 that differ

only in their underlying phase transitions. Thus, if S, ,, | = RLRRLLL, then the

probability measure of this class is given by,

P(Spm-1) = (=A1) 1 Ag(—A1) T Ax(— A1) T Ao(—A) M 4o
X (— A1) Ag(— A Ay (— A 1Ay,

In other words the class, S

m.m—1, 1gnores all the hidden transitions that may occur.

These transitions are accounted for by the (—A;)™! term.
Now, let Sf,ll),m_l be the set of sample path classes that commence in £(m) and
visit £(m — 1) that are measured at step [ of the algorithm of Neuts. It easy to

show that the number of sample path classes at this step is given by

N(l) =1+ N*(I—1),
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with N(0) = 1. This follows directly from equation (7.3.8) and the fact that
G(O) = (—A1)¥1A2.

The spaces Sg&m_l for all m are independent of the level m. We denote the sample

path classes from Sﬁ,?,m_l as Sk, ,_1,, where i € {0,1,..., N(I) — 1}, thus,

mm 1= { mym—1 0? mym—1,1> - ?Srln,m—l,N(l)—l}’ (739)

where for each [ > 0 we reserve, Srln,m—l,O to be the sample path class that consists of a

single left transition from £(m) to £L(m—1). Let S}

m.m-1 denote the sample path class

that consists of a single right transition from £(m) to £(m +1). Every sample path

class S

mm-14 for i =1,..., N(I) = 1 can be constructed by combining two sample

so let &1 € st

m,m—11 m+1,m,j m+1,m

path classes, one from st and the other from S

m+1 m?

and Sfmln 1k € Si,ﬂni 1, then we write,

l
Sm,m—

i = S 1S m S (7.3.10)

m+1m,j~mm—1,k?

where | > 1, 5,k € {0,...,N(l—1) —1} and ¢ = N(I — 1)j + (k + 1). This rep-
resentation is clearly the natural representation when one studies equation (7.3.8).
All of the sample path classes at step [, except the one sample path class that con-
sists of one left transition, begin with an initial right transition that takes us from
L(m) to L(m + 1), to which we then append a sample path class that commences
in £(m + 1) and terminates in £(m). This sample path class has the constraints
and taboos that are imposed at step [ — 1 of the algorithm. To this sample path
class we finally append a sample path class that commences in £(m) and terminates
in £(m — 1) that also is under the constraints and taboos imposed upon it at step
[ — 1 of the algorithm; this is exactly as in equation (7.3.10). We choose to order
the sample path classes in such a way that when we combine the j-th and k-th
sample path classes of the previous iteration we place the new sample path class in
the position, ¢ = N(I — 1)j + (k + 1). What we wish to do, then, is to show that
we can transform the set of these sample paths to the equivalent set of binary tree

topologies whilst also maintaining that same ordering for the binary tree space.
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To begin with, we explain the transformation from the set of sample path classes
to the set of binary trees. There are two types of transitions in the Neuts algorithm,
left and right transitions. There are also two types of transitions in the Depth
algorithm, branch extinctions and internal branch point generation. It then seems

natural to apply the following transformation,
e left transition — branch extinctions, and
e right transition — internal node.

More formally, if the left most unevolved branch is, ([c(1))], []), then the next
right transition of the Neuts sample path class generates an internal node at [¢] by

creating a new daughter branch. Immediately after the transition then, we have

] — (@], WD, (1), [, O™, ([9), [9, 1)),

where ([¢], [1,0))® and ([¢], [),1])™ are the unevolved daughter and parental
branches. On the other hand if the next transition of the Neuts sample path class

is a left transition, then the branch ([a(t)], [/])® is made extinct. In other words,

([(w)], [W])™ — (Je(w)], [9]) .

Let ¥ be the transformation that takes us from the space of sample path classes

to the space of extinct binary trees, Ts<o,
¥ Smm-1— Tscoo

To show how we transform from S, ;,—1 to Ts<oo consider the following sample path
class, RRLLRLL. This sample path class consists of two right transitions, followed,
by two left transitions another right transition, and then finally two left transitions.

Let us perform the transformation to this sample path, so

U(RRLLRLL) = ¥(R)¥(R)¥(L)¥(L)¥(R) ¥ (L)¥(L),
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because we apply the transformation to each transition from the sample path indi-

vidually. Appiying the transformation to the first right transition we obtain,
(o)1, 10D, (0], [0, 0D, (], [0, 1) ) 0 (R) U(L) ¥ (L) ¥ (R)W(L) (L)

After the completion of the first transformation we are left with a tree that has
two unevolved branches, ([0],[0,0])® and ([0],[0,1])™. The left most unevolved
branch is ([0], [0,0])™. The next transformation is ¥(R), and this therefore acts on
branch ([0],[0,0])™. This right transition generates a branch point at [0,0], and so

we obtain,
(([a(ﬂ)], [0])®, ({01, [0,0)®, ([0, 0], [0,0,01)™, ([0, 0], [0,0, 1)), ([0], [0, 1])*)
U(L)T(L)Y(R)T(L)¥(L).

The next transition is a left transition, and we apply this to the left-most unevolved

branch which in this case is ([0,0],[0,0,0])®), and so we get,
([0, 10), ([0}, [0, 01), ([0, 0}, [0, 0, 0))*, ([0, 0], [0, 0, 1))**, [0}, [0, 1])*))
U(L)T(R)U(L)¥(L).

The next transition is a left transition again, and applying the transformation to

the left-most unevolved branch ([0, 0], [0,0, 1)), we obtain,

(o)L, [0, (101, 10,0, ([0, 0}, [0,0, 01), (10, 0], [0,0, 1), ([0} [0, 1)*)) W(R) (L)W (L)

At this point the left subtree based around node [0,0] is terminated. The left
most unevolved branch is now, ([0],[0,1])®. To this branch we then apply the

transformation of the next right transition, to get
(([a(O)], [0)®, (0], [0, 0D, ([0, 0], [0,0,0)®, ([0, 0], [0, 0, 1)), (0], [0, 1),
(10, 11,10, 1,0)), (0,1}, 0,1, 1) ) ¢ (L)% (L),

The next transition is also a left transition and we apply the transformation to the

leftmost unevolved branch ([0, 1],[0, 1,0])® to obtain,

((tero), 0, (o1, [0, 0D, (0,0}, [0, 0, 0), ([0, 0], 0,0, 1]), [0}, [0, 1])”,
(10, 11,10, 1,0, ([0, 11,0, 1, 1)) ) ¥(L).
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The final transition is a left transition and we apply the transformation to the last

remaining unevolved branch, ([0, 1], [0, 1, 1])®), to obtain,

(@), 10D, ([0}, [0, 01)”, ([0, 0], 0,0, 0)(®), ([0, 0, 0,0, 1), (0}, [0, 1)),
(I0,1),10,1,0), ([0,1], 0,1, 11)®).

It is obvious that this transformation is indeed well defined and one-to-one. This
is due to the simple mapping procedure that we apply; each transition has its unique
position. We shall prove shortly that the space Sﬁ,?’m_l is mapped into the space
of binary tree topologies that have depth é < [, which we denote here by Ts<;.
This then implies that the space of sample path classes at each step of the Neuts
algorithm is transformed into the well described space of binary tree topologies at
the equivalent step of the Depth algorithm.

To begin with it is also easy to see that at each step, [, of the Depth algorithm
there are

N() = N*(I—-1)+1,

topologies of depth § < [ with N(0) = 1, since equation (7.3.2) is so similar to
equation (7.3.8). So we can label the topologies in Ts<; just as we did the sample

path classes from s SO

m,m—11
Ts<t = {Top Tup>- - TN(l)~1,l}7 (7.3.11)

where we reserve 7, to be the trivial single branch topology for all | > 0. We can
represent every other topology in Ts<; by combining two topologies from Ts<;_; at

node [0], so
Ty = {([(0)], [0D®, Ty o Trt—1, 01} (7.3.12)

such that, ¢ = N(I—1)j+(k+1), and where T, , , ; and Ty, 1-1,j0,1] are the topologies
of the two trees commencing at [0]. The similarities between, equations (7.3.9) and
(7.3.11), and between equations (7.3.10) and (7.3.12) are striking. We next wish to

prove the following theorem to formalise this relationship.
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15 a sample path class of s then

m,m—1

Theorem 12 If S!,

;m—1,4

\P(Sin,m—l,i) =T, € Ts.
Proof : To show that,
‘Il(Srln,m—l,i) = Z,l

is true, we also use induction. Now, for [ = 0 we have that Sﬁ,??m_l = {Spm_10}>

therefore,
U(Spm-10) = {([a(0)], [0) @} = Ty,

and so the hypothesis is clearly true for [ = 0. Suppose it is true for [ — 1, that is,

\Ij(sl_l ) = 7;’,l—1’

mym—1,j

forall j =0,...,N( —1) — 1. Clearly, ¥(S"

mm-10) = T, for all I so we need to

only show that,

\Il(Sin,m—l,i) . Z,l’
foralli=1,...,N(l) — 1. So,
\I}(S}n,m—l,i) = \P(Sil,m—}—lsfln,_—}{l,m,jsin_ﬂln_lk) (7313)
- \I,(STIn,m—i—l)\P(Sg—i}l,m,j)\y(sfl;rln_l,k) (7314)
= {([«(0)], [O])(i), 7;‘,1—1,[0,0]a 77;,1_1,[071]}, (7.3.15)

where ¢ = N(I —1)j + (k+ 1) and in the second step we have used the induction
hypothesis. We know that the position of a tree in Ts<; that is formed by combining
the j-th with the k-th subtree from Ts<;_1 is N(I — 1)j + (k + 1) but this is just i,
S0,

U(Spm-1) = {([O)], 0D, Ty o0 Teamr o} = Tis (7.3.16)

and the theorem is proved. [

Corollary 13
sy

m,m—l)

= Tser. (7.3.17)
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Proof : Follows immediately from Theorem 12. 1

We have now shown that there exists a one-to-one correspondence between the
sample path classes of the Neuts algorithm and the binary tree topologies of the
Depth algorithm. Further, at each step, k, we can map the N(k) sample paths of
that step to the N(k) binary trees that are of depth less than or equal to k and
therefore give an easily identifiable description to the sample paths of the Neuts
algorithm in terms of binary tree topology.

In Section 7.5, an algorithm that is analogous to the QBD algorithm U is de-
veloped. We call this algorithm the Order algorithm. There is no counterpart to
this algorithm in the branching process domain. We shall see that the Order algo-
rithm converges at a faster rate than the Depth algorithm, in the same way that the

algorithm U converges at a faster rate than the algorithm of Neuts.

7.4 The Order of an MBT: Definition

Definition 3 The order of a single branch is 0. The order of an internal node,
0% (1)), on the parental branch of a topology 7@, is denoted by O, (Hk(w)) and is
given by,

O, (Qk(lb)) - (O)(?Iak(w),o]%

fork=0,1,2,...,N(7,) . Finally, the order of T, is given by,

From the definition it is clear that we need to calculate the order of an MBT
recursively. We start with all the nodes of the parental branch and then work our
way down the subtrees until we reach the leaf branches. The order of the tree is
then 1 more than the highest order node along the parental branch. Consider the
tree that is depicted in Figure 7.4.1. Let the topology of the entire tree be denoted
by, 7. The parental branch of 7 has only two internal nodes along the parental
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branch, and they are, [0] and [0, 1]. Let us calculate @,(0, 1) first,
@n(o) 1) = @(7—[0,1,0])»

and

@(I]EO,l,O]) =1+0,(0,1, O) =1+ @(IZTO,LO,O]) =140=1,

since 7{0 1,00] 18 @& single branch and hence has order zero. So,

0.(0,1) = @(7[0,1,0]) = 1.

(0
Tl’“-"l\‘g Mo
0.0\ T T 0.1
00,11 *10,1,0]
T[o,o,m \ AN A/‘/T[O,l,l
0,1,0 |
0.{).0\ J-
| 0,0,0.1 =
T|{).n.0.u| [0,1,0,1]

Tooorol _I__ |‘ Ti00.0.1,1] 110,101

Figure 7.4.1: An example of an order calculation.

Let us now calculate @, (0). This is a little more difficult due to the more complex

nature of the subtree, 7{0,0]' Let us go through the calculation. Now,
@n(o) = @(T[o,o])»

and then,
(O)(,T[O,O]) =1+ @n(o’ O)a

since T[o 0 has only one internal parental node. However,

@n(O, 0) = (O)(T[o,o,o])a
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and since 7{070,0] is a subtree with two internal parental nodes, we know that,
@(T[o,o,o]) = 1+ max{0,(0,0,0),0,(0,0,0,1)}.
It is clear that
(O)n(oa 0,0, 1) - @(T[o,o,o,1,0]) =0,

since this subtree consists of only a single branch. In addition, we have that,
@n(oa 0, O) = @(710,0,0,0]) =0,
since this subtree also consists of only one branch. Therefore, we have that,
O(Tp00) =1+ max{0,(0,0,0),0,(0,0,0,1)} =14+0=1.

Consequently, then,
0,(0,0) = (O)(']fo,o,o]) =1,

and thus,
(O)('Z[O’O]) =1+0,00,0)=1+1=2,

resulting in,

0,(0) = @(T[o,o]) = 2.

Finally then, we have that,
O(7) =1+ max{0,(0),0,(0,1)} =1 4+ max{2,1} =1+ 2= 3.

So the order of this particular tree is therefore three.

Note that trees from the same topologically isomorphic class can have different
orders. By rotating uneven branch points, the nodes of the parental branch change
and hence the daughter subtrees also change. Since order is calculated with respect
to the parental branch and its internal nodes, the calculation of the order may
therefore be different for topologically isomorphic trees.

The number of topologies that are of order [ for all [ > 1 is infinite. One can see

this, by understanding that if the orders of all the nodes of a tree of order ! are at
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&

Figure 7.4.2: Two different trees of order one.

most [ — 1 then we can construct a tree from an infinite number of building blocks of
order at most [ —1. Figure 7.4.2 depicts two trees of order one. The second topology
has twenty internal parental nodes each of order 0, whereas the first topology has

only two.

Lemma 14 lim;_. ”T(t)| < 00, almost surely, if and only if O(T (t)) < oo, almost

surely.

Proof : Since all the states with a non-zero number of branches is transient,
we have that lim; |’T(t)‘ < 00, almost surely, if and only if the tree has become
extinct, almost surely. Further, the tree is extinct if and only if on every branch
there are a finite number of nodes and so, (7 (t)) < oo as t — oo, almost surely.
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7.5 The Order Algorithm

We saw in the previous section that there are an infinite number of topologies
that are of order | > 1, whereas for depth I > 1 there are only a finite number
of topologies. As a result, if we could devise an algorithm that includes all the
topologies of order k < [ at step [, then we would have a much more efficient
algorithm than the Depth algorithm. The Order algorithm that we discuss in this
section is just that algorithm.

The Order algorithm is analogous to algorithm U from Chapter 4. We begin by

re-writing equation (7.1.2) as,
s=(—Dy)'d+ (—Do)'B(s @ IM)s. (7.5.1)
If we substitute this equation into itself we obtain,

s = (=Do)"'d+ (—Do)'B(s @ IV)(=Dg)"'d + (—Do) 'B(s ® IV)’s

== (—DO)_1d+ X(—Do)_ld -+ XZS,

where X = (—Do) 'B(s ® IV). If we now repeat this substitution [ times we

obtain,
-1

5= X*-Dy) 'd+ Ri(s), (7.5.2)

where R;(s) = X's is the remainder term. Now if we take the limit as [ — oo we

obtain,
s=Y X¥(—-Do)"'d+ R(s), (7.5.3)
k=0
where R(s) = lim;_,o Ri(8). The above expression is well defined because s is

a probability. However, the remainder term may be non-zero. Consider now the
minimal non-negative solution to equation (7.1.2), g. Now, g must also be the

minimal non-negative solution to equation (7.5.3), so we write,

q=)Y _ U*—Dy)"'d+ R(q), (7.5.4)
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where U = (—Do)_lB(q ®1 (1)). It is a well known fact from branching process
theory that q is the probability measure of all sample paths that eventually have zero
living particles. Due to transience and regularity this probability is the same as the
probability of all the topologies that consist of a finite number of branches as t — oo.
The first term of equation (7.5.4) is the probability measure of these topologies, and
consequently the second term is the probability measure of all those topologies that
eventually become extinct after having an infinite number of branches. However, we
know from branching process theory that this occurs only on a set of measure zero,
and hence the second term, R(s) = 0, for the physically significant solution, s = q.

We therefore consider the expression

s = i ((—Do)—lB(s ® I(l)))k(—DO)‘ld. (7.5.5)

k=0
The form of equation (7.5.5) has a very interesting physical interpretation, an inter-
pretation that allows us to develop the Order algorithm.
Let us begin by analyzing,

U= (—Dy)'B(g IV).

Suppose we are at a node, say [a())], and suppose that eventually an observable
event occurs at node [1], so that node [¢] becomes an internal node. The daughter
branch at node [¢] evolves into a subtree that eventually becomes extinct with topol-
ogy, T[m/),o]' For the purposes of the above expression, whilst the daughter subtree
is evolving towards extinction, the parental branch, ([1/], [, 1])* is unevolved until
the daughter subtree has become extinct with that topology. We call the entity that

is based around [¢], that has representation,

{(a@)), DY, Ty, (W], [, 1™}

a U-unit. Note that O, (¢) < oo since |’ZI¢70]‘ < 00. The probability of a U-unit, U,
is given by the product of the probability of the initial branch point, (—Dy) !B, the
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eventual extinction of the daughter subtree, g and the suspension of the parental

branch IV, and since each event is independent we have,
U= (—Do)'B(g&IV).

Figure 7.5.1 depicts an example of a U-unit; the arrow on the parent branch im-

oY)
P

Figure 7.5.1: An example of a U-unit.

mediately following [¢], indicates that the parent branch is suspended, until the
daughter subtree has become extinct.

Any extinct tree can be constructed by combining a finite number of U-units
together; connecting the unevolved parental subnode [¢),1]™ of the previous U-
unit to the parent root node of the next U-unit. Finally, the tree is terminated
by a catastrophic transition on the unevolved parental sub-node of the parental
branch of the entire topology. For example, U*(—Dy)~1d is the probability that a
tree becomes extinct with a topology that is constructed from k& U-units combined
together, followed by a catastrophe; hence the parental branch has k& internal nodes.

Therefore,
o0
q=) _ U*-Dy)d,
k=1
gives us the probability of the set of extinct trees consisting of a finite number of

U-units, or a finite number of internal nodes along the parental branch. Figure 7.5.2
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Figure 7.5.2: An example of an extinct tree built from four U-units

depicts a tree that is constructed from 4 U-units; a tree of this type is an element
of the space with probability of U*(—Dy)~d.

Let B[#*(¢))] be the event that a parental branch commencing at node ¢ has
undergone k observable transitions since the node [¢)]. Let A[6%(1))] be the event that
the parental branch has undergone k — 1 observable transitions since [¢] followed by
a catastrophic transition at [#*(¢)]. Let ¢,(1) give the phase of the parental branch
immediately after node [¢], in other words the initial phase of the branch ([¢], [¢, 1]).
Thus, ¢,(0%(1))) is the phase of the parental branch immediately following node
[6%(+))], in other words, the initial phase of the branch ([6%(¢)], [#¥F1(¢))]) for all &

such that the parental branch has at least k parental subnodes.
Definition 4 The matric U = [Uy] fori,j =1,2,...,n is defined to be

Uiy = PIB[6()], 0n(0(%)) < 00 & ¢p(0(9)) = j|4p(4) = i]. (7.5.6)

We stress that U is independent of the position of the initial node. However, the
matrix U is dependent upon the initial phase of the parent branch, ¢,(¢), and on
the phase of the parental branch immediately following 8(1)), ¢,(0(1)). Once again,



CHAPTER 7. ALGORITHMIC APPROACHES FOR THE MBT 177

as an abuse of notation we shall also write U as,
U = PIBII()], On(0()) < 00 & ¢,(0())|¢5(4) (7.5.7)
in order to avoid the overuse of subscripts.
Definition 5 The vector g can be defined as,
qg= P[@('Z'[qp]) < oo|gp(a(¥))]. (7.5.8)

The Order algorithm to determine the minimal non-negative solution to equation

(7.5.5), and hence (7.1.2), is

q(0) = (=Do)7'd, (7.5.9)
Ul) = (=Do)'Bgl-1)®IW),1>1 (7.5.10)
q(l) = f:[U(l)]’(—DO)—ld, 1> 1. (7.5.11)

Theorem 15 The sequences {U(l), | > 1} and {q(l), I > 0} defined by

U(l) = PB[O(s)], On(0(¥)) < I & dp(6(1))| (1)) (7.5.12)
and
q(l) = PIO(Tyy) < 1+ 1|¢(a(¥))], (7.5.13)

satisfy (7.5.9)-(7.5.11). The two sequences are monotonically increasing and respec-

tively converge to the matrix U and the vector q.

Proof : We first show that the sequences U(l) and q(l) defined by (7.5.12)
and (7.5.13) monotonically increase and converge to U and q respectively. Trivially,

{U(1)} and {q(l)} are monotonically increasing. Further,

lim U() = lim PIBO()], Ou(6($)) < L & ¢5(6 \vbp
= PBB®)], 0n(0(1)) < 00 & ¢,(0 \¢p

ey U,
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and

lim g(l) = lim P[O(T) < I+ 1|$(c(0))]

—00 l—o0

= PlO(T) < oo|¢(c(0))]
= q.
The matrix U(l) gives the probability that beginning at some node, [¢/] in phase
#»(1), a branch point eventually occurs at the parental subnode, [#(¢)], the daughter

subtree that is based around [6(), 0] has order at most [ — 1, so that, Q,(6(¢)) <,
and the parent branch at [#(%))] is in phase ¢,(6(1)). Therefore, we have,

U(l) = P[BIO()), Ou(8(%)) <1 & ¢p(0(4))[dp(¥)]. (7.5.14)
However, the condition ©,(6(¢)) < [ is equivalent to saying that O(7, ) < I, so
we can write,

U(l) - P[B[G(zp)], @(T[wo) <l& ¢p ‘¢p } (7-5-15)

Since each event occurs independently, we can re-write the above equation as,

vty = > > PLLIEW@DND & ¢, (6()) & p(allw,0]) |¢p(v)]

ép(0(9)) ¢(a(1,0))

xP[0(Ty) < U (a ([, 0]))]
The event B[f(1))] tells us that a branch point eventually occurs at node [6(z)]®
with the daughter branch in phase ¢(«([1,0]) and the parental branch in phase
[6p(0(1))] immediately after the branch point, the probability of this is given by,
P[], 0@ & ¢p(08)) & (alw, 0)))|¢p(w)] which is just (—Do)~LB. The
term P[@(%/;,o]) < l‘qﬁ(a([ib, 0]))] is just the probability of the tree based at [¢, 0]

becoming extinct with order at most [ — 1, which is given by g(l — 1). Therefore we

obtain
U(l) = (=Do)*B(q(l — 1) ® IM), (7.5.16)

where the Kronecker product with I®) represents that the present branch is frozen

with probability 1.
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Let 'ZHZ] be a topology that is based around node [¢)] whose parental branch
has exactly k internal nodes before terminating. The first internal parental branch
subnode is of course [¢)]. Suppose that this topology has, (O)(']HZ]) < 14+ 1. The

probability that a random tree will eventually have this property is just,
PIO(T) < 1+ 1|p(a())]. (7.5.17)
It is not difficult to see that the above expression is equivalent to,
PIA[6* ()] & O(T) <1+ 1|p(e(¥))], (7.5.18)

since there are k — 1 internal nodes from [¢)], the first internal node. At the k-th
parental subnode from the parent node [)], a catastrophic event occurs. Now, the
order of a tree is one more than the order of the node on the parental branch with

the highest order, and so,

PLA[0*(9)] & O(Tg) < L +1]¢(a(¥))] =
PLA* ()] & _max G, (6() < I|d(a(®))]. (7.5.19)

.....

The expression in equation (7.5.19) is identical to saying that the orders of each of

the nodes must all be less than [, so we have,

PlA[6" ()] & _max On(6'(y)) <I[é(a(¥))] =

.....

P ()], 0a(8) < LOLOW)) < L-... 04 (v)) < llo(a(w))].

Now each node and hence daughter subtree evolves independently, so,

PA[6*(¥)], 0 () < LOn(0()) <iy..., 0 (0" (¥)) <l[((v))]
= Y ... Y. PBL,0.(3) <l& ¢p(¥))|d(c(¥)))]

x P[B[8(4)],0u(0(x)) <1, & ¢p(6(1)) |¢5(1))]

X P[B[6*7 ()], 00 (0" () <1, & (6" () |p (68* 2 ()]
x PLA[O"(v)]]dp(6°7 ()]
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The first k terms are each just terms of the form of U(l) and the last term is just
equal to (—Dg)~'d, because after the k-th internal node of the parental branch, a

catastrophe occurs. In other words,
PIO(T) < 1+ 1]¢(a(y)] = UH1)(=Do)"d. (7.5.20)

However, to obtain g(l) we must sum over all k, that is, over all the possible number

of internal branch points along the parental branch, so,

NE

a() = ) PIO(Tg) <i+1|¢(a(v))]

ES
I
<)

U*(1)(— Do)~ 'd. (7.5.21)

M8

B
Il
o

7.6 Comparing the Depth and Order Algorithms

In the level-independent QBD case, the algorithm U converges linearly with respect
to level and it converges at a faster rate than the Neuts algorithm. The reason for
this is that all the sample paths included in each iteration [ of the Neuts algorithm
are also included at the [-th iteration of the algorithm U. However, the algorithm
U does not place a constraint on the number or pattern of left transitions, unlike

the Neuts algorithm and hence includes many more sample paths.
o o ] -

SEYY

Figure 7.6.1: The space of trees included at the second iteration of the Depth

algorithm, with their order also indicated
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It is interesting to consider whether there is a similar relationship between the
Depth and Order algorithms. Figure 7.6.1 illustrates all the topologies of the trees
represented at the second iteration of the Depth algorithm. The order of each tree
has also been indicated. The maximum order of the tree topologies at the second

iteration is two. This illustrates a more general property.

Theorem 16 The highest order tree in the l-th iteration of the Depth algorithm is
l.

Proof : The proof is by induction. At the zeroth iteration of the Depth
algorithm, only the single branch is included, and by definition the order of a single
branch is zero. Hence the statement is true.

Suppose it is true for the {-th iteration, that is, the maximum order tree is [. At
the [ + 1-st iteration of the Depth algorithm, the space of trees is constructed by
combining two trees from the I-th step at a branch point; the daughter and parental
subtrees. By the induction hypothesis, the daughter and parental subtrees are of
order at most I. The order of the combined tree is 1 plus the order of the daughter
subtree with the highest order, and this subtree is clearly the above daughter subtree.
Therefore the order of the tree is at most 1 + I. Thus the maximum order at the

[+ 1-th step is [ + 1. |

The [-th iteration of the Order algorithm includes all trees of order at most {
without any restriction on the depth. Hence it includes all of the trees that are
included at the I-th iteration of the Depth algorithm. Thus the Order algorithm
converges more rapidly than the Depth algorithm. Figure 7.6.2 depicts a tree that
appears at the first iteration of the Order algorithm, but not until the 20-th iteration
of the Depth algorithm.
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Figure 7.6.2: A tree of order 1 that only appears at the 20-th iteration of the Depth

algorithm.

7.6.1 Numerical Comparison of the Depth and Order Algo-

rithms

Consider an MBT with

Do=| 0 -1 0 (7.6.1)
0 0 -1
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and
1—-¢ 000 0 000 O

B=| 0 0005000 0 [, (7.6.2)

0 000 O0O0O0O0 05
where 0 < € < 0.5. Figure 7.6.3 compares the average CPU times for the Depth and
Order algorithms using the above simple MBT. The algorithms were both ran one
hundred times. As can be seen from the figure, the Order algorithm does indeed

outperform the Depth algorithm, Notice how as e approaches 0.5 both algorithms

CPU Time versus epsilon for the Depth and Order Algorithms

10 1 T T L) T T ¥ T
Depth
— Order
10°
0
E
=
o)
o
Q
o
o
—l
10”' 9 = T -
e W -
10_2 1 1 L L 1 L 1 1 1
0 005 01 015 0.2 025 0.3 035 04 0.45 0.5

Epsilon

Figure 7.6.3: Comparison of the Depth and Order algorithms as € varies from 0 to

0.5.

take considerably longer to determine the probability of eventual extinction, since

the dominant eigenvalue of Dy+ BC approaches 0 and the process becomes critical.
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7.7 Logarithmic Reduction Algorithms

The Neuts algorithm and the algorithm U were developed to find G in the level-
independent QBD domain because each of the non-absorbing levels are identical.
These algorithms can be interpreted physically by analyzing the levels of the QBD
process and the sample paths in and between these levels. The MBT on the other
hand, is a level-dependent QBD and it is rather striking that essentially level-
independent algorithms can be developed. That these exist is a consequence of
the special higher level transition structure of the MBT. This transition structure
is based on the fact that there is no interaction between any of the living branches
of an MBT; they evolve independently. This means that each branch of an MBT
can be isolated and allowed to evolve whilst all the others are suspended. It is the
independence of branch evolution that allows algorithms analogous to the Neuts
algorithm and the algorithm U to be applied successfully, despite the fact that they
are essentially level-independent algorithms.

Since the Depth and Order algorithms converge linearly with respect to depth
and order we wish to study whether there are algorithms that converge at a faster
rate that can be implemented in the MBT regime. Algorithms for analyzing QBDs
that converge quadratically with respect to level have already been suggested. For
example, the logarithmic reduction algorithms [3, 17, 28] are in this class. It would
be desirable to develop a quadratically convergent algorithm with respect to some
quantity, such as level, or a more generalized order concept in the MBT regime. We
shall investigate the level-independent and level-dependent logarithmic reduction
algorithms each in turn.

The level-independent logarithmic reduction algorithm (LILRA) can be found in
[17, 18] and we discussed it in Chapter 4. Define C(l) to be the complexity level of
a tree for [ € {0,1,2,...}. We call C the complexity level of the tree because we do
not specify whether it is the level in a QBD sense, or another concept such as order

or depth as defined earlier. Furthermore, define v(I) to be the first passage time
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into complexity level I for [ = 0,1,2,..., that is, y(I) = inf{t > 0|X (t) € C(I)}.
The matrix U has the form,

Ukl = gL 4 fk gk, (7.7.1)
where
HM™ = P[y(251) < 7(0), & X (v(2*1)1X(0) € C(2")], (7.7.2)
and
LM = Ply(0) < v(2"""), & X(~(0))|X(0) € C(2")]. (7.7.3)

Suppose we are currently in complexity level, C(2¥*1). From this complexity level,
applying the operator HI¥ takes us to complexity level C(25! +2*) and then apply-
ing the L operator takes us down to complexity level C(251). On the other hand,
if we apply operator, LI¥ first we find that we go down to C(2*), and then applying
operator H¥ takes us to level C(2¥*!). By the mere complexity with which trees
evolve, the manner in which the tree traverses from C(2%*!+2F) to C(2¥') must be
different from the way in which the tree traverses from C(2¥) to C(2¥*!). In other
words the two uses of the term L require different expressions and similarly the
two uses of H¥ also require different expressions. Consequently equation (7.7.1) is
not valid for the MBT, and thus the level-independent algorithm is not applicable.

The level-dependent logarithmic reduction algorithm (LDLRA) [3, 28] can, of
course, be applied to the QBD representation of the MBT. It is appealing since it
is known to converge quadratically with respect to level. So whether the LDLRA
should be applied depends on its overall efficiency when compared to the linearly
convergent Order algorithm. Recall from Chapters 4 and 5 that the number of
phases in the level-dependent QBD representation of the MBT at level [ is denoted
by M; = n!, where there are n distinct particle types.

At the k-th iteration, the Order algorithm has complexity O(n®) whereas the
LDLRA has complexity O(Mgk—l MQkMO). Now in the MBT case this means that

the process has complexity,

O(n® 'n?), (7.7.4)
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since there are 2"~ phases in £(2¥1), n?" phases in £(2*) and one phase in £(0).

This equation can be simplified to give,
O(n**), (7.7.5)

Suppose then, that n = 2 and suppose that one thousand iterations of the Order
algorithm are required to obtain an acceptable degree of accuracy, whereas only 10
of the LDLRA are required to obtain that same accuracy. Now the Order algorithm
requires approximately O (23) calculations each iteration and there are one thousand
iterations, so we have approximately eight thousand calculations. The LDLRA
algorithm requires approximately, (’)((23(29))) = 21536 calculations just for the tenth
iteration. Clearly, what the LDLRA gains in convergence properties it loses in the
number of calculations required at each iteration because of the massively increased
size of the matrices involved in the calculation. Thus, despite the Order algorithm
converging linearly, it is still more efficient than the LDLRA in most cases.

We could devise an algorithm based on the alternative state space representation
given in Section 5.1.1, that is the representation where we count the number of
branches in each of the phases. This representation has a smaller state space than the
conventional representation we have employed throughout. Might not an algorithm
based on this representation perform better than the Order algorithm? In this case,
then, we have that,

O (Myr-1 My My) = (2k_l2—,|€__? B 1) (2k +2Z a 1).
Now suppose that n = 2 and say that we need ten iterations, then we require
(2’6—1;_? - 1) (21« +22 = 1) — (2° +1)(2° + 1) = 525825, (7.7.6)
calculations just for the tenth iteration. Therefore the LDLRA based on this repre-
sentation still seems to be more inefficient than the Order algorithm in most cases,
although it would perform better than the LDLRA based on the original state space

representation.
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The algorithms that have been successfully developed for the MBT have been
interpreted using specific measures of complexity, for example, the depth of the tree
and the order of the tree. The LDLRA, which has a physical interpretation that is
based on the level of the QBD, can be directly applied to the MBT. However such
an approach yields matrices that become extremely large even at early stages of
the algorithm and hence is not feasible. Another avenue for developing algorithms
that converge faster than the Order algorithm is in generating different measures of
complexity and finding algorithms with linear convergence with respect to the new
measure. We have attempted such an approach, but we believe that these algorithms
suffer from a flaw that is similar to the LDLRA flaw, namely, that they are plagued
by matrices that at each iteration become progressively larger. The reason for this
is that the subtree units, with which the trees are built at intermediate steps, will
require multiple branches to be concurrently alive. Whilst we cannot rule out the
possibility of the existence of such a measure of complexity, our experience points to
no such measure, and thus no other algorithms that converge faster than the Order

algorithm.



Chapter 8

The General Markovian Tree

8.1 Introduction

We have shown in the previous two chapters that the binary-branch point ctMMTBP
when represented in the MBT format lends itself easily to algorithmic analysis. The
next step in the process is to re-write the general cctMMTBP in terms of a struc-
ture similar to that of the MBT. This will confer to the ctMMTBP an excellent
foundation from which to begin analysing the process algorithmically. The general
Markovian tree, (MT), which forms the basis of this chapter, provides that alterna-
tive representation. This representation of the general ctMMTBP as a Markovian
tree enables a field that is almost devoid of algorithmic approaches [5] to become
subject to powerful matrix-analytic techniques. The alternative interpretation of
hidden and observable transitions of the Markovian tree also provides a natural step
towards developing a ctMMTBP structure that has correlations between the parent
lifetime and the offspring distribution.

In Section 8.2 we define the MT representation. In Section 8.3 the equivalent
ctMMTBP representation is stated. In Section 8.4 a general Markovian tree la-
belling system is introduced. In Section 8.5 the Depth algorithm is discussed. The

Depth algorithm is equivalent to the Harris algorithm for the discrete-time multi-

188
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type branching process [9], the difference being however, that we have given this
algorithm a novel and interesting physical interpretation. We define the order of a
Markovian tree in Section 8.6 and then finally, in Section 8.7 we discuss the Order

algorithm for the MT.

8.2 The Markovian Tree: Definition

The Markovian tree is a level dependent process with states,

X(t) = (N(t)7¢1(t)7 . ’¢N(t)(t))

defined on the state space pop {{k} % {1,...,n}*}. The random variable, N(t),
denotes the number of living branches at time ¢ and the random variables, ¢y (%),
for all kK € {1,..., N(t)} denote the phase of the k-th branch at time ¢t. Let N'™ be
the m-fold Cartesian product of N' = {1,2,...,n}, for m > 1. The level of an MT
is given by the number of branches that are alive; suppose that there are m living

branches, we denote the level by L(m) for m € {0} UZ*,

Lim) = {(m, 1., ¢m)|($1,- ., bm) €N},

At L£(m) there are n™ possible states. The level, £(0), is populated by the state

with zero branches, that is,

The transition rate matrix for the process is defined to be

0 0 0 0 0
AD AP AP AL AP
Q=| 0o AY AP AP 4P - |. (8.2.1)
0 0o AY AP 4P

Since the ()-matrix for the process is conservative we have that

> AW =0,

m=—1



CHAPTER 8 THE GENERAL MARKOVIAN TREE 190

for all £ > 1. Note that we have changed the notation of the A matrices from
Chapter 5. The reason for this is that the m in Agf) now refers to the number of
new branches that are formed at a branch point, for all m € {—1,0,1,...}, whereas
in Chapter 5 the standard QBD nomenclature was utilized. The reason for this
change in nomenclature stems from the fact that we can now have more than one
new branch emanating from a branch point and thus the process is no longer a QBD
process.

The n* x n*F matrices Aék) are given by,
AP = A% D @ Dy, for k> 1, (8.2.2)

and Aéo) = (. Where the matrix Dy has the property that (Dg):; < 0 and (Dyg);; > 0
for 1 <4 # j < n. The interpretation of Aék) is identical to that of equation (5.1.2)

1

from Chapter 5. The matrices A(_ki are of dimension n* x n*~! and are given by

A(kl) =N 1V gde %19 k>1 (8.2.3)

where 1® = 1, and for £ > 1 I® are the n* x n* identity matrices. The n x 1
vector d has components d; > 0 for 1 < 1 < n with at least one component being

strictly greater than zero. The matrices A(_kl) have interpretations identical to those

of equation (5.1.1) of Chapter 5. The A% matrices are of dimension n* x n*+™ for
m > 1 and can be expressed as,
k—1

AB =N"10 @B @19, k> 1. (8.2.4)
=0

The element (By,)iigiy..im_1im giVes the rate at which a branch point occurs such
that immediately after birth the parental branch will be in phase ¢,, and the m new
daughter branches will be in phases, 49,41, ...,%m—1, given that the parent branch
was in phase ¢ immediately before the birth. Therefore, AW gives the total rate
at which a single branch from the k possible branches will give rise to m daughter

branches in the one transition.
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This alternative representation of the ctMMTBP in terms of an MT enables a
different interpretation. This interpretation results from the distinction between
observable (non-singular) transitions and hidden (singular) transitions. We are not
concerned with particles but instead consider branches and the phase processes
acting on these branches. The phase process generates the correlations that are
possible between branch lifetimes, which now may be non-exponential, and the
phases of the daughter branches at their birth.

At each branch point of the MBT, we designated the daughter branch to be the
left branch and the parental branch to be the right branch. We saw the significance
of this in Chapter 7 because this particular orientation allowed for a natural phys-
ical interpretation of the resulting algorithms. The purpose of this chapter is to
provide numerical algorithms for the general Markovian tree, and as such a similar
designation is required. In this case, the right most branch at each branch point is
chosen to be the parental branch regardless of how many daughter branches have
also been spawned.

Suppose that at time ¢ the process is in a state with M branches and let branch
k < M be in phase r. Let the current state of the process therefore be,

(M, a, ..., b, r ¢ ..., d

1

1 ... k=1 k k+1 ... M

where each branch is labelled by the number below that branch. The following

transitions are then possible:
e A hidden transition to phase j # r, occurs with rate (Dy),;. This transition
causes the state of the MT to become
(M, a, ..., b, j, ¢ ..., d)

1 0. k=1 k k+1 ... M

e An observable transition that generates m branches for m > 1. Such an

observable transition occurs with rate (Bp)rigir. im_1im- AS stated above, we
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orient the tree such that the right most branch is the parental branch. The
new state of the MT is

(M+m, a, ..., b, g, ey bme1, Ty c, saie ()
1 ... k=14k ... k+m—1 k+tm k+m+1 ... M+m
where the daughter branches 49,41, ...,%,_1 are designated k,... ., k+m — 1,

the parental branch is now the k& 4+ m-th branch and the branches that were

previously labelled k41, ..., M have been re-labelled to k+m—+1,..., M +m.

e Finally with rate d,. a catastrophe occurs on branch k. This causes branch &

to cease to exist and the new state is

M-1, a, ..., b, ¢ ..., d)
1 ... k-1 %k ... M-1

The branches that were previously labelled k+1,..., M have been re-labelled
tok,...,M—1.

8.3 The Markovian Tree: ctMMTBP Represen-

tation

8.3.1 Definition

Let f(s) = (fW(s), f@(s),..., f(s)) be the generating function of the offspring
probability distribution for the Markovian tree. Let & be an n x 1 vector, and let
(™) denote the m-fold Kronecker product of the vector . In other words, (™ is
defined by,

2™ = £V @ g, (8.3.1)

with (1) = 2. We define the vector, d, to be,
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forall i =1,...,n, the matrix, 130, to be

(Eo)ij _ Doy

for1 <17 # j < nwith (130)”- = 0, and the matrix Em form > 1 andig,41,...,%m_1,%m €

{1,...,n} to be

(8.3.3)

. (B )isio...im—1im
(Bm)isio..im—16m = —(ODO)~- iy (8.3.4)

The generating function of the offspring probability distribution can then be written

in matrix form as

f(s)=d+Dos+ > Bps™D, (8.3.5)
m=1

8.3.2 Regularity and Mean Number of Branches

In order for the process to be regular (that is, non-explosive) [2] we require that

09 (s)
8Sj

Now, let (Ci)ig..im_1im,; D€ the matrix that counts how many of the m + 1 branches

<oo,foralli,j=1,...,n. (8.3.6)

emanating from a node are in phase j immediately after the creation of that node,

that is,
(Comio.im—vims = _, Hix = 3} (8.3.7)
k=0
The expected number of branches in phase j given that the process began in

phase ¢ can be calculated using [2]

M (t) = exp(At), (8.3.8)
where A;; = —(Dy)ibi; and
9f®
P | (8.3.9)
Jsj  |s_e
In the case of the MT this is equal to
M(t) = exp (Do + Y BnCim)t). (8.3.10)
m=1

The process is then
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e subcritical if Ay < 0,
e critical if A4 = 0, and
e supercritical if A4 > 0,

where A4 is the dominant eigenvalue of A.

8.3.3 Probability of Eventual Extinction

The final property we wish to discuss in this section is the probability of eventual
extinction, which we once again denote by g. It is well known from branching
process theory [2] that if Aa < 0 the process will eventually become extinct almost
surely and if A4 > 0 then g < e component-wise. It is this final case that interests
us the most. Recall that the probability of eventual extinction of a continuous-time

Markovian multi-type branching process is the minimal non-negative solution [2] to
u(s) =0, (8.3.11)
and for the MT wu(s) can easily be shown to be

u(s) =d+Dys+ Y Bps™, (8.3.12)

m=1
using equation (8.3.5). We therefore have that g is the minimal non-negative solution

to
u(s) =d+Dgs+ Y Bps™ =o0. (8.3.13)

m=1

We multiply this equation by (—Dg)~! and re-arrange to obtain,

s =(—Do)"'d+ Y (—Dy) ' Bps™tY, (8.3.14)

m=1
which is the form that is most useful for the discussion of the Depth and Order

algorithms to follow.
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8.4 An Aside: Labelling the Nodes of an MT

Recall that in Chapter 3 we defined a node labelling system for binary trees. In
this system, each node was uniquely specified by a binary sequence. Suppose we are
at node [¢] = [0,41,...,%/], where 43,...,% € {0,1}, and if this node is an internal

node, then

e the node that is at a depth of I + 2 and to the left of [¢)] (which we call the
daughter node) is denoted by [¢,0] = [0, 41, ..., 14, 0], and

e the node that is at a depth of [ 4+ 2 and to the right of [¢] (which we call the
parental subnode) is denoted by [¢, 1] = [0,44,...,%, 1].

This node labelling system can by generalized to the Markovian tree. We begin
labelling the first non-root node of the MT by [0]. Now, consider the node that has
label,
[0,41,92,...,1]

where 71, . .., 4; are non-negative integers, and suppose that m -+ 1 branches emanate
from this node; m of these being the daughter branches and one of these being the
parental branch. We label the nodes at the tips of the unevolved daughter branches
as

[O,il,iz,...,il,O] [O,il,’ig,...,il,l] [O,il,ig,...,il,m—l]

and we label the tip of the unevolved parental branch, called the parental subnode,
by

[0,7;1,1'2, . ,il,m].

Let 1 denote a sequence of integers, such that the first is always a zero. The node
labelled by [¢] has ‘w‘ indices. In addition, the number of indices of [¢], |¢‘, gives
the depth of that node. Let () be the mapping that moves us up the tree from
[Y¥] = [0,41,...,%-1,%] to node, [0,%y,...,%-1]. We call [0,4y,...,%_1] the parent
node of [1)]. We define the root node of the tree to be [@(0)]. This labelling system

is depicted in Figure 8.4.1 for a Markovian tree.
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(1((!)',”

0,0
0,0,0
0,0,1
0,1,1,2
0,0,1,0
0,1,1,3
/
0,1,1,3,2

0,1,0,2,0,1 0,1,0,2,0,2 0,1,1,3,0 0,1,1,3,1

Figure 8.4.1: Labelling nodes in an MT

Just as in the MBT, that portion of a branch between the nodes [a()] and
[] is the ordered pair, ([a(%)],[]). We write ([(2)], [])® if this branch is an
internal branch. We write ([a(v)], [¢])(© if this branch is extinct, and finally we
write ([a(4))], [¢])™ if this branch is unevolved. If a superscript is not specified
then we just refer to that branch generically; its branch type is unimportant.

Now, suppose that there are m + 1 subtrees that emanate from node [¢)]; m of
these being the daughter branches and one of these being the parental branch. We

represent the tree that commences from [a(1))] by the ordered set,

{([a(w)]a [¢])(i)’ 7?1/),0]: ,ZL/;,I]’ el < < IZIv,l;,m—l]’ lzfzp,m]}’

where 7[1/), P

forall j=0,1,2,...,m—1and ﬂw,m] is the topology of the parental subtree based

is the topology of the j-th daughter subtree that is based around [, j],

around the parental subnode [, m].
Let the set of branch points of an MT of topology 7 be denoted by By, let the
set of leaf nodes of an MT of that same topology be denoted by Lz, we then have
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that,
Ny =Bs UL~,

is the set of nodes of an MT of topology 7.
Since the number of daughter branches that are generated at each internal node,

[¢], is finite but unbounded, we let,

o(v) =max{j : [¢, 7] € Nz}, (8.4.1)

be the total number of branches that emanate from [¢)]. The parental branch is

always that branch that is created from nodes, [¢] and [¢, o(¢)], that is

(9], [, o ()]).

Suppose that [¢)] is either the root node or an internal node, then let the function,

0 be defined by,

and for [¢] # [a(0)],
() = [, o(¥)].

The function @ is well defined, and maps a node, [¢] of depth |¢‘ to the parental
subnode, [¢, o(1)] that emanates from % and which is at a depth of |¢‘+1- Therefore
0%(1)) traces the pathway of the parental branch that commences from node 1,
provided that the parental branch is of at least length & from node [¢p]. Clearly,
6°(+p) = [+]. Finally, if [¢] is a node, then, ¢(a(t))) denotes the phase of the branch
(la()], [+]) immediately after [a(z))]. The phase of the parental branch, ([¢], [6())])
immediately after the node [¢/] is denoted by ¢,(¢).

8.5 The Depth Algorithm

The Depth algorithm in the context of the MT is the continuous-time analogue of

the algorithm of Harris [9]. The Depth algorithm has a very interesting physical
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interpretation, similar to that in the MBT, namely, that the maximum depth the
Markovian trees can reach at each step of the algorithm can increase by one only.
Consequently, we follow a procedure that is similar to Chapter 7.

The Depth algorithm is the recursion on the following set of equations,

s(0) = (=Dy)~'d (8.5.1)

s(l) = (=Dy)'d+ i(—DO)‘les(m“)(l— 1), for,1 >1. (8.5.2)

m=1
Definition 6 The depth, 6(T), of an MT of topology T is defined to be,

5(7) = max {‘1,/1'}

YeEBra

The MT, T depicted in Figure 8.5.1 has,

8(T) = max {Wl}

YeBra

= {|0],]0,1],]0,2 ,10,3,1,1/,[0,3,1,1,0[}

,10,1,3],0,3,1

7

0,3,]0,1,0

= 5.

0,3,1
03,1,1

g ——"

e

A

0,3,1,1,0

Figure 8.5.1: An MT of depth 5.
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Lemma 17 lim; e ‘T(t)| < 0o. almost surely, if and only if lim; ., 6(7 (1)) < oo,

almost surely.

Proof : The proof is similar to Lemma 10 from Chapter 7. ]

Since trees that eventually becomes extinct are of finite depth, almost surely, the

probability of eventual extinction of an MT is

¢ = P[[Ty| <colé(a(¥))]
= P[§(Ty) < oo|¢(a(y))]. (8.5.3)

Let q(l) be the probability that a tree, 7[1/)] commencing with one branch will even-
tually become extinct under the taboo that (5(’]‘[1/)]) <141, for all [ > 0. That
is,

a)) = P[8(Tyy) < 1+ 1]¢(aw))]. (8.5.4)
Notice that

q(0) = (—Do)~'d, (8.5.5)

because an extinct tree of zero depth cannot undergo any observable transitions.

Theorem 18 The sequence {q(l)}, for I > 0, defined by equations (8.5.4) and

(8.5.5) is monotonically increasing and converges to the wvector q. The sequence

{q(D)} also satisfies,

s(0) = (=Dy)"'d (8.5.6)
s() = (-Do)'d+ > (=Do) 'Bps™'(1—1), 1> 1. (8.5.7)
m=1
Proof : Once again the proof of this theorem follows a very similar format to

Theorem 11 from Chapter 7. The fact that {q(l)} is monotonically increasing is ob-
vious. That it converges to g is also obvious since lim;_eo (1) = limy_,oc P[0 (Tpy) <
L+ 1[6(al))] = P[8(Ty) < olé(a(®)] = a

To show that g(I) satisfies equation (8.5.7) let us understand the physical evo-

lution of the process. There are only two pathways with which a tree of depth,
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5(7[1/)]) < | 4+ 1, can eventually become extinct. The first is a direct extinction,
where the parent branch undergoes a catastrophic transition before any births. The
probability of this scenario is just (—Dp) 'd. In the second pathway the parent
undergoes an observable transition at node [¢)] spawning a finite but unbounded
number of daughters with probability > o _ (—Dg) ' B,,. Clearly, in order for the
tree to eventually become extinct with depth § < [+41, all the daughter subtrees and
the parental subtree must each independently become extinct with depths § < [.
The probability of this second pathway is given by > oo (—Dg)~'B,q™"(l — 1).

Hence we have that,

q(l) = (=Do)"'d+ > (~Do) 'Bmg™"' (1 - 1). (8.5.8)

m=1

and the proof is complete. n

At the [-th step of the algorithm the space of extinct trees that are measured
includes all those trees from step [ — 1, that is, those trees that have depths, § < I,
plus all those trees of depth § = [. Consequently, at each step only a finite number
of extra trees are included. In Section 8.7 we discuss the Order algorithm which
includes infinitely many extra trees at each step and therefore converges at a faster
rate than the Depth algorithm but before we can do this we define the order of an
MT.

8.6 The Order of an MT: Definition

Similarly to Section 7.4 we define the order of an MT. Now, let N(7,

) denote the

number of internal nodes along the parental branch of T[ -

Definition 7 The order of a single branch is 0. The order of a node, %)), of a
topology 711/)]’ denoted by O, (Hk(zp)) is given by,

@n(ek(¢)) = max {@(710’6(1/)),]’])};

7=1,2,...,0(6% () -1
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fork=0,1,2,...,N(T;

[¢])' Finally, the order of ’Zm is given by,

1+ max {O(6*(4)) }.

k=0,1,2,...,N(T )
As in Chapter 7 it is clear that we need to calculate the order of an MT recur-
sively. The procedure is similar to that described in that chapter. To illustrate the
procedure in the MT case we calculate the order of the topology depicted in Figure

8.6.1. The order of the tree, 7 depicted in the figure is,

u({))/'

[0,0]

T

[u.u.n]\ /0,2,2

00,
I / 0,2,2,1
T T/ T Tio2200

[0,0,1,0] / [0,1,1] [0,1,2]

T[O,O,l,l]

[0.0.1.21

Figure 8.6.1: An example of an order calculation

O(T) = 1 + max{0,(0), 0(0,2), 0,(0,2,2)}.

Now,

(D)n(O, 2, 2) = @(7{0,2,2,0]) =0,

since 7'[0,2,270] consists of a single branch. Similarly,
0,(0,2) = max{@(']fo,z,o])a @(7{0,2,1])} =0,

since both daughter subtrees, 7{0’270] and ’][07271] each consist of only a single branch.
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Node [0] is slightly more complicated, because the daughter subtrees are more

complex than single branch trees, but still
0,,(0) = max{O( [00) @(7'[0,1])}-

Now

O(Tp,0) = 1+ 0n(0,0),

since there is only one branch point on the parental branch of T[oo The order of

this branch point is,
0r(0,0) = max{O( 000]) @(710,0,1]% @(7]0,0,2])}-

The orders of 7{0,0,0] and ’ZIO 0,9 are both zero, because these daughter subtrees each

consist of only one branch. On the other hand, 7{0,0’1] has order,
O(Zp,0,17) = 1+ 04(0,0,1),
because T[o,o,l] has only one node along its parental branch. Now
0,(0,0,1) = max{O(7, [0,0,1 0]) @(Tfo,o,l,l])} =0,
since both subtrees are only of single branches. Hence,
@(7—[0,0,1]) =1+0,(00,0,1)=14+0=1,
and therefore,
0,,(0,0) = max{O( 000) @(7[0,0,1]),@)(7—[0,0,2])} = max{1,0,0} =1,

so that,
@(7[0,0]) =1+0,(0,0)=1+1=2.

The order of the subtree 7, ;; can be found in a similar manner and is (D)(T[O 1])
1. So,
04(0) = max{O(T ), (T )} = max{2, 1} =2
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and as a result the order of 7 is,
O(7T) = 1 4+ max{0,(0),0,(0,2),0,(0,2,2)} = 1 + max{2,0,0} =1+2=3.

Trees that are topologically isomorphic can have different orders. Rotating the
nodes changes the parental branch and the daughter subtrees at each node along
the parental branch and this changes the calculation of the order.

We stated in the case of the MBT that the number of topologies that exist at any
order [ > 1 are infinite, and we saw this because a tree of order [ can be constructed
such that at each node of the parental branch the daughter subtree has order at most
[ — 1, and there can be any number of parental branch subnodes, so the possible
number of topologies is infinite. This generalises in a similar manner to the MT}; at
each and every internal node of the parental branch if the order of the node is at
most | — 1 then the order of the tree is [. Parental branches with any number of
internal nodes can be created and so the number of topologies with order [ is clearly

infinite.
Lemma 19 lim;_, . ‘T| < oo if and only if O(T ) < oo, almost surely.

Proof : Once again the proof is similar to Lemma 14 from Chapter 7. B

8.7 The Order Algorithm

The Order algorithm, as we shall see, is a significant improvement on the Depth
algorithm. This algorithm reduces to the MBT Order algorithm developed in Chap-
ter 7 if we restrict the process to spawn only one daughter branch at each branch

point. Let us re-write equation (8.3.14) as

s = (—Dy)"'d + i(—DO)'le (sm ® 1<1>)s, (8.7.1)

m=1
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where I is the n x n identity matrix. If we substitute this equation into the right

hand side we obtain,

6 = (—DO)_1d+i(—DO)‘le(sm®I(1))(—DO)‘1d

m=1

v (e (o) ) (S0 s (sme 1))

m=1 m=1

= (=Dy)'d+ X (—Do) 'd + X?s.

where X = >_°_(—Dy) ' By, (sm ® I(l)). Now if we do this [ times, we obtain,

s=Y_ X"-Do)'d+ Ri(s), (8.7.2)

where R;(s) = X*!s is the remainder term. Now if we take the limit as | — oo we

obtain,

s = ixk(—po)—ld + R(s), (8.7.3)

where R(8) = limy_,o R;(8). The above expression is well defined because the left

hand side, s < e componentwise. However, in general the remainder term does not

need to be zero, but we can show that for g, the minimal non-negative solution of

equation (8.7.1), the remainder term R(s) is zero on physical grounds, as follows.
Substituting ¢ into equation (8.7.3) we obtain,

e}

q=>_ X*-Dy)"'d+ R(q), (8.7.4)

and we know that since g is the minimal non-negative solution of (8.7.1) it is also
the minimal non-negative solution to the above equation. Now we also know from
branching process theory that q is the probability measure of all the sample paths
that eventually have zero living particles. Due to the transience and regularity of
the ctMMTBP these sample paths are equivalent, almost surely, to the space of
extinct trees that have a finite number of extinct leaf branches. The first term of

equation (8.7.4) is the probability measure of all those extinct topologies with a
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finite number of branches. On the other hand the second term can be interpreted
as being the probability measure of those topologies that have an infinite number of
leaf branches that eventually become extinct. Once again using the transience and
regularity of the process this space has probability measure zero and so R(q) = 0

for q. As a result we consider only,

s=> X"-Do) 'd. (8.7.5)
Let .
U= (~Do) ' Bn(q" @ 1Y), (8.7.6)

and set 8 = q, the probability of eventual extinction, in equation (8.7.5). Now
g and U have very interesting physical interpretations based on their respective
equations above. Let us first interpret the matrix U. Consider, the m-th term from

the summation, that is,
Unm = (=Do) "B (g™ ® IY). (8.7.7)

This term gives the probability that there are m daughters spawned at a branch point
each of which generates a subtree that eventually becomes extinct. For the purposes
of this expression the parental branch remains alive. We call such a structure a Up,-
unit; if we do not specify how many daughter branches there are we call the structure
a U-unit. Figure 8.7.1 represents a U-unit. The parent branch gives birth to four
daughter branches. These four daughter branches generate subtrees that eventually
become extinct, whilst the arrow on the parent branch indicates that its evolution
has been suspended, that is, it is an unevolved branch. In general, the suspension of
the evolution of the parental branch is made manifest in equation (8.7.7) by seeing
that the m daughter branches are made extinct by the q’;L term, whilst the evolution
of the parental branch is governed by the identity matrix, I!), and hence does not
evolve. Allowing the parental branch to remain idle while its daughters all become

extinct is possible because of the independent evolution of each branch subsequent
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—
R 1
|

Figure 8.7.1: An example of a Us-unit.

to its birth. To evaluate the matrix U we sum over all m, since there is no restriction
on the number of births.

To construct an extinct tree, we connect the parental subnode of the previous
U-unit to the root node of a new U-unit. An extinct tree can only be of finite size,
almost surely, so only a finite number of U-units can be connected. Following the
connection of the final U-unit, the parent branch must undergo a catastrophe before

any other observable transition. As an example, Figure 8.7.2 depicts an extinct tree

Figure 8.7.2: An example of a tree with three Ug-units.

that is constructed from a Us-unit a Us-unit and a U;-unit before final extinction.

The probability of obtaining a tree with this description is easily deduced to be,
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UsUsUy(—Dg)'d. More generally,
U*(—Dy)"d, (8.7.8)

gives the probability of generating an extinct tree from k U-units. In other words,
the above expression is the probability measure of the space of extinct trees that
are constructed from any combination of k& U-units, with the parent branch of the
k-th unit undergoing a catastrophe, with probability (—Dy)~'d, to render the tree

extinct. Therefore,
> U*(—Dy) d,
k=0

is the probability measure of the space of all possible extinct trees.

To recap, the structural subunits that can be used to generate extinct trees are
the U-units. These units are connected using their parental branches as we have
shown above. Consider a node, [¢] € B7, we can represent a U-unit whose daughter

subtrees are spawned at [¢], as the following ordered set of branches and subtrees,

{([Oﬁ(’(b)], W])(i), /T[w,o]a 7I¢,1]7 . ,ﬁw,a(w)—l]a (['Qb]’ [9(1/))])(“)},

where the parental branch is denoted by ([4], [#(:))])™ to emphasize the fact that
this branch is unevolved.

Now, let Bp,[0*(¢)] be the event that a parental branch which commences from
node [¢)] has undergone k observable transitions since [1] such that at 6%(y) m
daughter branches are spawned. If we do not specify the number of daughter
branches we write, B[6%(z))] for the event that a parental branch which commences
from node [t] has undergone k observable transitions since [1)]. Let A[6%(¢))] be the
event that the parental branch has undergone k —1 observable transitions since node
[1}] followed by a catastrophic transition at node [0%(1))]. As before, let ¢, (6%()) be
the phase that the parental branch was in immediately after the [#*(1)]-th branch
point. The initial phase of the parent branch is ¢,(¢). The initial phase of a tree
of topology 7} is denoted by d(a(¥)).
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Definition 8 The matriz U is defined to be
U = P[BE(®)], 0n(0())) <00 & ¢, (6(¥))[bp(¥)], (8.7.9)

for all [¢].

Definition 9 The vector q is defined as,
q= P[@(%ﬁ]) < oo‘qﬁ(a(d}))], (8.7.10)
for all [¥] # «(0).

Expressed in this way, we see U as being the probability that beginning at some
node, [¢] in phase ¢,(¢), a branch point eventually occurs at node [#(v)], the orders
of each of the daughter subtrees are finite, so, 0,(6(x)))) < oo, and the parent
branch is suspended at node [#(%))] in phase ¢, (9(¢)) The matrix, U, is actually
independent of the position of the initial node because the subsequent evolution of
any branch that is spawned from that node is independent of the rest of the tree
immediately after its birth. The probability of eventual extinction of the tree TM,
q, is the probability that TM has finite order as ¢ — oo, given that it commenced
from node [a(1)] in phase, ¢{a(¥))).

The Order algorithm to determine the minimal non-negative solution to equation

(8.7.5) is

s(0) = (—Dy)™'d, (8.7.11)
X\ = i(—DO)‘le(sm(l—1)®I(1)), (8.7.12)
s(l) = ixk(z)(—Do)—ld, (8.7.13)

for [ > 1.
Theorem 20 The sequences {U()|l > 1} and {q(1)|l > 0} defined by

Ul) = P[BIOW)], Ox(0())) <1 & ¢p(0(¥))Ip(¥)]- (8.7.14)
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and
q(l) = P[O(Ty) < 1+ 1]¢(a(e))], (8.7.15)

satisfy equations (8.7.11)-(8.7.13). The two sequences are monotonically increasing

and respectively converge to the matriz U and the vector q.

Proof : We first show that the sequences {U(l)} and {q(l)} defined by (8.7.14)
and (8.7.15) monotonically increase and converge to U and q respectively. Trivially,

{U(D)} and {q(1)} are monotonically increasing. Further,

lm U(1) = lim P[BO)], 0a(0(1))) <1 & ¢(0(4))|dp(4)]
= P[B[O®)], On(6(%))) < 00 & ¢, (6())|pp(4)]]
= U,

and,

lim q(1) = lim P[O(Ty,)) <1+ 1|é(a(¥))]
= P[O(Ty) < 0|¢(a(¥))]
= q.
The matrix, U,,(l) is the probability that beginning at some node [¢] and phase
$p(1), a branch point eventually occurs at node [#(v))], generating m daughter
subtrees such that the orders of each of the daughter subtrees is less than [, so,

0,(0(1))) < I, and the parental branch is suspended at node [#()] in phase
¢»(0(1)) }. Therefore we have,

Un(l) = P[Bul6()], 0(0(9)) <& ¢,(6(%))I65(4)]
= P[Bal0),  max  {O(Tyx)} <1 & 6,(6(4))16,(¥)]

" ke{0,1,..,m

= P[Balb@)], O(Tpq) <l ,O(Tjymy) <1 & 6,(0())]6p(¥)]

where in the second step we have used

0, (0(y)) =, max_{O(Tp, )}

0,1,...m—
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and in the third step we have used the fact that

0,1,...,
is equivalent to (O)(’]IM]) < lforall Kk =0,1,...,m — 1. Thus, each and every
daughter subtree must be extinct with order less than l. Since each event occurs

independently we can write,

Un(l) = P[Bulf(®)], O(Tyg) <b-- -, O(Tpym-1y) <& ¢p(0(1))|6p(4)]
= > Y P 0@, ¢(a@,0)),. .., lalp,m— 1),

$a($.0)  Pla(pm=1)
& ¢p(0(1))|¢p(¥)]

X PlO(Tyq) < Up(@(®,0))] ... P[O(Tym-y) < Udla(p,m—1))].
(8.7.16)

Now the second step can be understood when one notices that B,,[0(1))] is the event
that a branch point occurs to make ([¢/], [8(1)]) an internal branch with m daughter
branches, and the probability of this is just (—Dg)™!B,; the terms P[@ (’]Id,,k]) <
l|¢(, k)] are just the probability that the subtree T, ) becomes extinct with order
at most [ — 1, in other words, q(I — 1), for all £ = 0,1,...,m — 1 . We therefore
have that equation (8.7.16) is

Upn(l) = (= Do) Bun (qm(z ~1)® 1<1>), (8.7.17)

where the Kronecker product with @) represents the fact that the parental branch
is frozen with probability 1. Now since a U-unit may be constructed by any finite
number of daughter branches we sum over all possibilities and therefore we have

that,
U@) =3 (~Dy)'Bn (qm(z —1)eI). (8.7.18)

m=1

Let ’JL’Z] be a topology that is based around node [¢)] whose parental branch has
undergone k branch points before undergoing a catastrophic transition. The first

of these internal branch points is [¢)]. The probability that this tree has order,
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(D)(’]L’Z]) < I+1 is given by, P[@(?ﬂz]) < l+1|¢(a(v))] and it is not hard to see that

this is equivalent, to,
PIO(T) < 1+1|¢(al¥)] = PLAIB* ()], O(TE) < L+ 1|¢(a())], (8719

because at the k+1 parental subnode, [#¥(1)], from [a(1))], a catastrophic transition
occurs rendering the parental branch extinct. Now, recall that the order of a tree is
the maximum of the orders of all the nodes along the parental pathway, therefore,

we have that,

PLAB* ()], O(Tp) < 1+ 1\¢(a(¢))] -
P[A[B*(9)], _max O(0'(1)) < i[p(a(¥))].

k:_
However, the above expression is equivalent to each of the individual nodes having
order less than 1, so

PLAR* ()], _max 0u(8'(4)) < [g(a(®))] =

.....

PLAG*(¥)], Oa(¥) <1, 0a(0(%)) <1,..., Ou(6°71 (%)) <o (a(¥))]

But since each of the nodes and their subtrees evolve independently, we can instead

write,

PG o, O < llgla)] =

1=0,..

Z T p[zsg(w)_lw], On () <1, () & bp(v)]$((¥))]

Bp(05=1 ()
XP[Baww»A [6()], 0 (0()) <1, B(O()) & ¢,(8(1)) |65 ()] --

X P[Boor-1(y-110°" ()], On(6°71(4)) <1, (6" (9)) &
¢p (0" ()) |60 (62 ()]
x PLA[0"(4)]] 65 (0 (¥)) ], (8.7.20)

where ®(1)) is just shorthand for ¢(+,0),...,¢(¢,o(yp) — 1), the phases of each
daughter branch emanating from an internal node [¢]. The first k£ terms of equation

(8.7.20) are each just the definition of U(l), and the last term is just equal to
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(—Dy)~1d, because after the k-th branch point of the parental branch, a catastrophe

must occur. Hence we can write,
PO(T}) < 1+ 1|¢(a(®))] = U*(1)(—Do)~'d. (8.7.21)

However, to obtain g(I) we must sum over all the possible number of branch points

of the parental branch, so,

WL

q() = PlO(T}) <1+ 1|¢(a(®))]

£
Il
o

U*(1)(— Do)~ 'd. (8.7.22)

[
WL

b
I
=

The number of topologies that have order [ > 1 is infinite. We can see this be-
cause such trees can be constructed by combining U-units together, whose individual
orders must be less than [ — 1. We can combine any number of these units together.
To re-construct the topologies of order [ we can connect any number of U-units from
the pool of units of orders [ — 1. At each iteration of the Order algorithm, this is
exactly what we do. Thus at each step, k, we recombine all the topologies of order
k—1 and below to obtain all the topologies of order k and below; there are an infinite
number of ways of combining the topologies of order less than k. Hence, at each step
we are including infinitely more topologies. In contrast, the Depth algorithm, which
is similar to the Harris algorithm in the discrete-time multi-type branching process,
only adds a finite number of new topologies at each step, in fact, if there were N (k)
topologies at the k-th step, an extra N%2(k) — N (k) + 1 are included at the k£ 4 1-th
step, clearly a finite number for all finite k. As a result, the Order algorithm is a
much more efficient algorithm to determine the probability of eventual extinction of
a multi-type branching process.

The ease with which algorithms can be developed for the MBT carries across to
the MT. In this chapter we have developed the Depth and Order algorithms for the

MT. The Order algorithm is a novel way of calculating the extinction probability
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for a ctMMTBP, an algorithm which is a significant improvement on the algorithm
of Harris [9]. The MT representation of the ctMMTBP should provide the basis for
better algorithmic analysis of the ctMMTBP and as a result, allow it to play a more

prominent role in modelling physical phenomena.



Chapter 9

Conclusions and Further Research

9.1 Conclusions

It is widely believed that the rates of evolution, at the genetic level and at the
macroevolutionary level [6, 22], have not been constant throughout all time. At the
macroevolutionary level, these rate changes alter the overall topologies of phyloge-
netic trees thus, changes in the speciation and extinction rates of species have the
effect of altering the imbalance of trees as they evolve. The simple models, such as
the crBD and PDA models, models that do not account for rate variation and have
clearly been shown to be inadequate in generating topologies that agree with ob-
servation [11, 22, 30]. It has become increasingly evident [1, 22] that more complex
models of macroevolution are required in order to aid in the inference of phylogenetic
tree topology. One step towards developing more sophisticated models is to allow for
rate variation. Consequently, an excellent candidate for a macroevolutionary model
is the ctMMTRBP, [1, 22, 26], but the distinct lack of adequate numerical methods
has hampered the use of the ctMMTBP as a modelling device. In this thesis we

have addressed:

e the need for a reasonable macroevolutionary model based on the cctMMTBP,

and

214
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e the need for some algorithmic approaches to the ctMMTDBP.

We have developed a model of the macroevolutionary process based on the
binary-branch point ctMMTBP, which we have called the Markovian binary tree.
To transform from the ccMMTBP branching structure to the MBT transition struc-
ture, singular branch points (ctMMTBP) were interpreted as hidden transitions
(MBT) and binary branch points (c¢cMMTBP) were interpreted as being observable
transitions. Observable transitions were regarded as corresponding to nodes in the
phylogenetic trees, while hidden ones were not.

With this subtle change of interpretation, we were able to describe the dynamics
of each branch of an MBT with a Markovian arrival process (MAP). As a result, the
time until an observable event or to the extinction of a branch need not be expo-
nentially distributed and there exist correlations between the offspring distribution
and the lifetime of a branch. Using this MAP interpretation and the fact that the
tree topologies are binary we represented the ccMMTBP as a level-dependent quasi-
birth-death process. The states of the process were given by the number of branches
and the phase that each branch was in. This representation allowed us to unam-
biguously keep track of the daughter and parental branches and thus reconstruct
tree topologies.

In Chapter 5 we demonstrated that the MBT subsumed all of the simple macroevo-
lutionary models such as the crBD, the PDA and the sPDA. What was of most
significance however, was that we showed that the multi-rate (MR) model of Pinelis
[26] was also subsumed by the MBT. The multi-rate model (MR) is also based on the
binary-branch point cctMMTBP. In the MR model however, Pinelis [26] introduced
the concept of a quasi-stable branch, that is, a branch that cannot ever become
extinct or give birth to any daughter branches. The inclusion of this branch type
and the necessary pruning of extinct branches from the tree topologies had the effect
of complicating any analysis performed with the MR model. In fact, even showing
that the MR subsumes the simple models of macroevolution is not a trivial task. We

were able to prove in Chapter 5 however, that the MBT model did indeed subsume
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the MR model and that there was no need for quasi-stable branches and the pruning
of extinct branches could in fact be discarded. Thus the MBT not only subsumes
the MR but is also amenable to simpler analysis.

Having demonstrated that the MBT is the most general model, we wished to test
it in a macroevolutionary environment. As stated on numerous occasions during this
thesis, the level of imbalance of phylogenetic trees is important because it has the
potential to show how the rates of evolution have changed over time. Therefore
any reasonable model of the macroevolutionary process must have the flexibility to
account for these imbalances. The imbalance algorithm was developed in Chapter
6. The imbalance algorithm determined the mean imbalance of an MBT model

conditional on tree size. This algorithm therefore,

1. extended the work of Heard [11] and Rogers [30] who did similar things for
the crBD and PDA models, and

2. showed that the MBT is sufficiently flexible that any mean imbalance is pos-

sible conditional on tree size!

The combination of flexibility and algorithmic tractability make the MBT a formidable
model in the macroevolutionary domain.

The subtle change of the interpretation of the branching structure of the ct-
MMTBP to that of the MBT allowed us to develop two further algorithms in
Chapter 7. These algorithms determine the probability of eventual extinction of
the process in the interesting super-critical domain. The algorithms that we de-
veloped to solve for the probability of eventual extinction were called the Depth
and Order algorithms. Surprisingly, both these algorithms did not require use of
the level-dependent QBD representation of the MBT. This can be attributed to the
independent evolution of each branch of an MBT. Further, we demonstrated that
the Order algorithm was more efficient than the level-dependent logarithmic reduc-

tion algorithm. Furthermore, it was also demonstrated that the sample paths of the
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Neuts algorithm at each step could be transformed to the set of the binary trees
measured at the equivalent step of the Depth algorithm.

The ease with which the algorithms could be developed and implemented in
the special case of the binary-branch point ctMMTBP was transferred to the gen-
eral ctMMTBP. That is, we reinterpreted the transition branching structure of the
general ctMMTBP in exactly the same way as we did in the MBT case: singular
transitions corresponded to hidden transitions, and non-singular transitions corre-
sponded to observable transitions. Using this interpretation we once again developed
the alternative representation of the general cctMMTBP which we called the general
Markovian tree (MT) in Chapter 8. It was then relatively straightforward to develop
the Depth and Order algorithms for the MT in a similar fashion to the corresponding

algorithms in the MBT environment.

9.2 Future work

The essential groundwork for the MBT as a macroevolutionary model has been laid
out here. It possesses all the attributes that make it a good model for macroevolu-
tion. It is flexible, as witnessed by the fact that a one parameter four phase model
was sufficient to span the entire range of mean imbalances for trees of size 5 and
it is readily analyzable as witnessed by the fact that we developed a number of
algorithms that were easy to implement.

What remains to be done is to apply the MBT to macroevolution. More specifi-
cally, to determine how the MBT can be fitted to the data so as to generate an actual
model. Once this has been achieved, suitable tests of the models performance need
to be devised and implemented. The statistically fitted MBT model can be applied
to well known phylogenies to see what results are obtained. In other words, what
topologies are generated by the MBT with highest likelihood? How do they differ
from those of other studies? Does the MBT predict topologies that more closely

represent the true topology?
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Finally, representing the ctMMTBP as an MT gives to the cctMMTBP a richer
transition structure. A transition structure that has correlations between branch
lifetime and branch offspring distributions. It is our belief that since the MT is
more amenable to algorithmic analysis, the MT representation may serve as a good
starting point to develop other algorithms for the ctMMTBP. Algorithms that will

enable the ctMMTBP to be used in a wide variety of modelling contexts.
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