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Abstract

This thesis considers location and scale parameter modelling of the heteroscedastic t-
distribution. This new distribution is an extension of the heteroscedastic Gaussian and
provides robust analysis in the presence of outliers as well accommodates possible het-
eroscedasticity by flexibly modelling the scale parameter using covariates existing in the
data.

To motivate components of work in this thesis the Gaussian linear mixed model is re-
viewed. The mixed model equations are derived for the location fixed and random effects
and this model is then used to introduce Restricted Maximum Likelihood (REML). From

this an algorithmic scheme to estimate the scale parameters is developed.

A review of location and scale parameter modelling of the heteroscedastic Gaussian distri-
bution is presented. In this thesis, the scale parameters are a restricted to be a function of
covariates existing in the data. Maximum Likelihood (ML) and REML estimation of the
location and scale parameters is derived as well as an efficient computational algorithm

and software are presented.

The Gaussian model is then extended by considering the heteroscedastic ¢ distribution.
Initially, the heteroscedastic ¢ is restricted to known degrees of freedom. Scoring equa-
tions for the location and scale parameters are derived and their intimate connection to
the prediction of the random scale effects is discussed. Tools for detecting and testing
heteroscedasticity are also derived and a computational algorithm is presented. A mini

software package "hett” using this algorithm is also discussed.

To derive a REML equivalent for the heteroscedastic t asymptotic likelihood theory is dis-
cussed. In this thesis an integral approximation, the Laplace approximation, is presented
and two examples, with the inclusion of ML for the heteroscedastic ¢, are discussed. A new
approximate integral technique called Partial Laplace is also discussed and is exemplified
with linear mixed models. Approximate marginal likelihood techniques using Modified
Profile Likelihood (MPL), Conditional Profile Likelihood (CPL) and Stably Adjusted
Profile Likelihood (SAPL) are also presented and offer an alternative to the approximate

integration techniques.

The asymptotic techniques are then applied to the heteroscedastic ¢ when the degrees
of freedom is known to form two distinct REMLs for the scale parameters. The first
approximation uses the Partial Laplace approximation to form a REML for the scale pa-

rameters, whereas, the second uses the approximate marginal likelihood technique MPL.

viil



For each, the estimation of the location and scale parameters is discussed and computa-
tional algorithms are presented. For comparison, the heteroscedastic ¢ for known degrees
of freedom using ML and the two new REML equivalents are illustrated with an example

and a comparative simulation study.

The model is then extended to incorporate the estimation of the degrees of freedom pa-
rameter. The estimating equations for the location and scale parameters under ML are
preserved and the estimation of the degrees of freedom parameter is integrated into the
algorithm. The approximate REML techniques are also extended. For the Partial Laplace
approximation the estimation of the degrees of freedom parameter is simultaneously es-
timated with the scale parameters and therefore the algorithm differs only slightly. The
second approximation uses SAPL to estimate the parameters and produces approximate
marginal likelihoods for the location, scale and degrees of freedom parameters. Com-
putational algorithms for each of the techniques are also presented. Several extensive
examples, as well as a comparative simulation study, are used to illustrate ML and the
two REML equivalents for the heteroscedastic ¢ with unknown degrees of freedom.

The thesis is concluded with a discussion of the new techniques derived for the het-
eroscedastic t distribution along with their advantages and disadvantages. Topics of

further research are also discussed.
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