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  Part D  

 

In Part C some historical aspects of the teaching of probability, especially in SA, 
have been examined through the lens of the BSEM. In this Part the BSEM is used 
to clarify aspects of the assessment of students’ understanding of probability. 
However, in this case we shall be looking well beyond SA to examine several 
major and some other projects from different countries. 

This Part presents a detailed examination of the response of members of the 
intellectual community to one aspect of the challenges raised by the introduction 
of probability into schools. So the field of vision under the lens will be quite 
small, providing a totally different medium for assessing the value of the BSEM. 



 

 

CHAPTER 17: MEASURING INSTRUMENTS  

 All the same, his fellow tribesmen 
 Ignorant, benighted heathens 
 Took away his bows and arrows, 
 Said that though my Hiawatha 
 Was a brilliant statistician 
 He was useless as a bowman. 
 As for variance components 
 Several of the more outspoken 
 Made primeval observations 
 Hurtful to the finer feelings 
 Even of a statistician. 
 
 In a corner of the forest 
 Dwells alone my Hiawatha 
 Permanently cogitating 
 On the normal law of error, 
 Wondering in idle moments 
 Whether an increased precision 
 Might perhaps be rather better 
 Even at the risk of bias 
 If thereby one, now and then, could 
 Register upon the target.1 

Constructing probability measuring instruments with both precision and accur-
acy has been very difficult. In the early 1990s Hunting co-ordinated the design of 
an assessment instrument for mathematics and stochastics using structured clin-
ical interviews.2 He soon found that “a clinical tool was needed for the purpose of 
assessing the mathematics knowledge of a student who was presenting for the 
first time”,3 so he looked for questions yielding a large amount of information. 
Rather worryingly, he decided that the best source of questions was the judge-
ment of experts rather than research findings. Hunting concluded that 

[a]lthough many workers in the field describe children’s ‘misconcept-
ions’, the overwhelming evidence is based upon serendipitous anec-
dotes. Very little has been done to explore in a thorough way the child’s 
conceptual development or framework since the time of Piaget. … 
When it comes to the right question, tests currently in use are virtually 
the only source, despite the fact that they do not satisfy the criterion of 
opening up a dialogue.4 

                                                 
1 Kendall (ndp, stanzas 12–13) 
2 Hunting et al.  (1993) 
3 Hunting & Doig (1992, p. 201) 
4 Hunting et al.  (1993, no pagination) 
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Shaughnessy’s 1992 survey of stochastics obuchennyi argued that there was a need 
for appropriate assessment instruments in probability research.5 Since then one 
major book on assessment of stochastics understanding appeared,6 with three 
chapters on probabilistic understanding. But one of these deals with combinat-
orics,7 and another with probability distributions and computers,8 so only one 
examines basic probabilistic ideas.9 This describes weaknesses in recent American 
curriculum documents,10 emphasises the influence of affective issues on cognitive 
functioning, and proposes three dimensions of assessment : 

 
• cognitive—the student’s conceptual constructions; 
• epistemological—the students’ belief about the place of chance 

and uncertainty in the world; 
• cultural—the culture of the mathematics classroom and learning 

environment vis à vis beliefs about how chance and uncert-
ainty fit in and related dispositions of interpretation and 
inference.11 

The author gives some examples of children’s thinking in probabilistic situations, 
and makes comments on some relevant features which are usually sensible and 
well categorised, but lack width and cohesiveness, and are sometimes simplistic. 
The examples in the epistemological and cultural sections raise valid issues, but 
say little about their assessment. 

Another recent survey of assessment12 says little about assessing probability, and 
what is said refers mainly to advanced levels. One writer attributed the poor 
responses of upper secondary school children to stochastics questions in part to 
the wide variety of questions which it is possible to ask.13 In the same book, Vict-
orian researchers found that a major examination system reform to emphasise 
investigative work in upper secondary levels led to a greater emphasis on stoch-
astics in junior secondary classrooms.14 While these findings are important, they 
do not address the assessment of probabilistic understanding. 

                                                 
5 Shaughnessy (1992) 
6 Gal & Garfield (1997) 
7 Batanero et al. (1997) 
8 Cohen & Chechile (1997) 
9 Metz (1997) 
10 NCTM (1989) 
11 Metz (1997, p. 225, text retained, layout changed) 
12 Niss (1993cas) 
13 Kleijne & Schuring (1993, pp. 144–145) 
14 Stephens & Money (1993, p. 168) 
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The authoritative nature of these two limited surveys confirms the judgements of 
Hunting and Shaughnessy, at least for probability, and suggests that much work 
is still needed to develop sound techniques for assessing probability learning. Yet 
much has already been done, and considerable progress has been made. In this 
chapter, I provide general summaries of some well-known attempts to develop 
questions and also other work of special interest to Australians or of special 
interest to my principal theme. 

In Chapter 3 we saw that some researchers would argue that the subject matter of 
this Part is irrelevant to probability obuchennyi because all learning is a function of 
context, and that the largely decontextualised environment in which formal 
testing takes place is too unrealistic to be of any value. It will be clear from this 
chapter that I share some of their concerns for the validity of the testing instru-
ments employed. However, given my belief that Technocratic Utilitarian forces 
will continue to be highly influential in our society, I believe it is of considerable 
importance to understand and improve the instruments which the Technocrats 
would have us use. I shall also show in Chapter 20 that the process of improving 
the quality of testing has provided a lot of valuable information about effective 
ways for teachers to talk to students. These discussion skills are largely independ-
ent of learning environments, so establishing ways of refining them is of value 
within all educational philosophies. 

In Chapter 18 one set of criteria for evaluating individual questions is proposed 
and it is shown that assessment of probabilistic understanding requires the in-
vestigation of a very wide range of situations in a variety of different ways. These 
criteria are used in Chapter 19 to analyse some questions to form a database for 
this Part. Questions are identified by author and number, and this naming system 
is used without further comment. So a reference to “Green 7” in the text refers the 
reader to that question in Green’s set as listed in Chapter 19 which has been given 
the number “7”, without needing to provide more detail within the text. Together 
with this summary chapter, these chapters form the background for Chapter 20 
where Hunting’s claim is evaluated and the place of these tests within general 
education is assessed in terms of the BSEM. No totally satisfactory ordering for 
these three chapters is possible; it seemed more helpful in this case to start from 
the general and move to the particular. 
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SOME GENERAL DIFFICULTIES WITH ASSESSMENT  
 

If we could just compile a long list of features, count the likenesses and 
unlikenesses, gin up a number to express an overall level of resemblances, 
and then equate evolutionary relationship with measured similarity, we could 
almost switch to automatic pilot and entrust our basic job to a computer.15 

People who undertake major assessment work tend to be “numbers people”. 
Usually, their numerical skills are not in question. What is sometimes in question 
is the data to which numbers are attached. 

As shown in Part C, one of the forces operating on schools has been a Technocrat-
ic force which sees schools within an industrial perspective, and which believes 
that it is possible and desirable to measure the outcomes of schooling with a high 
degree of precision. This is not, of course, a peculiarly modern perspective. In the 
nineteenth century, advocates of schooling for girls insisted that girls sit the same 
examinations as boys, so that their quality could be assessed in an unbiased 
manner and hence help to overcome prejudices.16 However, as we shall see in this 
Part, the problem with many school subjects, and with probability in particular, is 
that the measuring instruments available are not particularly precise.  

But if the Technocrats’ influence is substantial and a testing programme is estab-
lished, then its very cost means that it must be seen as succeeding. In this chapter 
we shall examine several state-funded testing programmes with tests for prob-
ability that are simply inadequate in terms of the questions asked, but which have 
never been acknowledged as such. It is very easy, and quite proper, for the leader 
of a mass survey to report: 

The APU exercise had several not always completely compatible 
purposes—providing a detailed overall picture of performance, finding 
associations between categories of performance and background vari-
ables, and monitoring over time. However, it provided a wealth of in-
formation in all these areas, providing new findings particularly in the 
picture of mathematical performance in Britain.17 

Reports written in a genre like this can satisfy political masters while obfuscating 
imprecisions and weaknesses. Some of these difficulties and weaknesses are dis-

                                                 
15 Gould (1989, p. 213) 
16 Roach (1971, p. 119) 
17 Foxman (1993) 
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cussed in the remainder of this section. As they become better known they start to 
become forces in their own right, because they help to define the area of debate. 

At a deeper level, and in an effort to acknowledge the limitations of their 
methods, some workers have distinguished functional competence from optimal 
competence. Students may be able to perform a certain skill in a certain situation, 
but not in others. In other words, the context is relevant to the skills which are 
demonstrated. For example, Hart has found that children can often succeed in 
using fractions correctly in a realistic context but not in formal manipulation con-
texts. She attributed this to the use of informal calculating strategies which were 
more easily supported in realistic contexts.18 We have already met this difficulty 
of distinguishing observed and actual competence in the discussion of the SOLO 
Taxonomy in Chapter 8. There is also some evidence19 that for young children 
functional and optimal levels are very close, but as the Zone of Proximal Devel-
opment* increases so does the gap.  

For cost reasons, testing programmes tend to prefer multiple-choice answers. This 
means that any given answer may well arise from a wide range of reasoning pro-
cesses, which cannot be determined without further discussion with the 
respondent.20 Such questions put strong pressure on children to give an answer, 
any answer, when they would prefer to give none.21 A compromise is to ask for a 
multiple-choice response and to ask the children to provide a written explanation 
as well or alternatively to interview a subset of the children to obtain verbal 
explanations and to follow up thought patterns in some detail.These are more 
satisfactory solutions, but they are much more expensive to administer because 
the unstructured responses need to be coded, which for some readers would 
make them appear to be more subjective. 

Special problems arise when assessing understanding of stochastic processes. The 
ability to tolerate indeterminacy seems to develop with age, so that with logical 
problems 11–13 year olds show more intolerance of uncertain results than do 14–

                                                 
18 Hart (1981fr, p. 67) 
19 Fischer et al. (1993) 
*  A term coined by Vygotsky; vide Hedegaard (1990). The term is commonly used in 

mathematics education by Constructivists to summarise the various sorts of cognitive 
development which a child may experience, given his or her current level of development. 
It represents rather more than life experience because it focuses on the cognitive 
understanding of that experience. 

20 Borovcnik & Bentz (1991) 
21 Vide J. Truran (1992, pp. 54–62). 
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15 year olds.22 Even so, there is some evidence that children perform better on 
both convergent and divergent tasks under test conditions than under informal 
conditions.23 It may also be that children who are trained in class to give less ab-
solute responses to situations will be happier working with probabilistic situat-
ions than children brought up in more dogmatic classrooms. Or it may be that 
children brought up in less authoritarian classrooms will be seriously disad-
vantaged by dogmatic multiple-choice tests with even more dogmatic suggested 
answers. 

But asking good questions and assessing the responses are only part of the assess-
ment process. If the testing is to be of any value then it needs to be reported to 
interested parties in some way. This raises two sets of problems. 

First, if the results reported are designed to summarise the results of a group of 
students, then they will need to satisfy appropriate statistical criteria, including 
reliability and validity. If this is done, the analysis automatically becomes the 
work of experts. This means that it may not be accessible to interested and in-
telligent lay people and the proper processes of connoisseurship and criticism 
which should inform public debate cannot take place. 

In practice, many of the statistical techniques required are well beyond those 
taught in even a first year tertiary “service” statistics course and follow no stand-
ard form. For example, Green modelled his work on the CSMS Project which 
used Guilford's φ and Loevinger’s Hij,24 but he preferred Guttman Scalogram 

Analysis.25 In some situations mathematical transformations of the data are desir-
able,26 but defining appropriate situations when measuring complex ideas is 
difficult, especially when it is not clear whether it is one or more than one idea 
which is being measured. Finally, the probabilistic Rasch model27 currently 
favoured by ACER† is difficult to follow and takes no account of the wide variety 

                                                 
22 Bell (1976, pp. 6.5, 6.7) 
23 Renner (1978) 
24 Hart (1980, p. 222) 
25 Guttman (1944; 1947a; 1947b; 1950) 
26 Wright & Masters (1982, p. 34) 
27 Rasch (1960/1980); Andrich (1988); Masters (1993) 
†  This attempts to place a set of questions on a one-dimensional scale in a such a way that it is 

possible to say that a student who has correctly answered certain questions has a certain 
probability of thinking at a certain level. The approach also permits students to be ranked 
on a single scale even though they have answered different items, principally because it is 
able to estimate the relative difficulties of the items answered. A clear summary of the 
approach, written for lay people, may be found in McGaw (1994) 
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of different experiences of the individual respondents.28 Of course, all of these ap-
proaches can be learned, but they do not currently form part of the general stat-
istical literacy even of the better educated members of the community in the way 
that, for example, the idea of a standard deviation does. 

Statistical analysis reports results for populations as a whole. A second type of 
problem arises when results are reported about individuals, usually for the ben-
efit of parents, examiners or employers. In such cases the precision and accuracy 
needed require a level of detail which is probably greater than the users want, or 
possibly can understand. It is fairly easy to measure a person’s mass and height 
and calculate a Body Mass Index§ which can indicate if the person is obese, and to 
state what the possible medical consequences of obesity are. The measurements 
are more than adequately precise for the inferences which will be drawn and the 
basic principles are usually understood by most members of the community. 

This is not the case for probability. The concept is poorly understood across the 
whole community and, as shown in Chapter 5, there is no common, well-est-
ablished view about its nature. We shall see in this Part how hard it is to measure 
its understanding. Even if it could be well measured, it is not certain what value 
could be made of any result which would be of benefit for an individual. The 
value of probability as a part of a sound general education was strongly 
established in Chapter 11. What was not established then, and probably never 
will be, was how to justify a sound general education to the whole community.  

These difficulties are likely to lead to one of two consequences which parallel the 
difficulties of curriculum construction described in Part C. The results may be 
taken as absolute and unchallengeable—the result of black-box technology—or 
they may be treated with such cynicism and/or disbelief that they cannot be used 
constructively. 

In this Part we are examining the forces specifically concerned with evaluation. In 
this chapter I describe some ways in which assessment of probability understand-
ing has been undertaken. None is value free. In general, they reflect Utilitarian 
philosophies rather than Liberal-Humanist ones. Constructing assessment instru-
ments requires scarce resources, usually governmental, which are only allocated 
if the instrument is likely to answer a question pressing hard upon the commun-
ity. Furthermore, the funding process virtually demands a decisive result. I shall 
                                                 
28 Lawton (1981) 
§  Body Mass Index = (weight in kg) ÷ (height in m)2. “Normal” people have a Index between 

20 and 25. 
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argue that pressure for results has led to over-simplification of complex problems 
like the nature of probability, and the influence of context on children’s 
responses. This over-simplification is particularly to be found in the results from 
large mass testing projects.   

MASS TESTING  
 

Had I not been testing for conceptual development, I am sure I would feel the 
curriculum I had designed was magnificent.… While I have been disappoint-
ed by the lack of change on the items, I have developed more confidence in 
the items, if for no other reason than that they are not easily taught to.29 

Konold highlights here the difficulty of finding ways of assessing students’ 
understanding, rather than teachers’ teaching for a test. He emphasises, as did 
Hunting above, the importance of good questions. Since the 1970s various forms 
of mass testing have been developed. One might expect that in such well-funded 
projects the questions would be well designed to discriminate nuances in under-
standing and to allow some general conclusions to be drawn from the results. In 
general, as we shall see, this has not been the case. 

International Tests  

There have now been three international studies of mathematics and science un-
derstanding conducted by the International Association for the Evaluation of 
Educational Achievement. The first, in the 1960s, covered 12 countries, the 
second, between 1976 and 1987 (1978 for Australia), covered 20.  The Third Inter-
national Mathematics and Science Study (TIMSS) was held in 1994 and covered 
48 countries.30 SA did not take part in the first test, perhaps because of a fear that 
it would not show up well, especially in secondary schools.31 Certainly, national 
prestige is one reason why countries agree to take part in such exercises.  

Because the earlier studies had to cover content which was common to all part-
icipating countries, stochastics received little attention. This had changed by 1994, 
although the date at which “probability and uncertainty” had been introduced 
into the different curricula showed the greatest variability of all new topics, with 

                                                 
29 Konold (1995, section 3) 
30 Lokan et al. (1996, pp. 2–3) 
31 J. Baxter (1972) 
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Australia being relatively early to do so.32Four questions on probability from this 
survey have been published, and are analysed in Chapter 19. but some general 
comments are relevant here. TIMSS 1 seems to be assessing area rather than 
probability. TIMSS 3 and 4 were more about simple proportion calculations set in 
a probabilistic context than about probability itself. TIMSS 2 was an item included 
in both the middle primary and junior secondary tests which was well done, but 
the report commented that whether this was due to curriculum emphasis on 
chance or backyard experience was an open question.33 The distractors chosen 
were not always well thought out—TIMSS 2 allowed for all outcomes being equi-
probable, but this option was not included in TIMSS 1. In choosing to draw a 
distinction between the situations where the words “chance” and “probability” 
were used—“chance” for questions not requiring a precise numerical answer, 
“probability” otherwise—the questions were to some extent defining a new 
meaning of the terms which they were supposed to be assessing. 

When we consider that these questions were devised after some 20 years of 
research into the asking of good questions about probability, the TIMSS probabil-
ity questions must be described as disappointing. One is technically unsatisfact-
ory, and three may not need any understanding of probability for selecting a 
correct answer. The concept of an RG is not really addressed, nor is any of the 
heuristics which we know children employ from time to time. No reasons are 
required for answers given. The published reports intended for the general public 
provide no information about popular distractors for these questions: TIMSS’ 
concern seems to be more with making a measurement rather than with improv-
ing a pedagogy. Given the poorly developed state of probability pedagogy, this 
seems to be extravagant. Perhaps this is reflected in the very low level of 
comment on the questions. The following quotation, which has had only some 
relative percentage successes from different countries removed,  provides the 
total TIMSS comment on probability: it refers only to TIMSS 1 and TIMSS 3.  

In general, students appeared to understand that the probability of 
picking the one red marble was highest for the fewest number of 
marbles. … In contrast, asking students to integrate their understanding 
of both cubes and probability proved to be more difficult for them. … 34 

The questions devised had to be culturally free, multiple-choice, and simple to 
read. Chance is not a culturally free concept, nor is it simple. The aims and pro-

                                                 
32 Lokan et al. (1996, p. 131) 
33 Lokan et al. (1997, p. 71) 
34 Beaton et al. (1996, p. 79) 
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cesses of TIMSS virtually ensured that its probability questions would be 
simplistic. Indeed, although issues of concern were discussed in the planning 
stages, neither cultural diversity, nor the effectiveness of multiple choice quest-
ions for assessing stochastic concepts were on the agenda. There were moves, 
ultimately unsuccessful, to introduce alternative assessment methods, but exist-
ing methods were retained on the grounds that their methods were tried and 
tested. The number crunchers won. 35 

The influence of TIMSS on curriculum planning is likely to be substantial, but it is 
too early to provide documentary evidence for this. Anecdotal evidence suggests 
that politicians see it as a useful tool for justifying changes, and are unconcerned 
with any weaknesses in the measuring instrument. Mass testing of this form is 
becoming a tool for those seeking to influence the curriculum. It does not change 
the forces operating, but it makes them harder to oppose, because it appears to 
be, not only an expert process, but also an unassailable one. This issue of expert 
processes will receive more attention below, after we have examined a number of 
other surveys, but at this point it is worth simply asking whether, in these days of 
cheaply available calculators, a question which asks 

Divide: 0.004 ) 24.56   

is an appropriate question from which to construct data on which major educat-
ional decisions are likely to be based.36  

National Tests  

The examples presented here come from several different countries, and illustrate 
similar weaknesses. They also help to clarify the way in which the testing process 
acts as an influential force on the construction of curricula.  

USA—NATIONAL ASSESSMENT OF EDUCATIONAL PROGRESS   

During the 1970s and 1980s many NAEPs* were conducted in the USA. Mathe-
matics was assessed in 1972-73, 1977-78, 1981-82, 1986 and the project is still in 
operation, but only the earlier results are considered here. Children aged 9, 13 
and 17 were tested together with adults whose level of previous education was 

                                                 
35 Robitaille & Donn (1993) 
36 Beaton et al. (1996, question J14) 
*  Peters (1995) is silent on plurals of abbreviations and acronyms. I would prefer “NAsEP”, 

but suspect I would be seen as pedantic. 
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known. The detailed reports of the NAEP are difficult to obtain in Australia, so 
general results disseminated through short articles in professional journals have 
been my major source, but some full reports have been located and are used 
where appropriate. The questions for each Assessment varied and to some extent 
reflected changes in school mathematics over time.37 To permit comparisons over 
time a number of test items have been kept secret and administered more than 
once. Only about 50% of the questions asked have been publicly released.38 
Connections between results and gender, socio-economic class, colour and geo-
graphical location have also been examined.  

The questions examined in Chapter 19 will show the NAEP’s style of questioning 
and reporting. At this point we may note the genre used for reporting the results. 
For example, for the Third Assessment we have been told that the Content Area 
Probability and Statistics covered mainly statistics and questions about probability 
were restricted to “predicting outcomes and determining combinations”.39  In all, 
seven questions about the probability of an event were asked.40 The summary 
glosses over many testing subtleties—its basis is more that of a syllabus writer 
than of a cognitive psychologist. Furthermore, the quality of the questions asked 
gives some cause for concern for several reasons: 

• Only symmetric probabilities appear to have been considered41 which 
is a rather simplistic approach to the concept.42 

• It is acknowledged that many students, especially the older ones, seem 
to have an understanding of probabilistic concepts but “do not know 
conventional means of reporting probabilities”.43 The neglect of 
linguistic factors is a serious weakness in the assessment.  

• The terms “chances” and “probability” seem to be have been treated as 
synonymous, which raises questions about the relationship between 
vernacular and technical terms.44 However, it would still seem reason-
able to compare two structurally similar questions which use the same 
term. 

                                                 
37 Brown et al. (1988, p. 241) 
38 NAEP (1972)  
39 NAEP (1981) 
40 Carpenter et al. (1981b, p. 342) 
41 Carpenter et al. (1981b, p. 342) 
42 J. Truran (1992, pp. 24–30) 
43 Carpenter et al. (1981a, p. 101) 
44 Vide J. Truran (1992, pp. 154–160). 
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• As we shall see in NAEP 3, the NAEP’s views of what is “a realistic 
problem solving situation which require[s] the application of some 
fundamental probability concepts”45 is facile.  

The NAEPs have also provided some general comments about understanding of 
probability. Boys aged 9, 13 and 17 tended to do better in probability and 
statistics than do girls and the differences are larger at age 17 than at age 13.46 For 
adults answering probability questions “performance improved as the amount of 
education increased”,47 but no evidence was presented to support this conclusion. 
There were neither consistent nor significant differences between adults and 17 
year-olds on probability questions,48 but for all ages finding the probability of an 
event’s not occurring seemed to be harder than that of finding the probability that 
it does occur.49  

Some more general conclusions of interest have also been reported. More child-
ren obtained correct results with multiple-choice questions than with more open-
ended questions.50 Racial/ethnic minorities and other disadvantaged students 
did less well in general, and the gap between the majority and the minorities 
tended to increase with age.51 

The First Assessment led the authors to conclude  

… that probability concepts are unlikely to develop either incidentally 
or through maturation, which means that appropriately planned learn-
ing experiences must be provided. … . In no other portion of the 
National Assessment were the results as consistently low for all age 
groups as they were in probability.52 

While these results are of interest, and while we must also remember that the 
NAEP was under the disadvantage of being one of the earliest cabs off the rank, 
its results are of limited use because inadequate details for independent analysis 
are hard to obtain, many of the comments made in published articles are 
somewhat superficial, and the questions used have limited validity.  

                                                 
45 Reys (1978, p. 650) 
46 NAEP (1976, 1979z) 
47 Reys (1978, p. 653) 
48 Carpenter et al. (1978, p. 136) 
49 Carpenter et al. (1981a, p. 102) 
50 Carpenter et al. (1981a, p. 102) 
51 NAEP (1979b, p. 38) 
52 Reys (1978, p. 654)  
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 ENGLAND & WALES—ASSESSMENT OF PERFORMANCE UNIT  

The APU  reported the initial results of surveys of 13 000 children aged 11 in Eng-
land and Wales and 15 000 aged 15 in England, Wales and Northern Ireland 
during 1978 and 1979.53  Further work was done in subsequent years, but the 
results were consistent and there was no special analysis of the questions in-
volving probability, so I discuss here just the results from the first year of testing. 
Six learning outcomes were looked forconcepts, skills, applications, gener-
alisation & proof, investigation and attitude to mathematics. 

For the 11 year olds three questions were asked on probability, all of which were 
classified as applications. Even though probability was a relatively new school 
subject at that time, it did not seem to be important to the APU first to assess the 
children’s understanding of the concept. No specific information about the prob-
ability questions or results has been published.54  

For the 15-year olds, 16 questions were asked on probability. Of these, six in-
volved the probability of a single event. Three were classified as testing concepts, 
three as testing skills, and none as applications. There seem to have been poor 
links between the compilers of the two tests on this issue. Some questions were of 
the multiple-choice form, some required the provision of a numerical response. 
The ones of most relevance here are discussed under APU 1–3. 

It is on the basis of this limited data that a number of general conclusions was 
drawn. Some of these were specific to individual situations, e.g.: 

Nearly half of the pupils picked the right answer in a multiple choice 
item asking which of a coin tossing or die rolling game they would ex-
pect to win more often. However about 35% expected to guess the out-
come when a die was rolled more often than when a coin was tossed.55 

Others were more general comments on the links between topic questions and 
socio-economic variables.56 For probability the results were similar for both ages 
investigated. Children from metropolitan schools tended to do less well than 
those from non-metropolitan schools. For most topics children from schools with 
a low pupil/teacher ratio tended to do less well than those with higher ratios. For 
all topics there was significant negative correlation between achievement and the 

                                                 
53 Foxman et al. (1980a, 1980b) 
54 Foxman et al.  (1980a) 
55 Foxman et al.  1980a, p. 60) 
56 Foxman et al. (1980a, pp. 65–77; 1980b, pp. 57–72) 
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percentage of children receiving free school meals. There was no significant 
difference between the achievements of boys and girls. At age 15 there was some 
significant regional variation. These findings pick up some of the points made 
about probability and culture in Chapter 5; it is a pity that they have not been 
followed further by other workers. 

The APU made a commendable effort to devise questions to assess probabilistic 
understanding. But there were technical weaknesses. The coverage was uneven, 
there was no “Don’t Know” option in the multiple choice questions, and a minor-
ity of pupils failed to attempt some of the questions.57  The validity of the quest-
ions was assessed only by seeking subjective comments from teachers. The quest-
ions were biased towards those with higher academic ability and reading skills. 
In reporting findings, the specific comments were essentially prose versions of 
data which could have been more clearly presented in a table. There was very 
little deep interpretative comment. 

AUSTRALIA—THE ACER’S TWO SURVEYS  

A nation-wide assessment of school performance was conducted by the ACER in 
1975,59 but with no questions on probability in the numeracy component. 

In 1980 another assessment was conducted60 and the content area “Probability 
and statistics” was added to the list of areas seen as being important for numer-
acy.61 As we have seen in Chapter 14, at this time probability was starting to be 
seen as a very important concept for all children to have, and the decision to 
consider it in a national testing programme reflected this changed perception. 
However, the programme was planned while running a gauntlet between strong 
opposition from some teachers and parents to the concept of national testing62 
and a strong community concern about falling standards in basic numeracy.63 
Since it was the latter force which was driving the funding, the test concentrated 
on basic numeracy, seen principally as arithmetic computation,64 and no quest-
ions were asked on probability and statistics. 

                                                 
57 Foxman et al.  (1980b, pp. 60, 64) 
58 Foxman et al.  (1980b, pp. 60, 64) 
59 Bourke & Lewis (1976) 
60 Bourke et al. (1981) 
61 Bourke et al. (1981, p. 25) 
62 Bourke et al. (1981, p.  4) 
63 Bourke et al. (1981, pp. 2–3) 
64 Bourke et al. (1981, p. 25) 
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This simple story gives a very good example of the relative influence of forces 
acting on the curriculum. Governments must be able to account for the money 
they spend, and respond to Social forces which reflect a simplistic view of 
numeracy. The aspects become even more important because they have been 
incorporated within a national testing programme, and the cycle continues until 
it is broken in some radical way by more powerful forces.  

AUSTRALIA—THE ACER ITEM BANKS  

In 1978 the ACER developed and tested an Item Bank of mathematics questions 
which might be used by teachers.65 Each question was classified by type, cog-
nitive level and facility (the percentage of the testing sample who were able to 
answer the question correctly). The questions on probability were very similar to 
questions in Year 10 and Year 11 text-books at that time, and involved listing 
sample spaces, stating definitions, and allocating probabilities to the results of 
single and combined random trials.  

While this project was not a survey as such, the questions proposed give an indic-
ation of what was seen as appropriate forms of school assessment at that time. 
We have seen in Chapter 8 that such questions are very limited indicators of 
children’s understanding of probability. The same processes may be seen at work 
here as in the previous section. The most common approach acquires increased 
status through being incorporated in a national testing programme and not 
through being of intrinsic value.   

AUSTRALIA—A VICTORIAN SURVEY  

In the late 1980s a thirty minute test for Year 5 and Year 9 Victorian children66 
was designed by the ACER to cover the content of a new curriculum document 
The Mathematics Framework P–10.67 By this time, probability had a place in the 
school curriculum, so the test contained one question on the topic, which was 
included in the section on application of number skills, rather than as a topic in its 
own right. The question, ACER 1, presents some interesting features. 

First, that the question was seen as an application of number skills provides a 
comment on how probability was viewed by the test designers, who were not 
reflecting the fact that within the curriculum it was clearly treated as part of 

                                                 
65 Australian Item Bank Project (1978) 
66 McGaw et al. (1989) 
67 Victoria. Ministry of Education (Schools Division) (1988) 
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“visual representation and statistics”.68 This represents a very narrow view of 
probability, one totally at variance with the Intellectual reasons put forward for 
its inclusion in school syllabuses. 

Secondly, it is very surprising that just one question was seen as sufficient to 
assess understanding of an idea. Physical forces, e.g., time available for the test, 
seem to have taken precedence over the Intellectual forces which underlie good 
test construction. But then, the alternatives offered implied that the best answer 
(“it doesn’t matter”) was innappropriate, even though the question, as with all 
questions in the test, was graded as either right or wrong. Intellectual forces were 
sadly lacking in the construction of this question. 

Thirdly, each item in each test was scaled for difficulty on an arbitrary Rasch 
scale* from about 20 for the easiest item to about 60 for the most difficult. The 
authors claim that “[t]he scale can be thought of as a developmental progression 
along which students will progress as their mastery of mathematics improves”.69 
The scale may be able to measure difficulty with reasonable precision, but this is 
no reason to assume that it also measures development. An earlier definition of 
the scale as “a dimension underlying the tests and the achievements they meas-
ure”70 is to be preferred. For both tests the question on probability was very much 
more difficult than any other question in the test, giving an item difficulty of 59∙1 
for the Year 5 test with the next most difficult item at 46∙9, and 57∙2 for the Year 9 
test with the next most difficult item at 47∙3.71 At year 5 there was no significant 
difference between the achievement of males and females on either the whole test 
or the question on probability, but at Year 9 males did better than females on the 
more difficult items, including probability. 

This question represents a new generation of test items, where statistics are used 
to make a measure of difficulty which, it is claimed, may be used to make com-
parisons between questions on totally different topics. But all this sophistication 
has yielded only the jejune remark: “it is interesting to note just how difficult 
students found the probability question to be”.72 It cannot be said that technically 
advanced approaches have yielded special benefits in terms of added insight. 

                                                 
68 Victoria. Ministry of Education (Schools Division) (1988, pp. 100–101) 
*  Vide supra. 
69 McGaw et al.  (1989, p. 25) 
70 McGaw et al.  (1989, pp. 8–9) 
71 McGaw et al.  (1989, pp. 22–25) 
72 McGaw et al (1989, p. 27) 
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SOME SMALLER STUDIES OF INTEREST  
 

Ask, and you will receive; seek, and you will find.73  

Some relevant surveys have already been discussed in Chapter 8, and are not dis-
cussed further here. Rather, this section presents an eclectic set of interesting 
pieces of work which have come from seeking in unusual places. They represent 
approaches which are not in the main–stream of current research practice, and for 
this reason are of special value in helping to illustrate my general thesis.  

An Early Example of Pedagogical Experimentation  

The work of Leffin from Wisconsin USA is a good example of early attempts in 
the 1960s to assess probabilistic understanding in children.74 His detailed written 
test was given to stochastically naïve children in Years 4–7. The questions were 
thoughtful and carefully graded, and were used to look for correlations with age, 
intelligence quotient and gender. Children were given an opportunity to clarify 
their understanding of what was required before answering the questions. 

In the first part of his test, various RGs were presented and children were asked 
to list “all the different outcomes”.75 In the second part they were asked to state 
their “chance of winning” with various RGs by filling in the spaces in the pre-
printed expression “Answer:           out of           ”.76 Finally they were presented 
with pairs of RGs and asked which was better to achieve a desired result or 
whether both were the same. These questions were discussed in Chapter 8.   

Although Leffin’s approach had some weaknesses,77 as early as 1968, he was 
establishing results which have been confirmed many times, but which have still 
not become part of the received wisdom of the teaching or testing communities. 
For example, he identified linguistic difficulties, especially confusion between the 
words “different” and “each”. And he also found that both the size and the shape 
of spinners may produce different answers in mathematically identical situations. 

                                                 
73 Matthew 7: 7 
74 Leffin (1968) 
75 Leffin (1968, pp. 203–208) 
76 Leffin (1968, pp. 212–216) 
77 Vide  ch. 8. 
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Leffin was not the only early researcher to produce useful findings which have 
not become part of the received wisdom. Consider the findings of G. Jones 
mentioned in the discussion on heuristics in Chapter 8. But Leffin’s can serve here 
as a representative of these early works, most resting on statistical analysis, most 
from the USA, and most deserving  more attention from the research community 
than they have received. I shall draw on them a little in Part E. 

An Australian Research Project Linking Theory with Practice  

We have already met the work of Kempster in Chapter 8. It is of interest here 
because it represents an early attempt to devise a test of probabilistic under-
standing, perhaps the first validated instrument in Australia,78 and it has been 
almost totally neglected since, in spite of having several methodological features 
of value. It was a well-planned, although limited, attempt to link both theory with 
practice and researchers with teachers, and also to try to find out what work in 
probability would be suitable for primary school children.79 

Kempster designed a pretest, a sequence of class lessons for three classes in Years 
5 and 6 to be taught by the normal classroom teachers, and a follow-up quest-
ionnaire. This work was supplemented by interviews with children and teachers. 
The preliminary test contained 15 questions covering outcomes, language, 
expected frequency, symmetry and quantification of probabilities. A small com-
posite Year 5/6 class, which was seen as a remedial class, scored as well overall as 
did the “normal” classes. Indeed, “the performance of a couple of boys in the 
remedial class surprised all teachers: apparently this was the first time they had 
succeeded at anything”.† Unfortunately the class dropped out of the trial.  Such 
problems of continuity are not uncommon when working with limited resources.* 

After the pretest had been administered, one lesson a week was conducted by the 
normal classroom teacher in which the children did directed experiments in-

                                                 
78 Kempster (1982, p. 39) 
79 Kempster (1982, p. iii) 
†  Kempster (1982, p. 48). The Year 12 examiners in SA found the same phenomenon, which 

has been mentioned in ch. 14 and is worthy of further investigation. A later example came 
from 1987 where they wrote with respect to the probability question: “Many who knew 
little of calculus or linear algebra scored well here” (SSABSA, 1987). 

*  My own teaching experiment, based on J. Truran (1989) and described in J. Truran (1992, ch. 
4), which is discussed further in Part E, was based on a distance learning course for the 
Department of Technical and Further Education and made use of facilities in the 
Department which I could not have afforded to supply myself. However, it was 
unexpectedly truncated when the Department withdrew from teaching secondary level 
subjects to adults. 
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volving dice, coins, thumbtacks, and word length. No attempt was made to teach 
probability in any formal way.80 As well as the administrative problems which 
caused the Year 5/6 class to drop out of the experiment, the teaching of the other 
two classes was dogged with a number of other logistical difficulties. 

The post-test contained some questions from the pre-test, some similar but in a 
different embodiment, and some new questions. In many questions children were 
encouraged to give reasons for their answers. On the overall scores no significant 
differences were found between classes or between boys and girls, nor was there 
any significant correlation with IQs. In small group interviews the children 
expressed the view that the topic was interesting, though much tallying and 
writing up could soon become boring. In general probability was not seen as 
mathematics, at least not in an obvious way. 

Kempster also administered a short test on probability to third year students 
preparing to become primary teachers and observed that their understanding of 
probabilistic ideas was poor. 

A representative set of seven of Kempster’s questions is presented in Chapter 19. 
Some of his less well structured questions have been omitted, but the best ones 
are imaginative and produce some helpful results. His overall approach seems to 
have far more potential value for improving classroom practice than many of the 
larger tests discussed above. It is a great pity that it has not been taken up as a 
model by others, and the reasons for this are what the BSEM will be used to 
explain in Chapter 20. 

Research into Logical Thinking Based on Probabilistic Examples  

Tobin81 has investigated possible developmental patterns in reasoning among 
upper primary Australian students, using a multiple-choice format Test of 
Logical Thinking,82 including two items (Tobin 1 & 2) involving probabilistic 
reasoning. He had already established that these items were valid measures of 
formal reasoning ability and compared students’ successes on these items with 
their ability to control variables, their proportional reasoning skills, and their 
general reasoning ability.  

                                                 
80 Kempster (1982, p. 58) 
81 Tobin (1982) 
82 Tobin & Capie (1981) 
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These questions attempted to combine the efficiency of multiple-choice format 
with establishing the reasons why certain answers are provided. Tobin also used 
the responses to try to define different types of thinking. Each item asked the 
children to select one out of five possible answers together with one out of five 
possible reasons for choosing that answer—a total of 25 possible responses. Three 
common response patterns were identified, and 221 students out of about 900 
respondents gave a common response pattern to both items. It was argued that 
for both items there is “a relationship between the choice of an answer and the 
choice of a reason for selecting the answer as correct” and that “the reasoning 
pattern used to solve the vegetable seed problem was related to the reasoning 
pattern used to solve the flower seed items”. 83 

Tobin’s work represents a real attempt to assess probabilistic reasoning in an 
holistic way, as opposed to the more microscopic approach of many of the 
researchers summarised here and in Chapter 8. It has had some success in over-
coming the logistical difficulties in obtaining and classifying reasons for specific 
answers. But, as with Kempster’s work, neither of these significant steps forward 
seem to have been taken up by others and again some reasons for this will be 
discussed in Chapter 20. 

Assessment Linking the SOLO Taxonomy with the National 
Statement  

In 1992 the ACER  published two equivalent forms of a set of questions84 which 
were designed to assess the SOLO level obtained by a child in each of the five 
strands of the proposed in the National Statement.85 The authors were Professors 
Kevin Collis (University of Tasmania) and Thomas Romberg (University of Wis-
consin at Madison), both senior members of the mathematics education research 
community. Each level for each strand was assessed by exactly one question, 
which was designed as a question of sufficiently complex construction to be able 
to discriminate the different levels. The questions themselves seem to be good 
and may well be powerful discriminators. But two aspects of this test, which was 
designed to be used by classroom teachers, give great cause for concern.†  

                                                 
83 Tobin (1982, p. 7) 
84 Collis & Romberg (1992) 
85 AEC (1991) 
†  This critique summarises J. Truran (1994solo). 
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Firstly, it is difficult to see how any test can hope to measure a child’s cognitive 
level based on just one item. The message which this test seems to be sending to 
teachers from some of the most prestigious assessment experts in the world is 
that, provided the questions are well constructed, the amount of testing actually 
required to assess understanding is very, very small. 

Secondly, and much more seriously, the Chance & Data question in one of the 
“equivalent” forms was concerned with probability (SOLO 1), and in the other 
with statistics. It is even harder to see how two forms can be considered parallel 
when the forms deal with totally different ideas. This difficulty of the relative 
place of the different parts of stochastics will be discussed further below. In the 
SOLO case, one might suspect that commercial considerations have over-ridden 
academic rigour. 

THREE FURTHER POINTS  
 

Assessment is a murky business. It raises fundamental issues about our beliefs 
on the nature of mathematics and knowledge in general, teaching and the 
educational process, and the relationship between the individual, school and 
society. Awareness of a plurality of views is an important starting point for 
reform. Attempts to use improved assessment practices to drive educational 
change are laudable, but likely to be difficult to achieve in practice.86 

The preceding discussion has illustrated that most of the points made in this 
quotation certainly apply at the macro level to the assessment of probability. 
Further illustrations at the micro level will be found in the next chapter. The 
discussion has also raised three other issues—the relationship between prob-
ability and statistics, the place of experts in the assessment process, and influence 
of the tests on classroom and research practice. 

The Relationship between Probability and Statistics  

The term “stochastics” encompasses probability, combinatorics and statistics 
because all three are inter-related, both logically and historically.* So it is not 
surprising that the three, or various subsets of them, are usually placed together 
in curriculum documents, under titles like “Statistics”, “Probability & Statistics”, 
“Counting”, “Data Representation, Analysis & Probability”, or “Chance & Data”. 

                                                 
86 Ridgway & Passey (1993, p. 72) 
*  Vide ch. 2. 
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Unfortunately, this has meant that many of the reports from mass projects tend to 
treat responses to questions on probability and statistics together. Given that in 
practice many of the questions on statistics are about descriptive statistics while 
the questions on probability are about more complex ideas, this makes the results 
almost impossible to interpret. The most extreme form of this confusion has been 
the SOLO test discussed above, but the problem is widespread. 

While this grouping together is understandable administratively, it suggests that 
test designers have not appreciated the deep distinction between probabilistic 
and statistical understanding. In other words, the same confusion about the 
nature and purpose of probability described in Part C has been reflected among 
many designers of assessment instruments, even though at ;east some of these 
designers have not been closely involved in curriculum issues and have special 
expertise in standing back from the parameters they are assessing. This raises 
questions about the place of “experts” in the assessment process. 

The Place of Experts in the Assessment Process  

In the above survey we have seen that some of the questions asked have been 
mathematically unsatisfactory, and that conclusions about probability in general 
have been drawn on the basis of rather limited coverage of the topic. More 
examples to substantiate these claims will be provided in Chapters 19 and 20, 
where I shall also argue that there has been a tendency for the quality of quest-
ions used to investigate some ideas to regress. If this claim is true, then it raises 
important questions about the nature of educational expertise, and of its place in 
the development of curriculum and assessment. One commentator has written 
about expertise in this way: 

Ivan Illich is the great adversary of “iatrogenesis”the way doctors, for 
instance, may unconsciously or consciously induce people to think they 
have the illnesses which they can cure. The professions, argues Illich, 
depend on people feeling inadequate in the areas in which they are 
skilled. They therefore have a vested interest in de-skilling their clients. 
Consultants who constantly assured their organization’s clients that it 
was all common sense and that they had no need of outside help might 
be telling the truth but would also remain poor.87 

This phenomenon does not seem to have been investigated within mathematics 
education, though when I read of it, I was easily able to find some examples 
within my own experience. But my claim of regression is in many ways more 

                                                 
87 Handy (1988, p. 74) 
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serious than Illich’s claim of iatrogenesis, because it runs counter to the common-
ly accepted views about the reliability of research findings. Of course, it depends 
upon an educational philosophy which believes that knowledge does exist in-
dependently of the knower, and so cannot be argued within a Constructivist en-
vironment. Indeed, the argument which is able to be presented below is one of 
the compelling reasons for believing that Constructivism is an inadequate model. 

There seem to be two main ways in which regression can happen. In order to 
illustrate these I need to use some personal examples because the available evid-
ence cannot usually be found in written texts. The nature of the anecdotes means 
that it would be possible to see my remarks as the inappropriate introduction of 
personal disagreements into an academic thesis. This is definitely not my 
purpose. I have already shown that important weaknesses in testing do occur in 
even prestigious projects. I shall use the BSEM in Chapter 20 to suggest why, but 
here I want to describe how this happens. 

First, information may be available, but not utilised, sometimes for the best of 

reasons. We have already seem in Chapter 8 how Watson’s question on tossing a 
six88 did not provide any opportunity for children to illustrate use of a repre-
sentativeness heuristic, even though Teigen’s findings had been brought as early 
as 1992 to the attention of the Australian research community with which Watson 
was closely involved, and this was when Watson’s work was still in its trialing 
stages.89 Now it is quite possible that Watson had good reasons for choosing not 
to use this information. She wanted to link her questions carefully with results 
from other studies, and may have decided that looking for Teigen’s findings 
would involve too large a jump. Or she may have decided after careful thought 
that the result was not relevant to her line of enquiry. Or the process of making a 
change to her large research project may have been just too difficult at that stage. 
On the assumption that a deliberate and responsible decision was made, the fact 
remains that her expert piece of work did not use all of the knowledge available 
at the time, and that, just because it is expert work which will be widely cited, it is 
tending to squeeze out other relevant information. At an even simpler level the 
failure of the ACER 1 to include a “they are both the same” option six years or 
more after both Green and the NAEP had shown its importance is very serious. 
And even without the benefit of these published experiences, the mathematics of 
the situation presented should have been clear to all of the test writers. 

                                                 
88 Watson et al. (1997, p. 65) 
89 K. Truran (1992) 
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Secondly, well appreciated, relevant information may disappear from the 

testing process when there is excessive concentration on statistical analysis. 
One example of this is discussed under “ACER 1” in Chapter 19. Two other 
examples here will illustrate how this can happen. The first example comes from 
the ICOTS 1998 conference, where Robert delMas presented a report of using 
computers to assess statistical reasoning.90 One of the questions used, which was 
shown at the presentation, but is not included in the written presentation, was 
mathematically incorrect. When I asked how the question had slipped through 
the checking process delMas said that earlier forms of the test had had a mathe-
matically correct form, but that efforts to improve the precision of the test had led 
to a rewording. In the process the mathematical inaccuracy had gone unnoticed. 
The second example comes from the Basic Skills Tests used in SA in the late 
1990s. One question was mathematically incorrect because it confused absolute 
numbers with proportions. At an information evening for the South Australian 
Institute of Educational Research I asked how this mathematically incorrect 
question had slipped through the checking process. One of the test consultants 
present, a senior university academic, replied that the question was correct. His 
reasoning was that when the question had been tested a substantial portion of the 
children had given the same “expected” response. I replied that this response 
would have been correct had the question asked about relative frequency, but 
was not a correct response to a question about absolute numbers. My point did 
not seem to be understood, and by the end of the discussion he remained con-
vinced of the validity of his argument because, as far as I could tell, of his faith in 
the authority of the numerical validation process which had been used. 

So it is important to appreciate that the “expert process” of test construction can 
produce serious weaknesses in the best of projects. Given that expert opinion can 
be a significant force on the curriculum, it is clear that there is a need for expert 
Intellectual forces to be tempered by other forces in the construction of assess-
ment instruments. More important still, but more difficult to achieve, is the need 
to understand why expert opinion sometimes goes astray. This chapter has sug-
gested some reasons, but sadly there is not time in the thesis to address this issue 
in detail. 

                                                 
90 delMas et al. (1998) 
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The Influence of the Tests on Classroom and Research Practice  

Finally, the preceding survey has highlighted some problems in making good 
links between research and classroom practice. This will be discussed in more 
detail in Part E, where it will be shown that the links are tenuous, and dialogue 
rare. But some brief remarks concerning assessment procedures and classroom 
practice are appropriate here. 

There is no doubt that large government-funded testing programmes can acquire 
a powerful degree of authority. For example, the NAEP’s later work has moved 
“closer to becoming a ‘national mathematics test’ for school children”.91 If testing 
is likely to drive teaching practice, then it is essential that it is well constructed. 

We have already noticed the tendency for test results to be reported decisively, 
without emphasising nuances. One significant nuance which is of interest to our 
society is the influence of gender on the responses received. It has been well 
established that different structures of questions tend to be better done by one 
gender than the other.92 I have not considered this variable in this summary, 
because the matter has been little examined for the sorts of questions discussed 
here, though it has been carefully examined for statistics questions in the context 
of public examinations.93 

So mass testing, with its authoritative pronouncements and lack of attention to 
nuances is likely to have far more influence on the curriculum than the 
traditionally more tentative research results, simply because they seem to be 
easier to interpret. So, for example, the work of Green, in which he acknowledged 
that his plans were not as successful as he had hoped, has had little influence on 
the curriculum. On the other hand, within the research world, Green’s results 
have been seen as being of far more value. They have often been used as a 
starting point for further research, and they are used as a bench mark with which 
to compare results far more often than the NAEP or any of the other large 
surveys. 

It is not necessary to labour this point here, and in any case we have seen in Part 
C that school curricula are amazingly resilient to many influences. But it is worth 
observing that assessment instruments which are of value to researchers may not 
                                                 
91 Dossey & Swafford (1993, p. 45) 
92 One good summary is available in Tims (1994) 
93 E.g., in Forbes (1994) 



  Page 494 

Survey of Assessment Instruments  Chapter 17 

be of value also in the classroom, and vice versa. This is an issue which has not 
been addressed within the probability research community. It needs to be. 

CONCLUSION  

It is impossible for any assessor to gain a total picture of a person’s knowledge or 
attitude towards a subject. An essay-type assessment has the value of allowing 
the subject to demonstrate the width and integration of his or her understanding. 
However, such assessment is time consuming, at least partly subjective, and may 
not be comprehensive. Assessment based on short answers is very efficient of 
time and is able to make a more disciplined sampling of the full extent of a 
subject’s knowledge. However, it does not necessarily indicate integration of 
knowledge, is more liable to errors caused by linguistic difficulties and poor 
question structure, and tends to deal with decontextualised situations. But in 
practice such questions are likely to continue to be used in schools in the 
foreseeable future, so Chapter 19 will contain a detailed examination of some of 
them. Provided they are well designed, and are relevant to the children being 
assessed, then they are able to measure change very efficiently, even if they are 
less well able to measure complexity of understanding. 

Given that I have expressed so many reservations about current assessment 
procedures, it is appropriate to let John Izard, a senior Australian expert in 
assessment from the ACER, have the last word. He has written: 

Traditional open-ended and/or multiple choice examinations fail to 
assess many important aspects of mathematics which are intended curr-
iculum outcomes but traditional examinations are powerful influences 
in directing teaching and learning. … For traditional examinations the 
research literature on item analysis, test reliability and validity is 
extensive. Alternative assessment approaches which allow other 
significant curriculum outcomes to be monitored are required, and 
these approaches should be supported by research. To use new 
strategies without gathering evidence of validity (implying reliability as 
well) would be counter-productive in seeking to improve mathematics 
education.94 

I have certainly argued here that the efficiency of current assessment forms for 
probability is not as high as Izard would claim. But there is no question that he 
and his colleagues are driven by a desire to develop the highest possible precision 
and skills within education. It would be easy to look at the preceding analysis 

                                                 
94 Izard (1993, p. 192) 
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and say that the problem is just too hard to be solved. Izard shows both a 
willingness to accept change and an unwillingness to let go of all that is already 
known about sound assessment procedures. This is a constructive position, albeit 
a hard one to maintain, and it needs to underpin all assessment activity. 

Much more could be said about the assessment of probability in general, but this 
is probably sufficient. It is now time to look at its assessment in detail. 
 

“I have answered three questions, and that is enough,” 
 Said his father. “Don’t give yourself airs! 
Do you think I can listen all day to such stuff? 
 Be off, or I’ll kick you downstairs!”95 

 

                                                 
95 Carroll/Gardner (1960, p. 71) 





 

 

CHAPTER 18: A STRUCTURE FOR ANALYSING 
QUESTIONS 

So God formed out of the ground all the wild animals and all the birds of 
heaven. He brought them to the man to see what he would call them, and 
whatever the man called each living creature, that was its name. Thus the 
man gave names to all cattle, to the birds of heaven, and to every wild 
animal.1 

We have seen that the assessment of understanding of probabilistic ideas requires 
investigating a wide range of situations in a variety of different ways. “The 
typical person has knowledge about a variety of uncertain situations, but that 
knowledge is incomplete and not integrated.”2 To ensure that questions in a test 
do cover a wide spectrum I propose in this chapter a classification system for the 
situations commonly encountered.3 I restrict myself to the outcomes of a single 
RG, and in general to single outcomes, but it is impossible to be absolute about 
this. For example, a child’s opinion about  a set of outcomes of a single RG may 
well give important information about how he or she perceives the RG as a 
whole.* The categorisation has been designed from a theoretical perspective, 
based on the mathematical analysis in Chapter 6, the research summarised in 
Chapter 8 and 17, discussions with colleagues, and attempts to classify questions 
designed by others. It also tries to take some account of affective views of 
probability as discussed in Chapter 5, but this is difficult to do satisfactorily when 
examining questions which of necessity are designed to be presented in an 
environment where affective issues are largely disregarded.  It will be used in 
Chapter 19 to analyse the questions presented there, and in Chapter 20 for 
discussing the way in which suitable questions have come into common use.  

This classification is proposed as a comprehensive, compact way of summarising 
most of the significant categories identified in the research literature and many 
other categories as well. It will be seen in Chapter 19 that the classification is able 
                                                 
1 Genesis 2: 19–20. Vide discussion on Adam’s task in ch. 7 (Erickson, 1996). 
2 Konold et al.  (1993, p. 393) 
3 This schema was developed in 1993 at about the time when Kath Truran was designing the 

protocol for her thesis (K. Truran, in preparation). Her protocol  helps to support some of 
the arguments which I am making here, but neither of us can remember how much 
influence my thinking had on her work, or vice versa. Nevertheless, I acknowledge that as 
this work has been written up, I have had the special benefit of her unpublished findings in 
helping  me to understand the nature of this classification exercise. 

*  I am grateful to Mrs Jenni Way, University of Western Sydney, Nepean, for helpful 
comments on this matter. 
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to describe unambiguously most of the questions used by experienced research-
ers in the past. Earlier drafts of this chapter were presented first to a group of 
about thirty Victorian secondary teachers4 and secondly to a group of about 
twenty Australian educational researchers.5 In both cases the drafts were well 
received, with only minor improvements being suggested. Further modifications 
were required as Chapter 19 was being written. In other words, the classification 
has been judged as reasonable by groups of teachers and researchers, and fulfils 
its purpose. While it has been designed to assist in test analysis and construction, 
it has obvious applications to the planning of classroom practice. These are not 
discussed here, but receive some attention in Part E. 

The classification has four parts: 
 
• embodiments of random probability functions; 
• forms of encounter with the functions 
• questions asked about the functions; 
• situations in which the functions are embedded. 

For clarity, the whole classification is summarised in Table 18∙1,  followed by the 
reasons for its construction, and an example of how a question may be codified 
and described in a summary table. For reasons of space and visual impact what 
should be a very long Row A is re-arranged to fit comfortably onto one page. The 
two–dimensional form of the Table allows each cell to be described by a concise 
alpha-numeric code. For example,  playing cards are coded as “A5”. This concise-
ness will be of value for comparing many questions and whole tests.  

EMBODIMENTS OF RANDOM PROBABILITY FUNCTIONS (A)  

This classification constitutes the Row A of Table 18∙1.  All of the RGs are seen as 
producing a finite number of discrete elementary events. The situation where the 
number of events is infinite is not discussed here. Technically, many spinners 
produce an infinite number of elementary events, but the usual way of colouring 
or naming sectors means that for all practical purposes they may be seen as 
having a finite possibility space. 

                                                 
4 Printed but unpublished Appendix to J. Truran (1993mav) 
5 J. Truran (1994merga) 
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Table 18∙1  
Random Probability Functions and Ways of Encountering Them 

 

 Type of Question  Type of Probabilistic Situation 
αααα    Prediction of Outcome I Single Trial 

ββββ     Prediction of Set of Outcomes II More than One Trial 

γγγγ     Selection of Outcome III Previous Results 

δδδδ    Statement of “Likely” Outcome IV Previous Predictions of Results 

εεεε    Comparison of RGs V Concurrent Operation of Another RG 

ζζζζ    Fair Allocation of Payout for Bets VI Previous Experience with Similar RGs 

ηηηη    Examination of Sequences of Outcomes VII Changes in RG from Trial to Trial 

θθθθ    Linguistic Questions of Technical Know-
ledge 

VIII Long Term Reward Maximisation  

ι ι ι ι     Listing of Outcomes   

(†) Spinners may be further divided in three categories: 
(a) those where only the pointer is free to move; 
(b) those where only the sectors are free to move; 

 (c) those where both pointer and sectors are free to move (as in a roulette wheel). 

Such a detailed classification of what some might see as very similar RGs is 
necessary because research has shown that neither children6 nor adults7 see RGs 
which are mathematically identical as actually being identical. Surface features 
influence their approach to individual generators. This attention to surface 
                                                 
6 K. Truran (in press; in preparation)  
7 Teigen (1983) 

  1 2 3 4 
A Type of RG Disc Coin Die Urn 
  5 6 7 8 
  Playing Cards Contiguous 

Spinner (†) 
Non-contigu-
ous Spinner  

Electronic 

  9 10 11 12 
  Human Asymmetric 

Solids 
Many interact-
ing forces 

Miscellaneous

 
  1 2 3 4 
B Place of RG in Culture Own Culture Unusual Different   
C Previous Practical 

Experience with RG 
> 7 Days 2–7 Days < 1 Day  

D Previous Theoretical 
Experience with RG 

> 7 Days 2–7 Days < 1 Day None 

E Operator of RG Not 
Mentioned  

Self Other—
Present 

Other—
Absent 

F Style of Response Oral Written Multiple 
Choice 

Non-Linguistic

G Number of Elementary 
Events 

2 Small Large Very Large 

H Number of Events 2 3–5 6 > 6 
I Structure of RG Symmetric Slightly 

Asymmetric 
Very 
Asymmetric 

Deceptive 

J  Knowledge of Structure of 
RG 

Known Unknown   

K Reward None Hypothetical Actual  
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features may be one of the key elements in distinguishing novices from experts.8 
So more than eleven types of RG are distinguished here because there is evidence 
that an understanding of one type does not necessarily transfer to other types. 

Discs and coins are distinguished because children usually have experience of, 
and strong subjective views about, coins as RGs, but do not always see discs as 
being isomorphic with coins. The term “Urn” includes any form of drawing tact-
ually identical objects from a container. In my experience the method commonly 
employed for drawing raffle tickets from a hat is not symmetric, so this situation 
is distinguished from drawing spherical objects which mix well by being classif-
ied later in the Table as “slightly asymmetric”. It may not be seen in this way by 
many, but it seems better to provide a classification which allows for it. The term 
“contiguous spinner” means a spinner where all the elementary events which 
form a specific event are next to each other on the spinner. This classification of 
course includes the case where each sector of the spinner refers to a different 
event. If the constituent elementary events are spread around the spinner then the 
spinner is referred to as “non-contiguous”. Further subdivision of spinners has 
been left in a footnote mainly for simplicity because the issue has not yet been 
widely addressed by researcher. The example of human RGs has been included to 
cover phenomena like the asymmetric selection of numbers at random within a 
given range by large groups of people.*The term “asymmetric solids” refers to 
objects such as bones, drawing pins, polystyrene cups and loaded dice. Real-life 
situations based on many interacting forces cover situations like traffic lights or 
even rats running a dichotomous maze. Some of these will not be purely random, 
but they may be perceived as such, and so have a place in the classification. 

One or two common approaches do not fit easily into this classification. Child-
ren’s playground “counting-out” rhymes like “eeny meeny miney mo”† used to 
choose who should start a game rest on the randomness of where to start point-
ing and so are really equivalent to an urn. Because of their structure they could be 
manipulated by a child with some forethought and moderate arithmetical skills, 
but I cannot recall anyone ever trying to do so when I was a child, and presume 
that children today have not changed.§ Baseball captains choose who bats first by 
                                                 
8 Vide  Chi et al. (1981) and Resnick (1983) for a discussion of this idea in physics. 
*  This asymmetric behaviour has been termed Heptophilia, after the number most commonly 

chosen (Teigen, 1983). 
†  For a large collection of these rhymes see Turner et al. (1969/1978). Interestingly, the 

equivalent British book (I. & P. Opie, 1959) does not even contain a category for “counting 
out” rhymes. I am not aware whether this rhyme has been politically correctified. 

§  However, K.ath Truran tells me that the solutions were obvious to her when she was 8 years 
old, which confirms how exceptional a woman she is. 
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one tossing a bat to the other and then both place hand over hand up the bat: the 
last one to gain a grasp of the bat has won the toss. This seems to fit A11, because 
there are three main variables which interact—the place where the bat is caught 
and the sizes of the captain’s hands. The common practice of spinning a tennis 
racket does not fit anywhere,* so I have included a “Miscellaneous” category. 

FORMS OF ENCOUNTERING  RANDOM FUNCTIONS  

The remaining rows of Table 18∙1 covers ways in which these RGs might be en-
countered. Each classification reflects research findings on students’ view of RGs. 

Place of Random Generator in Own Culture (B)  

As discussed in Chapter 5, children’s experience of RGs will certainly vary from 
country to country, but may also vary significantly from school to school or even 
within the same class. So it impossible to classify many questions in a way which 
will be appropriate for all children, even in Australia. While most Australian 
children, for example, have had experience of playing cards at home, this is 
certainly not true for all of them. In Chapter 19, categories are allocated on the 
basis of what is probably the case for someone from a traditional Australian 
culture, but such an approach is crude, and has obvious limitations. 

An unusual RG within the dominant Australian culture might be a polystyrene 
cup with which children were familiar as an object but not as an RG. An example 
of an RG from a different culture might be the use of a traditional Australian two-
up board by a recent immigrant from South-East Asia. 

Previous Practical Experience with Generator (C)  

Long-term retention is important in the assessment of understanding but it will 
rarely be possible to assess this category, especially for familiar RGs. However, as 
with row B, by retaining this category we remind ourselves of its importance, 
even those the category will usually be left blank. And in this case it has obvious 
practical applications for teachers planning courses. 

Previous Theoretical Experience with Generator (D)  

Similar comments apply here, but special care is needed to decide whether child-
ren’s experience of classroom teaching may have introduced them to non-naïve 

                                                 
*  Originally the outcome was determined by whether the warp of the strings landed above or 

below; now a mark at the end of the handle is used. 
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strategies for analysing probabilistic situations. Although there is some evidence 
that children’s responses can be quite resistant to formal teaching,9 it is clear that 
the recent inclusion of probability into standard syllabuses must have had some 
influence on the general understanding of chance among children. This will be of 
special importance when comparing results compiled at quite different times. 

Of course, merely answering a set of questions on RGs is equivalent to having 
some form of prior experience for the later questions.10 The very process of 
reflection can allow latent ideas to come to the surface and lead to deeper 
understanding. In this thesis, theoretical experience refers to specific instruction 
or reading which is separate from the test. Growth in understanding caused by 
doing the test is disregarded. It would be very difficult to observe, and the time 
available for learning is small, so most changes are unlikely to be great. 
Nevertheless, the possibility of significant accommodation (in the Piagetian 
sense) taking place as a result of doing the test should not be disregarded, 
especially when considering the results of individuals.11 

Operator of Random Generator (E)  

This often neglected variable has an important influence on the responses of both 
children and adults.13 In many school situations the problem is presented in a 
“pure” form without an operator being mentioned. 

Style of Response (F)  

A non-linguistic response might occur when a child is asked to select which of 
two RGs would be better for obtaining a desired outcome. Another form is to 
assess an RG with a mark on a line segment representing a probability. 

In all cases a child must know whether a “don’t know” response is acceptable or 
not.14 It is fairly easy to make this clear in the multiple choice case, but in the 
other cases it would be very easy for him or her to feel that a response, any 
response, was preferable to an admission of ignorance. 

                                                 
9 K. Truran & Ritson (1997, p. 239)  
10 Fischbein (1975, p. 103) makes this criticism of Piaget’s work with respect to experiments. 
11 Vide etiam  J. Truran (1992, p. 149). 
12 Vide etiam  J. Truran (1992, p. 149). 
13 Zaleska (1974) 
14 K. Truran (in preparation) has found significantly different results from previous findings 

when replicating questions in a form which permits or encourages a “don’t know” result. 
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It might be argued that the classification needs another similar parameter called 
“Style of Presentation of Problem”. For a pedagogical analysis this is probably 
desirable, but my principal interest here is in questions which tend to be asked in 
a formal, detached way, so this issue is not taken into account. 

Number of Elementary Events (G)  

The term “small” refers to situations where a child can rapidly decide how many 
elementary events there are. This will depend to some extent on the way in which 
they are presented, but would normally be less than ten. The term “large” refers 
to situations where a child can count or calculate the number of elementary 
events without losing interest—roughly between ten and thirty. The term “very 
large” refers to situations where precise enumeration is impracticable. 

Number of Events (H)  

Logically the same classifications as for G should be used here, but in practice we 
are rarely concerned with more than ten outcomes and usually with less, so a 
simpler classification is used. The case of two outcomes is distinguished because 
children have a special tendency to regard such a case as symmetric.15 Three to 
five outcomes are grouped together because these numbers are numbers with 
which children are particular comfortable. The case of six outcomes is isolated  
because of its association with dice. 

Structure of Random Generator (I)  

Urns are regarded as symmetric, even though for many children an urn con-
taining 3 red and 4 blue balls may be seen as asymmetric. In other words, sym-
metry refers to elementary events, not events. The case of “slightly asymmetric” 
is distinguished to allow for situations like assessing the probability that a new 
born child is male. As mentioned above, poorly mixed raffle tickets (a common 
enough occurrence) probably belong in this category as well. The case of “very 
asymmetric” refers to RGs like polystyrene cups whose shape does not encourage 
the application of a symmetric argument. Turner has shown that the degree of 
asymmetry of the RG can influence children’s responses.16 Deceptive generators 
are generators like loaded dice. 

                                                 
15 Cohen & Hansel (1955, p. 180); Foxman et al. (1980b, p. 61); Joliffe & Sharples (1993, p. 

80)Vide etiam Kempster 31. 
16 Turner (1979) 
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Knowledge of Structure of Random Generator (J)  

This is a very important classification which is often neglected and yet is of 
practical importance. The common way in which it appears in a laboratory or 
classroom is to show the outcomes of an unseen RG like an urn, and to ask for 
opinions about the structure of the RG. Some psychological research illuminates 
one of a small number of lights according to a probability function not known to 
the subject and asks the subject to choose which light will be illuminated next. 
Subjects whose predictive success increases with experience are said to show 
intuitive understanding of probability. The approach, referred to here as 
“probability matching behaviour” is discussed further in Chapter 22. 

Many real-life probabilistic decisions need to be made without understanding the 
structure of potential non-deterministic influences. Assessing such probabilities 
constitutes what is known as Bayesian inference, after the 18th century mathemat-
ician, Thomas Bayes, who described how to calculate probability functions using 
the known results. The method has frequently been employed by psychologists to 
assess children’s intuitive probabilistic understanding.17 The value of Bayesian 
thinking continues to be a source of major debate among statisticians.18 

Reward (K)  

The possibility and degree of reward affects children’s probabilistic judgements.19 
But because what is seen as a reward by one child need not be seen in the same 
way as another this is a difficult parameter to evaluate. Furthermore, it has ethical 
problems which may lead to its often being neglected in practice, though it 
should certainly not be neglected in theory. 

                                                 
17 Fischbein (1975, ch. 4) 
18 Matthews (1997) 
19 Messick & Solley (1957); J. Cohen (1964), summarised in J. Truran (1992, pp. 68–69); vide 

etiam the discussion under Teigen in Chapter 17 and Zaleska (1974). 
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CLASSIFICATION OF QUESTIONS  

It has been known for a long time that the responses to structurally identical 
situations may depend on the manner in which the question is asked.20 There are 
at least eight basic ways in which questions about random probability functions 
might be posed. Occasionally more than one may be encountered at the same 
time.* Some are more incisive than others. Most are common enough, and the 
argument of this chapter is that a sound assessment of probabilistic 
understanding requires the use of a variety of approaches, even if some are not 
totally precise. A total may be greater than the sum of its parts.  

Prediction of Outcome (α)α)α)α)  

A standard question in this form might be “If I draw a ball from this urn which 
colour do you expect to come out?” 

Questions of this form (and also of γ and δ below) are often seen as not really 
assessing probability because they encourage a student to give a precise answer 
to an indeterminate situation.§ Certainly, our culture does not encourage students 
to respond “How the Hell should I know?”21 which does indicate an under-
standing of the indeterminate nature of RGs. But the view suggests an untenable, 
uni-dimensional view of probabilistic understanding. 

On the other hand, as shown in Chapter 8, such questions have proved useful in 
challenging commonly held views about the use of negative recency heuristics 
and clarifying the “outcome approach” to predictions. 

Prediction of Set of Outcomes (β)β)β)β)  

The category covers responses to questions like “If I toss this coin 50 times, how 
many times would you expect it to come down heads?” It deals with the results as 
a group rather than as a sequence as in case η.* A question like this can easily lead 
on to a discussion of variation, but this is not dealt with here. 

                                                 
20 G. Jones (1974, pp. 280–283) 
*  E.g., β and ε. Vide NAEP 1. 
§  I have been told this by Holmes, pers. comm. and Dawson, pers. comm.; K. Truran met the 

same response when discussing Teigen’s work at a seminar at the Open U, Milton Keynes 
UK, in March, 1993. 

21  J. Truran (1992, p. 62) 
*  We shall see in Chapter 20 that the terms set, sequence, selection and prediction need to be 

be more carefully specified in this Analaysis. 
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Selection of Outcome (γγγγ)     

While asking a subject to predict an outcome is problematic, asking a subject to 
select an outcome is another matter. This is certainly pushing a subject to make a 
decision, but it is not unlike real life where a decision often has to be made in 
spite of the inherent uncertainty. Such a decision may be an elementary one such 
as choosing which ticket to select from a book of raffle tickets,† it may be a 
decision to carry an awkward umbrella on a day of possible rain, or it may be a 
decision about whether the blinking light on the car ahead is an indication of 
intention or forgetfulness. In some cases, such as deciding whether to buy or sell 
shares, doing nothing is in itself a decision. 

A simple research equivalent of such situations is to present an RG like a die and 
to offer a reward if the number chosen matches the outcome obtained. This 
overcomes the objection that it is impossible to tell what number will come up, 
because the subject must give a response to remain involved. Such answers may 
not indicate understanding about probability, but if they differ when different 
forms of the same structure are presented then this is a good indication that the 
subjects see the RGs as different.22 

Statement of “Likely” Outcome (δδδδ)  

None of the questions above specifically probes understanding of a stochastic 
process, even though such understanding may be used to answer them. How-
ever, questions like “Which number is most likely to come up, or is there no 
difference?” are directed to the underlying structure of stochastic situations. The 
semantic difference between δ and α is a small one, and has not to my knowledge 
been tested by researchers, but seems to be one worth considering. 

Comparison of Random Generators (εεεε)  

Asking children to decide which of two RGs is more likely to produce a particular 
outcome is an alternative approach which avoids some of the difficulties listed 
above. It permits the comparison of RGs of quite different types and requires no 
linguistic skills on the child’s part. Some questions of this form use language like, 
“In which urn does yellow have the highest chance (or probability) of being 

                                                 
†  In Australia it is not uncommon for sellers of raffle tickets to offer purchasers the choice of 

any tickets remaining in their book. 
22 Teigen (1983), summarised in J. Truran (1992, pp 65–66), where “Teigen” is consistently 

mis-spelt. 
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drawn?” Such questions could be seen as testing linguistic knowledge (see 
Section η below), but since the response they require is merely the selection of an 
urn and not the statement of a number on a scale, they are seen as belonging to 
this section. 

Many of the questions which have been asked of this form have involved the 
comparison of urns. These are discussed in Chapter 8. Some have argued that 
such questions are questions about rational numbers not probability. My 
investigations have suggested that both probability and rational numbers are 
used, although weaknesses with fractions or proportions may lead to inconsistent 
or incorrect strategies and thus disguise their overall understanding of 
probability.23 

The form of question asked when comparing RGs is probably less critical than 
when looking at just one because consistent criteria are being applied to both. 
Even so the approach of γ above is preferable to that of α. It is essential to include 
the possibility that both RGs may be equally likely to produce a given outcome. 
Alternatively, children might allocate rewards to outcomes so that the RG might 
be used for “fair” betting as discussed in Section ζ below.  

It has been shown that children’s responses vary when making comparisons ac-
cording to the relative probabilities of the desired outcome.24 So many different 
comparisons need to be made for a full assessment of children’s understanding. 
Piaget & Inhelder’s early attempt to classify possible pairs of situations was not 
comprehensive, and their names for the situations not very helpful.25 A more 
detailed list based on the assumption that children are easily able to classify 
fractions as more or less than one-half is provided in Table 18∙3 below, giving five 
different situations where the probabilities are equal and seven where they are 
unequal. For example, the last row of the table lists the case requiring comparison 
between two RGs, such as  (5 white, 3 red) and (6 white, 4 red) where the 
probabilities of the desired outcome (white) are unequal, but are both greater 
than one-half. In practice, of course, not all possibilities can be administered as 
part of a single test, but a reasonable selection, appropriate to the age of the child, 
should be and Table 18∙2 provides a useful basis for judging the comprehens-
iveness of the selection. 

 

                                                 
23 J. Truran 1992 (pp. 200–206) 
24 J. Truran (1992, pp. 210–219; 1994pme) and discussion in ch. 8 
25 Piaget & Inhelder (1951/1975, ch. 6) 
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Fair Allocation of Payout for Bets (ζζζζ)  

This is a non-linguistic way of assessing whether children are able to decide on 
the long-term relative frequency of each outcome and has been shown to be 
effective in discriminating levels of understanding.26 It does require a reasonable 
arithmetical skill to produce correct answers, and it has some ethical and cultural 
difficulties. 

The problem of deciding on a fair payout may be posed directly, or in a way that 
allows children to change their answers as a result of experience. In this form it 
can be a valuable activity both for teaching and for diagnosis.  

Examination of Sequences of Outcomes (ηηηη)  

One way to assess children’s understanding of possible outcomes of an RG is to 
ask them to write down a possible run of outcomes. This can show if they provide 
approximately the right proportions of each possible outcome, but most people 
underestimate the frequency of long runs of outcomes. Alternatively,  children 
may be asked which of a number of different RGs was most likely to have 
produced a given set of outcomes. This may be done in one dimension as when 
listing the results of a sequence of coin tosses or in two, such as the pattern of 
snowflakes to be expected on a square grid.27 

                                                 
26 Peard (1993) 
27 Piaget & Inhelder (1951/1975, pp. 49–56); Green (1982a; 1987) 

Table 18·2 
Different Situations for Comparing Two Random 
Generators 

Both Probabilities Equal 
First Generator Second Generator 

0 0 
1 1 

0·5 0·5 
<0·5 <0·5 
>0·5 >0·5 

Probabilities Unequal 
First Generator Second Generator 

0 1 
between 0 and 1 0 or 1 

0·5 >0·5 
0·5 <0·5 

<0·5 >0·5 
<0·5 <0·5 
>0·5 >0·5 



  Page 509 

Structure for Analysing Questions  Chapter 18 

Linguistic Questions of Technical Knowledge (θ)θ)θ)θ)  

It is possible to ask technical questions like “If I draw out one ball at random from 
this urn, what is the probability that I will draw out a red ball?” Such questions 
are testing knowledge of technical terms, rather than understanding of 
probability. As mentioned in δ above, questions which do not require the state-
ment of a number on a scale are classified elsewhere, even if they make clear use 
of technical language. 

The problems of using  “what is the probability of … ?” have been discussed in 
Chapter 6. Questions like “which forms of probability can be allocated to events 
from this random generator?” are more appropriate. Other possible questions are 
“which would be the most useful for such and such a purpose?” or “how would 
you convince a friend that his or her allocations of subjective probabilities to a set 
of outcomes were a bad match with experimental probabilities obtained for the 
same outcomes?” 

Different children attach different meanings to words like “chances” and 
“probability”; sometimes they are seen as synonymous, some times not.28 Many 
students, especially older ones, seem to have an understanding of the concepts of 
probability but “do not know conventional means of reporting probabilities”.29 
For these reasons it is important to distinguish questions which use technical 
terms and questions which assess understanding of ideas. They are listed here 
because it is believed to be important for these issues to be clarified before any 
teaching or assessment is conducted. 

Listing of Outcomes (ι)ι)ι)ι)  

Many of the above questions assume that the children can see what outcomes are 
possible from a given RG, but we know that this is not always the case.30 

CLASSIFICATION OF PROBABILISTIC SITUATIONS  

There is considerable evidence that the environment in which a specific probab-
ilistic situation is presented may influence a child’s perception of that situation. 
There seem to be several important forms, some under the control of the teacher, 

                                                 
28 J. Truran (1992, pp. 154 –160) 
29 Carpenter et al. (1981b, p. 101) 
30 Kempster (1982, p. 41) 
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some under the control of the child. It is worth reiterating here that this 
classification probably has value for teaching as well as for assessing. 

Single Trial (I)  

Many questions present a situation which considers only a single trial from a 
single RG. Such an approach reduces any influence which previous or concurrent 
trials might have on a subject’s response.*  

More than One Trial (II)  

Other situations consider a set of outcomes from the same RG, under the 
assumption of independence of the trials.  

Previous Results (III)  

Several different strategies which children employ have been described by 
researchers. The most common of these is some form of using the heuristic of 
negative recency. In this heuristic the child predicts an outcome which is different 
from the previous outcome or from the majority of a set of recent outcomes. The 
heuristic of positive recency is less often discussed, but is equally possible. 
Children argue that because there has been a long run of a certain outcome then 
such a run is likely to continue. Such heuristics are examples of the inductive 
form of reasoning called “Baconian”, where subjective probabilities are adjusted  
according to the weight of the evidence.31 

Previous Predictions of Results  (IV)  

While it is often argued that negative recency heuristics operate with respect to 
outcomes, it has also been found32 that they may also operate with respect to 
predictions, quite independently of outcomes.  

Concurrent Operation of another Random Generator (V)  

Mathematically the situations of tossing three dice at once and tossing one die 
three times in a row are equivalent. But it has been shown that the responses of 

                                                 
*  To distinguish the roman numeral “I” from the capital letter “I”, bold type is used for the 

numerals. 
31 Vide J. Truran (1992, pp. 59–62) 
32 J. Truran (1992, pp. 181–188; 1996pme) 
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Italian children make it clear that many of them do not view these situations as 
equivalent.33 

Previous Experience with Similar Random Generators (VI)  

Zaleska’s finding that subjects’ responses to less familiar embodiments were more 
likely to be correct when they were preceded by questioning about familiar 
embodiments has been mentioned above.34 For example, having had recent prior 
experience of a familiar RG may make it easier for a student to see and accept the 
similar structure of an unfamiliar RG. In other words, the order in which students 
meet different types of mathematically similar RGs may well influence their 
responses. 

Changes in the Random Generator from Trial to Trial (VII)  

When balls are drawn from an urn without replacement then the independence of 
the trials is not affected but the probability distribution is. This may well affect 
children’s responses. 

Maximisation of Rewards in the Long Term (VIII)  

As mentioned under α above some children, even quite young children and 
regardless of the form of the question presented, consistently predict the most 
likely outcome, regardless of previous outcomes or previous predictions.35 Such a 
strategy will maximise any rewards from making predictions about random 
outcomes. It is possible to establish experimental situations where such an 
attitude is encouraged. 

PRESENTATION OF RESULTS  

In the following chapters the classification described above will be applied to 
individual questions. A standard table will be used as illustrated in Table 18∙3. 
This standardisation will then make it possible to examine the variety found in 
sets of questions by the same author, or to compare the coverage of sets of 
questions by different authors. 

 

                                                 
33 Fischbein et al. (1991); K. Truran (in preparation) 
34 Zaleska (1974) 
35 J. Truran (1972, pp. 171–173) 
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This contains both the alpha-numeric codings, and a brief summary of the 
meaning of the coding. This seems to provide a suitable balance between brevity 
and clarity. As mentioned above, categories C and D will usually be left blank 
because an outsider cannot assess them, and category B is heavily culture-
dependent and so of limited value in this generalised situation. 

It should be possible to reconstruct the basic form of the question from a table of 
this type. Reconstructions will not be unique, but they should be fairly close to 
each other. One reconstruction might be: 

Here are two discs. One is red on one side and white on the other. The other 
is red on one side and black on the other. If the two discs are tossed together, 
do you expect the red & white disc to land with: 

(a) red side up      

(a) white side up      

(a) both sides are equally likely   

This reconstruction uses symmetric discs with just two outcomes, does not 
describe the operator and gives no reward. The child knows what the RGs are, 
and must respond in a multiple-choice format. An outcome prediction for a 
specific RG is required in an situation where two RGs are being operated 
concurrently. 

COMMENT ON THE CLASSIFICATION  

This classification may be seen as a contribution to the intellectual ecology of the 
probability classroom. Many years ago Piaget pointed out that a child’s concept 
of number is only fully developed when he or she is able to integrate a large 
number of different experiences into one unifying concept.36 Ensuring that every 

                                                 
36 Piaget (1941/1952) 

Table 18·3 
Example of Analysis of Question 
A 1 Disc 
B 2 Unusual 
C   
D   
E 3 Operator: other- absent 
F 3 Multiple Choice 
G 1 2 Elementary Events 
H 1 2 Events 
I 1 Symmetric 
J 1 Known 
K 1 No Reward 
α  Prediction of Outcome 
V  Concurrent RG being operated 
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child has the opportunity to make this generalisation is one of the special skills 
which we require of our teachers of the very young. But the need is not always 
appreciated in society as a whole, and it is easy for a hard-pressed teacher to be 
tempted to cut corners. The consequences of taking short cuts are easily visible to 
those who teach the children later. 

It is unlikely that the classification is complete. For example, children may view 
“statics RGs”, e.g., electronically driven ones, differently from ones where there is 
an obvious physical movement of the elements. Nevertheless, the classification 
does seem to be comprehensive. 

Just as there is a need for a wide variety of experiences before developing a sound 
concept of number, so there is a need for a similar variety of probabilistic 
experiences. We have seen in Part C that this need has not formed part of the 
general classroom culture in Australia, even though it is known that children 
have many fundamental misconceptions about chance. This chapter explicates 
this complexity and syntheses some research findings. By including culture and 
experience in the classification, I have tried to ensure that social aspects of 
probability learning are not forgotten, even though they are almost impossible to 
allow for in most assessment instruments. 

The classification will now be used to examine some questions and tests which 
have been used by researchers. Later, In Chapter 22 it will be used as a basis for a 
Handbook Model appropriate for helping teachers and researchers to make sense 
of the vast amount of material which it encapsulates. 

 

Genera distinguere non datur nominibus, quae sunt alia alibi. … Distinguemus 
ergo proprietate naturaque et, ubi res coget, etiam Graecis nominibus.37 

                                                 
37 Pliny, the Elder. vol. III, book XVI, ch. 6 Text from Rackham (1960), translation from Bostock 

& Riley (1855). 
 The different varieties cannot possibly be distinguished by their respective names, which 

vary according to their several localities. We shall distinguish them, therefore, by their 
characteristic features, and when circumstances render it necessary, shall give their Greek 
names as well.  
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CHAPTER 19: ANALYSIS OF INDIVIDUAL 
QUESTIONS 

I met an EEC official who seemed awfully Teutonic, and I asked him where he 
was from. 

‘From Brussels I have just arrived,’ he told me. 
I was surprised. ‘You’re from Belgium?’ 
‘Brussels is in Belgium. That is correct.’ The Teutonic mind! 
Bernard came to the rescue. ‘I think the Minister is asking if you are Belgian?’ 
The official nodded and smiled. ‘No, I am German.’ 
‘And what are you at the EEC?’ I asked pleasantly. 
‘I am still German.’1 

This chapter is essentially a data base containing detailed analysis of some of the 
questions used by test designers. No attempt has been made to provide a compre-
hensive set of all the questions I have been able to locate, or even of those which 
are most commonly asked. Rather, the questions have been chosen as examples of 
the development of the assessment of probabilistic understanding and to illus-
trate points made in this thesis. To my knowledge an approach of this form has 
not been undertaken before for probability, but collecting the questions together 
in a standardised form makes it easier to compare the diversity of probability 
assessment undertaken by researchers. The questions included in this part have 
been chosen because: 

 
• they are interesting in themselves; or 
• they are illustrations of good or bad assessment practices; or 
• they form part of a more general analysis of a group of questions; or 
• they are of relevance to probability pedagogy. 

Each question is given an alpha-numeric name. The “alpha” part refers to an 
author or originating organisation. The “numeric” part is not always consecutive 
and may not always match the numbering of the original test because the quest-
ions have been taken from my somewhat larger data base.  So “APU 3” merely 
refers to a question prepared for the Assessment of Performance Unit which has 
been given the number “3” in this thesis. The headers indicate the alpha-numeric 
name and in most cases each question occupies a double page spread.  

For the analysis each question is treated as a self-contained unit using the same 
basic structure. In the case of questions with more than one part, the simplest part 
                                                 
1 Yes, Prime Minister Lynn & Jay (1986, p. 30) 
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is usually the one analysed. The question is presented first using a sans serif font 
in a format as close to the original as possible, followed without comment or link-
ing text by any results or comments which the author has provided. Then the 
question analysis, using the methods of Chapter 18, is given, followed by some 
general comments. At a first reading the detailed analysis may be overlooked: its 
purpose is to support the summary of the results for groups of questions in order 
to underpin more structured analyses and comparisons between questions and 
tests which form a basis for Chapter 20.  

The commentaries in this chapter make salient points about each question in the 
selection, but do not try to make every possible point about every question. Some 
general comments about questions from the same author may be found with the 
first and/or last question of a group. The commentaries do not usually address 
why a particular question is being asked. Authors do not always make it clear 
whether their questions are for evaluative, pedagogic, or diagnostic purposes, or 
perhaps all three.  So here the commentaries aim merely to bring some important 
issues to the attention of the reader, so that he or she will have a concrete 
background for the macro-analysis in Chapter 20. Finally, many questions ask for 
“the probability” when they mean “the theoretical probability”: in the comment-
aries I merely report the technical error, and discuss the practice in general in 
Chapter 20. Similarly, discussions about what type of information the authors 
hoped to obtain by asking the questions and about the limitations of the ap-
proaches which have been adopted are usually deferred to Chapter 20. 

There is an inevitable element of arbitrariness involved in using the framework of 
Chapter 18, particularly those categories concerned with previous experiences 
and cultural background. The best I can do is to make judgements in terms of 
what I believe a school age child in the 1980s who had been brought up in a 
white, Anglo-Saxon, Protestant, middle class Australian environment would have 
experienced. This is closest to my own experience and remains a significant part 
of Australian culture, so it is most likely to produce the best judgements I am cap-
able of, in spite of its obvious limitations discussed in Chapter 5. I have usually 
not classified Sections C and D, and merely recorded them as “Unknown”. For 
the purposes of this thesis further refinements are unnecessary. These and other 
blanks or duplications in the second column provide a quick visual indication of 
aspects of the questions which need careful attention when interpeting the 
results.   

Some authors have presented numerical information in tables about how children 
have responded to their questions. These have been converted to fit the visual 
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house style of this thesis, but the data themselves are usually presented in the 
way their authors have given them, without seeking to produce a common struct-
ure, such as always placing year levels on the horizontal axis. Clarity has been 
seen as more important than uniformity. Sometimes rows or columns of percent-
ages do not sum to 100, either because  of rounding errors in the original work, or 
in my simplification of the original work. The discrepancies are never large, and I 
have chosen to disregard them.   

A few conventions have been adopted in presenting results in standardised form. 
As mentioned in Chapter 2, Year levels have been renamed to conform with those 
used in this thesis and no indication is given in the text that this has been done. 
Mathematics education research is not sufficiently precise for the subtle changes 
which such standardisation imparts to be significant in interpreting results. The 
correct answers to multiple-choice questions are indicated by an asterisk.  The 
footnote indicators for sources have been placed where they are least likely to be 
obscured by the layout of the questions. Because of the small size of most of the 
commentaries, tables are not directly referred to in the text, but are to be read as 
they appear. 

Inevitably, the commentaries are almost entirely concerned with a subset of Intel-
lectual aspects of probability obuchennyi. Given, as we have seen in Chapter 17, 
that questions of the types being analysed are becoming more and more import-
ant for educational administrators, it is reasonable to argue that the analysis is 
potentially able to eliminate some poor assessment practices. But some of the 
weaknesses which are pointed out may be explained by Physical and Social 
constraints on the authors, so it must always be borne in mind that this precise 
Intellectual analysis can only be fully interpreted within the Physical and Social 
environments where the assessment was undertaken. 
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ACER 1: ANALYSING A DICE GAME  

Six children have a large bag of sweets. To share out the sweets 
they play the following game:1 

Each child chooses a different number from  1 to 6. 
A die is thrown. 
If a child’s number comes up he or she wins a sweet. 
Without changing their numbers, the children continue 

throwing the die until all the sweets are shared out. 

Which number do you think is best? Answer ____________  

Which number do you think is worst? Answer ____________  

This question was found to be very difficult by both Year 5 and Year 9 students. 
Year 9 boys tended to do better than Year 9 girls, but there were no gender 
differences for the younger age group.  

  

The context in which this question was presented is discussed in detail in Chapter 
17. The question is richer and more holistic than many in this chapter because it 
encourages a decision which will maximise long term rewards and because by 
dealing with hypothetical rewards it encourages involvement without raising 
ethical difficulties for an experimenter. But it has serious weaknesses. 

Most importantly, the options provided imply that what would usually be 
regarded as the correct answer (it doesn’t matter”) would not be acceptable here. 
No indication is given in the report about what constituted “right” answers. So it 
is not surprising that the question was found difficult. The improved perform-

                                                 
1 McGaw et al. (1989, pp. 115, 173) 

Table 19·ACER 1·1 
Analysis of Question 
A 3 Die 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 3 Operator: other, present 
F 2 Written response 
G 1 Small number of elem. events 
H 3 6 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
β  Prediction of set of outcomes 
VIII  Long term reward maximisation 
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ance of the older boys may perhaps be attributed merely to their willingness to 
break out of the constraints of a poorly structured question and thereby obtain 
the “correct” answer. This is a conjecture, of course, but a not unreasonable one, 
and it does emphasise the importance of using very well constructed questions. 

A second weakness is that the structure of the question is constraining. Each child 
must have a different number, so the children’s ability to choose freely is limited. 
I have not seen questions with such constraints before, and am uncertain what 
influence they might have on children’s answers. Allowing more than one child 
to take the same number would change the nature of the problem, and would 
encourage an element of game theory which would be beyond the scope of an 
investigation into elementary understanding.* 

We examine below another example of a question from ACER2 having serious 
mathematical weaknesses. In Chapter 20 we shall report Izard’s use of a test 
which has serious limitations.3 It is difficult to avoid the conclusion that ACER’s 
quite proper concern with the methodology of assessment has led it to overlook 
the importance of ensuring that what it is assessing is mathematically sound. But 
it is clear from just this example that the Intellectual skill which one should have 
expected from well funded work conducted by ACER has not been used for this 
question. This is a very good example of the weakness which experts can show 
when constructing questions, as discussed in Chapter 17. 

                                                 
*  Children might reason, for example, that “6” would be a good number to choose on the 

grounds that  most people would not choose “6” so there would be less people to share the 
rewards when it did come  up. 

2 SOLO 1 
3 Izard (1992) 
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APU 1: PROBABILITIES WITH A PACK OF CARDS  

 
What is the probability of drawing an ace at random from a com-
plete pack of shuffled cards, turned face downwards?1 

The answer was to be written on a dotted line underneath the question. The 
question was administered to 15-year olds, of whom 47% were correct, 41% incor-
rect, and 12% gave no response. Of the correct responses about one half were 

written “ 
1

13  ” and one half “ 
4

52  ”. 

 

This question could easily have come from a text book of the period. It.is mathe-
matically and linguistically precise, apart from its use of “the probability”. The 
somewhat superficial reporting is discussed further in APU2. 

The authors have made assumptions about children’s knowledge of a pack of 
cards. Given that playing cards do not form part of the culture of all children in a 
country, and that in a multi-cultural country other types of packs may well be 
commonly used,2 questions of this form may be of little discriminatory value. The 
APU reports give no hint of this issue being relevant to their study. So the quest-
ion provides some evidence that cultural and Social issues of understanding 
chance events were not widely appreciated in official circles even as recently as 
1980.  

                                                 
1 Foxman (1980b, p. 60, q. W4) 
2 Scarne (1973, p. 1) 

Table 19·APU 1·1 
Analysis of Question 
A 5 Playing cards 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 3 Large number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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APU 2: PROBABILITIES WITH A SPINNER  

 
A spinner is equally likely to point to any one of the numbers 1, 2, 
3, 4, 5, 6, 7. 

What is the probability of scoring a number exactly divisible by 3?1 

The answer was to be written on a dotted line underneath the question. The 
question was administered to 15-year olds, of whom 48% were correct, 40% 
incorrect, and 12% gave no response. Of the correct responses most were written 
in fractional form, but 5% were of the form “2 : 7” and 10% of the form “2 in 7”. 
 

This question could easily have come from a text book of the period, and follows 
their trend in using the unsatisfactory form, “the probability”. The Analysis Table 
is of special value here in identifying a lack of precision about the type of spinner 
being discussed. 

As for APU 1, although this report gives very little information about the 
responses, its listing of the relative frequencies of the different correct forms cov-
ers an aspect of probabilistic language which has not been addressed by many 
probability researchers apart from the government sponsored mass surveys.2 We 
shall meet more examples here in the NAEP and TIMSS questions. As we saw in 
Chapter 16, misleading use of different correct forms can occur in curriculum 
documents, so here is an example of where a special strength of governmental 
assessment surveys has not been utilised in governmental curriculum documents.  

                                                 
1 Foxman et al.  (1980b, p. 60, q. W3) 
2 J. Truran (1992, pp. 155–157)  

Table 19·APU 2·1 
Analysis of Question 
A 6, 7 Spinner, type not clear 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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APU 3: DISTINGUISHING ODDS AND PROBABILITY 

  
A ball is drawn at random from a box containing 5 red balls, 2 
white balls and 6 green balls. Each ball is equally likely to be 
chosen.  

What is the probability that the ball is green?1 
 

A. 6
7  

B.* 6
13  

C. 7
13  

D. 13
7   

The answer was to be written on a dotted line to the right of the possible 
responses. The relative frequencies of the responses given by 15 year olds were: 
  

 

                                                 
1 Foxman et al.  (1980b, p. 60, q. W2) 

Table 19∙APU 3∙1 

Percentage Analysis of Res-

ponses 

A 20 

B* 65 

C 7 

D 4 

Other 1 

Omitted 3 

Table 19·APU 3·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Large number of elem. events 
H 2 3–5 events 
I 1 Symmetric (*) 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
* The analysis structure is inadequate 

here. The elementary events are sym-
metric, the events are asymmetric. I have 
chosen to describe the elementary 
events. See further discussion in ch. 20. 
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This question has a similar structure to APU 1 and APU 2, but this time yields 
two valuable pieces of information. The first is technical. Although the question 
was in multiple-choice format, respondents had to write the letter of their choice 
on a dotted line beside the choices and a small percentage offered different 
answers from those put forward. This provides good evidence of how easily 
multiple-choice questions can mask minority opinions which may be of diagnost-
ic value for teachers. It strongly suggests that this way of presenting multiple-
choice questions may provide richer information than the traditional way. 

The second is linguistic. It seems reasonable to deduce that some of the 20% who 
responded “A” were confusing probability and odds, and so the question pro-
vides some measure of the extent to which the children have internalised the tech-
nical term “probability” and distinguished it from common vernacular terms. 
Clearly, a significant minority has not done so. Although the distractor was prob-
ably deliberately chosen to  try to identify such confusion, there is no comment in 
the report on what has been found out, and I have not seen the method being 
recommended for teachers, even though it could be useful. 

Discussion of the APU Questions  

These three questions are presumably meant to be complementary and are cert-
ainly very similar in structure and approach. Yet they have yielded quite different 
pieces of information about children’s understanding and also about what con-
stitutes a good question. Their emphasis on asking only for probabilities (whether 
“the” or “theoretical”) shows immediately the narrowness of their approach 
when they are compared with the diversity summarised in Table 18∙1. Yet the 
APU, which provided background material for the Cockcroft Committee, was a 
competently managed, well-funded project. 

These questions are good examples of an approach taken by many larger projects, 
such as NAEP and TIMSS. A few “spot” questions are asked to be used later to 
measure changes, and perhaps also to try to identify what children know. The 
questions may be satisfactory in themselves, but the need for multiple-choice 
answers significantly limits the value of the data obtained, and the limited num-
ber of questions means that a very small coverage of the topic is possible, as the 
Analysis Table clearly shows for these three examples. The strong Social press-
ures which have provided the money for the survey have excessively dominated 
the contributions which might have been made at that time by both teachers and 
Mathematics Educators. 
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FISCHBEIN 1: CONCEPT OF CERTAINTY  

Introduction to Fischbein’s Questionnaire  

Fischbein & Gazit investigated the effect of a teaching programme for Years 5–7 
on probabilistic understanding and intuitions, and this will be discussed briefly in 
Chapter 22. Twelve lessons on basic ideas of probability and compound random 
generators were given to 285 children in nine classes. Nine parallel control classes 
with 305 children were used to estimate the influence of the instruction.*  

Two questionnaires were prepared. One, related to the instruction, was given 
only to the experimental group. The other, concerned with children’s intuitively 
based misconceptions, was given to both groups. This latter set is analysed here 
as background for a comparison in Chapter 20 with Green’s  set of questions.  

The authors felt that many Year 5 children did not understand the questions, so 
their discussion concentrates on the Years 6 and 7 responses.1 They present their 
results in tabular form, including details of incorrect answers, and values for 

χ2 tests, but the results are presented here in prose form, because this seems to 
make them to internalise quickly. The term “significant” is used throughout in its 
technical sense with α = 0∙05. 

Analysis  

 
In a box there are 4 red, 3 green and 2 white marbles. 
How many marbles must one draw to be sure that one will get at 
least one marble of each colour?2  

The purpose of this question was to “check the capacity of the child to produce, 
mentally, a situation which corresponds to a certain event”.3  

The authors found that the older children did better on this question than the 
younger ones, but the experimental classes performed better than the control 
ones at all levels, with those for Years 5 and 6 being significantly better. There is a 
                                                 
*  The authors do not say if the control group was provided with alternative activities to 

parallel those of the experimental group. 
1 Fischbein & Gazit (1984, p. 22) 
2 Fischbein & Gazit (1984, p. 5) 
3 Fischbein & Gazit (1984, p. 13) 
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striking increase in the success rate of the control group for Year 7, which is much 
higher than the success obtained by the experimental group in Year 6.4 Although 
the authors do not comment on this, the gain for Year 7 seems to arise from a 
marked reduction in the number of “No answers”, and also in the number of 
answers suggesting one, two, or three draws. 
 

This question has two valuable aspects. Firstly, by comparison with questions 
which ask, for example, about throwing a number less than 10 when tossing a 
conventional die,  it presents a moderately complicated situation for assessing the 
understanding of “certain” and it points to a way of ensuring that a child has a 
rich conception of the term. It is capable of being extended to examine the 
concepts “impossible” and “uncertain”. Secondly, it provides useful evidence 
about the extent to which probabilistic concepts develop intuitively. 

Although several early researchers have shown an interest in the concept of 
“certain”,5 to my knowledge, no later ones have used the technique developed 
here, even though the work was published in a widely read, prestigious journal. 
However, Green 18 does present a more general form of this question, but 
without a specific interest in “certainty”. 

                                                 
4 Fischbein & Gazit (1984, p. 14) 
5 Eyssautier-Laborderie (1973); Piaget & Inhelder (1951/1975); M.B. Scott (1968). Vide ch. 8 for 

a discussion on  the meaning of “sûr”. 

Table 19·Fischbein 1·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 2 3–5 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
(*)   
II  >1 trial 
* The structure is inadequate here. “Pre-

diction of a set of outcomes” (β) is 
closest, but not close enough. 
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FISCHBEIN 2: INDEPENDENCE AND SUPERSTITION  

 
Joseph endeavours to enter the classroom, each day, by putting 
the right foot first. He claims that this increases his chance of get-
ting good marks. What is your opinion?1  

Although a majority of all year groups agreed that Joseph’s chances were not 
increased, the percentages were higher for the older children, and significantly 
higher for the Years 6 and 7 experimental classes. On the other hand, the Year 5 
experimental class had less “correct” answers than the control group—teaching 
seemed to have a negative effect. Some children argued that because Joseph was 
making a deliberate choice to put his right foot forward, then he would be more 
likely to get better marks because of his attitude.2  
 

It might reasonably be argued that there is no RG here at all, and that both 
variables—the leading foot and the grades in a test—are under the control of the 
child. But the essence of superstition is a belief that outcomes from quite unrelat-
ed situations are not independent. So while this question does not directly ad-
dress independence of RGs, it does suggest an interesting field of enquiry. 

For the difficult categorisations I have used the child’s perspective. So the 
operator of the RG is unknown and absent because Joseph seems to see results as 
under the control of an unidentified outside power, which can be placated to 
some extent by suitable leg movements. Joseph must be aware that he is seriously 
under-estimating the effect of hard work and thought, so I see him as being dimly 

                                                 
1 Fischbein & Gazit (1984, p. 5) 
2 Fischbein & Gazit (1984, p. 14–15) 

Table 19·Fischbein 2·1 
Analysis of Question 
A 11 Many 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 4 V. large n’r of elem. events 
H 1 2 events 
I 4 Deceptive 
J 1 Structure known 
K 2 Hypothetical reward 
δ  Statement of likely outcome 
VIII  Long-term maximisation 
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aware that he has not really understood how good marks are obtained, and so for 
him the structure of the RG is in some way deceptive. Others may disagree with 
this interpretation, and later I may well do so also, but having a structure like this 
does give us a way of looking at superstition which may be helpful in coming to 
understand it.  

This question raises some interesting points. The first is the fact that some child-
ren gave “incorrect” answers for what were very sensible reasons. This was a dir-
ect result of setting a probabilistic situation in a context where non-stochastic fact-
ors may have some influence. One obvious conclusion, which we shall encounter 
many times in this chapter, is that reasons for answers should be sought as often 
as possible. 

But another, less obvious, conclusion is that the use of applied situations for 
assessment may introduce relevant extraneous variables, which make it very hard 
to decide whether the underlying probabilistic theory has been understood. 
Researchers have identified some experimental limitations of their questions, 
such as factors like animistic responses and colour preferences, but they have not 
often discussed less predictable ones like the reasonable response presented here. 
Yet finding a sound balance between pure and applied approaches is an import-
ant Pedagogical issue, as we saw in Chapter 15. At the moment, this does not 
seem to be being addressed by stochastics researchers. 

Finally, the question demonstrates the apparent existence of counter-productive 
instruction. Fischbein & Gazit suggested that the teaching process may have been 
inadequate for the age.3 An alternative explanation may well be that the instruct-
ion raised new issues in children’s minds, which took time for them to assimilate, 
and that the instruction was quite good, but that the assessment came too soon. 
We cannot know for sure, but we are at least reminded that any assessment needs 
itself to be assessed in terms of a child’s recent experiences. In other words, 
Categories C and D are useful categories which, when they are able to be 
assessed, can provide a link between theoretical research and classroom practice. 

A form of this question was used in Watson’s survey,4 and also by Sharma,5 but is 
not discussed further in this chapter, because it is not directly involved with RGs.  

                                                 
3 Fischbein & Gazit (1984, p. 15) 
4 Watson et al. (1994, p. 676, q. 5) 
5 Sharma (1997, pp. 114–116) 
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FISCHBEIN 3: LUCKY NUMBERS  

 
Shula once filled up a lottery form with the following numbers: 1; 
7; 13; 21; 22; 36; and she won. Therefore, she claimed that she 
must always play the same group of numbers, because it turned 
out to be a lucky one. What is your opinion about this?1  

The authors found that the quality of reasoning was much higher for older child-
ren, and higher still for those children who received instruction,  but the increase 
due to instruction was only significant for Year 5. A very large percentage of 
students, but decreasing with age, considered that the same set of numbers would 
not win again, and a quite large percentage (even as high as 25% for the Year 7 
experimental group) gave no answer. Indeed the percentage of students giving no 
answer was higher for the experimental groups at all levels, but Fischbein & Gazit 
do not comment on this phenomenon.2 
 

Because this general test has been carefully compared with Green’s, and I want to 
examine this comparison in Chapter 20, I treat the situation as being a simple 
random generator, though it is more properly a moderately large compound one. 

The complexity  of this probabilistic situation is reflected in the high percentage 
of “No answers” and of  children who believe that the same result will not occur 
again. They are highly unlikely to hold this view for results from a single die, so 
the results suggest that there is room for exploring how large a system has to be 
before it is seen as being so complex that repetition is not possible, or at least not 
worth considering. 

                                                 
1 Fischbein & Gazit (1984, p. 5) 
2 Fischbein & Gazit (1984, pp. 15–16) 

Table 19·Fischbein 3·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 4 V. large n’r of elem. events 
H 4 >6 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
δ  Statement of likely outcome 
III  Previous results 
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But the principal issue raised by this question is the existence of “lucky numbers”. 
This superstition is much easier to examine rigorously than the “right foot first” 
superstition of Fischbein 2, and it has been addressed by other researchers,3 but 
not for such a complex example as is presented here. There is a need to reconcile 
the research in this field. 

A form of this question was used in Watson’s survey,4 but is not discussed further 
in this chapter because it involves a compound RG. 

                                                 
3 E.g., J. Truran (1985); K. Truran (1998); Wollring (1994) 
4 Watson et al. (1994, p. 676, q. 6) 
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FISCHBEIN 4: CONSECUTIVE NUMBERS  

 
Ruth prefers, when she participates in a lottery, to choose 
consecutive numbers like 1, 2, 3, 4, 5, 6. She claims that in  this 
way she increases her chance of winning. On the other hand 
Jenny claims that the chance of getting six consecutive numbers 
like 1, 2, 3, 4, 5, 6 is smaller than that of getting a random 
sequence of numbers. She says that a lottery is something 
chancy and therefore there is no chance of getting a sequence of 
consecutive numbers. What is your opinion with regards to the 
two attitudes, that of Ruth and that of Jenny?1  

The results for this question were not straight forward. Many answers could not 
be clearly classified. There was a marked drop in correct answers by the control 
group, which the authors posited may have been related to a tendency for older 
children to assume causality and logical relationships and/or a growing under-
standing of the chance aspects of lotteries. They argued that there was good evid-
ence that teaching had a significant effect, and that it may be necessary for ensur-
ing learning, given the decline in correct answers given by the control group.2 
 

As for Fischbein 3, to enable later comparisons with Green’s work the analysis 
here treats the situation as being a simple RG. This question covers both a 
statement of a likely outcome (δ), which is Jenny’s approach, and a selection of an 
outcome (γ) which is Ruth’s, so it is impossible to classify it precisely. 

In my view, the words in the question “getting a random sequence of numbers” 
are technically inaccurate. What seems to be meant is something like “getting a 

                                                 
1 Fischbein & Gazit (1984, pp. 5–6) 
2 Fischbein & Gazit (1984, pp. 16–17) 

Table 19·Fischbein 4·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 4 V. large n’r of elem. events 
H 4 >6 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
γ / δ  Selection of outcome/Statement 

of likely outcome 
II  >1 trial 
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sequence of numbers which has no obvious pattern”, but this is difficult to 
express precisely. Nevertheless, the question is inaccurate and does reduce the 
value of the findings to an unknown extent. 

In spite of this weakness, as with so much of Fischbein’s work, this question 
raises issues which have not been addressed by other researchers, either before or 
after his work. The belief that extreme numbers are rare is well known3 and a 
belief that sets of consecutive outcomes would be rare is predictable—after all, 
“straights” in poker have high bidding power. Researchers do not seem to have 
examined, for example, whether children would regard tossing consecutive num-
bers with two or three dice as being more, less, or equally likely than some other 
non-patterned set. Nor have they examined the extent to which children might 
see consecutive results as being a special type of run. Given that the authors 
believe that instruction is necessary to overcome this misconception, the value of 
such research for teaching would seem to be considerable. 

The four questions from Fischbein & Gazit which we have looked at so far pro-
vide a striking contrast with the four preceding questions from governmental sur-
veys, all of which were much more mundane, much more procedural. Fischbein 
& Gazit have highlighted a wide range of research possibilities which have 
scarcely been touched by researchers to date, as well as showing some weak-
nesses in the Analysis Table. The next four questions address two situations 
which have been commonly addressed by several other researchers.

                                                 
3 Vide discussion on representativeness in ch. 8. 
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FISCHBEIN 5: GAMBLER’S FALLACY  

 
Gill has participated in a weekly lottery during the last two months. 
So far he has never won but he has decided to go on for the 
following reason: “Lottery is a game based on chance, sometimes 
you win sometimes you lose. I have already played many times 
and I have never won. Therefore, I am sure more than before that 
I shall win in one of the next games”. What is your opinion with 
regard to Gill’s explanation?1  

For this question the authors found better responses from the older classes and al-
so significantly better results from the experimental groups in Years 6 and 7, even 
though this particular aspect of probability was not covered in the formal in-
struction.2 
 

As for Fischbein 3 and 4, to enable later comparisons with Green’s work the 
analysis here treats the situation as being a simple RG. 

The Gambler’s fallacy, or negative recency heuristic, has been discussed in Chap-
ter 8 as a very common incorrect belief among adults,* and will also be discussed 
in Green 5 and Konold 1. 

Fischbein & Gazit’s finding that 73% of the experimental Year 7 students did not 
exhibit this heuristic is very much higher than the received wisdom would pre-
dict, particularly for children who were not specifically taught about this matter. 

                                                 
1 Fischbein & Gazit (1984, p. 6) 
2 Fischbein & Gazit (1984, pp. 17–18) 
*  Fischbein & Gazit (1984, p. 22) refer to a “positive recency”, but this must  be an error. 

Table 19·Fischbein 5·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 4 V. large n’r of elem. events 
H 4 >6 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
δ  Statement of likely outcome 
III  Previous results 
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One moderately common response was that “Lottery is chancey”.3 It is difficult to 
know exactly what is meant by expressions like this. Watson et al. have seen the 
expression “anything can happen” as an indication of the lowest level of any 
awareness of chance.4 Konold et al. reported that “anything can happen” could be 
used to justify a conclusion that all outcomes were equally likely, even in 
markedly asymmetric situations,5 which confirmed a prediction that this would 
happen which was made by Borovcnik & Bentz and was probably based on their 
own experiences.6 K. Truran has described a large variety of interpretations of the 
meaning of “luck” and suggested that there might be links between meaning and 
levels of egocentrism.7  

This issue needs much more investigation. In my view it is related to the ability to 
link unpredictable individual results with long-term patterns. There is some anec-
dotal evidence that children can do this8 and adult gamblers have certainly been 
able to do so for many centuries.9 The question here may be a useful starting 
point for examining this matter, as may the recently started work on variation 
mentioned in Chapter 8.

                                                 
3 Fischbein & Gazit (1984, p. 17) 
4 Watson et al. (1997, p. 63) 
5 Konold et al. (1993 p. 405) 
6 Borovcnik & Bentz (1991, p. 79) 
7 K. Truran (1998) 
8 Holmes, pers. comm., reported in J. Truran (1992, pp. 95–96) 
9 Fey (1969) 
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FISCHBEIN 6: COMPARISON OF URNS  

 
Inbar has 100 white marbles and 50 black ones in a box. Itay has 
in his box 200 white marbles and 100 black ones. Without looking, 
each of them takes a marble from his own box. Compare their 
chances of extracting a black marble. Mark with an x the correct 
answer: 

a. Inbar has a bigger chance of extracting a black marble. 
b. Itay has a bigger chance of extracting a black marble. 
c. Their chances of extracting a black marble are equal. 
d. It is impossible to get an answer from the above data.1 

While much higher percentages in the older Years gave the correct answer, the 
control groups for all three Years performed better (though the difference was 
statistically not significant) than the experimental groups, with the majority of 
errors being a preference for the box with the larger number of black marbles.2 
The authors explain the negative effect of instruction here and in Fischbein 8 by 
claiming that 

[p]robabilistic thinking and proportional reasoning are based on two 
distinct mental schemata. A progress obtained, as an effect of instruct-
ion, in one direction does not imply an improvement in the other. Cert-
ainly, probability computations may require ratio comparisons and cal-
culations but probability, as a specific mental attitude, does not, necess-
arily, imply a formal understanding of proportion concepts. … But it is 
also possible that, at a basic intuitive level, the two schemata share the 
same roots, namely an intuition called by us the intuition of relative 
frequency, which is revealed especially in probability learning tasks.[*] … 
[T]he two forms of reasoning, the probabilistic and the proportional 
ones, include, besides this hypothetical common root, clusters of intu-
itions and technical procedures which make them distinct. By emphas-
ising (via systematic instruction) specific probability viewpoints and 
procedures one may disturb the subjects’ proportional reasoning, still 
fragile in many adolescents.3 

 

                                                 
1 Fischbein & Gazit (1984, p. 6) 
2 Fischbein & Gazit (1984, p. 18) 
*  “Probability matching behaviour “in the language of this thesis 
3 Fischbein & Gazit (1984, p. 23) 
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The difficult issue of proportional reasoning and probability has been discussed 
in Chapter 8 and elsewhere.4 This question deals with a situation where research 
since 1984, especially that by Acredolo et al. (1989), has contributed a lot to our 
understanding of how children approach “comparison of urns” problems, and 
the judgements of Fischbein & Gazit and other researchers all need to be revised 
in the light of this further evidence.* In my view Fischbein’s claims about the 
differences between probabilistic and proportional reasoning are unproven. 

But our concern here is what we can learn from the questions. We should note 
that the quite large numbers used in this question may well have produced quite 
different results from a comparison using smaller numbers.5 

We should also note the use of the fourth distractor which is quite different from 
a “Don’t Know” distractor. This was commonly offered by the control groups. 
They may have been using the Outcome Approach and interpreted the question 
as asking for a prediction of whether the ball drawn would be black or white. The 
frequency with which this response was offered suggests that it should be con-
sidered when constructing questions for this type of situation, but the possibility 
that it leads to misinterpretation of the questions means that it should be used 
only with care. 

Other questions which use comparison of urns are Fischbein 8, Green 6 and 
Watson 3, while Green 3, 17 and 19 deal with the related situation of comparison 
of spinners. 

                                                 
4 J. Truran (1992, pp. 68–87; 1994pme) 
*  Vide Amir et al. (1999) for an imaginative potential solution, although the work of Acredolo 

et al. is not cited.  
5 J. & K. Truran (1998pmehb). Vide etiam discussion on number size in ch. 20. 

Table 19·Fischbein 6·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 3 Multiple choice 
G 4 V. large n’r of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
I  Single trial 
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FISCHBEIN 7: INFLUENCE OF AGE OVER CHANCE  

 
Gilla is 10 years old. In her box there are 40 white marbles and 20 black 
ones. Ronit is 8 years old. In her box there are 30 white marbles and 15 
black ones. Each of them draws one marble from her own box, without 
looking. Ronit claims that Gilla has a greater chance of extracting a 
white marble because she is the older one, and therefore she is the 
cleverest [sic] of both of them. What is your opinion about this?1 

As for Fischbein 6, while higher proportions in the older Years gave the correct 
answer, the control groups for all three Years performed better than the experi-
mental groups (with the difference for Year 6 being statistically significant).2 The 
authors offered the following tentative explanation for this phenomenon: 

[T]he lessons on probability drew the attention of pupils to the fact that, 
even in uncertain situations, some kind of prediction is still possible if 
one uses adequate rational methods of calculation. One may assume 
that some subjects have illegitimately generalised this idea to the idea 
that knowledge and intelligence may, by themselves, provide a greater 
probability of winning even in a pure chancy game. Consequently as a 
child grows older he is more likely to win in this type of game.3 

 

The thinking addressed in this question is an important one, and must be familiar 
to many parents playing board games with their children. It is closely related to 
children’s developing concept of “fair”, in the sense of being unprejudiced. To my 
knowledge it has rarely been investigated by researchers. 

                                                 
1 Fischbein & Gazit (1984, p. 6) 
2 Fischbein & Gazit (1984, pp. 18–19) 
3 Fischbein & Gazit (1984, p. 22) 

Table 19·Fischbein 7·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 3 Large number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
I  Single trial 
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Of course, the question has the potential weakness of all questions involving com-
parison of RGs, as discussed in Chapter 18. What is surprising is that the authors 
did not present the urn with the larger number of balls to the younger girl, while 
retaining equal proportions.  

In other words, what we have here is one example of what could be a fruitful 
source of investigation, but the form of question used did not provide sufficient 
conflict to elicit latent thinking. I observe that between 6% and 10% of the Year 6 
and 7 children did not provide an answer to this question, which suggests that 
they at least had some doubts about the situation. This is not quite an example of 
regression of assessment expertise, as discussed in Chapter 17, but it is an ex-
ample of poor design by a skilled researcher and provides further evidence for 
the need for very careful design procedures, even of the simplest questions. 

While the authors’ tentative explanation may be plausible, it is certainly not prov-
en. It is equally possible that the children have not generalised from formal in-
struction, but simply from experience of playing games where age, in terms of in-
telligence and/or experience, does provide an advantage. The matter requires 
further investigation.  
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FISCHBEIN 8: COMPARISON OF  URNS  

 
Uri has, in his box, 10 white marbles and 20 black ones. Guy has in his 
box 30 white marbles and 60 black ones. They play a game of chance. 
The winner is the child who pulls out a white marble first. If both take out 
simultaneously a white marble no-one is the winner and the game has to 
go on. Uri claims that the game is not fair because in Guy’s box there 
are more white marbles than in his box. What is your opinion about 
this?1 

The analysis used for this question was complex.2 The authors observed first that 
there was an increase in correct answers with age for both groups, and that the 
control group at all ages did slightly better than the experimental group. On the 
other hand, of those whose “correct” answers (according to the authors’ notion of 
“correct”) made explicit mention of the equality of ratios, the experimental group 
did slightly better at all ages. None of the differences was statistically significant. 
On this basis the authors claimed that, although their teaching program did not 
provide evidence of improving children’s global estimations in this situation, 

some of those pupils who were ready to estimate correctly the equality 
of chances, have learned, as a result of our programme, to use, explicit-
ly, the formal justification (equality of ratios).3 

They saw the evidence from this question as contributing to their claim, quoted in 
full in Fischbein 6, that probabilistic thinking and proportional reasoning are 
based on two distinct mental schemata.4 
 

                                                 
1 Fischbein & Gazit (1984, p. 6) 
2 Fischbein & Gazit (1984, pp. 19–20) 
3 Fischbein & Gazit (1984, p. 20) 
4 Fischbein & Gazit (1984, p. 23) 

Table 19·Fischbein 8·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 4 Very large n’r of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
II  More than one trial 
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This question is not satisfactory because it does not make clear whether the game 
is to be played with or without replacement. If there is no replacement, then the 
chances are not equal and the game is biased in Guy’s favour. 

It is also difficult to compare the results for this question with those for Fischbein 
6, because the same question structure is not used for both cases. In particular, we 
have no evidence about the proportion of “insufficient information” responses for 
question 8, or about the proportion of explicitly stated reasons for question 6. 

The method of trying to evaluate the quality of correct responses is a useful one. 
but one cannot help feeling here that Fischbein’s underlying theory has taken pre-
cedence over the amount of information which the data can really yield. 

Discussion of Fischbein’s Questions  

This test’s immediate value is that it provides information about the effect of in-
struction on learning. Its deeper value, and its ultimate purpose, is to gather evid-
ence about the ways in which intuitions and their underlying schemata develop 
in practice. Fischbein’s theory was summarised in Chapter 8: it is important to 
realise that “intuition” is used here with a technical meaning different from our 
vernacular meaning. For Fischbein, intuitions can be consciously learnt.5 

While some of the questions in this test are imaginative, and yield interesting 
results, others are not well enough structured to do so, and one is definitely too 
poorly explicated to allow certainty about what is the correct answer. This makes 
the test as a whole of less value than one might have anticipated. Nevertheless, 
the structure of the test will be examined as a whole in Chapter 20, and then 
compared with Green’s test, partly because others have treated it in this way, but 
this may go beyond what the authors had claimed for their work. 

Finally, it is worth observing that Fischbein’s disjointed style for reporting results 
does not make his work easy to follow and his findings on probability research 
are relatively rarely cited, considering his stature as a researcher. Furthermore, 
his limited description of his experimental conditions does not make his work 
easy to replicate and this is rarely commented on by other researchers. On the 
other hand, Fischbein’s primary interest is in finding a model for children’s think-
ing, and this provides a much-needed balance for the emphasis other authors 
place on the statistical analysis of results. 

                                                 
5 Fischbein (1987, p. 202)  
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GREEN 1: TOSSING A DISC  

Introduction to Green’s Questionnaire  

Green’s methodology and results have been summarised in Chapter 8. There is 
not sufficient space to analyse all of his questions here. Those which formed part 
of his shorter Probability Concepts Scale and which also refer to operations of a 
single random generator are all included, together with a small number of other 
questions which are of special interest. An analysis of the full test has been done 
in J. Truran (2001pmefra), and is used as a basis for the discussion in Chapter 20. 

Green’s very useful, compact summary of his work (Green, 1982a) is fairly widely 
available, and has been used for many of the citations, but other information may 
be found in his thesis (Green, 1982c) or other writings. The citations here usually, 
but not consistently, refer to where the data was first read, so a citation from one 
source does not preclude the information being included in others as well. 

Analysis  

 
A small round counter is red on one side and green on the other 
side. It is held with the red face up and tossed high in the air. It 
spins and then lands. Which side is more likely to be face up, or 
is there no difference? Tick the correct answer:1  

(A) The red side is more likely  

(B) The green side is more likely  

(C) There is no difference  

(D) Don’t know   

Green chose this wording to test whether children might be using a negative 
recency heuristic.* By emphasising that the counter was initially red face up, he 
suspected that more would opt for the green outcome. His results were: 
 

                                                 
1 Green (1982a, q. 1) 
*  Green (1982b). Vide discussions on Heuristics and Tversky & Kahneman in ch. 8, 

Classifications II and III in ch. 18, and J. Truran (1992, pp. 175–195). 
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Of those who opted for a specific colour there was a highly significant bias 
towards green (called by Green a negative recency heuristic) in Years 7, 8 and 9 
but not in Years 10 and 11.† There was a general decline with age in the percent-
ages of children who opted for a specific colour or for the “Don't Know” option.§  
Green observed that the virtual disappearance of the negative recency heuristic 
between Years 9 and 10 was surprising, but he did not give reasons for this 
opinion,2 even though this is perhaps the most interesting aspect of this question. 
 

A valuable feature of this question is that it uses an RG which is structurally 
identical to a coin, but without the same cultural baggage.  

The term “negative recency heuristic” usually refers to a recent sequence of 
outcomes, although I have also used it for sequences of predictions or refutations 

                                                 
†  Using distribution of proportions used to test significance p < 0.001. Green has not reported 

this form of analysis. (Green, 1982c, p. 244)    
§  The small rise in “Don’t Know” Responses in Years 10 and 11 (assuming that it is a real rise) 

is not surprising. At this age many children are restructuring their experiences into a struct-
ure meaningful to them and it is not uncommon to find a temporary decline in performance 
or confidence while this restructuring is taking place. Vide, e.g., Fischbein 6. 

2 Green (1982b, p. 768) 
3 Green (1982b, p. 768) 

Table 19∙Green 1∙1 

Percentages for Responses to 

Tossing a Disc 

 A B C* D 
Year 7 18 28 45 9 
Year 8 15 24 55 6 
Year 9 11 20 66 2 
Year 10 12 13 71 4 
Year 11 11 12 71 4 
All 14 20 61 5 

Table 19·Green 1·2 
Analysis of Question 
A 1 Disc 
B 1 Own Culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple Choice response 
G 1 2 Elementary Events 
H 1 2 Events 
I 1 Symmetric 
J 1 Structure known 
K 1 No Reward 
δ  “Likely” Outcome 
I  1 Trial 
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of predictions.4 All of these cases are related in some way to successive outcomes 
of the RG. Green uses the term to relate the colour which is initially face up to the 
first outcome of the RG. This is a different use of the term again. His hypothesis 
needs to be confirmed by presenting the question in complementary forms. 

When we consider the responses to Fischbein 6 where subjects felt that they could 
not answer because there was not enough information, we might decide that 
including a distractor of this form would be desirable. In fact, Green administered 
a revised version of this question to some of his original subjects about six months 
after the original test, along with some other modifications. He found that 
younger students much preferred to choose “No one can say” in preference to “I 
don’t know” when both were available to them.5 So this is another example of an 
isolated finding which has not become well established in research practice. Other 
alterations involved using the phrase “spins many times” rather than “spins” and 
changing one colour from “green” to “brown”, presumably to avoid any cultural 
association of “green” with positive feedback. Green claimed that his results 
showed that the addition of “many times” produced a significant change in 
responses,6 but the two changes may have been confounded, so it is difficult to 
see why he concluded this, particularly since he was well aware of this potential 
difficulty.7   

Criticisms of Green’s Methodology by Borovcnik & Bentz  

Some of the work from Green’s thesis, including this question, has been substant-
ially criticised by Bentz and Borovcnik.8 Their arguments will be summarised 
here, but similar arguments used for other questions will not usually be 
mentioned in the analysis. The crux of their objection is that a number of different 
strategies might be used to answer this question. While Borovcnik and Bentz ad-
mit that they have no evidence of whether such strategies have or have not been 
used,9 they are of the opinion that the “normative” answer which is based on a 
symmetric sample space is unlikely to be used.10 

                                                 
4 J. Truran (1992, pp. 181–195) 
5 Green (1982c, pp. 292–293) 
6 Green (1982c, p. 293) 
7 Green (1982c, p. 300) 
8 Bentz & Borovcnik (1985); Borovcnik & Bentz (1991) 
9 Borovcnik & Bentz (1991, p. 78) 
10 Borovcnik & Bentz (1991, p. 80) 
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One of the possible strategies suggested rests on seeing logically irrelevant pat-
terns in the way the words of the question are presented, such as the pattern of 
colours which Green had predicted would be offered. Another rests on a causal 
argument that the physics of tossing a die will require the same result each time if 
the die is tossed in the same way each time. Yet another arises from an inherent 
conflict between a child’s perception of the symmetry of the situation and any 
requirement actually to make a choice. Finally they argue that 

[a]nother form of causality is related to the inability to predict specific 
results. The coin can land on either ‘head’ or ‘tail’. Both results are 
likewise unpredictable in the sense that there is no guessing procedure 
that guarantees 100% success, therefore the answer (=) is chosen.11 

They also argue that some of these variations may be due to respondents’ differ-
ing experiences of the contexts of the questions.12 The details of their argument 
are not easy to follow, as Graham has also observed,13 but their main point is 
quite reasonable, viz., with Green’s methodology the same response may well be 
offered for a variety of reasons, some of which will be difficult to elicit, even if 
clinical interviews are subsequently held with some of the respondents.  

But Borovcnik & Benz have gone further than this. They have claimed that be-
cause so many different possible forms of thought are possible then Green’s 
statement14 that his incorrect respondents have indulged in “fallacious thinking” 
is untenable.15 Indeed, Graham has seen their argument as suggesting that from 
Green’s questions a teacher cannot “necessarily learn anything useful about a 
pupil’s probabilistic intuitions because the context is getting in the way”. Julian 
Williams has seen their argument as invalidating Green’s research,16 although 
Bentz & Borovcnik have specifically stated that their criticisms are generic and 
not addressed specifically to Green’s work. Indeed they have seen Green’s work 
as marking a significant step forward in probability research.17 

It is true that the term “fallacious thinking” pre-supposes that a particular frame 
of reference is being used, and can be used to judge responses. Constructivists 
would argue that the term is never appropriate, and I have criticised SA examin-

                                                 
11 Borovcnik & Bentz (1991, p. 79). Vide  etiam Fischbein 5. 
12 Bentz & Borovcnik (1985, p. 272); Graham (1993, p. 94) 
13 Graham (1993, p. 94) 
14 Green (1982a, p. 14) 
15 Borovcnik & Bentz (1991, p. 80) 
16 J. Williams, pers. comm., July 2000. 
17 Bentz & Borovcnik (1985, p. 273) 
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ers in Chapter 14 for failing to appreciate that examinees often see what they 
write as logical reasoning, however little it may conform with formal mathematic-
al structures. But equally, Green must be judged within his own paradigm: that of 
an academic mathematician investigating how children reach an understanding 
of formal mathematical thought of a type which is able to be assessed as 
correct/incorrect (or conformist/unconformist if one prefers). 

The question which I believe should be considered here is whether Green’s quest-
ions are structurally so poor that they do not allow us to learn anything useful 
about children’s thinking. “Thinking” is not quite the same as Fischbein’s “intuit-
ions”, and is somewhat easier to identify. This question incorporates the claim of 
Borovcnik and Bentz and identifies a necessary pre-requisite for substantiating 
the claims of Graham and Williams. 

Although Green’s work is almost always mentioned in literature reviews, and his 
questions have frequently been an inspiration to others, I am aware of only one 
researcher apart from myself who has used questions like his and also acknowl-
edged the objections of Borovcnik and Bentz. 

This researcher was Watson, whose use of Green 2 was specifically prompted by 
the work of Borovcnik & Bentz.18 She has seen it appropriate to draw formal con-
clusions from her results.19 Some years after first using this question she wrote: 

The responses reported [for Watson 2] provide precisely the justification 
hypothesised by Borovcnik and Bentz (1991) for students coping with 
what they call the pseudo-reality of the context: instances where stud-
ents recognise that 13 and 16 do not differ very much from half of the 
total, that there are roughly half-and-half boys and girls in the world, 
that boys are often preferred in the world, or that there are more boys in 
my class (p. 81). They suggest the possibility of such responses as a basis 
for criticising the use of such items in teaching, where they claim 
students need more contextual understanding to get the correct answer. 
It seems, however, that, if handled properly, questions like [Watson 2] 
offer the very opportunity to distinguish among the responses above, 
and to build understanding in this type of context, one often met in situ-
ations reported in the media and subjects other than mathematics.20 

This is a convincing argument, particularly the point about the way that people 
often meet stochastic ideas in real life. 

                                                 
18 Watson et al. (1994, p. 678) 
19 E.g., J. Watson (1998, pp. 674–675) 
20 Watson et al. (1997) pp. 75–76) 
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In my case, my questions were administered before 1984. which was when I first 
heard Borovcnik & Bentz’s argument,21 but I reached similar conclusions to Wat-
son’s: 

Borovcnik & Benz (1991) have argued from a theoretical perspective 
that any given answer in response to a question about the outcome of 
tossing a counter with faces of different colours may arise from a very 
wide range of reasoning processes, which cannot be determined with-
out further discussion with the subject. There is little doubt that the 
structure of the interview [in my own research] encouraged the subjects 
to respond, even if they felt that a response could not reasonably be 
made. However, because the interview was clinical and not structured, 
there was opportunity for the subject to explain reasons for answers 
given and some chance of being able to elucidate the existence of a wide 
range of views.22 

Both Green and Watson have found that questions like this do reveal differences 
between year groups, and Watson has also found differences between cohorts 
over time.23 It is therefore reasonable to argue that the questions are measuring 
something which can often differ with age and change over time. By using clinical 
interviews as well as the written questions it is possible to estimate just what is 
being measured and also the limitations of the measuring instrument. Graham’s 
claim may be technically correct because he refers to intuitions and modifies his 
claim with the word “necessarily” but this does not mean that the question can-
not provide a teacher with some potentially useful information. Williams’ claim is 
too broad for the evidence: the arguments of Borovcnik and Bentz do mean that 
the interpretation of Green’s results and methodology needs great caution, a 
caution often not seen in research reports, but this does not mean that his research 
programme is totally invalid.* 

If our objective is to understand cognitive thinking, then we shall have to use a 
variety of instruments, all imperfect. The position taken in this thesis is that 
questions of this type should be treated as having some validity, particularly for 
grouped data, but that all individual responses should be treated with caution 
and supplemented with other information where possible, particularly from 
clinical interviews.

                                                 
21 In the form presented in Bentz & Borovcnik (1985) 
22 J. Truran (1992, p. 62) 
23 Vide ch. 8. 
*  Green was well aware at the time that his research was seen by some as not being concerned 

with “probability” (Holmes, pers. comm., Aug 1984). This has not persuaded him to 
discontinue his research. 



Green 2  Page 546 

Question Analysis  Chapter 19 

GREEN 2: NAMES IN A HAT  

  
A mathematics class has 13 boys and 16 girls in it. Each pupil’s 
name is written on a slip of paper. All the slips are put in a hat. 
The teacher picks out one slip without looking. Tick the correct 
sentence:1 

(A) The name is more likely to be a boy than a girl  

(B) The name is more likely to be a girl than a boy  

(C) It is just as likely to be a girl as a boy _______  

(D) Don’t know ___________________________  

This question forms part of Green’s Probability Concepts Scale. 
 

Green saw a facility of 71% “after 11 years of ‘education’” as remarkably low.2 He 
also reported that in his clinical interviews subjects were quite likely to give 
different responses if, for example, the ratios were changed to three boys and 
sixteen girls, but that the changes were not necessarily in the direction which 
would be predicted by mathematical logic. He observed that “[t]his rough-and-
ready attitude displayed may account for many failings in the world of mathe-
matics!”3 This finding has rarely been reported by other researchers. 

 

                                                 
1 Green (1982a, q. 2) 
2 Green (1982c, p. 245) 
3 Green (1982c, p. 245) 

Table 19∙Green 2∙1 

Percentages Predicting 

Gender of Name on a Slip 

 A B* C D 
Year 7 5 38 53 4 
Year 8 4 43 51 2 
Year 9 4 61 35 0 
Year 10 2 60 37 1 
Year 11 4 71 25 0 
All 4 53 42 2 
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Given that “names in a hat” is a slightly asymmetric RG because the names tend 
not to mix well, the failure of the question to state that the names were well 
mixed is a definite weakness. Green realised this after he had administered his 
test, and constructed a revised version which was administered to some of the 
original subjects about six months after they took the original test. The third 
sentence was replaced by “All the slips are put in a hat and mixed up a lot”, and a 
fifth response “No one can say” was added. 

Making two changes at once is undesirable in inductive science, so it is hard to 
know how to interpret his finding that he found some differences, but not large 
ones.4 As we saw earlier, when he made a similar change emphasising the ran-
domness of the process in Green 1 he did claim to find a difference, but he made 
too many changes at once, so it was difficult for him to substantiate his claim. 
However, he has shown that the process of testing different versions of questions 
is a viable one, which deserves more attention, even though, as we shall see in 
Green 25, it can be fraught with difficulties. 

 Watson 2 used a modified version of this question, and both will be discussed 
there.  

                                                 
4 Green (1982c, pp. 292, 294) 

Table 19·Green 2·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 3 Multiple choice response 
G 3 Large number of elem. events 
H 1 2 events 
I 2 Slightly asymmetric  
J 1 Structure known 
K 1 No reward 
δ  “Likely” outcome 
I  1 trial 
* See ch. 18 and below for the reason for 

seeing category I as “slightly asymmetric”. 
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GREEN 3: COMPARISON OF SPINNERS  

 
Here are pictures of two discs which have pointers which are spun 
and point to a number. With which disc is it easier to get a 3? 

Tick the correct answer:: 

. .

RED BLUE

1 2

4 3

1

23

 

(A) It is easier to get 3 on the Red disc_______________  

(B) It is easier to get 3 on the Blue disc ______________  

(C) The two discs give the same chance of getting a 3 __  

(D) Don’t know__________________________________  
 
Why did you choose this answer?1.......................................................  
..............................................................................................................  

The answer and reason form two parts of Green’s Probability Concepts Scale. 

Green found it “intriguing” that this questions proved so much easier than Green 
1 and 2, and attributed this easiness to the “diagrammatic presentation rather 
than the underlying conceptual demand”.2 

The general pattern of results for this question show a predictable improvement 
with age, but Green has also categorised the reasons given. About 35% used an 
area, and about 5% a ratio approach, with slightly larger proportions doing so in 
Years 9–11.  Almost no-one referred to probability. The most common wrong 
reasons involved counting (c. 30%) and position or speed (c. 10%).  There were 
many other responses which Green did not specifically classify, and about 10% 
did not respond at all, slightly more in the older Years.  

                                                 
1 Green (1982a, q. 3) 
2 Green (1982c, p. 246) 
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The following table analyses the second part of this question which asks for the 
respondent’s reasons. 
 

Many of Green’s questions ask for a simple multiple-choice response followed by 
a written reason. This is more difficult to mark, but this question shows the value 
of the extra effort. What the basic results suggest as being an “easier” question is 
a question where it is much too easy to give a correct result using non-generalis-
able strategies. Since these non-generalisable strategies are very common even 
among the Year 11 students, this suggests that they work sufficiently often not to 
need rethinking or that they have not been thought about very much at all. 

Similar questions with more complex spinners are discussed in Green 17 and 19, 
where we shall find quite different strategies being used. The three questions tak-
en together provide convincing evidence against the “small sample” approach to 
testing used by most government-sponsored surveys, and in favour of methods 
which emphasise establishing reasons for responses as well as the responses 
themselves. 

Table 19∙Green 3∙1 

Percentages of Comparisons 

between Two Spinners 

 A B* C D 
Year 7 4 71 22 3 
Year 8 4 76 16 3 
Year 9 2 87 11 1 
Year 10 3 87 9 1 
Year 11 3 92 5 0 
All 3 82 13 2 

Table 19·Green 3·2 
Analysis of Question 
A 6 Contiguous spinner 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 2 3–5 events 
I 1 Symmetric 
J 1 Known 
K 1 No reward 
ε  Comparison of RGs 
I  1 trial 
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GREEN 4: TOSSING A DIE   

 
When an ordinary 6 sided dice is thrown which number or 
numbers is it hardest to throw, or are they all the same?1 

Answer      

This question forms part of Green’s Probability Concepts Scale.  
 

Table 19∙Green 4∙1 

Percentages for Which Number on a Die is Hardest to Throw 

 1 2 3 4 5 6 ‘Same’* 6 + Other Other Omit 

Year 7 1 0 0 0 0 23 67 2 1 5 

Year 8 2 0 0 0 0 22 69 2 1 3 

Year 9 1 0 0 0 0 13 79 4 1 2 

Year 10 2 0 0 0 0 14 79 3 1 0 
Year 11 0 0 0 0 0 9 86 2 1 1 

All 1 0 0 0 0 17 75 3 1 2 

Statistical analysis sustains Green’s claim that a significant minority of his sample 
believes that a die is biased against six, but that the percentage of children 
holding this view declines between ages 11 and 16.  

This question has been discussed in detail in Chapter 8. As mentioned there, it 
was much more precisely worded than Kerslake’s. While these results of Green 
are well known, two features seem to have been overlooked by later observers 
and will be of importance for our analysis of the forces underlying the research 
process. The first is the small group of children at all ages who consider that there 

                                                 
1 Green (1982a) 

Table 19·Green 4·2 
Analysis of Question 
A 3 Dice 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 3 6 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  “Likely” outcome 
I  1 trial 
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is more than one number which is hardest to throw. The second is the decline 
with age in “No Response” percentages. 

This is an appropriate place to consider the influence of a well-known question on 
later research workers. K. Truran chose to administer a question sufficiently 
similar to Green’s to justify direct comparison. She asked, “If you toss this fair 
dice is there any number or numbers which are hardest to throw, or are all the 
numbers the same?” She followed this up, probably because of the findings in 
Konold 2, with a parallel question which replaced “hardest” with “easiest” and 
then other parallel questions which replaced dice with urns and spinners.2 
Sharma, on the other hand, asked “Manoj feels that six is harder to throw than 
any other score on a dice? [sic] What do you think about this belief?”3 Watson 
took a different approach again, and Watson 1 has used the findings of Green 1 to 
ask a question where respondents were not given the option of preferring any 
numbers other than “1” and “6”. 

Now each of these authors may well have had good reasons for choosing the 
form they did. For example, Sharma was mainly interested in the nature of the 
thinking employed, but she was using clinical interviews, so she could have 
started with the same question and made sure that her interviewing elicited the 
underlying thinking. Nevertheless, those researchers who used forms which were 
less rich than Green’s ran the predictable risk of having less informative results, 
and forfeited any opportunity to compare their results with Green’s or any others 
who had been working in the same field. The ecological model we are using will 
predict that there will be a wide variety of potential solutions attempted—
variation is inherent in systems in a state of tension. Nevertheless, and without 
denying that probability research is not so well developed that there has been 
time for procedures to have become standardised, it does seem that the free-
market research process may be leading to unnecessary diversity. After all, hum-
an intelligence can be brought to bear on the selection process. For example, K. 
Truran, has not only produced data which is comparable with Green’s, but she 
has been able to extend the basic question, to examine similar structures in a 
similar way. 

                                                 
2 K. Truran (in prep.) 
3 Sharma (1997, p. 114) 
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GREEN 5: GAMBLER’S FALLACY FOR COINS  

 
An ordinary coin is tossed five times and ‘Heads’ appears every 
time. Tick the correct sentence below:1  

(A) Next time the coin is more likely to turn 

 up ‘Heads’ again____________________  
(B) Next time the coin is more likely to turn 

 up ‘Tails’ __________________________  

(C) Next time ‘Heads’ is as likely as ‘Tails’____  

(D) Don’t know _________________________  

This question forms part of Green’s Probability Concepts Scale. 
 

Green found these results encouraging because “most pupils [realise] that the 
previous history is irrelevant. Also it seems that the negative recency and positive 
recency are equally balanced.”2 But the analysis in his thesis was much more 
detailed.3 He noted that there are logical grounds for using a positive recency 
heuristic (Baconian reasoning), which might explain the fairly consistent percent-
age of “A” responses. He also noted that his results were not inconsistent with 
other research which had found that adults were more likely to use negative 
recency approaches than children.4 

                                                 
1 Green (1982a, q. 5) 
2 Green (1983b, p. 36) 
3 Green (1982c, p. 248) 
4 Craig & Myers (1963) 

Table 19∙Green 5∙1 

Percentages for Prediction 

after a Run of Heads 

 A B C* D 
Year 7 14 14 67 5 
Year 8 10 14 73 3 
Year 9 11 10 78 1 
Year 10 10 10 78 1 
Year 11 10 9 80 1 
All 11 12 75 2 
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The Gambler’s Fallacy (negative recency heuristic) has been discussed in Chapter 
8. and has formed the basis for both Fischbein 5 and Konold 1. It is a known mis-
conception which can lead to serious consequences, and an understanding of the 
independence of RGs would be widely seen as an important aim of any basic 
stochastics course. 

The most valuable part of Green’s findings is that which has received the least at-
tention: alternative A is a reasonable and logical response for a person employing 
Baconian (inductive) thinking and a significant minority of children seem to be 
using this form of thinking. Unfortunately his comment that “the negative 
recency and positive recency are equally balanced” obscures the issue by suggest-
ing that the two are in some way related, whereas they arise from different logical 
systems. It also fails to add anything to our understanding of why people choose 
one heuristic rather than the other. 

These points do provide real support for the arguments of Bentz & Borovcnik and 
Williams summarised in Green 1. But rather than seeing them as evidence which 
invalidates Green’s approach, I prefer to see them as the first steps towards devel-
oping more sophisticated methods which may be of value for both teaching and 
assessment.  

Of Green’s questions, this is one which cries out for further work to be done. Us-
ing a similar form Konold 1 obtained different results, and both sets are com-
pared in the discussion after Green 25. For the moment, we can say that the 
meanings attached by subjects to the words “more likely” and “as likely” are un-
certain. This is also a question where the influence of reward is likely to be im-
portant. Green could not cover this in the sort of survey which he was using, but 
the matter does need to be addressed. 

Table 19·Green 5·2 
Analysis of Question 
A 2 Coin 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G 1 2 elementary events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  “Likely” outcome 
III  Previous results 
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GREEN 6: COMPARISON OF URNS  

Green 6 has five parts asking for a comparison of bags containing black and white 
counters. Each part asks for one bag to be selected, and for a written explanation 
of the reason it was chosen. For reasons of space, the full layout is provided only 
for part (a) and that is slightly compressed. The wording for the later parts was 
slightly abbreviated, the names of the bags changed and the order of the  choices 
altered from question to question. The composition of the bags for the five parts is 
summarised in Table 19∙Green 6∙1. 

Bag A has got in it 3 black counters 
and 1 white counter. 
Bag B has got in it 2 black counters 
and 1 white counter. 
(See the diagram) 

A
 

If you had to pick a black counter to 
win a prize and you must not look in 
the bag, which bag should you choose 
to pick from? 

B
 

Tick the correct answer. 

(A) Bag A gives a better chance to get black  

(B) Bag B gives a better chance to get black  

(C) Both bags give the same chance  

(D) Don’t know  

Why?1.....................................................................................  

                                                 
1 Green (1982a, q. 6a) 

Table 19∙Green 6∙1 

Summary of Green’s Comparison of Probabilities 

Questions 

 Names First Bag Second Bag 
  Black White Black White 

Q. 6a A   B 3 1 2 1 

Q. 6b C   D 5 2 5 3 

Q. 6c E   F 2 2 4 4 

Q. 6d G   H 12 4 20 10 

Q. 6e J   K 3 1 6 2 
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Both the answers and reasons for each of Green 6, parts (b)–(e) were used as eight 
parts of Green’s Probability Concepts Scale. 

For reasons of space I illustrate just one set of Green’s results here, and have chos-
en part (e) because Green saw it as the hardest part, but was unable to say why 
this was the case, even after a careful analysis.2 He noted that “most observers 
might expect 6(d) to be at least as difficult”,3 and this seems a reasonable naïve 
opinion. Table 18∙2 could help here in establishing some  hierarchy of difficulty. 
 

The reasons given for these responses are summarised in Table Green 6∙3.4 
 

The analysis which Green provides is a good example of the best which results 
like these were able to elicit from a thoughtful researcher at that time. 

The steady growth of the use of the necessary ratio idea is clear—but 
even by Year 11 this does not represent the way the majority express 
their thinking. A simple comparison “bag K has more Black than bag J”  

                                                 
2 Green (1982c, p. 255) 
3 Green (1982c, p. 255) 
4 Green (1983b) 

Table 19·Green 6·2 

Percentages for Reasons when 

Comparing (3,1) v. (6,2) 

 =* (3,1) (6.2) Don’t 
Know 

Year 7 20 14 61 2 
Year 8 21 16 58 3 
Year 9 35 16 46 2 
Year 10 42 13 44 1 
Year 11 56 9 33 1 
All 33 14 50 2 

Table 19·Green 6·3 
Percentages Giving Different Reasons when Comparing (3, 1) v. (6, 2) 
Reason Given/Year 7 8 9 10 11 All 
Ratio Comparison 7 13 24 33 44 22 
Comparison between Bags of 1 Colour 50 46 37 33 24 39 
Comparison within Bags of  2 Colours 7 8 6 5 3 6 
Difference Comparison 5 6 8 9 5 7 
“They are the Same” 5 7 8 8 9 7 
Other 11 4 4 4 6 6 
Omits and Unintelligible 17 16 13 8 9 13 



Green 6  Page 556 

Question Analysis  Chapter 19  

persists as a very popular type of argument—used by half the pupils at 
Year 7 and by a quarter at Year 11. The comparison of two colours takes 
both the simple (and puzzling) form “it has more Black than White” and 
also the more subtle (and promising) form “it has more Black and less 
White”. The easily appreciated strategy of comparing differences (either 
of colours between bags or different colours within bags) apparently has 
a surprisingly low incidence. However this may be more a reflection of 
the pupils’ ability to express themselves—resorting to a wording which 
hides the concept (e.g. “it has more Black” or “it has more Black than 
White”). Similarly those pupils who replied “they have the same Black 
and/or White” may well have been using the ratio concept but were un-
able to express the fact. Nevertheless, even when allowing for linguistic 
inadequacies, the conclusion must remain that the majority of pupils 
cannot cope with an apparently innocuous problem.5 

Elsewhere Green has suggested that the use of a ratio strategy may be more a 
function of intelligence than of age.6 

The following table analyses the second part of this question which asks for the 
respondent’s reasons. 
 

Green’s thoughtful analysis is at best equivocal, even after allowing for his caveats 
about subjects’ abilities to articulate their thoughts. Nevertheless, he has been able 
to show that some apparently simple questions actually prove difficult for 
children, and that much more research is needed before we know which sets of 
number pairs are the most efficient indicators of mature thinking. 

                                                 
5 Green (1983b, p. 39) 
6 Green (1982b, pp. 770–771) 

Table 19·Green 6·4 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: self 
F 2 Written response 
G 2 Small number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
I  1 trial 
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Research on comparing proportions has been discussed in Chapter 8 (Proportion-
al Reasoning and Probability), in my Masters thesis,7 and many papers summar-
ised as part of the experimental Handbook Model.8 Similar questions in this chap-
ter are Fischbein 5 and Watson 3. Green’s analysis,9 which was based on the work 
of Young (1974), concluded by saying: 

It is clear that relatively few pupils aged 11–16 years (32%) consistently 
apply any one strategy to all problems, at least as far as their response 
patterns indicates [sic]. By far the commonest single pattern observed is 
for the correct proportional reasoning strategy (20%). This analysis im-
mediately demonstrates the weakness of Young’s ‘models’ (or indeed 
anyone else’s)—most pupils aged 11–16 years simply do not behave in a 
simplistic uni-model fashion. Different strategies are invoked depend-
ing on the circumstances. This point was brought out very clearly in 
individual interviews ….10 

It would seem that much recent research, including my own, has attempted to 
find a pot of gold which Green’s work has suggested is possibly as ephemeral as 
the rainbow path towards it. Only the work of Acredolo et al. (1989) has added a 
new and potentially profitable pathway.  I did not see Green’s thesis until c. 1995 
and did not read it in detail until some years after that. I have never seen Young’s 
work, nor seen it referred to by anyone other than Green. The tendency of re-
searchers not to seek out theses will be mentioned again as a footnote in Chapter 
23. 

In my opinion, the path which many of us have taken has not necessarily been 
futile, but it will in the future need to be much more focused on a carefully 
selected set of questions which had the potential to discriminate strategies and 
changes between strategies. I have suggested some aspects of this in Chapter 18, 
but a much more detailed analysis of the potential situations needs to be done. 

Finally, we may note  Green’s general comment on questions of this type: 

Whether such problems have much to do with probability is debatable, 
but they certainly represent probability on many current syllabuses, and 
do involve an important mathematical concept which one might not 
unreasonably expect to be mastered by the majority after a decade of 
schooling.11  

                                                 
7 J. Truran (1992, pp. 73–76) 
8 J. & K. Truran (1998pmehb) 
9 Green (1982c, pp. 249–256, 329–341) 
10 Green (1982c, pp. 333–334) 
11 Green (1982b, pp. 38–39). Vide etiam footnote in Green 1. 
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GREEN 9: MAKING A GAME FAIR  

 
Mark and Steven play a dice game. 
Mark wins 1 penny if the dice comes up 2 or 3 or 4 or 5 or 6. 
If it comes up 1 Steven wins some money. How much should 

Steven win when he throws a 1 if the game is to be fair?1 

ANSWER  p 

This question forms part of Green’s Probability Concepts Scale. 
 

Green saw the success rate of this “non-standard” question as quite high.2 
 

The meaning of the term “fair” was discussed in Chapter 4, and mentioned in 
several places subsequently. Questions of this sort have not found a secure place 
in classroom practice, but are discussed here in NAEP 21 and Peard 1–3. The  

                                                 
1 Green (1982a, q. 9) 
2 Green (1982c, p. 263) 

Table 19·Green 9·1 
Percentages Stating Different Amounts to Make the Game Fair 
Year 1 2 3 4 5* 6 Other Omit 
7 19 6 5 3 46 8 9 1 
8 17 5 2 2 51 11 8 2 
9 13 4 3 1 62 9 7 2 
10 9 2 1 1 68 11 6 2 
11 9 2 2 1 70 11 4 1 
All 14 4 3 2 58 10 7 2 

Table 19·Green 9·2 
Analysis of Question 
A 3 Die 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 2 Small number of elem. events 
H 3 6 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
ζ  Fair allocation of payout 
I  1 trial 
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results show that many children do understand the concept of “fairness” which is 
based on  mathematical expectation, and suggest that this is a fruitful way of 
approaching probabilistic understanding. In particular, the popularity of a pay-
out of one penny suggests a form of the “equiprobability bias” which warrants 
further attention. 

However, it was pointed out in Chapter 16 that using “fair” as a synonym for 
“symmetric” seems to have been made normative in the National Curriculum 
documents.3 These results suggest that the approach of the National Curriculum 
documents is unnecessarily restrictive, and provide an excellent example of how 
debasement can occur when decisions are made on a narrow understanding of a 
topic. 

 

                                                 
3 AEC (1994b, p. 123) 
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GREEN 17: NON-CONTIGUOUS SPINNERS  

 
Two six-sided spinners are marked with ‘1’s and ‘2’s, as in the 
diagrams:*  

Yellow Red
1 2

121
2 1 1

122
2

 

Which spinner gives you a better chance of landing on a ‘2’ when 
it spins or do they give the same chance? 

 (A) Yellow is better for getting a 2 _________  

 (B) Red is better for getting a 2 ___________  

 (C) Both spinners give the same chance ____  

 (D) Don’t know ________________________  

Why?1................................................................................ 

 

This question, which Green had thought would be trivial, revealed many wrong 
answers and some preference for the contiguous2 spinner among Years 7–9.3 
Similar questions with other forms of spinners are discussed in Green 3 and 19. 

                                                 
*  In the original diagrams, as here, the sectors were definitely  not equal. 
1 Green (1982a, q. 17) 

Table 19∙Green 17∙1 

Percentages for Comparing 

Contiguous and Non-

contiguous Spinners 

 A B C* D 
Year 7 17 29 49 4 
Year 8 22 26 49 3 
Year 9 20 26 53 1 
Year 10 26 22 50 1 
Year 11 21 18 59 2 
All 21 25 52 3 
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Green’s comment on this analysis is minimal. The following table analyses the 
second part of this question which asks for the respondent’s reasons. 
 

Green does not report any difficulties with the asymmetric sectors in his draw-
ings, but it would have been much better to have used spinners which were 
regular hexagons. 

About 40% of subjects took contiguity into account when making their decision. 
Roughly half seemed to think that contiguity increased probability, and roughly 
half that it did the opposite. These results need to be compared with those from 
Green 3 and 19, where different types of spinners were used. The quite different 
responses make it clear that, as for “comparison of proportions” questions, child-
ren tend not to use single heuristics. Such questions offer fruitful suggestions for 
future research, but they seem rarely to have been taken up. 

                                                                                                                                                   
2 Vide ch. 18 for the distinction between contiguous and non-contiguous spinners. 
3 Green (1982c, p. 271) 

Table 19·Green 17·2 
Percentages of Reasons Used to Compare Contiguous and Non-contiguous Spinners 
Year Area  Counting Contiguity Idea Ratio  Probability Other Omit 
   Equal Cont’y 

Better 
Cont’y 
Worse 

    

7 1 35 1 21 14 0 0 17 10 
8 3 34 2 21 18 0 1 16 7 
9 3 35 3 21 17 1 2 12 6 
10 4 31 3 19 22 1 1 8 11 
11 5 38 3 14 19 1 4 7 8 
All 3 35 2 20 18 1 1 12 8 

Table 19·Green 17·3 
Analysis of Question 
A 7 Non-contiguous spinner 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 1 2 events 
I 2 Slightly asymmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
I  1 trial 
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GREEN 18: URNS WITHOUT REPLACEMENT  

 
4 red marbles, 4 blue marble and 2 green marbles are put into a 
bag which is then shaken. Three marbles are picked out—2 red 
and 1 blue. Then one more marble is picked out. Which colour is it 
most likely to be? 

(A) Red has the best chance _____________  

(B) Blue has the best chance _____________  

(C) Green has the best chance ___________  

(D) All colours have the same chance_______  

(E) Don’t know  ____________________  

Why?1 ............................................................................................  

The multiple choice section of this question forms part of Green’s Probability 
Concepts Scale; no comment or analysis is provided on the reasons given. 
 

Green wrote: 

This question attempted to test the idea of conditional probability. It 
would appear that the ability to handle such a concept improves with 
age (or experience). The relatively high endorsement of (D) may be the 
naïve intuition that all colours are represented so all have (the same) 
chance. (The equating of ‘a chance’ and ‘same chance’ was noted in the 
discussion of question 8).2 

                                                 
1 Green (1982a, q. 18) 
2 Green (1982c, p. 272) 

Table 19∙Green 18∙1 

Percentages for Prediction of Fourth Draw without Re-

placement from Urn 

 A B* C D E omit/error 

Year 7 17 40 12 38 3 0 
Year 8 6 45 9 8 3 0 
Year 9 3 61 5 30 0 1 
Year 10 4 65 3 25 2 1 
Year 11 2 70 3 22 2 1 
All 5 55 7 31 2 0 
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The table above analyses the second part of this question which asks for the 
respondent’s reasons.This question is not dissimilar to questions which  are asked 
in standard middle secondary school course in probability and is also a more 
general example of the situation addressed in Fischbein 1. Green does not indic-
ate how many of his sample have received formal instruction in probability, so it 
is not possible to tell how much the better results from the older groups are due 
to instruction rather than maturation. 

The numbers chosen for this question are not adequately discriminatory because 
it would be possible to choose the correct answer by reasoning incorrectly that 
Blue will be chosen to even up the numbers (i.e., of Blue and Red). The experi-
ment deserves repeating with more suitable numbers, bearing in mind that larger 
numbers may produce a greater information processing load. 

Green’s comment that students may confuse “a chance” with “the same chance” 
raises  a complex language issue. We saw in Chapter 8 that “the both have the 
same chance” caused some difficulties for Watson’s SOLO classification.  Konold 
et al. have seen phrases like “anything could happen” to be synonymous with 
“equally likely”,3 but this is unproven. Such responses seem to be related to the 
“equiprobability bias”, discussed in Chapter 8, which was defined by Lecoutre in 
1992.4 Green’s work could have provided further useful evidence for Lecoutre’s 
study from a moderately complex situation.  

The relevance of these results to any teacher of a standard curriculum is consider-
able, but I am unaware of any textbooks or guides for teachers which draw 
attention to these findings. 

                                                 
3 Konold et al. (1993, p. 405) 
4 Lecoutre (1992) 

Table 19·Green 18·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 2 3–5 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  “Likely” outcome 
VII  Changes in RG from trial to trial 



Green 19  Page 564 

Question Analysis  Chapter 19 

GREEN 19: COMPARISON OF ASYMMETRIC SPINNERS  

 
Two discs, one orange and one brown, are marked with numbers. 
Each disc has a pointer which spins round. If you want to get a 1, 
is one of the discs better than the other, or do they give the same 
chance? 

Brown Orange 

2 1
1

11

2

1

2 2

1

2
2

 

(A) Brown is better for getting a 1 __________  

(B) Orange is better for getting a 1 _________  

(C) Both discs give the same chance _______  

(D) No one can say ____________________  

Why did you choose this answer?1 

.......................................................................................................  

Both the choice and reason form elements of Green’s Probability Concepts Scale. 
 

Table 19∙Green 19∙1 

Percentages for Reasons when Comparing Non-contiguous Spinners 
 Area Counting ‘Equal’ Ratio Contiguity Position or 

Speed 
Other Omit 

Year 7 41 27 7 1 7 1 10 6 

Year 8 51 24 5 0 3 2 8 5 

Year 9 62 15 4 1 5 2 6 6 

Year 10 67 14 4 0 4 1 5 4 
Year 11 69 13 2 2 4 0 3 6 

All 57 19 4 1 5 1 7 5 

                                                 
1 Green (1982a, q. 19) 
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Green’s comment is brief: 

It is surprising that this question displays such a different facility 
pattern to that of questions 17. The naïve counting strategy, which leads 
to (A), evidently diminishes with age, which largely explains the 
increase in facility.2 

The following table analyses the second part of this question which asks for the 
respondent’s reasons. 
 

Similar questions with other forms of spinners are discussed in Green 3 and 17, 
and a comparison of results is profitable. It is clear that the arguments based on 
both contiguity and counting are much lower for this question at all age levels. In 
my opinion, this is a function of the complexity of the spinners, which forces 
respondents to think more carefully about what would be an appropriate heurist-
ic. More work is needed to be sure, but the data in the three questions do suggest 
that respondents are selecting heuristics idiosyncratically here in the same way 
that they do when comparing proportions, as we saw in Green 6. It is possible 
that what seems to be idiosyncratic may be interpretable from within a theory of 
information processing load. 

Our aim as teachers is to help students to learn which heuristics (of which they 
seem to have quite a large supply) are universally effective strategies. These two 
types of problems provide two different situations where it might be possible to 
address the more general question of learners’ critical examination of the heur-
istics which they try. With stochastics this is not easy because counter-examples 
are usually not convincing, but it does seem that this is an area of pedagogy 
which is worth examining more deeply.  

                                                 
2 Green (1982c, p. 272) 

Table 19·Green 19·2 
Analysis of Question 
A 7 Non-contiguous spinner 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 1 2 events 
I 3 Very asymmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
I  1 trial 
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GREEN 23: TOSSING A DRAWING PIN   

 

A packet of 100 drawing pins was emptied out onto a table 
by a teacher. 

Some drawing pins land ‘UP’  and some landed 

’DOWN’ :   . 

The result was UP: 68, DOWN: 32. 

Then the teacher asks a girl to repeat the experiment. 

Choose from the list below the result you think the girl will 
get. ?1 

(A) UP 36    DOWN 64  

(B) UP 63    DOWN 37  

(C) UP 51    DOWN 49  

(D) UP 84    DOWN 16  

(E) All these results have the same chance  

For all Year groups the percentage choosing “B” (which Green considered the 
correct answer) was from 15–20% and the percentage choosing “E” was from 58–
66%. Both answers received higher percentages from the higher Years. All other 
distractors received from 3–9% of responses, and declined in frequency with in-
creasing age. These results are remarkable, so Green interviewed some of the 
children , chosen to be representative of the full range of age and intellectual abil-
ity:2 

Of 38 pupils … ten (26%) answered correctly, six (16%) with good 
reason. However, further investigation showed that six pupils out of the 
17 who answered “all the same” actually thought extreme tosses less 
likely to occur. Of 32 asked if the result the teacher obtained could help 
to decide which to select ten (31%) answered affirmatively. It can be 
concluded that about 16% of pupils have an elementary understanding 
of the sampling concept involved here, and approximately a further 
16% have a fuller understanding.3 

                                                 
1 Green (1982a, q. 23). The pictures were better than here, but not much better. 
2 Green (1983a, p. 549) 
3 Green (1982c, pp. 286–287) 
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There are three reasons for including this question in this chapter. The first is that 
it has produced somewhat unexpected results, not least that it is one of the few 
questions in the test which shows little improvement with age. Whether it would 
have produced similar results if “D” had been, say, (95, 5) is another matter. 

The second is that interviews with the children clarified their understandings in 
many cases but did not change the general picture, only the percentages. But 
what it did do was to show the extent of the belief that the first set of data were 
not seen as relevant to the problem, which may be a partial explanation for the 
popularity of “E”. 

The third is that this question is not very clear. Words like “Which do you think 
the girl will get?” are too vague. “Which of the following do you think is most 
likely?” is more precise. Even so, Green did conduct four pilot tests of this quest-
ion.4 But all had the same form: his interest was in choosing the most discriminat-
ory set of distractors, and the form may well have evolved from his first pilot 
question which presented the box of drawing pins and simply asked, “How many 
‘up’ and how many ‘down’ would you expect out of the hundred?’5 More 
attention to the question as well was also needed. 

In my opinion, a suitable question to address asymmetric solids and the value of 
experimental results has not yet been developed, even though the topic is 
fundamental to all basic courses and the particular concrete example of a drawing 
pin is ubiquitous. Green’s frank description of his trials makes it clear that this is 
not for want of trying on his part: it just shows how hard it is to construct really 
good discriminatory questions. 

                                                 
4 Green (1983a) 
5 Green (1983c, p. 543) 

Table 19·Green 23·1 
Analysis of Question 
A 10 Asymmetric solid 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 3 Multiple choice 
G 1 2 elementary events 
H 1 2 events 
I 3 Asymmetric 
J 1 Structure known 
K 1 No reward 
β  Selection of outcome 
III  Previous results 
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GREEN 25: INFERENCE FROM A SAMPLE  

 

A bag has in it some white balls and some black balls. A 
boy picks out a ball, notes its colour, and puts it back. He 
then shakes the bag. He does this four times. He picks a 
black ball every time. 
He then picks out one more ball. What colour do you think 
he is likely to get? 

Tick the correct sentence:1 

(A) Black is more likely again _____________  

(B) Black and white are equally likely _______  

(C) White is more likely this time___________  

 

Green commented: 

With this item it would be interesting to know whether emphasising 
that the numbers of white and black balls is unknown would influence 
their response. Certainly many pupils individually interviewed chose to 
ignore this and proceeded by assuming equality of numbers. The con-
clusions to be drawn from this item are therefore speculative. Of 36 in-
terviewed just six (17%) gave the correct answer, only three of which 
(8%) had a reason to offer. However a further nine (25%) changed their 
initial incorrect answer to the correct one when further prompted to 
consider the fact that getting four successive black balls helped to decide 
the proportions (and what was therefore more likely next) 11 said “Yes” 
and acted on it (37%) a further 7 said “Yes” but ignored (23%) and 12 
said “No” (40%). 

This suggests that about 25% of pupils have an uncertain knowledge of 
sampling inference and a further 35% a fuller understanding.2 

                                                 
1 Green (1982a, q. 25)  

Table 19∙Green 25∙1 
Percentages of Inferences after a Run from 

an Unknown Random Generator 

 A* B C 
Year 7 13 63 24 
Year 8 13 68 17 
Year 9 13 73 13 
Year 10 18 68 12 
Year 11 25 63 10 
All 16 67 16 
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There are several reasons for including this question in this chapter. 

The first is that this is a Bayesian problem, which might be deduced from classi-
fications G and J, but the Table does not indicate that the problem emphasises 
inference more than probability, though probabilistic ideas are certainly relevant.*  

The second is Green’s observation that his conclusions must be “purely spec-
ulative”. How welcome it is, in this difficult research field, to see a willingness to 
concede that many of our findings are provisional.  

The third is to give an example of a question not included in Green’s Probability 
Concepts Scale. The question is creative, and has successfully identified an inter-
esting misconception, but the misconception is so common that the question has 
little discriminatory power. This of course, does not mean that the question is not 
of value for a teacher whose concern is more with diagnosis rather than discrim-
ination.  

Discussion of Green’s Questions  

My personal admiration both for Green’s work and for Green as a person will 
have come through the preceding discussions. His test as a whole was discussed 
in Chapter 8 and his Probability Concepts Scale will be discussed in Chapter 20. 

Several aspects of his work do not come out clearly from the questions presented 
here, not least the thoroughness of his work. His extensive piloting of his 
questions was mentioned briefly in this section, and his willingness to conduct 

                                                                                                                                                   
2 Green (1982c, p. 289) 
*  Vide ch. 13 for further discussion on this matter. 

Table 19·Green 25·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 3 Multiple choice 
G  Unknown n’r of elem. events 
H 1 2 Events 
I 1 Symmetric 
J 2 Structure unknown 
K 1 No Reward 
δ  Statement of likely  outcome 
III  Previous results 
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retests on modified versions of his questions was mentioned in Green 23. But he 
also conducted systematic analyses of the validity, reliability and readability of 
his questions, and linked his work to other tests: the CSMS tests of mathematical 
understanding3 and a test of general reasoning ability. His work was not only 
closely related to school practice, but also based on the theory available at the 
time, and founded on a thoughtful examination of the historical growth of the 
concept of probability. He has continued to work on related research ever since, 
even though administrivia has crept further and further upon him.  

Finally, what it is easy to forget now is that when he did his work, research in the 
field was still young. Some of his comments express the genuine surprise of the 
true explorer, which is why I have quoted some of them here. By today’s 
standards some are simplistic, but when they are viewed in their time they can be 
seen as an enthusiastic, scientifically controlled, seeking after truth. 

How much influence has Green’s work had? On teachers, not very much. This 
will be discussed with respect to many researchers in Part E. Our concern here is 
with probability research and assessment practice. 

Although he published widely in teachers’ journals, and gave regular present-
ations at local and international conferences, his full work is not widely known. 
His willingness to distribute a cheap, simple summary of his work4 to those inter-
ested may have meant that his work has been seen as basically a “number crunch-
ing” thesis, a conclusion which could not be drawn from his articles in teachers’ 
journals, or from his comments in the thesis itself. 

A few questions from Green’s test have been used for other studies,5 but it is rare 
to find questions used which have been deliberately modified as a result of his 
findings. Watson 1 provides one such example, but the modification was so sim-
plistic that much of the value of Green’s findings was lost. Of course, this is true 
for the works of other researchers as well, and will be addressed further in 
Chapter 20. Watson 2, however, used the same question as Green 2, and found 
similar results, but neither author was able to draw implications about the assess-
ment value of the question, though they could see implications for pedagogy. 

Equally, it is uncommon to see the results of borrowed or similar  questions being 
directly compared with Green’s results. Konold 1 is very similar to Green 5, and 
                                                 
3 Hart (1980) 
4 Green (1982a) 
5 E.g., K . Truran (in prep.), discussed in Green 4 
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Konold notes that, unlike his respondents, Green’s offer a positive recency heur-
istic about as frequently as a negative one, but he offers no suggestions about 
why this might be so, in spite of his very long theoretical analysis of his own 
results. Similarly, he also notes that both he and Green have obtained results 
which suggest that the Gambler’s Fallacy is relatively rare after adolescence, but 
makes no comment on the implied contrast between these experimental results 
and what is believed to be common practice in real life.6 Similarly, although 
Watson 3 does incorporate the findings of Green 6 into the SOLO Taxonomy, this 
is done without close analysis of the differences between the two pieces of work, 
or Green’s own hesitation about the generalisability of his findings. 

Finally, the discussion on tossing a die in Chapter 8 makes it clear that even the 
best known of his work has had little influence, although there has equally been 
little direct criticism of his work. The only ones I know of are those of Borovcnik 
& Bentz and Williams mentioned in Green 1, and a carefully reasoned criticism of 
his “raindrop” tasks* in Toohey’s thesis.7 But all of these critics have still found 
room for praise. Borovcnik & Bentz have seen Green’s work as marking a signific-
ant step forward in probability research.8 Williams has stated that Green had 
shown that ability was “the major factor effecting [sic] probabilistic thinking”9 
and Toohey observed that “[d]espite the underlying flaw in Green’s counters 
task, the results indicate some interesting perspectives of randomness held by 
children”.10  

In my opinion, probability research would have moved further forward if more 
of us had engaged more deeply with Green’s work, criticised it more heavily, and 
developed better investigative techniques as a result.

                                                 
6 E.g., Kahneman & Tversky (1972), pp. 34–35 
*  These started from the situation developed by Piaget & Inhelder (1951/1975, pp. 49–56) of a 

four by four grid being marked on the ground and the locations of the first sixteen drops of 
rain to fall being marked on the grid. One of Green’s versions involved modelling random 
dropping using an urn with counters numbered from 1 to 16.  

7 Toohey (1995, pp. 36–44) 
8 Bentz & Borovcnik (1985, p. 273) 
9 Amir & Williams (1994, p. 30) 
10 Toohey (1995, p. 44) 
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KEMPSTER 2: DRAWING FROM AN URN  

 
A bag contains four different shaped blocks. (The shapes are 
circle, square, rectangle and triangle.) 

 

Jim picks out a triangle, but does not put it back. If Tom now picks 
out a piece, what possible shapes could he choose?1 

Answer   

 

 

                                                 
1 Kempster (1982, p. 42) 

Table 19·Kempster 2·1 
Percentage of Correct Answers for Outcomes after 
Removing One Item from Urn 
Year Number in 

Class 
Number 
Correct 

Percentage 
Correct 

5 25 19 76 
6 24 23 96 
5/6 (Remedial) 17 16 94 

Table 19·Kempster 2·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written response 
G 2 Small number of elem. events 
H 2 3–5 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ι  Listing of outcomes 
VII  Changes in RG from trial to trial 
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A symmetrical structure is implied by this question, but with such different 
shapes in the bag it may not have been seen in this way by the children. However, 
this does not affect the question asked here. 

While this is a very simple question, it highlights the importance of being quite 
sure that children are perceiving a probabilistic situation in the way that we do. 
Kempster has shown that, for a small percentage of upper primary school stud-
ents, this assumption cannot be sustained. 

It would have been good to have had more information about the incorrect 
responses, which may well have arisen from reading errors. It is a well known 
problem of scientific work that researchers tend only to report what they see to be 
of special interest at the time. Kempster’s work had a strong pedagogic focus, and 
seems to have been built on his own teaching experiences. As we shall see, his 
work has wider ramifications than, presumably, he imagined at the time. 

The question also provides an interesting contrast with the parallel question for 
spinners, Kempster 3. 
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KEMPSTER 3: CONTIGUOUS SPINNERS  

 
When I spun the spinner last I got a 2. If I spin it again what 
results are possible?1 

5

3

4

218

7
6

 

Answer   

 

In Kempster’s view: 

The answers to this question indicated that children felt that if one had 
obtained the 2 first time it would be unlikely to turn up again; the two 
spins were not seen as separate events. The question possibly is a little 
unfair at this stage.2 

 

                                                 
1 Kempster (1982, p. 42) 
2 Kempster (1982, p. 42) 

Table 19·Kempster 3·1 
Percentage of Correct Answers for Outcomes after One Spin 
of a Spinner 
Year Number in 

Class 
Number 
Correct 

Percentage 
Correct 

5 25 3 12 
6 24 6 25 
5/6 (Remedial) 17 (†) 5  29 
†  Incorrectly written 24 in text 

Table 19·Kempster 3·2 
Analysis of Question 
A 6 Contiguous spinner 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 3 Operator: other, present 
F 2 Written response 
G 2 Small number of elem. events 
H 4 >6 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ι  Listing of outcomes 
III  Previous results 
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This question forms an interesting parallel with Kempster 2. These questions have 
such different facilities there is a prima facie case for arguing that they have 
isolated genuine differences in understanding, particularly since both questions 
are presented in such simple ways. In my view, the question is not unfair, but 
suggests an important area for research which has so far received little attention.  
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KEMPSTER 11: ASYMMETRIC SPINNERS  

 
A spinner is coloured red and green as shown. 
 

red
green

red

 
 
If the pointer was spun 20 times how many of these times would you expect 
the pointer to be in the red section?1 

Answer   

 

 

This question has the merit of using a markedly asymmetric, but simple spinner. 
However, like many other questions of the β/II form, it is not a good question 
because it implies that there is an exact answer. 

                                                 
1 Kempster (1982, p. 45) 

Table 19·Kempster 11·1 
Prediction of Outcomes of an Asymmetric Spinner 
Year Number in 

Class 
Number 
Correct 

%  Correct 

5 25 15 60 
6 24 12 50 
5/6 (Remedial) 17 13 76 

Table 19·Kempster 11·2 
Analysis of Question 
A 6 Contiguous spinner 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 1 2 elementary events 
H 1 2 events 
I 3 Very asymmetric 
J 1 Structure known 
K 1 No reward 
β  Prediction of a set of outcomes 
II  >1 trial 
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How is it that such mathematically incorrect questions are included in work 
which is carefully and thoughtfully prepared? In this case, theoretical probabil-
ities seem to have excluded applied realities. I cannot answer for Kempster, of 
course. But I am conscious that much of my Masters thesis was predicated on a 
question which asked for a prediction of an outcome in circumstances where 
prediction was impossible. Because my supervisors and I were new to the field, 
all we could do was to use our joint experience and wisdom to design a protocol 
which seemed sensible at the time. This may be forgivable for early work in a  
field (pre-1980 in my case, as for Green and Kempster and perhaps Fischbein & 
Gazit), and it is a clear indication that designing good, mathematically correct 
questions is much harder than might be presumed.  

Kempster does not provide enough information for us to evaluate the incorrect 
answers, but this question is another example of a situation where the “weaker” 
students did better than their more “capable” contemporaries.* While his evid-
ence is certainly not conclusive, it is valuable in raising an often unappreciated 
facet of probability learning. 

                                                 
*  Vide etiam Examiners’ Comments in ch. 14. K. Truran (pers. comm.) found when teaching 

Year 11 probability at a traditional High School in c. 1987 that the best work was done by 
those students who academically were usually in either the top or the bottom10% of the 
class. 
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KEMPSTER 12: TOSSING A DIE  

 
When rolling a die do you think that some numbers are harder to 
get than others?1  
If you think so, put a tick in the frame after yes. 
If you think no, put a tick in the frame after no. 

(a)  Yes      No      

(b)  If you said yes, what number is hardest to get? 

Answer   

What number is easiest to get? 

Answer   

This question was included in both the pre-test and the post-test. 
 

 

In the pretest, of those who believed that some numbers were harder, 89% 
thought that 6 was hardest and 47% that 1 was easiest. Kempster divided the 
composite class by year and argued that altogether 76% of the Year 5s believed 
that some numbers were harder, whereas only 36% of the Year 6s believed this, 
and he posited a developmental difference. 

In the post-test, which occurred after the children had had some experience with 
dice, of those who believed that some numbers were harder, 53% thought that 6 
was hardest, 24% thought 3, and 18% thought 5.* We have seen in Chapter 8 that 
the issue is quite complicated, so Kempster was probably premature in claiming 
that his results confirmed those of Wilkinson & Nelson,2 viz., that mere 
experience was unable to overcome children’s prejudices. He also suggested, but 
                                                 
1 Kempster (1982, pp. 46, 59–60) 
*  Kempster does not mention the remaining child (3%). 
2 Wilkinson & Nelson (1966) 

Table 19·Kempster 12·1 
Beliefs about Hardest Numbers on a Die 
 Pretest Post-Test 
Year Number in 

Class 
Number 

Saying That 
Some Are 

Harder 

%  Number in 
Class 

Number 
Saying That 
Some Are 

Harder 

% 

5 25 19 76 21 14 67 
6 24 7 29 24 16 67 
5/6 (Remedial) 17 12 71 - - - 
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without any experimental evidence, that asking the children to graph their data 
might have been helpful in encouraging them to change their views. 
 

This is a variation on the die question discussed in Chapter 8 and is a well-framed 
question, but surprisingly does not ask those children who think that some 
numbers are harder why they believe this. Kempster saw the question as the 
same as one asked by Pedler in WA3 who obtained the following results from the 
question “Are some numbers harder to get than others with a die?”. 
 

Of the children in this sample who thought that some numbers were harder to 
get, 83% nominated “6”. For the question “Which number is easiest to get?” 57% 
of those who thought that some numbers were harder to get chose “1” as the 
easiest.4 Pedler’s results, which included very young children, is very rarely cited 
into the research literature. While both Kempster and Pedler are using very small 
samples their approaches are sufficiently different from, for example, Green 4 to 
warrant more thorough replication, but the free-market approach used in 
Western research has not led to this being done.   

                                                 
3 Pedler (1977a, 1997b) 
4 Kempster (1982, p. 46) 

Table 19·Kempster 12·2 
Analysis of Question 
A 3 Die 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 3 6 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  “Likely” outcome 
I  1 trial 

Table 19∙Kempster 12∙3 
Summary of Pedler’s Results 
of Die Question 

Year Yes No Total 
1 31 1 32 
3 22 5 27 
5 30 2 32 
7 18 14 32 
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KEMPSTER 18: CUMULATIVE RESULTS FROM TOSSING A 
DIE  

 
In an experiment rolling a die the results when collected from the 
whole class were:— 

 

What do you think these results mean?    
  

If the experiment was done again what do you think might 
happen?1    
  

This question formed part of the post-test, and used real data obtained during the 
teaching experiment. Kempster felt that both questions were too vague, and that 
the second was rather a leading one. Nevertheless, he presented some valuable 
information, based on deciding whether the children thought that the results 
were “significant” or not.  
 

The students who thought that the results were not significant tended to use 
words like “luck” and “chance” to explain their position. Of the Year 5 students 
who thought that the data did reveal something significant most considered that 
it showed that 4 and 6 were easiest to get. Seven of the fourteen Year 6 students  

                                                 
1 Kempster (1982, pp. 61–63) 

Number 
on die 

Number of 
times thrown 

1 57 
2 57 
3 46 
4 64 
5 47 
6 65 

Table 19·Kempster 18·1 
Percentages Considering Results from Tossing 
a Die to be “Significant” 
Year Number in 

Class 
Number 

Considering 
Result 

Significant 

Percentage  

5 21 13 62 
6 25 11 44 
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who saw nothing significant in the results had already declared in their answer to 
the first question in the post-test (Kempster 12) that some numbers were easier or 
harder to get than others. This Kempster sees as an example of children’s 
contradictory understandings at this age. 
 

No classification is available for the type of question, because this question is 
about a set of outcomes, rather than a sequence, 

I would disagree that the questions are excessively vague, though it would be 
easier to assess children’s understanding in a clinical interview situation. The 
thinking underlying acceptance of variation is complex, and is not readily articul-
ated in a written situation by most naïve students. 

What Kempster has done of special value here is to relate students’ views in one 
situation with those in another. This is a methodological approach which has not 
been employed by most researchers, and it may provide a clue about how to deal 
with the complexity of the issues involved. So this question provides a very 
valuable warning to any researchers or teachers who would draw too much 
inference from any individual response. 

Finally, Kempster has also provided a little information about children’s under-
standing of variation, which, as noted in Chapter 8, has been seriously under-
examined. This provides some agreement with my own findings that students are 
often not logically consistent in their judgements about the implications of variat-
ion within statistical data.2 Perhaps it is what Kempster has seen as vagueness 
which has made this question a valuable one.

                                                 
2 J. Truran (1994icovar) 

Table 19·Kempster 18·2 
Analysis of Question 
A 3 Die 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 2 Written response 
G 2 Small number of elem. events 
H 3 6 Events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
   
II  >1 trial 
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KEMPSTER 22: TOSSING A COIN  

 
If a coin is tossed a head or a tail can be obtained. The probability 
of obtaining a head is said to be 1

2 . Have a look at the five 
statements below and put a tick (√) next to the two statements 
which in your opinion, best show what is meant by the statement 
“the probability is 12  “. 

(i) If a coin is tossed a large number of times about half 
should be heads. 

(ii) If a coin is tossed 10 times 5 should be heads. 
(iii) If a coin is tossed 10 times about 5 should be 

heads. 
(iv) If a coin is tossed 1 000 times 500 will be heads. 
(v) If a coin is tossed 1 000 times about 500 will be 

heads.1 

In the class work which had preceded this post-test question the term “probab-

ility of 
1
2  ” had been included, at least for the Year 6 group. 

Kempster considered that a child who chose (i) and (v) had a good idea of the 
meaning, while answers of (i) and (iii), (iii) and (v), or (i), (iii) and (v) indicated 
some idea of the meaning, while answers of (ii) and (iv)* indicated no idea. His 
results are not clearly summarised, but about 25% of children from both Years 
were classified as having no idea, and about 10% as having a good idea, with no 
obvious differences between the Year groups. 

A similar question was given to third year student teachers at the Armidale Col-
lege of Advanced Education, but with option (i) omitted and “should” replaced 
by “will”, and a wording which neither required nor discouraged the selection of 
more than one statement. Of the 144 students, 63 did not choose option (v). Of 
these, 50 chose option (iii). This suggests that many students did not see results 
from a large sequence of trials as more informative than results from a small 
sequence. 
 

                                                 
1 Kempster (1982, p. 66) 
*  Incorrectly stated as (ii) and (v) 
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This question represents an imaginative approach to assessing understanding of 
an important technical term and is substantially better than NAEP 1 which is 
looking at a similar situation. By asking for a selection of two statements out of 
five it goes a little way towards elucidating students’ thinking in a multiple-
choice format, and so has some potential for large-scale testing. We shall see a 
more sophisticated use of a similar approach in Tobin 1 and 2. 

 

Table 19·Kempster 22·1 
Analysis of Question 
A 2 Coin 
B 1 Own culture 
C  Unknown 
D 1 Previous theoretical experience 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 3 6 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
II  >1 trial 
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KEMPSTER 31: MEASURING THE IMPOSSIBLE  

 
What is the probability that you could, in a single leap, jump right 
over this college?1 

(a) 1 (b) 0 (c) fifty-fifty (d) 2 

This question was given to 144 student teachers. Of the 16 incorrect answers, 15 
were (c), which Kempster believes was chosen because “they regarded being able 
or unable to jump over the college in a single bound as two outcomes”.2  
 

It can be seen that the classification is having difficulties in describing this 
question because there is not really an RG involved in the question. Scholz and 
Waller have pointed out that almost all research into probability learning has 
dealt with situations where the RG is obvious, and they have suggested that this 
means that subjective understanding of probability is thereby inadequately 
examined.3 This situation is not quite the same as Scholz & Waller’s, who are 
more concerned with complex real-life situations. 

But the question not only provides another example of the way in which Kemp-
ster’s neglected test has tried to examine a lot of different aspects of probability in 
ways overlooked by other researchers. It might be seen as an example of an “How 
Old is the Captain?” type of question, mentioned in Chapter 4, which provokes 
answers which students believe are appropriate to the context established by the 

                                                 
1 Kempster (1982, p. 87) 
2 Kempster (1982, p. 88) 
3 Scholz & Waller (1983, pp. 296–297) 

Table 19·Kempster 31·1 
Analysis of Question 
A 12 Miscellaneous 
B  2 Unusual RG 
C  Not possible 
D  Unknown 
E  2 Operator: self 
F  3 Multiple choice 
G  1 2 elementary events 
H  1 2 events 
I  Structure not applicable 
J  Not applicable 
K  1 No reward 
θ  Technical knowledge 
I  1 trial 
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teacher. It is not an irrelevancy here because it is an extreme example of exactly 
the sort of questions advocated in the National Curriculum documents as suitable 
for dealing with basic probabilistic ideas. I argued in Chapter 16, and still do, that 
such an approach is invalid because it does not involve an RG. Nevertheless, 
Kempster has shown that even in this extreme case, a minority of educated young 
adults still apply Lecoutre’s equiprobability heuristic to the situation. 

We may reasonably assume that none of the students believed that they could 
leap over Horbury Hunt’s fine building in a single bound. We do not know the 
extent to which they were trying to give an answer they thought was expected by 
the lecturer, but it is clear that something has interfered with their giving an 
answer which matches mathematical convention with their own common sense. If 
these young adults have manifested such a discrepancy in such an extreme case, 
then it is likely that younger children will do so too and probably in much less 
extreme cases. So Kempster’s findings have shown that situations like these do 
need to be clarified for children in class. But this does not mean that they should 
be seen as examples of probability: to do so is to trivialise the concept.  
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KERSLAKE 1: OUTCOMES FROM A DIE  

 
When throwing a dice (die), do you think that some numbers are 
easier to get than others? 

[If the answer was yes] Which is the most difficult number to 
get?1 

The results from about 700 replies were: 
 

  

These figures are hard to interpret because the distribution of the four Year 
groups was not given. Kerslake has claimed, without any specific justification, 
that the percentage answering “yes” in Year 6 was less than in the earlier years. 
 

                                                 
1 Kerslake (1974) 

Table 19∙Kerslake 1∙1 
Percentages Believing in Easier 
Numbers on a Die 

 Yes 
(%) 

No 
(%) 

Year 3 68 32 
Year 4 74 26 
Year 5 72 28 
Year 6 59 41 

Table 19∙Kerslake 1∙2 
Percentages Considering a Number on a Die to be Most 
Difficult 

 1 2 3 4 5 6 
Year 3 8 2 14 2 4 70 
Year 4 11 7 7 16 9 50 
Year 5 17 6 9 9 8 51 
Year 6 10 5 12 6 12 55 

Table 19·Kerslake 1·3 
Analysis of Question 
A 3 Die 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F  Response type not known 
G 2 Small number of elem. events 
H 3 6 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  Likely outcome 
I  1 trial 
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This brief article by a researcher who wuld later play a key role in the CSMS 
project2 represents one of the first times that children’s responses to dice were 
reported in a journal specifically for mathematics teachers. This means it is of 
considerable historical importance, in spite of its methodological weaknesses. 

This question was discussed in Chapter 8, where it was argued that the reported 
“improvement” may merely reflect chance variation, and that  Kerslake has pro-
vided no evidence that children were actually using an availability heuristic. The 
gap in the Analysis Table shows one weakness of the question, others like the 
failure to allow specifically for equally likely events are probably a result of the 
limited understanding at that time of the precision required in asking good 
stochastic questions.  

On the other hand, Table 19∙Kerslake 1∙2 presents a quite different picture from 
other researchers of what are seen as “difficult” numbers, so a less than 
satisfactory question has still produced some useful results.  

                                                 
2 Hart (1980); Kerslake (1986) 
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KONOLD 1: GAMBLER’S FALLACY FOR COINS 

 
A fair coin is flipped four times, each time landing with heads up. 
What is the most likely outcome if the coin is flipped a fifth time? 
 

(a)  Another heads is more likely than a tails. 

(b) A tails is more likely than another heads. 

(c)  The outcomes (heads and tails) are equally likely.1 

The respondents were undergraduate students, but from three groups—one 
doing a summer extension course for able students, another doing a remedial 
mathematics course, and a third starting a specialist study of applied statistics. Of 
the group doing a remedial mathematics course, 70% chose correctly, of those 
doing a course in statistical methods 96% chose correctly. Overall 86% chose 
correctly. The Gambler’s fallacy (negative recency) response—a tails is more like-
ly than another heads—was by far the more popular incorrect response.   
 

This question is very similar to Green 5, and the non-integration of the results of  
both experiments is discussed in Green 25. The answers to Konold 1 and 2 formed 
part of the basis for Konold’s discussion of the “Outcome Approach”, described 
in Chapter 8.  
 

                                                 
1 Konold et al.  (1993, pp. 397–398) 

Table 19·Konold 1·1 
Analysis of Question 
A 2 Coin 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G 1 2 elementary events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  “Likely” outcome 
III  Previous results 
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KONOLD 2: SEQUENCES OF COIN TOSSES  

 
Part 1. Which of the following is the most likely result of five 

flips of a fair coin? 

(a) HHHTT 
(b) THHTH 
(c) THTTT 
(d) HTHTH 
(e) All four sequences are equally likely. 

Part 2. Which of the above sequences would be least likely to 
occur?1 

While 72% of respondents correctly answered the first question, only 38% of the 
same respondents did so for the second.†  
 

The question is derived from one used by Kahneman & Tversky2 but it differs 
significantly in structure.• The answers to these questions formed the basis for 
Konold’s definition of the “Outcome Approach” described in Chapter 8. where 
the results have been discussed in detail and they are also discussed in Watson 3. 
                                                 
1 Konold et al.  (1993, pp. 395–401) 
†  To my knowledge the complementary approach of reversing the order of “easiest” and 

“hardest” was not tested. 
2 Kahneman & Tversky (1972, pp. 33–38) 
•  The question by Kahneman & Tversky (1972, p. 34) was 

All families of six children in a city were surveyed. In 72 families the exact order of 
births of boys and girls was GBGBBG. 
What is your estimate of the number of families surveys in which the exact order of 
births was BGBBBB? 

Table 19·Konold 2·1 
Analysis of Question 
A 2 Coin 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G 1 2 elementary events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
η  Sequence of outcomes 
III  Likely outcome 
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NAEP 1: ESTIMATING FREQUENCY OF OUTCOMES FROM A 
SPINNER  

 
 Kim spun a spinner 100 times and made a record of her results. 
 

Which spinner is most likely the one that Kim used? Fill in the 
[diamond] beside the one you chose.*  

◊ 
A

BC

 

◊
 

A

BC
 

◊
 

A
A

B C C

A
A

B  

◊(*)

 

AA
A A

C
B B

 

◊ 
I don’t know

 

There are no results available for this question.  

                                                 
*  NAEP (1979y). The sectors of the fourth distractor are meant to be equal. 

Outcome A B C 
Number of times 55 30 15 
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The principal idea underlying this question is important, and raises issues of the 
relationship between a sample and its population, and of variability in general. 
These issues have been discussed in the Outcome Approach section of Chapter 8.  
However, neither is addressed here with enough precision to produce results of 
value, as Table 19∙NAEP 1∙1 helps to show, because “Type of Question” has to be 
classified in two ways. The “unavailalble” classification is really “examination of 
a set of outcomes”, rather than a “sequence” which is covered by Classification η. 

But the structure of the question is so bad that it cannot be of much practical 
value. The second and third distractors present different RGs with the same prob-
ability distribution. Since there is not a “They are both the same” response pro-
vided, this means that only the first and fourth are possible answers, and sym-
metry considerations rapidly dispose of the first. It is unfortunate that this poorly 
designed question has been released at all: it is a such a poor model for others to 
follow, even though it tries to address important issues. 

Finally, the Table does not show that there are two contiguous spinners with the 
same probability distribution, so this is a weakness in the classification. 

I only have access to official information about this American government-funded 
testing programme. It is difficult to believe that a question like this did not 
receive some criticism, but the lack of poor criticism of poor questions in Aus-
tralia, mentioned in Chapter 16 and elsewhere,  suggests that the same may have 
applied in the USA. In any case, this question is a reminder that we need to know 
a lot more about how poor questions and their results are used in long-term 
studies. 

Table 19·NAEP 1·1 
Analysis of Question 
A 6 Contiguous spinner 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 3 Operator: other, absent 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 1 3–5  events 
I 3 Very asymmetric 
J 1 Structure known 
K 1 No reward 
ε / ?  Comparison of RGs / unavail-

able classification 
II  > 1 Trial 
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NAEP 2: CALCULATING URN PROBABILITIES  

 
At the start of a party game, eight red, six green, four blue and 
two white slips of paper were thoroughly mixed in a bowl. The 
chances that the first slip drawn at random will be a WHITE one 
are given by which of the expressions below:1 

 
2

8 + 6 + 4  

1
8 + 6 + 4 + 1  

1
8 + 6 + 4 + 2  

2
8 + 6 + 4 + 2  

The question was administered to students aged 17 and to adults, with more than 
2000 respondents in each age group. 
 

The only comment offered was that results of 25% might be predicted by chance 
and the author wondered how many guessed. It is not clear how the “No 
response” and “Don’t Know” classifications were arrived at, or why they were 
lumped together. 

                                                 
1 Reys (1978) 

Table 19·NAEP 2·1 
Percentages Choosing Each Option For Drawing From 
An Urn 
 Age 17 

(%) 
Adult 
(%) 

2
8 + 6 + 4  21 17 

1
8 + 6 + 4 + 1  10 10 

1
8 + 6 + 4 + 2  34 25 

2
8 + 6 + 4 + 2  (*)  31 28 

No Response or “I Don’t Know” 5 20 
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At first sight this question looks rather uninteresting, but in fact its results are of 
considerable pedagogical value. All of the distractors received significant num-
bers of responses, and so were effective in demonstrate difficulties students have 
in formulating theoretical probabilities. In practice, questions of this moderate 
level of complexity tend not to be presented in class: it would seem that they 
would be a useful way of assessing whether students are really clear that theoret-
ical probabilities are the ratio of the total number of desired outcomes to the total 
number of possible outcomes. 

The significantly larger number of “Don’t Know” responses from adults is also 
interesting. We might surmise that they felt they knew less about a technical skill 
and chose not to answer. Or it may be that the younger respondents were more 
willing to guess when they did not know. But the pattern of these responses does 
make it quite clear that this is an issue of importance both for test design and for 
pedagogical practice 

A simpler, similar situation is presented in NAEP 23. 

Table 19·NAEP 2·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 1 3–5  events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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NAEP 3: CALCULATING URN PROBABILITIES  

 
There are five black buttons and one red button in a jar. If you pull 
out one button at random, what is the probability that you will get 
the red button?1 

As mentioned in Chapter 17, the NAEP’s reporting is not good, and here I have 
had to reconstruct information from two different authors. Although students 
were encouraged to provide a “Don’t Know” if appropriate, it is not clear how 
this was done, because the shape of the question has not been provided. So in the 
process of disseminating the results by NAEP, so much fine print has been omit-
ted that good interpretations are difficult. The question was given in the first as-
sessment to 2684 students aged 13.2 One researcher saw the question as a “seem-
ingly simple probability exercise”,3  was surprised by the result, but provided no 
other interpretation. 
 

 

                                                 
1 Reys (1978, p. 650) 
2 Carpenter et al.  (1978) 
3 Reys (1978) 
4 Carpenter et al.  (1978) 
5 Reys (1978) 

Table 19·NAEP 3·1 
Percentages Responding To 
Probability Of Drawing Buttons 
From An Urn 
 Age 13 
No Response 2 
Correct 11 
Incorrect 73 
I Don’t Know 14 

Table 19·NAEP 3·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 3 Operator: self 
F 2 Written response 
G 2 Small number of elem. events 
H 1 2  events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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It is claimed that this question posed “presented a realistic problem solving situ-
ation which required the application of some fundamental probability concepts.”6 
Such a claim is difficult to defend. The question uses technical language and pre-
sents a situation which children are highly unlikely to have considered in their 
“real” life. 

This question is related to questions about dice, but with a slightly different 
structure. It would have been very useful to have had information about the 
incorrect answers to see the extent to which they were caused by technical or 
intuition weaknesses. Data from large samples are hard to obtain, how sad it is 
that more information has not been made easily available.  

 

                                                 
6 Reys (1978, p. 650) 
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NAEP 6: PREDICTING SUCCESSFUL OUTCOMES FROM A 
SPINNER  

 
A circular spinner with several different coloured sections was 
presented to each subject who was asked to estimate the number 
of times a particular colour would be likely to appear for 30 spins 
and then 100 spins.1  

The exact details are not available, but the question was administered by 
interview to more than 2000 children aged 9, 13 and 17. 
 

 

The authors argue that these figures show that the subjects had difficulty recog-
nising that the number of attempts does not affect the probability of a particular 
occurrence and that expected value is a poorly developed concept. 
 

It is difficult to follow the authors’ reasoning. It is not clear why a failure to esti-
mate expected number of outcomes should necessarily indicate a failure to under-
stand probabilities. It is not clear the extent to which children’s answers reflected 
their feelings that no one answer was possible; a response which indicated greater 
absolute variability for 100 trials, for example, would be perfectly reasonable, but 
probably not considered correct by NAEP. The authors fall into the trap of 

                                                 
1 Reys (1978)  

Table 19·NAEP 6·1 
Percentages Correctly Estimating Expected Number 
Of Outcomes 
Percentage Correct 
for: 

Age 9 Age 13 Age 
17 

30 Trials 23 35 50 
100 Trials 1 6 18 

Table 19·NAEP 6·2 
Analysis of Question 
A 6/7 Spinner 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 1 Oral response 
G 2 Small number of elem. events 
H 2 3–5  events 
I  Unknown 
J 1 Structure known 
K 1 No reward 
β  Prediction of set of outcomes 
II  >1 trial 
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attempting to make generalisations from a question which is not very precise. At 
the same time the difference between the percentages for the different number of 
trials does suggest that this variable needs further investigation. 

Although I have argued in several places in this chapter about the importance of 
obtaining reasons for answers, the data provided here cry out for more informat-
ion about the responses to the multiple-choice questions which NAEP presum-
ably asked. This was a wasted opportunity.   
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NAEP 21: OPTIMISING PAY-OFFS  

 
For four games you have the following chance of gaining points:1  

Game A: 10 percent chance of gaining 20 points 
Game B: 20 percent chance of gaining 15 points 
Game C: 40 percent chance of gaining 10 points 
Game D: 50 percent chance of gaining 5 points 

In the long run, you would be most likely to gain the GREATEST 
number of points in 

0 Game A 
0 Game B 
0 Game C 
0 Game D 
0 I Don’t Know 

 

The authors could not identify specific computational errors, but presumed that 
some unacceptable responses could be attributed to lack of skills in working with 
percentages. They made no comment on the changes with age. 
 

                                                 
1 Carpenter et al.  (1978, p. 135) 

Table 19·NAEP 21·1 
Percentages Choosing Each Game to 
Optimise Pay-off 
 Age 17 Adult 
Game A 17 16 
Game B 6 9 
Game C * 31 39 
Game D 42 30 
I Don’t Know 4 6 

Table 19·NAEP 21·2 
Analysis of Question 
A  Not stated 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G  Unknown n’r of elem. events 
H 1 2  events 
I 3 Very asymmetric 
J 1 Structure known 
K 2 Hypothetical reward 
ζ  Fair allocation of payout 
VIII  Long term maximisation 
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In claiming that the structure is known, I have assumed that the respondent is 
able to interpret the meaning of the tersely worded question. This would not be a 
valid assumption, even for many adults. 

With this assumption accepted, this is a very interesting question, but the num-
bers chosen seriously diminish its value. We have no idea how the answers were 
calculated. While lack of arithmetic skill is certainly a possible source of error, 
correct application of an incorrect strategy is another possibility, perhaps more 
likely. For example, the high frequency of “Game D” responses may have oc-
curred because the sum of the two given numbers was highest in this case. Or be-
cause either the first or second number was disregarded. The correct answer 
might have been obtained merely by multiplying the two given numbers, but 
without any appreciation of why this was an appropriate strategy. A more 
thoughtful choice of distractors could have provided far more information. 

For other examples of a similar approach, see Green 9 and Peard 1–3.  
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NAEP 23: SELECTING FROM AN URN  

 
In one multiple-choice item, students were asked to select the 
probability of picking a red object from a jar containing 2 red and 
3 blue objects.1  

The precise details of how this question was presented are not available. It is 
given here as a quotation from the article where it was reported to teachers. 

About half of the seventh-grade and two-thirds of the eleventh-grade students 
answered correctly. The response “2/3” was selected by about a fourth of the 
students. 
 

This question is a simplified version of the situation presented in NAEP 2. It is not 
surprising that the response “2/3” was given so frequently: students tend to put 
given numbers together in a simple form if they can see nothing else to do with 
them. Because respondents did much worse with NAEP 2, we can see that a 
simple question like this one is not sufficiently discriminatory to be of much 
value. 

The question is included here, however, because it shows that when two similar 
questions are considered together they can sometimes tell more than each can 
individually. Or at least they would if we had full research details!   

                                                 
1 Brown et al.  (1988, p. 242) 

Table 19·NAEP 23·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F  Unknown 
G 2 Small number of elem. events 
H 1 2  events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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NAEP 26: INDEPENDENCE OF COIN TOSSES  

 
If a fair coin is tossed, the probability that it will land tails up is 
1/2. In four successive tosses the coin lands tails up each time. 
What happens when it is tossed a fifth time?1 

 

 

This question addresses the Gambler’s Fallacy which is also discussed in Fisch-
bein 5, Green 5 and Konold 1. However, the wording of this question specifically 
excludes the reasonable use of an inductive answer. The term “what happens” 
and the distinction between “most likely” and “more likely” are both rather 
vague, and for some inexplicable reason the logical fifth possibility (“It will most 
likely land tails up”) is omitted. Asymmetry of distractors should be avoided 
because it can provide a clue to some respondents about incorrect answers.  

We may note that percentages of correct answers here are much smaller than for 
Green 5, perhaps as a result of the question structure.  

                                                 
1 Brown et al.  (1988, p. 243) 

Table 19·NAEP 26·1 
Percentages For Possibilities After Four Tails In a Row 
  Grade 7 Grade 11 
It will most likely land heads up 24 22 
It is more likely to land heads up than 

tails up. 
14 11 

It is more likely to land tails up than 
head up. 

15 8 

It is equally likely to land tails up or 
heads up. * 

47 56 

Table 19·NAEP 26·2 
Analysis of Question 
A 2 Coin 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 1 2  events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  Likely outcome 
I  Previous results 
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NAEP 98: CALCULATING PROBABILITIES FROM AN URN  

 
2, 3, 4, 4, 5, 6, 8, 8, 9, 10 

Each number shown above was painted on a different ping pong 
ball and the balls were thoroughly mixed up in a bowl. If a ping 
pong ball is picked from the bowl by a blind-folded person, what is 
the probability that the ball will have a 4 on it?1 

 

Very few 9 year olds could answer this technical question correctly. For the older 

groups, responses of  
2
8 (or similar forms) , 2:8 (or similar forms),  

1
8  , 

1
10  , 

2
4  were 

each given by between 1% and 4% of the sample.2  
 

We have met other questions which also ask for “the probability”. Putting aside 
the technical weakness in using this term, such questions are close to standard  

                                                 
1 Carpenter et al. (1981a, p. 343). Carpenter et al. (1981b, p. 101) report what is presumably 

the same question in slightly different words: 
For a party game each number shown above was painted on a different Ping-Pong 
ball and the balls were thoroughly mixed up in a bowl. If a  ball is picked … 

2 Carpenter et al. (1981a, p. 343) 

Table 19·NAEP 98·1 
Percentages Stating Probability Of Drawing a 
Ball from an Urn 
 Age 9 Age 

13 
Age 17 

Percentage Correct 11 32 (*) 50 
Don’t Know † 16 7 
*  NAEP (1979b) states 28%. 
† Data missing 

Table 19·NAEP 98·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: other, absent 
F  Not stated 
G 2 Small number of elem. events 
H 4 >6 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 



NAEP 98  Page 603 

Question Analysis  Chapter 19 

classroom ones. A correct answer to one such question would often be interpreted 
as representing a genuine understanding of probability. But there are many dif-
ferent ways of presenting such a question, and at this stage we do not know the 
answer to any of the following questions: 

• does listing a complete sample space make it easier to allocate probabil-
ities? 

• does distinguishing each element in an urn make it easier to allocate 
probabilities? 

• does the manner of distinguishing each element in an urn (e.g., using 
numbers, names or letters) influence skill in allocating probabilities? 

• are symmetrical objects like spheres seen as easier to draw randomly 
than asymmetrical objects like buttons?  

Because NAEP 98 presents a reasonable mixture of simplicity and complexity and 
is more likely to be answered correctly by older respondents, it seems quite a 
good one to use. But by itself it does not answer any of the abvove questions, so 
that is as much as can be said. 
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PEARD 1: INFLUENCE OF PREVIOUS RESULTS  

Questions in Clinical Interviews  

The limitations of questions requiring specific responses, even if reasons are also 
asked for, has been mentioned several times before. An alternative is to use clinic-
al interviews, which have their own limitations, require special skills, and are 
time-consuming to analyse.1 Nevertheless, their questions can still be classified, 
which is done here using three questions by Peard, partly because they address 
“fairness”, which tends to receive little attention,* and partly because Peard’s 
report preserves the spirit of his interviewing while remaining quite concise. 

Each of the questions is a lead question for a semi-structured interview, and 
Peard’s report illustrates some of the consequential questions which were asked. 
Here Peard 1 and 2 are presented briefly, with analysis but no comment, and all 
three are discussed together after the analysis of Peard 3.  

Analysis   

 
You and I play a game of chance in which a coin is tossed. Heads I win, Tails 
you win. Of the last 15 people who played this game with me 10 lost. Is this a 
fair game? 

This question was followed by similar questions about dice and playing cards, 
questions of the form “why/why not?”, and questions like, “How many tosses 
would you need to conclude that the game was unfair?”2  

 

                                                 
1 J. & K. Truran (1998) 
*  Although Green 9 and NAEP 21 are two other examples. 
2 Peard (1993, p. 471) 

Table 19·Peard 1·1 
Analysis of Question 
A 2 Coins 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: self 
F 1 Oral response 
G 1 2 elementary events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
ζ  Fair allocation of payout 
III  Previous results 
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PEARD 2: FAIRNESS  

 
You and I play a game of chance which involves throwing a single 
die. We each bet $1, winner takes the $1. If the numbers are 1, 2, 
3  I win, if they are 4, 5, 6 you win. Is this a fair game?1  

 Peard 1 and 2 were used to determine whether subjects had some notion of the 
concept of fairness, as preliminary for Peard 3. In Peard’s view 33 out of 40 did 
seem to have this understanding, and also  considered that 10 losses out of 15 was 
a not unreasonable deviation. 
 

I have not seen Peard 1–3 as being “Linguistic Questions of Technical Know-
ledge” about “fairness” because the follow up questions are focused on obtaining 
a calculation. However “θ” would seem to be a reasonable classification as well. 

                                                 
1 Peard (1993, p. 471) 

Table 19·Peard 2·1 
Analysis of Question 
A 3 Die 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: self 
F 1 Oral response 
G 2 Small number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
ζ  Fair allocation of payout 
VIII  Long term maximisation 
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PEARD 3: FAIRNESS  

 
 If we now change the rules so that if they are 1, 2, 3, 4, I win; 5, 6, 
you win. Is this a fair game now?1 

Why or why not? 

Can we change the amounts each player puts in to make 
this game fair? 

The situations were then changed to more complicated 
rules. 

Peard was specifically looking for differences in responses between subjects who 
came from homes where gambling was common, and those from homes where it 
was eschewed. It is impossible to summarise all of his results in a small space, but 
the following will give some idea of what he was able to discover. 

Two subjects from non-gambling families could not deduce any reasonable mean-
ing for “fair” in this context. Altogether 6 of the 40 students could calculate 
fairness on a strict mathematical basis: 5 from the “gambling” group, 1 from the 
“non-gambling” group. There were 13 children who could construct approximate 
fairness using intuitive methods: 10 from the “gambling” group, 3 from the “non-
gambling” group. More than half the sample (21) argued that “fair” meant that 
each player had an equal chance of winning, but could not adjust the payouts to 
ensure fairness: 8 from the gambling group, 13 from the “non-gambling” group. 
The differences between the two groups were statistically significant, and no 
correlation was found between school achievement or gender. 
 

                                                 
1 Peard (1993, p. 471) 

Table 19·Peard 3·1 
Analysis of Question 
A 3 Die 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: self 
F 1 Oral response 
G 2 Small number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 2 Hypothetical reward 
ζ  Fair allocation of payout 
VIII  Long term maximisation 
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The first purpose of these three examples has been to sketch, very briefly, a poss-
ible approach to assessment using clinical interviews, and to show that the types 
of results obtainable are capable of being summarised quantitatively as well as 
qualitatively. 

The second purpose has been to show that questions used in clinical interviews 
are capable of being classified in the same way as written questions, although 
their interactive nature means that the focus of any one question may be wider 
than the classification because for every question posed the interviewer is trying 
to make links with the respondent’s broad field of understanding. 

What clinical interviews are able to do well is to ask more than one question 
within the same structure to see whether the responses are consistent. This, of 
course, is what written questionnaires do when they ask for a multiple-choice 
selection followed by an unstructured reason. Not all interview questions can be 
predicted in advance, but it is usual to prepare a representative collection of poss-
ibilities. So it would be possible to use Table 18∙1 to assess an interview protocol 
as well as a written questionnaire. 
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SOLO 1: SUPER-ITEM ON GUESSING BIRTH-MONTHS  

 
 A teacher tries to guess the season and month when any 

child in her class was born.1 

If the teacher was [sic] to guess the season, she would most 
likely get one correct for every four guesses. 
If the teacher was to guess which month any child was born, 
she would be likely to get one correct for every twelve. 

A: If the teacher used the seasons to make her guesses, how 
many times do you think she would have been correct with 
four children’s birthdays? 

 ANSWER _______________ 

B: The teacher has twelve girls and sixteen boys in her class. 
 She guessed the month in which each girl was born and the 

season in which each boy was born. 
 In how many of her twenty-eight guesses was she likely to 

have been correct? 

 ANSWER: _______________ 

C: If the teacher guessed seven right out of sixteen for the 
seasons and  six right out of twelve for the months, how 
many more correct guesses altogether has she made than 
you would expect? 

 ANSWER:  

D: If the teacher wants to guess correctly an individual child’s 
birthday season and month of birth, what is her likely 
success rate? 

 ANSWER: _______________ 

The answers provided in the assessment instrument are: 

A: 1 
B: 5 
C: 8 
D: 1 in 48 or 1 in 12 if treated as dependent events (and stated as such with a 

rationale).2 

Correctly answering Part A only is taken to indicate unistructural thinking; A and 
B, multi-structural; A–C, relational, and A–D, extended abstract thinking. 

                                                 
1 Collis & Romberg (1992) 
2 Collis & Romberg (1992, p. 23) 
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For this question, Part C is not concerned with probability and part D deals with 
compound events, which are beyond the scope of the structure being used. Parts 
A and B are of similar structure, with part B being more complex, so the analysis 
is for part A only. 
 

It is difficult to believe just how bad this question is. This Australian production 
uses American English because it was tested in the USA,3 and the omission of the 
word “guesses” from the third explanatory sentence makes it liable to misinter-
pretation. There is a lack of cultural awareness, because the concept of seasons is 
much less strong in many parts of Australia than it is in the USA. The question 
deals with a human RG who might be expected to have some information about 
the children, so it would be difficult for them to believe that the teacher’s guesses 
would be truly random. In any case, Part D seems to imply that if the teacher is 
really trying hard, then his or her success rate might be different. The questions 
imply that there is a “correct” answer, even though the answers to Parts A, B and 
D require some indication that they are approximations. To estimate the respond-
ents’ thinking accurately and to allow for consequential errors, the answer to part 
C should be given as “13 - (the answer to part B)”. Finally, the answer given for 
part D suggests that months and seasons could be treated as independent, which 
is completely indefensible. 

The SOLO Taxonomy was discussed in Chapter 8, and the untenable pairing of 
this question with one on statistics was mentioned in Chapter 17. Although Collis 
& Romberg (1992) was meticulously tested it is clear that this is not sufficient to 
create good questions, even from researchers and institutions of the stature of 
Collis, Romberg and the ACER. 

                                                 
3 Collis & Romberg (1992, pp. 61–64) 

Table 19·SOLO 1·1 
Analysis of Question 
A 9 Human 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 2 Written 
G 2 Small number of elem. events 
H 2 3–5 events (Part A) 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
β  Prediction of a set of outcomes 
II  >1 trial 
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TEIGEN 1: SELECTING AN OUTCOME FROM AN URN  

 
[A] box contain[s] 12 tickets, numbered from 1 to 12. The 
numbers [are] written on the blackboard, and the students [are] 
told that as there [is] only one ticket of each kind, all numbers 
[have] an equal chance to be drawn. Still, they [have] to make a 
guess, and write down which number they [think will] turn up.1 

The way in which Teigen did his research makes it difficult to incorporate his 
questions into the structure of this chapter. He had a small group of questions 
which he presented to undergraduate classes from time to time in various orders, 
sometimes offering rewards as well. So here, just two questions are given as 
examples, more for completeness than anything: the results and follow up 
questions have been summarised in Chapter 8. 
 

Another reason for including Teigen’s work in this chapter has been because it 
comes from within the psychological rather than the educational research tradit-
ion. The two fields intersect less often than they might, and Teigen’s research is a 
good example of how a different approach can help to challenge received opin-
ions. For example, he has concluded that: 

[m]ore important than the positive heuristic of representativeness is the 
tendency to avoid unrepresentative numbers, those appearing “non-
random” as well as those considered “atypical” for the set of numbers. 
This tendency manifests itself as an avoidance of extremes, of round 

                                                 
1 Teigen (1983, p. 14). This work has also been discussed in J. Truran (1992, p. 65). 

Table 19·Teigen 1·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: other, present 
F 2 Written response 
G 2 Small number of elem. events 
H 4 >6 events 
I 1 Symmetric (*) 
J 1 Structure known 
K 1 No reward 
γ  Selection of outcome 
I  1 trial 

* In this thesis raffles are usually classed 
as “slightly asymmetric”. The wording  
shows that the subjects were told to 
regard the situation as symmetric. 
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numbers, of especially prominent central values and generally all end 
points and demarcation lines, whether of an external or purely 
subjective nature.2 

While Teigen’s methodology is valuable, particularly for our understanding of 
how children see the tossing of a die, he does report significantly different results 
from repetitions of the same experiment, so his approach needs further study 
before its validity and reliability can be fully assessed. Another problem is that he 
has used two quite different forms of offering rewards so direct comparison 
between his reward situations is not possible. 

                                                 
2 Teigen (1983, p. 25) 
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TEIGEN 2: SELECTING THE LAST BALL DRAWN FROM AN 
URN  

 
[Following from Teigen 1] The same box containing 12 raffle 
tickets all of the same colour was presented to the group. It was 
explained that the tickets were to be removed from the box one by 
one and the members of the group were asked to select which 
number they thought would be drawn out last. 1 

 This question was administered to one large group of undergraduates after 
Teigen 1 and another question in which the raffle tickets formed sets of two dif-
ferent colours, with the promise of a reward for anyone who had all three 
answers correct.2 In this case the distribution of responses was roughly rectang-
ular, which strongly suggests that the students saw the last draw from a group as 
having a different probability distribution from the first draw.  
 

Mathematically, the probability of any particular number being drawn last (or at 
any other rank) is equal to its being drawn first, but  in my experience this is not 
immediately obvious to students. The rectangular distribution of the responses 
differs from the peaked distribution of Teigen 1 and provides some evidence that 
the students’ perception of the situation really is different. 

                                                 
1 Teigen (1983, pp. 15–16) 
2 Vide ch. 8. 

Table 19·Teigen 2·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: other, present 
F 2 Written response 
G 2 Small number of elem. events 
H 4 >6 events 
I 1 Symmetric (*) 
J 1 Structure known 
K 3 Reward 
γ  Selection of outcome 
VII  Changes in RG from trial to trial 

* In this thesis raffles are usually classed 
as “slightly asymmetric”. The wording 
reported in Teigen 1 makes it clear that 
the subjects were told to regard the sit-
uation as symmetric. 
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I have been informed by a Norwegian colleague whose name I have now forgot-
ten that Teigen is “a very funny man”. This may not be a trivial piece of informat-
ion if we are to reconstruct the environment in which these tests were administ-
ered—probably an early lecture in an undergraduate course. The analysis in the 
chapter has assumed good conditions for administering questions: Teigen seems 
to have developed unusual but challenging conditions which are likely to have 
elicited a high level of student commitment. This is, unfortunately, not easy to 
obtain in many testing environments.  
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TIMSS 1: SELECTING THE BEST URN  

 
There is only one red marble in each of these bags.  

Without looking in the bags, you are to pick a marble out of the 
bags. Which bag would give you the greatest chance of picking 
the red marble? 

A.* the bag with 10 marbles C. the bag with 1000 marbles 
B. the bag with 100 marbles D. All bags would give the same chance* 

The question is seen as an example of “Investigating and problem solving” set at 
Level 4 of the TIMSS structure—“Understanding, estimating and measuring 
chance variation”. It is claimed that a correct response provides evidence that a 
child can “[place] events in order from those least to those most likely to happen 
on the basis of numerical and other information about the events”.  

TIMSS reporting mainly compares facilities between different countries and age 
groups. This question was presented to two age groups. For Australia, more than 
half the middle primary and more than 85% of the junior secondary students 
answered it correctly. Such a facility was achieved by only three other countries 
for the middle primary age group—Japan, the Netherlands, and the USA. When 
the results for all Year 7 and Year 8 students from all participating countries were 
compared, the differences between the Years for this question were generally 
small, with Year 8 almost always from 1 to 10% higher than Year 7. In most count-
ries the Year 8 facility was between 70 and 90%. But in a few countries, it was 
under 60%.1 The significance of such outliers is discussed under TIMSS 3. 

                                                 
*  Lokan et al. (1996, p. 61; 1997, p. 71). The layouts of the TIMSS questions reproduced here 

follow these sources, but Beaton et al. (1996) suggests that the possible choices were listed 
one under the other, and not in two columns. 

1 Beaton et al. (1996, p. 80) 

10 marbles 100 marbles 1000 marbles
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The strength of the question is that the diagrams will probably identify students 
who merely focus on the clue word “greatest” and hence choose the largest bag. 
The questions specifically addresses using numerical information to assess a 
probability, and uses the vernacular word “chance” appropriately. This is one ex-
ample of a question where “chance” does not need to be replaced by “probabil-
ity” to make it mathematically precise.  

However, there are also weaknesses. We have already seen in Chapter 16 that a 
failure to distinguish random events from other irregularly occurring events has 
led to some curriculum confusions, and in this question the concept of random 
mixture is not mentioned. The claim that the question is concerned with “chance 
variation” is not tenable. Finally. the use of the superlative “greatest” is a strong 
clue that distractors B and D are inappropriate. 

Some of these weaknesses cannot be overcome without making the structure of 
the question more complicated, and the test designers may have preferred sim-
plicity to greater precision. There are good reasons for this, but the dilemma illus-
trates the importance of a wide range of questions testing the same concept. Fin-
ally, the real problem for a teacher is what the students giving incorrect responses 
were thinking. The fact that TIMSS does not even indicate the relative frequency 
of choices of distractors in a publication deliberately prepared for teachers illus-
trates the poor links between its testing approach and the needs of teachers.  

It is very difficult to see in this question any of the vision of the advocates of the 
international testing movement. even at the mundane level of producing findings 
which pertain to the “improvement of the teaching and learning of mathemat-
ics”.2 We shall meet the same problem for all of the probability questions. 

                                                 
2 Robitaille & Travers (1992, p. 707) 

Table 19·TIMSS 1·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: self 
F 3 Multiple choice 
G 4 Very large n’r of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
I  1 trial 
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TIMSS 2: USING PROBABILITIES FOR CALCULATIONS  

 
A drawer contains 28 pens; some white, some blue, some red 

and some grey. If the probability of selecting a blue pen is 2
7  , 

how many blue pens are there in the drawer?1 

The question is also seen as an example of “Investigating and Problem Solving” 
set at Level 6 of the TIMSS structure—”Understanding, estimating and measuring 
chance variation”. It is claimed that a correct response provides evidence that a 
child can “[estimate] probabilities and proportions based on primary or second-
ary data collection and assigns probabilities for one- and two-stage events by 
reasoning about equally likely events”. 

About 57% of Australian junior secondary students answered the question 
correctly. 
 

Although this question contains the technical word “probability” it is much more 
a question about ratio and proportion than about probability. There are several 
reasons for claiming this. As for TIMSS 1, it is hard to see this question as being 
concerned with “chance variation”. The use of “the probability” implies “the 
theoretical probability”, and so removes all discussion of indeterminacy from the 
question. The wording of the question is such that neither randomness nor 

                                                 
1 Lokan et al. (1996, p. 63) 

A. 4 D. 10 
B. 6 E. 20 
C.* 8  

Table 19·TIMSS 2·1 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: not mentioned 
F 3 Multiple choice 
G 3 Large number of elem. events 
H 2 3–5 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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symmetry need to  be mentioned to make the question mathematically correct. 
There are no distractors like “it is impossible to tell” which might indicate the 
existence of confusions not anticipated by the test designers. One possible 
confusion, already mentioned in Chapter 8, is that some children consider events 
to be equiprobable regardless of their relative frequencies. So in this case it is 
possible that some children might consider that the four colours are equi-prob-
able and consider that there were 7 of each colour. This should have been tested, 
and the principles of good test construction would then have required providing 
another odd number as a distractor. This omission is a clear indication that either 
the question writers were not aware of the research literature, or that they pre-
ferred simplicity of distractors to depth of discrimination. 

The statement of aims quoted at the start of these TIMSS sections makes it clear 
that the questions have been carefully located within a grid, presumably to 
provide some measure of the comprehensiveness of the test, as well as to be able 
to describe the question itself with some precision. But no evidence is provided 
for the claims made about each question, and they may have acquired authority 
beyond their capabilities. For example,  given that this question is about one-stage 
data it is simply impossible for it to satisfy the claim that it is concerned with a 
child’s understanding of two-stage data. TIMSS questions seem to be being 
administered with not very clear understanding of what they assessing, but this 
ignorance is hidden beneath the technical terms of the underlying grid.  
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TIMSS 3: USING PROBABILITIES FOR CALCULATIONS  

 
Each of the six faces of a certain cube is painted either red or 
blue. When the cube is tossed, the probability of the cube landing 

with a red face up is 23 . How many faces are red?1 

Like TIMSS 2 this question is seen as an example of “Investigating and Problem 
Solving”, set at Level 6 of the TIMSS structure—“Understanding, estimating and 
measuring chance variation”. It is claimed that a correct response provides 
evidence that a child can “[estimate] probabilities and proportions based on 
primary or secondary data collection and assigns probabilities for one- and two-
stage events by reasoning about equally likely events”. 

About 54% of Australian junior secondary students answered the question 
correctly. 
 

Essentially this question covers much the same ground as TIMSS 2, but uses a 
different embodiment. Perhaps the aim was to compare two RGs with different 
embodiments: in this case it would have been necessary for the mathematical 
structures to be similar before comparisons could be made. Even so, given the 
small number of probability questions which could be asked in the time available, 
it would have been better to have used two less similar questions.  

                                                 
1 Lokan et al. (1996, p. 63) 

A. one D.* four 
B. two E. five 
C. three  

Table 19·TIMSS 3·1 
Analysis of Question 
A 3 Dice 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: not mentioned 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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 The reporting for this question raises some important points, especially about 
inter-country differences. We are told, for example, that the facility of TIMSS 3 
was much lower than for TIMSS 1, with the majority of countries having a value 
of between 50 and 70% for Year 8, with Year 7 figures between 1 and 15% lower. 
The countries whose Year 8 facilities were less than 25% were Iran, Lithuania, 
Colombia, Kuwait and South Africa. While it is impossible, given the data pre-
sented, to determine why these countries have scored as poorly as this, the exist-
ence of such large discrepancies raises important issues about the experiences 
which are necessary for children to come to an appreciation of chance processes. 
Issues of culture and literacy are obvious possibilities, to say nothing of the status 
of a particular topic in a country’s curriculum. It would be possible to make a 
fairly reliable assessment of the reasons, but such an approach would take time 
and money, and would need to be done by educators with wide experience of 
different countries. But even if this were done, it would be unlikely to be heard by 
those who are most likely to use the results for decision-making—people who 
have been brought up to look at the “bottom line” only.2 Another issue which 
needs more investigation than it has received is the TIMSS claim that the relative-
ly low facilities from all countries were due to the difficulty of integrating the 
knowledge of cubes and probability,3 or whether other factors may have been 
relevant, such as unfamiliarity with seeing painted cubes (as opposed to dice) as 
RGs. 

Advocates of the international testing movement have claimed that  

[i]nternational studies of the teaching and learning of mathematics can 
serve as valuable sources of data and information against which 
educators in a given country can compare and contrast the curriculum,  
the teaching practices, and the outcomes attained by students in their 
own system.4 

Such claims overlook the strength of the influence of cultural differences between 
countries, to say nothing of the cost of even just making the comparisons.   

                                                 
2 I am grateful to Paola Valero, Royal Danish School of Educational Studies, Copenhagen, 

and to Vilma Mesa, University of Georgia, Athens, USA, both Colombians, for their answers 
to my questions about the reasons for the low scores from Colombia. 

3 Beaton et al. (1996, p. 79) 
4 Robitaille & Travers (1992, p. 707) 
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TIMSS 4: DROPPING A STONE ON A TARGET  

 
Sam drops a stone onto each of these targets. The stone has the 
best chance of landing on a shaded space in which target?1 

A. B.* C. D.

 

This question is seen as belonging to the performance category of “Using complex 
procedures”. It is considered that it fits into Level 3 of the TIMSS structure—
”Understanding, estimating and measuring chance variation”—and that a correct 
response provides evidence that a child can “[distinguish] certain from uncertain 
things, [describe] familiar easily understood events as having equal chance of 
happening or being more or less likely”. 

Internationally, about 70% of the middle primary students were able to answer 
this question correctly, but no detailed information was provided. 
 

This is one of the few questions in this chapter which uses an unfamiliar RG. This 
is good, but it does raise some technical problems, not least that of satisfying the 
claim that it involves a “familiar” or “easily understood” situation. It seems to be 
assessing understanding of area rather than probability, and issues of random-

                                                 
1 Lokan et al. (1997, pp. 70–71). The quality of the original diagrams was much better than I 

have been able to produce here. 

Table 19·TIMSS 4·1 
Analysis of Question 
A 9 Human 
B 2 Unusual culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 1 2 events 
I  Structure uncertain 
J 1 Structure known 
K 1 No Reward 
ε  Comparison of RGs 
I  1 trial 
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ness, kinematics and general context will all present difficulties for some. For 
example, I have classified the structure as “uncertain” because it is likely that a 
stone will sometimes fall off a target entirely. Technically this would not logically 
invalidate the question, but many children are likely to be confused by the poss-
ibility. It would have been interesting to have seen and compared how they 
answered a parallel question where the targets had been turned into spinners. 

Although detailed results are not available for this question, it is an example of 
question where Australian students have done better than other countries. In 
particular, one report claimed that Australian students “performed significantly 
above the international average in [probability], which has received emphasis in 
our curricula since the introduction of the national profiles and their state-based 
derivatives”.2 It is not stated by this report, but it is certainly implied, that there is 
a cause and effect situation being demonstrated here. The ACER writers are 
certainly well aware of the inferences which they may legitimately make from 
this data. However, given the over-confident claims about what the questions are 
measuring, less technically trained people like politicians may not. It would be 
easy to conclude from this authoritative source that the teaching of probability in 
Australia had been effective since we were doing better than other countries, on 
average. Such conclusions rest firstly on the validity of the assessment 
instrument, which has been shown in all of these four questions to be less than 
satisfactory. They also rest on the nature and efficiency of classroom practice, 
which is not mentioned at all in the TIMSS documents since it is not relevant to 
their aim. The TIMSS conclusions are oversimplifying the complexity of 
educational practice.    

                                                 
2 Lokan et al. (1997, p. 70) 
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TOBIN 1: SELECTING ONE SEED FROM A MIXTURE  

 
A gardener bought a package containing 3 squash seeds and 3 
bean seeds. If just one seed is selected from the package what 
are the chances that it is a bean seed?1  

a. 1 out of 2 
b. 1 out of 3 
c. 1 out of 4 
d. 1 out of 5 
e. 4 out of 6 

Reasons 

1. Four selections are needed because the three squash 
seeds could have been chosen in a row. 

2. There are six seeds from which one bean seed must 
be chosen. 

3. One bean seed has to be selected from a total of 
three. 

4. One half of the seeds are bean seeds. 
5. In addition to a bean seed, three squash seeds could 

be selected from a total of six. 

Children were expected to circle the answer they regarded as correct and the 
reason listed which came closest to their own thinking. 

This question has been discussed in Chapter 17; the results are not discussed 
further here, because my interest is mainly in the question’s structure. 
 

This question is very interesting, because it requires the child to circle not only an 
answer, but also a reason for the answer. It makes classifying responses easier 

                                                 
1 Tobin (1982) 

Table 19·Tobin 1·1 
Analysis of Question 
A 4 Urn 
B 2 Unusual culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 1 2 events 
I  Status of symmetry unclear 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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than giving children a free choice about their reasons, but has still produced 
results of value. It has been classified as “unusual culture” because of the struct-
ure of the question, not of the RG. 

It is not clear what influence the absence of an answer of “3 out of 6” might have 
had on the children’s responses. 

One weakness in the question is its lack of attention to the child’s perception of 
the symmetry of the situation. Squash seeds are quite different from bean seeds, 
and the question does not use words like “random” to suggest that this difference 
is not of importance. Another weakness is its use of the term “chances” for 
“probability”. 

Although this work was done as long ago as 1982, its powerful methodology has 
not attracted further attention from probability researchers. 
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TOBIN 2: SELECTING ONE SEED FROM A MIXTURE  

 
A gardener bought a package of 21 mixed seeds. The package 
contents listed:1 

3 short red flowers 
4 short yellow flowers 
5 short orange flowers 
4 tall red flowers 
2 tall yellow flowers 
3 tall orange flowers 

If just one seed is planted, what are the chances that the plant that 
grows will have red flowers? 

a. 1 out of 2 
b. 1 out of 3 
c. 1 out of 7 
d. 1 out of 21 
e. other 

Reason 
1. One seed has to be chosen from among those that 

grow red, yellow or orange flowers. 
2. 1/4 of the short and 4/9 of the talls are red. 
3. It does not matter whether a tall or a short is picked. 

One red seed needs to be picked from a total of seven 
red seeds. 

4. One red seed must be selected from a total of 21 red 
seeds. 

5.  Seven of the twenty one seeds will produce red 
flowers. 

 

                                                 
1 Tobin (1982) 

Table 19·Tobin 2·1 
Analysis of Question 
A 4 Urn 
B 2 Unusual culture 
C  Unknown 
D  Unknown 
E 4 Operator: other, absent 
F 3 Multiple choice 
G 2 Small number of elem. events 
H 1 2 events 
I 1 Symmetrical 
J 1 Structure known 
K 1 No reward 
θ  Technical knowledge 
I  1 trial 
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This question is similar to Tobin 1, except that in this case it seems more 
reasonable to assume the symmetry of the seeds, and the effect of not including 
“7 out of 21” as a possible answer is unknown. We have already seen in NAEP 2 
that questions of this complexity produce a wide variety of possible answers, not 
all of which are addressed by Tobin 2. 
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WATSON 1: TOSSING A DIE  

Introduction to Watson’s Questionnaire  

Since c. 1993 Watson and her colleagues have been administering and analysing 
results of administering a twenty-question short-answer questionnaire on statist-
ical understanding to a well selected large sample of Tasmanian school children.1 
Retesting has been employed so the project has a longitudinal component, which 
has been discussed in Chapter 8. Only some of the questions are directly related 
to probability. These are analysed in this Chapter, and their classifications com-
pared in Chapter 20. The questionnaire also contains versions of Fischbein 2 and 
3, but these are not discussed here because Watson has provided rather less 
results from these questions and also because Fischbein 2 deals with a situation 
with a poorly defined RG and Fischbein 3 is a rather more complex question than 
we have chosen to look at in this chapter. 

Analysis 

Consider rolling one six-sided die. Is it easier to throw 

 (1) a one, or 
 (6) a six, or 
 (=) are both a one and a six equally easy to throw?  

 Please explain your answer.2 

Watson’s theoretical framework is the SOLO taxonomy, which has been dis-
cussed in detail in Chapter 8. This question claims to be an original question mod-
elled on Varga (1982) and Green 4,3 but there is no comparison of the results with 
those of either author. 

Only one cycle of UMR responses was identified, suggesting that the question 
was not seen by respondents as particularly complex. It was posed to c. 1000 
children in Years 3, 6 and 9, and answered correctly by 55%, 73% and 87% re-
spectively. But the percentage of reasons given at the Multistructural or Rel-
ational levels was less than the percentage of correct answers for all three Years, 
which suggests that many correct answers were given for inadequate reasons. 

                                                 
1 Watson et al. (1994) 
2 Watson et al. (1997, p. 65) 
3 Watson et al. (1997, p. 65). Varga’s work is in Vol. I, not Vol. II as stated in (1997, p. 81).  
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The level of responses to this question was compared separately with those given 
to Watson 2 and 3, which revealed that much lower level answers were give to 
Watson 1 in both cases. The authors suggested that this was “most likely account-
ed for by a failure of items presented in this format to elicit optimal responses”.4 
This is probably also a failure of the classification system, which required some 
statement of proportionality to be classified a Relational response, even in those 
situations where one is not really called for. This issue is related to that of stud-
ents’ use of non-generalisable strategies which has been discussed in detail in 
Green 6 and Green 3, 17 & 19. The SOLO approach uses observed learning out-
comes, but sometime it is possible to infer thinking levels from other behaviour. 
 

It is easy to see which aspect of Green’s results influenced the construction of this 
question. But the form it took overlooked the small group of children who 
considered more than one number to be hardest to throw, the quite different 
findings of Kerslake 1, as well as Green’s finding in the very paper used as a 
source5 that different responses were possible in changed circumstances and that 
“3” could be a particularly popular number. 

Unfortunately, the question also has two structural weaknesses. The first is its 
confusing grammar (not all leaves formed a grammatical match with the stem), 
and the second is the fact that the word “one” in the first sentence might be seen 
by some students as a clue to the “one” in the first response.* Any or all of these 
weaknesses might account for the failure of the question to elicit optimal 
responses. 

                                                 
4 Watson et al. (1997, p. 74) 
5 Green (1983six), listed in Watson et al. (1997, p. 80) 
*  Or indeed for one of the other options, as Green 1 has suggested. 

Table 19·Watson 1·1 
Analysis of Question 
A 3 Dice 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 1 Operator: not mentioned 
F 3 Multiple choice 
G 2 Small number of Elem. events 
H 3 6 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
δ  “Likely” outcome 
I  1 trial 
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WATSON 2: CHOOSING A NAME FROM A HAT  

 
A mathematics class has 13 boys and 16 girls in it. Each pupil’s 
name is written on a piece of paper. All the names are put in a 
hat. The teacher picks one name without looking. Is it more likely 
that 

(b) the name is a boy, or 
(g) the name is a girl, or 
(=) are both a girl and a boy equally likely? 

Please explain your answer.1 

This question was based on the original version of Green 2, which did not em-
phasise the random mixing of the pieces of paper, and was written with an 
awareness of the objections to Green’s methodology expressed by Borovcnik & 
Bentz (1991), summarised in Green 1.2 The item was correctly answered by 55%, 
58% and 76% of the Year 3, 6 and 9 students respectively. The SOLO levels of 
those who provided reasons (89% of the total) are listed in Table 19∙Watson 2.1. 
 

Unlike Watson 1, the percentages of higher level reasons is much more closely 
matched with the percentages of correct answers at all Year levels. The authors 
see this question as eliciting a “ceiling effect of responses at the M1 level” and 

consider that the “fewer ikonic responses [compared with Watson 1] may reflect 
the contexts of the questions, with [Watson 1] allowing for personal experience to 
influence belief more than [Watson 2]”.3 
 

                                                 
1 Watson et al. (1997, p. 65) 
2 Watson et al. (1997, p. 65) 
3 Watson et al. (1997, p. 69) 

Table 19∙Watson 2∙1 
Percentages of Responses Using 
SOLO Levels 
Level Year 3 Year 6 Year 9 
 n = 232 n = 273 n = 378 
IK 13 4 1 
U1 18 18 9 
M1 69 78 80 
R1 0 <1 10 
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Once again, in my opinion, the low level of relational responses was an artefact of 
the question and the grading system, in which a response like “(g), there are more 
girls”, which comprised over 80% of the M1 responses, was not considered to be 

relational because no probabilities were calculated. There is absolutely no need to 
calculate probabilities in this question. 

We saw in Green 2 that Green was surprised at the high percentage of incorrect 
answers from older students. Although the Watson 2 results are better, they still 
indicate a high percentage of students with weak understanding. Watson et al. do 
not comment on Green’s results, but do observe pace Borovcnik & Bentz’s concern 
about students’ needing more contextual understanding that 

if handled properly, questions like [Watson 2] offer the very opportun-
ity to distinguish among the responses above, and to build understand-
ing in this type of context, one often met in situations reported in the 
media and subjects other than mathematics.4 

The authors go on to draw some useful implications of this conclusion for class-
room practice, as well as to point out the limitations of both written assessment in 
general assessment and multiple-choice assessment in particular.5 Their 
argument provides good explanations for Green’s surprise, and is of real practical 
value.

                                                 
4 Watson et al. (1997, p. 76) 
5 Watson et al. (1997, p. 79) 

Table 19·Watson 2·2 
Analysis of Question 
A 4 Urn 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 4 Operator: present, other 
F 3 Multiple choice 
G 3 Large number of elem. events 
H 1 2 events 
I 2 Slightly asymmetric 
J 1 Structure known 
K 1 No reward 
δ  Likely outcome 
I  1 trial 
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WATSON 3: COMPARISON OF URNS 

 
Box A and Box B are filled with red and blue marbles as follows: 
 

 
Each box is shaken. You want to get a blue marble, but you are only allowed to 

pick out one marble without looking. 
 
Which box should you choose? 

(A) Box A (with 6 red and 4 blue). 
(B)  Box B (with 60 red and 40 blue). 
(=) It doesn’t matter. 

Please explain your answer.1 

Watson reports that Years 3, 6 and 9 respondents gave correct answers 29%, 52% 
and 69% of the time respectively. But this simplicity masks a complex SOLO 
analysis. Watson et al. see the question as requiring a double UMR cycle of 
thought development. The R1 level uses all the information from both boxes as a 
basis for an answer. The R2 level involves using some form of proportional think-

ing. It is, of course, possible to arrive at a correct answer by some incomplete 
form of thinking, particularly for the simple set of numbers presented in this in-
stance. The authors find an increasing use of higher level forms with increasing 
age and hypothesise that 

in the first cycle, the concept of measuring chance is built up, while 
during the second cycle, this construct is consolidated with a ratio con-
cept and applied in more complex situations.2 

However, as with Watson 2, some of the classification criteria seem to be unreas-
onably picky. For example, the response “the chances are the same, it’s 1:10 scale, 
there are still the same amount of chances for either boxes of getting a blue one as 
there are a red one” is classified only as M2, although it does use all the informat-

ion and the concept of proportion. It does not actually use any precise measure-
ment of chance, but then once again there is no logical need for such measure-
ment in this question. 

                                                 
1 Watson et al. (1997, p. 65) 
2 Watson et al. (1997, p. 75) 

Box A  Box B 
   
6 red 
4 blue 

 60 red 
40 blue 
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For this question the authors undertake a detailed comparison with other works 
which have looked at the comparison of proportions3 and set the classifications 
against the SOLO Taxonomy. They then go on to set the findings of Konold 2 into 
their classification as well. Their reason for doing the comparison of the proport-
ion research is not specifically stated, but with respect to the Konold 2 compar-
ison it is stated that “it is possible to see a developmental model for learning 
concepts in probability emerging from these data”,4 and this is probably the 
intention for proportions as well. 

If looking for a developmental model is the intention, then it represents a worth-
while aim, and if it is being achieved, then it provides a partial solution to the 
quest of this chapter—to find reliable and valid ways of assessing a student’s 
level of understanding of probability concepts. It is my opinion that the attempt 
has not succeeded, even for the limited sub-topic of comparison of proportions. 

My principle reason is that, as Way has pointed out, after a similar contemporan-
eous attempt to codify results, “it is obvious from the results that particular ratio 
pairs are likely to prompt particular reasoning strategies”.5 Green has made a 
similar comment, as reported in Green 6. Until we have established which ratio 
pairs are most likely to be good discriminators of thinking patterns, we are not 
ready to try to codify different sets of analyses within a single particular scale. As 
yet, standard methods of research have not identified the most appropriate  

                                                 
3 Noelting (1980a, 1980b); Green (1982b; 1983a; 1991long); Singer & Resnick (1992); Karplus et 

al. (1983) 
4 Watson et al. (1997, p. 78) 
5 Way (1997, p. 574.) 

Table 19·Watson 3·1 
Analysis of Question 
A 4 Urns 
B 1 Own culture 
C  Unknown 
D  Unknown 
E 2 Operator: self 
F 3 Multiple choice 
G 3 Large number of elem. events 
H 1 2 events 
I 1 Symmetric 
J 1 Structure known 
K 1 No reward 
ε  Comparison of RGs 
I  1 trial 
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discriminators, and I am not convinced that a good solution will be found at all.  
It may well be that some other approach, such as Rasch analysis, may be more 
effective in doing so. 

In my opinion, one of the reasons why Watson et al. made what I see as a premat-
ure claim is because they did not examine sufficiently closely the four sets of 
work they claimed to be comparing and their inter-relationships. For example, 
their question pair (6, 4) v. (60, 40) is most similar to Green 6e, (3, 1) v. (6, 2) and 
arguably more difficult than what Green found was his most difficult pair. Yet 
the Year 9 facility for Watson 3 was 69% and for Green 6e was 35%. Both results 
were from large, well selected samples from fairly similar societies, admittedly 
taken some 15 years apart, at a time when Tasmanian children may have become 
more acquainted with probability in the classroom than Green’s had been. 
Whatever the reason, the difference calls for an explanation, and both researchers 
have provided sufficient data to be able to attempt one.  It would, for example 
have been possible to have classified the reasons given in Table 19∙Green 6∙3 and 
compare the proportions of reasons with those from the Tasmanian study. 

My second objection is found within the Tasmanian study itself. When the results 
of retesting had been analysed it was found that individuals took a very large 
number of different developmental paths for this question.6 I argued in Chapter 8 
that this finding made it difficult to accept the SOLO Taxonomy as a devel-
opmental model, though it does not deny its value as a model of logical hier-
archy. It seems to me that SOLO is a good model of logical hierarchy, but its 
value rests on questions and classifications which bring out an individual’s high-
est possible level of cognitive functioning. I have tried to show in Chapter 8 and 
Watson 1–3 why I believe that the classification system does not fulfil this aim. 

                                                 
6 Watson & Moritz (1998, p. 115) 



 

 

 

CHAPTER 20: DEVELOPMENT OF A SOUND 
QUESTION METHODOLOGY  

The UN has been taking a look at maths questions in schools around the world. 
This question comes from an African school certificate exam: “A freedom 
fighter fires a bullet into an enemy group of 12 soldiers and 3 civilians all 
equally exposed to the bullet. Assuming one person is hit by the bullet, find the 
probability that the person hit is (a) a soldier, or (b) a civilian. If he fires two 
bullets consecutively, each killing one enemy, find the probability that the 
enemy killed by the second bullet is a civilian, given that the first bullet killed 
(a) a soldier, (b) a civilian.” 
 
European children, by contrast, are asked to solve problems to do with 
intercontinental ballistic missiles. “If we have 125 ICBMs and the enemy has 
145 … ”1 

The overview in Chapter 17 showed that there are many difficulties developing 
sound assessment of probability, not least because of the complexity of its un-
derlying ideas. And even in the best of worlds, no assessment instrument will be 
perfect or value-free, and different instruments may produce different findings, 
even when using the same forms of words.* But, as we have seen in Chapter 19, 
many assessment instruments do not even manage to present well-defined quest-
ions and/or thoughtful interpretations of the responses received. There must be a 
middle place between our present poor practice and that very high precision 
which we know we can never achieve. 

Finding this middle place is an urgent need. The strong pressures on and from 
governments to measure cognitive outcomes mean that written mass assessment 
is likely to remain common in our society, because it is the only broad-based ass-
essment which is economically feasible. Findings from such testing may lead to 
important outcomes. For example,2 the relative failure of Californian students on 
the 1993 and 1994 NAEP tests led to a “basics” revision of the whole State syllab-
us—a move seen by many Mathematics Educators as educationally retrograde. 

So there is a need for a disciplined way of assessing instruments used for mass 
assessment. As a bonus, this will usually be applicable to more interactive modes 

                                                 
1 New Scientist, 11 July, 1992, p. 64 
*  E.g., Alarcon (1982) found that when probabilistic concepts were examined in discussions 

and then in a written questionnaire, many students changed their responses. 
2 NCTM (2001, pp. 1, 6–7) 
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of assessment and general diagnostic and pedagogic assessment as well. The sys-
tematic analysis undertaken in this Part aims to show how probability assessment 
skills have developed, as well as to describe some ways of developing good tests 
on probabilistic understanding, and, hopefully, also to reduce the misuse of test-
ing regimens. As one curriculum commentator has observed: 

The conundrum … is how to enhance knowledge production for organ-
isational purposes (ie. knowledge production as private good) without 
undermining the notion of research as a process of producing disin-
terested quality knowledge that is fearless in speaking truth to power. 
… [G]ood research produces knowledge and understanding which are 
useable and useful, and which stand up to external scrutiny.3 

THE PURPOSE OF ASSESSMENT  
 

You teach a child to read and he or her will be able to pass a literacy test.4 

In contrast with this limited view on the purpose of assessment, made by one of 
the world’s most powerful people, the dynamic assessment movement looks for 
assessment devices which provide: 

(a)  direct measures of the child’s potential for learning and 
development, 

(b)  information on the processes that lead to the child's success 
or failure on cognitive tasks, and 

(c)  information on what might be done to facilitate the child's 
education and development”5 

These three aims will prove helpful for evaluating the interpretations examined 
in Chapter 19, especially since interpretation has been a particularly weak feature 
of many of these questions. The aims emphasise that assessment is primarily for a 
child’s benefit, not for an administrator’s. Indeed, none of them talks about a 
single, allegedly unambiguous, number which can measure “improvement” in 
the sense which interests governments, although growth and development form 
part of each of them. They see responses as indicators of understanding, rather 
than as understanding itself. After all, even a sphygmomanometer reading is seen 
by a doctor only as an indicator of a person’s habitual blood pressure—one which 

                                                 
3 Seddon (1999, pp. 7, 10) 
4 George W. Bush, quoted by Ellen Goodman Guardian Weekly 12–18 Apr 2001 164 (16): 28 
5 Minnick (1987, p. 117), cited in Hunting & Doig (1992, p. 211), layout altered. 
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may have been influenced by recent exercise, diet, stress, the size of the cuff, the 
position of the body, the quality of the instrument, or perhaps just the presence of 
the doctor. Measuring educational outcomes is harder still. Not even the Rasch 
approach, which comes closest to producing a statistically valid number on a uni-
dimensional scale, can have absolute precision because it is stochastically based.  

The aims stated by the Chapter 19 authors were more diverse than the three listed 
above. The APU work was done “… to enable a firm base line of data for the 
identification of any trends. … The total picture [was] the object of the assess-
ment.”6 SOLO 1 was designed to enable teachers “quickly and accurately to de-
termine a student’s progress through a range of mathematical problem-solving 
skills [and to provide] advice on further teaching strategies for students based on 
their performance”.7 Green aimed inter alia to “establish patterns of development 
of probability concepts and to relate these to other mathematical concepts …”.8  
His individual questions had more limited aims. For example, Green 1 wanted 
“to provide a simple introductory question equivalent to the simplest probability 
situation—the tossing of a single coin”.9 Kempster’s aim was “to conduct in as 
natural way as possible a ‘development and trial’ of some suitable work on prob-
ability”.10  He wanted to assess a teaching experiment. So did Fischbein & Gazit, 
but their questions were specifically related to identifying common misconcept-
ions.11 Watson wanted to assess the level of thinking which underlay a response 
so that changes in level over time could be identified. 

Ideally, each question should be evaluated in terms of its authors’ underlying 
aims and only questions with similar aims should be compared. But the issue is 
more complex than this. We have seen that many questions have been poorly 
constructed, and these weaknesses are independent of the question’s specific 
intention. Furthermore, some of the authors’ aims—be they cognitive, pedagogic-
al, or managerial—went beyond what could reasonably be achieved with the 
tools employed. I have therefore chosen in this chapter to concentrate on general 
principles for the construction of probability questions and the interpretation of 
responses. These findings will have the greatest generality and applicability at 

                                                 
6 Foxman et al. (1981, p. 1) 
7 Collis & Romberg (1992, p. 4) 
8 Green (1982a, p. 2) 
9 Green (1982c, p. 121) 
10 Kempster (1982, p. 31) 
11 Fischbein & Gazit (1984, p. 3) 
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this still relatively early stage in the development of probability questioning skills 
and will also assist the concluding analysis based on the BSEM.  

We shall find that drawing conclusions about constructing questions is relatively 
easy, but interpreting responses much more difficult. The easiest to make are 
inferences about pedagogical practice, while those about children’s thinking—the 
first two quoted above—are the hardest. In other words, most inferences have 
been directed mainly towards the third of the aims listed above. Yet sound peda-
gogy is more likely to succeed if relevant underlying thinking processes are well 
understood. Chapter 19 made it clear that an understanding of what constitutes 
sound probabilistic thinking is not yet well developed. In particular, the mercur-
ial nature of an individual’s responses, as shown, for example, in Green 5 and 
Konold 1 & 2, means that we still need to know much more about children’s 
thinking before we can design really appropriate teaching programmes. Being 
aware of the existence of known misconceptions is necessary, but not sufficient. 
We also need to be able to evaluate the extent to which a question is pitched at 
what Vygotsky has called a person’s Zone of Proximal Development, because this is 
likely to reveal most about how his or her knowledge is being constructed. This is 
almost impossible to achieve with a printed test alone.  

The task of establishing a classroom and research culture of asking insightful 
probability questions will not be easy. But it is very important. In the Section of 
Chapter 24 which compares education and medicine, I shall suggest that “evid-
ence-based medicine” needs an educational parallel. Let us consider just one ex-
ample here. We saw in Chapter 8 that the evidence on children’s views about out-
comes of tossing a die was equivocal. In particular, some children saw “6” as 
harder to get, not because it is commonly used as a starting number in games, but 
because it was not a central number, and hence not a representative number. The 
different responses seemed to have been elicited by different forms of question-
ing. If we had a culture of “evidence-based pedagogy”, both these possible inter-
pretations would be widely known by teachers and researchers. Teaching, assess-
ing, and researching would all be predicated on the known existence of diverse 
approaches to the same situation. In my experience, this is not currently the case. 

This chapter is a small contribution to establishing a culture of “evidence-based 
pedagogy”. It starts by assessing the applicability of the Analysis Structure of 
Chapter 18, and then uses the Structure, together with standard principles of test 
construction, to evaluate some of the questions in Chapter 19. After drawing 
broad conclusions about asking good probability questions and interpreting their 
responses, it goes on to examine and compare some sets of questions which were 
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designed to assess probabilistic understanding in general. The way in which our 
ability to assess probability has developed will then be interpreted within the 
BSEM, and the chapter will conclude with a micro-analysis of the Mathematics 
Education node of the BSEM.  

QUALITY OF ANALYSIS STRUCTURE  
 

I ain’t lookin’ to block you up, 
Shock or knock or lock you up, 
Analyze you, categorize you, 
Finalize you or advertise you12 

In an ideal research world, all of the classifications in Chapter 19 would have 
been tested for reliability using independent decisions made by two or three ex-
perts, but this did not prove practically possible. It is quite possible that doing so 
would have revealed more weaknesses than are listed here. 

Identified Weaknesses  

The Analysis Structure of Table 18∙1 was designed to assess the comprehensive-
ness of a set of questions and to compare sets of questions claiming to address the 
same ideas. However, it can also be used to refine individual questions, and 
assess the coverage of a unit of work. In this Section, I shall assess its effectiveness 
in providing a unique classification of possible probability questions addressing 
outcomes of a single RG. Since it was specifically developed to match many of the 
questions in Chapter 19, one might expect it to provide a good match, but some 
mismatches have still arisen. The ones which have been identified have been 
grouped into the four categories used in the following summary. 

OMITTED CATEGORIES  

Three major situations posed in Chapter 19 have not been addressed in the Struct-
ure. All  refer to relatively complex situations. Classification γ refers only to the 
selection of a single outcome, and does not cover situations where more than one 
outcome might be chosen, such as when choosing one’s own raffle tickets from a 
new book of tickets. The two situations are not the same, because a choice of one 
outcome may influence a choice of subsequent ones. This is addressed in Fisch-
bein 4, but in a complex case. Secondly, Classification η does not cover 

                                                 
12 “All I really want to do”. Dylan (1964), cited in Partington (1996) 
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the requirement in Kempster 18 and NAEP 1 for an “examination of a set of 
outcomes” rather than a sequence. So the Structure needs to allow for the examin-
ation of both sets and sequences, and we might reasonably presume that it needs 
to allow for the prediction of both sets and sequences as well. Thirdly the state-
ment in Chapter 18 that Classification I would usually see urns as symmetric 
because their elementary events were symmetric is excessively limiting. It does 
not cover cases where the events are asymmetric and a question is trying to ident-
ify the existence of the equiprobability bias discussed in Chapter 8. This was a 
purpose of  Green 18, and it could have been in APU 3 as well. So while this does 
not affect the classifications made here, it does constitute a serious omission. 

Minor omissions have also been observed. Green 25 showed that the number of 
elementary events (G) and perhaps the number of events (H) needs an “un-
known” category. Kerslake 1, NAEP 23, and NAEP 98 showed that Classification 
F needs a category for cases where the response type is not reported. NAEP 6 
showed that Classification I needs a category for cases where the structure of the 
RG is not reported. The last four examples also remind us that academic report-
ing is not always as meticulous as one might expect, and needs to be allowed for. 

All of these difficulties can easily be rectified by minor adjustments and additions 
to Table 18∙1. 

QUESTIONS WHERE A CATEGORISATION  CANNOT BE DONE AT ALL  

The problems of categorising culture (B), and previous practical and theoretical 
experience with a specific RG (C and D) have already been discussed in Chapter 
18 and will be discussed further below. These are technical difficulties rather than 
definitional ones and do not affect the Classification. 

Other difficulties arose from the eccentric nature of some questions. Kempster 31 
was difficult to classify because it was not really addressing an RG at all. NAEP 1 
addressed game theory in a very abstract way, which placed it outside the ambit 
of the elementary questions which Table 18∙1 was constructed to analyse. TIMSS 4 
did not really provide enough details about an RG from an unfamiliar culture to 
be sure how best to classify it. So, although these questions could not be entirely 
categorised, the problem lay with the questions, rather than with the Structure. 

A much more difficult problem arose with Fischbein 1, which could not be classi-
fied, but has proved very hard to describe in a way which fits comfortably into 
the current form of the Structure. Fischbein’s stated aim—“to check the capacity 
of the child to produce, mentally, a situation which corresponds to a certain 
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event”—does not really help either.13 Yet this is undoubtedly a valid question 
about probability. Some might see it as being concerned with conditional probab-
ility, and hence outside the domain of Table 18∙1, but I prefer to see it as an elem-
entary question, probably more for logical than stochastic reasons. 

QUESTIONS WHICH COVER MORE THAN ONE CATEGORY   

Some questions cover more than one category. Fischbein 4 could have been seen 
as either a statement of likely outcome (δ) or a selection of outcome (γ), because 
both approaches featured in the wording of the question. NAEP 1 covered both 
an examination of a set of outcomes (β) and a comparison of RGs (ε). The exist-
ence of such overlaps is good evidence of a lack of focus in a specific question, but 
it is not evidence that the question is in itself unreasonable. Putting aside the poor 
choice of distractors in NAEP 1, both questions are good examples of realistic 
problem-posing, but their complexity makes their interpretation quite difficult. 

Some questions, such as Kempster 18, Kerslake 1 and SOLO 1 have several parts, 
and each part really needs to be analysed separately. This has not been done here 
for reasons of simplicity and because it is not considered that the instrument and 
its use is as yet sufficiently well understood to justify such a level of refinement. 

QUESTIONS WHICH CAN BE CATEGORISED, BUT STILL LEAVE OUT 
IMPORTANT INFORMATION  

Finally, Green 25 is an example of a question which calls for Bayesian analysis. 
This may be deduced from Classifications G and J in this case, but the Table really 
does not highlight that it is calling for a quite different type of inference from that 
required for most of the questions. 

Implications of the Weaknesses  

Some of the difficulties listed here arise from weaknesses in the question, rather 
than in the Classification, and some arise from questions beyond the scope of the 
Classification. In other words, the Analysis has been robust enough to identify a 
number of imprecise or poorly worded questions. Most of the valid omissions 
from the Classification are easily able to be incorporated—only the type of 
question asked in Fischbein 1 and the indication of a Bayesian approach cannot be 
simply inserted. This strongly suggests that a suitably revised Analysis would be 
a sound tool for its purpose. 

                                                 
13 Fischbein & Gazit (1984, p. 13) 
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The classifications of Chapter 19 have included only a relatively small number of 
empty spaces or double entries. So I consider that they may still be used for the 
simple analysis which is being conducted here, provided that care is taken with 
those cases with incomplete or imprecise data. When we come to compare 
Green’s and Fischbein’s tests we shall see that the difficult cells in the Analysis 
Tables are very few relative to the large arrays which are being compared. 

ASKING GOOD QUESTIONS  
 

“I always said that I thought  he was probably  just an old man.” 

Monsignor Flaught covered his eyes with his hand and sighed heavily. His 
experience with uncertain witnesses led him to say no more.14  

This bon mot adopts the classic position of blaming the respondent rather than the 
questioner (or the child rather than the teacher). There will always be recalcitrant 
or uncertain witnesses (students), but the prime responsibility of the interrogator 
(teacher) is to bring out the best that is possible without exasperation or rancour. 
Chapter 19 has provided us with a large amount of evidence about good quest-
ions. These are mainly independent of learning environments, so establishing 
ways of refining them can be of value for all educational philosophies. In this 
Section I shall look at some of the principles of asking good probability questions 
which can be deduced from Chapter 19. There is not sufficient space available to 
provide a comprehensive summary, and in any case my principal purpose is to 
use the BSEM to understand the forces acting on the research process and to 
show where future research can learn from past experience. I shall look at three 
general issues—question construction, question sensitivity, and some neglected 
themes and approaches. In each case the evidence gathered will be used to pose 
some questions about surprising occurrences which, in a later Section, will need 
to be explained by the BSEM. 

Question Construction  

TECHNICAL PRECISION  

There is an extensive literature on the writing of good questions15 which is suffic-
iently well known not to need summarising here. It has been surprising to see 

                                                 
14 W. Miller, (1959, p. 95) 
15 E.g., Gronlund (1968); Izard (1977) 
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how many of the questions examined here failed some elementary tests. ACER 1 
did not provide the correct answer in its list of possible answers. SOLO 1 did not 
allow for a consequential error in the mark scheme of its multi-level test. Watson 
2 did not ensure that the stem and leaves had conformable grammar. TIMSS 1 
used the superlative word “greatest”, which indicates that two of the four poss-
ible responses are not relevant. NAEP 1 offered two mathematically equivalent 
distractors, which indicates that they cannot be correct. Of course, not all children 
will reason in such sophisticated ways about the distractors, but the art of asking 
a good question involves reducing to a minimum the possibility that a respond-
ent will be able to locate extraneous clues. The existence of such technically weak 
questions is very disturbing. We need to understand why so many questions by 
experienced researchers were so poorly constructed. 

SUITABLE FORMAT  

Given the culture of our classrooms, most children probably believe that they 
have to check one of the multiple choices in a questionnaire,* but some respond-
ents to APU 3 offered alternative responses, even though no place was specific-
ally provided for them to do so. Given how little we still know about probabilistic 
thinking, it is inefficient not to allow respondents some opportunities to show us 
what is in their minds, if they wish to.16 

Some replies to NAEP 2 were “Don’t Know”, and, of course, a respondent is 
always free not to offer any reply. Green always recorded the relative frequency 
of no responses.17 Such information may be of particular value for interpreting 
children’s thinking, or for seeing how it differs with age, and every effort should 
be made to include it in analysis. 

Our classroom culture also implies that questions asked by teachers do have 
answers, and children may respond on this assumption even though they person-
ally do not believe that there is an answer, or that insufficient information has 
been provided to give one. This particularly applies to questions about predict-
ions, as mentioned in Chapter 18. No examples of this difficulty have surfaced in 

                                                 
*  The Westpac Mathematics Competition which is widely taken in Australia makes it quite 

clear that penalties are applied for incorrect answers to multiple choice questions, but I am 
unaware of any research on the influence this has on children’s answering strategies, either 
for the Competition or for multiple-choice questions in general.  

16 I am grateful to Vilma Mesa, University of Georgia, United States of America, for 
emphasising this point to me. 

17 Green (1982c, pp. 243–291), but this data is not always presented in Green (1982a) 
18 Green (1982c, pp. 243–291), but this data is not always presented in Green (1982a) 
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Chapter 19; nor did I encounter a student during extensive interviewing for my 
Masters thesis who would refuse to predict, even though, with hindsight, I now 
realise that refusal was the best answer they could have given me. 

All these observations suggest that all multiple-choice questions should include 
distractors and opportunities something like the following:  

• It is not possible to tell from the information given 

• I don’t know 

• Any further comments ____________________________________  

While this certainly adds to the length and complexity of a test and its interpretat-
ion, the evidence from Chapter 19 is that responses of these types have proved 
useful, so it seems unwise not to make them available. Once again, we need to 
understand why these principles, almost all of which are based on research find-
ings, have not become part of standard research procedures. 

CHOICE OF SUITABLE NUMBERS  

The choice of numbers used for a specific situation can affect the value of a 
question considerably. In general, large numbers, which are intellectually more 
demanding to interpret, tend to increase cognitive difficulty.19 While this may be 
related to the ease with which the numbers can be interpreted as a single unit 
(e.g., 200:100 is probably easier than 150:75),20 Green 1(e) is a case where small, 
simple numbers were seen by children as harder than only slightly larger ones.  

But the precise numbers chosen in an otherwise good question may seriously in-
fluence the discriminatory power of the question. Green 18 provides an example 
where the numbers chosen allowed a correct response to be given for a reason 
which was not only wrong, but might reasonably have been predicted as being 
moderately common. Fischbein 1, which was looking to see if children thought 
older children had better luck than younger ones, gave the urn with the larger 
number of marbles to the older child. Here is another example of research 
practice by skilled researchers which could easily have been improved and hence 
produced more powerful results. We need to understand just why more care was 
not taken with the selection of discriminatory numbers. 

                                                 
19 Collis (1978) 
20 Collis (1974) used the term “closure”, but this has not found its way into common Mathe-

matics Education discourse. 
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MATHEMATICAL ACCURACY  

Other questions were not mathematically accurate. Many used the term “the 
probability”,21 which, as stated in Chapter 6, disregards the existence of theoret-
ical, experimental and subjective probabilities. “Probability” is a technical term 
and its use is only appropriate when assessing understanding of technical 
terms.22 Classification θ can be of help here for checking whether the use of the 
term is appropriate or not. But if the term is to be used, then it must be used 
correctly: assessment must be made to fit mathematics, not the other way round. 

There is no doubt that I am swimming against the tide of common practice on this 
issue, and it could be quite rightly argued that using terms like these with which 
children are unfamiliar would be confusing for them and so invalidate the quest-
ion. But the solution lies in constructing good questions, not in perpetuating poor 
mathematics. The underlying concepts of probability can be assessed without 
using technical language. Questions can be based on a comparison of RGs23 or 
plotting likelihoods on a number line.24 The term “chance” can sometimes be 
used as a mathematically correct alternative for probability.25  

A less contentious issue is ensuring that the option of equality is made available 
when asking for comparisons of outcomes or RGs. It is surprising how often this 
has been omitted.26 Similarly, it is also important to ensure that questions are 
asked in a form which allows for the variability which is to be expected in 
repeated sampling.27 Why are all these matters so often neglected? 

Question Sensitivity  

Just as there are well established principles for writing good questions, so there 
are well established principles for setting up sympathetic assessment situations.28 
By “Question Sensitivity” I mean ensuring that the questions posed take into 
account children’s cultural and linguistic backgrounds and also what is known 
about how they think in stochastic situations. The ideas covered by Classifications 

                                                 
21 E.g., Kempster 22, NAEP 3 
22 E.g., as in APU 1–3 
23 E.g., Green 3, 6, 17, & 19 
24 E.g., as recently done by Amir et al. (1999) 
25 E.g., TIMSS 1 
26 E.g., ACER 1, Kerslake 1 
27 Unlike, e.g., Kempster 11, SOLO 1, but like, e.g., Kempster 22 
28 Webb (1992, p. 669) 
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B, C and D, together with that of linguistic skill, are all critical for understanding 
questions, as we saw in Chapters 4 and 5. But they are difficult to assess even for 
individual children, let alone large surveys. Most researchers trial their questions, 
which means that they do address linguistic issues, but it is much harder to find 
evidence that cultural issues have been consciously considered. 

Some researchers have consciously sought to assist understanding without inval-
idating their experimental design. Green analysed the reading level of his pro-
posed questions,29 and prepared a time-controlled tape so that they could be read 
out to students.30 Way ensured that her very young subjects were comfortable 
with the test situation and the concrete material being used before starting her 
interviews.31 K. Truran placed small pictures of the RGs used beside each printed 
question and also showed the RGs to the class as each question was presented.32  

Similarly, some researchers have shown a conscious awareness of the influence of 
cultural factors on probabilistic understanding. Green 1 used a coloured disc, not 
a coin, in order to eliminate a potential learned cultural response “there is no 
difference”.33 Fischbein 2 addressed a not uncommon superstition, and Fischbein 
7 addressed the perceived influence of age on success in chance situations. On the 
other hand, APU 1 overlooked the unfamiliarity of some children with the type of 
playing cards that are standard in British culture. 

It is in the lack of use of previous findings that researchers have most neglected 
sound principles for achieving question sensitivity. Almost all later researchers 
have neglected Teigen’s early findings about representativeness. Many have seen 
the term “spinner” as being a relatively simple one, even though children often 
do not see mathematically equivalent spinners are being equivalent at all.34 Per-
haps the worst example of this imprecision is in TIMSS 4 where the spinning 
component has been removed entirely and the RG transferred from the device to 
a human. 

Almost certainly, these are all weaknesses arising from omission, not commission, 
and we need to ask why it is that the academic culture has not done more to 
ensure that researchers pay more attention to question sensitivity. 

                                                 
29 Green (1982c, pp. 218–237) 
30 Green (1982c, p. 198)  
31 Way (1994) and personal discussions 
32 K. Truran (in prep.) 
33 Green (1982c, p. 121) 
34 E.g., APU 2 
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Some Neglected Themes and Approaches  

The Analysis Structure also permits the identification of themes and approaches 
which have been commonly overlooked. It yields a slightly different set of neg-
lected fields than that provided for probability research in general in Chapter 8. 

Random generators which have been under-examined include asymmetric solids, 
electronic generators, unusual forms such as 12-sided dice, and the urn models 
shown on TV which use mechanical arms to make the draws. The selection or 
prediction of sequences of outcomes, and the influence of previous predictions on 
selection or prediction of individual outcomes have both been under-examined. 
So have the circumstances under which children change from using theoretical to 
using experimental probabilities, which seems to be related to the degree of 
asymmetry in an RG. So have questions which involve children’s understanding 
of variation in stochastic situations. 

The Structure can also provide suggestions for research. Its footnote suggests a 
sub-classification of spinners by their moving parts for which there is no research 
support as yet. It can suggest many classical experiments based on controlling the 
parameters systematically, such as the influence of numbers used on comparison 
of probabilities questions or investigating responses to the same probabilistic situ-
ation presented by means of different question forms. 

One research issue not identified by the Structure is understanding of the probab-
ility scale, especially its extrema.35 But the Structure can certainly be a fruitful 
source for useful research designs which can assist in learning to ask good quest-
ions. It will be of less help in learning to interpret responses to such questions. 

INTERPRETING RESULTS  
 

7. What would have happened if (a) Boadicea had been the daughter of 
Edward the Confessor? (b) Canute had succeeded in sitting on the 
waves? 

  Does it matter?36  

Results may be interpreted for the benefit of individuals, teachers, researchers, or 
society. The potential audience will to some extent dictate the style of reporting, 

                                                 
35 As done by Fischbein 1 and Kempster 31 
36 Sellar & Yeatman (1930, p. 15) 
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but all reports should conform with certain standard principles. Because the 
needs of researchers will demand the most comprehensive reporting, they will 
form the principal criteria underlying the comments in this section. 

A colleague who read a draft of Chapter 19 observed that many of the authors 
seemed to have designed their questions on the principle of “let’s give it a go and 
see what happens”, and suggested that the interpretations were sometimes mere 
“whistling in the wind”. At this relatively early stage in probability assessment 
research, it is not necessarily bad to be bold in trying novel ideas, but interpret-
ation does need to be as tight as possible. 

Three aspects of the reporting of research are relevant to this study—technical 
precision, the interpretation of the findings of individual questions, and the inter-
pretation of findings in terms of the literature as a whole. 

TECHNICAL PRECISION  

We have observed several cases of reporting where inadequate information has 
been provided in order to check the assumptions made. Many were from NAEP 
questions which were widely reported to teachers, but much over-simplified. So 
was Kerslake 1, which drew a statistical conclusion which does not seem to be 
defensible, and did not give adequate data for this to be checked independently. 
Another form of poor technical analysis was found in, for example, APU 2 and 
TIMSS 2, where no indication was given of the nature of the incorrect responses. 
Finally, it is not always clear from Teigen’s reporting what the impact was of his 
not doing his research in identical ways with each of the groups which he was 
comparing.More examples could be provided, but this is not necessary. Here we 
only need to show that the research process does not always produce technically 
precise interpretations, especially in reports designed for statistical non-specia-
lists. We also need to understand why such laxity occurs within an academic 
discipline. 

INTERPRETATION OF INDIVIDUAL FINDINGS  

Many authors have found interpretation of responses quite difficult. Those who 
used statistical analysis could, of course, identify any significant differences, but 
explaining why they have occurred has been much more difficult. Fischbein & 
Gazit called on their psychological theories, but their arguments were not always 
convincing. Green, who did probably the most extensive statistical analysis, was 
often surprised by his findings, but could say little more. Perhaps the most con-
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vincing statistical interpretation came from Peard, whose tables were small and 
tests simple, but who was comparing two carefully matched groups and so could 
easily argue that the differences were related to the control parameter. Watson 
used mainly descriptive statistics of a complex nature which were constructive in 
helping to understand what was happening, but which were hindered by 
difficulties in the underlying coding. Tobin, as discussed in Chapter 17, provided 
an alternative approach which looked promising but needs further investigation. 

Some interpretations did take account of linguistic issues. Fischbein & Gazit 
omitted most of their Year 5 findings from their analysis because they believed 
that their questions had not been understood at this level. On the other hand, 
Watson retained Year 3 responses to Watson 3 in her analysis, even though pre-
liminary trials had shown that many of them had not understood the question.37 

Reports of the cultural limitations or implications of findings were not common. 
NAEP did do statistical comparison with various socio-economic parameters, but 
I did not summarise them here because they were reported only in a mechanistic 
way. The TIMSS reports said little, even though they were deliberately looking 
for cross-cultural comparisons.38 Peard’s comments were thoughtful and fitted 
well with his cross-cultural experimental design. 

These points are important, but because probabilistic thought is complex it is in 
any case unlikely that findings from any one question will produce convincing 
interpretations. So, provided that a question is well reported and technically anal-
ysed it will then need to be viewed in terms of the literature as a whole. 

INTERPRETATION OF FINDINGS IN TERMS OF THE LITERATURE  

It is here that we encounter the biggest weaknesses. In Chapter 8 and also above 
we discussed the integration of findings about children’s understanding of the 
tossing of a die, and also of the Gambler’s fallacy. The integration of some other 
findings has been touched on in the discussions following Green 6, Green 25  and 
Watson 3. These summaries suggest that, although many researchers make some 
references to the findings of others, it is relatively rare for them to delve deeply, 
and no general consensus about the meanings of research findings has yet 
developed. We need to understand why this has been the case. 

                                                 
37 Vide ch. 8. 
38 E.g., TIMSS 3 
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Some possible reasons, notably dissemination weaknesses and linguistic barriers, 
have been discussed in other chapters and will be discussed further in Part E. We 
shall mention below the separation of the psychological and pedagogic streams in 
probability understanding research and also the isolation of many novice 
researchers who are working on relatively small projects which now require time-
consuming mastery of a difficult literature. Not least of the difficulties is that very 
little reported research provides them with a good model, and discussions at 
conferences tend to be fairly superficial.* 

But none of these reasons seems to provide a sufficient explanation of why skilled 
researchers with a long-term commitment to the topic and a wide knowledge of 
the literature do not conduct deeper analysis. Nor does the argument that many 
pieces of research have small differences, so precise comparisons are difficult. It is 
true that such comparisons involve connoisseurship, but this should not be 
beyond our research community. 

In this Section and the preceding one, I have raised several unexpected and dis-
turbing aspects of the research process and stated that it is important to under-
stand why they seem to be so common. This one—the failure of researchers to in-
teract deeply with each other’s findings—is perhaps the most important of all. It 
embraces most of the others because it represents a failure of academic methods 
to ensure epistemological progress. With one exception, I have not sought the 
opinion of others on this matter, and I can only put forward my own personal 
views. There is certainly a need for disciplined investigation of this matter, and I 
plan to undertake some in the future. 

At this stage it is my opinion that the peer review process is not working well for 
probability. This will be discussed further below, but here we may note that 
demands on referees can be substantial, and it is common for referees not to have 
deep understanding or experience of the subject matter.† Furthermore, because 
conference papers have to be short, it is not possible to insist on both depth and 
width, either in research or in the literature cited. 

                                                 
*  At a recent conference two members of the audience, both previously unknown to each 

other, challenged a presenter’s claims on the grounds that the sample sizes were only four 
and no tests of significance were being applied, but this objection was twice verbosely 
bypassed. The absence of genuine debate on a procedural matter like this would not have 
provided a good example for the new researchers in the audience.  

†  For example, Mathematics Teacher Education and Development for 2000 contained one stoch-
astics paper, but no referee or member of the Editorial Board has published any work in 
stochastics, although one member of the Board has a long-term interest in the topic. Vide 
etiam J. & K. Truran (2000merfai). 
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The negative tone of this Section does not mean that it is impossible to produce 
good questions and interpretations. Many researchers do, but we are concerned 
here with overall trends. We must next examine how questions are put together 
into a test which can tell us more than we can find from the sum of its parts. 

CONSTRUCTING GOOD TESTS   
 

7. A triangle has sides whose equations are 2x - 3y + 7 = 0, x + y - 2 = 0,  
3x + y -  9 =  0. Explain why one of its altitudes has an equation of the form 
(2x - 3y + 7) + k (3x + y -  9) = 0, where k is a constant. Hence find the equation 
of this altitude. 

(7 marks)39 
An animal cage has three boxes A, B, C in it, which are named in an anti-
clockwise order and are placed at the corners of an equilateral triangle; and 
the door of each box faces towards the interior of triangle ABC. A rat is 
placed in box A, and proceeds at random from one box always to a different 
box. The rat is twice as likely to move to the box on its rights as  to the box on 
its left. Show that after 4 moves the rat is most likely to be in box C, but other-
wise is equally likely to be in box A or B. What is the situation after 6 moves?40 

Publication tends to set results into authoritative stone. It is too easy for a very 
limited work to acquire a status beyond its deserts. One reason for constructing 
the Analysis Structure has been to provide an independent measure of the 
comprehensiveness of a test. If a test can be shown to be made up of questions of 
high quality (using the criteria of the previous Section) and to be reasonably 
comprehensive, then it is has fulfilled two necessary conditions for being useful 
and useable. Readability is a particular problem with probability questions, 
which tend to be verbose, as the example above shows. Other conditions such as 
efficacy in practice and correlation with other measures will, of course, also be 
needed before a final assessment can be made. These constitute parts of Seddon’s 
“external scrutiny” mentioned above. 

In this Section we shall apply the Analysis Structure to some of the tests and sets 
of questions mentioned here, and in the following Section we shall use the results 
to compare some of them.† Of course, no test can ever cover even a small fraction 
of the possible permutations available within the Structure, but this approach 
does enable some measure to be made of the overall comprehensiveness of a test. 

                                                 
39 PEB (1969a, p. 174) 
40 Oxford and Cambridge Schools Examination Board (1967, q. 9, layout compressed) 
†  The material on the Green and Fischbein tests in this and the following Section is adapted 

from J. Truran (2001pmefra). 
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To my knowledge no other measure is currently available. For each set of quest-
ions the Analysis Tables in Chapter 19 are transferred to a single table to facilitate 
rapid comparisons within and between tests. The term “u” refers to “unknown”; 
“np” indicates that a classification was not possible, as discussed above;. “na” 
stand for “not applicable” and is used when questions were outside the scope of 
the Analysis Structure, usually because they dealt with more than one RG.  

Green’s Test  

The details of Green’s project have been provided in Chapter 8. His strict criteria 
for reliability led to his rejecting all but 19 of the 50 elements in his original test,* 
and these have been analysed in Chapter 19. Table 20∙1 covers all of his items, 
using the abbreviation “Gn” for “Green n” for reasons of space, and those which 
formed his Piagetian Stage Model are highlighted in bold, apart from G10 and 
G26 (a) which are not covered by the Analysis Structure. His test seems to have 53 
items, not 50, as claimed;41 I cannot explain all the reasons for the discrepancy.  
  
Table 20∙1 
Classification of Green’s Questions 
Question RG Type RG Nature Q. Sit. 
  A B C D E F G H I J K   
G1 disc 1 1 u u 1 3 1 1 1 1 1 δ I 
G2 urn 4 1 u u 4 3 3 1 1 1 1 δδδδ    I 
G3 answer spinner 6 1 u u 1 3 2 2 1 1 1 εεεε    I 
G3 reason spinner 6 1 u u 1 2 2 2 1 1 1 εεεε    I 
G4 die 3 1 u u 1 2 2 3 1 1 1 δδδδ    I 
G5 coin 2 1 u u 1 3 1 1 1 1 1 δδδδ    III 
G6 (a) answer urn 4 1 u u 2 3 2 1 1 1 1 ε I 
G6 (a) reason urn 4 1 u u 2 2 2 1 1 1 1 ε I 
G6 (b) answer urn 4 1 u u 2 3 2 1 1 1 1 εεεε    I 
G6 (b) reason urn 4 1 u u 2 2 2 1 1 1 1 εεεε    I 
G6 (c) answer urn 4 1 u u 2 3 2 1 1 1 1 εεεε    I 
G6 (c) reason urn 4 1 u u 2 2 2 1 1 1 1 εεεε    I 
G6 (d) answer urn 4 1 u u 2 3 3 1 1 1 1 εεεε    I 
G6 (d) reason urn 4 1 u u 2 2 3 1 1 1 1 εεεε    I 
G6 (e) answer urn 4 1 u u 2 3 2 1 1 1 1 εεεε    I 
G6 (e) reason urn 4 1 u u 2 2 2 1 1 1 1 εεεε    I 
G7 (a) (i) language - 1 u u - 3 - - - - - θ - 
G7 (a) (ii) language - 1 u u - 3 - - - - - θ - 
G7 (a) (iii) language - 1 u u - 3 - - - - - θ - 
  A B C D E F G H I J K Q. Sit. 

G7 (a) (iv) language - 1 u u - 3 - - - - - θ - 

                                                 
*  Green (1982a, p. 6) claims eighteen: both parts of G3 were probably taken as one item.  
41 Green (1982a, p. 4) 
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G7 (b) (i) language - 1 u u - 2 - - - - - θ - 
G7 (b) (ii) language - 1 u u - 2 - - - - - θ - 
G7 (b) (iii) language - 1 u u - 2 - - - - - θ - 
G7 (b) (iv) language - 1 u u - 2 - - - - - θ - 
G7 (b) (v) language - 1 u u - 2 - - - - - θ - 
G8 coin 2 1 u u 1 3 1 1 1 1 1 β I 
G9 die 3 1 u u 4 2 2 3 1 1 2 ζζζζ    II 
G10 – G12 na              
G13 language - 1 u u - 2 - - - - - θ - 
G14 language - 1 u u - 2 - - - - - θ - 
G15 language - 1 u u - 2 - - - - - θ - 
G16 language - 1 u u - 3 - - - - - θ - 
G17 answer spinner 7 1 u u 1 3 2 1 1 2 1 ε I 
G17 reason spinner 7 1 u u 1 3 2 1 1 2 1 ε I 
G18 answer urn 4 1 u u 1 3 2 2 1 1 1 δδδδ    VII 
G18 reason urn 4 1 u u 1 2 2 2 1 1 1 δδδδ    VII 
G19 (a) spinner 7 1 u u 1 3 2 1 3 1 1 εεεε    I 
G19 (b) spinner 7 1 u u 1 2 2 1 3 1 1 εεεε    I 
G20 (a) coin 2 1 u u 4 2 1 1 1 1 1 η III 
G20 (b) coin 2 1 u u 4 2 1 1 1 1 1 η III 
G21 (a) channels 12 2 u u 1 3 2 4 3 1 1 δ II 
G21 (b) channels 12 2 u u 1 3 2 2 3 1 1 δ II 
G21 (c) channels 12 2 u u 1 3 2 2 3 1 1 δ II 
G21 (d) channels 12 2 u u 1 3 2 2 3 1 1 δ II 
G22 channels 12 2 u u 1 2 2 4 2 1 1 δ I 
G23 drawing pin 10 1 u u 4 3 1 1 3 1 1 β III 
G24 births 12 2 u u 4 3 1 1 ? ? 1 δ II 
G25 urn 4 1 u u 4 3 u 1 u 2 1 δ III 
G26 (a)–(d) na              

The diversity of Green’s original questions may be clearly seen. He used eight of 
the twelve listed types of RG, six question forms, and four types of probabilistic 
situations, as well as several more complex questions. The other parameters also 
reflect considerable diversity. Green was concerned that statistical analysis had 
removed what he saw as his more interesting questions from his Probability Con-
cepts Scale,42 and Table 20∙1 shows clearly just why he felt this way. His reduced 
test covers only five types of RG and four question forms, although it does retain 
the four probabilistic situations. The questions are predominantly about compari-
son of urns, only three items deal with situations more complex than that of con-
sidering just one trial, and all but one deal with “likely” outcomes or comparison 
of RGs. Looked at the other way, most of the questions involving asymmetric 
RGs have been omitted, as well as all the questions directly addressing language 
and almost all of the questions incorporating outcomes of previous trials. Inev-
itably too, his original test omits many important approaches, such as the select-

                                                 
42 Green (1982a, p. 5) 
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ion of an outcome, which is one of the most common ways in which we can 
interact with formal chance events in our culture. 

Green’s very diverse work provides some indication of how useful the Analysis 
Table can be for assessing systematically a test’s comprehensiveness and also any 
specific weaknesses. We saw in Chapter 8 that Izard had used the reduced form, 
and Godino et al. the full form, to make international comparisons. Godino’s 
work will be discussed below, we may note here that both Godino and Izard used 
statistical analysis for their comparisons. The rather simpler analysis used here 
suggests that some preliminary examination of the instruments being used would 
have helped to clarify the applicability of their statistical knowledge claims.  

Fischbein & Gazit’s Test  

In comparison with Green’s test, that of Fischbein & Gazit, which was discussed 
in Chapter 19, was specifically designed to reveal well-known probabilistic mis-
conceptions and was therefore more limited in scope. A summary of the analysis 
of these questions is given in Table 20∙2.  
 
Table 20∙2 
Classification of Fischbein’s Questions 
Question RG Type RG Nature Q. Sit. 
  A B C D E F G H I J K   
Fischbein 1 urn 4 1 u u 1 2 2 2 1 1 1  II 
Fischbein 2 many 11 1 1 u 4 2 4 1 4 1 2 δ VIII 
Fischbein 3 urn 4 1 u u 4 2 4 4 1 1 2 δ III 
Fischbein 4 urn 4 1 u u 4 2 4 4 1 1 2 γδ II 
Fischbein 5 urn 4 1 u u 4 2 4 4 1 1 2 δ III 
Fischbein 6 urn 4 1 u u 4 3 4 1 1 1 1 ε I 
Fischbein 7 urn 4 1 u u 4 2 3 1 1 1 1 ε I 
Fischbein 8 urn 4 1 u u 4 2 4 1 1 1 1 ε II 

The much more restricted range of these questions is immediately obvious. Only 
two types of RG are discussed, four question forms used and four probabilistic 
situations presented. One of the question forms is particularly complex. On the 
other hand, the questions do involve hypothetical rewards quite often, and this 
may encourage more committed answers. 

Fischbein & Gazit probably chose to restrict their investigation largely to urns 
because misconceptions about urns are well understood. But the Table Analysis 
shows that the test cannot be a general test even of probabilistic misconceptions. 
This will be important when we compare the test with Green’s in the next Section. 
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Kempster’s Questions  

My opinion is that Kempster’s work was remarkably innovative. His questions 
were of variable quality, so a full analysis is not needed, but Table 20∙3 summar-
ises those analysed in Chapter 19 and shows just how diverse his approach was. 
 
Table 20∙3 
Classification of Kempster’s Questions 
Question RG Type RG Nature Q. Sit. 
  A B C D E F G H I J K   
2 urn 4 1 u u 4 2 2 2 1 1 1 ι VII 
3 spinner 6 1 u u 3 2 2 4 1 1 1 ι III 
11 spinner 6 1 u u 1 2 1 1 3 1 1 β II 
12 die 3 1 u u 1 2 2 3 1 1 1 δ I 
18 die 3 1 u u 1 2 2 3 1 1 1 – II 

22 coin 2 1 u 1 1 3 2 3 1 1 1 θ II 
31 misc. 12 2 u u 2 3 1 1 – – 1 θ I 

In a mere seven questions Kempster has used five RGs, five question forms and 
four probabilistic situations, as well as four different operators of the RG, and 
four different sizes of numbers of events. So the Table Analysis yields a simple,  
convincing confirmation of my belief in the value of what Kempster tried to do, 
and makes one wonder just how he achieved so much at such an early time. 

COMPARING TESTS  
 

Then we can agree that virtue is the very health, beauty, and strength of the 
soul, while vice makes  the soul sick, ugly and weak? 
Yes. 
What is beautiful, then, must lead to virtue and what is ugly to vice? 

Yes.43 

The comparison of tests is not as absolute as Socrates’ comparison of virtue and 
vice, but it can be just as difficult to make sustainable knowledge claims. In this 
Section we shall see how the Analysis Structure may be used to compare two 
quite different types of tests. The first example is quite simple. 

                                                 
43 Plato The Republic Book IV, paras 444e 
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Comparing “Spot Test” Questions  

The APU questions were defined in APU 3 as being an example of a set of “Spot 
Test” questions. Such tests do not claim to be comprehensive, but seek to obtain 
some insights into understanding relatively quickly. Another example of “Spot 
Test” questions is found in Watson’s three questions, designed to assess under-
standing of “chance measurement”44 and also to “suggest appropriate concepts 
for students of various ages … and develop assessment procedures appropriate 
for the content in the curriculum”.45 Tables 20∙4 and 20∙5 summarise the analysis 
of the APU and Watson questions respectively. 
 
Table 20∙4 
Classification of APU Questions 
Question RG Type RG Nature Q. Sit. 
  A B C D E F G H I J K   
APU 1 cards 5 1 u u 1 2 3 1 1 1 1 θ I 
APU 2 spinner 6,7 1 u u 1 2 2 1 1 1 1 θ I 
APU 3 urn 4 1 u u 1 2 2 2 1 1 1 θ I 

 
Table 20∙5 
Classification of Watson’s Questions 
Question RG Type RG Nature Q. Sit. 
  A B C D E F G H I J K   
Watson 1 dice 3 1 u u 1 3 2 3 1 1 1 δ I 
Watson 2 urn 4 1 u u 4 3 3 1 2 1 1 δ I 
Watson 3 urn 4 1 u u 2 3 3 1 1 1 1 ε I 

The much more diverse coverage of Watson’s questions is immediately apparent. 
Their biggest weakness, which is shared by the APU questions, is the use of only 
one probabilistic situation. Given that her findings are reasonably discriminat-
ory46 and the children’s responses relatively stable,47 her claim that her questions 
might reasonably form part of a set of benchmarks for student achievement48 has 
some validity, much more so than any similar claim which the APU might make 
for their questions. 

This comparison suggests that it may be possible to use spot tests of about three 
diverse but focused questions. The matter needs further investigation. 

                                                 
44 E.g. Watson & Moritz (1998) 
45 Watson et al. (1994, p. 675) 
46 Watson & Moritz (1998, p. 123) 
47 Watson & Moritz (1998, p. 123) 
48 J. Watson (1998, pp. 675–676) 
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Comparison of the Green and Fischbein Tests   

I know of only one comparison of general tests of probabilistic understanding. 
Godino et al. (1994) gave Fischbein’s test and the whole of Green’s test to 251 
Spanish children in Years 6 to 8, partly to examine what the questions were as-
sessing. They argued that if Green’s test were a test of probabilistic reasoning 
then it should have high predictive value for results from some other such test. 
They found significant correlation between some of Fischbein’s questions and 
Green’s test, but not for all comparisons, and concluded, inter alia, that the Israeli 
test contained components of probabilistic reasoning not included by Green. 

A factor analysis of the Israeli test found two factors in Fischbein’s test (one based 
mainly on qq. 6–8, the other on qq. 2–5), the second of which did not correlate 
well with Green’s results. The first factor involved all the questions concerned 
with comparison of random generators (ε), and the second all the questions about 
“likely” outcomes (δ). Godino saw the second factor is concerned with the stud-
ents’ “biases and deep-rooted beliefs” and as being more likely to be elucidated 
by questions of this type. Table 20∙2, on the other hand, shows that Fischbein 2 is 
an unlikely companion for Fischbein 3–5. We also noted in Fischbein 3–5 that 
these questions were not really about simple random generators, and this may 
well be a simpler explanation than Godino’s for existence of the second factor. 

By comparison, Godino’s factor analysis of Green’s complete test yielded fifteen 
factors, thus confirming his diverse coverage. The first six factors each contain 
items from different parts of particular questions,* sometimes unexpectedly with 
parts from different questions. For example, Factor 3 links Green 18 with three 
parts of Green 6, which looks a very odd mix, but their Analysis Tables are very 
similar. On the other hand, Factor 4 pairs Green 1 with Green 3, which not only 
look dissimilar but have quite different Analysis Tables. Going the other way, the 
analytically similar items about comparison of urns in Green 6 have been distrib-
uted over Factors 3, 5, 8, 9 and 10, confirming of Green’s claim that not all 
comparison of probabilities questions are of equal difficulty. 

Godino et al. state that Green’s test does not contain questions like Fischbein’s 
second factor questions. Tables 20∙1 and 20∙2 shows that Green 21 has some simil-
arities with Fischbein 2–5, but differs in the parameters covering rewards, 
number of elementary events and number of trials. Furthermore, Green 21 deals 
with an RG—channels—which may well have been less familiar to students, and 

                                                 
*  In Factor 3, the item “5Gdr” must be a misprint for “6dr”. 
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is not very clearly explained in the test. So the claim is only partly true and the 
Analysis Table has been of use in clarifying this statistical claim. 

The work of Godino et al. provides an interesting example of the detailed inter-
pretation of previous results which has been often missing from this field. It has 
provided a useful starting point for further research, but to my knowledge it has 
not been used by any other researcher. The authors conclude by saying: 

The multitude of factors included in Green’s test and the low predictive 
value of the “probabilistic level” and of the other scores in the said test, 
with respect to the success in Fischbein & Gazit’s test, suggest that a 
critical review is needed to consider the probabilistic knowledge of the 
subjects as a linear structure. 

More research is needed to explore in-depth the nature of probabilistic 
reasoning and its structure. At the same time it shall be necessary to 
compile and analyse the banks of items that make up a representative 
sample of [Primary Probabilistic Reasoning] and of the universe of 
appropriate contextual variables … .49  

This Part has been specifically concerned with building up a suitable and repre-
sentative bank of questions, which can provide information satisfying the aims 
listed at the start of this chapter. We have presented here many ways in which the 
Analysis Structure can contribute towards developing such questions. We shall 
conclude this Part by looking at the big picture of probability assessment research 
to try to establish why it has been so slow to develop appropriate instruments.  

THE INFLUENCE OF RESEARCH ON ASSESSING 
PROBABILITY  

 

Some circumstantial evidence is very strong, as when you find a trout in the 
milk. 50  

We now have some 70 years of experience of asking children questions to assess 
their probabilistic understanding.51 What have we learned? How has later re-
search been informed by earlier findings? I argued in Chapter 8 that for probabil-
ity the received wisdom of Academia—the assumption that the development of 
research knowledge is sequential, cumulative and to some extent paradigm-

                                                 
49 Godino et al. (1994, p. 14) 
50 Henry Thoreau Journal 11 Nov 1850, cited in Partington (1996) 
51 Starting at least as early as the work of one of Piaget’s students, Loosli-Usteri (1931) 
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free—is untenable. I showed that, taken as a whole, research into probabilistic 
understanding has tended to be disjointed, unintegrated, and lacking in focus. In 
this Section I shall use evidence from the assessment of probability understanding 
to examine the forces acting on research and show how the BSEM can be used to 
interpret quite narrow events as well as the broader historical picture.* This will 
provide a basis for an interesting extension of the BSEM itself. 

Piaget, strictly a genetic epistemologist rather than a psychologist, constructed an 
overarching theory of development from the results of his clinical interviews. 
This approach lay outside the prevailing psychological approach of that time—
numerically based, tightly structured experiments—but his theory and methods 
have been used as a basis for further work by many researchers. However, his 
work on probability learning, published mainly in 1951, was largely neglected 
until its English translation in 1975,† Piaget himself seems to have been ambival-
ent about it, and did not discuss it much with others in later years.52 Although he 
went on to examine causality, possibility and necessity in detail, he did not in-
tegrate this work with his probability work.53 So, while his probability work is 
usually taken as seminal, it did not belong within the mainstream of Piaget’s own 
thinking, and it is unlikely that he saw it that way. Much modern probability 
learning research is therefore in the paradoxical position of claiming to rest on 
work with which its author was unhappy. Nevertheless, because the work was 
based on clinical interviews, Piaget did provide researchers with a vast data base 
of questions and responses about interesting probabilistic situations. 

Between 1951 and 1975 two main streams of investigation into probability learn-
ing developed. Within the psychological tradition, Fischbein was developing a 
theory of mental structures which challenged Piaget’s conclusions, Kahneman & 
Tversky were describing common heuristics, and other researchers were 
undertaking small projects, sometimes based on Piaget’s work.54 Mainly because 
probability was one of the New Mathematics topics a pedagogical tradition also 
developed, and several researchers investigated whether probability really could 

                                                 
*  For simplicity I shall concentrate on probability research within the English-speaking world, 

which, as I have mentioned in several places, has been relatively uninfluenced by work in 
other languages. 

†  For this summary Section it seems unnecessary to provide detailed references to the 
researchers whose work has been discussed in detail in this thesis, and it is only practicable 
to mention a few of the less well-known ones. Further information may be easily found  by 
using the Bibliography, Indexes, and  J. Truran (1992).  

52 Vonèche, pers. comm., August 1994 
53 Piaget (1971/1984; 1981/1987; 1983/1987); Bunge et al. (1971) 
54 E.g., Goodnow (1958); Siegel & Andrews (1962); Stevenson &  Zigler (1958) 
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be taught.55 Some researchers worked in both streams,56 and most used methods 
which needed good questioning skills. However, it was within the psychological 
tradition that the most detailed attention was given to refining these skills.57  

Piaget and his colleagues might be seen as constituting the first generation of 
probability learning researchers, and those who worked between 1951 and 1975 
as forming the second. Work in the second period was marked by three features 
important for this study. Firstly, in spite of Piaget’s initial work, no single psycho-
logical tradition dominated the research field, which meant that new researchers 
had to make difficult decisions about which path they would follow, and about 
integrating their work with a literature which was quite diverse, but also quite 
small. The approaches of others could not be safely omitted or extensively 
criticised when submitting findings for examination or peer review. Secondly, 
prior to 1975 there were small, but significant, numbers of probability researchers 
whose work was more a response to the inclusion of probability into school 
syllabuses than to the traditional Academic concern with the workings of the 
mind. Thirdly, the discipline of Mathematics Education was developing its para-
phernalia of conferences and learned journals at this time, so, very early in 
probability’s research history, academic structures were in place which allowed 
some divergence of the psychological and pedagogical streams. Even though 
researchers were still very much concerned with developing good questions, the 
wide variation of possible approaches which developed in this period was not 
ideal for encouraging a focus on the precise development of skilled questioning 
techniques or on the holistic interpretation of the research findings.§  

We might see those who worked between 1975 to 1985 as the third generation of 
probability learning researchers. They now had a moderate, albeit disparate, data 
base of earlier work on which to build* and they were working at a time when 
stochastics education was developing its paraphernalia of conferences and 
learned journals. This provided them with two possible non-psychological Aca-

                                                 
55 To be summarised in ch. 22 
56 E.g., Fischbein, and also Ross (1966), who was concerned with the education of the deaf. 
57 E.g., Yost et al. (1962) 
§  Piaget & Inhelder (1951/1975) seem to come in for more criticism than most researchers 

later, mainly from workers within the quantitative tradition of psychological research, e.g., 
Falk et al. (1980), Siegel & Andrews (1962), Yost et al. (1962). 

*  Green (1982c) cited more than 30 papers, 10 of them unpublished dissertations, from before 
1975 which addressed the specific issue of children’s learning of probability. Kempster 
(1979) cited c. 40 papers, including 6 dissertations. Leffin (1968), on the other hand, had 
cited only 13 such papers including just one dissertation. Interestingly, this dissertation 
(Leake, 1962) eventually led to the English translation of Piaget & Inhelder (1951/1975). 
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demic outlets for the dissemination of their work. Some research attracted partic-
ular attention—that by Fischbein, Green and Falk in particular. Green’s was spec-
ifically based on Piaget’s work, Fischbein’s and Falk’s were more within the gen-
eral psychological tradition but with a concern for teaching as well as psychology. 
Work from within the main pedagogical stream58 attracted less attention. 
Sometimes, as with Shaughnessy’s work in teaching statistics, it brought to the 
forefront an individual who would provide personal leadership for many years to 
come, but many researchers with useful dissertations made little further 
contribution to probability learning research or to the research community.† Why 
was this so? The force metaphor of the BSEM is able to help here. 

This metaphor looks at people’s motivation for doing research. It is always wise 
to be very cautious about ascribing motives to individuals, but one general princ-
iple is indisputable, even though it may not apply to all cases. People usually pre-
pare dissertations to acquire qualifications which will facilitate promotion. Once 
the qualification has been obtained, a researcher may move to another institution 
and undertake research in a different field,∞ or may be under no strong pressures 
to do further research. The latter has often applied to those whose primary focus 
has been tertiary teaching rather than research, such as pre-service teacher educ-
ators. We have already described the vast expansion and upgrading of tertiary 
institutions in the 1970s and 1980s, and this led to many experienced but under-
qualified staff being appointed and put under some pressure to upgrade their 
paper qualifications. 

Many of the third generation probability learning researchers who were working 
in the pedagogical stream may reasonably be presumed to have been responding 
to pressure from their employers or from their own desires for further promotion. 
These pressures are most efficiently satisfied by producing a single, stand-alone 
piece of work within a relatively short period of time. This does not mean that the 
work will be poor, but it may not fit well with the long-term development and 
refinement of the methodological skills of the research field. Only Green showed 

                                                 
58 E.g., Jones, Kempster, Swinson  
†  Shaughnessy did very little research after his dissertation until quite recent times, but 

disseminated widely, and became seen as an authoritative commentator on stochastics 
research findings as a whole (Shaughnessy, 1992; Shaughnessy et al., 1996).  Jones is an 
exception who proves the rule: he did not go on with his initial work until the need to make 
a career change some twenty years later brought him back to it. 

∞  Wollring is a notable example. Once he obtained a Chair at Kassel he moved on to quite 
different interests within Mathematics Education (Dr Andrea Peter-Koop, pers. comm.) 
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a very wide view of the research he was doing, but he seems to have obtained 
support far beyond what is normally available to post-graduate students.59  

On the other hand, both leaders from the psychological stream—Fischbein and 
Falk—were working as staff members within universities with a strong commit-
ment to research, so their motivation was presumably that research was part of a 
job they had chosen and were committed to, and they had the time and resources 
available to undertake it. Even though all researchers within both streams have 
seen the use of good questions as being important, it is from Fischbein and Falk, 
as well as Green, that we find the careful attention to the refinement of question 
form. At a later stage Konold, who published his first probability work in the 
198460 and later worked with Falk, provided another example of a psychologist 
with a strong concern for good questioning skills. 

The period of third generation workers also saw, as a result of the increasing 
teaching of probability in schools, the beginning of mass testing of probabilistic 
ideas in several western countries. We have seen how poor these questions were, 
especially when compared with those used by contemporaneous researchers in 
the field. Did the test constructors refer to their colleagues’ work at all? Little 
evidence is available. But we do know that from a later period the extensive bib-
liography for the test which included SOLO 1 did not contain a single reference to 
research on mathematics learning for any of the topics covered.61 We also know 
that the review of research constructed for the Cockcroft committee presented a 
full page of the APU probability questions without comment of any sort, and 
with no attempt being made to link the questions to the research which was being 
summarised.62 Finally, we also know that an excellent manual of advice for quest-
ioners on how best to use language to elucidate mathematical understanding63 
was prepared during this period, but seems to have had little direct influence on 
probability research practice. It is reasonable to conclude that the researchers and 
the test constructors were largely intellectually isolated from each other. This is a 
heavy indictment of both groups, but especially of the test constructors, who 
should have seen their work as being in part an application of the pure research 

                                                 
59 Green (1982c, pp. ii–iii) 
60 Pollatsek et al. (1984) 
61 Collis & Romberg (1992, pp. 54–55). This was before any of  Collis’ first publication in 

probability learning (Watson & Collis, 1993). 
62 Bell et al. (1983, pp. 145–148) 
63 Newman (1983) 



  Page 661 

Developing a Question Methodology  Chapter 20 

of others. I have been unable to find any clear reasons for this surprising 
isolation,† and the matter warrants closer investigation. 

The free-market economy within which third generation researchers worked con-
tinued after 1985, and workers after this date may be seen as the fourth generat-
ion of probability learning researchers. Some, of course, belonged to earlier gener-
ations as well, but the fourth period manifested several important differences 
from the earlier ones. 

At the Physical level, the pressures to “publish or perish” were stronger than 
ever. In Australia at least, publications received governmental post factum funding 
based on guidelines which paid the same fee for refereed conference papers as for 
refereed journal papers, even though the standards of acceptance for conference 
papers were usually slightly lower.§ Both forms of publication were relatively 
more profitable than producing a monograph, and the majority of mathematics 
education books have comprised sets of contributed chapters,*    which, in Aust-
ralia at least, would generate much more research funding than a book by a sole 
author. This financial policy, together with increased time pressures on 
academics, and the increasing ease of travelling to conferences in interesting 
places, has led to a proliferation of short papers, sometimes remarkably similar to 
each other, especially when submitted to different conferences. The only authors 
who have presented many short publications which have fitted into a coherent 
theme over a long period of time have been those in Jones’ and Watson’s teams. 
Both are based in departments with large grants and/or readily available 
research students. Other authors, such as Konold, Falk, and Lecoutre, have cert-
ainly produced integrated work over time, but do not seem to have published 
quite as prolifically, although I may have missed some of their local writings.  

Another feature of the fourth period has been that by 1985 sufficient work had 
been published to provide new researchers with useful stepping-off points. Piaget 

                                                 
†  It was not due to a lack of personal contact between the two groups. The SOLO 1 question, 

for example, was written by Romberg, an influential researcher in the USA, and Collis, who 
held a similar position in Australia, and had been a President of PME. The test was edited at 
ACER by Doig, who is a regular attender at PME Conferences. 

§  These comments apply to Mathematics Education (MERGA, PME) where conference papers 
are refereed and published before a conference is held. Time pressures do not permit 
revision of papers, and editors encourage reports of work in progress. Referees are asked to 
be more lenient with marginal papers for conferences than they would be for journals (J. & 
K. Truran, 1999mer). The practices for some other areas of educational research have been 
quite different, e.g., science (Dawson, pers. comm.) and history (ANZHES). 

*  E.g., Gal & Garfield (1997). Clements and Ellerton (1991, 1994, 1996apr) have been notable 
exceptions to this rule. 
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continued to be largely neglected, but the work of both Green and Fischbein was 
frequently used as a source of questions for later researchers,64 and Green used 
his earlier experience to develop a new test to assess understanding of random-
ness.65 Others have used earlier work as a basis for developing alternative 
approaches.66 On the other hand, it has been rare to see work deliberately 
modified as a result of earlier findings. This probably reflects the limited critical 
interpretation of earlier results which we have discussed above. Some new 
approaches were also developed, notably by Konold and Pratt. 

The fourth period has also been marked by an increasing preference for qualit-
ative, rather than quantitative, analysis. Feminist researchers had seen a need for 
different forms of evidence, because traditional forms, including numerical ones, 
tended to reflect only male voices. Constructivist educators had developed a less 
absolute view of the nature of mathematical education, and Post-modernist philo-
sophers were challenging our understanding of the nature of knowledge itself. 
These three movements were, of course, to some extent inter-related. Probability 
learning researchers have tended to avoid the worst excesses of modern move-
ments and found a useful balance between qualitative and quantitative methods. 
Such an approach can be of particular value for the refining of question skills, but, 
as we have seen above, it has been less effective than it should have been because 
of a lack of critical interpretation of earlier findings. 

Some new tests of probabilistic understanding were developed during the fourth 
period. Some have quite clearly been constructed with the help of previous find-
ings.67 Researchers who have moved to investigating understanding of variation 
were of course forced to develop new material because so little had previously 
been developed.68 Others, however, seem to have taken very little notice of the 
literature at all. Consider the recent work of Jones which has been discussed in 
Chapter 8. Almost all of the lead questions used for the clinical interviews have 
been published69 and there are no references for any of them, so they are all 
presumably original, even those involving comparison of probabilities. Of course, 

                                                 
 64 E.g., Amir et al. (1999); Glencross & Laridon (1994); Sharma (1997); K. Truran (in prep.); 

Watson et al. (1994) 
65 Green (1986) 
66 E.g., Toohey (1995) 
67 E.g., Batanero et al. (1996) 
68 E.g., Reading & Shaughnessy (2000). Unfortunately this paper omits a crucial reference, so it 

is difficult to trace the origins of some of the work discussed. 
69 Jones et al. (1997, p. 108) 
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it is likely that some questions were inspired by the authors’ reading.† 
Furthermore, although the authors provide a large literature review, and give 
details of extensive validation of their framework and their coding procedures, 
they make no comment at all on the quality of the questions which generated 
their data. I am not saying that the questions are poor ones—with the exception 
of the use of the word “chance” I do not think that they are. Nor am I saying that 
it is inappropriate to design new questions—Jones’ framework is sufficiently 
novel to need some new questions. But when questions involve well-established 
situations like the comparison of probabilities, then it is reasonable to expect that 
earlier results of others should be used to inform the assessment of new results. 
This is not done, even in complex situations which other researchers have found 
to yield equivocal results.70 Such a neglect may be found in other works as well.71  

So the notable feature of work done in the third and fourth periods is how 
isolated the writings of individual researchers have been from each other and 
from mass assessment writers in spite of excellent opportunities for publication, 
travelling and personal communication.* The intellectual isolation has arisen 
neither from a failure to use opportunities, nor, to the best of my knowledge, 
from personal animosities. It seems to have reflected the absence of any strong 
forces on the nature of work done by most academic researchers. Those looking 
for large grants do need to convince governments that their findings will be 
potentially useful, and this seems to have influenced the approaches of Green, 
Jones and Watson, but these are the notable exceptions which prove the rule. 
There has been very little pressure from teachers or textbook publishers for 
research into specific aspects of probability teaching, and it has been largely left 
to individual researchers to choose issues which interest them. 

One might have expected that the peer review process would have had some 
influence on authors’ work, especially those publishing over a number of years. 
Of course, information about the influence of refereeing procedures is almost 
impossible to obtain. My own personal refereeing and submission experience has 
been that short conference papers can rarely be fairly criticised for their lack of 

                                                 
†  E.g., SS5 & SS6 were probably inspired by English (1993), and CP2 & CP3 by Konold et al. 

(1993). The Konold et al. paper is not listed in the references, but was certainly known to the 
authors at this time, because it is cited in the contemporaneous Tarr & Jones (1997).  

70 Jones et al. (1997, p. 119) 
71 E.g., the questions in Spinolla (1997) 
*  Of those working in the field since I took up my studies, I think  the only important 

anglophone whom I have not met or listened to in person has been Konold, and I have met 
many who write mainly in other languages, and even only failed to meet Inhelder because 
she was away on holidays when I was in Geneva. 
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breadth because of the constraints of space, although they can be and are rejected 
if their content is seen as inappropriate for the conference. There are too few 
experts which means that refereeing is rarely double-blind, and sometimes not 
even single-blind. Finding referees for conference proceedings who have 
substantial expertise in any research field is difficult,72 let alone a small one like 
probability. In any case, the large international conferences on stochastics educat-
ion have unrefereed proceedings, so are not subject to any peer control. But most 
importantly, as we have already seen, the level of critical analysis in the literature 
itself of the findings of others is quite low. It is therefore not reasonable to 
anticipate that peer review will have any major impact on developing greater 
intellectual links between the work of different individuals. 

In this Section I have constructed a history of probability learning research to ex-
plain why its influence on assessment has been relatively low. There seem to have 
been several reasons. The current structure of research institutions and funding 
has meant that researchers have been intellectually isolated from each other and 
have not needed to engage in critical examination of published research data. 
Their work on constructing assessment instruments has been subject to quite 
weak forces from Academia and the community, and has been limited more to 
just producing something, rather than something manifestly of high quality. 

So the underlying principles of the BSEM are able to be used to explain how one 
small aspect of its Mathematics Education node have developed over time. This 
idea will be expanded in the Coda at the end of this chapter, but first I shall sum-
marise Part E as a whole. 

CONCLUSIONS  
 

‘The statistics are unarguable,’ I said. 
He looked amused. ‘Statistics? You can prove anything with statistics.’ 
‘Even the truth,’ I remarked.73  

Recent work on the value of pencil-and-paper tests has contrasted the increasing 
evidence from researchers about their ineffectiveness with the increasing press-
ures from educational administrators for their wide-spread use.74 For example, 
Ellerton and Clements have compared the responses of 182 Australian students 
                                                 
72 J. & K. Truran (2000merfai, pp. 600–601) 
73 Yes, Prime Minister Lynn & Jay (1986, p. 195) 
74 Clements (1999, pp. 91–94). Vide etiam Alarcon (1982) supra. 
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from Years 5 to 8 to an ACER Mathematics Competency Test with the responses the 
students gave to the same questions in an interview situation.75 The mismatch of 
about 28% which they found between responses in the two situations was con-
sistent with similar research done by others, and many of the discrepancies were 
identified as arising from linguistic difficulties. They concluded that such tests 
“should not be used for benchmarking school performance”.76 The case against 
benchmarking is very strong and the discrepancies between researchers and 
administrators is further good evidence for the weak influence of Mathematics 
Education on educational practice.77  

Others have considered that the advantages of pencil-and-paper tests outweigh 
their weaknesses.78 Others again have seen their narrowness and failure to pro-
vide information about understanding and higher order thinking as compelling 
reasons for seeking more broadly based alternative approaches to assessment. 
These have included Socioconstructivist approaches,79 the development of more 
realistic contexts for assessment,80 and the establishment of criteria for good ass-
essment practices.81 Some have worked with administrators to effect system-wide 
change.82 Many of these more recent approaches have sought to introduce into 
public examination procedures an assessment component, usually a large one, 
which involves some personal interaction between assessor and assessed. At the 
same time, somewhat ironically, strong views against pencil-and-paper tests have 
not deterred Constructivist educators from using them to provide one form of 
evidence for the efficacy of their instructional procedures!83 

No matter which assessment structure is implemented, its effectiveness will rest 
on good questions. In this Part we have seen many examples of poor probability 
questions, simplistic interpretations of responses, and a poor distribution of 
questions across the whole spectrum of probabilistic understanding. It would be 
fair to conclude that society’s skills in asking good questions to assess probabilist-
ic understanding have not yet reached a level where the use of multiple-choice 

                                                 
75 Ellerton &  Clements (1997) 
76 Ellerton &  Clements (1997, p. 161) 
77 Vide etiam Costello (2000) on the mismatch between research and politics, and the deficienc-

ies in researchers’ attitudes which have led to this situation. 
78 E.g., Robitaille & Travers (1992, p. 708) 
79 E.g., Yackel et al. (1992) 
80 E.g., Blane (1992); de Lange (1992) 
81 NCTM (1995) 
82 E.g., Blane (1992); de Lange (1992) 
83 Cobb et al. (1991, p. 14) 
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questions can be justified as a basis for mass testing. But this Part has also provid-
ed evidence which cautions against that absolute opposition to pencil-and-paper 
tests in all circumstances which is found in the following quotation from a 
leading advocate of the realistic assessment movement: 

[A] consequence [of class-administered tests] is that it is almost imposs-
ible to diagnose the children’s mathematical problems; any error analys-
is that depends solely on the results can never suffice to discover child-
ren’s problems and misconceptions.84 

We have seen several examples in Chapter 19 of questions which have provided 
some good diagnosis of some beliefs. While de Lange is correct in claiming that 
many respondents’ answers will need further investigation before a good overall 
diagnosis can be made, his denigration of tests in general is too strong. They can 
yield information of value when they are skilfully interpreted.  

“Skill” is the key word here, and of course it is needed to interpret de Lange’s 
rich assessment tasks just as much as more routine questions. Perhaps the need is 
greater for routine questions, especially the richer ones. But skill in interpreting 
responses to complex questions is not part of a mathematics teacher’s traditional 
expertise,85 so it is not necessarily the case that personal interviews will yield 
higher quality assessment than pencil-and-paper tests. This is an issue which 
tends not to be discussed publicly. Reformers have to work closely with teachers, 
so they tend to choose their words carefully, as the following examples show. 

Teachers are the persons who are in the best position to judge the devel-
opment of students’ progress and, hence, must be considered the prim-
ary assessors of students. However, depending on the purpose, there 
are other assessors, such as learners, who assess their own progress.86 

[Teachers] are, by definition, the experts and should not be seen as bar-
riers to implement new curricula. … Of course the people from the 
teams who designed the materials should be present as well and receive 
the appropriate criticism of the materials. But teachers should be the 
messengers of the good news.87 

Sometimes, the sheer complexity of alternative assessment procedures and the 
demands which they place on teachers are frankly acknowledged.88 But in public-

                                                 
84 de Lange (1992, p. 314) 
85 Blane (1992, p. 300); Webb (1992, p. 673) 
86 NCTM (1995, p. 1) 
87 de Lange (1992, p. 328) 
88 Lambdin (1993, pp. 12–13) 
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ations which are produced by teachers for teachers it is unwise to suggest that 
most teachers may not be sufficiently skilled to undertake the complexity of tasks 
required by rich assessment methods. Only occasionally does one encounter re-
search which acknowledges even that some teachers are only moderately effect-
ive,89 or which addresses realism rather than hyperbole, such as: 

Our research has indicated that however innovative the tasks teachers 
will not use them for assessment if (1) these tasks do not reflect their 
own undestanding of mathematics, (2) they do not recognise the value 
of such tasks in measuring significant mathematical knowledge, and (3) 
they do not value the outcomes the items purport to measure. As long 
as mathematics is viewed as consisting as primarily of a series of steps 
to be applied in isolated contexts, teachers will view moves towards alt-
ernative methods of assessment as peripheral to the “real curriculum”.90 

We shall defer until Part E a discussion of the professional nature of teaching, but 
here it is appropriate to relate some of the findings of Chapter 19 to the realities 
of classroom practice. We have seen many weaknesses in the work of experts to 
support the claims in Chapter 17 that the “expert process” of test construction can 
often produce serious weaknesses, and the best probability questions seem to 
have come from those who, like Fischbein and Green, have been both teachers 
and researchers, but even they have not always been successful. So we may 
reasonably presume that devising good questions will not be easy for most teach-
ers, no matter how committed. We have seen in Chapter 16 how ineffectively 
research results are disseminated among teachers, and this matter will be dis-
cussed further in Part E.  It is therefore unlikely that many teachers will have 
added those good questions developed by researchers to their battery of class-
room skills. Indeed, it has been my experience that when pre-service teachers are 
asked to present good research questions91 to children, they have great difficulty 
believing that so many of their own students could have produced so many of the 
wrong answers reported as common by the researchers.* Teachers’ usual source 
of support—textbooks—tend to emphasise the presentation of mathematical 
ideas, rather than the difficulties of learning them. Still, it is usually the case that 
over time good teachers develop an awareness of common errors and miscon-
ceptions, but this awareness is developed ad hoc, and is most unlikely to be either 

                                                 
89 Askew et al. (1997) 
90 Cooney et al. (1993, p. 247) 
91 In my case, the CSMS material from Hart (1980) 
*  I have been equally surprised to find how often pre-service teachers have exhibited in 

workshops the same elementary errors which in lectures I had summarised for them from 
the CSMS findings.    
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systematic or comprehensive.  For probability it is likely to be very poorly devel-
oped because most teachers are not confident or knowledgeable about the topic. 
While there are strong Social pressures on how teachers manage classrooms, the 
pressures—from Academics, Society and colleagues—on how they teach are 
much weaker. They are seen as experts, in spite of much evidence to the contrary.  

To choose just one example. I have claimed that the process of disseminating ex-
perience of asking probability questions is poorly developed, even though much 
useful information is known. Let us consider material taken from a recent, extens-
ively referenced textbook for pre-service and in-service teachers written with a 
specific aim of balancing research and pedagogy.92 The following questions are 
suggested as suitable for a class project concerned with the relative frequency of 
outcomes of a die: 

• What number do you think will come up most often? Why do you 
think this? 

• If you rolled a ‘2’ three times in a row, what do you think the next 
throw would be? Why? 

• Why do you think many commercial games require players to roll dice 
as part of the game?93 

These are good questions for opening up dialogue, but the text goes no further. It 
gives no information on what is known about responses to tossing dice, as dis-
cussed in Green 5, Kerslake 1, Watson 1 and Chapter 8. It takes no account of the 
likelihood that many teachers will be aware that an answer of “2” for the second 
question may be a reasonable response based on inductive thinking, especially 
when the respondent is unable to articulate his or her underlying reasons. It does 
not summarise findings on the Gambler’s fallacy, such as have been discussed 
here. It does refer to Kahneman et al. (1982), but this reference would be time-
consuming for busy teachers to access and distil. It does also contain a good com-
ment from a teacher about the difficulty in stochastics of constructing experi-
ments which present counter-examples,94 but provides no advice on how to over-
come the difficulty. It gives no advice about what to look for when using such 
questions for both pre- and post-instructional assessment. In fact the text takes 
teachers no further forward than the positions that people like Green and Kemp-
ster were in when they started their research in the late 1970s, even though two of 

                                                 
92 Bobis et al. (1999, pp. xiii–xv) 
93 Bobis et al. (1999, p. 254) 
94 Bobis et al. (1999, p. 254) 
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its referees were specialist probability researchers.* If researchers take teachers no 
further forward than this, we cannot blame teachers for not doing so alone. 

We saw above that there was very little pressure from the Mathematics Education 
community on the work done by individual researchers. Even though this book  
was written by practising researchers with close links to classrooms, they seem 
either to have felt no pressure from classrooms to provide research findings of 
practical pedagogical use or to have been unable to interpret the research findings 
appropriately. Or perhaps both. It is the isolation of the research findings about 
probability questions from both pedagogical practice and writers of national tests 
which is the most striking feature to be seen in the probability obuchennyi 
environment. 

As mentioned above, in Chapter 24 we shall discuss “Evidence-based Medicine” 
as part of an examination of the nature of professionalism and shall argue that 
there is a need for a parallel concept of “Evidence-based Pedagogy”. The data of 
Chapter 19 has been put forward as one type of evidence which should underpin 
pedagogic practice in the same way that, for example, pharmacological evidence 
should underpin medical practice.95 The educational data has weaknesses, and is 
not as precise as medical science has been able to generate. But just as pharmaco-
logical evidence can only be a guide to practice because the known interactions 
between treatments and conditions are so complex, so too is educational practice. 
The data from Chapter 19 is definitely more systematic than Hunting’s “serendip-
itous anecdotes” mentioned in Chapter 17, and some of the questions have made 
some steps towards opening up the dialogue which Hunting has also seen as 
desirable.96 But the evidence from Bobis et al. (1999), which is the most research-
based pedagogic textbook I have seen, is that there is very little move towards 
underpinning pedagogic practices by research-based evidence. Until this happens 
it will be very difficult for teachers to claim that they constitute a profession. 

And yet recent research into what constitutes an effective teacher of numeracy 
has found that the most successful teachers believe it is important for pupils to ac-
quire a rich network of connections between different mathematical ideas and to 
be able to select and use efficient and effective strategies.97 Such a finding posits 
the need for teachers to have a similar rich network of ideas, and this chapter has 
presented one way of linking disparate, often small, research findings into a 
                                                 
*  Way and Watson (Bobis et al., 1999, p. xv) 
95 E.g., Thomas (2001) 
96 Hunting et al.  (1993, no pagination) 
97 Askew et al. (1997, p. 89) 
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wider structure. This structure is equally applicable to traditional or rich assess-
ment procedures as well as to pedagogic practice. Evidence-based pedagogy for 
probability is currently feasible, albeit still somewhat tentative. 

It would be possible to finish Part D at this point, having provided a moderately 
good tool for question analysis, some helpful analysis of research results on ass-
essing probabilistic understanding, and some further examples of the value of the 
BSEM as an interpretative tool. But it is possible to go beyond this work to see the 
BSEM in a quite different light from that which has been developing through this 
thesis, and this may help to explain the isolation of researchers and their findings  
from other educationists. So it is appropriate to finish this Part too with a Coda.  

However, because of the width of the study field, the reader will need to accept 
an unconformity in the development of the argument. We have been predomin-
antly concerned here only with Intellectual forces from Mathematics Education, 
so the Coda also fits closely with Chapter 24, where the Pedagogical study of Part 
E will lead to a restructuring of the original form of the BSEM into the form pre-
sented in the Frontispiece. The reader may therefore decide to pass over this 
Coda until after reading Chapter 24 and its Coda. Both Codas will form import-
ant foundations for the concluding argument of Chapter 26. 

PROVIDING A “ZOOM MODEL” FACILITY FOR THE BSEM  
 

“Yes, I have a pair of eyes,” replied Sam, “and that’s just it. If they wos a pair 
o’ patent double million magnifyin’ gas microscopes of hextra power, p’raps I 
might be able to see through a flight o’ stairs and a deal door; but bein’ only 
eyes, you see my wision’s limited.”98 

This Part has provided a brief history of a small research field within Mathemat-
ics Education, and has shown that some directions taken could be explained in 
terms of the BSEM. In Part C we saw that some components of the BSEM, while 
logical in themselves, over-simplified quite diverse interacting forces. It therefore 
seems sensible to consider whether the BSEM might also be used to describe a 
part of itself. So in this Coda, using the  revised form of the BSEM which will be 
proposed in Figure 24∙5, this possibility is tested. 

                                                 
98 Dickens (1837, ch. 34), cited in Partington (1996) 
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The “Zoom Model”  

The question to be considered is whether zooming in on the Mathematics Educat-
ion node reveals a set of interacting forces with the same structure as the BSEM it-
self. Of course, this procedure might be repeated several times, rather like open-
ing a set of matryoshka dolls, or thinking about what will happen to the picture on 
a Willie Weeties packet of Willie Weeties holding a Willie Weeties packet …. Our 
concern here, however, is the single one of deciding whether the approach is use-
ful for just one node. 

Assessment is a good example to choose from Mathematics Education. It is well 
linked with the BSEM’s nodes because it is often driven by Social forces and can 
yield valuable Pedagogical implications, but the design and interpretation of 
questions is essentially an Intellectual activity. We have seen that its development 
has taken place in relative isolation from other related educational activities. Fig-
ure 20∙1 below presents a model for the Mathematics Education environment 
alone. This will be used to illustrate the forces acting on the development of prob-
ability assessment in order to provide evidence for the claim to be made in 
Chapter 26 that the ecological approach of the BSEM is a research programme 
with the capacity to construct auxiliary hypotheses. 

Some changes, of course, need to be made to the Frontispiece BSEM Diagrammat-
ic Model, but these are relatively few, and retain the spirit of the original. The 
Charismatic Forces node remains unchanged. The External Forces node remains 
unchanged but the forces refer now to those within Academia itself. So “Physical” 
refers to the conditions under which research is practised—principally time and 
resources. “Social” refers to the traditional research conventions and procedures 
of Academia, and to institutional or departmental pressures to work in certain 
fields. The Intellectual Forces node becomes the Research Forces node, 
encompassing the criteria which assess the quality of the research undertaken. I 
have seen this node as having two sub-nodes which I have called the Cognitive 
and the Cultural nodes. The first is concerned with the cerebral aspects of learn-
ing, the second with the environment within which learning takes place. These 
form a parallel with the Mathematics and Mathematics Education nodes of the 
BSEM because the Cognitive node is concerned mainly with the long-established 
discipline of the study of the mind, and the Cultural node deals to a large extent 
with the more modern discipline of seeing how results from this discipline may 
be applied in a real situation. The boundaries are not clear cut, of course, and 
both the psychological and pedagogical streams of research embrace both ap-
proaches. However, the psychological stream emphasises the Cognitive approach 



  Page 672 

Developing a Question Methodology  Chapter 20 

and the pedagogical stream the Cultural. Finally, the Pedagogic Forces of the 
basic BSEM have become here the Integrative Forces node with two sub-nodes 
referring to the Dissemination and the Reception of research findings respect-
ively. These may be seen as relating to the teaching and learning of researchers, 
and the term “Integrative” picks up the obuchennyi idea of he basic BSEM The 
terms are a little awkward, which may be because the underlying concepts are 
rarely discussed, and so suitable terms have not yet developed within Academia. 

Cognitive

    Integrative Forces 
 
 

Reception

Dissemination

 Cultural

Research Forces

External Forces

Physical

Social

Charismatic Forces

 

Figure 20·1 Zoom Model of the Revised Broad-Spectrum Ecological 
Model for the Mathematics Education Node  

Applying the “Zoom Model” to Probability Assessment  

The discussion above has shown that Charismatic forces influencing this field of 
research have been minimal. Within stochastics education research in general, 
there has been some general Charismatic leadership, such as that by Carmen Bat-
anero from the University of Granada, Spain, but this has more influenced the 
status of stochastics education as a whole than any specific field of research. 

The External forces have come mainly from the nature of government funding. 
Some faculties have also been able to sell services to private enterprise, but this is 
not easy in education where governments are the principal employers. So most 
probability researchers have tended to work in isolation on relatively small pro-



  Page 673 

Developing a Question Methodology  Chapter 20 

jects. Their colleagues within Academia as a whole have had little influence on 
their work or on government requirements because Education research is rarely 
taken very seriously, as we shall see in Chapter 24, and very few non-specialists 
have good criteria for judging its quality, especially in assessment. Only for the 
few larger projects has there been any pressure from the funding authorities or 
the tertiary institutions and they have merely tended to be a weak requirement 
for projects which are potentially applicable in classrooms. Designing assessment 
and other aspects of education are presumably seen as specialised enterprises 
whose quality will be assured by having them conducted within the traditional 
quality control mechanisms of Academia. 

But in practice the control mechanisms which should be operating at the Research 
node have not been particularly effective, partly because of the  relative separat-
ion of the Cognitive and the Cultural nodes. Work done within traditional psych-
ology on the understanding of chance is rarely reported in the stochastics educat-
ion literature, and the reverse is probably the case as well.§ The need for greater 
integration has really increased because of the increasing use of qualitative meth-
ods, which  can more easily mask imprecise thinking that can quantitative ones. 
This is not to say that quantitative methods are better: they can lead to trivial 
findings with little or no application. The ideal solution is to balance the two 
approaches. 

The control mechanisms have also not been effective because the research field is 
relatively new and no agreed body of knowledge has yet been constructed. So 
each researcher has been reasonably free to follow his or her own inclinations, 
and there has been a dearth of experienced and knowledgeable referees who 
might have been able to encourage a high standard of published papers. The 
potential value of such skilled referees as there are has been diminished by the 
limitations placed by editors on standards for conference publications. 

These difficulties have been exacerbated because the Integrative Forces have been 
marked by good Dissemination and very poor Reception. The good Disseminat-
ion is evidence that some Academic conventions are being followed, and the poor 
Reception evidence that some are missing. Poor Reception takes two forms. The 
first is the relative failure of researchers to engage with each other’s findings in 
depth. The second is the failure of test designers to make use of the findings 
which have been established. Both of these may be attributed in part to the weak 

                                                 
§  I am grateful to Dr Carmen Batanero, U of Granada, Spain, for discussions on this point. 
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nature of the External forces and also to the unfocused Research node caused by 
the limited interaction between the Cognitive and Cultural nodes.  

This summary of the forces acting on probability assessment research is presented 
diagrammatically in Figure 20∙2.  

Cognitive

    Integrative Forces 
 
 

Reception

Dissemination

 Cultural

Research Forces

External Forces

Physical

Social

Charismatic Forces

 

Figure 20·2 Summary using the Zoom Model of Forces Operating within 
the Probability Assessment Research Field  

Discussion 

Given that this summary has been very critical of the results from probability 
assessment research, it needs to be said here that researchers and test designers in 
probability assessment are rarely foolish, incompetent or irresponsible. However, 
they are human, limited and fallible, and to some extent their concerns are with 
themselves and their work, rather than with the broader picture. That is why con-
ventions about procedures for Academic working have developed. They provide 
a set of checks and balances which help to ensure that what is done is rigorous 
and cumulative. I have marked a barrier between the influence of Dissemination 
on Reception. I suspect that in most cases this is not a consciously erected barrier, 
rather a reflection of the strength of the operating forces. 

Figure 20∙2 tried to explain why this has been the case. It depicts a quite weak set 
of forces, with relatively little mutual interaction. some active resistance and no 
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Charismatic inspiration. In particular, it has shown what hydrodynamicists 
would call a “sink” at the Integrative forces node and the block at the Reception 
part of this node means that this node is not generating forces to operate on the 
other nodes and so help to sustain a dynamic, interactive system. In particular, it 
is not encouraging strong checks and balances at the Research node, and so  de-
basement of practice is to be expected, which is just what we have seen happen.  

What Figure 20∙2 does not show is why the checks and balances are so much less 
effective here than one finds in other disciplines, whose researchers are pre-
sumably equally rarely foolish, incompetent, or irresponsible. I have suggested 
that the relative newness of the topic has led to substantial Variation of approach, 
and this is consistent with the general ecological model being used here. How-
ever, I do not believe that this is a sufficient explanation. 

A further reason seems to me to lie in the weak links between the Cognitive and 
Cultural nodes—links notably lacking in connoisseurship. In Chapter 9 I dis-
cussed in some depth the application of numerical models to biological ecology 
and suggested that such analyses could usefully be also applied to educational 
research. In my view, stronger links between the Cognitive and Cultural nodes 
are likely to come when numerical methods are more widely and deeply applied 
to the probability assessment field. This need not be to the demise of qualitative 
approaches—after all medicine at its best manages to mix the approaches with 
some success. Of course, many researchers are currently using numerical meth-
ods—Fischbein, Green and Watson are three notable examples. But we have seen 
in Chapter 19 that the interpretation of the numerical findings has proved diffic-
ult. Because most of the work done has been within the Pedagogical stream, and 
hence at the Cultural node, there has been little pressure to look for a rigorous 
interpretation of the findings, because it is widely believed that Education is an 
imprecise study. The research has been able to proceed without adequately 
addressing what, if anything, the results already found actually mean. Nineteenth 
century naturalists had a similar view of nature to what we have of education 
today.* Twentieth century ecologists have shown that a numerical approach to 
nature is a useful supplement for the traditional approaches. I suspect that the 
same will prove to be true for educational research, as long as that numerical 
approaches are not allowed to take over. This is why Figure 20∙1 provides for 
tension between the Cognitive and Cultural nodes. 

                                                 
 *  J. Truran (2000saoa, pp. 26–27) argues that early twentieth century Australian avian taxo-

nomy might have developed with less vitriol by greater use of statistical procedures. 



  Page 676 

Developing a Question Methodology  Chapter 20 

So what we have shown in this Coda is that many of the forces acting on the 
development of probability assessment are able to be integrated into a single 
model which applies to the discipline of Mathematics Education. This integration 
has helped to explain why we have found weaknesses in the development of a 
good probability assessment, and to suggest ways in which future development 
may be enhanced. In Chapter 26 I shall claim that this “mini-BSEM” provides 
support for the claim that the ecological metaphor of the BSEM constitutes a pro-
gressive research programme.  

I have shown in this Part how the BSEM may be used to interpret how one aspect 
of Mathematics Education research has developed over time. It has been con-
cerned with finding ways of enhancing communication and understanding of 
thinking to improve assessment practices. Part E will do the same for the Ped-
agogy of probability, and also show how the micro-analysis of Mathematics 
Education done here is linked to the broader educational picture. It will examine 
the age-old difficulty of applying theory to practice. 
  

… You have transported me to this place, and I would like you to inform me 
how much is my fare, please? 

He became very irate again, and said in a loud voice, ‘Strike me bloody 
‘andsome, I just told yer. Three bob.’ 

How much is the fare, please? 
He said, ‘Oh-h-h!’ and something I didn’t understand, then pushed his cap 

back. and scratched his head. Then he said, very slowly and distinctly, 
‘Look mate, have—you—any—money?’ 

This was very good English, and I answered immediately. ‘Yes.’ 
‘Have—you—three—shillings?’ 
Again I was able to answer immediately, and I was wishing he would always 

speak as clearly as this. I said, ‘Of course , I have three shillings.’ 
Then he seemed to acquire a great rage, and said, ‘Well bloody give ut to 

me before I call the bloody cops or do me bloody block or some bloody 
thing. Give us me three bob.’ 99  

                                                 
99  Cullotta ( 1957/1966 , p. 16) 
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