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  Part B 

This thesis uses the ecological model described in Chapter 9 as a tool to explain 
some aspects of the history and current practice of the obuchennyi1 of probability. 
Such an analysis cannot be done in vacuo.  Education is a complex activity pur-
sued in relative freedom by people from many diverse backgrounds. All mem-
bers of our society have experienced it, most have opinions about it, and some are 
very ready to make these opinions widely known.  

There is no generally accepted view of the best form of education. Many would 
argue that humans are so diverse that there cannot be any such monolithic view. 
Educational professionals work within much less well-defined paradigms than do 
legal or medical practitioners. All require creativity and flexibility, but even 
marginalised medical paradigms such as chiropractic have better defined pro-
cedures and controls than do many mainstream educational ones. 

Partly because of such a diversity of approaches this thesis is cross-disciplinary. 
But the conventions of one discipline need not match those of another. My super-
visors are respectively an historian and a mathematician, but neither is both. My 
own special skill is pedagogic. I spend time in a mathematics education com-
munity whose most outspoken members are Social Reformers and Construct-
ivists. The primary focuses of this thesis are history, curriculum and assessment, 
but its underlying approach is ecological. So it is more important than usual to 
spell out in detail the assumptions and conventions which I am adopting and to 
set them in a wider context as part of making cohesive links between all these 
different approaches and philosophies. 

No such survey can be totally comprehensive.2 But to provide a working back-
ground for the later parts of this thesis I outline here the features which are im-
portant for me and for my approach, as well as those considered important by my 
professional colleagues and by the community at large as reported in the media. 
The features covered are: 

• educational philosophies; 
• language and linguistics; 
• the meaning of probability; 
• the mathematics of probability; 
• general curriculum theories; 
• a summary of research into probability teaching and learning. 

                                                 
1 Learning and teaching, understood as deeply inter-related in complex ways. Vide ch. 2.  
2 Vide D. Wheeler (1996)—a comment on one attempt to establish a scientific discipline of 

mathematics education.  For a neat, brief popularising summary, vide Burton (1986). 
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Within each chapter I focus on those aspects which most help to elucidate the 
underlying ecological approach, but this may not become obvious until after 
reading both its explication in Chapter 9 and some of the applications in Parts C 
to E. While I have drawn some links between the chapters, others are certainly 
possible, and a sequence of fairly discrete chapters seemed to be the best way of 
facilitating the reader’s own creative reading. 

Finally, as a preparation for the historical analysis in Part C, this Part finishes 
with a brief summary of the educational practice in SA in the 1950s, just before 
the time discussed in this thesis. 





 

 

CHAPTER 3: PHILOSOPHIES OF MATHEMATICS 
EDUCATION  

To sum up, what radical constructivism may suggest to educators is this: the 
art of teaching has little to do with the traffic of knowledge. Its fundamental 
purpose must be to foster the art of learning.1 

A philosophical summary is not the most exciting way to start a thesis. But it is 
beliefs—of teachers, parents, children, administrators and industry—which 
constitute the principal focus of this dissertation, so they must be well under-
stood.  We start with an entertaining and concrete background for contextualising 
the more abstract analysis which follows. 

A BRIEF HISTORY OF RECENT PEDAGOGICAL TIME  
 

[T]hat long succession of Waves of which History is chiefly composed.2 

In mathematics education from the 1960s, wave has compounded upon wave, 
producing potentially damaging and unpredictable perturbations. “Each generat-
ion’s revolution tends to become its successor’s chains.”3 The following text 
expresses some of the concerns which the community has had about these waves. 

THE NEW, NEW MATHS: THE EVOLUTION OF A 
MATHEMATICAL PROBLEM 

Teaching in the 60s 

A farmer sells a bag of potatoes for $45. Production costs 80% of the 
sales price. What was the profit? 

Traditional Teaching in the 70s 

A farmer sells a bag of potatoes for $100. Production costs used four-
fifths of his sale price, that is $80. What was his profit? 

Modern Teaching in the 70s 

A farmer exchanges a set “P” of potatoes for a set “M” of money. The 
order of the set “M” is 100, and each element is worth $1. Make a draw-
ing of 100 dots representing the elements of the set “M”. The set “C” of 

                                                 
1 von Glaserfeld (1995, p. 192) 
2 Sellar & Yeatman (1930, p. 4) 
3 P. Hughes (1966, p. 265) 
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the production costs has 20 dots less than the set “M”, so now answer 
the next question: What is the order of the set “B” of profits? (Draw its 
elements in red.) 

New Teaching System of the 80s 

A farmer sells a bag of potatoes for $100. Since the production costs 
were $80, the profit was $20. Now underline the word “potatoes” and 
discuss it with your neighbour. 

Reformed Teaching of the 80s 

A privileaged Kapitalist seels injustly $20 over a beg of potatous analise 
the text and find out grammatik, ortografy and ponctuation error and 
say something about did process of getting reach. 

Politically Correct Teaching in the 90s 

There was a motion before the class management committee from Judy 
that the class should discuss the marketing of potatoes. The class decid-
ed that the method of reproduction used by potatoes was in conflict 
with the class’s policy on equal opportunity and rejected the motion. 
Judy was rather upset by this decision and took affirmative action using 
some of the bag of potatoes which she had brought with her. Most of 
the class implemented their affirmative action training very effectively, 
and Judy sent a letter of resignation from her hospital bed. The potatoes 
were sold at the Flea Market for $100 and $20 was spent on flowers for 
Judy. How much money has gone into the class television fund?*  

INTRODUCTION  
 

[P]rior to the 1970’s the issue of the nature of mathematics was not on the 
agenda for discussions about mathematics education. … Advances in the 
history and philosophy of mathematics, the sociology of knowledge, and 
post-modernist thought … have shown that the myth of the unchanging  nat-
ure of mathematics is probably held in place by the use of a single term 
‘mathematics’ for several diverse domains of knowledge and discursive 
practice.4 

Mathematics has never been a universally popular school subject. It has been seen 
by many as detached from real life, excessively rigid, frequently incomprehens-

                                                 
*  I heard at least three forms of this text in the early 1990s, one during a very expensive  long-

distance phone call made explicitly to read it out to me. In keeping with the genre I have 
added the final paragraph before passing it on to others. An alternative form is found in 
Australian Mathematics Teacher  50 (1): 18. Another, using the model of a logger, is found in 
C&EN [sic, no other details available] 23 Jan 1995, p. 84, and was circulating on an e-mail 
list in an extended form in March, 1998. 

4 Almeida & Ernest (1996) 
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ible. Because it has often been used as a filter to select students suitable for further 
education, it is frequently associated with failure.5 Perhaps because of the recent 
wider community access to tertiary education, mathematics has come under 
increasing pressure to change, both from society and from some teachers.  

It may be true that changes, if followed by periods of stability, “have the capacity 
to capitalise on human passion, bringing about the most creative and innovative 
passion”.6 However, too many changes, and too few periods of stability can 
prove highly destructive. As suggested above, this is probably what has hap-
pened within mathematics education in recent years. The purpose of this chapter 
is to provide some understanding of the philosophies which have been present in 
this period, so that their influence on the teaching and learning of probability 
may be assessed in the historical analysis of Part C. 

It has been suggested that there are three critical questions in mathematics 
education—what, how and why?7 People holding different philosophies will 
answer these questions differently. Only recently have the questions and answers 
been subjected to wide critical examination. 

But the principle users of education in western society—parents and children—
tend to expect a high degree of certainty in classroom practices. For teachers too, 
management constraints tend to encourage fairly well structured classrooms. So, 
not surprisingly, “[t]he concept of mathematics as a body of infallible and 
objective truth, whilst questioned by many mathematicians and philosophers, 
appears to be still widely held by society, teachers and students”.8 Mathematical 
aspects of probability will be discussed in Chapter 6; here I have used summary 
works by Steedman and the post-modernist philosopher Ernest9 as a basis for 
discussing some general educational philosophies of relevance to this thesis, with 
a special focus on how they might directly influence classroom practice. 

Ernest has described five types of educator distinguished by the philosophies of 
mathematics education which they hold and has described how each philosophy 
leads to different views about many different aspects of mathematics education.10 
The types are: 

                                                 
5 Benn & Burton (1996) 
6 Ponte et al. (1994, p. 363) 
7 Steedman (1991) 
8 Benn & Burton (1996) 
9 Steedman (1991); Ernest (1991) 
10 Vide  Ernest (1991, pp. 138–139) for a summary of these differences. 
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• industrial trainer; 
• technological pragmatist; 
• old humanist; 
• progressive educator; 
• public educator,11 

This is a useful classification, and it will be picked up again in Chapter 7 when we 
look at Print’s approach to curriculum theory. But it is too broad for some of the 
key issues which will arise in Part C of this thesis, so we shall be taking parts out 
of Ernest’s detailed break-down of each of these strands. Sadly, there will not be 
enough space to pick up his detailed critique of all the various approaches. But 
before we look at more detailed classifications, we must first examine an 
important consequence of Ernest’s rather acerbic analysis. 

THE CONCEPT OF A DEBASED FORM OF A PHILOSOPHY  
 

God saw all that he had made, and it was very good. … 
The serpent said to the woman …12 

Many of Ernest’s criticisms refer more to debased forms of a philosophy than to 
the philosophy itself, where the term “debase” is not used in any pejorative way. 
But “debasement” is not a concept which he discusses. Throughout this thesis we 
shall see how the visions of curriculum developers have been modified when 
incorporated into normal classroom practice. Such change may represent a con-
structive refining of the vision,* but it may also represent a difference in educ-
ational philosophy between the developers and the teachers. Two examples will 
suffice here. The first is a reminiscence by one of the developers of the New 
Mathematics in NZ in the 1960s. 

How successful was the mathematics innovation then, in New Zealand schools, 
particularly secondary schools—given the limitations of teacher qualifications 
which you mentioned and possibly the materials themselves coming from 
overseas? 

It wasn’t very successful. It was very successful in the pilot scheme 
stage. I think that is one of the problems with education innovation. You 
know, any education innovation is doomed to success, isn’t it, really. 

                                                 
11 Ernest (1991, chs 7–9) 
12 Genesis 1: 30; 3: 1 
*  Vide Waring’s (1979) analysis of the development of the Nuffield Science Project. 
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That if you got something that people were enthusiastic about, then that 
enthusiasm will be related to the kids and it didn’t really matter what 
you teach them. They’ll do better. … 

… I had a mission and I was preparing extraordinarily well, because the 
material was new and I put an awful lot into my teaching at that time. 
Of course it succeeded … . And the failures didn’t really come until—
well, the population changed. The population that were receiving it.  It 
became used with less able kids and less able teachers. And it didn’t 
work. That is what it really amounted to under those circumstances.13 

The second comes from an assessment by a senior mathematics educator of what 
happened when the New Mathematics was introduced into NSW. 

Any discussion in training courses of new learning theories, based on 
Gestalt and cognitive psychology, tended to be discarded for the proven 
teaching style of explain, illustrate, practise, based on contiguity and 
reinforcement theories of learning (associationism).14 

In Part C I shall present reasons why such discrepancies between theory and 
practice may occur, and argue that in practice it is almost inevitable that philo-
sophies will become debased. The point to be made here is that, if such debase-
ment is seen as having serious negative consequences, then the debased form 
may well come to be seen as the normative form of the philosophy and used as 
“Aunt Sallys” in debate. Thus the questions in the potato problem are caricatures 
of debased philosophies. This confusion can lead to reactionary forces of an 
intensity appropriate perhaps for the debased form, but not for the pure form, yet 
ostensibly directed at the pure form, and certainly not at the forces which have 
caused the debasement. 

The heat of the reaction may well make it difficult to see the components clearly 
so that not only is the philosophy debased but the critics’ perception of the en-
vironment in which it is practised may be seriously clouded. One senior educ-
ational administrator has suggested that the success of an innovation is inversely 
proportional to conflict which it generates.15 Not all the players in the reforms of 
the 1970s were able to see the situation as clearly as the curriculum developer 
who said, “[i]t may well be that the return to ‘basics’ and traditional teaching 
methods is an ‘over’ reaction to evidence of poorly implemented alternative 

                                                 
13 Associate Professor Gordon Knight talking to Roger Openshaw  (Openshaw , 1991, p. 122) 
14 McQualter (1980a, p. 169) 
15 J. Giles (1970, pp. 42, 51) 
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forms.”16 And it may be that educational researchers are misled by the “Aunt 
Sallys” as well. As another senior mathematics educator has written: 

I don’t see in the implicit descriptions of teachers occurring in most 
research accounts anything shaded enough to look like the people who 
years ago taught me, or to look like myself when I was a teacher, and I 
don’t see in the researchers’ assumptions many of the teachers I pre-
sently know.17 

Clearly it is important to distinguish substance from shadow. So I have been sur-
prised that the idea of a “debased” philosophy has not received more attention in 
those “state of the art” works which I consulted. It will be seen in Parts C and D 
that it is very useful for explaining change.  

In the following sections some important philosophies are discussed briefly, both 
as pure and debased forms. We start with traditional teaching, particularly as 
practised in secondary schools. 

TRADITIONAL APPROACHES  
 

Now, what I want is, Facts. … Facts alone are wanted in life.18 

One teaching approach dominated mathematics education in schools for the first 
60 years of the twentieth century. With the Traditional approach mathematics is 
seen as a body of knowledge whose most complete form is to be found in uni-
versities. Children are taught those parts of this knowledge which they are able to 
understand, mainly by exposition and practice, in a system strongly directed 
towards studying tertiary mathematics. 

Ernest makes no attempt to suggest any benefits of the Traditional approach, but 
criticises it as élitist, morally unsound, liable to produce negative attitudes 
towards mathematics, and potentially damaging to those not labelled as mathe-
matically gifted.19  

Yet, within my experience, the belief that “teaching is telling” is widely held 
within the community, and it is frequently the approach employed by student 

                                                 
16 Larkin (1978, p. 209) 
17 Wheeler (1996, pp. 341–342) 
18 Mr Gradgrind in Hard Times Dickens (1854,/1954, p. 1) 
19 Ernest (1991, pp. 168–180) 
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teachers on their first round of practicum. Many experienced teachers in the past 
believed that telling could be an effective way of communication. 

The oral information lesson has often been contemptuously referred to 
as “Chalk and Talk”.  Such criticism is ill-founded. For centuries the 
race learned by word of mouth, … .The present-day emphasis on 
individual work and project work tends to create the opinion that 
“telling” is an inferior sort of teaching.20 

Vinner has argued that  the very persistence of the approach today in spite of 
much criticism suggests that it is still seen by many as of some value.21 It is the 
method used for their ideas by many authors of books and Internet commun-
ications. Apple, a Marxist radical reformer, concedes that the approach is useful 
for communicating organised knowledge.22 Of course excessively authoritarian 
approaches have done much damage.23 This is why we must distinguish the pure 
and the debased form of the approach. Certainly it need not be dull or 
uninspiring. Consider this recollection of days spent learning French verbs: 

And so it would continue, round and round the class, up and down we 
would go, like snakes and ladders, and ‘Dickie’ would wrap his black 
Oxford M.A. gown about him and go whirling round the class like some 
demented willy-willy. He was the most energetic master who ever 
taught us and when the bell went for the next period he would stand, 
gasping for breath, like some curious black flamingo crouched lop-
sidely, yet curiously erect, awaiting his next victims.24 

Traditional teaching is often associated with rote learning, which is seen as 
inherently wrong, yet almost certainly of value for learning some skills like 
French verbs. It may also be that using memory rather than understanding is an 
effective strategy for survival, at least in the short term. Many teachers of adults 
will have seen their students busily copying down every word which is said, yet 
with a quizzical look which makes it clear that they are not at all sure what it 
means. They hope that by capturing the shadow at the time they may later be 
able to understand the substance. At another level I recall talking in December 
1992 to a seven-year old boy in India who could tell me confidently that 
“Condensation takes place when water vapour meets a colder surface and is 
changed into liquid water.” When I observed that this meant that there was water 

                                                 
20 Cameron (1932, p. 127) 
21 Vinner (1994) 
22 Apple (1988, p. 110) 
23 Steedman (1991, pp. 7–8) 
24 Osborn (1993, p. 68) 
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all around us in the railway carriage, the child looked confused, his father em-
barrassed, and we changed the subject of conversation to kangaroos. The boy was 
growing up in a highly competitive society where admission to privileged forms 
of education was obtained by being able to give such rote answers, and it would 
be difficult to argue that the father was not acting in the boy’s short-term and 
long-term personal interests by encouraging him to develop these skills, even 
though he was doing little to assist his cognitive development. 

Interestingly, Traditional approaches are common in teaching subjects like 
music25 which are even less practical than mathematics, yet usually seen as 
uplifting influences on society. These inconsistencies in society’s criticisms of the 
Traditional approach suggest that the criticism is too general, even of the pure 
form. And because much twentieth century Traditional teaching has occurred in 
parallel with another approach, it is hard to isolate the pure form in practice. This 
parallel approach has focused more on the learner than on the content. 

THE LIBERAL-HUMANIST TRADITION  
 

The aim of a scientific education, so far as it is more than commercial, is to 
train up human beings who understand their environment and are able to 
respond to it intelligently and to control or shape it for the general good.26 

Liberal-Humanism aims to help the learner to understand what are seen as 
important questions about life and the world—questions which are essentially 
theological, though they might well be set within a secular context. 

Any systematic effort to explain or interpret features of human life or 
the world can be an object of liberal education. What is required is that 
the main emphases should be on what such systematic enquiry enables 
us to understand about being human or the physical world we live in, 
how to use its methods and to recognize their powers and limits, how it 
connects with other ways of explaining or interpreting, and the human 
values on which it throws light or to which it is subject. A key feature of 
the curriculum as a whole is the acquisition of a balanced range of 
intellectual perspectives.27 

It is not the topic which defines Liberal-Humanism, but the way in which the 
topic is addressed. Thus the study of Latin might, in the past, have been under-

                                                 
25 J. Truran (1994voi) 
26 Temple (1930, p. 16) 
27 Crittenden (1986, p. 123) 
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taken to gain admission to a university, or  to understand more deeply the culture 
of a highly successful civilisation. These aims need not be mutually exclusive, but 
in practice the more mundane aim, which we might call the Utilitarian approach 
has tended to dominate classroom aims for obvious economic reasons. A part-
icular form of the Utilitarian approach is the Technological one, which sees educ-
ational practice as little different from factory practice: both are directed towards 
the production of a standard product which may be easily assessed for quality. 

We shall find in Chapters 11 and 12 that early advocates of probability in schools 
were able successfully to blend Utilitarian and Liberal-Humanist aims, but that 
soon a very narrow set Utilitarian aims came to dominate. When these purposes 
were mixed with a Traditional pedagogic approach, the topic lost much of its pot-
ential richness. So Chapter 5 looks at some deep questions of life which a study of 
probability can help to answer. 

The inadequacy of approaches at either extreme may be seen by considering the 
view put to me by a female educational historian28 that a woman does not need to 
know anything about a baby until she is about to have one. Then, she claimed, the 
mother would be highly motivated and so learn quickly and efficiently. In my 
view the greater the number of principles, e.g., physical and linguistic 
development, physics, chemistry, &c, of which the mother is aware, the greater 
the rate at which she will learn knowledge useful for bringing up her baby. But if 
she lacks the principles, there may well not be sufficient time to learn enough. 

Two thinkers within the Liberal-Humanist tradition from the USA whose works 
are important for this story have been John Dewey and Jerome Bruner. At the 
beginning of the twentieth century Dewey proposed the importance of child-
centred experimental education as a effective way of building up a cohesive 
society.29 We shall see in Chapter 10 some of the influences of his thinking 
expressed in the work of the New Education Fellowship in making the first 
tentative steps towards the teaching of stochastics in schools to fulfil Liberal-
humanist aims. After the Second World War Bruner, a psychologist, extended 
Dewey’s approach by trying to link child-centred approaches with a view of 
knowledge as having meaningful structure.30 These views were authenticated by 
other educationists in an important and seminal conference at Woods Hole, USA 

                                                 
28 Discussion held over drinks during Conference of Australian and New Zealand History of 

Education Society in Melbourne, December 1993 
29 Dewey (1916) 
30 Ernest (1991, p. 218) 
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in 195931 and formed a basis for the thinking of many of the people involved in 
developing the New Mathematics at that time. 

MATHEMATICS AS A “HUMAN” SUBJECT  
 

If people are to … benefit from the opportunities to work in a range of 
positions, then their early llearning will need to prepare them to be learners of 
mathematics for the rest of their lives.32 

Recently those opposed to mathematics being presented traditionally have 
argued for it to be taught in a “human”, very flexible way.33 “Human” and its 
related “Humanisers” should not be confused with “Humanistic”. For Human-
isers, mathematics should be seen as relevant. Their emphasis is less on depth and 
more on Utilitarian aims, though it would be wrong to suggest that they are 
totally Utilitarian or that they do not want to look at deep questions. They 
represent a middle position between Ernest’s Technological Pragmatists and his 
Progressive Reformers. They are happy to take the best of both, as long as the study 
is relevant to children. Such practices have been supported in a number of official 
documents34 which advocate practices widely regarded as desirable, at least 
within Western culture, such as developing of co-operative problem solving 
skills. At their worst, Humanisers may automatically allocate full marks for any 
assignment submitted, regardless of its quality in order to reduce student stress.35 
As always, debased forms can bring valuable ideas into disrepute. 

What is not always also appreciated is that a change in philosophy can affect the 
nature as well as the content of the mathematics being taught. The “New Teach-
ing” and “Reformed Teaching” caricatures above hint at this, but the issue is 
deeper. Change also occurs in the methods seen as normative, and in the nature 
of the types of proof which are seen as acceptable. A good example of this is to be 
found in the success of the Humanisers in changing the Dutch curriculum.36 

A more serious objection to Humanising is that many attempts to provide stud-
ents with “more accessible” material have led to their not being taught the codes 

                                                 
31 Bruner (1963) 
32 Australian Education Council (1991, p. 8) 
33 Benn & Burton (1996) 
34 E.g., Cockcroft (1982); NCTM (1980) 
35 Porter (1996, p. 465) 
36 Collected (1976cd) 
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and knowledge needed to participate in the wider community37 and to the  dis-
empowering of minority groups. This need not arise only from debased Human-
ising, because Humanising approaches, which emphasise the process of learning, 
tend to require more time than traditional ones, so some change in the amount of 
content taught is inevitable. The extent to which socially valuable skills are over-
looked will depend on the extent to which the Humanisers also emphasise the 
roles of schools as agents of social change and as supporters of minority cultures. 

When social change is a dominant objective then Humanising is close to the 
Marxist approach, which judges education by its effect on reducing inequities in 
society. It is often Marxist educators who point out that no text-book question  is 
ever value-free and automatically establishes within the classroom a preferred 
philosophy which may well be in conflict with that found in the children’s homes, 
or in society at large. They argue that it is essential that children are not merely 
taught to solve problems, but that they are encouraged to produce 

… concentrated efforts at a relational understanding of how gender, 
class and race power actually work in our daily practices and in the 
institutional structures we now inhabit.38 

 At the same time as Humanising approaches have become common, so has the 
epistemology known as Constructivism. While this is a theory of learning, it has 
generated a number of theories of teaching, which have also had significant 
impact. It is of special importance to the study of probability because ideas of 
chance in young children tend to develop outside of school influences. 

CONSTRUCTIVISM AND ITS ALLIES  
 

Fact … is a poor story-teller. It starts a story at haphazard, generally long 
before the beginning, rambles on inconsequentially and tails off, leaving loose 
ends hanging about, without a conclusion. … [T]he author has himself to 
make [the story] coherent, dramatic and probable.39 

In the early 1990s the dominant* theory of mathematics education among 
academic theorists, though not among many others concerned with education, 

                                                 
37  Delpit (1988); G. & S. Yates (1990, pp. 232–233) 
38 Apple (1992, p. 418) 
39 Maugham  (1951, p. vii) 
*  The size of this dominance has been overwhelming. Two whole editions of Educational 

Studies in Mathematics have been devoted to constructivism (in 1992 and 1994), a monograph 
on the topic was produced by the Journal for Research in Mathematics Education in 1990, works 
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has been Constructivism. This has two main principles, both of which are 
essential40 for understanding the theory: 

 
• knowledge is not passively received but actively built up by the 

cognizing subject; 
 
• the function of cognition is adaptive and serves the organization of the 

experiential world, not the discovery of ontological reality.41 

For Constructivists mathematics is not independent of human beings: “students 
have a mathematical reality of their own”.42  For them there is no mathematics 
“out there”: meaning abides only in the mind of the person creating it. 

The classroom setting should be designed as much as possible to allow 
students to do their own negotiating and institutionalizing—in short, 
their own truth-making. This approach contrasts sharply with 
traditional instruction in which students are presented with codified, 
academic formalisms that, to the initiated, signify commonly-sanctioned 
truths that have been institutionalized by others.43 

 “Abandoning the ‘theory as template of reality’ account of things releases us to 
acknowledge that we could judge the quality of such activities on whatever 
grounds we choose”44—grounds such as purpose or moral/social considerations.45 
For Constructivists their view “accounts for the individual idiosyncratic con-
structions of meaning, for systematic errors, misconceptions and alternative con-
ceptions in the learning of mathematics”.46 Constructivists also challenge the 
received wisdom about children’s potential. 

[C]arrying out investigations on students’ understanding at the second-
ary and post-secondary level … challenges not only the traditional pre-
sentation of these topics but argues for a kind of psychological analysis 
of mathematics which might seem unnecessarily fanciful, a romantic 
interpretation of students’ potential. Those mathematicians (and 
mathematics educators) who have perfunctorily dismissed the possibil-

                                                                                                                                                  
like Malone & Taylor (1993) have proliferated, and the approach has permeated the 
thinking of many conferences and journal articles. 

40 Steffe & Wiegel (1992, p. 449) 
41 Steffe & Wiegel (1992) state that this comes from von Glaserfeld (1989, p. 182), but neither 

the pagination nor the content support this reference. 
42 Steffe & Wiegel (1992, p. 447) 
43 Cobb (1989, p. 38) 
44 Steedman (1991, p. 6) 
45 Steedman (1991, p. 6) 
46 Ernest (1994, p. 2) 
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ity of educating most of our population into an understanding of higher 
mathematics are unlikely to provide a sympathetic hearing to the claim 
that, through examining students’ conceptions, we can derive legitimate 
mathematical content. In spite of this … I do make such a claim. 47 

Constructivists also challenge the underlying basis of much research in mathe-
matics education which has been directed towards the elucidation of children’s 
misconceptions. The concept of a “misconception” is for them a misnomer, 
because it implies that there are conceptions which are “right”—an untenable 
position within Constructivism.48 Even though this challenge has not totally 
eliminated such research (see Chapter 8) it has widened some gaps between 
teachers, researchers and theorists.  

The consequences of this position are profound. Constructivism is not merely a 
modern version of the old adage that teachers should “move from the known to 
the unknown”. Explanations for why this adage is true have been part of educ-
ational theory long before Constructivism developed. 

… [A]ll learning depends on prior knowledge. Learners try to link new 
information to what they already know in order to interpret the new 
material in terms of established schemata. … The scientific theories that 
children are being taught in school often cannot compete as reference 
points for new learning because they are presented quickly and ab-
stractly and so remain unorganized and unconnected to past ex-
perience.49 

By contrast, in Constructivism there is no place for Traditional teaching because 
there is no knowledge to be transmitted. Knowledge can be constructed only by 
the learner. This position is essentially a Post-modernist one, eschewing all forms 
of traditional authority. 

This is the dark side of the postmodern world: a world from which com-
munity and authority have disappeared. It is a world where the author-
ity of voice has supplanted the voice of authority to an excessive 
degree.50 

Such a position must automatically be opposed to the traditional structures of 
Western society. The extreme form of this position is known as Radical Con-
structivism, whose leading exponent has been Ernst von Glaserfeld, and may be 
linked with a Marxist interpretation of history. It argues that it is in the interests 
                                                 
47 Confrey (1991, p. 157) 
48 Jaworski (1994, pp. 18–20) 
49 Resnick (1983, p. 477) 
50 Hargreaves & Fullan (1992, p. 5) 
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of a dominant section of society to declare that certain forms of knowledge exist 
and to require such forms of knowledge for admission to profitable sectors of 
society. Schooling is a political practice, designed to legitimise some forms of 
knowledge rather than others. 

A more common form of Constructivism is Social Constructivism which sees 
knowledge as being validated against community norms through negotiating and 
consensus-building activities shaped by the social and cultural frameworks in 
which they occur.51 This approach, it is argued, will lead to five key features of 
Social Constructivist classrooms: 

 
• Personal Relevance; 
• Student Negotiation; 
• Shared Control; 
• Critical Voice; 
• Mathematical Uncertainty.52  

Many people in society would see Social Constructivism as radical enough. The 
first item in this list makes it clear that there is a strong link between the  
Humanising and Social Constructivist approaches. The second and third items 
strike at the core of Traditional classroom practices, and the fourth item addresses 
the Marxist question of the extent to which schools should be agents of social 
reform. But it is the fifth item which is of special importance here, since its claim 
that all knowledge is only a model of our experience, which is provisional in the 
sense that it may in time be replaced by what is seen as a better model (a view 
strongly supported by philosophers), strikes at the strong community perception 
of mathematics as being the most absolute of all subjects. 

Some of the Constructivist corpus is likely to be long-lasting. Even some leaders of 
traditional authoritarian organisations like the Anglican church are beginning to 
concede the provisional nature of knowledge: 

If the church is ever to regain its balance it must learn to accept rather 
than deplore the provisional. The very best reforms and the most 
venerable institutions—both alike must be seen to have more of the 
provisional in them than we have been ready to allow. But that is a very 
liberating discovery.53 

                                                 
51 This sentence is a free paraphrase from Taylor et al. (1993, p. 336). 
52 Taylor et al. (1993) 
53 Runcie (1985, p. 9) 
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But this enlightened view is far from that held by a general public which has long 
believed that a set of facts is necessary before real thinking can proceed.54 The 
current “Back to Basics” movement (the second in 25 years) and the spread of 
external assessment in primary schools are evidence that this view is still very 
strong. Indeed the very existence of examinations is a tacit admission that there is 
“knowledge out there”.55 

Furthermore, some consequences of debased Constructivism have done much 
damage to its image. Some of its principles were allegedly being introduced into 
schools during the 1980s, under the name of Process Mathematics. This approach 
emphasised children’s activity at the expense of their reflection on and learning 
from the activity. One analyst of Process Mathematics in SA has seen it as based 
on a list of unsubstantiated, vague, or inaccurate assumptions using the philo-
sophy of radical constructivism.57 The term “developing philosophy” would have 
been better because the formal principles of Radical Constructivism had not at 
that stage been proposed. She also claimed that radical constructivism was being 
presented by curriculum leaders as a fact rather than as a theory, and that 
teachers who questioned the project’s assumptions were subject to harassment. 
Most importantly, she argued that in a commendable attempt to embed mathe-
matics within a language-rich environment, children were being exposed to a 
mathematically impoverished environment because 

in the ‘language learning’ model, the human need to communicate is 
seen as a key motivating factor in learning; this does not translate well 
to mathematics in our society.58 

Because of the influence of Constructivism on late twentieth century educational 
practice, it is necessary to examine in some detail tensions of this type to try to 
establish where its value lies.  

Tensions Arising from Constructivism  

Because Constructivism is such a different philosophy from earlier ones and is 
dominant in some but certainly not all of the groups involved within education, it 
has caused much debate and many tensions. Some of these will be examined here 
in an attempt to go beyond what Schön has seen as a position where  

                                                 
54 O’Connell (1971) 
55 Ellerton & Clements (1992) 
56 Ellerton & Clements (1992) 
57 Long (ndp) 
58 Long (ndp, p. 2) 
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[t]he protagonists of the various points of view do not reflect on  their 
frames but act from them, seeking to defend their own positions and 
attack the positions of their opponents.59 

There is certainly a religious dogmatism about some Constructivists. Statements 
like “[t]he teacher who cannot tolerate different ways of knowing is doomed to 
failure”60 sit uneasily beside their views on the provisional nature of knowledge. 

But there are also mathematicians with an absolute view of their subject. The 
following quotations come from advice by three mathematicians to a committee 
concerned with school curriculum reform. 

Properly speaking [statistics] is not simply a branch of mathematics but 
a quite separate subject concerned with the logical interpretation of 
data. 

Having Statistics as a section of, say, Mathematics I would encourage 
the view that the subject is just a branch of mathematics, even just a 
branch of probability theory, and thus miss the point entirely. 

[Descriptive statistics] is not really mathematics.61 

Their common style contrasts markedly with the following approach to mathe-
matics, stated by a Constructivist mathematics educator. 

[m]athematics arises from the attempt to organize and explain the 
phenomena of our environment and experience.62 

And it contrasts too with the insistence of a practising secondary mathematics 
teacher that any claims to external criteria strike at individuals and inhibit creat-
ivity, both of which society would want teachers not to be doing. 

One conference session found me lying on the floor making a pattern 
from the new hexagon MATs designed by the Polish ATM.* One of the 
people I was working with suggested that I had got my pattern wrong. I 
looked at it again but it was not wrong as far as I could see. I was 
strongly invited to change it and just as strongly resisted. It was 
suggested that a moderator would not understand my pattern and 
would mark me down. How can we assess mathematics in such a way 
that it does not discourage mathematical creativity in learners such as 

                                                 
59 Schön (1983, p. 312)  
60 Steedman (1991, p. 7) 
61 SSABSA (1985–1990). Correspondence 1985. [Documents in the private domain] 
62 A. Bell (1993, p. 5) 
*  Mathematical Attribute Tiles; Association of Teachers of Mathematics 
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me? Perhaps we can encourage our learners to be as stubborn as I was 
on that particular occasion.63 

We can see the wide diversity of views which are held, and we can see how the 
concerns of Delpit, mentioned above, have arisen. Of course, there are those who 
are cautiously trying to find a middle way. 

One possible oob† today may be the lack of concern about mathematics 
content. In our legitimate zeal to remedy past deficiencies in developing 
higher level processes, communication skills, and student attitudes, we 
may not be giving enough attention to selecting, sequencing, and 
helping students learn important basic mathematical ideas. An attitude 
almost seems to prevail in some circles that if students feel good, are 
talking, and can engage in higher-level thinking and problem-solving, 
the mathematics content or how it is sequenced makes little difference.64 

For other theorists mathematical objects have both personal and institutional 
meaning.65 This approach allows learners’ thoughts to find a well-defined place 
with epistemology, and it accepts the Constructivist position that construction of 
knowledge is a social activity. However, because the authors see the existence of 
many different types of institutions (classroom, staff room, academic journals, 
etc.), this means that  meanings may well vary significantly between institutions 
which are superficially closely related. 

At the same time it has been observed by others that  

[t]he dilemma of constructivist teaching is that while educators do not 
wish to impose “right” answers, they still feel compelled to teach the 
subject matter.66 

Indeed, some Constructivists do consider that there is what they call a body of 
shared constructions and which is worth attending to in schools. It has been made 
clear by von Glaserfeld that once the appropriate assumptions have been clarified 
then there is no doubt that 2 + 2 does equal 4.67 The problem for him is to ensure 
that teacher and students really do share the same assumptions. For examples in 
spherical geometry angles in a triangle do not add up to 180˚, so assumptions 

                                                 
63 Ball (1993) 
† an acronym coined from “out of balance” 
64 O’Daffer (1993) 
65 Godino & Batanero (1996)  
66 Ellerton & Clements (1992, p. 2) 
67 von Glaserfeld (1995, pp. 174–175) 
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about what type of triangle is being discussed do need to be clarified.68Another 
worker has written that a radical constructivist position 

doesn’t deny mutual intelligibility. … Communities do share meaning, 
but the radical constructivist would argue that this is merely overlap-
ping understandings. It has major overlaps for individuals within a 
community because it is built through the limited patterns of social 
interaction and experience within any community.69  

Constructivism has important implications for the curriculum. Constructivists 
distinguish “the mathematics for students and the mathematics of  students”70, 
and consider the latter to be a potential subset of the former. They also claim that 
the failure of the modern mathematics movement in the 1960s stemmed from a 
failure to examine the relationship between mathematics knowledge and the 
practice of mathematics education,71 a relationship which forms part of the 
summary diagram at the end of this chapter. They claim further that the backlash 
against modern mathematics would still have occurred even if the teachers had 
used discovery methods because the mathematics taught was teacher centred. 

The Constructivist emphasis on socially constructed norms also has implications 
for classroom practice. It may lead to meanings which are so out of touch with 
reality as to be dangerous, or it may lead to an abnegation of individual respons-
ibility and creativity. Two admittedly extreme examples will indicate the prob-
lems. At one extreme we may consider the situation near the end of World War II, 
when Hitler ceased to take the advice of his aides.  

[He] refused to heed these facts for, says Guderian, “he had a special 
picture of the world, and every fact had to be fitted into that fancied 
picture. As he believed, so the world must be; but, in fact, it was a 
picture of another world.”72 

This personal construction of meaning had disastrous implications for Germany. 
At the other extreme, we may consider this report from an examination of 
industrial practices. 

The most misguided attempt at false collectivization is the current 
attempt to see the group as a creative vehicle. Can it be? People very 
rarely think in groups; they talk together. They exchange information, 

                                                 
68  Jaworski (1994, pp. 19–20) 
69 Judy Mousley, Deakin U, comment circulated on MERGA e-mail network, 17 Aug 1993  
70 Steffe & Wiegel (1992, p. 447) 
71 Steffe & Wiegel (1992, p. 446) 
72 From Seventh Army U.S. Interrogation, quoted in Wilmot (1952, p. 622), discussing Hitler 

near the end of his life 
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they adjudicate, they make compromises. But they do not think; they do 
not create. … 

In your capacity as a group member you feel a strong impulse to seek 
common ground with the others. Not just out of timidity but out of 
respect for the sense of the meeting you tend to soft-pedal that which 
would go against the grain. And that, unfortunately, can include 
unorthodox ideas.73 

The problem is to find the middle ground. As a theory of learning Constructivism 
has a lot to offer. But it does not yet have much to say about appropriate instruct-
ional guidelines,74 and has not benefited from the bad press received by debased 
forms such as Process Mathematics. But Wubbel’s claim that “constructivism 
might be just another umbrella term to describe the starting points for a good 
education”75 is probably an over-simplification. 

Finally, there are those who would claim that looking for middle ground is quite 
inappropriate, and that it is new ground which needs to be sought.76 Some, for 
example, would place their emphasis on situated cognition, which demands that 
the teacher set children’s learning processes into a quite different type of environ-
ment. I have chosen not to follow these newer approaches, because they have 
only gained prominence since 1994. If the more recent workers are correct, then 
many of the aims and purposes of this thesis are irrelevant to the improvement of 
classroom practice. This applies especially to analysis of assessment instruments 
in Part D. I prefer, however, to see the arguments for change which some of my 
colleagues put forward with such religious fervour as being over-stated, perhaps 
representing only the “flavour of the decade”,77 well worth consideration, but not 
yet the final answer. As one leading Constructivist has written 

It is certainly the case that the people who call themselves constructivist 
and even those that everyone agrees are constructivists agree on very 
little and there are some profound disagreements. … I think there is 
agreement that we can never really know what is in the mind of another 
and so we must accept that these constructions could be highly variable 
or not—we’ll never know. But what we can determine is to what extent 
these constructions are mutually compatible.78 

                                                 
73 Whyte (1956/1969, pp. 52–53) 
74 Wubbels (1992, p. 623) 
75 Wubbels (1992, p. 623) 
76 Brief summaries of these views may be found in English (1998) and Lerman (1998) 
77 English (1998, p. 5) 
78 Dr Ed Dubinsky, e-mail comment, 18 Jan 1997 
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This issue of compatibility is critical. Dubinsky goes on to draw a clear line 
between mathematicians and mathematics educators, and to concede that it will 
be the mathematicians who ultimately decide what is taught, on the basis of what 
the mathematics educators would call their mutually compatible understandings. 

This, of course, does not preclude methodologies other than “telling”. Consider 
this report from a tertiary mathematics teacher. 

Instead of saying “Here’s a class of problems and here’s a smart way of 
dealing with them—the standard lecture technique—I would say 
“Here’s a problem people find important. How can we make sense of 
it?” The class and I would then try to do so.79 

Of course, such an approach takes time, both for the learning itself, and also for 
developing an appropriate classroom culture, and it also requires a new set of 
skills from teachers. But Schoenfeld has shown that it can work and not only with 
highly skilled people like himself, but also with student teachers.80 But at no stage 
does Schoenfeld’s approach deny the need for students to learn and understand 
what might be called “traditional mathematics”. What Constructivism has to 
offer is a useful perspective on how best this learning might take place, and, at 
least among some, an emphasis on the idea that there is no single right way to 
explain ideas.81 

Within this thesis I take the position that there is shared knowledge worth trans-
mitting, and the process of transmission may well be best achieved by using Con-
structivist and other philosophies. The success of a theory is a function of the 
goodness of its fit to reality,82 and the reality of our educational institutions is that 
teachers are expected, inter alia, to ensure that students learn the best of the 
shared knowledge of experts. Just what is “best” will always be debatable, but 
this is not to deny that the need for communicating shared, mutually compatible 
knowledge is real enough. 

CONCLUSION  

It is clear that all of the approaches have advantages and disadvantages. The task 
of evaluating these is particularly difficult. This issue will be taken up again in 

                                                 
79 Schoenfeld (1994, p. 59) 
80 Schoenfeld (1994, pp. 59–60) 
81 Rick Garlikov in an e-mail message, 5 Sep 1994, reporting views he had heard expressed by 

Eleanor Duckworth. 
82 Phillips (1972, p. v) 



  Page 55 

Educational Philosophies  Chapter 3 

Chapter 7 when various theories of curriculum development are discussed, and 
Eisner’s connoisseurship approach proposed as a possible way of interpreting the 
various theories. For the moment, it is sufficient to make some judgements about 
Constructivism in so far as it affects this thesis. 

In my view there is such a thing as the subject matter of an academic discipline. 
This constitutes a commonality of ideas which are of value for individuals and 
which it is the responsibility of schools to transmit. Understanding of the nature 
of chance events is one of these. It is certainly the case that all forms of knowledge 
are provisional and have a human component, and our greater awareness of this 
today provides an opportunity for richer teaching than ever before, but not 
necessarily teaching which is content-free. 

It has been suggested to me that the Traditional approach might be seen as work-
ing from formal mathematics towards the real world, and the Constructivist ap-
proach as working in the opposite direction.* Factors such as pedagogy, social 
setting and time available may help to determine which direction is more ap-
propriate in any specific situation. I claim that this model can be taken further, 
and two more nodes introduced—the teacher’s perspective, and the learner’s per-
spective—to produce a diagram like that in Figure 3∙1: 

Figure 3·1 Model of Perspectives of Mathematics Education  

By allowing the arrows and the nodes to have different strengths, it is possible to 
provide a summary of many different perspectives. Thus, the Humanist Perspect-

                                                 
*  I am very grateful to Dr Paul Scott for making this initial suggestion, which  has been able to 

be developed into a very constructive model.. 
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ive might be seen as starting more from the teacher’s perspective, being con-
cerned most with the bottom triangle, and paying less attention to the Abstract 
Mathematics, while the Humanising Perspective has its strongest links between 
the Learner’s Perspective and the Real World. This is, of course, only a model, but 
it does seem to help in providing some explanation for the great diversity of 
philosophies with which we are surrounded, and to make it easier to set all of 
them into a context. In Chapter 24 we shall use the Figure to develop a visual 
form of the ecological model which is proposed in Chapter 9. 

Such an approach, of course, requires an absence of excessive dogmatism about 
the benefits of any approach. As Buck has argued: 

The essential point  … is to assert that a healthy, creative, progressing 
“science” must be open-ended in terms of its basic philosophic 
assumptions, theories and methods. The present relativity of “facts” and 
the indeterminacy of methodologies do not permit exclusive 
dependence upon a single research technique such as experimentation 
nor upon one specific set of scientific criteria (e.g., objective, positivistic, 
environmentalistic). Only a flexible approach to the selection of defining 
criteria for science appears warranted: a continuous, unremitting, 
relentless self-criticism  and self-questioning  of one’s methodologies, 
observations, concepts, theories, etc., is sufficient.83 

Such flexibility requires a complex set of skills. I have argued elsewhere84 that 
much of the weakness observed in teaching probability has come because the 
basic ideas have not been clear to teachers. The next three chapters address what I 
see as critical parts of desirable knowledge for teachers of probability and 
constructors of mathematical syllabuses. Chapter 4 addresses language, Chapter 5 
the meaning of probability, and Chapter 6 its mathematics. The three chapters 
taken together might be seen as spanning the continuum from Constructivism to 
Traditionalism. It is my claim that all are important, and in Figure 7∙1 of Chapter 
7 we shall look at one way in which they might be integrated, 
 

[I]f this idea of theirs or its execution is of human origin, it will collapse; but if it is 
from God, …85

                                                 
83 Buck (1976, p. 18) 
84 J. Truran (1992, pp. 98–100)  
85 Acts 5: 38–39 



 

 

CHAPTER 4: PROBABILISTIC LANGUAGE 

“But ‘glory’ doesn’t mean ‘a nice knock-down argument’, ” Alice objected. 
“When I use a word,” Humpty Dumpty said, in a rather scornful tone, ‘it means 
 just what I choose it to mean—neither more nor less.” 
“The question is,” said Alice, “whether you can make words mean so many 
 different things.” 
“The question is,” said Humpty Dumpty, “which is to be master—that’s all.”1 

A critical part of modern Constructivist arguments is the importance of language 
in developing mathematical meaning. There have been many investigations into 
difficulties which young children have in interpreting mathematical language.2 
Systematic ways of questioning children to identify the nature of these difficulties 
have also been developed.3 Such research has tended to concentrate on the small 
details of interpreting specific situations and is of considerable value for 
classroom practice, but less so for examining language in a wide context. 

In this chapter I start from a wide context and move towards the classroom 
details, drawing mainly on less common forms of discourse.* This is partly 
because of the perspective of this thesis, and partly because of the very limited 
research done so far into children’s understanding of probabilistic language.†  In 
Part E, the approach is reversed and starts from classroom practice and moves 
towards language. Here I shall consider, using a formal approach from lingu-
istics, the nature and meaning of language in order to provide a framework for 
assessing mathematical language, and the language of probability in particular. 
This will provide a framework to be used in the remainder of the thesis for 
assessing classroom use of mathematical discourse. Linguistics is a complex field 
which provides many different possible frameworks. I have chosen Grice’s,4 as 
amplified by Kelly, because it is particularly fruitful for highlighting aspects of 
mathematical language use in classrooms, and because it was a focus of some of 
my earlier studies. 

                                                 
1 Carroll/Gardner (1960, p. 269) 
2 E.g., as summarised in Backhouse et al. (1992, ch. 5); Dickson et al. (1984, pp. 331–369)  
3 E.g., Newman (1983) 
*  The theoretical sections of this chapter are based on work submitted for assessment in the 

Subject “54902 Language and Education”, given by Dr Kelly in 1989. The assessment has 
not been used for the purpose of obtaining an award from any university. Vide Sources, 
Documents in the Private Domain. 

†  Probabilistic language receives little or no mention in standard works like Dickson et al. 
(1984), Ellerton & Clements (1991), Secada (1992) or Shaughnessy (1992). 

4 Grice (1975) 
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LANGUAGE AS A MEDIUM FOR COMMUNICATION  
 

In my experience, the notion that word/symbols have fixed meanings that are 
shared by every user of the language breaks down in any conversation that 
attempts an interaction on the level of concepts, that is, attempts to go 
beyond a simple exchange of soothingly familiar sounds.5 

 Any set of utterances, written or oral, may be seen as a connected text which uses 
a coding system intended by its creator to convey meaning to its interpreter. But 
the meaning is rarely conveyed unambiguously, as von Glaserfeld points out. 
Grice has argued that the transmission of meaning involves co-operation between 
creator and interpreter.6 Because much textual interpretation does not involve 
direct interaction between creator and interpreter this co-operation is achieved by 
the use of a set of conventions about how both will behave. In the situation 
quoted at the head of this chapter, Alice is finding it very difficult to determine 
what the conventions are, and Humpty Dumpty seems to be unaware of the co-
operation required to communicate meaning. The quotation is an excellent 
example of the point which von Glaserfeld is making. 

Grice posited that when both creator and interpreter are aware of four maxims 
for transmitting ideas in a text communication is likely to be at its best. These 
principles are: 

 
• Quantity: say enough, but no more; 
• Quality: be as honest and accurate as you can; 
• Relation: be relevant; 
• Manner: be clear and orderly.7 

Kelly has argued that to achieve these maxims in text construction and to 
interpret such texts efficiently four major sets of skills are necessary: 

 
• mastery of language system; 
• world [i.e., contextual] knowledge; 
• ability to think inferentially; 
• knowledge of conventions of language use. 

All of these skills will need to be used simultaneously. The discussion between 
Alice and Humpty Dumpty can serve as an example. The construction of the text 
is relatively easy; it does not demand a high level of mastery of the language system. 
                                                 
5 von Glaserfeld (1991ste, p. 64) 
6 Grice (1975, p. 45) 
7 Grice (1975, pp. 45–6) 
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When I first read it while preparing this chapter I inferred that its author, Carroll, 
was mocking the didactic tone of many late nineteenth century mathematicians. I 
did this because that I knew that Carroll† was a late nineteenth century 
mathematician (world knowledge), and I knew from other reading8 that Alice in 
Wonderland was deliberately written at two levels, one for children, and one for 
adults (linguistic style). This inference conflicted with other world knowledge, viz. 
that Carroll was an uninspiring lecturer.9 The commentary provided by Gardner 
on this excerpt provided further world knowledge which showed that this text 
reflects Carroll’s professional involvement in a debate about the nature of logic.  

A language usually has a number of sub-codes,10 or registers,11 each with its own 
conventions about the nature of the interpretative and construction skills 
required of their users. Obvious examples are classroom language and 
playground language, and most children are able to move freely between these. 

Interpreting the meaning of words is an important part of using a language. The 
more complex the idea conveyed by a word, the more skill will be required for its 
interpretation. Treebeard, in what is essentially a paean of praise for fine 
language, observes that 

[r]eal names tell you the story of the things they belong to in my 
language. … It is a lovely language, but it takes a very long time to say 
anything in it, because we do not say anything in it, unless it is worth 
taking a long time to say, and to listen to.12 

Children are in the process of learning to interpret, and to listen to, the subtleties 
and nuances of language. The results of such communication will never be 
perfect, but they will be much better when both sides understand the principles 
of how texts are constructed and can apply appropriate skills to interpreting 
them. Clearly such skills take time to develop, and any teacher will of necessity 
also be a teacher of the skills of textual interpretation. 

This will apply especially to teachers of mathematics. The “words” used in a 
mathematics register do not look subtle at all, yet, for example, the simple symbol 
x may be used in at least six structurally different ways.13 Mathematics is 
                                                 
†  Carroll is an alias for Charles Lutwidge Dodgson, an Oxford mathematics don. 
8 Carroll/Gardner (1960) 
9 Cohen (1995, p. 84) 
10 Kreckel (1981, p. 33) 
11 Halliday  (1978, pp. 195–196); Pimm (1987, ch. 4) 
12 Tolkein (1954, p. 486) 
13 Küchemann (1981, pp. 104–112) 
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frequently seen as something which is done, rather than something which is 
talked about. Finally, it is frequently not seen as something which is worth 
talking about, let alone worth talking about for a long time. 

MATHEMATICS AS A LANGUAGE  
 

Mathematics as an expression of the human mind reflects the active will, the 
contemplative reason, and the desire for aesthetic perfection. Its basic ele-
ments are logic and intuition, analysis and construction, generality and indiv-
iduality. Though different traditions may emphasise different aspects, it is only 
the interplay of these antithetic forces and the struggle for their synthesis that 
constitute the life, usefulness and supreme value of mathematical science.14 

This quotation makes it quite clear that mathematicians do believe they study 
something which is very much worth talking about. Indeed, it is as ancient and 
venerable a language as Treebeard’s, because it is concerned with the ubiquitous 
and important concepts of number, time and space, which have attracted the 
attention of thinkers throughout human existence.15 It does tend to use terms 
which, for skilled users, are relatively well defined, and to emphasise the use of 
strict logical structures in its writing. This, together with a number of other 
psycholinguistic reasons which need not concern us here16 means that for many 
people its texts convey little meaning.17 It has been shown in Chapter 3 that the 
Constructivist position argues that each person creates a unique interpretation of 
a text or an experience. The argument in the previous section of this chapter has 
shown that such a position is consistent with linguistic theory. But linguistic 
theory is not enough basis for a complete syllabus. Content is also important. 
Post-modernists would argue that the use of language permeates and modifies 
what it is describing.18 In my view, the ideas of mathematics are of great value for 
individuals and society, they are worth communicating to new generations, and, 
indeed, to those members of older generations who have not yet come to 
appreciate them. The reasons why probability is seen as one such important part 
of mathematics will be discussed in detail in Chapters 5 and 11. 

 Good teachers understand what they want to communicate and have a variety of 
skills which they can use to elicit a reliable transmission of their own under-
                                                 
14 Courant & Robbins (1941, p. xv) 
15 Thompson (1986, p. 102) 
16 MacGregor (1988) 
17 Bechervaise (1992) 
18 Brown (1996) 
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standing, without destroying their students’ individuality or creativity. Using 
linguistic skills well is one of the most important of these pedagogic skills. In this 
section I present some of the difficulties people find in understanding the 
language of mathematics in general, before moving on to a more detailed analysis 
of difficulties arising from probabilistic language.   

There are two common registers used in mathematical discourse. One is found in 
the use of conventional prose forms where well-constructed grammatically cor-
rect sentences are used to convey ideas. Alternatively, information rich symbols 
may be used to convey the same ideas using a different set of grammatical rules. 
For example, the following two statements are essentially equivalent: 

 
• there are three even numbers on the face of a normal die; 
• n(E) = 3. 

The second is more concise, and assumes far more world knowledge about the 
context in which it is set. It assumes too that the meaning of “E” has been 
previously defined, or may be deduced from the context by a skilled reader, but it 
says neither more nor less than the first statement. These two forms will be call 
here “verbal mathematics” and “symbolic mathematics”.* 

Oral discourse, such as is found in traditional classroom teaching, tends to use the 
first form. Written discourse, such as is found in text-books, tends to use a 
mixture of both forms.Mathematical discourse written by children tends to use 
mainly the second form, frequently imprecisely. Much discourse by and to child-
ren tends to eschew technical terms in a mistaken belief that concepts are better 
described by long variable strings of short words than by one word tailor-made 
for the purpose.† These important distinctions are frequently overlooked. Writers 
on language and mathematics tend to examine the overlap between vernacular 
language and classroom discourse19 but to disregard the differences which arise 
when, for example, the roles of creator and interpreter are interchanged. In 
classes where mathematics is primarily done in group problem-solving situations 
the situation is even more complex. 

For student mathematics problem solvers, however, it is not clear in 
which register they ought to be functioning nor in which register they 

                                                 
*  The term “symbolic” is not totally satisfactory because all words are symbols, but it does 

have the advantage of being concise and of conforming with a commonly-held view of what 
a symbol is. Vide etiam Skemp (1971/1986, ch. 5). 

†  As a practising teacher I find these statements to be self-evident, but I am unaware of any 
research to substantiate them. 

19 E.g., Ellerton & Clements (1991, p. 19)  
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can most effectively function. Are classroom conventions relevant? Is 
‘teacher-pupil’ speak still appropriate? How far can participants, using 
the same language, be expected to be describing the same mathematical 
concepts? Is normal social talk apposite? For the novice there is also the 
danger that there may be, as yet unrevealed, linguistic rules governing 
the problem-solving situation. Pupils do not ask these questions, but the 
success of problem solving may depend crucially upon pupil’s 
perception of the unspoken answers, because the language of group 
problem solving cannot be the language of ‘doing’ mathematics, since 
this is symbolic and written, nor solely the register of teaching 
mathematics, although this can be useful in discussion, nor yet totally 
the register of social conversation, although the pupils are conversing 
with their peers.20 

I would dispute Pirie’s assertion that mathematics is necessarily symbolic and 
written, but it is true that to use symbolic mathematics correctly requires a clear 
understanding of its grammar and of the meanings of the symbols being used. It 
is well known that children frequently fail to achieve such competence: algebra is 
the bête noir of many a junior secondary school student.21 However, once this has 
been achieved the language is particularly convenient for making logical 
deductions. 

But to use verbal mathematics correctly also requires a clear understanding of its 
symbols, syntax, and semantics.22 For many children syntax is not a serious prob-
lem, but the meaning of the symbols and the semantics may be. Many precise 
mathematical words have different or other meanings in ordinary use: for 
example, any,23 derivative, circle,* chord, difference. It is not always easy for 
children to realise that such words are being used with non-familiar meanings. 

… Sally, my 7-year old stepdaughter, came home from school and 
showed me her two attempts to answer the subtraction problem ‘What 
is the difference between 11 and 6?’ Her first answer had been ‘11 has 
two numbers’, but this had been marked wrong. Her second attempt 
was ‘6 is curly’, but this had also been treated as incorrect.24 

                                                 
20 Pirie (1991, p. 157) 
21 Booth (1985) 
22 Schweiger (1994) 
23 Pimm (1987, p. 79) 
*   Mathematically, a circle is a set of points on a plane equidistant from a particular point. 

Associated with any circle are two other regions—its interior and exterior. In common 
parlance “circle” often refers to a mathematical circle together with its interior.  

24 M. Hughes (1986, p. 43) 
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By the standards of Sally’s world knowledge her answer was excellent. Unfort-
unately, she lacked, or was unable to access† the world knowledge seen by the 
teacher as relevant to this question. It is easy to see why students become 
frustrated in the learning of mathematics. It is easy to understand why they might 
interpret mathematical language as an anti-language,25 a language used by a sub-
group of society partly for the purposes of maintaining its special, often anti-
social, separateness. 

Another critical issue in mathematics language use concerns the maxim of 
Quantity mentioned above. This maxim advocates that no more should be said 
than is absolutely necessary for communicating an idea. As a model for creators 
of text it has much to commend it. The writers of school mathematics questions 
have tended to be meticulous in observing it. As a result their students have 
learned that if information is provided in a question then it must be used, and 
they go to great lengths to ensure that they do use all such information, even if it 
conflicts with common sense. One example will suffice. 

A problem well-known in various form by mathematics educators since the 
1970s, possibly due to Peano,26 and possibly to a meaningful question for naval 
officers,27 is the “How Old is the Captain?” problem. One form is, “On a ship 
there are 26 sheep and 10 goats. How old is the captain?” Another is, “There are 
125 sheep and 5 sheepdogs. How old is the shepherd?” Children typically try 
various operations on the two numbers stated until they get a “reasonable” 
answer—25 in the case of the shepherd, and relatively few indicate that they 
believe the question to be meaningless.28 The “context”29 in which the question is 
posed—a classroom—almost demands a manipulation of the given figures. 

But real life is not a game defined on a limited domain. Solving applied mathe-
matics problems involves selecting relevant data from a huge unordered or mal-
ordered collection. It involves listening to customers who may be good at their 
job but relatively inarticulate, or perhaps simply uncertain about what it is they 
really want to know.§ Preparing children to use mathematics in real life requires 

                                                 
† The importance of being able to access knowledge in order to obtain mathematical success in 

geometry has been asserted by Chinnappan & Lawson (1994).  
25 Halliday (1978, pp. 164–182) 
26 Balacheff, pers. comm., April 1996 
27 Keitel, pers. comm., April 1996 
28 Schoenfeld (1988, p. 83) 
29 Freudenthal (1991, p. 69) 
§  The similarities with writing a doctoral dissertation are obvious. The difference is that the 

doctoral student is simultaneously both client and consultant. 
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teaching them to learn to interpret texts which do not conform with either Grice’s 
maxim of Quantity or with his maxim of Quality either. This is an issue in school 
mathematics education which is only now being addressed. 

Finally, if mathematics really is to be used by children as a language, then it is 
essential that they have something to say, something they want to say. Their role 
must be much deeper than the compliant agreement which we find in the tran-
scripts of Socrates’ teaching.30 It must be much deeper than the regurgitations of 
word strings committed to parrot-memory. Rather, it must be that of the finest 
interlocutors with which Socrates engaged.31 It must form part of a commun-
ication where questioning, debating and creativity are accepted practices.32 

THE LANGUAGE OF PROBABILITY  
 

Well, um, thinking back on what I said, and what you said, and what I said 
you said, or what they may say I said you said, or what they may have 
thought I said I thought you thought, or they may say I said I thought you said I 
thought ….33 

While the influence of language on mathematical development has been of great 
interest to mathematics education researchers in recent times, there has been little 
examination of the special issues concerned with the learning of probability. 
Works on language and mathematics education which try to summarise the state 
of the art34 tend to cover general principles, but not special difficulties. 

Special Difficulties  

In probability there are special problems in the use of language. Probabilistic 
statements are statements about uncertainty. It is widely believed that the study 
of mathematics is a study of certainty. The implications of Gödel’s Theorem* have 
not yet reached the common culture. Nor, as will be discussed in Chapter 5, have 
the cultural implications of modern understanding of chance. So not only will 
students need to learn an appropriate language for describing uncertainty, but 
                                                 
30 Pimm (1987, p. 52) 
31 Teloh (1986, pp. 1–23) 
32 Pimm (1987, esp. ch. 8) 
33 Yes,Prime Minister Lynn & Jay (1987, p. 66) 
34 E.g., Durkin & Shire (1991a); Ellerton & Clements (1991); Secada (1992) 
*  All consistent axiomatic formulations of number theory include undecidable propositions. 

Hofstadter (1979, p. 17), translating Gödel (1931) 
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they will need to become convinced that such a language is an appropriate genre 
for a mathematics classroom. 

Of course, students have language for describing uncertainty in general terms. 
The phenomenon is pervasive and western culture encourages its acknowledge-
ment. Words like “might”, “could”, “luck”, will normally be part of children’s 
vocabulary. But the mathematical study of probability tries, fairly successfully, to 
use numbers to measure the idea of uncertainty, in order to make deductions and 
predictions about the pattern of uncertain events. In general this will not be part 
of children’s vernacular culture. They may be aware of some forms of meas-
urement of chance, such as odds in track gambling, or payout figures in casinos, 
but these will not match the language or the rigour used by mathematicians.  

Probability is one of those areas where different mathematical registers use the 
same words with different meanings. The gambling word “odds” is generally 
eschewed in mathematical probability. As we shall see in Chapter 8, the 
vernacular word “chance” has an ambivalent place in verbal mathematics, and in 
any case it is not used with a consistent meaning by school children.35 The 
vernacular word “fair”, meaning just, may in mathematical probability mean 
either “unbiased”, with respect to a random generator, or “tending towards a 
zero payout” with respect to a gambling game.36 In the vernacular, especially 
among the young, it may mean “biased in my favour”.§ Such lexical difficulties in 
the language of chance have not found their way into those general books on 
language which might be expected to be consulted by a mathematics teacher.37 

A further difficulty arises because many probabilistic words represent abstract 
ideas, not the concrete ones which dominate primary school mathematics.† An 
obvious example is “chance”. It is a complex idea which can arise only after many 
experiences, and which is not amenable to simple verification or to comparison 
with other related ideas in the way that, for example, the ideas of “circle” and 
“ellipse” may be developed. 

                                                 
35 J. Truran (1992, pp. 154–160) 
36 Peard (1992) 
§  E.g., the statement by one child aged 8: “It’s fair when I win.” (K. Truran, in preparation) 
37 E.g., Durkin & Shire (1991b) on language and pedagogy in general or Watson (1995) and 

Reading & Pegg (1995) on the teaching of stochastics in particular  
†  Ellerton & Clements (1991, p. 13) and Dawe (1995, p. 237) distinguish mathematical words 

representing “concepts” from those representing “objects”. The distinction is untenable. All 
nouns represent concepts; some are concretely based, some are based on other concepts. We 
tend to call the latter “abstract”. Vide Skemp (1971/1986, pp. 19–50). 
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When we consider all of these difficulties and ambiguities which exist in 
stochastic language it is clear that it will not be easy in a classroom to domesticate38 
technical terms, “so that they are open to the ‘best possible’ interpretation which 
allows the ignoring of speech errors”.39 Halliday’s concept of “domestication” is a 
worthy aim for any teacher of stochastic language; it will not be easily attained, as 
we shall now see. 

A Concrete Example  

Consider the following questions taken from just one page of the probability 
chapter in a Year 8 mathematics textbook widely used in SA. 

7.  A fly lands on the square of a chess board. Determine the 
probability that it lands on a black square. 

10. 3 seats are placed in a row and 3 children A, B, and C enter the 
room and sit on the chairs at random (one on each chair). 

 List the sample space of all possible outcomes. 

 Hence, determine the chance that 

 (1) A sits on the left-most chair, 
(2) they sit in the order BCA from left to right, 
(3) C sits in the middle, 
(4) B does not sit in the middle. 

13. The Birdsville Track joins Marree to Birdsville, a distance of 480 
km. Supplies are available at Marree, Mungeranie (200 km from 
Marree on the Track) and Birdsville. A vehicle could break down 
anywhere along the track with equal likelihood. What is the 
likelihood that a breakdown occurs within 10 km of one of the 
supply depots given that a breakdown has occurred along the 
track?40 

The first two questions are typical of those found in many textbooks, the third is 
of a less common type. They raise a number of important linguistic issues. 

Three different words are used for “probability”—probability, chance and 
likelihood. Only one is from the mathematical register. The use of the other two 
from the vernacular register in a text clearly using the mathematical register 
sends conflicting messages to students about the use of mathematical language. 
Further confusion could also arise from the use of terms like “the probability”: as 

                                                 
38 Halliday (1978) 
39 Pirie (1991, p. 157) 
40 Haese et al. (1983, p. 214) 
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will be shown in Chapter 5, there are several different types of probability, 
making the use of “the” quite inaccurate. 

Some of the questions require special world knowledge. The first requires world 
knowledge about chess and makes assumptions about colour preferences of flies 
which are probably in conflict with the world knowledge of biologists. The third 
presumes some understanding of the concept of isolation and of the idea that a 
road in an isolated area may be seen as a simple unclosed curve. Most roads that 
most children have met will not sensibly conform with this model. 

All the questions have structures which present linguistic difficulties. The first is 
very concise, which makes it harder for an interpreter to deduce the general 
meaning if weakness in language knowledge means that one or two words are 
not known. The second does explain the required steps in detail, but at the cost of 
becoming forbiddingly long. The third is long, with dense, detailed prose, and 
will be very challenging to those with low reading skills. 

The third question might be seen as an example of a case where breaching Grice’s 
maxim of Quantity might be particularly confusing. It is probably mathematically 
correct, but the words “given that a breakdown has occurred along the track” 
might well cause problems for a Year 11 student who had just met the concept of 
conditional probability. When learning this concept students often learn to 
interpret the word “given” as an indicator of a conditional probability and hence 
as an indicator that they need to use a special formula. 

Finally, all three questions could be answered mentally by a Year 8 student of 
moderate ability who could visualise simple spatial situations and co-ordinate 
mentally two or three simple arithmetical calculations. For many students of all 
ages providing “the answer” would be a far simpler task than producing a text 
which explained how the answer was obtained. Such questions do not encourage 
communication between child and teacher or between child and child. If a child 
answers correctly, it may be reasonable to deduce that he or she has also been 
thinking correctly, but if a child answers incorrectly, it may be very difficult to 
know, or to find out, what he or she has been thinking. This important issue of 
assessing understanding will be discussed at length in Part D. 

It is clear that choosing appropriate language for communicating ideas about 
probability is not easy. One of the purposes of educational research is to elucidate 
children’s understandings so that skilled teachers may the more easily under-
stand where their children are. 



  Page 68 

Probabilistic Language  Chapter 4 

RESEARCH INTO THE LANGUAGE OF PROBABILITY  
 

Evidently this frequency, with which unfailing success would be achieved by a 
person lacking altogether the faculty under test, is calculable from the 
number of cups used. The odds could be made much higher by enlarging the 
experiment, which if the experiment were much smaller even the greatest 
possible success would give odds so low that the result might, with 
considerable probability, be ascribed to chance.41 

The most comprehensive work I have seen on this topic has been by Mullet & 
Rivet42 who have concluded that individuals (both naïve and expert) can dis-
tinguish precisely and consistently many probability expressions. On the other 
hand, individuals show considerable between-subject variability in assigning a 
numerical or scale value to a given probability expression, this variability de-
pends partly on context, and there is less within-subject variability when the 
scaling is done in isolation. They also suggest for both nine-year olds and fifteen-
year olds the use of numerical expressions does not lead to a higher degree of 
precision than purely verbal expressions. These psychological findings have been 
little heard by teachers—a phenomenon to be discussed further in Part E. 

Children’s Interpretation of Probabilistic Words  

While verbal expressions may be reliably interpreted, many words in probability 
can mean different things for children. Sometimes it is easy to predict sources of 
confusion, such as seeing “odds” and “probability” as synonymous. But some-
times the differences are subtle and unexpected, and research has an important 
role in elucidating such potential sources of confusion. One example will suffice. 

Many children believe that the process of tossing one die or coin three successive 
times is different from that of tossing three dice or coins at the same time.43 This 
view was also held by the eighteenth century French polymath and encyclo-
paedist, Jean le Rond d’Alembert. 

D’Alembert … will not admit that it is the same thing to toss one coin m 
times in succession, or to toss m coins simultaneously. He says it is 
perhaps physically speaking more possible to have the same face 

                                                 
41 Fisher (1935/1966, pp. 12–13), describing the interpretation of his famous experiment for 

determining the validity of a lady’s claim to be able to discriminate whether the tea had 
been made with the milk added before or after the pouring of the tea. Fisher, a founder of 
modern statistics, has a reputation for extremely clear verbal expression. 

42 Mullet & Rivet (1991) 
43 Fischbein et al. (1991) 
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occurring simultaneously an assigned number of times with m coins 
tossed at once than to have the same face repeated the same assigned 
number of times when one coin is tossed m times.44 

If such a view was held by a trained mind at the time when the theory of probab-
ility was being developed, it is not surprising that it is held by many naïve child-
ren today. So a text which contains the words “three coins are tossed simultan-
eously” may well fulfil Grice’s maxim of Quantity, but it may be interpreted by 
children whose world view conflicts significantly with that of the writer. In other 
words, the amount of genuine misunderstanding which may occur in response to 
precise statements is considerable: it is the art of the teacher to know how best to 
break down this misunderstanding. 

Establishing Efficient Phraseology  

A large amount of research has involved asking questions about probability to 
children and making deductions about the meaning they attach to these questions 
from the answers given.45 This will be discussed in detail in Chapter 8 and Part D, 
but some general comments are appropriate here. 

Sometimes it is known that the questions used have been well tested.46 A number 
of studies which have been based on the work of previous researchers, partly in 
order to make use of their experiences in using and perfecting certain linguistic 
forms.47 It may be said that over time the questions used in probability learning 
research have tended to have become more precise and more easily understood.  

But, as shown in Chapter 17, some questions used have clearly suffered from 
significant errors* and others which have been shown in pilot studies to have 
linguistic weaknesses have sometimes still been used without further comment in 
later work.† Furthermore, as discussed in Part E, research experience has not 
usually reached classroom discourse, textbook writing, or, as mentioned above, 
standard summaries prepared for practising teachers.  

                                                 
44 Todhunter (1865, p. 279) 
45 Summarised in J. Truran (1992, pp. 50–91) and J. & K. Truran (1996) 
46 E.g., Green (1983a) 
47 E.g., Watson et al. (1994) 
*  E.g., Kerslake (1974) asks a question which does not allow the possibility that the six faces of 

a die might be equiprobable. Vide Ch. 8 and Ch 19, Kerslake 1. 
†  Vide  discussion on Watson 3 in Part D and on the SOLO Taxonomy in Chapter 8. 
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One example of the difficulties of devising appropriate questions is research 
investigating the effect of small changes in the wording of a question on child-
ren’s answers. Much of this research has looked at problems using basic arith-
metical and algebraic operations.48 It is based to some extent on the view that “it 
is the complexity of the semantic and syntactic structures of many word problems 
that stands in the way of persons [sic] establishing appropriate mental represent-
ations of the problems”.49 The reasoning behind such research appears sound, but 
the reductionist research which has been generated, although interesting to an 
academic, is of relatively little use in preparing children for a real world where 
the ability to interpret statements and situations which are usually imprecise is a 
very important skill. The three questions quoted above suggest strongly that any 
attempt to evaluate the effect of small differences between questions about chance 
is likely to be fruitless. Simple probabilistic situations are much more difficult to 
describe than situations involving the sharing of apples and bananas. 

However, probabilistic research has clearly established that alternative forms of 
the same question often produce results which are inconsistent with each other. 
Konold has shown that when examining sequences of results from tossing a coin 
that questions involving the word “easiest” produce responses  from secondary 
and tertiary students inconsistent with parallel questions using the word 
“hardest”.50 K. Truran has found a similar result with primary students when 
asked about the easiest or hardest numbers to obtain when tossing a die.51 J. 
Truran asked primary and secondary students’ to estimate “non-surprising” 
results when drawing a sample of nine balls with replacement from an urn 
containing two red and one white ball. He found the range of results for red balls 
was sometimes inconsistent with the results for white balls.52 Such results confirm 
the need for an holistic approach to the assessment of probabilistic 
understanding. Since Green’s preparation of his questions was particularly 
careful, his advice is of special value. He has concluded that 

interpretation of test results is fraught with difficulties. A ‘slight’ change 
to a question can have a dramatic change in the results. The need for 
individual interviews to aid in the interpretation of results would seem 
to be essential. Also, the difference in the understanding of the meaning 
of words between the teacher and the pupils presents major problems. It 
is tempting, when questioning a pupil, to probe until the correct answer 

                                                 
48 E.g., De Corte & Verschaffel (1991); MacGregor & Stacey (1995) 
49 Ellerton & Clements (1991) 
50 Konold et al. (1993) 
51 K. Truran (in preparation) 
52 J. Truran (1990; 1994icovar) 
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is obtained, and then to probe no further. Clearly such a procedure is 
likely to be misleading at times and only further questioning can reveal 
the ‘solidity’ of the Pupil’s understanding, and enable an active insight 
into the pupil’s thinking. The teacher needs to be much more concerned 
with the pupil’s learning than with the teacher’s teaching.53  

The Effect of Social Variables on Probabilistic Language  

One field of research has been to try to establish the relationship between 
language proficiency and mathematics achievement. While there seems to be a 
significant positive relationship, it is clear, not surprisingly, that other factors are 
also relevant. Two such factors are social class, and whether mathematics is 
learned in a child’s first or second language. It has been found that low social 
class is correlated with low mathematics achievement among students from 
diverse language backgrounds. However, students with competence in any 
language, be it of the home or the classroom, tend to do better than those without 
such competence.54 However, it should not be assumed that the difficulties rest 
only with those of low social class. Differences in language registers used at home 
and school cause difficulties for children of all social classes.55 

Two other variables may also be relevant—differences in gender and differences 
arising from living in rural or urban environments. I am unaware of any work 
which has investigated the latter. The results of investigations concerned with 
gender have been equivocal.56 

All this said, the critical issue is how individuals interpret language; variation 
within groups is usually substantial, and the teacher’s responsibility is to each 
individual. Even so, there are times when it is helpful to try to communicate 
meaningfully with unstratified groups, as when attempting to change common 
attitudes to risky practices or when presenting legal arguments to juries. 

Probabilistic Language in Life  

There has been relatively little research into this field. Watson has explored the 
ways in which the language of probability is used in the media, and has provided 
some classifications which can be of value for teachers in helping children to 

                                                 
53 Green (1983a, p. 550) 
54 Secada (1992, pp. 638–639) 
55 Ellerton & Clements (1991, p. 25) 
56 J. Truran (1992, pp. 90–94) 
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interpret the media’s interpretation of stochastics.57 Magnusson has investigated 
the best way for lawyers to present honestly to juries the statistical meaning of 
stochastic evidence.58 He found that for maximum understanding probability 
language should not be used because betting language was much more widely 
understood accurately. As a result he has suggested that the ability to understand 
and apply [the] statistical information is something each juror has or does not 
have at the time of trial, and that sudden education in the courtroom probably 
won’t work. Most importantly, he has argued that when presenting statistics a 
lawyer must be simple and unambiguous. If necessary the presentation should be 
read again, without attempting any further explanation, which would almost 
certainly confuse the jurors. 

CONCLUSION  

In this chapter I have provided a framework for looking at linguistic issues 
associated with stochastic ideas and have emphasised the importance and  some 
of the difficulties inherent in developing sound stochastic language. That the 
ideas can be of interest to children, can be seen from one children’s book which 
has been specifically written to explore the concepts of unlikely events.59 The 
principles outlined will be of importance for evaluating all aspects of the teaching 
and assessment of probability in later Parts of this thesis. They form a basis for 
the next chapter which looks at the meaning of the word “probability” itself. 
 

‘But it’s a bluff,’ I told him, ‘I probably wouldn’t use it.’ 
‘They don’t know you probably wouldn’t use it,’ he argued. 
‘They probably do,’ I said. 
He was forced to agree. ‘Yes … they probably know that you probably 
wouldn’t. But they can’t certainly know.’ 
He’s right about that. But they don’t have to certainly know. ‘They probably 
certainly know that I probably wouldn’t,’ I said. 
‘Yes,’ he agreed, ‘but even though they probably certainly know that you 
probably wouldn’t, they don’t certainly know that although you probably 
wouldn’t, there is no probability that you certainly would.’60 

                                                 
57 Watson (1993cm) 
58 Magnusson (1994) 
59 Rodda (1987), cited in Watson (1993) 
60 Yes Prime Minister Lynn & Jay (1986, pp. 79–80) 



 

 

CHAPTER 5: THE MEANING OF PROBABILITY 

“My name  is Alice, but—” 
“It’s a stupid name enough!” Humpty Dumpty interrupted impatiently. “What 

does it mean?” 
“Must a name mean something?” Alice asked doubtfully. 
“Of course it must,” Humpty Dumpty said with a short laugh: “my name means 

the shape I am—and a good handsome shape it is, too. With a name 
like yours, you might be any shape, almost.”1 

In this chapter, we shall find that the meaning of “probability” is extraordinarily 
difficult to define. Not only has it changed over time, but it changes within 
cultures and sub-cultures—its study is a study of society in itself.  

CHANGES IN THE MEANING OF “PROBABILITY”  
 

Nothing is good but what is consistent with truth or probability, … 2 

To our ears, Dr Johnson’s claim sounds too grandiose, even for him. He is clearly 
not following Humpty Dumpty’s principles, but it is hard to find a meaning of 
probability which is consistent with “truth”. Why?*  

The meaning of “probability” has changed significantly over the centuries. Init-
ially, it referred to the property of having the appearance of truth—of having 
verisimilitude.† And this truth was established by reference to an authority, 
rather than to an experiment. The following examples show how the word was 
used at that time. 

1615  The compasse and room that each tree by probability will 
take and fill. 

1620  Many probabilities concurring preuaile much. 
1623   Other reports there are, but without any probability of 

truth, therefore I will not mention them.3 

                                                 
1 Carroll/Gardner (1960, p. 263) 
2 Dr Johnson, quoted in Boswell/Cotterill (1775/1902, p. 279) 
*  Etymological parts of this chapter also appear in J. Truran (1994mob2). I am particularly 

grateful to Mr Barry Jeromson, University of South Australia, for helpful  discussions on the 
issues addressed in this chapter. 

†  Interestingly, the present German word for “probability”—Wahrscheinlichkeit—has the 
same roots as verisimilitude (Kluge, 1989). 

3 OED (1989 v. 12, p. 534) 
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The ideas which the word now encapsulates first developed around 16604 and the 
word was first used in English in its modern sense in 1718 as part of a translation 
of de Moivre (1718/1738).5 Dr Johnson’s use of the old meaning some 60 years 
after this is one small example of the slowness with which language and its 
underlying ideas change within society. For the idea of probability, change has 
been particularly slow; understanding the reasons for this is important for assess-
ing how best to incorporate the topic into the school mathematics curriculum. 

In this chapter I will argue that many different meanings are attached at the 
present time to chance events by members of different cultures, and indeed of the 
same culture. I shall argue that a teacher of probability needs to be specially con-
scious of this variety, which will almost certainly exist within his or her class, and 
that a pedagogy which does not seriously consider this diversity will be to some 
extent deficient. But I shall also argue that the western construction of probability 
is the one which is normally taught in schools and is the meaning which we 
believe to be of most value for rational thought and that it must not be allowed to 
be swamped by alternative constructions. 

THE EFFECT OF THE DISCOVERY OF CHANCE  
 

VALENTINE: If you knew the algorithm, and fed it back say ten thousand times, 
each time there'd be a dot somewhere on the screen. You'd never know 
where to expect the next dot. But gradually you'd start to see this shape, 
because every dot will be inside the shape of this leaf. It wouldn't be  a leaf, it 
would be a mathematical object. But yes, the unpredictable and the 
predetermined unfold together to make everything the way it is.6  

The idea of chance has, of course, been present in western thinking for a long 
time. The word “chance” has been in the English language since c. 1400 CE and 
comes from the Latin “cadere”, meaning “to fall”, referring to the fall of a die. 
Romance languages use some form of the word “hazard” in place of “chance”. Its 
etymology is disputed, but all theories trace it back to at least the Crusades and to 
contact with Arabic gambling practices.7 

                                                 
4 Hacking (1975, p. 12) 
5 OED (1989 v. 12, p. 535) 
6 Stoppard (1993, p. 47) 
7 Gómez da Silva (1985); Larousse (1973) 
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The early explorations of 17th century mathematicians into how chance might be 
measured8 happened upon an ideological well-spring whose depths are still not 
fully known, but which are certainly related to the paradox explicated in the 
quotation above. Certainly too, their motives were sometimes directed to the 
baser needs of the gambling fraternity. But their findings were to be a critical part 
of the change from a society based predominantly on authority (usually either the 
church, the kings, or some unholy alliance between the two) to one based pre-
dominantly on logic, experience, and reason—a transformation all too obviously 
not yet completed. 

The story of this slow exploration of the nature and influence of chance has been 
well summarised by Hacking9 and need not be repeated here in detail. One brief 
example will suggest some of the difficulties which these early workers had in 
moving from a theocentric model to a chance model. 

A parler exactement, rien ne dépend du hazard; quand on étudie la 
nature, on est bien-tôt convaincu que son Auteur agit d’une maniere 
generale & uniforme, qui porte le caractere d’une sagesse & d’une 
préscience infini. Ainsi pour attacher à ce mot hazard  une idée qui soit 
conforme à la vraie Philosophie, on doit penser que toutes les choses 
étant reglées selon des loix certaines, dont le plus souvent l’ordre ne 
nous est pas connu, celles là dépendent du hazard dont la cause 
naturelle ne nous est cachée. Après cette définition on peut dire que la 
vie de l’homme est un jeu où regne le hazard.10  

Some years after this tentative writing, Haydn’s librettist could still reflect on 
creation in a traditional theocentric way. Indeed many would still do so today. 

Now vanish before the holy beams 
The gloomy shades of ancient night. 
The first of days appears. 
Now chaos ends, and order fair prevails. 
Affrighted fly hell’s spirits black in throngs: 
Down they sink in the deep abyss 
To endless night.11 

                                                 
8 Summarised concisely in Green (1981) 
9 Hacking (1975; 1990) 
10 Montmort (1713, p. xiv) 
 To be precise, nothing depends on chance; when we study nature we are soon convinced 

that its Author works in a general and uniform fashion, which displays a character both 
wise and infinitely prescient. So in order to give this word “chance” a meaning which con-
forms with true Philosophy we must think of all things being controlled by certain laws, 
usually not known to us, which rest on a chance whose natural cause is hidden from us. 
With this definition we may say that the life of man is a game dictated by chance. 

11 The Creation No 2 
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These poetically powerful words remain justly popular. But their model of creat-
ion as “order fair”, appealing as it may be, conflicts fundamentally with “a game 
dictated by chance”—the position taken by contemporary scientific thinking. 
Since the 18th century, classical music has moved from Bach, through Beethoven 
and Brahms, through Stravinsky and Stockhausen, to the reductionist minimal-
ism of Nixon in China. But everyday thinking about chance has changed little. 
There are at least three reasons for this: all of importance for educators. 

Firstly, that non-deterministic situations might be amenable to mathematical an-
alysis is inherently surprising, and so unlikely to form part of the intuitive devel-
opment of many individuals or of the culture of many communities. If such un-
derstanding involves appreciating ideas which are inherently counter-intuitive,12 
then the role of schools in communicating this idea is particularly important. 

Secondly, we need to remember that a deep appreciation of the implications of 
our modern understanding of chance has developed only relatively recently. 

The most decisive conceptual event of twentieth century physics has 
been the discovery that the world is not deterministic. Causality, long 
the bastion of metaphysics, was toppled, or at least tilted: the past does 
not exactly determine what happens next. This event was preceded by a 
more gradual transformation. During the nineteenth century it became 
possible to see that the world might be regular and yet not subject to 
universal laws of nature. A space was cleared for chance.13 

Once this space became available it was possible for scientists to come to under-
stand the relationship between chance and causality. 

In sum, then, we may say that the processes taking place in nature have 
been found to satisfy laws that are more general than those of causality. 
For these processes may also satisfy laws of chance … , and also laws 
which deal with the relationships between causality and chance. The 
general category of law, which includes the causal laws, the laws of 
chance, and the laws relating these two classes of law, we shall call by 
the name of laws of nature.14 

New ideas take time to become known within in a culture, and even more time to 
become embedded, a process subject to a variety of complex and conflicting 
forces.15 They often reach the community as a whole either through schools, other 

                                                 
12 Pfannkuch (1993) 
13 Hacking (1990, p. 1) 
14 Bohm (1957, p. 3) 
15 Some of these forces are discussed in Hudson (1995). 
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educational institutions or the media. If schools are used as the sole means of 
transmission then at the very least it would take some 50 years for the ideas to 
have been presented to a majority of the population.* Transmission using the 
media can be much more rapid. But the media tends to transmit what is enter-
taining or of importance to individuals. So knowledge about important medical 
discoveries, such as penicillin, can spread rapidly through a community. How-
ever, the media’s emphasis on entertainment, with which is associated consid-
erable simplification, means that while applications of stochastic thinking, such as 
ecological forces, might well be transmitted, the underlying principles will prob-
ably not be. In addition, of course, many people receive information imprecisely, 
or choose to reject it. This only serves to reduce even further the rate at which 
specialist knowledge becomes part of the vernacular culture. 

Thirdly, the culture of schools is relatively authoritarian and deterministic. In-
deed, many middle-of-the-road educators would argue that such an approach is 
optimal when working with developing children and that the removal of author-
itarian control should be slow and gradual. Whatever the rights or wrongs of this 
issue, it is known that much, probably most, current mathematics classroom 
practice remains didactic and uncreative,16 in spite of many years of efforts by 
mathematics educators to change the culture. Perhaps the psychological, social 
and economic reasons which encourage such environments may be impossible to 
overcome.17 Classrooms are, and may remain, particularly difficult places for 
learning about non-deterministic ideas. 

So, on theoretical grounds, “probability” is likely to convey quite different mean-
ings to different people within the same culture and from different cultures. As 
western society becomes more multi-cultural, these differences are important for 
effective teaching of the modern western construction of chance. 

Describing beliefs accurately is particularly difficult, especially those outside 
ones’ own cultures. The following brief survey makes no claim to be compre-
hensive. But it does claim to illustrate, not only some of the differences between 
cultures, but also some of the contradictions which exist within a single culture. 
To do this I shall use “references in literature of all kinds  classical, archaeolog-
ical, biographical, poetical and fiction”18 and shall start within my own culture. 

                                                 
*  J. Giles (1970, pp. 51 et seq.) quotes Mort (1946) as saying that 50 years is required merely for 

total diffusion of matters of educational administration.  
16 Ellerton & Clements (1991, pp. 20–21) 
17 Vinner (1994, pp. 353–354) 
18 David (1962, p. ix) 
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CHANCE IN WESTERN CULTURE  
 

FORTUNA 
IMPERATRIX MUNDI 

 
O Fortuna 
velut luna 

statu variabilis 
semper crescis 
aut descrescis; 
vita detestabilis 
nunc obdurat 
et tunc curat 

ludo mentis aciem. 
egestatem, 
potestatem 

dissolvit ut glaciem.19 

Unpredictable events do exist; interpreting them is what concerns us here. 

Ideas of chance are part of a world view, whether it be indeterministic 
or deterministic. It may be apprehended positively, as “an essential part 
of any real process”; negatively, as the lack of causality or knowledge of 
such; or neutrally, as the law of probability.20 

Such diversity of interpretations are found throughout western culture. Here I 
describe sufficient just to show their complexity. Only the first represents the 
scientific position. Some of the others will be discussed again in Chapter 8, and 
will underlie the pedagogical aspects of several subsequent chapters.  

Neutrality  

In many areas our society seems to accept that there are genuinely neutral 
random devices. Captains toss a coin to decide the choice of ends at the beginning 
of a game. Dice are used for board games; urns for lotteries. The very acknow-
ledgement of the possibility of cheating is confirmation that such devices are seen 
as essentially neutral. Games with dice have existed since at least 3000 BCE. Some 
undoubtedly involved gambling, and from at least 1494 CE the issue of how 
mathematics could be of use to gamblers began to be discussed,21 and are still 
                                                 
19 Carmina Burana  FORTUNE, EMPRESS OF THE WORLD 

O Fortune, variable as the moon, always dost thou wax and wane. Detestable life first thou 
dost mistreat us, and then, whimsically, thou heedest our desires. As the sun melts the ice, 
so dost thou dissolve both poverty and power. 

20 Yusa (1987, p. 192), citing Bohm (1957) 
21 Green (1981) 
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discussed today.22 But the discussions all rest on the assumption that the random 
device is genuinely neutral—a position which, in my view, could not be 
presented more strongly by western society. 

Physical Control  

On the other hand, some people believe that they are able to control chance 
through their own efforts:* 

 
I When I toss a coin, is there any way I can make it come down heads? 
S If you’re pretty good at it I suppose you probably could get a 60% 

chance. 
I How would you do that? 
S Just work out how far to throw it up and how much spin to put on it 

and just keep practising for a while.23 

Such an example might be seen as a typical teenage male delusion of grandeur. 
This would be too simplistic. The television series Scotland Yard showed actual 
attempts by the Flying Squad to apprehend a gang of armed bank robbers. There 
were many failed attempts, and morale was low, even though there was no 
evidence that the decisions taken by the Squad leader were bad ones—merely 
unsuccessful. When the Squad was finally successful, its leader attributed the 
success to the fact that they had “forced luck” to go their way.24 

External Control  

Another common view is that chance is controlled, not by our own efforts as in 
the case above, but by some external agent. 

 
I Can we make the coin come down tails every time? 
CM Yes. 
I How can we do that? 
CM You see God knows me really well, he’s my bestest friend and if I say 

‘make it come down tails’ he will. Because he loves me and my 
wishes always come true.25.:(1995); 

                                                 
22 Stewart (1996), a revision of an article previously published in a British national newspaper 
*  The classifications “Physical Control” and “External Control” were defined in J. Truran 

(1985, p. 71),  reprinted as Appendix VI of J. Truran (1992). 
23 J. Truran (1985, p. 71) 
24 A British series screened on Australian Broadcasting Commission television in April 1996. 

The incident is not reported in the book which is a companion to the series. 
25 K. Truran (1995, p. 539) 
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Such views are not restricted to pre-pubescent females. 

[L]et us examine this prayer for the [dying] friend in a little more detail. 
There can be in this situation a number of outcomes. We can expect that 
the friend will either live or die. ... [L]et us say that where the friend 
lives God has acted and the prayer is answered. Does it also follow that 
where the friend dies God hasn't acted and the prayer is not answered? 
Or is it perhaps true that even here God has acted and has answered the 
prayer? In either case how could we know which was which?26  

Emotional Approaches to Chance  

These two examples have presented situations where research findings are 
matched by real-world happenings. But there are other approaches rarely 
reported in the educational literature. The following three examples illustrate one 
aspect of chance which is rarely discussed and yet which is crucial for good 
teaching of probability, because they show that a theoretical understanding of 
chance may not lead to rational behaviour. The first is from Graham Greene’s 
autobiography, and describes a scene from his late adolescence. 

One forgets emotions easily. If I were dealing with an imaginary char-
acter, I might  feel it necessary for verisimilitude to make him hesitate, 
put the revolver back into the cupboard, return to it again after an inter-
val, reluctantly and fearfully, when the burden of boredom and despair 
became too great. But in fact there was no hesitation at all: I slipped the 
revolver into my pocket, and the next I can remember is crossing 
Berkhamsted Common towards the Ashridge beeches. Perhaps before I 
had opened the corner of the cupboard, boredom had reached an intol-
erable depth. The boredom was as deep as the love and more enduring 
… 

Had I romantic thoughts about my love? I must have had, but I think, at 
the most, they simply eased the medicine down. Unhappy love, I sup-
pose, has sometimes driven boys to suicide, but this was not suicide, 
whatever a coroner’s jury might have said: it was a gamble with five 
chances to one against an inquest. 

I put the muzzle of the revolver into my right ear and pulled the trigger. 
There was a minute click, and looking down the chamber I could see 
that the charge had moved into the firing position. I was out by one. I 
remember an extraordinary sense of jubilation, as if carnival lights had 
been switched on in a dark drab street. … 

At fairly long intervals I found myself craving for the adrenalin drug. … 
It was back in Berkhamsted during the Christmas of 1923 that I paid a 

                                                 
26 Munro (1990, p. 11), also quoted in J. Truran (1992, p. 198) 
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permanent farewell to the drug. As I inserted my fifth dose, which 
corresponded in my mind to the odds against death, it occurred to me 
that I wasn’t even excited: I was beginning to pull the trigger as casually 
as I might take an aspirin tablet. I decided to give the revolver—since it 
was six-chambered—a sixth and last chance. I twirled the chambers 
round and put the muzzle to my ear for a second time, then heard the 
familiar empty click as the chamber shifted. I was through with the 
drug, … 27 

Greene fully understood the mathematics of his actions. Indeed, this under-
standing provided some of his adolescent thrill. His dallying with fate can be 
easily enumerated—odds of 5 to 1 for living at any one trial, but odds of about 2 
to 1 against living if conducting six trials. The odds against living when driving a 
car at high speed and under the influence of alcohol are not so easily determined 
and are very much lower. It is easy to see why young drivers, having successfully 
beaten fate several times, are willing to challenge it again. 

Such disregard of probabilities is not restricted to the young. I have personally 
observed a very inebriated farmer being bundled by his mates into his car outside 
a remote hotel in the Mid-North of South Australia, and pointed in the right 
direction for home, all in the presence of a Justice of the Peace. Such action was 
“justified” because the Police Breath Testing squad was known to be 50 km away 
in another direction, and because he had always got home all right in the past. 

Nor is such disregard of probabilities restricted to males. The following report of 
a survey commissioned by Dolly  at the very least shows that a small percentage 
of sexually active teenage girls are aware of the risks of sexual intercourse and 
choose not to be consistent in minimising those risks. 

A comprehensive sex survey of Australian girls shows teenage girls 
lead risky sex lives, with only 43% “always” insisting their sexual 
partner wear a condom—while 23% never insist. …  

Second Storey Youth Health Service community health worker Mr Pip 
Messent said … “Teenagers often have a sense of invincibility, the ‘It 
can’t happen to me’ phenomenon, which is a result of their lack of 
experience, not a sign of irresponsibility.”28 

Rare events do happen. But they are only rare for those involved; on a global 
scale they are quite common. Newspapers have access to a huge spread of in-
formation so it is almost certain that they will be able to report a rare event every 

                                                 
27 Greene (1971, pp. 126–130) 
28 Advertiser 4 May 1996, p. 17 
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day. My favourite is the record of a cricketer who played a potential six shot 
which hit a Common Swift Apus apus, and bounced back to be caught by a 
fielder.29 Clearly this plethora of evidence that rare events are possible has little 
influence on some children. Can we blame them? 

Attitudes to Scientific Analysis of Probability  

The behaviours presented above are the more easily understood when we 
consider Wolpert’s argument that the critical feature of western science is that it is 
unnatural, and has, in the past, been of little value for individuals.30 

Whereas scientific theories may be judged in terms of their scope, 
parsimony … , clarity, logical consistency, precision, testability, empir-
ical support and fruitfulness, lay theories are concerned with only a few 
of these criteria and are seldom explicit or formal, or consistent, and are 
often ambiguous. The explicit or formal nature of scientific theories is 
not only important in its own right but points to a crucial feature of the 
scientific process: the self-aware nature of the endeavour. This self-
aware aspect of doing science, as distinct from other activities, makes 
science different from common sense almost by definition, since, again 
almost by definition, common sense is unconscious.31 

This “unnaturalness” has been mentioned above as one of the reasons for the 
slow embedding of probabilistic ideas into our culture. I know of no work which 
tests Wolpert’s thesis systematically for the teaching of chance. But phrases like 
“you can prove anything with statistics” definitely form part of western 
vernacular culture, and the disregard by millions of Australians of the known 
probabilities at the casino and the race track suggest that he might be right. 

But western society is increasingly requiring more and more of its members to 
adopt the “unnatural” styles inherent in stochastic thinking.  

The Presence of Probabilistic Thinking in Everyday Life  

Whatever the views of individuals, probabilistic thinking, usually in the form of 
statistical inference, is now regularly required for decision-making in society,32 at 
least by middle-managers and above, and an increasing number of students enrol 
in statistics as part of their studies in a wide range of business courses. 

                                                 
29 Ward (1990, p. 118); cited (and illustrated!) in J. Truran (1994amtprob) 
30 Wolpert (1992, p. 11) 
31 Wolpert (1992, pp. 17–18) 
32 Tanur et al.  (1978) 
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But the need for probabilistic thinking extends to all sorts of people. Jury service 
is required of all. Juries make decisions based on a subjective opinion of the 
meaning of “beyond reasonable doubt”. Increasingly, evidence is presented in a 
statistical form which uses probabilistic analysis to quantify “reasonable 
doubt”.33 It was mentioned in Chapter 4 that communicating statistics to juries 
has become a subject for research.34 At the same time research is showing that 
many lawyers have an inadequate understanding of statistical ideas, and so have 
a limited ability to use them well in presenting their cases.35 

All of this is being done in an environment where those who make decisions are 
held more accountable for them than ever, and such accountability is measured 
by scientific approaches. The pressures to think in a formal, probabilistic way are 
increasing. One researcher who has applied “fuzzy logic”† to understanding the 
meaning which people give to chance expressions which they use has concluded 
that decision making and forecasting in uncertain situations are structurally 
identical to reasoning and problem solving.36 Skills in probabilistic thinking may 
be of great value to administrators. 

Finally, and most interestingly, the use of probabilistic based structures is now 
being used to investigate the nature of artificial intelligence and to clarify what is 
meant by an artistic style.37 This is a far cry from Mozart’s Musikalisches 
Wurfelspiel§ which provided a set of musical phrases which could be arranged in 
various orders according to the throws of some dice,38 but it is strongly within 
the same tradition. In other words, a study of chance processes may have things 
to tell us about fundamental human attributes like thought and style. 

But on top of this diversity within western culture we have an even greater 
diversity when we consider other cultures. Since some of these cultures are 
making an increasing impact on western society, and we have more and more of 
their members in our schools, they cannot be disregarded. 

                                                 
33 Zeisel & Kalven (1978) 
34 Magnusson (1994) 
35 A. & P. Hawkins (1997) 
†  “Fuzzy logic” is a method of systematising the drawing of conclusions from data with 

various degrees of reliability. 
36 Zimmer (1983, p. 180) 
37 Keith Jones (1991, p. 24) 
§  Musical Dice Game 
38 Ruttkay (1997) 
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CHANCE IN OTHER CULTURES  
 

‘Was there an open election?’ I asked. 
He tut-tutted impatiently. ‘There can’t  be an open election. Bishops are seen 

as part of the apostolic succession.’ 
Not being a churchgoer, I asked for an explanation. 
‘It’s God’s will. When Judas Iscariot blotted his copybook he had to be 

replaced. They let the Holy Ghost decide.’ 
I was mystified. ‘How did he make his views known?’ 
‘By drawing lots,’ said Peter. 
So can’t we let the Holy Ghost decide this time?’ I asked. …  
Bernard tried to explain. ‘No one,’ he said, ‘is confident that the Holy Ghost 

would understand what makes a good Church of England bishop.’39 

This dilemma illustrates the complexities which can arise when several different 
cultures—Jewish, Christian and Modernist—are all brought to bear on solving a 
problem. Our society contains many cultures with quite different beliefs. 

The Buddhist doctrine of dependent co-origination … holds that there 
are no “accidental occurrences” and that everything in the world is 
produced “causally conditioned”. … This view diametrically opposed 
[sic] the determinism of the Indian materialists … as well as the 
syncretic view of theory of inner and outer causation held by Jains.40 

Again, it is widely believed that Muslims are fatalists.41 But Bolle42 has argued 
that this is a gross over-simplification: within Islam other aspects of life are 
balanced against fatalism, it is no more a seamless, monolithic construction than 
any other major religion. Nevertheless, how will Muslims respond to the western 
view of chance if “Submission to Allah” is seen as a basic tenet  of their belief?*  

In any case, few students have a mature understanding of their religion, or of its 
sects. The distinctions between Sunni, Shi’ite and Druse are as confusing to me as 
those between Catholic, Protestant, Orthodox and Amish must be to Muslims. 
But we can examine some approaches which are particularly antipathetic to 
academic stochastics and which may be encountered within our society. 

                                                 
39  Yes, Prime Minister Lynn & Jay (1986, p. 219).  
40 Yusa (1987, p. 193) 
41 Bolle (1987, p. 295) 
42 Bolle (1987,p. 295) 
*  This is an issue with which I grapple in my statistics classes as I write this chapter. These 

classes contain one mature, aggressive Muslim male from Pakistan and one much younger, 
traditionally dressed Muslim female from Malaysia. I am very conscious that I cannot get 
close enough to either to find out what they are making of the standard western 
probabilistic arguments which I present. 
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Animistic Models  

An agricultural science teacher at a secondary boys’ boarding school in the 
eastern uplands of Papua–New Guinea showed me a garden plot which the boys 
had laid out to establish the effect of applying superphosphate to growing sweet 
potatoes. The plot was laid out in a Latin square and the treatments applied in 
accordance with the best western scientific tradition.43 The results were plain to 
see. The plants from the blocks with the highest application of fertiliser had 
grown most. But the teacher, trying to contain her sense of despondency, told me 
that the boys had argued that the smallest plants had been influenced by people 
in a neighbouring, unfriendly, village.44 

This must be a common experience of teachers in PNG. I do not know whether it 
might also arise when working with Australian Aboriginals. The most compre-
hensive book I know on Aboriginal mathematical understanding discusses only 
space, time and money.45 Books designed to interpret Aboriginal culture, either 
from the point of view of a western ethnologist46 or from the Aboriginal perspect-
ive47 have nothing to say about chance, fate or destiny. The relationship of 
Aboriginals with their land is quite different from ours—questions about chance 
would seem to be irrelevant. All we can be sure of is that gambling is consistently 
seen as one of the great evils made available by western society to aboriginals.48 

Use of Chance Processes for Decision-Making  

The drawing of lots has been seen  as a suitable way for making decisions for 
thousands of years.49 Sometimes urns or cloth bags were used,50 sometimes, more 
surprisingly to us, the lots were shaken in an flat open vessel until one fell out.51 

The practice continues today in Chinese temples for establishing the answer of 
the joss to a worshipper’s questions.52 Astrological ways of making decisions are 
                                                 
43 Viz., that of Fisher (1935/1966, pp. 50–92) 
44 Dierdre Maddern, pers. comm., May 1984 
45 Harris (1991) 
46 E.g., Mountford (1965) 
47 E.g., Isaacs (1980); Mattingley & Hampton (1988) 
48 Mattingley & Hampton (1988, pp. 204, 211) 
49 Conzelmann (1987, p. 12) 
50 Proverbs 16: 33, commented on by Conzelmann (1987, p. 12) 
51 Livy 23. 3. 7, commented on by Conzelmann (1987, p. 12). The word used is “excidit” which 

is a compound of “cadere”, mentioned above as the root word for chance. 
52 Aune (1987) 
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even more common, and are used by Chinese for establishing the best alignment 
for even the most modern of buildings (Cheng fui) and by Hindus for estab-
lishing the most propitious time for a wedding ceremony. 

There is no need to go on. It is clear that there exists in the world a huge variety 
of different responses to chance events. In changing cultures these responses are 
likely to conflict with each other.53 How do individuals cope with such conflict? 

Use of Dual Models  

There is no simple answer to this question. Dawson54 has argued that the natural 
approach, based on “familiar, everyday understanding” will always dominate, 
unless a conscious effort is made to use the scientific approach. This conforms 
with Wolpert’s view that thinking scientifically is essentially an unnatural 
activity. But sometimes individuals hold concurrently “a duality of rational with 
irrational ideas that seem to be influenced by religious belief”.55   

The hope of reward can help to make one approach dominant over another. The 
following Year 10 boy had, in an earlier part of the interview, expressed his belief 
that the outcomes of a die were not equiprobable. When questioned again a few 
minutes later he showed a clear understanding that he was working within two 
systems, and of which system it was better to use where. 

 
I Are some numbers easier to get than others when I toss a dice? 

S Learning what we did with maths, no, not really.  When you do it 
some numbers come up. 

I You're sticking to your view that 3's and 4's are easier; and 6's are 
harder.  How do you tie that up with what you do in maths? 

S They tell you one thing but when you go home and do it, it doesn't 
seem to be the same.56 

These examples are sufficient to make the point. Both children and adults are 
known to attach more than one meaning to many events, and to live and work 
with both meanings without feeling any need to accommodate one to another. 
Nor do they necessarily use the two meanings consistently from day to day or 
from situation to situation.57 The non-determinist nature of stochastic events is 
unlikely to encourage consistent usage.  

                                                 
53 Amir & Williams (1994, pp. 30–31) 
54 Dawson (1992) 
55 Amir & Williams (1994, p. 31) 
56 J. Truran (1985, pp. 71–72) 
57 E.g., Cohen (1964) 
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WESTERN SCIENTIFIC APPROACHES TO PROBABILITY  
 

… all his life [the man on the land] has been battling with hard facts, not 
abstract thoughts and he knows what will happen to the land and how soon 
the bailiff will be in if he starts running his farm along lines of unsubstantiated 
theory. His very life and work have given him a true perspective of the values 
of theories as such. 
 
Generations of the land give men a settled outlook which is frequently 
mistaken for stodginess or stupidity by erratic thinkers who follow the wavering 
trends of any reactionary writer who happens to be fashionable at the 
moment. A farmer’s life is conducive to clear, simple thinking which is 
unclouded by restless speculation.58 

Traditionally the “ordinary person” has little time for the discipline of rigid 
scientific thought. But, as will be argued in Chapter 11, a consistent use of west-
ern scientific probability is an important practical component of a general educat-
ion. The following two examples illustrate decision-making of great importance, 
one for the lives of men, the other for the preservation of Australian water 
resources. The first, a description of the planning for the Normandy landings in 
1944, involves fairly rough and ready calculations. 

[Montgomery] felt that [the planners] had made too little allowance for 
bad weather, which could be expected to interfere seriously with 
unloading and disembarkation on one day in four … 59 

The second is the result of a complex analysis of a biological system. 

The establishment of shrubs is affected profoundly by the co-incidence 
of events with low probability of occurrence. Climatic conditions 
suitable for the germination and establishment of large numbers of 
shrub seedlings—warm moist spring and summer periods, with a 
minimum of frosts—may occur only once every 10 - 15 years. Naturally 
occurring insect attacks, which may cause bare ground within grass-
lands, have a similarly low, but variable, frequency of occurrence. The 
coincidence of natural disturbance within grasslands with periods 
suitable for the establishment of shrubs may therefore occur only once 
or twice a century. Therefore, cattle activity, by creating bare ground 
constantly, increases the chances of shrub establishment.60 

                                                 
58 O’Reilly (1940, p. 95) 
59 Wilmot (1952, p. 175) 
60 R. Williams (1985, p. v) 
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Both arguments are probabilistic. One is pre-numeric and has to be so, given the 
urgency of the battlefield. The other, an analysis of requirements for regeneration 
of plants in fragile areas of alpine Australia, has the time to be more analytic. It is 
one contribution to an important and difficult debate between cattlemen and 
conservationists.61 But it has not informed the debate to any significant extent. 
After all, it is an argument by a conservationist which supports the cattlemen. 
Worse still, it is probabilistic and can provide no absolute hope of success. It is 
not a basis on which our decision makers prefer to make their decisions. 

The idea that probability could form one possible underlying structure for 
thinking about society has been only occasionally put forward by educationists62 
in spite of its obvious importance. Often it has been seen only as a technique, 
quite separated from the insights it offers on society. This is an issue which has 
concerned curriculum specialists for a long time. 

What for instance is involved in teaching a child a simple fact, such as 
that in 1973 Heath was Prime Minister. If a child is to understand this 
fact, this item of knowledge, then to begin with he must understand 
what a Prime Minister is. He must also be able to identify Edward 
Heath. What is more, if he is to learn this as a fact he must know that it 
is true, and he must have some idea of what difference it makes that 
Edward Heath and not someone else was Prime Minister. I would 
suggest therefore that it is quite impossible to learn facts, to know them 
as facts without acquiring the basic concepts and criteria for truth 
involved. Now that is to suggest that the notion of a fact is not a logic-
ally primitive educational objective. It presupposes certain other more 
fundamental objectives so that without the pursuit of these, possibly in 
the same context, one cannot teach facts.63 

It will be the argument of this thesis that the story of probability’s time in schools 
is a story of presenting the facts, trying to relate them to society, but of not 
appreciating the extent to which probabilistic thinking is effectively a way of 
thinking, a way rarely used by the most widely heard members of our society.  

What then are we after in teaching a subject? What does learning it in-
volve? In all subjects, surely, we do not just want the learning of a string 
of propositions. …What we want is that pupils shall begin, however 
embryonically, to think historically, scientifically or mathematically; to 
think in the way distinctive of the particular subject involved and even 
to achieve some style and imagination in doing so. Thus before we can 
carry out an empirical investigation of teaching methods we are faced 

                                                 
61 Vide J. Truran (1995mef) 
62 Vide ch. 11 and Appendix II. 
63 Hirst (1974, pp. 18–19) 
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with the difficult task of getting clear what is involved in, say, thinking 
historically, and thus in learning to think in this way.64 

Pfannkuch has argued that a further problem has arisen because school probabil-
ity has tended to be concerned with issues related to gambling like dice and 
cards, even if gambling itself has not been a principal focus. She claims that this 
approach totally overlooks the quite staggering discoveries of nineteenth century 
statisticians that statistical regularities could be found in social data. This dis-
covery raised deep questions for society about the meaning of human freedom.65 
Her argument is one of several which claim that probability and statistics cannot 
be treated as isolated disciplines, contrary to current school practice. 

It is for this reason that this chapter has tried to set probability into a broad 
perspective. The topic is broader than mere mathematical literacy—currently the 
flavour of the month. It is a form of mathematical thought.66 Furthermore, it is a 
form which seems to have wide applications. 

There is some evidence that formal training in probabilistic thinking in a specific 
environment does transfer to other environments, contrary to the  views of  early 
twentieth century psychologists that “transfer of training” rarely occurred. 
Undergraduates studying probabilistic subjects like psychology and medicine 
have been found to develop an ability to reason better about everyday prob-
abilistic situations unrelated to their formal academic studies than undergrad-
uates studying deterministic subjects like chemistry and neutral subjects like 
law.67 The researchers have concluded that  

[t]he truth is that we know very little about reasoning and how to teach 
it. The one thing we thought we knew—namely, that formal discipline 
is an illusion—seems clearly wrong. Just how wrong, and therefore just 
how much we can improve reasoning by instruction, is now a 
completely open question.68  

SUMMARY  

Although the preceding survey is certainly not complete, it is more than sufficient 
to show that the cultural ideas which students bring to their understanding of the 

                                                 
64 Hirst (1974, p. 117) 
65 Pfannkuch (1993) 
66 Howson & Wilson (1986, pp. 56–58) 
67 Lehman et al. (1988). I am grateful to Dr Greg Yates, U of SA, for this reference. 
68 Lehman et al. (1988, p. 441) 
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meaning of probability may be extremely diverse. Understanding this diversity 
will be important for good teaching. 

The survey is also sufficient to show that the probabilistic ideas which constitute 
the western stochastic construction are unlikely to be acquired and maintained 
within society unless they are transmitted. Any Constructivist argument which 
leaves intellectual development to the whims of the learners is failing to consider 
adequately the needs of society to preserve the best of its intellectual achieve-
ments. Any stochastics course must be a western scientific construction. If it is 
watered down in any way to accommodate other cultures and other meanings, it 
ceases to be stochastics. 

But equally, the survey makes it abundantly clear that transmission is a complex 
issue which cannot be achieved merely by treating the topic as a formal exercise 
in pure mathematics. Feelings and emotions will be an integral part of the 
educational enterprise.  

All of these points granted, it remains true that if the western scientific meaning is 
to be well taught, it must be well understood within its own culture: the much 
maligned and allegedly male culture of academic mathematics. So we turn now 
to a formal analysis of the mathematics of probability.  

 

Tout le monde sçait qu’au défaut de l’évidence, nous devons chercher la 
vrai-semblance pour nous approcher de la verité. … [I]l arrive souvent qu’une 
chose étant incertaine, il est néanmoins certain & même évident qu’elle est 
vrai-semblable, & plus vrai-semblable que tout autre.69

                                                 
69 Montmort (1713, p. ix). Everyone knows that if we have no evidence we must look for 

plausibility as a step towards truth. … It often happens that although something is 
uncertain, it is nevertheless certain (even obvious) that it is truth-like and more truth-like 
than anything else. 



 

 

CHAPTER 6: THE MATHEMATICS OF 
PROBABILITY 

Your method is very sound and is the one which first came into my mind in this 
research; but because the labour of the combination is excessive, I have 
found a short cut and indeed another method which is much quicker and 
neater, which I would like to tell you here in a few words: for henceforth I 
would like to open my heart to you, if I may, as I am so overjoyed with our 
agreement, I see that truth is the same in Toulouse as in Paris.1.; 

Pascal was overjoyed to find that he and Fermat had reached agreement about a 
mathematical idea. Non-mathematicians frequently believe mathematics to be a 
subject neither open to debate nor bound by matters of opinion. They are sur-
prised to learn that mathematicians frequently differ in their approaches and 
sometimes disagree strongly about fundamental ideas.* So here I describe briefly 
the world of mathematicians, and clarify approaches taken to probability as a 
basis for the Intellectual part of the ecology model described in Chapter 9. 

DIFFERENT APPROACHES TO MATHEMATICS  
 

The use of a product orientation to characterize the nature of mathematics is 
not a settled issue among mathematicians. They tend to carry strong Platonic 
views about the existence of mathematical concepts outside of the human 
mind. When pushed to make clear their conceptions of mathematics, most 
retreat to a formalist, or Aristotelian, position of mathematics as a game 
played with symbol systems according to a fixed set of socially acceptable 
rules. In reality, however, most professional mathematicians think little about 
the nature of their subject as they work within it.2 

Mathematics—Pure, Applied and Statistical  

Many universities have separate departments of pure and applied mathematics. 
Pure mathematics emphasises theoretical systems and logical principles. Applied 
mathematics looks for theoretical systems which are a good fit with observed 
data. Both approaches have value. Few people specialise in both fields, so differ-
ent mathematicians make different judgements about which approach is of more 

                                                 
1 Pascal to Fermat 29 Jul 1654, translation from David (1962, p. 231) 
*  I am grateful to Dr Brian Sherman, University of Adelaide, for his comments on this 

chapter. 
2 Dossey (1992, pp. 41–42) 



  Page 92 

Mathematics of Probability  Chapter 6 

importance and the gaps between the two approaches have sometimes be quite 
wide.3 To some extent different educational systems emphasise different aspects 
of mathematics depending on what curriculum leaders see to be of greater im-
portance.4 For lay people practical, applied approaches are usually seen as more 
valuable, but “[t]heory is in the end … the most practical of all things because this 
widening of the range of attention beyond nearby purpose and desire eventually 
results in the creation of wider and farther-reaching purposes …”.†  

This view will be illustrated in later chapters by showing how the historical 
theory proposed in Chapter 9 can provide a rich interpretation of events. Within 
mathematics, Hardy, a pure mathematician, has claimed that pure mathematics  

is on the whole distinctly more useful than applied. A pure mathemat-
ician seems to have the advantage on the practical as well as on the 
aesthetic side. For what is useful above all is technique, and mathematic-
al technique is taught mainly through pure mathematics.5 

Rogerson (who was there at the time) has shown that the attempt by the SMP in 
the 1960s to address the pure and applied aspects of probability concurrently 
failed because it was seen by some people as a “heresy” to be expunged from the 
syllabus because “it was confusing—the truth often is!”6 

Most universities also have a department of statistics, and the subject is often 
taught as a service course in many other faculties. The relation of statistics to pure 
and applied mathematics is somewhat unclear. Efron has observed that statistics: 

seems to be a difficult subject for mathematicians, perhaps because its 
elusive and wide-ranging character mitigates against the traditional 
theorem-proof method of presentation. It may come as some comfort 
then that statistics is also seen as a difficult subject for statisticians.7 

Some stochastic thinking uses combinatorial analysis, which was taught in the al-
gebra part of pure mathematics courses in the nineteenth and early twentieth 
centuries. Other thinking rests on axiomatic approaches which fit comfortably 
into pure mathematics courses. Other thinking again tries to fit a precise model to 

                                                 
3 McQualter (1980ocs, pp. 70–72) 
4  Vide  chs 11, 12. 
†  Dewey (1929, p. 17). I have seen aphorisms like “There is nothing as practical as a good 

theory” attributed to Kurt Lewin (e.g., by Bronfenbrenner, 1993, p. 40). Dewey acknowl-
edges that this idea comes from someone else, but I have been unable to trace its source. 

5 Hardy (1940, p. 74) 
6 Rogerson (1987, p. 219) 
7 Efron (1978, p. 231) 
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highly unpredictable data, and so might be seen as a part of applied mathematics. 
Finally, the theoretical basis of statistical thinking remains a matter of sometimes 
vitriolic debate among its practitioners.8 The multi-faceted non-deterministic 
aspect of statistics, combined with the failure of statisticians to agree on a single 
basis for their work and the fact that the subject has only been widely taught in 
universities in the latter half of the twentieth century, means that it is often seen 
as lying outside the mainstream of mathematics, even though its methods are 
seen as of great importance. In some ways statisticians are to pure mathe-
maticians within mathematics as surgeons are to physicians within medicine. 

Stochastics—Probability, Statistics and Combinatorics  

Frequently probability and statistics are lumped together in syllabuses as one 
topic even though “their claims for a place in school curriculum differ, as do the 
problems of teaching them”.9 While this thesis will be concerned primarily with 
probability there will inevitably be places where its links with statistics and 
combinatorics will need to be discussed. Most comprehensive courses in 
probability and statistics contain some combinatorics, but may not treat the topic 
as a separate entity.*As explained in Chapter 2, the generic term “stochastics” will 
be used here to cover all three fields, although in some cases the context will 
make clear that the terms refers only to probability and statistics.  

MATHEMATICAL ASPECTS OF PROBABILITY  
 

Two out of every five drinkers involved in serious road accidents are over the 
legal drinking limit. This means that three out of every five accidents involve 
sober drivers. The conclusion is that you are more likely to be in an accident if 
you are sober!10 

In this section I summarise those aspects of probability which are necessary for an 
understanding of the development of this thesis.† In some places my approach 
differs from the received wisdom and these differences are highlighted for the 
benefit of both lay and expert readers. 

                                                 
8  Gigerenzer et al. (1989, pp. 90–106) 
9 Howson & Wilson (1986, p. 56) 
*  For example, the Binomial Theorem, which rests on combinatorial analysis, and is often 

taught in Year 12 in Australia, is usually presented in a concrete way which emphasises the 
results rather than the underlying theory. 

10 Kelly (1998, p. 54), obliquely attributed to the television comedian, Dave Allen 
†  This chapter is mainly a summary of J. Truran (1992, ch. 1), also summarised in J. Truran 

(1993anzhes). Quotations from the original have not been specifically indicated. 
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Much of the mathematical foundation presented here is not new, but it has made 
little impact on teachers and teaching, even in secondary schools. New ideas and 
perspectives reach classrooms very slowly.11 Tertiary courses might be expected 
to act as a major link between researchers and at least new secondary classroom 
teachers. But teachers rely more on textbooks than on their training. Freudenthal, 
a distinguished mathematician and mathematics educator, has observed that 
many a text-book presents only a final version of its author’s thoughts, and gives 
few clues about the difficulties encountered while organising the text. He argues 
that there is a tension between attempts at creative teaching and the axiomatics of 
a topic and observes cynically that 

[a]s everybody knows simplicity is a handicap to credibility. So what 
the first adaptors do, is to complicate the subject matter for the benefit 
of the supposed consumers—it is noteworthy, that the lower level 
requires more complication.12 

The discussion here, which hopefully Freudenthal would see as simple, clarifies 
the ideas of a random generator and its outcomes, and discusses how probability 
measures might be applied to the outcomes. Introductory courses tend to skate 
over some of these issues, especially that of random generators. 

Random Generators (RGs)  

This section forms an important prelude to the analysis developed in Chapter 18. 
Some RGs, such as dice, coins and urns, are common in western culture. All three 
are devices where a number of outcomes are clearly specified, and which can be 
manipulated in a well-defined way to produce one of these outcomes without its 
being possible for anyone or any machine to predict which outcome. But in the 
long run all of the outcomes will tend to be obtained an equal number of times. 
Thus there are six faces on a die, and if it is shaken many times in a container and 
rolled on a table then, while we cannot predict which face will land uppermost, if 
it is fair then each face is equally likely. Some have argued that all RGs with 
discrete outcomes may be seen as mathematically equivalent to urns.13 Even if 
this argument be true, it is certainly not the case that children intuitively see them 
as equivalent, as we shall see in several places later, especially in Chapter 8 and 

                                                 
11 J. Truran (in press) 
12 Freudenthal (1974, p. 277), punctuation as printed 
13 E.g., Johnson & Kotz (1977). I am grateful to a paper of the late L.V. Glickman for some 

helpful thoughts on the importance of urn models in educational practice. The paper is in 
my possession but of unknown provenance  and unfortunately includes a citation ban.  
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Section D. Nevertheless, the underlying concept must form the basis for our 
investigation of probability learning. 

The critical feature which makes these generators random is our inability to 
predict their outcomes. The fact that the outcomes are equally likely is irrelevant 
to randomness. Thus a drawing pin is an RG which may be tossed to produce two 
outcomes—point up, point down—which are definitely random but not equally 
likely. Similarly, a tossed polystyrene cup may  land randomly in three unequally 
likely ways—on base, mouth or side. 

RGs may be physical, electronic, printed, or mental. Any operation of an RG is 
called a random trial or a random action. Assessing whether a generator really is 
random is a very complex task,14  to which both adults and children bring many 
misconceptions.15 Some of these misconceptions are culturally induced, and may 
differ from culture to culture.16 

Elementary Events and Events  

These ideas may be illustrated by considering the tossing of a normal die, which 
leads to six elementary events: 
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Outcomes from RGs will be referred to using quotations marks, so the first of 
these elementary events could be described as “1”. The elementary events could 
also be classified as “odds, evens”, or “three, four, five” according to the number 
of letters in the English name for the number. There is no standard nomenclature, 
but in this thesis the terms elementary events and events are used to distinguish 
basic outcomes from groupings of basic outcomes. Sometimes in other texts the 
word “outcome” is used for one of these terms, and frequently the two are poorly 
distinguished. Note that  an elementary event may also be seen as an event. For 
example, in number theory the numbers two, three and five are “prime”, four and 
six are “composite” and one is “neither prime nor composite”. So if the events 
from tossing a die are classified as “prime, composite, neither” then the 
elementary event “one” is also the event “neither”. 

                                                 
14 Toohey (1995) 
15 J. Truran (1992, pp. 54–67) 
16 Peard (1994, 1995) 
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In all of the above cases the elementary events are discrete and finite. Some RGs, 
such as spinners, give rise to an infinite number of elementary events. It is poss-
ible to group these elementary events into a finite number of events, e.g., by 
shading sectors of a spinner with different colours. Mathematical analysis of these 
situations using elementary events is complicated, but the intuitive approach to 
the events is simple enough and reliable. 

Probability  

A number between 0 and 1 inclusive may be ascribed to any event. This number 
is a measure of the likelihood that an event will occur, and is known as the 
probability of the event. An event with a probability of 0 is considered to be 
impossible;* an event with a probability of 1 is considered to be certain. The prob-
ability that a tossed coin will land heads is usually taken to be 0∙5, which is what 
is meant by a fair coin. The probability that a newly-born child will be male is 
usually taken by mathematicians to be a little more than 0∙5 because more males 
are born than females. But many others consider the probability to be exactly 0∙5. 
How does this discrepancy arise? 

The philosophical basis of probability is not yet soundly established.17 At least 
four different ways of allocating  probabilities are commonly used: 

 
Symmetric probability is allocated on the assumption that each of the possible 

elementary events is equally likely. 
Experimental  probability  is allocated on the results of repeating a chance 

experiment many times. 
Subjective  probability  is allocated on internal, non-mathematical grounds. 
Theoretical probability  is a property of the way an event can occur; each of the 

previous probabilities represents an estimate of theoretical prob-
ability. Not all mathematicians accept the existence of theoretical 
probability; such differences often represent differences between pure 
and applied approaches to probability.18  

In terms of the example quoted above, to see the probability of a new born child 
being male as 0∙5 is to use the symmetric approach, to see it as a little more than 
0∙5 because of the findings of official records is to use an experimental approach. 
A parent with strong hopes for a male child may well make a subjective estimate 

                                                 
*  This is a more difficult concept than it looks. We want to say that the probability of 

obtaining a “7” when tossing a die is 0, but “7” is not a member of the set of elementary 
events. This conflict has been poorly resolved by mathematicians. Vide  J. Truran (1992, p. 
15). 

17 Buxton (1969, 1970); McCall (1994, ch. 5) 
18 Hacking (1975, pp. 11–17) 
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much higher than 0∙5. Geneticists may argue that the gender is the result of forces 
which, if fully understood, would enable a theoretical probability to be stated. 

None of these approaches is totally logically consistent.19 Philosophical issues 
arising because the concept of probability is particularly hard to define need not 
trouble a classroom teacher over much. There are historical, theoretical, didactical 
and psychological tensions between experimental and symmetric probability20 
and also between subjective probability and the other three.21 Subjective prob-
abilities may be markedly inconsistent. Professional gamblers, for example, may 
be certain that a horse will win but will not bet on the horse because they are 
doubtful about the certainty.22 Kapadia and Peard, among others, have emphas-
ised the value of wagers for encouraging the revision of subjective probabilities.23 
However, when an understanding of what are casually called “chance events” is 
based on an awareness that these are made up of random generators, random 
trials, events and a process of allocating probabilities then, in my view, the tens-
ions involved in interpreting these different probabilities are more easily 
resolved.  

It will be argued by some, principally Constructivists, that such a suggestion runs 
counter to what we know about how children learn and also about the nature of 
mathematics. For example: 

… with the clash of the ‘natural’, everyday and the ‘formal’, mathe-
matical context two world views meet whose relation is problematic 
insofar as the ‘formal’ world view is not simply a prolongation of the 
‘natural’ one. While students move within the open context of everyday 
problems safely and with considerable creativity, their behaviours 
within the ‘closed’ context of mathematics can be seen as ‘superstitious’ 
or ‘mythical’.24 

While there is little doubt about the dichotomy described here, the concern for 
emphasis on the “natural” view runs counter to Wolpert’s argument outlined in 
Chapter 5 that western science in an “unnatural” activity.25 We shall be able to 
identify several places in later chapters where the difficulties of teaching 

                                                 
19 Flavell (1970, p. 1009) 
20 Shaughnessy (1992, p.  70)  
21 Howson (1995) 
22 M.B. Scott (1968, pp. 82–83) 
23 Kapadia (1984mt); Peard (1995mer) 
24 Seeger & Steinbring (1994, p. 158) 
25 Wolpert (1992) 
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probability have arisen because the accumulated wisdom of formal thinking has 
been overlooked in a desire to encourage natural thinking. 

For example, a course in probability should deal with the mismatch between the 
different ways of allocating probabilities, but this is frequently glossed over26 
even though it is the basis of statistical inference. As mentioned in Chapter 4, 
ambiguous language like “what is the probability of … ?” is common, rather than 
“what is the symmetric probability of …?”.27  Analysis of any mismatch is 
essentially applied mathematics, while the calculus of probabilities is essentially 
pure mathematics. Reasons for the classroom neglect of discrepancies will be 
discussed in Part C, but whatever they may be: 

[a]s it stands at the present, most curriculum in stochastics is a pot 
pourri of theoretical [= symmetric in the language of this thesis], 
frequentist, and subjectivist ideas, not carefully articulated but 
presented haphazardly as if they we all the same thing. The students’ 
interest in this is likely to be minimal.28 

Notation  

In most elementary textbooks probability statements tend to take the form 

P(A) = p 

which is read as “the probability of A occurring is p”.  “A” may represent either 
an event or an elementary event, and p  is a number between 0 and 1 inclusive. 
This notation makes no mention of the RG, and fails to distinguish the different 
types of probability. The notation is imprecise but is adequate for dealing with 
the calculus of probabilities which are discussed in the next section, and which 
form the basis of many secondary probability courses. 

I have unsuccessfully proposed the notation  

pr (x ∅ S) = p 

as more satisfactory, and closer to that used by academic statisticians.29 It may be 
read as “the probability that a random trial x of a random generator X  produces 

an event or elementary event S is p”.   

                                                 
26 J. Truran (1994 mavinf, 1995aamtinf) 
27  J. Truran (1992, pp. 24–30; 1994amtprob) 
28 Ahlgren & Garfield (1991, p. 121) 
29 J. Truran (1992, pp. 22–23, 108–113) 
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Combining Probabilities  

Once a probability has been allocated to an event, a straight-forward calculus of 
probabilities enables the probability of a combined event  to be calculated in a 
reliable way. Combined events may arise from more than one random trial using 
more than one RG, such as the tossing of two coins, or using successive 
operations of the same RG, such as consecutive tosses of a coin. This calculus of 
compound random generators is deterministic, but not always intuitive. 

Such calculations rest on assumptions about the idea of independence. It was in-
dependence which I found hardest to teach as a practising classroom teacher.† It 
is “an undefined fundamental concept as are points and lines in geometry.”30 Yet 
it is presented in schools as a well-defined concept. In my view, the problem 
arises because there are two distinct notions of independence which share the 
same name, but are not well distinguished in textbooks.31 One refers to the 
independence of events, the other to the independence of random generators. 

CLASSICAL INDEPENDENCE—EVENTS  

Events may be classified in several different ways, which may overlap. With a 
normal die, for example, “2” may be classified as a “prime” or as an “even” num-
ber. So two different events, A and B, may include the same elementary events. In 
such circumstances the events are classically defined to be independent if and 
only if either  

 (a)  pr(A|B) = pr(A) or 
 (b)  pr(A↔B) = pr(A) ∞ pr(B).§  

The symbol “pr(A|B)” refers to the probability that A occurs, given that B also 
occurs and the symbol “pr(A↔B)” refers to the probability that A and B occur 
simultaneously. The two definitions may be easily shown to be equivalent. This 
concept of independence of events is very valuable when looking for connections 
between outcomes, such as between smoking and contracting lung cancer. The 
mathematics of making such connections is complicated, but rests on the simple 
ideas summarised here. This concept of independence is based solely on the data 

                                                 
†  Vide  ch. 1. 
30 Freudenthal (1973, p. 613) 
31 J. Truran (1992, pp. 31–48); J. & K. Truran (1997ind) 
§  In lay terms:  (a)  the probability that A occurs, given that B also occurs, is equal to the 

probability that A occurs; (b) the probability that both A and B occur is equal to the product 
of the probability that A occurs with the probability that B occurs. 
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available; personal opinions or judgements are irrelevant. Furthermore, it has 
nothing to say about cause and effect. If A and B are not independent that does 
not imply that A causes B or that B causes A. 

Such an approach is well-known and well understood. Few textbooks discuss 
more than this when presenting the idea of independence. But the approach hides 
some important difficulties. 

UNRECOGNISED INDEPENDENCE—RANDOM GENERATORS  

We often makes statements like “tossing a die with my left hand has no effect on 
tossing a coin with my right hand, therefore the two events are independent”. 
This seems reasonable. As discussed in Chapter 5, for example, western culture, 
accepts that tossing a coin at the start of a sporting match is a fair way of 
choosing which captain shall have the right to decide the initial conditions, even 
though a captain of one team may have won the toss consecutively in his or her 
last six games. We do this because we believe that coins are well-balanced and 
have no memory. The result of one toss has no effect on the result of another.  

But it is not the events which are independent here but the operations of the RG. 
This is an important distinction. It is quite reasonable, indeed essential, to make a 
personal decision about whether two RGs  are independent, by judging that one 
does not affect the other. This is quite different from calculating whether two 
events  arising from the same RG are independent. Here issues of cause and effect 
are totally irrelevant. 

Using the language I have proposed definition (b) becomes 

pr(x ∅ A↔B) = pr(x ∅ A) ∞ pr(x ∅ B) 

The fact that both meanings of independence involve multiplication of 
probabilities has disguised the very real difference between the two. As a result 
almost all textbooks, and presumably teachers, fail to treat this subject clearly. 
Indeed, they sometimes specifically state that classical independence is estab-
lished by looking at issues of cause and effect.32 This thesis concentrates on out-
comes of a single random generator, but it is impossible to avoid making at least 
an intuitive assumption about independence, and the issue will be discussed from 
time to time, particularly when looking at secondary curricula. 

                                                 
32 J. Truran (1992, p. 99) 
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A MORE FORMAL APPROACH TO PROBABILITY  
 

This hallowed volume (producing a book of etiquette), composed, if I may 
believe the title-page, by no less an authority than the wife of a Lord mayor, 
has been, through life, my guide and monitor. By its solemn precepts I have 
learned to test the moral worth of all who approach me. The man who bites 
his bread, or eats peas with a knife, I look upon as a lost creature, … 33 

The above summary has been written for lay readers. For mathematically trained 
readers a more formal analysis is now presented, which may be omitted without 
losing the thread of the main argument because the approach is not widely use 
within the mathematics community. But the diagrams support the symbolic 
approach taken above, and may help to reinforce its understanding. 

Functions and Functates  

In my Masters thesis I proposed a new term, functate, to describe the mathematics 
of elementary probability as an alternative to the more commonly used random 
probability function which is based on a pure mathematics deterministic ap-
proach to probability. But “function” cannot be used once the operation of an RG 
is seen as the starting point of the analysis. While  “functate” is a useful concept it 
is not used after this section to avoid confusion with current common practice. 
Figure 6∙1 presents one way of illustrating a random probability functate. 
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Figure 6·1 Simple Diagram of a Random Probability Functate  

                                                 
33 The orphaned Rose Maybud in Ruddigore Gilbert (1887, p. 212) 
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The first pair of closed curves linked by a dotted arrow represents the operation 
of the RG and its possible elementary events. The dotted arrow indicates that the 
outcome is indeterminate. The second pair illustrates the classification of the 
elementary events into three events, in this case by using the number of letters in 
the English name for the numbers which are elementary events. The double 
vertical lines arise from more mathematical reasons not of immediate concern. 
The third pair of closed curves illustrates the allocation of probabilities to these 
events, in this case using the underlying distribution of the symmetry of the 
elementary events. The functate comprises the union of these three ideas. For 
completeness a more technical form of this figure is presented in Figure 6∙2. 

This diagrammatic aid may be used as a basis for making probability statements 
such as. “When a symmetrical ten-sided prism having sides numbered from 1 to 
10 is rolled, then the probability is 0∙4 that there are three letters in the English 
name for the number displayed.” A more informal form of this would be, “The 
probability that rolling the prism gives a number with three letters is 0∙4.” 
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| Random Action   | |Maximal Possibility Space| 

| Elementary Random Functate   | 

 |    Classification   | |Probability Function| 

| Random Functate | 

| Random Probability Functate | 

Figure 6·2 Detailed Diagram of a Random Probability Functate  

The model illustrated here is close to the standard formal approach to probability 
fields. However, there are some small differences, which need not concern us 
here, but which can explain why it has been necessary to coin a new term. I 
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represent the model algebraically  as an ordered 4-tuple {x, ΩΩΩΩ, B, } with the 
symbols meaning: 

 
x a random action; 
ΩΩΩΩ the set of elementary events; 
B a set of subsets of ΩΩΩΩ (the events); 

a function of statements about x satisfying certain mathematical con-
straints. This corresponds to a meaningful allocation of probabilities 
of one of the forms discussed above. 

This diagrammatic representation is accessible to novices and is mathematically 
precise. So it ought to be of value in the classroom. 

THE MATHEMATICS OF PROBABILITY AND CLASSROOM 
PRACTICE  

 

In introducing terminology it is necessary to walk a fine line between 
confusion and pedantry. Some mathematicians have been so revolted at the 
sloppy use of words in the older books that they have adopted language so 
artificial and complicated that almost no-one can understand them. Some 
teachers have interpreted the “new mathematics” as being little more than a 
fancy vocabulary which must be learned if one wishes to join the club, and 
they have thus missed all the main points of the current reform movement.34 

Is such precise clarification of ideas for children of real value, or mere pedantry? 
Strachey tells a sad tale of a life-long battle between Dr Colbatch and Dr Richard 
Bentley, Master of Trinity College Cambridge, which was founded on a 
disagreement between them over one word of a Latin text. Colbatch was right, 
but died the loser with the critical word still on his lips.35 Probability has received 
a poor reception in many classrooms just because the fine details have been dis-
regarded by curriculum leaders and teachers.36 If the mathematics is not correct 
in the first place, there is little hope that the reasoning which we wish to develop 
in students will be of much value. 

As we shall see in Part C, the teaching of probability in primary schools has 
tended to emphasise the calculation of experimental probabilities, with some 
attention paid to symmetric probabilities, little to reconciling differences between 
the two, and very little to subjective probabilities. On the other hand, the teaching 

                                                 
34 Allendoerfer (l965, p. 48) 
35 Strachey (1923) 
36 Vide Part C. 
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of probability in secondary schools has tended to emphasise a pure mathematics 
approach based on the calculus of symmetric probabilities. More recent work has 
encouraged teachers to develop an applied mathematics approach,37 but there is 
little evidence about how successful this encouragement has been.  

None of the approaches taken has considered all of the mathematical features 
outlined in this chapter, and we shall see  similar weaknesses in the discussion of 
assessment in Part D. From some Constructivist perspectives this is not import-
ant. But von Glaserfeld has emphasised the need for a system to help us organise 
experience. 

[M]athematics—and indeed science in general—is not intended to 
describe reality but to provide a system for us to organize experience. I 
do not think that many students would be unable to understand this—
and once it was understood, the domains of mathematics and science 
would seem a little more congenial.38 

 So, to follow the position of this thesis as declared in Chapter 3, if one feature of 
education is to ensure that the ideas of our culture are preserved and transmitted, 
then it is essential that the subjects being taught are well understood by the 
teachers, and that their teaching is directed both by what they want the children 
to know, and by how well they can develop sound understanding. There is a real 
need for some sort of systematisation of knowledge to be used as a support for 
student and teacher. As Konold has observed: 

… students have intuitions about probability and they can’t check these 
in at the classroom door. The success of the teacher depends in large 
part on how these notions are treated in relation to those the teacher 
would like the student to acquire.39 

But what students do not bring with them to the classroom is an understanding 
of what mathematics is. Developing this understanding forms an important part 
of a teacher’s work. But for many teachers, mathematics is merely a tool. I have 
argued in Chapters 4 and 5 that it is really a language for expressing very deep 
experiences. In this chapter I have tried to show some of the pinnacles of its 
achievement. A few people today are arguing that this vision has been lost in 
much western teaching. One example of their arguments will suffice: 

Hungarian children are not told that mathematics is useful. They are led 
to believe that it is a subject unique among all others and worthy of 

                                                 
37 Lovitt & Lowe (1993a, 1993b); Finlay & Lowe (1993) 
38 von Glaserfeld (1995, p. 186) 
39 Konold (1991, p. 141) 
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detailed study. They are led to believe it represents a pinnacle of man-
kind’s intellectual achievement. That not knowing and understanding 
mathematics is something about which one should be ashamed. … That 
their teachers are teachers of mathematics and not some over-rated 
aspect of social education.40 

Sowey has argued that there is a number of factors which make teaching memor-
able. One is “demonstrated practical usefulness”, but his list also includes 
“intellectual excitement” and “the resilience of the discipline to challenging 
questioning”.41 The pedagogic issues raised by these comments will be discussed 
further in Part E. 

What children check in at the classroom door will be examined in Chapter 8. But 
first we develop an overall view of curricula and curriculum development in 
order to see the environment within which mathematics is taught, and to develop 
a framework for understanding why mathematics has become such a limited 
subject in most schools. 
 

In short, it seems to me that one of the biggest stumbling blocks to 
mathematical education in [England] is the continuing tradition of justifying 
mathematics on the basis of its usefulness. It is a myth and we have peddled it 
for decades. Teachers believe it and their behaviour perpetuates it. … Yet the 
factual basis for such claims are flimsy in the extremes—mathematics is not 
very useful.42 

                                                 
40 Andrews (1998, p. 4) 
41 Sowey (1995) 
42 Andrews (1998, p. 3) 





 

 

CHAPTER 7: INTERPRETATIONS OF 
CURRICULUM DEVELOPMENT 

“Yes, said Alice: ‘we learned French and music.” 
“And washing?” said the Mock Turtle. 
“Certainly not!” said Alice indignantly. 
“Ah! Then yours wasn’t really a good school,” said the Mock Turtle in a tone of 

great relief. “Now at ours, they had, at the end of the bill, ‘French, 
music, and washing—extra.’”1 

“Curriculum”, from the Latin root “curr”—running, refers to a “track” (not nec-
essarily a circuit),2 so our modern meaning suggests that a course of study is a 
track along which students’ minds will run. This is just the metaphor which Con-
structivism rejects, so some writers have suggested that since the infinitive 
“currere” means “to be running”, the word may be seen as referring to the action 
of running, rather than to a pre-determined track.3 This argument rests on a false 
understanding of Latin infinitives. It would be more appropriate to use a 
different word for a concept of the experiences of individual learners. 

The arguments of Chapter 5 would support Laplace’s Humanistic view that 
“there is no science more worthy of our contemplations nor a more useful one for 
admission to our system of public education [than the theory of probabilities].4 In 
practice, it has been relegated to the status of an egg-and-spoon race. This chapter 
will provide a background for understanding why.* 

CONNOISSEURSHIP AS A CRITERION FOR EVALUATION  
 

I am the greatest.5 

In Chapter 3 we described several different educational philosophies and here we 
shall meet a similar wide collection of interpretations of curriculum development 

                                                 
1 Carroll/Gardner (1960, p. 128) 
2 Lewis & Short (1962); OED (1989) 
3 Smith & Lovat (1991, pp. 2, 13), following Pinar (1975) 
4 Pierre Simone de Laplace (1749–1827), quoted by Lightner (1991, p. 629) 
*  I am grateful to Mr Peter Brinkworth, Flinders University of South Australia, for his 

detailed comments on this chapter. 
5 Ali (1975), formerly known as Cassius Clay 
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and identify the need for an over-arching framework. The list provided here is 
not complete, nor have I examined weaknesses in detail or summarised critiques 
by others. Rather, I have selected interpretations which seem to be particularly 
perceptive and/or which help to illustrate my main theme. One such work is 
Lawton’s summary of six holistic models of curriculum evaluation:6 

• classical (or agricultural-botanical) research; 
• research and development (or industrial, factory); 
• illuminative (or anthropological); 
• briefing decision-makers (or political); 
• teacher as researcher (or professional); 
• case-study (or eclectic, portrayal). 

These models represent quite different research cultures, extending from a quant-
itative classical model, which develops ways of measuring accurately the effects 
of well-defined procedures, to a qualitative case-study approach, which relies on 
the induction of generalities from the disciplined examination of a small sample. 
Lawton’s list provides some amplification of the possible approaches, all of which 
have been used by respected educational researchers. It is useful because it helps 
us identify successful and unsuccessful approaches. For example, teachers have 
been found to be particularly resistant to evidence for change produced from the 
first two models.7 It also provides a description within which to position the 
methods used principally in this thesis—the illuminative and case-study 
approaches. Because these are qualitative approaches, they raise special diffic-
ulties for evaluation which need to be discussed at this stage. 

Erickson has distinguished two roles for a critical observer—Adam’s task and 
Eve’s task.8 Adam’s task is descriptive—it was he who gave names to every living 
creature. Eve’s task is to see matters from within—it was her eating of the fruit of 
the tree of knowledge which enabled the couple to see themselves as they were. 
Adam’s task must certainly be done thoroughly so that there is no debasement of 
what is being examined (to pick up the term defined in Chapter 3). But ultimately 
it is Eve’s task which is of greater value. 

However, her task will never be theory-free. A Post-modernist Eve is likely to be 
interested in the nature of power within institutions9 and would seek to elaborate 
“… how episodic power relations are articulated with meaning, rules and 

                                                 
6 Lawton (1980, p. 111) 
7 Lawton (1980, p. 115) 
8 Erickson (1996) 
9 E.g., Gilbert & Low (1994) 
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membership, and how the techniques of disciplinary discourse are connected 
with … other circuits”.10 If she were a Foucauldian* she would undertake critical 
discourse to show “in concrete form how power relationships are established 
within historically produced ways of understanding and dealing with the 
world”.11 This may cause her to revise her teaching of mathematics so that the 
“taken-for-granted status of mathematical discourse, along with the notion that 
mathematics is value and gender free”12 is challenged. 

While it is important to examine the nature of power, especially in a study with 
an ecological base, and while it is also valuable to use the wide Post-modernist 
concept of valid evidence,13 I prefer an approach which seems to be more inclus-
ive and less ideologically driven.  Eisner has proposed the concept of connoisseur-
ship as an appropriate way of undertaking critical evaluation.14 

Connoisseurship in education, as in other areas, is that art of perception 
that makes the appreciation of such complexity possible. Connoiss-
eurship is an appreciative art. Appreciation in this context means not 
necessarily a liking or preference for what one has encountered, but 
rather an awareness of its characteristics and values.15 

Connoisseurship must be joined with criticism, where “the critic aims at provid-
ing a rendering in linguistic terms of what it is that he or she has encountered so 
that others not possessing his level of connoisseurship can also enter into the 
work”. Connoisseurship is the art of appreciation; criticism the art of disclosure.16 

A difficulty with Eisner’s approach can be the position of the critic/connoisseur 
with respect to the work being examined. A commentator cannot remain entirely 
outside of the events being described. At best he or she can ensure that the reader 
is not led to believe that the commentary is a totally objective creation. This is 
why I have included a brief autobiography in Chapter 1. Vallance has also com-
mented that the connoisseur/critic of education can never have a broad enough 
perspective to encompass all the relevant parameters, especially since in 
                                                 
10 Gilbert & Low (1994, p. 9) 
*  Foucault’s approach sees history as neither continuous or teleological, because he sees the 

discontinuities as of principal importance. He is particularly concerned with awareness of 
the nature of power and control within society (summary from Krisjansen, 1997, pp. 5–7). 

11 Gilbert & Low (1994, p. 21) 
12 McBride (1989, p. 46) 
13 E.g., Gough (1994) 
14 Eisner (1985, ch. 6) 
15 Eisner (1985, p. 104) 
16 Eisner (1985, p. 105) 



  Page 110 

Curriculum Frameworks  Chapter 7 

education the principal clients are children who are experiencing education under 
compulsion.17 She also questions whether an education critic can have the “aha” 
effect on a reader which an art critic can have.18 She concludes: 

Curriculum criticism is indeed limited. It produces only a selective 
portrayal of educational situations, it presumes analogies between art 
critics and curriculum critics which may not always be justified, it 
attempts to play a role which may be less welcome in education than in 
the arts, and it invites charges of elitism which reduce its appeal in 
many circles. In addition, its “unscientific” nature goes against the grain 
of much that educators have been trying to accomplish in recent dec-
ades. … [But] if its contributions to our understanding of curricular 
problems are not ultimately sufficient unto themselves, and if its 
premises are still foreign to established models of inquiry in education, 
its limitations may be as much in its readers as in criticism per se.19 

We shall return to the “aha” effect in the final chapters. For now, an example will 
help to illustrate the general principle of connoisseurship/criticism as an import-
ant complement to the routine procedures which are sometimes advocated.20 
Consider this curriculum analysis which summarises an educational report: 

Better Schools … conceptualizes education within a framework which 
also includes both the politics of education (economic policies) and the 
politics of consumption (services), but it, like Managing Change, 
prioritizes economic policies through its corporate and managerialist 
thrust and through its particular assumption of the prior achievement of 
some crucial social welfare objectives, for example, equity.21 

In terms of Adam’s task this is a skilled sixty-word summary. In terms of Eve’s 
task, it is less satisfactory. One example will suffice. “Equity” is a well-received, 
politically correct word, but its expression may take many forms, and may lead to 
seriously conflicting choices. The process of implementing it may cause such 
disruption that the society itself may become split with serious consequences. In 
this extract we cannot be sure what meaning of the word the author intends. 

Furthermore, this summary has overlooked the complexity of the report’s ideas. It 
has overlooked the importance of the principles of Grice and Kelly which were 
discussed in Chapter 4 as necessary for good interpretation of texts. It is this 
complexity which requires connoisseurship for its interpretation. Such connoiss-
                                                 
17 Vallance (1983, p. 25) 
18 Vallance (1983, p. 26) 
19 Vallance (1983, p. 26) 
20 Summarised in Brady (1983, ch. 10) 
21 Lingard et al. (1993, p. 239) 
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eurship does not require the expression of a preference, only a clear perception 
which can be used as a basis for a criticism which enables others to come to terms 
with the ideas. Since the Post-modernists have shown that all knowledge is relat-
ive, connoisseurship is the highest level of judgement which we can attain. But 
rarely do we find such an appreciation of this position as well expressed as in the 
following extract from a curriculum evaluation on the 1970s: 

The activity of the evaluator is more artistic than scientific; it can be 
compared with literary criticism of the work of a poet or writer, who 
would be placed within a historical and philosophical context, his tech-
niques discussed and analysed, his conclusions weighed, and his impact 
assessed.22 

One reason why this often does not occur is because curriculum documents tend 
first to pay homage to broader principles, and then to present small, manageable 
units which are accessible to teachers, without keeping the overall picture also in 
clear focus.23 Classification provides a helpful structure. But it over-emphasises 
Adam’s task. Eve’s requires examining the complexities inherent in Eisner’s 
“characteristics and values”. Indeed, as one curriculum analyst has observed, 
classifications are more helpful for refining the quality of curriculum description 
than for curriculum criticism or prediction.24 Nevertheless the classifications will 
provide a useful background for the curriculum history to be presented in Part C.  

SOME PERSPECTIVES ON CURRICULUM  
 

Atoms were gambolling before my eyes, twisting and twining in snakelike 
motion. Then one of the snakes seized its own tail.25 

Academic study of curriculum is usually taken to have begun with Tyler’s work 
in the late 1940s. Since then several theorists have developed different ap-
proaches, some of which are discussed below. In my reading for this chapter* I 
recalled the story of the blind men, each of whom constructed a different 
description of an elephant, based on their feeling of different parts of the animal’s 

                                                 
22 Schools Council Research Studies (1973, p. 145) 
23 Eisner (1985, p. 221) 
24 Brady (1983, p. 73) 
25 Attributed to August Kekulé, c. 1865, reporting on how his daydreaming in front of a fire 

led him to propose a model of the benzine ring (Toon & Ellis, 1973, p. 646). 
*  Principally  Marsh & Stafford (1988) for a general summary from an Australian perspective 

and Howson et al. (1981) for mathematics education in particular. 
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body. All descriptions were accurate reports of what had been experienced, but 
none really described what an elephant looked like. It was partly because I found 
none of the existing models to be adequate for explaining my data that I directed 
the focus of this thesis towards developing and testing an ecological model. 

We start with brief summaries of well-established general theories before moving 
to a theory specifically addressing mathematics education. Inevitably, there is 
some overlap with the philosophical discussion in Chapter 3. 

Rational-Scientific—Tyler  

Tyler examined curriculum under four sequential headings:  

• selecting objectives; 
• selecting learning experiences; 
• organising learning experiences; 
• evaluation.26 

Tyler’s principles represent the point which any reasonable person  might reach 
unaided if asked to think about principles for establishing curricula and represent 
our society’s received opinion. But the issue is more complex, and that the task of 
a curriculum specialist is to elucidate the deeper principles required for a full 
understanding of what happens in classrooms. 

Philosophical—Print  

Print has taken these principles much further in two ways which together clarify 
the inter-relationship between philosophy and procedures underlying all curric-
ulum construction. First he has defined four conceptions of curriculum: 

• Academic Rationalist; 
• Humanist;• Social Reconstructionist; 
• Technological.27 

The Academic Rationalist sees education as a way of developing an individual’s 
intellectual capabilities within organised bodies of knowledge. The Humanist is 
concerned with the whole development of the individual. The Social Recon-
structionist sees the raising of awareness among students as a way of influencing 
social change. The Technologist is concerned with the efficient achievement of 

                                                 
26 Tyler (1949), summarised by Marsh & Stafford (1988, p. 6) 
27 Print (1993, pp. 45–56)  
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pre-determined objectives. Any curriculum may be seen as a measure of the 
relative success of competing groups to legitimise their perspectives. 

But because the parameters are not mutually exclusive, the approach can to some 
extent accommodate potential conflicts between philosophies.  Indeed, a scheme 
has been developed to classify curricula on a five point scale for each of these four 
parameters and plot them on four symmetrically placed lines radiating from the 
origin.28 These graphs may be used to compare curricula or the views of staff 
implementing a curriculum, as illustrated in Figure 7∙1. To some extent the 
approach finds a way of measuring the degree of debasement of a philosophy. 

Academic 
Rationalist

Humanist

Social 
Reconstructionist

Technological

 

Figure 7·1 Howden & How’s Graphical Form of Print’s Curriculum 
Model  

Cybernetic—Print and Hargreaves  

Unlike Tyler’s fairly down-to-earth approach, Print’s is largely philosophical, but 
he has also addressed procedural issues using three basic curriculum forms: 

                                                 
28 Howden & How (1996) 
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• rational/objective; 
• cyclical; 
• dynamic/interactive.29 

These are essentially a development of Tyler’s approach in which the “cyclical 
model” is a circular linking of Tyler’s four steps plus one more into a continuous 
chain. It is only a small jump from this model which involves regular reassess-
ment to a “dynamic/interactive model”, so in this thesis the term “cybernetic 
model” is used to cover both approaches.* Print emphasises the deliberative/-
reflective component of this approach, often called “situation analysis”, but it is 
already present in Tyler’s approach. The closer the locus of control is to classroom 
teachers the easier it is to make adjustments. This has led to the development of 
schemes such as “school based curriculum development” and “action research” 
which became important from the late 1970s, supported in part by the 
“normative/re-educative” curriculum philosophy of the Schools Commission.30 

Such an approach is easily open to debasement. Hargreaves has examined the 
development of whole-school approaches, as opposed to balkanised approaches. 
He has found that the larger and more diverse the school, the lower the 
probability of success, and claims that “most secondary schools persist with or 
revert to balkanization by default or design”31 usually after “active and ongoing 
struggles”.32 As a result he has proposed a “moving mosaic” model as one which 
is more likely to produce a different form of stable equilibrium. The details need 
not concern us here, but the concept of stable equilibrium which comes out of this 
approach will prove of value in the ecological model to be proposed in Chapter 9. 

Structural—Beeby  

Another approach is to look at the communities within which the curricula are 
implemented. Beeby argued that all curriculum descriptions should be relative to  
the development of the community and proposed four main educational stages, 
which are to a large extent dependent on the level of development of the country 
in which they operate.33 These stages, together with some of their qualities,  are: 

                                                 
29 Print (1993, pp. 63–81) 
*  Cybernetics” is the science of systems of control which examines the way in which 

organisms and machines respond to events in order to achieve their aims. 
30 Connell (1993, p. 274) 
31 Hargreaves (1994, p. 236) 
32 Hargreaves (1994, p. 236) 
33 Beeby (1966, ch. 4) 
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• Dame School Stage 
 teachers ill-educated and untrained; 
 confusedly and inefficiently formal [italics removed]; 
 connection between symbol and meaning lost entirely. 

• Stage of Formalism 
 teachers ill-educated but trained; 
 produces good teachers of a formalistic type. 

• Stage of Transition 
 teachers trained and better educated; 
 can become an end in itself; 
 fewer external controls. 

• Stage of Meaning 
 teachers well educated and trained; 
 aims for deep understanding. 

While these stages are not absolute, Beeby’s classification is useful for describing 
the communities in which education takes place. Because Beeby’s focus is the 
resources available within a community for developing a skilled teaching force, 
its classification will be of particular use for the ecological analysis used in Part C. 
In particular, we shall see that probability has frequently been presented in a 
Dame School fashion within systems which are much more advanced overall. 

Personal—Nolder & Johnson  

All these structures refer to systems, rather than to teachers. Nolder & Johnson 
describe five stages teachers may pass through during curriculum development: 

 
• anticipation 
• immersion 
• coping 
• consolidation 
• extension34 

These phases may recur in cycles, and teachers may opt out of the process at any 
point. The Immersion phase is marked by both excitement and apprehension; the 
Coping phase by heavy pressures and lack of confidence. These are the two 
phases where difficulties are most likely to arise at the chalk-face. The aim of any 
good curriculum development is to lead all teachers to the Extension phase. We 
shall see in Part C that the teaching of probability in SA never reached this stage. 

                                                 
34 Nolder & Johnson (1995) 
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Conceptual Approaches  

Within this approach are merged three significant trends in educational research. 
One is the psychological research based on stage-related theories of development. 
Piaget has been a leading exponent of this approach, and his ideas are discussed 
in Chapter 8. The other is the attempt, initially proposed by Bloom, to establish an 
hierarchical taxonomy of cognitive activities.35 Each approach presents some 
practical difficulties for classroom implementation, and in more recent time an 
alternative approach has been developed, known as Outcomes-based curriculum. 
In this approach curriculum developers make use of theoretical positions like 
those of Piaget and Bloom, and perhaps practical experience as well, to build a 
sequence of children’s learning experiences. In order to make it simple for a 
teacher to be able to assess children’s progress, outcomes are specified for each 
stage of the sequence. Successful completion of these outcomes is claimed to be an 
external indicator that the internal thinking has reached the specified level. Of 
course, this is a massive over-simplification, suggesting a rigidity which is not 
present in the fine print of advocates of the various approaches. But it is sufficient 
to indicate the origins of two important current curriculum practices. 

The first is the structure of modern curriculum documents like Mathematics—a 
curriculum profile for Australian schools36 which provide a very specific set of 
learning activities structured within a developmental grid. This approach was 
dominant in the 1990s and will be analysed in Chapter 16.  

Others have used the underlying structures to argue that examinations tend to 
measure lower levels of thought, and middle and higher levels of thought, includ-
ing generalisation, are by-passed.37 This has led to the development of courses 
which deliberately seek alternative, radically different forms of assessment which 
will make it possible to assess higher levels of thought.38 These forms have been 
based on a belief that mathematical learning cannot be decontextualised and 
problems must be embedded in real-life situations. Such a position, of course, sets 
its advocates within the Humanising approach to education, but the position is 
based as much on cognitive as social grounds. 

                                                 
35 Bloom et al. (1956) 
36 AEC (1994a) 
37 de Lange (1994) 
38 Vide Treffers (1987) for a detailed description of the theory and practice of the most 

significant of these. 
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Change—Howson  

Relatively few researchers have specifically addressed principles of constructing a 
mathematics curriculum and some attempts have been little more than descript-
ive.39 But that developed by Howson* is worth examination. Its special value is 
that it was developed by people who were vitally involved in curriculum change 
at the same time as they were constructing their curriculum theories. Its major 
weakness is that it pays very little attention to the political aspects, in particular, 
to the influence of parents, governments and industry. The description presents: 

five external determinants of change: 

• pupils; 
• teachers; 
• money; 
• educational research & theories; 
• educational technology & the new media; 

two internal determinants of change: 

• new material & new light on old topics; 
• new applications of mathematics; 

and three instruments of change: 

• individuals; 
• associations; 
• curriculum development projects.40 

Change in the late twentieth century has been driven principally by two 
contrasting “innovatory strategies”: 

• the R-D-D model (research, development and dissemination); 
• a school-based, personality model.41 

The R-D-D model tends to be university-centred, controlled by specialists and 
sequential.  The teacher’s role is to implement the material in the classroom. But 
in the second model, an holistic cybernetic approach,  the teacher’s role is a highly 
creative one: he or she works as a full partner with other specialists. 

                                                 
39 Ponte et al.  (1994) 
*  The term “Howson” as used here includes his collaborators. Vide discussion on “Clements” 

in Ch. 9. 
40 Griffiths & Howson (1974) 
41 Griffiths & Howson (1974, pp. 126–129) 
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Later, Howson defined a number of different possible approaches to evaluation, 
which he called “metaphors”:  

• the engineering metaphor (which assesses the curriculum against pre-
set specifications); 

• the medical metaphor (which sees the curriculum as a form of 
treatment for the students); 

• the journalistic metaphor (which looks at the curriculum in order to 
present a “terse and timely report”)42 

He also defined a variety of teaching styles, with different aims, approaches, and 
underlying philosophies, of which the most important are:43 

• the new-math approach (discussed in Ch. 11); 
• a behaviourist approach (where only outcomes measured by behaviour 

are assessed); 
• a structuralist approach (usually based on discovery learning); 
• a formative approach (where children are provided with illustrative 

and suggestive materials, rather than ones which are compre-
hensive and definitive); 

• an integrated-teaching  approach (where strong links are established 
with other disciplines). 

Howson emphasises that a curriculum cannot be seen in isolation; it operates in a 
constantly changing environment to some extent influenced by the curriculum 
itself. Hence, any assessment must be situation specific.44 He also comments that 
some teaching styles fit better with some models of change and forms of 
evaluation than others. 

Unlike curriculum developers of the ‘behaviourist’ persuasion, who 
welcomed evaluation as an integral part of their work, ‘structuralist’ 
and ‘New-Math’ curriculum developers tended to look askance at eval-
uation studies, especially those undertaken by outsiders. They sub-
mitted to evaluation as a necessary price for continued support by a 
funding agency, but they were worried that the subtle kinds of ‘higher-
order’ learning sought by their projects would not be easily detected.45 

Finally, Howson addresses the issue of debasement by observing that what is 
proposed by curriculum developers is rarely implemented as they would have 
had it. For example, he observes that when the School Mathematics Study Group 
(SMSG) was introduced into schools 

                                                 
42 Howson et al.  (1981, pp. 185–187) 
43 Howson et al. (1981, pp. 187–230) 
44 Howson et al. (1981, p. 183) 
45 Howson et al. (1981, p. 206) 
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… in the diffusion of its work, much was lost. The variety of new work 
and the rigorously deductive methods were reduced or watered down; 
and topics such as set theory and algebraic structure lost their role as 
‘relational’ links and became mere inventories of concepts.46 

Taken together, all these perspectives will provide useful frameworks for our 
analysis of curriculum practices in later parts of this thesis. However, the per-
spectives do not seem to fit easily into some overarching framework in the way 
that educational philosophies could be set within the structure of Figure 3∙1. 
Furthermore, none of them discusses the point made emphatically by John 
Keeves from ACER that a critical requirement for the effectiveness of any model 
is the presence within the school of an enthusiastic and efficient disseminator.47 
We shall see later the importance of individuals in effecting change, but at this 
stage it will be helpful to examine some general difficulties of curriculum 
analysis. 

SOME PRACTICAL DIFFICULTIES  
 

I don’t know anything about music really, but I know what I like.48 

The first problem is that evaluation is technically difficult. Howson has observed:  

Empirical studies comparing learning by discovery and learning by ex-
position have yielded conflicting findings attributable not merely to 
weaknesses in the design of the studies themselves but also to problems 
of defining the two approaches and deciding on criteria for compar-
ison.49 

A second difficulty which confronts an historian working from printed sources is 
the problem of balancing the grand vision of curriculum designers against the 
need for careful attention to the details of implementation.50 Many accounts of 
curriculum change concentrate mainly on describing details and pay much less 
attention to the grand vision.51 As Gough has reminded us,52 many curriculum 

                                                 
46 Howson et al. (1981, p. 134) 
47 Keeves (1982, pp. 8–9) 
48 Beerbohm (1911, ch. 9), cited in Bartlett (1855/1960). 
49 Howson et al. (1981, p. 207) 
50 Seddon (1989) 
51 MacDonald & Walker (1976, p. 97) 
52 Gough (1989) 
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documents are predicated on the beliefs of small sub-groups of society, and, for 
all their accompanying rhetoric, they lack the broader vision. 

Another difficulty is the strong emotions some curriculum practices can arouse: 

However, the majority of school curricula in Australia are perceived to 
be academic, authoritarian, irrelevant both to the interests of students 
and to potential life situations, meaninglessly fragmented, compart-
mentalised, and generally lacking in any sense of humane and human 
values.53 

Of course, the historian should have the skill to allow for prejudices, but the sheer 
variety of theoretical positions which are held about educational practice—far 
more than have been summarised in Chapter 3—makes the evaluation of curric-
ulum practice particularly difficult. But, less obviously, it also makes it difficult to 
evaluate views expressed in an officialese which appears to be totally objective, 
such as this comment from a Director of ACER. 

Recent Australian experience suggests that the best standard setting oc-
curs when curriculum and assessment issues are married. Curriculum 
considerations alone produce a priori prescriptions of outcomes to be 
achieved which may be unrealistic in their level or their sequence. 
Assessment considerations alone necessitate an a posteriori approach to 
standard setting which, in sifting the data of student performance, can 
conceptualise outcomes which are not adequately linked to the curr-
iculum. A curriculum framework structure specified in terms of desired 
student outcomes provides a structure to which assessments can be 
keyed so that the results provide a curriculum-linked evaluation of 
students and teaching.54 

Finally, while printed curriculum material for recent times is readily accessible, 
there is very little direct evidence of what actually happens in the classroom and 
this needs more careful examination. 

Teachers and the Curriculum  

The variability of educational offering arising from differences between individ-
ual teachers is widely acknowledged anecdotally* but little examined by research-

                                                 
53 D. Cohen (1985, p. 284) 
54 McGaw (1995) 
*  Comments like “I did well in Year 9 because I got on with the teacher, but I failed in Year 10 

because I couldn’t understand what was said” are frequently made to me when I meet 
individual students for the first time. 
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ers. We shall discuss the importance of teachers in Part E; here we shall merely re-
mind ourselves that their role is not that of a puppet for administrative decisions. 

Formal documents will of course acknowledge their importance: 

[The report] reminds us how the teacher functions: not as a mere agent 
or curriculum technician, but as an active yet select amplifier and trans-
mitter of knowledge. The teacher is a critical mediator between the 
pupil on the one hand and the institutional contexts and the instruction-
al system on the other. As a result all are modified extensively in the 
classroom setting.55 

The importance of teachers in providing a curriculum has been emphasised in 
several of these models.  But even so, teachers’ views tend to be forgotten. For 
example, a small survey of junior primary school teachers made in SA in 1973 to 
assess their attitudes to the new curriculum found that  

[t]eachers indicated quite strongly that they invariably disagreed with 
and in fact rejected a considerable portion of the mathematics 
curriculum. The sections which were popularly deemed irrelevant were 
logic, geometry, bases, estimation and sets.56 

Almost all strongly disagreed with the official policy that understanding should 
precede memorisation, and ran their classes contrary to official requirements. 
This was not an act of petulance. They saw the concrete materials which the 
Department believed would increase understanding as confusing for children, 
time-consuming and often a prop for the less able students.57 

While teachers as a group may well be in agreement about some issues, they may 
well be divided on others. One small enquiry into teachers’ views about effective 
schools in Victoria reported that: 

[i]t is the lack of agreement on the answers to [what knowledge is of 
most worth] and other, perhaps more profound questions, such as the 
nature of knowledge and the nature of human learning, that give rise to 
the considerable variation in the content of what is taught from system 
to system, from school to school and from classroom to classroom.58 

The report also found that “buzz words” were used with a variety of significantly 
different meanings. Thus, although many saw “relevance” as an important feat-

                                                 
55 Hamilton (1975, p. 205) 
56 GRS 1049, Box 3 
57 GRS 1049, Box 3 
58 McGaw et al. (1992, p. 54) 
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ure, urther probing revealed that there were differing views about whether this 
was personal, local, societal, economic or educational. Even “rigour” was used to 
embrace both academic rigour and a utilitarian view which saw it as related to 
the “back to basics” movement.59 

The importance of teachers’ views may be seen in the following report of a 
curriculum project in which, unusually, there was generous funding to assist its 
implementation. 

En Suisse romande, la documentation est abondante, les manuels offic-
iels sont gratuits, les centres de documentation et bibliothèques sont 
nombreux et bien fournis, des formations complémentaires sont of-
fertes, en cas de reformes en particulier. Pour François Jaquet (CHE), 
l’inadéquation entre l’offre de documentations et la demand des maîtres 
est patente. Les responsables des innovations proposent des documents, 
des actions de formation ou des expérimentations inspirés des résultats 
de la rechecherches en didactiques des mathématiques. Or la majorité 
des enseignants accède difficilement au langage et à la terminologie de 
la recherche. Les maîtres s’intéressent à ce qui facilite leur tâche (solut-
ions des exercices, fiches complémentaires pour élèves rapides ou lents, 
anciennes épreuves, etc) ou aux méthodes permettant d’améliorer les 
apprentissages dans les domaines traditionnels de la maîtrises des 
apprentissages (entraînement des opérations, cours programmés, activ-
ités de révision des techniques de calcul, etc). Pour eux, l’acquisition de 
la connaissances nouvelles se fait par <petits pas>, selon la structure 
rationelle de notions mathématiques.60 

It is an explanation for this mismatch of aims which needs to be an important part 
of any curriculum analysis, and which, in my view, none of the above approaches 
has addressed adequately. This is the reason for the development of a different 
approach in Chapter 9. Because this approach will attempt to encompass a wide 
variety of approaches, it might be described as a “meta-analytic tool”. 

                                                 
59 McGaw et al. (1992, ch. 3) 
60 Bolon (1994). 
 In francophone Switzerland, documentation is abundant, official manuals are free, teachers’ 

centres and libraries are numerous and well stocked, supplementary help is available, 
especially for teachers making innovations. François Jaquet reported that this is an obvious 
gap between what is offered and the demand by teachers. Those responsible for change pro-
vide material, work schemes or results inspired by research. But most teachers have 
difficulty with the style and language of research. They are interested in what makes their 
job easier (solutions to exercises, worksheets for the weaker and more able students, past 
tests, etc), or in methods which make the management of their teaching, in the traditional 
sense, easier (work schemes, programmed texts, activities for revision of skills, etc). For 
them the acquisition of understanding proceeds in small steps, following the rational 
structure of mathematical ideas. 
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CONCLUSION  
 

Was it through his grandfather or his grandmother that he claimed his descent 
from a monkey?61 

The history of science reminds us that over-arching models are developed but 
rarely, and are usually preceded by other models or perspectives, each with 
sufficient redeeming features to be seen as being of value, but often to some 
extent in conflict with each other. Such conflict often promotes acrimonious 
fighting, made the more bitter by the ability of all and sundry to enter the jousts.  
The Church’s condemnation of Galileo and Bishop Wilberforce’s attacks on 
Darwin are two of the best known. 

Sadly, this adversarial approach continues today. This is not surprising, given 
that “[s]cience, as actually practised, is a complex dialogue between data and 
preconceptions”.62 In this chapter, and also in Chapter 3, we have presented a 
variety of models, most with some value, but none totally satisfactory. We must 
ensure that the “models which are our tools do not become our masters?”63 
Connoisseurship, with its allied concept of criticism, offers one way. As Eisner 
has put it: 

The problem of determining the reliability of the critic’s language is 
addressed by judging the referential adequacy of what he has to say. 
This is done by empirically testing his remarks against the phenomena 
he attempts to describe. Criticism has as its major aim the re-education 
of perception. Therefore, the language used to describe educational 
phenomena, such as teaching, should disclose aspects of that perform-
ance that might otherwise not be seen.64 

But before developing our model we need to look at another aspect of educ-
ation—research in probability learning. Here we shall find  a serious mismatch 
between research theoreticians and teaching practitioners, and this too will need 
to be explained by the model. Then we shall  be ready to devote the considerable 
amount of time which will be needed to examine the data in terms of the model. 
Neither the time spent in laying the foundations, nor the time spent in examining 

                                                 
61 Bishop Samuel Wilberforce, 1860, cited in Partington (1996) 
62 Gould (1989, p. 344) 
63 Eisner (1985, p. 107) 
64 Eisner (1985, p. 114) 
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applications of the model will be wasted. It is often only by careful reflection that 
we are able to see simplicity. 
 

[T]he fossils didn’t respond because Walcott never found time to converse 
with them. A life can be stretched only so far. Administrative burdens did 
eventually undo Walcott as a working scientist. He simply never found time to 
study the Burgess specimens.65 

                                                 
65 Gould (1989, p. 245). Walcott had collected a group of fossils which provided evidence that 

the received views on the development of life were seriously wrong. It was left to others to 
interpret his collection. 



 

 

CHAPTER 8: RESEARCH INTO THE LEARNING 
OF PROBABILITY 

“Would you tell me, please,” said Alice, “what that means?” 
“Now you talk like a reasonable child,” said Humpty Dumpty, looking very 
much pleased. I mean by ‘impenetrability’ that we’ve had enough of that 
subject, and it would be just as well if you’d mention what you mean to do 
next, as I suppose you don’t mean to stop here all the rest of your life.” 
“That’s a great deal to make one word mean,” Alice said in a thoughtful 
tone.1 
 
The British postgraduate student is a lonely, forlorn soul, uncertain of what he is 
doing or whom he is trying to please—you may recognize him in the tea-shops 
around the Bodleian and the British Museum by the glazed look in his eyes, the 
vacant stare of the shell-shocked veteran for whom nothing has been real 
since the Big Push. … [A]t a certain age, the age at which promotions and 
Chairs begin to occupy a man’s thoughts, he may look back with wistful 
nostalgia to the days when his wits ran fresh and clear, directed to a single, 
positive goal.2 

The wits of an individual researcher may well be directed to a single positive 
goal, but, at least in the social sciences, where one word can mean so much, this is 
no guarantee that the accumulated research of many researchers will necessarily 
have the same purposeful focus. 

The concept of mathematical pedagogy in Western society has only developed 
during the twentieth century. With any developing activity the initial steps are of 
necessity taken by amateurs. For mathematics teaching these amateurs have been 
professional mathematicians.3 The development of the discipline of mathematics 
education has broadened the range of forces operating on the mathematics curr-
iculum and this chapter will summarise some of the insights which it has brought 
to the debate. In Part C, one important theme will be the tensions between the old 
amateurs, the new professionals and the uncommitted practitioners.  

Many other chapters contain summaries of specific research into probability 
obuchennyi.4 Chapters 21 and 22 deal specifically with the links between research 
and classroom practice. This chapter presents what I see as the main threads of 
the research corpus. By now there is a substantial amount of such material, much 

                                                 
1 Alice through the Looking Glass Carroll/Gardner (1960, p. 269) 
2 Changing Places, Lodge (1975, p. 13) 
3 Glaeser (1978, ch. III, p. 32) 
4 Learning and teaching, understood as deeply inter-related in complex ways. Vide ch. 2.  
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of it eclectic. There is no space for a structured meta-analysis5 and in any case 
research into probability learning may still be too young to permit clear definition 
of relevant parameters, their measurement or their inter-connectedness.* My 
purpose here is two-fold. Firstly, I present a broad summary of the field to make 
it possible in later chapters to set curriculum decisions of a given time against the 
status of research findings at the same time. Such comparisons will provide fruit-
ful data about interactions between research and classroom practice, particularly 
since probability did not have a normative didactic practice until about the same 
time as research into its teaching developed. Secondly, I evaluate some of the im-
portant research which has not, in my opinion, received adequate critical exam-
ination by other workers. In other words, I try to present not only a tourist guide 
which lists the sights, accommodation and transport of a country, but also tries to 
explain what really makes the country what it is. The better tourist guides try to 
deal with both, but they tend to separate them physically. Here I try to integrate 
them, so the argument is likely in places to become quite complex. 

In assessing the interaction between researchers, it should be remembered that 
there has been a number of channels to assist communication since about 1980. 
The first International Conference on the Teaching of Statistics (ICOTS) was held 
in 1982 and has been held every four years since. A number of other networking 
opportunities developed at about the same time, such as the journal Teaching 
Statistics and the informal International Study Group for Teaching and Learning 
Probability and Statistics, which has grown to about 240 members in 1998. It is 
reasonable to argue that a researcher entering the field after about 1985 would 
have been able to obtain access to the experience and advice of others without 
excessive difficulty However, at this stage no particular group or philosophy has 
dominated the stage, so the advice which could have been obtained was likely to 
have been relatively unstructured. Stochastics research still awaits the 
development of a radical insight which, it has been argued,6 is the way most 
likely to encourage a focusing of research resources and enthusiasm.  

                                                 
5 In the manner of Glass et al. (1981) 
*  This issue is addressed in several placed below, particularly in the discussion on 

proportional reasoning and probability and in the small case study. 
6 Griffith & Mullins (1972) 
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STRUCTURE OF THE SUMMARY  
 

These were the families of the sons of Noah according to their genealogies, 
nation by nation; and from them came the separate nations on earth after 
the flood.7 

This chapter starts with a summary of the principal research summaries currently 
available, before looking at the major research schools one by one. One approach 
to this research would be to classify all the findings in accordance with the prob-
abilistic situations which they examine. This is the basis of the analysis of assess-
ment instruments in Part D. However, in general there are still insufficient find-
ings available to make this approach a productive one for generalising about 
learning, as opposed to assessing.  

So I have decided rather to build a framework based partly on frequently-cited 
researchers and partly on the different paradigms being explored.§ The choice of 
names has been done on the basis of my own reading over twenty years, but most 
work in my selection have received space in Shaughnessy’s authoritative sum-
mary paper8 which is discussed below, so the selection may be said to be a reas-
onable one. Most exceptions arise from my concern to highlight work which is 
less well known, or very recent but potentially important. For similar reasons I 
shall report most findings briefly, but examine in detail some important findings 
which are commonly cited but, in my opinion, have not yet been sufficiently 
deeply examined. Part of the discussion covers the same ground as the literature 
review in my Masters thesis,9 but in this thesis my concern is more to delineate 
research trends than to summarise individual findings in detail. This approach 
will be of more value for analysing the influence of research upon classroom 
practice in the subsequent historical analysis. It will also be helpful for setting 
into a wider context the analysis of individual questions presented in Part D. 

One difficulty for an academic researcher concerned with pedagogy is that there 
exists many articles of the “this is how I do it” genre which are moderately widely 
distributed, but not supported by formal research studies. Such articles may be 

                                                 
7 Genesis 10: 32 
§  Parts of this chapter were developed using J. & K. Truran (1996) as a basis. So some phrases 

here may well be identical to some in this jointly authored work, but it would be pedantic to 
identify each and every one of them.  

8 Shaughnessy (1992) 
9 J. Truran (1992, pp. 50–97) 
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found in teachers’ journals, for example, Teaching Statistics andAustralian Mathem-
atics Teacher, books such as Lovitt & Lowe (1993a; 1993b) and Finlay & Lowe 
(1993), as well as proceedings of ICOTS conferences.* Given the urgent need for 
developing a sound probabilistic pedagogy, they are of value because they 
represent the results of skilled teachers working in real classrooms. To restrict 
one’s evidence to formal research findings is inefficient for developing a theory of 
probability obuchennyi.10 So I use this material in this thesis, using connoiss-
eurship11 and knowledge of the individual authors’ skills to judge its significance. 

We shall find that the research has been diverse, somewhat fragmented and not 
easily structured. An overview of the structure I have constructed may be easily 
seen by referring to this chapter in the Long Table of Contents. I start with a 
summary of some major summaries. 

SOME MAJOR SUMMARIES  
 

“Now I’m opening out like the largest telescope that ever was! Goodbye, 
feet!” (for when she looked down at her feet, they seemed to be almost out 
of sight, they were getting so far off).12 

Most early research into probability understanding was done within the 
psychological tradition; Hoemann & Ross provided a very clear early summary 
of this work in 1971,13 which was expanded in 1982.14 In 1983, Scholz & Waller 
published a summary which examined conceptual and theoretical issues in some 
depth.15 Soon after, Hawkins & Kapadia produced a summary which covered 
both psychology and pedagogy16 and for its time was very comprehensive, but 
the authors’ concerns with improving pedagogy mean that it might be seen today 
as rather too speculative. It was followed in 1991 by a comprehensive collection of 

                                                 
*  While it will be argued in Chapter 22 that such material is rarely consulted by teachers, it 

presence in learned and/or professional journals still provides evidence that the ideas were 
being publicly advocated within the teaching community at the time. 

10 Also discussed in J. & K. Truran (1996, pp. 345–346) 
11 Vide discussion in ch. 7. 
12 Alice in Wonderland Carroll/Gardner (1960, p. 35) 
13 Hoemann & Ross (1971) 
14 Hoemann & Ross (1982) 
15 Scholz & Waller (1983) 
16 Hawkins & Kapadia (1984) 
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essays in Chance Encounters: probability in education.17 One chapter18 summarised 
the research into probabilistic understanding from within the psychological tra-
dition. 

In 1992 Shaughnessy made a summary19 which was included in a Handbook of 
Research on Mathematics Teaching and Learning20 and which might be seen as a 
“state of the art” compilation. He summarised a number of literature reviews 
from the 1980s and classified the research into two main fields: research which 
describes how people think, carried out mainly by psychologists, and research 
which reports influences on people’s thinking, carried out mainly by mathematics 
educators. This distinction is sometimes useful for seeing how apparently differ-
ent pieces of research relate to each other. It does not, however, make it any easier 
to provide over-arching conclusions or to perceive clear directions in the joint 
research process. Indeed, one of the few well-established findings at this stage is 
that slightly different ways of investigating the same simple stochastic situation 
may produce substantially different responses from subjects—their understand-
ing does not seem to be in stable equilibrium.21 

For Australasia, J. & K. Truran summarised almost all work done since the 
1970s22 and could not detect any strong themes, other than that from the Univers-
ity of Tasmania23 based on the SOLO model discussed below. They observed that 
one of the reasons for the eclectic nature of the research was that many research-
ers work alone towards a research degree, usually on a part-time basis, which 
encourages a focusing on a relatively small topic.25 It has been observed that 
when compared with other topics in the same book, this summary made clear 
that the amount of research undertaken in probability was still relatively small.26 

Finally, Borovcnik & Peard summarised probability learning for Kluwer’s 
magnum opus—an International Handbook of Mathematics Education.27 This discusses 
                                                 
17 Kapadia & Borovcnik (1991) 
18 Scholz (1991) 
19 Shaughnessy (1992) 
20 Grouws (1992) 
21 J. Truran (1994merga); G. Jones (1977) 
22 J. & K. Truran (1995, 1996) 
23 E. g., Watson (1994); Watson & Collis (1994); Watson, Collis & Moritz (1994, 1995) 
24 Biggs & Collis (1982). Vide infra. 
25 J. & K. Truran (1995, p. 554) 
26 J. Adler (1998) 
27 Bishop et al. (1996) 
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a theoretical understanding of probability, the historical development of its 
teaching, and some strategies to improve its teaching. The chapter28 cannot be 
seen as a literature review because it makes no reference to Green, little to 
Fischbein or to Australian research, and none to work reported in Romance 
languages or in unpublished theses. It is difficult to see what its overall purpose 
is; it does contain useful ideas, but often with little supporting research evidence 
or critical evaluation. The last section seems to be essentially a set of reflections on 
what might be done in the classroom. Although the authors are respectively 
Austrian and Australian, the language and academic culture are distinctly Teut-
onic and formal. It seems that Borovcnik’s contribution was much greater than 
Peard’s, and has meant that the work is less comprehensive than it might have 
been and that it is unlikely to be easily accessible to teachers or beginning 
researchers.§ The chapter does provide insights into individual issues, and makes 
some German-language results more widely available in English. However, its 
limited perspective means that Shaughnessy’s summary must still be seen as 
definitive. 

Most probability research has been concerned more with learning and under-
standing than with teaching, even though it may have been done within schools. 
This contrasts with statistics where recent years have seen an increasing interest 
in issues of teaching. This may be partly ascribed to the fact that a small number 
of stochastics researchers are teachers of tertiary statistics and have the training, 
opportunity, and motivation to reflect on teaching as well as learning. On the 
other hand, most probability researchers are involved with teacher education, 
and thus with students with limited pedagogic skills. Their interest tends to be in 
showing such students how the children think as a preliminary to their develop-
ing a teaching style. 

None of the summaries adequately addresses the issue of the dissemination and 
effectiveness of the research. Put plainly, research and authoritative statements 
seem to have little influence on classroom practice, even though they might be of 
special value for the many teachers who are particularly insecure in teaching 
stochastics. This issue is discussed further in Part E. Two simple but represent-
ative examples will suffice here. In a 1996 paper, Krajcsik29 discussed the issue of 

                                                 
28 Borovcnik & Peard (1996) 
§  The preceding remarks are a reformulation of ideas contained in an unpublished pre-

sentation to a meeting of the Stochastics Working Group of PME in Lahti, July 1997. No-one 
dissented from these judgements and there were several comments which confirmed my 
view that the perspective of the paper was too narrow to attract wide interest. 

29 Krajcsik (1996) 
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teaching definitions and concepts in a tertiary setting without showing any evid-
ence of being familiar with Skemp’s seminal and widely disseminated work30 
first published in 1971. The second example is the continued failure of SA’s ex-
perienced teachers in 1989 to accept advice from the university academics that 
their teaching of the idea of “independence” was mathematically incorrect.31 

We move now to a discussion of  some of the major research schools. The first 
two of these will be analysed in some detail, because of the limited critical attent-
ion they have received from the research community. Given that both schools are 
well known and both present broad-brush approaches which produce clear 
categorisations which are easily summarised, they tend to be used to authenticate 
curriculum practices. I shall argue here that both have limitations which are 
rarely appreciated by those who cite them, but which need to be understood if 
the findings are to be used to best effect. 

STAGE-RELATED THEORIES  
 

The four stages of man are infancy, childhood, adolescence and 
obsolescence.32 

The stage-related theories which some psychologists have developed are partic-
ularly attractive to teachers, whose concerns are to encourage children’s devel-
opment. In most cases researchers have defined their stages on internal 
intellectual and logical grounds, without any evidence that children do move 
from one stage to the next in order, and without attempting to show how they 
develop or how their development may be enhanced. Certainly, they have been 
guided by substantial practical experience of children’s behaviour, but in general 
they have undertaken neither the longitudinal studies necessary to examine 
development, nor the pedagogic studies necessary to assess the relationship 
between teaching and development. This is not to suggest that such approaches 
are not of value. Far from it. But it does remind us of the limits of their 
knowledge claims. 

While no researcher would claim absolute precision for his or her findings, the 
very process of classification makes this approach attractive to curriculum devel-

                                                 
30 Skemp (1971/1986) 
31 J. Truran (1992, p.  99) 
32 Linkletter (1965, ch. 8), cited in Partington (1996) 
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opers, as we have seen in Chapter 7. Thus it is particularly important to make 
clear the strengths and limitations of such work, so that they have neither more 
nor less influence on curriculum than their precision and purpose can justify. 

Stage-Related Theories using Qualitative Analysis  

In this section we discuss first the seminal work of Piaget & Inhelder, and then 
another qualitative approach which has developed from their work. 

PIAGET & INHELDER  

Piaget’s enormous achievement in examining the development of children’s 
understanding is well-known. He posited four stages of cognitive development: 

 
• sensori-motor intelligence; 
• pre-operational thought; 
• concrete operations; 
• formal operations.33 

This is not the place to discuss Piaget’s model in detail, but it is needed as a back-
ground to the discussion of his work in probability learning. While Piaget’s work 
is often seen as being psychological and as being the foundation of the modern 
Constructivist movement, he was in fact a genetic epistemologist with much 
wider aims. To concentrate purely on his stages is to ignore his wider vision.34 

The Genevan school produced just one major work on probability learning35 
which was published in French in 1951, but not translated into English until 1975. 
It is easier to understand than many of Piaget’s works, and many research papers 
make passing reference to it, but without engaging with it intellectually. Yet it 
occupies a unique position both within Piaget’s research and within probability 
research and calls for much more examination than it has received. 

The Origin of the Idea of Chance in Children  

Piaget had studied children’s thought in several different areas and related all of 
them to his stage-related theory of intellectual development. Most of his early 
work was concerned with the acquisition of concepts which were of immediate 

                                                 
33 Wadsworth (1971, pp. 26–27) 
34 Steedman (1991, p. 5) 
35 Piaget & Inhelder (1951/1975) 
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relevance to the primary school curriculum—language, number, space, time, etc. 
His work on probability looks like a continuation of this work and was seen that 
way by its authors.36 After preliminary work in 1930,37 Piaget undertook some 
small enquiries in 1936, a particularly productive time in his life,38  but it was not 
until 1944 that he established a full-scale research programme. This was com-
pleted in 1945,  but not published until 1951, apart from one paper in 1950.39 

The work is presented as a confirmation of Piaget’s stage related theory with the 
three principal stages being defined as:  

 
I. pre-logical, animistic, irreversible; 
II. semi-numerical, able to distinguish the possible and the necessary; 
III. formal; able to compare relations using formal thought.40 

These stages are defined by increasing quantification and combinatoric 
operations41 and the development of a global perspective: 

[W]ith the structuring of the distribution of the whole, an isolated case 
acquires the precise meaning of a fraction of the whole, and is no longer 
tied to what he observes, but is related to all the possible cases which 
are realized little by little as a function of the law of large numbers.42 

Piaget & Inhelder suggest that, for the Genevan population being sampled, Stage 
I lasts until about age 8, and Stage II until about age 12. For them, a distinguish-
ing features of Stage III of their developmental sequence is that “probability ... is 
broken into gradual judgements which reflect the existence of an implicit 
quantification”.43  Their argument is not very clear. In general they seem to argue 
more about a continuum than about discrete steps and they say little about how 
the development is effected. This omission is very important for probability, 
because, as will be shown below, chance events do not fit easily with Piaget’s 
general theory of development by means of equilibration and accommodation .44 

                                                 
36 Piaget & Inhelder (1951/1975, p. xi) 
37 Loosli-Usteri (1930) 
38 Vonèche, pers. comm., August 1994 
39 Piaget (1950) 
40 Piaget & Inhelder (1951/1975, ch. 10) 
41 Piaget & Inhelder (1951/1975, pp. 108–109) 
42 Piaget & Inhelder (1951/1975, p. 235) 
43 Piaget & Inhelder (1951/1975, p. 108) 
44 This summary is a slight reworking of J. Truran (1992, pp. 51–52). 
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Apart from Fischbein, the work attracted little attention from mathematics educ-
ators in its French form. Even interpreters of Piaget’s work have tended to omit 
or gloss over his work on chance,45 and mathematics education only started to 
develop as an academic discipline in the 1960s.† Other problems were that the 
principle linguistic groups were still to some extent disjoint, at least in their 
philosophy if not in their reading, and that probability did not form part of the 
elementary school curriculum of that time in most countries.46 Piaget & Inhelder 
have said that they saw their work as the beginnings of a study of induction, a 
form of thinking which requires the ability to assess the quality of data by 
discriminating the random from the regular.47 It is difficult to avoid the con-
clusion that Piaget’s work on chance lies outside the mainstream of his thinking. 

So where does the work of Piaget & Inhelder fit into the development of research 
into children’s understanding of probability? As will be seen below, its method-
ology and some of its questions have provided a starting point for some key 
workers in the field.48 But the findings do not seem to have become part of the 
received understanding. One example will be presented in detail to suggest why. 

The Relationship between Combinatorics and Probability  

Piaget & Inhelder claimed that combinatoric understanding is a pre-requisite for 
probabilistic understanding.49 Certainly there is a relation between the two, but 
“pre-requisite” is a precise and strong term. It was later rejected by Fischbein,50 
and also questioned by English, who claimed that the tasks did not encourage de-
velopment of a systematic combinatorial heuristic.51 Why was the claim made 
and why has it been so little accepted? 

There is strong evidence that the investigation into probability understanding 
was conducted to confirm Piaget’s theories rather than to provide data for their 
development. Material used for the book  is stored in four boxes marked Hasard 
in Les Archives Jean Piaget, Geneva, and which hold folders mainly containing 

                                                 
45 E.g., Gruber & Vonèche (1977), R. Evans (1973). The latter contains autobiographical mater-

ial by Piaget which also does not mention his work on chance. 
†  E.g., The first International  Congress on Mathematics Education was held in 1969. 
46 Vide  ch. 12 et seq. 
47 Piaget & Inhelder (1951/1975, p. xi) 
48 E.g., Green (1982), English (1991; 1993) 
49 Piaget & Inhelder (1951/1975, p. 160) 
50 Fischbein (1975, ch. vii) 
51 English (1991)  
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transcripts of interviews for each chapter.  Not all the contents are well ordered, 
and not all the transcripts quoted in the book are extant. The folder ‘calcul. probab’ 
was the basis for Chapter 6, ‘The Quantification of Probabilities’, and is the only 
folder I have examined in detail.† The transcripts below are from this folder. 
Given the nature, time and place of the research school in 1944–45, it is unlikely 
that the approach differed significantly from chapter to chapter.  

The experiment described in Chapter 6 presented subjects with a sequence of 
pairs of two-outcome RGs and asked them to decide which of the pair was more 
likely to produce a specified outcome. A list of possible pairs was established in 
what might be seen as roughly increasing difficulty. The ordering was not always 
adhered to, and was often used as a framework for asking deeper questions to 
elucidate the quality of answers and the causes of erroneous answers. Interviews 
were rarely done by Piaget or Inhelder but rather by their students and collabor-
ators. Conditions were much more difficult than today. Tape recorders were of 
course unavailable so the interviewers worked in pairs. One posed the questions 
to a child while the other took notes. Their roles were then reversed with another 
child. The interviewers later transcribed the notes, checked with each other for 
accuracy, typed them up in interview form, and brought them to the regular 
Monday meetings with Piaget. At least 50 interviews were conducted for each of 
the nine chapters, often more.52 Since the questions were essentially developed de 
novo and administered by a number of people who varied substantially in inter-
viewing and recording skills, and who in some cases were pedagogues rather 
than interviewers, it is clear that the approach had some limitations. 

The dated material in the boxes suggests that, after a small amount of preliminary 
work, the research for the opening chapters on mixtures and that for the final 
chapters on combinatorics was concurrent with the work on randomness and 
quantification. It is difficult to avoid the suspicion that Piaget had a well-
developed theory of what he expected to find before he started on this investigat-
ion. Given that such a large research project was conducted over only two years, 
it is likely that most of the experimental situations were designed at the same 
time and that the administration of one was unlikely to be influenced signific-
antly by results emerging from another. Some chapters do describe supple-
mentary experiments which seem to have arisen in the process of doing the 

                                                 
†  This chapter was the basis for some of the ideas examined in my Masters thesis (J. Truran, 

1992, pp. 200–219). 
52 Vonèche, pers. comm., August 1994 
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research, but the text suggests that most of the work seems to have gone very 
much to plan. This in itself is remarkable, even for a person of Piaget’s stature. 

Further evidence is provided by the use made of many transcripts. When the 
book was being assembled, Piaget or Inhelder read through the transcripts and 
made hand-written comments on some of the replies. By and large, the annotated 
replies are the ones which are used in the book. But important sections of the 
transcript are sometimes omitted. For example, BRU is allowed to do some exper-
iments between the first and last part of the sections quoted.53 In the interview 
with BUR the question. “Is it not more certain with one than with the other?”54 is 
not in the transcript, nor is the fact that intensive interviewing tried to dissuade 
him from an initial correct answer. More importantly, some of the extracts in the 
book do not match the original transcript. Only rarely is this because of a poor 
translation. For example, the question posed to CAB: “Are we more likely to get 
one here … or not?”,* is a poor translation of “Ici on est sûr ou pas sûr de gagner?”§ 
because certainty (sûr)  and likelihood are different ideas. In several such cases 
the French and English editions of the book have been compared: the discrepancy 
has lain every time with the authors, not the translator.  

So the evidence from the transcripts and from the way the research was con-
ducted strongly suggests that Piaget & Inhelder were using the work, not to 
deduce a theory, but to confirm one. They were working with data of varying 
quality, collected often by beginners. The transcripts were not an exact record of 
what was said. If the evidence looked shaky it would not be hard to be able to 
argue that “what the child really meant was …” , if such an interpretation pro-
duced a better match for the theory. This is just what Piaget did.55  

Part of this theory claimed that combinatoric understanding was a pre-requisite 
for probabilistic understanding. It is clear from the Renaissance gamblers that 
combinatorics and probability are related. But why should combinatorics be a pre-
requisite for probability, particularly when the links in the text are sometimes 
tenuous? Two possible sources suggest themselves: Piaget’s general theory of 
cognitive development, and the way probability was taught at that time.  

                                                 
53 Piaget & Inhelder (1951/1975, p. 145) 
54 Piaget & Inhelder (1951/1975, p. 135) 
*  Piaget & Inhelder (1951/1975, p. 136). The context is a essentially an urn containing two red 

balls, and red is the desired colour. 
§  Are you sure or not sure of winning in this case? 
55   Vonèche, pers comm., August 1994.  
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In later work Piaget & Inhelder developed a theory of logical development which 
saw the ability to operate within a formal combinatorial system as a major 
criterion for the attainment of formal thought. Although this idea was not 
published until 1955,56 it may well have been nascent in their thinking as they 
worked on chance. But in such circumstances it is unlikely that such a firm state-
ment about pre-requisites would be made on the basis of connections with a still 
developing theory. Furthermore, the time gap is substantial, which argues more 
that their work on chance influenced their work on logical development than the 
other way round. However, I am unaware of any evidence to confirm or refute 
these possibilities. 

Alternatively, the theory of Piaget & Inhelder may have arisen out of contemp-
orary ways of teaching the topic in universities and academic secondary schools. 
As we have seen in Chapter 6 the nature of probability was a matter of debate for 
mathematicians, a matter still not resolved today,57 and Piaget & Inhelder were 
aware of these debates.58 At least up to 1939, while developing his plans for 
research into chance, Piaget would have had opportunities to discuss these 
matters with European mathematicians and it is likely that he used these 
opportunities. 

Since the 19th century, combinatorics had been seen as part of algebra. It had 
sometimes been extended by making some definitions about probability, and ap-
plying these to combinatorially complex situations.59 Later, when probability and 
statistics began to be established as topics in their own right, introductory texts 
frequently started with a chapter on combinatorics, and followed with a chapter 
on probability, going at least as far as the binomial theorem. Two good reasons 
may be adduced for this. Since understanding of the binomial theorem requires 
some understanding of combinatorics, there is some point in laying a foundation 
in combinatorics first, rather than breaking off a development of probabilistic 
ideas in order to return to combinatorics to accommodate the binomial theorem.* 
Secondly, probability was a new type of idea, much less decisive in places than 
traditional mathematical ideas. Pedagogically it makes sense to start a new topic 
with material, like combinatorics, which is closer to students’ prior expectations 
of the nature of mathematics. Perhaps Piaget’s discussions led him to surmise that 

                                                 
56 Inhelder & Piaget (1955/1958) 
57 Vide  C. Howson (1995) for a recent brief summary of these issues. 
58 Piaget & Inhelder (1951/1975, pp. 242–246) 
59 Whitworth (1878) 
*  Even so, this is what Freudenthal (1965) did. 
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children’s developmental understanding reflected the way mathematicians 
presented their topic, even if not its formal structure. 

The relative influence of these factors on Piaget’s thought cannot be proven. But it 
is true that in the 1950s combinatorics was seen as a pre-requisite for some 
aspects of probability, and also became an important aspect in Piaget’s develop-
ing theory of logical development. So at the very least any assertion that com-
binatorics was a pre-requisite for formal probabilistic thinking was unlikely to be 
challenged either by mathematicians or by workers within the Piagetian school. 

However, this does not explain why Piaget’s probabilistic work dropped out of 
his corpus. It is much easier to suggest an explanation for this. Piaget’s theory of 
development was based on the theory that children would meet situations which 
put their ideas into temporary disequilibrium. They would go through a process 
of accommodation of their ideas to incorporate their new experiences, and assim-
ilate this new structuring into their re-equilibrated mental schema. In this model 
the element of conflict and, to some extent, of surprise, is a critical component.†  

But in chance situations conflicting evidence is harder to generate naturally. 
Indeed, Piaget & Inhelder sometimes used deception to produce conflict60 
because they perceptively saw that distinguishing between ‘Chance’ and ‘Mir-
acle’ was a necessary part of a child’s development.61 They believed that this skill 
was only obtained at the second Stage of their developmental structure. 

[T]he second period of evolution which we now see is not only 
characterized by the discovery of chance due to the differentiation of the 
indeterminate and the operatively determined.62 

Piaget’s theory and research methodology was built on deterministic experi-
ments; his work on chance fits poorly because children cannot verify experiment-
ally their hypotheses about chance. Only in Piaget’s much later works did he look 
at this issue in any detail.63  In his last work he examined causality and situations 
amenable to combinatorial analysis, but did not interpret them in terms of prob-
abilistic thinking. His interest was more in the children’s understanding of the 
nature of proof. We can only surmise whether his clarification of possibility and 

                                                 
†  Vide Boden (1979, ch. 7) for a discussion of the links between Piaget’s work and that of 

studies into cybernetics and Artificial Intelligence. 
60 Piaget & Inhelder (1951/1975, pp. 59, 96) 
61 Piaget & Inhelder (1951/1975,  ch. 4) 
62 Piaget & Inhelder (1951/1975, p. 227) 
63 Piaget (1971/1984; 1981/1987; 1983/1987); Bunge et al. (1971) 
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necessity might have freed him to go back to his researches into probabilistic un-
derstanding. Certainly, it has had little influence on other workers in this field.  

An Appropriate Role for Piaget’s Work Today  

It might be possible, using current standards for clinical interviews, to use the 
evidence above to arraign Piaget & Inhelder. If they were seen as deducing a 
theory from their evidence, this might be valid. Certainly, many interviews 
started with what were the more difficult questions, not all stages were tested 
thoroughly, and only some children were given opportunities for reflection 
before answering. But all this is to miss the point of  Piaget & Inhelder’s purposes. 

One writer has observed that “Piaget’s stature … resides less in what he complet-
ed … than in the many beginnings his many observations and theoretical inter-
pretations provide.”64 The Origin of the Idea of Chance in Children continues to pro-
vide a rich store of experiments and responses, sufficient to drive a modern re-
search project for many years. But it would be of more value to researchers and 
teachers if it were seen as an attempt to confirm a theory, rather than to deduce 
one, if it were more closely related to the mathematical theory of probability, and 
if it were read in conjunction with Fischbein’s approach, rather than in parallel. 

Some of the combinatorial approaches of Piaget & Inhelder have found a place in 
modern curriculum activities.65 But their analysis of the understandings children 
need to interpret chance events—irreversibility and the distinction between the 
possible and the necessary—have not found their way into the pedagogic 
literature. We saw in Chapter 3 how the “process mathematics” movement 
placed substantial emphasis on activity at the expense of theoretical 
interpretation. Nowhere is this more serious than in the unique activity of 
probability learning, and Piaget, for all his complexities, still can provide a 
framework for teachers which can enhance their students’ learning. 

This work of Piaget & Inhelder encouraged a number of experiments done within 
the psychological and measurement traditions.66  Some of these are discussed in 
my Masters Thesis, and are not discussed further here merely because they lie 
outside the pedagogical focus of this thesis. Integration of findings from within 
the different traditions remains a task for the future. Another beginning which 

                                                 
64 Hunt (1969, p. 55) 
65 E.g., Lovitt & Lowe (1993a, pp. 2–9) is an adaptation of aspects of Piaget & Inhelder 

(1951/1975, part 3). 
66 E.g., Carlson (1969; 1970), Craig & Myers (1963), Estes (1972) 
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Piaget has provided has been a basis for the development of a number of “neo-
Piagetian” approaches. One of these has addressed stochastic learning in detail. 

THE SOLO TAXONOMY  

Major work on assessing statistical understanding of teachers and students from 
Years 3-12 is being done under the leadership of Jane Watson within the frame-
work of the Structure of Observed Learning Outcomes (SOLO) taxonomy at the 
University of Tasmania. I have personally found the framework to be a most 
valuable one for interpreting many situations in a general way. However, I shall 
argue here that the overall approach to stochastics learning has some important 
weaknesses, even though it is generating valuable data. First it is necessary to 
summarise the structure of the taxonomy. 

Description  

The framework is a neo-Piagetian structure developed by Biggs & Collis67 as a 
model for all forms of development, and further developed by Collis, in 
association with Watson and others, for mathematical learning development. The 
model posits five modes of development: 

 
• Sensori-motor; 
• Ikonic; 
• Concrete-symbolic; 
• Formal-1; 
• Formal-2.  

These are similar to the Piagetian stages, but with the addition of “Formal-2”, a 
Level describing the sort of over-arching knowledge and thought practised by ex-
perts and which is a minimum Level necessary for basic research. Within each of 
these modes it is posited that there are five Levels of development: 

 
• Pre-structural; 
• Uni-structural; 
• Multi-structural 
• Relational; 
• Extended Abstract. 

The Levels are defined by the number of relevant and irrelevant features used to 
solve problems. Pre-structural responses use only irrelevant features. Relational 
responses use sufficient relevant features to obtain a complete solution. Extended 

                                                 
67 Biggs & Collis (1982); Collis & Biggs (1991) 
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Abstract responses see Relational solutions in a wider context. The model posits 
that, for example, one cannot move from the Ikonic to the Concrete-symbolic 
Mode until reaching at least the Ikonic Relational Level.68 It has been found that 
students may move through two Concrete cycles of Uni-structural, Multi-struct-
ural and Relational (UMR) Levels before reaching the Extended Abstract Level.69 
The first cycle involves the acquisition of a concept, the second its application.70 

The researchers have developed a 20-item test71 of understanding of statistics and 
probability, based on an earlier trial of 12 items.72 The first nine questions are 
related to probability. Many items have been adapted from the work of other 
researchers, although, as we shall see, some construction problems have still crept 
in. It also permits comparisons with other results, which is potentially useful, and 
rarely done. Because the work is based on written responses to fixed questions it 
also has the potential to be widely used for assessment. The work has received 
significant exposure within the Australasian research community and overseas, 
and Watson has created support materials for teachers of stochastics in Australian 
schools.73 However, the process has received little critical analysis. Three 
questions assess what the authors call “Understanding of Chance Measure-
ment”74 though “understanding” is used in a much narrower sense than has been 
used in Chapter 5. All three are analysed in Chapter 19 as Watson 1–3;† here we 
discuss two of them to indicate the type of approach which has been taken. 

Watson 1  Consider rolling one six-sided die. Is it easier to throw 
 (1) a one, or 
 (6) a six, or 
 (=) are both a one and a six equally easy to throw?*  

 Please explain your answer. 
                                                 
68 Collis (1988) 
69 J. Watson (1994, p. 74) 
70 Watson et al. (1997, p. 61) 
71 Watson et al. (1994). The test is stated as being a pilot study, but it appears to have been 

used in subsequent work without alteration.  
72 Watson & Collis (1993). The Title of this paper, Initial Considerations Concerning the Under-

standing of Probabilistic and Statistical Concepts in Australian Students would suggest that no 
earlier work has been done on this subject. Watson was well aware that this was not the 
case, even though her literature survey missed several relevant works (J. Watson, 1992). In 
the circumstances the use of such a misleading title is regrettable. 

73 J. Watson (1994aamt). Vide Ch. 16. 
74 J. Watson (1998) 
†  Ch. 19 analyses a number of questions about probability understanding. The questions are 

arranged by author, so “Smith 3” is the third of the questions by Smith used in the analysis. 
*  The grammatical complexity, and hence potential inconsistency of this question seems to 

have been overlooked in spite of substantial trialing. 
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Watson 3  Box A and Box B are filled with red and blue marbles as follows: 
 

 
Each box is shaken. You want to get a blue marble, but you are only allowed 

to pick out one marble without looking. 
 
Which box should you choose? 

(A) Box A (with 6 red and 4 blue). 
(B)  Box B (with 60 red and 40 blue). 
(=) It doesn’t matter. 

Please explain your answer.75 

Each of the responses was classified as Ikonic (IK), Uni-structural (U1, U2), Multi-
structural (M1, M2), or Relational (R1, R2), where the subscripts indicate whether 

the response was within the first or second cycle. The following three examples 
illustrate the general criteria which are provided for making classifications. 

IK: Decisions are made on non-mathematical beliefs. 

M1: … the simple uncertainty of the U1 cycle becomes qualified in 
some way; in some contexts a rudimentary numerical comparison 
may occur. 

M2: … chance measurement involving multiple settings is sought by 
using embryonic ratio notions; the need for resolution of conflict 
settings is realised.76 

The relative frequencies of responses at different Levels from children in Years 3, 
6 and 9 were compared, and NUD•IST software77 was used to develop a 
hierarchy of responses. The Levels at which individuals responded to pairs of 
questions showed a high degree of association. The classification established for 
Watson 3 was compared with results obtained from some other researchers. 

Weaknesses  

There is a number of serious weaknesses in the approach taken which suggest 
that the claims made for it are too wide. 

                                                 
75 Watson et al. (1997, p. 65). The diagram forming part of Item 3 was inadvertently omitted 

from the original printing. Vide Mathematics Education Research Journal 10 (1): 81. 
76 Watson et al. (1997, p. 75) 
77 Qualitative Solutions and Research (1992) 

Box A  Box B 
   
6 red 
4 blue 

 60 red 
40 blue 
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Nature of the Model  

Although the SOLO Taxonomy has been described as a “developmental mod-
el”,78 little evidence has been provided for stochastics to indicate how children 
develop.79 What been provided are examples of  responses which have been 
fitted into a logical structure. But we do not know if children take all the steps in 
the order posited, so the structure is really a “stage-related model”. We shall see 
in the section below on longitudinal studies that we still lack sufficient evidence 
for constructing developmental models of probabilistic thinking. 

Methodological Weakness  

In the pilot study for the questionnaire, it was found that Watson 3 “[required] an 
understanding of proportion for its solution and some Grade 3 students may not 
have had the language necessary to express their understanding”.80 Given that 
such a clear weakness was demonstrated, it is really not defensible to use Year 3 
responses to this question in the analysis as has been done in some cases.81 

Meaning of Ikonic  

As the taxonomy has developed, the meaning of “Ikonic” has been extended from 
“visual” (which is what a naïve reader would assume) to include “intuitive” 
and/or “mythical”. For stochastics the meaning is almost entirely “intuitive”, but 
in other analyses by the same team on other topics82 it is almost entirely “visual”. 
This clear shift of meaning seriously limits the generality of the claims being 
made. As we shall see below in the discussion on Fischbein’s work, the 
term”intuitive” is not, in psychology, synonymous with “naïve” and can describe 
thinking which rests on a substantial underlying schema. Hence, the term 
“Ikonic” is a difficult one to interpret in the SOLO context. 

Meaning of Multi-structural  

The authors claim that Multi-structural responses occur when “several disjoint 
relevant aspects are processed, usually in sequence”.83 However, in Collis (1988) 
the sequential nature of the processing was not included in the definition. Thus 

                                                 
78 E.g., Watson &  Collis (1993, p. 575) 
79 Watson et al. (1997, p. 75)  
80 Watson et al. (1994, p. 680) 
81 E.g., Watson &  Moritz (1998) 
82 E.g., Watson, Campbell & Collis (1993) 
83 Watson et al. (1997, p. 62) 
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this work represents an important change in the Taxonomy, which makes it 
difficult to compare earlier findings with later ones. 

Reliability of the Classifications  

No information is provided about how the classifications were assessed for reli-
ability. Replying to a question of mine on this issue at the Australian Association 
for Research in Education Conference in Hobart in December 1995, Collis said 
that these issues had been addressed in earlier work using the SOLO Taxonomy, 
but that he did not have this data with him at the time. I have not attempted to 
locate this data because I believe that the issue needs to be addressed for every 
topic examined. My suspicion is that the classifications are fairly reliable, simply 
because the research group is small, but I have no clear evidence. 

Validity of the Classifications  

On the other hand, there are some good reasons for believing that the classi-
fications are not all valid, and this is the crux of my concerns about the approach. 
Sometimes children’s linguistic forms may make a classification debatable. Thus 
the response to Watson 1 of “(=) they both have the same chance” is classified as 
M1 because there is no specific mention of exact probabilities. Yet it is an answer 

which many “experts” would quite likely make. Exact probabilities are not 
needed to answer this question satisfactorily. The authors have decided that it is 
more important to establish an assessment instrument which can be used by 
teachers, than it is to ensure that the instrument assesses children’s optimal per-
formance.84 This may be a reasonable practical decision, but it does mean that the 
instrument may not be robust enough for the analysis used.   

Even more difficult to accept is the decision of the authors to classify a response 
to Watson 1 of “(=), they are just as easy” as ikonic because it is a “nearly tauto-
logical [response] but with reference to generalised experience”. For the authors 
“(=), they both have the same chance” is seen as a much higher Level response 
(M1) principally because it includes the word “chance” and hence, in their view, 

demonstrates an understanding of the true nature of the problem.85 

On other occasions the classifications do not seem to be defensible. For example 
the response to Watson 3 of “(=) because there’s Blue in each”86 has been 

                                                 
84 Watson et al. (1997, p. 79) 
85 Watson et al. (1997, pp. 67–68) 
86 Watson et al. (1997, p. 70) 
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classified as U1. In my view it should be classified as M1 because the child has 

clearly considered two aspects of the situation—the presence of blue and the need 
to examine both boxes. On the other hand, the classification of “(=), because there 
are more reds in both boxes” cannot be R1, because the idea of comparing relative 
frequencies is absent from the response. It must be classified as M1. 

On other occasions there may be conflicts about where best to place a response. 
Consider the response to Watson 3 of “(B), you have more of a chance with 40 
than with 4”.87 The authors have argued that both the numbers and some form of 
comparison are relevant to the situation, so the response may be seen as M1. But 

one might argue that the comparison of absolute numbers is totally irrelevant and 
classify the response as Pre-structural. Neither approach is totally satisfactory. 

Finally, it is not clear that the use of acquisition and application as criteria for 
distinguishing the two UMR cycles is a helpful one. Many of the first cycle 
responses quoted indicate some aspects of both concept acquisition and of its 
application. Often the concept may be poorly developed, but the application may 
be satisfactory. For example, “(B), because there are more blue in Box B than Box 
A”88 presents a wrong concept of probability, but a correct application of that 
concept. It will be observed too that the M2 definition quoted above does not 

match the acquisition/application approach. 

Evaluation  

It has been necessary to devote so much attention to the SOLO Taxonomy 
because the enormous productive capacity of the research team mean that the 
approach is in danger of swamping the Australasian stochastics research field 
before it has been adequately critically examined. We may grant that the project 
has a welcome practical purpose, it has many methodological strengths, it is 
producing much valuable data, including some longitudinal data, and is raising 
many important issues about curriculum and its relationship with research. But 
the value of an approach like this stands or falls on the quality of its classification. 
I have argued here that there is sufficient evidence to question the validity of the 
classification. I have also suggested other weaknesses in the approach. To my 
knowledge, none of these issues has been examined in any publication. The 
attempt to fit the data into an already established taxonomy has led to the reports 
having a degree of completeness about them which is probably not yet justified 

                                                 
87 Watson et al. (1997, p. 70) 
88 Watson et al. (1997, p. 70) 
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and so provides a dangerous model for new workers. Until this is done, then the 
approach needs to be treated with caution. 

We turn now to another project which has been built on Piaget’s work, but which 
has relied principally on quantitative analysis for its findings. 

Green’s Stage-Related Theory using Quantitative Analysis  

This project was designed to complement the CSMS project at Chelsea College89 
into other aspects of the secondary mathematics curriculum by designing a test of 
probabilistic understanding that could be related to Piagetian developmental 
Levels, and which had high statistical reliability and validity.90 

David Green was probably the first mathematics educator to obtain a doctorate in 
probability learning.91 He already had research degrees in automatic computat-
ion and in the history of mathematics, had taught in secondary schools and a 
college of education, and had worked as a research mathematician for the Mar-
coni company.92 Furthermore, he worked particularly hard to spread his work 
and findings through publication in teachers’ journals93 and learned confer-
ences,94 by making a summary of his thesis cheaply available,95 and by attend-
ance at teachers’ conferences.96 When one adds his kindness and generosity to 
others, one finds the very model of a modern mathematics-educator.97 

Green’s initial study was based on a well-selected stratified sample of c. 3000 
children from Years 7 to 11 in 44 state comprehensive co-educational schools in 
the East Midlands of England98 and reflected “the proportions of the various 
intellectual Levels in the English school population as a whole”.99 Six pilot vers-
ions and a number of clinical interviews100 were undertaken before establishing 

                                                 
89 Hart (1980; 1981) 
90 Green, pers. comm., August 1994 
91 Green (1982c) 
92 Green (1982d, p. 100) 
93 E.g., Green (1979, 1981, 1983a, 1983b) 
94 E.g., Green (1982b) 
95 Green (1982a) 
96 K. Truran, pers. comm., April 1993 
97 After Pirates of Penzance Gilbert (1879, p. 102) 
98 Green (1982a; 1982b; both of which summarise 1982c) 
99 Green (1982a, p. 3) 
100 Green (1983six) 
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the final form of the test to be used for statistical analysis. Subsequently, Green 
conducted several more surveys with between 220 and 1600 children.101 

Aiming to replicate the CSMS was extraordinarily brave for one person to under-
take as part of a doctoral thesis. While Green was successful in analysing res-
ponses to a wide variety of questions, and in making them well-known, his at-
tempt to link his answers with a Piagetian stage-model was less successful. 

Guttman Scalogram Analysis102 and some subjective judgements were used to 
group the 50 elements† of the test into sub-tests representing different Levels, and 
to allocate a pass mark for each Level. Green aimed to define three Levels above 
“total failure” where classification at a particular Level required passing all lower 
Levels as well. These Levels were seen as roughly comparable to the Piagetian 
ones. To meet rigorous statistical requirements for validity and reliability only 18 
of the original elements could be used, thus eliminating what Green saw as many 
of the more interesting questions.103 

Using this reduced test Green allocated a Concept Level to all respondents and 
compared various subgroups statistically. He found an increase in Concept Level 
with age and a consistent superiority of boys over girls. He also compared his 
results with other student data, such as general intelligence and results on CSMS 
mathematical tests. He used the answers and reasons given to the five parts of his 
“Comparison of Odds” question104 to establish a match with the criteria given by 
Piaget and Inhelder (1951/1975) for what he saw as similar situations. However, 
in my opinion, the degree of comparability between Green’s items and those of 
Piaget & Inhelder is not as high as Green seems to have assumed, mainly because 
of the different sets of ordered pairs which he used. This issue is discussed further 
below in the section on “Proportional Reasoning and Probability”. 

While Green’s individual questions, often more precise adaptations of Piagetian 
situations, have provided useful starting points for many subsequent researchers, 
his attempts to establish a developmental model have received much less attent-
ion. Watson made use of some of his questions. Glencross & Laridon used some 
questions to make comparisons between children in two quite different parts of 

                                                 
101 Green (1991a; 1991b) 
102 Guttman (1944; 1947a; 1947b; 1950) 
†  The word “element” is used because the analysis was based on individual sub-questions. 
103 Green (1982a) 
104 Vide ch. 19, Green 6. 
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South Africa.105 In a much larger survey, Izard administered the 18 items which 
formed Green’s developmental scale to about 1100 students in Hungary, Brazil, 
and francophone Canada.106 He found a general confirmation of Green’s work 
but with some interesting variations, such as that Green’s Level 2 items tended to 
form two distinct sub-groups and that there were significant differences between 
the results for males and females. Surprisingly, he made no attempt to compare 
results from different countries; all his analysis is based on the combined data. In 
general, Izard concluded that the test formed by Green’s 18 items had acceptable 
test reliability and item fit, but that Green’s decision rules for grading the open-
ended questions needed further examination. 

A factor analysis of results obtained by administering  Green’s test to Spanish 
children found many different factors, and questioned whether probabilistic 
knowledge formed a linear structure.107 This is discussed further in Chapter 20 
where I shall also show that Green’s 18 elements cover a limited number of as-
pects of probabilistic understanding and of ways of encountering RGs.108 This 
strongly suggests that the test is less general than might have been hoped for and 
confirms Green’s intuitive feeling about the elements he had to omit. 

STRATEGY RELATED ANALYSES  
 

The plan was that the VIII British Corps (O’Connor) should make the main 
thrust between Tilly & Caen. The 15th Scottish Division was to seize a 
bridgehead across the Odon and create a firm base on the broad rise 
between that river and the Orne. Then, while the 43rd Division helped the 
Scotsmen to consolidate their gains, the 11th Armoured Division would attach 
south-east, cross the Orne and establish itself astride the Caen–Falaise road 
on the high ground between Bretteville-sur-Laise and Bourguebus.… 

The start was inauspicious.109 

All three of the above research schools have provided useful items for more 
detailed surveys by individual researchers. Some of these are discussed micro-
analytically in Chapter 19. Other researchers have tried to describe broad 
strategies used by individuals and in doing so they have provided useful, though 
not infallible frameworks for the micro-analysts’ observations of subjects’ 

                                                 
105 Glencross & Laridon (1994) 
106 Izard (1992) 
107 Godino et al. (1994) 
108 J. Truran (1994merga) 
109 Wilmot (1952, p. 342) 
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responses. The first and third of the strategies described here were described in 
the early 1970s. The second is to some extent a more recent expansion of the first. 

Heuristics—Tversky & Kahneman  

Tversky & Kahneman have described a number of heuristics* which people use to 
estimate probabilities.110 They may be influenced by either the results of a small 
sample (the representativeness heuristic) or by the ease with which they can recall 
such situations happening in the past (the availability heuristic). That the heuristics 
exist is not in doubt, and the classification has proved useful for interpreting a 
number of results. While beliefs in the value of a specific heuristic are frequently 
strongly held,111 the problem is that the heuristics tend to be used inconsistently, 
so it is difficult to make predictions about when and where they will be 
employed. One important application of the representativeness heuristic which 
has been shown to be frequently employed even by trained research scientists is a 
“belief in the law of small numbers”:112 a belief that “any two samples drawn 
from a particular population [will] be more similar to one another and to the 
population than sampling theory predicts, at least for small samples”.113 

This theory was rebutted soon after its publication by L. Jonathan Cohen.114 He 
argued that it was based on a deductive approach to reasoning—a Pascalian ap-
proach, but that many people also used an inductive approach—a Baconian one—
where decisions are based on the evidence available.Within Baconian reasoning 
many of Tversky and Kahneman’s examples might be seen as quite reasonable.  

Cohen’s argument has had little influence, and Kahneman & Tversky’s approach 
has been taken up by a number of workers. Peard compared the use of these 
heuristics by pre-service secondary mathematics & science teachers and pre-
service teachers with no tertiary mathematics training and found that the heur-
istics tended to be used only in more complex situations. “Complexity”, of 
course, will be different for different students. Peard also found that, although all 
his subjects had an adequate mathematical background for answering his quest-
ions, prospective secondary mathematics teachers employed the same incorrect 

                                                 
*  For a discussion of the respective meanings of “heuristics” and “strategies”, vide Chapter 2. 
110 Tversky & Kahneman (1974) 
111 Pollatsek et al. (1984)  
112 Kahneman & Tversky (1971) 
113 Kahneman & Tversky (1971, p. 24) 
114 L.J. Cohen (1979) 
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heuristics as those with no specialised background.115 In the case study on die-
tossing  below it will be shown than that the heuristic employed may be a funct-
ion of the form of question asked. This supports the early findings of G. Jones that 
for young children different probabilistic embodiments stimulated different 
Levels of thinking,116 but this important early result in probabilistic research has 
tended to be neglected by both researchers and curriculum designers.  

 One form of the availability heuristic which has received special attention is the 
recency heuristic, also known as the “Gambler’s Fallacy”. This refers especially to 
subjects’ predictions of the outcomes of RGs. The received view is that children 
predict random events by using a negative recency heuristic (i.e., the probability 
that a certain event will be predicted decreases as the number of recent 
occurrences of the event increases).117 On the other hand, there is evidence that 
children may sometimes employ either a positive recency heuristic118 or a negative 
recency heuristic for predictions, rather than outcomes.119 The circumstances 
under which the different heuristics are employed are not known.  

One of the special difficulties which faces investigations into recency heuristics 
that of providing a RG which produces the same outcomes for different experi-
mental groups, and yet is seen as genuinely random by the subjects and does not 
involve any form of deception by the experimenter. Ayres and Way have made a 
video-recording of a stochastic experiment with one class and used it with a sub-
sequent group, and found that the responses by both groups were quite sim-
ilar.120 While this approach probably needs refinement and further verification, it 
represents a valuable break-through in research methodology which provides the 
potential for a quite new approach to experimental methods in the field. 
Unfortunately, the first paper which  Ayres & Way produced using this method-
ology dealt with a very complex situation, compared two situations which were 
not really comparable, and provided a very confusing presentation of results.121  

While Tversky & Kahneman have constructed a useful way of looking at subjects’ 
thinking, we do not know if there are circumstances which lead to the consistent 

                                                 
115 Peard (1992) 
116 G. Jones (1974; 1977) 
117 Fischbein (1975, p. 59) 
118 Green (1983b) 
119 J. Truran (1992, pp. 181–188; 1992a; 1996pme) 
120 Ayres & Way (1998ico) 
121 Ayres & Way (1998mer) 
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use of a specific heuristic. Current evidence suggests that such conditions prob-
ably do not exist, so the approach is mainly of value as an organisational aid. 

The “Outcome” Approach—Konold  

The inconsistency of approach which becomes apparent when trying to look at 
heuristics has led Konold and his collaborators to try to find reasons for such in-
consistency. Konold’s work, which has been done within the Constructivist 
framework, has mainly involved posing a small number of questions to tertiary 
students and interviewing respondents about the reasons for their answers.  

His major finding is that the inconsistency of students’ probabilistic reasoning 
does not come from developmental factors but because subjects interpret differ-
ent questions about the same situation in different ways.122 Those who interpret a 
question as asking for a “predict[ion of] the outcome of a single next trial”123 are 
adopting an outcome approach to stochastic situations. Chapter 19, Konold 1 & 2 
show that different responses may be used in similar situations. Konold 1 asks 
which outcome is most likely for the fifth throw of a coin when the first four 
throws have all been “Head”. Konold 2 presents four sequences of outcomes from 
five tosses of a coin, and asks (a) which is most likely or whether all are equally 
likely and then (b) which is least likely or whether all are equally likely. While 
86% of respondents correctly answered Konold 1, and 72% Konold 2, Part 1, only 
38% of the same respondents did so for the second part. Konold claims that the 
first questions are interpreted as requiring a prediction of which outcome will hap-
pen, whereas the last engages a different framework which requires a represent-
ativeness heuristic. Konold’s interpretations are different from Cohen’s, 
mentioned above, because they do not use previous experience as a basis for 
making a judgement. Such discrepancies between researchers emphasises just 
how hard it is to ensure that students share the same assumptions as teachers 
when discussing stochastic situations. In particular, Konold claims the existence 
of concurrent conflicting approaches is one reason why cognitive conflict ap-
proaches are unsuccessful in the teaching of probability. He has also looked at 
questions involving percentage estimates of future weather patterns. He argues 
further, supporting Tversky & Kahneman (1974),* that the outcome approach 
requires less cognitive processing to produce an answer than a more holistic 

                                                 
122 Konold (1989, 1989pme); Konold et al. (1993) 
123 Konold (1989, p. 61) 
*  Konold’s citation of this paper as “Tversky & Kahneman (1982)” is misleading, and prob-

ably arises from reading the paper in Kahneman et al. (1982). 
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approach. But this argument does not explain the fact that in his coin-tossing 
sequence the outcome approach is the more holistic and complex solution.  

This work has followed from work which established that students saw samples 
as being more representative of their populations than they actually are,124 and 
supports a much earlier finding by Goodnow from within the psychological 
tradition that people were less concerned with understanding the structure of 
RGs than with being able to predict their outcomes correctly.125 Such results raise 
important issues about an appropriate focus for classroom instruction. 

Intuition—Fischbein  

Both Kahneman & Tversky and Konold have identified inconsistencies in stud-
ents’ responses which seem to be related to their holistic perception of individual 
probabilistic situations. Some researchers have specifically directed their interests 
to elucidating children’s intuitive understandings of probability. There are 
dangers in this. As Heitele has pointed out, intuition is particularly unreliable in 
stochastics.126 Nevertheless, the work done in this field has been effective in 
questioning some of Piaget’s conclusions, and in providing an emphasis on the 
importance of subjective probabilistic ideas. 

Efraim Fischbein has been one of the leaders in the development of mathematics 
education as a legitimate academic enterprise since at least the 1970s.127 He and 
Hans Freudenthal have been the only two researchers to have been accorded 
honorary life membership of PME.† They stand, with Piaget, as giants in mathe-
matics education research, from whose shoulders others may have been expected 
to see further.128 It is interesting that although both of them did significant work 
in stochastics education, PME has shown relatively little interest in the field and 
few stochastics researchers have come to terms with what all of them have said. 

Fischbein’s work has been in part directed to establishing the relationship 
between intuition and mathematics and the inherent contradictions between the 
nature of mathematics and the nature of mathematical reasoning. He has written 

                                                 
124 Pollatsek et al. (1984) 
125 Goodnow (1958) 
126 Heitele (1975) 
127 Tirosh & Dreyfus (1998) 
†  The uncomfortably named “The International Group for the Psychology of Mathematics 

Education” 
128 “If I have seen further it is by standing on the shoulders of giants”. Sir Isaac Newton, 1676, 

cited in Partington (1996) 
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The dynamics of mathematical reasoning—and, generally, of every kind 
of scientific reasoning—include various psychological components like 
beliefs and expectations, pictorial prompts, analogies and paradigms. 
These are not mere residuals of more primitive forms of reasoning. They 
are genuinely productive, active ingredients of every type of reasoning. 

This leads—as I have said—to a profound dialectic contradiction. One 
needs intuitive prompts and incentives in order to be able to think 
productively. But at the same time, the main endeavour of mathematical 
reasoning is to become “purified” by eliminating all the extra-logical 
supports and arguments.129 

For Fischbein, intuitions are based on underlying schemata, and changes in 
intuitions are best effected by making changes in the schemata.130 His principal 
contribution to probability learning research has been to establish that an 
intuition of probability arises much earlier in children than had been claimed by 
Piaget. He has done this by examining children’s responses to outcomes of RGs 
whose structure was unknown to the respondents.131 This approach is discussed 
further under “Probability Matching Behaviour” in Chapter 22. But Fischbein has 
also found that some intuitive misconceptions actually increase with age.132 A 
consequence of this finding is, as mentioned above, the rejection of Piaget’s view 
that understanding of combinatorial analysis is a pre-requisite for an understand-
ing of probability, but this conclusion has been substantially independent of his 
own extensive research into combinatorial analysis.133 It would be nice to say that 
the recent moves to introduce probability in primary schools has been a direct 
reflection of Fischbein’s finding, but I know of no evidence for this, and suspect 
that there is none. 

This concern with intuition has led Fischbein to investigate whether intuitions are 
stable or evolve with age. Evidence for evolution is, of course, evidence for 
intuitions being complex and based on mental schemas rather than for their being 
the product of a naïve mind. Fischbein has found that evolution is the norm, and, 
more surprisingly, that some misconceptions grow stronger with age.134 

                                                 
129 Fischbein (1987, p. 212) 
130 Fischbein & Grossman (1997) 
131 Fischbein (1975, especially ch. iv) 
132 Fischbein & Schnarch (1997) 
133 Fischbein (1975, pp. 99–116) 
134 Fischbein & Schnarch (1997); Lecoutre & Fischbein (1998). I am grateful to Dr Marie-Paule 

Lecoutre, University of Rouen, France, for making her paper with Fischbein available to me. 
This paper was published after Fischbein’s death, and is probably his last published work. 
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Fischbein’s writings in stochastics were extensive and extended over a long 
period of time.135 That they might be summarised so briefly here is not a subtle 
criticism, rather it is an indication of the holistic, deep and thorough nature of 
Fischbein’s thinking. His emphasis on intuition in its deepest sense is of critical 
importance in probability, where so many ideas have been found to be counter-
intuitive, and where the role of subjective probability has an important place in 
mathematical theory alongside more traditional definitions. 

Comment on Strategy-related Analyses  

The important theme which underscores all three sets of analyses is the unpre-
dictabilty of individuals’ responses. Though researchers have developed useful 
classifications of some forms of behaviour and described a set of situations which 
are known to indicate common thinking weaknesses, they have not yet provided 
ways of improving the quality of responses. A fruitful piece of future research 
would be further examination of the relationship between these three approaches, 
especially the relationship between intuition, heuristics and instruction. 

We turn now to an survey of some of the micro-analyses done in the field. As 
mentioned earlier, research findings concerned principally with probability 
pedagogy will be delayed until Part E, but this chapter will conclude with  
summaries of two longitudinal studies, and with a case study to codify many 
findings about children’s understanding of random generators. This shows that 
the results obtained so far point to a much more complex picture than is usually 
presented, and raises questions about the extent to which researchers are building 
efficiently on the findings of others.   

MICRO-ANALYSES  
 

“What a curious feeling!” said Alice, “I must be shutting up like a 
telescope!”136 

In a recent analysis of Australasian* stochastics research it was found that most 
research was idiosyncratic and unconcerned with directly influencing curriculum 
                                                 
135 A bibliography prepared by Carmen Batanero is available in Newsletter of the International 

Study Group for Research on Learning Probability and Statistics, pp. 6–8 
136 Carroll/Gardner (1960, p. 31) 
*  NSOED (1993) defines this term to refer to “Australia and the islands of the south-west 

Pacific”. Some Australians would probably see it as referring to “Australia and New 
Zealand”. New Zealanders may well have a different perspective. When J. & K. Truran 
(1995) was presented to a Conference of the Mathematics Education Research Group of 
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structures. This was attributed to the fact that most researchers in the region 
worked alone for further qualifications or for the improvement of their own 
teaching, rather than as part of a well-funded project with long-term aims.137 
Personal experience suggests that this situation is found throughout the world. So 
this section of the literature review merely mentions briefly, in alphabetical order 
of authors and/or approaches, some of the important work. Other valuable work, 
such as Amir’s work on cultural influence and work on interpreting probabilities 
in a legal context by Magnusson and Anne & Peter Hawkins, is not mentioned 
here but in other chapters if it seemed to fit there more naturally. No claim is 
made that either this list or its coverage of any individual’s work is compre-
hensive: my purpose is merely to illustrate some of the approaches currently 
being undertaken to provide data for the historical argument. If the list seems to 
have an Australasian bias, this is partly because of my own experience, but also 
because there is substantial interest in the field in this region. 

The eclectic nature of this list probably indicates an important feature of 
stochastics learning research. Romberg has proposed that there are three major 
steps in the establishment of what he calls “normal science” 

 
• fact collection; 
• confrontation, confusion and reflection; 
• model building.138 

Because of its relative newness, stochastics education research is in general still at 
the “fact collection stage”. Indeed, it might be questioned whether it is even 
appropriate to try to build a model on the basis of what is so far known. All of the 
general models quoted above have arisen in a broader field of psychological 
study, and what the researchers have done is to see whether the stochastics 
learning findings also fit for the model. While this approach has provided some 
useful insights, it has also shown that stochastic thinking has some unique 
characteristics which mean that such an approach may not be adequate. 

                                                                                                                                                  
Australasia it was argued, principally by Lionel Pereira-Mendoza, Institute of Education, 
Singapore, that the term now also included South-East Asia. I have not found further 
evidence for the use of this meaning. The term is used here with its NSOED meaning, but I 
would prefer to describe this as “Australia, New Zealand, and those islands of the South-
West Pacific with which one or other of the two countries has had a long-standing special 
relationship”. 

137 J. & K. Truran (1995) 
138 Romberg (1983) 
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Most editors of conference proceedings and learned journals require that papers 
submitted should have a theoretical basis. While no work can ever be a-theoret-
ical, it may well be that for stochastics learning research this requirement is too 
strong at this stage. That Darwin’s theory of evolution—Eve’s Task—was 
developed about a hundred years after Linnaeus proposed his system of classific-
ation of living things—Adam’s Task—should not be surprising.  

Alarcon—An Illustration of Linguistic Fences  

Jesús Alarcon was a Mexican whose doctoral dissertation was done in French at 
Strasbourg.139 A small amount of his work was described to an English speaking 
audience by Glaeser140 from the same university. Alarcon had some interesting 
experiments, some of which were based on asking children which urn was more 
likely to have produced a given sequence of outcomes.141 He also showed that 
when probabilistic concepts are examined in discussions and then in a written 
questionnaire a significant fraction of students change their response.142 

Alarcon’s work certainly deserves more attention than it has received, but this is 
not the reason for including it here. He seems to have been very popular at 
Strasbourg,* and to have made a significant impact on some francophone 
thinking about probability. To my knowledge he published no other work in any 
language, although his thesis is readily available in microfilm from Strasbourg. So 
I was somewhat surprised to have an anglophone paper rejected by a learned 
journal partly on the grounds that I had not cited his work. Further inquiries 
produced a comment from one researcher (who for obvious reasons must remain 
anonymous) that “the French always insist that you quote Alarcon”! 

This claim is unverifiable, but it does point to the difficulties of building up a 
cross-language research corpus. I suspect that almost none of my anglophone col-
leagues in probability research have heard of Alarcon. It was included in Sharma 
& Begg’s substantial Bibliography,143 but only because it formed part of my 
Master’s bibliography. No one has ever sought a copy from me. The significance 

                                                 
139 Alarcon (1982) 
140 Glaeser (1983) 
141 Glaeser (1983, pp. 316–317) 
142 J. Truran (1992, p. 144) 
*  Glaeser (1983, p. 313); also private comments no longer extant in a letter to me from Dr 

Claire Dupuis, University of Strasbourg, soon after his premature death in c. 1997. 
143 Sharma & Begg (1995) 
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of language barriers for the progress of educational research will be discussed 
further below in the section which looks at the purpose of a Literature Review. 

Falk—The Psychology of Chance  

Falk is a psychologist whose doctoral dissertation on randomness has been 
followed by a more general interest in people’s understanding of chance.144 She 
has investigated coincidences, and found that individuals see coincidences which 
happen to them as being more surprising than those which happen to others.145 
She has also investigated people’s understanding of the nature of randomness by 
replicating some of the work of Green and Piaget & Inhelder, has found that there 
is a high correlation between subjective randomness and subjective complexity,† 
and has drawn some pedagogical implications from these findings.146 In her 
work with young children, using a number of interesting, different, and carefully 
controlled experimental situations she has confirmed Fischbein’s claim that 
young children can demonstrate an appreciation of probability well before they 
can articulate their understanding.147 She has also been concerned with counter-
intuitive conditional probabilities particularly those arising  from urns,148 and has 
found that some of these grow stronger with age—a phenomenon now known as 
the “Falk phenomenon”.149  

G. Jones—A New Framework  

Graham Jones did his doctoral studies in the learning of probability among junior 
primary children many years ago.150  He has returned to this field in later life, 
and with his colleagues is currently developing a framework for children aged 
about 8 years which is based on experimental data and which can be used as a 
basis for teaching.151 The framework is two-dimensional and sets four con-
structs—Sample Space, Probability of an Event, Probability Comparisons, and 
Conditional Probability—against four Levels—Subjective, Transitional, Informal 

                                                 
144 Falk & Konold (1992) 
145 Falk (1989) 
†  “Complexity” is used here in the formal mathematical sense. 
146 Falk & Konold (1994) 
147 Falk et al. (1980); Falk (1982) 
148 Bar-Hillel & Falk (1982); Falk (1979, 1983) 
149 Lecoutre & Fischbein (1998) 
150 G. Jones (1974; 1977) 
151 G. Jones et al. (1997) 
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Quantitative and Numerical. The research team has prepared various questions 
which are relevant to each of the sixteen cells in the framework. These have been 
used to report changes in Levels on each of the four constructs for eight children 
tested three times over six months—before, during and after a probability 
instruction programme. 

The initial claims made for this framework were rather strong, given that they 
were based on observations from only eight children. In particular, it was claimed 
that  the framework “enables children’s thinking to be described and predicted in a 
coherent and systematic manner”152 (italics added). One of the clearest messages 
from the research summarised in this chapter is that probabilistic thinking is part-
icularly difficult to predict. Indeed, Jones’ team have reported many examples of 
reversions of Levels of thinking. Later work153 is based on results from 37 stud-
ents aged about 9, who were in two groups subject to different instructional 
approaches, so the these results have much greater authority. Instruction was 
partly whole group, and partly in groups of two led by a pre-service student 
teacher who acted both as a mentor and as an assessor. Jones found that most 
students attained higher levels on his scale as a result of instruction, but 14% 
made no improvement at all, and he went on to  describe the development of four 
students who exhibited the most common forms of progression or non-
progression, using the SOLO taxaonomy to interpret some of his findings. 

Their work contains some interesting and useful questions, and some helpful 
reports of commonly encountered responses, and some evidence that a frame-
work is a helpful tool for assisting novice teachers. However, the status of the 
framework remains unproven, especiallly as an interpreter of development. 
There is no doubt that the constructs in the framework are important and basic 
ones, though other workers might add more. The language, especially the use of 
“chance” is a little imprecise, and the levels are more so, particularly the two mid-
dle ones, because we know that there is a wide variety of unusual responses, but 
are not really sure how they fit together. Lumping them together into very broad 
categories is probably going to disguise the subtleties of many children’s 
responses. Furthermore, as mentioned below in the work of both Ritson and K. 
Truran, children respond to similar but different RGs in quite different ways, and 
such variations do not seem to have a place in Jones’ framework.  

                                                 
152 G. Jones et al. (1997, p. 122) 
153 G. Jones et al. (1999) 
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Language  

The Tasmanian SOLO investigations have yielded useful findings about child-
ren’s understanding of probabilistic terms. After presenting a newspaper heading 
containing a statement about betting odds for a football match, they found that 
children produced three distinct types of interpretations: the traditional view, a 
frequency view and a social view involving monetary payouts.154 They also 
examined children’s use of the term “fair” in detail, and described ways which 
children intuitively use to test for fairness.155 In this context, the researchers were 
using “fair” to mean “equiprobable” or “random”; they did not discuss the “zero-
sum” meaning described by Peard,156 and mentioned in Chapter 4. 

Peard—Social Influences  

Robert Peard’s special interest has been the social context in which probability is 
experienced. In his PhD thesis he compared a group of 20 Year 11 students from 
families where track gambling formed an important part of their culture with a 
group from families where gambling in any form was absent.§ When relating 
mathematics to a variety of gambling and non-gambling situations he found 
differences in the consistency and type of language used by the two groups and 
in the ways in which they processed probabilistic ideas. Gamblers obtained more 
correct solutions than non-gamblers, although the two groups were comparable 
in terms of school achievement and gender.157 

Pratt—Computer Environments  

In a particularly original study, Dave Pratt has designed a computer-based tool 
which acts as a flexible form of RG, and allows him to investigate children’s 
evolving meanings of randomness and also the ways in which the structures of 
the computer-based microworld support this developing meaning of random-
ness.158 The micro-world has been built up because of an objection to the miscon-
ceptions approach which is seen as failing to explain how “expert-like mastery of 

                                                 
154 Moritz et al. (1996) 
155 Moritz et al. (1996) 
156 Peard (1992) 
§  Finding the latter group was not easy, and involved using a fundamentalist school outside 

the main-streams of educational provision. 
157 Peard (1994; 1995) 
158 Pratt (1998) 
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mathematical principles can evolve”.159 The microworld also has the advantage 
of being far more flexible than traditional stochastic research instruments and 
also far more capable of testing hypotheses a large number of times extremely 
quickly. It is possible that it may be a particularly valuable part-answer to the 
problem of not being able to establish contradictions in stochastic hypothesising. 
The process by which “the internal and external resources support the learner in 
forging new connections, new meanings during activity” is called webbing160 and 
is clearly a Constructivist concept. So Pratt not only describes a number of 
different loci of “control” which children identify within his micro-world, but he 
shows that these meanings are able to be used to make sense of new 
environments encountered at a later stage.161 

Because the study relies on detailed work with only a small number of pairs of 
children, it does not have immediate application to classroom situations, but the 
questions it asks are deep pedagogical ones, such as looking for environments 
which will optimise the construction of new meanings.  Both the approach and 
the computer microworld are worthy of further work with a stronger classroom 
focus. Pratt also utilises modern technology to make easily available a vast store 
of transcripts which will be of great value to other workers. 

Proportional Reasoning and Probability  

This is one field which is particularly suited to experimental use and which has 
attracted the attention of a number of workers who have designed experiments 
where children are asked to choose which of two RGs with various proportions of 
favourable and unfavourable outcomes is more likely to give a desired result. 
Researchers typically attempt to categorise the types of responses received. 

Some workers162 have argued that this approach is examining children’s 
understanding of proportion rather than their understanding of probability. I 
have cited evidence that in at least some cases it is clear that children are paying 
attention to both probability and proportion.163 Furthermore, it has been ob-
served that some heuristics have been reported in the stochastics literature but 
not in the proportion literature,164 in particular, Konold’s Outcome Approach 
                                                 
159 Pratt & Noss (1998ico, p. 1041) 
160 Pratt & Noss (1998pme, p. 17) 
161 Pratt & Noss (1998 ico) 
162 Summarised in Fischbein (1975, pp. 82–89); also Kapadia (1984) 
163 J. Truran (1992, pp. 200–206; 1994pme) 
164 Cañizares et al. (1997, p. 50) 
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discussed above, and Lecoutre’s Equiprobability Bias, where two outcomes are 
seen as equiprobable regardless of the structure of the RG.165 

There has been a large number of experiments of this type. Many have used quite 
a small number of cases for comparison, usually less than ten, and rarely more 
than twenty.  A typical example using five cases is discussed in Chapter 19 under 
Green 6; other examples are the work of Piaget & Inhelder and Watson 3, both 
discussed above. Green has also done more extensive work in this area which is 
not widely known.166 However, although he has published detailed statistical 
results, he has not published any systematic interpretation of his findings. The 
most systematic and convincing research within proportion research has 
described 25 different situations,167 so it seems likely that many of the smaller 
studies have been too cursory for their findings to have wide generality. A 
further difficulty has been pointed out by Way, who compared findings from six 
sets of results of such experiments,168 but surprisingly did not include the results 
of Piaget & Inhelder (1951/1975), Falk (1982), or Noelting (1980a), although at 
least two of these were certainly known to her. Even though she had six findings 
to draw on and a pragmatic classroom-centred purpose, Way still believed that 
more results were needed before a stable useful set of categories could emerge, 
and I agree with her.† All of the published research reports sets of responses 
which might possibly be capable of being ranked in some sensible way, but which 
seem to be used so idiosyncratically that any prediction about when one might be 
used in preference to another is rarely possible, at least at our present stage of 
knowledge. The situation is complicated further by K. Truran’s findings, 
discussed below, that children do not see mathematically identical but physically 
different RGs as being mathematically identical. 

To my knowledge, only one piece of research has tried to find an holistic way of 
overcoming this inconsistency. When children are asked to place a mark on a 
probability number line to indicate the probability of success in a stochastic 
situation, they concentrate more on the relative values of both elements, and 
probably also on their totals as well, and perform much better than has been 

                                                 
165 Lecoutre (1992); Cañizares & Batanero (1998) 
166 Green (1991a; 1991b) 
167 Noelting (1980a) 
168 Way (1997), comparing Chapman (1975), Green (1983a), Siegler (1976), J. Truran (1992), 

Lamon (1993), Way (1997) 
†  Even though she described (p. 574) my own classification (J. Truran, 1992, pp. 211–216) as 

“being too finely divided to be of great practical use”  
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reported in research involving standard comparison of proportions.169 Once the 
marks have been made, of course, comparison of probabilities is trivial. This 
important finding, which is all too rarely commented on, seems reasonable on 
theoretical grounds: the approach is non-verbal, does not emphasise specific 
component numbers, deals with only one proportion at a time, and encourages 
closure at a point on the number line. But even so, the fact that children can 
perform well when asked to do so in this way does not guarantee that they will 
still use this approach when no specific methodology is suggested to them. 

One other piece of research is worth a special mention.170 In a very early piece of 
work, Leffin administered a detailed probabilistic test to more than 2000 Americ-
an children from Years 4–7. One section of the test involved comparing 10 pairs of 
RGs, either urns or spinners, and choosing which one was more likely to yield the 
desired outcome. His questions were well presented and constructed, and made 
allowance for both RGs being equally good in all the questions. The results were 
subjected to detailed statistical analysis. Unfortunately, children were not asked 
to provide the reasons for their choices, and the situations tended not to be 
closely related to each other, so all of Leffin’s conclusions about their reasons are 
based mainly on his own surmising. However, his results do provide some indic-
ation of situations which show an improvement with Year Level, and also some 
indication of which results were surprising to an early researcher in the field. 
Leffin’s preconceptions may well turn out to be the most valuable aspect of his 
study in the long term.  

Toohey—Randomness  

Philip Toohey is a practising classroom teacher in Melbourne whose work has 
been outside the mainstream of international research. He has examined the 
meaning of ‘randomness’ and designed a test to assess adolescents’ under-
standing of the term.171 Their understanding involved the co-ordination of a 
number of different related aspects, such as absence of pattern, unpredictabilty 
and generating process used. He found that young adolescents appear to be 
better at detecting randomness than their older counterparts and offered possible 
explanations for this. He defined eight ways in which understanding of random-
ness in adolescents might be developed within the classroom. He further argued 
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that many earlier investigations172 had failed to consider all of these aspects, and 
so their results should be called into question. Unfortunately, Toohey’s thesis was 
imprecisely prepared and this makes his arguments difficult to interpret. It is a 
creative attempt to come to terms with a difficult topic, and has not received 
either the attention or the critical analysis which it deserves. 

This work has been taken further by Batanero, Green and Serrano who have 
enumerated a number of criteria which might be helpful for establishing the 
meaning of randomness and have suggested some appropriate teaching activit-
ies.173 This work is essentially preliminary work. It seeks to summarise the lim-
ited findings and make some suggestions, but none of the suggestions is as yet 
supported by adequate research evidence. And it illustrates a frequent tendency 
in research in this field, viz., the lack of careful analysis of criticism. Thus, al-
though Toohey has strongly condemned Green’s work, Green makes no attempt 
in this article to reply to any of the criticisms. 

K. Truran—Concept of a Random Generator  

Kath Truran’s major field of study has examined how some 300 primary school 
children view the behaviour of various RGs. This forms part of a thesis which is 
still in preparation174 but some of her findings have been published. The children 
did not always recognise that mathematically identical generators were identical, 
nor did they respond to similar generators like 6- and 12-sided dice in similar 
ways. Some attributed animistic properties to generators, some believed that they 
could control the generators’ outcomes.175 These are valuable findings, because 
they show that the concept of an RG cannot be soundly developed from the 
limited number of examples usually presented in schools. 

This emphasis on RGs as a critical part of stochastics understanding has often 
been overlooked. There has been some work on the nature of what meaning 
children attach to words like “possible”, “might”, “chance events”,176 which has 
certainly revealed something about children’s understanding of language. A 
similar approach has been adopted in the construction of the Profiles documents 
of the 1990s.177 However, the language is applicable to a very wide variety of situ-
                                                 
172 E.g., Green (1989) 
173 Batanero et al. (1998) 
174 K. Truran (in preparation) 
175  K. Truran (1994; 1995; in press) 
176 E.g., Fischbein & Gazit (1984); Watson, Collis & Moritz (1993, pp. 7–9) 
177 Vide ch. 16. 
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ations, many of which are not concerned with randomness in any serious way, so 
K. Truran’s emphasis on establishing children’s understanding of  RGs may turn 
out to be a very constructive counter-balance to this rather imprecise approach.  

Variation  

Although variation is a fundamental statistical idea it has received remarkably 
little attention from researchers.178  Kempster179 provided a small set of results 
which confirm in a slightly different way Green’s findings that children appreci-
ate that in practice there will always be some variation from theoretical rectang-
ular distributions.180 Varga described children’s responses to successive tosses of 
a slightly biased coin.181 My own work suggests that children do have an 
intuitive understanding that variability is to be expected, but that their 
understanding has a number of inconsistencies which are likely to be greater 
when the outcomes are more asymmetrical.182 Recently, Watson and 
Shaughnessy and some others183 have started to give the topic the attention it 
deserves, but at this stage, there are not sufficient results available from their 
work to make generalisations about the findings. 

Way—Primary School Children  

Way’s principal research has been concerned with probabilistic understanding of 
primary school children, especially the younger ones, and with a detailed exam-
ination of transcripts of children’s experiences with very carefully developed 
stochastic situations. As the writing up of her dissertation has drawn closer, she 
has tried to provide some generalisations of the results which she has obtained. 
She has found and described differences in the Levels of stochastic thinking 
found at different ages, and observed that these might be explained within 
Piagetian developmental theory or within a complexity theory like the SOLO 
taxonomy.184 Although she has defined three groups of situations and ap-
proaches which constitute a cognitive hierarchy—”non-Probabilistic, Estimation 
and Quantification”—she acknowledges that these do not adequately describe the 

                                                 
178 Batanero et al. (1994); Shaughnessy (1997, pp. 10–14) 
179 Kempster (1982, pp. 61–63) 
180 Green (1983six) 
181 Varga (1982, pp. 75–76) 
182 J. Truran (1994icovar) 
183 E.g., Reading & Shaughnessy (2000); Torok & Watson (2000) 
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full range of strategies used by primary school children.185 What she has done is 
to make more explicit the diversity of responses which children give to similar 
but different probabilistic situations, and has managed to order some situations 
in terms of difficulty,186 but, as with many other researchers, she has not pro-
vided any special insight as to when or where they produce specific responses. 

Way’s research has one special value. Probability is still not taught in NSW 
primary schools, so her results provide an increasingly valuable source of 
information about children without formal instruction in probability. 

Wollring—Animism  

Wollring’s principal published work* in this field has been concerned to elucidate 
children’s animistic conceptions of RGs.187   He sees these as intuitive, part of 
intelligent behaviour embedded in the subjective domains of experience. Follow-
ing from Wollring’s work, K. Truran has argued that animism may be one 
manifestation of a more general understanding of something children call “luck”, 
and which can take a number of forms, such as being a force or a commodity.188 

Some Unexamined Areas  

There has certainly been enough work done for probabilistic research to be taken 
seriously. But it is tending to be overshadowed by statistics research. For 
example, two recently published “state of the art” books might have been ex-
pected to address issues of probabilistic understanding in some detail.189 But the 
topic received what I would see as rather limited cover. This limited attention has 
important practical consequences. In 1988 it was argued that there was a need for 
“[research] that explores how useful ideas of statistical inference can be taught 
independently of technically correct probability”.190 The links between probab-
                                                 
185 Way (1998ico, p. 769) 
186 Way (1996) 
*  Wollring’s work is hard to find. In particular, his brilliant recent Habilitation Thesis whose 

raw data I have been shown and which is very relevant to this study, was not able to be 
consulted before writing this chapter (although there was one privately owned copy in 
Australia) and its findings do not seem to have been published in learned journals. Just 
before going to press I received a copy of this thesis (Wollring (1994th) from Dr Andrea 
Peter-Koop, Uhiversity of Münster, but my German is not good enough to read it quickly 
before completing this thesis. 

187 Wollring (1994) 
188 K. Truran (1998) 
189 Gal & Garfield (1997);  Lajoie (1998) 
190 Garfield & Ahlgren (1988, p. 57) 
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ility and statistics have still not been adequately examined, particularly, as ment-
ioned above, children’s understanding of the fundamental link between the 
two—variation. These key linkages are only just beginning to receive the attent-
ion they deserve in the thinking of statisticians.191 

Another little researched area is conditional probability. Falk’s work has been 
discussed above, as has G. Jones’ Framework where he has shown that condition-
al probability need not be seen as an advanced topic. Some work has been done 
by Ana María Ojeda in Mexico,192 but as yet her findings have not been 
integrated into a general structure. Substantial work has also been published in 
French by Gras & Totohasina193 describing a number of misconceptions and 
placing them in a hierarchical structure by means of a statistical analysis 
measuring the correlation between responses. Although some of this work has 
also been published in Educational Studies in Mathematics whose articles are 
predominantly in English,194 it has made little impact outside of France. This 
must be partly because of its very detailed technical nature and because it has not 
been translated into English. But, in my view, it is also because it is extremely 
difficult to follow, even for someone moderately fluent in French. I made one 
attempt to translate the work, but found it too hard to follow.* 

Conditional probabilities may be conveniently represented with trees, which 
provide a useful model for probability teaching. Research into trees has also 
received little attention.195 The most creative work I have seen as looked at 
several graphic models for conditional probabilities, including trees, inverted 
trees, and “unit square” diagrams (a form of Karnaugh diagram).196 A small 
experiment found that unit squares were the most effective aid for assisting learn-
ing. This creative work work does not seem to have attracted further attention. 

                                                 
191 Pfannkuch & Wild (1998); Wild & Pfannkuch (1998). This pair of papers covers largely the 

same ground. Collaborative researchers are under increasing pressure to ring the changes 
on both their work and their places in the list of authors to maximise travel funding.   

192 Ojeda Salazar (1994) 
193 E.g., Gras & Totohasina (1995). I am grateful to Dr Marie-Paule Lecoutre, University of 

Rouen, France, for providing me with a copy of this work. 
194 Gras & Totohasina (1995esm) 
*  At PME in Stellenbosch in 1998 Régis Gras spoke beautifully clear French to our Working 

Group in a way which was well understood by a number of anglophones with only school 
French, and that many years before. One can only conclude that the ideas really are very 
difficult. 

195 Dr Ruhama Even, Weizmann Institute of Science, Israel, pers. comm., April 1998. 
196 Bea & Scholz (1994) 
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While both independence and randomness have received some attention, the 
place of these advanced concepts in the elemtary curriculum has not as yet been 
adequately addressed. In other words, the research field of probability learning is 
far from being worked out.  

We may also note the paucity of cross-cultural studies. Izard’s replication of 
Green’s test has been reported above. Sashi Sharma investigated the responses of 
29 Fijian children (mainly Indian, but of different religious backgrounds) to a 
number of statistical situations, many of which were replications of earlier work, 
after having trialed her test in NZ.197 She has provided a useful set of results for 
making comparisons, ranging over probability, statistics and graphs. Most of her 
questions addressed issues beyond the scope of this thesis, but several of the 
responses quoted attributed results about the gender of neonates to factors which 
would be much less common in western society such as witch doctors or the 
influence of season. Sharma covered such a large range of situations that her 
conclusions are necessarily limited, but some of the responses which she found 
provide a clear indication of the importance of undertaking more studies of this 
kind. 

Finally, one methodological approach which has been too little used is that of 
.udinal studies, which we shall now discuss. 

LONGITUDINAL STUDIES  
 

Then, at the last and only couplet fraught 
With some unmeaning thing they call a thought, 
A needless Alexandrine ends the song, 
That, like a wounded snake, drags its slow length along.198 

Longitudinal studies may drag on, but they are neither needless nor thoughtless. 
However, there has been very little work done in probability learning of this sort. 
Such an approach is usually too hard for an isolated researcher looking for a 
specific qualification to undertake. Two studies are discussed here; a small  

                                                 
197 Sharma (1997) 
198 An Essay in Criticism Pope (1711, ll. 353–354), cited in Partington (1996) 
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amount of work has also been done by Green,199 but it follows the same 
methodology as the SOLO work and so does not need to be discussed further. 

Ritson  

Irene Ritson’s recent unpublished thesis reports interviews with 46 children on 
their understanding of probability concepts on twelve occasions over almost 
three years.200 Three different age groups were used, initially with average ages 
of about 6, 8 and 10 years. Concepts of special interest were sampling with 
replacement, spinners and dice, and Ritson used a variety of forms for each of 
these. Because she used transitional conceptions to describe understandings which 
were less than what would be regarded as the standard understanding, and does 
not believe in the idea of a misconception, but does believe that children’s 
learning had to develop within themselves, she might be seen as a Constructivist. 
But she also believes in the existence of a body of knowledge whose acquisition is 
an important focus of mathematics classrooms. So her perspective is very rich. 

Ritson’s transitional conceptions (e.g., “favourites”, animism, egocentrism, avail-
ability heuristic, guessing) have all been described by previous researchers, and 
her aim was to examine the process of changing conceptions and to see whether 
the conceptions could be placed into any developmental order. The study showed 
clearly that children’s development of understanding differs for different RGs 
and is in all cases a relatively slow process, taking what Ritson estimated to be a 
minimum of four years in most cases. The study also showed that children’s 
responses to symmetrical and asymmetrical RGs were markedly different, and 
she made some suggestions about relative difficulties. 

An important finding arose because the older children received some classroom 
instruction in probability during the course of the study, and were taught that the 
faces of a standard die were equally likely. Ritson showed that while the children 
were happy to give this answer, they often did not appreciate that it arose from 
the symmetries of a die, and could not transfer the idea to other regular dice. 
Furthermore, some of them regressed to their earlier transitional conceptions 
after the instruction and its associated assessment had been completed. This is an 
important finding about the influence of instruction on probability learning. 
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Ritson’s study described of ways of thinking among children from about Age 6 to 
Age 13. Although no child was followed along the whole of this age range, all 
children were followed for three years, so far more may be said about individual 
development than has been possible in any other study. However, Ritson 
conclusions about development come from group results rather from changes 
within individual thought. Given also the relatively small numbers at each age, 
her ordering of transitional conceptions must be regarded at this stage as merely 
tentative. There is probably much more information still resting in her data. 

The Tasmanian SOLO Project  

Some aspects of the Tasmanian SOLO Project have been discussed above. One of 
the Project’s great values is that it has been able to follow a large cohort of 
children through schools over many years. Results are now starting to be 
published.201 Unfortunately, although most cohorts started with more than three 
hundred students and were retested two and four years after the initial testing, 
many students were not able to be retested.202 The authors attempted to 
overcome some of resultant problems by careful re-sampling, but this, of course, 
was only of use for the cross-cohort studies and not for the longitudinal studies. 

I have already expressed some concerns about the validity of the categorisation 
system used in this survey, but believe that its reliability is reasonably high. This 
means that it is likely to provide a useful way for assessing change. Only one 
question will be considered here—Watson 3—for which results are available both 
for individual students and cohorts.   

The authors provide several examples which show that children do move from 
one Level of understanding to higher Levels, and they state that 63% of the 
students whose answers were interpretable gave responses which were no lower 
than their previous response. We are not told how many of these recorded no 
change in Level, and the number of different developmental paths chosen was 
very large, which means that it is difficult to draw any firm conclusions. Indeed 
Watson & Moritz summarise their findings by saying 

For [Watson 3], the finding that students generally improved more from 
Grades 5 to 7 than from Grades 3 to 5 may reflect the years where 
students develop proportional reasoning. In general, it is up to systems, 
teachers and parents to decide what are acceptable Levels of change for 
students over time. This study, however, provides some baseline data 
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which may be useful to others, both in terms of realistic expectations 
and of setting goals for increased rates of change.203 

For a Project which sought students’ reasons for their answers quite effectively, 
given the time and cost constraints, these conclusions are very general. The 
survey does not provide good evidence for why children change their views; the 
authors merely comment that “[t]he observed changes … indicate development 
which is likely to be the result of a combination of maturation and instruction. 

Others might see things differently, but I wonder whether the results obtained 
have justified the amount of money which has been spent on obtaining them. We 
need harder evidence about both teaching and learning than the Tasmanian 
research has been able to produce. Alternative, and much cheaper, approaches 
will be used in Parts D and E of this thesis, and it will be left to the reader to 
decide whether these are at least as informative. If they are seen as being so, then 
I would argue that part of the reason for this is that they make more careful use of 
the data which is already available. The last part of this chapter will provide one 
simple example of how many researchers tend to overlook extant findings. 

WHAT DOES A LITERATURE REVIEW TELL  US?  
 

How quaint the ways of paradox! 
At common sense she daily mocks!204 

It is traditional to incorporate a literature review in any learned work, and to 
provide an extensive one for a dissertation. One purpose of this tradition is to 
provide a way for an author to establish some of his or her credentials for 
contributing to the development of the subject under discussion. So far so good, 
as long as it is remembered that, just as “a historical work and its notes can never, 
in the nature of things, reproduce the full range of evidence they rest on”,205 nor 
can a literature review even summarise the full extent of earlier contributions to 
the subject. But there also seems to be an unspoken assumption that a literature 
review will provide a useful starting point for an author’s own work. The  

                                                 
203 Watson & Moritz (1998, p. 124) 
204 Pirates of Penzance Gilbert (1879, p. 106) 
205 Grafton (1997, p. 18) 
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assumption suggests that the development of knowledge is sequential, and 
perhaps also that such development is paradigm-free. Neither position is tenable. 

Furthermore, as we have seen above, the development of this research field has 
been heavily disjointed. The traditional academic process has not been partic-
ularly successful in ensuring that discoveries are rapidly and efficiently blended 
into any form of developing understanding. But although all researchers under-
take extensive literature reviews and many of us know each other quite well, the 
paradox is that we do not seem to hear what has been said. The “focus” ment-
ioned at the head of this chapter is lacking. Furthermore, although these results 
have something to offer the practising teacher, they have not been well received 
in the classroom either. The reasons for this will be discussed in Part E; here I 
conclude by presenting a detailed survey of research into one very small aspect of 
probability—children’s understanding of simple RGs like dice and urns.* Such a 
simple situation is more than sufficient to illustrate that the unity of purpose 
which is implied by the need for literature reviews is easily overlooked. 

Let us consider children’s understanding of RGs with a small number of equi-
probable, distinct outcomes, which may be embodied in a number of forms, 
usually dice, spinners, and urns. Because there is evidence that they constitute a 
special case, I specifically do not consider here RGs with only two possible 
outcomes.206 Nor do I consider urn models containing coloured balls, where the 
elementary outcomes are not easily distinguishable, or experimental situations 
where embodiments of different RGs are compared with each other. 

For these RGs, the most common is a six-sided die, and the received wisdom is 
that many children believe that dice are asymmetrical, and that they are biased 
against “6”. The reason commonly given is that they have vivid memories of long 
waits to start board games where the rules require that a six must be thrown 
before starting to move. This received wisdom assumes that the children are 
using an availability heuristic which reflects a specific, not uncommon, 
experience. However, the following summary of relevant research (some of which 
has not been mentioned above) will describe a set of results which challenge the 
received wisdom, but which have not yet been clearly heard by either the 
research or teaching communities. 

                                                 
*  This section is based on J. Truran (1998pmehab) 
206 Lecoutre (1992) 
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KERSLAKE’S FINDINGS  

Kerslake (Chapter 19, Kerslake 1) asked about 700 English children from Years 3 
to 6: “When throwing a dice (die), do you think that some numbers are easier to 
get than others?”207 Between 59% and 68% of each Year group answered “yes”. 
She claimed that the percentage answering “yes” in Year 6 was less than in the 
earlier years. Her wording has a distinct “expecting answer yes” ring to it, so the 
results may be biased towards “yes”. But, assuming the question to be reason-

able, and estimating the proportion of the children in each Year group, a χ2 test 
suggests that the reported “improvement” may merely reflect chance variation. 
Kerslake also asked the children who believed that dice were biased to say which 
number they thought was the most difficult to get. She found strong evidence for 
antipathy to “6”, but none that children were using an availability heuristic. 

KEMPSTER’S FINDINGS  

Kempster (Chapter 19, Kempster 12) replicated this question as part of a teaching 
experiment, and found that the percentage of 24 Year 6 children in NSW who 
considered some numbers to be harder increased from 29% to 67% for reasons 
which he suspected were due to some aspect of the teaching.208 

GREEN’S FINDINGS  

About 10 years after Kerslake’s pioneering, but limited work, Green asked a 
similar question (Chapter 19, Green 4), using a much more precise wording: 
“When an ordinary 6 sided dice is thrown which number or numbers is it hardest 
to throw, or are they all the same?” The percentage who considered all numbers 
to be equally likely increased significantly from 67% in Year 7 to 86% in Year 11. 
At all ages almost all of those who believed that there was a hardest number 
stated that it was “6”, and “1” was the only other number nominated.209 

These results are strikingly different from Kerslake’s and the differences between 
Green’s Year 7 results and Kerslake’s Year 6 results are far too great to be 
attributable to development alone. We cannot be sure why. However, Green’s 
form of questioning and administration is more thorough and mathematically 
sound than Kerslake’s, so his results probably have more general validity. 

                                                 
207 Kerslake (1974) 
208 Kempster (1982) 
209 Green (1982a) 
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Both authors agree that if children consider a die to be biased then it is most 
likely to be biased against “6” and Green provides statistically significant evid-
ence to suggest that older children are more likely to believe that dice are sym-
metrical, but for unknown causes which might be “logical maturation, practical 
experience, education, indoctrination … ?”210 

This result is the one most widely quoted211 but Green reports much more. His 
preliminary investigation with 139 secondary school children used clinical inter-
views as well as pencil and paper tests. Of the sample 33% had no favourite 
number between 1 and 6, and for those who had one, “6” was moderately pop-
ular, “1” was markedly less preferred and “3” was decidedly most preferred.  
Green also found that some of the children chose “6” more because they thought 
it was the “right” number to choose than because of any strong belief.212 

Furthermore, when the children had to choose a number to give them the best 
chance of winning a prize in a simple competition dependent on the throw of a 
die, 23% chose “3” and 21% chose “4”. There were 26% who regarded “any 
number” as appropriate, but only 5% who chose “1” and 9% who chose “6” in 
spite of their earlier statements of preference for these numbers. Green then 
tested the constancy of these views with other questions which asked about both 
“best number on a die” and “worst number on a die”, and found a consistent 
trend to prefer the more central numbers. So, when pushed to make a choice, 
even those children who believed a die to be symmetrical tended to choose 
central numbers. The more mature responses tended to be from children whose 
measures of reasoning ability were relatively high. 

TEIGEN’S FINDINGS  

These less well-known results of Green match those of Teigen, which were done 
at about the same time (Chapter 19, Teigen 1). He presented 73 Norwegian tert-
iary students with “a box containing 12 tickets, numbered from 1 to 12.213 The 
numbers were written on the blackboard, and the students were told that as there 
was only one ticket of each kind, all numbers had an equal chance to be drawn. 
Still, they had to make a guess, and write down which number they thought 
would turn up”.214 The four central values (“5”, “6”, “7”, “8”) were chosen by 
                                                 
210 Green (1983six, p. 31) 
211 E.g., Watson et al. (1994) 
212 Green (1983six) 
213 Teigen (1983) 
214 Teigen (1983, p. 14) 
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59% of students. When a different 42 students were promised a small financial 
reward for correct predictions, 76% opted for the four central values and the 
percentage opting for the outer values (“1”, “2”, “11”, “12”) decreased. That the 
prospect of reward may influence such choices has been known for many 
years.215 

Teigen then replicated his first question with a new group of 201 students, of 
whom 56% chose central values. But when he presented the same group with a 
new set of 12 raffle tickets, with six blue tickets numbered from “1” to “6” and six 
red ones numbered from “7” to “12” he found that the most popular numbers 
were “3”, “5” and “9”. He argued, partly on the basis of other experiments not 
reported here, that the students were using the representativeness heuristic, not 
the availability heuristic, and that their decisions were not influenced by 
“favourite” or “unpopular” numbers. 

Teigen’s questions are clearly closely related to Konold’s “Outcome Approach”. 
When taken with Green’s findings they provide strong evidence for believing that 
the students were actually using a representativeness heuristic. 

COMMENT  

So a survey of what seems to be most of the relevant literature makes is clear that 
there is evidence that different types of questions are likely to elicit different sorts 
of responses, and that these responses need not necessarily be consistent, even 
among the same group of children. Some of this evidence (Kempster’s) has not 
been made widely available, some (Kerslake’s and Green’s) has been widely 
disseminated in journals regularly consulted by English-speaking researchers and 
teachers, and some (Teigen’s) has not been picked up by researchers, even though 
it has been published in English in a standard journal. Admittedly this was a 
journal of psychology, but this should not have been a deterrent to serious 
researchers in the field. 

In recent years, both Kath Truran and I have undertaken some replications of 
these experiments.216 Some of these have confirmed the earlier findings (and the 
conflict between the two approaches to questioning), but we have also found 
some additional results which include evidence that children may use an 
availability heuristic for believing that dice are biased against numbers other than 
six. 

                                                 
215 E.g., J. Cohen (1964) 
216 Summarised in J. Truran (1998pmehab) 
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What our findings have been is not relevant at this stage. And certainly they have 
not yet been disseminated widely enough for it to be reasonable to assume that 
they should be well known. But what is relevant is that a clear conflict in results 
done by a well-respected and widely consulted researcher like Green has not 
been picked up within what is still a relatively small research community, even 
though some confirmatory evidence has been available for a long time from with-
in the psychological tradition. 

The effect of this failure to appreciate what has been already found out may be 
seen in the question design employed in the Tasmanian SOLO research.217 Here 
the question about a die (Watson 1), which has been discussed above, only al-
lowed for the possibility of choosing  a “1”, a “6” or “any number”. No opportun-
ity was given for children to express a preference for central numbers. 

This is only one example of a failure to link findings together, but it concerns one 
of the building blocks of the research tradition in probability learning. Another 
example, the independent confirmation many years later of Goodnow’s findings 
by Konold, has been mentioned above. It has been my experience as an active 
researcher on the international scene for fifteen years that such neglect of 
previous results is not uncommon. Francophone papers tend not to cite many 
anglophone results, as may be seen in the very thorough paper of Rouan and 
Pallascio which makes no mention of Green’s work, although it dealt extensively 
with sequences, as some of Green’s work had done.218  The paper by Watson & 
Collis claiming to present “Initial Considerations Concerning the Understanding 
of Probabilistic and Statistical Concepts in Australian Students”219 was prepared 
at a time when there had been at least three Australian theses and some other 
publications on probabilistic understanding,220 so could not possibly have 
covered initial considerations other than her own. But none of these had been 
located during the author’s preliminary literature review.221 Again, at the 
discussion of Spinolla’s paper presented to PME’s 1997 conference,222 Dr Carmen 
Batanero observed that the paper had disregarded several pieces of work on 
exactly the same topic, some of which had been published in PME proceedings in 
the previous three years, and that the requirements for acceptance of a paper at 

                                                 
217 Watson et al. (1997) 
218 Rouan & Pallascio (1994) 
219 Watson & Collis (1993) 
220  J. & K. Truran (1996) 
221 Watson (1992) 
222 Spinolla (1997) 
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PME required the citation of relevant recent work presented to PME conferences. 
Of course, not all omissions are either deliberate or the result of poor research 
practice, but it is difficult to avoid the view that the research community as a 
whole is not able to ensure that its conventions are being conformed with. 

Not only have researchers failed to work with each other: they have also failed to 
work with teachers. We shall see several instances of this failure and its con-
sequences in later chapters, particularly Chapter 16, where we shall find a major 
curriculum change being constructed with little regard for the research base 
which was in existence at the time. Of course, this is not easy to do, as we shall 
see in Part E, but it is an issue which must be addressed. Unless mathematics 
education research can be shown to be useful, it will never be allowed to flourish 
in an increasingly monetarist society. 

SUMMARY  

In 1993 a group of distinguished mathematics education researchers undertook a 
survey of the practice of mathematics education research, and raised many 
questions. They concluded 

We in mathematics education have not been very reflective about the 
growing body of research we have been producing. The questions 
posed above, and others like them, deserve more thorough consider-
ation than they have received to date. They appear to require extensive 
thought and discussion if the field of mathematics education is to 
become more coherent.223 

This chapter confirms for probability education these more general expert 
findings. In it I have outlined the major lines of enquiry undertaken by some of 
the researchers in the field. Some of the research has looked for major themes, 
either developmental or epistemological, some for detailed findings on small 
aspects of the topic. No major consensus has yet developed. Wolpert’s discussion, 
mentioned in Chapter 5, about the unnaturalness of science is clearly relevant to 
probability, but has received little attention.224 Researchers have not yet found 
that “single positive goal” mentioned by Lodge at the head of this chapter. Nor 
have their wits always been clear. Piaget’s work continues to be cited as seminal, 
but does not seem to be well understood. In general, the approaches have been 
fragmented, the conclusions drawn not well integrated. The greatest progress 
seems to have be made in refining the art of asking probabilistic questions, and in 

                                                 
223 Sierpinska et al. (1993, p. 278) 
224 Wolpert (1992) 
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comparing responses to these questions. This progress may be described as 
Linnaean rather than as Darwinian, as Adam’s task rather than Eve’s,* and, as 
mentioned above, is probably appropriate for the current stage in the 
development of the research field. 

Certainly the researchers have not been idle. And, as we have shown for the case 
of dice, for those who wish to hear, what has been discovered so far is deeply 
challenging of received opinions. Why more have not heard is an important 
question, and providing a framework for explaining why it is so will be the focus 
of the following chapter. 
 

Research! a mere excuse for idleness, it has never achieved, and will never 
achieve any results of the slightest value.225 
 
What I have in mind is the role of the University as court jester. The role is 
personified in other societies as trickster or fool and in some African cultures as 
spider, I seem to recall. It is important for the universities to process the difficult 
and dangerous ideas that confront society, to provoke society to confront 
others, to debunk pomposity, to play with possibilities. This is a dignified yet 
magic task and any wise society pays for it to be discharged.226 

 

                                                 
*  Vide Ch. 7. 
*  Vide Ch. 7. 
225 Attributed by Brown (1996) to Benjamin Jowett, Master of Balliol College, Oxford 
226 Brown (1996) 





 

 

 CHAPTER 9: HISTORICAL FRAMEWORK  

Great abilities are not requisite for an Historian; for in historical composition, all 
the greatest powers of the human mind are quiescent. He has the facts ready 
to hand so there is no exercise of invention. Imagination is not required in any 
high degree; only about as much as is used in the lower forms of poetry.1 

Now that the mathematical and educational background has been set, we turn to 
the historical framework to be used in this thesis.2 As mentioned in Chapter 1, 
this will be an ecological metaphor which is uncommon in historical writing, and 
requires some justification.3 It is not uncommon for specific scientific theories to 
become dominant in the way, for example, that Lavoisier’s chemical model 
rapidly ousted the phlogiston theory. But no historical framework, even one set 
within traditional science, can ever be as definitive as this.4 Writing history is a 
creative, interpretative activity in the sense described by Eisner and discussed in 
Chapter 7.  

Traditionally, historical writing is concerned either with describing a big picture 
to assist the interpretation of events within the picture, or with providing an ex-
planatory narrative related to specific events or people in the story.  It is the latter 
which is being addressed in this thesis. Such writing cannot be totally objective, 
no matter how skilled the historian. This has concerned historians for a long time 
as they have struggled with reconciling the high levels of objectivity obtained 
from detailed study of a very narrow topic with the high levels of generality 
obtained from a sweeping study of a wide canvas. 

The subject matter of this thesis is quite narrow. So my special challenge is to 
develop an analysis which can form a basis for drawing out more general princ-
iples. In particular, I try to see the relatively narrow view taken by many curricul-
um writers from a wider perspective. Most attempts to do this have been based 
on analogies with the physical world.5 However, the analogies Tosh cites come 

                                                 
1 Dr Johnson, from R.W. Chapman (1953, p. 304), cited in Tosh (1991, p. 126) 
2 The ideas in this chapter have been worked out in a number of conference presentations, 

viz., J. Truran (1994icohis; 1994merhis; 1995aare; 1997anzhes; 1997merhis). Sections of this 
chapter are identical to parts of these papers, especially the more recent ones. 

3 The discussion here on the nature of history rests substantially on Tosh (1991, esp. chs 6–8), 
and is a response to a helpful and perceptive comment from Dr Lynne Trethewey, 
University of South Australia, after listening to J. Truran (1997anzhes). 

4 G. Steiner (1989, p. 77) 
5 Tosh (1991, p. 154) 
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entirely from the social sciences—sociology, anthropology and economics.6 He 
argues that those historians who have taken such a view have not been popular, 
because their colleagues have seen them as making their discipline dependent on 
others.7 

A zoological approach to an ecological model is used because it provides good 
explanations for observed actions within my field of study. However, the 
methodology remains historical because it is concerned with co-ordinating data 
and explaining the actions of those involved. What may be different from the 
standard historical method is that it emphasises that the actions are played out 
within an environment where the players have only limited power to decide how 
they behave. Their lives develop within the flow of great movements, but rarely 
can they see these movements clearly. Since I am concerned more with the 
survival and transmission of ideas within communities than with the individuals 
involved, Darwinian zoology is likely to be of special value because of its ultimate 
concern with the survival of species, not individuals, and because of its concern 
with describing the mechanisms which influence this survival. While economic 
forces are an important part of the story, I do not adopt a Marxist position which 
limits myself to such pressures. I use a model which can also see the social and 
intellectual forces operating within society as real forces, and not merely as trends 
which are well received at a given time. It considers, not only why the trends 
exist, but how they arose and why they remain. 

HISTORICAL THEORIES WITHIN AUSTRALIAN 
MATHEMATICS EDUCATION  

 

It is highly unsatisfactory to the modern mind, of course, conditioned as it is to 
prefer positive, and preferably, material evidence to anything at all negative. 
to have to rely on the interpretation of relative degrees of silence—but that is 
the nature of much medieval history … 8 

Understanding the past, even the recent past, is difficult. Much evidence is 
inevitably inaccessible. The process requires a tentativeness which is at variance 
with the culture of modern society. At present, Australian research-based mathe-
matics educators are more interested in social, affective and philosophical issues 

                                                 
6 Tosh (1991, p. 159) 
7 Tosh (1991, pp. 158–159) 
8 Hinde & St John Parker (1997, pp. 12–13) 
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than pedagogic ones.9 So while there is interest in political aspects of education 
and the mechanisms which influence the nature of our society and the education 
it provides, there has been limited discussion of what these mechanisms are. Four 
distinct frameworks have been proposed or are being developed by three groups 
of researchers in an endeavour to understand where we are today. Much of the 
debate has rested on motives—influences which tend not to be preserved in the 
written record. So it is not surprising that the frameworks have been so divergent. 

What debate which has taken place has been mainly between the proponents of 
two of the frameworks. The first is the Colonial Echo Model (CEM), proposed at 
least as early as 1978 by Professor M.A. (Ken) Clements,10 and developed with 
others between at least 1989 and 1996.11 The second is my Muddling Through 
Model (MTM), developed as discussed below between 1991 and 1995. In this 
thesis I examine both models briefly and show how they have led to the develop-
ment of the Broad-Spectrum Ecological Model (BSEM) used in this thesis. For sim-
plicity, since Clements has been a leader of the CEM group, his name is used in 
the singular in this thesis to include his collaborators where appropriate.* This of 
course does not imply that his collaborators do not share his views or that they 
have not been fully involved in the writing of the relevant papers.  

The Colonial Echo Model (CEM)  

Clements, Ellerton & Grimison12 argued in 1989 that a “Colonial Echo” theory, 
sometimes conscious, sometimes unconscious, is sufficient to account for major 
events in mathematics education and for the overall uniformity of Australian 
schools until the mid-1970s  and that it still had some validity in the late 1980s, al-
though by then, they claimed, a more mature approach had developed. They 
attributed this “Colonial Echo” influence to the assumption that mathematics is 
culture-free, and to many structural and social links with Great Britain, and went 
on to argue that it led to Australian school mathematics becoming both sexist and 
elitist. Furthermore, they asserted that the School Mathematics Project (SMP) and 
the Nuffield Mathematics Project, both from England, were the major inspirations 
for the introduction of the New Mathematics into Australia, and that 

                                                 
9 Sullivan et al. (1996) 
10 Clements (1978). The “M” stands for “McKenzie”. 
11  Citations are given in the discussion which follows. 
*  The only generic form I could think of was “Clementines”, and this was liable to be too 

easily misconstrued! 
12 Clements et al. (1989, pp. 51–68) 



  Page 182 

Historical Framework  Chapter 9 

it was the naive willingness of Australian educators to accept untested 
English ideas in the area of school mathematics which persuaded educ-
ation authorities, in each Australian state, to commit schools to large-
scale, but ill-fated, reconstructions of their primary and secondary 
mathematics curricula, through the Cuisenaire and “new Maths” move-
ments.13 

Others have seen an “echo” model as a useful one for examining Australian relat-
ionships with Britain. Blainey considers that in the early 1900s “Australia still 
acted on most issues as if it were the Isle of Wight”.14 He does not suggest that 
geographical propinquity ensures cultural similarity—Ireland,  Scotland and 
France are much closer to London than Australia—but it would be easy to mis-
read this interpretation into some of his geographical comments. What he does in 
The Tyranny of Distance is to examine the effect on an economy of transport, one 
important factor in the development of Australia. Such an approach makes it 
clear that a shared original culture can move apart when forces act differentially 
on the component parts. Echo models need to be examined against such 
differentially operating forces. 

Rather than looking at these forces, Clements has argued that from about 1975 
influential Australian thinkers began to question what was being taught in 
schools by looking at first principles, not the practices of other parts of the world. 
He saw the 1970s and 1980s as the time when mathematics education in Australia 
came of age because of a number of distinctive factors: 

• the high level of co-operation between mathematics educators in the 
different States and territories; 

• the high quality and distinctive character of recent Australian math-
ematics education projects; 

• the improved preservice and inservice professional development of 
teachers; 

• the greater awareness of, and planning for, cultural factors (including 
language backgrounds) which influence mathematics learning; 

• the development of mathematics curriculum frameworks; 
• moves to increase the access and success in mathematics of previously 

disadvantaged groups … ; 
• the development of new assessment procedures … .15 

More recently he has argued that educators from the Asia-Pacific region  should 
be very cautious about introducing western mathematics into their countries, 

                                                 
13 Clements et al. (1989, p. 68) 
14 Blainey (1966, p. 328) 
15 Clements et al. (1989, p. 71) 
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because its values may be contrary to the needs and cultures of those countries.16 
Clements’ claims will be examined in detail in later chapters, but at this stage we 
may note that his model does not explain how the transmission occurred: he 
seems to imply that the general environment led to an uncritical copying. 

The Muddling Through Model (MTM)  

It had been Clements himself who had first aroused my interest in the history of 
mathematics education. Some time before commencing this thesis I  examined the 
situation in SA from 1870 to 1900, and decided that Clements’ claims were too 
wide, and not applicable to all Australian States.17 I showed that some significant 
changes in SA antedated similar changes in England, NSW and Victoria, and that 
others were successfully introduced there which had failed elsewhere. My 
analysis of the reasons for this was inconclusive, but did provide sufficient 
counter-examples to show that Clements’ claims were too wide and did not take 
sufficient account of variation between States. Consequently I was spurred on to 
investigate the situation further, and Part C of this thesis is the result. 

Later, I began examining the forces influencing the teaching of probability in SA. 
There were too many different overseas developments for all of them to have 
been copied; at the very least some sort of selection had to have been made and 
justified,18 although the forces for change seemed to be “idiosyncratic, poorly 
integrated, and poorly justified”.19 So I proposed the MTM as a better model. One 
person has described this as a “Clayton’s model” and certainly it was far too 
superficial to withstand close analysis. After further reflection, especially on 
Crombie’s overview of Western scientific thinking,20 I proposed a form of BSEM21 
which encompassed the CEM, allowed for more administrative purposefulness 
than the MTM, took more account of forces operating within education, and 
justified some echoing as efficient responding to specific situations. The model 
presented here is based on revisions of this proposal.22

                                                 
16 Clements & Ellerton (1996apr, pp. 177–179) 
17 J. Truran (1991) 
18 J. Truran (1994merhis) 
19 J. Truran (1994icohis) 
20 Crombie (1994) 
21 J. Truran (1995aare) 
22 J. Truran (1997merhis; 1997anzhes)  
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Curriculum as a Control Mechanism  

In recent years John Horwood, Victoria University of Technology, has been 
developing a PhD dissertation based on an alternative model which seeks to pro-
vide a conceptual framework for the consideration of curriculum change within 
the context of curriculum control.23 This dissertation was not available at the time 
of writing this thesis, so it not appropriate to submit it to detailed criticism here. 
However, in the papers which he had previously published, Horwood has 
argued that recent developments in mathematics education have represented a 
change in the locus of power—from academics to teachers and others. He sees 
this in part as due to the emerging professionalism of academic mathematics 
which led to its becoming distanced from schools and society.24 At the same time 
there was a gradual move to greater democratic participation in society. The void 
left by the professors was filled by the emergence of mathematics education as a 
discipline and a profession and by the emergence of a state more concerned to 
control its citizens. He sees this increasing control as an extension of technological 
approaches from the factory to the school and observes that the conflict between 
professionalism and bureaucracy has not yet been solved.25 For Horwood, recent 
changes have been part of the rise of transfer of control to ordinary people and an 
increased emphasis on group needs rather than individual ones. He does not 
attempt to disguise his delight that this is happening.  

Debate about the Three Models  

Debate about the three models has been somewhat limited, both formally and 
informally. Historical papers at mathematics education conferences do not attract 
large audiences, and discussion tends to be focussed more on details than on the 
broad picture. Horwood adopts a broad brush approach, and is quite perceptive 
in portraying many of the trends of the period. My own feeling, after hearing 
some of his papers, and having several discussions with him, is that he over-
emphasises the importance of bureaucratic power and also the degree of 
professionalism which mathematics education has attained. Clements no longer 
presents historical papers at conferences, but I have heard him provide general 
support for Horwood’s approach. 

                                                 
23 Horwood (c. 1993; 1994, 1997; 1998; ndp) 
24 Horwood (1997) 
25 Horwood (1998) 
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A small amount of debate has occurred in writing. Some time after I had moved 
beyond the MTM, Clements agreed that it did accurately describe some aspects of 
Australian educational practice, though he also asserted that  

… those controlling the direction of the “muddling” still look to the 
United Kingdom, the United States of America and, increasingly, to the 
discipline of economics for inspiration. In particular, policies affecting 
practices in school mathematics have been, and continue to be, based on 
decisions made by governments in the United Kingdom and the United 
States of America.26 

To some extent this put paid to his earlier thesis that the 70s and 80s ushered in a 
new era. His introduction of a new force—economics—suggested that he could 
see limitations in his original model, though he still retained it. It is true, as he 
says, that many recent changes in Australia have been similar to those elsewhere, 
and that many overseas visitors address Australians on educational matters.27 
These facts are not in dispute. What is in dispute is whether they are best ex-
plained by assuming that Australians have “consciously” or “unconsciously” 
copied what was happening overseas.28 To take another example: for Clements 
the similarities between the contents strands in nationally developed curriculum 
statements in Australia and England & Wales* are best explained by the CEM.29 
But it will be argued in Chapter 16 that the intrinsic logic of how western society 
perceives mathematics provides a more parsimonious† explanation. 

In 1994 Clements wrote to me claiming that the data in J. Truran (1993anzhes) 
supported the CEM.30 I replied, refuting some of his claims, modifying some of 
mine, and raising some other issues.31 At this point the correspondence lapsed. 
The principle of Convergence outlined below was included in my revised model 
to meet some of his objections and will form a key argument in the discussion of 
Part C.  

In my view, the debate has not led to significant development of any of the 
models. So my principle concern has been to develop a new model which goes 

                                                 
26 Clements & Ellerton (1996, p. 141), paraphrased in Clements & Thomas (1996, p. 141) 
27 Clements & Ellerton (1996, p. 140) 
28 Clements & Thomas (1996, p. 91), “consciously” is italicised in the original text. 
*  Incorrectly referred to as “UK” 
29 Clements & Ellerton (1996, p. 139) 
†  Vide infra for a discussion of the importance of parsimony. 
30 Clements to J. Truran, 20 Jan 1994 
31 J. Truran to Clements, 26 Jan 1994 
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well beyond those discussed here, and which provides a more comprehensive 
and parsimonious interpretation of the data.   

THE BROAD-SPECTRUM ECOLOGICAL MODEL (BSEM)  
 

Rules and models destroy genius and art.32 

Hazlitt’s stricture must not be taken too far, valuable though it is. Rules and mod-
els may enhance the appreciation of art—”criticism” in Eisner’s approach, or may 
themselves be a creation in their own right. One such creation (in this case a joint 
creation by many workers over a long period of time) is the modern concept of 
“ecology”. There are two key principles which underlie the culture of twentieth 
century biological investigation.†  

 
• Organisms behave in ways which optimise the balance between 

energy expended and satisfaction obtained.*  
 
• Organisms operate within a competitive environment which ensures 

that only the most efficient survive. 

These principles form the basis of the model being proposed here. Educational 

systems may be seen as very complex ecosystems containing individuals and 

groups of individuals, who often constitute smaller ecosystems. These organ-

isms and groups interact, sometimes co-operating, sometimes competing. 

Events may be interpreted in terms of the interacting forces, the mechanisms 

for minimising energy expenditure, and the decisions which individuals and 

groups make about whether to co-operate or compete. 

Certainly, such an approach is not new. Von Glaserfeld has talked about “con-
straints”, though this, of course, is not quite the same as forces which mould 
development.33  Other workers have seen “wider factors such as resources, status 
and legitimacy”34 as being just as important as skills, content and organisation. 

                                                 
32 “Outlines of Taste” Hazlitt (1839, vol. 20, p. 390), cited [imprecisely] in Partington (1996)  
†  I am grateful to Dr Chris Dawson and Dr Brian Sherman, University of Adelaide, for their 

detailed comments on this section. 
*  The term “satisfaction” is used here in a non-anthropomorphic sense to refer to basic needs 

affecting physical and reproductive well-being. Its meaning may, of course, be extended 
when discussing the application of these biological principles to humans. 

33 von Glaserfeld (1995, p. 157) 
34 Openshaw et al. (1993, p. 145)  
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Change depends on more than ability and organisation: environment and culture 
are also important. For example, Popkewitz has described an evolutionary curr-
iculum development model which looks for ways of introducing new items into 
the school practice with minimal disruption. However, he claims, it tends to over-
emphasise harmonious reconciliations, without adequately considering the tens-
ions inherent in most situations. This has led him to propose a more mature 
model which reconciles these tensions and juxtaposes stability and change.35 
Interestingly, the approach is starting to find favour within business where busi-
ness systems are now starting to be seen as ecosystems.36 

But such approaches have been taken much further, and indeed beyond tradit-
ional biology, by Crombie, an historian of science. He has proposed that historical 
investigation needs to consider concurrently several different aspects.37 

Historical Ecology at the level of nature—“the reconstruction of the 
physical and biomedical environment and of what 
people made of it”; 

Cultural Dispositions concerned with habits, motives, opportunities and 
responses; 

Scientific Thinking concerned with conceptions of the discoverable in 
nature and of scientific enquiry and explanation in 
relation to intellectual commitments, scientific 
context and experience, and available technical 
possibilities, with their historical sources. 

For Crombie, an historical narrative requires consideration of where people lived, 
how they lived and how they thought. This division seemed to be a valuable one 
and the following quotation gives an example of Crombie’s style, and the import-
ance he places on the influence of scientific thinking on cultural dispositions. 

The calculus of expectation and choice, thus developed by the end of the 
16th century within a European mentality responding in anticipation to 
the diversity of the contingent and the uncertain, transferred the whole 
experience of chance and variability from a context of irrational hazard 
or accident or personal luck into one of rational mathematical order. … 
The first calculations of present value from future expectation were 
made then as a basis for decision in the essentially practical contexts of 
gambling and commerce: analytically as a proportion of a complete 
enumeration of finite possibilities as in throwing dice, and synthetically 

                                                 
35 Popkewitz (1988, pp. 242–245) 
36 Lewin (1997) 
37 Crombie (1994, vol. I, pp. 63–66) 
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by statistical inference from observed numerical regularities of profit 
and loss in trade and insurance. The quantified concepts of future 
things, so formed in the mind from numerical data collected in rational 
anticipation of action, introduced in these contexts a style essentially 
beyond that of the traditional purely descriptive accounts of the geo-
graphy and human and natural resources of states …. It introduced into 
games and business, as it was to do in to politics and war, the style of a 
mathematical rational art.38 

In making use of Crombie’s ideas, I have preferred to use the terms: 

• Physical Ecology 
• Social Ecology 
• Intellectual Ecology 

The term “Physical” is preferred to “Historical” because it emphasises that the 
forces are natural; the term “Social” is preferred to “Cultural” because it seems to 
encompass a wider range of non-Physical forces within society. The three ap-

proaches taken together constitute my proposed BSEM, which views historical 

events from an ecological perspective, and also requires the simultaneous 

consideration of three quite different types of environments. As the evidence of 
the next three Parts is presented, it will be seen than some changes will prove 
necessary, but this form will constitute the form for the running analysis. Chapter 
24 will present a revised version, based on the weaknesses which  have been 
found in the discussions, together with a diagrammatic form, and the revised 
version will be evaluated against all the evidence in Chapter 26. 

The ecological perspective makes use of ecological principles as discussed below 
to explain observed events. Using three approaches together provides a wide-
ranging metaphor for an historical interpretation of these events. It can also 
clarify the limitations of other metaphors. Thus, the CEM and Horwood’s model 
lie mainly within Social ecology, and the MTM mainly within Physical ecology. 

So, when discussing the teaching of probability it is necessary to examine the 
physical environment within which schools are set, the culture operating within 
schools, and what was known about probability at the time under discussion. 
Issues of time allocation, class size, available equipment, etc, belong principally 
within Physical ecology. Issues about the nature and purpose of teaching and 
assessment, which will reflect the differing perceptions of politicians, teachers, 
administrators, children and parents belong within Social ecology. And the 
understanding of probability which is held within different sections of the 

                                                 
38 Crombie (1994, vol II, p. 1321) 
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academic community will be relevant for looking at Intellectual ecology. In the 
discussion in the succeeding parts I have used the upper case forms “Physical, 
Social and Intellectual” to refer to the different parts of this ecological metaphor, 
and try to make clear distinctions between the parts where appropriate. This will 
lead to a more segmented analysis and much less mellifluous prose than Crom-
bie’s, but will have advantages in clarifying the context of more recent events 
where the broad trends are less obvious. 

There will, of course, be strong links between the three approaches. Teachers can 
only teach what they know. In the case of probability most teachers initially know 
little, so links between classroom practice and the academic community are of 
critical importance. In terms of Physical ecology, large classes and limited 
resources can significantly influence achievement. 

Ecology has developed within biology, being concerned with organisms’ relations 
with each other and with their physical environment or, more deeply, with the 
structure and function of nature.39 

The concept of the ecosystem is and should be a broad one, its main 
function in ecological thought being to emphasize obligatory relation-
ships, interdependence, and causal relationships, that is, the coupling of 
components to form functional units.40 

Within biology a specific ecosystem is seen as “the level of biological organization 
most suitable for the application of systems analysis techniques”.41 Within educ-
ation, there has been a tendency to see institutions such as schools, or constructs 
like curricula or academic topics, as appropriate units for study. But it has 
become increasingly clear that this approach is too narrow: education is one of 
the principal activities of all communities, and an investigation of public educat-
ion must consider a very wide variety of activities within that community. This 
conforms with the ecological metaphor which sees a community as “a natural 
assemblage of organisms which, together with its habitat, has reached a survival 
level such that it is relatively independent of adjacent assemblages of equal 
rank”.42 For education the assemblages of equal rank may usually be seen as State 
or national educational systems, although sometimes a wider assemblage such as 
“western society” will be more appropriate. Since probability has not reached 

                                                 
39 Campbell & Lack (1985, p. 166) 
40 Odum (1971, p. 8) 
41 Odum (1971, p. 8) 
42 Allee et al. (1949, p. 9) 
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“survival level” with in all the Australian State educational systems, it is easy to 
see that ecological principles may well be helpful in explaining its current status. 

An underlying concept within ecology is that of energy flow. Energy, the capacity 
to do work, is subject to the two laws of thermodynamics which state that it can 
be neither created nor destroyed, and that any change in its form (e.g., from light 
to heat) will be accompanied by some dissipation of its locus. Organisms which 
achieve a high state of internal order (technically known as low entropy) do this 
through converting concentrated forms of energy into more dissipated forms.43 
The practice of education is a conscious attempt by communities to maintain low 
entropy and therefore requires appropriate ways of dispersing energy to achieve 
an workable level of cultural commonality. One of the values of the BSEM is that 
it emphasises that Intellectual knowledge is a form of dissipated energy which 
needs to be constantly renewed if its low entropy is to be maintained as generat-
ion succeeds generation. In many ecosystems obtaining access to dispersed forms 
of energy is sometimes difficult or slow:44 an obvious example is the difficulty 
higher-order predators encounter in obtaining food. We shall see similar diffic-
ulties in accessing Intellectual knowledge in Part E. 

The language of ecologists is principally one which talks about factors which 
influence a situation.45  Such a language acknowledges the interactive nature of 
life in an environment and does not imply that organisms are unable to respond 
successfully to external influences. One psychologist who has looked at the eco-
logy of human development has described it as the study of “the progressive 
mutual accommodation, throughout the life course, between an active, growing 
highly complex biopsychological organism … and the changing properties of the 
immediate settings in which the developing person lives …”.46 

While conceding the value of this approach, I prefer to use the concept of forces 
operating within an environment. This is not, I would claim, at odds with tradit-
ional ecology. Consider the following comment from a book on plant ecology. 

If a small difference in level of the influencing factor is responsible for 
differences in the composition of the vegetation, … a relatively small 
general modification of that factor in the habitat as a whole, whether 

                                                 
43 Odum (1971, p. 37) 
44 Reichle et al. (1975,  p. 37) 
45 E.g., Elton (1927/1966); Campbell & Lack (1985, pp. 166–170) 
46 Bronfenbrenner (1993, p. 7) 
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arising from secular change or from the reaction of the species present 
or entering, will produce marked change in the vegetation ….47 

Although the term “factor” is used in this extract, the use of a qualifying term, 
“influencing”, makes the distinction between factor and force very small. Eco-
logists see an animal’s environment as “everything that might influence [its] 
chances to survive and reproduce”.48 From this very broad perspective, “factor” 
is a reasonable term. However, when one concentrates on those factors having the 
greatest influence, as it will be necessary to do in this analysis, then “force” seems 
to be more appropriate. But its use does not imply any teleological implications. 

In this sense, then, it is clearly possible, even when considering plants, to talk 
about influencing forces, such as light intensity or humidity levels, together with 
individual and species responses. For animals the forces may be psychological or 
physiological, as this example from a study on Kittiwake Rissa tridactyla shows. 

Coulson found that the main factor modifying the date of laying in 
birds which had bred at least once before was not their age as such, but 
whether they had retained their former mates. … [His data suggest] that 
newly formed pairs take longer to become adjusted psychologically and 
physiologically to each other … .49 

So in constructing the BSEM I have chosen to use the term forces, rather than 
factors, while conceding that sometimes forces are more passive constraints than 
active agents. This leads to a different narrative from that currently used in many 
educational works, such as the following example which treats individuals as 
acting autonomously within an environment rather than as under its influence. 

The ecological approach to cognitive development that I present rests 
on two ideas: First, an account of the relationship between an individ-
ual’s intentions and the affordances he or she uses. Second, an account 
of how two or more individuals establish joint intentions, and the 
fundamental role played by joint intentions in the processes of learning 
and cognitive development. This selection is reflected in the organizat-
ion of the individual’s attention and activity, and therefore plays a 
major role in shaping the knowledge and acquisition process. I also 
argue that, for social creatures like human beings, the formation of 
intentions is frequently an interpsychic and dialectical process, in which 
more than one individual is involved, and in which social constraints 
and cultural norms play a major role.50 

                                                 
47 Greig-Smith (1964, p. 213) 
48 Andrewartha & Birch (1984, p. 4) 
49 Lack (1966, p. 243) 
50 E.S. Reed (1993, p. 46) 
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The distinction between the two perspectives is important. While humans do 
have significant autonomy, they remain subject to important constraints, albeit 
usually less primitive than the metabolic constraints to which animals are subject. 
One of the principal contributions of ecological methods to zoology has been its 
concern with “an analysis that would depend more on how the environment in-
fluenced the animal’s chances to survive and reproduce and less on what the 
environment looked like in the eyes of a man.”51 

Finally, more for completeness than for relevance here, we may note an educat-
ional use of “ecology” with a meaning quite different from the zoological one: 

Ecologically speaking, then, re-thinking mathematics and mathematics 
education required, in part, that we seek out the language that allows 
like to speak to like in generous and sustainable ways, in ways different 
that [sic] the patriarchal relations of mastery and dominance and 
imposition that haunt our Enlightenment legacy.52 

This critique of representationalism is at once an ecological critique in 
that it speaks on behalf of the richness and diversity of living systems 
and against the replacement of living kinship systems with the 
imposition and dominance of any one member of that system.53 

Here aesthetic issues seem to have replaced analysis based on clear understand-
ings of the inevitable constraining influences to which all organisms are subject. 

SOME USEFUL ECOLOGICAL CONCEPTS  
 

 ‘Tis a thing impossible, to frame 
Conceptions equal to the soul’s desires; 
And the most difficult of tasks to keep 
Heights which the soul is competent to gain.54 

The BSEM uses several ecological concepts which have general validity within 
biological systems, and are of special value in zoology. Those discussed here are 
ones which are of special use in interpreting aspects of the historical data. 

                                                 
51 Andrewartha & Birch (1984, p. 7) 
52 Jardine (1994, p. 111) 
53 Jardine (1994, p. 120) 
54 The Excursion Worsdworth (1814, bk 4, l. 136), cited in Partington (1996) 
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Ultimate and Proximate Factors  

Some particular concepts from classical ecology have wider application within 
the BSEM. Ecologists distinguish “Ultimate”, “Proximate” and “Artificial” factors 
when interpreting biological development.55 For example, breeding behaviour 
may be described as being brought on by a Proximate factor such as increasing 
hours of daylight56 or by an ultimate factor such as the desirability for the species 
to produce young when food and shelter are most likely to be abundant. Proxi-
mate causes like daylight may of course be artificially manipulated for animals 
held in captivity. Proximate factors are those which may be linked with their 
response across a brief time span. Ultimate factors have a very much larger time 
span. They are the environmental and evolutionary factors which have led to the 
mechanism which selects those proximate factors which are advantageous to the 
individual. Artificial factors are those imposed from outside the organism’s 
normal environment, such as happened when rabbits were introduced into the 
Australian bush. Not all factors, of course, are proximate or ultimate: they are 
part of the complex web of indirect influences on an animal which constitute the 
totality of its environment.57 

These terms have been developed for the study of relatively unthinking organ-
isms and within the contexts of an evolutionary time-scale, but their underlying 
principles may well have wider applications, as can been shown by the  practice 
of historians of looking for long-term and immediate causes. They may also be 
applied to education. Our current rapid changes result in part from the develop-
ment of the computer and its related technology over the last 50 years. This devel-
opment has been slow and irregular, with quantum leaps, such as the designing 
of the Macintosh computer, followed by periods of consolidation. It is hard for 
individuals or schools to place themselves accurately within such a rapidly 
changing world. Their decisions are subject much more to Proximate forces like 
the funding of equipment and expertise. Everyone is moving in the same 
direction, but the rate of progression is subject in significant ways to Proximate 
factors.* 

                                                 
55 Baker (1938); Immelmann (1972) 
56 Campbell & Lack (1985) 
57 Andrewartha & Birch (1984, p. 4) 
*  Some might see computers as artificial factors. But the BSEM sees the Intellectual 

environment as part of the world in which humans live, and computers today as a much 
part of that environment as printing was in the fifteenth century and still is today. They 
have developed within our society and are continuing to change the way our society 
functions. 
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This is particularly the case with the teaching of probability. The last two cent-
uries have seen a slow but definite movement towards a data driven society.58 
This has meant that the understanding of chance processes and of the nature of 
statistical variation has slowly become of increasing importance in society. These 
are Ultimate factors. But they do not have obvious immediate survival value in a 
society where Proximate causes tend to be more powerful, at least in the short 
term. One of the critical themes in this thesis is the failure of those who have 
argued for the ultimate “big picture” to win out over those arguing for Proximate 
“short-term” needs. 

Of course, in a study of human history Proximate forces may be much more 
determined by human thought than within biological ecology, partly because 
humans do not need to respond as strongly to the yearly changes which are so 
important for animals  with annual breeding rhythms. The forces they respond to 
are more complex and less easily related to Physical parameters, including as 
they do, conscious choice based on Intellectual and Social motives and norms. So 
for humans the distinction between Proximate and Artificial factors may be 
difficult to define. However, Ultimate forces like increasing mechanisation and 
improved health care are not significantly influenced by the thought of 
individuals and will operate in a way similar to those in biological ecology. 

Optimisation  

We have already noted that the related concepts of Optimisation and Efficiency 
are key concepts in biological studies. Within education, the criteria establishing 
optimal behaviour are not exactly the same as within biology, so the terms need 
to be defined carefully. 

In zoology the term “best” is usually applied to behaviour which requires the 
least effort to ensure adequate food, shelter and reproduction. This approach 
seems to be a helpful one for education where resources are always scarce. How-
ever, within western society at least, adequate food and shelter are almost always 
available, so the objectives are less well defined and more diverse. They may be 
very straight-forward ones like obtaining qualifications, they may be more 
general ones like developing computer literacy among the whole population, or 
they may be aesthetic ones like providing the skills which enable individuals to 
appreciate works of art. Whatever the aims, the concept of minimising energy 
expenditure remains valid. Within zoology, energy is a biochemical concept 

                                                 
58 Hacking (1990) 
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which can be measured biochemically; within education the concept is the same, 
but is far more complex to measure. In most situations time and money are the 
most readily available measures, although other features like enthusiasm and 
efficiency are also relevant. Measuring energy principally in units of time and/or 
money may seem to be a rather crude approach, particularly with respect to 
Intellectual and Social forces. But when we examine the costs involved in 
ensuring that these forces are effective within society, the use of time and money 
as measures may be seen to be sensible first order approximations. So in Part C 
we shall find some decisions based principally on the allocation of funds for 
Physical resources, but we shall also find others dependent on funding designed 
to strengthen Intellectual and Social forces. And in Part E we shall see that change 
processes tend to be truncated because teachers do not believe that it is worth 
devoting more resources to obtaining what they see as only marginally improved 
teaching. 

Certainly, such an approach does not encompass great movements within society 
which are experienced, for example, at times of revolution or after long periods of 
warfare. In such cases, the forces for change cannot easily be measured in terms 
of money. But in this thesis it will be argued that the Model and its measures do 
provide an illuminating way of looking at many aspects of educational change. 

So in this thesis, society is seen as an organism whose individual members 
respond to a variety of pressures in ways which are practicable, in the best inter-
ests of those individuals, and in many cases in the best interests of society as 
perceived by those individuals. The BSEM extends the meaning of “ecology” 
from one concerned only with the physical environment to one which examines 
how Physical forces (often the results of limited resources) interact with Social 
forces (such as respect for education) and Intellectual forces (where content and 
pedagogical knowledge of teachers and administrators are important) in such a 
way that individuals and society are sustained and improved. This will often not 
be easy to assess, because what may be best for the group may not be best for the 
individual and because the range of forces operating will not always be clear. One 
curriculum specialist has summarised the difficulty in this way: 

In what sense do children need arithmetic or need to solve practical 
problems? In what sense do they need to understand the science taught 
to them? Only in a highly conventionalised social sense. The norm or 
value that makes us think of these things is a social norm, not a ‘natural’ 
one. Saying what children need is only a cloaked way of saying what 
we judge they ought to have. Let us then remove the cloak and its 
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suggestions that in nature alone we can find what children ought to 
have in terms of their growth and their needs.59 

If “nature” is seen as a mixture of Physical, Social and Intellectual forces, there is 
no cloak to be removed. The BSEM provides us with a different way of viewing 
the problems of the curriculum because its sets the children and their teachers 
with a much broader and more flexible setting. “Social” does not need to be 
contrasted with “natural”; rather, it may be seen as one part of “natural”. 

Convergence  

In zoology, it is quite common to find unrelated families of animals which are 
very similar in appearance. 

The resemblance may indeed have so many facets as to arouse scept-
icism concerning the absence of a close relationship. This is a frame of 
mind induced by the misleading process of enumerating points of 
similarity as if they were quite independent instead of being items in a 
“constellation of characters” contributing to a single adaptation.60 

Evolutionary theory argues that similar environments can lead to a convergence 
of appearance among groups with quite different genetic background. 

As a basic distinction, we must rigidly separate similarities due to 
simple inheritance of features present in common ancestors, from simil-
arities arising by separate evolution for the same function. The first kind 
of similarity, called homology, is the proper guide to descent. … The 
second kind of similarity, called analogy, is the most treacherous 
obstacle to the search for genealogy. … Distinguishing homology from 
analogy is the basic activity of genealogical inference. We use a simple 
rule: rigidly exclude analogies and base genealogies on homology 
alone.61 

In education, genetic transmission does not occur, but analogy is certainly pos-
sible. The debate between the CEM and the BSEM rests on whether there is an 
educational parallel of homology. For example, similarities between developed 
nations are obviously substantial but there are significant differences. These 
sometimes influence curriculum choices and sometimes curriculum choices are 
strongly influenced by individuals.62 But before the CEM is accepted, the data 

                                                 
59 Hirst (1974, p. 17) 
60 Campbell & Lack (1985, p. 109) 
61 Gould (1989, p. 213) 
62 Quadling (1983, p. 13) 
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must, at the least, be examined to see if Convergence can provide as good an 
explanation as cultural transmission. It will be argued further in Part C that the 
CEM does not even always fit the facts; nor, much more importantly, does it ex-
plain the reasons for the facts.  

Variation  

It is well known that genetic transmission is quite different from cloning. Off-
spring are not identical to their parents. Most have a high degree of similarity, 
but a small percentage is markedly different and often significantly dysfunct-
ional. Such variation provides a mechanism which enables a species to survive 
systematic changes within its environment. It ensures that there is a pool of alter-
native approaches available which can be tested against changing circumstances 
and preserved if found to be of particular value. 

Such a process is not particularly kind to individuals. Its value is for the species. 
The ornithologist cannot show concern, for example, that asynchronous hatching 
has the almost certain effect of leading to the death of the later hatchers in hard 
times, because the mechanism is efficient in ensuring the survival of at least some 
of the young. 

Views like this are difficult for modern educationists, who have a high regard for 
individuals. But we shall see in Part C the brief flourishing of many ideas, most of 
which soon languish, and so be able to recognise aspects of the process of natural 
selection at work in schools. This will provide a suitable framework to look for 
the forces which led to the survival of the “fittest”. We shall also be able to see the 
Social forces operating within education which tend to discourage excessive 
variation among both individuals and sub-groups. The BSEM helps us to see the 
issue of variation in a broad context. We can see it as a necessary component in 
achieving effective change, and also as leading inevitably to a process of selection 
which is often not obvious to those actually experiencing the changes. The 
existence of variation permits an ecosystem to adapt to ultimate forces; variation 
is the key to achieving a balance between stability and change.  

Parsimony  

This section must be short. The criterion of parsimony, also known as “Occam’s 
Razor” is not, of course, restricted to zoology. It states that if there are two feas-
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ible explanations for a set of events then the simpler one is to be preferred.* Some 
of the concepts above have been well received by ecological researchers just 
because they provide such a simple explanation of complex facts. 

I shall argue in this thesis that the CEM does not explain all of the facts, and the 
MTM is too imprecise to be a believably parsimonious explanation. I shall also 
argue that the BSEM does match more of the facts and is able to provide reasons 
for actions as well. While it is certainly more complex than the other models, it 
does retain the simplicity which is the mark of a good model.  

Numerical Models  

Modern ecology has been able to apply numerical models to much of its work 
which are remarkably convincing. The BSEM is as yet too new to contemplate 
such an approach, but it is worth-while at this stage providing a couple of 
examples in order to indicate one possible direction in which such work with this 
model might proceed.†  

Much of the numerical work has been done with feeding behaviour, where it is 
clearly relatively easy to make some estimates of energy flows. But in Tinbergen’s 
pioneering work on the Herring Gull Larus argentatus there is little discussion of 
this issue.63 While it is true that his primary interest was in social behaviour, the 
issue is certainly relevant to a species where both parents feed the young.  In the 
following quotation, Tinbergen discusses threat and fighting, where energy 
expenditure is a critical parameter, in an essentially non-numeric way: 

Now one might object that, if an increased fighting urge is a 
disadvantage, a change from mere threat behaviour to attack could be 
effected by a decrease in the intensity of the escape drive. Threat, as we 
have seen, is always the outcome of a balance between the fighting urge 
and the urge to escape. This, however, would possibly have the 
consequence of reducing escape from predators too, which of course is 
disadvantageous in another way.64 

                                                 
*  One historian has put this to me in another way: “if the facts could be explained by either 

incompetence or conspiracy, then go for the cock-up every time!” 
*  One historian has put this to me in another way: “if the facts could be explained by either 

incompetence or conspiracy, then go for the cock-up every time!” 
†  I am grateful to Professor Kevin Marjoribanks, University of Adelaide, for his suggestion to 

include this section. 
63 Tinbergen (1953) 
64 Tinbergen (1953, p. 90) 
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So initially it was seen better in ecology to establish the general critical questions 
first, before collecting numerical data because so much was not understood: 

When a bird is sitting on its eggs you know that it is incubating. … But 
when two gulls, standing opposite each other, are pecking into the soil, 
or are tearing at grass tufts, or are walking round each other with the 
neck drawn in and the bill pointing upward, you have not the slightest 
idea what they are doing, at least at first.65 

Other workers at this time were developing a more numerical approach. The next 
example is from Lack’s classic work on the Common Swift Apus apus. 

[T]he swift selects its prey in respect to size, rarely taking insects shorter 
than 2 mm. or longer than 10 mm. … It was to be expected that swifts 
would avoid insects that are too large for them to manage and that 
extremely small ones would not be taken, but a more subtle selection for 
size was revealed by the analysis of their meals. In fine weather the 
meals consisted of insects 5 to 8 mm. long, but in poor weather 2 to 5 
mm. long. Now insects 2 to 5 mm. long are commoner in fine than in 
poor weather and are more numerous than larger insects in all types of 
weather. Presumably, in fine weather when larger insects are plentiful, 
swifts can collect a meal more quickly if they do not go out of their way 
to catch the smaller kinds. In bad weather, on the other hand, larger 
insects are so scarce that swifts cannot afford to be so selective.66 

More recent work with the European Kestrel Falco tinnunculus has refined such 
analysis even further. 

One major hurdle was an accurate assessment of the cost of flight. The 
rather novel approach [of the Dutch Raptor Group] was to use captive 
Kestrels that were trained to fly from one person to another along the 
corridors of the university zoology department. By rewarding the birds 
each time they made the trip, they were able to induce them to fly up to 
20 km a day. The Kestrels were given just enough food to keep their 
body weight constant, so it was possible to calculate from how much 
they ate the energy consumed by birds at different frequencies of daily 
flying.67  

Such precise measurements are sometimes able to lead to predictions about 
behaviour which can be verified in the field. The following is a summary of a 
detailed numerical analysis of feeding patterns of a single Willy Wagtail Rhipidura 

                                                 
65 Tinbergen (1953, p. 51) 
66 Lack (1956/1973, p. 104) 
67 Village (1990, p. 82) 
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leucophrys feeding on instars of grasshoppers Acrida conica both for his own use 
and for the young in the nest. 

Thus, in carrying large prey back to the dependent young and consum-
ing small prey on the spot the one parent observed saved energy in tra-
velling and prey handling, while minimising the time spent processing 
prey for itself. Disregarding questions of the distribution and relative 
abundance of the differently sized prey, it can also be predicted on 
energetic grounds alone that the smaller grasshopper instars should be 
preferred in the diet of both the sole bird observed and other adult 
Willie Wagtails.68 

For some educators, such approaches must seem quite bizarre. But similar meth-
ods are currently being used by researchers. One example will suffice. 

Yelland observed pairs of Grade 2 children working on structured 
LOGO problem tasks in single-sex and mixed pairs. She observed the 
pairs working, recorded their discussions, and noted their approaches 
to problems. Girl-girl pairs spent more time planning moves and acted 
less independently of one another than the other pairs, who took turns 
to make moves, ignoring suggestions or comments from the partner. 
The girls tended to take longer and use more moves, but they were 
more likely to improve their strategies throughout the series of 
lessons.69 

In this description may be seen many of the elements found in the zoological 
examples, including a criterion for assessing success. What is missing at this stage 
is a theoretical model which is able to make predictions confidently, even if only 
at the very simple level cited in the Willie Wagtail example. 

The BSEM may provide such a model, but such a claim will require a major 
investigation. Parameters related to food intake are not likely to be of great relev-
ance to schools, but issues such as time, health, and understanding—to name 
three in decreasing order of ease of measuring—may well be. The use of a model 
will make it easier to pose and refine good questions and could encourage more 
focused  research programmes than we have at the moment.70 The following 
observation about feeding habits of the Kestrel indicate both the lack of 
knowledge about the bird in spite of extensive work and the way in which the 
energetics approach throws up good research questions. 

                                                 
68 Maxwell & Calver (1998, p. 64) 
69 Barnes & Horne (1996, p. 66) 
70 E.g., as noted by J. & K. Truran (1996, p. 354) 
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The choice of hunting method in winter may also be related to the risks 
inherent in each model. The consequences of failing to catch food when 
flight-hunting may be more serious than when perched-hunting, 
particularly for juvenile birds whose reserves are already low. A study 
of the hunting behaviour of juveniles in their first winter may be of 
relevance here, because they are poor hunters and will experience daily 
food shortages more often than adults.71 

THE BSEM AND MEMES  
 

I don’t know about you, but I am not initially attracted by the idea of my brain 
as a sort of dungheap in which the larvae of other people’s ideas renew 
themselves. before sending out copies of themselves in an informational 
diaspora.72 

The BSEM proposed here has been constructed as a result of my having parallel 
interests in both history and biology. As mentioned above, the point at which this 
analogy breaks down is the fact that cultural ideas cannot reproduce themselves 
by genetic means, but only by communication and learning. This, of course, 
means that change can happen very much faster for ideas than for physical 
characteristics. It also means that some of the traditional concepts of biology are 
more difficult to apply to historical interpretation. The distinctions between 
different levels of complexity which are implied in terms like organism, species, 
and community can become somewhat blurred. But we have already seen in 
Chapters 3 and 6 that within education there are many different philosophies and 
even within mathematics many different ways of viewing probability. In Chapter 
18 we shall briefly discuss Bayesian probability, a subject which has engendered 
significant and sometimes acrimonious division between mathematicians. When 
we add to these divisions the tendency of different language groups within 
academia to operate independently from each other, it may be seen that ideas 
may reasonably be classified, and do have a tendency to remain stable within a 
given society. 

As mentioned above, the business world is now starting to use ecological meta-
phors, and the “business ecosystem” is seen as an appropriate object of study.73 
This has been found to be particularly useful because businesses tend to rise and 
fall over relatively short periods of time, so the features which lead to business 

                                                 
71 Village (1990, p. 86) 
72 Dennett (1995, ch. 12, p. 346) 
73 J.F. Moore (1996) 
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longevity are of special interest. By using game theory74 to develop a model of 
business development which parallels the development of a species within an 
ecosystem the business ecologists have been able to identify the stages at which 
critical pressures are most likely to lead to failure. 

Within the intellectual world ideas about cultural transmission have also been 
examined by Godino in his paper “La metáfora ecológica en el estudio de la 
noosfera matemática”.75 For Godino, “the creations of the mind”§ acquire a life 
and reality of their own which form what Popper has called a “third world” and 
Morin76 has called (following Teilhard) a “noosphere”. Godino defines noology as 
the study of the life of ideas considered as objective entities,77 and for him the 
noosphere constitutes one dimension of the three dimensions (along with the 
psychosphere and the anthroposphere) which can be seen as constituting the 
nature of mathematical knowledge.78 Godino goes on to raise a number of 
questions within mathematics which are framed in an ecological way,79 and 
argues that current attempts to popularise mathematics may be seen as the 
activities of mathematicians to exploit as many different ecological niches as 
possible in order to distribute their ideas.80 

Dawkins has proposed the concept of a meme as a “unit of cultural transmiss-
ion”81 and argued that memes too are subject to natural selection in the same way 
as genes. All that differs is the process of reproduction. These ideas have been 
further developed by Dennett82 who has argued that our current cultures are the 
results of meme reproduction and selection, and that the nature and function of 
language has been a critical feature in this process.† One reason for the rapid 
recent changes in our world has been the sheer speed at which successful memes 

                                                 
74 Nalebuff & Brandenburger (1996) 
75 The ecological metaphor in the study of the mathematical noosphere. Godino (1993) 
§  “Las creaciones del espíritu” 
76 Morin (1992) 
77 Godino (1993, p. 70) 
78 Godino & Batanero (1996b) 
79 Godino (1993, p. 72) 
80 Godino (1993, p. 76) 
81 Dawkins (1976, p. 206) 
82 Dennett (1995, esp. ch. 13) 
†  Dennett (1995, ch. 14). Interestingly, the links between ecology and sociology and of the 

important role played by language in differentiating them were identified very early in the 
development of ecology, e.g., by Allee et al. (1949, p. 2).  
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have reproduced, as compared to successful genes.* The concept of a meme is 
sufficiently new and abstract for there to be varying constructions, sometimes 
from choice and sometimes arising from inadequate understanding. Dawkins’ 
model has emphasised that memes, which are stored in brains, reproduce them-
selves by “imitation” which, briefly put, is a form of copying which has not been 
subject to reinforcement in the ways that the term is used when discussing 
classical learning.83  

So the ecological models mentioned above are not models about memetics. They 
do not discuss ideas which are stored solely in brains or which are transmitted 
solely by unconscious imitation. The rigour with which memetics has been devel-
oped84 helps us to see how much more work needs to be done before the pro-
cesses of cultural transmission are well understood. The BSEM provides one way 
of examining the process by which ideas are subject to natural selection. It is one 
small contribution to a vast and little understood field. 

I would also add that many ecological models do not address in adequate detail 
the relationship between the individual person and the group. Classical ecology 
will happily observe that a predator-prey relationship may be good for the sur-
vival of a population as a whole, while being disastrous for individual members 
of that population. In many situations the predators tend to take mainly the 
weak—the young or the old. They perform a valuable culling operation which 
benefits both species. 

However, officially at least, our society puts much greater value on the lives of 
individuals. It tends not to tolerate the destruction of the weak for the good of the 
group. Some commentators like Apple argue, with some justification, that reality 
belies this rhetoric,85 but it remains true that within our society individuals have 
much greater power to protect themselves from others than do individual 
members of a herd of grazing antelopes.  

Furthermore, humans not only know, but know that they know, and have 
language to communicate their knowledge. Hence the force which they can exert 
on a situation can be much greater than that available to an individual animal 
within nature, even those at the top of the food chain. The ecological relationship 

                                                 
*  I am grateful to Dr Jon Opie, University of Adelaide, for drawing my attention to the work  

of Dawkins and Dennett shortly before this thesis was completed. 
83 S. Blackmore (1999, pp 7, 47–49) 
84 S. Blackmore (1999) provides a very readable and detailed summary. 
85 Apple (1988, pp. 123–125) 
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between an individual, its group, and the ideas of both is the most difficult and 
probably most important of the issues which the BSEM needs to address. 

SUMMARY  

Australian mathematics educational practice has changed much in recent years, 
but without significant consensus and with substantial criticism and dissatis-
faction. Widely agreed principles for assessing sound educational practice are 
notably lacking, and the practice of any particular time is strongly influenced by 
groups influential at that time. 

The BSEM with its associated zoological concepts, which will form the basis for 
subsequent parts, is proposed here as a model which may help to reduce the 
divergence currently found among researchers, and to illuminate the discussion 
about the importance of memes. Contra Dr Johnson, such a task requires imagin-
ation and cannot bypass the highest powers of the human mind. 

To provide a backdrop to this analysis, the final chapter of this Preliminary Part 
will describe briefly the educational scene in SA just before the period examined 
by this thesis. 
 

Theory is … the most practical of all things because this widening of the range 
of attention beyond nearby purpose and desire eventually results in the 
creation of wider and farther-reaching purposes …”.86

                                                 
86 Dewey (1929, p. 17) 



 

 

CHAPTER 10: SOUTH AUSTRALIAN 
EDUCATION UP TO 1959 

But I also saw great evidence of rigid, uniform treatment of little children that 
must rest upon the assumption that orderliness, discipline and development of 
skills are the prime goals of primary education.1 
 
As her tutor you have a duty to keep her in ignorance.2 

Having examined important aspects of the teaching of probability, we are almost 
ready to trace its introduction into South Australian schools. Such a topic is in one 
sense narrow, but it is not insignificant because it can highlight the forces 
operating when moves are made to broaden the curriculum of a conservative, 
relatively isolated, autonomous educational system. Such highlighting will make 
it easier to interpret the events within the BSEM. 

But first this chapter is needed to link Parts B and C by briefly describing 
education in SA before 1959. It describes the schools of the time as well as the 
pressures for change which could, from the mid-1930s, have been amenable to the 
teaching of probability. It will then show why other pressures, mainly economic, 
were more powerful than those from the Liberal Humanists. 

BEFORE 1945  
 

‘Alright then, chaps, we’ve got a war to win. Put that lollipop away, Pike. 
Corporal Jones, you’re facing the wrong way. Not now, Godfrey! Very well 
then: the use of the Mills bomb against enemy machine gunners …’3 

Free primary education was available in SA from 18914 and free secondary educ-
ation widely available by 1910.5 After this the educational system changed little. 
Strong central control, a rigid inspection and promotion system,6 the influence of 
the Great Depression, and the economic importance of primary industries were 

                                                 
1 Butts (1957, p. 47) 
2 Arcadia Stoppard (1993, p. 11) Captain Brice discussing Thomasina with Septimus Hodge   
3 Dad’s Army Ableman (1989, p. 92) 
4 Thiele (1975, p. 50) 
5 Campbell (1985, p. 5) 
6 Miller (1986, p. 216) 
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all important factors inhibiting change. The primary mathematics curriculum was 
the most comprehensive in Australia,7 but contained no probability. 

Only a small percentage of children stayed at school beyond the compulsory age, 
and an even smaller percentage moved from secondary schools to the sole uni-
versity or the School of Mines, later known as the Institute of Technology. To 
reach the university they progressed through three public examination filters in 
Years 10, 11 and 12, oriented largely to the needs of potential university gradu-
ates. Furthermore, the most able of these students tended to study the potentially 
narrow “hexagonal course”8 of English, Latin, Mathematics 1, Mathematics 2, 
Physics and Chemistry.* 

It was not that other points of view were unknown. Educational leaders through-
out Australia were “familiar, not only with their own, but with foreign educat-
ional systems”,9 which included those of England, Scotland, the USA and Germ-
any.10 However, classroom teachers had much less experience of other systems. 
Sometimes those who opposed the status quo and sought a more liberal education 
for all were in positions of authority. The following views were expressed in 1940 
by the geologist, Dr Charles Fenner, Director of Education from 1939–1946, and 
formerly Superintendent of Technical Education.11 

Fenner considered that an academic secondary course was valuable for the more 
able students, while conceding that such a course lacked : 

(a)  the enlightening influence of human studies, history, 
geography, social economy; 

(b)  the creative influence of arts and crafts, music and drama; 
(c)  the amelioration of modern languages and living science.”12 

His notion of “living science” was more aesthetic than mathematical. 

I would lay greater stress on the living sciences, zoology and botany, 
than on the more mathematical sciences of physics and chemistry, al-
though the excellence of the mental training as well as the knowledge 

                                                 
7 Lushey (1932, pp. 163–164) 
8 Fenner (1940, p. 16) 
*  Butts (1957, p. 67) commented: “I heard many complaints about the tyranny of the 

examination system, but deep down in most teachers’ hearts I think they fear what would 
happen if external examinations were abolished.” 

9 Cole (1932, p. xiv) 
10 Tate (1932); Browne (1932) 
11 Thiele (1975, pp. 191–192) 
12 Fenner (1940, p. 13) 
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content of the two latter is very high indeed. The teacher should be able 
to satisfy the children’s anxiety to some extent about the wonder of the 
heavens, the movement of the planets, the growth of plants, and history 
of rocks, the dawn of animal life, the cause of tide and of tempest.13 

Although he conceded the importance of science for prosperity and progress14, 
Fenner was also very concerned that “[e]mphasis should be placed on the needs 
of the 85% of the population who stay in the district where they were born. … 
The more brilliant boys and girls … will be well looked after under the system 
that is in operation at present.”15 

A major problem was the quality of available teachers. Fenner wrote: 

It has been a long task developing teachers and syllabus in this direction 
up to the standard of efficiency that has been reached; it will be a long, 
slow task reaching a similar stage of efficiency in the various other 
courses which await development at our hands. To some extent we 
must get right back and teach our teachers anew; maybe we must adopt 
fresh methods for the preliminary selection of our teachers.16 

Here we may see the tensions between a concern for a liberal humanist, scientific 
education for all and the paucity of skilled teachers. The inability of Intellectual 
forces to rise above the Physical and Social forces which discouraged change will 
form a recurrent theme in our historical analysis. 

Fenner’s desire for a more liberal education and a pedagogy less “stuffing” than 
“stimulating”17 was widely shared.18 In 1937 the New Education Fellowship 
(NEF) provided a very popular forum for many of these views throughout Aus-
tralia in a “Travelling Conference” led by educationists from all over the world 
which advocated a more liberal education than that currently being provided. 
The Conference led to the formation of a branch of the NEF in Adelaide.19 

The influence and attitudes of the NEF has been described by Scott, who shows 
that its concerns were primarily with the developing creative arts skills in child-
ren and with giving them a wider understanding of society because of the per-

                                                 
13 Fenner (1940, p. 15) 
14 Fenner (1940, p. 15) 
15 Fenner (1940, p. 19) 
16 Fenner (1940, p. 13) 
17 Thiele (1975, p. 195) 
18 Thiele (1975, pp. 183–184) 
19 Thiele (1975, p. 184) 
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ceived importance of bringing up citizens committed to the democratic political 
ideal.20 Little attention was paid to most of the traditional academic curriculum 
and only one brief chapter in the Conference Proceedings21 was devoted to math-
ematics.22 But interestingly this chapter advocates the teaching of statistics as an 
important part of liberal education. Such a suggestion fits comfortably with 
Liberal Humanism—statistics can enable children to examine and understand the 
world they live in. This view was picked up in 1945 at a local conference of the 
NEF23 where one speaker, as well as damning traditional mathematics, described 
an American school project with a strong statistical component which ultimately 
led to changes in health care standards in the local community.24 It will be argued 
later that the social applications of statistics are one of the reasons why it became 
a more popular topic in the 1970s for a general education than probability, even 
though the two are intimately related. The NEF reports show that this view was 
current some thirty years before the changes of the New Mathematics movement. 

THE POST-WAR PERIOD 1945–1959  
 

For behold I create 
new heavens and a new earth. 
Former things shall no more be remembered 
nor shall they be called to mind.25 

The Second World War made it difficult to implement the NEF’s vision. Even so, 
from 1944 the centrally administered Year 7 Qualifying Certificate at the end of 
primary schooling was abolished26 and a major report recommending change 
was handed down by an Education Inquiry Committee in 1945. This was part of a 
general move at the time to provide a “living curriculum”, but it was resisted by 
the teachers.27 Not surprisingly, by 1945 both human and physical capital were 
badly run down, resources were stretched to the limit, and all available energy 
had to be devoted to maintaining the status quo.28  
                                                 
20 Scott (1995, pp. 87–107) 
21 Cunningham & Radford (1938) 
22 Hamley (1938) 
23 Best (1945) 
24 A. King (1945) 
25 Isaiah 65:17 
26 Thiele (1975, p. 201) 
27 Fitzgerald (1975, pp. 131–132) 
28 Thiele (1975, p. 203) 
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General Setting  

At this time South Australia’s Premier, Mr (later Sir) Thomas Playford, started to 
expand the industrial base of the State. Playford was the conservative Liberal 
Country League Premier from 1938 to 1965. “[His] policy in education was a non 
event; he had no real interest in education and only where the situation was 
absolutely critical would he spend any of his budget on ‘social expenditure’.”29  

This lack of interest in education was characteristic of the times, and reflected in 
part Playford’s limited formal education in a rural primary school.30  Indeed, his 
biographers have scarcely mentioned his educational policies.31 Economic 
expansion under a stable government with little interest in education meant that 
educational practices did not change significantly until well after 1959. We may 
contrast the ineffective Intellectual forces at this time in SA with those which 
were developing in the northern hemisphere and which were to find full 
expression in the New Mathematics movement, as discussed in Chapter 11. 

In the 1950s school populations increased dramatically both through natural 
causes and immigration. The readily available data are for a slightly later period 
than is being discussed here, but do indicate the trends, but without capturing the 
full extent of the day to day difficulties which schools encountered during the 
post-war expansion. Of all the Australian States the growth of State school 
enrolments between 1945 and 1973 was highest in SA at a rate of 220%, with 
NSW, already heavily industrialised, lowest at 122%.32 In spite of the educational 
problems caused by this enormous growth Playford’s concern for establishing an 
industrial base remained the first priority. The purse strings were held tight.33 

This emphasis on industrialisation and its classroom consequences were common 
across Australia. For example, in 1966 the overall pupil-teacher ratio in SA was 
25∙2:1, just above the national average of 24∙6:1 and significantly better than that 
of the other less densely populated States of WA (28∙0:1) and Q (27∙9:1).34 The 
aftermath of the War led to higher birth rates and substantial immigration, which 
first required food, jobs and housing. 

                                                 
29 Buttrose (ndp, ? 1973, p. 9) 
30 Buttrose (ndp, ? 1973, p. 2) 
31 Cockburn (1991); Crocker (1983); Nicholas (1969) 
32 Thiele (1975, p. 216) 
33 Fitzgerald (1973, p. 59) 
34 Karmel (1971, p. 86) 
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Other forces added to the pressures on schools. With the Qualifying Certificate 
gone, there were no academic barriers controlling entrance to the secondary 
schools. Longer years at school were becoming increasingly occupationally neces-
sary, and student retention rates for SA up to age 17 in 1968 were in most cases as 
good as those for NSW and Vic, and markedly better than those for Q, WA and 
Tas.35 In SA many more children, both relatively and absolutely, and for reasons 
which are not well understood, were demanding more educational facilities than 
in any of the other sparsely populated States.  

Class sizes did decline, but slowly. In 1964, 22∙5% of primary classes in large 
schools still had more than 40 pupils per class and 2∙3% had more than 45. The 
last primary classes of more than 50 students disappeared in 1963.36 In 1969, 3% 
of high school classes still had 45 pupils or more, and only 25% had less than 30 
pupils. Even in Year 12, after most of the cohort had left school, there were still 15 
classes with more than 45 pupils; 14 of them in mathematics, physics or chem-
istry. In all cases “class sizes reflect[ed] the shortage of well-qualified teachers.”37 

In such circumstances radical changes were unlikely to be implemented. The 
usual reasons given are that the physical and human resources needed for change 
were simply not available. The BSEM  reminds us that the Intellectual resources 
were also very limited. The school practices  and curriculum control were based 
on an assumption that many of the teachers were at best only semi-skilled.  

Curriculum  

Assumptions Underlying Australian Education38 was a book prepared by Freeman 
Butts, Professor of Education at Teachers [sic] College, Columbia University, 
USA, who had been brought to Australia in 1956 partly to comment on the 
Australian education system.39 He found Australian schools rather restricted. 
“The basic reason for the poor showing of zest is the wide-spread assumption 
that the heart of the educative process is the acquisition of information and the 
development of mental skills having to do with numbers and words”.40 

                                                 
35 Karmel (1971, p. 67) 
36 Education Gazette. South Australia  1 Oct 1964, pp. 336–338 
37 Karmel (1971, pp. 90–92) 
38 Butts (1957) 
39 Connell (1980, p. 189) 
40 Butts (1957, pp. 50–51) 
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Primary school syllabuses were dominated by the printed Course of Instruction for 
Primary Schools.41 The arithmetic syllabus was strongly influenced by a Scottish 
approach  which emphasised speed and accuracy as desirable characteristics of a 
mathematics course42 and might be seen as having been “constructed as a 
response to the first industrial revolution which demanded that people be able to 
carry out simple rapid calculations for both clerical and mechanical tasks”.43 

Secondary courses were similarly heavily structured. Arithmetic, algebra and 
geometry were developed from practical, but not utilitarian, foundations to more 
formal studies whose focus was a preparation for university mathematics.  
Although there also existed a number of technical high schools with a more 
practical philosophy, their approach to classroom mathematics for their better 
students was little different from the high schools.44 

The primary courses were based on utilitarian aims and stochastic ideas were not 
then commonly seen as utilitarian. Secondary courses were based on university 
preparation and stochastic ideas were not taught to first-year undergraduates. 
But interestingly, at least some university teachers saw the need to give students 
experience of simple stochastic situation. I recall being part of a long-running coin 
tossing experiment in First year Physics in 1959, and Botany students in the 1920s 
were expected to toss a coin 1000 times to help their understanding of chance 
processes.45 So it is not surprising that no mention of stochastic ideas is found in 
official documents of the time. But, for the purposes of this narrative, the signi-
ficant difference between the dominant forces operating on primary and second-
ary school curricula is of special importance. In the former, they were principally 
Social, in the latter, principally Intellectual. In neither case were teachers making 
a large contribution, but even if they had wanted to teach new ideas the system 
would have discouraged them. 

Administrators and Teachers  

The leaders of the Victorian State education system in the 1950s and 1960s have 
been described in this way: 

                                                 
41 EDSA (1944; 1947; 1952; 1953; 1956; 1958) 
42 ACER (1964a, pp. 2, 5) 
43 Brinkworth (1970, p. 14) 
44 Thiele (1975, p. 219) 
45 Revd P.G. Osborn, pers. comm., 25 Dec 1993. Osborn’s father was Foundation Professor of 

Botany at the University of Adelaide. 
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The men who constituted the administration … had at least two great 
virtues—integrity and a deep sense of responsibility. They could never 
be accused of starving the schools to further their own welfare or 
interests. They quoted, with a sense of pride, the very small percentage 
of the annual expenditure on education that went into administration; 
but critics would say that it was far too small and that only beneficial 
results could accrue from increasing it. They saw the essence of good 
administration as the avoidance of mistakes; but again critics would say 
that the easiest way to avoid mistakes is to attempt nothing new. They 
took the view that the government, elected by the people, must have the 
final say on policy; they felt entitled to put a point of view and they did, 
but when the government made a decision they accepted the decision 
and implemented it. To have acted otherwise would have been to deny 
the principle on which democratic government is based. 46 

There were similar men in SA. Lt-Col. E. Mander-Jones, Director of Education 
from 1946, was a man “of great dignity and integrity” with “esteemed qualities of 
scholarship and deep humanity”47 but very cautious,48 and indecisive. Similarly, 
C.A. Richards, Superintendent of High Schools from 1957 until 1962, was 
described as “an educational administrator [who] was motivated by a strong 
sense of justice to all under his control. He contended that justice was best 
achieved by a strict interpretation of departmental regulationsa dictum from 
which he rarely departed.”49 Others have referred to these men as “an inbred 
corps of complacent officials” in charge of “crude administrative machinery”.50 

Certainly the administration was done from a small inadequate head office in 
Adelaide at a time when SA was still small enough for the administrators to 
know most of the teachers under their control. It was not until the 1960s that the 
administration expanded significantly, thus allowing room for new admin-
istrators with new ideas. In 1962 SA appointed its first Curriculum Officer, the 
second last State to do so; NSW, Vic and Tas had had such posts since before 
World War II, WA since 1951.51 During the post-1945 expansion the shortage of 
good teachers became worse. The percentage of teachers in high schools who had 
a university degree declined from 66% in 1954 to 46% in 1960.52 In primary 

                                                 
46 Reed (1975, p. 216) 
47 Education Gazette. South Australia  1 Jun 1967, p. 179 
48 Jones (1985) 
49 Education Gazette. South Australia  17 Sep 1962, p. 244 
50 Fitzgerald (1973, p. xiv) 
51 Archives of ACER, Radford Item 357 
52 Karmel (1971, p. 98) 
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schools only 14% of teachers held degrees in 1954; this fell to 12% by 1960.53 In 
1959, only 75% of the teachers in high schools were permanent staff, 56% of those 
in technical high schools, and 44% of those in primary schools. Temporary teach-
ers were predominantly female, permanent teachers, even in primary schools, 
predominantly male.* Further emergency courses for teachers had to be 
authorised in 1961.54 The less well trained teachers tended to be allocated to those 
children most in need of skilled teaching: at Enfield High School in 1961 of the 
nine teachers of first-year maths classes: six were untrained, four had not studied 
any tertiary mathematics, eight had been teaching for three years or less.55 There 
is some evidence that the common practice of bonding teachers for three years 
after they had received their training actually increased staffing instability.56 

Even the best teachers had significant limitations. A.W. Jones, later Director-
General of Education, recalled 

… the days when South Australian teachers’ of mathematics only link 
with teachers in other States was the journal entitled The Australian 
Mathematics Teacher. A handful of us in South Australia were subscribers 
to that journal and we valued it although we could not understand 
much of it, for it was mainly mathematics and very little about the 
teaching of mathematics, and we in South Australia rarely specialised in 
those days. To a man, teachers of mathematics also taught physics and 
probably chemistry.57 

A handful may have subscribed to an interstate journal, even less had experience 
of other systems. A system of teacher exchanges between states was available in 
SA but although notices advertising this system were placed in the Education 
Gazette  for a number of years prior to 1961 no applications were submitted.58  

Partly because of the inexperience of most teachers the approach to teaching was 
very rigid and controlled by a comprehensive system of testing directed by senior 

                                                 
53 Karmel (1971, p. 96). After 1960 the wider range of training courses available makes simple 

comparisons of less value. 
*  South Australia. Parliamentary Papers 44. Report of the Minister of Education for the Year 

ended 31st December, 1959. At that time the number of part-time teachers was only about 
10% of the teaching force, so lack of information about their status does not significantly 
affect the figures quoted, but means that the figures will be slight under-estimates. 

54 Jones (1985, p. 300) 
55 Sumner (1969, Appendix I) 
56 Fitzgerald (1973, p. 278)  
57 Jones (1970, p. 83) 
58 Baden Pattinson, Minister of Education, letter in South Australian Teachers’ Journal Aug 1961, 
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staff. Butts’ suggestion that most teachers were not really trusted is almost cert-
ainly true.59 In 1958 Mr E.R. Smith, a senior and awesome physics teacher at Un-
ley High School, gave advice to new mathematics teachers, probably unqualified 
or under-qualified. This is worth quoting at length, because it is a rare, authentic 
contemporary document which conveys accurately the environment in which 
high school teachers were working just before the period covered in this study. 

… be well prepared, be lucid, set a pattern and stick to it, get the 
students working and watch them closely, praise them and encourage 
them. Finally, be patient.60 

When the class commences work, any hitches or hold-ups will quickly 
nullify explanations, etc., that have gone on before. For this reason it is 
desirable that the students work from their textbooks and that the 
examples be carefully graded. Here in South Australia we are fortunate 
with the text books which are available; generally I have found the 
examples excellently graded, but in some cases students find an odd 
early question more difficult than later ones; this occurs mainly in 
problems and riders. This fact underlines the necessity of thorough 
preparation and selection of examples. … 

I feel that the students should be made to realize that an error in mani-
pulation is an error and not just a slip. Nor is it a crime. Admit to them 
that mistakes will be made, but bring them to believe that they should 
aim at making a minimum. With most children it works wonders. How-
ever, we still have to impose stiffer penalties on the ‘don’t care’ type.61 

Schooling was a rigid activity. For Butts, teaching was “often looked upon as 
simply a skilled trade, requiring little more than some apprenticeship and exper-
ience”.62 He “characterized the fundamental goals of Australian education as an 
acquisition of information rather than a genuine intellectual discipline devoted to 
the making of reasoned judgments based on the evidence of sound knowledge”.63 
What he did not observe was that some at least of the “rigid teachers” believed 
that their approach had sound theoretical and research justification. The 
following paragraph concludes a long argument by Jones, then a district inspect-
or, justifying the need for increased uniformity in teaching methods. 

Standardization of method will not be sought for its own sake but for its 
benefit in accuracy, speed, clarity confidence. We consider we must put 

                                                 
59 Butts (1957, p. 63) 
60 E. Smith (1959, p. 188) 
61 E. Smith (1959, p. 187) 
62 Butts (1957, p. 71) 
63 Butts (1957, p. 76) 
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the interests of a whole states’ children above those of an individual 
teacher. We claim that, to quote Nunn, the teacher who is “an intelligent 
adventurer in the realms of number and space” will find ample opport-
unity to give the work “the impress of his own genius” and to exper-
iment (in fact we will make suggestions for him), while conforming 
where we ask for it.64 

In Chapter 11 it will be shown how this environment inhibited the development 
of new ideas in the teaching of algebra. How much more was it unfruitful for 
new, non-deterministic topics like stochastics, whose whole purpose was “the 
making of reasoned judgments based on the evidence of sound knowledge”.65 

Non-government Schools  

The Education Department was the largest provider of education in SA but there 
were also Catholic schools and independent schools, although the structures of 
these systems were less strongly developed than they are today. Relationships 
between the three groups were friendly.66 Teachers in non-government schools, 
both primary and secondary, were regularly invited to attend seminars organised 
by the Education Department.67 Further co-operation occurred at the secondary 
level through the committees of the Public Examinations Board (PEB). 

Secondary school syllabuses at that time were dominated by Public Examinations 
at the end of Years 10 (Intermediate), Year 11 (Leaving) and Year 12 (Leaving 
Honours). The Leaving Examination was the examination which authorised 
admission to university, but students were encouraged to stay at school for a 
further year before taking up university studies. 

A sample of 1955 examination results shows the relative popularity of the three 
systems. About 66% of candidates for the Intermediate Examination who 
received certificates came from government schools, about 18% from independ-
ent, and about 11% from Catholic ones.† In the same year about 63% of candidates 
for the Leaving Examination who received certificates came from government 
schools, about 28% from independent schools, and about 7% from Catholic 
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schools. In the same year about 55% of candidates for the Leaving Honours 
Examination who passed in more than one subject came from government 
schools, about 35% from independent schools, and about 9% from Catholic 
schools.* The Leaving Examination figures for 1961 are little different.§ In general 
then, the State system prepared about 60% of the students for public examin-
ations, independent schools about 30% and Catholic schools about 10%.  

In practice the non-governmental schools had little significant influence on educ-
ational practice in SA, outside of joint efforts where government or university 
representatives were in the majority. The reasons for this are not clear. It is 
probably true that there was little difference in curriculum or teaching methods 
between schools in the different systems, but I know of no systematic evidence 
for this claim. The influence on change in other systems by teachers from non-
government schools to be described in Part C did not happen in SA, which was 
intellectually fairly monochromatic. Both the Intellectual and Social forces operat-
ing on schools had markedly less variation than in other states and countries. 
Weak solutions were more likely to survive, at least in the short term.  

CONCLUSION  

Butts’ judgement quoted at the head of this chapter certainly applied to  South 
Australian education before 1959. It was in most cases rigid, limited, and 
utilitarian. The forces of Liberal Humanism were swamped by the demands of a 
rapidly expanding population in a rapidly industrialising economy and by the 
effective control over secondary curricula by the university. While the leaders of 
the system did not set out deliberately to keep children and teachers in ignorance, 
few of them were well prepared for the major changes to education which were 
to become the “new present” of the 1960s. 
 

History is more or less bunk. It’s tradition. We don’t want tradition. We want to 
live in the present and the only history that’s worth a damn is the history we 
make today.68 

                                                 
*  PEB (1956). Figures for students who did not receive Intermediate or Leaving Certificates or 

who passed no Leaving Honours subjects are not available. These figures were obtained by 
counting all results listed on a small number of pages in the list of results. The pages were 
not chosen randomly so it is not possible to apply any confidence limits to these figures. 

§  PEB (1961). Classification by school for Intermediate and Leaving Honours certificates was 
no longer available at this time. 

68 Ford (1916), cited in Partington (1996) 
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