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Abstract

Derivative pricing, and in particular the pricing of options, is an important
area of current research in financial mathematics. Experts debate on the best
method of pricing and the most appropriate model of a price process to use. In
this thesis, a “Switching Black-Scholes” model of a price process is proposed.
This model is based on the standard geometric Brownian motion (or Black-
Scholes) model of a price process. However, the drift and volatility parameters
are permitted to vary between a finite number of possible values at known times,
according to the state of a hidden Markov chain. This type of model has been
found to replicate the Black-Scholes implied volatility smiles observed in the
market, and produce option prices which are closer to market values than those
obtained from the traditional Black-Scholes formula.

As the Markov chain incorporates a second source of uncertainty into the
Black-Scholes model, the Switching Black—Scholes market is incomplete, and no
unique option pricing methodology exists. In this thesis, we apply the methods
of mean-variance hedging, Esscher transforms and minimum entropy in order to
price options on assets which evolve according to the Switching Black-Scholes
model. C programs to compute these prices are given, and some particular
numerical examples are examined. Finally, filtering techniques and reference
probability methods are applied to find estimates of the model parameters and

state of the hidden Markov chain.
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Notation and Conventions

The following notation and conventions are used throughout this thesis.

General Financial and Probabilistic Concepts:

(Q,F,P)
(-,Fn)nzo,l,...,N

B9[]
Q<P

a probability space

a filtration of the o-algebra, F

a martingale measure

expectation with respect to the measure ()
the measure () is absolutely continuous with respect to P
a contingent claim

call option price at time ¢

strike price of a call option

expiry time of a call option

risky asset price at time ¢

discounted risky asset price at time ¢
riskless asset price at time ¢

interest rate

drift of the risky asset price

volatility of the risky asset price

Brownian motion



General Notation:

R the set of real numbers

N the set of natural numbers

L*(Q, F, P) the space of square-integrable, real-valued random variables
(-, the inner product in RM

ik the vector (ji, jit1, Jitas - - -, jk) of REZIHL

I(A) the indicator function for the set A

N(-) the Normal distribution function

M M M M
Z]’l,jz,---jnZI Zh:l Zh:l T Zjn=1

Notation for the Switching Black—Scholes model:

T the time between switches

tn the switching times

N the number of switching times

M the number of states

A the Markov chain

H the state space of the Markov chain, H = {ej, eq,..., eM}

e the vector (0,...,0,1,0,...,0)" in RM

Ajj P(Z, =e|Zp—1 =€)

Lbi drift of the risky asset price for state e;

0; volatility of the risky asset price for state e;

On the joint conditional density function of (S, Z,)
given Sy and Zj, under a martingale measure, @)

U, the joint conditional density function of (S, Z,)

given S,, 1 and Z, 1, under a martingale measure, ()
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Conventions:

The conventions that an empty product equals 1, and an empty sum equals 0

are employed throughout this thesis. An equation of the form
A =B

means that A is defined to equal B.
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