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ABSTRACT

Ductility is a measure of the ability of a material, section,structural element or structural system to

sustain deformations prior to collapse without substantial loss of resistance. The Australian design

standard, AS 3600, imposes minimum ductility requirementson structural concrete members to try

to prevent premature non-ductile failure and hence to ensure adequate strength and ductile-type

collapse with large deflections. The requirements also enable members to resist imposed

deformation due to differential settlement, time effects on the concrete and temperature effects,

whilst ensuring sufficient carrying capacity and a safe design. 

Current AS 3600 requirements allow a limited increase or reduction in elastically determined

bending moments in critical regions of indeterminate beams, accommodating their ability to

redistribute moment from highly stressed regions to other parts of the beam. Design moment

redistribution limits and ductility requirements in AS 3600 for bonded partially prestressed beams

are a simple extension of the requirements for reinforced members. The possibility of premature

non-ductile failure occurring by fracture of the reinforcement or prestressing steel in partially

prestressed members has not adequately addressed.

The aim of this research is to investigate the overload behaviour and deformation capacity of

bonded post-tensioned beams. The current ductility requirements and design moment redistribution

limits according to AS 3600 are tested to ensure designs are both safe and economical.

A local flexural deformation model based on the discrete cracked block approach is developed to

predict the deformation capacity of high moment regions. The model predicts behaviour from an

initial uncracked state through progressive crack development into yielding and collapse. Local

deformations are considered in the model using non-linear material laws and local slip behaviour

between steel and concrete interfaces, with rigorous definition of compatibility in the compression

and tension zones. The model overcomes limitations of past discrete cracked block models by

ensuring compatibility of deformation, rather than straincompatibility. This improvement allows

the modeling of members with multiple layers of tensile reinforcement and variable depth

prestressing tendons having separate material and bond properties. 
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ABSTRACT

An analysis method for simple and indeterminate reinforcedand partially prestressed members was

developed, based on the proposed deformation model. To account for the effect of shear in regions

of high moment and shear present over the interior supports of a continuous beam, a modification

to the treatment of local steel deformation in the flexural model, based on the truss analogy, was

undertaken. Secondary reactions and moments due to prestress and continuity are also accounted

for in the analysis.

A comparison of past beam test data and predictions by the analysis shows the cracking pattern and

deformation capacity at ultimate of flexural regions in reinforced and partially prestressed members

to be predicted with high accuracy. The analysis method accurately predicts local steel behaviour

over a cracked region and deformation capacity for a wide range of beams which fail either by

fracture of steel or crushing of the concrete.

A parametric study is used to investigate the influence of different parameters on the deformation

capacity of a typical negative moment region in a continuousbeam. The structural system consists

of a bonded post-tensioned, partially prestressed band beam. The primary parameters investigated

are the member height and span-to-depth ratio; relative quantity of reinforcing and prestressing

steel; material properties and bond capacity of the steels;and lastly the compression zone

properties. 

Results show that the effects of the various parameters on the overload behaviour of partially

prestressed beams follow the same trends as reinforced beams. A new insight into the local steel

behaviour between cracks is attained. The deformation behaviour displays different trends for

parametric variations of the local bond capacity, bar diameter and crack spacing, when compared to

past analytical predictions from comparable studies. The discrepancy in findings is traced back to

the definition of the plastic rotation capacity and the sequencing of the yielding of the steels.

Compared to the other local deformation models, the currentmodel does not assume a linear

distribution of strain at a crack. The current findings highlight an important difference between

predicted behaviours from different deformation compatibility requirements in local deformation

models which has  not yet been discussed in the literature.

The local deformation model evaluates the relationship between maximum steel strain at a crack

and average steel deformation over a crack spacing for the entire loading history. The total steel

percentage, hardening properties of the steel and concretestrength are shown by the model to have

the greatest effect on these steel strain localisation factors. Section analysis, as currently used in

design, can be improved with the proposed simplification ofthe relationships to identify and

quantify the effects of steel fracture on deformation capacity and strength.
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ABSTRACT

The numerical effort required to simulate the overload behaviour of practical beam designs with

multiple reinforcement elements and a prestressing tendonare currently too great to be used in an

extensive numerical study. The numerically more efficientsmeared block approach is shown to

accurately predict the ultimate carrying capacity of prestressed beams failing by crushing of the

concrete. Consequently, this method is adopted to study theallowable limits of moment

redistribution in the present investigation, Simplified relationships of the steel strain localisation

factors evaluated in the parametric study of deformation capacity is used to predict maximum steel

strains and premature failure.

The limits of moment redistribution in bonded, post-tensioned partially prestressed band beams are

explored by comparing the design load and predicted carrying capacity, for different section

ductilities and design moment redistribution. In addition, the effects of different concrete strengths,

up to 85 MPa, along with as three reinforcing and prestressing steel ductilities are quantified and

compared to current Australian and international design requirements. Limitations in the carrying

capacity are investigated for different reinforcement and prestress uniform elongation capacities.

More than one thousand beam simulations produce results showing that current design moment

redistribution and ductility requirements in the Australian design code for concrete structures (AS

3600) are sufficient for normal strength concretes (<50 MPa). A suggestion for design moment

redistribution limits, section ductility requirements and steel ductility limits is made for members

constructed from higher strength concretes. A special highsteel ductility class is proposed for both

the reinforcement and prestressing steel to allow moment redistribution in higher strength concrete.

No moment redistribution is proposed for members reinforced with low ductility (Class L) steel.

An increase of the current elongation limit of Class L steel from 1.5 % to 2.5% is suggested to

ensure strength and safety. An increase in the current ductility requirements fromfsu/ fsy=1.03 and

εsu=1.5 % tofsu/fsy=1.05 andεsu=2.5 % for low ductility Class L steel is suggested to ensure strength

and safety.
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NOTATION

Material constants
Eco Tangent modulus of elasticity of unconfined concrete
Ecu Secant modulus of elasticity of unconfined concrete
Ep Modulus of elasticity of prestressing steel
Es Modulus of elasticity of reinforcing steel
Esw Modulus of elasticity of stirrup reinforcing steel (taken to be 200 GPa)
k, k1 Material constants
n, N Material constants

Strains

εc Unconfined concrete strain

εc.lim Concrete strain limiting application of CEB MC 90 (1993) ascending curve

εc0 Outermost maximum compressive concrete strain

εcc Confined concrete strain

εcp Concrete strain at the prestressing steel level

εcs Concrete strain at the reinforcing steel level

εct Concrete tensile strain

εct.u Concrete tensile fracture strain

εcu Concrete strain at maximum stress

εcy Maximum concrete strain in the concrete at the yield of the reinforcement

εp Prestressing steel strain

εpd Prestressing steel strain at decompression

εpu Ultimate tensile prestress elongation

εpy Yield strain of prestress

εs Reinforcing steel strain

εsu Ultimate reinforcement steel elongation

εsy Yield strain of reinforcing steel

Stresses
fg Maximum grout strength (mean value)
fc Maximum unconfined concrete strength (mean value)
fct Fracture stress of unconfined concrete

σc Unconfined concrete stress

σc0 Outermost compressive concrete stress
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σcc Confined concrete stress

σci Stress in the concrete along an inclined strut

σcp Concrete stress at the prestressing steel level

σcs Concrete stress at the reinforcing steel level

σp Prestressing steel stress

σpd Prestressing steel stress at decompression

σs Reinforcing steel stress

σsw Stirrup reinforcement stress

Bond stress-slip parameters
s1 Slip at which mechanical interlock is fully activated
s2 Slip at which mechanical interlock capacity starting to decrease
s3 Slip at which friction acts only
s4 Adjusted slip s2 for post-yield range
s5 Adjusted slip s3 for post-yield range
sy Slip at steel yield
syR Slip at which friction acts only for post-yield range

τ Bond stress

τmax Maximum steel bond stress

τp Prestressing steel bond stress

τR Friction steel bond stress

τs Reinforcing steel bond stress

τunit Unit bond stress

τymax Maximum steel bond stress for post-yield range

τyR Friction steel bond stress for post-yield range

xcr Distance to nearest crack along prestress or reinforcing element in bar diameters

Factors

αs Compatibility factor relating peak to average reinforcing steel strain

αp Compatibility factor relating peak to average prestressing tendon steel strain
increment

αco Compatibility factor relating peak to average compressive concrete strain

αdc Compatibility factor relating neutral axis depth at the crack to the neutral axis of
deformation

Deformations

δc0 Outermost compressive concrete deformations

δcp Concrete deformations at the prestressing steel layer

δcs Concrete deformations at the reinforcing steel layer

dnδ Neutral axis of deformations over a region

δp Prestressing steel deformations

δs Reinforcing steel deformations

κ Curvature
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sp Prestressing tendon slip
ss Reinforcing bar slip
wp Crack opening at the prestressing tendon layer
ws Crack opening at the reinforcement steel layer
wsp Splitting crack opening

Forces and moments
C Compression force
Cc Compression force in the concrete
Csc Compression force in the reinforcing

φ Angle along which a force is directed

Fi Inclined strut force
Fx Horizontal force component
Fy Vertical force component
M Moment
M1 Primary moment due to prestress
M2 Secondary moment due to prestress
Mcr Cracking moment
Mdriver Driver moment to set the bending moment level in the analysis
Mpy Prestress yield moment
Msw Self-weight moment

Msy Reinforcement yield moment
My Yield moment
N Axial force
Nu Axial force capacity
Pe Effective prestressing force
PGb.eq Point load equivalent to wGbfor simulating interior support regions with Leq

R Reaction force
S Stirrup force

s Distance to resultant stirrup force

T Tensile force
Tc Tensile force in the concrete
Tp Tensile force in the prestressing
Ts Tensile force in the reinforcing
V Shear force
w Cracking load (first crack wcr1, second crack wcr2...)

wcr Uniformly distributed load balanced by prestress

wGb Uniformly distributed self-weight load
wsw Uniformly distributed load

Dimension
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Ash Cross-sectional area of stirrup steel
B Width of member
Bf Width of flange
Bw Width of web
c Concrete cover
D Effective member depth
d Height of the member
df Depth of flange
dp Depth to the centroid of the prestressing tendon
ds Height of a slab
Ds Depth to centroid of the steel layer
dw Height of web
h Maximum tendon drape
L Span of the member
lbp Prestressing tendon slip distance
lbpL Deformation compatibility distance
lbpR Prestressing tendon slip distance to the left of a reference point
lbs Prestressing tendon slip distance to the right of a reference point
lbsL Reinforcing bar slip distance
lbsR Reinforcing bar slip distance to the left of a reference point
lcd Reinforcing bar slip distance to the right of a reference point
lDregion D-region length
Leq Equivalent span of an interior support region (Chapter 6)
lpad Loading plate width
lpad.eff Effective loading plate width
s Stirrup spacing
tslice Thickness of a slice of concrete at a section
U Circumference
Up Reinforcing bar circumference
Us Prestressing tendon circumference

Section properties
Act.eff Cross-sectional area of tension reinforcing steel
Ag Effective area of concrete in tension
Ap Cross-sectional area of compression reinforcing steel
As Cross-sectional area of prestressing steel
Asc Gross section area
c Percentage of tensile steel
dn Percentage of prestressing steel
ku Neutral axis of strains at a section (x is used in European design codes)
nc Percentage of tension reinforcing steel
np Neutral axis parameter (AS 3600)
ns Concrete cover
p Number of reinforcing layers at a section
pp Number of prestressing layers at a section
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ps Number of concrete slices at a section

ω Critical mechanical reinforcement ratio

ω' Mechanical ratio of the reinforcing steel in tension

ωc Mechanical ratio of the prestressing steel

ωp Mechanical ratio of the reinforcing steel in compression

ωs Mechanical reinforcing ratio

z Lever arm of internal forces at a section

Common subscripts
.avg An average value
.exp A value observed in experiments
.L To the left of a reference point
.max A maximum value
.min A minimum value
.R To the right of a reference point
.span Indicating a property in the span
.sup Indicating a property at an interior support
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UNITS and ACRONYMS

SI units are used throughout this thesis. Experimental values are quoted as published with SI

conversions given as applicable.

Strain [mm/mm]
Stress [MPa]
Area [mm2]
Length [mm]
Angle [degrees]
Rotation [radians]
Force [kN]
Moment [kNm]

The following acronyms are used in this thesis:

ACI American Concrete Institute
AS Australian Standards
ASCE American Society of Civil Engineers
BAM Bundesanstahlt für Materialforschungen
BS British Standards
CEB Comité Européen du Béton
CEB MC 90 Commite-Euro-International du Beton Model Code 90
CSA Canadian Standards Association
DCB Discrete crack block (analysis)
DIN Deutsche Industrie Normen
EC Eurocode
EN English
FIP Fédération Internationale de la Précontrainte
GER German
PCI Prestressed/Precast Concrete Institute
PPC Partially prestressed concrete
RC Reinforced concrete
SLS Serviceability limit state
UDL Uniformly distributed load
ULS Ultimate limit state





Chapter 1

1INTRODUCTION

Initially in this chapter some concepts are described to facilitate the introduction to the research

background. These concepts include non-linear analysis ofconcrete structures, the concept of

secondary moment and moment redistribution. Following this are the scope, aims and contents of

the thesis.
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1.1 Background Concepts

Ductility is a highly desirable attribute of concrete structures, which must be considered in their

design. A ductile structure can accommodate unexpected andunpredictable actions better than a

non-ductile structure, such as imposed deformations due todifferential settlement or temperature

variations and changes in loads. In a determinate member, ductility usually gives advanced warning

of impeding failure. In an indeterminate member, such as a continuous beam, sufficient ductility

must first exist to achieve the design load and second to achieve good system ductility. If sufficient

ductility exists in highly stressed regions of an indeterminate member, then a structural designer

can take advantage of the ability of the system to redistribute internal actions at high overload to

less highly stressed regions. This way the amount of reinforcement in critical regions can be

reduced, simplifying detailing requirements, which can result in a more economical design.

1.1.1 Non-Linear Analysis

Material non-linearity necessitates the use of a non-linear method of analysis to estimate accurately

the ductility (deformation behaviour) and carrying capacity of structural concrete beams. Modified

elastic analysis, simplified plastic analysis, lumped plasticity models and finite element methods

are all non-linear methods of analysis, grouped and listed in order of increasing complexity.

The simplest method, modified elastic analysis, uses elastic bars with elastic-plastic critical finite

regions, to model the structural behaviour. Simplified plastic analysis uses either rigid-plastic or

elastic-plastic relationships for the constituent materials to predict collapse load for a particular

failure mechanism. More complex methods require the use of acomputer to deal with the intensity

of calculations. The lumped plasticity model fits into thiscategory. It uses elastic elements with

plastic deformations lumped in regions of maximum moment (Figure 1.1).

Finite block based models have become increasingly popularand are considered to provide the

closest approximation to the real behaviour of the structure along with finite element models. The

latter will not be reviewed in this thesis. Block based analysis methods divide the structure into

finite elements with non-linear moment-deformation relationships, which are determined by

satisfying equilibrium, compatibility and stress-strainrelations of the materials. The more complex

block based methods use similar elements, which are furthersub-divided into layers. Stress-strain

relationships for the constituent materials are assigned to each layer. The response of the structure,

over the entire load range, can be traced by step-wise incrementing load, deformation or strain.
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Block based analysis approaches can be differentiated by the treatment and evaluation of

deformation along a member. Figure 1.1, for example, shows asimply supported member subjected

to a uniformly distributed load (w), which contains some tension (Ast) and compression

reinforcement (Asc) as well as a prestressing tendon (Ap), ie a partially prestressed beam. Also

shown in Figure 1.1 is the curvature distribution according to three different block based analyses.

The smeared block model averages the contribution of concrete between cracks and the

deformation at a crack into an average curvature (κavg). The rotation is obtained by integrating the

curvatures over the beam length. The plasticity model evaluates the rotation from the sum of an

elastic and a plastic component; the elastic rotation is obtained by integrating the elastic curvature

(κel) along the beam length; and the plastic rotation is evaluated from an average plastic curvature

(κpl), taken to be constant over a fictitious plastic length (lp), sometimes referred to as a plastic

hinge. These models can be categorised as average deformation models, which neglect local

variations in steel and concrete strains between cracks. Knowledge of the local strains is imperative

in evaluating the deformation capacity for failure by fracture of the steel. The discrete crack block

model considers the local variation in steel and concrete strain along a member and evaluates local

curvatures from these strains, which can then be integratedalong the length of the beam to obtain a

rotation. This type of model is perfectly suited for evaluating deformation capacity of highly

stressed regions, while accounting for the possible effects of premature steel fracture. All models

shown in Figure 1.1 have been applied to the analysis of indeterminate reinforced concrete

members. The discrete crack block model has only been used toevaluate the deformation capacity

of simply supported beams (Li, 1998). Further developmentsin the discrete crack block approach

are necessary to apply the method in an analysis of continuous beams (details follow in Chapter 3).

Figure 1.1 - Models for determining deformation

- 4 -

w

A
p

A
sc

A
s

Smeared block model

Discrete crack block model

Distance along beam

Plasticity model

κ
avg

κ
pl

κ
el

κ (x)

l
p

Curvature 



CHAPTER1 - INTRODUCTION

1.1.2 Moment Redistribution

The bending moments in a continuous beam can be predicted using linear elastic analysis, up to a

load level where the elastic limit of any constituent material is not exceeded. The bending moment

diagram in a continuous beam deviates from linear elastic prediction at the onset of material non-

linearity due to time-effects or subsequent to cracking andapproaches that obtained from plastic

analysis under increasing loads, if the materials are assumed to behave in an elastic-plastic manner.

The difference between the actual moment at a section under agiven load, and that determined by

linear-elastic analysis is referred to as redistribution of moments. The extent of moment

redistribution may either be none, partial or full. Redistribution is said to be complete or full if a

plastic mechanism forms, which has a number of plastic hinges or regions of nominal moment

capacity greater than the degree of static indeterminacy. Plastic failure load can only be obtained if

sufficient rotational capacity exists at plastic hinge regions. If a plastic hinge region does not

posses sufficient rotational capacity, no failure mechanism will actualise and the failure load will

be less than the plastic collapse load. The redistribution of moment is less than 'full' in this case.

Figure 1.2 - Moment redistribution in a continuous beam

A load-moment (P-M) plot can be used to illustrate the concept of moment redistribution. Figure

1.2 shows a load-moment plot of two critical regions, both having a uniform ultimate moment

capacity ofMu, in a two-span continuous beam subjected to two central point loads. Three critical

regions, one over the interior support assumed to reach its capacity first and two in the span under

the load point are shown. The extent of redistribution can be identified from the load-moment plot.
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If failure occurs with the moment levels in the span and over the interior support equal to those in

the elastic stage, no redistribution of moment is said to have occurred. On the other hand, if both

sections attain their ultimate moment capacity (Mu), full redistribution and the plastic collapse load

is achieved. Partial redistribution will occur if failure of the beam takes place before the span

section (in this case) reaches its ultimate moment capacitybut has exceeded its linear elastic

capacity (Mcr).

A non-linear method of analysis must be used to determine theextent of moment redistribution and

the failure load of continuous beam. Design codes for concrete structures recommend elastic

analysis where non-linear effects are either ignored or recognised by allowing an arbitrary

adjustment of the elastic design bending moment. The allowable level of moment redistribution is

most often based on the ductility of a critical section(s).

1.1.3 Secondary Moments

When the cable in a post-tensioned member is stressed, stresses and strains are induced in the

concrete and the member deforms. If the member is staticallyindeterminate, the deformations may

not be compatible with the support restraints, in which casereactions (R) are induced at the

supports. These, referred to as hyperstatic or secondary reactions, also induce additional moments

and shears. Figure 1.3 shows the process by which these secondary moments (M2) arise in a beam

continuous over two spans with a uniform cross-section (Hulse and Mosley, 1987; Warneret al.,

2002). The beam is prestressed by a straight tendon with a constant prestressing force (Pe) along its

length. The prestressing force with an eccentricity,e, also produces a constant negative moment,

M1, referred to as the primary moment. The total moment due to prestress is the algebraic sum of

the primary and the secondary moment.

Figure 1.3 - Secondary moments in a continuous beam
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Secondary moments due to prestress can have the same sense as, or opposite sense to the bending

moments due to applied loads. In the case of bridge girders with deep sections and large

eccentricity, the relative magnitude of the secondary moments may be large compared to say that in

beams. Three examples of a two-span continuous prestressedconcrete beam loaded uniformly

having different secondary moments is shown in Figure 1.4.

(a) Member prestressed along
centre of gravity

(b) Member prestressed with
eccentricity to produce max.
positive M2 at the support

(c) Member prestressed with
eccentricity to produce max.
negative M2 at the support

Figure 1.4 - Secondary moments in continuous PC beams

The cable profile is the only variable between examples (in Figure 1.4) and the effects of self-

weight are neglected for illustration purposes. The cable may be placed in the beam with a positive

eccentricity, where the secondary moments (M2) reduced the support moment and increase the

moments in the span (Figure 1.4b). On the other hand, if the cable has a negative eccentricity the

support moment is increased and the span moments reduced (Figure 1.4c). No secondary moments

arise if the cable is placed along the beam's centre of gravity (Cg in Figure 1.4a). Secondary

moments beyond the elastic range and their influence on moment redistribution and treatment in

design standards are discussed in Chapter 2.

1.2 Research Background

The Australian concrete structures design standard, AS 3600 (2001) specifies minimum ductility

requirements at critical sections in a continuous beam to limit the allowable moment redistribution

of elastic bending moments. These requirements for moment redistribution were originally

developed for reinforced members with the requirements forprestressed concrete beams being a

simple extension (Ahmad and Warner, 1984). Only limited checks of the requirements for

prestressed members have been carried out in the past (Wycheet al., 1992; Rebentrost and Warner,

1999) with further research needed to ensure adequate strength and safety.
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Results from tests on reinforced concrete beams containinglow-elongation reinforcement (see for

example Eligehausen and Langer, 1987; Eifler, 1991; Beeby,1996; Patricket al., 1997) have

shown that sudden failure by fracture of the steel can severely limit the ductility of such members.

Similar behaviour has been predicted for partially prestressed beams with analytical methods (Li,

1998). Recent amendments to the design approaches in AS 3600(2001) take into account the

effects of limited reinforcement ductility on structural systems behaviour. Moment redistribution,

for example is not allowed for members containing low-elongation reinforcement. These guide-

lines are again predominantly based on results from research on reinforced concrete members

(Gravina, 2002). Further research is required to check how the effects of limited reinforcement

ductility translate to the member ductility in partially prestressed beams. Furthermore, checks are

necessary to evaluate the possibility of tendon fracture.

Currently, AS 3600 (2001) applies to concrete structures up to a mean concrete strength of 50 MPa.

Comparable international design codes, such as German design code for concrete structures

(DIN1045-part 1, 2001), have been extended to apply to members constructed with high-strength

concrete up to 100 MPa. Design guidelines in DIN1045-part 1 (2001), reflect the results of

experimental and analytical studies using reinforced members, which indicate that the ductility of

high-strength concrete members requires different minimum steel ductility limits to ensure

adequate ductility. Research is needed to suggest minimum steel ductility requirements and limits

for moment redistribution for partially prestressed members constructed from concretes of higher

strength than 50 MPa, for future extensions of AS 3600.

1.3 Scope and Aims of Thesis

In this thesis, a theoretical study into the ductility and non-linear overload behaviour of partially

prestressed concrete flexural members is undertaken. The investigation is divided into three main

components:

1. The development of a local deformation model based on the discrete crack block approach, that

can predict the flexural deformation behaviour of reinforced and partially prestressed members

containing multiple layers of tension reinforcement and a prestressing tendon. In particular, a

model is developed which can trace the behaviour under increasing loads from initial conditions

up to first cracking, progressively tracing the formation of individual cracks through yielding of

the reinforcement and prestress into high overload, and up to ultimate. The model considers the

local variation of steel strains between cracks and uses a rigorous definition of compatibility

based on deformation.
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2. An extension of the local deformation model to a computer analysis for determinate and

indeterminate reinforced and partially prestressed beams. Supported by an evaluation of the

analysis accuracy using past beam test results.

3. Study of the overload behaviour of partially prestressedbeams, investigating the effects of

different material and structural parameters on the deformation capacity of a critical region in a

continuous beam, and evaluating the allowable limits for moment redistribution and minimum

section and steel ductility requirements.

The scope of this work is limited to post-tensioned, bonded partially prestressed concrete beams

subjected predominantly to flexure under static, short-term loading. No consideration to time-

dependent effects, such as creep and shrinkage, are given.

A major component of the work was the development of a computer program (written in multi-

threaded Fortran 95 environment) based on a new model for thelocal deformation in reinforced

and partially prestressed beams. The overall objective of the investigation was the development of

the new analysis, which includes comparisons to past experimental beam test data, and its use in a

study of parameters influencing the ultimate deformation behaviour of partially prestressed beams.

Results from these studies are used in further parametric studies of the allowable limits for moment

redistribution for prestressed members in Australian design standard, taking into the effects of steel

fracture.

1.4 Thesis Contents

A review of previous studies of ductility and moment redistribution in partially prestressed beams

is presented in Chapter 2. Ductility requirements relatingto structural analysis in the Australian

concrete structures standard and international standards are listed.

Chapter 3 gives an introduction to structural analysis using blocks. Recent approaches are

discussed and a detailed review undertaken of a specific type of block model, the discrete crack

block model.

A new flexural deformation model for reinforced and partially prestressed members based on

deformation compatibility and taking account of local deformations, is introduced in Chapter 4. A

computer based analysis method for determinate beams usingthe new deformation model is

described.
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Detailed comparisons of past experimental beam test results and predictions by the analysis are

presented in Chapter 5. An analysis of the model sensitivityto the material assumptions, including

the local bond stress-slip behaviour is carried out.

In Chapter 6, the results of parametric studies into the effects of structural and material parameters

on the ultimate deformation capacity of a typical negative moment region in a continuous partially

prestressed beam are presented.

An extension of the determinate beam analysis, using the local deformation model, to indeterminate

members is undertaken in Chapter 7. A flexural-shear treatment that incorporates into the existing

local deformation model is developed. The suitability of the analysis method for the study of

allowable moment redistribution limits is discussed.

In chapter 8, the allowable limits of moment redistributionand minimum section ductility

requirements in AS 3600 (2001), for partially prestressed beams are evaluated using a non-linear

method of analysis. Design recommendations for the Australian Concrete Structures Code (AS

3600) are proposed for partially prestressed members constructed with normal and high strength

concretes and for different steel ductilities.

Conclusions of the research and recommendations for future research are presented in Chapter 9.
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Chapter 2

2DUCTILITY AND MOMENT REDISTRIBUTION

In the first part of this chapter, the concept of ductility isintroduced and related to structural

concrete starting with the constituent materials and progressing to the member level. Using results

from past studies, factors influencing member ductility are discussed and the need for further

developments of methods of analysis to properly quantifying the ductility of partially prestressed

members is highlighted. In particular, there exists a clearneed for further research to investigate

and quantify the effects of steel fracture on the behaviour of partially prestressed members.

The second part of this chapter reviews current requirements for modified elastic analysis with

limited moment redistribution in the Australian concrete structures standard (AS 3600) and

compares them to requirements in international design standards. Ductility requirements for

plastic analysis, not currently dealt with in AS 3600 (2001), in European codes are also discussed.

A review of previous studies of moment redistribution in partially prestressed members, shows that

while studies have been undertaken to evaluate the maximum allowable limits for moment

redistribution these studies have not adequately addressed whether the ultimate load is predicted

safely with modified elastic analysis used in current design standards. Furthermore, the majority

of past moment redistribution studies have used methods of analysis which do not take into account

the local behaviour of the steels and their effects on failure by steel fracture. While concerns of

premature reinforcing steel fracture have been addressed in studies using reinforced concrete

members, the possibility of reinforcing steel and prestressing tendon fracture have not been studied

for partially prestressed beams. It is therefore necessaryto evaluate current design requirements

for moment redistribution in the AS 3600 (2001) using methods of analysis capable of predicting

accurately failure by fracture of the steels.
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2.1 Ductility

Ductility is the ability of a structural system, region of a system, or structural material to undergo

large plastic deformation prior to collapse, without substantial loss of resistance. Design standards,

including the Australian standard for concrete structures(AS 3600), specify minimum ductility

levels to ensure safe designs. Member ductility ensures ample resistance exits against imposed

deformation due to temperature effects, time effects or differential settlement. For indeterminate

members designed with moment redistribution, sufficient ductility must exist in highly stressed

regions to achieve the design ultimate capacity.

2.1.1 Material Behaviour

Partially prestressed concrete structures usually contain two types of steel, ordinary reinforcing

steel and prestressing steel, as well as concrete. The properties of these constituent materials play

an important role in the behaviour of individual members, and also of the overall structure. A

discussion of the deformation behaviour of concrete in compression and ways to describe the

ductility of reinforcing and prestressing steels follows below.

2.1.1.a Deformation Behaviour of Concrete in Compression

The strain softening characteristics of concrete in compression allow it to deform beyond the peak

strength under decreasing levels of stress. Improved member ductility can be observed with a lower

gradient in the post-peak softening stress-strain (σ-ε) response of concrete (FIP, 1992). The

gradient in the softening of concrete increases with increasing concrete strength, as shown in

Figure 2.1a, after Dahl (1992). The post-peak deformation behaviour of concrete can be improved

by confinement (Richart, 1928) through the use of stirrup reinforcement (Figure 2.1b), or with the

addition of steel fibers (see for example Padmarajaiah and Ramaswamy, 2003 in-press). The

efficiency of confining actions can be described by the ratio of confining pressure to the

unconfined concrete strength, see for example Cusson and Paultre (1994). The confining pressure

provided by stirrup reinforcement can be expressed by the volumetric ratio of confining steel to

concrete, concrete strength and yield strength of the stirrups (see for example Park, Priestley and

Gill, 1982; Mugurana, Nishiyama and Watanabe, 1983; Deutschmann, Lewis and Sicker, 1996).

Improvements in the confinement of concrete in compressionis observed with decreasing stirrup

spacings (see for example Soliman and Yu, 1968) and for constant stirrup spacing is decreased with

increasing concrete strength (Attard and Setunge, 1996). 
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Figure 2.1 - Ductility of concrete for different concrete strength and confinement levels

In the non-linear analysis of concrete structures, realistic assumptions for the stress-strain

behaviour of the concrete in compression are adopted to takeaccount of confinement. Stress-strain

models for confined concrete, previously used in the analysis of partially prestressed beams,

include suggestions by Kent and Park (1971), Thompson and Park (1980), Mander, Priestley and

Park (1988), Parket al. (1982, 1992), Sheikh and Uzumeri (1982), and Attard and Setunge, (1996).

Stress-strain models for unconfined concrete in compression have been suggested by Hognestad

(1951), Gilbert and Warner (1969), Desayi and Krishnan (1964), Sargin (1971), Popovics (1970,

1973), Carriera and Chu (1985, 1986) and the CEB MC 90 (1993).

2.1.1.b Ductility of Reinforcing and Prestressing Steels

Reinforcing steels currently produced in Australia include welded wire mesh, manufactured from

cold-worked deformed wire, and deformed reinforcing bars.Examples of the stress-strain

properties for these reinforcing steels (Patrick, Akbarshahi and Warner, 1997) and commonly used

prestressing steels are shown in Figure 2.2. The stress-strain response of theTempcorebar displays

a ductile behaviour compared to the non-ductile response ofthe wire mesh (RF81), which has a

much lower uniform elongation limit. Eligehausen and Langer, (1987) suggest that the ductility of

reinforcing and prestressing steels can be described by thehardening ratio (fu/fy) and uniform

elongation limit (εu); refer to Figure 2.2 for a definition of terms.
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Alternatively, the ductility of steels can be described by asingle ductility factor. Cosenza, Greco

and Manfredi (1993) suggest the following analytic expression:

Steel Ductility Factor=u
0.75 f u/ f y1

0.9
(2.1)

Beeby (1992, 1997), on the other hand, uses a graphical approach, where ductility is expressed as

the area defined as the complementary plastic area of the stress-strain curve (difference between

elastic-perfectly plastic and actual curve). The proposeddefinition requires knowledge of the actual

stress-strain relationship of the steel (CEB TG 2.2, 1998). 
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Figure 2.2 - Typical Australian reinforcing and prestressing steel stress-strain response

Attention should be given to the effect of manufacturing processes on the ductility of reinforcing

steels. Rußwurm and Martin (1993), for example, demonstrated that cold worked wire mesh

reinforcement with a high yield stress has a low hardening ratio and a small ultimate strain

compared to reinforcement with lower yield stress, which ischaracterised by a higher hardening

ratio and larger ultimate strain. In Australia, the recent move to Grade 500 reinforcement with

increased yield strength over past reinforcement, but withreduced ductility in particular the

uniform elongation limit, has caused much discussion regarding the importance of reinforcement

ductility for structural performance (Gravina, 2002). 
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Sample fpy fpu εεεεpu

60/61-1 1720 1880 6.5

60/61-2 1730 1890 6.0

62/63-1 1730 1890 6.6

62/63-2 1730 1890 6.2

(a) BHP data (b)  American prestressing steels (Devalapura and Tadros , 1992)

Figure 2.3 - Properties of seven-strand prestressing tendons

The ductility of prestressing steels is defined in the same way as reinforcing steels. Properties of

seven-strand prestressing tendons used in Australian construction are listed in Figure 2.3a (obtained

through personal communiqué with A. Marasco from the Research and Development Division of

BHP - Rod Bar and Wire). While the strength properties of prestressing steels are well known, only

limited data could be found defining the ultimate elongation of such steels. A study of the stress-

strain modelling of American 7-wire, 270 ksi (1750 MPa) low-relaxation prestressing strands by

Devalapura and Tadros (1992) indicate that elongation limits for these steels could be lower than

those obtained from BHP (Figure 2.3b).

2.1.2 Member Ductility

The ductility of a section can be described theoretically bythe moment-curvature relationship. A

ductile section response is characterised by large curvatures prior to collapse. The response of the

member is influenced by material ductilities and also governed by the need to satisfy equilibrium

and compatibility. Section properties, including the total tensile steel percentage and member size,

have a strong effect on the ductility. The ductility of a section decreases with increasing quantities

of steel, while the moment capacity increases (see for example Warneret al., 1998). A typical

moment-curvature (M-κ) relationship of a ductile and non-ductile partially prestressed member is

shown in Figure 2.4. 

To describe the ductility of structural concrete sections,reinforced or partially prestressed, the

length of the overload plateau (κu-κy) or the ratio of κu and κy, can be used (Figure 2.4). The latter is

also known as the section ductility factor (κu/κy), and was used to describe ductility in analytical

studies by Scholz (1991a, b) and Naaman (1985) and experimental studies by Priestley, Park and
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Lu (1971), for example. Some difficulties exists in defining the yield curvature of a partially

prestressed section, with different definitions adopted in the past (refer to the Table attached to

Figure 2.4). In reinforced concrete structures the yield curvature is usually taken to occur at

yielding of the main reinforcement. In partially prestressed members, where the reinforcement

usually yields first (κsy) followed by the yielding of the prestressing steel (κpy), significant increases

in strength can occur between the yielding of the two steels (Figure 2.4). In recent studies

evaluating the ductility of partially prestressed members(Li, 1998; Kliver, 2001), yielding of a

prestressed member is taken to occur when the yield strain ofthe reinforcing or prestressing steel is

exceeded, whichever comes first. This definition is also adopted here.

Reference Yield Ultimate

CEB MC 90 (1993) s=sy  or p=py co=0.0035

ACI 318 (2001) s=sy  or p=p f py co=0.0030

Cohn and Bartlett (1982) s=sy ∂M /∂=0

Naaman (1985) Intersect of linear part of initial M-κ and yield region ∂M /∂=0

Cohn and Riva (1991) s=sy ∂M /∂=0

Figure 2.4 - Typical M-κ relationships for a PPC section and definitions of yield curvature

The ultimate curvature,κu, is defined as the curvature at maximum capacity,Mu. In design

standards this curvature value is limited by the maximum allowable compression concrete strain

(εco in Figure 2.4). Where the ductility of a section or member is evaluated using non-linear

analysis, realistic assumptions for the stress-strain response of the concrete must be adopted,

without limiting the maximum concrete strain in compression. Appendix A lists the stress-strain

models for concrete in compression used in this investigation.
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At this point it must be remembered that section behaviour isa theoretical concept, unsatisfactory

for describing the behaviour of structural concrete. Finite regions must be considered to get a more

realistic view of the behaviour. The statical system, load pattern and distribution of stiffness

according to the reinforcement arrangement, tendon profile and local steel behaviour between

cracks must be considered. Member or regional ductility canbe described by the moment-rotation

relationship (M-θ) of a region. The plastic rotation capacity of a region givesa single measure of

the member ductility and can be assumed as the main parameterin order to define structural

performance (CEB TG 2.2, 1998). 

The plastic rotation capacity (θpl) is defined as the difference between the total (θtot) and the elastic

rotation (θel) :

pl=totel

w

Deflect ion

θ
tot

(2.2)

The following definitions are adopted, which apply universally to reinforced and prestressed

concrete  members:

• The total rotation (θtot) is taken as the "sum of angles made by the difference in tensile steel

elongation and shortening of outermost compressive concrete fibre, where a section reaches

nominal strength". 

• The elastic rotation (θel) is taken as the "sum of angles made by the difference in tensile steel

elongation and the shortening of the outermost compressivefibre for which neither the

reinforcement or prestress has reached its elastic limit."

• Most importantly, the plastic rotation (θpl) is taken as the "sum of additional deformations along

the beam after yielding of either the ordinary or prestressed reinforcement and until a section

reaches nominal strength" or, as previously shown, as the difference of the total rotation and the

elastic rotation.

Structural concrete has the ability to undergo increasing deformation beyond nominal strength (Mu

- Figure 2.4). Once these post-peak or softening deformation occurs, a determinate member cannot

sustain the load, whereas the load of an indeterminate member designed with large moment

redistribution can continue to increase if the critical regions possess sufficient deformation capacity

(Wood, 1968; Bažant, Pan and Pijaudier-Cabot, 1987; Tse, 1988; Sun, Bradford and Gilbert, 1994;

Sanjayan and Darvall, 1995). Analytically, the post-peak deformations are difficult to predict and

are usually not considered. In experimental studies, the softening behaviour of a member is
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sometimes quantified as a rotation, at a percentage less then the nominal capacity; that is at 0.95Mu,

0.9Mu or 0.85Mu for example. These post-peak deformations are not considered in the definition of

plastic rotation capacity adopted here.

In design standards, the ratio of the neutral axis depth (dn) to the effective depth (d) at ultimate

moment at a critical section serves as an indicator of memberductility. In AS 3600 (2001),

rectangular stress block theory is used to calculate this neutral axis parameter, referred to asku, at

ultimate moment capacity1. 

The neutral axis parameter correlates well with the member ductility for failure of the section in the

compression zone (Naaman, 1985). Special provisions are required to adequately represent the

member ductility at low steel percentages, where the premature fracture of the steel can severely

limit the ductility. Minimum reinforcing steel and prestressing tendon ductility limits are specified

in AS 3600 (2001) to ensure adequate section ductility. Onlylimited investigations of the

deformation capacity of partially prestressed members, which take into account the effects of

reinforcing steel and prestressing tendon fracture, have been carried out (Li, 1998). Further

investigations are needed to ensure that the present ductility requirements in AS 3600 (2001),

relating to structural analysis, are adequate for partially prestressed members; in particular for

failure by fracture of the reinforcement or prestressing tendon.

2.1.2.a Factors influencing Member Ductility

The factors influencing the level of moment redistributionin structural concrete beams have been

listed by Cohn (1979) in an extensive review of the literature. The available rotation capacity of

plastic hinges clearly being the most important parameter.The plastic rotation capacity in turn

depends on a number of material and structural factors, summarised in Table 2.1 (CEB, 1998).

Table 2.1 - Factors influencing member ductility and moment redistribution of linear members

Material dependent
parameters

Member geometry dependent
parameters

Statical system and loading
dependent parameters

Properties of concrete

Strength/ductility of steels

Bond properties of steels

Shape of the section

Geometrical/mechanical steel ratio

Transverse steel (confinement)

Detailing of steel

Member size and slenderness ratio

Statical system

Shear effects

Loading type and application

Load repetition/duration/cycling

1 In European design standards (DIN,EC,CEB MC 90) the neutral axis parameter is referred to asx/d, in the Canadian
standard by c/d. Parameters x and c are equivalent to dn in AS 3600.
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Interaction of the above-mentioned influencing factors makes the evaluation of plastic rotation a

complex issue. Experimental results show significant scatter of measured rotation capacities due to

the wide range and large variation of these factors including inherent stochastic effects and

inconsistencies in measuring plastic rotations experimentally. In the case of prestressed members

the problem is also a lack of available experimental test data compared with that available for

reinforced members. Regardless of these difficulties, Siviero (1976) compared the results of about

350 reinforced concrete beam test performed in the 1960's and 70's, showing a general relationship

between the neutral axis parameter (ku or x/d, where x is the neutral axis depth of strain) and

measured plastic rotation capacity. Observed values ofθpl increase sharply with decreasingx/d less

than 0.2, when failure of the member was due to the limited deformation or force capacity of the

compression zone.

The overload behaviour and deformation capacity of partially prestressed and reinforced members

originates from the same constitutive materials; steel andconcrete. Various researchers have shown

that the parameters influencing deformation capacity of reinforced members also have a similar

effect on partially prestressed members. See for example Kodur (1992), Li (1995, 1998),et al.

(1995), Tueet al. (1996), Pommering (1996), Li and Eligehausen (1996) and Kliver (2001) to

name a few. There are however some important differences between prestressed and reinforced

concrete members that have an effect on the influence of different parameters on the deformation

capacity. A review of the most important factors that influence the deformation capacity of

structural concrete members is presented next. 

The effect of shear on the deformation capacity of plastic hinges has been investigated with

experiments (for example Bachmann and Thürliman, 1966a, b)and theoretical studies (for example

Bachmann, 1967; Michalka, 1986; Kodur, 1992; Tueet al., 1996; Li, 1998). Two types of plastic

hinges can develop in structural concrete elements, depending on the magnitude of the shear force

in the critical region. Theflexural hinge occurs in areas where the bending moment is predominant

and the flexural-shearhinge in areas where considerable shear forces are acting inaddition

(Bachmann, 1967). The flexural hinge is characterised by mainly vertical cracks, whereas the

flexural shear hinge consists of inclined cracks directed towards the application of load or support

region (the cracking pattern in a continuous partially prestressed beam are shown in Chapter 8).

Increased deformations are observed over a flexural shear hinges due to the spread of deformation

over a larger plastic hinge length with the inclination of the cracks, compared to a flexural hinge

where plastic deformations concentrate in a few cracks. The shear stress governs the transition from

one type of plastic hinge to the other and influences the rotation capacity as shown quantitatively

by Langer (1987) for a reinforced member (Figure 2.5a). Increases in shear stress cause the plastic

deformations to concentrate into a smaller area resulting in a decrease in rotation capacity. 
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Similar effects have been shown using numerical simulations of the behaviour of a partially

prestressed member (Figure 2.5b) by Li (1998), where the mechanical reinforcement ratio (ω) is

defined as the sum of the tensile (ωs), compressive(ω') and prestressing (ωp) reinforcement ratio:

=sp ' : s=
As f sy

Bdf c

;p=
Ap f py

Bdf c

; '=
Asc f sy

Bdf c

(2.3)

where As, Asc and Ap denote the cross-sectional area of tensile reinforcement,compressive

reinforcement and prestressing steel,fsy, fpy, fc denote the yield stress of the reinforcing and

prestressing steel and the compressive strength of concrete, B andd denote the member width and

effective depth. Naaman (1986) showed that the mechanical reinforcement ratio and neutral axis

parameter are related in an almost linear fashion.
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Figure 2.5 - Influence of shear on deformation capacity of plastic hinges

Whether flexural cracks are considered only or whether the effects of shear cracks are accounted

for in analytical plastic hinge models, has important implications on the interpretation of results.

Past analytical studies have shown that a lower bound prediction of the deformation capacity of

plastic hinges is obtained if flexural actions are considered only without introducing the effects of

shear (Bigaj, 1995). It is usually assumed that adequate stirrup reinforcement exits to prevent

premature shear failure and ensure predominantly flexuralactions (Sigrist and Marti, 1993) and

that the stirrup steel is sufficiently ductile not to fracture (Asin and Walraven, 1995). Increases in

rotation due to shear are dependent on the ratio between member height and crack spacing and the

inclination of the compression strut (Sigrist, 1995). The nominal shear stresses are higher in girder

webs than in slabs, resulting in a relaxation of the effects due to shear.
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The deformation capacity of flexural and flexural shear hinges is greatly affected by the developed

crack pattern (Clarke, 1990; Beeby, 1995). Large variations in experimentally observed

deformation capacity are in part due to the scatter in the developed crack pattern. Furthermore, the

influence of various parameters on the deformation capacity can be separated by the characteristics

of the developed crack pattern. It is important to use a realistic model for the developed crack

pattern when predicting the rotation capacity. A plastic hinge spreads out over a larger length if a

smaller average crack spacing is simulated for a constant steel percentage, causing an increase in

rotation capacity ( Langer, 1989; Sigrist, 1995; Li, 1998).

Collapse of a plastic hinge and the ultimate deformation capacity can be limited by fracture of the

steel (reinforcement or prestress) or by crushing of the concrete in the compression zone. The

transition from one failure mode to the other is marked by a critical value of the steel percentage,

mechanical reinforcement ratio (ω) or ku value and is characterised by the properties of the

materials and the cross-section shape. Results of an analytical investigation into the deformation

capacity of partially prestressed members by Li (1998), indicate that this critical value is similar for

reinforced and partially prestressed members and occurs atapproximatelyω = 0.05 (Figure 2.5b).

The rotation capacity of a plastic hinge, where failure of the steel prevails, increases with the

quantity of the steel in tension (Langer, 1989; Li, 1998; Gravina, 2002). For these cases the

properties of the steel, in particular the uniform elongation limits, have a significant effect on the

rotation capacity whereas the properties of the compression zone are of little influence. A decrease

in plastic rotation is observed for increasing steel quantities if failure occurs in the compression

zone. The properties of the compression zone have a significant influence in this case.

The post-yield stress-strain behaviour and bond properties of the steel have an effect on the rotation

capacity at ultimate, particularly if the deformation capacity of the tension chord is limited by the

ultimate steel elongation. An increase in hardening ratio of the steel for example, results in an

increase in the length over which plastic strains develop giving an increase in plastic rotation

capacity. The effect is strongest in a partially prestressed member, if a variation of the dominant

tensile steel, that is the steel with the largest tensile force capacity, is considered (Calviet al., 1990;

Eibl and Bühler, 1991; Beeby, 1994; Bigaj, 1998; Alvarez, 1999).
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Recent studies have shown that the bond properties of the reinforcement bar, including the bar

deformation pattern, only affect the deformation capacityfor steel fracture failure, delaying the

failure with decreasing bond capacity (Eligehausenet al., 1997; Tholen and Darwin, 1998; Mayer,

2001). Local reinforcement bond conditions are affected bythe arrangement of reinforcing bars,

concrete strength, cover and confinement and cracks. Theseinteractions are difficult to quantify, as

shown in the review of bond model given in Appendix A, and havenot been adequately addressed

for partially prestressed member, with further numerical investigations are necessary. 

An increase in bar diameter brings about a softening in bond properties and hence a redistribution

of internal forces to the prestressing steel layer. An increase in crack spacing can also be observed

with increases in bar diameter. The ductility increases asymptotically with increases in bar diameter

if steel fracture governs failure (Soroushian and Choi, 1989; Abrishami and Mitchell, 1993; Pollack

and Killen, 1998; Fard and Marzouk, 1998).

In post-tensioned members the distribution of stresses between reinforcing and prestressing steel

changes due to the different bond behaviour of the prestressing steel compared to ribbed

reinforcing bars. This effect must be considered in an evaluation of rotation capacity (Tueet al.,

1996; CEB TG 2.2, 1998; Li, 1998). In the most severe case, where the bond of the prestressing

steel fails completely in a bonded prestressed member or themember contains unbonded

prestressing tendons, a reduction in deformation capacityis observed compared to reinforced

members or members with bonded prestressing tendons for thesame steel percentage. See for

example beam tests by Burnset al. (1978), Cookeet al. (1981), Iványi and Buschmeyer (1981),

Ganweiet al. (1990), Naaman and Alkhairi (1991a, b), Moon and Burns (1997a, b) and analytical

studies by Zimmerman (1988).

The behaviour of the compression zone has a significant effect on the rotation capacity, if failure

occurs in the compression zone. The rotation capacity can beimproved by increasing the

compression capacity of the compression zone, through the use of higher strength concretes. This

leads to increased activation of the steel in the tension zone but has an adverse effect on the crack

spacing, which is increased. Further numerical studies arenecessary to clarify the extent to which

the brittle nature of high strength concrete manifests itself in member ductility (Shinet al., 1989;

Pecce, 1998; Pecce and Fabbrocino, 1999). The concrete and compression zone must have

adequate ductility to prevent premature loss of compression capacity by the sudden loss of cover

(Foster, 2001) or buckling of the compression bars (Bausch,1985). Lateral confinement is effective

for improving the ductility of the compression zone (FIP, 1992), improving not only the member

ductility by increasing rotation capacity but through preventing premature shear failure if
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adequately dimensioned (Meyer, 1996; Meyer and König, 1998). The efficiency of confinement is

reduced with increasing member size, which can lead to reduced rotation capacity with increasing

member size.

The size effect in structural concrete is however not limited to the effects of the confinement

efficiency but presents a more complex problem. The reasonsfor the size effect on rotation

capacity instead lies in the energy released by cracking, which produces local instabilities (Bigaj,

1998). The extent of pre-peak crack growth in a structural element is not easily investigated and a

general conclusion of the size effect on rotation capacity has not been reached. The size effect must

be kept in mind when extrapolating results for past experiment member test, which are usually

conducted with member of relatively small dimensions. Analytical methods validated with these

tests may also not perform as well with actual members of muchlarger sizes. Analytical studies

have shown that a number of material and geometric parameters are important for the magnitude of

the size effect. Bigaj (1998), for example, demonstrated that the magnitude of the member size

dependence is reduced for a fixed reinforcement ratio and bar diameter, independent of the member

size. 

The application of load to a member is an important factor to consider in the evaluation of rotation

capacity of plastic hinges using past beam experiments and in evaluating results from different

analytical models. The stresses in the compression zone at the load point can have a favourable

influence on the deformation capacity, as shown in Figure 2.6 after the results of experiments by

Rao, Kannan and Subrahmanyam (1971) and also by Chandrasekhar and Falkner (1974).

(a) Moment-rotation response (b) Load introduction and cross-section

Figure 2.6 - Influence of load application on deformation capacity (from Rao et al., 1971)
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In analytical models, the application of concentrated loads is usually considered through a loading

plate and applied to the member as an uniformly distributed load over an effective width; that is

scenario A in Figure 2.6. Local confinement in the vicinity of the load application is usually not

considered. It has been shown that the deformation capacityincreases with increased pad width,

that is spreading of the load (Langer, 1989; Li, 1998).

Results from experimental tests and analytical studies suggest that the deformation behaviour and

plastic rotation capacity of PPC members is comparable to RCmembers (CEB TG 2.2, 1998),

provided that the prestressing steel does not fail before the reinforcing steel and that the bond of the

prestressing steel does not fail completely. Reference to the degree of prestressing,λ, is usually

made when a comparison of the the behaviour of partially prestressed and reinforced members with

the same total steel quantity is made:

=
Ap f py

Ap f pyAs f sy

(2.4)

Li (1998) showed that the total and plastic rotation capacity of a partially prestressed member with

a bonded tendon starts to fall below that of reinforced members for a degree of prestressing (λ)

greater than 0.6. Results from the analytical investigation are reproduced in Figure 2.7, for degrees

of prestressingλ=0.81,λ=0.52 andλ=0 (reinforced member) and a beam withL/D=9.5. Similar

findings have been supported with experiments of Okada et al. (1983) and Tertea and Onet (1983).

(a) Elastic and total rotation (b) Plastic rotation capacity

Figure 2.7 - Effect of degree of prestressing on rotation capacity (Li, 1998)
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At this point it must be recalled that a comparison of local deformation behaviour of RC and PPC

beams with bonded tendons has to take into account the statical system, the load pattern and the

distribution of stiffness according to the reinforcement arrangement and the tendon. Analytical

investigations at the cross-section level (moment-curvature relations, see for example Thompson

and Park, 1980; Cohn and Bartlett, 1982; Naaman, 1985, 1986;Skogmanet al., 1988; Scholz,

1990; Kliver, 2001) are therefore not suited to evaluating the local deformation capacity of beams.

Furthermore, changes in the distribution of stresses between the reinforcement and the prestressing

steel due to different local conditions (including the different bond behaviour and stress-strain

relations of the steels) have to be evaluated taking into account the requirement of compatibility of

deformation of reinforcing and prestressing steel (CEB TG 2.2, 1998). In Chapter 3, it is shown

that the compatibility requirements built into Li's (1998)analysis only partially meet these

requirements. Yet, Li's (1998) analysis is one of very few block based non-linear analysis for

partially prestressed beams, which have also been used to evaluate the local deformation behaviour

and rotation capacity of such beams.

Since the publication of the CEB TG 2.2 report onDuctility of Reinforced Concrete Structures

(1998), no significant studies have been undertaken to investigate the local deformation behaviour

of partially prestressed beams. It is therefore not only necessary to investigate the influences of

specific parameters such as the ductility and bond properties of the steels, on the rotation capacity

of prestressed members, but also to develop the appropriatemethods for analysis in such an

investigation. The development of a local deformation model for partially prestressed beams is the

primary aim of this thesis. A secondary aim is the investigation of parameters influencing the

rotation capacity of PPC beams using this deformation model in a non-linear method of analysis.

2.2 Moment Redistribution in Structural Design Stand ards

Design standards, including AS 3600 (2001), allow different methods of structural analysis to be

used for the design of concrete structures. The types of analysis include simplified methods of

analysis, linear elastic analysis, linear elastic analysis with limited moment redistribution, plastic

analysis and rigorous analysis.

The rigorous method of analysis consists of non-linear analysis with realistic material properties

and taking into account geometric effects using iterative numerical methods. Ductility requirements

are automatically catered for in these analysis. Linear elastic methods of analysis are one of the

most commonly used simplified structural analysis methods. This approach relies on moment

redistribution and is based partly on empirical studies. AS3600 (2001) places limits on the neutral

axis depth parameter,ku, to ensure adequate ductility at ultimate capacity. The linear elastic
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analysis does not allow for redistribution of forces at highoverload. A comparison of design

guidelines and ductility requirements in international standards of design for plastic analysis and

linear elastic analysis with limited moment redistribution, follows below. A background to the

development of moment redistribution limits is given first.

2.2.1 Background to Moment Redistribution Limits for Design

In the CEB MC 90 (1993) and EC 2 (1990) design standards of Europe (Breitschaft, 1992; Litzner,

1992), the allowable moment redistribution levels are evaluated by separating the rotation demand

and capacity (Figure 2.8a2). The rotation capacity (θpl.,avail) for those cases is based on findings from

experimental3 and analytical studies (Langer, 1989). The required rotation capacity (θpl,req) is

calculated from the indeterminate bending moment distribution evaluated from compatibility

requirements, and by assuming an effective cracked member stiffness (see for example Branson,

1963). This method of calculating required rotation capacity has been used in the past by Macchi

(1976), Cosenzaet al. (1991), Mazzolani and Pecce (1992), Eligehausen and Fabritius (1993),

Bigaj (1999) and Gravina (2002) to determine the allowable moment redistribution limits for

reinforced concrete members. If the available rotation capacity is greater than the required rotation

capacity for a particular moment redistribution limit, then the member design is deemed safe,

although no comparison of the design load and the actual carrying capacity of the system is

performed.

The original ductility requirements and moment redistribution limits in AS 3600 were developed

from a numerical study into the full range behaviour of reinforced concrete structures using a

macroscopic finite element formulation (Ahamad and Warner, 1984; Warner and Yeo, 1984). An

analysis of reinforcement concrete members with differentsection ductilities and design moment

redistribution gave rise to the proposed design limits and identifiedsafeandunsafecombinations

of section ductility and moment redistribution (Figure 2.8b). These limits were later extended to

prestressed members by including the secondary moment in the design moments (Wycheet al.,

1992). The actual limits for moment redistribution and ductility requirements were left unchanged.

Checks are necessary to ensure the requirements provide adequate strength and safety.

Furthermore, the effects of steel fracture onsafeandunsafecombinations of section ductility and

moment redistribution need to be evaluated for different reinforcing steel and prestressing tendon

ductilities.

2 Note: δ in Figure 2.8 is β = (1.0-δ)×100

3 See for example the review of test results on 350 reinforced concrete beams by Siviero (1976) 
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(a) CEB MC 90 and EC 2 determination of allowable
moment redistribution levels

(Eligehausen and Fabritius, 1992)

(b) Australian design standard evaluation
of moment redistribution limits for design

(Ahmad and Warner, 1984)

Figure 2.8 - Evaluation of moment redistribution limits for design

A two-span beam was analysed with a plastic model to evaluatethe moment redistribution limits in

the American design standard for concrete structures (ACI 318). The required rotation capacity in

the beam model was assumed to concentrate in a plastic regionover the interior support, with the

stiffness in the span taken to be constant. The plastic rotation capacity was evaluated from the

plastic curvature of the critical section and a fictitious plastic hinge length determined from

experiments (Mattock, 1983). Safe design limits for momentredistribution were then evaluated for

a range of slenderness ratios (L/D=20-50) and mechanical reinforcement ratios. This approach

oversimplifies the real behaviour and is the least accurateof the above discussed methods (Wyche

et al., 1992).
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2.2.2 Ductility Requirements for Reinforcing Steel and Prestressing

Tendon in Design Standards

Ductility requirements for two classes of reinforcing steel are currently specified in AS 3600

(2001). The ductility classes set minimum limits for the strain hardening ratio (fsu/fsy) and uniform

elongation limit (εsu). Details of the minimum requirements for each reinforcingsteel ductility class

are shown in Table 2.2 for AS 3600 (2001) and a number of European design standards. 

Table 2.2 - Reinforcing steel ductility classes in design standards

Reference
Steel ductility levels

Low Normal High

CEB MC 90
(1993)

Class B:
(fsu / fsy)k ≥ 1.05, εsu,k≥ 2.5

Class A:
(fsu / fsy)k ≥ 1.08, εsu,k≥ 5.0

Class S:
(fsu / fsy)k ≥ 1.15, εsu,k≥ 6.0

DIN 1045-1
(2001)

Type N
(fsu / fsy)k ≥ 1.05, εsu,k≥ 2.5

Type H
(fsu / fsy)k ≥ 1.08, εsu,k≥ 5.0

Type E
(fsu / fsy)k ≥ 1.15, εsu,k≥ 8.0

Eurocode 2
(1990)

Type N
Same as CEB MC 90

Type H
Same as CEB MC 90

Not applicable

AS 3600
(2001)

Class L
(fsu / fsy)k ≥ 1.03, εsu,k≥ 1.5

Class N
(fsu / fsy)k ≥ 1.08, εsu,k≥ 5.0

Not applicable

All standards listed in Table 2.2 give the same minimum requirements for normal ductility

reinforcing steels. For low ductility reinforcing steels on the other hand AS 3600 (2001) specifies a

minimum elongation limit of 1.5% compared to a larger, 2.5% limit specified in European

standards. The lower elongation limit specified in AS 3600 (2001) does not follow conclusions of

CEB TG 2.2 (1998), where it was suggested that the requirements for low ductility reinforcement

in CEB MC 90 (1993) should not be replaced with a reduction of values offsu/fsy andεsu. It is noted

that ductility of reinforcement is not needed only to ensuresufficient rotation capacity in highly

stressed regions but for several other reasons as well, including but not limited to, deformability of

rebars needed for bending of reinforcement.

Table 2.3 - Minimum elongation limits in ASTM for prestressing steels

Type of steel ASTM Minimum Elongation [%]

Uncoated 7-wire A 416, 1996 3.50
Indented, 7-wire, stress-relieved A 886, 1994 3.50
Uncoated, high strength, steel bar A 722, 1995 4.00
7-wire, uncoated, compacted, stress-relieved A 779, 1995 3.50
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Currently, the minimum prestressing steel ductility requirements in international design standards

are based only on the minimum ultimate elongation (εpu) with no minimum strain hardening ratio

(fpu/fpy) specified. Minimum elongation requirements according tothe American Standards for

Materials and Testing (ASTM) for different types of prestressing reinforcement are listed in Table

2.3. The values follow those given in international and applicable Australian standards (AS 1310

and 1311). It should be noted that more than 20% of prestressing tendon specimen tested by

Devalapura and Tadros (1992) had a uniform elongation less than that specified in ASTM

minimum requirements (Figure 2.3b).

2.2.3 Elastic Analysis with Moment Redistribution in Design

Standards

The method of linear elastic analysis with moment redistribution is a simple approach to account

for the redistribution of stress resultant in a structures with the formation of plastic hinges. In a

continuous beam the elastic design bending moment distribution, which includes any secondary

moment due to prestress with a load factor of unity, may be adjusted over the support with the span

moment adjusted accordingly to maintain equilibrium. Elastic analysis by itself does not allow for

redistribution of moments at overload. The degree of momentredistribution,β, expressed as a

percentage of the support moment change is limited by the ductility of the critical regions at

ultimate and expressed as the neutral axis parameter,ku. The allowable limits of moment

redistribution are the same for reinforced and prestressedmembers in all standards reviewed apart

from the ACI 318 (2001) building code. The degree of moment redistribution is defined in is

defined in Table 2.4, page 36.

The requirements for the moment reduction coefficient in DIN 1045-part 1 (2001), CEB MC 90

(1993) and EC 2 (1990) are expressed as a percentage of the total elastic moment. The following

conversion is necessary to compare moment redistribution limits specified in the European design

standards and the Australian design standard: 

=1.00CEB, DIN, EC2×100 for DIN1045-part 1, CEB MC 90 and EC 2 (2.5)

The CEB MC 90 (1993) was one of the first design specifications to limit allowableβ values

according to the concrete grade and reinforcement ductility class. The current requirements are:

High and normal ductility reinforcement (CEB MC 90 Class A, S; EC 2 Class H):

Concrete grades C12 to C35: CEB≥0.441.25x/d : x/d≤0.45

Concrete grades C40 to C60: CEB≥0.561.25x/d : x/d≤0.35 (2.6)

For continuous beams and non-sway frames:0.75≤CEB1.00    
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Low ductility reinforcement (CEB MC 90 Class A; EC 2 Class N):

Concrete grade C12-C60:CEB≥0.751.25x/d : 0.9≤CEB1.00 : x/d≤0.25 (2.7)

Eurocode 2 (1990) follows the requirements set in CEB MC 90 (1993) with the maximum

allowable β limited by the reinforcement ductility. Different maximumvalues are however

specified for the reinforcement ductility classes defined in EC 2 (1990), refer also to Ruge (1993).

Normal ductility reinforcement (Class H): EC2≥0.70

Low ductility reinforcement (Class N): EC2≥0.85
(2.8)

The requirements for elastic analysis with limited moment redistribution specified in the German

design standard, DIN 1045-part 1 (2001), are:

Normal ductility reinforcement (Type H):

Concrete grade below C50/60: 0.70≥DIN≥0.640.8x/d

Concrete grade above C55/67: 0.80≥DIN≥0.720.8x/d
(2.9)

Low ductility reinforcement (Type N):

Concrete grade below C50/60: 0.85≥DIN≥0.640.8x/d

Concrete grade above C55/67: DIN=1.00
(2.10)

DIN 1045-part 1 (2001) also stipulates thatx/d may not exceed 0.45 and 0.35 for concrete grades

up to C55/67 unless certain construction requirements are met. These requirements specify the

minimum amount of stirrups, that is confining reinforcement. The confinement requirements are

elevated to a level comparable to the requirements for compression members. If these requirements

are not met, a check of rotation capacity is required.

The Australian design standard, AS 3600 (2001) does not specifically limit the maximum allowable

β by concrete grade but rather limits the application of the standard to characteristic concrete

strength up to 50 MPa. Recent amendments to the design standard have imposed a zero moment

redistribution allowance for reinforcement with low ductility. These amendments are however

based on findings from studies on reinforced concrete members (Gravina, 2002), with the

possibility of tendon fracture never investigated adequately.

Low ductility reinforcement (Class L): AS=0 (2.11)

Normal ductility reinforcement (Class N):AS=30 : ku≤0.2

: 0.2ku≤0.4 (2.12)

AS=0 : ku0.4
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Other international standard use simpler rules to limit theallowable level of moment redistribution

with elastic analysis.

British design standard: BS8110 BS=20 : x/db0.5 (2.13)

Canadian design standard: CSA A23.2CSA=3050x/d (2.14)

American building code: ACI 318 ACI=20[1pd /dp ' /0.361] (2.15)

In general, international design standards agree that the ductility of critial sections governs the

amount of allowable moment redistribution. The standards reviewed here use different notation for

the neutral axis parameterku, expressed asx/d in European standards andc/d in the Canadian

design standard. A comparison of the allowable design limits for moment redistribution and section

ductility requirements of the standards reviewed are shownin Figure 2.9 for low and normal

ductility reinforcement.

The ACI 318 (2002) building code, whichstill uses mechanical reinforcement ratios to present the

sectional ductility, an approach that has been heavily criticized by several researchers in the past

(Mattock, 1970, 1983, 1992; Naaman, 1981, 1985, 1986, 1992;Uren et al. 1989; Wycheet al.

1992) is not included in Figure 2.9.

(a) Low ductility reinforcement (b) Normal ductility reinforcement

Figure 2.9 - Allowable moment redistribution limits in design standards
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The allowable moment redistribution limits and ductility requirements in the international

standards reviewed are mostly the same for reinforced and post-tensioned, bonded prestressed

beams. In the case of prestressed structures, secondary moments due to prestress must however be

included in the elastic design (Urenet al. 1989; Wycheet al., 1992; Mattock, 1992). All design

standards have adopted this philosophy by adding the elastically determined moments due to

prestress to the overall load action with a load factor of unity.

2.2.4 Ductility Requirements for Plastic Analysis in Design

Standards

In plastic analysis the required rotation capacity necessary to develop a collapse mechanism is

evaluated. A valid design must have more available rotationcapacity than required rotation

demand. Not all design standards give simplified provisions for calculating the required and

available rotation capacity, some that do are reviewed below.

2.2.4.a Required Rotation Demand for Plastic Analysis

The required plastic rotation demand can be calculated using non-linear analysis. The requirements

for non-linear analysis vary from design standard to designstandard but in general a relaxation of

the material values from characteristic to mean values is allowed, the effect of tension stiffening

must be considered, equilibrium and compatibility must be satisfied and section strains are plane. 

Plastic analysis without any check on rotation capacity maybe used for ULS in EC 2 (1990) if

appropriate conditions are met. They are:

1. the area of tensile reinforcement should not exceed, at any point or in any direction a value

corresponding to x/d = 0.25

2. a check of rotation capacity is not necessary for high ductility reinforcing steels. Type N (low-

elongation) steel should not be used unless its application can be justified

The German design standard DIN1045-1 (2001), gives simplified requirements for the calculation

of the required plastic rotation for reinforced and prestressed beams. The required plastic rotation

can be calculated from a member segment of 1.2 times the member height. If the segment

undergoes plastic deformation when subjected to external loads, the rotation required can be

calculated by considering a section curvature only. The curvature of a section at ultimate can be

obtained from stress block analysis.
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2.2.4.b Available Rotation Capacity for Plastic Analysis

AS 3600 (Standards Australia, 2001) currently does not provide simplified methods for calculating

the rotation capacity. Simplified relationships for the plastic rotation capacity (θpl) can be found in

CEB MC 90 (1993), EC 2 (1990) and DIN1045-part 1 (2001).

CEB MC 90 (1993) gives the plastic rotation as a simplified integration of the local curvature

distribution over the plastic hinge length:

pl.cap=∫
l p 

dc
1

sr1

f yk

⋅s2sydx (2.16)

wherelp is the plastic hinge length,c the depth of the compression zone,σsr1 the steel stress in the

crack when the first crack forms as the characteristic concrete tensile strength is reached,εs2 the

steel strain of the cracked section, εsy the steel yield strain and fyk the characteristic steel yield stress.

Simplified relationships for theθpl.cap are drawn up in Figure 2.10a for different reinforcement types

(Table 2.2) and are valid for a slenderness ratio ofl*/d = 6 (l* is the distance between two

consecutive zero moment points on either side of the support). The rotation capacity can be

multiplied by l * /6d   for other values of l*/d.

(a) CEB MC 90 (1993) and MC 78 (1980) (b) EC 2(1991)

Figure 2.10 - Plastic rotation capacity according to CEB MC 90 (1993), CEB MC 78 (1980) and
EC 2 (1990)

The maximum plastic rotation capacity according to EC2 (1990) is shown Figure 2.10b and

calculated according to:

pl.cap=5.86.2211.5x/d 1.8⋅103[ rad]  for x/d≤0.5 (2.17)

where the plastic rotation capacity for Class H reinforcement is limited to 20×10-3 radians and in

the case of Class N reinforcement to 10×10-3 radians.
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DIN 1045-part 1 (2001) gives both detailed and simplified expressions for the available rotation

capacity. The detail expression reads:

pl.cap=ns

su
* sy

1x/d
/3 (2.18)

where: βn 22.5; βs = 0.074

λ shear slenderness; distance between M = 0 and Mmax after redistribution

εsu
* steel strain at ultimate

   steel failure:0.4x/d0.13uk/c

   concrete failure:1.8x/d 0.71/x/d1∣∣

εsy characteristic steel yield strain (= 0.0025)

εuk characteristic steel strain at ultimate load (= 0.05 for high ductility)

εcu characteristic concrete strain at ultimate load (= 0.0035 for <C50)

Simplified relationships for the plastic rotation capacity are divided into concrete grades C12/16 to

C50/60 and the high strength class C100/115. The relationships are reproduced in Figure 2.11, for

λ = 3, which isl*/d as described above for the CEB MC 90 (1993) requirements. These values can

be multiplied by/d for other slenderness ratios.
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Figure 2.11 - Plastic rotation capacity according to DIN 1045-part 1 (2001)

DIN 1045-1 (2001) does not allow the application of plastic analysis for Type N (low-elongation)

reinforcement whenx/d>0.45 and concrete grades up to C50/60 orx/d>0.35 and concrete grades up

to C100/115. Further background to the development of the rotation capacity concept in DIN 1045-

part 1 (2001) can be found in Ahner and Kliver (1998).
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2.3 Previous Studies of Moment Redistribution

The level of moment redistribution can be evaluated with theuse of a non-linear analysis

simulating the entire range of behaviour up to collapse. Alternatively, the ductility demand for a

given level of moment redistribution can be evaluated and compared to the available ductility (refer

also to Section 2.1.1 -Background to Moment Redistribution Limits for Design). The latter method

is less involved than the first, as it only requires a rigorous treatment of the deformation capacity of

a critical region, usually represented by a determinate member, to calculate the available rotation

capacity. The required rotation capacity, on the other hand, is calculated using a simplified analysis

of the indeterminate structures (Bigaj, 1999; Gravina, 2002).

The effects of influencing parameters on the ductility demand for different levels of moment

redistribution and section ductility have been simulated by Macchi (1974), Cosenzaet al. (1991),

Mazzolani and Pecce (1992) and Eligehausen and Fabritius (1995) for RC beams. Results of an

analysis by Eligehausen and Fabritius (1995) using a continuous beam with a large number of

equal spans having a rectangular cross-section with no compression reinforcement and tension

reinforcement with a yield of 500 MPa, taking into account the tension-stiffening effect after CEB

MC 90 (1993) and subjected to a UDL, clearly show the relationship between the required rotation

capacity and section ductility (x/d) for a given level of moment redistribution (Figure 2.12).
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Figure 2.12 - Required plastic rotation (θpl) as a function of the degree of moment redistribution
for reinforced concrete members after Eligehausen and Fabritius (1993)4

The determination of required plastic rotation capacity for moment redistribution in a partially

prestressed member are made more complex by the tendon profile variation and the effects of

prestressing. For these reasons, simplified stiffness assumptions adopted in the past for the

evaluation of ductility demand for reinforced concrete beams (Gravina, 2002) cannot be used. It is

4 For quality reasons this figure has been transcribed from Eligehausen and Fabritius (1993)
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therefore necessary to carry out a rigorous analysis takinginto account the variation of stiffness

along a member. This involves an analysis of the full-range of overload behaviour, to evaluate

moment redistribution limits and section ductility requirements for elastic analysis. Problems of

redistribution due to cracking and the consequence for the required values of rotation capacity are

also overcome this way (Beeby, 1991). The use of a non-linearanalysis to simulate the full-range

of behaviour also has the advantage of being able to account for the effects on strength when a

member has insufficient rotation capacity to achieve the full moment capacities at all critical

sections.

In this section, a review of previous analytical and experimental studies investigating the allowable

level of moment redistribution for partially prestressed beams is undertaken. The review of past

analytical studies (Section 2.3.3) concentrates on methods developed to predict the allowable level

of moment redistribution. At the same time the methods used to evaluate moment redistribution are

assessed. Two factors which make this review more difficultis that first of all the definitions of

moment redistribution used in previous studies, which are not the same as those adopted in most

design standards and secondly, the treatment secondary moment and moment redistribution. Past

definitions of moment redistribution and the interactionsbetween secondary moments and moment

redistribution are therefore briefly discussed in the next two sections.

2.3.1 Past Definitions of Moment Redistribution

Definitions of moment redistribution from the literature are reproduced in Table 2.4. The definition

adopted here is similar to that suggested by Cohn (1986). This definition has the advantage that it

can be used unambiguously at either a positive or negative moment section. A positive moment

redistribution factor,β, implies a reduction in the negative support moment; this isaccompanied by

an increase in span moment. Similarly, an increase in the negative support moment implies a

negativeβ, and a decrease in positive span moment. The additional definition of the normalised

moment redistribution level (βn) is required to be able to compare beam designs, which may vary

considerably in maximum achievable redistribution levels.

The definition of moment redistribution in international design standards for structural concrete

members is similar to the definition adopted here. The only difference being that the actual moment

M in Table 2.4, is taken to be the design moment capacity including the secondary moment due to

prestress. The interactions between secondary moments andmoment redistribution in prestressed

beams is discussed further below.
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Table 2.4 - Definitions of moment redistribution

Reference Definition of Moment Redistribution

Trichy and Rakosnik
(1977)

Degree of Redistribution=
wu

wpl

wu = ultimate load
wpl = plastic failure load

Cohn (1986) M=M elM M = actual moment
Mel = elastic moment due to ultimate load

Campbell (1983) M=M inM 2
Mie = inelastic moment component
M2 = secondary moment due to prestress

Arenas (1985) PAR=
colf

plf

γ = load factor, collapse (col), plastic (pl)
PAR=plastic Adaptation Ratio

Bennett (1960)
Moucassian (1988)

r=PAR1=
wnlwel

wplwel

r = redistribution factor
PAR1 = modified plastic adoption ratio
wel wpl wnl = loads based on linear elastic,
plastic and non-linear analysis

Scholz (1990) p=[1
M dM u

M elM 2M u

]max
βp = possible redistribution
βmax = maximum % of MR required for wpl

Definition adopted here
(Rebentrost et al. 1999)

=
MM el

M el

M = actual moment
Mel, Mpl = elastic M corresponding to P, Ppl

β = moment redistribution expressed as %

2.3.2 Secondary Moments and Moment Redistribution

The effect of hyperstatic moments in continuous prestressed concrete beams beyond the elastic

limit at high overload has been discussed extensively in theliterature. Lin and Thornton (1972),

through the use of two numerical examples, using both linearelastic and plastic approaches,

analysed beams with the secondary moments included and excluded. They concluded that the

secondary moment is to be included in the analysis, when elastic moments are used to compute

ultimate moment capacity. If plastic moments with full redistribution are used in the analysis,

inclusion or exclusion of secondary moments leads to the same collapse load and that when plastic

hinges do not fully develop their strength, ultimate load lies between the two values computed

previously. Mattock (1983), Warner and Yeo (1984) and Huber(1986) have made similar

comments.

In another study, Cohn and Frostig (1983) analyzed a three-span continuous beam with different

tendon profiles. The member was developed by adding anotherspan to the beam example of the

Lin and Thornton (1972) study. The analysis was carried out in two ways, a direct analysis, which

determines the loads at which successive plastic hinges form and a historical approach, which

determines the structural response from load increments between the formations of successive

hinges. It was concluded that secondary moments are invariant at all loading stages up to and

including collapse. In plastic analysis the effect of thesemoments did not alter the computed load.

However secondary moments govern the load, associated withthe hinge formation, and cannot be
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neglected in the design of individual sections. They also concluded that the magnitude and nature

of secondary moments influence the extent of redistribution of moment in a continuous prestressed

concrete beam. Similar conclusions are supported by Nilson (1978).

Scholz (1990 a, b) carried out a theoretical study of moment redistribution in two-span beams,

based on the assumption that all effects of prestressing, including secondary moments, gradually

diminish between elastic and mechanism behaviour. Warner and Yeo (1984) on the other hand,

suggested that all reference to secondary moments, should be avoided when a structure enters the

non-linear range and should not be separated from the overall moments.

From these studies it can be seen that secondary moments mustbe included in an elastic analysis,

but can be neglected in a plastic analysis since their inclusion or exclusion makes no difference to

the plastic collapse load (Huber, 1986). In the case of non-linear analysis the secondary moment

can be considered using an initial distortion (due to prestress). This way the problem of separating

the external load actions from the hyperstatic actions due to prestress, which has no physical

meaning anyway, is avoided (Cauvin, 1983, 1986). Ductilitylimits can hence be used to develop

safe estimates of the carrying capacity when secondary moments must be considered and plastic

collapse load is not reached (Warner and Yeo, 1984). These recommendations are further

strengthened by the confusing results presented in Weekes (1994), where the secondary moments

were studied with a non-linear finite element model and an unsuccessful attempt was made to

separate the secondary moments from the internal moment in the post-cracking stage.

2.3.3 Past Analytical Studies of Moment Redistribution

Cohn (1989), Cohn and Riva (1991) developed an expression for the achievable moment

redistribution from the results of an analytical study using a section based analysis technique. The

maximum achievable moment redistribution,β, is expressed in terms of the curvature ductility

factor (κu /κy):

=
u/y1

15u/y1
(2.19)

Expression 2.19 is built on a linear relationship for the plastic hinge length (lp), which depends on

the moment distribution, load level and steel type (Riva 1988; Cohn and Riva, 1991). It simplifies

to: l p=0.25~0.55⋅z               (2.20)

where z is the internal lever arm of forces at the section for which κu /κy is evaluated.

Scholz (1990 a, b) also used a section based analysis to determined the allowable moment
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redistribution for a multi-span continuous member subjectto a uniform load where the moments

are to be redistributed toward the support and the first hinge occurs at the support:

u

y

≥1
L

2 l p r
⋅ nL2

12M el

1
0.833 (2.21)

and with the first hinge at at mid-span:

u

y

≥1
L

2 l pr
⋅ 1

M el

⋅nL2

6


gL2

24 
1

1.667 (2.22)

wherer is a measure of the secondary moment1M 2/M u and the following expression for the

plastic hinge length (lp) was adopted:

l p=0.25d0.75z at the support

l p=0.25d0.19z in the span
(2.23)

wherez and d have been defined previously. The above expressions of the plastic hinge length

were developed to take into account the statical system whenthe rotation capacity is evaluated

from an averageM-κ relationship. The relationships do not take into account the tendon profile,

reinforcement arrangement or bond properties of the steels.

The rational and Scholz's approach have been questioned by Cohn (1991), since the effects of any

secondary moments were assumed to gradually diminish between the elastic stage and the

formation of a plastic mechanism. In addition it was pointedout that some of the assumption do not

follow ACI 318 (1983) building code provisions. Urenet al. (1989) also doubted Scholz's approach

and applicability in practical design situation.

Arenas (1984) analysed a number of two-span T and I-section PPC beams using a smeared block

approach developed by Santamaria (1984). Two cases were considered, one where the secondary

moments were included and one where they were neglected. It was shown that the inclusion or

exclusion of the secondary moment did not appreciably affect the collapse load, but made a

difference in the amount and distribution of reinforcing steel required in highly stressed regions.

Results also confirmed earlier findings by Cohn and Frostig(1983), that the secondary moments

could govern the location of failure in a beam subjected to certain load arrangements, such as one

span of a two-span beam loaded with a UDL. Limits for moment redistribution are shown Figure

2.13a using thePlastic Adaption Ratio(PAR), as defined in Table 2.4, and the section ductility

(neutral axis parameter c/d is equivalent to ku) at the interior support.
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(a) Relationship between PAR and c/d after Arenas (1984)

(b) Relationship between PAR1 and MR after Moucessian and Campbell (1985)

Figure 2.13 - Moment redistribution limits from past studies using Plastic Adaption Ratio

- 41 -



CHAPTER2 - DUCTILITY AND MOMENT REDISTRIBUTION

Moucessian and Campbell (1985), Moucessian (1986) extended the work by Arenas (1984) and

proposed an approach to determine the ultimate carrying capacity of a continuous beam based on

results from a study of 90 two-span prestressed concrete beams, subjected to four loading

conditions (Figure 2.13b). The modifiedPlastic Adaption Ratio(PAR1, defined in Table 2.4) and

Moment Ratio (MR) were calculated for all beams, where MR is defined as:

MR=
M uM 2 sup

M uM 2 span

(2.24)

and Mu is the moment capacity and M2 the secondary moments, at critical sections.

The authors proposed four equations relatingPAR1and MR based on a lower bound to the data

shown in Figure 2.13b:

0≤MR≤0.75              PAR1MR=1
0.75≤MR0.5            6⋅PAR12⋅MR=3
1.5≤MR2.25           PAR1=0
2.25≤MR≤3.0           3⋅PAR14⋅MR=1

(2.25)

Equations 2.25 can be used to determine the failure load of two-span beams.MR is computed using

the ultimate moment capacities of the critical sections andthe secondary moments, and the value of

PAR1is determined from the Equations 2.25. The authors comparedtheir findings of the collapse

load with those predicted by CSA 23.3 (1984) and ACI 318 (1983) design requirements. It was

concluded that the allowable moment redistribution in the Canadian design standard is

unconservative for beams with high MR values. 

Mattock (1983) pointed out that the beams used in the parametric study do not follow designs

typically used in practice, where a span-to-depth ratio of 25 to 35 is common compared to a ratio of

12.8 used in the study. Furthermore, the tendon profile and amount of reinforcement used in some

beams was unrealistic. 

Kodur (1992) noted that the study by Moucessian and Campbell(1985) suffers from a few

drawbacks, mainly that the computer programs used to calculate the failure loads for defining

moment redistribution, use different failure criterion. The computer programPCFRAMEcannot

model the softening behaviour of the beam whilst using a load-increment procedure and did not

take into account the effects of shear. The latter was criticised by Sveinson (1989), Sveinson and

Dilger (1991). In an attempt to overcome these shortcomings, Kodur (1992) developed an

improved computer program, incorporating the effects of shear with a variable angle truss approach

after the Modified Compression Field Theoryby Vecchio and Collins (1986) and a tension-

stiffening after Ghali and Favre (1986). Parametric studies into the effect of a number of
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parameters on the extent of moment redistribution in partially prestressed were undertaken with

this smeared block analysis. Results of the parametric studies indicated that:

1. an increase in span-to-depth ratio results in a decrease in the extend of moment redistribution

2. the beams with a T-cross section attain a higher degree of redistribution than comparable beams

with rectangular, I- or inverted T-cross sections

3. a beam subject to uniformly distributed load exhibits lower degree of redistribution than a beam

with a concentrated load

4. the degree of prestressing has a beneficially effect on the moment redistribution with an

accompanying increase in secondary moment

5. moment redistribution decreases with increasing concrete strength (up to 50 MPa)

6. concrete confinement increases the level of moment redistribution the effect of tension-

stiffening does not contribute to redistribution of moment

Kodur (1992) developed a set of improved relationships betweenPAR1andMR, from the results of

the parametric study. Although the level of moment redistribution can be defined more clearly with

parameters such as thePlastic Adaption Ratio(PAR, PAR1), which are useful for research

purposes, it makes a general comparison to design limits difficult and will not be repeated here.

The relationships for the design load proposed by Kodur (1992) were used in a comparison to the

ACI 318 (1983) and CSA 23.3 (1984) guidelines. It was shown that the CSA 23.3 (1984) design

standard is unconservative for some beams, particular beams loaded with a UDL and having low

MR values. The ACI 318 (1983) building code was shown to be conservative for the majority of

beams.

More importantly, Kodur (1992) developed a relationship for the expected levels of moment

redistribution by considering rotational compatibility of a structural system, assuming fully plastic

behaviour. If the location of the first and subsequent hinges, hinge lengths (lp) and moment-rotation

(M-θ) relationship are assumed for critical regions in a beam, the ductility demand or required

plastic rotation for a particular level of moment redistribution can be evaluated. The expression for

an attainable level of moment redistribution in two-span members is based primarily on the beam

stiffness and expressed as a percentage:



100
=

3
2

EI  1
EI sup


1

EI y.sup
DL 0.1m1M 2.sup

M u.sup

(2.26)
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Rotational compatibility in Equation 2.26 is based on an assumed lp by Mattock (1971) and an

expression ofθpl by Baker (1956). This expression is equivalent to the integral of the inelastic

curvature over the plastic hinge and applies equally to reinforced and prestressed members:

pl=∫
l p

xdx=p⋅l p
(2.27)

Parameterm1 in Equation 2.26 is taken from the rearranged expression oflp developed for

reinforced concrete members (l p=0.5d0.05m1 L ). Secondary moments are represented by the

ratio of M2.sup/Mu.sup, the remaining part of Equation 2.26 represents the redistribution due to

inelastic action. Good agreement between the proposed Equation and the non-linear analysis were

found for a large number of practical beam design, with only certain values ofEI of the span or for

certain percentages of M2, giving no general agreement. A numerical example was used to highlight

the improved accuracy of Equation 2.26 over then current design procedures. A comparison of the

results from the parametric studies results with design standard requirements was not undertaken.

Mo (1986, 1993) adopted a similar approach and used compatibility conditions for a plastic hinge.

The moments at all critical sections throughout the loadinghistory were predicted according to the

principle of virtual work and the continuity of deflection.The compatibility condition for a plastic

hinge i were stated as:

∫M ids=0 (2.28)

whereMi is the bending moment due to a unit moment at a plastic hingei, andds is the length of a

segment.

The curvature,κ caused by external loads is made up of an elastic component, aplastic component

before yielding and a plastic component after yielding. Thethree curvature components can be

estimated and substituted in the compatibility equation (2.28) by assuming a tri-linearM-κ
relationship. If the plastic rotations are assumed to be concentrated at a critical section the

following simplified equation can be derived:

∫ k1 M dsM i
1∫k2MM ' cds∫ k3MM yds=0 (2.29)

with the following set of integration coefficients:

k1=y EIM y/EI M yM ' c

k2=M i /EI (2.30)

k3=y
y EIM y

M yM ' c

 ' c
M u

M y

y
y EIM y

M yM ' c

 ' y/M uM y
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Equations 2.29 and 2.30 may be evaluated for every plastic hinge i of the statically indeterminate

structure and can hence be solved to predict moments at all critical sections at any load stage. The

level of moment redistribution can be calculated from the predicted moments at critical sections.

Prior to Kodur's (1992) study, a smeared block approach was used by Warner and Yeo (1984) to

study the full range behaviour of reinforced and partially prestressed members. The numerical

method used pre-generated moment-curvature relationships (Lathan, 1981) assigned to segments

along the length of the beam and traces the entire range of behaviour using deformation control

loading technique. The effects due to prestress were treated as part of the overall moments. A series

of two-span PPC beams with rectangular sections and subjected to a UDL were analysed.

Subsequently, a range of ductility requirements were proposed that deal with secondary moment

and could be used in all strength design situations. Further, the results showed that no moment

redistribution should be allowed for aku greater than 0.4, which could lead to unconservative

designs. The ductility limits were later adopted in a revision of the Australian design standard (AS

3600, 1988).

Later improvements in the analysis by Warner and Yeo (1984) by Koboko (1987) and lately by

Wong and Warner (1998, 1999) lead to the final development ofa layered section analysis for

determining the moment-curvature relationships. The analysis method has been extended to

continuous PCB but has not been used for any numerical investigations (Wong and Warner, 1998).

The reviewed studies focus on formulating an expression forthe maximum achievable level of

moment redistribution and hence give an estimate of the carrying capacity of indeterminate

members. Regardless of the type of analysis used, it is apparent that some difficulties exist in

accurately equating the ductility demand and capacity. With the complexity of non-linear methods

increasing, it seems improbable that a single empirical expression could be derived to approximate

the achievable moment redistribution level. Warner and Yeo(1984) took a different approach and

suggested the non-linear analysis be used to evaluate safe limits for moment redistribution and

minimum ductility requirements using different beam designs (see for example Figure 2.8). The

non-linear analysis should consider the effects of prestress in the total moments to avoid any

problems with the secondary moments (Section 2.3.2). As already discussed in Section 2.1.2.a,

average deformation models, which include the smeared block approach are not well suited for

quantifying the effects of steel fracture on the deformation capacity of partially prestressed beams.

Past studies have not been able to address this problem adequately, partly because of the analysis

method used.
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2.3.4 Observations from Continuous PPC Beam Tests

Observations from past beam tests can be used to establish safe design limits for moment

redistribution. A review of results from past continuous beam tests is presented below, which will

show that no conclusive answers about the safety of current design limits and ductility

requirements in AS 3600 (2001) can be established in this way.

Destructive testing of continuous prestressed concrete beams with the aim of evaluating the

carrying capacity and achievable moment redistribution appears limited in comparison to the

literature available for tests on reinforced concrete beams (see for example Herzog, 1963; Huber,

1986). A comprehensive listing of the details relating to past beams tests on continuous PPC

members with bonded tendons is given in Appendix C. A focus onbonded PC beams is maintained

and composite beam constructions (Okadaet al., 1986 and Lopeset al., 1997); large-scale bridge

girder tests (Röseli, Kowalcyk, Hofacker and Sagelsdorff,1963; Campbell and Batchelor, 1977;

Aparicio and Arenas, 1981) or members with unbonded or external prestressing tendons (Scordelis,

1985; Rao and Vegh, 1986; Matupayony, Mutsuyoshi, Yamaguchi and Machida, 1995; Taerwe et

al. 1999; Aravinthan, Mutsuyoshi, Matupayont and Machida, 1999) are not included in this review.

From the beam tests listed in Appendix C it can bee seen that there exists a lack of recent

continuous partially prestressed beam tests investigating the achievable level of moment

redistribution, with the majority of beam tests reviewed carried out in the 1950-1970's. More recent

tests have unfortunately been of much smaller scale with fewer than five beams tested (König and

Maurer, 1993; Taerwe, Thomas and Pauw, 1997, 1999) and these tests did not explicitly investigate

the achievable levels of moment redistribution.

The experimental studies reviewed showed that the majorityof beams were continuous over two

spans with single point loads in each span. Experimental findings indicate that moment

redistribution is complete in most specimens, with only some beams failing to reach their full

plastic load capacity. The tests of Zekaria (1958), indicate that prestressing fracture is possible in

prestressed concrete beams. Unfortunately the author did not publish the stress-strain

characteristics of the prestressing steel used. Macchi (1957) was one of the first to observe that the

extent of moment redistribution in three-span members is usually lower than that of two-span

members.

The observations by researchers investigating the level of moment redistribution can be misleading.

Wording such asfull or completemoment redistribution give no indication of the level of moment

redistribution the beam had to undergo before reaching ultimate capacity (see also Huber, 1986).
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Neither is it possible to ascertain the design moment redistribution for a large number of the past

beam tests. From 27 separate publications, involving more than 200 beam tests, only eight

publications were found to provide enough information to estimate the bending moment capacities

of the critical sections and hence estimate the design moment redistribution level. In many cases

there was incomplete reporting of the properties of the materials, the test specimens, or the test

results.

The results of 64 two-span and 42 three-span past beam tests were however analysed and the

achievable moment redistribution evaluated. The level of moment redistribution achieved in the

experiments versus the neutral axis parameter, an indicator of ductility used in the Australian

design standard (AS 3600, 2001), at the critical section in the beam are shown in Figure 2.14. A

non-linear analysis of the overload behaviour of the past experimental specimen was carried out

with smeared block approach (Wong and Warner, 1998, 1999). It was shown that the analysis

method is accurate in predicting the ultimate load of the beams and could be used to evaluate the

achieved moment redistribution (refer also to Chapter 7 andAppendix C). Further details can be

found in Rebentrostet al. (1999). Most of the test beams had values of the neutral axis parameterku

well above 0.4. According to AS 3600 (2001), these beams would be classified as non-ductile, and

no moment redistribution would be allowed in their design. 
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Figure 2.14 - Moment redistribution from non-linear smeared block analysis of past experimental
beams

The results of the analysis show a large scatter of moment redistribution (Figure 2.14) including

very high levels of moment redistribution in excess of 40%. These particular specimens were

mostly impractical beam designs with straight tendon profiles. The scatter of the results however is

a function of the design section capacities. Results of the non-linear analysis show that nearly all

beams shown in Figure 2.14, attained their plastic load and full moment redistribution took place.
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The beams can therefore be consideredsafe, which includes the ductile specimen shown in Figure

2.14, withku<0.2. These four specimen are the only beams within the permissible design moment

redistribution space according to AS 3600 (2001). In most cases, the publications of the beam test

results stated that full or complete moment redistributionwas observed in the experiments (refer to

Table C.1 in Appendix C).

The results of the analysis of past continuous partially prestressed beam tests highlights four very

important limitations in the experimental studies.

1. There is a lack of experimental reporting, which limits the usability of the test results for further

analysis with non-linear methods. 

2. A large proportion of the past test beams do not reflect practical beam designs, with most test

specimen having non-ductile critical sections and exhibiting excessive levels of design moment

redistribution.

3. No clear trend of achievable moment redistribution couldbe observed for the past test beams

analysed. 

4. Finally, all but one of the hundreds of past experimental beams reviewed reached ultimate

capacity by failure in the compression zone. The failure mode is a reflection of the non-ductile

section behaviour and does not indicate that premature steel fracture failure will not occur in

more ductile partially prestressed beams.

There clearly exists a need for further experimental studies into the achievable levels of moment

redistribution for partially prestressed members with ductile sections. Due to the costs associated

with experimental testing, numerical studies using realistic non-linear analysis method present an

attractive alternative.

2.4 Concluding Remarks

There exists a clear need to study the safety of current moment redistribution limits and ductility

requirements for partially prestressed members accordingto the Australian concrete structures

standard (AS 3600) with current limits based on simple extensions of the limits for reinforced

concrete member. A review of past experimental studies of the allowable levels of moment shows

that observations from these studies cannot be used to establish safe limits for design. Instead non-

linear analysis of the full-range of behaviour of continuous members are necessary to evaluate safe

limits for moment redistribution and section ductility requirements. This procedure has been

successfully applied by Ahmad and Warner (1984) with a smeared block analysis to establish safe
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design limits for reinforced concrete beams. Other past analytical studies of moment redistribution

in partially prestressed beams, often present a confusing picture with the definitions of moment

redistribution different to those used for design. In addition, the interactions of secondary moments

and moment redistribution assumed in earlier studies have,in some cases, been shown to be

illogical.

While the importance of the effects of steel fracture on the ductility of structural concrete beams

are well documented in the literature, the effects of steel fracture on the allowable moment

redistribution for partially prestressed beams has not been adequately investigated in previous

studies. In the literature search only a single study quantifying the effects of steel fracture on the

ductility of PPC beams was found. It is therefore necessary not only to investigate the effects steel

fracture on the ductility of partially prestressed members, but more importantly to also develop a

method of analysis that can be used to undertake such a study.
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3REVIEW OF BLOCK BASED LOCAL DEFORMATION
MODELS

This chapter begins with an introduction to block based models developed for evaluating the

deformation behaviour of highly stressed regions in structural concrete beams. The evolution from

the plasticity based block model, to an average block deformation treatment, and subsequently to

the present discrete crack block approach, is described. Following this, are detailed reviews of

present discrete crack block models developed for reinforced and partially prestressed beams. In

particular, limiting assumptions are highlighted concerning the treatment of compatibility. It is

necessary to include reviews of reinforced concrete modelssince these models are the basis of

modelling extensions to partially prestressed. In addition, the number of recent local deformation

models for partially prestressed are very limited. In Chapter 4, an improved local deformation

analysis for reinforced and partially prestressed beams is described.
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3.1 Historical Development of Local Deformation Mode ls

Baker (1956, 1961) proposed one of the earliest formulationof the plastic rotation over a highly

stressed region (plastic hinge) in a reinforced concrete based on a block approach. In this approach,

the curvature (κ) is taken to be constant over a fictitious plastic length (lp). Baker (1961) proposed a

relationship for lp based on steel type, concrete strength, member slenderness and effective depth:

pl=∫
l p

pxdx=p l p
(3.1)

Expression 3.1 was used by Baker (1956) to calculate the rotation capacity of a hinge from the

product of lp and the plastic curvature of the maximum moment section in the hinge:

pl=∫
l p

pxdx=p l p
(3.2)

Further research and advances in computing technologies led to refined analysis of structures. For

block based approaches this lead to the development of the smeared block model. This approach

segments the structural member into equal sized block, withthe deformation of each block

evaluated from a representative curvature taken at the section of highest moment in the block

(Kodur, 1992; Wong and Warner, 1998, 1999). Smeared block approaches have been used to

evaluate the deformation behaviour of partially prestressed beams by Moucassian (1986), Kodur

(1992), Wong and Warner (1998), results from some of these studies were already discussed in the

previous chapter. In each of these studies, the models were shown, by comparison to beam tests, to

be accurate in predicting the load-deflection behaviour of members failing in the compression zone.

Shortcomings of the smeared block approach are more apparent in the results for members failing

by fracture of the steel, where the beam deformations are sensitive to the local behaviour in the

tension zone. Block models based on an average deformation approach suffer from similar the

shortcomings, which are summarised as follows:

• The rotation capacity of a region is evaluated from a representative curvature at a section, rather

than the local behaviour over the region

• The effects of shear and the contribution of concrete in tension are neglected or simplified

• The assumption of plane sections remaining plane may not be valid at ultimate capacity

The problems of accounting for the contribution of concretein tension between cracks (tension-

stiffening effect) in deformation models using average section behaviour have been addressed in

numerous ways. The tension-stiffening effect has been applied directly to the average moment-

curvature relationship (Branson, 1963; Beeby, 1968; CEB MC90, 1993) or by modifying the

stress-strain assumptions of the concrete and the reinforcing steel. These modifications were

initially based on the progressive formation of cracks (Leonhardt, 1966; Wegner, 1974; Geistefeld,
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1976; Hartl, 1977), where Scanlon (1971), Lin and Scordelis(1975), Kabir (1976), Åldstedt and

Bergen (1978), Van Greunen (1979), Bazant and Oh (1984) suggested modified stress-strain

relations for concrete in tension. Schäfer (1975) and Kristjansson (1977) suggested similar

modifications to the assumed stress-strain behaviour of steel and in the case of Gilbert and Warner

(1978), Gupta and Maestrini (1990) models were developed for both. These models usually work

well prior to yielding of the reinforcement, giving reasonable estimates of the increased stiffness

due to the tension-stiffening effect in beams. At high overload, where the steel has yielded and

cracking has stabilised, the effect of the stress-strain modifications is small and local strains at the

crack are not predicted accurately for low reinforcement percentages. Later in this section another

class of tension-stiffening models is introduced, which consider the local steel behaviour between

cracks more closely.

(a) Baker (1961) (b) Dilger (1966)

Figure 3.1 - Plastic rotation according to Baker (1961) and Dilger (1966)

Dilger (1966) introduced the effect of inclined cracking tothe basic block approach by Baker

(1956) as shown in Figure 3.1. In this approach the deformation was subdivided into two parts; the

deformation due to bending (Figure 3.1b - A) calculated fromthe moment-curvature relationship

(Baker, 1961) and the additional deformation due to the effects of shear (Figure 3.1b - B),

approximated using a shift in the moment line. To evaluate the shift in the moment line, additional

tension forces due to shear are evaluated assuming the crackinclinations according to the minimum

deformation energy criterion (Leonhardt and Walther, 1962a, b, 1963). The deformation could then
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be calculated as the product of the plastic hinge length due to inclined cracks and the plastic

curvature at the critically stressed section. It is shown later that Dilger's (1966) approach has been

used to incorporate the effects of shear in a number of recent discrete crack models.

A further improvement in modelling the deformations over a plastic hinge region followed from the

observation that the deformation of the steel concentratesat flexural cracks and the deformation

between cracks is comparably small. Bachmann (1967) proposed that the rotation over the plastic

length is obtained from the sum of the crack widths, neglecting the deformation of the concrete in

tension between cracks:

 = ∑
All cracks ws

ddn

(3.3)

The expression implies that the sum of all crack widths (ws) at the reinforcement layer is equal to

the elongation of the reinforcement over the plastic hinge,again neglecting the deformation of the

concrete in tension at the reinforcement layer. Local deformations along the reinforcement and

between each crack depend however on the shape of the reinforcement stress-strain relationship

and the local bond behaviour. The governing equations (Rehm, 1961) are relatively complex and,

at the time of the study, Bachmann (1967) could only describethe influence of different parameters

on the deformation behaviour of a plastic hinge based on handcalculations. Two types of cracking

pattern, as shown in Figure 3.2, were considered by Bachmann(1967). The first corresponding to a

flexural hinge with predominantly vertical cracks, the other to a flexural-shear hinge with inclined

cracks. 

(a) Flexural hinge (b) Flexural-shear hinge

Figure 3.2 - Hinge model according to Bachmann (1967)

The deep understanding of the local deformation behaviour over a plastic hinge presented by

Bachmann (1967) has lead to the development of a class of analysis models know as discrete crack

block models.
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3.2 Recent Discrete Crack Block Models

Langer (1987) developed the flexural hinge model by Bachmann (1967) and suggestions by Eifler

(1983) into a discrete crack block model and applied it to an analysis of reinforced concrete

members. The analysis program was then used to investigate the influence of different material and

structural parameters on the rotation capacity of a typicalnegative moment region in a continuous

beam. Langer's (1989) model has served as a template for manylater discrete crack block models,

including Cosenzaet al. (1991), Bigaj (1996), Gravina (2002). A review of the reinforced concrete

model by Langer (1987) and recent refinements to the model byother researchers is given in this

section. Particular emphasis is given to the compatibilityrequirements built into these recent

discrete crack block models and the possibility of extending them to partially prestressed members.

Figure 3.3 shows Langer's depiction of his model.

In Langer's (1989) model the moment-curvature at each crackis evaluated up to the ultimate

moment (Figure 3.3f), based on given dimensions of the cross-section (Figure 3.3b), assumed

stress-strain relationships of the concrete (Figure 3.3d)and steel (Figure 3.3e), and assuming plane

section strain profiles (Figure 3.3c). Cracks are taken to be equally spaced (srm), according to

Kreller (1989), over the region of the beam where the moment exceeds the cracking moment

(Figure 3.3g). The moment is then determined directly from the load for the statically determinate

member. Formation of inclined cracks was taken into accountassuming and angle of the inclined

compression strut (Dilger, 1966) and adjusting the tensile force along the beam. 

The curvature in each crack are then adjusted using the previously evaluated tensile force-curvature

relationship. Langer (1987) evaluated the contribution ofconcrete in tension between cracks using

an iterative solution of the differential equation of bond suggested by Ciampi (1982). Modified

bond stress-slip relationships first suggested by Eligehausenet al. (1983) and later modified by

Kreller (1989), were assumed (Figure 3.3i). The local variation in steel strains are obtained this

way and the local curvature distribution is calculated by assuming a linear variation in neutral axis

depth (Figure 3.3k and j). Integration of the local curvatures over the beam length gives the rotation

capacity (Figure 3.3m).

Graubner (1987, 1997) and Graubner and Kupfer (1988) used the relationships between the

average steel strain between two cracks and the maximum steel strain at a crack evaluated by

Langer (1987), in a finite element method to correct the cracked average section strains and obtain

an estimate of the peak steel strains. Graubner (1987) used the analysis in a study of moment

redistribution in reinforced concrete beams.
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Figure 3.3 - Model and convention according to Langer (1987)5

5 Figure transcribed and translated from Langer (1989)
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Cosenzaet al. (1991) adopted the general methodology of Langer (1987) with a modification to the

treatment of tension deformation in the concrete. Instead of neglecting the deformation of the

concrete in tension, a constant concrete tension strain is evaluated by considering the steel stresses

transferred to the concrete to over an effective area. The model has been used in an investigation of

the deformation capacity of high-strength concrete beams (Pecce, 1998; Pecce and Fabbrocino,

1999) and is one of the only discrete crack block models to have been extended to the analysis of

continuous reinforced concrete beams (Manfredi and Pecce, 1998).

Bigaj (1993) adopted a fracture mechanics approach to account for the localisation effects in

reinforced concrete, offering the possibility to study explicitly the influence of concrete fracture

toughness on the behaviour of reinforced concrete members.The constitutive relationships for

concrete in tension follow Hillerborg (1983) and in compression, Markeset (1993). A polygon with

six points was used to model the stress-strain relationshipof the reinforcing steel. Bigaj (1993)

noted a lack of information to describe the bond of reinforcing bars after yielding. Subsequently, an

additional study was performed aimed at developing a new bond model for ribbed bars. The new

generalised bond model takes into account the concrete properties, the strain state of the reinforcing

bar (using bar contraction), the degree of confinement and the corresponding mode of bond failure

(Den Uijl and Bigaj, 1996). The effects of shear were neglected by Bigaj (1996), who argued that a

purely flexural treatment yields lower limit values for thedeformation at ultimate. The analysis

model was used to investigate the influence of different parameters on the bond behaviour and the

deformation capacity of reinforced members.

An alternative approach for determining the local steel strain distribution between cracks has been

suggested by Kwak and Song (2002) using a polynomial function. The procedure effectively

replaced stepk in Figure 3.3 of Langer's (1989) model, with the governing equations shown in

Figure 3.4. The need to assume a local bond stress behaviour and any iterative procedure to

evaluate the local steel strains between cracks are hence removed. This simplification is more of a

limitation when the influence of the local bond behaviour onthe deformation capacity is to be

investigated, as is the case in the present study. Kwak and Song's (2002) nevertheless have shown

how the procedure is applied to the analysis of reinforced concrete slabs using an existing finite

element formulation by Kwak and Filippou (1990, 1997). Similar simplified relationships for the

local reinforcing steel strain variation between crack have been suggested by Chan, Cheung and

Huang (1992) and Tamai, Shima, Izumo and Okamura, (1988), Shima and Tamai (1987) using

trigonometric functions.
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Governing equations:

sx=s21/n⋅pcx

cx=s111x/ l t
nc

: x≤l t

sx=x x=s1 : l t≤x≤s/2

with the transfer length l t:

l t=K p⋅Ac Ecs1/∑0

where Kp = 3.69 mm2/kg

Figure 3.4 - Strain distribution between cracks using polynomial function (Kwak and Song, 2002)

Other block models following Langer's (1989) approach havebeen developed and used in studies

of deformation behaviour by Bridge and Smith (1982), Birkenmaier (1983), Creazza and di Marco

(1993), Vasiliev and Belov (1993), Fantelliet al. (1998), Meißner (2000) and recently by Gravina

(2002). The models by Fantelliet al. (1998) and Gravina (2002) do not assume a constant crack

spacing and instead determine the local crack spacing from the reinforcement strain distribution

along the beam. Cracks are taken to form when the cracking moment is exceeded at a point of zero

reinforcement slip. Fantelliet al. (1998) identified some problems with this procedure, whichgives

unreasonably short crack spacings when the bending moment is relatively steep, as is the case for a

member subjected to a concentrated point load. Gravina (2002) overcame this problem by

assuming a constant crack spacing over the problem region. Adifferent approach is developed for

the discrete crack model introduced in Chapter 4.

Models based on Langer's (1989) proposition and reviewed above, all suffer from the same

limitation imposed by the assumption that the strain in the reinforcement and the concrete in

compression remains plane at a crack (Bernoulli's hypothesis). This limits the models to a single

layer of reinforcement with any additional layers of steel including prestressing tendons possibly

violating deformation compatibility in the tension chord.See for example the analysis model

developed by Riva (1988), who assumed a linear distributionof reinforcement, prestress and

concrete strain at a crack. Li (1995), who extended the reinforced concrete model by Langer (1987)

to partially prestressed members, partly overcame the deformation compatibility problem by taking

the strain in the prestressing layer to be 'out-of-plane' and the strain in the reinforcement and

concrete to be plane. Deformation compatibility of the reinforcement and prestress in the tension

chord could hence be satisfied, while also providing the means to calculate the strains at the

prestress layer. A detailed review of the compatibility requirements built into Li's (1998) model is

given next.
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The general compatibility statement for the reinforcing and prestressing steel deformation in the

tension chord proposed by Li (1998) says:

∫
0

L

[pxpdx]dx=∫
0

L

[sxsdx]dx (3.4)

whereεp is the prestressing strain,εs the reinforcing steel strain, andεpd andεsd the steel strains at

decompression. The factorα takes into account the difference in effective depth of the prestressing

layer (dp) and reinforcing steel layer (ds) at a section having a neutral axis depth, dn:

=
dpdn

dsdn

(3.5)

The compatibility statement in Equation 3.4 is further simplified by Li (1998), assuming that the

prestressing tendon and reinforcing steel remains fully bonded to the concrete up to decompression

and by taking into account the compatibility requirements of the differential equations of bond

(Rehm, 1961):

dssx

dx
=sxcsx

dspx

dx
=pxpd xcpx

(3.6)

wheres is the slip between the steel and the concrete,εpd the strain in the prestressing steel at

decompression and εcs,p the strain in the concrete at the steel layers.

To solve the slip compatibility requirements, Li (1998) neglects the elongation of the concrete in

tension at the steel layer as proposed by Bachmann (1967). Furthermore, the crack width at a steel

layer was taken to be equal to the slip immediately on either side of the crack. Combining

simplified expressions of Equation 3.4 and 3.6, and using the assumptions made above yields a

statement of compatibility between the crack width at the reinforcing steel (ws) and prestressing

level (wp) for every crack (n), applicable to a partially prestressed beams with a bonded tendon:

∑
n=1

N

wp
n=∑

n=1

N

n ws
n (3.7)

Similar statements were derived by Li (1995) for members with an unbonded prestressing tendon.

An iterative procedure was needed to solve the above compatibility requirements once they were

built into the model framework provided by Langer (1987). The model formulation maintains that

the reinforcing steel strain at a crack remains plane with the compressive concrete strains. The

rotation of a determinate beam are hence calculated using an increment of the prestressing strain.
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The procedure for determining the rotation over a simple span for a typical prestressing steel strain

increment (∆εp) is depicted after Li (1998) in Figure 3.5. Four basic steps are required, first

equilibrium is satisfied at the section of maximum moment and the bending moment and shear

force distribution calculated according to the statical system and loading arrangement (Figure 3.5a

and b). The bending moment is adjusted according to Dilger (1966), if shear cracks are present. It is

then possible to evaluate the local section strains at predetermined crack location using equilibrium

and assuming a value for the prestressing steel strain at every crack (Figure 3.5c). Over the cracked

region the local variation in steel strains are evaluated using the cracked section strains as boundary

values and solving the differential equations of bond afterRehm (1961) according to Ciampiet al.

(1982). Cracks are taken to extent over the region of the beam, where the tensile concrete strain

exceeds the cracking strain. Lastly, iterations are necessary to satisfy crack width compatibility at

all cracks (Equation 3.7) and solve for the correct prestressing steel strains previously assumed

(Figure 3.5d). Once the local distribution of strains is known in the tension chord, the rotations are

calculated from the steel strain and neutral axis depth, the latter is assumed to vary linearly between

cracks. Other minor differences between Langer's (1989) reinforced concrete model and Li's (1998)

partially prestressed beam model include: crack spacings are taken after Thormählen (1979) and

Steidle (1988); the local bond stress-slip relationship for prestressing bars and tendons are based on

the schematic by Eligehausen et al. (1983) with bond parameters for multi-strand tendons evaluated

using pull-out tests with short embeddment length; and initial effects due to prestress are

introduced using a modified stress-strain relations for the prestressing steel not taking into account

the effects of self-weight.

Li's (1998) discrete crack block model is the only model of its type for partially prestressed

members, it does however have some shortfalls. The compatibility statement is limited to members

with a single reinforcing layer and a single prestressing layer. The prestressing tendon cannot have

a variable depth profile, where the compatibility requirement (Equation 3.5) can become invalid if

the depth of the tendon is less than the neutral axis depth, implying a negative crack width at the

tendon level. The latter limits the model to a regional analysis of deformation capacity, making it

impossible to extend it to an analysis of indeterminate beams. Li's (1998) approach also suffers

from the same shortfalls as those based on Langer (1987). These being the plane-section strain

assumption for the reinforcing steel and concrete, and the adoption of simplified expressions to

determine crack spacing.
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Figure 3.5 - Model extension to PPC beams by Li (1998) after Langer (1987) showing procedure
for a single deformation increment  

In the analysis of tension members, the compatibility requirements for individual tension elements

(reinforcing bars and prestressing tendons) are usually expressed in terms of the average strains

over a compatibility length. The majority of these tension member models have not been extended

to an analysis of flexural members. The tension chord model (Sigrist and Marti, 1994; Marti,

1995), however, describes the behaviour of members loaded in tension, and illustrates its

application in combination with a discontinuous stress field analysis applied for example to flexural

members (refer to Muttoni, Schwartz and Thürlimann, 1989; Marti, Alvarez, Kaufmann and Sigrist,

1999) to deformation calculations (Figure 3.6). Alverez (1998) generalised the tension chord model

for prestressed concrete tension chords. The model is not a block based approach but uses a general

statement of deformation compatibility applicable to members with any number of prestress and

reinforcement layers. A short description of the compatibility requirements follows.
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(a) Stress-fields with discrete crack element (Risselement)

=∑ i

F = Reaction force

Ft = Tension force (r: right; l: left)

θi = Elementary rotation

x = Neutral axis depth

All other notation given in Notation

(b) Total rotation

Figure 3.6 - Stress-fields with discrete crack element in a determinate beam (Marti et al. 1999)

Alvarez's (1998) depiction of a cracked prestressed concrete tension element is shown in Figure 3.7

with corresponding distributions of bond stresses, steel stresses and strain at different stages of

loading plotted using thin lines for the reinforcing steel and thick lines for the prestressing steel.

Crude assumptions for the stress-strain and bond behaviourwere adopted to develop simplified

relationships between average and local steel strains at a crack. Comparisons with test results did

however give reasonable predictions. Basic equilibrium requirements in the tension chord require

the axial thrust (N) to be equal to the total tensile forces in the reinforcing steel and prestressing

 steel: N=Ass.maxApp.max (3.8)

Compatibility of the bar elongation between two cracks requires the average reinforcing steel strain

(εsm) be equal to the average prestressing steel strain (εpm) minus the prestressing strain at

decompression (εpd):

sm=pmpd (3.9)
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(a) Assumed σ-ε and τ-s relationships (top is reinforcement, bottom is prestress)

(b) Symmetrically loaded crack element (Risselement)

(i) Elastic steel strain state (ii) Post-yield steel strain state (iii) Ultimate steel strain state

(c) Stresses and strains between two cracks for different load stages

Figure 3.7 - Tension chord model for PPC according to Alvarez (1998) after Sigrist (1995)
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Equations 3.8 and 3.9 were built into the tension chord model, allowing the steel stresses and

strains, crack widths and deformation of the chord to be evaluated up to failure of one of the steels.

Failure in the compression zone is determined from the stress fields in the compression zone. In the

analysis of beams the tension chord model is used to evaluatethe elementary rotations for a crack

spacing by integrating tensile strains over each crack element (Figure 3.6a -Risselement). The total

rotation is taken to be equal to the sum of elementary rotations (Figure 3.6b).

The model shown in Figure 3.7 describes the behaviour of a tension chord containing reinforcing

steels with different stress-strain and/or bond characteristics. The expressions developed by

Alvarez (1998) are limited to a single reinforcing and prestressing steel layer, but extensions to any

number of steel layers are achieved by use of the generalisedcompatibility statements. In Chapter

4, it is shown how similar compatibility requirements are applied to members in bending using a

discrete block model and capable of adopting any material relations.

3.3 Concluding Remarks

The historical review of past analysis model developed to evaluate deformation capacity in

structural concrete members, has highlighted numerous advantages of a local deformation

treatment over models which consider average deformationsonly. Local deformation models are

able to predict limiting effects of steel fracture failure on the deformation capacity and give an

accurate representation of the tension-stiffening effectby considering the local variation of steel

strains between cracks. Current approaches are however limited to reinforced members and a

general extension to partially prestressed members containing multiple layers of steel has not been

fully realised. This limitation is in part due to the assumption of compatibility of the strains in the

concrete and in the reinforcing steel at a crack, adopted in all models reviewed. Furthermore, most

models assume an average crack spacing and are not capable oftracing the cracking behaviour over

the entire loading history. The models by Fantelli (1995) and Gravina (2002) are an exception. The

effects of shear on flexural deformation are considered in most models according to Dilger (1966),

the approaches by Bigaj (1995) and Gravina (2002) ignore the effects of shear.

The proposed local deformation model for flexural hinges tobe introduced in Chapter 4 aims to

improve the shortcomings discussed above. In comparison tothe model by Li (1998), the proposed

model differs in that the analysis is capable of modelling partially prestressed members with

multiple layers of tension reinforcement and prestressingtendons having a variable depth profile.

This is achieved by considering deformation compatibilityrather than compatibility of strains at a

crack, overcoming also limitations of recent local deformation models for reinforced concrete

(Gravina, 2002). Similar to approaches by Ferreti (1995) and Gravina (2002), the proposed analysis
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follows the development of individual cracks through the load history. In Chapter 7, the analysis is

extended to indeterminate beams, which includes the development of a flexural-shear treatment for

regions of high moment-shear that fits into the framework of the flexural deformation model.
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Chapter 4

4ANALYSIS MODEL

In this chapter, a method of analysis is developed for predicting the local deformations and strains

in a partially prestressed member in flexure. The analysis applies to members that contain several

layers of tensile steel and prestressing tendons. It takes account of progressive crack formation

with increasing moment. A rigorous definition of deformation compatibility is used, together with a

treatment of local bond and slip, to determine the longitudinal variations in strain in the steel

layers, from crack to crack, at each loading stage.

The analysis method deals with flexural deformation only and neglects the effects of shear. A

computer program capable of simulating the behaviour of determinate partially prestressed and

reinforced concrete beams up to ultimate has been developed, based on the analysis method. Later,

in Chapter 7, an extension of the analysis program to deal with indeterminate beams is described

and a flexural-shear model has been developed for the indeterminate beam analysis.
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4.1 Compatibility Assumptions for Progressively Cracking PPC

Beams

In ultimate strength calculations for concrete beams, the highly idealised assumptions are usually

made that strains are linearly distributed over each cross-section, and that perfect bond is

maintained between the steel and surrounding concrete. In fact, there is significant local bond

breakdown as each crack forms, and strains cease to be linearly distributed. To look more closely at

local deformations, consider the determinate partially prestressed concrete beam shown in Figure

4.1, where the tensile reinforcement is lower in the beam than the tendon, and the steel has higher

bond capacity than the tendon. The span of the beam is sufficiently large to ensure mostly flexural

actions and the first crack forms at the section of maximum moment.

w

Figure 4.1 - Example of partially prestressed concrete beam

Upon first cracking, the tensile stress in the concrete is lost at the crack and there is a sudden jump

in the outermost reinforcement steel strain (εs), with slip of the concrete relative to the reinforcing

bar over some distancelbsL on the left, andlbsR on the right side. For the beam shown in Figure 4.2,

the slips on either side of the crack are the same due to symmetry. Bond stresses between the

reinforcing steel and the adjacent concrete develop over the bond breakdown length (lbs=lbsL+l bsR).

Whilst the local strains in the reinforcement and surrounding concrete are quite different following

cracking, the elongation of the reinforcementδs, taken over the disturbed length between the points

of zero slip, is equal to the elongation of the concreteδcs over the same length. Noting thatδcs is

equal to the crack width (ws) plus the integral of the strain in the concrete at the steel level (εcs), we

thus have:

s=∫
l bs

sxdx=cs=ws∫
l bs

csxdx (4.1)

At first cracking there is also a jump in the effective tendonstrain (εp) with slip over the bond

breakdown length of the tendonlbp=lbpL+l bpR(Figure 4.2). Taking the tendon to remain fully bonded

to the concrete prior to cracking gives a similar expressionto Equation 4.1 for the change in

elongation of the tendon relative to the strain at decompression (εpd):

p=∫
l bp

[pxpdx]dx=cp=wp∫
l bp

cpxdx (4.2)
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Although cracking causes local disruption of the concrete strains, it is reasonable to assume that the

longitudinal deformations in the concrete are linearly distributed down the beam, if taken over a

sufficient length,lcd, large enough to include the bond breakdown lengths of the reinforcement and

prestressing tendon. As already noted, the concrete deformations at the reinforcement (δcs) and

tendon (δcp) levels are equal to the deformations in the adjacent reinforcement (δs) and tendon (δp).

We have as compatibility requirements for the beam the deformations over the compatibility

distance, lcd:
dn

ds

=
co

cos

(4.3)

dn

dp

=
co

cop

(4.4)

In Equations 4.3 and 4.4,δco is the deformation in the outermost compressive concrete fibre,ds is

the depth to the reinforcement layer,dnδ the depth to zero deformation, anddp the average depth to

the tendon over the compatibility distance. The compatibility distance at first cracking is equal to

the disturbed region (Figure 4.2), with this length being the larger of the reinforcement and

prestress slip extent.

Figure 4.2 - Definition of bond breakdown length and disturbed region after first cracking

The bond breakdown distance for the tendon is usually largerthan for the reinforcing steel because

the deformed reinforcement surface is able to generate higher local bond stresses than the tendon.

In the case of an unbonded tendon, the bond breakdown length becomes the complete span. In this

case, the beam behaviour is similar to that of a reinforced beam with a single reinforcing layer, but

with a near-constant compressive force applied at the tendon level. For good steel bond, it is also

reasonable to assume that the concrete deformations are linearly distributed over the bond

breakdown length of the steel.
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Figure 4.3 shows the local deformations over the disturbed region and across the crack for a

partially prestressed beam just after first cracking. Local strains in the reinforcement (εs), tendon

(εp) and top fibre concrete (εco) have maximum values at the crack and decrease with distancefrom

the crack. The concrete strain in the local outermost tensile fibre (εct) increases away from the crack

with the contribution of concrete in tension growing.

d
s

(c) Local strains over disturbed region

(a) Disturbed region at first cracking (Figure 4.2)
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Figure 4.3 - Local behaviour over the disturbed region after first cracking in a PPC beam

The peak strains are expressed in terms of the average strains (ε.avg) over the bond breakdown

length by introducing compatibility parameters (α) as follows:

s=s⋅s.avg (4.5)

p=p⋅p.avgpd.avgpd (4.6)

co=co⋅co.avg (4.7)

An additionalα-factor is defined to relate depth of the local neutral axis of strain at the crack (dn)

with the depth to zero deformations (dnδ) over the compatibility distance:

dn=dc⋅dn (4.8)
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Equations 4.3 and 4.4, can also be expressed in terms of average strains, with the deformations

being equal to the product of the average strain and disturbed region length. It is necessary to

evaluate the compatibility parameters, with the factors relating the local to the average strains being

somewhat greater than unity. The value of αdc may be less than unity.

w
cr3

secondary cracking primary cracking

Figure 4.4 - Cracked beam showing likely position of primary and secondary cracking

With an increase in load above the initial cracking load wcr1, primary cracks form subsequently at

loads wcr2, wcr3 ... in sections progressively further away from the maximum moment section (Figure

4.4). Each new crack is expected to occur at, or close to, the bond breakdown length of the

reinforcement layer and away from the previously outermostcrack. It is also possible for secondary

cracks to form at intermediate locations between two existing primary cracks.

Figure 4.5 shows the general condition in the beam for a region containing a number of cracks.

With good steel bond, there is a point of zero reinforcement slip between each crack, but possibly

not for the tendon. For analysis purposes we assume that the tensile deformation in the

reinforcement between adjacent zero reinforcement slip points (lcd) is equal to that of the

surrounding concrete. Compatibility statements 4.1 and 4.3 for the reinforcement and 4.2 and 4.4

for the prestressing tendon apply over the distance betweentwo adjacent points of zero

reinforcement slip. At each crack, Equations 4.5 to 4.8 apply, with the α-factors being unique to

the crack and load level. Any additional tensile reinforcement layers or prestressing tendons, which

may be present in a more complex partially prestressed beam,are assumed to follow the

compatibility requirements outlined above for each steel type.
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Figure 4.5 - Local behaviour over a cracked region containing multiple cracks
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4.2 Analysis Model for Determinate PPC Members

An analysis procedure has been developed for a structural concrete member, which is carried out in

two consecutive stages. In the first stage, the initial effects due to prestress and self-weight are

determined and the structure is subjected to the load causing first cracking. In the second stage, the

behaviour from initial cracking up to collapse is consideredusing the assumptions proposed in

Section 4.1.

In the analysis, the member is represented by a series of discrete blocks at all stages of loading. If

the member is cracked, the block lengths are taken equal to the compatibility distance of each crack

over the disturbed region. The larger of the reinforcing barand prestressing tendon slip defines the

extent of the disturbed region. In any uncracked parts of themember, blocks are chosen to be

equally spaced and of approximate length of one member depth(Figure 4.6). An update of the size

and distribution occurs with the formation of new cracks and changes in disturbed region.

Section equilibrium (Section 4.2.1.a) is satisfied at eachcrack in the analysis considering axial

forces and moments. Between cracks, local strains along theprestress and tensile reinforcement

layers are evaluated from bar equilibrium and slip compatibility conditions (Section 4.2.2.a and

4.2.2.b). The outermost compressive concrete strains are assumed to vary linearly between cracks;

alternatively, the concrete strain distribution follows ashape function. Iterations are necessary to

evaluate local cracked section strains, which relate to thelocal strain distributions along the beam

by the compatibility factors introduced in section 4.1. In the uncracked region of the beam, section

strains are linearly distributed with depth. By means of different calculations, the local tensile

reinforcement strain and the top fibre compressive concrete strain along the member give the

curvature, rotations and deflections.

The analysis traces the progressive formation of cracks at all load stages. The crack spacing is

determined from the local tensile reinforcement strain distribution (Section 4.2.2.d). Alternatively,

constant crack spacing may be assumed, the average crack spacing being based on either an

empirical expression, or entered manually in the computations. The first method has the advantage

of being directly dependent on the structural and material definitions, including local bond

conditions, state of loading and deformation. The analysismodel uses a deformation controlled

loading procedure to trace the behaviour of the beam from initial prestressing, through progressive

cracking, up to yielding of the reinforcement and the prestress and, into high overload and up to the

ultimate load carrying capacity. A deformation increment is either a local strain or curvature value

set at the section that fails first. Increments are applied to the member up to ultimate load.
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4.2.1 Initial and Uncracked Member Analysis

In preparation for the uncracked analysis, the structure isdivided into small blocks of fixed size,

which are usually equal taken to the depth of the beam (Figure4.6). Initially the effects of self-

weight and prestress are determined separately. Axial force and moment equilibrium are satisfied at

all uncracked sections and the strains due to prestress stored in memory. Combined effects of self-

weight and prestress are obtained using increments of the strains due to self-weight at each section,

plus the stored pre-strains. In the uncracked state, strains are linearly distributed at a section.

Uncracked section Uncracked block

D

w < w
cr

≈D

Figure 4.6 - Block representation of an uncracked determinate beam

The structure is taken up to first cracking by applying an external load to the member equal to the

cracking load. This load corresponds to an increment of tensile concrete strain in the section of

maximum moment up to the tensile cracking strain. Section equilibrium, considering the

contribution of concrete in tension, must be satisfied to evaluate the distribution of strain across the

beam. The application of the cracking load represents the last stage of the initial analysis, after

which the member cracks and the second stage (Section 4.2.2 -Cracked Member Analysis)

commences. Details of section equilibrium requirements are described in the following section.

Also described are the requirements for modelling of the prestressing tendon, application of

combined prestress and self-weight effects, as well as the application of external loads to the

member. The concepts of section equilibrium and the external application of load to the member

also apply to the cracked member analysis.

4.2.1.a Section Equilibrium

Equilibrium at a cracked or uncracked section ensures the balance between internal forces in the

concrete and steel, and external forces due to applied loading. A layered approach is used for

equilibrium calculations at a section, whereby the concrete is divided into a finite number of slices.

Stresses and forces in the concrete slices (σc and Tc), tension reinforcement (σs and Ts),

compression reinforcement (σsc and Csc) and prestress (σp and Tp) layers are obtained from the

distribution of strains. In the uncracked state, strains are taken to be linearly distributed with depth

(Figure 4.7). In the cracked state, strains are no longer linearly distributed and the local strain

distribution at a crack is based on the rigorous compatibility requirements (Section 4.1 and 4.2.2).
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The stress-strain relationship corresponding to each material is used to obtain stress for a given

strain. The option of using different material laws for the cover and confined concrete core are

available in the analysis but are not described in detail here.

Force equilibrium is attained when the sum of internal forces is equal to the applied axial thrust,N,

which in most cases is zero. In terms of stresses in the concrete, steel and prestress, the force

equilibrium requirement is:

(4.9)

Moment equilibrium must also be satisfied, and in terms of stresses, the requirement is:

(4.10)

whereM is the applied moment,nc, ns, np are the number of concrete slices and reinforcement and

prestress layers. All other quantities used in Equations 4.9 and 4.10 are shown in Figure 4.7 for an

uncracked section.

(a) Section details (b) Strains (c) Stresses (d) Forces

Figure 4.7 - Section details, uncracked strains, stresses and forces

An iterative solving procedure is built into the section analysis to satisfy equilibrium for a given

applied moment or to determine the moment for an imposed strain. For a given strain, trial values

of the neutral axis depth are varied until force equilibriumis satisfied. A marching procedure is

employed to bracket the solution, followed by successive improvements in the neutral axis guess

using Brent's method (Chapra and Canale, 1990) until a desired tolerance is achieved. The

corresponding moment is evaluated once a converged solution is attained. The computerised

section analysis identifies if equilibrium cannot be satisfied for a given strain state or combination

of local conditions. An error flag is then returned and conditions adjusted accordingly.
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4.2.1.b Analysis of Initial Effects due to Prestress and Self-Weight

Initial analysis of the effects due to prestress and self-weight are considered in two parts. In the first

part, the effective tendon forces are applied to the member as an external load effect. Section

strains at any location along the member are determined fromsection equilibrium. In the second

part, the self-weight is applied to the structure, also as a load effect with strains again determined at

discrete sections. Initial strain from the analysis of the tendon forces alone are considered in the

equilibrium calculations. Each stage of the initial analysis is described below.

The modeling of a prestressing tendon usually involves replacing the effective tendon forces on the

concrete with an equivalent loading system consisting of a series of distributed loads (load

balancing method; Lin, 1955 and 1981) or the primary moment.In each modelling approach,

equilibrium between the tendon and the surrounding concrete is maintained. Roca and Marí (1993)

and Aalami (1999, 2000) give an overview of both methods and their derivatives.

In the analysis, the tendon is modelled through a series of nodal forces. This way any tendon

profile is adopted, using a piece-wise linear approximation with kinks at nodes, placed equidistant

along the beam. This is shown in Figure 4.8a for a determinatebeam with a parabolic tendon

profile. The nodal forces caused by the prestressing tendonare then evaluated at each node. Similar

approaches have previously been used by Warner and Faulkes (1983), Wong and Warner (1998,

1999) and Wu, Otani and Shiohara (2001) in structural modelling of post-tensioned tendons. 

Pe
Pe

a) Piece-wise linear approximation of tendon profile and tendon forces
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c) Equivalent tendon actions at node points along centroidal axis

Figure 4.8 - Equilibrium of prestressing tendon and replacement nodal forces
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The magnitude of each set of nodal force is obtained from the effective tendon force on either side

of the node, and the change of tendon inclination at each node. The equations used to describe the

equivalent section force at nodei are shown in Figure 4.8, where,dp is the depth to the tendon at

the section indicated andPe is the tendon force along the member. The inclination of the tendon

relative to the horizontal for the piece-wise linearised tendon are denoted asφi-1 andφi, representing

the inclination to the left and right of the node, respectively.

Transverse tendon forces at nodes are applied as load effects to the member in evaluating the

prestress effects. Horizontal forces exert an axial thrustat a section, assumed vertical forces are

applied as point loads along the member, and the moments are applied as bending moments piece-

wise linearised between nodes (Figure 4.9). Equilibrium issatisfied at isolated sections, spaced

close enough to give an accurate representation of the initial distribution of strains along the

member due to prestress alone. Figure 4.9 shows initial strains at mid-span and one of the supports.

Initial strains due to prestress alone

Figure 4.9 - Initial strains at two sections along a PPC beam with prestress forces acting alone

Figure 4.10 - Application of self-weight to a beam as a load effect

Initial strains due to prestress along the member are storedin memory and taken into consideration

in equilibrium calculations of the combined effect of prestress and self-weight. The equivalent self-

weight load (wsw) is applied to the member as a body force along the geometric centerline and as a

uniformly distributed load (Figure 4.10). Where the specific weight of structural concrete (γc) is

taken to be 25 kN/m3.

Once evaluated, the strains along the member due to the combined effects of prestress and self-

weight represent the initial state of the structure, with nosuperimposed external loads acting. In a

reinforced concrete member, the initial strains correspond to the self-weight only acting on the

structure.
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Alternative methods for including the effect of prestressing have been used in non-linear analysis

procedures. Kang and Scordelis (1980), Cedolinet al. (1977) and Li (1998) for example introduced

the initial prestressing effect by reducing the "effective" stress-strain relationship of the

prestressing steel. Others have included the effect in the initial distortion of the moment-curvature

relationship (Apricoet al. 1980; Appeltonet al., 1983; Cauvin, 1983; Kodur, 1992). Each of these

methods is tailored to the specific analysis method and onlyvery subtle differences in results are

observed (Riva and Cohn, 1990).

4.2.1.c Application of External Loads to the Member

The first application of external loads occurs in the analysis with the application of the cracking

load. It is assumed that the member first cracks at the maximum moment section when the tensile

capacity of concrete is exceeded. The corresponding cracking moment defines the magnitude of the

bending moment distribution and hence the load level. Initially the structure is assumed to remain

uncracked with the cracking load applied to attain a snapshot of the beam behaviour just prior to

cracking is obtained (Figure 4.11). Subsequently, the analysis is carried out for the same load and

moment, considering the existence of the first crack at the section of maximum moment (Section

4.2.2).

Figure 4.11 - Application of first cracking load to the uncracked beam

The application of external loads to the structure must be considered carefully when determining

the corresponding bending moment distribution. For applying loads to the member, the structure is

collapsed vertically to a line layer along the member's geometric centre of gravity (Cg). All loads

and reactions are applied to the line layer to obtain the distribution of bending moment and shear

forces. Some modifications are undertaken to account for the presence of loading in the application

of external concentrated loads. The importance of loading pad effects on rotation capacity has been

observed in experiments by Chandrasekhar and Falkner (1974) for example, and in many
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theoretical studies (Mattock, 1963; Langer 1989; Cosenza et al., 1990; Sigrist, 1995; Li, 1998). The

application of a single concentrated load to the member as a load uniformly distributed over an

effective pad width located atCg is shown in Figure 4.12. The effective pad width is estimatedby

assuming that the load spreads out at an angle of 45o.

45o

l
pad.eff

l
pad

D
C

g

Figure 4.12 - Application of concentrated load to a structural member

Any local confinement of the concrete provided by the load and reaction pads is not considered

explicitly in the analysis. It is shown later that the relationship between local concrete strains and

average concrete deformations are adjusted along the beam,the effects of which are investigated in

a sensitivity analysis using past experimental beam results in Chapter 5.

4.2.2 Cracked Member Analysis

In the second stage, the cracked member analysis, the structure is taken through progressive

cracking into overload and up to the peak load. A deformationcontrol procedure is adopted,

whereby the strain in the maximum moment section (the critical section) is progressively

incremented until peak load is reached, and softening occurs (Figure 4.13). The strain at the top

concrete fibre (εco), the reinforcement (εs) or the prestressing tendon (εp) level is incremented in the

calculation procedure. Using section equilibrium the moment at the driver section is obtained

(Mdriver) and the bending moment diagram scaled according to the distribution of load. The analysis

is terminated when the ultimate load is reached.

In the cracked state, the structure is represented by a mixture of cracked and uncracked regions,

using blocks. At first cracking, the disturbed region consists of a single block containing the first

crack and the region over which both the reinforcement and prestressing tendon slip (Figure 4.14a).

With increasing load, additional cracks form and the location and size of blocks change. In a

disturbed region containing more than one crack (Figure 4.14b), each block contains a crack and

extends to the points of zero reinforcement slip on either side of the crack. The length of each block

coincides with the compatibility distance (lcd) of the crack they contain.
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Figure 4.13 - Deformation controlled loading using local strain increments

(a) Single (first) crack

(b) Multiple cracks

Figure 4.14 - Block representation of a cracked determinate PPC beam

Equilibrium is considered at all cracks using the rigorous definitions of compatibility derived in

Section 4.1. In the uncracked zone, section equilibrium is maintained at the uncracked sections

spaced at approximately the member height, as described in Section 4.2.1. An analysis of local

deformation is carried out over the entire disturbed region, utilising the cracked section strains as

boundary conditions (Section 4.2.2.b). Bar equilibrium and slip compatibility conditions are

evaluated along each tensile reinforcement and prestress layer over small length increments for the

cracked section boundary conditions (Section 4.2.2.a). The local steel deformations are used to

update conditions at a crack, by means of theα-factors. Iterations are required to attain a stable

- 80 -

Disturbed region and l
cd

Uncracked section Cracked section

w
cr

Uncracked block

Disturbed region

Cracked sectionUncracked section Cracked block

w
cr3



CHAPTER4 - ANALYSIS MODEL

solution taking account of section equilibrium and local steel deformations. Cracked block

deformations are calculated once the local deformation analysis over the cracked region has

converged. The longitudinal distribution of outermost compressive concrete strains is assumed

linear between cracks, although assumptions that are more complex can obviously be introduced.

A check is made for the formation of new cracks, after the local deformations along the member

have been obtained. Each new primary is assumed to initiate at the outermost point of zero

reinforcement slip. A crack forms only when the cracking moment is attained at that point, not

when it is exceeded. The formation of additional cracks within the disturbed region, i.e. secondary

cracking, is also considered in the analysis. Alternatively, the crack pattern is pre-defined and

entered manually in the input of the analysis. Theseprocedures are described in Section 4.2.2.d.

All aspects of the cracked member analysis are described below. Procedures for the initial,

uncracked and cracked determinate beam analysis follow in Section 4.3, aided by a numerical

example.

4.2.2.a Bar Equilibrium and Slip Compatibility

An analysis of the local steel deformations is carried out along the cracked region of the member

satisfying bar equilibrium and slip compatibility conditions along all tensile steel layers and over

small integration steps. This local bond analysis is carried out independently of the block locations;

requiring knowledge of the cracked section strains and crack locations. It is shown in the next

sections how the strains at a crack are obtained (Section 4.2.2.c) and how each crack forms

(Section 4.2.2.d). Iterations are required to achieve a stable solution of the cracked section strains

and local distribution of steel deformation. First, the solution procedure for the conditions over a

small integration step are considered, followed by the local bond analysis over the entire disturbed

region (Section 4.2.2.b).

The governing equations describing bar equilibrium and slip compatibility between the steel and

surrounding concrete are outlined. Equilibrium conditions of a steel layer embedded in a small

length of concrete are satisfied when the change in axial force (T) in the bar equals the resultant per

unit length of bond stress (τunit) acting over the perimeter (U) of the layer:
dT
dx
unitU=0 (4.11)

For reinforcing layers, Equation 4.11 is simplified and expressed in terms of the change in

reinforcing stress (∆σs) :

s=
U s

As
∫
0

x

sxdx (4.12)
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whereUs is the effective bond perimeter of a reinforcement bar,As is the cross-sectional area of the

steel layer and τs the local reinforcement bond stress.

The prestressing tendon is assumed to remain fully bonded tothe concrete up to first cracking. A

tensile increment of prestressing strain and stress is considered to occur after decompression

(Figure 4.15). For prestressing tendons, the change in stresses at decompression (∆σpd) must be

considered in the expression of the change in tendon stress (∆σp):

ppd=
U p

Ap
∫
0

x

pxdx (4.13)

whereUp is the effective bond perimeter of the tendon in contact withthe concrete (Appendix A),

Ap the cross-sectional area of the tendon,τp the local prestress bond stress andσpd the stress

corresponding toεpd; the strain at decompression. Figure 4.15 Shows the strain distribution at an

arbitrary section in a partially prestressed concrete beamwhen the prestress is acting alone (a) , at

decompression (b) and when the section is cracked (c). The change in prestressing strain relative to

the prestressing strain at decompression, used in Equation 4.13 is highlighted in Figure 4.15c.
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Figure 4.15 - Section strains with prestress acting alone, at decompression and cracked
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Slip compatibility for a reinforcing bar layer is satisfiedwhen the difference in reinforcement (εs)

and concrete strain at the steel level (εcs) equals the slip (ss):

ssx=∫
0

x

sxdx∫
0

x

csxdx (4.14)

For prestressing tendons, the strains at decompression at the tendon layer (εpd) must be considered:

spx=∫
0

x

pxpdxdx∫
0

x

cpxdx (4.15)

The crack width at a steel layer is evaluated from the slip on the right and on the left of the crack.

Procedures to solve the bar equilibrium and compatibility requirements are well documented in the

literature. Bachmann (1967) suggested one of the first iterative, finite-difference procedures to

estimate the change of strain over a small∆x. The change in strain, stress, slip and bond stress

along a reinforcing bar is evaluated in a step-wise manner byconsidering Equations 4.16 and 4.17

between two discrete pointsj andj+1 spaced a small distance (∆x) apart (Figure 4.17 ). The tensile

concrete strain at each steel level is considered negligible and is ignored. The reinforcing stress at

j+1 becomes the difference between the stress atj and a bond component consisting of the average

bond stress (τs.avg):

s.j+1=s.js.avg⋅
U s

As

 x (4.16)

The differences in reinforcement slip between integration points j and j+1, translates to:

ss.j+1=ss.j
s.js.j+1

2
⋅ x (4.17)

Comparable expressions have also been developed for prestress layers; refer for example to König

and Tue (1993) and Li (1998):

p.j+1pd.j+1=p.jpd.jp.avg⋅
U p

Ap

 x (4.18)

sp.j+1=sp.j
p.jpd.jp.j+1pd.j+1

2
⋅ x (4.19)

The procedure requires knowledge of the steel material law and the localτ-s relationship. The

above formulations require a positive change in stress for an increase in strain, making it

impossible to evaluate the softening branch of the steel stress-strain relationship.
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2. Single calculation step required, only

(a) Iterative procedure (b) Direct procedure

Figure 4.16 - Procedures to solve bar equilibrium and slip compatibility for a steel bar

Bachmann's (1967) procedure, although efficient, requires numerous iterations ofτs.avg to converge

(as shown in Figure 4.16a). A modified direct calculation procedure is adopted in the analysis,

which is shown in Figure 4.16b. Both procedures are shown fora typical ∆x increment along a

reinforcing bar, where a value of half the bar diameter is usually chosen for ∆x. The procedure need

not be modified for a prestressing tendon, except for the inclusion of the decompression strains

(Equations 4.18 and 4.19). Also shown are the average bond values over two∆x steps as used in

each calculation procedure. Over a large number of∆x steps the two procedures yield near identical

results. The increased accuracy of the iterative procedure(Figure 4.16a) is largely offset by the

decrease in numerical effort for the direct procedure (Figure 4.16b).

An analysis of member deformations for a particular load increment requires iterations of the local

steel deformation analysis over the disturbed region. The direct calculation procedure saves

computational effort and is adopted in the analysis. The accuracy of the local steel analysis is

examined in detail in Chapter 5, showing that this small simplification does not hinder the overall

accuracy of the analysis model.
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4.2.2.b Local Steel Deformation and Bond Analysis

Local bar equilibrium and slip compatibility conditions described in the previous section, are

evaluated along the member to determine the local distribution of steel strain and slip for each

tensile reinforcement and prestress layer. The problem presented is described as a two-value

boundary problem, requiring at least two boundary conditions to be solved. Steel strains at the

cracks are usually used as boundary conditions in reinforced concrete discrete crack block models

(Bachmann, 1967; Eifler, 1983; Langer, 1989; Gravina, 2002). In prestressed concrete, the

situation is more complex and may require a solution to the boundary problem boundary values of

steel slip rather than strain. This depends largely on the compatibility requirements for the steel

deformation (Li, 1998). In the present analysis, only the steel strains are required as boundary

values for solving both the reinforcing and prestressing steel deformation along the member. The

procedure to evaluate the local deformation is described for two types of boundary conditions.

Initially, with only one crack present along the member (Figure 4.14a) the local steel deformation

analysis boundaries consist of the steel strain at a crack and at an uncracked section, the location of

which depends on the local distribution of slip. With increasing loads and the formation of

additional cracks, the boundary condition change and the local steel deformation need to be

evaluated between two cracks, which become the boundaries (Figure 4.17b). A free boundary

always exists for the outermost cracks in a disturbed region (Figure 4.17a).

A shooting method is employed to solve both boundary value scenarios (see for example

Scarborough, 1965), whereby a trial value of slip is used at one boundary (the crack) to enable

local conditions between boundaries to be evaluated for a particular steel layer. The other boundary

value, or target strain, is then compared with the strain from the local trial strain distribution at the

same location. The procedure applies to both boundary scenarios. The steel strain at the target

boundary is evaluated from uncracked section equilibrium conditions when the target boundary is

the location where the steel slip first reaches zero. The location of the free end boundary changes

for different slip trials, making it necessary to evaluate section equilibrium conditions each time a

new slip trial is used. When the target boundary is a crack, the target steel strain is set by the

cracked section strain and does not change with each slip trial. 
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Each step of the iterative solution procedure is described below for the two boundary conditions,

using the reinforcement layer as an example (Figure 4.17):

1. Strains εs
k and corresponding stresses σs

k are known at the starting boundary; a crack.

2. Assume a trial slip ss
k at the crack

3. Evaluate bar equilibrium and compatibility conditions over small ∆x, repeatedly marching

towards the target boundary. Depending on the boundary conditions this may be the next crack

or the position of zero steel slip (ss = 0).

a) If the second boundary is the position of zero steel slip, then uncracked section equilibrium

conditions are evaluated from the bending moment distribution, setting the target steel strain,

εs at ss = 0.

4. Improve trial slipss
k and repeat steps 1 to 3 untilεs from local analysis agrees withεs at the

target boundary.
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Figure 4.17 - Boundary conditions for local steel deformation analysis
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Initially a marching procedure is employed to bracket the solution using increasing trial slip values.

Once the solution is bound, a third value of slip is used in Brent's method (Chapra and Canale,

1990) to improve the accuracy of the bracketed solution until a desired tolerance is attained. The

efficiency of this method depends largely on the starting slip trial, complexity of bond stress - slip

relationship and desired tolerance level. Alternatively,the shooting method is replaced with a finite

difference or finite element methods (Ciampi et al., 1981).

Under certain circumstances, the local bond stress-slip analysis may not converge, given a

particular set of boundary conditions. A description of problems encountered during the

development of the analysis method for prestressed membersand the corrective procedures

employed are given below:

Slip trial causes compression in bar or prestress strain drops below decompression strain:

A large reduction in bar or tendon stress are due to large bondstresses. The next slip

trial is chosen to produce less bond stresses, usually a smaller slip value.

Solution is bracketed outside acceptable tolerance level:

An increased accuracy in local bond stress-slip analysis may bracket the solution within

an acceptable tolerance level. Temporary decrease of∆x step can improve the accuracy

of the local bond stress-slip analysis. Alternatively, thetolerance level is temporarily

adjusted to proceed with the cracked region analysis. This situation usually arises for

small crack spacing and complex bond stress-slip relationships.

Solution cannot be bracketed with any slip trial:

An adjustment in the boundary conditions (strains) is necessary if insufficient bond

stress capacity exists to reduce the bar or tendon stresses and strains from one boundary

to the other.

The above procedure determines the local distribution of tensile steel strain, stress, slip and bond

stress over the disturbed region and is necessary to solve the conditions over a cracked block and

determine the deformation of the disturbed region. Difficulties in determining the local deformation

variation depends largely on the complexity of the bond stress-slip relationship. In recent literature,

alternative approaches for determining the local distributions of steel deformation between cracks

have been suggested (refer to Chapter 2). These approaches usually neglect local bond conditions

along each steel layer, instead providing a numerically more efficient algorithm for determining the

variation in local steel strains. None of these methods has been adopted in the analysis with an

investigation of local bond effects on deformation behaviour being an overall aim of the study.
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4.2.2.c Numerical Treatment of Cracked Block Conditions

Deformation over the disturbed region in a cracked member, are determined from the local

distribution of strain across cracked blocks. Iterative procedures are required to solve the tensile

steel deformation compatibility (Section 4.1) and sectionequilibrium requirements. Section

equilibrium is satisfied at all cracks in the disturbed region. To detail the numerical treatment of

cracked block adopted in the analysis procedure, a comparison to a smeared block and the discrete

crack block approach is presented. All three block treatments fit into the general framework of a

block analysis and is used to determine the deformation of the disturbed region for a given bending

moment distribution. Although inherently similar, each approach differs in calculating

deformations over a block. The advantages of the present analysis method over the smeared and

strain compatibility based discrete crack block approach are highlighted.

For the smeared block approach, the block size is fixed for the load history and is usually taken to

be equal to the member depth (D). Each block may contain numerous cracks, which are not

considered discretely but their effect is smeared over the length of the block. Wong and Warner

(1998, 1999) have shown that the section of absolute maximum moment best represents the average

behaviour of the block in a continuous beam and frame analysis. A plane-section analysis gives the

distribution of strains across the maximum moment section,which is taken as the average strain

distribution over the block (Figure 4.18). A tension-stiffening relationship is usually built into the

section equilibrium calculation to model the average contribution of concrete in tension (Kenyon

and Warner, 1993). The smeared approach neglects the local strain variation and lacks knowledge

of the tensile steel strain concentrations at a crack. Traditionally, this type of analysis has yielded

satisfactory results for modelling members that fail by crushing of the concrete. There are serious

difficulties however in accurately predicting failure by fracture of the steel.

Some of the shortfalls of the smeared block model have been remedied by taking into consideration

local variations in steel strain over the disturbed region,allowing failure by steel fracture to be

predicted. Discrete crack block models do exactly that, with strain compatibility based treatments

taking blocks to exist between known crack locations (Figure 4.18). Individual block sizes are

equal to the local crack spacing. Similar models (refer to Chapter 3), take the concrete strains at a

crack to be linearly distributed with the outermost reinforcement layer (Figure 4.18). This

assumption is necessary to relate the local steel strains tothe concrete strains at a crack. It is a

simplification although necessary often criticised as thestrongest weakness of the strain

compatibility based discrete crack block approach. Local tensile steel deformations are determined

from sections strains and a local analysis is used to determine the variation in steel strains between

cracks. The depth of the neutral axis and concrete strains are taken to be linearly distributed
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between cracks. Local curvatures (κ) can hence be evaluated along the beam and the average block

deformation obtained by integration. Most strain compatibility based discrete crack block model

are limited to a single steel layer, with deformation compatibility over the block not satisfied if

cracked section strains are taken to be linearly distributed. The problem of additional tensile steel

layers has been addressed by Li (1998) for partially prestressed members having a single layer of

reinforcement and prestress. Li (1998) suggested an additional compatibility requirement, relating

the crack width at the reinforcement level to that at the prestress level (Figure 4.18). This

assumption was derived from compatibility of deformations between cracks (Chapter 3).

Figure 4.18 - Relationship between cracked section strains and block deformation for smeared,
proposed and strain compatibility based discrete crack block approach
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The present cracked block treatment fits in between the smeared and strain compatibility based

discrete crack approach. Local variation in strains over a block are taken into account, where the

local steel strains between cracks are obtained with a localbond analysis and the concrete strains

are taken to vary linearly between cracks. At a crack, only the concrete strains are assumed to vary

linearly with depth and any tensile steel strains are not linearly distributed with the concrete strains

(Figure 4.18). Instead, the deformations over the block areassumed to remain plane, as is the case

for the smeared analysis, and the local strains are related to the block deformations by a set ofα-

factors. The size of individual blocks is governed by the compatibility distance (lcd), which is taken

to be equal to the distance between consecutive points of zero slip at the outermost reinforcement

level. This distance is approximately equal to the crack spacing but spans across a crack rather than

between two cracks. An iterative procedure is necessary to solve the local block conditions and

obtain block rotations in the present discrete crack block treatment. Block rotations are attained

from the product of the block curvature (κavg) and the block length.

To obtain the local deformation over the disturbed region itis first necessary to define the location

of each crack and carry out a local steel deformation analysis. In order to achieve this, the crack

locations are initially taken from the previous deformation increment, with the first crack assumed

to form at the critical section; usually the section of maximum moment. Local strains at the cracked

sections must satisfy axial thrust and moment equilibrium as stated in Equations 4.7 and 4.6. The

bending moment level and distribution along the member is determined to correspond with the

deformation increment and hence moment at the critical section, initially adopting local conditions

(α-factors) from the previous load step for the current deformation increment, and the applied

loading pattern.

The relationship between local concrete and tensile steel strains at a crack is obtained from the

average strains over the compatibility distance, distributed linearly across the block depth, and the

relationship between local cracked section strains and average strains, that is theα-factors. Section

equilibrium requirements are solved if theα-factors are known. One important advantage of the

present treatment is the ability to take into account more than one steel layer in tension having

different dimensional, material and bond properties. The smeared analysis is also able to do this by

virtue of the plane section analysis. For the strain compatibility based discrete crack block

approach, additional compatibility requirements have to be introduced to deal with more than one

steel layer (Li, 1998). For one or more tensile steel layer,αs andαp are evaluated from the local

variation in strains across the block. Theα-factors relating the dimensions of the local compression

zone are taken to be equal to unity, subject to a sensitivity analysis (Appendix B).
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The solution procedure adopted here analyses a given steel layer first, converging the solution at all

cracks for that particular layer prior to updating any additional layers. The solution space is

separated into single dimensions, which would otherwise bea multi-dimensional search problem

with the dimensions equal to the number of steel layers. A flow chart of the solution procedure is

shown below (Figure 4.19) and each step of the procedure is outlined next.

Section equilibrium

Adopt initial α-factors 
from previous load step

Use section equilibrium to
get cracked section strains

Update α-factors for i
at all cracks

Set steel layer i = 1

α-factors converged?
No

Local deformation of 
steel layer i

Bond analysis

Another steel layer?
Yes

Yes

No
Have any α-factors 

changed?
Yes

Convergence of αααα-factors for 
all steel layers and cracks Completed

Yes

i=
i+

1

Figure 4.19 - Solution procedure for local steel deformation analysis with multiple cracks and
tensile steel layers

1. In the first instance an initial trial value for all steelα-factors is adopted from the previous load

stage (A value of unity is adopted in the very first instance). Section equilibrium is satisfied at

all cracks for a given bending moment level and currentα-factors. The local steel strains at each

crack become boundary values for the local bond analysis between cracks.

2. Each tensile steel layer is analysed in turn until allα-factors have converged and a stable

solution is reached. First, the outermost reinforcement layer is examined, followed by the

remaining reinforcement and prestress layer. The analysis steps for each steel layer are:

a) Evaluate local steel strain over disturbed region for given cracked section strains

b) Updateα-factor for steel layer being analysed and update section equilibrium using newα-
factor.

c) Repeat Steps a-b) until α-factors for the current steel layer have reached a stable solution.

d) Repeat Steps a) to c) for the remaining steel layers
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A stable solution of the local tensile steel deformation over the disturbed region is reached when

none of theα-factors change in Step 2. Otherwise, Step 2 is repeated for all steel layers until that

solution is attained within reasonable tolerances.

The numerical effort required to solve the local block conditions over the disturbed region

increases firstly with the number of cracks present and withthe number of tensile steel layers. A

solution procedure is not required to attain a stable condition, with each update ofα-factors

becoming the next trial value. Intervention is sometimes required when the solution starts to

oscillate about stable condition. Brent's method (Chapra and Canale, 1990) is used in these

circumstances to set new trial values.

Local curvatures over the disturbed region are calculated from the local variation in outermost

reinforcement strain and compressive concrete strain (Figure 4.18). The concrete strains are taken

to be linearly distributed between cracks. Deformation capacity studies by Bigaj (1995) and

Markeset (1993) have modelled the concrete deformations more accurately (Chapter 3). The option

of fitting a shape function to the local concrete strain distribution and adjust the compressive zone

α-factors accordingly, have not been explored in this study.The sensitivity of the analysis to the

compression zoneα-factors are investigated with a comparison to past experimental data, presented

in Appendix B.

4.2.2.d Crack Formation

The formation of new cracks is considered at each stage of loading and in particular once the local

variation of strain along the member has been evaluated for agiven deformation increment. The

location of a new primary crack, outside the existing cracked region, is determined from the

variation of local tensile steel strains and slips. This method takes into account local bond effects,

section and structural details and the state of the structure when determining each crack spacing.

The analysis also accounts for the formation secondary cracks that form between two existing

cracks. An additional method has also been incorporated into the analysis, taking crack spacing

data from user input to define the crack pattern for a given load level. This approach is much more

numerically efficient. In the past, Langer (1989), Eifler (1983) and Li (1998) have have used

constant crack spacing in discrete crack block models, mostof which did not consider progressive

cracking. Fantilliet al. (1998) and Gravina (2002) adopted a progressive crack formation approach

based on local strains. In the case of Gravina (2002), local distribution of strain is determined from

cracked section strains, which in a simplified assumption are linearly distributed across a crack.

The formation of cracks using local strains is explained in detail below. At the end, a mention of

the alternate analysis using known crack spacing is made. 
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A complete analysis of the local deformation in a cracked region is required prior to checking for

new cracks (Figure 4.20). If a new crack forms for a given deformation increment, the crack pattern

and corresponding block locations are updated and the localdeformation analysis is repeated until

no additional cracks form. This procedure has the benefit ofincluding all variables that influence

the local behaviour to be factored into the crack formation.It permits the study of the effect of

various parameters on deformation capacity without havingto resort to simplified or empirical

crack spacing formulations.

A primary crack is taken to form when the tensile concrete strain (εct ) exceeds the tensile cracking

strain of the concrete (εct.u) at the position of zero reinforcement slip at the furthest reaches of the

cracked region. The tensile cracking strain of concrete corresponds to the maximum tensile

capacity of concrete:

ct.u= f ct/Ec                                    (4.20)

In the analysis procedure, a crack is taken to form if the outermost tensile strain lies in a 'cracking

strain band', whereby an upper limit is imposed on the tensile concrete (Figure 4.20). These limits

are necessary with the likely position of cracking changingsignificantly for different bending

moment levels. The cracking band is usually set to a limit of 5% above the cracking strain. With

this limit imposed it is possible to accurately capture the formation of each primary crack even if

the deformation increments produce load steps large enoughto allow the formation of multiple

primary cracks. Some modifications to the loading procedure are necessary to capture the

formation of individual primary cracks. For a given deformation increment, the bending moment

ceiling is set by the conditions at the driver section. If it is found that a new primary crack will

form, then the total bending moment level is temporarily reduced to capture the formation of that

crack. Later the bending moment is brought back to the original level, corresponding to the

deformation increment. Each change of total bending momentrequires an update of the local

deformations in the cracked region. A new primary crack is usually located within five iterations of

the bending moment level. The approach does not have the problem associated with other

progressive cracking criterion, where very small crack spacing are predicted by the analysis if the

cracking criterion is based on a simple criteria of exceeding the cracking moment (Fantelliet al.,

1999; Gravina, 2002). In the past these numerical problems were simply overcome by setting the

local crack spacing equal to the adjacent crack spacing value (Gravina, 2002).
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Figure 4.20 - Primary crack formation criteria

Secondary cracks may form when the primary crack pattern is well developed. It is assumed that

any secondary cracking occurs at the position of maximum tensile concrete stress between two

existing cracks; the zero slip position of the outermost reinforcement. A crack forms if the tensile

stress capacity of the concrete (fct) considered over an effective area (Act.eff) is exceeded (Figure

4.21). 
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Figure 4.21 - Secondary crack formation criteria

The effective area of concrete in tension is taken after suggestions by Leonhardt (1984) and stated

in the CEB MC 90 (1993) for beam sections:

Act.eff=B⋅[2.5⋅Dds] (4.21)

and slab sections:

Act.eff=B⋅[2.5⋅cds/2] (4.22)
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CEB MC 90 (1993) gives the values ofAct.eff in terms of the neutral axis depth; the minimum values

are listed above and adopted in the analysis. Any possible error in estimatingAct.eff does not

influence the overload behaviour significantly, with a secondary crack forming either a little earlier

or later in the load history. The stress in the concrete over the effective concrete area is taken from

the change in tensile steel forces (T2-T1) between an existing adjacent crack (T1) and the likely

position of secondary cracking (T2), adjacent to that crack.

The likely position of secondary cracking does not vary as much as that of primary cracks for the

loading procedure used in the analysis. A cracking band criterion, as applied to the formation of

primary cracks, has not been incorporated in secondary cracking. The performance of the crack

formation procedure is evaluated with past reinforced and partially prestressed laboratory beam

tests. The results are given in Chapter 5, along with other comparisons of the analysis accuracy. 

At times it may also be beneficial to enter manually in the analysis, crack formation and patterns

observed in experiments, or to isolate the influence the crack pattern has on the overload behaviour

by controlling the crack pattern. An additional crack formation criterion has been incorporated in

the analysis that checks for new cracks at the start of a particular load increment. Progressive

formation of cracks is considered, each crack takes shape when the bending moment exceeds the

cracking moment at a specified crack location.

An option exists to use an empirical crack spacing formula, such as that suggested by Thormählen

(1979), in the crack formation procedure, if for example thenumerical effort required by the local

strain based procedure is excessive. Thormählen's formulais suggested here as it is used for

reinforced and partially prestressed members, correlateswell with past experimental data, and

reflects the effects of bond strength, bar diameter, section size and steel quantity on the crack

spacing.

4.2.2.e Member Rotation and Deflection

The local distribution of curvature along the member is calculated from the outermost compressive

concrete strain (εco) and tensile reinforcement strains (εs):

=∣co∣s/ds (4.23)

The relative orientation of curvature is taken from the sizeof the local strain values. A positive

curvature corresponds to a larger top than bottom strain, with a negative strain taken to be smaller

than a positive strain value. 
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Local curvatures are integrated over the length of the member (L) to determine the total member

rotation (θtot) shown in Figure 4.22:

tot=∫
L

xdx (4.24)

The plastic component of the beam rotation is obtained by subtracting the elastic rotation from the

total rotation.

Figure 4.22 - Beam rotation and deflections for a determinate member

Deflections at any location along the member are calculatedusing values of local curvature and

Theorems of Moment Area(see for example Beer, Russell and Johnston, 1992). The curvature is

once integrated along the member to attain the local distribution of rotation. A second integration

of the rotations yields the general shape of the deflections, which is used to calculate the

deflections along the member, taking into account support rotations.

4.3 Analysis Procedure for Determinate PPC Beam

The analysis method is capable of predicting the behaviour of determinate prestressed and

reinforced beams from the application of initial effects, up to first cracking, through progressive

cracking up to yielding of the tensile steel(s) into high overload up to ultimate capacity. The

formation of individual primary crack may be captured during the analysis using automated load

steps. Alternatively, the analysis is controlled through local deformation increments at the critical

section. A deformation increment may consist of an increment in strain at any level in the critical

section. The analysis procedure automatically determineswhether the critical section in the tension

zone, by fracture of the reinforcement or prestressing, or in the compression zone by crushing of

the concrete. Increments of the strain at the reinforcing/prestress or compressive concrete level are

chosen according to the failure mode. The method allows the cracking and overload behaviour of

determinate structural concrete beams to be investigated.

A computer program of the analysis method described in the previous section was developed in

Fortran 95 (Chapman, 1998). It contains custom material libraries for most bond models and
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associated parameters described in Appendix A and stress-strain assumptions for steel and

concrete. The computer analysis for determinate members can deal with members having uniform,

solid cross-sections without any restrictions on the span or member size. A beam may contain up to

a maximum of five tensile reinforcing layers, (the properties of each defined by individual bar

diameter, material and bond properties) a single prestresstendon layer and unlimited layers of

compression reinforcement. Each reinforcement layer can be curtailed anywhere along the member.

The prestressing tendon may have a variable depth profile but must extend over the entire beam

length. Member loading can consist of up to six point loads with separately defined loading pads or

a uniformly distributed load, placed anywhere along the span. Analysis options including error

handling and tolerances specified in the user input to overwrite any default settings. All data

calculated by the analysis is stored in output files, the detail level defined in the input data. The

output data ranges from a simple load-deflection history todetailed accounts of local curvature,

strain, stress, slip and bond stress along the member, cracking behaviour including crack spacing,

crack width and height and the bending moment distribution at all stages of loading.

A description of the uncracked and cracked beam analysis procedure is given in separate sections

below. The procedure focuses on the analysis of a partially prestressed member but also makes

mention of the special case where the beam only contains reinforcing steel that is a reinforced

member. A numerical example follows. 

4.3.1 Uncracked Beam Analysis Procedure

The uncracked beam analysis does not introduce any new concepts to the analysis method. As

outlined previously, the initial effects due to prestress and self-weight are evaluated in this part of

the analysis and the structure is brought up to the cracking load with a single load increment. The

following steps describe the procedure shown in Figure 4.23:

1. Beam definition and other input data is retrieved from a specified file. The beam is divided into

a number of uncracked blocks spaced at approximately the member depth (Figure 4.6).

2. Equivalent tendon forces are evaluated along the centre of gravity of the beam using the

definition of the tendon profile and effective prestressing forces (Section 4.2.1.b).

3. Initial strains due to prestress aloneare evaluated from section equilibrium, considered at

closely spaced sections, using the equivalent tendon forces as a load effect. Cracking is not

considered at this stage of loading. The results are stored in memory.

4. Self-weight moments, taken from the beam weight are evaluated and applied to the structure

(Figure 4.10). If necessary the magnitude of the self-weight is overwritten in the analysis input

to simulated different load balancing conditions.
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Figure 4.23 - Initial and uncracked determinate beam analysis procedure

5. Sections strains are again evaluated at block boundariesto determine the combinedinitial

strains due to prestress and self-weight. Section equilibrium is satisfied for the self-weight

moments, considering the initial strains due to prestress alone. The results are again stored.

6. Thecritical section, that section to crack first is identified and the moment at this section set

just below the cracking moment. The total bending moment distribution is scaled accordingly,

considering the applied loading pattern and span length (Figure 4.11).

7. Uncracked block rotations are determined from section strains at the block boundaries and

considering section equilibrium. Strains are assumed to vary linearly across a section and along

the beam. Deflections and rotations are calculated from the local strains and the data stored.

The analysis procedure described above for partially prestressed members also applies to reinforced

members. Steps 3 and 4 are omitted for the initial analysis of determinate reinforced members.
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4.3.2 Cracked Beam Analysis Procedure

The cracked beam analysis procedure is described systematically for a determinate partially

prestressed concrete beam subjected to a single deformation increment. A flow-chart shown in

Figure 4.24 summarises and follows each analysis steps. Theanalysis procedure applies to all

loading stage in the cracked range up to ultimate capacity when failure is said to have occured by

fracture of the reinforcement or steel or when the concrete has crushed and there is a significant

loss in post-peak carrying capacity.

1. Thecritical section is set by identifying the section most likely to reach its capacity first. This

section may lie on either side of the maximum moment for partially prestressed members with a

variable tendon profile. The procedure is repeated at the onset of each deformation increment

with local conditions (α-factors) continually changing.

2. A local deformation increment is set for the critical section (Section 4.2.2, Figure 4.13), based

on the failure mode and the previous increment. The first cracked beam deformation increment

is always set to the tensile cracking strain of the concrete at the tension face.

3. Equilibrium conditions (Section 4.2.1.a and 4.2.2.c) are evaluated at the criticalsection using

the local deformation increment from step 2 andα-factors from the previous load stage. The

correspondingcritical section moment (Mdriver) is used to determine the statically determinate

bending moment distribution along the member, corresponding with the applied loading pattern.

4. Section equilibrium conditions are evaluated for the bending moment distribution at all existing

cracks usingα-factors from the previous load stage. The corresponding section strains are used

as trial boundary conditions for thelocal steel deformation and bond analysis(Section

4.2.2.b). Bar equilibrium and slip compatibility are considered for all tensile steel layers. A trial

local distribution of strain, stress, slip and bond stress for all tensile reinforcement and prestress

layers along the beam, are the result.

5. At each crack, the trial value ofααααs and ααααp adopted in Step 3 and 4, are updated with improved

values from the local strain distribution also obtained in Step 4. Steps 3 to 4 must be repeated

until all αs andαp have converged to a solution within a specified tolerance (Figure 4.19). The

value of Mdriver changes slightly with each successive iteration. The time to reach a closed

solution depends on the number of cracks and tensile steel layers.

6. Once the local steel deformation distribution has been established for the deformation increment

set in Step 2, acheck for new cracksis carried out. At first, the formation of primary cracks is
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considered, followed by a check for secondary cracking (Section 4.2.2.d). If the possibility of

new primary cracking exists a reference load level is set, and Steps 3 to 6 are repeated with

different load levels to find the exact location of cracking. If a secondary crackforms the same

steps are followed but no iterations of the load level are required. The procedures is repeated

until no additional cracks form for the given deformation increment.
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Figure 4.24 - Typical deformation increment for determinate cracked beam analysis procedure

7. The remaininguncracked region(s) are analysed once a closed solution is obtained for the

cracked region. In the uncracked region, blocks are set to equal size (approximately the member

depth) following the smeared block approach. Section equilibrium is satisfied at each block

boundary and local deformations between boundaries are taken to vary linearly; perfect bond

assumptions apply in the uncracked region.
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8. Beam deflectionsalong the member are calculated from the local distributionof rotations over

the cracked and uncracked regions and using moment-area theorems. Total, elastic and plastic

beam rotationsare estimated accordingly. The carrying capacity of the beam is calculated from

the bending moment level, applied loading pattern and span.

9. All relevant data is stored in separate output files for each deformation increment.

The above described procedure applies equally to prestressed and reinforced concrete beams. The

only differences being in the number of steel layers consider in the local deformation analysis.

4.3.3 Numerical Example with a Determinate PPC Beam

A partially prestressed concrete beam tested by Eibl, Mora and Strauß (1983) is analysed here to

demonstrate the workings and capabilities of the analysis method and computer program. The

specimen (designated B3) was post-tensioned with two bonded prestressing bars and reinforced

with 2-∅s18 mm and a∅s20 mm bar in tension, 2-∅sc6 mm bars were used as compression

reinforcement. The structural layout and loading is taken from Eibl et al. (1983) Anlage B3.2, and

shown in Figure 4.25. Detailed listings of the material properties and typical section details are

given in Section 5.2.1.c, where the results of further comparisons to past beam tests are presented.

Figure 4.25 - Example beam after tests by Eibl, Mora and Strauß (half a span shown only)6

6 Translations: GER: Balken, EN: Beam; GER: Festanker, EN: Anchor; GER: Auflager, EN: Support; GER: Büg.
(Bügel), EN: Stirrups;  GER: Meßring, EN: Measuring-ring
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The first stage of the analysis consists of the three steps; the analysis of prestressing effects, an

application of the self-weight moment and a load increment to cause cracking at the maximum

moment section. Figure 4.1 shows the curvature distribution along beam B3 is shown for the initial

analysis steps. For this example, the combined effects of prestress and self-weight cause the beam

to camber up as indicated by the negative curvature.

Figure 4.26 - Curvature distribution along example beam for initial analysis stages
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Figure 4.27 - Local strain distribution for example beam before and after initial cracking

The curvature distribution along beam B3 just prior to cracking and at first cracking is shown in

Figure 4.27, for the same bending moment level. The locationof individual cracks is shown by the

local maxima in curvature. A number of cracks form with the bending moment level equal to the

cracking moment at the mid-span section. The actual cracking moment capacity reduces slightly,

away from the mid-span crack with the effective prestressing tendon depth reducing at a rate

greater than the actual bending moment level. This results in more than one crack forming initially
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and marginally increased curvatures at the cracks away frommid-span. The analysis method is

capable of predicting the individual location of cracks. Inthe next chapter, the predicted and

observed cracking pattern at ultimate moment are shown to compare well.

The disturbed region shown in Figure 4.27 is clearly marked by the increased curvatures above the

values prior to cracking. The loss of concrete in tension at the cracks increases the strains in the

steel after cracking, consequently the curvatures increase.

The analysis method gives detailed output of the local behaviour at all steel levels and of the

compression zone. A summary of the local disturbed region behaviour at initial cracking is given in

Figure 4.28. Individual crack locations reflected in the curvature distribution stem from the local

variation in tensile steel strains over the disturbed region. Prestressing strains (Figure 4.28a) are

elevated over the reinforcement strains with the initial application of prestress. The reinforcement

and prestress slip distribution over the disturbed region (Figure 4.28c) are almost identical at initial

cracking. In this instance, the extent of reinforcement slip sets the disturbed region length. The

bond stress distribution (Figure 4.28d) varies greatly forthe two steel layers with different local

bond stress-slip relations chosen for the two steel layers for this analysis example. The effects of

different bond stresses along each steel layer and over the disturbed region are reflected in the local

steel strain variation.

The distribution of the maximum concrete strain and neutralaxis depth (Figure 4.28b, e) is

relatively constant over the disturbed region at initial cracking, with the moment also being close to

constant. At the outer extends of the disturbed region the behaviour of the beam changes from

cracked to uncracked, the neutral axis depth increases sharply and the maximum concrete strain

drops with the increased contribution of concrete in tension. The curvature distribution over the

disturbed region (Figure 4.28f) follows the shape of the local steel strain variation showing again

the location of individual cracks at local points of maximumcurvature. The compression

reinforcement is taken to remain fully bonded to the concrete throughout the loading history.
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(a) Steel strain (b) Maximum concrete strain

(c) Steel slip (d) Steel bond stress

(e) Neutral axis depth (f) Curvature

Figure 4.28 - Local steel strain, slip and bond stress and maximum concrete strain, curvature and
neutral axis depth distribution over the disturbed region after initial cracking

To trace the behaviour of the beam under increasing deformation increments and up to ultimate

capacity, a local strain increment is placed on the beam at the maximum moment section. The
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maximum moment-deflection response of the member is hence obtained (Figure 4.29a). At the

same time the moment-crack width relationship, at any tensile steel level subject to slip, is

evaluated in the analysis for all cracks, and shown for the mid-span crack in Figure 4.29b. As

rpeviously described, the deflected shape Figure 4.29c is calculated from the local curvature

distribution Figure 4.29d.

(a) Moment-deflection (b) Moment-crack width

(c) Deflected shape (d) Curvature distribution

Figure 4.29 - Global deformation behaviour at peak load

Local distributions of the steel layers and compression zone behaviour at ultimate are summarised

in Figure 4.30. The steel strains vary between a maximum at a crack and a minimum value between

cracks (Figure 4.30a). The slip is also a maximum at the crackand reduces away from the mid-span

with decreasing moment. The bond stress distribution (Figure 4.30d) shows that the maximum

bond capacity has been attained between cracks in the regionof maximum moment. The local bond

stress-slip relationships for the reinforcement are complex and vary with distance away from the

crack. In the example beam, the cracks are closely spaced andthe absolute maximum bond stress,

which can only be attained at six or more bar diameters away from a crack, cannot be fully realised.
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For this reason the maximum bond stresses approaching the supports, where the cracks are further

apart, are higher than they are at mid-span where the cracks are closer spaced. The prestressing

bond stress, in this example, is not taken as a function of the distance away from the crack.

(a) Steel strain (b) Steel stress

(c) Steel slip (d) Steel bond stress

(e) Maximum concrete strain (f) Neutral axis depth

Figure 4.30 - Local steel strain, slip and bond stress and maximum concrete strain distribution
over the disturbed region at peak load

The reinforcement stresses along the beam follow the shape of the bending moment (Figure 4.30b).

Prestress stresses however reduce at a greater rate than thebending moment away from the mid-

span and towards the supports. The prestressing bars in thisexample are draped and have a
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maximum effective depth at the mid-span, which reduced to half the member height at the support.

This example demonstrates the analysis model with a variable depth prestressing tendon profile.

The maximum compressive concrete strains (Figure 4.30e) atmid-span indicate crushing of the

outermost compression with the neutral axis (Figure 4.30f)reduced to a quarter of the member

height. The beam failed by crushing of the concrete in the maximum moment region.

The difference in the reinforcing steel and prestressing steel slip (Figure 4.30c ) is greatest near the

edges of the cracked region with the effective depth of the prestressing decreasing towards the

support and staying constant for the reinforcing abr. At mid-span the slip values are identical with

the prestressing and reinforcing bar located at the same effective depth.

The data shown above for the example beam is only a fraction ofthe information made available

by the analysis. It is possible to trace the development of individual cracks including the behaviour

of each crack, tracing the crack width and height from first occurrence to ultimate carrying

capacity. The crack tip is taken to extent to the neutral axisdepth. The relationship between

average steel deformation between cracks and maximum steelstrain at the crack are automatically

evaluated in the analysis for all tensile steel layers via unique α-factors at all cracks. Between

cracks, the strain, stress, slip and bond stress distribution is evaluated for all tensile steel layers.

The option of following the local behaviour at the tensile steel levels and the growth of steel

plastification over the span through the entire loading history is specified in the input.

4.4 Summary of Analysis Method

A new discrete crack block analysis model has been describedin this chapter. It is based on a

rigorous definition of deformation compatibility. An analysis method for determinate reinforced

and post-tensioned partially prestressed members based onthe new discrete crack block analysis

was developed. The analysis method is capable of predictingthe behaviour of members in flexure

from initial prestressing up to first cracking, through progressive formation of individual cracks, up

to yielding of the reinforcement and prestress and through high overload up to ultimate capacity.

Furthermore, a computer program was written for the analysis of determinate beams with a variable

depth tendon profile and up to five tensile reinforcing steel layers having different material and

bond properties. The analysis is carried out in two stages, in the first an analysis of the combined

effects of prestress and self-weight are carried out and thestructure is brought up to the cracking

load with a single deformation increments. In the post-cracking range, the second stage of the

analysis, the variation of local steel strains between cracks are evaluated using a local bond stress-

slip analysis. Local concrete strains are assumed to vary linearly between cracks. Local curvatures
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are evaluated from the outermost tensile reinforcing steelstrain and compressive concrete strain.

Beam rotations evaluated from the local curvatures by meansof integration. Section equilibrium is

satisfied at all cracks and along the tensile steel layers. Deformation controlled loading is adopted

and the formation of individual cracks is predicted and followed at all stages of loading.

The capabilities of the analysis method are demonstrated with the simulated loading of a post-

tensioned, PPC beam tested by Eibl et al. (1983). The exampleanalysis makes evident the level of

detail available from the simulation results, which includes the local behaviour along the steel

layers and the tracing of individual crack formation and growth. In the next chapter, the

performance of the analysis method is evaluated in more detail using past experimental beam tests.
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Chapter 5

5COMPARISON OF ANALYSIS MODEL WITH PAST

BEAM TEST DATA

To evaluate the accuracy of the discrete cracked block model, the behaviour of past reinforced and

partially prestressed concrete beams tests are simulated and compared with experimental

observations. These comparisons are carried out in two parts; in the first part detailed comparison

of the observed and predicted force-deformation response,local strains along the member

including local reinforcing steel strains at different load stages, stabalised crack patterns and

crack widths, are presnted. In the second part, results of the predicted and observed deformation

capacity of structural concrete beams are compared.

The comparisons of observed and predicted beam behavior presented in this chapter show clearly

that the discrete crack block model is capable of accuratelypredicting the local behaviour of

members subjected predominantly to flexure. The comparisons also suggest that the discrete crack

block model is suitable to study the influence of various parameters on the the deformation

capacity of partially prestressed beams.
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5.1 Introduction

It is necessary to compare data from past beam test with simulated results to evaluate the accuracy

of the discrete cracked block analysis and establish a soundbase for any parametric studies

(Kleijnen, 1995). Apart from basic structural and materialdata needed to define a beam specimen,

good knowledge of the stress-strain behaviour of the steelsand concrete is imperative to simulate

accurately past experimental beam behaviour. To capture the observed behaviour, local

deformation measurements along the member, or at least in highly stressed regions, are essential in

evaluating the accuracy of the local deformation model and bond assumptions. Using a beam test

by Rao (1966), as an example, Langer (1989) pointed out that the length over which local

measurements are taken is required to be short enough to capture local peaks in deformations. The

effects of using different measurement lengths and the location of the measurement either between

the cracks or spanning a crack is shown in Figure 5.1. The concrete strains were measured over a

gauge length of 50 mm and steel strains over a length of 100 mm.A comparison of the two strain

distributions shows the effect of an increased gauge lengthon the measured steel strains. Between

adjacent cracks, the local steel deformations are half of those over a crack (Figure 5.1). A gauge

length between 10 and 50 mm seems necessary to capture the local behaviour accurately.

Figure 5.1 - Effects of gauge length on deformation measurements, after Langer (1989)7

Measurements of local reinforcement steel strains have been undertaken by Scott and Gill (1982),

Eibl et al. (1983), Bausch (1984), Limbergeret al. (1986), Eibl and Bühler (1991), Eifler (1991),

7 Translations: GER: Beton - EN: Concrete; GER: Stahl - EN: Steel; GER: Messlänge - EN: Gauge length
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Bigaj and Walraven (1993), Calviet al. (1993) and Scott (1994, 1999) with strain gauges glued to

individual bars or embedded in specially constructed reinforcement. More advanced and yet

extremely expensive method have also been developed by Kenel and Marti (2001), where the local

concrete strains were measured near the reinforcement layer with the use of fibre optics.

The comparison of the discrete crack analysis predictions presented in this chapter use most of the

past beam test listed above. All simulations were carried out under deformation control with

loading reversals or unloading not considered. The structure and reinforcement layout is

represented as close as possible to the actual beam tested. The prestressing profile is defined as

stated in the experiments and if only the initial prestressing force is given, the effective prestress is

calculated assuming 20 to 30% losses. The prestressing force is taken to be constant along the

beam. For consistency, a number of default analysis settings are adopted for all comparisons.

For the stress-strain response of the steel, Sargin's (1971) relationship is adopted and the response

of concrete in compression is taken after Cusson and Paultre(1995). The concrete relationship is

defined solely by the compressive strength (fc) and a post-peak parameter (εc.50) describing the

strain at 0.5fc. The value reflects the level of confinement and is set to between 0.0035 and 0.0045

for fc = 40 MPa. The response of the steels in tension is defined by the elastic modulus (Es, Ep),

strength parameters (fsy, fsu, fpy, fpu) and fracture strains (εsu, εpu). Appropriate values are assumed

where they are not made available; that is Es = 200 GPa, Ep = 190 GPa, fsu/fsy = 1.1, εsu = 10.0, fpu/fpy =

1.08,εpu = 6.0%. If the stress-strain response of the materials is given in the experimental report,

then that relationship is used in the simulation. The bond stress-slip parameters for the reinforcing

steel are taken from Kreller's (1989) suggestions and for the prestressing bars and tendons from Li

(1998). Details of the material models and a review of the local bond stress-slip models are given in

Appendix A.

Prior to undertaking the detailed comparisons of the discrete crack block analysis results and past

beam tests data given in the next section, a comparison between the discrete crack block analysis

with the default material model assumptions and other material model assumptions was conducted.

The results of these sensitivity analyses are given in Appendix B. The default assumptions for the

material behaviour listed above, give the best compromise between accuracy and flexibility. In

addition, the sensitivity and accuracy of the discrete crack block model with assumptions other than

those adopted in Chapter 4 for the treatment of the compression zone, are shown. Parts of the

results presented in Appendix B were published in the most recentBond in Concrete Conference

(Rebentrost and Warner, 2002).
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5.2 Detailed Comparison with Past Beam Tests

Beam tests by Eibl and Bühler (1991), Eibl, Mora and Strauß (1983), Eifler (1991) and Caflish and

Thürlimann (1971) encompassing 17 specimens, both reinforced and partially prestressed, were

analysed with the discrete crack block model to evaluate itsaccuracy. These experimental studies

have been selected due to their practical application of thespecimen design, parameters

investigated, and soundness of experimental setup. Tests on reinforced members are included for

two main reasons. The first of these is that the body of test data for reinforced concrete is

significantly larger than it is for partially prestressed beams, and secondly, because the effects of

steel ductility on rotation capacity have been tested extensively with comprehensive measurements

of local steel deformations available. All detailed comparisons are carried out with the discrete

block analysis as well as the smeared block approach. The latter is included to show the advantages

of the discrete block model, and to draw a comparison between the approaches.

The literature list a number of other studies that have been used in the past to establish the

performance of discrete crack block models. They include: RC slabs tests of Clarke and Beeby

(1990) used by Li (1998); RC beam tests of Eifler and Plauk (1974) and Gijsbers (1974) used by

Langer (1989); RC beam tests of Eibl, Curbach and Stempiewski (1986) used by Kreller (1989).

The literature describing these tests could not be obtained.

5.2.1 RC Slab Tests of Eibl and Bühler (1991)

Eibl and Bühler (1991) set out to investigate the effect of reinforcing steel properties on the

rotation capacity of slab sections commonly used in German house construction. A series of six

identically dimensioned reinforced concrete beams designated RPL1 to RPL6 were tested to

destruction. All beams were loaded with six point loads spaced equally along a 2 metre span. The

beams were under-reinforced (ps = 0.21%) and failed by fracture of the reinforcement. The load-

deflection response, load-mid-span crack width, local reinforcement, and concrete strain

distribution at failure and stabilised crack pattern were recorded in the experiment and published in

the experimental report. Detailed material data, including full range stress-strain data for the

concrete and reinforcing steel were also published. Local plastic steel strains were measured after

completion of the test using markings on the reinforcement at a spacing of 30 mm.
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From the six specimens of Eibl and Bühler (1991), specimens RPL1, RPL2 and RPL3 have been

chosen for detailed comparison. These specimens are of particular interest with the each beam

having a unique combination of reinforcement ductility andbond property. RPL1 was reinforced

with non-ductile ribbed and welded bar mesh, RPL2 with ductile ribbed mesh (not welded) and

RPL3 with welded smooth wire mesh.

Table 5.1 - Details of Eibl and Bühler's beams RPL1 to RPL3

Structure and Loading * Typical cross-section Material Properties

18
0

2000

P

1
6
0

All dimensions in mmRPL1 to 6

800

P P PP P

A
st
 = 303 mm2

∅
st
 = 8 mm

RPL1 RPL2 RPL3

fc 28 30.3 28

fsy 703 502 644

fsu 732 594 692

εsu 0.036 0.10 0.044

RPL1 RPL2 RPL3

Mu.exp 34.7 29.7 31.9

Mu 34.6 30.2 31.2

θpl..exp 0.025 0.068 0.039

θpl 0.024 0.067 0.038

δu.exp -19.0 -33.8 -27.0

δu -18.0 -30.0 -21.0

Figure 5.2 - Load-deflection response and behaviour at Mu, Eibl and Bühler's beams

Figure 5.2 shows a comparison between the predicted and observed load-deflection for RPL1-3.

All specimens were pre-cracked and do not exhibit the same change in stiffness predicted by the

analysis at first cracking. Both the smeared and discrete crack block analysis trace the load-

deflection behaviour well up to yielding of the reinforcement. The smeared analysis is somewhat

less accurate in predicting the cracking stiffness than thediscrete crack block analysis. The tension-

stiffening effect is not taken into account in smeared blockanalysis. In contrast, the discrete

cracked block analysis captures this effect accurately with the local bond-slip analysis. The tension-

stiffening effect is less in beam RPL3, which was reinforcedwith smooth bar mesh having low
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bond capacities, than RPL1 and RPL2, which were reinforced with ribbed bars having higher bond

capacities. The predicted response of beams RPL1 and RPL2 show some dipping in the load-

deflection (P-δ ) response during cracking. This is an artifact of the individual crack formation and

plotting of the analysis output. If a smaller deformation increments had been chosen, an increase in

deflection at the same load level would occur for every crackformation, similar to the one

observed in Figure 5.2 (P-δ ) at first cracking.

A reduction in the load is observed shortly after beam RPL1 attains nominal capacity. No crushing

of the concrete was observed in the experiments, confirmed by the observed concrete strains

(Figure 5.3). The beam loses capacity under increasing deformations due to the softening and

fracture of individual bars in the mesh, prior to termination of the test.

(a) Beam RPL1 (b) Beam RPL2

Figure 5.3 - Local concrete strain distribution at Mu, Eibl and Bühler's beams

The discrete cracked block analysis predicts failure by fracture of the reinforcement at a deflection

comparable with that observed in the experiment (Figure 5.2). It is not possible for the discrete

cracked block analysis to model the softening behaviour of the reinforcing bar. The same applies to

the smeared block model, except that the smeared model grossly overestimates the deflections at

fracture of the reinforcement. The increased deformationsstem from an overestimation of the

compressive concrete at mid-span, compared with the valuesrecorded in the experiments and

shown in Figure 5.3a. The discrete cracked block method, on the other hand, predicts the local

variation of strains along beam RPL1 with good accuracy. Both methods show the same mid-span

reinforcement strain, which was specified in the input as the fracture strain (Figure 5.4a).
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(a) Beam RPL1 (b) Beam RPL2

Figure 5.4 - Plastic steel strain distribution at Mu, Eibl and Bühler's beams

Beam RPL2 forms an interesting contrast to the non-ductile behaviour of RPL1, in that it displays a

ductile load-deflection response where failure by fracture of the reinforcement is delayed by the

large uniform elongation limit of the reinforcement (εsu = 10%). The discrete crack block analysis

again accurately predicts theP-δ response and local strain variation along the beam (Figure 5.3b

and Figure 5.4b). It is important to note that the smeared analysis predicts failure by crushing of the

concrete, underestimating the maximum reinforcing steel strain (Figure 5.4b), and overestimating

the maximum compressive concrete strain (Figure 5.3b). Thedeflections are however

overestimated by the average deformation treatment (Figure 5.2). This result clearly highlights the

advantages of the discrete crack block analysis to predict steel fracture failure, including scenarios

where ample reinforcement ductility is available.

The discrete crack block model has the ability to predict theformation of individual cracks. A copy

of the stabilised crack pattern from Eibl and Bühler (1991) is reproduced in Figure 5.5. It shows the

reinforcement mesh, as well as the crack locations and heights predicted by the analysis (in red).

The location and extent of cracking is predicted well by the analysis for specimen RPL2 and less

successfully for RPL1. It must be remembered that the non-homogeneous nature of concrete tensile

capacity is not considered by the analysis and neither are local weaknesses along the tension face

(at cross-bars for example). The crack pattern for specimenRPL3, reinforced with smooth bar

mesh, is more random than for the other two specimens and was not predicted accurately.
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Figure 5.5 - Crack pattern, Eibl and Bühler's beams

Figure 5.6 shows the predicted and observed crack-width history for the mid-span crack of member

RPL1 and RPL2. The discrete crack analysis traces the crack width growth well and gives a

reasonable prediction of the crack width at nominal capacity. As described earlier, loss of the load

carrying capacity post-peak cannot be predicted by the analysis.

Figure 5.6 - Load-mid-span crack width, Eibl and Bühler's beams
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5.2.2 RC Beam Test of Eifler (1991)

Eifler (1991) tested two series of reinforced beams to investigate the effect of the cross-section

shape, loading pattern and reinforcement location, reinforcement type and steel percentage on the

deformation behaviour. The first series of beams consistedof seven simply supported members

with a span of four meters, five beams were subjected to six equally spaced point loads (simulating

an UDL) and the remaining beams were subjected to a concentrated point load at mid-span. Two of

the beams had rectangular cross-sections, the others were inverted T-sections. The second beam

series consisted of 0.7 metre long small-beams with rectangular cross-section (150×150 mm),

subjected to a concentrated load at mid-span.

Table 5.2 - Details of Eifler's beams R10 and R16

Structure and Loading * Typical Cross-section * Material Properties

44
1

3800

P

2
0

All dimensions in mmR10 and R16

A
sc
 = 160

A
st
=160

∅
sc
 = 8

∅
st
 = 10

160

4
0

1
42

1

A
st
=160

P P PP P

160

3
9

5
41

5

R10 R16
∅

sc
 = 8

∅
st
 = 16

R10
fc 32.8 MPa

fsy / fsu 510 / 670 MPa
R16

fc 30.0 MPa
fsy / fsu 487 /619 MPa

Data published in the experimental report by BAM (Bundesanstalt für Materialforschung und-

prüfung, Berlin, EN: National Material Research and Testing Center) gives detailed accounts of the

steel and concrete properties, load-deflection responsesfor all beams and plastic reinforcing steel

strains. The local steel strains were measured after completion of the test, using marks on the

reinforcing bars at a spacing of 30 mm.

Two specimens, designated R10 and R16, were chosen for comparison with the analysis methods.

Both beams failed by crushing of the concrete in the compression zone. Table 5.2 dives details of

the two specimens.

The load-deflection response of the two beams is significantly different; R10 has a ductility

overload plateau and a low nominal capacity compared with the non-ductile response of specimen

R16, which has a larger nominal capacity. The observedP-δ response compares well with

predictions by the discrete crack block analysis (Figure 5.7).
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R10 R16

Pcr.exp 19.0 22.0
Pcr 20.9 23.4
Pu.exp 72.7 140
Pu 71.6 139.5
srm.avg.exp 139 128
srm 141 126

Figure 5.7 - Load-deflection response and behaviour at Mu, Eifler's beams

The smeared block analysis underestimates the observed load carrying capacity and overestimates

the deflections at ultimate load for specimen R10 (Figure 5.7). The larger than observed deflections

are due to an overestimation of average tensile steel strains compared with the measured

distribution of steel strains, which are predicted accurately by the discrete crack block model. Peak

steel strains at a crack cannot be predicted by smeared analysis, which led to an underestimation of

steel stresses and subsequently moment and load for specimen R10 and R16. Figure 5.8 shows the

comparisons of local plastic reinforcement strains at completion of the test and predictions by two

analyses.

(a) Beam R10 (b) Beam R16

Figure 5.8 - Local plastic reinforcement strain distribution at Mu, Eifler's beams

The discrete crack block analysis predicts the local reinforcement strains to be slightly larger than

those observed for beam R10 and R16. These results are still accurate taking into account the
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inherent scatter in the material properties and the averaging effect of the gauge length over which

the strains were measured (30 mm). The difference between peak and average reinforcement strain

(steel strain localisation) for the crack at mid-span is predicted to be much greater for specimen

R10 than for specimen R16 (Figure 5.8).

Figure 5.9 shows the observed crack spacing for specimen R10and R16. Beam R16 has more

closely spaced cracks than beam R10, which has a lower steel percentage and larger crack spacing.

These effects are captured by the discrete crack block analysis and the distribution and height of

cracks is predicted accurately for both beams. The effects of shear on the cracking pattern are not

considered in the flexural deformation treatment but can clearly be seen in the test specimen by the

inclination of the cracks. A flexural-shear treatment is introduced in Chapter 7, where a description

of the analysis extension to indeterminate members is also given.

Figure 5.9 - Crack pattern, Eifler's beams

5.2.3 PPC Beams Tested of Eibl, Mora and Strauß (1983)

Eibl, Mora and Strauß (1983) tested four, post-tensioned, partially prestressed concrete beams with

a spans of six meters. The tendon was bonded to the concrete for beams B1, B2 and B3 and left

unbonded for beam B4. The applied loading pattern was variedfrom a single concentrated load at

mid-span for B1, to one-third loading for B2 and a simulated UDL for B3. Details of the structure,

loading and material properties are given in Table 5.3. The data recorded and published in Eiblet

al. (1983) is both extensive and some of the best publicly available for comparison with non-linear

analysis methods for prestressed beams. The report includes tabulated readings of strain gauges

glued to the inside and outside of the steel bars and along thetension and compression face of the

member, for all load levels. The report also includes all relevant material data including full range

stress-strain relationships for the steels and concrete. The beams with bonded prestressing bars (B1,

B2 and B3) are used for comparison with the discrete crack block analysis.
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Table 5.3 - Details of Eibl, Mora and Strauß's beams B1 to B3

Structure and Loading* M-M ** S-S ** Material Properties

5
00

3000 3000

P

35

45
8

250

M-M All dimensions in mm

B1
S

S

A
sc
 = 60

A
st
=763

∅
sc
= 6

∅
st
= 18

45
5

fc / fg 44.0 / 60.5 MPa

fsy / fsu 448 / 539 MPa

fpy / fpu 1351 / 1470 MPa

σpe / Ap 811 MPa / 400 mm2

∅p 16 mm

   

P PB2 fc / fg 34.4 / 48.0 MPa

   

w = 6 P/LB3 fc / fg 41.6 / 51.6 MPa

fsy / fsu

(2)
438 / 506 MPa

* vertical scale exaggerated, vertical:horizontal scale, 2:1
** layout:section scale, 1:2, vertical:horizontal scale, 1:1

Figure 5.10 shows the observed and predicted load-deflection response for beams B1, B2 and B3.

The results of the analysis compare very well to the values recorded by Eiblet al. (1983). A slight

overestimation in the deflections at ultimate capacity is observed for beam B3, where a UDL was

simulated in the analysis and the actual loading pattern consisted of six concentrated loads. The

area under the simulated bending moment is slightly larger than area under the actual bending

moment, for the same load.

B1 B2 B3

Mu.exp 366.2 354 352

Mu 363 353 355

δu.exp -54.0 -73.8 -73.4

δu. -51.7 -78.4 -81.2

θpl.exp 0.0167 0.0301 0.034

θpl 0.0170 0.0303 0.038

Figure 5.10 - Load-deflection response and behaviour at Mu, Eibl, Mora and Strauß's beams
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(a) Beam B1 (b) Beam B3

Figure 5.11 - Deflected beam shape for increasing moments, Eibl, Mora and Strauß's beams

Figure 5.11 shows the deflected shape for beam B1 and B3 compared to the predictions by the

discrete crack block analysis for increasing levels of moment. Predictions fit the test data well. All

four beams tested by Eiblet al. (1983) failed by crushing of the concrete in the compressionzone.

Figure 5.12 shows local reinforcement strain measurementsfor B1 and B3 with increasing moment

and a comparison with values predicted by the analysis. The strain readings were taken with strain

gauges glued to individual reinforcement bars. Although a large scatter of strain readings is

observed, particularly at high moments, the analysis predicts the maximum strains at mid-span

accurately. 
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(a) Beam B1 (b) Beam B3

Figure 5.12 - Local reinforcement strain distribution for increasing moments, Eibl, Mora and
Strauß's beams
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(a) Beam B1 (b) Beam B3

Figure 5.13 - Concrete strain distribution for increasing moments, Eibl, Mora and Strauß's beams

Local maximum compressive concrete strain readings for beams B1 and B2 for increasing

moments are shown in Figure 5.13. These readings were obtained from strain gauges placed along

the outside of each beam. In the case of specimen B3, strain gauges started to fail near the loads

prior to attaining nominal capacity. Concrete strains are predicted accurately by the discrete crack

block analysis. Interestingly, for beam B1, the experimental readings are consistently lower to the

left of mid-span than they are to the right. The same applies to local strain readings for beam B3,

but to a lesser extent. In both cases, the analysis correlates better with the readings to right of  Mmax.

Figure 5.14 - Local strain distribution at Mu, Eibl, Mora and Strauß's beam B2

Figure 5.14 shows the local concrete deformations at ultimate for beam B2 along the compression

face and the reinforcement layer. Local strains concentrate near the load applications, where the
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effective prestressing tendon depth decreases although the moment is the same as in the span. The

discrete crack block analysis accurately predicts the local distribution of deformation.

The local strain readings presented in Figure 5.14 are average deformations, taken over a 100 mm

gauge length. Higher readings are again observed for the left half of the span than for the right half.

The analysis results for the average concrete strains compare well, although the maximum strains

are predicted to occur under the load point. In the experiments, the highest local concrete strains are

recorded outside the load pad area. Local effects, such as the confining actions of the load pad,

which are not considered in the analysis, can possibly be used to explain this difference. On

average, the local reinforcement strains compare well with experimental recordings.

Figure 5.15 shows the cracking pattern for beams B1, B2 and B3. Individual crack heights and

crack spacings are predicted well by the discrete crack block analysis. The images presented here

are a direct copy of the experimental recordings (Eiblet al., 1983). Although the crack pattern has

been accurately predicted for reinforced concrete memberspreviously, these results are the first of

their kind using a discrete cracked block analysis for partially prestressed concrete beams. Inclined

cracks are observed at the outer reaches of the cracked region in the test beams but cannot be

predicted by the discrete cracked block analysis, which considers flexural cracking only.
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Figure 5.15 - Crack pattern, Eibl, Mora and Strauß's beams (top: B1, middle: B2, bottom: B3)
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5.2.4 PPC Beams Tested of Caflisch and Thürlimann (1970)

Caflisch and Thürlimann (1970a, b; 1971a) tested to destruction 16, large spanned (6.0 meters),

partially prestressed concrete beams. Serviceability requirements and shear resistance for different

stirrup and reinforcement layouts, and prestressing ratios were investigated. Results of the study are

well documented in three separate reports (Caflisch and Thürlimann 1970a, b; 1971a) and summary

publications (Thürlimann and Caflisch, 1969; Caflisch andThürlimann, 1971b, Caflisch, 1971).

Test specimens are divided into three series, series A and B consisting of six beams each, and series

C consisting of four beams. All beams in series C failed in shear and are not considered further here

The structure and loading of beams in series A and B is shown inFigure 5.16. Beams in series A

were initially subjected to two concentrated loads, 1.4 m apart (loading pattern PI). Beams were

unloaded prior to yielding of the reinforcement and subjected to two point loads, 3 metres apart

(loading pattern P). The second stage of loading is considered only in the simulations. Beams in

series B were subjected to loading pattern PI only.

P PPI PI

Figure 5.16 - Structure and loading, Caflisch and Thürlimann's beams

The main parameters varied between beams in series A and B arereproduced in Table 5.4 and

Table 5.5 (the relevant notation is explained at the start ofthis thesis). Series A beams provide a

sound basis for comparison with increasing amounts of prestressing steel (Ap) placed in beams A1

to A4, while the same nominal tension steel capacity is maintained. Two additional specimens with

rectangular cross-section were also tested. All beams contained a nominal amount of compression

reinforcement, not shown in Table 5.4 (Asc = 465 mm2) and Table 5.5 (Asc = 510 mm2).

Table 5.4 - Section details of Caflisch and Thürlimann's beam series A

Beam A0 A1 A2 A3 A4 A5 A6

Section
D = 550

Ap - 5-∅p 6 10-∅p 6 15-∅p 6 20-∅p 6 5-∅p 6 15-∅p 6

λ - 0.23 0.49 0.73 0.96 0.23 0.73

Ast 8-∅s20 6-∅s20 4-∅s20 2-∅s20 2-∅s7 6-∅s20 2-∅s20
Bw 100 580
Bf 580 580

Df 80 -
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The main parameters which were varied for beams in series B are the distribution of the

reinforcement, bar size (∅s) and shape of the compression zone (Table 5.5).

Table 5.5 - Section details of Caflisch and Thürlimann's beam series B

Beam B0 B1 B2 B3 B4 B5 B6

Section
D = 550

Ap 20-∅p 6 10-∅p 6 10-∅p 6 10-∅p 6 10-∅p 6 10-∅p 6 10-∅p 6

λ 0.95 0.51 0.46 0.51 0.51 0.51 0.51

Ast 2-∅s20 2-∅s28 8-∅s14 2-∅s28 2-∅s28 2-∅s28 2-∅s28
Bw 100 100 100 80 140 100 100
Bf 580 580 580 560 620 580 580

Df 80 80 80 / 150 80 80 15 / 220 150

Figure 5.17 and Figure 5.18 show the moment-deflection response of all beams in series A and B

that failed in flexure by crushing of the concrete in the compression zone. A summary of results

and material properties is given in Table 5.6.
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Figure 5.17 - Moment-deflection response, Caflisch and Thürlimann's beams in series A
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The predicted cracking stiffness of beams in series A (Figure 5.17) is consistently higher than that

observed in the experiments. It must be remembered that the observed cracking pattern originated

from loading pattern PI with the simulated cracking pattern corresponding to loading pattern P

(Figure 5.16). The overload behaviour, nominal capacity and member ductility is predicted

accurately by the discrete crack block and smeared block analysis, alike.

The observed and predicted load-deflection response of beams A1 and A5 compare well. The worst

predictions are observed for specimen A4, where the ultimate deflections are grossly overestimated

by the smeared approach. The estimate of deflection at failure is slightly improved with the discrete

crack block analysis.

Figure 5.18 shows a comparison of the moment-deflection response of beams in series B that failed

in flexure. The overload behaviour is predicted accuratelyby the analysis, also giving accurate

estimates of the ultimate load carrying capacity and deflections at nominal capacity (Table 5.6).

Beams in series B were subjected to load arrangement PI only and hence the initial cracking

stiffness is predicted correctly by the analysis. Only minor differences between the discrete and

smeared block analysis are observed for the entire moment-deflection response of series B beams.

Figure 5.18 - Moment-deflection response, Caflisch and Thürlimann's beam series B

Table 5.6 summarises predicted and observed moment capacities, deflections at ultimate and

cracking moments. All cracking moments are predicted to within a maximum error of five percent,

with most values being more accurate.
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Table 5.6 - Material properties, cracking and ultimate behaviour, Caflisch and Thürlimann's
beams in series A and B 

Beam
Cracking

Mcr.exp Mcr

Failure
Mode *

Ultimate Material Properties
Mu.exp Mu δu.exp δu fsy fsu εsu fpy fpu εpu fc

A1 120 116 Flexure 440 431 204 193 365 554 18 1434 1615 4.3 29
A2 166 167 Flexure 434 438 176 203 349 521 16
A3 189 186 Flexure 427 433 224 241 370 598 19
A4 265 255 Flexure 421 422 174 189 362 592 15
A5 180 175 Shear** 442 433 278 265 378 580 19
A6 211 205 Flexure 429 434 248 256 372 540 20

1442
1442
1442
1442
1442

1624
1624
1624
1624
1624

4.5
4.5
4.5
4.5
4.5

35
29
38
29
40

B3 151 154 Flexure 438 437 216 212
B4 117 135 Flexure 407 408 237 257
B5 105 116 Flexure 408 406 333 321

343
343
343

512
512
512

21
21
21

1510
1510
1510

1659
1659
1659

3.8
3.8
3.8

33
26
32

* All beams failed by crushing of the concrete in the compression zone, ** Close to being a flexural failure

5.3 Accuracy of Analysis Predictions of Deformation Capacity

In this section, results of additional comparison between observations from past beam tests,

focusing on deformation capacity, and predictions by the discrete crack block analysis are listed.

Results are presented in two sections, in the first section,comparisons with reinforced members are

presented and the second with partially prestressed members. Short summaries of the test

programmes are given where the tests have not been described already in Section 5.2.

5.3.1 Predicted and Observed Deformation Capacity of RC Beams

Bigaj and Walraven (1993) investigated the size effect on rotation capacity of plastic hinges in

reinforced concrete beams. Ten simple beams with same span-depth-width ratio but varying overall

member size, reinforcement ratio and concrete mix composition were tested. Each beam was

loaded with a concentrated load at mid-span. Five test specimens were chosen for comparison,

based on the member size and combination of reinforcement diameter. Design details for these

beams are listed in Table 5.7.

Table 5.7 - Beam and material properties of Bigaj and Walraven's RC beams

Beam D B ds ∅∅∅∅s ps L fc fsy fsu εεεεsu

B.0.2.4 210 100 180 8 0.28 2000 27.5 562 641 0.062
B.1.2.4 210 100 180 16 1.12 2000 28.2 573 661 0.069
B.0.3.4 490 250 450 10 0.28 5000 26.8 568 641 0.064
B.0.3.16 490 250 450 10 0.25 5200 29.8 568 641 0.064
B.1.3.4 490 250 450 20 1.12 5200 25.8 550 650 0.077

- 130 -



CHAPTER5 - COMPARISON OF ANALYSIS MODEL WITH PAST TEST DATA

Table 5.8 lists measured and predicted rotations for the selected beams tested by Bigaj and

Walraven (1993). The results compare favourable, with the accuracy of the discrete cracked block

model being attributed in part to the first-rate recording and reporting of material properties.

Table 5.8 - Observed and predicted rotations, Bigaj and Walraven's RC beams

Specimen
Experimental measurements Predicted measurements

θy.exp θtot.exp θpl.exp θy θtot θpl

pl

pl.exp

B.0.2.4 0.013 0.077 0.063 0.0125 0.078 0.065 1.032
B.1.2.4 0.019 0.031 0.013 0.0189 0.031 0.012 0.923
B.0.3.4 0.004 0.033 0.029 0.0038 0.032 0.028 0.966
B.0.3.16 0.010 0.047 0.037 0.095 0.131 0.036 0.973
B.1.3.4 0.07 0.016 0.009 0.078 0.088 0.010 1.111

Results for beams tested by Eibl and Bühler (1991) are listedin Table 5.9. The member layout and

loading for beams RPL1 to RPL3 were already introduced in thedetailed comparisons (Section

5.2). The remaining two specimen, RPL4 and RPL6 had identical dimensions to RPL1 and were

reinforced with welded, ribbed reinforcing matts with “increased” uniform elongation (fsy = 590

MPa,fsu= 629 MPa,εsu= 0.056) and “Rippentohrstahl8” ( fsy= 532 MPa,fsu = 612 MPa,εsu= 0.114).

Given the uniform elongation at failure, the discrete cracked block analyis accurately predicted

failure by fracture of the reinforcement.

Table 5.9 - Experimental and predicted behaviour at Mu, Eibl and Bühler's RC beams

Specimen
Experimental measurements Predicted measurements

θy.exp θtot.exp θpl.exp Mu.exp θy θtot θpl Mu

pl

pl.exp

RPL1 0.0180 0.0434 0.0254 34.7 0.0178 0.0426 0.0248 34.6 0.976
RPL2 0.0049 0.0729 0.0680 29.7 0.0060 0.0738 0.0678 30.2 0.997
RPL3 0.0202 0.0591 0.0389 31.9 0.0250 0.0629 0.0379 31.2 0.974
RPL4 0.0080 0.0399 0.011 31.1 0.009 0.0210 0.0120 31.3 1.090
RPL6 0.0084 0.0517 0.017 30.9 0.0086 0.0276 0.0190 30.4 1.117

Chandrasekhar and Falkner (1974) tested seven, simply supported reinforced concrete beams, with

loads applied through loading plates of varying widths. Thebeams, 101.6×152.4 mm in cross-

section, were identically reinforced (fsy = 478.0 MPa,fsu = 745.3 MPa) with 2-∅sc5 compression

reinforcement (dsc = 19.2 mm) and 3-∅s9.6 bars at 132.2 mm depth. Five beams (series A) were

tested under a concentrated load applied at the centre of the1830 mm span, while the remaining

two (series B) were tested under two-point loading along a span of 2440 mm. This series is one of

only a few experimental studies investigating the local effects of loading plate width on rotation

8 Translations: GER: Rippentohrstahl, EN: Ribbed “Tohr” reinforcement bar
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capacity. Unfortunately, no local deformation measurements were recorded. Additional tests,

investigating the effect of load application on rotation capacity, are found in Raoet al. (1971), who

tested ten reinforced concrete beams. Similar tests on partially prestressed concrete members are

not known to the author.

Table 5.10 gives a comparison of observed and predicted deflections at nominal capacity for

increasing loading plate width (Chandrasekhar and Falkner, 1974). Observed plastic beam rotations

were estimated from the difference of beam deflections at ultimate and yield. Chandrasekhar and

Falkner (1974) noted that the loading plate introduces a confining effect on the failing concrete

zone under the plate, which affects the deformations and carrying capacity of the member. Inelastic

rotations were considerably reduced when the load were applied through narrow bearing plates.

The effect diminished for beams A4, A5 and B1, B2, where the bearing stresses were smaller than

a tenth of the concrete strength. For these specimens the discrete cracked block analysis predicts

the ultimate moment capacity and deflection well. For the remaining specimens (A1-A3), the

moment capacity is consistently underestimated, which maybe attributed to the increased concrete

capacity under the load pad not considered in the analysis. In summary, the loading plate treatment

in the discrete cracked block model is adequate to reproducethe trends in behaviour observed in

the experiment.

Table 5.10 - Observed and predicted behaviour at Mu, Chandrasekhar and Falkner's RC beams

Specimen Experimental
measurements

Predicted
measurements

lpad fc Mu.exp δu.exp Mu δu

u

u.exp

A1 6.4 46.4 141.7 21.3 135.6 18.1
A2 12.7 50.6 149.8 30.5 140.3 28.5
A3 25.4 47.1 155.5 35.6 146.1 33.6
A4 76.2 50.6 156.3 41.6 152.3 39.6
A5 152.4 47.8 156.1 38.1 154.6 40.2
B1 101.6 51.3 167.0 64.8 163.9 60.3
B2 101.6 48.5 157.8 68.6 160.6 64.3

0.850
0.934
0.944
0.952
1.055
0.931
0.937

5.3.2 Observed and Predicted Deformation Capacity of PPC Beams

Kamasundara (1976) tested 48 post- and pre-tensioned partially prestressed concrete beams with

different cross-sections and varying quantities of longitudinal steel and stirrup steel. Half of the 30

post-tensioned specimens had a rectangular cross section measuring 120×180 mm; the remainder

had I-sections with basic height and width equal to 100 and 200 mm. The flange and web thickness

both measured 50 mm. All specimens had a clear span of 2.0 meters, subjected to two point loads
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positioned 300 mm apart at the centre of the beam. Prestressing for all beams consisted of between

one and three, 7 mm high-strength wires, arranged along the member in a parabolic profile placed

in a PVC corrugated pipe. The steel design parameters are best summarised in the words of the

authors:

“The longitudinal reinforcement in each series of a set of beams was varied such that the

unconfined beam in that series gave under-reinforced, balanced and over-reinforced

failures. In each series, the only variable was the spacing of the stirrups, which was

added as the fourth letter in the nomenclature of the beam. The beam with designation∞
did not contain any stirrup. The quantities of the two types of longitudinal steel,

tensioned high tensile steel and untensioned torsteel – arechosen that at the ultimate

stage the tensile forces in both steels are approximately equal.” (Kamasundara and

Reddy, 1981, pp: 555)

The investigators measured curvatures through a speciallyfabricated curvature meter, consisting of

four rectangular frames fixed to the beam with screws. Two dial gauges fixed between two frames

gave the deformations over a 200 mm gauge length. The tests were conducted under deformation

controlled loading, allowing the rotations to be measured beyond the ultimate carrying capacity.

Comparison of the moment capacity, rotation and mid-span deflection at ultimate are undertaken

for all 30 post-tensioned beam tested by Kamasundra (1976),Kamasundra and Reddy (1981).

Results are presented separately, in Table 5.11 and Table 5.12, for beams with rectangular and I-

section, respectively. The discrete crack block analysis is not capable of predicting the deformation

capacity beyond maximum capacity. The measured rotations at 90% post-ultimate capacity (θu0.9.exp)

are listed in Table 5.11 and Table 5.12, to give an estimate ofthe softening characteristics and give

an upper limit of the available rotation capacity.
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Table 5.11 - Observed and predicted behaviour at Mu, Kamasundara's I-sectioned PPC beams

Specimen
Experimental measurements Predicted measurements

θtot.exp θu0.9.exp Mu.exp δu.exp θtot θu0.9 Mu δu

tot

tot.exp

PPU-∞ 0.0264 0.0504 14.5 27.0 0.029 - 14.2 27.5 1.10
PPU-12 0.0280 0.0470 14.7 27.5 0.032 - 14.6 28.1 1.14
PPU-9 0.0200 0.060 15.2 28.0 0.036 - 14.9 32.3 1.80
PPU-6 0.0388 0.0706 15.7 37.0 0.042 - 15.0 39.0 1.08
PPU-4 0.0656 * 15.9 58.0 0.072 - 15.1 61.3 1.10

PPB-∞ 0.0166 0.0314 19.7 21.5 0.017 - 19.0 18.1 1.02
PPB-12 0.0134 0.0490 20 26.0 0.020 - 19.3 20.0 1.49
PPB-9 0.0250 0.0540 20.8 26.5 0.022 - 19.8 21.6 0.88
PPB-6 0.0516 * 23.2 50.0 0.048 - 21.0 48.3 0.93
PPB-4 0.0814 * 25.1 65.0 0.086 - 23.2 67.1 1.06

PPO-∞ 0.0068 ** 23.25 16.5 0.01 - 24.6 18.9 1.47
PPO-12 0.0114 0.0226 26.4 19.0 0.014 - 27.3 21.6 1.23
PPO-9 0.0152 0.0410 27.2 23.5 0.025 - 28.5 25.6 1.64
PPO-6 0.0434 0.0740 28.9 41.5 0.048 - 30.2 31.2 1.11
PPO-4 0.0510 * 31.2 59 .0 0.060 - 31.8 35.0 1.18
* Test stopped, since rollers touched curvature meters
** Failure in shear-compression

Table 5.12 - Observed and predicted behaviour at Mu, Kamasundara's rectangular PPC beams

Specimen
Experimental measurements Predicted measurements

θtot.exp θu0.9 Mu δu θtot θu0.9 Mu δu

tot

tot.exp

PIU-∞ 0.0178 ** 14.7 31.2 0.017 - 15.0 29.5 0.955

PIU-12 0.0170 0.0290 15.9 25.5 0.021 - 15.7 26.0 1.235
PIU-9 0.0190 0.0524 15.1 27.0 0.022 - 15.8 28.0 1.158
PIU-6 0.0296 * 15.9 35.0 0.030 - 16.0 34.5 1.014
PIU-4 0.0580 * 16.2 47.5 0.055 - 16.1 47.0 0.948

PIB-∞ 0.0155 ** 20.5 24.7 0.015 - 22.5 24.0 0.968

PIB-12 0.0205 0.0326 21.9 33.0 0.019 - 22.7 30.0 0.927
PIB-9 0.0160 0.0314 21.0 26.1 0.025 - 23.0 34.2 1.563
PIB-6 0.0280 0.0770 24.0 36.0 0.029 - 23.2 37.5 1.036
PIB-4 0.0624 * 23.2 51.5 0.058 - 23.3 48.0 0.929

PIO-∞ 0.0058 ** 20.0 13.9 0.060 - 26.0 21.1 **

PIO-12 0.0072 0.0100 25.5 16.2 0.008 - 28.2 27.3 1.139
PIO-9 0.0082 0.0150 28.2 17.3 0.012 - 29.4 32.3 1.463
PIO-6 0.0158 0.0288 28.4 20.7 0.016 - 30.6 34.0 1.013
PIO-4 0.0174 0.0340 31.2 23.0 0.018 - 31.9 35.2 1.034
* Test stopped, due to instability of rollers
** Failure in shear
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Overall the predicted deformation capacity of Kamasundaraand Reddy's (1981) beams compare

well to the observed values, except for a few cases were both the deformation and moment

capacities are not predicted accurately. The following specimen showed the largest discrepancies

between observed and predicted rotations, where the ultimate values were overestimated by 64%

for beam PPU-9, 80% for beam PPB-12, 64% for PPO-9 and 56% for PIB-9. Discussions of the

results in the publications by Kamasundara and Reddy's (1981) did not elaborate on the behaviour

of these beams. It is deduced that the aforementioned beams do not conform to otherwise readily

identifiable trends observed for the specimen in the same reinforcement series having different

stirrup arrangements. The rotation capacity increases with confinement for each beam with the

same reinforcement layout and increasing confinement and,to lesser extent, an increase in capacity

is also observed. These trends become stronger with increasing tensile steel quantity. All predicted

rotations lie well below the upper limit observed in the experiment at the ten percent load capacity

loss. Some uncorrelated scatter between the predicted and observed rotation are evident in Table

5.11 and Table 5.12. This scatter of the result could be a function of the curvature measurements.

In the experiments a 200 mm gauge length was used which is relatively short compared with the

total beam depth (180 mm). The gauge length may not be able to capture correctly the average

curvature of the constant moment region. Correlations between the observed and measured values

are better for the deflections at ultimate capacity.

Table 5.13 - Observed and predicted behaviour at Mu, Somes's PPC beams

Specimen
Experimental measurements Predicted measurements

Mu.exp δu.exp θtot.exp Cracksexp Mu δu θtot Cracks

tot

tot.exp

10 54.5 15.8 0.031 11 53.2 14.8 0.030 11 0.968
11 64.9 16.5 0.028 6 66.0 17.8 0.030 9 1.071
12 55.6 24.0 0.023 14 57.1 24.8 0.024 15 1.043
13 60.3 13.0 0.026 21 59.8 12.5 0.025 19 0.962
15 68.2 15.1 0.027 11 67.4 14.1 0.025 11 0.926

17 52.0 - - 20 51.7 20.2 0.034 17 -

18 58.8 16.5 0.028 9 60.0 17.4 0.029 11 1.036

Somes (1966) conducted a detailed study of the moment-rotation characteristics of prestressed

concrete members. The test programme covered 21 rectangular (152.4×279.8 mm), partially

prestressed concrete beams (L = 2794 mm), ten were pre-tensioned and eleven post-tensioned with

four beams having unbonded tendons. The type of construction, pattern of loading and tendons

used were the main variables of the study. For each test specimen, the longitudinal strain in the

concrete was measured along the entire span (gauge lengths of 12.7 or 25.4 mm) and at three levels

(76.2, 101.6 and 254.0 mm from the compression face). Local curvatures along each beam were
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hence calculated from the measured concrete strains. Table5.13 lists observed and predicted

deformation and moment capacities at ultimate load for all seven post-tensioned specimens. Somes

(1966) also published the number of cracks for each specimen; they are included in Table 5.13.

Observed and predicted measurements for Somes (1966) post-tensioned beams agree well. The

ultimate moment capacities, deflections and total rotations at ultimate load all agree with the

predictions to within 10%. Some differences in the amount ofobserved and predicted number of

cracks is apparent but considered to be within the accuracy expected for predicting individual

cracking behaviour. Due to symmetry of the structure, an oddnumber of cracks is always predicted

but may not be observed in the physical tests due the non-homogeneous nature of the structure.

Figure 5.19 shows, in two correlation plots summarising, the results of the comparison with past

beam test data. The predictions of rotation capacity, comprised of plastic and total rotation, are

contained within a 25% limit of the experimental values, shown as dashed lines in Figure 5.19a.

Simulated value tend to be on the safe side with a larger proportion of the observed rotation

capacity underestimated, not including a number of beams tested by Kamasundara and Neddy

(1981). The discrepancy of these beams within the tests has already been discussed above.
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Figure 5.19 - Correlation for predicted and observed behaviour at Mu

As expected the spread of observed and predicted moment capacity is much less than that of the

rotation capacity (Figure 5.19b). The analysis predicts the ultimate capacity of both reinforced and

partially prestressed concrete beams accurately.
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5.4 Summary

The accuracy of the discrete cracked block analysis, described in the previous chapter, was

evaluated in this chapter using results from past experimental beam tests. This comparison could

not be carried out prior to reviewing the available test datain the literature. A decision to include

tests on reinforced concrete beams was made based on the abundance of detailed test data

available, compared with those available for post-tensioned prestressed beams. A short and critical

review of suitable test data in the literature shows that care needs to be taken comparing local

deformation measurements. These measurements are often taken over insufficient gauge length to

capture accurately the local variation in deformation between cracks. It was decided to carry out a

comparison of the discrete crack block model with past experimental data in two parts. The first

attempted to compare as many aspects as possible of the global and local deformation behaviour of

a number of specifically selected beams, and the second addressing the ability of the model to

predict the deformation capacity at ultimate load. For bothcomparisons a set of default material

models and bond parameters were adopted. The validity of these assumptions were tested with

results from past beam tests, presented in Appendix B.

The comparison of the discrete cracked block model with pastexperimental results shows that the

model accurately predicts the behaviour of reinforced and partially prestressed failing by fracture

of the steel or crushing of the concrete. This conclusion wasreached after a detailed comparison

with test, including force-deformation responses, longitudinal steel and concrete strain

distributions, cracking patterns and maximum crack width.A summary of the results shows that the

discrete crack block model is suitable for parametric studies of the plastic deformation capacity of

structural concrete beams. The results of such a study are presented in the next chapter.
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Chapter 6

6DEFORMATION CAPACITY OF POST-TENSIONED PPC

BEAMS

In this chapter, a study is made of the deformation capacity of peak negative moment regions in

partially prestressed concrete beams. The deformation compatibility based analysis method

developed in Chapter 4 is used to simulate the deformation behaviour of this region from initial

prestressing up to nominal capacity assuming the reinforcing and prestressing steels have

sufficient strain capacity to ensure failure by crushing of the concrete in the compression zone. 

A number of parametric studies are conducted to investigatethe influence of the member size,

properties of the constituent materials and a collection ofother parameters (compression

reinforcement and crack spacing for example) on the deformation capacity of the interior support

region. The influence of these parameters on the deformation capacity are investigated for

increasing reinforcing steel percentages using an otherwise fixed member design. 

The effect of premature steel fracture on deformation capacity is subsequently investigated using

the analysis results for each member simulation, for failure in the compression zone. The

deformation capacity for increasing reinforcing bar and prestressing tendon elongation limits and

premature fracture of the steel is quantified.
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6.1 Introduction

In this chapter, an equivalent beam length is used to model a typical negative moment region in a

partially prestressed concrete (PPC) beam with a large number of spans. The continuous beam is

subjected to a uniformly distributed load and the bending moment distribution is evaluated from an

elastic analysis with no moment redistribution. To producea close match of the bending moment

distribution between adjacent points of zero moment on either side of typical interior support of the

real structure, a concentrated load is applied at centre of an equivalent beam length (Leq). Rounding

of the bending moment distribution over the interior support is taken into account by applying the

concentrated load to the equivalent beam length through a 400 mm wide support pad (lpad),

representing an interior column. Figure 6.1 Shows this realstructure and the equivalent beam. The

procedure simplified the analysis of the indeterminate structure to that of a determinate beam.

Secondary moments due to continuity in prestressed structures are neglected in this approach, but

are considered again in Chapters 7 and 8. Similar approacheshave been taken by Langer (1987)

and Li (1998) for example, in evaluations of the deformationcapacity of a negative moment region

in a continuous beam.

Figure 6.1 - Concept of equivalent beam length

The flexural deformation capacity of the interior support region is evaluated by analysing the

equivalent member length with the discrete crack block analysis presented in Chapter 4. The effects

of shear and shear cracks are neglected in the analysis and are again considered in Chapter 7, where
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an extension of the determinate beam analysis to indeterminate members is undertaken. At this

point previous parametric studies on the factors influencing deformation capacity of highly stressed

regions should be recalled. Langer (1987), Bigaj (1995), Li(1998) and Gravina (2002) neglect the

effects of shear for most or all of their parametric studies.Langer (1987) and Li (1998) investigate

the effects of inclined cracking (due to shear) separately but do not consider it in parallel with an

investigation of the influence of other parameters on the deformation capacity of simply supported

beams. Tueet al. (1996) demonstrated that the formation of inclined shear cracks is beneficial to

the rotation capacity of RC members for all reinforcement percentages. The calculations

undertaken in this chapter, considering only flexural cracks and failure in flexure should therefore

give a conservative estimate of the rotation capacity.

The deformation capacity of the interior support region is evaluated by simulating the member

behaviour from first prestressing up to cracking, through yielding of the steels up to high overload

until the moment capacity (Mu) over the interior support is exhausted. A deformation controlled

procedure is adopted. The moment-rotation response is hence obtained, remembering that the

rotations are calculated from the local steel and concrete strains taking into account individual

cracks (Section 4.2.2.e). The total deformation capacity is then evaluated for failure by crushing of

the concrete in the compression zone. For this to take place the reinforcing steel and prestressing

tendon follow a specified stress-strain response (Figure 6.2a - dashed lines), with no uniform

elongation limit. Similarly, the strains in the concrete are not limited andMu for failure in the

compression zone is evaluated from equilibrium and compatibility requirements at the interior

support. Realistic assumptions of the stress-strain relationship of concrete, which take into account

the softening properties of the concrete in compression, are again adopted (Figure 6.2).

(a) Material stress-strain relations (b) Moment-rotation response

Figure 6.2 - Deformation capacity for failure in the compression zone and steel fracture
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The total deformation capacity corresponding to a uniform reinforcing steel elongation (εsu) or

uniform prestressing tendon elongation (εpu), is evaluated by using the existing moment-rotation

response of the member for failure in the compression zone. If the maximum steel strain at the

interior support exceeds the uniform steel elongation, premature failure by fracture of the steel is

said to occur. The total deformation capacity is hence takenas the rotation of the member when the

steel strain at the interior support is equal to the uniform elongation (Figure 6.2b). This approach

allows the total deformation capacity to be evaluated for various elongation limits of the

reinforcement and separately for the prestress, without having to simulate the behaviour of the

region more than once.

In this study, the plastic rotation capacity is used as the measure of deformation capacity. It is

defined as the difference between the total rotationθtot for a particular failure mode (compression

zone or fracture of the steel) and the member rotation at the elastic limit of the reinforcing or

prestressing steel (θel), whichever occurs first (refer also to Section 4.2.2.e).

6.1.1 Member Designs and Parameters Investigated

There are many parameters, which may be investigated in a study of the deformation capacity of

PPC beams, and a means for focus is required. Consequently, the present research is restricted to

band beam members, which are commonly used in Australian lowto medium-rise construction

(Figure 6.3). By limiting the investigation to these types of beams, a clearer understanding of those

factors, which are important in influencing the deformation capacity, is obtained. In total the

deformation capacity and behaviour of more than 300 beams were simulated in three series of

parametric studies.

Figure 6.3  - Typical band beam used in parametric studies of deformation capacity

In the first series of parametric studies, the influence of the member dimension on the deformation

capacity is investigated using two combinations of span-to-depth ratios (L/D) and two beam depths

(D). The L/D ratios represent an economical design value and an upper bound value in the

continuous beam for which the interior support is analysed.The chosen depths are commonly used

in Australian construction (Table 6.1). The simulations are performed for increasing tensile
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reinforcement percentage (ps), listed in Table 6.2, while other parameters are kept constant,

including the prestressing steel percentage (pp). The section parameters are fixed for members in

each series as listed in Table 6.1. All beams have a width (B) of 2400 mm, again a typical design

choice in Australia, and the tensile reinforcement runs along the entire length of the equivalent

member, at an effective depth (dst) set by the member height less a 35 mm clear concrete cover. The

reinforcement has a diameter of 20 mm. Any compression reinforcement is neglected in the

analysis. The effects of the compression zone properties, including the presence of compression

reinforcement are investigated separately in Section 6.4.5.

Table 6.1 - Fixed structural parameters for all members in different series

Series Leq L D L/D dst Ap pp σσσσpe emax

A 3800 9000 450 20 405 1965 0.18 905 195
B 6800 16200 450 36 405 3930 0.36 1036 195
C 2100 5000 250 20 205 786 0.13 728 95
D 3800 9000 250 36 205 1965 0.33 1008 95

The area of prestress (Ap), effective prestressing stress (σpe) and tendon profile are fixed for

members in each series (Table 6.1). The prestressing tendonprofile has zero eccentricity (e) at the

ends of the equivalent beam length, increasing linearly to amaximum eccentricityemax, set by the

member depth and prestressing unit dimensions. The maximumeccentricity of the tendon is

maintained over the width of the interior support (lpad = 400 mm), where the prestressing duct has

the same clear cover as the reinforcement (Figure 6.3). The effective depth of the tendons is

somewhat less than dst because of the dimension of the prestressing duct and the location of tendons

in the duct. Plastic prestressing ducts are used, with each duct containing five high-strength

prestressing strands. Members in each series contain a different number of prestressing units. The

prestressing is designed to balance the self-weight of the real structure, consisting of the beam and

an additional dead load simulating a slab.

In the second series of parametric studies, the influence ofthe material properties, including the

stress-strain and bond behaviour of the steels, and the concrete properties (strength and

deformability) on the deformation capacity are investigated for members in Series A. The effect of

the concrete strength on the deformation capacity is also evaluated for members in the other three

series.
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Table 6.2 - Reinforcement and steel percentages for all members

Name
 Series A (pp = 0.18) Series B (pp = 0.36) Series C (pp = 0.13) Series D (pp = 0.33)

ps p ps p ps p ps p

p0 0.06 0.24 0.06 0.42 0.10 0.30 0.10 0.49

p1 0.17 0.35 0.17 0.53 0.21 0.41 0.21 0.60

p2 0.23 0.41 0.23 0.59 0.31 0.51 0.31 0.70

p3 0.46 0.64 0.46 0.82 0.62 0.81 0.62 1.01

p4 0.69 0.87 0.69 1.05 0.93 1.12 0.93 1.32

p5 1.21 1.39 0.92 1.28 1.34 1.54 - -

p6 1.61 1.79 1.21 1.57 1.65 1.85 - -

Table 6.3 lists the material parameters kept constant in allparametric studies. For the concrete, the

strength in compression (fc), modulus of elasticity (Eco) and tensile strength are listed. For the steels

the yield strength (fsy, fpy), modulus of elasticity (Es, Ep) and maximum bond capacity (τs.max, τp.max)

are shown. The local bond stress-slip relationship for the reinforcement is taken according to

Kreller (1989) as shown in Appendix A (Table A.4), and the theprestressing tendon bond after Li

(1998), shown in Table A.6. Examples of the local bond-stress slip assumptions are shown in

Appendix A, Figure A.13 for a reinforcing bar, and Figure A.15 for a prestressing tendon.

Table 6.3 - Default material properties

Ec = 30.2 GPa Es = 200 GPa Ep = 190 GPa

fc = 40 MPa fsy = 550 MPa fpy = 1750 MPa

εc.50 = 0.0040 fsu at εs=5.0% = 633 MPa fpu at εp =5.0% = 1869 MPa

fct = 3.8 MPa τs.max =12.1 MPa τp.max = 6.2 MPa
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Figure 6.4 - Default material properties and stress-strain assumptions
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The stress-strain responses of the reinforcing steel and the prestressing tendon are assumed to

follow a predetermined path set by stress-strain coordinates shown in Figure 6.4b up to a tensile

strain of 0.1. Beyond a steel strain of 0.1, the slope of the post-yield plateau tends towards zero, but

without limiting the ultimate elongation. Cusson and Paultre's (1995) relationship is used to model

the stress-strain response of concrete in compression (Appendix A). It is defined with the additional

parameter,εc.50, setting the post-peak strain at 0.5fc. According to this relationship and the default

parameters adopted, the concrete strength asymptotically approaches zero at a compressive strain of

0.01, as shown in Figure 6.4a.

In the final parametric studies the influence of other parameters, which do not fit in the other two

categories, on the deformation capacity of members in Series A are investigated. They include the

amount of compression reinforcement, a simulated average crack spacing, support pad width,

quantity of prestressing steel and the tendon profile.

6.2 Parametric Study I – Effect of Member Size

In this section, the influence of the reinforcement percentage on the deformation capacity of

members with varying span-to-depth ratio and member depth are investigated. Figure 6.5 shows the

moment-rotation (M-θ) response of members in each series as a function of the reinforcement

percentage (ps). These results correspond to simulations where failure bycrushing of the concrete

in the compression zone was assumed and using theσ-ε relations for the steels shown in Figure

6.4b.

It should be remembered that while most parameters are kept constant between members in each

series, the prestressing details are not constant. For thisreason, the cracking moment and the

moment capacity of members in Series A and B, increases for the same reinforcement percentage.

Series B gas a laregerL/D and therefore contains more prestressing steel than members in series A.

The same applies to members in series C and D.

The rotation at nominal moment capacity (total rotation capacity) for the members shown in Figure

6.5 decreases for increased reinforcement percentages while the moment capacity is reduced. These

results are further evaluated using the plastic rotation capacity as a measure of the deformation

capacity, investigating the influence of reinforcement percentage, for members in each series and

for failure in the compression zone and premature failure by fracture of the steel.
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Figure 6.5 - Moment-rotation response of all members with default properties

6.2.1 Deformation Capacity for Failure in the Compression Zone 

Figure 6.6b shows the total rotation capacity (θtot) for members in Series A as a function of the

reinforcement percentage, also shown previously in Figure6.5 as the rotation at nominal moment

capacity. The total rotation capacity of members in each series decreases with increased reinforcing

steel percentage, because the deformation capacity of the compression zone is limited, reducing the

deformations in the steel for increased steel percentages.The elastic rotation (θel), the rotation prior

to yielding of the steel (Figure 6.6a), on the other hand slightly increases with increased

reinforcement percentage. This is explained by a reductionin the crack spacing for increased

reinforcement percentage (Figure 6.7a). For smaller average crack spacing the contribution of

concrete between cracks (tension-stiffening effect) is reduced. The plastic rotation capacity (θpl),

previously defined as the difference betweenθtot andθel, hence decreases at a slightly higher rate

than the total rotation capacity for increased reinforcingsteel percentages . The influence of the

reinforcing steel percentage on the total and elastic rotation are comparable between members in
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each series with members containing larger quantities of prestressing steel showing a slightly lower

reduction in rotation capacity for the same change in reinforcing steel percentage. The influence of

L/D and D on the deformation behaviour is however significant.

The plastic rotation capacity decreases for increased member depth and a constantL/D and

prestressing steel percentage as shown in Figure 6.6a. The rotation decreases with increasing

member height because the curvature is decreased although the moment capacity is increased

(Figure 6.5). For a decreased member height, the average crack spacing increases (Figure 6.7a) and

the deformations in the tension chord concentrate at cracks resulting in increased crack widths.
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Figure 6.6 - Rotation capacity for members with different L / D and D

Figure 6.6b shows that for larger spans and a constant memberdepth (increasedL/D), the total

rotation capacity is increased. For the same reason the elastic rotation increases with increasedL/D.

Interestingly, the plastic rotation capacity for the members analysed in this study does not increase

with increased span to depth ratio. This is explained by the increased prestressing steel quantities in

the members with L/D = 36, recalling that the prestressing isdesigned to balance the self-weight of

the member, which is a function of the member size. Figure 6.7b shows the local curvature

distribution away from the interior support at peak load (total rotation) and at first yield (elastic

rotation), for two members with the same total steel percentage (p) but differentL/D. Members

containing a larger proportion of prestressing steel for the same total steel percentage, the peak

curvatures are lower at peak load than they are for the membercontaining less prestressing steel.

This is an attribute of the increased strength of the prestressing steel, which is prevalent in the

member containing a larger percentage of prestressing steel. Yet, the plastic rotation is

approximately the same for the two members with different prestressing steel quantities, because

the length of the span offsets the differences in peak curvatures.
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Figure 6.7 - Average crack spacing and maximum crack width for different L / D and D

These results clearly show that the total steel percentage does not reflect the differences in the

strength of the prestressing steel and reinforcing steel, and can hence not be used to show the

differences in plastic rotation capacity for increasingL/D. In previous research (Li, 1998), it has

been suggested that the plastic rotation capacity of PPC members is expressed as a function of the

mechanical reinforcement ratio. In the next parametric studies, the prestressing steel quantities are

fixed and it is not necessary to use the mechanical reinforcement ratio to show the influence of

various parameters on the rotation capacity as a function of the reinforcement percentage.

6.2.2 Deformation Capacity for Failure by Steel Fracture

The deformation capacity for failure in the compression zone depends on the properties of the

compression zone (CEB TG 2.2, 1998). If the tension chord deformations are however limited by

fully utilising the strain capacity of the steel (failure bysteel fracture), then the rotation capacity is

governed by the local behaviour of the tension chord. The contribution of concrete between cracks

(tension-stiffening effect) significantly affects the local behaviour of the steels in the tension chord.

Away from the crack, the contribution of the concrete in tension reduces the steel strains to a

minimum value halfway between two cracks. This tension-stiffening effect has been shown to

reduce the plastic rotation capacity (Eligehausenet al., 1997), increasingly so for higher

contributions of concrete between cracks. The tension-stiffening effect in the post-yield behaviour

of members, where a small change can results in large changesof the steel strain, is described here

as a strain localisation effect at cracks. 
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6.2.2.a Reinforcement and Prestress Strain Localisation Factor

The steel strain localisation effect at a crack (tension-stiffening effect) is represented approximately

by the ratio between the peak steel strain at a crack and the average steel strain between two cracks

(Langer, 1987). To quantify the strain localisation effectrelating to failure by steel fracture, it is

more convenient to relate the peak steel strain at the critical section to the average steel strain

between the adjacent points of minimum steel strain, adjacent to the crack. This is in fact the

compatibility factorαs and αp for the reinforcing and prestressing steel evaluated in thepresent

discrete crack block analysis. Unfortunately, the compatibility distance (lcd) changes slightly with

every load stage and it necessary for consistency, to evaluate the average steel strains over a fixed

distance. This distance is taken as the crack spacing over the interior support as shown in Figure

6.8a. The steel strain localisation factor in PPC members, containing more than one layer of steel in

tension, needs to be evaluated separately for the reinforcing steel and the prestressing tendon.
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Figure 6.8 - Definition of steel strain localisation factor

The reinforcing steel strain localisation factor is defined as the ratio of peak reinforcement strain at

the crack to the average reinforcement strain over a crack spacing:εs.max/εs.avg (Figure 6.8b). For the

prestressing tendon, the effects of the initial stressing must be taken into account. The prestressing

tendon localisation factor (∆εp.max/∆εp.avg) is expressed in terms of tensile strain increment after

decompression (εpd):

p.max/p.avg=p.maxpd.crack/p.avgpd.avg (6.1)

A steel strain localisation factor of unity implies no contribution of concrete between cracks. For

increasing values of the steel strain localisation factor,the contribution of the concrete between

cracks is increased, thus the steel strains at the crack become increasingly localised.

The steel strain localisation factors have been evaluated for members in each series up to failure by

crushing of the concrete in the compression zone. Figure 6.9showsεs.max/εs.avg as a function of the

average steel strain and the reinforcement percentage, while Figure 6.10 shows ∆εp.max/∆εp.avg.
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Prior to cracking, with full bond, the localisation factor is unity (plane sections). At first cracking,

there is a sharp increase in the steel strain localisation above unity. Subsequent cracks forming

adjacent to the first crack drastically reducesεs.max/εs.avg. The reinforcement steel strain localisation

factor increases again upon yielding of the reinforcement.Similar to the formation of the second

crack,εs.max/εs.avg continues to rise until the steel strain exceeds the yield limit in the adjacent crack.

If the member has a low steel percentage and the steel deformation in the tension chord continue to

increase, a drop inεs.max/εs.avg again occurs when the reinforcement slip reaches a criticalpoint and

the near crack bond capacity is reduced. With reduced bond capacity the reinforcement yield

penetrates increasingly away from the crack, reducingεs.max/εs.avg. This characteristic depends

strongly on the local bond conditions.

1

1.5

2

2.5

3

3.5

0 0.01 0.02 0.03 0.04 0.05
εεεε s.avg

Reinforcement
yielding

First crack

 ps = 1.61

p s = 1.21

p s = 0.69

p s = 0.46

p s = 0.23

p s = 0.17

p s = 0.06

1

1.5

2

2.5

3

3.5

0 0.01 0.02 0.03 0.04 0.05
εεεε s.avg

 ps = 1.21

p s = 0.92

p s = 0.69

p s = 0.46

p s = 0.23

p s = 0.17

p s = 0.06

(a) Series A: L / D=20, D=450 mm, pp=0.18 (b) Series B: L / D=36, D=450 mm, pp=0.36

1

1.5

2

2.5

3

3.5

0 0.01 0.02 0.03 0.04 0.05
εεεε s.avg

 ps = 1.65

p s = 1.34

p s = 0.93

p s = 0.63

p s = 0.31

p s = 0.21

p s = 0.10

1

1.5

2

2.5

3

3.5

0 0.01 0.02 0.03 0.04 0.05
εεεε s.avg

p s = 0.93

p s = 0.63

p s = 0.31

p s = 0.21

p s = 0.10

(b) Series C: L / D=20, D=250 mm, pp=0.13 (d) Series D: L / D=36, D=250 mm, pp=0.33

Figure 6.9 - Effect of L / D and D on reinforcement strain localisation factor history

The prestress strain localisation (Figure 6.10) initiallyfollows the same trends as the reinforcement

strain localisation for increasing average steel strain. At first cracking, the maximum prestress

strain localisation at the crack over the support is approximately 2.25. This value is lower than that
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observed for the reinforcement strain localisation because of the lower effective bond capacity of

the prestress. The prestress strain localisation rises again at first yielding of the prestressing steel

(εpy = 0.973%) after a drastic drop with the formation of the second and subsequent cracks. In the

post-yield range,∆εp.max/∆εp.avg behaves differently toεs.max/εs.avg, again due to the different localτ-s

conditions, which for the prestressing tendon do not exhibit a mechanical interlock component that

reinforcement poses. Consequently, ∆εp.max/∆εp.avg after yielding has a lower value than εs.max/εs.avg.

(a) Series A: L / D=20, D=450 mm, pp=0.18 (b) Series B: L / D=36, D=450 mm, pp=0.36

(c) Series C: L / D=20, D=250 mm, pp=0.13 (d) Series D: L / D=36, D=250 mm, pp=0.33

Figure 6.10 - Effect of L / D and D on prestress strain localisation factor history

The shape of the steel strain localisation factor history and the maximum values depend strongly on

the average crack spacing. The steel strain localisation factor increases for decreased steel

percentages and increases for increasedL/D for the sameD. The maximum value of the average

steel deformation reflects the deformation capacity of thetension zone; that is the rotation capacity

of the member. The steel strain localisation factors can hence be used to gauge the effects of

premature steel failure on the rotation capacity. If elongation of the steel is limited, a larger steel

strain localisation factor results in reduced average steel deformation and plastic rotation capacity.
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6.2.2.b Deformation Capacity with Limited Steel Elongation

Figure 6.11 shows the plastic rotation capacity of members with differentL/D andD, as a function

of the reinforcing steel percentage. The plastic rotation capacity is evaluated for increasing

reinforcing steel and prestressing tendon elongation limits showing that failure by steel fracture

limits the plastic rotation capacity for low elongation limits and low reinforcement percentages.

When the deformation capacity is limited by steel fracture, an increase in the elongation limit of the

steel results in increased plastic rotation capacity up to amaximum deformation capacity

corresponding to failure in the compression zone by crushing of the concrete. The transition from

one failure mode to another failure depends on the elongation limit and the steel strain localisation

effect at cracks in the tension chord. The latter is influenced largely by the crack spacing and the

mechanical characteristic of the steel.
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Figure 6.11 - Effect of L / D and D on θpl for premature steel fracture and increasing εsu and εpu

For failure by fracture of the steel, the plastic rotation capacity is directly related to the deformation

of the tension chord (Sigrist, 1995). The deformation of thetension chord in turn is directly related

to the relationship between the peak and average steel deformation at the maximum moment

section (interior support), conveniently expressed as thesteel strain localisation factor. A reduction
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in θpl for failure by steel fracture is observed with increasing steel strain localisation factor, since

the average steel strain decreases for the same maximum steel strain. This is the case for the

reinforcing bar, which has a consistently higher strain localisation factor than the prestressing

tendon. At the same elongation limit, the reinforcing steeltherefore fails prior to the tendon. Figure

6.11 showsθpl for failure by tendon fracture to be higher than for failure of the reinforcement as a

function of the reinforcement percentage and for the four series of members. Recalling also that the

average deformation at the tendon layer are lower than at thereinforcing steel layer for the same

θtot; the prestressing tendon has a smaller effective depth than the reinforcement.

The steel strain localisation factor for the reinforcementhas been shown to decrease for increasing

average steel deformation in the post yield range (Figure 6.9). At low-elongation limits of about

1.5%, the steel strain localisation factor is a maximum and hence a non-proportional increase of

rotation capacity is observed for a relative small increaseof the reinforcement steel elongation to

2.5% (Figure 6.11a and b).

While strain localisation factors are used to explain differences between the plastic rotation

capacity for reinforcement and prestress fracture, they donot explain why the plastic rotation

capacity decreases with increased reinforcement percentage (Figure 6.11). Indeed, the steel strain

localisation factors decrease with increasing reinforcement percentage (Figure 6.9), indicating a

reduction in the tension-stiffening effect, which should result in a marked increase of the plastic

rotation capacity. Previous deformation studies have conclusively shown this is the case for RC

members (see for example Eifler and Plauk, 1974; Langer, 1987; Bigaj, 1995; Gravina, 2002). In

the case of PPC members with post-tensioned bonded tendons,the change in the distribution of

stresses between reinforcing and prestressing steel due todifferent local conditions must be

considered, taking into account the requirements of compatibility of deformations of reinforcing

and prestressing steel (CEB TG 2.2, 1998). A review of local deformation models (Chapter 3),

already showed that the number of such studies is very limited. Only the results of Li (1998)

indicate that the plastic rotation capacity for reinforcement fracture increases with increased

reinforcing steel percentage for the same prestressing steel quantity. 

The results presented in this study, do not contradict the results of previous studies, but instead

provide insight into how the sequencing of yielding of the steel affects the plastic deformation

capacity of PPC members failing by fracture of the steel. In the case of the results of Li (1998), the

effects of decreasing steel elongation limit and sequencing of the steel yields were not investigated.

Results from this study for members in Series A failing by fracture of the reinforcement at
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εsu=1.5%, are used as an example to describe the effects of tension stiffening on the deformation

capacity and the effect of sequencing of the steel yielding on the θpl.

Figure 6.12 shows the local curvatures along the member length when the reinforcement strain is

equal to 1.5%, for three members having increasing reinforcement percentages. For the lowest

reinforcement percentage, the crack spacing is largest andthe tension-stiffening effect is most

significant. While the contribution of the concrete in tension reduces the reinforcing steel strain

between cracks the peak reinforcing steel strain at a crack must increase adjacent to the interior

support (x = 0.0 in Figure 6.12) to maintain compatibility of deformation of the steels. When the

reinforcement percentage is increased, the crack spacing and contribution of the concrete is reduced

resulting in a reduced peak reinforcing steel strains adjacent to the interior support. Some

redistribution of stresses between the reinforcing and prestressing steel does occur but results only

in a marginal increase of the total rotation capacity atεs=1.5 (Figure 6.13b). While the tension-

stiffening effect has a significant influence on the local reinforcing steel behaviour, the prestressing

tendon is affected much less and hence the total rotation capacity decreases only slightly with an

increase in tension-stiffening. These results support comments in the past literature indicating that

the tension-stiffening effect reduces with increasing quantities of prestressing steel in PPC

members (Tue, Qian and Pommerening, 1996).

Figure 6.12 - Local curvatures for members in Series A at εs=1.5% with increasing ps

The tension-stiffening effect has a more significant effect on the elastic rotation, which is reduced

with increased tension-stiffening (reduction inps). The resulting difference between the total

rotation capacity atεs=1.5% (Figure 6.13b -θtot at εs=1.5%) and the elastic rotation (Figure 6.13b -

θel at εsy), decreases for increasingps, previously shown as a reduction in plastic rotation capacity

(difference between θtot at εs=1.5% and θel at εsy) for fracture of the reinforcement (Figure 6.11a).
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Figure 6.13 - Plastic and rotation capacity using alternative definition of θpl for premature steel
fracture and increasing εsu and εpu

Had the plastic rotation capacity been defined as the difference between the total rotation capacity

and the rotation at first yield of the prestressing tendon (Figure 6.13 -θel at εpy), rather than at first

yield of the reinforcement, a different trend would have been observed! Figure 6.13 also shows the

plastic rotation capacity (θpl.py) using this alternative definition, for members in Series Aas a

function of the reinforcement percentage and steel elongation limit. For failure in the compression

zone, the alternative plastic rotation capacity (θpl.py) is reduced because for all members the

reinforcement yields first and hence the elastic rotation at first yield of the steel (θel at εsy) is less

than it is at yield of the tendon,θel at εpy (Figure 6.13b). This clearly shows that the sequencing of

the reinforcement yield and prestressing yield has a significant influence on the rotation capacity.

The definition of the plastic rotation capacity for PPC members is not challenged in this study and

adopted as previously stated (Section 6.1). Recalling thatthe definition of the elastic rotation

corresponds to the deformation at first yield also used in most design standards (see CEB MC 90).

In future studies investigating the deformation capacity of member with multiple steel layers and

using analyses based on compatibility of deformation should consider the sequencing of yielding of

the steels and the corresponding post-yield strength increases. The effects of premature failure by

steel fracture on the strength are not considered in this chapter, but are again considered in Chapter

8 in an evaluation of moment redistribution limits.

6.3 Parametric Study II – Effect of Material Propert ies

In this section the influence the material properties have on the deformation capacity are

investigated by varying the properties of the concrete in compression (post-peak softening

response, peak compressive strength), the stress-strain relations of the reinforcing and prestressing

steel including combinations of both and the bond properties of the steels (maximum reinforcing
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bar and prestressing tendon bond capacity, reinforcing bardiameter). Failure by crushing of the

concrete in the compression zone and by fracture of the steels, as a function of the elongation limit,

are again considered separately for each parametric evaluation.

6.3.1 Effect of Concrete Properties

6.3.1.a Effect of Concrete Strength

The influence of the concrete compressive strength (fc) on the deformation capacity of members in

all series is investigated for three concrete strengths: the default concrete strengths of 40 MPa and

increasedfc of 65 and 85 MPa. The stress-strain relationships for the concrete in compression are

shown in Figure 6.14a. It should be noted that the concrete strength affects the bond capacity

(Appendix A) with the maximum reinforcing bar bond capacities increasing from the default value

of 12.1 to 15.4 and 17.6 MPa for the increases in concrete strength considered.

Figure 6.16 shows the influence of the concrete strength on the plastic rotation capacity as a

function of the reinforcement percentage (ps) for all members. For failure in the compression zone,

the plastic rotation capacity increases with increasing concrete strength for all members. These

increases are firstly due to a slight reduction in the elastic rotation (Figure 6.14c), which is

explained by the increase in average crack spacing for an increased concrete strength (Figure

6.14b). The plastic rotation capacity also increases because the total deformation of the member

increases with increasing concrete strength. This is explained by referring to the reinforcing steel

strain at the interior support at nominal capacity of members in Series A, for example. The

generally higher steel strains lead to an increase in rotations for increased concrete strength (Figure

6.14b). For the same reason, the maximum crack widths at peakload increase for increased

concrete strength.

Figure 6.15 showsεs.max/εs.avgfor members in Series A as a function of the reinforcement percentage

and concrete strength. The reinforcement strain localisation factor increase for increased concrete

strength occurs for two reasons; firstly, the bond capacityof the reinforcement increases with

increased concrete strength and secondly, the crack spacing increases with increased concrete

strength.
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Figure 6.14 - Effect of concrete strength on behaviour of members in Series A

The prestress strain localisation factor increases steadily for the members with the lowest steel

percentages, without showing any signs of plateauing (Figure 6.15, right hand side). This

behaviour is a function of the prestressing tendon bond behaviour and stress-strain response. The

strain hardening slope of the prestressing tendon decreases for increasing strains while the

prestressing tendon bond capacity remains constant. The strain localisation hence increases with

increasing prestress strain. The values predicted here at high strain values and concrete strength of

85 MPa are likely to be an overestimation of the actual behaviour.
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(a) fc = 65 MPa
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Figure 6.15 - Effect of concrete strength on steel strain localisation factor history for members in
Series A

Figure 6.17 shows the plastic rotation capacity for all members with a concrete strength of 85 MPa

and as a function of the steel elongation. Similar plastic rotation capacity limits are observed for

premature steel fracture and a particular steel elongationlevel for members having the sameL/D

andD and a concrete strength of 85 MPa, than for concrete strengthof 40 MPa (compare Figure

6.17 and Figure 6.11). A small decrease in the plastic rotation capacity for steel fracture is observed

for increased concrete strength because of the increase in the steel strain localisation factors. The

type of failure is affected by the concrete strength, with increasing steel elongation limits required

to prevent fracture of the steel for increased concrete strength and for the same steel percentage.
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Figure 6.16 - Effect of concrete strength on θpl for failure in the compression zone

To utilise the maximum deformation capacity of members withincreased strength concrete and to

prevent failure by steel fracture, the reinforcement and prestressing steel must have sufficient

elongation limits. For the members investigated here (fc=85 MPa), the required reinforcing steel

elongation limit is approximately 10%, and for the prestressing tendon about 5%, at low steel

percentages. For increasing steel percentages, the requirements reduce as shown in Figure 6.17.
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Figure 6.17 - Effect of L/D and D on θpl for steel fracture and increasing εsu and εpu, fc = 85 MPa

6.3.1.b Effect of Concrete Post-Peak Deformation Capacity

Benefits of the concrete post-peak deformability on the deformation capacity of structural concrete

members are well documented in the literature (see for example FIP State of the art report:

Flexural ductility of prestressed concrete: Enhancement by lateral confinement, 1992). In this

section, the post-peak stress-strain response of the concrete in compression (concrete

deformability) is varied as shown in Figure 6.18a. The influence of the concrete deformability is

considered for members in Series A only, while other parameters such as the concrete strength and

local bond conditions are fixed at their default values. In aprevious analytical study, Li (1998)

extending the stress-strain response of the concrete at peak concrete strength up to a limiting strain

value, in an attempt to model improved concrete deformability using a discrete crack block model.

This approach neglects the softening behaviour of the concrete and was implemented by Li (1998)

to avoid numerical problems. Such problems were not encountered with the present analysis, where

the softening properties of the concrete are taken into account.
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An increase in the concrete deformability leads to an improvement in the total rotation capacity for

members failing by crushing of the concrete in the compression zone. The elastic rotation is

unaffected by the deformation capacity of the concrete withthe reinforcing steel yielding before

the concrete reaching peak strength. Consequently, the plastic rotation capacity increases in

proportion to the increase in total rotation capacity (Figure 6.18b).
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Figure 6.18 - Effect of concrete deformability on θpl and  maximum strains at Mu for failure in the
compression zone

The crack pattern is usually well developed before the concrete reaches peak capacity and hence

the average crack spacing is mostly unaffected by the simulated changes in the post-peak response

of the concrete. However, improvements in the concrete deformability, allow higher concrete

strains to develop at nominal capacity (Figure 6.18d), which result in an increase in steel strains at
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a crack (Figure 6.18c) and an increase in the crack width. This increase is largest at low steel

percentages and leads to the predicted increases in plasticrotation capacity. The predicted

behaviour is consistent with observations from past PPC beam tests (Somes, 1966a, b).

The concrete post-peak stress-strain response does not have a significant effect on the shape of the

reinforcement and prestressing steel strain localisationfactor histories for members in Series A

(Figure 6.19). The steel strain localisation history for each member simply follows the same path

for improved concrete deformability, but extends to a higher average steel strain, the limiting value

depending on the reinforcement percentage.

Following the results for the steel strain localisation factors, Figure 6.20 shows the plastic rotation

capacity for premature fracture of the steel as a function ofthe elongation limit for two levels of

concrete deformability. The plastic rotation capacity is unaffected by the deformation capacity of

the concrete at low steel elongation limits. Compare, for example, the plastic rotation capacity atεsu

andεpu = 1.5% (Figure 6.20). For larger steel elongation limits, the rotation capacity of members

with a reduced concrete deformability is limited by failurein the compression zone, whilst

members with improved concrete deformability require increasing steel elongation to achieve

larger plastic rotations.

In practice, an increase in the compression zone deformability through confinement for example

also has an effect on the concrete properties in the tension zone of the member. Most importantly,

the local bond stress-slip behaviour is improved with confinement, where the maximum reinforcing

bar bond strength andfullnessof the local bond stress-slip relationship increases with increasing

levels of confinement (refer to Section A.3.1). These effects are not directly taken into account in

the bond model for reinforcing bars used in this study (Kreller, 1989). Relationships that are more

complex are necessary to model accurately the effect of confinement on the bond properties

(Giuriani et al., 1991; Modena, 1992; Plizzariet al., 1998). In future studies, bond models suitable

to discrete crack block analysis, which take into account confining pressures (see for example

Bigaj, 1995), should be used to investigate the effects of confinement on the θpl of PPC.
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(a) Reduced concrete deformability

(b) Improved concrete deformability

Figure 6.19 - Effect of concrete deformability on the steel strain localisation factor history
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Figure 6.20 - Effect of concrete deformability on θpl for premature steel fracture and increasing εsu

and εpu
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6.3.2 Effect of Steel Ductility

The influence of the steel ductility on the deformation capacity of members in Series A with

increasing reinforcement percentage, are investigated inthis section by varying the stress-strain

relationships of the steels. Figure 6.21 shows the simulated stress-strain relationships for the steel

with lower and higher strain hardening properties (fu/fy) than the default stress-strain relations.

Table 6.4 lists values offu/fy at different strains for each of the three stress-strain curves for the

reinforcing bars and prestressing tendon. The influence ofthe stress-strain relationship of the steels

are investigated by separately varying the reinforcingσs−εs and prestressingσp-εp as well as

combining the σ−ε  with the lower/higher fu/fy for both steels.

Table 6.4 - Reinforcing bar and prestressing tendon properties variation

Reinforcing Steel Properties 7-strand prestressing tendon

εsy= 0.275 fsy=550 MPa Es=200 GPa ∅s =20 εpy=0.968 fpy=1750 MPa Ep=190 GPa ∅p=12.7

Strain fsu/fsydefault Lower Higher Strain fpu/fpy default Lower Higher

εsy 1.00 1.00 1.00 εsy 1.00 1.00 1.00

0.015 1.05 1.03 1.10 0.015 1.02 1.01 1.05

0.025 1.11 1.05 1.20 0.025 1.05 1.02 1.11

0.035 1.13 1.07 1.25 0.035 1.06 1.025 1.13

0.050 1.15 1.08 1.30 0.050 1.07 1.03 1.15

0.100 1.20 1.09 1.40 0.100 1.08 1.04 1.18
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Figure 6.21 - Parametric variation in reinforcing bar and prestressing tendon σ-ε in tension

Figure 6.22a shows the influence of increasingfsu/fsy on the plastic rotation capacity of members in

Series A as a function of the reinforcing steel percentage (ps). An increase in the strain hardening

properties of the reinforcement gives a slight improvementin the plastic rotation capacity for

failure in the compression zone, and increasingly so at low reinforcement percentages. The same

observations are made for the influence of fpu /fpy for a constant fsu /fsy, shown in Figure 6.22b.

In relative terms, the improvements in rotation capacity predicted here are larger for the simulated
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increase infpu/fpy than they are for the increase infsu/fsy. This is explained by the relative percentage

of the prestressing steel and the reinforcing steel in the member. At low total steel percentages, the

prestressing governs the deformation behaviour and an increase infsu/fsy only results in slightly

increased plastic rotation capacity. At the same time, an increase infpu/fpy results in a larger increase

in the plastic rotation capacity than for the same increase in fsu/fsy. For increasing steel percentages,

the reinforcing steel properties become more important, relative to the prestressing, but the plastic

rotation capacity of the member is increasingly influencedby the properties of the compression

zone and less so by the hardening properties of the steel.
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Figure 6.22 - Separated effect of fsu  / fsy and fpu  / fpy on θpl for failure in the compression zone

In qualitative terms, a reduction in the hardening of the steels reduces the region of the member

where plastic steel strains develop, which reduces the plastic rotation capacity (Langer, 1987).

Furthermore, the penetration of yielding along the steel near flexural cracks decreases with

decreasingfu/fy (Eligehauseet al. 1997; Bigaj, 1998). Figure 6.23 shows this effect clearly for a

member in Series A with a low reinforcement percentage (ps=0.17%), where the local steel strains

along the member are shown at peak load for two levels offpu/fpy, with fsu/fsy kept constant. While

the prestressing tendon strains at the central crack are higher for the reducedfpu/fpy the total

elongation of the prestressing tendon along the member is reduced. On the other hand, the

prestressing strains at the central crack for an increasedfpu/fpy are reduced but the elongation along

the tendon over the length of the member increases. The effects on the yielded region are clearly

visible with an additional cracks having yielded for the case of higherfpu/fpy. Figure 6.23 also shows

that the crack spacing is not affected by the strain hardening properties, which holds true for either

variation in steel properties. The majority of cracks form before the steels yields and hence the

average crack spacing is not affected. 
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Figure 6.23 - Local steel strain at peak load for varying fpu/fpy and constant fsu/fsy

Figure 6.24 shows the influence of varying the strain hardening properties of the steel at the same

time on the rotation capacity for members in Series A, for concrete crushing and failure of the steel

as a function of the elongation limit. The combined improvements in plastic rotation capacity for

increasedfu/fy are greater than if only one of the reinforcing or prestressing hardening properties are

increased individually. In the range where fracture of the steels is critical, the hardening of the

steels is shown to have a significant effect on the plastic rotation capacity. Figure 6.24 shows that

the plastic rotation capacity for steel fracture increasesis larger for increased strain hardening

properties of the steels. At a low-elongation limit (1.5%),the failure by reinforcement fracture is

delayed slightly for increased steel hardening. The same applies to prestressing tendon failure but

to lesser extent. At increased elongation limits (2.5%), the effects of steel strain hardening on the

plastic rotation capacity are more pronounced; the plasticrotation capacity nearly doubles for the

member shown with the lowest reinforcement percentage. In asimilar manner, the plastic rotation

capacity forεsu=2.5% is limited by premature reinforcement failure for thecase of reduced steel

hardening properties. The steel strain localisation factor can again be used to explain the influence

of the steel strain hardening on the plastic rotation capacity for failure by steel fracture. First the

effects offpu/fpy and fsu/fsy are separated by maintaining a constantfsu/fsy and fpu/fpy, respectively are

discussed before considering the combined effects of fpu/fpy, and fsu/fsy again.
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Figure 6.24 - Combined effect of fsu / fsy and fpu  / fpy on θpl for premature steel fracture and
increasing εsu and εpu

(a) fsu / fsy= 1.06, fpu / fpy = 1.07 (b) fsu / fsy = 1.30, fpu / fpy = 1.07
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Figure 6.25 - Separate effect of  fsu / fsy on θpl for premature steel fracture and increasing εsu and εpu
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Figure 6.25a and b show the reinforcement strain localisation factor histories for members in Series

A as a function of the reinforcement percentage and for increased reinforcement strain hardening

properties. In the post-yield range of the reinforcement, the strain localisation factors are

significantly reduced for increasedfsu/fsy. This leads to larger rotation capacities for failure by

reinforcement fracture as shown in Figure 6.26a and b. At thesame time, the plastic rotation

capacity for failure of the prestress is not significantly affected by the variation offsu/fsy. If however

the prestressing tendon hardening properties are increased, a significant reduction in the

prestressing strain localisation factor again occurs in the post-yield range (Figure 6.26c and d). The

improvements in plastic rotation capacity for increasedfpu/fpy are less pronounced for prestressing

steel fracture failure than the effect of increasedfsu/fsy for failure of the reinforcement. It should be

recalled though, that an increase infpu/fpy improves the plastic rotation capacity at low steel, while a

similar increase of fsu/fsy for the same members does not have the same effect.

(a) fsu / fsy= 1.06, fpu / fpy = 1.07 (b) fsu / fsy = 1.30, fpu / fpy = 1.07
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(c) fsu / fsy= 1.15, fpu / fpy = 1.03 (d) fsu / fsy = 1.15, fpu / fpy = 1.15

Figure 6.26 - Separate effect of fsu  / fsy and fpu  / fpy on θpl for premature steel fracture and
increasing εsu and εpu
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When comparing the effect of the steel strain hardening properties on the deformation capacity of

RC and PPC members, it must be noted that PPC member failing inthe compression zone, the

hardening properties of the steel contributing most to the tensile capacity have an appreciable

effect. For heavily prestressed members, it is the prestressing tendon and for lightly partially

prestressed members, the reinforcement bars. For steel percentages where fracture of the steel

governs the deformation capacity, the effects of the reinforcement hardening properties are equally

important for the plastic rotation capacity limited by reinforcement fracture as the prestressing

hardening properties are for limited plastic rotation capacity by prestressing tendon fracture.

6.3.3 Effect of Steel Bond Properties

6.3.3.a Effect of Reinforcement Bond Capacity

The influence of the reinforcing bar bond is investigated byvarying the maximum bond capacity

(τs.max), which occur at a distance of more than six bar diameters away from the crack, by 25%

relative to the default value of 12.1 MPa. All slip parameters for the local bond stress-slip

relationship are kept at their default values (Appendix A).The variations in the bond capacity are

also considered in combination with varying reinforcing and prestressing strain hardening.

The influence of the reinforcing bar bond capacity on the plastic rotation capacity are shown in

Figure 6.27a for mjembers in Series A as a function of the reinforcement percentage. The total and

plastic rotation capacity are mostly unaffected by the changes in bond capacity, while the average

crack spacing (Figure 6.27b) and maximum crack width increase with increasing bond capacity.

The effect diminishes with increasing reinforcement percentage.
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Figure 6.27 - Effect of τs.max on θpl and srm.avg for failure in the compression zone
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Figure 6.28 - Combined effect of τs.max and fsu / fsy on θpl for failure in the compression zone

The effects of the reinforcement bond capacity are also investigated for higher and lower

reinforcement hardening. At lower reinforcement hardening a larger change in strain occurs for a

given change in stress result in an increase of the sensitivity of the local variation in reinforcement

strain between cracks to changes in the bond capacity. The plastic rotation capacities of members in

Series A with lower and higher than default reinforcement bond capacities are shown in Figure

6.28 for two reinforcing bar stress-strain relationships having lower and higher strain hardening

properties (Figure 6.21).

Figure 6.29a shows that the reinforcement strain localisation factors for increased reinforcement

bond capacity increase in the initial post-yield range, reflecting a higher concentration of

reinforcing strains at a crack. This causes some redistribution of stresses from the prestress to the

reinforcing layer, which results in a slight reduction of the prestress strain localisation factor for

increased reinforcement bond capacity (Figure 6.29b).

If the reinforcement bar elongation is limited and failure occurs by fracture of the reinforcement an

increase of the plastic rotation capacity is predicted for reduced reinforcement bond capacity

(Figure 6.30). The effect is strongest at low elongation limits. These findings follow the results of a

study investigated the optimisation of reinforcing bar patterns and bond behaviour for deformation

capacity of reinforced concrete structural elements (Eligehausen and Mayer, 2000; Mayer, 2001).

The rotation capacities with limited prestressing tendon elongation are not significantly affected by

the change in reinforcing bar bond properties, following the same observations made above for the

prestress strain localisation factor.
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(a) Lower τs.max = 9.1 MPa

(b) Higher τs.max = 15.4 MPa

Figure 6.29 - Effect of τs.max on steel strain localisation factor history

It follows from the results for varying reinforcement hardening properties, that the reinforcement

strain localisation factor increases with a reduction infsu/fsy, which is more severe for increased

reinforcement bond capacity. Figure 6.30c and d show a significant decrease in the plastic rotation

capacity for reinforcement fracture with increased reinforcement bond and decreasedfsu/fsy

compared to the default values shown in Figure 6.30a and b. The opposite applies when the

reinforcement hardening properties are increased (Figure6.30e and f). The effects of the changes in

fsu/fsy with increased reinforcement bond capacity do not significantly affect the plastic rotation

capacity for failure by tendon fracture.

The results presented in this section suggest that a reduction in the bond capacity of low-elongation

reinforcement, by optimisation of the rib patterns for example, delays failure of the reinforcement

resulting in increased rotation capacity. The rotation capacity for failure in the compression zone

would not be affected by this reduction in the reinforcement bond capacity.
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(a) θpl with τs.max = 9.1 MPa and default fsu / fsy (b) θpl with τs.max = 15.4 MPa and default fsu / fsy 
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(c) θpl with τs.max = 9.1 MPa and lower fsu / fsy (d) θpl with τs.max = 15.4 MPa and lower fsu / fsy 
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Figure 6.30 - Effect of τs.max and fsu / fsy on θpl for premature steel fracture and increasing εsu,εpu
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6.3.3.b Effect of Reinforcing Bar Diameter

The influence of the reinforcement bar diameter (∅s) is investigated by replacing the default

reinforcing bars (∅s=20 mm) with bars having∅s=16 and∅s=24 mm. The bar diameter selected

reflect practical choices for the structural system considered. The number of bars for each member

is changed to maintain the same reinforcing steel percentages as for the default reinforcement. The

reinforcing bar diameter has a direct effect on the bond properties of the reinforcement. An increase

in bar diameterreduces the ratio of concrete cover to bar diameter, for the same reinforcement depth

and member dimension. The maximum bond capacity (τs.max) is reduced according to the bond

model adopted in this study (Kreller, 1989). In addition, the ratio of the bar perimeter to cross-

sectional area (Pbar/Abar), sometimes referred to as the bond efficiency, reduces with increasing∅s.

A reduction inPbar/Abar means less of the steel stress is transferred from the reinforcing bar to the

surrounding concrete per unit length. Values of the maximumbond capcity andPbar/Abar, are given

in Table 6.5 for the reinforcing bar diameter variations chosen. A variation in effective prestress

tendon diameter has not been considered, in this study.

Table 6.5 - Parametric variation in reinforcing steel bond

∅∅∅∅s Pbar / Abar Cover / ∅∅∅∅s ττττs.max

20 mm (default) 0.20 /mm 1.75 12.1 MPa
16 0.25 2.31 13.4
24 0.17 1.38 11.2

(a) Plastic rotation capacity (b) Average crack spacing

Figure 6.31 - Effect of reinforcement bar diameter on plastic rotation capacity and average crack
spacing
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Figure 6.31b shows how the average crack spacing increases with increased reinforcing bar

diameter as a function of the reinforcing steel percentage.The results is explained by the reduction

in reinforcement bond capacity and bond efficiency with increasing bar diameter, where a

reduction in the effective bond capacity has been previously shown to increase the average crack

spacing. An increase in crack spacing, gives an increased tension-stiffening effect, which in turn

reduces the elastic rotation for increased bar diameters. The total rotation capacity is not affected

by the reinforcing bar diameter. Consequently, the plasticrotation capacity shown in Figure 6.31a

for failure in the compression, is only slightly reduced for increased bar diameter.
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(a) Plastic rotation capacity with ∅s = 16 mm (b) Plastic rotation capacity with ∅s = 24 mm

Figure 6.32 - Effect of ∅s on θpl for premature steel fracture and increasing εsu and εpu

An increase in reinforcement strain localisation factor isobserved for reduced bar diameters at all

strain levels. Foremost, this increase is due to the greaterbond efficiency and bond capacity of

smaller bars, although the crack spacing is reduced for smaller bars. This effect is reflected in the

plastic rotation capacity for reinforcement fracture shown in Figure 6.32 for members in Series A

with varying reinforcement bar diameter and as a function ofthe steel elongation limit. The plastic

rotation capacity for members with small bar (Figure 6.32a)and failing by steel fracture is

consistently lower than that of members containing larger bars. For prestressing tendon fracture,

this trend is reversed with a slight reduction inθpl observed for increasing reinforcing bar diameter.

This effect is due to an increase in the redistribution of stresses from the reinforcement to the

prestress for increased ∅s.

In practice, large bars may improve the rotation capacity for reinforcement fracture failure

compared to smaller bars. This might reduce slightly the rotation capacity for prestressing tendon

fracture, but given the current minimum tendon elongation limits in Australian standards,

reinforcement fracture still governs the deformation behaviour.
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6.3.3.c Effect of Prestress Bond Capacity

The default maximum bond capacities of the prestressing tendon (τp.max), was both increased (9.3

MPa) and reduced (3.1 MPa) by 50% relative to the default valueof 6.2 MPa, to investigate the

influence of τp.max on the deformation capacity of members in Series A. The bond stress-slip

relationship for the tendon was otherwise fixed, accordingto the relationships given in Appendix

A. Previous results have already demonstrated that the bondcapacity of the reinforcement does not

significantly affect the deformation capacity of members failing in the compression zone (Section

6.3.3.a). Similar results are observed for the effect ofτp.max, as shown in Figure 6.33. These findings

are supported by past beam test results, see for example Caflisch, Krauss, and Thürlimann (1970),

which have shown that the variation in local bond does not greatly influence the overload

behaviour of PPC beams containing grouted tendons.

(a) Reduced τp.max= 3.1 MPa (b) Increased τp.max= 9.3 MPa

Figure 6.33 - Effect of τp.max on θpl for premature steel fracture and increasing εsu and εpu

The maximum prestressing bond capacity has a similar effecton the plastic rotation capacity for

fracture of the tendon as the reinforcement bond capacity has for fracture of the reinforcement. A

slight reduction in the plastic rotation capacity is predicted for an increase ofτp.max at low steel

elongation limits (1.5%). At larger elongation limits (>2.5%), the prestressing bond capacity has an

increasingly significant effect on the plastic rotation capacity, reducingθpl by as much as 20% for

the member shown in Figure 6.33 containing the least amount of reinforcement (low ps).
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6.4 Parametric Study III – Effect of Other Parameter s

In this section, results of a third series of parametric studies are presented, where the parameters

considered are not necessarily related, or fit in the categories of the previous two parametric

studies. The influence of the support pad width, simulated crack pattern, tendon profile,

prestressing steel quantity and compression reinforcement quantity on the deformation capacity are

investigated.

6.4.1 Effect of Support Pad Width

An increasing support pad widths, varying from 0 to 800 mm in three steps is simulated to

represent the application of a concentrated load and increased interior column dimensions. Figure

6.34a shows the effects of increasing support pad width (lpad) on the normalised bending moment

distribution (BM) for members in series A. An additional setof simulations are carried out with

members in Series A subjected to a uniformly distributed load (UDL).

(a) Normalised BM distribution (b) lplastic at Mu

Figure 6.34 - Bending moment distribution and plastified length at Mu for increasing lpad

For the same maximum moment, the area the under bending moment diagram grows with

increasinglpad (Figure 6.34a). This results in an increase in the length of the member that contains

cracks where the reinforcing steel strain has exceeded its yielded limit (lplastic in Figure 6.34b).

Figure 6.35 shows how the increase inlplastic affects the elastic rotation and rotation capacity (plastic

and total), which are shown to increase for increasinglplastic; that is the support pad widths. Results

of simulations for members subjected to a UDL show a significant increase in the plastic rotation

capacity compared to members subjected to a point load.
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Figure 6.35 - Effect of lpad on rotations for failure in the compression zone

The crack spacing and crack width decrease slightly for increasing support pad width,

corresponding with the flattening of the bending moment distribution over the interior support.

More importantly, steel strains adjacent to the central crack at the interior support increase to

satisfy equilibrium conditions. The average steel strainsat the support hence increase for the same

maximum steel strain. The steel localisation factors (εs.max / εs.avg and∆εp.max / ∆εp.avg) are reduced in

this way and the plastic rotation capacity which is limited by premature steel fracture increases, as

shown in Figure 6.36 as a function of the steel elongation limits.
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(a) Plastic rotation capacity with PL (b) Plastic rotation capacity with UDL 

Figure 6.36 - Effect of lpad on θpl for premature steel fracture and increasing εsu and εpu
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Predictions from the non-linear analysis presented here, for increasing load spreading, are

consistent with observations from past beam tests failing by crushing of the concrete in the

compression zone, (Chandresekha and Falkner, 1974) as well as analytical results from studies after

Langer (1987) and Li (1998). Some general statements regarding the rotation capacity of highly

stressed regions in a continuous beam, subjected to a UDL, are made on the premise of these

results. Firstly, the rotation capacity of a span region is usually be larger in comparison to a similar

region located over the interior support due to the reduced peakiness of the bending moment

distribution in the span. Secondly, the rotation capacity of the negative moment region is greatly

improved if the bending moment is spread over a larger support region. This may be achieved in

frames by dimensioning of the beam column joints.

6.4.2 Effect of Crack Spacing

The discrete crack block analysis developed in Chapter 4, iscapable of tracing the progressive

formation of individual cracks by evaluating the variationof local steel strains along the member

(Section 4.2.2.d.). Table 6.6 shows the crack pattern evaluated by the analysis for members in

Series A. As noted in Section 6.2, the average crack spacing reduces with increasing quantities of

reinforcing steel. Along the member, the local crack spacing grows slightly away from the interior

support (on the right of the members shown in Table 6.6). To evaluate the influence of the crack

patterns on deformation capacity, the crack spacing determined by the discrete crack analysis is

replaced with constant crack spacing. The average crack spacing is increased and decreased by 100

mm in two steps of 50 mm. A minimum limit of 35 mm is imposed for practical reasons. Figure

6.37 shows the parametric variations in the average crack spacing for each member, wherevariable

is the average crack spacing evaluated by the discrete crackanalysis (Table 6.6). The extent of

cracking with imposed constant crack spacing is set according to the bending moment distribution,

where the cracking moment needs to be exceeded at a preset crack location for the crack to be part

of the simulated cracking pattern (Section 4.2.2.d.).

Table 6.6 - Crack pattern at ultimate determined by the analysis for members in Series A

Notes:
1. Only half span shown
2.  Left hand column: members p0 to p3, right hand: p4-p6
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Figure 6.37 - Effect of crack pattern on deformation behaviour at Mu
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The effects of the cracking pattern on the rotation capacityfor increasing average crack spacing are

shown in Figure 6.37. Prior to yielding of the steel, the local variation in steel strains is less

pronounced for closely spaced cracks, reducing the influence of concrete in tension (tension-

stiffening effect) and resulting in a slight increase in theelastic rotation. At nominal moment

capacity (Mu), for failure by concrete crushing in the compression zone,the total rotation capacity

is similar for all crack patterns. The maximum steel strainsat the central crack increase to achieve

the same total rotation capacity for increasing average crack spacing. The plastic rotation capacity

is therefore only reduced for increasing crack spacing because of the increase in the elastic rotation.

Figure 6.38 shows how the crack spacing affects the steel strain localisation factor for increasing

average steel strains and crack spacing. The maximum reinforcement and prestress strain not only

increase with increasing crack spacing but also become increasingly localised.
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Figure 6.38 - Effect of average crack spacing on steel strain localisation factor history
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Figure 6.39 shows the influence of increased simulated crack spacing on the plastic rotation

capacity for failure by steel fracture as a function of the steel elongation limit. The plastic rotation

capacity decreases with increased crack spacing for the same steel elongation limit. The effect is

strongest at low reinforcement percentages. These resultscorrespond with the increase inεs.max/εs.avg

and ∆εp.max/∆εp.avg for increasing crack spacing.
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Figure 6.39 - Effect of srm.avg on θpl for premature steel fracture and increasing εsu and εpu

In design, it may be difficult to reduce the crack spacing to achieve better rotation capacity for

members failing by steel fracture, without concurrently affecting the local steel behaviour in other

ways. The trends presented here are important, however, to the interpretation of beam test

observations, where the crack pattern for two otherwise identical specimens can vary and hence

influence observed rotation capacity for steel fracture failures. These effects should be taken into

consideration when evaluating existing test data.

6.4.3 Effect of Prestressing Steel Quantity

In this section, the basic reinforcement layout is maintained for members in Series A, while the

effect of varying quantities of prestressing steel on the deformation capacity are evaluated. Table

6.7 summarises the changes to the prestressing details including the prestressing steel percentage

(pp), area of prestress (Ap) and effective prestressing stress (σpe). In an actual member design, the

changes of the prestressing details would correspond to a reduction of the dead load balanced by

the prestress by half as well as an increase of the balanced dead load by a factor of 1.8.

- 181 -



CHAPTER6 - DEFORMATION CAPACITY OF POST-TENSIONED PPC BEAMS

Table 6.7 - Parametric variation of prestressing details

Ap pp σσσσpe

Default 1965 mm2 0.182 % 909 MPa
Increase in prestressing steel quantity 3144 0.291 1043
Decrease in prestressing steel quantity 786 0.073 1018

Figure 6.40 shows the plastic deformation capacity for increasing prestressing steel quantities

assuming failure by crushing of the concrete in the compression zone. The plastic rotation capacity

decreases with increasing prestressing steel quantity for the same reinforcement percentage.
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Figure 6.40 - Effect of prestressing steel quantity on θpl for failure in the compression zone

Experimental observation of Okada, Kobayashi, Miyagawa and Oishi (1983) and analytical

predictions of Li (1998) indicate that the plastic deformation capacity of PPC beams is lower than

that of RC members for a degree of prestressing (λ) greater than 0.5. Members analysed in this

section all have aλ in excess of 0.5 (Figure 6.40a), which should give a conservative estimate of

the plastic rotation capacity of PPC members having the samemoment capacity but a lower degree

of prestressing. The variation in the prestressing steel quantity considered in this section, does not

allow for a comparison between the behaviour of members withincreasing degree of prestressing,

since the range of mechanical reinforcement ratios differs significantly for each set of members.
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Figure 6.41 - Effect of prestressing steel quantity on θpl for premature steel fracture and increasing
εsu and εpu

Figure 6.41 shows the plastic rotation capacity limited by fracture of the steel of members with

prestressing steel percentages ofpp = 0.073% and 0.291%. At a steel elongation limit of 1.5%, the

plastic rotation capacity is severely reduced for members with pp = 0.073% and to a lesser extent

for members withpp = 0.291%. For the latter set of members (pp = 0.291%), the steel strain

localisation factors are lower because the total percentage of steel for a givenps is higher than it is

for the same member withpp = 0.073%. At higher uniform steel elongation limits, the compression

zone capacity of members with the larger prestressing quantity (pp = 0.291%) is quickly exhausted

and the member fails in the compression zone. Reducing the prestressing steel percentage for the

same reinforcement layout results in an increase in the plastic rotation capacity if the steels have

sufficient elongation limits, as shown for pp = 0.073% in Figure 6.41a. 

6.4.4 Effect of Tendon Profile

The default tendon profile for members in Series A, is replaced with a straight tendon at maximum

effective depth (dp = 395 mm). Figure 6.42 shows the total and plastic rotation capacity and elastic

rotation for the two tendon profiles with increasing reinforcement percentages. The elastic and total

rotation is reduced with the tendon transformation, which is due to an increase in the stiffness along

the member arising from the increased effective depth of thetendon away from the interior support.

This results in a small reduction of the plastic rotation capacity, which diminishes with increasing

reinforcing steel quantity.
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Figure 6.42 - Effect of tendon profile on rotations for failure in the compression zone

The steel strains over the support are nearly identical for the two tendon profiles, with the

maximum tendon eccentricity being the same for both profiles. The steel strain localisation factors

hence remain mostly unchanged and therefore there is no difference in the limiting effects of steel

fracture failure on the plastic rotation capacity for the two tendon profiles investigated. 

This is the first time a change in the tendon profile has been simulated using a discrete crack

analysis. The results suggest that simulations carried outwith a constant depth profile (see for

example Li, 1998) give a slightly conservative estimate of the plastic rotation capacities than for

the case of a variable depth tendon profile, which is used in continuous beams.

6.4.5 Effect of Compression Reinforcement Quantity

All results of the member analysis presented up to this pointhave neglected the compression

reinforcement (Asc). In this section, members in Series A are analysed with two increasing levels of

compression reinforcement, Asc = 8 ∅sc20 and 24∅sc20. 

The stress-strain response of the reinforcement in compression is taken to be identical to that in

tension with the exception of an imposed limiting maximum reinforcement compression strain; that

is a buckling strain,εsbu. The relationship for the buckling strain is adopted from Potger et al.

(2001). Experiments by Bausch (1983) investigating the deformation capacity of simply supported

RC members with differentAsc/Ast ratios, suggest that buckling of the reinforcement can limiting

the deformation capacity. The results of the members analysed here, suggest that a significant

reduction of section capacity occurs due to crushing of the concrete (Figure 6.43b) well prior to the

buckling of the reinforcement (εsbu = -0.03).
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Figure 6.43 shows the plastic rotation capacity of members in Series A with increasing

compression reinforcement as a function of the tensile reinforcement steel percentage. Also shown

are the maximum compressive concrete strains at nominal capacity, which increase with the

addition of compression reinforcement for all steel percentages. This allows higher steel strains to

develop with increasingAsc at all steel percentages and the plastic rotation capacity increases

accordingly. The compression reinforcement has no significant effect on the elastic rotations or

average crack spacing. 
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Figure 6.43 - Effect of Asc on θpl and concrete strain for failure in the compression zone
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Figure 6.44 - Effect of Asc on θpl for premature steel fracture and increasing εsu and εpu

Results described above indicate that a conservative estimate of the deformation capacity is

predicted in this study for the simulations where the compression reinforcement was neglected and
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the member fails by crushing of the concrete in the compression zone. For failure by fracture of the

reinforcement or prestress, the rotation capacity is unaffected by the quantity of compression

reinforcement (Figure 6.44).

It is anticipated that there is an upper limit to the increasein plastic rotation capacity that is

achieved with the addition of compression reinforcement for failure in the compression zone. This

limit exits somewhere below the amount necessary to balancethe combined capacity of the tensile

reinforcement and prestress. The ultimate behaviour of members limited by the behaviour the

compression reinforcement is not investigated further in this study.

6.5 Implications for Design Practice

There are currently no provisions in the Australian design standard for concrete structures which

outline available rotation capacity limits to be used with plastic analysis. A review of international

design code requirements has shown that EC2 (1990), CEB MC 90(1993) and DIN 1045-part 1

(2001) give simplified methods for evaluating the plastic rotation capacities (Chapter 2). Figure

6.41 shows a comparison of these design limits and the simulation results from this chapter. The

available rotation capacities for failure by concrete crushing in the compression zone are shown in

black. All code limits give slightly unconservative estimate for sections with aku or x/d > 0.35. It

must be remembered that the presence of compression reinforcement was neglected in the

simulations and that the addition of such reinforcement slightly improves the plastic rotation

capacity (Section 6.4.5). Furthermore, the cross-sectionconsidered in this chapter has a large width

to height ratio. Higher rotation capacity should be observed for members with lowerB/D ratios (Li,

1998).

Figure 6.45 - Comparison of θpl results and design limits in European standards
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For ku or x/d < 0.25, the code limits become increasingly conservative. Both the German and CEB

MC 90 (1993) give a good lower bound approximation of the plastic rotation capacity for failure by

fracture of the reinforcement, in particular at a uniform elongation limit of 2.5%. Fracture of the

tendon does not impede on the plastic rotation capacity, if the prestressing tendon has a minimum

elongation limit of 3.5%, as specified in the design codes.

The analytic results indicate that current European designlimits for the available rotation capacity

are slightly unconservative forx/d > 0.35. Analytical results from Li (1998) follow these trends,

indicating that a lower limit of the plastic rotation capacity may be more appropriate for members

with high degrees of prestressing (λ>0.6). Further numerical investigations are necessary to

quantify the rotation capacity of PPC members with narrow rectangular sections and T-sections

having a low degree of prestressing (λ<0.6).

6.6 Concluding Remarks

In Chapter 2, previous studies investigating the factors influencing the rotation capacity of highly

stressed regions in reinforced (RC) and partially prestressed concrete (PPC) members were

reviewed. Whilst some results observed in this chapter are similar to previous studies, this study

demonstrates that the deformation capacity of PPC members with a large degree of prestressing are

not affected by the tension-stiffening effect for failure in the compression zone. The tension-

stiffening effect does however influences the sequencing of the yielding of the steels, which has a

significant effect for failure by fracture of the reinforcement. If the contribution of the concrete in

tension is large (i.e. large crack spacing, large bond capacity, or low strain harding properties), then

the strain localisation effect at a crack is significant andthe deformation capacity is increasingly

limited by reinforcement fracture. For the prestressing tendon, on the other hand, the tension-

stiffening effect is less significant and the deformation capacity for failure by fracture of the tendon

is not affected.

For the members investigated in this study, the minimum elongation requirements for prestressing

tendons (εpu>3.5%) and Class N reinforcement in Australian design codes, are sufficient to ensure

failure in the compression zone for concrete strength up to 50 MPa. For higher strength concretes,

the strain demand on the reinforcement and prestress increases with increased rotation capacity.

Elongation limits of up to 6% for the prestressing tendon and10% for the reinforcing steel are

required to prevent premature steel fracture for low reinforcing steel quantities and a fc=85 MPa.

The results of this chapter show that the use of reinforcing steels with low-elongation limits, such

as Class L steels, severely limits the rotation capacity of PPC band beams by premature fracture of
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the reinforcement. The deformation compatibility based analysis method used in this thesis shows

that for low-elongation limits, the reinforcing steel can fracture prior to the prestressing tendon

yielding. This occurs because of the contribution of the concrete between cracks, which causes a

strain localisation effect at the cracks. Strain compatibility based section analyses do not accurately

predict this behaviour and can therefore overestimate the strength for premature steel fracture. In

light of these findings, further investigations are necessary to study the effects of premature failure

of the reinforcement for low-elongation limits on strength of PPC members.

6.6.1 Summary of Results

In this chapter the findings of an investigation into the influence the steel percentage, steel

properties (including the bond and strain hardening properties), concrete properties (including

strength and deformability), effective depth, span-to-depth ratio, crack spacing, tendon profile,

compression reinforcement quantity and support pad width have on the rotation capacity of a

typical interior support region of PPC continuous band beamwere discussed. The influence of

these parameter on the plastic rotation capacity (θpl) was investigated for failure in the compression

zone, assuming sufficient steel elongation, and also for failure by fracture of the steel and tendon

for varying reinforcement and prestress elongation. Conclusions from these observations are given

separately below: The analysis model described in Chapter 4 was used for these parametric studies.

For Failure in the compression zone:

• The compression zone properties have a significant effect on the plastic rotation capacity, which

increases with increased compression reinforcement or theconcrete strength at all reinforcement

percentages. The beneficial effects of increased concretepost-peak deformability onθpl are

strongest at low reinforcement percentages

• The tension-stiffening effect does not affect the plastic rotation capacity for failure in the

compression zone of PPC members, with a high degree of prestressing (>0.6). This is shown by

the results for varied local bond properties and average crack spacing, which have no effect on

the the plastic rotation capacity. Instead, the local distribution of deformation in the tension

chord between cracks is affected by the tension-stiffeningeffect, with higher peak steel strains

observed for increased crack spacing and bond capacity.

• Following from the previous conclusion, the plastic rotation capacity increases for increased

member depth and increasingly so at low steel percentages. Considering that the deformations in

the tension and compression chord are unaffected by member height for a given steel

percentage, the rotation must decrease with an increased member height.
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• The plastic rotation capacity increases with increased strain hardening properties of the steels,

due to an increase in the plastification length. This effectis function of the relative effective

steel amounts and is most significant if a variation of the hardening properties of the dominant

steel is considered.

• Increased spreading of the reaction at an interior support results in a softening of the bending

moment peak over the support. As a result the plastificationspreads over a larger region and an

increase in the plastic rotation capacity is predicted.

• Replacing a draped tendon over an interior support with a straight tendon reduces the plastic

rotation capacity, increasingly so for low reinforcement percentages.

For failure by steel fracture:

• The plastic rotation capacity of PPC members can increase for failure by fracture of the steels

with decreasing steel percentage if the quantities of prestressing are fixed and dominate the

deformation behaviour. This is explained by the sequencing of the yielding of the steel, whereby

the elastic rotations decrease significantly with a reduction in the reinforcing steel quantity.

• The contribution of concrete between cracks, which causes steel strain localisation at cracks, has

a small effect on the plastic rotation capacity for fractureof the tendon, and a more significant

effect for fracture of the reinforcement. For the same elongation limit, fracture of the

reinforcement therefore occurs at lower plastic rotations than fracture of the prestressing tendon.

• For fracture of the tendon, the plastic rotation capacity isdirectly affected by the hardening

properties of the tendon and increases with increasing tendon strain hardening. The plastic

rotation capacity is indirectly affected by an increase in the tension-stiffening, which increases

the redistribution of stresses from the reinforcement to the prestress, reducing the plastic

rotation capacity for tendon fracture.

• An increase in the tension-stiffening effect increases thereinforcement strain localisation effect

at a crack, which reduces the rotation at first yield of the reinforcement. Consequently,θpl for

fracture of the reinforcement reduces with increased tension stiffening effect. The tension-

stiffening effect on the reinforcement is increased for increased reinforcing bar bond capacity

and average crack spacing, whilst the tension-stiffening effect is reduced for increased

reinforcing bar diameter and strain hardening properties.
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Chapter 7

7INDETERMINATE BEAM ANALYSIS

In this chapter, the local deformation model described in Chapter 4 is incorporated into an

analysis of reinforced and partially prestressed continuous beams. A computer program was

developed, capable of analysing members with up to three spans, five layers of tension

reinforcement and a prestressing tendon having variable depth. The analysis takes account of

initial hyperstatic effects due to prestress (secondary moments) and evaluates the indeterminate

bending moment distribution for a given deformation increment. A truss-based model has been

developed to take into account the effects of shear on the local steel deformations for regions of

high moment and shear.

As a case study, an analysis is made of a number of two-span beams used in a past experimental

study. This shows that the indeterminate beam analysis method is capable of predicting accurately

the overload behaviour of indeterminate reinforced and partially prestressed beams.

Unfortunately, it also shows that the computation time for such an analysis can easily reach ten

hours on a current personal computer. 

The smeared block approach is therefore revisited in this chapter to provide an alternative to the

discrete crack block approach. An analysis of past indeterminate beam tests demonstrates the

ability of the smeared block model to accurately predict theoverload behaviour and carrying

capacity of these beams. In the next chapter, this smeared block model is used, together with strain

localisation factors, to study moment redistribution limits relating to design.
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7.1 Extension of Discrete Crack Model to Indetermina te Beams

The discrete crack block analysis for indeterminate members adopts the same block representation

used for simple members introduced in Chapter 4. The model representation for a two-span

member is shown in Figure 7.1. First cracking is assumed to occur either over the interior support

or at the maximum moment section in the span. Additional cracks form progressively on either side

of these critical regions. A modified flexural-shear modelis introduced in Section 7.1.3.b, to

accurately represent the local deformations in a region where significant shears are present in

addition to the moment (e.g. the interior support). The computer program allows the flexural-shear

treatment to be switched in or out for a highly stressed region.

(a) Actual beam at failure (from Bishara and Brar, 1976)

(b) Beam representation in the model

Figure 7.1 - Model presentation of PPC two-span beam

The indeterminate beam analysis uses a deformation controlled computation procedure, whereby

deformation increments are placed on the member at a section. This section, referred to as the

driver section, is usually located over the interior support, or in the critical span region. The

procedure for evaluating the indeterminate bending momentdistribution corresponding to a

deformation increment at the driver section is described below. The procedure for an analysis of a

two-span partially prestressed concrete (PPC) member is described in Section 7.1.2 from initial

prestress up to ultimate.

7.1.1 Bending Moments in a Continuous Beam

In an indeterminate structure, such as a continuous beam, the bending moment cannot be

determined from simple statics as is the case for simply supported members. For a given

deformation in the driver section at the interior support inFigure 7.2b, the driver moment (Mdriver) is

evaluated and the moment diagram is known from the load distribution (i.e. parabolic moment

diagram for a UDL), but critical in-span moments (Mspan) are unknown. The span moment is
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progressively adjusted until the shape of the deformed beamsatisfies all relevant boundary

conditions (i.e. zero support deflections). The load corresponding to the chosen deformation in the

critical driver section can then be evaluated fromM0, the static moment value (Figure 7.2a).

Iterations are guided by a simple marching and binding procedure (Brent's method: Chapra and

Canale, 1990). If the loading or member design is such that the driver section is located within the

span then the support moment is adjusted. These procedures are independent of the local

deformation treatment and have been used in the past by Kodur(1992), and Wong and Warner

(1998), for example.

M
0

M
sup

UDL

M
span

M
sup 

= M
driver

(a) Static bending moment due to applied loading (b) Actual bending moment distribution

Figure 7.2 - Bending moment distribution in a two-span continuous beam

The analysis method takes into account the effects of applied external loads and reactions through

loading plates (Section 4.2.1.c) by adjusting the bending moment distribution accordingly (Kretsis,

1960). These modifications are not considered in the initial analysis where the bending moment

due to self-weight and the secondary moments due to prestress are evaluated.

7.1.1.a Evaluation of Secondary Moments due to Prestress

The treatment of prestressing effects in the indeterminatebeam analysis follows the same initial

two steps as already described in Section 4.2.1.b for a determinate member. An additional step is

required in the indeterminate analysis to evaluate the magnitude of the secondary moments. In the

first stage, the application of the prestressing force to the concrete element and the application of

the self-weight to the member are modelled (Section 4.2.1.b). A curved prestressing tendon profile

puts forces on the structure, which are replaced by an equivalent force-couple system. The initial

analysis takes the structure to be uncracked. If the combined effects of prestress and self-weight are

incompatible with the deflection conditions at the support, the secondary reactions, shears and

moments are evaluated (Hulse and Mosley, 1987). 

For a two-span member the secondary moments increase linearly from zero at the outermost

supports to a maximum value at the interior support. The secondary moment over the support is

adjusted until all support deflections are compatible. Once the secondary moments have been

evaluated, strains in the concrete and steels along the beam are stored for reference.
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The treatment of secondary moments has the advantage that the initial effects of prestress and self-

weight are automatically included at all stages of loading,which avoids computational problems

such as non-convergences. It should be noted that the process being used is not one of

superposition of different load conditions, but an incremental deformation analysis in which the

total moments and corresponding strains at each stage are evaluated. Similar approaches have been

used in smeared block methods by Warner and Yeo (1986), Kodur(1992) and Wong and Warner

(1998). The initial analysis of the member is independent ofthe post-cracking approach and is used

in the discrete crack block and smeared block model alike.

7.1.2 Analysis Procedure for a Two-Span PPC Beam

This section describes the initial elastic analysis of an indeterminate beam and gives details of the

analysis procedure for a typical single deformation increment. The initial elastic analysis includes

the treatment of the combined effects of prestress and self-weight and a load increment to cause

first cracking. The member is taken to remain uncracked under the combined effects of prestress

and self-weight.

Stage I – Initial Elastic Analysis:

 1. Read input data and set the material properties, structural layout, member properties, and

analysis options.

 2. Evaluate equivalent tendon forces and moments and applythem as a load effect along the

beam at equal distances of approximately one-quarter the member height (Section 4.2.1.b).

Satisfy section equilibrium using linear elastic materialproperties at these sections and store

the corresponding strains in memory.

 3. Apply the self-weight to the member as a uniformly distributed load. Satisfy section

equilibrium using elastic material properties taking intoaccount initial strains due to

prestress alone.  Strains in the concrete and steels are again stored in memory.

 4. Evaluate secondary moments using a linear elastic analysis (Section 7.1.1.a), to satisfy

support deflection and rotation conditions. Store the resulting initial strains in memory.

 5. Segment the structure into equal sized blocks with a length of D and satisfy section

equilibrium at all block boundaries, taking into account initial strains evaluated in Step 4.

The section in the span or over the support most likely to crack first is set as the driver

section and the moment at the critical section is set equal totheMcr. If the critical section is

over the support, the span moment is adjusted until all support deflection and rotation

conditions are satisfied. If the critical section is in the span the support moments are

adjusted.
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Stage II – Cracked Beam Analysis:

1. The cracked beam analysis commences by setting a strain increment at the critical section.

This strain increment can consist of either an outermost concrete strain, reinforcement or

prestress strain. The initial strain increment corresponds to the cracked section Mcr.

2. Set a trial bending moment distribution throughout the beam according to the applied

loading pattern and the moment at the critical section. Next, evaluate the local deformations

over each cracked region (Section 4.3.2). Remaining uncracked regions in the beam are

analysed and the deflected shape calculated from local deformations.

3. Adjust the moment at the non-critical maximum moment section and evaluate the deflected

shape as outlined in the previous step until all support deflection and rotation conditions are

satisfied within a specified tolerance.

4. Repeat steps 1 through to 4 for increasing local deformation increments until the load

carrying capacity is a maximum.

The indeterminate beam analysis is computationally more intensive than the simple beam analysis,

with twenty or more iterations of the trial bending moment distribution necessary to reach a stable

solution for a given deformation increment. For a member analysis, the computational time is

equally divided between simulating the progressive crack formation and the behaviour at high

overload. The initial elastic analysis takes a very small fraction of the total simulation time. The

computational times for previously tested beams are given in Table 7.1. All simulations were run

on a current high-end workstation9.

Table 7.1 - Computational times for structural concrete beams with different block analysis

Discrete crack block
analysis

Smeared block
analysis

Simple RC member (Eifler, 1991) 00:05:15 (hh:mm:ss) 00:00:28
Simple PPC member (Eibl et al., 1991) 00:32:05 00:00:40
Two-span PPC member (Bishara and Brar, 1974) 14:23:01 00:05:32

Table 7.1 shows the computational times of the discrete crack block model being acceptable for

simple structural concrete, but not for indeterminate members. The smeared block approach on the

other hand presents a viable alternative to the discrete crack block analysis, in terms of

computational time. Before this alternative is explored, anumber of optimisation strategies for the

discrete crack block analysis are discussed.

9 Workstation consisted of two PIII-S 1.3GHz processors, with 2.0 GB SDRAM (ECC) and a primary IO system consisting of a RAID 5
array of four 10,000 rpm SCSI HDD.
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7.1.2.a Strategies to Minimise Computational Effort

An inspection of the nested loop structure of the discrete crack block analysis (Figure 7.3) shows

that a reduction in the number of bending moment trials can greatly reduces the overall

computational time. Additional savings are not possible inthe local steel analysis, which has

already been optimised; or the number of cracked regions to be analysed, which is kept to a

minimum by taking advantage of symmetry. 

(a) Discrete cracked block approach (b) Smeared block approach

Section analysis

Local steel analysis

Crack formation

Cracked region

Indeterminate BM

Section analysis

Indeterminate BM
Support deflections/rotations not satisfied

New cracks

Next cracked region

Simple
member analysis

Indeterminate 
member analysis

Figure 7.3 - Nested loop structure and computational effort for a single deformation increment in
the indeterminate beam analysis using discrete crack block and smeared block analysis

To save computation time the crack development and the formation of new cracks is managed with

diligence, remembering that iterations of the load are required to locate each crack (Section

4.2.2.d). The indeterminate bending moment distribution is at first obtained iteratively with the

discrete crack approach neglecting the formation of new cracks. Only when the bending moment

distribution has converged is a check for new cracks carriedout. This saves computational time

searching for cracks that might not form for a given indeterminate bending moment distribution

trial.

These engineering optimisations were built into the analysis program along with a number of

additional optimisations, at the computer program code generation level, including but not only:

parallel loop execution and compiler dependent optimisation switches. The computational time for

the two-span beam listed in Table 7.1 were reduced by more than 25%. Typical computational

times for an indeterminate member however remain at more than ten hours. The smeared block

approach must be considered as an alternative to the discrete crack block analysis, in terms of

computational time. A numerical example analysis of a number of two-span beams from past

literature, with both analysis is presented next, before further recommendations for the use of the

smeared block analysis to study moment redistribution limits, are made in Section 7.3.
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7.1.3 Modified Local Deformations Treatment for High Moment-

Shear Regions

The presence of large shear forces and moments in a region containing flexural cracks causes an

inclination of these cracks. Typically, the cracks initiate in a direction vertical to the member axis

and travel up to the main tensile reinforcement. Both moments and shears are much smaller at first

cracking than at nominal capacity. Under increased loads, the cracks incline towards the support or

load pad. In tests on two-span continuous PPC beams, typicalflexural-shear cracking is usually

observed over the interior support, see for example the specimen of Bishara and Brar (1974) shown

in Figure 7.1a.
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Figure 7.4 - Flexural-shear hinge model (after Bachmann, 1967)

The flexural deformation model introduced in Chapter 4 doesnot adequately address the

distribution of forces and deformations over a flexural-shear hinge. The work by Bachmann

(1966a, 1967) is in part adopted here in a treatment of the flexural-shear hinge. Figure 7.4 shows

the model of half a flexural-shear hinge over an interior support of a continuous member after

Bachmann (1967). Prior to yielding of the reinforcement, the region is modelled according to the

flexural deformation model introduced in Chapter 4. This allows the individual crack spacings

(srm.i) to be determined. The flexural-shear treatment applies only after the reinforcement has

yielded at two or more cracks. 

The internal forces in the flexural-shear hinge, includingthe change in tensile steel forces between

adjacent cracks and at a stirrup, are evaluated according toBachmann (1967) and described below.

The deformations over the flexural-shear hinge can then be evaluated from the internal forces. The

method for calculating the total deformation in the flexural-shear hinge adopted here is different to

Bachmann's suggestions (Section 7.1.3.b).
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7.1.3.a Mechanism of Internal Forces in a Region of High Moment-Shear

A truss model is used to represent the flow of internal forcesin a structural concrete beam (Ritter,

1899; Mörsch, 1922). This idea has been developed into an advanced analysis technique commonly

referred to as strut-and-tie modelling. In a strut-and-tiemodel representing a highly stressed region

in a continuous beam containing inclined cracks consists ofan inclined strut representing the

concrete between inclined cracks; a compression strut representing the vertical stirrup

reinforcement; a tension chord representing the longitudinal tension steel; and a compression chord

representing the compression zone. Equilibrium conditions apply to these truss elements, which can

then be used to construct free-body diagrams to evaluate the flow of internal forces in the region.

First, we consider Figure 7.5, showing the region of the beam from the last crack taken to be part of

flexural-shear hinge (nth crack) to the outermost vertical boundary of the flexural-hinge, section II-

II. Also shown are the support pad and forces in the compression block. The resultant force in the

compression block is taken to act along a line from the last flexural-shear hinge crack to the centre

half of the support pad. The free-body diagram shown in Figure 7.5 assumes that the individual

stirrups directly carry all external loads acting on the flexural-shear hinge.

Acting at section II-II is the internal moment,MII and the shear forceVII. Along thenth inclined

crack, the total tensile steel forceTn, compression forceCn, resultant stirrup forceSn between

section I-I and II-II and support pad reactionR, are acting as shown in Figure 7.5. The total tensile

force is the resultant of the forces in the tensile reinforcement and prestress. Similarly, the total

compression force is the resultant of the force in the compression reinforcement and concrete.
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Figure 7.5 - Internal forces in a flexural-shear hinge (based on Bachmann, 1967)
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Equilibrium equalities are constructed as follows, for themoment about the point where line I-I

first intersects with the support pad:

M IIV II⋅l DregionT n⋅dSn⋅sR⋅l pad/4Cn⋅dz=0 (7.1)

and for vertical and horizontal forces, respectively:

CnT n=0 and V IISnR=0 (7.2, 7.3)

With no external loads effectively acting between section I-I and section II-II, the moment at I-I, MI

is equated from the moment and shear force acting at section II-II:

M I=M IIV II⋅l Dregion (7.4)

Combining Equation 7.1 with 7.2 and 7.3, and using 7.4 gives:

T n=
M I

z


S⋅s
z


R⋅l pad/4

z
(7.5)

Equation 7.5 shows how the resultant tensile force in a flexural-shear hinge consists of a moment

component, reduced in size by the combined action of the stirrups and the support pad. Bachmann

(1967) makes an important observation here showing that it is necessary to include both the effects

of the load pad and inclined cracking in regions of high moment and shear. The effects of inclined

cracking have been neglected in some recent discrete crack block models for reinforced concrete

(Bigaj, 1995; Gravina, 2002)

Next, it is necessary to evaluate the distribution of tensile forces across the flexural-shear hinge. To

determine the tensile steel forces at adjacent cracks a free-body diagram from thei th to the i+1th

crack is constructed as shown in Figure 7.6a. Acting on this body are the resultant stirrup forces

along each of the inclined cracking planes,Si and Si+1 and the resultant force in the inclined

compression chordCi. Assuming that the stirrup forces are distributed equally the resultantCi must

act along an angle half way between the two cracks being considered, φi,i+1:

i,i+1=
ii+1

2
(7.6)

Summing the moments about any point along the line of action of Ci, gives the change in tensile

force between the two cracks considered in terms of the change in resultant stirrup force (∆Si,i+1):

T i,i+1=Si,i+1⋅tani,i+1 (7.7)
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Figure 7.6 - Forces acting at adjacent flexural-shear cracks and at a typical inclined compression
strut and stirrup

Given the change in total tensile force between two cracks, it is again possible to adopt the same

local bond-slip analysis procedure for the steel deformations between two adjacent cracks in a

flexural-shear hinge as previously used in a flexural region. This makes it possible to determine the

local deformations between cracks over a flexural-shear hinge but neglects to take account of the

local stirrup actions. With local deformations based on a flexural bond analysis, Bachmann (1967)

notes that the overall deformations of the flexural-shear hinge must be determined in consideration

of a particular failure mechanism. Fracture and pullout of the reinforcement, crushing of the

inclined compression chord and outermost concrete fibre and failure of the stirrup reinforcement

are all considered separately. At this point, a departure from Bachmann's (1967) work is undertaken

and a simplified approach to calculate the steel stresses and deformations over a flexural-shear

hinge is presented.
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7.1.3.b Simplified Approach to Deformations over a Region of High Moment-

Shear

In the simplified approach to determine steel deformationsand stresses over a flexural-shear hinge,

the actions of bond are neglected and the deformations are based on the flow of internal forces.

Although this is a gross departure from the existing flexural deformation model, it provides an

adequate representation of the increased deformations in aflexural-shear hinge. The following

assumptions are made to evaluate the local distribution of tensile steel stresses across a flexural-

shear hinge:

• There is a discrete reduction in total tensile steel force at each stirrup location. 

• The reduction in the total steel force at a stirrup is taken tooccur over a very short distance

and is determined from the inclined compression strut force.

• Over the flexural-shear hinge, the distribution of tensileforces between the reinforcement

and prestress remains unchanged.

First, consider the flow of internal forces over a flexural-shear hinge again. This time however, the

changes of total tensile steel forces are considered at a compression strut and stirrup, denoted byj.

Figure 7.6b shows the compression strut collapsed into a resultant line of action. The compression

forces in the strut,Cj acts at an angleφ j. At the stirrup, the stirrup forceSj and the total tensile steel

force on either side of the compression strut,Tj andTj+1 are acting. The inclined compression strut

crosses an additional stirrup (j-1) close to the support pad. The forces in stirrupj-1 (Sj-1) are

assumed to be equal to those inSj. Summing the moments about any point along the line of action

of the compression strut, gives the change in total tensile steel force at stirrup j:

T j,j+1=Sj⋅tan j (7.8)

Previously, the change in total tensile steel force betweentwo adjacent cracks was determined and

a similar expression derived. (refer to Figure 7.6a and associated text). In this case, the resultant

compression strut force is not taken over a crack spacing, but over a distance extending half a

stirrup spacing on either side of the stirrup.

Over the length of the flexural-shear hinge, the reduction in total steel forces (∆T) is expressed as

the sum of individual reductions (Tj) at each stirrup location:

T=∑
j=1

m

T j=∑
j=1

m

Sj⋅tan j (7.9)

where j denotes a stirrup and m the total number of stirrups in the region.
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The inclined strut angle increases away from the support pad. With the shear force taken up equally

by the stirrups in the region the reduction in total tensile steel force at each stirrup increases also.

Conveniently, the individual changes of total tensile steel force at each stirrup are expressed in

terms of the reduction in total tensile steel force over the flexural-shear hinge:

T j=T⋅
tan j

∑
j=1

m

tan j
(7.10)

At this point, it is noted that the total change in tensile steel force consists of a change in the

reinforcing steel (∆Ts) and the prestressing steel (∆Tp) force.

T=TsT p (7.11)

Each of these components are expressed as a sum of individualchanges in reinforcing and

prestressing steel force at each stirrup location:

Ts=∑
j=1

m

Ts.j and T p=∑
j=1

m

T p.j (7.12)

Both ∆Ts and prestressing∆Tp are determined in the analysis from the conditions at the crack over

the interior support and those at the outermost crack of the flexural-shear hinge. The extent of the

flexural-shear hinge is governed by the extent of cracks with yielded reinforcement or by a limiting

maximum length.

The maximum length of the flexural-shear hinge region is setto approximatelyD, as suggested by

Kodur (1992). In the analysis, this distance may be slightlysmaller or larger depending on the

actual crack pattern. Beyond the flexural-shear hinge, thereinforcement may still have yielded at

cracks and cracks also incline but they behave more closely to flexural cracks. These cracks usually

run parallel to the neighboring flexural-shear crack but donot penetrate into the support

compression zone as far as the flexural-shear crack. (See for example the outermost visible cracks

over the interior support of the experimental specimen shown in Figure 7.1on page 191). The

maximum length of the flexural-shear hinge adopted here hasbeen taken from a review of values

listed in the literature (Table 7.2). 

When cracks first become part of the flexural-shear hinge the local tensile reinforcement and

prestressα-factors, needed to evaluate cracked section equilibrium,are stored as reference values.

These reference values are thereafter used to determine thestresses and forces in the reinforcement

and prestress for a given moment.
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Table 7.2 - Some suggestions for the flexural-shear hinge length from the literature

Reference lDregion Remarks

Bachmann (1967) 1.3D Observations adopted from two-span RC beam tests by Bachmann
and Thürlimann (1965b, c)

Kodur (1992) 1.0D
Parametric evaluation oflDregion with a variable angle truss model
incorporated into a smeared block analysis for PPC beams showed
that a value lower than D results in premature failure of the beam.

To determine the deformation of the flexural-shear hinge, the local stresses in the reinforcement

and prestress between stirrups are assumed to remain constant, ignoring the effects of bond on the

local tensile steel strain distribution over the length of the flexural-shear hinge. Figure 7.7

compares the generalised distribution of reinforcement strain over a shear hinge, for the flexural-

shear treatment (solid line) and the purely flexural treatment (dashed line). Deformations in the

outermost compressive concrete layer, not shown in Figure 7.7, are taken to vary linearly between

the value obtained from equilibrium conditions at the interior support and the outermost flexural-

shear hinge crack. The local reinforcement and outermost compressive concrete strains can then be

used to determine a value of rotation for the flexural-shear hinge (Equation 4.24 in Chapter 4).

ε
s
(x)

x

flexural-shear

flexural

l
Dregion

Figure 7.7 - Local variation in reinforcement strain over a flexural-shear hinge

In the computer analysis, the flexural-shear treatment is activated in the input file. A comparison

between the analysis of a two-span PPC beam with the flexural-shear treatment and the purely

flexural deformation treatment follows.
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7.2 Numerical Examples using Bishara and Brar's Beam s

A series of three two-span PPC beams tested by Bishara and Brar (1974) are used to show the

accuracy of the analysis presented in this chapter, the workings of the discrete crack block analysis,

and the differences in the local steel behaviour for the flexural deformation and flexural-shear

deformation model. The tests by Bishara and Brar (1974) werechosen for comparison because the

series of members have an increasing degree of prestressing, and all necessary data to build the

input was provided in the publication. No local deformationmeasurements were recorded in the

tests. The number of experimental studies that have recoredlocal reinforcement strains in

indeterminate members is still extremely limited.

Scott (1996) carried out tests on two-span reinforced concrete beams. Continuous measurements of

the local reinforcement strains were taken with strain gauges embedded in the concrete and using

specially fabricated milled reinforcing bars (refer to Scott and Gill, 1982, 1987; Scott, 1989 for

details). These tests results were not used in the present study because they considered only

reinforced concrete.

A series of destructive tests on five indeterminate PPC beams were carried out at the ETH in Zürich

using a number of different local strain measurement techniques (Kenel and Marti, 2001). One of

the techniques used sophisticated fibre-optics to measurelocal strains at the surface of the

reinforcement bars using extremely high accuracies. Thesebeam tests would have been ideal for

comparison with the discrete crack model, had the referencenot been obtained too late to be

included in this study. 

7.2.1 Beam Details

Bishara and Brar (1974) tested to failure a series of four two-span continuous beams (BC1 to BC4),

loaded at their mid-span by two equal concentrated loads. Each span had a length of 3.124 m (10

ft.) with a small (1 ft.) overhang at each end. The cross-section of all beams was 150×300 mm and

having identical reinforcement at the critical sections inthe span and over the support (Table 7.3).

All beams had the same common top and bottom reinforcement running through the entire the

entire length of the beam (∅s = 9.5 mm,As = 141 mm2). BC1 contains additional reinforcement (∅s

= 19.0 mm,As = 283 mm2), and BC2 (Ap = 109 mm2) and BC3 (Ap = 218 mm2) increasing amounts

of prestressing steel.
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Table 7.3 - Details for Bishara and Brar's (1974) beams BC1, BC2 and BC3

Structure and Loading* S-S** I-I** Material Properties
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P

2
8

I

I

27
2

150
S-S All dimensions in mm

BC1
A

s
 = 426A

s
 = 142

A
s
=426142 142 [2]

[2]
fc 43.1 MPa

fsy / fsu 401 / 610 MPa

fsy / fsu[2] 401 / 785 MPa
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A
s
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5

S-S

A
s
 = 142BC2
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5
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fc 42.2 MPa
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fpy / fpu 1710 / 1900 MPa

σpe / Ap 580 MPa / 109 mm2
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20
5

150
S-S

A
s
 = 142BC3

20
5

fc 39.0 MPa

fsy / fsu 401 / 610 MPa

fpy / fpu 1710 / 1900 MPa

σpe / Ap 580 MPa / 218 mm2

* vertical scale exaggerated, vertical:horizontal scale, 2:1
** vertical:horizontal scale, 1:1

Beam BC4 was fully prestressed and is not included in the comparison. Closed stirrups 100 mm on

centers were used as shear reinforcement in all beams. External loads and support reactions were

applied to the beam using steel plates, 100 and 150 mm long, respectively. All beam model

definitions used the detailed curtailment and appropriatematerial properties for each reinforcement

element and loading/support pads given in the publication and listed in Table 7.3.

7.2.2 Global Behaviour

Figure 7.8 shows the load-deflection response of beams BC1,BC2 and BC3 and a comparison of

the predictions according to the smeared block analysis andthe discrete crack block analysis, using

the flexural deformation model and the flexural-shear deformation model. The observed and

predicted load-deflection responses agree well for both analysis methods, except for beam BC1.

Bishara and Brar (1976, pp: 1887) note that “BC1 failed prematurely by a shear crack, which

started at the cutoff point of the 19 mm bar in the positive moment zone close to the central

support”. This type of shear failure cannot be accounted for by either the smeared block nor

discrete crack block analysis used here. The ultimate deflections for beam BC1 are hence grossly

overestimated and have not been included in the table comparing the observed and predicted

behaviour at ultimate (Figure 7.8d). The remaining two beams failed in flexure in compression over

the interior support.
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Figure 7.8 - Predicted and observed load-deflection response, Bishara and Brar's beams

Both the smeared block and discrete crack block (DCB in Figure 7.8) analysis models predict

accurately the ultimate carrying capacity of the two beams failing in flexure. The discrete crack

block model is however more accurate in predicting the deflection at ultimate capacity, particularly

for specimen BC2. The flexural-shear model predicts slightly larger deflection at ultimate (δu), with

the predicted behaviour at high overload being mostly indistinguishable for the two deformation

models. These results follow the same conclusions reached by Kodur (1992), who studied the effect

of shear on the ultimate carrying capacity of PPC members using a smeared block analysis coupled

with a variable angle truss model.

The variation of moments at the interior support and in the span at the load point is shown in Figure

7.9. The predicted moments and those calculated according to elastic theory are practically

identical prior to cracking, with the moment over the support being higher than at the load point.

After cracking and as the beam response becomes increasing non-linear, the rate at which the
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moment increases at the interior support decreases and the load increases. Failure is predicted to

take place in the span section for all members after a complete mechanism has formed. In the

experiment, beam BC1 failed prematurely as discussed before. 
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Figure 7.9 - Moment-load curves, Bishara and Brar's beams

Figure 7.10 shows the distribution of primary, secondary and self-weight moments over the length

of the span of beam BC3. The indeterminate beam analysis is used to study various aspects of the

beam response at different stages of loading. Figure 7.11 for example shows the deflected shape at

different characteristic behaviour points. The predictedresponse is that of the discrete crack block

model using the flexural-shear treatment. Only part of the deflected shape at ultimate is shown to

maintain a scale for which the initial deflections can just be observed. The member initially

chambers with no external load applied; corresponding to observations by Bishara and Brar (1974).
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Figure 7.10 - Predicted initial bending moment distribution for Bishara and Brar's beam BC3

The crack pattern for beams BC1 and BC2, taken from the original publication by Bishara and Brar

(1976), are shown in Figure 7.12. The shear crack that causedpremature failure in beam BC1 is
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clearly visible in the left-hand span to the right of the loadpoint. Figure 7.12 also shows the crack

pattern (spacing and extend of the crack tip; that is the neutral axis depth) predicted by the discrete

crack model (part of the right hand side of the beam could not be shown clearly). The formation of

cracks occurs at a relatively low moment compared to the ultimate capacity and is not affected by

the flexural-shear treatment.

Figure 7.11 - Deflected shape at different load levels, Bishara and Brar's beams

(a) Beam BC1

(b) Beam BC2

Figure 7.12 - Observed and predicted crack pattern, Bishara and Brar's beams

The extent of cracking and each crack spacing is predicted with reasonable accuracy by the discrete

crack block model. The inclination of cracks in regions of high moment-shear are not taken into

account in the deformation model, instead the local steel deformation over the region are treated

differently to that in a flexural hinge (Section 7.1.3).

7.2.3 Local Behaviour

Figure 7.13 shows the local steel strains just prior to cracking and at first cracking along beam

BC1. The reinforcement strain localisation in the top reinforcement over the interior support is

clearly visible. Similar behaviour is observed for the PPC beam BC2, where the reinforcement
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strain localisation is less at first cracking than it is for the reinforced member, BC1. The behaviour

of member BC2 with some cracking in the span and cracking overthe support is shown in Figure

7.14. Bishara and Brar (1976) did not record any local deformation measurements.

Figure 7.13 - Local steel strain behaviour just-prior to, and at first cracking, RC beam BC1

Figure 7.14 - Local steel strain behaviour with cracking in the span, PPC beam BC3

With increasing load, the number of cracks over the support increases and cracks also start to form

in the span. The bending moment distribution in the span is softer than it is over the support,

resulting in an increased number of cracks in the span. The local steel strains are shown in Figure

7.15 for beam BC1 and Figure 7.16 for beam BC3, with well developed crack pattern. Individual

crack locations are identified by the peaks in the reinforcement strains. The local steel slip and

bond stress distribution are also shown. The crack width is evaluated from the reinforcement slip

immediately to the right and to the left of a crack.

The nominal moment capacities of the specimen tested by Bishara and Brar (1976) are identical

over the interior support and in the span. Comparable peak steel and concrete strains are observed

at the onset of plasticity, with plastic hinges forming in the span and over the support.
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(a) Steel strains

(b) Steel slips (c) Steel bond stresses

Figure 7.15 - Local steel strains, slips and bond stress along the beam with a well developed crack
pattern, prior to yielding, RC beam BC1
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The local steel strains for beam BC3 with a fully developed flexural hinge in the span and a

flexural-shear hinge over the support is shown in Figure 7.17. The flexural-shear model is turned

on and off in the analysis input. The local steel strains and stresses over the support are taken to be

constant between stirrups, spaced at 100 mm, and are reducedat the stirrup. Equilibrium is

maintained by considering the actions of the concrete, reinforcement and stirrups in a truss. Outside

the region affected by the flexural-shear treatment, the default local deformation treatment is

adopted.
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Figure 7.17 - Local steel strains in PPC beam BC3 with flexural-shear and flexural hinges

Figure 7.18 shows the steel strains for specimen BC3 at high overload. It can also be seen that a

plastic mechanism has formed with fully developed plastic hinges predicted by the discrete crack

analysis in the span and over the support. Significantly larger steel strains and steel strain

localisation is observed for the reinforcing bars comparedto the prestressing tendon. The larger

strain localisation in the reinforcing steel is due to two reasons. Firstly, the bond efficiency of the

reinforcing bars is much higher than it is for the prestressing tendon, due to the combination of

higher bond capacity and a smaller effective bar diameter. Secondly, the effective prestressing

tendon depth decreases away from the critical region over the support and in the span, resulting in

lower average deformation in the tendon layer, which produces less strain localisation for the

prestressing tendon compared to the reinforcement bar which is runs along the member at a

constant depth.
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Figure 7.18 - Local steel strain behaviour at high overload, PPC beam BC3

A simulation of the overload behaviour of two-span RC and PPCbeam with the discrete crack

block analysis demonstrates the capabilities of the analysis and functionality. The analysis can be

used to study the local deformation behaviour of indeterminate beams at all stages of loading

including the formation of plastic hinges and failure mechanisms. Unfortunately, the numerical

effort required to solve the governing conditions has limited the application of the analysis model

to the numerical example presented above. A more efficient analysis is needed to undertake any

extensive study of the overload behaviour of continuous beams. The smeared block analysis is

presented as an alternative in the following section, backed-up by comparisons with results from

past beam tests.

7.3 Alternative Analysis Method: Smeared Block Analy sis

In the next Chapter, the results of a study of design moment redistribution limits and section

ductility requirements using more than a thousand continuous beam simulations are presented. It

was infeasible to use the discrete crack block analysis for this study due to the long computational

times with the current computer hardware. The smeared blockanalysis fits into the present

framework of the analysis and proves to be the ideal candidate as an alternative analysis method. In

terms of pure computational time not considering data preparation, the smeared block analysis was

able to complete a quarter of all beam simulations presentedin Chapter 8, in the time it takes to

analyse one beam with the discrete crack block analysis! An overview of the smeared block

analysis is given in this section. It is shown, with comparisons to past experimental beam test

results, that the smeared block model is capable of accurately predicting the overload behaviour of

members failing in the compression zone. A simple modification to the smeared block model, using

steel strain localisation factors, based on the results of parametric studies from Chapter 6, is

introduced in the next chapter to account for the limiting effects of steel fracture on the deformation

capacity of plastic hinges.
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7.3.1 Overview of Smeared Block Approach

This section gives a short overview of the smeared block analysis for PPC continuous beams. The

analysis was developed in parallel to the discrete crack block analysis and follows the basic

procedure of Wong and Warner (1998). The smeared block approach neglects the location of

individual cracks and the variation in local steel deformations. Deformations are instead evaluated

using average curvatures over a predefined block length. The beam is segmented into fixed sized

blocks of length equal (see for example Figure 4.6). A block size of D has been shown the most

appropriate for this type of model (Warner and Yeo, 1986; Kodur, 1992). Many aspects of the

discrete crack block analysis remain unchanged in the smeared block analysis. They include the

initial treatment of prestress and self-weight, the application of loads to the member, the procedure

for evaluating the indeterminate bending moment diagram for a deformation increment, and the

calculation of block rotations and deflections. The smeared analysis is actually a simplified discrete

crack block model with allα-factors set to unity, having blocks of fixed size and givingno

consideration to the location of individual cracks. Differences in the block treatment for the two

analysis models have been discussed in Section 4.2.2.c and are shown in Figure 4.18.

A modified stress-strain response for the concrete in tension after Gupta and Maestrini (1990) is

adopted in the smeared block analysis to account for the tension-stiffening effect. Kenyon and

Warner (1993) have shown that inclusion of the tension-stiffening model improves the predicted

cracking stiffness compared to experimental observations. The effect of the tension-stiffening

model diminishes after yielding of the reinforcement and only has a very small effect on the steel

strains and stresses at high overload.

The flexural-shear model introduced in this chapter is not used with the smeared block analysis. It

is shown in Section 7.3.2, that the analysis performs adequately without the shear modifications.

Kodur (1992) implemented a variable angle truss (VAT) modelin a smeared block analysis to

approximate the effects of shear. Results of an extensive parametric study showed that the VAT

model did not to have a significant effect on the load-carrying capacity of PPC members designed

with moment redistribution.
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A condensed outline of the smeared block analysis of a cracked, two-span beam follows below:

1. Impose a curvature increment at the driver section and evaluate the corresponding moment.

2. Set a trial bending moment distribution according to the applied loading pattern and the moment

at the driver section.

3. Evaluate section equilibrium conditions at block boundaries along the member to obtain section

curvatures and hence block rotations. The block rotation isequal to the product of the curvature

at the higher moment end of the block and the block length. Next, the deflected beam shape is

calculated and the deflections at the support are checked for compatibility.

4. Progressively vary the static moment and repeat Steps 2 and 3 until deflection compatibility is

satisfied at all supports.

5. Repeat Steps 1 to 4 to simulate entire range of behaviour from first cracking up to ultimate load.

In the next chapter, the smeared block analysis is used to evaluate the allowable moment

redistribution for design of PPC members. It is necessary tobe able to predict accurately the

carrying capacity of continuous beams for such a study. The accuracy of the smeared block

analysis is evaluated using results from past laboratory and results are presented below.

7.3.2 Accuracy of Smeared Block Approach

The accuracy of the smeared block approach is evaluated withcomparisons of observed carrying

capacities from past continuous PPC beam tests. Unfortunately, the many experimental studies

reviewed in Chapter 2 and listed in Appendix C, were found to be lacking essential experimental

details necessary to simulate the overload behaviour. In many cases, there was incomplete reporting

of the materials properties, the test specimen details, or the test results. From 27 separate

publications, involving more than 200 beam tests, only eight publications were found to be usable.

The results of 64 two-span and 42 three-span beams with bonded prestressing tendons were finally

selected for this study. All two-span members had a single point load applied in one or both spans.

In the case of the three-span beams, either one or two point loads were applied in the central span,

while the outer spans were unloaded. The span to depth ratio ranged from 10 to 20, and the failure

mode was reported as flexure in all cases with failure occurring by crushing of the concrete in the

compression zone. The concrete compressive strengths varied between 30 and 50 MPa and most

beams had rectangular cross-sections except for four beams, which had T-sections (refer to

Rebentrost et al., 1999 for more details).

Figure 7.19 shows that the smeared block analysis accurately predicts the load carrying capacity of

continuous PPC beams with a bonded tendon.Pu.nl in Figure 7.19 is the predicted load andPu.test the
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maximum load recorded in the tests. In addition, it has been shown in Section 7.2 that the smeared

analysis also accurately predicted the overload behaviourof the continuous beams used as a

numerical example. Additional comparisons of the predicted and observed load-deflection

responses are included in Appendix C.
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Figure 7.19 - Correlation of predicted and observed carrying capacity of continuous bonded,
partially prestressed members using the smeared block approach

In Chapter 5, the smeared block model has already been used topredict the deformation behaviour

of simply supported reinforced and PPC beams, see for example Figure 5.2, 5.7, 5.10, 5.17 and

5.18. Results indicate that that the smeared block approachcannot accurately predict the

deformation capacity of members failing by steel fracture.In the next chapter, it is proposed that

simplified strain localisation factors (refer to Section 4.2.2.c) are used with the existing smeared

block analysis to overcome this limitation. The smeared block model and proposed modifications

are then used to study the allowable limits of moment redistribution for PPC beams and to evaluate

the limiting effects of premature steel fracture on the load carrying capacity of these members.

7.4 Summary

The discrete crack block model developed in Chapter 4 has been extended to an analysis of

continuous beams and a computer program was developed. The indeterminate beam analysis uses a

deformation control procedure to evaluate the indeterminate bending moment distribution. For a

given deformation increment, at a critical section, the bending moment distribution is evaluated by

progressively adjusting the static moment until the deflections at all support deflection are

compatible. For the analysis of prestressed members, the combined effects of secondary moments

due to prestress and the self-weight of the structure are evaluated with an elastic analysis. The

resulting strains along the member, without any external loads acting, are stored as reference strains

and automatically considered in the analysis thereafter.
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A modified treatment for regions of high moment-shear basedon a truss-analogy was developed to

model the deformations in a plastic hinges subjected not only to high levels of bending moment but

also significant levels of shear. The effects of shear are considered in the tension chord by

neglecting the effects of bond and simplifying the combinedactions of the stirrups and the concrete

on the reinforcement stresses.

The entire range of behaviour of a series of reinforced and PPC beams tested by Bishara and Brar

(1976) were simulated with the indeterminate beam analysis, highlighting its capabilities and

functionality. Unfortunately, the analysis procedure requires considerable numerical effort,

resulting in long computational times on current computer hardware. Even with optimisations at the

code level and of the actual analysis procedure, it was not possible to reduce the simulation time to

a level where it is feasible to carry out a parametric study of moment redistribution.

An alternative analysis method was therefore developed using the smeared block approach, which

neglects the local deformations, simplifying the analysisand significantly reducing the

computational time. The performance of this analysis was evaluated with results from previous

PPC continuous beam tests from the literature. Results showthat the smeared block analysis is

sufficiently accurate in predicting the load carrying capacity and hence moment redistribution level

for members failing by crushing of the concrete in the compression zone. In the next chapter, the

smeared analysis model is used to study the allowable designlimits of moment redistribution for

PPC beams.
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Chapter 8

8MOMENT REDISTRIBUTION IN POST-TENSIONED

BAND BEAMS

In this chapter, the allowable limits of moment redistribution for elastic analysis in the Australian

concrete structures standard (AS 3600) are evaluated. To achieve different combinations of

moment redistribution and section ductility, four series of partially prestressed beams with fixed

structural parameters (prestressing details, member size) are used, which contain varying amounts

of tension reinforcement quantities over the interior support and in the critical span region.

The smeared block model is used to simulate the overload behaviour of each beam to obtain an

accurate estimate of the ultimate carrying capacity. The design ultimate load according to AS 3600

is also evaluated and compared with the predicted carrying capacity. The requirements for elastic

analysis with limited moment redistribution can hence be evaluated by comparing the two loads.

The influence of increasing concrete strength up to 85 MPa and increasing steel ductility on the

safely achievable design load are investigated for all beams. The effect of premature steel fracture

on the overload behaviour is taken into account using simplified steel strain localisation factors,

which are used to approximate the peak steel strain and limitthe deformation capacity of a critical

region if the elongation limit of the reinforcement or prestress is exceeded.

Results of the parametric studies are compared with currentinternational design requirements for

elastic analysis with moment redistribution. Extension tothe present AS 3600 (2001) requirements

are proposed with section ductility requirements for moment redistribution limits and minimum

steel ductilities suggested for members with concrete strength in excess of 50  MPa.
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8.1 Introduction

8.1.1 Procedure for Evaluating Allowable Moment Redistribution

At all stages of loading, the level of moment redistributionis calculated by evaluating the elastic

bending moment from the load and comparing it with the actualbending moment at the interior

support. Calculations follow the definition given in Chapter 2 (Table 2.4). This procedure is useful

for evaluating the level of moment redistribution for experimental specimens but has limited

application in checking design limits. The main difficultyin checking design calculations are the

assumption of a design moment redistribution level based onan assumed bending moment

distribution and the design moment capacities at critical sections. The actual bending moment

distribution and capacities at critical section are usually different to those assumed in design. As a

result, the distribution of bending moment along the memberand the design moment redistribution

level change from the value based on the design capacities. If the actual moment capacities are

greater than the design capacities (over-strength), then less moment redistribution is required to

achieve the design load. A comparison of the predicted carrying capacity (using a non-linear

analysis) and the design load (according to AS 3600, 2001) can be used to unambiguously evaluate

the adequacy of a design procedure that uses elastic analysis with limited moment redistribution.

A description of the procedure to evaluate the design ultimate load (referred to as the design load

from here on) according to elastic analysis with limited moment redistribution follows. Knowledge

of the member layout, critical support and span section details and material properties are needed to

carry out the calculations outlined here:

1. Calculate design moment capacity at maximum moment sections over the support (Mcap.sup) and

in the span (Mcap.span) using the stress block treatment given in AS 3600. Capacityreduction

factors and reduced capacities for non-ductile sections, with a ku>0.4, are not considered.

2. Evaluate secondary moments over the support (M2.sup) and in the span (M2.span) using a linear-

elastic analysis, assuming the member is uncracked.

3. Use statics and knowledge of the loading pattern, evaluate the load corresponding to the design

bending moment capacity over the support (Mcap.sup+ M2.sup) and in the span (Mcap.span+ M2.span);

this is the design (ultimate) load, wd.

4. Usewd to calculate the corresponding static momentM0d and the correspondingelasticmoments

at the fixed ends that is over the supports, Md.sup=-0.66M0d, and in the span, Md.span=0.33M0d.

5. Calculate the design moment redistribution from the difference between the elastic moment over

the support (Md.sup), the actual design moment capacity (Mcap.sup+ M2.sup) and expressed as a

percentage of the design moment capacity.
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Design section ductility requirements and moment redistribution limits can now be evaluated by

comparing the ultimate carrying capacity of the structuralsystem predicted by a non-linear analysis

(wu), and the design load (wd). The ratio ofwu/wd can hence be used to evaluate the design standard

recommendations for predicting the load carrying capacitysafely. A value less than unity indicates

an unsafe design, where the carrying capacity is underestimated by the design requirements; a

value greater than unity indicates a safe design. This procedure can be used independently of the

design standard and the non-linear analysis being used.

The procedure is computationally convenient because it allows the overload behaviour to be

simulated without any elongation limit placed on the reinforcing steel or prestressing tendon, thus

giving the member the ability to reach ultimate capacity by crushing of the concrete. Post-

processing of the results can then be used to check for steel fracture and to calculate the load at

fracture, for a given elongation limit. This allows the effect of different elongation limits to be

investigated without carrying out additional simulations. A procedure, whereby the peak steel

strains at a critical section are determined from average steel, is used to limit the deformation

capacity of the critical region when fracture of the reinforcement or prestressing tendon occurs. The

procedure, described in Appendix C.1, requires knowledge of the steel strain localisation factors.

Simplified values are determined from the results of the parametric study of rotation capacity

(Chapter 6), and listed in this chapter in the discussions ofthe results of the parametric studies

undertaken (sub-sections of Section 8.2).

In this study, the ultimate carrying capacity of a continuous beam for failure in the compression

zone by crushing of the concrete is taken as the load corresponding to the ultimate moment

capacity of a section. This section may be located in the spanor over the interior support. For

failure by fracture of the steel, the section capacity is taken to occur when the elongation limit of

the steel is exceeded at that section. It is shown in Section 8.2.4, that by neglecting the moment

softening behaviour of the critical region a conservative estimate of the ultimate carrying capacity

is attained.
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8.1.2 Structural System and Member Design

Four series of beams, with fixed structural parameters are used to evaluate the allowable limits of

moment redistribution for elastic analysis in the Australian concrete structures standard (AS 3600).

Table 8.1 lists the span (L), span-to-depth ratio (L/D), beam depth (D), prestressing steel percentage

(pp) and area (Ap), maximum drape (hmax) and effective prestressing stress (σpe) for beams in each

series. The structural system analysed consists of a typical interior span of a continuous beam with

a large number of equal spans. Only the behaviour of the interior span is simulated, using a single

span with both ends fixed. All beams were subjected to a uniformly distributed load over the entire

span. These beams are of the same type as previously used in the parametric study of rotation

capacity (Chapter 6); that is the cross-section has the dimensions of a typical band beam with a

width of 2400 mm (Figure 8.1c).

Table 8.1 - Fixed structural parameters for all beams

Series L D L/D dst Ap pp σσσσpe hmax

A 9000 mm 450 mm 20 405 mm 1965 mm2 0.18 % 905 MPa 395 mm
B 16200 450 36 405 3930 0.36 1036 395
C 5000 250 20 205 786 0.13 728 195
D 9000 250 36 205 1965 0.33 1008 195

The series of beams are divided into four groups, with two span-to-depth ratios (20 and 36) and

two different member depths (250 and 450 mm). The same memberdesigns were previously used

in the parametric studies of rotation capacity (Chapter 6).Figure 8.1a shows the generic

prestressing tendon profile; with the tendon depth constant over the interior supports and draped

through the span. The tendon curvature is reversed 250mm away from the support. The tendon

eccentricity is zero at 600mm away from the support. The prestressing consists of five-strand units,

which are contained in plastic ducts, as described in Section 6.1. The default material properties are

also the same as listed in Section 6.1.

To produce designs having different combinations of section ductility and design moment

redistribution, the quantity of top and bottom reinforcement is varied for each beam in all series.

The numbers of top and bottom reinforcement combinations are different for each beam series and

amount to about 200 basic member designs, clearly too many tolist here with full details given in

Appendix D. The reinforcement bar diameter (20 mm) is fixed for all beams, corresponding to the

default reinforcement used in the parametric study of rotation capacity (Chapter 6). All

reinforcement is arranged in a single layer running along the top and the bottom of the member.

Curtailment of the bars follows the requirements of AS 3600 (2001). The tension reinforcement
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over the interior support (Ast.sup) is equal to the top reinforcement and extends to 0.3L on either side

of the support, at least 50% of the tension reinforcement at the interior support is continued through

the entire span where it acts as compression reinforcement (Asc.span). The tension reinforcement in

the span (As.span) is equal to the bottom reinforcement and extends over 0.8L with at least 25%

continued through the support as compression reinforcement (Asc.sup). Figure 8.1c shows the generic

reinforcement layout.

Figure 8.1 - Continuous beam details for the study of moment redistribution

8.2 Parametric Studies of Allowable Moment Redistrib ution

In this section, the results of the non-linear analysis of the structures introduced in the previous

section are presented. Figure 8.2a shows the combinations of design moment redistribution (MR)

and neutral axis parameters over the support (ku calculated in accordance with the stress block

analysis in AS 3600, 2001), for all beams with a concrete strength of 40 MPa and categorised by

their series (Table 8.1). Figure 8.2b shows the beam design moment redistribution and ku for

beams with a concrete strength of 65 and 85 MPa. It must be remembered that Figure 8.2 does not

show results of the analysis but summarises the beam designsused for testing the adequacies of the

provisions in AS 3600 (2001) for elastic analysis with limited moment redistribution. Later in this

section, the results of the analysis of these beams are discussed and similar figures are used to show

the level of safety of each beam design. As previously described, this is achieved with a

comparison of the predicted carrying capacity from the non-linear analysis and the design load
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according to AS 3600 (2001). This procedure is convenient and unambiguous, allowingsafeand

unsafeareas to be identified in the moment redistribution – neutral axis parameter space used for

design. Previously, Ahmad and Warner (1984) used a similar approach to develop the original

design provisions of AS 3600 for reinforced members using elastic analysis with limited moment

redistribution. The procedure used in this study includes the effects of secondary moment by

evaluating the secondary moments according to the design provisions (i.e. from elastic analysis),

and in the non-linear analysis, the effects of the secondarymoments are included as an initial load

effect (Section 7.1.1.a). Any effects the secondary momentmay have on the behaviour of the beam

are therefore automatically included and will not be discussed separately.
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Figure 8.2 - Combinations of design moment redistribution and neutral axis parameter at the
interior support for all beams

The beam designs used in this study are practical examples with the prestressing designed to

balance a significant dead load. The lowest section ductility (ku) for each series of beams is

therefore limited by the quantity of the prestressing steel. It was not possible to design the beams to

have highly ductile sections (ku<0.15) using normal strength concrete (Figure 8.2a). The section

ductility is improved for fixed reinforcement layouts by increasing the concrete strength (Figure

8.2b). The reinforcement layout for each series of beams wasdesigned to generate a regular grid

pattern of combinations of increasing design moment redistribution (MR) andku. Due to the fixed

reinforcement bar diameter and prestressing details for beams in each series, not the same

combinations of MR andku could be achieved. For beams with a larger span-to-depth ratio (series

B and D withL/D = 36), the minimum neutral axis parameter is larger than for beams in withL/D

=20 (series A and C). The latter contains less prestressing steel to balance the relatively small dead
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load of the supported slab and therefore smallerku values are achieved with the same reinforcement

quantity. A full listing of the reinforcement details for each beam and corresponding MR andku

combinations is given in Appendix D.2.

In the next four sections, results of the beam analysis are discussed. In total, the combinations of

beam designs analysed with different concrete strength andassumed steel stress-strain relations,

amounted to more than a thousand simulations. In addition, the effects of premature steel fracture

were investigated for each of these beams, using four increasing elongation limits for the

reinforcement and two for the prestressing tendon.

8.2.1 Effect of Uniform Steel Elongation Limits

In this section, the carrying capacity is evaluated for increasing steel elongation limits for members

having a concrete strength of 40 MPa. The steels for these members are assigned an idealised

stress-strain relationship with no strain hardening (fu/fy=1.0). In each case, the carrying capacity is

evaluated for a reinforcement elongation of 1.5, 2.5, 5.0 and 8.0%, and a prestressing tendon

elongation of 3.5 and 6.0%. Table 8.2 gives a summary of the simplified steel strain localisation

factors applicable to these members, shown as a function of the total steel percentage (p). For

renforcement percentages other than those listed, the simplified steel strain localisation factors are

calculated by linear approximation. A value ofp = 0.2% is adopted as an appropriate lower limit,

which does not dramatically extrapolate beyond the emperical bounds of the data.

Table 8.2 - Simplified steel strain localisation factors for interior support region of a continuous
PPC band beam with fc = 40 MPa and fsu/fsy = 1.0, fpu/fpy = 1.0

Total steel percentage %: 0.2 0.3 0.6 1.3 3.0

Prestressing steel: all elongation limits 3.33 2.75 1.62 1.15 1.00

Reinforcing steel: 
low elongation limit (εsu≤ 2.5%) 5.17 4.50 3.50 3.00 1.00

normal elongation limit  (εsu > 2.5%) 3.50 3.00 2.00 1.50 1.00

Figure 8.3 shows the ratio of predicted carrying capacity (wu from the non-linear analysis) to design

capacity (wd), for beams with different combinations of section ductility and design moment

redistribution. Results are shown in categories of the reinforcement elongation limit and by failure

type; that is either for failure in the compression zone by crushing of the concrete or by fracture of

the reinforcement. Figure 8.4 shows the results for the samemembers but categorised by

prestressing tendon elongation. Colours are used to differentiate between failure by fracture of the

steel (shades of red), and failure in the compression zone (shades of grey). Ifwu/wd≥0.95 then the

design requirements are considered to be adequate and safe,independent of the failure mode.
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Recalling that the design capacity is evaluated with a safety coefficient of unity. AS 3600 (2001)

maximum allowable design limits for moment redistributionare shown in both figures as a broken

line, for reference purposes only. In practice, no moment redistribution would be allowed with the

simulated steel properties, which do not meet the minimum reinforcement ductility requirements in

AS 3600 (2001).

For the case of reinforcement fracture at 1.5% elongation (Figure 8.3a), the failure mode of the

beams investigated is dominated by steel fracture (left column of results). Only a few members

with a critical ku>0.5 fail by crushing of the concrete in the compression zone(right column of

results). Premature reinforcement fracture limits the maximum safe moment redistribution to 0%

for ku<0.4, which increases to a limit of less than 3% forku>0.4. If the elongation limit of the

reinforcement is increased by 1.0% to 2.5%, a maximum of 3% moment redistribution can be

safely achieved forku<0.4 (Figure 8.3b). Forku>0.4, the failure mode switches to crushing of the

concrete and the safely achievable moment redistribution is 5%.

When the reinforcement elongation is further increased from 2.5% to 5.0%, the simplified steel

strain localisation factor is reduced (Table 8.2). As a result most members (ku>0.25) fail in the

compression zone and achieve a maximum moment redistribution level that is not limited by

premature failure of the reinforcement (Figure 8.3c). These results suggest that a lower bound of

the maximum safe limit for moment redistribution (wu/wd ≥ 0.95) is 10% for 0.3<ku<0.5. For

members with increasingly ductile sections, the limit increases to 20% forku=0.2. Further increases

of the elongation limit to 8.0% (Figure 8.5), only affectwu/wd for members with ductile section

(ku<0.3) and designed with a larger amount of moment redistribution (>30%). 

Results shown in Figure 8.5 (εsu=8.0%), indicate that members with ductile sections are able to

safely redistribute moments significantly. The groups of beams able to redistribute the greatest

amount of moment are beams in Series B and D, which have a largeL/D and large percentage of

prestressing. While the required rotation capacity to achieve a given design moment redistribution

increases with increasedL/D, it also decreases with increased prestressing (Zimmermann, 1988;

Kodur, 1991). For a large percentage of prestressing, the overall stiffness and length of the

uncracked regions along the beam are increased at ultimate,and as a result, the ductility demand is

decreased.
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Figure 8.3 - MR and wd/wu,beams with fc=40 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and limited εsu
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Figure 8.4 - MR and wd/wu ,beams with fc=40 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and limited εpu

Figure 8.5 - MR and wd/wu,beams with fc=40 MPa, fsu/fsy=1.0, fpu/fpy=1.0:concrete failure
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Highlighted in Figure 8.5 is a region defining the limits of the maximum safely achievable moment

redistribution for the PPC band beams analysed in this studyfailing in the compression zone. The

region marked as safe encompasses the range of MR andku combinations studied. It also shows

that current AS 3600 (2001) design provisions for elastic analysis with limited moment

redistribution are safe for PPC band beams if the steels haveadequate ductility. Results showing

whether current steel ductility provisions in AS 3600 (2001) are adequate to prevent premature

failure of the reinforcement or prestress limits, are presented in Section 8.2.3.

Results of the simulations with very low reinforcement elongation (Figure 8.3a,εsu=1.5%), suggest

that there is a distinct change in the failure mode for all levels of moment redistribution when

ku>0.52 at the critical support section. For an increased elongation limit, this switch between failure

by reinforcement fracture and crushing of the concrete in the compression zone, occurs atku≈0.45

for εsu=2.5% (Figure 8.3b) andku≈0.25 forεsu=5.0% (Figure 8.3c). At a reinforcement elongation of

8.0% (Figure 8.5), the failure mode is exclusively by crushing of the concrete in the compression

zone for the beams analysed.

Figure 8.4 shows the moment redistribution that can be safely achieved for prestressing tendon

fracture at an elongation limit of 3.5 and 6.0%. These elongation limits correspond to the minimum

requirements used in ASTM and adopted in most design standards for concrete structures. The

increased elongation limit (6.0%) is a more realistic valueof the actual uniform elongation of

prestressing tendons. The majority of tendons used in Australian construction should lie either

above or between the two limits investigated. In previous studies evaluating moment redistribution

limits of partially prestressed members and relating to theAustralian design standard (Kodur, 1992;

Wyche et al., 1992), the effects of prestressing tendon fracture on the wu, were not evaluated.

Fracture of the prestressing tendon occurs forku<0.3 for some beams in Series B (L/D=36, D=450

mm) and is increasingly likely to occur forku<0.25. The ratio ofwu to wd is not, however, affected

by failure of the tendon forku>0.2, as can be seen by thewu achieved when failure occurs in the

compression zone (compare Figure 8.4a with Figure 8.5). Theeffects of premature tendon fracture

only impede on the carrying capacity for high levels of design moment redistribution (MR>30%)

and ku<0.2. If the prestressing tendon elongation is increased to6.0%, tendon fracture does not

occur forku>0.2. For beams where tendon fracture occurs withεpu=6.0%, the carrying capacity is

not prematurely limited and the samewu are achieved as those attained when the beams fail by

crushing of the concrete in the compression zone (compare Figure 8.4b with Figure 8.3d).
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The design moment capacities and actual moment capacities (according to non-linear analysis) are

closely matched when the hardening properties of the steel are set to unity. Consequently,wu/wd

reflects the ability of the member to redistribute moments without being influenced by moment

over-strength. For the same reason,wu/wd does not exceed unity for the results shown in Figure 8.3

and Figure 8.4, except if the stress block approach used to calculate the design moment capacity is

less than the actual moment capacity. It will be shown later that this is only the case for a few

beams, which have sections with large ku (>0.5).

8.2.2 Effect of Concrete Strength

The influence of the concrete strengths on the safely achievable moment redistribution limits is

investigated by increasing the peak concrete strength to 65and 85 MPa for all beams. The assumed

stress-strain responses of the concrete in compression with increasing strength are shown in Figure

6.14a of Chapter 6. The steels are again assigned an idealised stress-strain relationship with no

strain hardening (fu/fy=1.0). The carrying capacities are evaluated for increasing reinforcing steel

and prestressing tendon elongation limits. Table 8.3 liststhe simplified steel strain localisation

factors used in this section, categorised by concrete strength. Results from the rotation capacity

have shown that the steel strain localisation increases with increased concrete strength, primarily

due to increased overall bond capacities.

For the same member and steel layout, theku is reduced with increased concrete strength. This

allows the moment redistribution limits of an increased number of ductile members (ku<0.2) to be

investigated. Some adjustments to the reinforcement layout were necessary for some members in

Series B to achieve similar combinations of design moment redistribution and section ductility with

increased concrete strength. Details of the reinforcement layout are given in Appendix C.

Table 8.3 - Simplified steel strain localisation factors for interior support region of a continuous
PPC band beam with fc = 65 and 85 MPa and fsu/fsy=1.0, fpu/fpy=1.0

Steel Type Elongation limits Concrete
strength

Steel percentage %
0.2 0.3 0.6 1.3 3.0

Prestressing
tendon

all elongation limits
65 3.33 2.75 1.62 1.15 1.00
85 3.58 3.00 2.00 1.35 1.00

Reinforcing bar 
low elongation limit (εsu≤ 2.5%)

65 5.17 4.50 3.50 3.00 1.00
85 5.66 5.00 4.00 3.25 1.00

normal elongation limit (εsu > 2.5%)
65 4.00 3.50 2.50 1.75 1.00
85 4.5 4.00 3.00 2.00 1.00
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Design limits in AS 3600 were originally devised for concrete strength up to 50 MPa. At present,

extensions to higher concrete strength are in discussion bythe relevant committees. No moment

redistribution limits and section ductility requirementshave yet been proposed for higher strength

concretes. A modified stress block treatment for concrete strength up to 100 MPa has been

proposed for final acceptance by the committee concerned with strength calculations. These

changes were used in this study to calculate the design moment capacities and section ductilities for

members with concrete strength greater than 50 MPa. A comparison of the design moment capacity

and the actual moment capacity (according to non-linear analysis) follows in the next section. It

shows that the modified stress block treatment predicts themoment capacities accurately for

partially prestressed concrete members.

Figure 8.6 shows the results of the analysis for beams with a concrete strength of 65 MPa,

categorised by reinforcement elongation limit. At low elongation limits, the predominant mode of

failure is fracture of the reinforcement. Premature failure of the reinforcement at an elongation limit

of 1.5%, has an effect on the carrying capacity even at very low levels of design moment

redistribution (<5%). A very small improvement in the safely achievable carrying capacity is

observed for increased elongation limits, where forεsu=2.5% a design moment redistribution of

2.5% is achieved (Figure 8.6b). The results show that the combination of higher strength concrete

and low elongation steel can result in members not having sufficient rotation capacity to achieve

safely the design load for no moment redistribution (Figure 8.6a).

An increase in uniform elongation limit to 5.0% remedies theproblems of premature reinforcement

fracture for lower elongation limits. Figure 8.6c shows that the failure mode switches to crushing of

the concrete in the compression zone for members withku>0.25 andεsu=5.0%, compared toku>0.35

andεsu=2.5%. Forεsu=5.0% members with a section ductility ofku<0.4 are able to safely attain the

design load for moment redistribution levels up to 14% regardless of the failure mode. At a

reinforcement elongation limit of 8.0%, the predicted carrying capacity of members designed with

large moment redistribution (>40%) and ductile sections (ku<0.2) is improved but other members

do not benefit from the increased elongation limit (Figure 8.7). Reinforcement fracture is predicted

to occur for ku<0.15 for a reinforcement elongation limit of 8.0% (Figure 8.7a).
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(c) εsu=5.0%

Figure 8.6 - MR and wu/wd, beams with fc=65 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and limited εsu
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(a) Steel fracture (b) Concrete crushing

Figure 8.7 - MR and wu/wd, beams with fc=65 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and εsu = 8.0%

Figure 8.8a shows the results for fracture of the prestressing tendon with an elongation limit of

3.5%, which occurs for design moment redistribution greater than 5% and aku<0.2, for members

with a concrete strength of 65 MPa. These limits are improvedto a design moment redistribution

level greater than 40% and aku<02 for εpu=6.0% (Figure 8.8b). The predicted carrying capacities

from the non-linear analysis for members designed with no ora small amount of moment

redistribution (<10%), indicates that the minimum elongation limits in AS 3600 for the prestressing

tendon would be adequate for PPC band beams having fc=65 MPa.

Results of the analysis of beams with a concrete strength of 85 MPa are shown in Figure 8.9 for

limited reinforcing steel elongation and in Figure 8.10 forlimited prestressing tendon elongation.

These results are comparable to the results for members withfc=65 MPa, except that the effects of

premature steel fracture become increasingly severe with increased concrete strength, in particular

for low elongation limits. The maximum safely achievable level of moment redistribution

(wu/wd>0.95), is not affected by increased concrete strengths, ifthe steel has sufficient elongation

capacity to prevent steel fracture. Compare, for example results for beams with different concrete

strength and a reinforcement elongation of 8.0% (Figure 8.3, Figure 8.7 and Figure 8.9).
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(a) εpu=3.5%

(b) εpu=6.0%

Figure 8.8 - MR and wu/wd, beams with fc=65 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and limited εpu
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(a) εsu=1.5%

(b) εsu=2.5%

(c) εsu=8.0%

Figure 8.9 - MR and wu/wd, beams with fc=85 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and limited εsu = 1.5, 2.5
and 8.0%
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Figure 8.10 - MR and wu/wd, beams with fc=85 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and limited εsu = 5.0%
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Figure 8.11 - MR and wu/wd, beams with fc=85 MPa, fsu/fsy=1.0, fpu/fpy=1.0 and limited εpu
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Figure 8.11a shows that with the current minimum elongationlimits for prestressing tendons

(εpu=3.5%) and members with a concrete strength of 85 MPa, a design moment redistribution limit

of 12% can be safely achieved atku<0.2. For critical sections withku>0.2, failure in the

compression zone governs the behaviour, independent of theprestressing tendon elongation limit.

To safely achieve the maximum possible moment redistribution, a tendon elongation limit of at

least 6.0% is shown to be sufficient for members with a concrete strength of 85 MPa (Figure

8.11b).

Figure 8.12 shows the plastic rotation capacity of the interior support for beams in Series A and C

as a function ofku over the interior support, categorised by concrete strength. The plastic rotation

capacity is shown to increase with decreasingku and follows the same trend for all concrete

strength. Cosenzaet al. (1991) suggest that the influence of the concrete strength on the rotation

capacity required for moderate levels of moment redistribution (30%) in reinforced concrete beams

is relatively weak (CEB TG 2.2, 1998).
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(a) Members in Series A (L/D = 20, D=450 mm) (b) Members in Series C (L/D = 20, D=250 mm)

Figure 8.12 - Plastic rotation capacity of interior support region  failure in the compression zone

Results from this study support the observations by Cosenzaet al. (1991), where beams with

increased concrete strength are able to safely achieve similar levels of moment redistribution, if the

steels have sufficient strain capacity to ensure failure inthe compression zone. Figure 8.13

highlights an area showing the maximum safely achievable level of moment redistribution for

beams withfc=65 and 85 MPa and failing by crushing of the concrete in the compression zone.

Compared with results for beams withfc=40 MPa (Figure 8.3d), thesafearea is reduced marginally

for largeku (>0.35); and for lowerku (<0.2) values the highest safely achievable level of moment

redistribution is reduced to 30% from 40% for a concrete strength of 40 MPa. At hightku>0.4, no

moment redistribution should be allowed for members constructed with high-strength concrete.
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Results of the non-linear analysis of beams with concrete strengths in excess of 50 MPa,

demonstrate an important observation about the steel ductility requirements for high-strength

concrete members. Some results show that the carrying capacity of PPC band beams designed with

no redistribution cannot be achieved with the current minimum reinforcing steel elongation limit

for Class L steels (εsu=1.5%). Only if the reinforcing steel has sufficient elongation to meet Class N

requirements (εsu=5.0%), is the rotation capacity of the critical support region sufficient to safely

achieve design load for moment redistribution levels up to 10% for fc=85 MPa. The current

minimum prestressing tendon elongation limits on the otherhand, are sufficient to ensure

premature failure of the tendon does not impede on the carrying capacity for design moment

redistribution up to 10%.

(a) Beams with  fc=65 MPa (b) Beams with  fc=85 MPa

Figure 8.13 - MR and wu/wd, beams with fc=65 and 85 MPa, fsu/fsy=1.0, fpu/fpy=1.0

8.2.3 Effect of Steel Strain Hardening Properties

In this section, the results of the analysis investigating the influence of the reinforcement and

prestress hardening properties on the safely achievable level of moment redistribution are

presented. The strain hardening properties of the steel were increased systematically for all beams

(including beams with increased concrete strength) using different assumptions of the stress-strain

relations for the steel. The stress-strain relationships for the steels are varied as shown in Figure

6.22 of Chapter 6. These relationships are the same as those used in the study of deformation

capacity (Chapter 6).

For the results presented in the previous two sections, the prestress and reinforcement stress at yield

were set equal to the stress at fracture (ultimate). As a result, the moment capacity from the non-

linear analysis was approximately equal to those obtained from design calculation using the stress

- 239 -

Safe

0

10

20

30

40

50

60

0 0.1 0.2 0.3 0.4 0.5 0.6
k u

M
R

 [
%

]

Safe

0

10

20

30

40

50

60

0 0.1 0.2 0.3 0.4 0.5 0.6
k u

M
R

 [
%

]



CHAPTER8 - MOMENT REDISTRIBUTION IN POST-TENSIONED BAND BEAMS

block approach in AS 3600 (2001). The hardening properties of the reinforcement and prestress are

not considered in strength calculations using the stress block approach (AS 3600, 2001). The

adoption of assumed stress-strain relations with strain hardening therefore results in an increase of

the section moment capacity according to the non-linear analysis compared with the design

moment capacity (over-strength).
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Figure 8.14 - Moment over-strength at interior support as a function of fsu/fsy, fpy/fpu and fc

Over-strength can have a beneficial effect on the safely achievable limits of moment redistribution

(Eligehause and Fabritious, 1995). For the same design moment redistribution level for example,

the moment redistribution required to safely achieve the design load decreases with increased over-

strength at critical sections.

Figure 8.14 shows the ratio of the real moment capacity (Mcap – according to non-linear analysis) to

the design moment capacity (Mcap.AS) at the interior support as a function of the section ductility (ku)

of all beams, categorised by concrete strength. The over-strength (Mcap/Mcap.AS) at the interior

support increases with increased activation of the steels in tension (decreasingku and increasingfc)

and, of course, with increasing strain hardening. Some over-strength is also shown to exist for

members withfc=40 MPa for largeku, because of the maximum limit placed on the compressive

concrete strain (0.003) used in the design calculations (according to AS 3600, 2001). This limiting

strain is lower than the maximum concrete strain at Mcap.
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The influence of the steel hardening properties on the safely achievable level of moment

redistribution is presented in three separate sections. Inthe first two sections, the effects of limited

reinforcing steel and prestressing steel elongation with varying steel hardening properties are

presented, for members withfc=40 MPa. In the third, results for increased concrete strengths are

presented.

8.2.3.a Limited Reinforcing Steel Elongation with fc = 40 MPa

The influence of different reinforcement hardening properties is evaluated for all beams using three

assumed stress-strain curves and four different elongation limits. The carrying capacity for twelve

combinations offsu/fsy andεsu were considered. The elongation was not limited for the prestressing

tendon with results for fracture of the tendon presented in aseparate section. The assumed stress-

strain response of the tendon was left unchanged for the simulations and corresponds to thenormal

ductility relations shown in Figure 6.22, with fpu/fpy=1.08 at εpu=5.0%.

Table 8.4 lists the simplified reinforcing steel strain localisation factors used for the results

presented in this section; beams withfc=40 MPa and increasingfsu/fsy. The reinforcement strain

localisation factor is reduced (improved) for increasing strain hardening ratio as observed from the

results of the parametric studies of deformation capacity (Section 6.3.2).

Table 8.4 - Simplified reinforcing steel strain localisation factors for interior support region of a
continuous PPC band beam with fc = 40 MPa and varying fsu/fsy

Steel Type Elongation limits fsu/fsy
* Steel percentage %

0.2 0.3 0.6 1.3 3.0

Reinforcing bar 

low elongation limit
(εsu≤ 2.5 %)

1.05 5.00 4.50 3.50 3.00 1.00
1.15 4.00 3.50 2.50 2.00 1.00
1.30 3.00 2.50 1.75 1.50 1.00

normal elongation limit
(εsu > 2.5 %)

1.05 3.50 3.00 2.00 1.50 1.00
1.15 2.83 2.50 1.50 1.00 1.00
1.30 2.33 2.00 1.00 1.00 1.00

* at 5.0% elongation
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(a) fsu/fsy=1.03, εsu=1.5%

(b) fsu/fsy=1.07, εsu=1.5%

(c) fsu/fsy=1.12, εsu=1.5%

Figure 8.15 - MR and wu/wd, beams with fc=40 MPa, varying fsu/fsy and limited εsu=1.5
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Figure 8.15 shows how the reinforcement strain hardening ratio influences the predicted carrying

capacities, as a ratio of the design capacity, of all beams with fc=40 MPa and reinforced with low

elongation steel (1.5 and 2.5%). Forεsu=1.5%, the failure mode switches from concrete crushing to

fracture of the reinforcement atku<0.55 for fsu/fsy=1.03 (Figure 8.15a),ku<0.45 for fsu/fsy=1.07

(Figure 8.15b) andku<0.4 for fsu/fsy=1.12 (Figure 8.15c). This extension of the switchover point to

failure in the compression zone with decreasedku values can be explained by the reduction of the

steel strain localisation factors with increasing strain hardening values. The safely achievable level

of moment redistribution forku<0.4, does not increase with increased strain hardening from

fsu/fsy=1.03 to fsu/fsy=1.07 but jumps to 10% withfsu/fsy=1.12. Similar trends are observed for an

elongation limit of 2.5% (Figure 8.16a, b and c), except thatthe switchover point from failure by

fracture of the reinforcement to failure in the compressionzone occurs at lowerku values. The

safely achievable moment redistribution levels increasesfrom approximately 5% to 10% and 30%

for fsu/fsy=1.05, 1.11 and 1.20 at 2.5% .

Results shown in Figure 8.16a are for a reinforcement ductility corresponding to the minimum

requirements of Class L steels in AS 3600 (2001). Recalling that no moment redistribution is

allowed for members containing Class L reinforcement. The results suggest that this is an

appropriate limit, with all but the least ductile members (ku>0.55) which prematurely fail by

fracture of the reinforcement. Members reinforced with Class L steel and designed with no moment

redistribution are just able to safely attain the design load. If reinforcement ductility is set to the

minimum requirements for low ductility reinforcement in European design codes, then a design

moment redistribution level of 10% can be achieved safely for all ku values (Figure 8.16b). To

achieve a similarly safe estimates of the carrying capacity, the hardening properties atεsu=1.5%

would need to be increased to more than 1.12 (Figure 8.16c). Acomparison between the predicted

safely achievable levels of moment redistribution from thenon-linear analysis and current design

standard requirements is given in Section 8.3.1.
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(a) fsu/fsy=1.05, εsu=2.5%

(b) fsu/fsy=1.11, εsu=2.5%

(c) fsu/fsy=1.20, εsu=2.5%

Figure 8.16 - MR and wu/wd, beams with fc=40 MPa, varying fsu/fsy and limited εsu=2.5% 
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(a) fsu/fsy=1.05, εsu=5.0%

(b) fsu/fsy=1.15, εsu=5.0%

(c) fsu/fsy=1.30, εsu=5.0%

Figure 8.17 - MR and wu/wd, beams with fc = 40 MPa, varying fsu/fsy and limited εsu=5.0%
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(a) fsu/fsy=1.05, εsu=8.0%

(b) fsu/fsy=1.15, εsu=8.0%
(Failure by concrete crushing only)

(c) fsu/fsy=1.38, εsu=8.0%
(Failure by concrete crushing only)

Figure 8.18 - MR and wu/wd, beams with fc = 40 MPa, varying fsu/fsy and limited εsu=8.0%

Figure 8.17 and Figure 8.18 show results of the analysis withvarying fsu/fsy and reinforcement

elongation limits of 5.0% and 8.0%, respectively. The majority of beams having a critical section

with ku>0.2, fail by crushing of the concrete in the compression zone for εsu=5.0% (Figure 8.17).

Contrary to the predictions forεsu=1.5% and 2.5%, the switchover point between failure in the

compression zone to steel fracture is only marginally affected by an increase infsu/fsy for εsu=2.5%,

but is significantly improved with an increase in the elongation limit to 8.0% (Figure 8.18).

While the safe limits for moment redistribution for a givenku are not significantly affected byfsu/fsy,

the wu/wd of the beams within the safe zone is however improved with increasing fsu/fsy and

elongation limit. The safe zone for allowable moment redistribution for the beams studied in this
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chapter, extends to 20% moment redistribution forku>0.3, and increases linearly forku<0.3 to 45%

at ku=0.15. There is no difference betweenwu/wd for fsu/fsy=1.30, εsu=5.0% (Figure 8.17c) and

fsu/fsy=1.38, εsu=8.0% (Figure 8.18c), except that for the lower elongation limit there are some

beams with lowku values which fail by fracture of the reinforcement. Similarobservations apply to

lower fsu/fsy.

Figure 8.17a shows the results for beams reinforced with steel meeting the minimum ductility

requirements for Class N in AS 3600 (2001), which is the same as the requirements for normal

ductility reinforcement in European standards. Results demonstrate that AS 3600 (2001) allowable

limits of moment redistribution for elastic analysis give agood upper limit of the safe limits for

PPC band beams.

8.2.3.b Limited Prestressing Tendon Elongation with fc = 40 MPa

Results of the beam analysis with increased prestressing tendon hardening properties are shown in

Figure 8.19 and Figure 8.20 for different combinations of design moment redistribution and section

ductility, categorised by the tendon elongation. For theseresults, the hardening properties of the

reinforcing steel follow the curve withfsu/fsy=1.08 at εsu=5.0%. Table 8.5 lists the simplified

prestressing tendon strain localisation factors used to evaluate the effects of tendon fracture on the

carrying capacity for varying prestressing tendon strain hardening properties and a concrete

strength of 40 MPa.

Table 8.5 - Simplified prestressing tendon strain localisation factors for interior support region of
a continuous PPC band beam with fc = 40 MPa and varying fpu/fpy

Steel Type Elongation limits  fpu /fpy
* Steel percentage %

0.2 0.3 0.6 1.3 3.0

Prestressing tendon all elongation limits
1.03 3.00 2.50 1.50 1.10 1.00
1.07 2.17 2.00 1.25 1.10 1.00
1.15 1.48 1.35 1.15 1.05 1.00

* at 5.0% elongation

Results for limited prestressing tendon elongation of 3.5%(Figure 8.19) and 6.0% (Figure 8.20)

follow the trends already discussed in the previous sectionfor limited reinforcing steel elongation

of 5.0 and 8.0%. Results are comparable to higher reinforcement elongation limits with the average

reinforcement and prestressing strain similar over the interior support, but peak strains being lower

for the prestressing tendon than the reinforcing steel because of the lower prestress strain

localisation factors.
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(a) fpu/fpy=1.025, εpu=3.5%

(b) fpu/fsy=1.06, εpu=3.5%

(c) fpu/fpy=1.13, εpu=3.5%

Figure 8.19 - MR and wu/wd, beams with fc = 40 MPa, varying fpu/fpy and limited εpu=3.5%
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Predictions show that premature fracture of the prestressing tendon does not impede on the

allowable moment redistribution limits given in AS 3600 (2001) for the combination of beam

design and minimum prestressing steel ductilities investigated in this chapter. The design limits

become increasingly safe (wu/wd>0.95) for increased prestressing tendon hardening (compare for

example Figure 8.19a with Figure 8.19b and Figure 8.19c) andfor increased elongation limits

(compare for example Figure 8.20a with Figure 8.20b and Figure 8.20c). At the current minimum

prestressing tendon elongation limit (3.5%), the criticalku where the failure mode switches from

concrete crushing to tendon fracture, is approximately 0.2; which is not affected significantly by

the strain hardening properties of the tendon. The actual prestressing tendon ductility will likely be

high enough (fpu/ fpy=1.08,εpu=6.0%) to prevent fracture of the tendon for the members investigated

in this study with fc=40 MPa (Figure 8.20b).

(a) fpu/fpy=1.04, εpu=6.0%
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(b) fpu/fpy=1.08, εpu=6.0%
(Failure by concrete crushing only)

(c) fpu/fpy=1.16, εpu=6.0%
(Failure by concrete crushing only)

Figure 8.20 - MR and wu/wd, beams with fc = 40 MPa, varying fpu/fpy and limited εpu= 6.0%
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It is possible to substitute prestressing hardening and elongation limit combinations to get similarly

safe estimates of the carrying capacity. These substitutions are; fpu/fpy=1.06, εpu=3.5% (Figure

8.19b) with fpu/fpy=1.04, εpu=6.0% (Figure 8.20a) andfpu/fpy=1.13, εpu=3.5% (Figure 8.19c) with

fpu/fpy=1.08, εpu=6.0% (Figure 8.20b). For the first substitution, the combination of higher

elongation limits results an increase of the rotation capacity for members failing by steel fracture,

which improves thewu/wd. To achieve comparable results,fpu/fpy at εpu=3.5% would need to be

increased to approximately 1.10. For the second substitution, the higher elongation limit is again

the more desirable of the two options, with no prestressing fracture failure predicted. Both

combinations giving the same safe limits for moment redistribution.

8.2.3.c Limited Steel Elongation with Higher Strength Concretes

This section shows the results investigating the influenceof the reinforcement ductility (fsu/fsy and

εsu) on the carrying capacity (wu) of all beams with increased concrete strength:fc=65 and 85 MPa.

The influence of the prestressing tendon ductility on the wu are discussed in a separate sub-section.

Table 8.6 - Simplified steel strain localisation factors for interior support region of a continuous
PPC band beam with fc = 65 and 85 MPa and varying fsu/fsy and fpu/fpy

fc Steel Type Elongation limits fu / fy
* Steel percentage %

0.2 0.3 0.6 1.3 3.0

65 MPa

Prestressing
tendon

all elongation limits
1.03 3.33 2.75 1.62 1.15 1.0
1.07 2.83 2.25 1.25 1.10 1.00
1.15 2.50 2.00 1.10 1.00 1.00

Reinforcing bar

low elongation limit 
(εsu≤ 2.5 %)

1.05 5.17 4.50 3.50 3.00 1.00
1.15 3.91 3.50 2.50 2.00 1.00
1.30 3.17 2.75 2.00 1.50 1.00

normal elongation limit
(εsu > 2.5 %)

1.05 4.00 3.50 2.50 1.75 1.00
1.15 3.50 3.00 2.00 1.00 1.00
1.30 2.83 2.50 1.50 1.00 1.00

85 MPa

Prestressing
tendon

all elongation limits
1.03 3.58 3.00 2.00 1.35 1.00
1.07 3.33 2.75 1.50 1.25 1.00
1.15 3.00 2.50 1.25 1.10 1.00

Reinforcing bar

low elongation limit 
(εsu≤ 2.5 %)

1.05 5.67 5.00 4.00 2.00 1.00
1.15 4.42 4.00 3.00 2.50 1.00
1.30 3.88 3.50 2.50 2.00 1.00

normal elongation limit
(εsu > 2.5 %)

1.05 4.50 4.00 3.00 2.00 1.00
1.15 3.50 3.00 2.00 1.00 1.00
1.30 2.67 2.25 1.50 1.00 1.00

* at 5.0% elongation
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Table 8.6 lists the simplified steel strain localisation factors used to evaluate the effects of failure

by reinforcement and tendon fracture forfc=65 and 85 MPa, and increasing steel strain hardening

properties. Recalling, that the steel strain localisationfactors are a maximum for low steel

percentages, low strain hardening properties and, in the case of the reinforcement, also for low

elongation limits.

Limited reinforcing steel elongation

Figure 8.21 shows the predicted carrying capacities as a ratio of the design load for beams

constructed with 65 MPa concrete and reinforced with steelshaving increasing hardening ratios

andεsu = 1.5. Figure 8.22, Figure 8.23 and Figure 8.24 show results for the same beams but with

increasing strain hardening ratios and εsu = 2.5%, 5.0% and 8.0%.

(intentionally left blank)
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(a) fsu/fsy=1.03, εsu=1.5%

(b) fsu/fsy=1.07, εsu=1.5%

(c) fsu/fsy=1.12, εsu=1.5%

Figure 8.21 - MR and wu/wd, beams with fc = 65 MPa, varying fsu/fsy and limited εsu=1.5%
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(a) fsu/fsy=1.05, εsu=2.5%

(b) fsu/fsy=1.11, εsu=2.5%

(c) fsu/fsy=1.20, εsu=2.5%

Figure 8.22 - MR and wu/wd, beams with fc = 65 MPa, varying fsu/fsy and limited εsu= 2.5%
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(a) fsu/fsy=1.05, εsu=5.0%

(b) fsu/fsy=1.15, εsu=5.0%

(c) fsu/fsy=1.30, εsu=5.0%

Figure 8.23 - MR and wu/wd, beams with fc = 65 MPa, varying fsu/fsy and limited εsu=5.0%
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(a) fsu/fsy=1.06, εsu=8.0%

(b) fsu/fsy=1.19, εsu=8.0%

(c) fsu/fsy=1.38, εsu=8.0%

Figure 8.24 - MR and wu/wd, beams with fc = 65 MPa, varying fsu/fsy and limited εsu= 8.0%
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As previously shown for beams withfc=40 MPa (Section 8.2.3), the strain hardening ratio of the

reinforcement does not reduce theku at which the failure mode switches from steel fracture to

crushing of the concrete for beams with very low-elongationlimits (εsu=1.5%). Figure 8.21 shows

this also to be true for beams withfc=65 MPa. For the case ofεsu=2.5%, an increase offsu/fsy to a

maximum of 1.20 reduces the switchover point between the twofailure modes toku=0.225 (Figure

8.22c), compared toku=0.4 whenfsu/fsy = 1.05 (Figure 8.22a). At higher elongation limits (Figure

8.23 and Figure 8.24), the effects of increased strain hardening of the reinforcement are more

pronounced on the wu/wd ratio at low ku value rather than increasing the ku at which the failure mode

switches to concrete crushing in the compression zone.

For low-elongation reinforcement, the strain hardening property has a marginal beneficial effect on

the safely achievable level of moment redistribution for a given ku. Figure 8.21a and c, show that

the maximum safely achievable MR increases from 0% forfsu/fsy=1.03, εsu=1.5% to 5% for

fsu/fsy=1.12,εsu=1.5%. Similar improvements are predicted for beams reinforced with steels having

εsu=2.5% (Figure 8.22), except that the maximum safe MR is increased to 12% for fsu/fsy=1.20.

While previous results for beams withfc=65 MPa andfsu/fsy=1.0 (Section 8.2.2), have already

demonstrated that for beams reinforced with steels havingεsu=1.5%, the design load for no moment

redistribution cannot be safely attained in some cases where ku<0.3 at the critical section.

Increasing the strain hardening ratio of the reinforcementto the minimum requirements for Class L

in AS 3600 (2001) does not significantly improvewu/wd in these cases, as shown in Figure 8.21a.

An increased fsu/fsy =1.07 ensures that beams designed with no moment redistribution and reinforced

with εsu=1.5% are safe. Results for increased ductility limits, corresponding to the requirements for

low ductility reinforcement in European codes, show that the beams used in this investigation with

fc=65 MPa can safely achieve 3% design moment redistribution (Figure 8.21b).

Figure 8.22 shows results for beams withfc=65 MPa and reinforced with steels meeting the

minimum Class N requirements in AS 3600 (2001). Predictionsshow that the current allowable

design moment redistribution can be safely achieved. The safety of the beams analysed in this

study, is however, significantly improved when the elongation limit of the reinforcement is

increased to 5.0% or even 8.0% (Figure 8.23 and Figure 8.24)
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Results for the simulations of members with a concrete strength of 85 MPa are shown in Figure

8.25 to Figure 8.28 for different combinations of reinforcement hardening ratio and uniform

elongation limits. At low elongation limits, in particularεsu=1.5%, beams do not have sufficient

rotation capacity in the critical region to satisfy the rotation demand for even the lowest level of

moment redistribution. Only if substantial over-strengthexists at the critical section, is the member

able to attain the design load for no moment redistribution.The results again indicate that low-

elongation reinforcement with a limit ofεsu=1.5% should not be used in PPC members with a

concrete strength greater than 50 MPa. Consequently, the use of Class L reinforcement in PPC

band beams analysed in this chapter results in the design load not being attained (Figure 8.25a).

The safety of beams withfc=85 MPa is improved for a reinforcement elongation limit of 2.5%.

Increasing over-strength, from steel strain hardeningfsu/fsy=1.20, allows members to attain the

design load for 10% redistribution without premature failure of the reinforcement (Figure 8.26c).

Figure 8.27 shows that fracture of the reinforcement governs the behaviour of the members

designed with ductile sections (ku<0.22) and 85 MPa concrete, even whenεsu=5.0%. An increase in

the elongation limit to 8.0% marginally improves the switchover point to failure by concrete

crushing in the compression zone (Figure 8.28). It must be noted, however, that premature failure

of the reinforcement, which affects the safety of the designrecommendations, only occurs for

design moment redistribution levels greater than 30% for both elongation limits.

Results presented on the following pages have been used to develop design limits for moment

redistribution in members having concrete strength greater than 50 MPa. The proposed moment

redistribution limits and reinforcing steel ductility requirements are presented in Section 8.3.
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(a) fsu/fsy=1.03, εsu=1.5%

(b) fsu/fsy=1.07, εsu=1.5%

(c) fsu/fsy=1.12, εsu=1.5%

Figure 8.25 - MR and wu/wd, beams with fc = 85 MPa, varying fsu/fsy and limited εsu= 1.5%
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(a) fsu/fsy=1.04, εsu=2.5%
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(b) fsu/fsy=1.11, εsu=2.5%

(c) fsu/fsy=1.20, εsu=2.5%

Figure 8.26 - MR and wu/wd, beams with fc = 85 MPa, varying fsu/fsy and limited εsu=2.5%
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(a) fsu/fsy=1.05, εsu=5.0%

(b) fsu/fsy=1.15, εsu=5.0%
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(c) fsu/fsy=1.30, εsu=5.0%

Figure 8.27 - MR and wu/wd, beams with fc=85 MPa, varying fsu/fsy and limited εsu=5.0%
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(a) fsu/fsy=1.06, εsu=8.0%

(b) fsu/fsy=1.19, εsu=8.0%

(c) fsu/fsy =1.38, εsu=8.0%

Figure 8.28 - MR and wu/wd, beams with fc = 85 MPa, varying fsu/fsy and limited εsu=8.0%
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Limited prestressing tendon elongation

Figure 8.29 to Figure 8.32 show the analysis results for prestressing tendon fracture atεpu=3.5%

and 6.0% using the simplified steel strain localisation factors listed in Table 8.6 on page 248 for

beams withfc=65 and 85 MPa. The carrying capacity with increasing tendonstrain hardening

properties are similar to those already discussed in the previous section for increasing reinforcing

steel strain hardening.

For the combinations of tendon elongation and hardening ratio investigated in this chapter, there

are no significant changes in the moment redistribution limits for an increased concrete strength

from 65 to 85 MPa. The switchover point from tendon fracture failure to failure in the compression

zone, increases slightly with increasing concrete strength: ku>0.25 forεpu=3.5% (Figure 8.31) and

ku>0.2 forεpu=6.0% andfc=85 MPa (Figure 8.32), compared withku>0.2 forεpu=3.5% (Figure 8.29)

andku>0.15 forεpu=6.0% andfc=65 MPa (Figure 8.30). The effects of premature tendon fracture on

the carrying capacity, can be alleviated by increasing the elongation limit of the tendon, shown in

Figure 8.29 forεpu=3.5 and Figure 8.30 forεpu=6.0%. An increase in the tendon strain hardening

with the default elongation limit of 3.5%, shows a slight improvement in the carrying capacity for

members failing by fracture of the tendon but has not effect on the switchover point to failure in the

compression zone (Figure 8.29 and Figure 8.31). Similar observations can be made for increasing

strain hardening ratios and an elongation limit of 6.0% (Figure 8.30 and Figure 8.32).
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(a) fpu/fpy=1.025, εpu=3.5%

(b) fpu/fpy=1.06, εpu=3.5%

(c) fpu/fpy=1.13, εpu=3.5%

Figure 8.29 - MR and wu/wd, beams with fc = 65 MPa, varying fpu/fpy and limited εpu=3.5%
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(a) fpu/fpy=1.04, εpu=6.0%

(b) fpu/fpy=1.08, εpu=6.0%

(c) fpu/fpy=1.16, εpu=6.0%

Figure 8.30 - MR and wu/wd, beams with fc = 65 MPa, varying fpu/fpy and limited εpu= 6.0%
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(a) fpu/fpy=1.025, εpu=3.5%

(b) fpu/fpy=1.06, εpu=3.5%

(c) fpu/fpy=1.13, εpu=3.5%

Figure 8.31 - MR and wu/wd, beams with fc = 85 MPa, varying fpu/fpy and limited εpu=3.5%
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(a) fpu/fpy=1.025, εpu=6.0%

(b) fpu/fpy=1.08, εpu=6.0%

(c) fpu/fpy=1.16, εpu=6.0%

Figure 8.32 - MR and wu/wd, beams with fc = 85 MPa, varying fpu/fpy and limited εpu=6.0%
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The influence of the prestressing tendon ductility (εpu and fpu/fpy) on the safely achievable moment

redistribution level (wu/wd ≥ 0.95) for increased concrete strength up to 85 MPa shown in Figure

8.31 and Figure 8.32 can be summarised as follows:

• The ductility of the prestressing tendon does not have an effect on the safely achievable level of

moment redistribution for members having a critical section ku>0.2. A small improvement in

wu/wd is predicted for a significant increase of fpu/fpy and ku<0.2.

• For members with the critical section havingku<0.2, the failure mode is predominantly by

fracture of the tendon whenεpu=3.5%. In these cases,wu/wd can be improved by increasing the

tendon elongation limit, which increases the deformation capacity of the critical region,

allowing increased moment redistribution to be realised. Similar improvements in wu/wd can also

be achieved with increasedfpu/fpy, due to an increase in the moment over-strength at the critical

section and a reduction in the strain localisation factors.The effects are similar to the effects

produced by increasingεpu. The elongation limit is a more effective at improvingwu/wd than the

strain hardening ratio, in particular for moderate to high levels of design moment redistribution

(>20%).

• For design using elastic analysis, the maximum allowable level of moment redistribution for

band beam members used in this study with concrete strength up to 85 MPa, is 15%, if the

elongation limit of the tendon is 3.5%, and 30% forεpu=6.0%. In each case, the maximum

moment redistribution should be limited to members having acritical sectionku<0.15. For

members withku>0.15, the allowable moment redistribution should be reduced and forku>0.35

no moment redistribution should be allowed.

8.2.4 Load Carrying Capacity with a Softening Hinge

For the results presented in the previous sections, the ultimate load carrying capacity from the non-

linear analysis corresponds to the load at nominal moment capacity of the critical section (usually

the interior support). For the cases of failure in the compression zone, the section may undergo

addition deformation beyond those at ultimate capacity. Inmost cases this post-peak softening of

the section results in reduction of the load. In other cases,the combination of a gradual rather than

sudden decrease in moment capacity at the critical hinge (support) and a reserve moment capacity

at the non-critical hinge (span) are sufficient to result infurther increases in load (Wood, 1968; Tse

and Darval, 1988). Figure 8.33a, for example, shows the results for one of the beams in Series A,

designed with a large amount of moment redistribution. The load is shown to increase past the

ultimate capacity of the interior support section (Mu.sup) with increasing moment capacity realised in
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the span (Mspan). A conservative estimate of the load was reported in this chapter because the

indeterminate beam behaviour with a softening hinge cannotalways be predicted reliably (Suet

al., 1994; Sanjayan and Darval, 1998). In some instances for example, the predicted beam response

with a softening hinge gives a reduction in maximum deflections with increasing hinge

deformations sometimes referred to assnap-backbehaviour (Bažantet al., 1987; Bažant and Becq-

Giraudon, 1999). All beam simulations were terminated either when the ultimate load was

predicted or snap-back occurred.
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(a) Load/Moment-Deflection response of a
beam with a softening hinge

(b) Comparison of ultimate load, with and
without softening hinges

Figure 8.33 - Carrying capacity with softening hinges 

Figure 8.33b shows a comparison of the predicted ultimate carrying capacity (wu) with and without

softening hinges, as a ratio of the design capacity (wd). The results for all simulation previously

presented in this chapter are shown, including different combinations of section ductility and

moment redistribution, concrete strength and steel ductilities. The chart is not to be interpreted as

an indicator of the design load safety. The predicted ultimate load with softening hinges is

improved over the more conservative estimate when the softening hinge behaviour is not

considered (Figure 8.33b). These observations are demonstrated with a decrease in the number of

results withwu/wd < 1.0 and an increase in the count of results withwu/wd > 1.0 for the case of

softening hinges. Figure 8.33b suggests that the results presented in this chapter for members

failing by crushing of the concrete in the compression zone can be slightly conservative.

Remembering that the steels must have sufficient strain capacity to allow softening of the hinge

under increasing deformation. For failure by fracture of the steel, similar results may be predicted if

a realistic stress-strain relationship is adopted for the steel which includes the stress softening

characteristics of the material. This behaviour was not taken into consideration in the present study,

with the fracture of the steel taken to occur at the ultimate steel stress.
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8.3 Recommendations for Design Practice

Recommendations for the design limits for moment redistribution using elastic analysis in the

Australian design standard (AS 3600, 2001) for partially prestressed members are presented in two

parts in this section. First, current allowable moment redistribution limits in AS 3600 (2001) are

compared with the numerical results for the minimum steel ductility requirements. Second, new

limits for moment redistribution with the current minimum steel ductility requirements are

proposed. New limits for moment redistribution are also suggested for the case where the minimum

steel ductility limits are increased above present values and for concrete strengths up to 85 MPa.

8.3.1 Evaluation of Existing MR Limits in Design Standards

Figure 8.34 shows the ratio of the predicted carrying capacity (from the non-linear analysis), to the

design load (according to AS 3600, 2001), for beam designs (fc = 40 MPa only) having different

combinations of design moment redistribution andku at the interior support. The results shown in

Figure 8.34 are categorised into members reinforced with Class L (Figure 8.34a) and Class N

(Figure 8.34b) reinforcement, and prestressing tendons with an elongation limit of 3.5% (Figure

8.35a). For the first two cases, the carrying capacity is evaluated for fracture of the reinforcement

or failure in compression zone, whichever governs. The results suggest that for member reinforced

with Class N reinforcement, failure of the member by fracture of the reinforcement occurs forku <

0.2 over the interior support. Regardless of the failure type, the results show that current limits for

moment redistribution in AS 3600 (2001) for Class L and ClassN reinforcement are safe for the

members analysed in this chapter in the strictest sense. It must be noted that some members

designed with 3% moment redistribution achieved a load ratio wu/wd of less than 0.9 (Figure 8.28).

For the results in Figure 8.35a the carrying capacity is evaluated for fracture of the prestressing

tendon at 3.5% or failure in the compression zone, whichevergoverns. In this case, the results

suggest that tendon fracture can occur for aku up to 0.25 at the interior support. The design load

according to elastic analysis with the maximum allowable moment redistribution is achieved safely

regardless of steel fracture or failure by concrete crushing.
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Figure 8.35b showswu/wd for failure in the compression zone, assuming bi-linear stress-strain

relationships for the steels with no strain hardening. AS 3600 (2001) design requirements for

elastic analysis with limited moment redistribution are shown to give a good approximation of the

upper limit of the safely achievable moment redistribution. To prevent failure by fracture of the

steels, a reinforcement elongation limit of at least 5.0% isrequired forku>0.2 and a prestressing

tendon elongation limit of approximately 4.0%. The requirements for values ofku lower than 0.2

cannot be determined from the member designs used in this study.

(a) Reinforcement failure, Class L (fsu/fsy=1.03, εsu=1.5%)

(b) Reinforcement failure, Class N (fsu/fsy=1.08, εsu=5.0%)

Figure 8.34 - MR and wu/wd, beams with fc = 40 MPa, for current AS 3600 minimum ductility
reinforcing steel ductility limits
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(a) Prestressing tendon failure (fpu/fpy=1.025, εpu=3.5%)
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(b) Failure in the compression zone (no steel strain hardening)

Figure 8.35 - MR and wu/wd, beams with fc = 40 MPa, for current AS 3600 minimum ductility
prestressing tendon ductility limits and for failure in the compression zone

Design limits for selected European design standards (CEB MC90, 1993; DIN1045-part 1, 2001;

EC2, 1992) are shown in Figure 8.36, for comparison purposes. The European design codes use a

similar approach as in AS 3600 (2001), that is the moment redistribution limits are a function of the

section ductility, concrete strength and steel ductility.The German design standard (DIN1045-part

1, 2001) is shown to give the best compromise of safe and maximum allowable moment

redistribution limits for members with a concrete strengthless than 50 MPa and reinforced with

normal or low ductility steels (Figure 8.36a and b). CEB MC 90(1993) and EC2 (1992) give a

slightly less conservative maximum moment redistributionlimit for low ductility steels. The

maximum moment redistribution limits for normal ductilitysteel also extend into a region where

the design load may not be achieved; that is for ku
10 > 0.25.

10 The notation in European design standard is actually x/d, which is equivalent to ku
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(a) fc=40 MPa, normal ductility steels (fsu/fsy=1.08, εsu=5.0%)

(b) fc= 40 MPa, low ductility steels (fsu/fsy=1.05, εsu=2.5%)

Figure 8.36 - Design MR and limits according to DIN , EC2 and CEB MC 90 categorised by steel
ductility classes for normal-strength concrete

Figure 8.37a shows that the no moment redistribution limitsin DIN1045-part 1 for members with a

concrete strength greater than 50 MPa and reinforced with low ductility steels. These limits are

shown to be safe by the results of the analysis. The results also show that for the combination of

high strength concrete and low ductility steels, EC2's (1992) maximum moment redistribution

limits can be unsafe. For the combination of normal ductility steels with high strength concrete,

EC2 (1992) design limits for moment redistribution are bordering on the unsafe (Figure 8.37a).

DIN1045 again gives a good upper limit for the allowable MR for this combination of material

properties.
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(a) fc=65 and 85 MPa
normal ductility steels (fsu/fsy=1.08, εsu=5.0%)

(b) fc=65 and 85 MPa
low ductility steels (fsu/fsy=1.05, εsu=2.5%)

Figure 8.37 - Design MR and limits according to DIN , EC2 and CEB MC 90 categorised by steel
ductility classes for high-strength concrete
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8.3.2 Proposed Design MR Limits and Ductility Requirement

8.3.2.a Recommendations for Design with Current Steel Ductility Classes

Results of the parametric studies presented in this chaptersuggest that the current limits for

moment redistribution with elastic analysis in AS 3600 (2001), are adequate for partially

prestressed band beams. No changes to the design limits for members with a concrete strength up to

50 MPa are proposed for the current minimum steel ductility requirements (listed in Chapter 2).

Changes are however proposed, if the design limits are to be extended to higher strength concretes.

A reduced envelope for the design moment redistribution is suggested for members with a concrete

strength up to 85 MPa. The proposed reduced design moment redistribution limits are shown

graphically in Figure 8.38, and below the governing equations are given:

For: ku≤0.15 allow a maximum of 15% moment redistribution of the interior support

For: 0.15<ku≤0.35 let the allowable moment redistribution be 75 (0.35 – ku) %

For: ku>0.35 no redistribution is to be allowed

0

10

20

30

40

50

60

0 0.1 0.2 0.3 0.4 0.5 0.6

k u

M
R

 [
%

]

Current envelope

Reduced envelope

Steel
Ductility

Class

Concrete Strength

fc≤50 MPa 50<f c≤85 MPa

Class L 0 Not recommended
practice

Class N Current envelope Reduced envelope

Figure 8.38 - Proposed moment redistribution limits and section ductility requirements for design
with elastic analysis in AS 3600 (2001) using current minimum steel ductility limits

No moment redistribution should be allowed for partially prestressed band beams reinforced with

Class L steels, given the current minimum steel ductility requirements in AS 3600 (2001). Moment

redistribution, according to the proposed reduced moment redistribution envelope, is allowed for

concrete strength up to 85 MPa, using the current Class N minimum steel ductility requirements.

To prevent sudden failures by steel fracture, it also recommended that Class L steels are not to be

used in partially prestressed band beam construction usingconcrete strength greater than 50 MPa.

The current minimum elongation limits for multi-strand prestressing tendons in Australian design

standards, are adequate to ensure safe design load predictions with elastic analysis and the existing

moment redistribution limits, as well as the limits proposed in Figure 8.38 for high-strength

concrete. There is no need to impose a minimum strain hardening for the prestressing tendon
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because the design load according to elastic analysis with the suggested moment redistribution

limits can be safely achieved with no strain hardening. In practice, the prestressing tendon will

exhibit some strain hardening, which improves the already safe design limits.

8.3.2.b Recommendations for Design with Increased Steel Ductility Limits

The first and most important recommendation for the proposed minimum steel ductility

requirements is the extension of the minimum uniform elongation of Class L reinforcing steel, from

1.5 to 2.5%. The strain hardening properties of the steel should also be increased, bringing the

modified minimum ductility requirement in line with current EC2 (1992), CEB MC 90 (1993) and

DIN1045-part 1 (2001) requirements:

For the reinforcing steel, modified Class L: fsu/fsy≥1.05 and εsu≥2.5

A limited amount of moment redistribution could be allowed for the proposed changes in Class L

minimum steel ductility requirements with elastic analysis in AS 3600. The reduced moment

redistribution envelope shown in Figure 8.38 is an adequatelimit for members with a concrete

strength less than 50 MPa.

Results of the parametric studies indicate that the currentallowable moment redistribution limits

with Class N steels and the present minimum elongation requirements are sufficient for partially

prestressed band beam members. Therefore, no changes to thecurrent Class N steel ductility

requirements are proposed.

The moment redistribution limits for higher strength concrete (up to 85 MPa), could be increased if

a new steel ductility class with higher than normal minimum ductility requirements is introduced.

The following minimum requirements for Class H steels (highductility reinforcing steel and

prestressing tendon) are suggested:

For the reinforcing steel, Class H: fsu/fsy≥1.15 and εsu≥8.0

For the prestressing tendon, Class H: fpu/fpy≥1.08 and εpu≥6.0

The reinforcing steel requirements are identical to those in the DIN1045-part 1 (2001) for Type E

reinforcing steels. Increased prestressing tendon limitsabove the present minimum requirements,

are necessary to prevent premature tendon fracture in members designed with moment

redistribution and a concrete strength up to 85 MPa. Figure 8.39 shows a summary of the proposed

moment redistribution limits and section ductility requirements for design with elastic analysis, as

function of the minimum steel ductility requirements.
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Figure 8.39 - Proposed moment redistribution limits and section ductility requirements for design
with elastic analysis in AS 3600 (2001) using increased minimum steel ductility limits

The proposed design recommendations for elastic analysis in AS 3600 (Figure 8.39) are based on

the assumption that the compression zone has the deformation capacity implied by the assumed

concrete stress-strain relations used in the non-linear analysis. DIN 1045-part 1 (2001) specifies

closer spacing of the stirrups for high strength members design with elastic analysis and moment

redistribution. Further studies are necessary to check whether the current AS 3600 (2001)

requirements are sufficient to ensure adequate post-peak deformation capacity of the compression

zone to allow the proposed moment redistribution limits.

It must also be remembered that the proposed design limits are valid only for the beams analysed in

this study. Further numerical and experimental studies arenecessary to check these design limits

for other structural concrete members; including reinforced beams and partially prestressed

members with low degrees of prestressing, and structural members having smallerB/D than the

band beams used in this study.

8.4 Summary

In this chapter the allowable limits of moment redistribution for elastic analysis were investigated

for a typical interior span of continuous partially prestressed concrete (PPC) beam using a non-

linear method of analysis. Four series of PPC band beam members with two different depth and

span-to-depth ratio having constant prestressing detailswere analysed, where each beam contained

different quantities of top and bottom reinforcement producing unique combinations of increasing

design moment redistribution and increasing neutral axis parameter (ku) at the interior support. The

influence the concrete strength and steel ductility have onthe ultimate carrying capacity of each

beam were also investigated. The carrying capacity of the beams was evaluated with smeared block

analysis for failure by crushing of the concrete in the compression zone. To account for the effects

of steel fracture on the carrying capacity for different steel elongation limits, the deformation
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capacity of the critical region was limited when the peak reinforcement or prestress strain exceeds

the elongation limit. The peak steel strains were approximated with unique simplified steel strain

localisation factors relating to the steel quantity, ductility, and concrete strength of each beam

(evaluated in Chapter 6) and using the steel strains from thesmeared block analysis. It was hence

possible to compare the predicted ultimate carrying capacity from the smeared block analysis (wu)

with the design load according to Australian concrete structures standard (wd), and evaluate the

combinations of design MR and ku that are safe (i.e. wu/wd≥0.95).

Figure 8.40 shows the area on a design moment versus neutral axis parameter chart which has been

identified as safe for the beams analysed in this study if failure in the compression zone is assured

with the steels having sufficient ductility. The current maximum allowable limits for moment

redistribution using elastic analysis in AS 3600 (2001) arealso shown and are within the area

designated assafe. Results of this study have shown that the present minimum ductility

requirements for Class N reinforcement and the minimum elongation limits for prestressing

tendons are sufficient to ensure the maximum design moment redistribution is achieved safely for

concrete strength of 40 MPa. For the case of Class L reinforcement, only a very small amount of

moment redistribution is safely achieved and hence the present no moment redistribution limit in

AS 3600 (2001) for low-elongation reinforcement should not be changed.

Figure 8.40 - Maximum safe limits of moment redistribution for failure in the compression zone

The area marked assafein Figure 8.40 is slightly reduced for beams having a concrete strength of

up to 85 MPa as shown by the dashed line, marking an extension of the unsafearea. The ductility

requirements for the reinforcement and prestress to prevent premature steel fracture increase with

increased concrete strength, for a given moment redistribution andku combination. Based on the

results of the beams analysed in this chapter, suggestions were made for the maximum allowable

levels of moment redistribution and the minimum steel ductility requirements for high-strength

concrete members. It has also been shown that for beams reinforced with low-elongation steels
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(1.5%), the design load may not be achieved safely when the beam is designed with no moment

redistribution and has a concrete strength in excess of 40 MPa. Based on these results and the

overall safety of structures reinforced with Class L reinforcement, it is suggested in this study that

the Class L minimum ductility requirements should be increased to the levels specified in European

design codes.

The influence of the concrete strength and steel ductility on the safely achievable moment

redistribution using elastic analysis for PPC band beams, are summarised as follows:

• The maximum safe limits of moment redistribution are not significantly effected by the concrete

strength or strain hardening properties of the reinforcement and prestress for failure in the

compression zone. Instead, the strain demand on the steels to prevent premature failure of the

steel, increases with increased fc and decreased fu/fy.

• The criticalku where the failure mode changes from fracture of the reinforcement to concrete

crushing in the compression zone is controlled more effectively by the elongation limit than the

strain hardening properties.

• For low-elongation reinforcement withεsu up to 2.5%, an increase in the steel strain hardening

ratio results in an increase of the safely achievable level of moment redistribution for all beams.

For normal and high-elongation reinforcement, the steel strain hardening ratio does not improve

the maximum safely achievable moment redistribution levelbut instead improves thewu/wd of

the beams in the area shown assafein Figure 8.40. The effects are greatest for lowku values,

where the steel activation (strains at ultimate) is the greatest.
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9CONCLUSIONS AND RECOMMENDATIONS

In this thesis a theoretical investigation is made of the non-linear overload behaviour of partially

prestressed flexural members. A primary aim of the study wasthe development of a local

deformation model to evaluate the local behaviour and strain localisation in highly stressed

regions in reinforced and partially prestressed concrete beams containing multiple layers of steel.

A second aim was to develop an effective non-linear method ofanalysis to predict the full-range

behaviour of continuous partially prestressed concrete beams. Parametric studies investigating the

influence of different material and structural properties on the plastic rotation capacity of a typical

interior support region in continuous beam were undertakenusing the local deformation model.

An evaluation of the current limits for moment redistribution and ductility requirements for elastic

analysis in AS 3600 was undertaken with partially prestressed band beams using a smeared block

analysis. This chapter summarises the findings of the study, listing the main conclusions,

implications for design and suggestions for future research.
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9.1 Conclusions

(a.1) A non-linear analysis model capable of predicting flexural deformation in highly stressed

region of reinforced and prestressed members has been developed. The model predicts the

progressive formation of cracks from local reinforcement strains. Tensile steel strain

variations between cracks are evaluated by satisfying the requirements for bar equilibrium

and slip compatibility between the steel and concrete usingrealistic assumptions of the local

bond stress-slip behaviour. The analysis adopts a rigorousstatement of deformation

compatibility, allowing members with more than one layer oftension reinforcement and/or

prestress to be analysed as well as the magnitude of strain localisation in the steel at cracks.

This advancement in the analysis model replaces the need forassuming strain compatibility

between the reinforcement and concrete at cracks, used in previous discrete crack block

models.

(a.2) The local deformation treatment has been applied to regions of maximum moment in

determinate and indeterminate members and computer programs have been developed to

predict the full range behaviour of continuous beams. A deformation controlled loading

procedure is used to predict the behaviour from first application of prestress up to first

cracking, through progressive crack formation, up to yielding of the reinforcement and

prestress into high overload and up to the ultimate moment capacity of a critical section.

Failure by fracture of the steel or by crushing of the concrete in the compression zone can be

predicted. The indeterminate beam analysis, evaluates initial effects of prestress including

secondary moments using an elastic analysis, and satisfiesboundary conditions to evaluate

the bending moment distribution for a given deformation increment.

(a.3) Comparisons between measurements from past test datausing reinforced and partially

prestressed beams, and predictions by the non-linear analysis programs, demonstrate the

ability of the deformation model to accurately predict rotation capacity for failure in the

tension and compression zone. Furthermore, the analysis program can accurately predict the

full load-deflection response, crack width and cracking pattern, deflected shape and local

peak reinforcement strains at cracks at all stages of loading of continuous and determinate

beams.

- 281 -



CHAPTER9  - CONCLUSION SAND RECOMMENDATIONS

(a.4) In the local deformation analysis, a simplifying assumption is that local concrete

compressive strains at a crack are equal to average strains in the concrete over the crack

spacing. A similar assumption is used for the neutral axis ofstrain at a crack and the neutral

axis of deformation over a crack spacing. Both assumptions were shown to be more than

adequate when comparing the predicted behaviour of past beam test results with the analysis

using various combinations of ratios of average and local values.

(a.5) Modifications to the local flexural deformation treatment were made to account for the

effects of inclined shear cracks in regions of high moment-shear using the truss analogy

approach. This flexural-shear approach is used to evaluatea discrete reduction in stresses in

the tension steel at stirrup locations using equilibrium between the external and internal flow

of forces. Between stirrups the stresses in the tension steel are taken to remain constant.

Outside the flexural-shear region, the local steel behaviour is evaluated using the flexural

treatment. The local deformation analysis can be run with and without the flexural-shear

treatment activated. In a comparison with a number of past continuous beam tests, slight

improvements in the predicted load-deflection response are observed when the flexural-shear

treatment was used to model the plastic hinge over the interior support, compared with the

results using the flexural treatment. The predicted carrying capacity was almost identical,

lending itself to the conclusion that the flexural deformation treatment is adequate for

modelling highly stressed regions in a continuous partially prestressed concrete members

failing by flexure.

(a.6) Computation times for the local deformation analysisof a typical beam with two spans and

containing multiple layers of steel took more than ten hourson current computer hardware.

These times were too high to allow the use of the local deformation model in an

investigation of moment redistribution limits for design.A smeared block model was

therefore adopted as an alternative to the local deformation model. It was shown by

comparison to past beam tests that the smeared model is capable of accurately predicting the

carrying capacity of continuous PPC beams failing in the compression zone. Steel strain

localisation factors were used to improve the accuracy of the smeared block model in

predicting deformation capacity of highly stressed region failing by steel fracture.
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Parametric studies of the factors influencing the deformation capacity of a typical interior support

region in a continuous partially prestressed concrete beam, neglecting the effects of shear, were

undertaken with the local deformation model. The main parameters investigated include: the

reinforcing steel percentage, depth and span of the member,prestressing details including the

degree of prestressing and tendon profile, assumed stress-strain response of the steels including

different uniform elongation limits, average crack spacings, and properties of the compression zone

including the quantity of compression reinforcement, concrete strength and assumed post-peak

stress-strain response in compression. Results of the parametric evaluations of deformation

capacity are summarised in the following remarks:

(b.1) Parameters influencing the plastic rotation capacity of reinforced concrete members have a

similar effect on the behaviour of partially prestressed members, that is the total steel

percentage for example has a strong effect on the rotation capacity. Increasing rotation

capacity is observed for decreasing total steel percentages for failure in the compression

zone.

(b.2) For failure by steel fracture, the rotation capacity depends primarily on the uniform

elongation limit and the strain localisation factor of the steel. The steel strain localisation

factor relates average steel strains to peak steel strains at a crack. An increase in steel strain

localisation factor reduces the rotation capacity for a fixed steel elongation limit. 

(b.3) The strain localisation factor is larger for reinforcing bars than for prestressing tendons,

because of the lower bond capacity of the tendon. Steel strain localisation factors increase

with increased concrete strength, crack spacing and bond capacity, decrease with increasing

tensile steel percentage, steel strain hardening ratio, spreading of the load and degree of

prestressing. The steel strain localisation factors remain the same for different quantities of

compression reinforcement and concrete post-peak deformability.

(b.4) For failure in the compression zone, the effects of parameters influencing the local steel

strain behaviour between cracks, including the crack spacing, local bond conditions and

assumed steel stress-strain response of the steels, were shown to have a small effect on the

rotation capacity. For failure of the steels the opposite applies as described in (b.3).

(b.5) The properties of the compression zone have a significant effect on the rotation capacity for

failure in the compression zone. Increases in rotation capacity occur with increased concrete

strength, concrete post-peak deformability and quantities of compression reinforcement.
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(b.6) A comparison of predicted plastic rotation capacities for PPC band beam members with

simplified relationships of the available rotation capacity suggested in design codes for

plastic analysis, show that the CEB MC 90 (1993) is unconservative at high steel percentages

for all steel ductility classes, becoming increasingly conservative for low steel percentages

and failure in the compression zone. Limits given in DIN1045-part 1 give a better lower

bound but are shown to be unconservative for x/d>0.35.

An evaluation of the current limits for moment redistribution and section ductility requirements in

the Australian concrete structures standard (AS 3600, 2001) was undertaken for a typical interior

span of a continuous PPC band beam. Four series of beams with fixed dimensions and prestressing

details and having different quantities of top and bottom reinforcement (i.e. design moment

redistribution and section ductility) were analysed with asmeared block analysis. The design load

according to AS 3600 (2001) using a linear elastic analysis and moment redistribution was

compared with the predicted carrying capacity from the non-linear analysis. This way the safety of

beams designed with different levels of moment redistribution and having different section

ductilities were evaluated and the effects of different concrete strengths and steel ductilities

investigated. The findings of the parametric studies of safe moment redistribution levels are

summarised as follows:

(c.1) When the steels have sufficient strain capacity to ensure failure in the compression zone, the

maximum safe moment redistribution is 20% forku>0.3, which increases linearly to 50% at

ku=0.15 for beams with a concrete strength of 40 MPa. For increased concrete strength, the

safe limits for moment redistribution are reduced slightly by reducing the ku limits by 0.05.

(c.2) The maximum safe limits of moment redistribution are not significantly affected by the

strain hardening properties of the reinforcement and prestress for failure in the compression

zone. Instead, the strain demand on the steels to prevent premature failure of the steel

increases with increased fc and decreased fu/fy.

(c.3) For low-elongation reinforcement withεsu up to 2.5%, an increase in the steel strain

hardening ratio results in an increase of the safely achievable level of moment redistribution

for all beams. For normal and high-elongation reinforcement, the steel strain hardening ratio

does not improve the maximum safely achievable moment redistribution level but instead

improves thewu/wd of beams already safe. The effects are greatest for lowku values, where

the steel activation (strains at ultimate) is the greatest.
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(c.4) The criticalku where the failure mode changes from fracture of the reinforcement to concrete

crushing in the compression zone is controlled more effectively by the elongation limit than

the strain hardening properties. For low elongation reinforcement (εsu = 1.5%), the

deformation capacity of a critical region is severely limited and the design load may not be

achieved in beams with concrete strength greater than 50 MPaand designed with no moment

redistribution.

(c.5) Premature tendon failure does not occur for the minimum elongation limit currently used in

most design standards (3.5%) and a design moment redistribution level less than 40% for

concrete strength up to 50 MPa. A minimumεpu = 6.0% is necessary to prevent premature

tendon fracture for 50 < fcm < 85 MPa and design moment redistribution levels up to 30%.

(c.6) The maximum allowable limits for moment redistribution in AS 3600 (2001) were evaluated

with the current minimum reinforcement and prestress ductility requirements. Design

recommendations were also proposed for beams with a concrete strength up to 85 MPa. The

findings and suggestions are presented in the recommendations for design given below.

9.2 Recommendations for Design

Results of the investigation undertaken in this thesis suggest that current requirements relating to

elastic analysis with limited moment redistribution in theAustralian standard for concrete

structures (AS 3600, 2001) are adequate for partially prestressed band beam members. Moreover,

there exists no need to impose minimum ductility limits on prestressing tendons to prevent

premature tendon fracture, other than the minimum uniform elongation limit of 3.5% stated in AS

1310 and AS 1311.

Numerical simulations of the overload behaviour of PPC bandbeams demonstrated that current

design clauses need only minor modifications to accommodate an extension of the design standard

to beams constructed with high-strength concrete (fc>50 MPa). Recommendations are given below

for moment redistribution limits and minimum ductility requirements based on the results for the

structures analysed in this study.

The minimum reinforcing steel ductility requirements for the proposed allowable moment

redistribution levels are:

Class L: fsu / fsy = 1.05, εsu = 2.5% (extended minimum elongation limit)

Class N: fsu / fsy = 1.08, εsu = 5.0% (unchanged to present requirements)

Class H: fsu / fsy = 1.15, εsu = 8.0% (new ductility class)
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and for prestressing tendons:

Class N: εpu = 3.5% (present minimum requirement)

Class H: εpu = 6.0% (new ductility class)

Requirements for simplified approach using elastic analysis with limited moment redistribution in

AS 3600 (2001), are reduced to a single design clause supported by an illustration outlining the

allowable limits for moment redistribution and minimum section ductilities for normal and high-

strength concrete. Minimum steel ductility classes are specified using the above proposed

requirements. An example of the possible layout of such a Clause is given below. The numbering

corresponds to the sections currently used in AS 3600 (2001).

7.6.8 Simplified approach

(a) The elastic bending moment distribution before redistribution is determined in accordance with

Clause 7.6.5(a) assuming uncracked cross-sections.

(b)The positive bending moment is adjusted to maintain equilibrium.

(c) Where the requirements for the neutral axis parameter inall peak moment regions and the

redistribution limits are to be taken according to the limits given in Figure 9.1, and where all

reinforcement and prestressing meets the minimum steel ductility class requirements.
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Figure 9.1 - Proposed limits for design moment redistribution with proposed steel ductility classes
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9.3 Suggestions for Further Research

The present research has shown the importance of using deformation compatibility rather than

strain compatibility in the non-linear analysis of partially prestressed members. Further research

examining the local deformation behaviour of such beams would be beneficial. Specifically, the

following specific areas of research are of importance:

• Development and testing of the present analysis model with the aim of reducing computational

time and improve numerical stability. The final aim should be an efficient and robust analysis

method for indeterminate members containing multiple layers of tension steel.

• Improvements to the present modelling of the compression zone, including a local variation in

the outermost compressive concrete strain and the neutral axis depth.

• Improved handling of shear effects, including plastic shear deformation and an extension of the

flexural-shear model to explicitly account for the presence of prestressing tendons.

• Extension of the analytical model and analysis method to PPCbeams containing unbonded

tendons, members with external prestressing, and composite members with non-metallic

reinforcement including external glued or bolted plating.

• Further numerical studies investigating the influence of member cross-section including T- and

I-sections, high-strength concrete, and reinforcement and tendon layout on the local deformation

behaviour of PPC beams.

• Further numerical studies investigating the effect of different tendon profiles used in practice,

layouts of continuous beams subjected to loading other thanuniformly distributed loads

(multiple loading cases that give a bending moment envelopes), and the effect of different span

layouts (unequal span length), on the allowable moment redistribution limits for design, their

implications on the carrying capacity and system behaviour.

• Development of bond stress-slip models for prestressing steels through experiments and analytic

investigations, which is applied in local deformation models.

• Additional experimental testing of PPC beams with realistic dimensions and detailing used in

practice. Importance must also be placed on measurements and experimental reporting, which

should include local deformations such as local steel and concrete strains, crack width, and
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curvatures at different locations along the member and at all stages of loading. Beam tests by

Eibl, Mora and Strauß (1983) and the reporting of measurements are an excellent example of the

type of experimental data invaluable for comparison and assessment of the accuracy of local

deformation models.

• Development of plastic analysis methods for the Australianstandard for concrete structures (AS

3600), whereby simple and accurate relationships for calculating the available and required

plastic rotation capacity in plastic hinge regions of continuous beams are detailed. A unified

approach to ductility requirements relating to structuralanalysis of RC and PPC may be

possible.
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Appendix A

ACONSTITUTIVE MATERIAL LAWS

Appendix A contains a listing of the constitutive material laws used in this thesis. A review of the

bond behaviour of ribbed reinforcement bars and multi-strand prestressing tendons is also

presented. Different bond stress-slip models, previouslyused in discrete crack block analysis, are

discussed and the relevant bond parameters listed. The local bond stress-slip relations and

parameters by Kreller (1989) for ribbed reinforcement bars, and Li (1998) for prestressing

tendons were selected in this study. 

In Appendix B, the results of a comparison of the simulation data from discrete crack block

analysis using various material modelling assumptions, and past beam test observations are

presented. This investigation allowed the default material models for the parametric study of

plastic rotation capacity (Chapter 6) and moment redistribution (Chapter 8), to be chosen.
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APPENDIX A - CONSTITUTIVE MATERIAL RELATIONS

A.1 Concrete Stress-Strain Models

There are several different stress-strain models for concrete in compression, which have been

previously used to analyse partially prestressed members.Outlined here are the governing

equations of the models built into the material library of the discrete crack block model used in this

thesis.

Cusson and Paultre's (1995) relationship for the stress-strain response of concrete in compression is

used as the default material law in this thesis. The relationship is defined solely by the compressive

strength (fc) and a post-peak parameter (εc.50), which described the strain at 0.5fc (the value reflects

the level of confinement). The additional parametersk through tok2 describe the shape of the

ascending and descending parts of the stress-strain curve.

c= f c

k c/cu

k1c/cu
k : 0≤c≤cu

c= f cEXPk1ccu
k2 : ccu

k=Ec/Ec
f c

cu

 ; k1=log
0.5

c50c
k2

; k 2=1.5

(A.1)

Warner's (1969) has been used in an analytical study of tension-stiffening effects in reinforced

concrete members (Gilbert and Warner, 1978; Gravina, 2002):

c=k1 f c[1
c

cu

321
c

cu


2

12]
c

cu


3

: 0≤c≤cu

c=k1 f c1[ 12c/cuc/cu
2

1222
2 ] : cu≤c≤cu2

c=0 : cu2c

1=
Ecocu

k1 f c

(A.2)

wherek1 is a factor accounting for increased concrete strength due to confinement (usually set to

unity) and γ2 is the normalised strain at zero stress.

Tomaszewicz's (1984) expression applies to NSC and HSC concrete. The model has been shown to

compare well with experimental data and has been used in analytical studies by Hadi (1995):

c= f c

c

cu

n

n1c/cu
kn : 0≤c≤cu

c=0 : cuc

Ecu= f c/cu

(A.3)
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The material parametersn and k in expression A.3 are evaluated from cylinder tests or the

simplified expression listed in Table A.1 can be adopted. The original suggestions by Tomaszewicz

(1984) to calibrate the model with the concrete compressivestrength only are adopted in this study.

Other expressions have been suggested by Thorenfeldtet al. (1986) and Hadi (1995), as shown

below.

Table A.1 - Parameters for defining Tomaszewicz's (1986) concrete stress-strain model

Reference εεεεcu n
k

c≤cu ccu

Tomaszewicz (1984) n=Eco/EcoEcu k=1 k= f c/20

Thorenfeldt et al. (1987) User input n=0.8 f c/17 k=1 k=0.67 f c/62

Hadi (1995) User input n=Eco/EcoEcu k=1 k=1

The stress-strain model for concrete in compression after the CEB MC 90 (1993) is given below.

The relationship applies to normal and high-strength concrete up to a compressive strength of 90

MPa. For higher concrete strengths, the model predicts almost no post-peak behavior and the

descending part is almost vertical:

c= f c[ Eco/Ecuc/uc/cu
2

1Eco/Ecu2c/cu ] : c≤c.lim

c= f c[ 

c.lim/cu


2
c.lim/cu

c

cu


2

 4
c.lim/cu

 c

cu]
1

: c≤c.lim

=
4[c.lim/cu

2Eco/Ecu22c.lim/cuEco/Ecu]

[c.lim/cuEco/Ecu21]2

c.lim=cu
1
21

2

Eco

Ecu

1[1
41

2

Eco

Ecu

1
2


1
2]

0.5

cu=0.0022

(A.4)

Hognestad (1951) stress-strain model for concrete in compression and modified forms of it, have

been widely adopted in past non-linear analytical studies (Burns, 1964; Ahmad and Shah, 1979;

Kang and Scordelis, 1980; Kodur, 1992). The governing equations are shown below:

c= f c⋅[ AXBX 2

1CXD X 2]
A=2 ; B=1 ; C=0 ; D=0 ; X=c/cu

(A.5)
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Coefficients A, B, C and D have also been evaluated from experimental data with expressions

derived for unconfined/confined and NSC/HSC. Examples arefound in Desayi and Krishnan

(1964), Ahmad and Shah (1979, 1985), Exner (1984) and Carriera and Chu (1985, 1986).

A.1.0.a Concrete in Tension

The tensile concrete stress is taken to increase linearly from zero with a slope of Eco up to a limiting

value equal to the tensile concrete strength. A non-linear relationship (CEB, 1995) between the

compressive concrete strength and the tensile concrete strength, valid for normal- and high-strength

concrete, is adopted:

f ct=1.8 f c

18.0
0.6

(A.6)

where fct  is the maximum tensile concrete stress, which is also the fracture stress.

The tangent modulus of elasticity of concrete in tension andcompression is evaluated according to

a simple expression used in many Australian concrete design textbook (Warner et al., 1998).

Eco=5050 f c (A.7)

Other expressions have been suggested by Carrasquillo et al. (1981), Jobse and Moustafa (1984).

- A5 -



APPENDIX A - CONSTITUTIVE MATERIAL RELATIONS

A.2 Steel Models

In its simplest form the stress-strain response of reinforcing steels in tension can represented by a

bi-linear relationship. This relationship consists of an elastic and a plastic branch:

Bi-Linear: s=Ess : ssy and s=EssyEshssh≤ f su : sy≤s (A.8)

A.2.1 Heat Treated Steels

Relationships to model the stress-strain response of natural and hot-worked reinforcing steels:

- Wang, Shaw and Naaman (1978):

s=Ess : 0≤ssy and s= f sy : sy≤s≤sh (A.9)

s= f syEshssh[1 shssh

4 f su f sy] : ssh

- Modified Ramberg and Osgood (1943):

s=
s

Es

sy
s

f sy


m

: s f sy and s=
s

Es

shsy
s

f sy


m

: s≥ f sy (A.10)

      with m=
ln sush/su

ln  f su/ f sy

A.2.2 Cold Worked Steels

Models for cold-worked reinforcing and prestressing steel include:

- Ramberg and Osgood (1943):s=
s

Es

sy
f s

f sy


m

where m=
ln su/sy

ln  f su/ f sy
(A.11)

- Warwaruk, Sozen and Siess (1962):

s=Ess : s≤ f sy and s= f sy/EsK s f sy
N : f sys f l (A.12)

       with fl being the stress at the onset of the second linear branch.

- Blakeley and Park (1973):

s=Ess : 0≤ssy

s= f sy[ Qssy2

60ssy2


ssy60Q

230susy12] : sy≤s≤su (A.13)

 where Q=[ f su/ f sy30susy1260susy1]/[15susy
2]
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- Sargin (1971): s=[EsEshs]/[1 EsEshs

f sy


n

]
1/n

Eshs (A.14)

In addition, there are some stress-strain models particularly suited to prestressing steel. These

include the Power Formula, Simplified Power Formula and an expression by Goldberg and

Richards (1963).

- Power Formula: f p=E pp[Q1Q/1 E pp

K f py


N


1/N

] (A.15)

where Q= f puKf py/EppKf py nd K, N are material constant

- Simplified Power Formula (Devalapura and Tadros, 1992):

f p=p[AB/1C p
D1/D ]≤ f pu (A.16)

 with constants A=Ep f pu f po/Eppu f po , B=EpA and C=Ep/ f po

      where fpo is equivalent to Kfpy in expression A.15

- Goldberg and Richard (1963):p=[Epp]/[1Epp

f pu


N

]
1/N

(A.17)

where N is a material constant with a value ranging between 2 and 5.

Material constants for prestressing steel common in North America in expressions A.15 to A.17

have been evaluated by a number of authors. Constants for Goldberg and Richard and Menegotto

and Pinto are found in Naaman (1985), with values for the minimum requirements specified in

ASTM provided as well as 160 ksi (1104 MPa) bars, 230 ksi (1620MPa) wires and 270 ksi (1863

MPa) strands. Similar constants are also given for each of the power formulas in the respective

references and in Mattock (1979).
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A.3 Bond Stress-Slip

In dealing with the complex issue of bond modelling, an overview of the bond mechanism for

reinforcing bars and prestressing tendons is presented at the beginning of this section. A review of

bond models and parameters follows, before a schematic bondmodel is selected for use in the

analysis described in this thesis. Theoretically, any bondrelationship could be adopted in the

analysis, however the schematic bond by Eligehausenet al. (1983) is selected with bond data for

reinforcing bars and prestressing tendons available in theliterature. The bond behaviour and

models in the literature are presented separately for a ribbed reinforcement bar and prestressing

tendon. An evaluation of bond parameters with past experimental beam tests is undertaken in

Appendix B

A.3.1 Bond of Ribbed Bars

The bond characteristics of bars in concrete can best be described by a relation between local bond

stress and local slip of the bar (Rehm, 1961). The nature of bond stress-slip under monotonic

loading is non-linear and a unique bond stress-slip relationship is difficult to define. Large

experimental scatter exists between characteristic bond stress values even under controlled

conditions (see for example, Claude and Soretz, 1975). Pull-out tests with short embedment length

are used to determine the local bond stress-slip response ofa steel bar subjected to increasing

movement relative to the concrete (slip).

A.3.1.a Overview of Ribbed Bar Bond Mechanism

A typical local bond stress-slip response of a ribbed reinforcement bar in concrete is shown in

Figure A.1. The illustration is been taken from Eligehausenet al. (1983) and is used here to

describe the mechanisms of bond for ribbed reinforcement bars. The behaviour has been described

in detail by Eligehausen et al. (1983) for monotonic and cyclic loading, and is presented in short.

Bond forces between the steel and concrete interface are generated by three mechanisms; mainly

mechanical interlock between the reinforcing bar ribs and concrete, frictional resistance to

movement and chemical adhesion to the concrete. When a reinforcement bar first undergoes

movement relative to the concrete, the bond resistance is made up by adhesion. Further increases in

slip mobilise interlock forces between the cement past and microscopic irregularities of the bar as

well as the mechanical interlocking between lugs and concrete (Eligehausenet al., 1983). So called

“Goto” or bond cracks occur at say point A in Figure A.1 left, because of the tensile stresses in the

concrete around the bar generated from the pressure of the lugs on the concrete (Figure A.2). These

cracks were first shown experimentally by Goto (1971) and later analytically with FEA (Lutz,

1970; Martin, 1973; Ma, Bertero et al., 1976; Yannopoulos, 1976; Viwathanatepa et al., 1979).
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Figure A.1 - Bond mechanism after Eligehausen et al. (1983, pp. 149)

Figure A.2 - Internal bond cracks and forces acting on the concrete after Goto (1971) taken from
Eligehausen et al. (1983, pp. 85)

The stiffness of the concrete around the bar is reduced by cracking and larger slip increments are

necessary for further bond-stress increases compared to the uncracked state. Bond stresses are

achieved by the inclined compressive forces spreading fromthe lugs into the concrete in a cone-

like manner at an angleα (Tepfers, 1979). The radial component shown in Figure A.3 generates an

internal pressure on the concrete and causes splitting cracks by induced tensile hoop stresses

(centre Figure A.1 point B). The bond resistance drops quickly to zero, if these splitting cracks

reach the concrete surface, which is the case for conditionsof low confinement. In the presence of

confinement, such is the case in properly designed structural beams, the bond stresses increases

further approaching a maximum value at point C in Figure A.1 centre.
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Figure A.3 - Schematic representation of radial bond force components balancing against tensile
stress rings in concrete after Tepfers (1979, pp. 5)

The maximum bond stress capacity would be maintained up to a displacement equal to the clear

lug spacing, if the compression action of the ribs on the concrete keys did not initiate a shear crack.

This shear failure affects the concrete between lugs and under increasing slip, reducing the bond

resistance (right Figure A.1 point D). At point E in Figure A.1 right, the only bond mechanism

acting is the frictional resistance between rough concreteat the surface, where the shear failure

occurs, and the reinforcement ribs.

A.3.1.b Local Bond Stress-Slip Models for Ribbed Bars

Numerous non-linear relationships for the bond stress-slip have been proposed by researchers for

uncracked concrete that is, the ascending portion of the local bond stress-slip response (Rehm,

1961; Nilson, 1972; Martin, 1973; Mirza and Houde, 1979). A general schematic for ribbed

reinforcement elements was suggested out of the extensive experimental work by Eligehausenet

al. (1983) shown in Figure A.4. The generic relationship suggested reflects the complex, physical

interaction of the bar with surrounding concrete in a simplenon-linear relationship consisting of

four branches. It is an attractive proposition that has beenused in the CEB MC 90 (1993) and is

often utilised in discrete crack models (Langer, 1987, Li, 1998). The ascending part of the bond

stress-slip schematic is best described by a power functionin terms of the maximum attainable

bond stress (τmax). The power componentα, reflects the reinforcement lug bearing area; a large

bearing area produces a stiffer ascending branch. 

=max
s
s1




: 0≤ss1 where s1 corresponds to point C in Figure A.1 (A.18)

The maximum bond stress is assumed to be reached when about half of the concrete key has

sheared off. With more slip, an increasingly larger part of the concrete is sheared off without much

drop in bond resistance:

=max : s1≤ss2 (A.19)
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Beyond a slip ofs2 the shear cracks might have reached the base of the concrete key and

increasingly less force is needed to shear off remaining concrete key.

=maxmaxR ss2

s3s2
 : s (A.20)

At a slip equal the clear lug spacing,s3, the remaining bond stress is described by a constant stress

plateau reflecting the actions of the friction force alone,which is not influenced much by different

values of related rib area:

: s (A.21)

τ
max

τ
R

s
1

s
3

s
2 Slip (υ)

Bond stress (τ)

τ
max

τ
R

s
1

s
3

s
2 Slip (υ)

Bond stress (τ)

s
4

Elastic

Yielded

s
5

τ
yR

τ
y

s
y

s
yR

(a) Eligehausen et al. (1983) (b) Huang et al. (1996)

Figure A.4 - Bond schematic by Eligehausen et al. (1983) and modified by Huang et al. (1996)

Modification to the above schematic has been undertaken by Filippou, Popov and Bertero (1983)

to consider loading history. The importance of reinforcement yielding on the local bond stress-slip

behaviour have been realised by numerous researchers (Shima, Chou and Okamura 1987 a, b;

Engström 1991; Bigaj, 1995; Alvarez and Marti, 1996) and incorporated into Eligehausenet al.

(1983) schematic first by Engström (1991) and later modified by Huang, Engström and Magnusson

(1996). The following modifications to the local bond stress-slip relationship are suggested by

Huang et al. (1996):

Yielded bar response: =yyyR
ssy

syRsy

 : (A.22)

Yielded bar friction softening: =yRyRy
ss4

s5syR

 : syR≤ss5 (A.23)

Elastic bar friction softening: =RmaxR
ss3

s4s3

 : s (A.24)

Total loss of bond capacity: : sor s (A.25)

wheresy is the local bar slip at a particular location along the beam when the yield strain of the

steel is reached, andτy the corresponding local bond stress. Once the bar has yielded, it is assumed
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that the bond capacity decreases linearly up to a slip value of s4; beyond s4 only frictional resistance

remains. Huang et al. (1996) do not take the bond capacity due to friction to be constant but instead

gradually decrease the bond capacity to zero ats5 for the yielded bar ands4 for an elastic bar. It

should be noted that Huang et al. (1996) approach requires an increased amount of memory storage

compared to Eligehausenet al. (1983), with local slip and bond stress values at yield to be stored

as a reference. Both schematics are shown in Figure A.4. Bondparameters to determine the

maximum and frictional bond resistance as well as values fors1 to s5 have been proposed by a

number of researchers and are discussed in Section A.3.1.c.

Shima, Chou and Okamura (1987 a, b) proposed an expression oflocal bond stress for all values of

steel strain. 

= f c

0.73[ ln 15000s/]3

1s105 (A.26)

The model is applicable in the post-yield range and has been evaluated for two bar diameters (10

and 24 mm) and a range of strain values normalised by the yieldstrain (εs/εsy). The results are

shown in Figure A.5 for a yield strain of 0.00275 and a concrete strength of 32 MPa.
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Figure A.5 - Bond stress-slip curves for various strain levels after Shima et al. (1987)

The numerical method built into the analysis model procedure used to evaluate the local steel

strains was not capable of determining a stable solution with Shimaet al. (1987a, b) bond stress-

slip model. It is foreseeable that a more advanced solution method for the two-value boundary

problem would be able to find a stable solution. Options of this kind have not been pursued in this

study.
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The ribbed reinforcement bond model proposed by Sigrist (1995) and later extended to prestressing

steel by Alvarez (1998), is a simple representation of the actual complex bond behaviour. The

model has been shown to represent the influence of the main parameters correctly by comparison

with test results, leading to reasonable predictions. The model for ribbed reinforcement bars takes

into account yielding of the member and is calibrated with the concrete strength only:

Prior to yielding of the member: b0=0.6⋅f c
2/3

For a yielded member: b1=0.3⋅f c
2/3

(A.27)

For modelling purposes, Alvarez (1998) relates the prestressing bond capacity to that of the

reinforcing bar bond, using constantk1. A different relationship for the pre- and post-yield bond

capacity is adopted using parameter c1. The prestressing steel bond model follows that of the ribbed

reinforcing bars:

Prior to yielding of the member: bp0=k1⋅b0

For a yielded member: bp1=c1⋅b1

(A.28)

Giuriani and Plizzari (1998) suggest a relationship for thebond stress as a function of numerous

material parameters reflecting the reinforcement surfaceconditions and concrete properties and the

splitting crack opening (wsp). This model focuses on capturing the local bond behaviour with the

formation of splitting cracks around individual bar elements, as shown in Figure A.6.

The relationship for the bond stress is taken to be function of numerous material parameters

reflecting the reinforcement surface conditions and concrete properties and the splitting crack

opening (wsp). The maximum value of the bond stress is limited to a value ofτm.0, and expressed as

follows:

=11wsp/1exp12wsp/s/2wsp/ (A.29)

Parametersτm.0, γ1, γ2, β1 and β2 depend on the mechanical properties of concrete and on rib

geometry and are determined through experiments. Alternatively, Giuriani and Plizzari (1998)

suggested the following values,τm.0 =16, γ1 = 60, γ2 = 0.8, β1 = 60 andβ2 = 0 for reinforcing bar

diameters of 16-24 mm and concrete strength of 30-40 MPa. A simplified expression for the

splitting crack width,wsp based on the flexural crack opening at the reinforcement level (ws) and

transverse reinforcement spacing (s) was proposed by these authors:

wsp=
ws/ f 0.00220.0034

59.780.6703 (A.30)

with =nstsh
2 /4n and nst = number of stirrup legs andn = number of principle bars.
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Parameterαf accounts for the location of the bar, with a value of 1 used forcorner bars and 2 for

intermediate bars.

Figure A.6 - Splitting cracks formation at a flexural crack from Giuriani and Plizzari (1998)

The expression for the bond stress of Giuriani and Plizzari (1998) is shown for two bar diameters,

16 and 24 mm, and a range of splitting crack openings (0.01-0.5), in Figure A.7. Interestingly, the

relationship shows a contradicting trend of maximum bond stress capacity for the 16 mm bar. The

maximum bond stress capacity increases significantly froma split crack opening of 0.25 to 0.5

mm. This trend does not make sense and is not maintained for the larger 24 mm bar.
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Figure A.7 - Bond stress - slip for after Giuriani and Plizzari (1998) as a function of splitting
crack openings

The bond model of Giuriani and Plizzari (1998) has not been included in the evaluation of the

deformation analysis with past beam tests, because of the above discrepancy, limited range of

applicable material constants listed by Giuriani and Plizzari (1998) and questionable applicability

to prestressed concrete structures. In addition, the parameter describing the possible maximum

bond strength,τm.0as suggested by Giuriani and Plizzari (1998), is taken as a constant, independent

of the concrete strength and bar diameter. This simplifyingassumption is not satisfactory,
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particularly if it is necessary for the bond model to reflect the influence of the concrete strength and

bar diameter in a parameter study investigating these effects.

Figure A.8 - Partially cracked thick-walled cylinder after Bigaj (1995)

den Uijl and Bigaj (1996) have developed a general bond modelfor ribbed bars, which accounts

for the effect of steel strain on bond in normal and high-strength concrete. The model was

originally based on suggestions by Bigaj (1995) and takes into account the concrete quality, the bar

contraction (significant after steel yielding), the degree of confinement and the corresponding

mode of bond failure. The starting model formulation was based on the concrete confining

capacity, estimated using a model of a thick-walled cylinder based on the partially cracked elastic

ring concept (Figure A.8) established in Tepfers (1979) and described above, and further developed

in Vee (1990). The approach produces a unique bond stress-slip-steel strain relationship for given

material characteristic and specimen geometry that is not dependent on the loading and boundary

conditions.

Figure A.9 - Bond stress-slip relationship for s= 20 mm, fcc = 35 MPa: (a) bearing failure; (b)
splitting failure, after Bigaj and Walraven (2002, pp: 64) 
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The bond stress-slip response of a typical reinforcing bar with a 20 mm diameter, embedded in

unconfined concrete with strength of 35 MPa, has been evaluated by Bigaj and Walraven (2002)

according to den Uijl and Bigaj (1996) suggestions. The relationships are reproduced in Figure

A.9, for different steel strain levels (Figure A.9 a) and effective cover conditions (Figure A.9 b).

Another model by Tassios (1979), which was presented in CEB-Bulletin 131 (1979) and is

applicable to reinforcing bars with different surface geometry, has not been reviewed here. Bond

parameters for that model were largely based on empirical formulations using results from bond

experiments carried out in the 1950's and 60's.

The above review of local bond stress-slip model candidatesshows that the proposition by

Eligehausenet al. (1983) remains most suitable for integration into the discrete crack model.

Modification by Huanget al. (1996) were also considered. Using past experimental beam tests a

systematic evaluation of bond parameters for these models is carried out in Appendix B. Apart

from the reasons given above the model by Eligehausenet al. (1983) has been widely accepted in

discrete crack model analysis developed and used by different researchers (Langer, 1987; Li, 1998;

Mayer, 2001; Gravina, 2002).

A.3.1.c Bond Model Parameters for Ribbed Reinforcement Bars

Wide acceptance of Eligehausenet al. (1983) bond model led to numerous suggestions to define

suitable bond model parameters. Table A.2 lists the original parameters suggestions by

Eligehausenet al. (1983) forgoodandall other bond conditions. The maximum bond capacity has

been shown to correlated well with√f'c. Rehm (1961). Martin (1973), however suggests an

assumed linear relationship between bond resistance and concrete compressive strength. Huanget

al. (1996) also use a linear relationship to defineτmax andτR for goodandall other bond conditions

in normal- and high-strength concrete. Table A.2 shows the parameter definitions for a yielded bar,

using the slip (sy) and bond capacity (τy.max) at time of yielding at a particular location along the bar.
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Table A.2 - Eligehausen et al. (1983) and Huang et al. (1996) bond parameters for ribbed
reinforcement

Eligehausen et. al. (1983) Huang et al. (1996)
Bond conditions Good bond conditions All other bond conditions

Good All other NSC HSC NSC HSC

s1 1.0 mm 1.0 0.5 1.0 0.5
s2 3.0 mm 3.0 1.5 3.0 1.5
s3 Clear rib spacing [mm] Clear rib spacing
sy

syR

s4

s5

NA

Slip value from local analysis when steel yields
Sy + 2.5 mm sy + 0.25 sy + 2.5 sy + 0.25

3.0 × s3 [mm]

2.0 × s3 [mm]

α 0.4 0.4 0.4 0.3 0.4 0.3

τmax 2.5 f ' c 2.0 f ' c 0.45f'c 0.45f'c 0.225f'c 0.225f'c

τR 1.0 f ' c 0.3 f ' c 0.4τmax [MPa]

τy.max

τyR

NA
τymax = f (sy) [MPa]

0.2τmax [MPa]

Researchers (Trostet al.,1980) have shown that the bond capacity near a flexural crackin a beam

is significantly reduced by tensile forces produced by the radial ring stresses shown in Figure A.10.

The orientation of the tensile and compressive concrete stress fields (GER: Hauptzug-

spannungsrichtung, Hauptdruckspannungsrichtung) are shown in Figure A.10, for a steel bar

embedded in concrete with the left boundary being a crack (Rißufer). According to Trostet al.

(1980) the steel stress in the cracked state are denoted byσs
II, in the uncracked state byσs

I and in

the concrete by σb.

Figure A.10 - Concrete stresses surrounding a bar near a crack after Trost et al. (1980, pp. 15)1

1GER: Rißufer - EN: Crack boundary; GER: Hauptzugspannungsrichtung, Hauptdruckspannungsrichtung -
EN: Primary tensile and compressive stress direction
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Experimental observations state that the effect of a flexural crack diminishes over a distance of six

bar diameters away from a flexural crack. The CEB MC 90 (1993)takes the reduction of bond

capacity into account with a linear reduction of all bond parameters from their suggested values

(Table A.3) at six bar diameters from a flexural crack to zero at the crack.

Table A.3 - CEB MC 90 (1993) bond parameters for ribbed reinforcement bars

CEB MC 90
(1993, pp: 83)

Unconfined Concrete
(Concrete splitting failure,cover = 1.0φφφφs )

Confined Concrete
(Rib shearing failure, cover ≥≥≥≥    5.0φφφφs)

Good bond
conditions

All other bond
conditions

Good bond
conditions

All other bond
conditions

s1 0.6mm 0.6 1.0 1.0
s2 0.6mm 0.6 3.0 3.0
s3 1.0mm 2.5 Clear rib spacing

α 0.4 0.4 0.4 0.4

τmax 2.0 f c MPa 1.0 f c 2.5 f c 1.25 f c

τR 0.15τmax MPa 0.15τmax 0.40τmax 0.40τmax

A bond stress-slip relationship with bond parameters from the CEB MC 90 (1993) for ribbed

reinforcement is shown in Figure A.11 for concrete splitting and rib shearing failure. The plots

correspond to good bond conditions, a concrete strength of 32 MPa with a clear rib spacing ofs3=6

mm. The distance away from the crack is expressed in terms of bar diameter (db).

In comparison, Figure A.12 shows the same bond stress-slip relationship for the case of unconfined

concrete using the same concrete strength and clear rib spacing as above. A clear reduction of

maximum bond capacity is shown for both failure modes.
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Figure A.11 - Bond stress-slip relationships for concrete splitting and rib shearing, using ribbed
reinforcement bars in confined concrete according to CEB MC 90 (1993)
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Figure A.12 - Bond stress-slip relationships for concrete splitting and rib shearing conditions,
using ribbed reinforcement bars in unconfined concrete according to CEB MC 90 (1993)

Langer (1987) further developed the bond model by Eligehausen et al. (1983) to study the

deformation capacity of reinforced concrete beams. A good correlation with past experimental

beams tests and the analysis model was observed. In a subsequent study, Kreller (1989) noted that

the bond capacity in practical reinforced concrete beam construction could be significantly reduced

by longitudinal cracking (splitting). A modification to account for concrete splitting, based on

experimental data by Eligehausen, Langer and Kreller (1989) and the bond parameters by Langer

(1989) was suggested (Table A.4). The maximum values of parametera in Table A.4 have been

limited by Li (1998) to 2.4 and 3.6 for concrete splitting andrib shearing, respectively. These

limits are based on suggestions by Teng and Ye (1992) statingthat longitudinal cracking is not

expected for cover (c) to bar diameter (Øs) ratios in excess of 4.5. Li (1998) assumes that concrete

splitting occurs for c/Øs ≤ 3.0 in prestressed concrete beams. 

Table A.4 - Kreller's (1989) bond parameters for ribbed reinforcement bars

Concrete splitting Rib shearing

=0.003f c0.1625 and ref=a f c

a=0.36c/s1.28≤2.4 a=0.36c/s2.0≤3.6

xcr s1 s2 s3 τmax/τref τR/τmax s1 s2 s3 τmax/τref τR /τmax

1-2 s1 s1 0.05mm 0.4 0.001 s1 s1 0.3mm 0.4 0.001
2-3 s1 s1 0.25 0.4 0.0 s1 s1 0.65 0.4 0.002
3-4 s1 s1 0.45 0.4 0.05 s1 s1 1.0 0.4 0.05
4-5 s1 s1 + 0.15 1.0 0.6 0.15 0.5mm 2.5mm 6.0 0.6 0.3
5-6 s1 s1 + 0.15 1.35 0.8 0.15 0.75 2.75 6.0 0.8 0.3
6< 0.35mm 1.5 1.75 1.0 0.15 1.0 3.0 6.0 1.0 0.3
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An example bond stress-slip plot according to the bond parameters by Kreller (1989) for splitting

and bearing failure of a ribbed reinforcement bar embedded in concrete are shown in Figure A.13.

The data correspond to a concrete strength of 32 MPa and ac/Øs = 1.9, which corresponds to the

condition for rib shearing bond failure (a = 2.684, Table A.4), both bond failure modes are

however shown for comparison.
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Figure A.13 - Bond stress-slip relationships for concrete splitting and rib shearing, using ribbed
reinforcement bars after Kreller (1989)

A comparative evaluation of these bond parameters with Eligehausenet al. (1983) bond model

with past experimental beam tests is presented in Chapter 4.

A.3.2 Bond of Prestressing Tendons

Prestressing elements can consist of ribbed bars, tendons with single or multiple strands and

smooth bars. In Australia, the most common type of prestressing element used in post-tensioned

construction is multiple-strand. The overview of bond mechanism, review of bond models and

parameters focuses on multi-strand prestressing tendons.The literature in this area is much more

limited than that on the bond behaviour of ribbed reinforcing bar and has been highlighted by the

CEB-FIP (CEB-FIP, 1982) andBond in Concreteconference series, as an area complimented by

further study.

A.3.2.a Bond Mechanism for Prestressing Elements

In a post-tensioned prestressed beam, prestressing steel stresses are transferred from the

prestressing steel via the surrounding grout to the duct, containing the prestressing tendon, and

from the duct to the structural concrete. The local bond behaviour is highly variable and difficult to

capture in a single set of parameters. Firstly, because internal cracking of the grout cannot be

avoided prior to loading of the structure, with different stress conditions existing in the grout after

initial anchoring of the prestressing tendon. Secondly, with the prestressing profile changing along
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the beam it is possible for the tendon to be partly in contact with the duct and not the grout. Finally,

the relationship between effective circumference and diameter for multi-strand elements is more

complex than for a single bar. The effective bond perimeter (Up
2) is introduced to describe the

latter interaction for multi-strand elements arranged in bundles (Thormählen, 1979; Trost, Cordes,

Thormählen, and Hagen, 1980; Trost, 1981). Figure A.14 shows the relationship ofUp/Ui for

different numbers of single strands (GER: Anzahl der Einzelstäbe), whereUi is defined in terms of

the prestressing area:

U i=p=1.13Ap (A.31)

For seven-strand prestressing elements, widely utilized in post-tensioned band beam construction

in Australia, a value of 1.4 for Up/Ui is chosen from Figure A.14.

Figure A.14 - Effective bond circumference after Trost (1980)

As discussed above, there exists a direct relationship between the concrete strength and bond

capacity for ribbed reinforcement elements. In the case of agrouted prestressing strand contained

in a duct, the critical failure surface lies between the grout and tendon rather than the duct-concrete

interface (Trostet al.1980). The bond capacity of post-tensioned prestressing strands is hence best

described by the grout strength rather than the concrete strength. Expressions for the maximum

bond strength of multi-strand tendons and ribbed prestressing elements are adopted from Li (1998)

and shown in Table A.5. 

2 Notation adopted from Trost et al. (198), where U stands for Umfang, the German word for perimeter.
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Table A.5 - Details of pull-out test of different seven-strand prestressing tendons by Li (1998)

Arrangement fpu/fpy Ap Øp Øpi - Øpe Bond length [mm]

140mm2 13.4mm 20-24mm 67mm

1770/1570 280 18.9 40-46 95

420 23.1 40-46 116

A review of the literature shows that Li's pull-out test provide some of the only data available to

describe the full-range local bond stress-slip relationship of post-tensioned prestressing tendons.

The test series consisted of three series of differently arranged seven-strand prestressing tendon

elements, a series of smooth prestressing strands (Øp = 26 mm) and ribbed prestressing bars (Øp =

15 mm). An overview of the test series on seven-strand tendons is given in Table A.5, where Øpi

and Øpe are the internal and external duct diameter.

A.3.2.b Bond Model Parameters for Prestressing Elements

Li took account of the effect of flexural cracking on the local bond stress-slip behaviour in the

suggested bond parameters, shown for multi-strand and ribbed prestressing elements in Table A.6.

The parameters apply to Eligehausen et al. (1983) bond model.

Table A.6 - Li's (1998) bond parameters for multi-strand tendon and ribbed prestressing bars

Multi-strand tendon Ribbed prestressing bar

τmax 0.8 f g [MPa] 2.0 f g

τR 1.0τmax [MPa] 0.2τmax

α 0.35 0.55

xcr s1 s2 s3 τmax/τref τR /τmax s1 s2 s3 τmax/τref τR /τmax

1 - 2 s1 s1 0.15mm 0.4 0.001 s1 s1 0.3mm 0.4 0.001
2 - 3 s1 s1 2.00 0.4 0.002 s1 s1 0.65 0.4 0.002
3 - 4 0.2mm 0.21mm 0.22 0.4 1.0 s1 s1 1.0 0.4 0.05
4 - 5 0.2 0.21 0.22 0.6 1.0 0.5mm 2.0mm 6.0 0.6 0.2
5 < 0.2 0.21 0.22 0.8 1.0 0.5 2.0 6.0 0.8 0.2

An example of the local bond stress-slip response of a multi-strand tendon and ribbed prestressing

element for grout strength of 45 MPa are shown in Figure A.15.The reduction of bond capacity

near the crack is clearly visible. The bond capacity of multi-strand tendons comes mostly from the

surface properties of the steel and helix configuration of the strand. The bond capacity of multi-

strand tendons is significantly lower than for ribbed reinforcement bars for the same grout strength.
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Figure A.15 - Bond stress-slip relationship for multi-strand tendon and ribbed prestressing bars
after Li (1998)
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Appendix B

BSENSITIVITY CHECKS ON ASSUMPTIONS

REGARDING THE BEHAVIOUR OF MATERIALS

Appendix B contains the results of an examination of the sensitivity and difference in response of

the discrete analysis model, with a number of different material relations. Local and global

responses with different stress-strain models for the concrete and steels and various bond stress-

slip relations and parameters for reinforcing, taken from recent literature are undertaken. Some

contradictions in recent trends in bond stress-slip modelling and their suitability in discrete crack

block modelling are uncovered and discussed. Further, the suitability and sensitivity of

compression zone compatibility factors (αco and αdn) chosen in the analysis are investigated.
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B.1 Sensitivity Check on Assumed Steel Behaviour

In this section, past beam tests are analysed with the discrete crack block model using various

assumptions for the stress-strain behaviour of the steel intension, concrete in compression, and the

bond stress-slip beahviour. This investigation was carried out to establish default material

assumptions for adoption in Chapter 5. Parts of the results presented here were published in the

recent Bond in Concrete Conference (Rebentrost and Warner, 2002).

B.1.1 Evaluation of τ-s Assumptions using Past Beam Tests

The review of bond models for reinforcing bars and prestressing tendons which was undertaken in

Appendix A, concluded that the schematic of the bond stress-slip relationship by Eligehausenet al.

(1983) is the most versatile in a discrete cracked block model environment. This conclusion came

in part from the numerous bond parameters available in the literature for ribbed reinforcing bars.

The number of bond models and parameters for multi-strand prestressing tendons are few in

comparison. For this reason, variation in the reinforcing bar bond stress-slip relations are

considered only in this section, with the prestressing tendon bond modelled according to Li (1998).

Table B.1 lists the combinations of ribbed reinforcing bar bond parameters used in the comparison

of predicted and experimentally observed beam responses. The parameters are grouped into two

groups; those with a relative high bond capacity (i.e. no near crack reduction of the bond) and the

other with relative low bond capacity. The effects of crack proximity are compared with

Eligehausenet al. (1983) simple parameters and the CEB MC 90 (1993) parameters. Modifications

by Huanget al. (1996), accounting for yielding of the bar, have also been included. Examples of

the bond stress-slip relationships are shown in Appendix A.

Table B.1 - Description of bond models considered in sensitivity study

High bond capacity Low bond capacity

Eligehause et al. (1983)  - good bond, rib bearing CEB MC 90 (1993) - good bond, rib bearing plus
Huang et al. (1996) modifications

Huang et al. (1996) - good bond conditions, rib
bearing

CEB MC 90 (1993) - good bond, concrete splitting
plus Huang et al. (1996) modifications

CEB MC 90 (1993) - good bond conditions, rib
bearing

CEB MC 90 (1993) - poor bond, concrete splitting
plus Huang et al. (1996) modifications

Kreller (1989) - rib bearing Kreller (1989) - concrete splitting
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Figure B.1 Shows the the load-deflection response of beam RPL1 for the variations of reinforcing

bond parameters listed in Table B.1. During cracking, the bond assumptions have a small affect on

the beam behaviour with the reinforcing steel slip still being relatively low and bond behaviour

being comparable at low slip values. At high overload, the effect of different bond assumptions is

clearly reflected in the load-deflection response and onlyminor differences are observed in the

deflections at failure. Slightly, smaller deflections at failure than those observed in the experiment

are predicted for those models that have large reserves of bond capacity (Figure B.1a) compared to

the assumptions with lower bond capacity (Figure B.1b).

(a) High bond capacity combinations (b) Low bond capacity combinations

Figure B.1 - Load-deflection response with different bond assumptions, Eibl and Bühler RPL1

(a) High bond capacity combinations (b) Low bond capacity combinations

Figure B.2 - Load-crack width with different bond parameter and model combinations, Eibl and
Bühler RPL1
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At a local level, the effect of different bond assumptions isreflected more strongly, particularly in

the load-mid-span crack width response (Figure B.2) and local strain distribution at failure (Figure

B.3). The latter is only shown for the two bond parameters sets that produce a very different

response.

The load-crack width response reflects the higher bond capacity present in simple bond

assumptions not including crack proximity, by greatly underestimates the maximum crack width.

Local steel deformations also become more concentrated. Animprovement in predictions of the

mid-span crack width is observed for those models includingthe effects of crack proximity. Bond

assumptions of the behaviour near a crack tend to make the biggest difference, where the steel

strains and slips are a maximum. Bond assumptions for low steel strains and slips do not vary as

much between model parameters, which is the case at some distance away from a crack. In the end,

it is extremely difficult to come up with a general conclusion of which bond assumptions are best

suited to the experimental data by using just crack-width measurements. 
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Figure B.3 - Local strain distribution at ultimate for different bond assumptions, RPL1

Local measurements of steel strain (Figure B.3) provide a better means of comparison.

Unfortunately, for RPL1 the observed strains next to the central crack are much lower compared to

the strains predicted with any bond parameter, so that the possibility of experimental error cannot

be neglected. Predicted local steel strains are sharper forthe CEB MC 90 (1993) bond assumptions

for good bond conditions and bearing failure compared to thesuggestions by Kreller (1989) for

concrete splitting conditions. 
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In RC beams the bond assumptions are directly reflected in the local and to a lesser extent the

global behaviour. In a PPC beam, where the tensile capacity is made up by the combined effect of

the reinforcement and prestress, the importance of the reinforcing steel bond assumptions are

reduced. In fact, there is significant redistribution of stresses between the tensile reinforcement and

prestressing tendon at different times of loading. The level of redistribution depends on the local

bond and steel properties, relative steel amounts and beam layout. It is the combination of local

steel stress redistribution and reduced importance of the reinforcement bond properties that

produces only a small difference in observed load-deflection response for beam B1 and B3 (Figure

B.4) with different reinforcing steel bond assumptions. The effect of different bond parameters for

prestressing tendons could not be investigated due to the limited experimental and analytical data

available in the literature. The parameters suggested by Li(1998) are used in conjunction with the

evaluation of reinforcing steel bond parameters. The effects of prestressing bond capacity on

rotation capacity are investigated in a parametric study with the results presented in Chapter 6.
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Figure B.4 - Load-crack width with different τ-s assumptions, Eibl, Mora and Strauß's beams

Although the load deflection-response is a reasonable fit for all bond cases (Figure B.4), it is clear

from the local reinforcing steel strain distribution alongthe beam (compare Figure B.5a and b) that

the bond capacity is overestimated significantly for the CEB MC 90 (1993) - good bond with rib

bearing failure case. Average deformations are similar forall bond cases; however predicted peak

local strains are up to five times those observed in the actual test for high bond capacity cases.

Kreller's (1989)-concrete splitting bond model gives the best estimate of the local strains.
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Figure B.5 - Local εs at Mu with different τ-s assumptions, Eibl, Mora and Strauß's beams

The comparison to tests on RC concrete beamsundertaken in this section give the best indication

that Kreller's (1989) model is most suited for use with the present discrete crack block analysis.

The model also accurately predicted the behaviour of PPC beams. It is interesting to note that the

inclusion of the crack proximity effect gives better correlation between observed and predicted

local behaviour than the yielding modifications suggested by Huang et al. (1996). 

B.1.2 Evaluation of Steel σ - ε Assumptions using Past Beam Tests

In this section, the effects of various stress-strain assumptions for the steel in tension on the

behaviour of past beam tests are investigated. Figure B.6 shows the assumed stress-strain responses

of the reinforcing steel in specimen RPL1 (Eibl and Bühler, 1991) and the reinforcing and

prestressing steel in specimen B1 (Eiblet al., 1983). The stress-strain assumptions differ most in

the transition zone where the steel behaviour changes from elastic to plastic.
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Figure B.6 - Reinforcing steel σ-ε assumptions
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The load-deflection and load-crack width response of specimen RPL1, which failed by fracture of

the reinforcement, is affected significantly by the stress-strain response of the reinforcement. The

simplified bi-linear representation of the steel behaviour is shown to be unable to predict the load-

deflection response at the transition of the reinforcementfrom elastic to plastic behaviour (Figure

B.7). The stress-strain assumptions also have an effect on the local deformation behaviour,

reflected in the maximum crack width at the reinforcement level. In the experiment, a value of 3.05

mm is observed and the poly-line and Sargin's (1971) model predict a crack width of 2.50 and 2.45

mm, respectively. The bi-linear relationship gives the worst prediction of 2.21 mm.
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Figure B.7 - Behaviour of Eibl and Bühler's RPL1 for different steel stress-strain assumptions

Table B.2 shows the effects of different steel and concrete stress-strain assumptions on the

behaviour of beam RPL2 (Eibl and Bühler, 1991) at failure (steel fracture). Beam RPL2 was

identically dimensioned to RPL1 and reinforced with high-elongation steel (εsu = 10.0%). The

effects of different steel-stress strain assumptions are similar to those already discussed for RPL1.

The bi-linear approach again gives the worst predicted deflection and maximum crack-width at

ultimate, compared to Sargin's (1971) model or the poly-line representation. The effects of the

concrete stress-strain assumptions are discussed in more detail in Section B.2.1

Table B.2 - Ultimate behaviour with different material σ-ε assumptions, Eibl and Bühler RPL2

RPL2
Steel models Concrete models

Exp. Poly-line Bi-linear Sargin Cusson Warner CEB Hognestadt

Mu 29.7 28.7 28.7 28.7 28.7 28.7 28.7 28.5

δ 38.0 37.2 35.1 37.4 39.0 39.1 39.2 39.3

ws 10.4 7.7 7.1 7.7 7.7 7.6 7.6 7.7
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Figure B.8 - Load-deflection with different steel σ-ε assumptions, Eibl, Mora and Strauß, B1

For the PPC beam B1 (Eiblet al., 1983), significant differences in the moment-deflectionresponse

are observed for different steel stress-strain assumptions (Figure B.8). The effects are evident once

the reinforcement has yielded; with the bi-linear model again giving the worst predictions of the

observed behaviour.

The results presented here indicate that simulations with adiscrete crack analysis using a bi-linear

stress-strain model for the steel may give slightly more conservative estimate of the deformation

capacity at ultimate, compared with more realistic stress-strain assumptions. The best prediction of

past test beam data is obtained if the steel stress-strain response is modelled accurately with a poly-

line. Sargin's (1971) model also gives acceptable results.

B.2 Sensitivity Cehck on Assumed Compression Zone

Treatment

Two assumptions are necessary to model the behaviour of the compression zone with the discrete

crack analysis model developed in Chapter 4. The first assumption applies to the modelling of the

stress-strain behaviour of concrete in compression, and the second assumption deals with the

compatibility factors (αco and αdc), introduced in Section 4.1, and necessary to solve equilibrium

requirements at a crack. In this section, the analysis sensitivity to these assumptions are evaluated

with past test data using different stress-strain models for the concrete, andαco and αdc

combinations.
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B.2.1 Evaluation of Concrete σ - ε Assumptions using Past Tests

Figure B.9 shows the different stress-strain responses adopted in the analysis of the RC beam

RPL1 (Eibl and Bühler, 1991) and PPC beam B1 (Eiblet al., 1983). Experimental data published

in Eibl and Bühler (1991) is shown for RPL1. Appendix A gives details of the governing equations

for each concrete model. The ascending portion of the concrete stress-strain curves is similar for all

models considered (Figure B.9). The relationships differ in the post-peak softening range, where

the following material parameters have been adopted for RPL1; Warner (1969):γ2 = 3.0; Cusson

and Paultre (1995):εc.50 = 0.0035 and Hognestad (1951):εcu = 0.0035. The CEB MC 90 (1993)

model is calibrated with the concrete strength only. The parameters for the higher strength concrete

used in beam B1 (Figure B.9b) and taking into account confinement, are:γ2 = 3.5, εc.50 = 0.0045

(Cusson, 1995) andεcu = 0.004 (Hognestad, 1951). It should be noted that no limiting concrete

strain is specified in the discrete crack analysis to indicate failure. Instead, the analysis is

terminated once a loss of moment capacity is predicted.
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Figure B.9 - Concrete σ-ε assumptions in compression

The load-deflection response and load-crack-width response for beam RPL1 (Eibl and Bühler,

1991) is almost identical for the different stress-strain assumptions investigated Figure B.10. The

maximum concrete strains recorded in the test (0.002) are lower than the assumed strains at

maximum concrete strength (0.0026), which are approximately the same for all models considered

(Figure B.9a). The ascending branch of theσ-ε relationship is also nearly identical for the concrete

models used. Similar results are observed for beam RPL2 (Table B.2).
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Figure B.10 - Load-deflection and -crack width with different concrete σ-ε  assumptions, Eibl and
Bühler, RPL1

Figure B.11 shows the moment-deflection response of beam B1and B3 (Eibl, Mora and Strauß,

1983) using different stress-strain models for the concrete in compression. Both beams are

sensitive to changes in the modelling of the concrete in compression because they failed by

crushing of the concrete in the compression zone. Smaller deflections at nominal capacity are

predicted compared with the experimental observations, for those models that do not exhibit

significant post-peak deformation capacity (Hognestad, 1951; CEB MC 90, 1993).
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Figure B.11 - Load-deflection with different material σ-ε assumptions, Eibl, Mora and Strauß, B1

Results presented in this section indicate that the choice of concrete model is not as important as

the steel model. The choice of concrete model is hence one of functionality. In this study, the

relationship by Cusson (1995) is adopted for this reason. The model applies equally to normal- and

high-strength concrete and adjusts to take account of confinement effects using an input parameter.
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B.2.2 Evaluation of αco and αdc Assumptions using Past Beam Tests

In the statements of compatibility built into the local deformation model developed in Chapter 4,

an assumption is made to relate the local strains in the concrete zone to the average strains over a

given compatibility distance. Theseα-factors apply to the steels, outermost compressive concrete

strain (αco), and neutral axis depth (αdc) at a crack. They are used to solve the section equilibrium

requirements. Theα-factors for the steel are evaluated with a local bond stress-slip analysis, while

values of unity were assumed forαco andαdc. In this section, the effects of these assumptions are

evaluated using varying combinations ofαco andαdc to predict the response of past experimental

beams.

Table B.3 lists the combinations ofαco and αdc, used in the analysis of past test specimen. An

increase ofαco above unity simulates a concentration of local compression(concrete) deformation

at a crack. A decrease ofαco at the crack, on the other hand, represents a decrease of local concrete

deformations at the crack. The effects of a decrease in neutral axis depth at the cracked section are

also investigated for a number of αco.

Table B.3 - Variations of relationship between local and average concrete strains

Relationship between deformations and local compression zone
Case: I II III IV V VI VII VIII

αco = εco / εco.avg 1.0 1.25 1.5 1.0 0.75 1.25 1.5 0.75

αdc = dn / dnδ 1.0 1.0 1.0 0.75 1.0 0.75 0.75 0.75

Legend for
strain diagram

ε
co

d
n

ε
co.avg

d
nδ

Figure B.12 shows the load-deflection and load-crack width(mid-span) response of beam RPL1

(Eibl and Bühler, 1991) with selected combinations ofαco and αdc. The difference in predicted

response is minimal and does not lend itself to making any conclusions about the suitability of a

particular combination ofαco and αdc. Specimens RPL1 and RPL2 both failed by fracture of the

reinforcement. The predicted beam behaviour is therefore not sensitive to changes in the assumed

compression zone properties.
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(a) Load-deflection response (b) Load-crack-width response

Figure B.12 - Beam response for different αco and αdccombinations, Eibl and Bühler's RPL1

Table B.4 - Effect of αco and αdc on ultimate behaviour, Eibl and Bühler's RPL1 and RPL2

Beam Mid-span crack Behaviour at ultimate
Case αco αdc αs Pu θ tot δ ws εco dn

RPL1 (exp.) - - - 66.40 0.043 19.0 3.00 - -
Default (I) 1.00 1.00 1.72 69.19 0.049 20.6 2.51 0.00191 14.6

V 0.75
II 1.25
III 1.50

1.00
1.00
1.00

1.71 69.02 0.048 20.4 2.51 0.00240 13.4
1.72 69.26 0.049 20.8 2.50 0.00230 13.7
1.72 69.28 0.050 21.1 2.55 0.00257 13.1

VII 0.75
IV 1.00
VI 1.25
VI 1.50

0.75
0.75
0.75
0.75

1.72 69.20 0.049 20.8 2.51 0.00160 14.5
1.72 69.02 0.048 20.6 2.51 0.00195 16.1
1.76 69.25 0.048 20.3 2.45 0.00217 13.8
1.81 69.12 0.050 21.3 2.50 0.00345 12.8

RPL2 (exp.) - - - 55.20 0.707 38.0 10.40 - -
Default (I) 1.00 1.00 2.62 57.40 0.085 39.1 7.66 0.00288 11.9

V 0.75

II 1.25

III 1.50

1.00

1.00

1.00

2.62 57.42 0.084 38.7 7.66 0.00227 12.5

2.62 57.28 0.086 39.4 7.66 0.00360 11.9

2.61 57.00 0.087 40.0 7.67 0.00458 12.6

VIII 0.75

IV 1.00

VI 1.25

VII 1.50

0.75

0.75

0.75

0.75

2.62 57.40 0.085 39.1 7.66 0.00294 11.9

2.62 57.18 0.086 39.7 7.66 0.00401 12.1

2.72 56.85 0.076 34.8 6.20 0.00404 12.1

2.77 56.61 0.067 30.0 4.93 0.00386 11.9

Table B.4 gives a summary of the beam behaviour at nominal capacity for all αco and αdc

combinations, and beams RPL1 and RPL2 (Eibl and Bühler, 1991). For the values of the deflection

and rotation atMu, a variation inαco andαdc is not observed to have much effect. The load carrying

capacity, total rotation, and deflection vary by no more than 5% for RPL1. Locally, the maximum
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mid-span crack width is marginally affected, with slightlyhigher crack width observed for

increasingαco above the default value of unity. The biggest reduction in deflections compared are

predicted for values of αco greater than unity and combined with values of αdc less than unity. These

particular combinations ofαco and αdc do not fit the experimental data well. They should not be

used in the discrete crack block analysis.

PPC beams, B1 and B3 of Eiblet al. (1983), both failed by crushing of the concrete in the

compression zone. This failure mode is more sensitive to the treatment of αco andαdc. The moment-

deflection response of beam B1 and B3 with different combinations of αco and αdc is shown in

Figure B.13. For both beams the general shape of the load-deflection curve is not affected by the

changes in local treatment. Instead a significant difference in failure load and ultimate deflections

is predicted. By increasing the local outermost compressive strains relative to the average

deformations in the region, the maximum load and deflectionat ultimate are decreased. These stem

from an earlier loss of compressive capacity due to increased local concrete strains compared to the

treatment where αco andαdc are equal to unity.
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Figure B.13 - Load-deflection with different αco and αdc, Eibl, Mora and Strauß's B1 and B3

The limited comparison carried out above combined with the detailed evaluation of the discrete

crack model accuracy presented in Section 5.2 and 5.3 provide enough evidence to conclude that

the assumptions ofαco andαdc equal to unity are adequate. Further investigation of the effects of

various αco and αdc combinations on the deformation capacity of structural concrete beams is

outside the scope of this investigation.
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Appendix C

CINDETERMINATE BEAM ANALYSIS

Appendix C contains information relating to the analysis ofindeterminate beams, including a

listing of previous continuous partially prestressed beamtests, results of simulations with the

smeared block analysis and the procedure for determining the simplified steel strain localisation

factors.
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C.1 Summary of Previous Continuous Partially Prestre ssed Beam Test

Table C.1 - Listing of past experimental beam studies into achievable moment redistribution

Reference No. of
Beams Loading Pattern L/D Parameters

Comments

Observations by the Authors of the Study
Failure
Type

Published results

Balabanian
et al. (1974) 12

0.65L     2@0.35L    0.65L

P P 

- d
p
, A

p Almost full redistribution reported for all test beams Flexure
(12) Insufficient data to build model

Bennett et al.
(1967)

4 two-span, rectangular beams
16 three-span, rectangular
beams 20

Cable
profile, f'

c
85, 87, 92, 95% of full redistribution load observed Flexure Sufficient data to build model

Bhatia
(1984) 4 beams

4 @ l/2

P P 

-
A

s
, M

2
, cross-

section, A
sh

Confinement by hoops can increase amount of
redistribution
Full redistribution observed in all beams

Flexure
(4)

Sufficient data to build model
P - δ, M plots

Bishara and
Brar (1974)

3 two-span, rectangular
sections

3.0 m 3.0 m

10 A
s
, A

p Full redistribution achieved in all beams Flexure (3)
Shear (1)

Sufficient data to build model
P - δ, M plots, also θ

y,u
, M

cr, u
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Reference No. of
Beams Loading Pattern L/D Parameters

Comments

Observations by the Authors of the Study
Failure
Type

Published results

Brameld and
Corderoy,
1986

3
4 @ l/2

P P 

19.5 A
s
, A

p
, P

e Sufficient ductility existed for full redistribution Flexure
Insufficient data to build model
M - κ plots

Campbell and
Batchelor (1977)

Single beam bridge
girder test - - The load tended towards the prediction based on full

redistribution Flexure -

Ghosh
(1964) - - - - Close to complete redistribution in all beams Flexure Insufficient data to build model

Guyon, 1956 4
4 @ l/2

P P 

- - Full redistribution achieved in all beams Flexure (4) Insufficient data to build model

Hawkins,
Sozen and
Siess (1964,
1961)

22 two-span beams, rectangular
sections

9
Cross-

section, f'
c
,

As, d

Premature failure (16)
Shear reinforcement aids amount of redistribution
Full redistribution in 6 beam

Flexure (6)
Shear (16)

Sufficient data to build model
Crack patter plots
Two M - δ plots

Kodur (1992)

Lin (1955)

2 two-span beams, T-sections

18.5 A
s Partial redistribution observed Flexure Sufficient data to build model

Macchi
(1957)

3 three-span beams with
rectangular sections - Cable profile,

int./ext. spanObserved little redistribution after flexural cracking Flexure Insufficient data to build model
(reference from Kodur, 1991)

Magnel
(1955) 4

4 @ l/2

P P 

- - Redistribution incomplete due to prior fatigue testing Flexure Insufficient data to build model
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Reference No. of
Beams Loading Pattern L/D Parameters

Comments

Observations by the Authors of the Study
Failure
Type

Published results

Mallick and
Sastry (1966)

12 two-span beams, rectangular
beams
27 three-span beams,
rectangular beams 20

Cable profile,
span

arrangement
Full redistribution majority of beams Flexure

Sufficient data to build model
No plots for comparison, only P

u.exp

Mallick
(1962)

21 two-span beams, rectangular
sections

13

Cross-
section, load
arrangement,
cable profile

Full redistribution (15)
Incomplete redistribution (2)
Extensive cracking needed to achieve full redistribution

Flexure (18)
Shear (3)

Sufficient data to build model
Two M - θ plots

Morice and
Lewis (1955)

28 two-span beams, rectangular
sections

15
A

s
, cable

transformati
on

Redistribution does not vary with cable transformation
Full redistribution observed in most specimen

Flexure
(15)

Sufficient data to build model
No plots

Moussacian
(1986)

2 three-span beams, rectangular
sections

4 @ l/2

P P 
2 - Full redistribution achieved in all beams

2-span beam behaviour similar to 3-span beams Flexure (2)
Sufficient data to build model
P-δ, M plots

Morice, 1955 7

6

University of Leeds
(1954)
Imperial College
(1955)

- Pre/Post-
tensioning Full redistribution observed Insufficient data to build model

References could not be obtained
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Reference No. of
Beams Loading Pattern L/D Parameters

Comments

Observations by the Authors of the Study
Failure
Type

Published results

Okada et al.,
1986 26

4 @ l/2

P P 

10

Cross-
section,
concrete
type, d

Incomplete redistribution for wp > 0.2 Flexure
(26)

Composite beams, model not
applicable

Ozell, 1957 6
4 @ l/2

P P 

10
Cross-

section, A
s

Full redistribution achieved in all beams Flexure
Sufficient data to build model
Some M - δ plots

Peters and
Brameld
(1988)

3 two-span beams, T-sections

20 A
s
, A

P
, P

e Sufficient ductility existed for full redistribution Flexure
Insufficient data to build model
M - κ plots

Park and
Priestley
(1972)

7 two-span beams, rectangular
sections

15 ω, P
e Failure before full redistribution observed in several beams Flexure

Sufficient data to build model
κ, δ along beam
Two M - δ plots

Yamazaki et
al. (1969) - - - Incomplete redistribution due to lack of sufficient rotation

capacity in bonded beams
Insufficient data to build model
(reference from Kodur, 1991)

Zekeria
(1958)

12 two-span beams, rectangular
sections

7 ω, P
e
, A

p

It could not be stated how fully developed the plastic hinges
were in the study.
Premature failure due to fracture of wire in a flexural beam

Flexure (6)
Shear (6)

Sufficient data to build model
Some M - δ plots
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C.2 Simulations with Smeared Block Analysis

The load-deflection plots shown below are a comparison between measurements from previous

two-span beam tests and the response predicted by the smeared block analysis. In Chapter 7, shows

an additional comparison with results of three, two-span beam tests of Bishara and Brar (1976).
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Figure C.1 - Observed and predicted load-deflection response for Hawkin's (1961) two-span
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C.3 Simplified Steel Strain Localisation Factors

C.3.1 Modified Smeared Block Analysis to Limit Deformation

Capacity for Steel Fracture

It is proposed that the strain localisation factors for reinforcing and prestressing steel, which relate

the average steel deformation to the peak steel strain at a crack, can be used to improve the

accuracy of the smeared block analysis to the effects of steel fracture failure. To ascertain whether

the peak steel strains at a critical crack have exceeded the uniform elongation limit at any stage of

loading, the average steel strains from the smeared block analysis are multiplied by a strain

localisation factor giving an approximate value for the peak steel strain. The modification is carried

out post-simulation and can be applied to existing results.An accurate estimate of the steel strain

localisation factors can be obtained from the results of thelocal deformation analysis. For this

study the results of the investigation of the behaviour of a typical interior support region in a

continuous member, Chapter 6, are used.

It must be stressed that the proposed treatment has one single aim; to approximate the peak steel

strains and limit the deformation capacity for failure by steel fracture, which is grossly

overestimated by the average steel strain treatment in the smeared approach. The treatment does

not aim to account for the tension-stiffening effect or to give an accurate representation of the local

deformation over a plastic hinge. In fact, the treatment is only a simple post-simulation check. A

comparable but more involved treatment was used by Graubner(1989) to approximate peak

reinforcing steel strains in a finite element method, refer to Chapter 3 for details.

A simple check is carried out to investigate if the steel strain localisation factor treatment is

capable of improving the deformation capacity predicted bythe smeared block approach using

previous determinate beam tests by Eibl and Bühler (1991) and Eibl et al. (1991). In this case the

steel strain localisation factors from the discrete crack block analysis of these beams (previously

analysed in Chapter 5) are used to approximate the maximum steel strains predicted by the smeared

block analysis. This is done by multiplying the average steel strains at the mid-span section from

the smeared analysis with the steel strain localisation factor from the discrete analysis. If the

predicted peak steel strain exceeds the uniform elongationlimit, the deformation capacity from the

smeared analysis at stage offailure is recorded as the total deformation capacity. For the reinforced

beams tested by Eibl and Bühler (1991), which failed by fracture of the reinforcement, the

predicted rotation capacity from the smeared approach is improved by limiting the maximum

reinforcing steel strains to the uniform reinforcing steelelongation limit. The predicted carrying

capacities are however unaffected. No effect is observed for the results of the partially prestressed
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members tested by Eiblet al. (1991), which failed in the compression zone. Estimates of the

maximum steel strains for these beams were well below the uniform elongation limit. Table C.1

lists the ultimate load and total rotation capacity predicted by the discrete crack block analysis

(DCBA), smeared block analysis (SBA) and the results of the SBA analysis with steel strain

localisation factors (SBA+αs).

Table C.2 - Comparison of observed and predicted ultimate load and rotation  using discrete
cracked block and smeared block approaches

Ref Specimen Ultimate Load Total rotation

Beam Failure Type Exp. DCBA SBA SBA+
αs

Exp. DCBA SBA SBA+α
s

Eibl and
Bühler
(1991)

RPL1 Steel RC 34.7 34.6 34.6 34.5 0.0426 0.0434 0.0549 0.0390

RPL2 Steel RC 29.7 31.2 32.0* 30.5 0.0629 0.0591 0.0783 0.0587

RPL4 Steel RC 31.1 31.3 32.0 31.5 0.0210 0.0399 0.5220 0.0400

Eibl,
Mora,
Strauß
(1991)

B1 Conc. PPC 366 363 362 362 0.0167 0.0170 0.0181 0.0181

B2 Conc. PPC 354 353 347 347 0.0301 0.0303 0.0291 0.0291

B3 Conc PPC 352 355 354 354 0.0340 0.0380 0.0370 0.0370

* Predicted  failure mode in the compression zone

Past tests on continuous partially prestressed beam tests reviewed in this study could not be used to

check the performance of the steel strain localisation treatment with the smeared analysis with all

specimen failing in the compression zone. In addition, in most cases the uniform elongation limits

of the steels is also not given in the publications.

C.3.2 Determining Simplified Steel Strain Localisation Factors

In Chapter 6, the influence of various parameters on the local deformation behaviour of a typical

interior support region of a continuous beam were investigated using the local deformation model.

As part of this study, the steel strain localisation factorsat the critical section of the interior support

were evaluated for all parametric variations. In Chapter 8,the behaviour of PPC continuous beams

with the same prestressing details and dimensions as the members analysed in Chapter 6, were

simulated with a smeared block analysis to investigate the allowable limits for moment

redistribution with elastic analysis in AS 3600. The interior support region of the continuous beams

are similar to the members analysed in Chapter 6. Hence, the steel strain localisation factors

evaluated in Chapter 6, can be used with procedure describedabove, to investigate the effects of

steel fracture on the behaviour of the beams analysed in Chapter 8. The steel strain localistion
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factors behaviour over the full-range of behaviour is complex and a gross simplification has been

adopted to approximate these factors for the reinforcing and prestressing steel in terms of the

reinforcement percentage, steel strain hardening properties and concrete strength only. 

Figure C.3, Figure C.4 and Figure C.5 show the steel strain localisation history from members

analysed in Chapter 6, with different reinforcement hardening ratios and steel percentages and

fc=40 MPa. Shown as a solid line is the conservative approximation of the reinforcement strain

localisation factors adopted in Chapter 8. It should be remembered that numerous parametric

studies were undertaken with the default (normal) reinforcement hardening properties. For this

reason more results are shown in Figure C.4 than Figure C.3 and Figure C.5.
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Figure C.3 - Summary of reinforcement strain localisation for lower than default reinforcement
hardening 
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Figure C.4 - Summary of reinforcement strain localisation for default reinforcement hardening 
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Figure C.5 - Summary of reinforcement strain localisation for higher than default reinforcement
hardening 

Figure C.6 and Figure C.7 shows the reinforcing steel strainlocalisation factors for members with

concrete strength of 65 and 85 Mpa (respectively), categorised by reinforcement percentage. The

steel strain localisation factors are shown to increase by approximately 0.5 for an increase in

concrete strength of 20 MPa, for all steel percentages. The effects of the concrete strength on the

local deformation behaviour were described in Section 6.3.1.a.
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Figure C.6 - Summary of reinforcement strain localisation for fc = 65 MPa
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Figure C.7 - Summary of reinforcement strain localisation for fc = 85 MPa

The prestressing steel localisation factor increases withincreasing prestressing strain, but for the

purpose of simplification, the steel strain localisation factor can be approximated by a single value

for the full-range of behaviour. Figure C.8, Figure C.9 and Figure C.10 show the results of the

prestressing steel strain localisation factor over the full-range of behaviour for different

prestressing steel strain hardening ratios and categorised by the steel percentage. The results are

discussed in Section 6.3.2.

(a) ps ≈ 0.3 % (b) ps ≈ 0.6 % (c) ps ≈ 1.3 %

Figure C.8 - Summary of prestress strain localisation for lower than default prestress strain
hardening
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Figure C.9 - Summary of prestress strain localisation for default prestress strain hardening

(a) ps ≈ 0.3 % (b) ps ≈ 0.6 % (c) ps ≈ 1.3 %

Figure C.10 - Summary of prestress strain localisation or higher than default prestress strain
hardening

Figure C.11 and Figure C.12 show the prestressing tendon strain localisation factors for members

with concrete strength of 65 and 85 MPa, categorised by reinforcement percentage. As previously

shown for the reinforcing steel strain localisation factors, the prestress steel strain localisation

factor also increases with increasing concrete strength (for all steel percentages), but does so to a

lesser extent than for the reinforcement.

For beams analysed in Chapter 8, which have combinations of steel percentages, concrete strength

and steel strain hardening other than those listed in Figures C1-C.6, the steel strain localisation

factors were approximated from the known combinations of these parameters and linear

extrapolations. Summaries of the steel strain localisation factors usied in each of the parametric

studies of the allowable moment redistribution (Section 8.3) are provided in tables at the start of

each section.
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(a) ps ≈ 0.3 % (b) ps ≈ 0.6 % (c) ps ≈ 1.3 %

Figure C.11 - Summary of prestress strain localisation for fc = 65 Mpa

(a) ps ≈ 0.3 % (b) ps ≈ 0.6 % (c) ps ≈ 1.3 %

Figure C.12 - Summary of prestress strain localisation for fc = 85 MPa
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Appendix D

DLISTING OF RESULTS

This Appendix contains a listing of results from the parametric studies of deformation capacity

(Chapter 6) and safely allowable moment redistribution fordesign (Chapter 8). Results listed for

the rotation capacity include:

Mu – moment capacity over the interior support
θtot , θel , ,θpl – rotation capacity, elastic rotation, plastic rotation capacity
srm.avg – average crack spacing
ws.max – maximum crack width at the reinforcement layer (at peak load)
εco – compressive concrete strain over interior support at peak load
dn – neutral axis depth of strain over interior support at peak load
εs – reinforcement strain over interior support at peak load
αs – reinforcement strain localisation factor over interior support at peak load
εp – prestressing strain over interior support at peak load
αp – prestressing steel strain localisation factor over interior support at peak load

Results listed for moment redistribution studies include the following data for the interior support

section and the in-span maximum moment section:

Ast – total area of tension reinforcement
Asc – total area of tension reinforcement

Mu.d  – design moment capacity according to AS3600 (2001) stress-block analysis
ku – neutral axis parameter according to AS3600 (2001)
Mu – moment capacity according to non-linear analysis
εs – reinforcing steel strain at peak load
εp – prestressing steel strain at peak load

In addition, the data relating to moment redistribution and the carrying capacity are listed:

MRd – design moment redistribution level
Mspan – moment in the span at peak load
Msup – moment over the support at peak load
w – carrying capacity predicted by the non-linear analysis
wpl – plastic load corresponding to non-linear moment capacities
wd – design load according to AS 3600 (2001)
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D.1 Tabulated Results for Deformation Capacity Study  - Chapter 6
Table D.1 - Tabulated results for deformation capacity study

Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

Series A: L/D = 20, L
eq
 = 3800 mm, D = 450 mm, B = 2400 mm, A

p
 = 1965 mm2, σ

pe
 = 905 MPa, A

sc
 = 0, d

st
 = 405 mm2, ∅

s
 = 20 mm, f

c
 = 40 MPa, ε

c.50
 = 0.004, f

sy
 = 550 MPa, τ

s.max
 =

12.1 MPa f
py

 = 1750 Mpa, τ
p.max

 = 6.2, l
pad

 = 400 mm

p0 1139.7 0.0449 0.0110 0.0338 301.0 6.63 -0.00374 59.29 0.0414 1.90 0.0347 1.41
p1 1385.1 0.0392 0.0138 0.0254 223.6 3.97 -0.00354 68.79 0.0275 1.59 0.0250 1.20
p2 1509.2 0.0379 0.0149 0.0229 210.6 3.54 -0.00347 73.81 0.0251 1.58 0.0233 1.20
p3 1984.8 0.0334 0.0175 0.0159 164.0 2.11 -0.00330 93.63 0.0206 1.66 0.0164 1.09
p4 2427.3 0.0301 0.0191 0.0110 141.0 1.21 -0.00323 113.11 0.0158 1.87 0.0134 1.07
p5 3316.2 0.0282 0.0216 0.0065 115.6 0.55 -0.00324 155.37 0.0086 1.66 0.0098 1.01
p6 3836.5 0.0263 0.0233 0.0030 102.8 0.40 -0.00353 183.49 0.0068 1.59 0.0088 1.00
A

sc
 = 8-∅

sc
 20 mm

p0 1142.9 0.0491 0.0120 0.0371 313.3 6.57 -0.00400 54.72 0.0414 1.78 0.0350 1.34
p1 1399.7 0.0435 0.0136 0.0299 224.8 5.19 -0.00382 62.40 0.0343 1.55 0.0308 1.21
p2 1526.8 0.0413 0.0147 0.0266 210.6 4.41 -0.00372 66.21 0.0302 1.53 0.0275 1.18
p3 2008.5 0.0352 0.0172 0.0181 164.1 1.79 -0.00349 85.15 0.0205 1.85 0.0163 1.08
p4 2487.6 0.0329 0.0188 0.0141 140.7 1.68 -0.00344 100.15 0.0199 1.72 0.0162 1.05
p5 3426.5 0.0292 0.0212 0.0080 115.4 0.77 -0.00356 139.94 0.0115 1.71 0.0114 1.02
p6 3998.8 0.0268 0.0230 0.0038 102.3 0.40 -0.00380 169.36 0.0069 1.58 0.0090 1.00
A

sc
 = 24-∅

sc
 20 mm

p0 1147.8 0.0536 0.0105 0.0407 311.3 7.56 -0.00425 50.78 0.0468 1.85 0.0410 1.47
p1 1415.2 0.0481 0.0133 0.0349 223.1 6.23 -0.00411 55.11 0.0401 1.51 0.0350 1.19
p2 1548.6 0.0456 0.0143 0.0330 209.9 6.00 -0.00405 57.38 0.0389 1.47 0.0350 1.17
p3 2034.6 0.0393 0.0168 0.0226 162.9 2.17 -0.00372 68.40 0.0207 1.58 0.0191 1.08
p4 2557.2 0.0368 0.0182 0.0186 138.6 2.44 -0.00370 80.59 0.0221 1.41 0.0203 1.05
p5 3617.6 0.0327 0.0206 0.0125 114.2 1.37 -0.00394 109.44 0.0183 1.49 0.0165 1.01
p6 4327.6 0.0309 0.0223 0.0086 101.3 0.81 -0.00418 138.01 0.0124 1.54 0.0126 1.01
Straight tendon profile
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Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p0 1141.8 0.0376 0.0084 0.0291 348.5 6.77 -0.00362 59.19 0.0420 1.99 0.0349 1.47
p1 1385.8 0.0340 0.0105 0.0234 242.5 4.34 -0.00376 69.17 0.0295 1.62 0.0265 1.23
p2 1509.2 0.0318 0.0116 0.0202 227.4 3.56 -0.00354 73.82 0.0252 1.59 0.0233 1.20
p3 1984.9 0.0294 0.0142 0.0151 175.6 2.25 -0.00329 93.65 0.0206 1.61 0.0162 1.08
p4 2426.8 0.0267 0.0162 0.0104 152.1 1.21 -0.00323 113.09 0.0158 1.87 0.0132 1.05
p5 3316.6 0.0256 0.0195 0.0061 119.9 0.55 -0.00324 155.40 0.0087 1.67 0.0098 1.01
p6 3830.4 0.0238 0.0214 0.0025 107.8 0.38 -0.00325 182.23 0.0063 1.59 0.0086 1.00
∅

st
 = 16 mm

p0 1146.4 0.0474 0.0108 0.0366 278.7 6.12 -0.00381 57.41 0.0481 2.09 0.0337 1.29
p1 1314.9 0.0418 0.0134 0.0284 214.2 3.85 -0.00362 63.43 0.0348 1.79 0.0260 1.12
p2 1401.1 0.0399 0.0136 0.0263 184.5 3.49 -0.00368 66.80 0.0328 1.76 0.0247 1.10
p3 1734.5 0.0345 0.0160 0.0186 155.3 2.01 -0.00286 81.04 0.0237 1.82 0.0165 1.06
p4 2063.6 0.0330 0.0173 0.0157 131.7 1.46 -0.00332 92.57 0.0217 1.90 0.0159 1.03
p5 2735.8 0.0293 0.0196 0.0097 106.2 0.80 -0.00320 120.98 0.0144 1.92 0.0122 1.02
p6 3215.4 0.0282 0.0209 0.0073 95.6 0.53 -0.00314 142.67 0.0101 1.75 0.0104 1.01
∅

st
 = 24 mm

p0 1265.5 0.0457 0.0120 0.0337 354.8 6.82 -0.00366 61.64 0.0354 1.74 0.0349 1.52
p1 1639.6 0.0379 0.0150 0.0229 247.0 4.09 -0.00355 75.82 0.0232 1.50 0.0245 1.32
p2 1821.0 0.0362 0.0162 0.0200 227.0 3.50 -0.00360 83.04 0.0215 1.51 0.0221 1.28
p3 2518.0 0.0305 0.0190 0.0115 173.0 1.52 -0.00320 111.61 0.0156 1.81 0.0139 1.12
p4 3145.9 0.0286 0.0208 0.0078 148.6 0.94 -0.00315 139.44 0.0101 1.69 0.0109 1.05
p5 4228.6 0.0257 0.0239 0.0018 119.0 0.41 -0.00339 192.90 0.0058 1.55 0.0083 1.00
s

rm.avg
 = s

rm
 - 100

p0 1199.8 0.0453 0.0123 0.0330 267.5 6.22 -0.00377 59.34 0.0421 1.82 0.0349 1.36
p1 1455.2 0.0404 0.0149 0.0255 179.0 3.56 -0.00359 68.74 0.0266 1.51 0.0246 1.16
p2 1584.1 0.0388 0.0157 0.0231 165.0 3.11 -0.00362 73.75 0.0245 1.48 0.0228 1.14
p3 2078.4 0.0331 0.0181 0.0150 114.6 1.41 -0.00331 93.18 0.0182 1.65 0.0158 1.03
p4 2538.9 0.0303 0.0196 0.0108 91.6 0.87 -0.00329 112.33 0.0133 1.55 0.0131 1.00
p5 3468.8 0.0280 0.0222 0.0058 64.2 0.33 -0.00315 154.57 0.0068 1.34 0.0097 1.00
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Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p6 4020.2 0.0264 0.0238 0.0025 51.6 0.23 -0.00351 182.44 0.0055 1.28 0.0089 1.00
s

rm.avg
 = s

rm
 - 50

p0 1192.7 0.0456 0.0130 0.0326 217.5 5.82 -0.00378 59.09 0.0373 1.69 0.0323 1.28
p1 1446.7 0.0408 0.0153 0.0255 129.0 2.91 -0.00369 68.56 0.0238 1.32 0.0233 1.06
p2 1577.4 0.0397 0.0162 0.0235 115.0 2.60 -0.00354 73.38 0.0216 1.29 0.0208 1.04
p3 2062.4 0.0327 0.0184 0.0143 64.6 0.80 -0.00339 92.49 0.0144 1.26 0.0159 1.00
p4 2518.5 0.0300 0.0199 0.0101 41.6 0.42 -0.00337 111.42 0.0099 1.11 0.0134 1.00
s

rm.avg
 = s

rm
 + 50

p0 1209.6 0.0447 0.0101 0.0346 367.5 8.42 -0.00355 59.41 0.0508 2.46 0.0424 1.88
p1 1472.0 0.0408 0.0131 0.0277 279.0 5.48 -0.00360 69.41 0.0344 1.98 0.0298 1.48
p2 1601.7 0.0388 0.0143 0.0245 265.0 4.67 -0.00351 74.31 0.0299 1.92 0.0265 1.44
p3 2097.1 0.0331 0.0168 0.0163 214.6 2.70 -0.00334 93.92 0.0212 1.87 0.0186 1.29
p4 2575.6 0.0307 0.0184 0.0124 191.6 1.79 -0.00328 113.91 0.0174 2.19 0.0144 1.19
p5 3517.7 0.0280 0.0211 0.0069 164.1 0.86 -0.00323 156.69 0.0108 2.12 0.0098 1.01
p6 4061.9 0.0260 0.0227 0.0033 151.6 0.66 -0.00344 184.22 0.0082 1.96 0.0087 1.01
s

rm.avg
 = s

rm
 + 100

p0 1213.0 0.0441 0.0077 0.0364 417.5 9.32 -0.00353 59.53 0.0557 2.72 0.0463 2.09
p1 1480.1 0.0429 0.0129 0.0301 329.0 6.40 -0.00365 69.81 0.0393 2.24 0.0326 1.64
p2 1609.8 0.0403 0.0133 0.0269 315.0 5.51 -0.00356 74.69 0.0341 2.16 0.0292 1.60
p3 2105.6 0.0338 0.0162 0.0176 264.6 3.32 -0.00348 94.32 0.0228 1.98 0.0206 1.43
p4 2581.1 0.0308 0.0178 0.0130 241.6 2.30 -0.00310 114.62 0.0189 2.28 0.0147 1.30
p5 3531.0 0.0276 0.0204 0.0072 214.1 1.11 -0.00323 157.33 0.0124 2.44 0.0098 1.03
p6 4082.2 0.0259 0.0221 0.0038 201.6 0.88 -0.00355 186.02 0.0096 2.28 0.0088 1.02

ε
c.50

 = 0.0035

p0 1144.1 0.0394 0.0107 0.0287 299.5 5.09 -0.00303 60.81 0.0352 0.03 0.0285 1.43
p1 1371.7 0.0360 0.0140 0.0220 219.3 3.23 -0.00297 70.89 0.0237 1.65 0.0215 1.23
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APPENDIX D - TABULATED RESULTS

Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p2 1611.1 0.0340 0.0155 0.0185 198.2 1.73 -0.00292 76.01 0.0210 0.02 0.0195 1.21
p3 1967.7 0.0308 0.0175 0.0133 162.7 1.51 -0.00292 96.54 0.0182 1.95 0.0146 1.09
p4 2406.5 0.0288 0.0191 0.0097 141.3 0.97 -0.00283 116.60 0.0133 1.90 0.0120 1.07
p5 3246.3 0.0265 0.0216 0.0049 113.4 0.51 -0.00311 159.09 0.0121 1.66 0.0094 1.00
p6 4011.1 0.0259 0.0240 0.0019 98.3 0.31 -0.00294 185.41 0.0096 0.01 0.0081 1.00
ε

c.50
 = 0.0055

p0 1156.9 0.0519 0.0112 0.0407 294.8 8.28 -0.00452 54.96 0.0516 1.79 0.0460 1.47
p1 1415.7 0.0473 0.0132 0.0341 223.0 6.13 -0.00498 64.92 0.0395 1.51 0.0350 1.19
p2 1756.1 0.0451 0.0155 0.0296 202.1 5.50 -0.00490 69.46 0.0335 0.04 0.0271 1.18
p3 2020.0 0.0386 0.0175 0.0210 164.9 3.00 -0.00449 87.41 0.0236 1.41 0.0222 1.10
p4 2479.3 0.0358 0.0191 0.0167 140.3 2.15 -0.00449 105.89 0.0214 1.52 0.0177 1.07
p5 3395.5 0.0306 0.0216 0.0089 115.8 0.87 -0.00421 145.70 0.0128 1.71 0.0122 1.04
p6 4156.1 0.0291 0.0240 0.0051 97.6 0.67 -0.00405 175.84 0.0110 0.01 0.0099 1.01
f
c
 = 65 MPa

p0 1260.0 0.0084 0.0088 0.0532 380.5 9.82 -0.00289 42.23 0.0625 2.52 0.0524 1.98
p1 1540.3 0.0124 0.0119 0.0463 276.0 5.94 -0.00304 49.05 0.0399 1.81 0.0328 1.31
p2 1678.6 0.0136 0.0129 0.0442 252.6 5.13 -0.00306 52.58 0.0358 1.74 0.0299 1.26
p3 2222.6 0.0161 0.0152 0.0374 203.1 3.03 -0.00299 66.70 0.0250 1.64 0.0217 1.15
p4 2751.3 0.0178 0.0172 0.0338 168.1 1.84 -0.00291 81.07 0.0223 1.95 0.0170 1.08
p5 3843.9 0.0203 0.0197 0.0302 134.0 1.01 -0.00296 111.58 0.0152 1.95 0.0125 1.03
p6 4627.4 0.0218 0.0212 0.0278 120.1 0.71 -0.00291 135.22 0.0109 1.88 0.0105 1.03
f
c
 = 85 MPa

p0 1283.0 0.0037 0.0135 0.0613 426.7 14.22 -0.00301 34.74 0.0900 2.80 0.0865 2.62
p1 1584.8 0.0105 0.0159 0.0516 328.0 8.70 -0.00304 40.87 0.0571 2.10 0.0472 1.61
p2 1727.9 0.0124 0.0168 0.0499 304.8 7.03 -0.00303 43.81 0.0468 1.87 0.0383 1.38
p3 2292.4 0.0152 0.0187 0.0421 228.7 4.46 -0.00305 55.55 0.0341 1.77 0.0274 1.22
p4 2838.8 0.0170 0.0203 0.0378 192.2 2.98 -0.00303 67.19 0.0262 1.69 0.0215 1.13
p5 4009.2 0.0194 0.0230 0.0332 154.5 1.45 -0.00299 93.17 0.0198 1.98 0.0149 1.04
p6 4847.3 0.0211 0.0247 0.0310 135.4 1.00 -0.00300 112.62 0.0155 1.99 0.0125 1.03
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APPENDIX D - TABULATED RESULTS

Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

l
pad

 = 0 mm

p0 1146.5 0.0400 0.0198 0.0312 341.3 7.77 -0.00354 59.31 0.0472 2.28 0.0392 1.72
p1 1391.0 0.0353 0.0220 0.0234 228.5 4.70 -0.00358 69.07 0.0308 1.77 0.0271 1.32
p2 1513.3 0.0333 0.0229 0.0204 214.5 3.96 -0.00353 73.98 0.0268 1.70 0.0242 1.27
p3 1986.3 0.0283 0.0247 0.0131 166.9 2.26 -0.00302 94.51 0.0202 1.91 0.0157 1.14
p4 2434.3 0.0263 0.0261 0.0092 142.8 1.40 -0.00322 113.45 0.0170 2.00 0.0134 1.09
p5 3325.7 0.0244 0.0287 0.0048 114.7 0.67 -0.00328 155.81 0.0095 1.78 0.0099 1.01
p6 3837.6 0.0230 0.0308 0.0018 102.2 0.46 -0.00322 182.64 0.0068 1.74 0.0085 1.00
l
pad

 = 800 mm

p0 1132.7 0.0528 0.0110 0.0393 305.3 6.30 -0.00415 60.14 0.0401 1.63 0.0345 1.26
p1 1384.3 0.0449 0.0138 0.0290 217.9 3.93 -0.00360 68.82 0.0275 1.57 0.0250 1.19
p2 1506.0 0.0430 0.0149 0.0262 204.3 3.45 -0.00370 73.96 0.0249 1.50 0.0234 1.16
p3 1983.6 0.0369 0.0175 0.0181 167.6 1.80 -0.00336 93.54 0.0206 1.83 0.0164 1.08
p4 2425.1 0.0333 0.0191 0.0130 138.8 1.18 -0.00328 112.94 0.0157 1.80 0.0133 1.04
p5 3315.0 0.0305 0.0216 0.0075 114.3 0.53 -0.00320 155.39 0.0084 1.64 0.0097 1.00
p6 3836.5 0.0280 0.0233 0.0033 102.2 0.40 -0.00353 183.49 0.0068 1.59 0.0088 1.00
UDL
p0 1171.0 0.1049 0.0109 0.0851 256.0 5.12 -0.00372 58.84 0.0339 1.55 0.0306 1.21
p1 1423.4 0.0836 0.0127 0.0616 216.1 3.67 -0.00360 68.73 0.0263 1.49 0.0245 1.15
p2 1545.3 0.0696 0.0169 0.0467 184.8 3.23 -0.00370 73.86 0.0243 1.48 0.0230 1.13
p3 2022.0 0.0545 0.0186 0.0298 147.2 1.73 -0.00341 93.40 0.0201 1.74 0.0164 1.06
p4 2463.6 0.0459 0.0214 0.0198 131.0 1.09 -0.00326 112.82 0.0151 1.78 0.0132 1.03
p5 3356.6 0.0402 0.0231 0.0115 106.0 0.52 -0.00318 155.45 0.0084 1.64 0.0097 1.00
p6 3878.0 0.0356 0.0048 89.6 0.39 -0.00349 183.23 0.0066 1.57 0.0088 1.00
wGb = 26.9 kN/m
p1 860.5 0.0597 0.0099 0.0488 312.8 11.84 -0.00392 38.77 0.0726 1.96 0.0745 1.92
p2 997.8 0.0503 0.0127 0.0376 270.2 8.63 -0.00383 43.87 0.0538 1.71 0.0498 1.45
p3 1517.0 0.0454 0.0170 0.0285 191.9 4.16 -0.00367 63.92 0.0292 1.49 0.0275 1.16
p4 2006.2 0.0371 0.0186 0.0185 157.6 2.43 -0.00336 83.65 0.0215 1.51 0.0190 1.10
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APPENDIX D - TABULATED RESULTS

Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p5 2991.0 0.0320 0.0214 0.0106 123.4 0.88 -0.00324 127.15 0.0127 1.80 0.0124 1.04
p6 3653.4 0.0280 0.0231 0.0049 107.3 0.51 -0.00319 159.59 0.0082 1.66 0.0102 1.02
wGb = 110.1 kN/m
p0 1490.2 0.0365 0.0112 0.0214 197.4 2.58 -0.00338 88.71 0.0214 1.71 0.0194 1.19
p1 1721.3 0.0343 0.0145 0.0178 174.9 1.73 -0.00327 98.66 0.0197 1.94 0.0164 1.11
p2 1835.0 0.0328 0.0149 0.0155 171.3 1.57 -0.00323 103.68 0.0185 1.94 0.0153 1.09
p3 2267.7 0.0304 0.0175 0.0111 142.9 1.00 -0.00311 123.47 0.0138 1.94 0.0127 1.05
p4 2672.4 0.0288 0.0191 0.0081 126.6 0.71 -0.00312 142.63 0.0101 1.77 0.0112 1.03
p5 3452.9 0.0289 0.0216 0.0055 107.2 0.43 -0.00358 183.79 0.0070 1.63 0.0096 1.00
p6 4251.6 0.0263 0.0233 0.0012 98.2 0.29 -0.00340 207.91 0.0046 1.44 0.0087 1.00
Higher reinforcement hardening: fsu /fsy = 1.30 at εsu = 5.0%,  lower prestress hardening: fpu /fpy = 1.03 at εpu = 5.0%
p0 1218.1 0.0531 0.0107 0.0419 326.5 5.63 -0.00377 62.54 0.0311 1.51 0.0286 1.19
p1 1474.8 0.0481 0.0146 0.0335 222.0 4.46 -0.00429 75.07 0.0254 1.31 0.0247 1.08
p2 1593.8 0.0441 0.0149 0.0292 208.4 3.73 -0.00402 78.74 0.0222 1.33 0.0222 1.08
p3 2058.5 0.0355 0.0175 0.0180 163.1 1.86 -0.00331 96.83 0.0159 1.42 0.0153 1.03
p4 2498.4 0.0323 0.0191 0.0133 140.9 1.27 -0.00359 116.61 0.0132 1.48 0.0135 1.02
p5 3355.4 0.0285 0.0216 0.0069 116.1 0.55 -0.00332 157.32 0.0073 1.39 0.0098 1.00
p6 3865.8 0.0263 0.0233 0.0031 101.3 0.40 -0.00351 185.02 0.0058 1.39 0.0088 1.00
Lower reinforcement hardening: fsu /fsy = 1.05 at εsu = 5.0%, higher prestress hardening: fpu /fpy = 1.15 at εpu = 5.0%
p0 1090.8 0.0387 0.0122 0.0277 307.3 5.53 -0.00314 57.32 0.0502 2.30 0.0377 1.78
p1 1338.6 0.0385 0.0138 0.0246 225.0 4.89 -0.00289 68.09 0.0443 2.03 0.0237 1.37
p2 1460.8 0.0362 0.0149 0.0213 209.6 3.93 -0.00313 72.10 0.0405 2.17 0.0235 1.33
p3 1930.4 0.0303 0.0175 0.0128 163.1 1.68 -0.00310 91.73 0.0286 2.70 0.0167 1.16
p4 2374.2 0.0288 0.0191 0.0097 141.4 1.11 -0.00303 111.45 0.0207 2.53 0.0131 1.08
p5 3282.2 0.0276 0.0216 0.0060 113.8 0.53 -0.00314 153.94 0.0109 2.14 0.0097 1.00
p6 3812.4 0.0259 0.0233 0.0026 101.3 0.40 -0.00345 181.72 0.0081 1.92 0.0088 1.00
Higher reinforcement hardening: fsu /fsy = 1.30 at εsu = 5.0%, higher prestress hardening: fpu /fpy = 1.15 at εpu = 5.0%
p0 1113.9 0.0422 0.0128 0.0315 300.5 6.53 -0.00340 57.93 0.0352 1.73 0.0440 1.98
p1 1388.4 0.0396 0.0143 0.0250 221.8 4.46 -0.00360 68.96 0.0249 1.42 0.0321 1.60

- D8 -



APPENDIX D - TABULATED RESULTS

Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p2 1519.3 0.0383 0.0154 0.0234 215.2 3.88 -0.00362 74.31 0.0226 1.40 0.0286 1.53
p3 2015.1 0.0332 0.0181 0.0157 163.9 1.97 -0.00313 95.26 0.0156 1.47 0.0167 1.21
p4 2474.1 0.0311 0.0197 0.0120 140.8 1.24 -0.00333 115.09 0.0126 1.51 0.0138 1.11
p5 3354.8 0.0283 0.0223 0.0067 113.8 0.54 -0.00325 157.32 0.0071 1.40 0.0097 1.00
p6 3865.8 0.0265 0.0240 0.0033 103.1 0.42 -0.00364 186.03 0.0060 1.40 0.0089 1.00
Default reinforcement hardening: fsu /fsy = 1.15 at εsu = 5.0%, higher prestress hardening: fpu /fpy = 1.15 at εpu = 5.0%
p0 1207.5 0.0522 0.0103 0.0400 319.0 5.71 -0.00374 62.05 0.0364 1.76 0.0288 1.20
p1 1447.6 0.0460 0.0134 0.0322 221.6 4.15 -0.00399 72.54 0.0287 1.54 0.0239 1.07
p2 1562.6 0.0425 0.0149 0.0275 211.2 3.52 -0.00391 76.97 0.0252 1.54 0.0220 1.07
p3 2018.3 0.0350 0.0175 0.0175 162.7 1.82 -0.00346 95.10 0.0206 1.79 0.0160 1.03
p4 2445.4 0.0314 0.0191 0.0124 140.4 1.27 -0.00357 114.14 0.0167 1.83 0.0137 1.02
p5 3316.6 0.0281 0.0216 0.0065 116.0 0.55 -0.00326 155.37 0.0087 1.66 0.0098 1.00
p6 3837.0 0.0261 0.0233 0.0029 101.3 0.40 -0.00353 183.51 0.0068 1.60 0.0088 1.00
Default reinforcement hardening: fsu /fsy = 1.15 at εsu = 5.0%, lower prestress hardening: fpu /fpy = 1.03 at εpu = 5.0%
p0 1099.4 0.0434 0.0107 0.0306 295.5 5.66 -0.00368 57.48 0.0387 1.83 0.0392 1.81
p1 1359.8 0.0377 0.0138 0.0234 223.8 4.05 -0.00348 67.69 0.0278 1.64 0.0299 1.53
p2 1486.8 0.0360 0.0149 0.0206 209.2 3.55 -0.00344 72.82 0.0250 1.59 0.0267 1.44
p3 1972.1 0.0324 0.0175 0.0143 163.4 1.89 -0.00332 93.05 0.0206 1.95 0.0178 1.21
p4 2421.4 0.0291 0.0191 0.0094 141.6 1.20 -0.00317 112.98 0.0157 1.87 0.0135 1.10
p5 3315.9 0.0278 0.0216 0.0055 113.7 0.55 -0.00324 155.36 0.0087 1.66 0.0098 1.01
p6 3837.0 0.0278 0.0233 0.0038 101.3 0.40 -0.00353 183.51 0.0068 1.60 0.0088 1.00

Lower reinforcement hardening: fsu /fsy = 1.05 at εsu = 5.0%, default prestress hardening: fpu /fpy = 1.05 at εpu = 5.0%
p0 1129.1 0.0425 0.0116 0.0322 312.7 6.45 -0.00370 58.90 0.0488 2.21 0.0343 1.38
p1 1362.6 0.0369 0.0143 0.0235 221.3 3.88 -0.00341 67.91 0.0398 2.25 0.0250 1.18
p2 1479.6 0.0344 0.0152 0.0195 208.6 3.02 -0.00333 72.71 0.0368 2.80 0.0214 1.16
p3 1941.9 0.0311 0.0173 0.0136 163.6 1.70 -0.00321 91.94 0.0270 2.66 0.0161 1.07
p4 2380.0 0.0291 0.0191 0.0100 141.4 1.13 -0.00310 111.39 0.0211 2.54 0.0130 1.04
p5 3282.2 0.0276 0.0216 0.0060 113.7 0.53 -0.00314 153.94 0.0109 2.14 0.0097 1.00
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APPENDIX D - TABULATED RESULTS

Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p6 3812.4 0.0259 0.0233 0.0026 101.3 0.40 -0.00351 181.72 0.0081 1.92 0.0088 1.00
Higher reinforcement hardening: fsu /fsy = 1.30 at εsu = 5.0%, default prestress hardening: fpu /fpy = 1.05 at εpu = 5.0%
p0 1153.0 0.0472 0.0118 0.0365 301.5 6.69 -0.00388 59.80 0.0361 1.68 0.0348 1.44
p1 1414.3 0.0418 0.0144 0.0280 224.9 4.41 -0.00377 70.36 0.0248 1.39 0.0265 1.25
p2 1542.3 0.0401 0.0153 0.0251 211.0 3.90 -0.00368 75.61 0.0227 1.38 0.0238 1.23
p3 2024.7 0.0346 0.0174 0.0171 163.9 2.21 -0.00351 95.78 0.0154 1.51 0.0167 1.09
p4 2481.1 0.0314 0.0190 0.0123 140.7 1.26 -0.00340 115.42 0.0129 1.51 0.0135 1.06
p5 3354.9 0.0285 0.0216 0.0069 116.2 0.55 -0.00330 157.29 0.0073 1.39 0.0098 1.01
p6 3865.8 0.0264 0.0234 0.0032 103.1 0.40 -0.00351 185.02 0.0058 1.39 0.0088 1.00
Lower prestress bond: τ

p.max
 = 3.1 MPa

p0 1134.6 0.0469 0.0117 0.0353 363.0 7.55 -0.00380 59.19 0.0465 2.10 0.0323 1.28
p1 1382.7 0.0409 0.0145 0.0266 248.2 4.43 -0.00360 68.76 0.0296 1.68 0.0241 1.13
p2 1505.6 0.0387 0.0149 0.0235 218.0 3.63 -0.00350 73.63 0.0255 1.59 0.0218 1.11
p3 1983.3 0.0330 0.0172 0.0157 173.6 1.90 -0.00315 93.86 0.0201 1.84 0.0154 1.05
p4 2427.3 0.0305 0.0190 0.0114 147.6 1.22 -0.00323 113.11 0.0160 1.93 0.0131 1.03
p5 3317.9 0.0281 0.0217 0.0065 117.8 0.57 -0.00324 155.45 0.0088 1.69 0.0098 1.00
p6 3837.6 0.0262 0.0234 0.0029 103.6 0.41 -0.00353 183.55 0.0069 1.61 0.0088 1.00
Higher prestress bond: τ

p.max
 = 9.3 MPa

p0 1139.4 0.0455 0.0118 0.0337 281.0 5.78 -0.00372 59.24 0.0370 1.70 0.0349 1.43
p1 1387.8 0.0400 0.0141 0.0256 214.0 4.18 -0.00378 69.31 0.0288 1.57 0.0279 1.30
p2 1510.4 0.0375 0.0150 0.0222 198.7 3.41 -0.00352 73.86 0.0247 1.53 0.0239 1.25
p3 1983.9 0.0330 0.0174 0.0156 163.3 1.88 -0.00346 93.58 0.0207 1.80 0.0173 1.12
p4 2426.2 0.0302 0.0189 0.0112 140.9 1.21 -0.00335 112.93 0.0160 1.85 0.0137 1.07
p5 3315.0 0.0281 0.0216 0.0065 114.1 0.54 -0.00326 155.28 0.0086 1.65 0.0099 1.01
p6 3836.7 0.0262 0.0233 0.0028 101.4 0.39 -0.00348 183.19 0.0067 1.59 0.0088 1.00
Lower reinforcement bond: τ

s.max
 = 9.1 MPa

p0 1143.9 0.0453 0.0117 0.0335 413.0 6.92 -0.00342 59.16 0.0401 2.01 0.0350 1.56
p1 1390.4 0.0412 0.0145 0.0267 271.0 5.10 -0.00381 69.51 0.0305 1.63 0.0290 1.34
p2 1513.7 0.0385 0.0149 0.0236 250.0 4.14 -0.00354 74.02 0.0250 1.58 0.0249 1.31

- D10 -



APPENDIX D - TABULATED RESULTS

Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p3 1980.0 0.0328 0.0172 0.0155 200.8 2.24 -0.00318 93.63 0.0182 1.68 0.0168 1.18
p4 2426.3 0.0302 0.0190 0.0112 166.1 1.45 -0.00335 112.94 0.0158 1.83 0.0139 1.09
p5 3315.9 0.0280 0.0217 0.0063 132.9 0.63 -0.00320 155.44 0.0085 1.65 0.0097 1.00
p6 3837.7 0.0262 0.0234 0.0029 120.3 0.47 -0.00348 183.25 0.0068 1.61 0.0088 1.00
Higher reinforcement bond: τ

s.max
 = 15.4 MPa

p0 1133.9 0.0462 0.0118 0.0344 275.5 5.78 -0.00374 59.05 0.0390 1.78 0.0323 1.29
p1 1382.7 0.0395 0.0141 0.0254 194.1 3.60 -0.00360 68.76 0.0288 1.64 0.0243 1.14
p2 1505.9 0.0374 0.0150 0.0224 179.3 2.93 -0.00342 73.61 0.0250 1.62 0.0216 1.12
p3 1985.1 0.0332 0.0174 0.0158 145.5 1.70 -0.00349 93.66 0.0218 1.88 0.0166 1.06
p4 2427.5 0.0303 0.0189 0.0114 124.9 1.10 -0.00332 113.00 0.0164 1.87 0.0133 1.02
p5 3316.0 0.0278 0.0216 0.0063 100.4 0.48 -0.00320 155.44 0.0085 1.65 0.0097 1.00
p6 3837.0 0.0262 0.0233 0.0029 90.0 0.36 -0.00353 183.52 0.0068 1.60 0.0088 1.00
Lower reinforcement bond: τ

s.max
 = 9.1 MPa, higher reinforcement hardening: fsu /fsy = 1.30

p0 1158.0 0.0489 0.0119 0.0372 414.0 7.66 -0.00365 59.87 0.0377 1.79 0.0377 1.70
p1 1421.6 0.0436 0.0145 0.0291 271.0 5.39 -0.00395 71.21 0.0275 1.49 0.0283 1.40
p2 1548.7 0.0410 0.0149 0.0261 245.0 4.49 -0.00376 75.87 0.0233 1.43 0.0247 1.35
p3 2025.9 0.0348 0.0172 0.0176 200.7 2.57 -0.00360 95.61 0.0161 1.38 0.0173 1.23
p4 2481.3 0.0315 0.0190 0.0125 166.5 1.54 -0.00336 115.42 0.0126 1.46 0.0138 1.12
p5 3354.6 0.0285 0.0217 0.0068 133.1 0.67 -0.00334 157.28 0.0073 1.37 0.0099 1.01
p6 3866.2 0.0265 0.0234 0.0031 120.5 0.47 -0.00351 185.05 0.0058 1.39 0.0088 1.00
Higher reinforcement bond: τ

s.max
 = 15.4 MPa, higher reinforcement hardening: fsu /fsy = 1.30

p0 1149.1 0.0481 0.0117 0.0364 270.2 6.37 -0.00392 60.05 0.0365 1.62 0.0342 1.35
p1 1410.6 0.0414 0.0141 0.0273 193.2 3.94 -0.00376 70.20 0.0244 1.36 0.0251 1.17
p2 1537.6 0.0399 0.0150 0.0249 178.9 3.45 -0.00386 75.69 0.0228 1.35 0.0234 1.15
p3 2031.8 0.0343 0.0174 0.0169 145.8 1.71 -0.00348 95.65 0.0176 1.55 0.0163 1.06
p4 2481.5 0.0315 0.0189 0.0126 125.1 1.14 -0.00348 115.53 0.0134 1.53 0.0135 1.03
p5 3356.4 0.0283 0.0216 0.0067 100.4 0.50 -0.00334 157.38 0.0074 1.40 0.0098 1.01
p6 3866.3 0.0264 0.0233 0.0031 90.0 0.36 -0.00356 185.43 0.0059 1.40 0.0088 1.00
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Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

Lower reinforcement bond: τ
s.max

 = 9.1 MPa, lower reinforcement hardening: fsu /fsy = 1.05

p0 1135.0 0.0446 0.0279 0.0328 408.0 6.93 -0.00337 58.82 0.0466 2.35 0.0350 1.57
p1 1366.4 0.0386 0.0302 0.0241 271.0 4.56 -0.00350 68.01 0.0374 2.12 0.0266 1.30
p2 1483.5 0.0368 0.0311 0.0219 245.0 3.89 -0.00349 72.74 0.0346 2.17 0.0242 1.26
p3 1943.4 0.0315 0.0341 0.0143 201.0 2.01 -0.00321 92.01 0.0254 2.63 0.0167 1.13
p4 2380.6 0.0292 0.0366 0.0103 165.7 1.32 -0.00316 111.19 0.0210 2.52 0.0135 1.08
p5 3282.4 0.0277 0.0377 0.0060 133.4 0.62 -0.00313 153.96 0.0109 2.14 0.0097 1.00
p6 3813.0 0.0260 0.0388 0.0026 120.3 0.46 -0.00340 181.53 0.0082 1.93 0.0088 1.00
Higher reinforcement bond: τ

s.max
 = 15.4 MPa, lower reinforcement hardening: fsu /fsy = 1.05

p0 1124.6 0.0445 0.0255 0.0329 260.0 5.55 -0.00367 58.57 0.0496 2.29 0.0316 1.27
p1 1361.1 0.0389 0.0278 0.0249 194.8 3.75 -0.00343 67.76 0.0441 2.28 0.0234 1.13
p2 1480.1 0.0377 0.0288 0.0227 181.0 2.86 -0.00327 72.65 0.0406 2.26 0.0210 1.12
p3 1941.2 0.0315 0.0318 0.0140 145.1 1.51 -0.00319 91.95 0.0292 2.68 0.0157 1.04
p4 2379.1 0.0289 0.0342 0.0100 124.9 0.98 -0.00303 111.66 0.0206 2.51 0.0126 1.02
p5 3282.2 0.0275 0.0352 0.0059 100.3 0.47 -0.00314 153.94 0.0109 2.14 0.0097 1.00
p6 3812.7 0.0260 0.0361 0.0026 89.9 0.36 -0.00345 181.74 0.0082 1.91 0.0088 1.00

Series B: L/D = 36, L
eq
 = 6800 mm, D = 450 mm, B = 2400 mm, A

p
 = 3930 mm2, σ

pe
 = 1036 MPa, A

sc
 = 0, d

st
 = 405 mm2, ∅

s
 = 20 mm, f

c
 = 40 MPa, ε

c.50
 = 0.004, f

sy
 = 550 MPa,

τ
s.max

 = 12.1 MPa f
py

 = 1750 Mpa, τ
p.max

 = 6.2, l
pad

 = 400 mm

p0 0.0 0.0481 0.0239 0.0202 152.1 1.21 -0.00301 109.45 0.0157 1.93 0.0143 1.06
p1 0.0 0.0472 0.0263 0.0170 137.1 1.07 -0.00317 118.61 0.0144 1.88 0.0137 1.05
p2 0.0 0.0468 0.0271 0.0157 132.1 0.99 -0.00322 123.37 0.0138 1.90 0.0134 1.05
p3 0.0 0.0457 0.0305 0.0116 118.4 0.69 -0.00310 143.22 0.0099 1.75 0.0118 1.09
p4 0.0 0.0451 0.0328 0.0087 110.2 0.49 -0.00303 162.65 0.0077 1.70 0.0105 1.07
p5 0.0 0.0446 0.0338 0.0069 103.4 0.34 -0.00349 199.56 0.0056 1.55 0.0093 1.00
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Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p6 0.0 0.0440 0.0348 0.0066 97.2 0.38 -0.00316 180.38 0.0063 1.61 0.0090 1.00
f
c
 = 65 MPa

p0 0.0 0.0596 0.0255 0.0341 192.0 2.97 -0.00343 74.27 0.0249 1.62 0.0228 1.14
p1 0.0 0.0577 0.0278 0.0299 169.0 2.65 -0.00343 80.99 0.0239 1.59 0.0207 1.12
p2 0.0 0.0551 0.0288 0.0263 163.6 1.85 -0.00328 84.58 0.0226 1.91 0.0191 1.09
p3 0.0 0.0531 0.0318 0.0214 142.1 1.44 -0.00327 98.05 0.0196 1.91 0.0165 1.07
p4 0.0 0.0512 0.0342 0.0170 131.2 1.11 -0.00329 111.17 0.0164 1.86 0.0147 1.04
p5 0.0 0.0506 0.0352 0.0154 121.3 0.69 -0.00326 140.42 0.0144 1.79 0.0135 1.05
p6 0.0 0.0499 0.0361 0.0138 113.2 0.91 -0.00335 123.99 0.0142 1.87 0.0127 1.04
f
c
 = 85 MPa

p0 0.0 0.0706 0.0239 0.0467 224.1 4.68 -0.00366 60.63 0.0355 1.71 0.0304 1.20
p1 0.0 0.0656 0.0263 0.0393 200.6 3.83 -0.00361 66.06 0.0313 1.68 0.0267 1.16
p2 0.0 0.0641 0.0271 0.0370 193.8 3.24 -0.00350 68.88 0.0282 1.65 0.0245 1.12
p3 0.0 0.0616 0.0305 0.0310 166.6 2.95 -0.00334 80.50 0.0267 1.57 0.0203 1.10
p4 0.0 0.0574 0.0328 0.0246 149.8 1.82 -0.00350 90.74 0.0230 1.87 0.0184 1.08
p5 0.0 0.0564 0.0338 0.0226 138.4 1.10 -0.00347 114.63 0.0207 1.90 0.0165 1.04
p6 0.0 0.0554 0.0348 0.0207 128.6 1.48 -0.00353 101.34 0.0203 1.89 0.0158 1.06

Series C: L/D = 20, L
eq
 = 2100 mm, D = 250 mm, B = 2400 mm, A

p
 = 786 mm2, σ

pe
 = 728 MPa, A

sc
 = 0, d

st
 = 205 mm2, ∅

s
 = 20 mm, f

c
 = 40 MPa, ε

c.50
 = 0.004, f

sy
 = 550 MPa, τ

s.max
 =

12.1 MPa f
py

 = 1750 Mpa, τ
p.max

 = 6.2, l
pad

 = 400 mm

p0 382.4 0.0501 0.0135 0.0366 356.0 6.45 -0.00352 37.51 0.0391 2.48 0.0326 1.82
p1 438.5 0.0440 0.0163 0.0277 319.0 3.46 -0.00349 42.03 0.0240 1.79 0.0220 1.33
p2 497.1 0.0414 0.0172 0.0242 347.0 2.69 -0.00349 46.92 0.0215 1.77 0.0187 1.24
p3 665.1 0.0350 0.0213 0.0137 207.0 1.29 -0.00330 61.57 0.0160 2.02 0.0130 1.10
p4 815.6 0.0324 0.0234 0.0090 185.0 0.72 -0.00319 75.86 0.0100 1.84 0.0103 1.03
p5 1021.9 0.0305 0.0258 0.0046 163.0 0.51 -0.00354 92.43 0.0076 1.76 0.0090 1.00
p6 1074.3 0.0287 0.0275 0.0012 161.0 0.38 -0.00333 103.05 0.0053 1.60 0.0081 1.00
f
c
 = 65 MPa

p0 405.1 0.0648 0.0089 0.0588 366.0 9.71 -0.00330 25.66 0.0611 2.65 0.0509 2.08
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Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p1 473.1 0.0596 0.0135 0.0515 323.0 7.49 -0.00345 29.06 0.0476 2.28 0.0378 1.66
p2 535.2 0.0529 0.0158 0.0371 236.0 5.07 -0.00349 32.27 0.0350 1.87 0.0287 1.34
p3 723.7 0.0421 0.0195 0.0225 177.0 2.77 -0.00338 42.36 0.0238 1.77 0.0196 1.19
p4 904.1 0.0381 0.0216 0.0165 151.0 1.78 -0.00346 52.44 0.0214 2.05 0.0155 1.11
p5 1121.8 0.0348 0.0240 0.0109 137.0 1.00 -0.00322 65.60 0.0143 2.04 0.0119 1.08
p6 1273.3 0.0332 0.0250 0.0083 121.0 0.70 -0.00321 75.12 0.0106 1.92 0.0104 1.04
f
c
 = 85 MPa

p0 413.8 0.0841 0.0060 0.0781 382.0 13.72 -0.00351 20.74 0.0873 2.80 0.0828 2.62
p1 487.2 0.0773 0.0106 0.0654 359.0 11.15 -0.00353 23.69 0.0720 2.67 0.0615 2.22
p2 558.2 0.0738 0.0137 0.0602 347.0 9.44 -0.00364 26.56 0.0614 2.51 0.0486 1.89
p3 751.8 0.0511 0.0176 0.0336 74.9 4.32 -0.00356 34.62 0.0329 1.88 0.0259 1.26
p4 941.1 0.0425 0.0203 0.0221 180.0 2.74 -0.00349 42.84 0.0245 1.85 0.0198 1.19
p5 1182.6 0.0390 0.0228 0.0162 36.9 1.67 -0.00354 53.64 0.0215 2.16 0.0153 1.10
p6 1347.9 0.0372 0.0246 0.0125 43.0 1.22 -0.00341 61.61 0.0170 2.12 0.0131 1.09

Series D: L/D = 20, L
eq
 = 3800 mm, D = 250 mm, B = 2400 mm, A

p
 = 1965 mm2, σ

pe
 = 1008 MPa, A

sc
 = 0, d

st
 = 205 mm2, ∅

s
 = 20 mm, f

c
 = 40 MPa, ε

c.50
 = 0.004, f

sy
 = 550 MPa,

τ
s.max

 = 12.1 MPa f
py

 = 1750 Mpa, τ
p.max

 = 6.2, l
pad

 = 400 mm

p0 617.4 0.0595 0.0320 0.0275 155.0 1.03 -0.00300 67.25 0.0130 2.12 0.0121 1.13
p1 668.6 0.0558 0.0344 0.0214 138.0 0.82 -0.00301 72.07 0.0110 1.98 0.0112 1.08
p2 718.2 0.0552 0.0364 0.0188 131.0 0.71 -0.00305 76.75 0.0096 1.88 0.0107 1.06
p3 852.8 0.0525 0.0399 0.0126 119.0 0.53 -0.00342 90.31 0.0077 1.78 0.0097 1.00
p4 943.9 0.0489 0.0434 0.0055 108.0 0.41 -0.00354 100.55 0.0061 1.66 0.0090 1.00
f
c
 = 65 MPa

p0 680.0 0.0651 0.0278 0.0373 238.5 2.76 -0.00344 45.66 0.0233 1.92 0.0199 1.23
p1 739.2 0.0624 0.0303 0.0321 200.6 1.84 -0.00313 49.49 0.0214 2.17 0.0164 1.17
p2 798.6 0.0616 0.0324 0.0291 185.0 1.70 -0.00329 52.45 0.0206 2.15 0.0159 1.14
p3 967.0 0.0580 0.0370 0.0210 157.1 1.13 -0.00324 62.44 0.0157 2.12 0.0133 1.10
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Mu θθθθtot θθθθel θθθθpl
srm.avg ws.max εεεεco

dn εεεεs ααααs εεεεp ααααp

p4 1125.1 0.0566 0.0402 0.0165 144.6 0.82 -0.00320 72.30 0.0119 2.02 0.0116 1.05
p5 1318.6 0.0553 0.0441 0.0113 129.9 0.53 -0.00319 84.97 0.0083 1.84 0.0099 1.02
f
c
 = 85 MPa

p0 709.5 0.0756 0.0258 0.0499 264.8 3.97 -0.00356 37.25 0.0308 1.92 0.0249 1.28
p1 772.0 0.0716 0.0285 0.0431 235.0 3.27 -0.00350 39.98 0.0271 1.88 0.0225 1.24
p2 833.7 0.0682 0.0307 0.0375 212.1 2.66 -0.00333 43.02 0.0255 1.90 0.0200 1.22
p3 1018.2 0.0664 0.0354 0.0309 184.3 2.01 -0.00345 50.97 0.0229 2.07 0.0169 1.15
p4 1190.2 0.0621 0.0387 0.0234 164.7 1.32 -0.00337 59.15 0.0185 2.22 0.0142 1.10
p5 1406.9 0.0599 0.0421 0.0178 151.4 0.96 -0.00340 69.55 0.0144 2.17 0.0124 1.10
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D.2 Tabulated Section Details and Results for Moment  Redistribution Study – Chapter 8

Table D.2 - Section designs and tabulated results of moment redistribution study

Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

Series A: f
c
 = 40 MPa, fsu / fsy =1, fpu / fpy  = 1, (L/D = 20, L = 9000 mm, D = 450 mm, B = 2400 mm, A

p
 = 1965 mm2, σ

pe
 = 905 MPa)

640 640 1308 0.15 1269 0.00372 0.00963 5760 640 2587 0.239 2608 0.00910 0.01500 0.4 1269 2608 383 388 385
1920 1920 1557 0.17 1445 0.00320 0.00913 8320 960 3034 0.286 3062 0.00697 0.01288 0.9 1445 3062 445 457 453
2560 2560 1679 0.18 1542 0.00304 0.00897 10240 1280 3360 0.317 3394 0.00612 0.01204 0.0 1542 3394 488 502 498
3840 3840 1925 0.20 1732 0.00272 0.00865 13440 1920 3882 0.365 3928 0.00513 0.01106 -0.3 1732 3928 559 579 574
5760 5760 2290 0.22 1950 0.00246 0.00840 17280 2880 4457 0.423 4546 0.00401 0.00995 0.9 1950 4546 642 676 666
640 640 1310 0.16 1280 0.00405 0.00995 2560 640 2003 0.179 2014 0.01290 0.01875 9.3 1280 2014 325 329 327
3200 3200 1805 0.20 1628 0.00276 0.00870 5760 1600 2596 0.2312613 0.00913 0.01503 11.5 1628 2613 419 438 435
4480 4480 2046 0.22 1800 0.00260 0.00854 8320 2240 3055 0.2673078 0.00792 0.01383 10.2 1800 3078 482 507 504
5760 5760 2283 0.24 1952 0.00247 0.00841 10240 2880 3393 0.291 3421 0.00724 0.01315 10.3 1952 3421 531 565 561
7680 7680 2637 0.27 2181 0.00233 0.00827 13440 3840 3941 0.333 3976 0.00617 0.01209 10.1 2181 3976 608 655 650
9600 9600 2990 0.29 2377 0.00220 0.00814 17280 4800 4563 0.386 4613 0.00495 0.01088 9.4 2377 4613 690 753 746
1920 1920 1562 0.18 1475 0.00338 0.00930 1280 960 1757 0.153 1766 0.01495 0.02077 20.6 1475 1766 320 330 328
3200 3200 1804 0.21 1661 0.00299 0.00891 2560 1600 2005 0.1712015 0.01352 0.01936 21.0 1661 2015 363 378 376
5120 5120 2161 0.24 1868 0.00251 0.00845 5120 2560 2488 0.2082501 0.01062 0.01650 19.7 1868 2501 432 462 459
7680 7680 2627 0.28 2146 0.00228 0.00822 8320 3840 3077 0.2483096 0.00885 0.01474 19.1 2146 3096 518 567 563
10880 10880 3187 0.34 2478 0.00211 0.00805 11520 5440 3656 0.282 3679 0.00766 0.01356 19.9 2478 3679 608 681 676
16640 16640 4149 0.43 3401 0.00222 0.00815 17280 8320 4675 0.322 4847 0.00863 0.01450 20.5 3401 4847 815 899 872
4480 4480 2042 0.24 1881 0.00285 0.00877 1280 2240 1760 0.1461767 0.01646 0.02226 30.6 1881 1767 360 378 375
7680 7680 2615 0.30 2158 0.00230 0.00824 3840 3840 2253 0.1792262 0.01263 0.01848 30.6 2158 2262 437 484 481
10240 10240 3058 0.34 2372 0.00210 0.00804 5760 5120 2620 0.199 2631 0.01118 0.01705 30.8 2372 2631 494 565 561
13440 13440 3588 0.40 2776 0.00207 0.00800 8320 6720 3104 0.218 3116 0.01084 0.01671 30.4 2776 3116 582 667 661
16640 16640 4059 0.46 3103 0.00199 0.00793 10240 8320 3466 0.229 3479 0.01067 0.01653 30.9 3103 3479 650 753 743
7680 7680 2611 0.30 2269 0.00247 0.00840 1280 3840 1759 0.1401766 0.01692 0.02272 39.6 2269 1766 399 435 432
12160 12160 3357 0.39 2593 0.00205 0.00800 3840 6080 2253 0.167 2262 0.01359 0.01943 39.8 2593 2262 479 560 554
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4005 0.47 2994 0.00191 0.00785 5760 8320 2629 0.180 2637 0.01272 0.01856 40.6 2994 2637 556 667 655
13440 13440 3542 0.43 2823 0.00212 0.00806 1280 6720 1758 0.134 1765 0.01766 0.02345 50.2 2823 1765 453 530 523
17280 17280 4045 0.49 3021 0.00187 0.00781 3840 8640 2258 0.158 2265 0.01428 0.02011 46.3 3021 2265 522 637 623

Series A: f
c
 = 40 MPa, lowest fsu / fsy, lowest fpu / fpy 

640 640 1308 0.15 1299 0.00540 0.01127 5760 640 2587 0.241 2682 0.01092 0.01679 0.4 1299 2682 393 402 385
1920 1920 1557 0.17 1524 0.00376 0.00967 8320 960 3034 0.284 3130 0.00860 0.01449 0.9 1524 3130 460 472 453
2560 2560 1679 0.18 1615 0.00354 0.00945 10240 1280 3360 0.314 3454 0.00750 0.01340 0.0 1615 3454 501 516 498
3840 3840 1925 0.20 1800 0.00311 0.00903 13440 1920 3882 0.362 3973 0.00598 0.01190 -0.3 1800 3973 570 593 574
5760 5760 2290 0.22 2043 0.00263 0.00856 17280 2880 4457 0.415 4577 0.00478 0.01071 0.9 2043 4577 654 690 666
640 640 1310 0.16 1323 0.00727 0.01309 2560 640 2003 0.181 2091 0.01740 0.02318 9.3 1323 2091 337 343 327
3200 3200 1805 0.20 1767 0.00372 0.00962 5760 1600 2596 0.2282697 0.01212 0.01797 11.5 1767 2697 441 454 435
4480 4480 2046 0.22 1965 0.00340 0.00931 8320 2240 3055 0.2653163 0.01048 0.01634 10.2 1965 3163 506 524 504
5760 5760 2283 0.24 2137 0.00296 0.00888 10240 2880 3393 0.290 3505 0.00921 0.01508 10.3 2137 3505 557 582 561
7680 7680 2637 0.27 2395 0.00265 0.00858 13440 3840 3941 0.329 4051 0.00798 0.01386 10.1 2395 4051 637 672 650
9600 9600 2990 0.29 2577 0.00245 0.00838 17280 4800 4563 0.378 4672 0.00637 0.01228 9.4 2577 4672 716 769 746
1920 1920 1562 0.18 1576 0.00642 0.01225 1280 960 1757 0.154 1840 0.02079 0.02653 20.6 1576 1840 337 344 328
3200 3200 1804 0.21 1818 0.00576 0.01161 2560 1600 2005 0.1732098 0.01939 0.02514 21.0 1818 2098 387 394 376
5120 5120 2161 0.24 2150 0.00411 0.00999 5120 2560 2488 0.2072595 0.01568 0.02147 19.7 2150 2595 469 479 459
7680 7680 2627 0.28 2516 0.00312 0.00903 8320 3840 3077 0.2443199 0.01268 0.01851 19.1 2516 3199 564 586 563
10880 10880 3187 0.34 3038 0.00279 0.00870 11520 5440 3656 0.273 3799 0.01238 0.01820 19.9 3038 3799 675 701 676
16640 16640 4149 0.43 3401 0.00222 0.00815 17280 8320 4675 0.322 4847 0.00863 0.01450 20.5 3401 4847 815 899 872
4480 4480 2042 0.24 2077 0.00634 0.01216 1280 2240 1760 0.1481848 0.02371 0.02940 30.6 2077 1848 388 393 375
7680 7680 2615 0.30 2657 0.00520 0.01105 3840 3840 2253 0.1772368 0.02178 0.02749 30.6 2657 2368 496 502 481
10240 10240 3058 0.34 3155 0.00787 0.01362 5760 5120 2620 0.196 2759 0.02493 0.03058 30.8 3155 2759 584 584 561
13440 13440 3588 0.40 3679 0.00564 0.01145 8320 6720 3104 0.210 3278 0.02171 0.02740 30.4 3679 3278 687 687 661
16640 16640 4059 0.46 4039 0.00298 0.00887 10240 8320 3466 0.217 3663 0.01876 0.02449 30.9 4039 3663 761 774 743
7680 7680 2611 0.30 2657 0.00524 0.01108 1280 3840 1759 0.1411852 0.02538 0.03105 39.6 2657 1852 445 450 432
12160 12160 3357 0.39 3446 0.00587 0.01168 3840 6080 2253 0.162 2385 0.02574 0.03139 39.8 3446 2385 576 576 554
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4005 0.47 4118 0.00504 0.01085 5760 8320 2629 0.169 2800 0.02554 0.03119 40.6 4118 2797 683 685 655
13440 13440 3542 0.43 3618 0.00590 0.01169 1280 6720 1758 0.133 1858 0.02928 0.03490 50.2 3618 1858 541 542 523
17280 17280 4045 0.49 4194 0.00379 0.00965 3840 8640 2258 0.150 2401 0.02602 0.03168 46.3 4194 2399 651 652 623

Series A: f
c
 = 40 MPa, default fsu / fsy, default fpu / fpy 

640 640 1308 0.15 1285 0.00449 0.01038 5760 640 2587 0.238 2639 0.01003 0.01591 0.4 1285 2639 387 393 385
1920 1920 1557 0.17 1483 0.00348 0.00939 8320 960 3034 0.282 3089 0.00783 0.01373 0.9 1483 3089 452 463 453
2560 2560 1679 0.18 1573 0.00325 0.00917 10240 1280 3360 0.314 3417 0.00672 0.01264 0.0 1573 3417 493 508 498
3840 3840 1925 0.20 1774 0.00294 0.00887 13440 1920 3882 0.361 3944 0.00568 0.01161 -0.3 1774 3944 565 584 574
5760 5760 2290 0.22 1985 0.00252 0.00846 17280 2880 4457 0.419 4558 0.00432 0.01026 0.9 1985 4558 646 681 666
640 640 1310 0.16 1298 0.00554 0.01140 2560 640 2003 0.177 2045 0.01461 0.02043 9.3 1298 2045 330 335 327
3200 3200 1805 0.20 1690 0.00319 0.00911 5760 1600 2596 0.2272647 0.01048 0.01635 11.5 1690 2647 428 444 435
4480 4480 2046 0.22 1914 0.00307 0.00899 8320 2240 3055 0.2613112 0.00966 0.01554 10.2 1914 3112 496 514 504
5760 5760 2283 0.24 2066 0.00268 0.00861 10240 2880 3393 0.286 3452 0.00848 0.01437 10.3 2066 3452 545 572 561
7680 7680 2637 0.27 2261 0.00245 0.00839 13440 3840 3941 0.329 4004 0.00687 0.01278 10.1 2261 4004 619 662 650
9600 9600 2990 0.29 2449 0.00229 0.00823 17280 4800 4563 0.381 4634 0.00549 0.01142 9.4 2449 4634 700 759 746
1920 1920 1562 0.18 1545 0.00474 0.01062 1280 960 1757 0.151 1795 0.01794 0.02372 20.6 1545 1795 330 336 328
3200 3200 1804 0.21 1778 0.00396 0.00986 2560 1600 2005 0.1682047 0.01673 0.02252 21.0 1778 2047 378 385 376
5120 5120 2161 0.24 2017 0.00296 0.00889 5120 2560 2488 0.2042537 0.01274 0.01859 19.7 2017 2537 450 469 459
7680 7680 2627 0.28 2281 0.00249 0.00842 8320 3840 3077 0.2443136 0.01017 0.01604 19.1 2281 3136 535 575 563
10880 10880 3187 0.34 2769 0.00244 0.00837 11520 5440 3656 0.270 3725 0.01027 0.01613 19.9 2769 3725 641 689 676
16640 16640 4149 0.43 3420 0.00224 0.00816 17280 8320 4675 0.313 4773 0.00917 0.01503 20.5 3420 4773 809 887 872
4480 4480 2042 0.24 1981 0.00353 0.00944 1280 2240 1760 0.1441799 0.01894 0.02471 30.6 1981 1799 373 384 375
7680 7680 2615 0.30 2471 0.00287 0.00878 3840 3840 2253 0.1722300 0.01646 0.02225 30.6 2471 2300 471 491 481
10240 10240 3058 0.34 2809 0.00262 0.00855 5760 5120 2620 0.189 2674 0.01549 0.02129 30.8 2809 2674 542 572 561
13440 13440 3588 0.40 3109 0.00239 0.00832 8320 6720 3104 0.211 3166 0.01365 0.01947 30.4 3109 3166 620 673 661
16640 16640 4059 0.46 3725 0.00251 0.00842 10240 8320 3466 0.215 3538 0.01542 0.02121 30.9 3725 3538 717 760 743
7680 7680 2611 0.30 2475 0.00289 0.00881 1280 3840 1759 0.1391799 0.01981 0.02557 39.6 2475 1799 422 441 432
12160 12160 3357 0.39 3163 0.00266 0.00858 3840 6080 2253 0.159 2304 0.01924 0.02500 39.8 3163 2304 540 565 554
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APPENDIX D - TABULATED RESULTS

Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4005 0.47 3702 0.00250 0.00841 5760 8320 2629 0.168 2688 0.01887 0.02463 40.6 3702 2688 631 672 655
13440 13440 3542 0.43 3346 0.00264 0.00856 1280 6720 1758 0.131 1799 0.02270 0.02841 50.2 3346 1799 508 534 523
17280 17280 4045 0.49 3699 0.00242 0.00834 3840 8640 2258 0.150 2311 0.02007 0.02582 46.3 3699 2311 594 642 623

Series A: f
c
 = 40 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 1308 0.15 1338 0.00668 0.01251 5760 640 2587 0.260 2771 0.01289 0.01871 0.4 1338 2761 405 419 385
1920 1920 1557 0.17 1570 0.00527 0.01114 8320 960 3034 0.301 3209 0.01009 0.01595 0.9 1570 3209 472 490 453
2560 2560 1679 0.18 1678 0.00462 0.01050 10240 1280 3360 0.333 3528 0.00883 0.01470 0.0 1678 3515 513 535 498
3840 3840 1925 0.20 1865 0.00353 0.00944 13440 1920 3882 0.372 4021 0.00688 0.01278 -0.3 1865 4021 581 610 574
5760 5760 2290 0.22 2110 0.00277 0.00869 17280 2880 4457 0.418 4616 0.00523 0.01115 0.9 2110 4616 664 708 666
640 640 1310 0.16 1360 0.00780 0.01359 2560 640 2003 0.199 2186 0.01873 0.02448 9.3 1360 2186 350 362 327
3200 3200 1805 0.20 1837 0.00555 0.01140 5760 1600 2596 0.2492796 0.01468 0.02048 11.5 1837 2788 457 474 435
4480 4480 2046 0.22 2031 0.00390 0.00980 8320 2240 3055 0.2803266 0.01130 0.01714 10.2 2031 3262 523 545 504
5760 5760 2283 0.24 2210 0.00340 0.00931 10240 2880 3393 0.303 3610 0.00996 0.01581 10.3 2210 3610 575 603 561
7680 7680 2637 0.27 2489 0.00292 0.00884 13440 3840 3941 0.352 4142 0.00847 0.01435 10.1 2489 4114 652 693 650
9600 9600 2990 0.29 2639 0.00253 0.00846 17280 4800 4563 0.396 4711 0.00654 0.01244 9.4 2639 4711 726 785 746
1920 1920 1562 0.18 1661 0.00914 0.01490 1280 960 1757 0.189 1935 0.02656 0.03220 20.6 1661 1905 352 363 328
3200 3200 1804 0.21 1899 0.00786 0.01364 2560 1600 2005 0.2042204 0.02366 0.02934 21.0 1899 2181 403 414 376
5120 5120 2161 0.24 2227 0.00589 0.01173 5120 2560 2488 0.2322710 0.01836 0.02411 19.7 2227 2702 487 500 459
7680 7680 2627 0.28 2636 0.00394 0.00982 8320 3840 3077 0.2653323 0.01422 0.02002 19.1 2636 3312 587 608 563
10880 10880 3187 0.34 3061 0.00291 0.00882 11520 5440 3656 0.301 3934 0.01190 0.01772 19.9 3061 3901 688 724 676
16640 16640 4149 0.43 3552 0.00234 0.00827 17280 8320 4675 0.360 4962 0.00902 0.01488 20.5 3552 4906 835 917 872
4480 4480 2042 0.24 2159 0.00788 0.01366 1280 2240 1760 0.1651946 0.02811 0.03373 30.6 2159 1938 405 412 375
7680 7680 2615 0.30 2760 0.00727 0.01305 3840 3840 2253 0.1942497 0.02508 0.03073 30.6 2760 2497 519 524 481
10240 10240 3058 0.34 3182 0.00577 0.01158 5760 5120 2620 0.206 2912 0.02191 0.02761 30.8 3182 2912 602 607 561
13440 13440 3588 0.40 3666 0.00407 0.00994 8320 6720 3104 0.222 3445 0.01873 0.02446 30.4 3666 3445 702 710 661
16640 16640 4059 0.46 4161 0.00371 0.00957 10240 8320 3466 0.237 3842 0.01827 0.02400 30.9 4161 3842 790 794 743
7680 7680 2611 0.30 2716 0.00593 0.01175 1280 3840 1759 0.1481954 0.02635 0.03201 39.6 2716 1954 461 469 432
12160 12160 3357 0.39 3497 0.00689 0.01265 3840 6080 2253 0.171 2545 0.02717 0.03280 39.8 3497 2530 595 597 554
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APPENDIX D - TABULATED RESULTS

Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4005 0.47 4143 0.00527 0.01107 5760 8320 2629 0.177 3013 0.02526 0.03091 40.6 4143 2972 703 709 655
13440 13440 3542 0.43 3565 0.00690 0.01264 1280 6720 1758 0.138 1964 0.03065 0.03625 50.2 3565 1964 546 555 523
17280 17280 4045 0.49 4215 0.00411 0.00996 3840 8640 2258 0.156 2620 0.02580 0.03145 46.3 4215 2546 668 675 623

Series A: f
c
 = 65 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 1353 0.11 1326 0.00990 0.01563 5760 640 2697 0.164 2696 0.01521 0.02101 0.1 1326 2696 397 400 400
1920 1920 1605 0.13 1566 0.00726 0.01307 8320 960 3197 0.192 3195 0.01304 0.01886 0.1 1566 3195 470 474 474
2560 2560 1741 0.13 1692 0.00604 0.01188 10240 1280 3551 0.216 3549 0.01100 0.01686 -0.7 1692 3549 518 523 523
3840 3840 1996 0.15 1928 0.00441 0.01029 13440 1920 4143 0.250 4140 0.00920 0.01507 -1.2 1928 4140 599 606 606
5760 5760 2375 0.16 2244 0.00347 0.00937 17280 2880 4836 0.289 4832 0.00752 0.01341 -0.6 2244 4832 699 712 712
640 640 1352 0.11 1332 0.01110 0.01681 2560 640 2065 0.122 2065 0.02208 0.02780 9.3 1332 2065 335 338 337
3200 3200 1872 0.14 1816 0.00539 0.01124 5760 1600 2697 0.1602696 0.01518 0.02099 11.5 1816 2696 446 451 451
4480 4480 2126 0.16 2053 0.00419 0.01007 8320 2240 3192 0.1863191 0.01304 0.01886 10.0 2053 3191 518 525 525
5760 5760 2379 0.17 2252 0.00351 0.00941 10240 2880 3559 0.205 3556 0.01158 0.01743 10.1 2252 3556 574 586 586
7680 7680 2754 0.19 2520 0.00287 0.00878 13440 3840 4159 0.237 4155 0.00964 0.01551 9.8 2520 4155 659 682 683
9600 9600 3126 0.21 2758 0.00262 0.00854 17280 4800 4861 0.274 4856 0.00803 0.01392 8.7 2758 4856 752 788 789
1920 1920 1620 0.13 1589 0.00843 0.01420 1280 960 1802 0.110 1802 0.02211 0.02783 21.0 1589 1801 335 338 338
3200 3200 1875 0.14 1841 0.00791 0.01369 2560 1600 2063 0.1202064 0.02199 0.02771 21.4 1841 2064 386 389 389
5120 5120 2255 0.17 2186 0.00477 0.01063 5120 2560 2572 0.1472572 0.01750 0.02327 20.1 2186 2572 470 477 477
7680 7680 2757 0.20 2595 0.00334 0.00924 8320 3840 3194 0.1773192 0.01411 0.01992 19.5 2595 3192 572 587 588
10880 10880 3370 0.23 2930 0.00256 0.00848 11520 5440 3809 0.205 3805 0.01146 0.01731 20.4 2930 3805 665 708 709
16640 16640 4440 0.30 3491 0.00223 0.00815 17280 8320 4897 0.246 4891 0.00942 0.01528 21.3 3491 4891 828 921 922
4480 4480 2132 0.16 2099 0.00794 0.01371 1280 2240 1805 0.1061806 0.02534 0.03102 31.2 2099 1806 386 389 389
7680 7680 2758 0.20 2671 0.00403 0.00991 3840 3840 2316 0.1302317 0.02038 0.02612 31.5 2671 2317 493 501 501
10240 10240 3248 0.23 3034 0.00307 0.00897 5760 5120 2695 0.146 2695 0.01745 0.02322 32.0 3034 2695 566 587 587
13440 13440 3843 0.27 3293 0.00249 0.00841 8320 6720 3198 0.166 3196 0.01477 0.02058 31.9 3293 3196 641 695 695
16640 16640 4424 0.31 3610 0.00233 0.00825 10240 8320 3569 0.177 3567 0.01388 0.01970 33.0 3610 3567 709 789 789
7680 7680 2760 0.20 2698 0.00523 0.01108 1280 3840 1803 0.1071805 0.02513 0.03081 40.7 2698 1805 445 451 451
12160 12160 3607 0.26 3371 0.00295 0.00885 3840 6080 2311 0.127 2312 0.02042 0.02615 41.4 3371 2312 561 584 584
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APPENDIX D - TABULATED RESULTS

Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4415 0.32 3765 0.00245 0.00837 5760 8320 2693 0.140 2693 0.01800 0.02377 43.2 3765 2693 638 702 702
13440 13440 3835 0.29 3665 0.00332 0.00921 1280 6720 1804 0.108 1807 0.02477 0.03045 52.0 3665 1807 540 557 557
17280 17280 4519 0.34 4034 0.00258 0.00849 3840 8640 2312 0.124 2313 0.02123 0.02695 49.2 4034 2313 627 675 675

Series A: f
c
 = 65 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 1353 0.11 1363 0.01004 0.01577 5760 640 2697 0.167 2830 0.01811 0.02387 0.1 1363 2830 414 423 400
1920 1920 1605 0.13 1602 0.00777 0.01355 8320 960 3197 0.197 3331 0.01465 0.02045 0.1 1602 3331 487 499 474
2560 2560 1741 0.13 1730 0.00691 0.01273 10240 1280 3551 0.219 3686 0.01263 0.01846 -0.7 1730 3686 535 548 523
3840 3840 1996 0.15 1962 0.00537 0.01122 13440 1920 4143 0.254 4277 0.00999 0.01585 -1.2 1962 4277 616 633 606
5760 5760 2375 0.16 2316 0.00431 0.01018 17280 2880 4836 0.290 4956 0.00872 0.01459 -0.6 2316 4956 718 739 712
640 640 1352 0.11 1373 0.01134 0.01704 2560 640 2065 0.127 2187 0.02505 0.03073 9.3 1373 2187 352 359 337
3200 3200 1872 0.14 1885 0.00809 0.01387 5760 1600 2697 0.1632837 0.01991 0.02564 11.5 1885 2837 466 478 451
4480 4480 2126 0.16 2118 0.00647 0.01229 8320 2240 3192 0.1893336 0.01616 0.02194 10.0 2118 3336 539 553 525
5760 5760 2379 0.17 2342 0.00508 0.01093 10240 2880 3559 0.207 3706 0.01374 0.01955 10.1 2342 3706 597 615 586
7680 7680 2754 0.19 2640 0.00358 0.00948 13440 3840 4159 0.237 4309 0.01113 0.01697 9.8 2640 4309 686 713 683
9600 9600 3126 0.21 2953 0.00326 0.00916 17280 4800 4861 0.272 5007 0.00968 0.01554 8.7 2953 5007 786 819 789
1920 1920 1620 0.13 1647 0.01015 0.01587 1280 960 1802 0.110 1909 0.02855 0.03418 21.0 1647 1909 351 360 338
3200 3200 1875 0.14 1892 0.00835 0.01412 2560 1600 2063 0.1242186 0.02498 0.03065 21.4 1892 2186 403 414 389
5120 5120 2255 0.17 2259 0.00690 0.01270 5120 2560 2572 0.1512715 0.02124 0.02695 20.1 2259 2715 491 504 477
7680 7680 2757 0.20 2737 0.00549 0.01133 8320 3840 3194 0.1803350 0.01762 0.02338 19.5 2737 3350 601 617 588
10880 10880 3370 0.23 3227 0.00345 0.00934 11520 5440 3809 0.204 3975 0.01428 0.02008 20.4 3227 3975 711 740 709
16640 16640 4440 0.30 3978 0.00261 0.00852 17280 8320 4897 0.243 5081 0.01198 0.01780 21.3 3978 5081 895 955 922
4480 4480 2132 0.16 2155 0.00810 0.01387 1280 2240 1805 0.1101912 0.02836 0.03399 31.2 2155 1912 402 413 389
7680 7680 2758 0.20 2765 0.00638 0.01219 3840 3840 2316 0.1342457 0.02449 0.03016 31.5 2765 2457 516 529 501
10240 10240 3248 0.23 3249 0.00572 0.01155 5760 5120 2695 0.149 2853 0.02294 0.02863 32.0 3249 2853 603 616 587
13440 13440 3843 0.27 3807 0.00450 0.01035 8320 6720 3198 0.167 3375 0.02055 0.02627 31.9 3807 3375 709 727 695
16640 16640 4424 0.31 4332 0.00366 0.00953 10240 8320 3569 0.177 3763 0.01946 0.02519 33.0 4332 3763 799 821 789
7680 7680 2760 0.20 2761 0.00616 0.01198 1280 3840 1803 0.1101910 0.02814 0.03377 40.7 2761 1910 461 475 451
12160 12160 3607 0.26 3626 0.00579 0.01160 3840 6080 2311 0.131 2455 0.02676 0.03240 41.4 3626 2455 601 612 584
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APPENDIX D - TABULATED RESULTS

Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4415 0.32 4370 0.00401 0.00987 5760 8320 2693 0.141 2863 0.02388 0.02956 43.2 4370 2863 714 730 702
13440 13440 3835 0.29 3807 0.00456 0.01042 1280 6720 1804 0.110 1911 0.02775 0.03339 52.0 3807 1911 565 580 557
17280 17280 4519 0.34 4421 0.00358 0.00946 3840 8640 2312 0.127 2460 0.02592 0.03158 49.2 4421 2460 680 699 675

Series A: f
c
 = 65 MPa, default fsu / fsy, default  fpu / fpy 

640 640 1353 0.11 1349 0.01123 0.01693 5760 640 2697 0.162 2749 0.01742 0.02319 0.1 1349 2749 405 409 400
1920 1920 1605 0.13 1580 0.00730 0.01310 8320 960 3197 0.194 3250 0.01344 0.01926 0.1 1580 3250 477 484 474
2560 2560 1741 0.13 1706 0.00621 0.01204 10240 1280 3551 0.216 3604 0.01152 0.01737 -0.7 1706 3604 524 533 523
3840 3840 1996 0.15 1948 0.00528 0.01114 13440 1920 4143 0.249 4195 0.01006 0.01592 -1.2 1948 4195 607 617 606
5760 5760 2375 0.16 2276 0.00367 0.00956 17280 2880 4836 0.288 4881 0.00795 0.01383 -0.6 2276 4881 707 722 712
640 640 1352 0.11 1352 0.01152 0.01721 2560 640 2065 0.122 2112 0.02409 0.02978 9.3 1352 2112 342 346 337
3200 3200 1872 0.14 1852 0.00737 0.01317 5760 1600 2697 0.1572751 0.01823 0.02399 11.5 1852 2751 455 462 451
4480 4480 2126 0.16 2086 0.00567 0.01151 8320 2240 3192 0.1843248 0.01478 0.02058 10.0 2086 3248 527 536 525
5760 5760 2379 0.17 2306 0.00415 0.01003 10240 2880 3559 0.203 3616 0.01277 0.01859 10.1 2306 3616 585 598 586
7680 7680 2754 0.19 2593 0.00332 0.00922 13440 3840 4159 0.234 4217 0.01064 0.01649 9.8 2593 4217 673 694 683
9600 9600 3126 0.21 2873 0.00281 0.00872 17280 4800 4861 0.270 4915 0.00888 0.01475 8.7 2873 4915 769 800 789
1920 1920 1620 0.13 1626 0.01140 0.01709 1280 960 1802 0.106 1844 0.02866 0.03429 21.0 1626 1844 343 347 338
3200 3200 1875 0.14 1870 0.00882 0.01457 2560 1600 2063 0.1202111 0.02509 0.03077 21.4 1870 2111 393 398 389
5120 5120 2255 0.17 2228 0.00644 0.01225 5120 2560 2572 0.1462627 0.02019 0.02592 20.1 2228 2627 479 487 477
7680 7680 2757 0.20 2690 0.00448 0.01034 8320 3840 3194 0.1753252 0.01631 0.02209 19.5 2690 3252 587 599 588
10880 10880 3370 0.23 3126 0.00289 0.00880 11520 5440 3809 0.201 3871 0.01306 0.01888 20.4 3126 3871 691 721 709
16640 16640 4440 0.30 3678 0.00238 0.00829 17280 8320 4897 0.243 4966 0.01038 0.01623 21.3 3678 4966 854 934 922
4480 4480 2132 0.16 2134 0.00892 0.01467 1280 2240 1805 0.1071848 0.02846 0.03409 31.2 2134 1848 393 398 389
7680 7680 2758 0.20 2703 0.00489 0.01075 3840 3840 2316 0.1312370 0.02155 0.02727 31.5 2703 2370 501 512 501
10240 10240 3248 0.23 3144 0.00372 0.00961 5760 5120 2695 0.145 2754 0.01942 0.02516 32.0 3144 2754 583 598 587
13440 13440 3843 0.27 3642 0.00315 0.00905 8320 6720 3198 0.163 3263 0.01775 0.02351 31.9 3642 3263 682 707 695
16640 16640 4424 0.31 3942 0.00259 0.00849 10240 8320 3569 0.174 3638 0.01598 0.02176 33.0 3942 3638 749 801 789
640 7680 2760 0.20 2754 0.00722 0.01301 1280 3840 1803 0.107 1846 0.02822 0.03385 40.7 2754 1846 454 460 451

12160 12160 3607 0.26 3528 0.00400 0.00987 3840 6080 2311 0.127 2366 0.02335 0.02904 41.4 3528 2366 582 595 584
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APPENDIX D - TABULATED RESULTS

Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4415 0.32 4167 0.00285 0.00875 5760 8320 2693 0.138 2756 0.02100 0.02672 43.2 4167 2756 684 712 702
13440 13440 3835 0.29 3800 0.00497 0.01081 1280 6720 1804 0.108 1848 0.02782 0.03346 52.0 3800 1848 558 566 557
17280 17280 4519 0.34 4342 0.00318 0.00907 3840 8640 2312 0.124 2368 0.02423 0.02991 49.2 4342 2368 663 684 675

Series A: f
c
 = 65 MPa, highest fsu / fsy, highest  fpu / fpy 

640 640 1353 0.11 1403 0.00929 0.01504 5760 640 2697 0.178 2972 0.01788 0.02364 0.1 1403 2972 432 446 400
1920 1920 1605 0.13 1635 0.00738 0.01318 8320 960 3197 0.208 3474 0.01445 0.02025 0.1 1635 3474 505 524 474
2560 2560 1741 0.13 1759 0.00660 0.01242 10240 1280 3551 0.229 3829 0.01247 0.01829 -0.7 1759 3829 552 575 523
3840 3840 1996 0.15 1997 0.00569 0.01154 13440 1920 4143 0.264 4423 0.01034 0.01619 -1.2 1997 4423 634 661 606
5760 5760 2375 0.16 2336 0.00442 0.01029 17280 2880 4836 0.300 5091 0.00860 0.01447 -0.6 2336 5091 734 768 712
640 640 1352 0.11 1421 0.01063 0.01635 2560 640 2065 0.135 2310 0.02480 0.03048 9.3 1421 2310 369 381 337
3200 3200 1872 0.14 1928 0.00771 0.01349 5760 1600 2697 0.1752985 0.01962 0.02535 11.5 1928 2985 485 505 451
4480 4480 2126 0.16 2152 0.00626 0.01208 8320 2240 3192 0.2003489 0.01594 0.02171 10.0 2152 3489 557 582 525
5760 5760 2379 0.17 2383 0.00541 0.01126 10240 2880 3559 0.218 3862 0.01417 0.01997 10.1 2383 3862 617 646 586
7680 7680 2754 0.19 2675 0.00374 0.00963 13440 3840 4159 0.247 4470 0.01099 0.01683 9.8 2675 4470 706 744 683
9600 9600 3126 0.21 3015 0.00357 0.00945 17280 4800 4861 0.284 5172 0.00997 0.01582 8.7 3015 5172 809 852 789
1920 1920 1620 0.13 1697 0.00940 0.01515 1280 960 1802 0.117 2017 0.02834 0.03397 21.0 1697 2017 367 382 338
3200 3200 1875 0.14 1938 0.00794 0.01372 2560 1600 2063 0.1322311 0.02477 0.03044 21.4 1938 2311 420 439 389
5120 5120 2255 0.17 2306 0.00679 0.01259 5120 2560 2572 0.1612865 0.02099 0.02671 20.1 2306 2865 511 534 477
7680 7680 2757 0.20 2772 0.00539 0.01123 8320 3840 3194 0.1913517 0.01739 0.02315 19.5 2772 3517 621 649 588
10880 10880 3370 0.23 3334 0.00424 0.01011 11520 5440 3809 0.216 4155 0.01546 0.02124 20.4 3334 4155 740 773 709
16640 16640 4440 0.30 4186 0.00286 0.00876 17280 8320 4897 0.255 5283 0.01273 0.01854 21.3 4186 5283 935 991 922
4480 4480 2132 0.16 2206 0.00770 0.01348 1280 2240 1805 0.1152021 0.02818 0.03382 31.2 2206 2021 417 437 389
7680 7680 2758 0.20 2816 0.00628 0.01209 3840 3840 2316 0.1422599 0.02427 0.02995 31.5 2816 2599 535 557 501
10240 10240 3248 0.23 3295 0.00560 0.01143 5760 5120 2695 0.158 3017 0.02269 0.02838 32.0 3295 3017 623 646 587
13440 13440 3843 0.27 3850 0.00461 0.01046 8320 6720 3198 0.177 3565 0.02030 0.02602 31.9 3850 3565 732 760 695
16640 16640 4424 0.31 4622 0.00695 0.01273 10240 8320 3569 0.198 3983 0.02527 0.03090 33.0 4622 3983 850 856 789
7680 7680 2760 0.20 2845 0.00688 0.01268 1280 3840 1803 0.1152021 0.02959 0.03520 40.7 2845 2021 481 499 451
12160 12160 3607 0.26 3662 0.00541 0.01124 3840 6080 2311 0.137 2603 0.02593 0.03158 41.4 3662 2603 619 640 584
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4415 0.32 4476 0.00489 0.01072 5760 8320 2693 0.149 3040 0.02545 0.03111 43.2 4476 3040 742 760 702
13440 13440 3835 0.29 3880 0.00505 0.01089 1280 6720 1804 0.114 2022 0.02923 0.03485 52.0 3880 2022 583 604 557
17280 17280 4519 0.34 4569 0.00464 0.01048 3840 8640 2312 0.132 2611 0.02696 0.03260 49.2 4569 2611 709 725 675

Series A: f
c
 = 85 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 1374 0.09 1346 0.01453 0.02014 5760 640 2734 0.134 2730 0.02043 0.02616 0.2 1346 2730 403 405 406
1920 1920 1638 0.10 1598 0.01072 0.01643 8320 960 3241 0.157 3237 0.01708 0.02285 0.4 1598 3237 477 481 482
2560 2560 1768 0.11 1724 0.01006 0.01578 10240 1280 3617 0.175 3610 0.01531 0.02110 -0.7 1724 3610 527 531 532
3840 3840 2029 0.12 1965 0.00712 0.01292 13440 1920 4230 0.207 4221 0.01186 0.01769 -1.4 1965 4221 611 617 618
5760 5760 2415 0.13 2334 0.00584 0.01167 17280 2880 4952 0.235 4941 0.01051 0.01636 -0.8 2334 4941 719 726 728
640 640 1370 0.09 1348 0.01546 0.02104 2560 640 2087 0.102 2085 0.02715 0.03280 9.4 1348 2085 339 341 341
3200 3200 1900 0.11 1857 0.00955 0.01528 5760 1600 2733 0.1322730 0.02037 0.02610 11.5 1857 2730 453 457 458
4480 4480 2160 0.12 2109 0.00846 0.01422 8320 2240 3241 0.1523236 0.01785 0.02360 10.0 2109 3236 528 533 533
5760 5760 2411 0.14 2342 0.00669 0.01250 10240 2880 3624 0.170 3618 0.01528 0.02107 9.9 2342 3618 589 595 596
7680 7680 2802 0.15 2693 0.00434 0.01021 13440 3840 4234 0.194 4227 0.01314 0.01895 9.7 2693 4227 683 694 695
9600 9600 3180 0.17 2980 0.00337 0.00926 17280 4800 4964 0.225 4954 0.01101 0.01685 8.6 2980 4954 784 803 804
1920 1920 1640 0.10 1620 0.01538 0.02096 1280 960 1821 0.088 1820 0.03295 0.03852 21.1 1620 1820 340 342 342
3200 3200 1900 0.11 1874 0.01287 0.01851 2560 1600 2087 0.1002086 0.02929 0.03491 21.5 1874 2086 391 394 394
5120 5120 2292 0.13 2238 0.00803 0.01380 5120 2560 2604 0.1232601 0.02227 0.02798 20.2 2238 2601 478 483 484
7680 7680 2805 0.15 2731 0.00648 0.01229 8320 3840 3239 0.1473235 0.01863 0.02437 19.6 2731 3235 589 596 597
10880 10880 3431 0.18 3213 0.00332 0.00921 11520 5440 3870 0.174 3864 0.01442 0.02022 20.5 3213 3863 699 720 721
16640 16640 4543 0.23 4037 0.00263 0.00854 17280 8320 4977 0.204 4968 0.01283 0.01865 21.6 4037 4968 889 939 940
4480 4480 2163 0.12 2134 0.01175 0.01742 1280 2240 1827 0.0911827 0.03267 0.03825 31.3 2134 1827 391 394 394
7680 7680 2807 0.16 2751 0.00778 0.01355 3840 3840 2346 0.1112345 0.02555 0.03122 31.7 2751 2345 503 508 509
10240 10240 3313 0.18 3235 0.00630 0.01211 5760 5120 2729 0.124 2727 0.02293 0.02863 32.2 3235 2727 589 596 597
13440 13440 3931 0.21 3699 0.00332 0.00921 8320 6720 3238 0.143 3234 0.01849 0.02424 32.3 3699 3234 685 707 708
16640 16640 4539 0.24 4165 0.00273 0.00863 10240 8320 3615 0.152 3611 0.01742 0.02318 33.5 4165 3611 768 804 805
7680 7680 2810 0.16 2772 0.00963 0.01535 1280 3840 1828 0.0931828 0.03236 0.03794 40.9 2772 1828 454 458 458
12160 12160 3690 0.20 3598 0.00561 0.01143 3840 6080 2341 0.111 2340 0.02531 0.03098 41.8 3598 2340 586 595 596
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4539 0.25 4388 0.00388 0.00974 5760 8320 2725 0.121 2723 0.02400 0.02968 43.7 4388 2723 702 716 717
13440 13440 3931 0.22 3876 0.00715 0.01293 1280 6720 1832 0.096 1833 0.03186 0.03744 52.3 3876 1833 564 568 569
17280 17280 4654 0.26 4440 0.00348 0.00935 3840 8640 2343 0.111 2342 0.02505 0.03072 49.8 4440 2342 670 690 691

Series A: f
c
 = 85 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 1374 0.09 1394 0.01367 0.01931 5760 640 2734 0.139 2910 0.02418 0.02985 0.2 1394 2910 425 433 406
1920 1920 1638 0.10 1653 0.01100 0.01669 8320 960 3241 0.164 3423 0.02036 0.02608 0.4 1653 3423 501 513 482
2560 2560 1768 0.11 1775 0.00957 0.01530 10240 1280 3617 0.181 3800 0.01744 0.02319 -0.7 1775 3800 551 564 532
3840 3840 2029 0.12 2020 0.00794 0.01371 13440 1920 4230 0.208 4413 0.01410 0.01989 -1.4 2020 4413 635 652 618
5760 5760 2415 0.13 2383 0.00634 0.01215 17280 2880 4952 0.240 5136 0.01140 0.01723 -0.8 2383 5136 743 764 728
640 640 1370 0.09 1398 0.01423 0.01985 2560 640 2087 0.105 2228 0.03105 0.03664 9.4 1398 2228 358 366 341
3200 3200 1900 0.11 1931 0.01084 0.01654 5760 1600 2733 0.1362912 0.02518 0.03084 11.5 1931 2912 478 490 458
4480 4480 2160 0.12 2173 0.00871 0.01447 8320 2240 3241 0.1583431 0.02063 0.02635 10.0 2173 3431 553 569 533
5760 5760 2411 0.14 2407 0.00749 0.01327 10240 2880 3624 0.173 3820 0.01821 0.02396 9.9 2407 3820 615 633 596
7680 7680 2802 0.15 2762 0.00581 0.01164 13440 3840 4234 0.197 4434 0.01480 0.02059 9.7 2762 4434 711 734 695
9600 9600 3180 0.17 3105 0.00477 0.01062 17280 4800 4964 0.227 5165 0.01264 0.01846 8.6 3105 5165 817 844 804
1920 1920 1640 0.10 1687 0.01413 0.01974 1280 960 1821 0.092 1939 0.03607 0.04160 21.1 1687 1939 358 366 342
3200 3200 1900 0.11 1939 0.01138 0.01707 2560 1600 2087 0.1052228 0.03090 0.03649 21.5 1939 2228 412 423 394
5120 5120 2292 0.13 2311 0.00872 0.01447 5120 2560 2604 0.1272780 0.02530 0.03096 20.2 2311 2780 503 518 484
7680 7680 2805 0.15 2810 0.00735 0.01314 8320 3840 3239 0.1523439 0.02155 0.02725 19.6 2810 3439 617 635 597
10880 10880 3431 0.18 3395 0.00567 0.01149 11520 5440 3870 0.173 4085 0.01860 0.02434 20.5 3395 4085 739 762 721
16640 16640 4543 0.23 4306 0.00328 0.00917 17280 8320 4977 0.207 5212 0.01444 0.02023 21.6 4306 5212 940 983 940
4480 4480 2163 0.12 2220 0.01169 0.01736 1280 2240 1827 0.0941944 0.03576 0.04129 31.3 2220 1944 411 422 394
7680 7680 2807 0.16 2834 0.00816 0.01392 3840 3840 2346 0.1162507 0.02857 0.03419 31.7 2834 2507 528 543 509
10240 10240 3313 0.18 3310 0.00663 0.01242 5760 5120 2729 0.129 2916 0.02500 0.03066 32.2 3310 2916 615 634 597
13440 13440 3931 0.21 3936 0.00634 0.01214 8320 6720 3238 0.146 3452 0.02447 0.03013 32.3 3936 3452 730 748 708
16640 16640 4539 0.24 4524 0.00557 0.01139 10240 8320 3615 0.156 3846 0.02325 0.02893 33.5 4524 3846 827 846 805
7680 7680 2810 0.16 2837 0.00814 0.01390 1280 3840 1828 0.0961942 0.03224 0.03782 40.9 2837 1942 472 487 458
12160 12160 3690 0.20 3692 0.00645 0.01225 3840 6080 2341 0.115 2502 0.02833 0.03395 41.8 3692 2502 612 629 596
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4539 0.25 4513 0.00535 0.01117 5760 8320 2725 0.126 2916 0.02660 0.03224 43.7 4513 2916 734 754 717
13440 13440 3931 0.22 3935 0.00629 0.01209 1280 6720 1832 0.099 1946 0.03176 0.03734 52.3 3935 1946 581 598 569
17280 17280 4654 0.26 4602 0.00487 0.01070 3840 8640 2343 0.114 2505 0.02806 0.03368 49.8 4602 2505 702 724 691

Series A: f
c
 = 85 MPa, default fsu / fsy, default  fpu / fpy 

640 640 1374 0.09 1364 0.01316 0.01881 5760 640 2734 0.133 2799 0.02226 0.02796 0.2 1364 2799 411 416 406
1920 1920 1638 0.10 1619 0.01026 0.01598 8320 960 3241 0.157 3309 0.01865 0.02440 0.4 1619 3309 487 494 482
2560 2560 1768 0.11 1747 0.00968 0.01541 10240 1280 3617 0.175 3684 0.01684 0.02261 -0.7 1747 3684 536 544 532
3840 3840 2029 0.12 1990 0.00765 0.01343 13440 1920 4230 0.205 4298 0.01309 0.01890 -1.4 1990 4298 621 631 618
5760 5760 2415 0.13 2353 0.00594 0.01177 17280 2880 4952 0.236 5020 0.01096 0.01680 -0.8 2353 5020 728 741 728
640 640 1370 0.09 1373 0.01541 0.02099 2560 640 2087 0.101 2141 0.03128 0.03687 9.4 1373 2141 347 351 341
3200 3200 1900 0.11 1893 0.01079 0.01649 5760 1600 2733 0.1302799 0.02446 0.03013 11.5 1893 2799 463 470 458
4480 4480 2160 0.12 2130 0.00794 0.01372 8320 2240 3241 0.1533311 0.01862 0.02437 10.0 2130 3311 537 547 533
5760 5760 2411 0.14 2374 0.00735 0.01314 10240 2880 3624 0.167 3696 0.01751 0.02327 9.9 2374 3696 600 610 596
7680 7680 2802 0.15 2727 0.00535 0.01119 13440 3840 4234 0.193 4308 0.01425 0.02005 9.7 2727 4308 695 709 695
9600 9600 3180 0.17 3047 0.00376 0.00964 17280 4800 4964 0.225 5038 0.01152 0.01736 8.6 3047 5038 798 819 804
1920 1920 1640 0.10 1652 0.01534 0.02093 1280 960 1821 0.089 1868 0.03619 0.04172 21.1 1652 1868 348 352 342
3200 3200 1900 0.11 1908 0.01288 0.01852 2560 1600 2087 0.1012142 0.03102 0.03661 21.5 1908 2142 400 405 394
5120 5120 2292 0.13 2285 0.00973 0.01546 5120 2560 2604 0.1232669 0.02543 0.03109 20.2 2285 2669 489 496 484
7680 7680 2805 0.15 2766 0.00700 0.01279 8320 3840 3239 0.1473312 0.02051 0.02623 19.6 2766 3312 600 611 597
10880 10880 3431 0.18 3337 0.00480 0.01065 11520 5440 3870 0.169 3948 0.01737 0.02313 20.5 3337 3948 719 736 721
16640 16640 4543 0.23 4133 0.00270 0.00861 17280 8320 4977 0.205 5062 0.01323 0.01904 21.6 4133 5062 908 956 940
4480 4480 2163 0.12 2177 0.01269 0.01834 1280 2240 1827 0.0921874 0.03587 0.04140 31.3 2177 1874 400 405 394
7680 7680 2807 0.16 2792 0.00838 0.01414 3840 3840 2346 0.1122407 0.02741 0.03305 31.7 2792 2407 513 522 509
10240 10240 3313 0.18 3280 0.00709 0.01287 5760 5120 2729 0.125 2798 0.02512 0.03078 32.2 3280 2798 600 610 597
13440 13440 3931 0.21 3842 0.00495 0.01079 8320 6720 3238 0.141 3315 0.02158 0.02729 32.3 3842 3315 707 723 708
16640 16640 4539 0.24 4341 0.00353 0.00941 10240 8320 3615 0.151 3698 0.01946 0.02519 33.5 4341 3698 794 820 805
7680 7680 2810 0.16 2804 0.00893 0.01467 1280 3840 1828 0.0941874 0.03231 0.03789 40.9 2804 1874 462 469 458
12160 12160 3690 0.20 3637 0.00611 0.01192 3840 6080 2341 0.112 2402 0.02716 0.03280 41.8 3637 2402 596 608 596
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4539 0.25 4433 0.00448 0.01032 5760 8320 2725 0.123 2796 0.02486 0.03052 43.7 4433 2796 714 731 717
640 13440 3931 0.22 3910 0.00699 0.01277 1280 6720 1832 0.0971878 0.03182 0.03740 52.3 3910 1878 572 580 569
960 17280 4654 0.26 4576 0.00503 0.01086 3840 8640 2343 0.1122405 0.02814 0.03376 49.8 4576 2405 689 703 691

Series A: f
c
 = 85 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 1374 0.09 1452 0.01280 0.01845 5760 640 2734 0.151 3075 0.02400 0.02967 0.2 1452 3075 447 461 406
1920 1920 1638 0.10 1693 0.00923 0.01498 8320 960 3241 0.172 3604 0.01833 0.02407 0.4 1693 3604 523 543 482
2560 2560 1768 0.11 1818 0.00859 0.01435 10240 1280 3617 0.191 3985 0.01653 0.02230 -0.7 1818 3985 573 596 532
3840 3840 2029 0.12 2063 0.00743 0.01322 13440 1920 4230 0.219 4602 0.01387 0.01967 -1.4 2063 4602 658 686 618
5760 5760 2415 0.13 2421 0.00611 0.01193 17280 2880 4952 0.250 5331 0.01125 0.01708 -0.8 2421 5331 766 801 728
640 640 1370 0.09 1464 0.01383 0.01945 2560 640 2087 0.113 2368 0.03220 0.03777 9.4 1464 2368 378 391 341
3200 3200 1900 0.11 1987 0.00955 0.01528 5760 1600 2733 0.1453083 0.02384 0.02951 11.5 1987 3083 501 522 458
4480 4480 2160 0.12 2221 0.00795 0.01372 8320 2240 3241 0.1673621 0.01969 0.02541 10.0 2221 3621 577 603 533
5760 5760 2411 0.14 2458 0.00714 0.01293 10240 2880 3624 0.184 4017 0.01797 0.02372 9.9 2458 4017 639 670 596
7680 7680 2802 0.15 2802 0.00570 0.01153 13440 3840 4234 0.207 4637 0.01462 0.02041 9.7 2802 4637 735 773 695
9600 9600 3180 0.17 3148 0.00493 0.01077 17280 4800 4964 0.237 5376 0.01247 0.01828 8.6 3148 5376 842 885 804
1920 1920 1640 0.10 1750 0.01243 0.01809 1280 960 1821 0.098 2061 0.03584 0.04137 21.1 1750 2061 376 392 342
3200 3200 1900 0.11 2016 0.01092 0.01661 2560 1600 2087 0.1122367 0.03207 0.03765 21.5 2016 2367 433 451 394
5120 5120 2292 0.13 2382 0.00852 0.01428 5120 2560 2604 0.1352948 0.02507 0.03073 20.2 2382 2948 526 551 484
7680 7680 2805 0.15 2887 0.00745 0.01323 8320 3840 3239 0.1643635 0.02211 0.02780 19.6 2887 3633 644 673 597
10880 10880 3431 0.18 3482 0.00618 0.01199 11520 5440 3870 0.187 4301 0.01950 0.02522 20.5 3482 4301 769 802 721
16640 16640 4543 0.23 4453 0.00401 0.00987 17280 8320 4977 0.219 5455 0.01564 0.02141 21.6 4453 5455 979 1027 940
4480 4480 2163 0.12 2294 0.01031 0.01602 1280 2240 1827 0.1002065 0.03555 0.04108 31.3 2294 2065 430 450 394
7680 7680 2807 0.16 2910 0.00790 0.01366 3840 3840 2346 0.1222663 0.02837 0.03399 31.7 2910 2663 550 576 509
10240 10240 3313 0.18 3371 0.00641 0.01221 5760 5120 2729 0.136 3095 0.02481 0.03047 32.2 3371 3095 639 670 597
13440 13440 3931 0.21 4003 0.00614 0.01195 8320 6720 3238 0.155 3660 0.02420 0.02987 32.3 4003 3660 757 787 708
16640 16640 4539 0.24 4577 0.00534 0.01117 10240 8320 3615 0.165 4076 0.02282 0.02849 33.5 4577 4076 855 888 805
7680 7680 2810 0.16 2943 0.00857 0.01432 1280 3840 1828 0.1012062 0.03523 0.04077 40.9 2943 2062 494 517 458
12160 12160 3690 0.20 3758 0.00627 0.01208 3840 6080 2341 0.120 2659 0.02817 0.03379 41.8 3758 2659 634 663 596
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

16640 16640 4539 0.25 4611 0.00571 0.01152 5760 8320 2725 0.132 3101 0.02762 0.03325 43.7 4611 3101 762 791 717
13440 13440 3931 0.22 4033 0.00656 0.01235 1280 6720 1832 0.103 2063 0.03328 0.03884 52.3 4033 2063 602 627 569
17280 17280 4654 0.26 4726 0.00562 0.01144 3840 8640 2343 0.119 2664 0.02960 0.03520 49.8 4726 2664 730 758 691

Series B: f
c
 = 40 MPa, fsu / fsy =1, fpu / fpy  = 1, (L/D = 36, L = 16200 mm, D = 450 mm, B = 2400 mm, A

p
 = 3930 mm2, σ

pe
 = 1036 MPa)

640 640 2374 0.26 2231 0.00249 0.00941 13440 640 4685 0.518 4952 0.00275 0.00971 0.5 2231 4952 219 224 215
1280 1280 2495 0.26 2422 0.00274 0.00965 17280 640 4859 0.5805336 0.00275 0.00969 0.9 2422 5336 236 239 224
640 640 2360 0.29 2051 0.00194 0.00887 3200 640 3382 0.319 3418 0.00610 0.01304 11.7 2051 3418 167 177 175
1920 1920 2590 0.31 2183 0.00186 0.00880 5760 640 3784 0.373 3833 0.00461 0.01156 10.9 2183 3833 183 197 194
3200 3200 2817 0.33 2349 0.00188 0.00881 8320 960 4178 0.411 4238 0.00416 0.01111 10.4 2349 4238 201 216 213
4480 4480 3042 0.35 2494 0.00186 0.00879 10880 1280 4552 0.459 4625 0.00335 0.01031 10.1 2494 4625 217 235 231
6400 6400 3390 0.36 2755 0.00191 0.00883 17280 1600 4975 0.557 5455 0.00275 0.00970 10.8 2755 5455 250 271 255
1920 1920 2582 0.33 2084 0.00162 0.00856 640 640 2949 0.268 2975 0.00776 0.01467 20.0 2084 2975 154 170 169
4480 4480 3009 0.37 2327 0.00158 0.00852 3200 1280 3392 0.3063424 0.00667 0.01359 20.5 2327 3424 175 197 195
7040 7040 3428 0.42 2529 0.00151 0.00845 5760 1920 3820 0.3483860 0.00538 0.01232 21.0 2529 3860 195 224 221
8960 8960 3739 0.45 2686 0.00148 0.00841 8320 2240 4223 0.3924273 0.00440 0.01134 20.4 2686 4273 212 246 243
11520 11520 4136 0.49 2928 0.00148 0.00841 10880 2880 4621 0.422 4681 0.00420 0.01114 20.8 2928 4681 232 270 267
7680 7680 3500 0.45 2433 0.00131 0.00826 640 1920 2962 0.250 2983 0.00873 0.01564 31.2 2433 2983 165 199 197
10880 10880 3968 0.51 2674 0.00130 0.00823 3200 2880 3419 0.283 3444 0.00755 0.01446 30.6 2674 3444 186 227 225
17280 17280 4430 0.57 3085 0.00123 0.00816 5760 4480 3877 0.303 3905 0.00728 0.01418 30.0 3085 3905 213 258 253
17280 17280 4319 0.58 2872 0.00108 0.00801 640 4480 2981 0.223 2995 0.01023 0.01711 38.7 2872 2995 179 224 223
17280 17280 4316 0.58 2936 0.00112 0.00806 1920 4480 3213 0.242 3230 0.00944 0.01633 36.0 2936 3230 188 231 230

Series B: f
c
 = 40 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 2374 0.26 2231 0.00250 0.00941 13440 640 4685 0.518 4953 0.00275 0.00971 0.5 2231 4953 219 226 215
1280 1280 2495 0.26 2422 0.00274 0.00965 17280 640 4859 0.5805337 0.00275 0.00969 0.9 2422 5337 236 241 224
640 640 2360 0.29 2094 0.00207 0.00900 3200 640 3382 0.318 3461 0.00665 0.01358 11.7 2094 3461 169 180 175
1920 1920 2590 0.31 2242 0.00200 0.00894 5760 640 3784 0.364 3865 0.00560 0.01254 10.9 2242 3865 186 199 194
3200 3200 2817 0.33 2368 0.00192 0.00885 8320 960 4178 0.411 4261 0.00432 0.01127 10.4 2368 4261 202 218 213
4480 4480 3042 0.35 2517 0.00190 0.00883 10880 1280 4552 0.453 4639 0.00366 0.01061 10.1 2517 4639 218 237 231
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Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

6400 6400 3390 0.36 2756 0.00191 0.00883 17280 1600 4975 0.557 5455 0.00275 0.00970 10.8 2756 5455 250 273 255
1920 1920 2582 0.33 2142 0.00176 0.00870 640 640 2949 0.268 3024 0.00853 0.01544 20.0 2142 3024 157 173 169
4480 4480 3009 0.37 2390 0.00169 0.00863 3200 1280 3392 0.3063474 0.00733 0.01425 20.5 2390 3474 179 200 195
7040 7040 3428 0.42 2619 0.00163 0.00856 5760 1920 3820 0.3423904 0.00638 0.01329 21.0 2619 3904 199 226 221
8960 8960 3739 0.45 2755 0.00156 0.00849 8320 2240 4223 0.3864308 0.00503 0.01196 20.4 2755 4308 215 248 243
11520 11520 4136 0.49 2990 0.00154 0.00847 10880 2880 4621 0.418 4708 0.00471 0.01164 20.8 2990 4708 235 272 267
7680 7680 3500 0.45 2556 0.00147 0.00841 640 1920 2962 0.249 3041 0.01007 0.01695 31.2 2556 3041 171 202 197
10880 10880 3968 0.51 2838 0.00146 0.00839 3200 2880 3419 0.280 3509 0.00917 0.01606 30.6 2838 3509 193 230 225
17280 17280 4430 0.57 3280 0.00137 0.00829 5760 4480 3877 0.300 3982 0.00884 0.01571 30.0 3280 3982 221 261 253
17280 17280 4319 0.58 3305 0.00139 0.00831 640 4480 2981 0.217 3074 0.01482 0.02163 38.7 3305 3074 194 226 223
17280 17280 4316 0.58 3285 0.00138 0.00830 1920 4480 3213 0.237 3311 0.01289 0.01972 36.0 3285 3311 201 233 230

Series B: f
c
 = 40 MPa, default fsu / fsy, default  fpu / fpy 

640 640 2374 0.26 2231 0.00250 0.00941 13440 640 4685 0.518 4953 0.00275 0.00971 0.5 2231 4953 219 225 215
1280 1280 2495 0.26 2422 0.00274 0.00965 17280 640 4859 0.5805336 0.00275 0.00969 0.9 2422 5336 236 240 224
640 640 2360 0.29 2080 0.00202 0.00896 3200 640 3382 0.316 3437 0.00668 0.01360 11.7 2080 3437 168 178 175
1920 1920 2590 0.31 2188 0.00187 0.00881 5760 640 3784 0.374 3847 0.00460 0.01155 10.9 2188 3845 184 198 194
3200 3200 2817 0.33 2362 0.00191 0.00884 8320 960 4178 0.410 4248 0.00433 0.01128 10.4 2362 4248 201 217 213
4480 4480 3042 0.35 2514 0.00190 0.00883 10880 1280 4552 0.452 4630 0.00367 0.01062 10.1 2514 4630 218 236 231
6400 6400 3390 0.36 2756 0.00191 0.00883 17280 1600 4975 0.557 5455 0.00275 0.00970 10.8 2756 5455 250 271 255
1920 1920 2582 0.33 2128 0.00172 0.00867 640 640 2949 0.266 2998 0.00856 0.01547 20.0 2128 2998 156 172 169
4480 4480 3009 0.37 2376 0.00167 0.00860 3200 1280 3392 0.3033446 0.00736 0.01428 20.5 2376 3446 177 199 195
7040 7040 3428 0.42 2560 0.00155 0.00849 5760 1920 3820 0.3453879 0.00570 0.01263 21.0 2560 3879 196 225 221
8960 8960 3739 0.45 2741 0.00154 0.00847 8320 2240 4223 0.3854288 0.00499 0.01192 20.4 2741 4288 214 247 243
11520 11520 4136 0.49 2934 0.00149 0.00842 10880 2880 4621 0.423 4693 0.00419 0.01113 20.8 2934 4693 232 271 267
7680 7680 3500 0.45 2505 0.00140 0.00835 640 1920 2962 0.248 3009 0.00963 0.01652 31.2 2505 3009 168 200 197
10880 10880 3968 0.51 2751 0.00137 0.00831 3200 2880 3419 0.280 3473 0.00834 0.01524 30.6 2751 3473 190 228 225
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

17280 17280 4430 0.57 3175 0.00129 0.00822 5760 4480 3877 0.300 3938 0.00804 0.01493 30.0 3175 3938 217 259 253
17280 17280 4319 0.58 3041 0.00120 0.00813 640 4480 2981 0.218 3028 0.01198 0.01884 38.7 3041 3028 185 225 223
17280 17280 4316 0.58 3074 0.00122 0.00815 1920 4480 3213 0.238 3264 0.01081 0.01767 36.0 3074 3264 193 232 230

Series B: f
c
 = 40 MPa, highest fsu / fsy, highest fpu / fpy

640 640 2374 0.26 2245 0.00254 0.00946 13440 640 4685 0.512 4955 0.00302 0.00998 0.5 2245 4955 219 229 215
1280 1280 2495 0.26 2421 0.00274 0.00965 17280 640 4859 0.5805337 0.00275 0.00969 0.9 2421 5337 236 245 224
640 640 2360 0.29 2145 0.00222 0.00915 3200 640 3382 0.323 3526 0.00728 0.01419 11.7 2145 3526 173 184 175
1920 1920 2590 0.31 2288 0.00212 0.00904 5760 640 3784 0.369 3912 0.00612 0.01304 10.9 2288 3912 189 203 194
3200 3200 2817 0.33 2413 0.00201 0.00894 8320 960 4178 0.410 4295 0.00485 0.01178 10.4 2413 4295 204 222 213
4480 4480 3042 0.35 2555 0.00197 0.00889 10880 1280 4552 0.451 4660 0.00405 0.01099 10.1 2555 4660 220 240 231
6400 6400 3390 0.36 2756 0.00191 0.00883 17280 1600 4975 0.557 5455 0.00275 0.00970 10.8 2756 5455 250 276 255
1920 1920 2582 0.33 2247 0.00201 0.00894 640 640 2949 0.274 3100 0.00931 0.01620 20.0 2247 3100 163 178 169
4480 4480 3009 0.37 2475 0.00184 0.00877 3200 1280 3392 0.3133549 0.00799 0.01489 20.5 2475 3549 184 204 195
7040 7040 3428 0.42 2692 0.00173 0.00866 5760 1920 3820 0.3483970 0.00687 0.01378 21.0 2692 3970 203 230 221
8960 8960 3739 0.45 2817 0.00163 0.00856 8320 2240 4223 0.3884357 0.00544 0.01236 20.4 2817 4357 219 251 243
11520 11520 4136 0.49 3011 0.00156 0.00849 10880 2880 4621 0.422 4747 0.00467 0.01160 20.8 3011 4747 236 275 267
7680 7680 3500 0.45 2765 0.00173 0.00866 640 1920 2962 0.258 3131 0.01159 0.01845 31.2 2765 3131 180 206 197
10880 10880 3968 0.51 3012 0.00164 0.00856 3200 2880 3419 0.291 3605 0.01020 0.01706 30.6 3012 3605 202 233 225
17280 17280 4430 0.57 3451 0.00149 0.00841 5760 4480 3877 0.311 4092 0.00958 0.01644 30.0 3451 4092 230 264 253
17280 17280 4319 0.58 3730 0.00171 0.00862 640 4480 2981 0.230 3212 0.01717 0.02393 38.7 3730 3212 212 230 223
17280 17280 4316 0.58 3588 0.00160 0.00851 1920 4480 3213 0.248 3438 0.01424 0.02105 36.0 3588 3438 214 237 230

Series B: f
c
 = 65 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 2486 0.19 2370 0.00298 0.00986 10880 640 4950 0.317 4946 0.00657 0.01345 0.1 2370 4946 223 227 227
2560 2560 2860 0.21 2649 0.00261 0.00950 14720 640 5584 0.3685580 0.00519 0.01209 0.8 2649 5580 251 257 257
3840 3840 3106 0.22 2844 0.00255 0.00944 17280 960 6001 0.3925994 0.00488 0.01178 1.2 2844 5994 269 277 278
640 640 2496 0.20 2279 0.00251 0.00941 3200 640 3575 0.215 3573 0.01115 0.01799 11.7 2279 3573 178 185 185
1920 1920 2742 0.21 2453 0.00241 0.00930 5760 640 4045 0.247 4042 0.00950 0.01635 10.6 2453 4042 198 207 207
3200 3200 2987 0.22 2592 0.00228 0.00917 8320 960 4506 0.282 4502 0.00749 0.01436 9.8 2592 4502 216 228 228
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Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

5120 5120 3350 0.25 2804 0.00215 0.00905 10880 1280 4955 0.313 4950 0.00645 0.01334 10.5 2804 4950 236 253 253
8960 8960 4068 0.28 3278 0.00207 0.00896 17280 2240 6035 0.378 6029 0.00509 0.01198 10.4 3278 6029 284 308 308
1920 1920 2747 0.22 2371 0.00221 0.00911 640 640 3088 0.181 3087 0.01376 0.02057 20.6 2371 3087 166 178 178
4480 4480 3230 0.25 2616 0.00199 0.00889 3200 1280 3574 0.2113572 0.01116 0.01799 21.2 2616 3572 189 207 207
6400 6400 3587 0.27 2832 0.00194 0.00884 5760 1600 4049 0.2404047 0.00951 0.01637 20.5 2832 4047 210 233 233
8960 8960 4055 0.30 3068 0.00184 0.00874 8320 2240 4517 0.2674513 0.00825 0.01511 21.0 3068 4513 231 261 261
10880 10880 4403 0.32 3255 0.00179 0.00869 10880 2880 4977 0.294 4972 0.00721 0.01409 20.4 3255 4972 251 286 286
6400 6400 3586 0.28 2727 0.00179 0.00870 640 1600 3085 0.177 3084 0.01374 0.02055 30.6 2727 3084 177 203 203
9600 9600 4160 0.32 2996 0.00168 0.00859 3200 2560 3576 0.2033573 0.01164 0.01847 30.7 2996 3573 200 236 236
12800 12800 4722 0.36 3255 0.00160 0.00851 5760 3200 4056 0.228 4053 0.01017 0.01701 30.7 3255 4053 223 267 268
12800 12800 4711 0.37 3177 0.00154 0.00845 640 3200 3082 0.168 3080 0.01501 0.02180 40.7 3177 3080 191 237 238
17280 17280 5451 0.43 3525 0.00148 0.00838 3200 4480 3575 0.188 3573 0.01336 0.02017 40.6 3525 3573 216 275 275

Series B: f
c
 = 65 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 2486 0.19 2395 0.00353 0.01039 10880 640 4950 0.317 5031 0.00718 0.01405 0.1 2395 5031 226 232 227
2560 2560 2860 0.21 2694 0.00271 0.00959 14720 640 5584 0.3665643 0.00563 0.01252 0.8 2694 5643 254 263 257
3840 3840 3106 0.22 2861 0.00259 0.00947 17280 960 6001 0.3966047 0.00486 0.01175 1.2 2861 6047 272 283 278
640 640 2496 0.20 2373 0.00289 0.00977 3200 640 3575 0.218 3674 0.01200 0.01883 11.7 2373 3674 184 191 185
1920 1920 2742 0.21 2535 0.00260 0.00949 5760 640 4045 0.250 4146 0.01004 0.01688 10.6 2535 4146 204 213 207
3200 3200 2987 0.22 2673 0.00243 0.00932 8320 960 4506 0.281 4601 0.00824 0.01511 9.8 2673 4601 222 235 228
5120 5120 3350 0.25 2882 0.00227 0.00916 10880 1280 4955 0.310 5040 0.00712 0.01400 10.5 2882 5040 241 259 253
8960 8960 4068 0.28 3347 0.00214 0.00903 17280 2240 6035 0.377 6091 0.00550 0.01239 10.4 3347 6091 288 313 308
1920 1920 2747 0.22 2526 0.00257 0.00947 640 640 3088 0.183 3183 0.01539 0.02217 20.6 2526 3183 174 184 178
4480 4480 3230 0.25 2808 0.00231 0.00920 3200 1280 3574 0.2113677 0.01325 0.02005 21.2 2808 3677 198 214 207
6400 6400 3587 0.27 2942 0.00209 0.00898 5760 1600 4049 0.2424155 0.01014 0.01699 20.5 2942 4155 216 239 233
8960 8960 4055 0.30 3190 0.00197 0.00887 8320 2240 4517 0.2684623 0.00906 0.01592 21.0 3190 4623 238 268 261
10880 10880 4403 0.32 3370 0.00191 0.00880 10880 2880 4977 0.293 5077 0.00794 0.01481 20.4 3370 5077 257 292 286
6400 6400 3586 0.28 2980 0.00214 0.00903 640 1600 3085 0.177 3185 0.01652 0.02329 30.6 2980 3185 188 209 203
9600 9600 4160 0.32 3265 0.00197 0.00886 3200 2560 3576 0.2023686 0.01410 0.02090 30.7 3265 3686 212 242 236
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Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

12800 12800 4722 0.36 3467 0.00179 0.00868 5760 3200 4056 0.228 4173 0.01168 0.01850 30.7 3467 4173 233 274 268
12800 12800 4711 0.37 3530 0.00184 0.00874 640 3200 3082 0.168 3190 0.01814 0.02488 40.7 3530 3190 205 243 238
17280 17280 5451 0.43 3876 0.00172 0.00861 3200 4480 3575 0.189 3698 0.01604 0.02280 40.6 3876 3698 231 280 275

Series B: f
c
 = 65 MPa, default fsu / fsy, default  fpu / fpy 

640 640 2486 0.19 2388 0.00343 0.01030 10880 640 4950 0.313 4981 0.00721 0.01409 0.1 2388 4981 225 229 227
2560 2560 2860 0.21 2680 0.00268 0.00956 14720 640 5584 0.3635605 0.00565 0.01255 0.8 2680 5605 253 259 257
3840 3840 3106 0.22 2851 0.00257 0.00945 17280 960 6001 0.3946017 0.00487 0.01177 1.2 2851 6017 270 280 278
640 640 2496 0.20 2329 0.00267 0.00956 3200 640 3575 0.214 3617 0.01205 0.01888 11.7 2329 3617 181 188 185
1920 1920 2742 0.21 2471 0.00245 0.00935 5760 640 4045 0.249 4088 0.00947 0.01632 10.6 2471 4088 200 210 207
3200 3200 2987 0.22 2647 0.00238 0.00928 8320 960 4506 0.278 4546 0.00828 0.01515 9.8 2647 4546 219 231 228
5120 5120 3350 0.25 2862 0.00224 0.00913 10880 1280 4955 0.307 4990 0.00715 0.01403 10.5 2862 4990 239 256 253
8960 8960 4068 0.28 3293 0.00208 0.00897 17280 2240 6035 0.380 6055 0.00507 0.01197 10.4 3293 6055 285 310 308
1920 1920 2747 0.22 2429 0.00234 0.00924 640 640 3088 0.181 3129 0.01445 0.02124 20.6 2429 3129 169 180 178
4480 4480 3230 0.25 2685 0.00210 0.00900 3200 1280 3574 0.2103618 0.01206 0.01889 21.2 2685 3618 192 210 207
6400 6400 3587 0.27 2895 0.00202 0.00892 5760 1600 4049 0.2394094 0.01019 0.01703 20.5 2895 4094 213 236 233
8960 8960 4055 0.30 3154 0.00193 0.00883 8320 2240 4517 0.2644561 0.00911 0.01596 21.0 3154 4561 235 264 261
10880 10880 4403 0.32 3338 0.00187 0.00877 10880 2880 4977 0.290 5017 0.00798 0.01485 20.4 3338 5017 255 288 286
6400 6400 3586 0.28 2836 0.00194 0.00884 640 1600 3085 0.175 3128 0.01545 0.02224 30.6 2836 3128 182 206 203
9600 9600 4160 0.32 3107 0.00180 0.00870 3200 2560 3576 0.2003622 0.01284 0.01965 30.7 3107 3622 205 238 236
12800 12800 4722 0.36 3344 0.00168 0.00858 5760 3200 4056 0.226 4104 0.01088 0.01771 30.7 3344 4104 227 270 268
12800 12800 4711 0.37 3326 0.00167 0.00857 640 3200 3082 0.166 3127 0.01653 0.02330 40.7 3326 3127 197 240 238
17280 17280 5451 0.43 3634 0.00155 0.00845 3200 4480 3575 0.188 3625 0.01414 0.02093 40.6 3634 3625 221 277 275

Series B: f
c
 = 65 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 2486 0.19 2423 0.00386 0.01071 10880 640 4950 0.324 5131 0.00710 0.01398 0.1 2423 5131 230 240 227
2560 2560 2860 0.21 2716 0.00276 0.00964 14720 640 5584 0.3715717 0.00559 0.01248 0.8 2716 5717 257 270 257
3840 3840 3106 0.22 2903 0.00266 0.00954 17280 960 6001 0.3976109 0.00520 0.01209 1.2 2903 6109 275 289 278
640 640 2496 0.20 2443 0.00409 0.01094 3200 640 3575 0.228 3804 0.01303 0.01984 11.7 2443 3804 190 199 185
1920 1920 2742 0.21 2622 0.00297 0.00985 5760 640 4045 0.259 4273 0.00992 0.01677 10.6 2622 4273 210 221 207
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Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

3200 3200 2987 0.22 2807 0.00270 0.00958 8320 960 4506 0.288 4723 0.00898 0.01583 9.8 2807 4723 230 243 228
5120 5120 3350 0.25 2999 0.00245 0.00934 10880 1280 4955 0.316 5152 0.00777 0.01463 10.5 2999 5152 248 267 253
8960 8960 4068 0.28 3373 0.00217 0.00906 17280 2240 6035 0.383 6166 0.00545 0.01234 10.4 3373 6166 291 320 308
1920 1920 2747 0.22 2663 0.00354 0.01040 640 640 3088 0.195 3318 0.01627 0.02304 20.6 2663 3318 182 192 178
4480 4480 3230 0.25 2959 0.00256 0.00944 3200 1280 3574 0.2213814 0.01308 0.01989 21.2 2959 3814 206 222 207
6400 6400 3587 0.27 3140 0.00236 0.00925 5760 1600 4049 0.2504291 0.01105 0.01787 20.5 3140 4291 227 247 233
8960 8960 4055 0.30 3376 0.00218 0.00907 8320 2240 4517 0.2764759 0.00959 0.01643 21.0 3376 4759 248 276 261
10880 10880 4403 0.32 3548 0.00208 0.00897 10880 2880 4977 0.301 5208 0.00865 0.01550 20.4 3548 5208 267 299 286
6400 6400 3586 0.28 3191 0.00243 0.00931 640 1600 3085 0.186 3328 0.01633 0.02310 30.6 3191 3328 199 218 203
9600 9600 4160 0.32 3529 0.00224 0.00913 3200 2560 3576 0.2133833 0.01474 0.02152 30.7 3529 3833 224 250 236
12800 12800 4722 0.36 3672 0.00196 0.00885 5760 3200 4056 0.236 4320 0.01154 0.01836 30.7 3672 4320 244 281 268
12800 12800 4711 0.37 3827 0.00210 0.00898 640 3200 3082 0.178 3347 0.01793 0.02467 40.7 3827 3347 219 251 238
17280 17280 5451 0.43 4175 0.00193 0.00881 3200 4480 3575 0.199 3863 0.01584 0.02261 40.6 4175 3863 245 287 275

Series B: f
c
 = 85 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 2534 0.15 2429 0.00446 0.01129 10240 640 4970 0.247 4958 0.01003 0.01685 0.7 2429 4958 225 228 229
2560 2560 2913 0.17 2776 0.00360 0.01044 14720 640 5772 0.2935754 0.00802 0.01487 0.3 2776 5754 260 264 265
3840 3840 3164 0.18 2996 0.00299 0.00985 17280 960 6221 0.3186201 0.00704 0.01390 0.6 2996 6201 280 285 286
640 640 2542 0.15 2406 0.00339 0.01025 3840 640 3764 0.181 3757 0.01447 0.02125 10.5 2406 3757 188 192 192
1920 1920 2796 0.17 2629 0.00285 0.00972 5760 640 4131 0.199 4123 0.01340 0.02019 10.5 2629 4123 206 211 211
3200 3200 3047 0.18 2795 0.00264 0.00951 7680 960 4494 0.217 4485 0.01191 0.01871 10.6 2795 4485 222 229 230
5120 5120 3422 0.19 3010 0.00244 0.00932 10880 1280 5088 0.252 5075 0.00939 0.01622 10.3 3010 5075 246 259 259
8960 8960 4160 0.22 3485 0.00227 0.00914 17280 2240 6238 0.309 6221 0.00714 0.01400 10.0 3485 6221 296 316 317
1920 1920 2802 0.17 2566 0.00263 0.00951 640 640 3134 0.147 3130 0.01874 0.02547 20.8 2566 3130 174 181 181
4480 4480 3304 0.19 2853 0.00235 0.00923 3200 1280 3636 0.1713630 0.01550 0.02227 21.4 2853 3630 198 211 212
6400 6400 3674 0.21 3078 0.00225 0.00913 5760 1600 4130 0.1944122 0.01339 0.02018 20.6 3078 4122 219 237 238
8960 8960 4162 0.23 3346 0.00212 0.00900 8320 2240 4615 0.2154606 0.01185 0.01865 21.1 3346 4606 242 267 268
10880 10880 4524 0.25 3523 0.00203 0.00891 10880 2880 5095 0.239 5084 0.01006 0.01689 20.5 3523 5084 262 293 293
6400 6400 3678 0.22 2997 0.00213 0.00902 640 1600 3130 0.145 3126 0.01868 0.02541 31.0 2997 3126 187 207 208
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9600 9600 4282 0.25 3349 0.00203 0.00891 3200 2560 3633 0.1643627 0.01656 0.02331 31.1 3349 3627 213 241 241
12800 12800 4876 0.28 3618 0.00189 0.00878 5760 3200 4128 0.185 4121 0.01423 0.02101 31.2 3618 4121 236 274 274
12800 12800 4882 0.29 3564 0.00184 0.00873 640 3200 3115 0.140 3112 0.01948 0.02620 41.6 3564 3112 203 243 244
17280 17280 5671 0.33 3853 0.00168 0.00857 3200 4480 3627 0.160 3622 0.01649 0.02324 41.5 3853 3622 228 283 283

Series B: f
c
 = 85 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 2534 0.15 2470 0.00528 0.01208 10240 640 4970 0.251 5106 0.01066 0.01747 0.7 2470 5106 231 237 229
2560 2560 2913 0.17 2803 0.00398 0.01082 14720 640 5772 0.2995887 0.00804 0.01488 0.3 2803 5887 265 273 265
3840 3840 3164 0.18 3019 0.00336 0.01021 17280 960 6221 0.3236321 0.00706 0.01392 0.6 3019 6321 285 294 286
640 640 2542 0.15 2475 0.00520 0.01200 3840 640 3764 0.184 3903 0.01637 0.02312 10.5 2475 3903 194 200 192
1920 1920 2796 0.17 2700 0.00438 0.01120 5760 640 4131 0.204 4270 0.01464 0.02141 10.5 2700 4270 212 220 211
3200 3200 3047 0.18 2905 0.00343 0.01028 7680 960 4494 0.222 4636 0.01256 0.01935 10.6 2905 4636 230 239 230
5120 5120 3422 0.19 3187 0.00271 0.00958 10880 1280 5088 0.252 5228 0.01063 0.01745 10.3 3187 5228 257 268 259
8960 8960 4160 0.22 3606 0.00240 0.00927 17280 2240 6238 0.309 6356 0.00786 0.01470 10.0 3606 6356 304 326 317
1920 1920 2802 0.17 2706 0.00439 0.01121 640 640 3134 0.150 3261 0.02111 0.02780 20.8 2706 3261 182 189 181
4480 4480 3304 0.19 3132 0.00311 0.00996 3200 1280 3636 0.1743778 0.01814 0.02486 21.4 3132 3778 211 220 212
6400 6400 3674 0.21 3335 0.00259 0.00946 5760 1600 4130 0.1974276 0.01506 0.02183 20.6 3335 4276 232 247 238
8960 8960 4162 0.23 3576 0.00237 0.00924 8320 2240 4615 0.2194766 0.01297 0.01976 21.1 3576 4766 254 277 268
10880 10880 4524 0.25 3736 0.00223 0.00911 10880 2880 5095 0.241 5249 0.01105 0.01786 20.5 3736 5249 274 303 293
6400 6400 3678 0.22 3319 0.00257 0.00944 640 1600 3130 0.147 3259 0.02108 0.02777 31.0 3319 3259 201 216 208
9600 9600 4282 0.25 3652 0.00235 0.00922 3200 2560 3633 0.1683782 0.01814 0.02487 31.1 3652 3782 227 250 241
12800 12800 4876 0.28 3954 0.00218 0.00905 5760 3200 4128 0.189 4285 0.01607 0.02282 31.2 3954 4285 251 284 274
12800 12800 4882 0.29 4039 0.00224 0.00911 640 3200 3115 0.142 3248 0.02351 0.03017 41.6 4039 3248 222 251 244
17280 17280 5671 0.33 4312 0.00199 0.00886 3200 4480 3627 0.160 3785 0.01931 0.02602 41.5 4312 3785 247 291 283

Series B: f
c
 = 85 MPa, default fsu / fsy, default  fpu / fpy 

640 640 2534 0.15 2443 0.00468 0.01150 10240 640 4970 0.250 5022 0.00999 0.01682 0.7 2443 5022 228 232 229
2560 2560 2913 0.17 2786 0.00373 0.01057 14720 640 5772 0.2955812 0.00799 0.01484 0.3 2786 5812 262 268 265
3840 3840 3164 0.18 3004 0.00313 0.00998 17280 960 6221 0.3206253 0.00701 0.01387 0.6 3004 6253 282 289 286
640 640 2542 0.15 2437 0.00423 0.01106 3840 640 3764 0.181 3818 0.01539 0.02215 10.5 2437 3818 191 195 192
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

1920 1920 2796 0.17 2651 0.00331 0.01017 5760 640 4131 0.201 4185 0.01335 0.02014 10.5 2651 4185 208 215 211
3200 3200 3047 0.18 2831 0.00271 0.00958 7680 960 4494 0.220 4549 0.01187 0.01867 10.6 2831 4549 225 233 230
5120 5120 3422 0.19 3079 0.00255 0.00942 10880 1280 5088 0.250 5141 0.01000 0.01683 10.3 3079 5141 251 263 259
8960 8960 4160 0.22 3569 0.00236 0.00923 17280 2240 6238 0.304 6277 0.00791 0.01475 10.0 3569 6277 300 320 317
1920 1920 2802 0.17 2651 0.00320 0.01006 640 640 3134 0.147 3186 0.01990 0.02662 20.8 2651 3186 178 184 181
4480 4480 3304 0.19 2961 0.00253 0.00941 3200 1280 3636 0.1713692 0.01655 0.02330 21.4 2961 3692 203 215 212
6400 6400 3674 0.21 3125 0.00231 0.00919 5760 1600 4130 0.1974186 0.01335 0.02014 20.6 3125 4186 223 241 238
8960 8960 4162 0.23 3387 0.00216 0.00904 8320 2240 4615 0.2184673 0.01181 0.01861 21.1 3387 4673 246 271 268
10880 10880 4524 0.25 3646 0.00215 0.00902 10880 2880 5095 0.236 5153 0.01111 0.01792 20.5 3646 5153 268 297 293
6400 6400 3678 0.22 3119 0.00230 0.00918 640 1600 3130 0.145 3182 0.01986 0.02657 31.0 3119 3182 192 211 208
9600 9600 4282 0.25 3503 0.00219 0.00907 3200 2560 3633 0.1643691 0.01823 0.02495 31.1 3503 3691 219 245 241
12800 12800 4876 0.28 3739 0.00200 0.00887 5760 3200 4128 0.185 4189 0.01516 0.02192 31.2 3739 4189 242 278 274
12800 12800 4882 0.29 3752 0.00200 0.00888 640 3200 3115 0.139 3169 0.02145 0.02814 41.6 3752 3169 211 247 244
17280 17280 5671 0.33 4050 0.00181 0.00869 3200 4480 3627 0.158 3690 0.01817 0.02489 41.5 4050 3690 236 286 283

Series B: f
c
 = 85 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 2534 0.15 2522 0.00566 0.01245 10240 640 4970 0.261 5276 0.01052 0.01733 0.7 2522 5276 238 247 229
2560 2560 2913 0.17 2860 0.00463 0.01145 14720 640 5772 0.3076034 0.00865 0.01548 0.3 2860 6034 271 283 265
3840 3840 3164 0.18 3074 0.00399 0.01082 17280 960 6221 0.3286459 0.00762 0.01447 0.6 3074 6459 291 304 286
640 640 2542 0.15 2534 0.00576 0.01255 3840 640 3764 0.195 4079 0.01616 0.02291 10.5 2534 4079 202 211 192
1920 1920 2796 0.17 2759 0.00502 0.01183 5760 640 4131 0.215 4443 0.01444 0.02121 10.5 2759 4443 220 230 211
3200 3200 3047 0.18 2976 0.00435 0.01118 7680 960 4494 0.232 4809 0.01284 0.01963 10.6 2976 4809 237 250 230
5120 5120 3422 0.19 3281 0.00338 0.01023 10880 1280 5088 0.262 5402 0.01049 0.01731 10.3 3281 5402 265 279 259
8960 8960 4160 0.22 3714 0.00252 0.00938 17280 2240 6238 0.317 6507 0.00777 0.01461 10.0 3714 6507 312 336 317
1920 1920 2802 0.17 2767 0.00506 0.01186 640 640 3134 0.159 3428 0.01963 0.02635 20.8 2767 3428 189 199 181
4480 4480 3304 0.19 3217 0.00413 0.01096 3200 1280 3636 0.1863960 0.01788 0.02460 21.4 3217 3960 219 231 212
6400 6400 3674 0.21 3500 0.00310 0.00996 5760 1600 4130 0.2084458 0.01486 0.02163 20.6 3500 4458 243 257 238
8960 8960 4162 0.23 3798 0.00261 0.00948 8320 2240 4615 0.2294950 0.01281 0.01959 21.1 3798 4950 267 288 268
10880 10880 4524 0.25 3929 0.00242 0.00928 10880 2880 5095 0.250 5435 0.01092 0.01773 20.5 3929 5435 285 314 293
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

6400 6400 3678 0.22 3493 0.00301 0.00986 640 1600 3130 0.155 3427 0.01962 0.02633 31.0 3493 3427 211 226 208
9600 9600 4282 0.25 3932 0.00264 0.00950 3200 2560 3633 0.1773973 0.01793 0.02466 31.1 3932 3973 241 261 241
12800 12800 4876 0.28 4225 0.00241 0.00927 5760 3200 4128 0.199 4480 0.01587 0.02261 31.2 4225 4480 265 295 274
12800 12800 4882 0.29 4236 0.00241 0.00928 640 3200 3115 0.149 3419 0.02119 0.02788 41.6 4236 3419 233 262 244
17280 17280 5671 0.33 4687 0.00225 0.00911 3200 4480 3627 0.169 3984 0.01911 0.02582 41.5 4687 3984 264 302 283

Series C: f
c
 = 40 MPa, fsu / fsy =1, fpu / fpy  = 1, (L/D = 20, L = 5000 mm, D = 250 mm, B = 2400 mm, A

p
 = 786 mm2, σ

pe
 = 728 MPa)

640 640 316 0.17 281 0.00402 0.00885 2880 640 566 0.230 571 0.00975 0.01427 3.7 281 571 273 285 282
1280 1280 372 0.19 317 0.00323 0.00807 3840 640 650 0.264 656 0.00813 0.01269 4.6 317 656 312 331 327
2240 2240 457 0.23 360 0.00246 0.00729 5760 640 808 0.338 819 0.00558 0.01020 4.2 360 819 377 410 405
2560 2560 486 0.24 388 0.00247 0.00730 7040 640 893 0.380 919 0.00508 0.00971 2.8 388 919 418 451 441
3840 3840 593 0.28 454 0.00224 0.00707 9600 960 1056 0.456 1087 0.00423 0.00887 4.0 454 1087 493 540 528
640 640 315 0.16 291 0.00436 0.00919 1280 640 421 0.173 425 0.01562 0.01998 14.1 291 425 229 238 236
1920 1920 430 0.21 356 0.00268 0.00751 2880 640 565 0.230 571 0.00975 0.01427 14.8 356 571 297 322 318
2560 2560 485 0.24 376 0.00236 0.00719 3840 640 649 0.264 655 0.00813 0.01269 14.2 376 655 330 367 363
3840 3840 593 0.28 419 0.00202 0.00685 5760 960 808 0.337 818 0.00558 0.01020 13.5 419 818 396 454 448
4480 4480 646 0.31 455 0.00199 0.00682 7040 1280 897 0.376 9200.00503 0.00967 12.8 455 920 440 503 494
5760 5760 748 0.35 522 0.00193 0.00676 9600 1600 1062 0.447 1094 0.00449 0.00912 12.0 522 1094 517 592 579
1280 1280 372 0.19 328 0.00356 0.00839 1280 640 422 0.173 426 0.01562 0.01998 20.3 328 426 241 257 254
2880 2880 513 0.25 384 0.00223 0.00706 2880 960 566 0.232 571 0.00970 0.01422 21.3 384 571 306 349 345
3840 3840 594 0.29 406 0.00193 0.00676 3840 960 649 0.265 656 0.00810 0.01266 21.7 406 656 340 402 398
5760 5760 749 0.36 461 0.00164 0.00647 5760 1600 807 0.334 8170.00557 0.01020 22.2 461 817 409 504 498
7040 7040 841 0.40 506 0.00156 0.00639 7040 1920 899 0.371 9200.00504 0.00968 22.5 506 920 456 569 557
8960 8960 965 0.45 583 0.00152 0.00634 9600 2240 1066 0.438 1098 0.00460 0.00923 21.3 583 1098 538 671 650
2560 2560 486 0.24 383 0.00241 0.00724 1280 640 421 0.173 425 0.01562 0.01998 30.3 383 425 259 293 290
5120 5120 698 0.34 442 0.00171 0.00654 2880 1280 566 0.234 5720.00965 0.01417 32.9 442 572 324 409 404
5760 5760 748 0.36 461 0.00164 0.00647 3840 1600 648 0.266 6560.00805 0.01261 30.4 461 656 357 452 447
8320 8320 917 0.45 508 0.00136 0.00619 5760 2240 807 0.332 8170.00556 0.01019 29.8 508 817 424 565 552
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

10240 10240 1036 0.51 562 0.00129 0.00611 7040 2560 902 0.367920 0.00505 0.00968 30.2 562 920 474 636 620
16640 16640 1187 0.59 734 0.00116 0.00598 9600 4160 1078 0.415 1110 0.00519 0.00980 28.6 734 1110 590 786 725
4480 4480 647 0.31 441 0.00190 0.00673 1280 1280 424 0.186 4290.01466 0.01904 40.6 441 429 279 347 343
7040 7040 834 0.41 504 0.00155 0.00638 2880 1920 566 0.237 5720.00989 0.01440 39.4 504 572 344 458 448
8960 8960 950 0.48 524 0.00132 0.00615 3840 2240 648 0.267 6550.00800 0.01256 39.2 524 655 377 524 511
16640 16640 1150 0.60 647 0.00100 0.00582 5760 4160 806 0.320816 0.00614 0.01075 38.2 647 816 468 675 626
7040 7040 832 0.42 506 0.00156 0.00639 1280 1920 426 0.195 4330.01425 0.01864 49.2 506 433 300 413 403
12800 12800 1068 0.56 580 0.00110 0.00593 2880 3200 567 0.243574 0.00973 0.01424 48.0 580 574 369 566 523

Series C: f
c
 = 40 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 316 0.17 292 0.00439 0.00922 2880 640 566 0.233 589 0.01174 0.01620 3.7 292 589 282 295 282
1280 1280 372 0.19 334 0.00378 0.00861 3840 640 650 0.266 674 0.00965 0.01415 4.6 334 674 322 341 327
2240 2240 457 0.23 383 0.00267 0.00751 5760 640 808 0.334 830 0.00673 0.01132 4.2 383 830 388 419 405
2560 2560 486 0.24 390 0.00248 0.00731 7040 640 893 0.384 927 0.00505 0.00968 2.8 390 927 421 459 441
3840 3840 593 0.28 455 0.00225 0.00708 9600 960 1056 0.459 1093 0.00421 0.00885 4.0 455 1093 495 547 528
640 640 315 0.16 309 0.00565 0.01048 1280 640 421 0.182 442 0.01764 0.02194 14.1 309 442 240 248 236
1920 1920 430 0.21 373 0.00305 0.00788 2880 640 565 0.233 588 0.01067 0.01516 14.8 373 588 307 333 318
2560 2560 485 0.24 405 0.00261 0.00744 3840 640 649 0.266 672 0.00965 0.01415 14.2 405 672 345 378 363
3840 3840 593 0.28 448 0.00220 0.00703 5760 960 808 0.332 830 0.00673 0.01132 13.5 448 830 409 463 448
4480 4480 646 0.31 464 0.00204 0.00687 7040 1280 897 0.376 9290.00527 0.00989 12.8 464 929 446 511 494
5760 5760 748 0.35 524 0.00194 0.00677 9600 1600 1062 0.451 1101 0.00446 0.00910 12.0 524 1101 520 599 579
1280 1280 372 0.19 345 0.00413 0.00896 1280 640 422 0.182 442 0.01764 0.02194 20.3 345 442 252 267 254
2880 2880 513 0.25 416 0.00248 0.00731 2880 960 566 0.236 589 0.01168 0.01613 21.3 416 589 322 360 345
3840 3840 594 0.29 436 0.00211 0.00694 3840 960 649 0.267 673 0.00961 0.01412 21.7 436 673 355 413 398
5760 5760 749 0.36 491 0.00178 0.00661 5760 1600 807 0.329 8290.00678 0.01136 22.2 491 829 423 512 498
7040 7040 841 0.40 516 0.00160 0.00643 7040 1920 899 0.372 9290.00528 0.00991 22.5 516 929 462 575 557
8960 8960 965 0.45 602 0.00158 0.00640 9600 2240 1066 0.445 1106 0.00500 0.00961 21.3 602 1106 547 676 650
2560 2560 486 0.24 410 0.00265 0.00748 1280 640 421 0.182 442 0.01764 0.02194 30.3 410 442 273 304 290
5120 5120 698 0.34 462 0.00181 0.00664 2880 1280 566 0.238 5890.01056 0.01505 32.9 462 589 336 419 404
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Ast
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Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

5760 5760 748 0.36 490 0.00177 0.00660 3840 1600 648 0.268 6720.00924 0.01376 30.4 490 672 372 461 447
8320 8320 917 0.45 556 0.00152 0.00635 5760 2240 807 0.325 8300.00710 0.01167 29.8 556 830 443 572 552
10240 10240 1036 0.51 587 0.00136 0.00619 7040 2560 902 0.363929 0.00586 0.01046 30.2 587 929 485 641 620
16640 16640 1187 0.59 739 0.00116 0.00599 9600 4160 1078 0.419 1121 0.00515 0.00977 28.6 739 1121 595 790 725
4480 4480 647 0.31 454 0.00197 0.00680 1280 1280 424 0.191 4440.01522 0.01958 40.6 454 444 288 356 343
7040 7040 834 0.41 527 0.00164 0.00647 2880 1920 566 0.242 5890.01130 0.01577 39.4 527 589 357 465 448
8960 8960 950 0.48 570 0.00147 0.00630 3840 2240 648 0.269 6720.00950 0.01401 39.2 570 672 397 532 511
16640 16640 1150 0.60 688 0.00107 0.00590 5760 4160 806 0.318830 0.00742 0.01198 38.2 688 830 486 680 626
7040 7040 832 0.42 516 0.00160 0.00643 1280 1920 426 0.200 4460.01434 0.01873 49.2 516 446 308 419 403
12800 12800 1068 0.56 600 0.00115 0.00597 2880 3200 567 0.247590 0.01012 0.01462 48.0 600 590 381 571 523

Series C: f
c
 = 40 MPa, default fsu / fsy, default  fpu / fpy 

640 640 316 0.17 283 0.00409 0.00892 2880 640 566 0.229 579 0.01072 0.01521 3.7 283 579 276 289 282
1280 1280 372 0.19 326 0.00351 0.00834 3840 640 650 0.263 663 0.00895 0.01348 4.6 326 663 316 335 327
2240 2240 457 0.23 371 0.00257 0.00740 5760 640 808 0.334 823 0.00618 0.01078 4.2 371 823 382 413 405
2560 2560 486 0.24 388 0.00247 0.00730 7040 640 893 0.381 922 0.00506 0.00969 2.8 388 922 419 455 441
3840 3840 593 0.28 454 0.00225 0.00707 9600 960 1056 0.458 1090 0.00422 0.00886 4.0 454 1090 494 543 528
640 640 315 0.16 302 0.00473 0.00956 1280 640 421 0.177 432 0.01711 0.02143 14.1 302 432 235 242 236
1920 1920 430 0.21 370 0.00298 0.00781 2880 640 565 0.229 578 0.01072 0.01521 14.8 370 578 303 326 318
2560 2560 485 0.24 392 0.00249 0.00732 3840 640 649 0.263 662 0.00895 0.01348 14.2 392 662 337 371 363
3840 3840 593 0.28 433 0.00211 0.00694 5760 960 808 0.333 822 0.00617 0.01078 13.5 433 822 402 457 448
4480 4480 646 0.31 463 0.00203 0.00686 7040 1280 897 0.374 9230.00528 0.00991 12.8 463 923 443 506 494
5760 5760 748 0.35 523 0.00194 0.00677 9600 1600 1062 0.449 1097 0.00448 0.00911 12.0 523 1097 518 595 579
1280 1280 372 0.19 340 0.00395 0.00878 1280 640 422 0.177 432 0.01711 0.02143 20.3 340 432 247 261 254
2880 2880 513 0.25 401 0.00236 0.00719 2880 960 566 0.232 579 0.01066 0.01515 21.3 401 579 313 353 345
3840 3840 594 0.29 422 0.00203 0.00686 3840 960 649 0.264 662 0.00892 0.01345 21.7 422 662 347 406 398
5760 5760 749 0.36 476 0.00171 0.00654 5760 1600 807 0.330 8220.00617 0.01078 22.2 476 822 415 507 498
7040 7040 841 0.40 514 0.00160 0.00642 7040 1920 899 0.370 9230.00530 0.00992 22.5 514 923 460 571 557
8960 8960 965 0.45 600 0.00157 0.00640 9600 2240 1066 0.442 1101 0.00503 0.00964 21.3 600 1101 544 673 650
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Asc Mu.d ku Mu εεεεs εεεεp
Sup.
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Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

2560 2560 486 0.24 401 0.00257 0.00740 1280 640 421 0.177 432 0.01711 0.02143 30.3 401 432 266 297 290
5120 5120 698 0.34 459 0.00179 0.00662 2880 1280 566 0.234 5790.01061 0.01510 32.9 459 579 332 413 404
5760 5760 748 0.36 479 0.00172 0.00655 3840 1600 648 0.265 6620.00886 0.01340 30.4 479 662 365 456 447
8320 8320 917 0.45 526 0.00142 0.00625 5760 2240 807 0.327 8220.00616 0.01077 29.8 526 822 431 568 552
10240 10240 1036 0.51 571 0.00131 0.00614 7040 2560 902 0.365923 0.00531 0.00993 30.2 571 923 478 638 620
16640 16640 1187 0.59 736 0.00116 0.00598 9600 4160 1078 0.417 1114 0.00518 0.00979 28.6 736 1114 592 787 725
4480 4480 647 0.31 451 0.00195 0.00678 1280 1280 424 0.188 4360.01527 0.01964 40.6 451 436 284 351 343
7040 7040 834 0.41 516 0.00160 0.00643 2880 1920 566 0.238 5790.01032 0.01482 39.4 516 579 351 461 448
8960 8960 950 0.48 548 0.00140 0.00623 3840 2240 648 0.267 6620.00881 0.01334 39.2 548 662 387 527 511
16640 16640 1150 0.60 663 0.00102 0.00585 5760 4160 806 0.317821 0.00677 0.01136 38.2 663 821 475 677 626
7040 7040 832 0.42 513 0.00158 0.00641 1280 1920 426 0.197 4380.01438 0.01877 49.2 513 438 304 415 403
12800 12800 1068 0.56 596 0.00114 0.00596 2880 3200 567 0.244581 0.01015 0.01465 48.0 596 581 376 568 523

Series C: f
c
 = 40 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 316 0.17 297 0.00455 0.00938 2880 640 566 0.242 609 0.01189 0.01633 3.7 297 609 290 308 282
1280 1280 372 0.19 342 0.00400 0.00883 3840 640 650 0.276 694 0.00995 0.01444 4.6 342 694 331 354 327
2240 2240 457 0.23 397 0.00293 0.00776 5760 640 808 0.342 844 0.00732 0.01188 4.2 397 844 397 429 405
2560 2560 486 0.24 402 0.00259 0.00742 7040 640 893 0.385 937 0.00554 0.01015 2.8 402 937 428 468 441
3840 3840 593 0.28 463 0.00230 0.00713 9600 960 1056 0.465 1099 0.00438 0.00901 4.0 463 1099 500 556 528
640 640 315 0.16 312 0.00596 0.01079 1280 640 421 0.191 461 0.01746 0.02176 14.1 312 461 248 260 236
1920 1920 430 0.21 383 0.00338 0.00821 2880 640 565 0.242 609 0.01189 0.01633 14.8 383 609 317 345 318
2560 2560 485 0.24 412 0.00267 0.00750 3840 640 649 0.276 693 0.00995 0.01444 14.2 412 693 353 390 363
3840 3840 593 0.28 452 0.00223 0.00706 5760 960 808 0.338 844 0.00668 0.01126 13.5 452 843 415 474 448
4480 4480 646 0.31 482 0.00214 0.00697 7040 1280 897 0.378 9390.00578 0.01038 12.8 482 939 455 521 494
5760 5760 748 0.35 535 0.00199 0.00682 9600 1600 1062 0.456 1108 0.00464 0.00927 12.0 535 1108 526 606 579
1280 1280 372 0.19 350 0.00426 0.00909 1280 640 422 0.191 462 0.01746 0.02176 20.3 350 462 260 279 254
2880 2880 513 0.25 427 0.00257 0.00740 2880 960 566 0.244 609 0.01182 0.01627 21.3 427 609 331 372 345
3840 3840 594 0.29 447 0.00219 0.00702 3840 960 649 0.276 693 0.00992 0.01442 21.7 447 693 365 426 398
5760 5760 749 0.36 508 0.00186 0.00669 5760 1600 807 0.335 8450.00737 0.01192 22.2 508 845 433 521 498
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Sup.
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7040 7040 841 0.40 551 0.00174 0.00657 7040 1920 899 0.373 9400.00638 0.01096 22.5 551 940 477 582 557
8960 8960 965 0.45 605 0.00159 0.00641 9600 2240 1066 0.449 1114 0.00496 0.00957 21.3 605 1114 550 681 650
2560 2560 486 0.24 416 0.00270 0.00753 1280 640 421 0.191 461 0.01746 0.02176 30.3 416 461 281 316 290
5120 5120 698 0.34 481 0.00191 0.00674 2880 1280 566 0.245 6080.01129 0.01575 32.9 481 608 349 430 404
5760 5760 748 0.36 513 0.00188 0.00671 3840 1600 648 0.277 6930.01004 0.01453 30.4 513 693 386 472 447
8320 8320 917 0.45 572 0.00158 0.00640 5760 2240 807 0.331 8450.00737 0.01193 29.8 572 845 453 579 552
10240 10240 1036 0.51 609 0.00142 0.00625 7040 2560 902 0.367942 0.00635 0.01094 30.2 609 942 496 647 620
16640 16640 1187 0.59 743 0.00117 0.00600 9600 4160 1078 0.423 1131 0.00512 0.00973 28.6 743 1131 600 793 725
4480 4480 647 0.31 477 0.00210 0.00693 1280 1280 424 0.202 4620.01644 0.02077 40.6 477 462 300 368 343
7040 7040 834 0.41 537 0.00168 0.00651 2880 1920 566 0.249 6080.01119 0.01566 39.4 537 608 367 475 448
8960 8960 950 0.48 584 0.00151 0.00634 3840 2240 648 0.277 6920.00982 0.01432 39.2 584 692 408 540 511
16640 16640 1150 0.60 734 0.00116 0.00598 5760 4160 806 0.324848 0.00839 0.01292 38.2 734 848 506 686 626
7040 7040 832 0.42 532 0.00166 0.00649 1280 1920 426 0.207 4630.01487 0.01923 49.2 532 463 318 427 403
12800 12800 1068 0.56 637 0.00123 0.00606 2880 3200 567 0.254609 0.01103 0.01550 48.0 637 609 399 577 523

Series C: f
c
 = 65 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 335 0.13 316 0.00778 0.01260 2880 640 596 0.163 598 0.01662 0.02095 4.0 316 598 292 299 298
1280 1280 396 0.14 363 0.00461 0.00944 3840 640 686 0.185 688 0.01394 0.01835 4.8 363 688 336 347 346
2240 2240 488 0.17 423 0.00358 0.00841 5760 640 863 0.233 864 0.01017 0.01467 4.2 423 864 412 434 432
2560 2560 518 0.18 440 0.00322 0.00804 7040 640 979 0.265 979 0.00856 0.01310 1.9 440 979 454 480 479
3840 3840 634 0.21 512 0.00256 0.00738 9600 960 1198 0.329 1198 0.00632 0.01091 1.9 512 1198 547 587 586
640 640 330 0.12 313 0.00711 0.01194 1280 640 442 0.125 442 0.02121 0.02543 14.1 313 442 242 247 247
1920 1920 455 0.16 414 0.00428 0.00911 2880 640 596 0.163 597 0.01662 0.02095 15.0 414 597 324 338 336
2560 2560 514 0.17 445 0.00331 0.00813 3840 640 686 0.185 687 0.01394 0.01835 14.3 445 687 362 385 384
3840 3840 632 0.21 503 0.00250 0.00732 5760 960 863 0.234 864 0.01020 0.01469 13.4 503 864 437 479 479
4480 4480 689 0.22 539 0.00241 0.00723 7040 1280 978 0.266 9790.00852 0.01306 12.0 539 979 486 534 533
5760 5760 801 0.25 594 0.00222 0.00704 9600 1600 1198 0.325 1198 0.00657 0.01116 10.1 594 1198 574 640 640
1280 1280 392 0.14 364 0.00467 0.00949 1280 640 442 0.125 442 0.02119 0.02542 20.5 364 442 258 267 267
2880 2880 543 0.18 467 0.00310 0.00792 2880 960 598 0.168 601 0.01648 0.02082 21.4 467 601 342 367 365
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

3840 3840 630 0.20 488 0.00240 0.00722 3840 960 688 0.189 689 0.01386 0.01826 21.8 488 689 377 423 422
5760 5760 802 0.25 556 0.00204 0.00686 5760 1600 864 0.237 8650.01012 0.01462 22.2 556 865 455 534 533
7040 7040 913 0.28 594 0.00186 0.00669 7040 1920 977 0.267 9780.00847 0.01301 22.4 594 978 503 605 605
8960 8960 1075 0.33 658 0.00171 0.00654 9600 2240 1197 0.324 1197 0.00656 0.01114 21.0 658 1197 593 727 727
2560 2560 512 0.17 433 0.00294 0.00776 1280 640 442 0.125 442 0.02121 0.02543 30.5 433 442 280 306 305
5120 5120 746 0.24 535 0.00213 0.00696 2880 1280 600 0.173 6040.01636 0.02070 33.1 535 604 364 432 431
5760 5760 802 0.25 563 0.00206 0.00688 3840 1600 690 0.195 6930.01370 0.01810 30.6 563 693 402 479 478
8320 8320 1022 0.32 625 0.00172 0.00654 5760 2240 864 0.239 866 0.01005 0.01455 31.3 625 866 477 604 604
10240 10240 1180 0.37 669 0.00156 0.00638 7040 2560 977 0.268978 0.00843 0.01297 32.0 669 978 527 691 690
16640 16640 1628 0.51 829 0.00130 0.00612 12160 4160 1398 0.372 1405 0.00528 0.00990 30.7 829 1405 715 970 968
4480 4480 688 0.22 493 0.00215 0.00697 1280 1280 452 0.142 4540.01846 0.02275 40.5 493 454 303 366 365
7040 7040 914 0.29 582 0.00181 0.00664 2880 1920 604 0.181 6080.01548 0.01983 40.3 582 608 381 487 486
8960 8960 1076 0.34 629 0.00162 0.00644 3840 2240 692 0.201 696 0.01299 0.01741 41.3 629 696 424 566 566
16640 16640 1619 0.52 793 0.00123 0.00605 8320 4160 1086 0.295 1087 0.00734 0.01191 39.8 793 1087 602 867 866
7040 7040 915 0.29 582 0.00181 0.00663 1280 1920 458 0.155 4640.01889 0.02316 49.9 582 464 335 441 439
12800 12800 1358 0.44 718 0.00138 0.00621 2880 3200 610 0.194615 0.01490 0.01927 53.5 718 615 427 637 630

Series C: f
c
 = 65 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 335 0.13 323 0.00830 0.01312 2880 640 596 0.170 628 0.01804 0.02233 4.0 323 628 304 315 298
1280 1280 396 0.14 375 0.00557 0.01039 3840 640 686 0.191 719 0.01545 0.01980 4.8 375 719 350 365 346
2240 2240 488 0.17 436 0.00398 0.00880 5760 640 863 0.237 896 0.01100 0.01547 4.2 436 896 426 452 432
2560 2560 518 0.18 454 0.00361 0.00844 7040 640 979 0.268 10090.00938 0.01389 1.9 454 1009 468 498 479
3840 3840 634 0.21 530 0.00267 0.00750 9600 960 1198 0.329 1220 0.00695 0.01152 1.9 530 1220 560 603 586
640 640 330 0.12 322 0.00859 0.01342 1280 640 442 0.128 468 0.02446 0.02859 14.1 322 468 253 262 247
1920 1920 455 0.16 424 0.00455 0.00938 2880 640 596 0.170 628 0.01804 0.02233 15.0 424 628 337 356 336
2560 2560 514 0.17 455 0.00361 0.00843 3840 640 686 0.191 718 0.01545 0.01980 14.3 455 718 376 404 384
3840 3840 632 0.21 511 0.00255 0.00737 5760 960 863 0.241 895 0.01011 0.01461 13.4 511 894 450 499 479
4480 4480 689 0.22 546 0.00245 0.00728 7040 1280 978 0.272 1006 0.00845 0.01299 12.0 546 1006 497 552 533
5760 5760 801 0.25 611 0.00229 0.00711 9600 1600 1198 0.327 1221 0.00692 0.01150 10.1 611 1221 586 657 640
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

1280 1280 392 0.14 379 0.00652 0.01134 1280 640 442 0.128 468 0.02446 0.02859 20.5 379 468 271 283 267
2880 2880 543 0.18 485 0.00362 0.00844 2880 960 598 0.176 630 0.01788 0.02217 21.4 485 630 357 385 365
3840 3840 630 0.20 509 0.00253 0.00736 3840 960 688 0.195 720 0.01472 0.01909 21.8 509 720 393 442 422
5760 5760 802 0.25 582 0.00215 0.00697 5760 1600 864 0.241 8960.01107 0.01554 22.2 582 896 473 553 533
7040 7040 913 0.28 627 0.00199 0.00681 7040 1920 977 0.270 1008 0.00972 0.01422 22.4 627 1008 523 624 605
8960 8960 1075 0.33 681 0.00178 0.00661 9600 2240 1197 0.325 1220 0.00714 0.01171 21.0 681 1220 608 742 727
2560 2560 512 0.17 450 0.00343 0.00826 1280 640 442 0.128 468 0.02446 0.02859 30.5 450 468 294 323 305
5120 5120 746 0.24 549 0.00220 0.00703 2880 1280 600 0.179 6310.01624 0.02058 33.1 549 631 378 451 431
5760 5760 802 0.25 593 0.00220 0.00702 3840 1600 690 0.203 7220.01492 0.01929 30.6 593 722 421 498 478
8320 8320 1022 0.32 654 0.00181 0.00663 5760 2240 864 0.244 897 0.01099 0.01546 31.3 654 897 496 622 604
10240 10240 1180 0.37 703 0.00165 0.00647 7040 2560 977 0.2701008 0.00959 0.01409 32.0 703 1008 547 706 690
16640 16640 1628 0.51 848 0.00133 0.00615 12160 4160 1398 0.373 1423 0.00553 0.01014 30.7 848 1423 727 983 968
4480 4480 688 0.22 522 0.00231 0.00713 1280 1280 452 0.144 4760.02156 0.02576 40.5 522 476 319 383 365
7040 7040 914 0.29 602 0.00189 0.00671 2880 1920 604 0.188 6340.01602 0.02035 40.3 602 634 395 505 486
8960 8960 1076 0.34 645 0.00167 0.00649 3840 2240 692 0.207 723 0.01346 0.01786 41.3 645 723 438 583 566
16640 16640 1619 0.52 834 0.00130 0.00613 8320 4160 1086 0.295 1114 0.00807 0.01261 39.8 834 1114 624 876 866
7040 7040 915 0.29 590 0.00184 0.00667 1280 1920 458 0.159 4830.01880 0.02308 49.9 590 483 344 457 439
12800 12800 1358 0.44 728 0.00141 0.00623 2880 3200 610 0.199639 0.01482 0.01918 53.5 728 639 437 649 630

Series C: f
c
 = 65 MPa, default fsu / fsy, default  fpu / fpy 

640 640 335 0.13 320 0.00827 0.01310 2880 640 596 0.165 610 0.01814 0.02243 4.0 320 610 297 305 298
1280 1280 396 0.14 372 0.00528 0.01010 3840 640 686 0.186 700 0.01532 0.01968 4.8 372 700 343 354 346
2240 2240 488 0.17 429 0.00377 0.00859 5760 640 863 0.234 877 0.01059 0.01508 4.2 429 877 418 441 432
2560 2560 518 0.18 451 0.00355 0.00838 7040 640 979 0.263 991 0.00944 0.01395 1.9 451 991 461 487 479
3840 3840 634 0.21 515 0.00258 0.00740 9600 960 1198 0.331 1206 0.00630 0.01090 1.9 515 1206 551 593 586
640 640 330 0.12 319 0.00874 0.01356 1280 640 442 0.124 452 0.02458 0.02871 14.1 319 452 247 253 247
1920 1920 455 0.16 419 0.00441 0.00923 2880 640 596 0.165 609 0.01814 0.02243 15.0 419 609 329 345 336
2560 2560 514 0.17 449 0.00344 0.00826 3840 640 686 0.186 699 0.01532 0.01968 14.3 449 699 367 393 384
3840 3840 632 0.21 507 0.00252 0.00734 5760 960 863 0.237 877 0.01016 0.01466 13.4 507 876 443 487 479
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Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

4480 4480 689 0.22 542 0.00243 0.00725 7040 1280 978 0.269 9900.00849 0.01303 12.0 542 990 490 542 533
5760 5760 801 0.25 597 0.00223 0.00705 9600 1600 1198 0.327 1207 0.00655 0.01114 10.1 597 1207 577 647 640
1280 1280 392 0.14 376 0.00649 0.01131 1280 640 442 0.124 452 0.02458 0.02871 20.5 376 452 265 273 267
2880 2880 543 0.18 470 0.00315 0.00798 2880 960 598 0.170 612 0.01644 0.02077 21.4 470 612 346 374 365
3840 3840 630 0.20 509 0.00253 0.00736 3840 960 688 0.191 701 0.01521 0.01957 21.8 509 701 387 430 422
5760 5760 802 0.25 560 0.00205 0.00687 5760 1600 864 0.239 8780.01009 0.01459 22.2 560 878 460 542 533
7040 7040 913 0.28 614 0.00194 0.00676 7040 1920 977 0.266 9900.00934 0.01385 22.4 614 990 513 613 605
8960 8960 1075 0.33 661 0.00172 0.00654 9600 2240 1197 0.326 1206 0.00654 0.01113 21.0 661 1206 597 733 727
2560 2560 512 0.17 445 0.00329 0.00812 1280 640 442 0.124 452 0.02458 0.02871 30.5 445 452 287 313 305
5120 5120 746 0.24 543 0.00217 0.00700 2880 1280 600 0.175 6150.01631 0.02065 33.1 543 615 370 440 431
5760 5760 802 0.25 567 0.00208 0.00690 3840 1600 690 0.198 7050.01366 0.01806 30.6 567 705 407 486 478
8320 8320 1022 0.32 630 0.00173 0.00656 5760 2240 864 0.242 879 0.01002 0.01452 31.3 630 879 483 611 604
10240 10240 1180 0.37 690 0.00161 0.00643 7040 2560 977 0.267990 0.00929 0.01381 32.0 690 990 538 697 690
16640 16640 1628 0.51 844 0.00133 0.00615 12160 4160 1398 0.370 1412 0.00555 0.01016 30.7 844 1412 722 978 968
4480 4480 688 0.22 513 0.00226 0.00708 1280 1280 452 0.141 4630.02075 0.02498 40.5 513 463 312 372 365
7040 7040 914 0.29 586 0.00183 0.00665 2880 1920 604 0.183 6190.01544 0.01979 40.3 586 619 386 494 486
8960 8960 1076 0.34 636 0.00164 0.00646 3840 2240 692 0.203 707 0.01351 0.01792 41.3 636 707 430 573 566
16640 16640 1619 0.52 829 0.00129 0.00612 8320 4160 1086 0.292 1098 0.00810 0.01265 39.8 829 1098 617 871 866
7040 7040 915 0.29 586 0.00182 0.00665 1280 1920 458 0.157 4720.01885 0.02313 49.9 586 472 338 447 439
12800 12800 1358 0.44 722 0.00139 0.00621 2880 3200 610 0.196625 0.01487 0.01923 53.5 722 625 431 642 630

Series C: f
c
 = 65 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 335 0.13 329 0.00805 0.01288 2880 640 596 0.178 658 0.01786 0.02215 4.0 329 658 316 332 298
1280 1280 396 0.14 380 0.00575 0.01057 3840 640 686 0.201 750 0.01528 0.01963 4.8 380 750 362 383 346
2240 2240 488 0.17 443 0.00411 0.00893 5760 640 863 0.246 928 0.01088 0.01535 4.2 443 928 439 471 432
2560 2560 518 0.18 464 0.00386 0.00869 7040 640 979 0.278 10410.00969 0.01418 1.9 464 1041 482 516 479
3840 3840 634 0.21 542 0.00275 0.00757 9600 960 1198 0.336 1243 0.00717 0.01173 1.9 542 1243 571 619 586
640 640 330 0.12 331 0.00881 0.01364 1280 640 442 0.136 494 0.02425 0.02838 14.1 331 494 264 278 247
1920 1920 455 0.16 434 0.00480 0.00962 2880 640 596 0.178 658 0.01786 0.02215 15.0 434 658 350 374 336
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2560 2560 514 0.17 466 0.00387 0.00870 3840 640 686 0.201 750 0.01528 0.01963 14.3 466 750 389 423 384
3840 3840 632 0.21 525 0.00263 0.00746 5760 960 863 0.248 927 0.01002 0.01452 13.4 525 925 464 518 479
4480 4480 689 0.22 566 0.00256 0.00738 7040 1280 978 0.280 1040 0.00999 0.01447 12.0 566 1040 514 573 533
5760 5760 801 0.25 624 0.00235 0.00717 9600 1600 1198 0.333 1245 0.00717 0.01173 10.1 624 1245 598 675 640
1280 1280 392 0.14 384 0.00643 0.01126 1280 640 442 0.136 494 0.02425 0.02838 20.5 384 494 281 300 267
2880 2880 543 0.18 492 0.00376 0.00859 2880 960 598 0.185 659 0.01769 0.02198 21.4 492 659 368 404 365
3840 3840 630 0.20 529 0.00266 0.00748 3840 960 688 0.205 750 0.01517 0.01953 21.8 529 750 409 461 422
5760 5760 802 0.25 591 0.00219 0.00702 5760 1600 864 0.249 9280.01096 0.01542 22.2 591 928 486 574 533
7040 7040 913 0.28 637 0.00203 0.00685 7040 1920 977 0.278 1039 0.00961 0.01411 22.4 637 1039 536 644 605
8960 8960 1075 0.33 689 0.00181 0.00663 9600 2240 1197 0.331 1244 0.00708 0.01164 21.0 689 1244 619 758 727
2560 2560 512 0.17 459 0.00367 0.00850 1280 640 442 0.136 494 0.02425 0.02838 30.5 459 494 305 341 305
5120 5120 746 0.24 559 0.00225 0.00708 2880 1280 600 0.185 6590.01612 0.02045 33.1 559 659 390 469 431
5760 5760 802 0.25 604 0.00224 0.00707 3840 1600 690 0.211 7510.01477 0.01914 30.6 604 751 433 517 478
8320 8320 1022 0.32 664 0.00184 0.00667 5760 2240 864 0.251 928 0.01089 0.01535 31.3 664 928 510 641 604
10240 10240 1180 0.37 722 0.00170 0.00652 7040 2560 977 0.2791039 0.00990 0.01438 32.0 722 1039 564 723 690
16640 16640 1628 0.51 884 0.00140 0.00622 12160 4160 1398 0.373 1444 0.00607 0.01066 30.7 884 1444 745 992 968
4480 4480 688 0.22 533 0.00237 0.00719 1280 1280 452 0.152 5010.02137 0.02558 40.5 533 501 331 401 365
7040 7040 914 0.29 621 0.00196 0.00678 2880 1920 604 0.194 6610.01589 0.02023 40.3 621 661 410 523 486
8960 8960 1076 0.34 660 0.00171 0.00654 3840 2240 692 0.213 751 0.01335 0.01776 41.3 660 751 452 600 566
16640 16640 1619 0.52 876 0.00138 0.00620 8320 4160 1086 0.302 1144 0.00879 0.01331 39.8 876 1144 646 886 866
7040 7040 915 0.29 612 0.00192 0.00675 1280 1920 458 0.170 5060.02042 0.02464 49.9 612 506 358 473 439
12800 12800 1358 0.44 742 0.00144 0.00626 2880 3200 610 0.205663 0.01492 0.01929 53.5 742 663 450 660 630

Series C: f
c
 = 85 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 340 0.10 322 0.01007 0.01489 2880 640 610 0.135 609 0.02110 0.02531 3.7 322 609 298 303 304
1280 1280 404 0.11 380 0.00767 0.01249 3840 640 703 0.154 703 0.01882 0.02309 4.7 380 703 347 354 354
2240 2240 505 0.14 457 0.00462 0.00944 5760 640 885 0.190 884 0.01433 0.01871 4.5 457 884 429 446 445
2560 2560 537 0.15 471 0.00410 0.00893 7040 640 1005 0.218 1003 0.01162 0.01608 2.2 471 1003 472 494 493
3840 3840 656 0.18 555 0.00305 0.00787 9600 960 1238 0.271 1235 0.00879 0.01331 2.0 555 1235 573 606 606
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640 640 334 0.09 321 0.01089 0.01571 1280 640 447 0.101 447 0.02850 0.03254 14.1 321 447 246 250 250
1920 1920 467 0.13 436 0.00550 0.01032 2880 640 609 0.137 608 0.02008 0.02433 15.1 436 608 334 344 344
2560 2560 529 0.14 474 0.00419 0.00902 3840 640 702 0.154 703 0.01897 0.02323 14.4 474 703 377 394 394
3840 3840 652 0.17 542 0.00272 0.00754 5760 960 886 0.193 886 0.01426 0.01864 13.6 542 886 457 493 492
4480 4480 711 0.18 576 0.00260 0.00742 7040 1280 1006 0.221 1005 0.01154 0.01600 12.1 576 1005 506 550 550
5760 5760 827 0.21 645 0.00242 0.00724 9600 1600 1238 0.271 1235 0.00875 0.01327 10.1 645 1235 601 660 661
1280 1280 398 0.10 383 0.00971 0.01453 1280 640 447 0.101 447 0.02850 0.03253 20.6 383 447 265 270 270
2880 2880 558 0.14 493 0.00383 0.00865 2880 960 615 0.142 614 0.01994 0.02418 21.4 493 614 354 376 375
3840 3840 647 0.16 537 0.00269 0.00751 3840 960 706 0.159 708 0.01882 0.02309 21.7 537 708 398 434 433
5760 5760 826 0.20 622 0.00231 0.00714 5760 1600 890 0.199 8900.01412 0.01851 22.2 622 890 484 549 549
7040 7040 941 0.23 651 0.00206 0.00688 7040 1920 1008 0.224 1007 0.01146 0.01592 22.4 651 1007 531 623 624
8960 8960 1110 0.26 710 0.00186 0.00668 9600 2240 1237 0.272 1234 0.00871 0.01324 20.9 710 1234 622 749 751
2560 2560 524 0.13 451 0.00345 0.00827 1280 640 447 0.101 447 0.02850 0.03253 31.0 451 447 287 310 311
5120 5120 765 0.19 554 0.00221 0.00704 2880 1280 619 0.149 6200.01896 0.02323 32.9 554 620 376 443 443
5760 5760 824 0.20 615 0.00228 0.00710 3840 1600 712 0.169 7150.01863 0.02289 30.5 615 715 426 492 492
8320 8320 1054 0.25 691 0.00192 0.00674 5760 2240 892 0.204 893 0.01343 0.01784 31.2 691 893 507 623 623
10240 10240 1220 0.29 729 0.00170 0.00652 7040 2560 1009 0.227 1009 0.01138 0.01584 32.1 729 1009 556 712 713
16640 16640 1732 0.41 923 0.00145 0.00627 12160 4160 1457 0.314 1454 0.00722 0.01178 31.5 923 1454 760 1021 102

1
4480 4480 705 0.17 525 0.00231 0.00713 1280 1280 461 0.114 4600.02548 0.02959 40.7 525 460 315 373 373
7040 7040 940 0.23 628 0.00197 0.00679 2880 1920 626 0.159 6300.01946 0.02371 40.1 628 630 403 502 501
8960 8960 1111 0.26 677 0.00175 0.00657 3840 2240 717 0.175 720 0.01675 0.02106 41.2 677 720 447 585 585
16640 16640 1729 0.42 895 0.00140 0.00622 8320 4160 1124 0.251 1123 0.01012 0.01461 40.9 895 1123 646 915 913
7040 7040 940 0.22 598 0.00186 0.00668 1280 1920 474 0.128 4730.02254 0.02672 49.7 598 473 343 452 453
12800 12800 1437 0.35 772 0.00149 0.00631 2880 3200 637 0.175641 0.01829 0.02256 53.9 772 641 452 663 663

Series C: f
c
 = 85 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 340 0.10 334 0.01103 0.01585 2880 640 610 0.141 649 0.02389 0.02803 3.7 334 649 314 324 304
1280 1280 404 0.11 390 0.00837 0.01320 3840 640 703 0.162 745 0.02050 0.02472 4.7 390 745 363 377 354
2240 2240 505 0.14 472 0.00552 0.01034 5760 640 885 0.198 928 0.01562 0.01996 4.5 472 928 448 469 445
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2560 2560 537 0.15 488 0.00457 0.00939 7040 640 1005 0.222 1047 0.01272 0.01714 2.2 488 1047 491 518 493
3840 3840 656 0.18 572 0.00349 0.00831 9600 960 1238 0.273 1276 0.00963 0.01412 2.0 572 1276 591 630 606
640 640 334 0.09 332 0.01141 0.01624 1280 640 447 0.104 478 0.03095 0.03491 14.1 332 478 259 268 250
1920 1920 467 0.13 452 0.00781 0.01263 2880 640 609 0.141 649 0.02389 0.02803 15.1 452 649 352 368 344
2560 2560 529 0.14 488 0.00454 0.00936 3840 640 702 0.161 744 0.01958 0.02383 14.4 488 744 394 419 394
3840 3840 652 0.17 566 0.00327 0.00809 5760 960 886 0.201 928 0.01553 0.01987 13.6 566 928 478 518 492
4480 4480 711 0.18 600 0.00273 0.00755 7040 1280 1006 0.226 1048 0.01262 0.01704 12.1 600 1048 527 575 550
5760 5760 827 0.21 655 0.00247 0.00729 9600 1600 1238 0.277 1273 0.00868 0.01320 10.1 655 1273 617 684 661
1280 1280 398 0.10 394 0.01003 0.01485 1280 640 447 0.104 478 0.03095 0.03491 20.6 394 478 279 290 270
2880 2880 558 0.14 518 0.00452 0.00935 2880 960 615 0.147 653 0.02227 0.02644 21.4 518 653 374 400 375
3840 3840 647 0.16 554 0.00294 0.00776 3840 960 706 0.167 748 0.01942 0.02366 21.7 554 748 416 459 433
5760 5760 826 0.20 635 0.00237 0.00719 5760 1600 890 0.206 9310.01400 0.01839 22.2 635 931 501 575 549
7040 7040 941 0.23 684 0.00219 0.00701 7040 1920 1008 0.229 1049 0.01253 0.01695 22.4 684 1049 555 649 624
8960 8960 1110 0.26 741 0.00195 0.00677 9600 2240 1237 0.274 1275 0.00955 0.01405 20.9 741 1275 645 776 751
2560 2560 524 0.13 470 0.00401 0.00883 1280 640 447 0.104 478 0.03095 0.03491 31.0 470 478 304 333 311
5120 5120 765 0.19 580 0.00234 0.00716 2880 1280 619 0.153 6560.02116 0.02537 32.9 580 656 396 468 443
5760 5760 824 0.20 630 0.00234 0.00717 3840 1600 712 0.176 7520.01839 0.02266 30.5 630 752 442 517 492
8320 8320 1054 0.25 715 0.00199 0.00681 5760 2240 892 0.210 933 0.01388 0.01826 31.2 715 933 527 648 623
10240 10240 1220 0.29 765 0.00180 0.00662 7040 2560 1009 0.232 1049 0.01244 0.01686 32.1 765 1049 580 737 713
16640 16640 1732 0.41 953 0.00150 0.00632 12160 4160 1457 0.315 1489 0.00785 0.01239 31.5 953 1489 781 1038 102
4480 4480 705 0.17 550 0.00244 0.00726 1280 1280 461 0.118 4890.02789 0.03193 40.7 550 489 333 395 373
7040 7040 940 0.23 642 0.00202 0.00684 2880 1920 626 0.165 6620.01933 0.02358 40.1 642 662 417 526 501
8960 8960 1111 0.26 693 0.00180 0.00662 3840 2240 717 0.181 754 0.01663 0.02095 41.2 693 754 463 609 585
16640 16640 1729 0.42 919 0.00144 0.00626 8320 4160 1124 0.256 1164 0.01048 0.01495 40.9 919 1164 667 934 913
7040 7040 940 0.22 624 0.00195 0.00677 1280 1920 474 0.131 5000.02493 0.02904 49.7 624 500 360 474 453
12800 12800 1437 0.35 788 0.00153 0.00635 2880 3200 637 0.180670 0.01818 0.02246 53.9 788 670 466 681 663

Series C: f
c
 = 85 MPa, default fsu / fsy, default  fpu / fpy 

640 640 340 0.10 327 0.01047 0.01529 2880 640 610 0.136 624 0.02259 0.02677 3.7 327 624 304 311 304
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Span
Ast

Asc Mu.d ku Mu εεεεs εεεεp
Sup.
Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

1280 1280 404 0.11 382 0.00762 0.01244 3840 640 703 0.157 720 0.01876 0.02303 4.7 382 719 353 363 354
2240 2240 505 0.14 461 0.00472 0.00954 5760 640 885 0.193 901 0.01428 0.01866 4.5 461 901 436 455 445
2560 2560 537 0.15 484 0.00450 0.00932 7040 640 1005 0.217 1021 0.01280 0.01722 2.2 484 1021 482 504 493
3840 3840 656 0.18 568 0.00342 0.00824 9600 960 1238 0.268 1252 0.00969 0.01419 2.0 568 1252 582 616 606
640 640 334 0.09 327 0.01173 0.01655 1280 640 447 0.101 459 0.03107 0.03503 14.1 327 459 252 257 250
1920 1920 467 0.13 444 0.00715 0.01197 2880 640 609 0.136 624 0.02259 0.02677 15.1 444 624 342 353 344
2560 2560 529 0.14 481 0.00439 0.00922 3840 640 702 0.156 719 0.01971 0.02395 14.4 481 719 384 404 394
3840 3840 652 0.17 546 0.00274 0.00756 5760 960 886 0.196 903 0.01421 0.01859 13.6 546 903 463 503 492
4480 4480 711 0.18 587 0.00266 0.00748 7040 1280 1006 0.221 1022 0.01270 0.01712 12.1 587 1022 515 560 550
5760 5760 827 0.21 649 0.00244 0.00726 9600 1600 1238 0.274 1251 0.00872 0.01325 10.1 649 1251 608 670 661
1280 1280 398 0.10 389 0.01041 0.01523 1280 640 447 0.101 459 0.03107 0.03503 20.6 389 459 271 278 270
2880 2880 558 0.14 508 0.00428 0.00911 2880 960 615 0.142 629 0.02147 0.02567 21.4 508 629 364 385 375
3840 3840 647 0.16 547 0.00275 0.00757 3840 960 706 0.162 723 0.01953 0.02378 21.7 547 723 406 444 433
5760 5760 826 0.20 628 0.00234 0.00716 5760 1600 890 0.201 9060.01407 0.01846 22.2 628 906 491 559 549
7040 7040 941 0.23 677 0.00216 0.00698 7040 1920 1008 0.225 1024 0.01260 0.01702 22.4 677 1024 544 633 624
8960 8960 1110 0.26 733 0.00193 0.00675 9600 2240 1237 0.270 1251 0.00961 0.01411 20.9 733 1251 635 760 751
2560 2560 524 0.13 463 0.00381 0.00863 1280 640 447 0.101 459 0.03107 0.03503 31.0 463 459 295 319 311
5120 5120 765 0.19 563 0.00226 0.00708 2880 1280 619 0.150 6340.01973 0.02398 32.9 563 634 383 453 443
5760 5760 824 0.20 621 0.00231 0.00713 3840 1600 712 0.172 7290.01857 0.02283 30.5 621 729 432 502 492
8320 8320 1054 0.25 706 0.00197 0.00679 5760 2240 892 0.206 909 0.01395 0.01833 31.2 706 909 517 633 623
10240 10240 1220 0.29 734 0.00172 0.00654 7040 2560 1009 0.229 1025 0.01135 0.01581 32.1 734 1025 563 722 713
16640 16640 1732 0.41 938 0.00148 0.00630 12160 4160 1457 0.313 1468 0.00755 0.01210 31.5 938 1468 770 1028 102
4480 4480 705 0.17 539 0.00238 0.00721 1280 1280 461 0.114 4720.02801 0.03204 40.7 539 472 323 382 373
7040 7040 940 0.23 634 0.00199 0.00681 2880 1920 626 0.161 6430.01940 0.02365 40.1 634 643 409 511 501
8960 8960 1111 0.26 685 0.00177 0.00659 3840 2240 717 0.178 734 0.01670 0.02102 41.2 685 734 454 595 585
16640 16640 1729 0.42 901 0.00141 0.00623 8320 4160 1124 0.254 1140 0.01009 0.01458 40.9 901 1140 653 923 913
7040 7040 940 0.22 610 0.00190 0.00672 1280 1920 474 0.128 4830.02397 0.02811 49.7 610 483 350 460 453
12800 12800 1437 0.35 778 0.00151 0.00633 2880 3200 637 0.177653 0.01825 0.02252 53.9 778 653 458 671 663
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Ast

Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

Series C: f
c
 = 85 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 340 0.10 341 0.00997 0.01479 2880 640 610 0.149 686 0.02225 0.02642 3.7 341 686 329 344 304
1280 1280 404 0.11 398 0.00810 0.01292 3840 640 703 0.174 784 0.02023 0.02445 4.7 398 784 378 399 354
2240 2240 505 0.14 479 0.00572 0.01054 5760 640 885 0.208 969 0.01542 0.01976 4.5 479 969 463 492 445
2560 2560 537 0.15 495 0.00469 0.00951 7040 640 1005 0.232 1089 0.01257 0.01699 2.2 495 1089 507 542 493
3840 3840 656 0.18 579 0.00363 0.00845 9600 960 1238 0.283 1318 0.00951 0.01401 2.0 579 1318 607 654 606
640 640 334 0.09 344 0.01151 0.01633 1280 640 447 0.112 509 0.03182 0.03576 14.1 344 509 273 286 250
1920 1920 467 0.13 457 0.00707 0.01190 2880 640 609 0.149 686 0.02225 0.02642 15.1 457 686 366 390 344
2560 2560 529 0.14 500 0.00482 0.00965 3840 640 702 0.170 784 0.01938 0.02362 14.4 500 784 411 443 394
3840 3840 652 0.17 573 0.00343 0.00825 5760 960 886 0.212 968 0.01533 0.01967 13.6 573 968 493 542 492
4480 4480 711 0.18 610 0.00290 0.00772 7040 1280 1006 0.235 1089 0.01248 0.01690 12.1 610 1089 544 600 550
5760 5760 827 0.21 665 0.00251 0.00733 9600 1600 1238 0.284 1310 0.00860 0.01313 10.1 665 1310 632 708 661
1280 1280 398 0.10 407 0.00986 0.01468 1280 640 447 0.112 509 0.03182 0.03576 20.6 407 509 293 310 270
2880 2880 558 0.14 526 0.00468 0.00950 2880 960 615 0.157 689 0.02201 0.02619 21.4 526 689 389 423 375
3840 3840 647 0.16 565 0.00322 0.00804 3840 960 706 0.176 785 0.01921 0.02345 21.7 565 785 432 483 433
5760 5760 826 0.20 648 0.00243 0.00725 5760 1600 890 0.213 9700.01387 0.01826 22.2 648 970 518 600 549
7040 7040 941 0.23 697 0.00224 0.00706 7040 1920 1008 0.238 1089 0.01239 0.01681 22.4 697 1089 572 675 624
8960 8960 1110 0.26 762 0.00202 0.00684 9600 2240 1237 0.283 1317 0.00984 0.01432 20.9 762 1317 665 802 751
2560 2560 524 0.13 488 0.00446 0.00928 1280 640 447 0.112 509 0.03182 0.03576 31.0 488 509 319 354 311
5120 5120 765 0.19 601 0.00244 0.00727 2880 1280 619 0.163 6920.02093 0.02514 32.9 601 692 414 492 443
5760 5760 824 0.20 646 0.00242 0.00724 3840 1600 712 0.184 7870.01829 0.02255 30.5 646 787 459 541 492
8320 8320 1054 0.25 728 0.00204 0.00686 5760 2240 892 0.217 971 0.01375 0.01814 31.2 728 971 544 674 623
10240 10240 1220 0.29 782 0.00185 0.00667 7040 2560 1009 0.240 1089 0.01231 0.01673 32.1 782 1089 599 762 713
16640 16640 1732 0.41 974 0.00154 0.00636 12160 4160 1457 0.322 1525 0.00811 0.01264 31.5 974 1525 800 1057 102

1
4480 4480 705 0.17 569 0.00254 0.00737 1280 1280 461 0.125 5180.02768 0.03172 40.7 569 518 348 417 373
7040 7040 940 0.23 656 0.00208 0.00690 2880 1920 626 0.171 6940.01919 0.02344 40.1 656 694 432 549 501
8960 8960 1111 0.26 709 0.00185 0.00667 3840 2240 717 0.187 788 0.01652 0.02083 41.2 709 788 479 633 585
16640 16640 1729 0.42 934 0.00147 0.00629 8320 4160 1124 0.263 1205 0.01039 0.01486 40.9 934 1205 684 953 913
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7040 7040 940 0.22 643 0.00202 0.00685 1280 1920 474 0.138 5260.02474 0.02885 49.7 643 526 374 495 453
12800 12800 1437 0.35 804 0.00156 0.00638 2880 3200 637 0.186699 0.01806 0.02234 53.9 804 699 481 700 663

Series D: f
c
 = 40 MPa, fsu / fsy =1, fpu / fpy  = 1, (L/D = 36, L = 16200 mm, D = 450 mm, B = 2400 mm, A

p
 = 1965 mm2, σ

pe
 = 1008 MPa)

640 640 681 0.29 578 0.00440 0.00829 2560 640 977 0.317 988 0.00537 0.01196 11.6 578 988 155 166 164
1280 1280 809 0.29 703 0.00435 0.00824 5760 640 1200 0.403 1227 0.00327 0.00991 10.4 703 1227 191 202 198
1600 1600 874 0.30 727 0.00310 0.00773 2560 640 972 0.286 982 0.00537 0.01197 21.0 727 982 169 184 182
1920 1920 937 0.30 783 0.00292 0.00764 3840 640 1068 0.321 1082 0.00429 0.01091 20.1 783 1082 184 200 198
2560 2560 1064 0.30 893 0.00271 0.00754 5760 640 1193 0.364 1220 0.00328 0.00992 20.7 893 1220 209 227 223
3200 3200 1187 0.30 1032 0.00296 0.00761 8960 960 1333 0.419 1446 0.00275 0.00938 20.6 1032 1446 245 261 249
2560 2560 1060 0.31 822 0.00240 0.00743 1920 640 919 0.246 9280.00603 0.01260 30.3 822 928 173 198 195
3840 3840 1308 0.32 990 0.00224 0.00733 3840 960 1099 0.275 1113 0.00469 0.01130 31.5 990 1113 208 241 238
5120 5120 1551 0.33 1131 0.00209 0.00725 5760 1280 1274 0.3071293 0.00349 0.01012 32.4 1131 1293 239 283 279
5760 5760 1672 0.33 1295 0.00226 0.00728 8960 1600 1436 0.3641534 0.00292 0.00955 30.7 1295 1534 279 318 307
5120 5120 1544 0.35 1077 0.00196 0.00720 1920 1280 981 0.200 988 0.00676 0.01332 41.7 1077 988 204 252 249
7040 7040 1867 0.36 1284 0.00187 0.00713 3840 1920 1207 0.2181217 0.00560 0.01217 41.1 1284 1217 247 308 304
8960 8960 2196 0.38 1425 0.00172 0.00705 5760 2240 1386 0.2491402 0.00415 0.01076 42.0 1425 1402 279 358 354
10880 10880 2521 0.39 1649 0.00172 0.00701 8960 2880 1647 0.294 1705 0.00322 0.00984 40.7 1649 1705 331 416 412
8960 8960 2176 0.39 1431 0.00173 0.00704 1920 2240 1079 0.1541085 0.00832 0.01483 50.3 1431 1085 248 321 322
12160 12160 2693 0.43 1632 0.00154 0.00694 3840 3200 1346 0.170 1353 0.00644 0.01300 50.0 1632 1353 295 367 399
16640 16640 3394 0.50 1933 0.00141 0.00684 5760 4160 1607 0.184 1617 0.00543 0.01201 51.8 1933 1617 351 412 494
10880 10880 2521 0.39 1649 0.00172 0.00701 8960 2880 1647 0.294 1705 0.00322 0.00984 40.7 1649 1705 331 416 412

Series D: f
c
 = 40 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 681 0.29 596 0.00493 0.00851 2560 640 977 0.311 1001 0.00644 0.01300 11.6 596 1001 158 169 164
1280 1280 809 0.29 710 0.00447 0.00829 5760 640 1200 0.399 1232 0.00355 0.01018 10.4 710 1232 192 205 198
1600 1600 874 0.30 751 0.00374 0.00798 2560 640 972 0.282 996 0.00644 0.01300 21.0 751 996 172 189 182
1920 1920 937 0.30 802 0.00341 0.00783 3840 640 1068 0.315 1092 0.00501 0.01160 20.1 802 1092 187 205 198
2560 2560 1064 0.30 907 0.00289 0.00761 5760 640 1193 0.360 1225 0.00358 0.01021 20.7 907 1225 211 231 223
3200 3200 1187 0.30 1034 0.00297 0.00761 8960 960 1333 0.418 1452 0.00275 0.00938 20.6 1034 1452 245 266 249
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2560 2560 1060 0.31 883 0.00268 0.00752 1920 640 919 0.243 9430.00734 0.01388 30.3 883 943 180 203 195
3840 3840 1308 0.32 1043 0.00241 0.00738 3840 960 1099 0.271 1125 0.00550 0.01207 31.5 1043 1125 214 246 238
5120 5120 1551 0.33 1169 0.00219 0.00728 5760 1280 1274 0.3001302 0.00403 0.01064 32.4 1169 1302 244 289 279
5760 5760 1672 0.33 1301 0.00227 0.00729 8960 1600 1436 0.3631544 0.00293 0.00955 30.7 1301 1544 281 325 307
5120 5120 1544 0.35 1187 0.00224 0.00728 1920 1280 981 0.197 1011 0.00856 0.01506 41.7 1187 1011 217 259 249
7040 7040 1867 0.36 1394 0.00208 0.00718 3840 1920 1207 0.2151241 0.00682 0.01335 41.1 1394 1241 260 316 304
8960 8960 2196 0.38 1533 0.00188 0.00709 5760 2240 1386 0.2421421 0.00515 0.01172 42.0 1533 1421 292 367 354
10880 10880 2521 0.39 1662 0.00174 0.00701 8960 2880 1647 0.293 1721 0.00323 0.00985 40.7 1662 1721 334 424 412
8960 8960 2176 0.39 1674 0.00210 0.00713 1920 2240 1079 0.1521122 0.01121 0.01763 50.3 1674 1122 276 330 322
12160 12160 2693 0.43 1943 0.00190 0.00700 3840 3200 1346 0.165 1397 0.00928 0.01574 50.0 1943 1397 330 370 399
16640 16640 3394 0.50 2273 0.00171 0.00688 5760 4160 1607 0.178 1664 0.00814 0.01461 51.8 2273 1664 389 432 494
10880 10880 2521 0.39 1662 0.00174 0.00701 8960 2880 1647 0.293 1721 0.00323 0.00985 40.7 1662 1721 334 424 412

Series D: f
c
 = 40 MPa, default fsu / fsy, default  fpu / fpy 

640 640 681 0.29 585 0.00462 0.00838 2560 640 977 0.313 993 0.00584 0.01242 11.6 585 993 156 167 164
1280 1280 809 0.29 704 0.00434 0.00824 5760 640 1200 0.404 1229 0.00327 0.00991 10.4 704 1229 191 203 198
1600 1600 874 0.30 737 0.00337 0.00783 2560 640 972 0.283 988 0.00584 0.01242 21.0 737 988 170 186 182
1920 1920 937 0.30 792 0.00317 0.00774 3840 640 1068 0.317 1086 0.00464 0.01125 20.1 792 1086 186 202 198
2560 2560 1064 0.30 894 0.00271 0.00754 5760 640 1193 0.364 1222 0.00328 0.00992 20.7 894 1222 209 228 223
3200 3200 1187 0.30 1032 0.00295 0.00760 8960 960 1333 0.419 1448 0.00275 0.00938 20.6 1032 1448 245 263 249
2560 2560 1060 0.31 851 0.00253 0.00747 1920 640 919 0.243 9340.00667 0.01322 30.3 851 934 176 199 195
3840 3840 1308 0.32 1015 0.00232 0.00735 3840 960 1099 0.272 1118 0.00507 0.01166 31.5 1015 1118 211 243 238
5120 5120 1551 0.33 1148 0.00214 0.00726 5760 1280 1274 0.3031296 0.00376 0.01038 32.4 1148 1296 241 285 279
5760 5760 1672 0.33 1298 0.00227 0.00728 8960 1600 1436 0.3631538 0.00292 0.00955 30.7 1298 1538 280 321 307
5120 5120 1544 0.35 1129 0.00209 0.00724 1920 1280 981 0.197 998 0.00757 0.01410 41.7 1129 998 210 255 249
7040 7040 1867 0.36 1334 0.00197 0.00715 3840 1920 1207 0.2161227 0.00619 0.01275 41.1 1334 1227 253 311 304
8960 8960 2196 0.38 1459 0.00177 0.00706 5760 2240 1386 0.2461409 0.00446 0.01106 42.0 1459 1409 283 361 354
10880 10880 2521 0.39 1654 0.00173 0.00701 8960 2880 1647 0.294 1711 0.00322 0.00984 40.7 1654 1711 332 419 412
8960 8960 2176 0.39 1521 0.00187 0.00707 1920 2240 1079 0.1521099 0.00939 0.01587 50.3 1521 1099 259 325 322
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12160 12160 2693 0.43 1838 0.00178 0.00698 3840 3200 1346 0.164 1370 0.00846 0.01495 50.0 1838 1370 317 368 399
16640 16640 3394 0.50 2065 0.00153 0.00685 5760 4160 1607 0.177 1634 0.00668 0.01321 51.8 2065 1634 365 420 494
10880 10880 2521 0.39 1654 0.00173 0.00701 8960 2880 1647 0.294 1711 0.00322 0.00984 40.7 1654 1711 332 419 412

Series D: f
c
 = 40 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 681 0.29 609 0.00530 0.00865 2560 640 977 0.317 1019 0.00702 0.01355 11.6 609 1019 161 173 164
1280 1280 809 0.29 718 0.00462 0.00835 5760 640 1200 0.397 1239 0.00383 0.01045 10.4 718 1239 193 209 198
1600 1600 874 0.30 768 0.00416 0.00814 2560 640 972 0.287 10140.00702 0.01355 21.0 768 1014 176 194 182
1920 1920 937 0.30 816 0.00372 0.00795 3840 640 1068 0.317 1105 0.00540 0.01198 20.1 816 1105 190 209 198
2560 2560 1064 0.30 921 0.00319 0.00772 5760 640 1193 0.358 1232 0.00392 0.01053 20.7 921 1232 213 236 223
3200 3200 1187 0.30 1036 0.00300 0.00762 8960 960 1333 0.417 1457 0.00275 0.00938 20.6 1036 1457 246 271 249
2560 2560 1060 0.31 913 0.00307 0.00767 1920 640 919 0.249 9640.00779 0.01430 30.3 913 964 185 209 195
3840 3840 1308 0.32 1056 0.00246 0.00740 3840 960 1099 0.273 1143 0.00547 0.01204 31.5 1056 1143 217 253 238
5120 5120 1551 0.33 1199 0.00226 0.00730 5760 1280 1274 0.3001316 0.00430 0.01090 32.4 1199 1316 248 295 279
5760 5760 1672 0.33 1345 0.00237 0.00731 8960 1600 1436 0.3641553 0.00310 0.00972 30.7 1345 1553 286 332 307
5120 5120 1544 0.35 1243 0.00238 0.00733 1920 1280 981 0.203 1041 0.00902 0.01550 41.7 1243 1041 226 267 249
7040 7040 1867 0.36 1470 0.00223 0.00722 3840 1920 1207 0.2211272 0.00741 0.01391 41.1 1470 1272 271 325 304
8960 8960 2196 0.38 1606 0.00199 0.00711 5760 2240 1386 0.2451447 0.00563 0.01218 42.0 1606 1447 302 376 354
10880 10880 2521 0.39 1711 0.00180 0.00703 8960 2880 1647 0.290 1739 0.00353 0.01013 40.7 1711 1739 341 431 412
8960 8960 2176 0.39 1798 0.00229 0.00717 1920 2240 1079 0.1611167 0.01217 0.01854 50.3 1798 1167 293 340 322
12160 12160 2693 0.43 2078 0.00206 0.00703 3840 3200 1346 0.174 1451 0.01000 0.01643 50.0 2078 1451 349 374 399
16640 16640 3394 0.50 2429 0.00185 0.00689 5760 4160 1607 0.187 1721 0.00873 0.01518 51.8 2429 1721 410 453 494
10880 10880 2521 0.39 1711 0.00180 0.00703 8960 2880 1647 0.290 1739 0.00353 0.01013 40.7 1711 1739 341 431 412

Series D: f
c
 = 65 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 723 0.20 644 0.00608 0.00903 2560 640 1033 0.211 1033 0.01044 0.01688 11.8 644 1033 166 174 173
1280 1280 858 0.20 763 0.00574 0.00886 5760 640 1313 0.273 1312 0.00646 0.01299 9.3 763 1312 205 214 214
1600 1600 925 0.20 813 0.00519 0.00861 2560 640 1028 0.191 1028 0.01044 0.01688 21.0 813 1028 182 193 193
1920 1920 992 0.20 864 0.00478 0.00843 3840 640 1143 0.216 1142 0.00828 0.01477 19.7 864 1142 198 211 211
2560 2560 1123 0.21 983 0.00451 0.00830 5760 640 1307 0.246 1307 0.00653 0.01306 19.3 983 1307 226 240 240
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3200 3200 1252 0.21 1108 0.00450 0.00827 8960 960 1605 0.294 1604 0.00474 0.01131 15.7 1108 1604 268 282 282
2560 2560 1125 0.21 979 0.00434 0.00822 1920 640 964 0.163 9640.01174 0.01814 30.8 979 964 192 206 206
3840 3840 1385 0.22 1186 0.00316 0.00769 3840 960 1170 0.185 1170 0.00887 0.01534 31.3 1186 1170 233 252 252
5120 5120 1642 0.23 1370 0.00263 0.00746 5760 1280 1371 0.2041370 0.00728 0.01379 31.8 1370 1370 271 298 298
5760 5760 1769 0.23 1480 0.00262 0.00744 8960 1600 1672 0.2541672 0.00497 0.01153 27.1 1480 1672 311 340 340
5120 5120 1644 0.23 1372 0.00264 0.00745 1920 1280 1023 0.1341023 0.01267 0.01905 42.5 1372 1023 236 263 263
7040 7040 2023 0.26 1601 0.00241 0.00733 3840 1920 1265 0.1481264 0.01057 0.01699 42.3 1601 1264 283 325 325
8960 8960 2397 0.27 1755 0.00217 0.00721 5760 2240 1468 0.1701467 0.00807 0.01455 43.0 1755 1467 318 382 382
10880 10880 2764 0.29 1965 0.00207 0.00714 8960 2880 1810 0.206 1810 0.00599 0.01253 40.6 1965 1810 373 451 452
8960 8960 2396 0.28 1847 0.00230 0.00724 1920 2240 1112 0.1051111 0.01489 0.02121 52.5 1847 1111 292 346 346
12160 12160 2982 0.31 2177 0.00212 0.00712 3840 3200 1388 0.116 1388 0.01226 0.01864 52.4 2177 1388 352 431 432
16640 16640 3763 0.35 2549 0.00190 0.00698 5760 4160 1661 0.124 1660 0.01086 0.01727 54.1 2549 1660 416 507 536
10880 10880 2764 0.29 1965 0.00207 0.00714 8960 2880 1810 0.206 1810 0.00599 0.01253 40.6 1965 1810 373 451 452

Series D: f
c
 = 65 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 723 0.20 664 0.00662 0.00925 2560 640 1033 0.213 1064 0.01145 0.01786 11.8 664 1064 171 180 173
1280 1280 858 0.20 780 0.00610 0.00901 5760 640 1313 0.271 1338 0.00712 0.01363 9.3 780 1338 209 221 214
1600 1600 925 0.20 836 0.00573 0.00883 2560 640 1028 0.192 1059 0.01145 0.01786 21.0 836 1059 187 201 193
1920 1920 992 0.20 890 0.00539 0.00868 3840 640 1143 0.215 1172 0.00940 0.01585 19.7 890 1172 204 219 211
2560 2560 1123 0.21 1004 0.00491 0.00846 5760 640 1307 0.245 1332 0.00720 0.01371 19.3 1004 1332 231 249 240
3200 3200 1252 0.21 1127 0.00478 0.00838 8960 960 1605 0.291 1622 0.00525 0.01180 15.7 1127 1622 272 291 282
2560 2560 1125 0.21 1014 0.00513 0.00854 1920 640 964 0.166 996 0.01325 0.01961 30.8 1014 996 198 216 206
3840 3840 1385 0.22 1233 0.00418 0.00810 3840 960 1170 0.185 1204 0.01039 0.01681 31.3 1233 1204 241 264 252
5120 5120 1642 0.23 1427 0.00294 0.00757 5760 1280 1371 0.2051403 0.00793 0.01441 31.8 1427 1403 280 310 298
5760 5760 1769 0.23 1514 0.00269 0.00746 8960 1600 1672 0.2521697 0.00536 0.01191 27.1 1514 1697 317 351 340
5120 5120 1644 0.23 1463 0.00365 0.00784 1920 1280 1023 0.1351064 0.01470 0.02101 42.5 1463 1064 250 275 263
7040 7040 2023 0.26 1741 0.00267 0.00740 3840 1920 1265 0.1491312 0.01201 0.01839 42.3 1741 1312 302 339 325
8960 8960 2397 0.27 1928 0.00242 0.00728 5760 2240 1468 0.1701514 0.00992 0.01634 43.0 1928 1514 340 397 382
10880 10880 2764 0.29 2062 0.00220 0.00718 8960 2880 1810 0.204 1851 0.00661 0.01313 40.6 2062 1851 386 467 452
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Asc Mu.d ku Mu εεεεs εεεεp MRd Mspan Msup w wpl wd

8960 8960 2396 0.28 2056 0.00262 0.00732 1920 2240 1112 0.1071171 0.01907 0.02527 52.5 2056 1171 319 362 346
12160 12160 2982 0.31 2461 0.00243 0.00719 3840 3200 1388 0.117 1459 0.01600 0.02227 52.4 2461 1459 387 449 432
16640 16640 3763 0.35 2865 0.00216 0.00703 5760 4160 1661 0.125 1740 0.01351 0.01983 54.1 2865 1740 455 512 536
10880 10880 2764 0.29 2062 0.00220 0.00718 8960 2880 1810 0.204 1851 0.00661 0.01313 40.6 2062 1851 386 467 452

Series D: f
c
 = 65 MPa, default fsu / fsy, default  fpu / fpy 

640 640 723 0.20 649 0.00619 0.00907 2560 640 1033 0.213 1046 0.01041 0.01685 11.8 649 1046 167 176 173
1280 1280 858 0.20 775 0.00606 0.00899 5760 640 1313 0.269 1323 0.00715 0.01366 9.3 775 1323 207 217 214
1600 1600 925 0.20 817 0.00526 0.00864 2560 640 1028 0.192 1041 0.01041 0.01685 21.0 817 1041 184 196 193
1920 1920 992 0.20 875 0.00506 0.00855 3840 640 1143 0.215 1155 0.00882 0.01529 19.7 875 1155 201 214 211
2560 2560 1123 0.21 997 0.00487 0.00844 5760 640 1307 0.243 1317 0.00723 0.01374 19.3 997 1317 229 244 240
3200 3200 1252 0.21 1112 0.00451 0.00827 8960 960 1605 0.294 1611 0.00473 0.01131 15.7 1112 1611 269 286 282
2560 2560 1125 0.21 986 0.00449 0.00828 1920 640 964 0.165 9770.01189 0.01829 30.8 986 977 194 210 206
3840 3840 1385 0.22 1205 0.00359 0.00787 3840 960 1170 0.184 1184 0.00946 0.01592 31.3 1205 1184 236 257 252
5120 5120 1642 0.23 1392 0.00269 0.00748 5760 1280 1371 0.2041384 0.00751 0.01401 31.8 1392 1384 274 302 298
5760 5760 1769 0.23 1503 0.00267 0.00745 8960 1600 1672 0.2511682 0.00537 0.01192 27.1 1503 1682 315 344 340
5120 5120 1644 0.23 1419 0.00279 0.00750 1920 1280 1023 0.1331039 0.01339 0.01975 42.5 1419 1039 243 268 263
7040 7040 2023 0.26 1620 0.00245 0.00734 3840 1920 1265 0.1491283 0.01054 0.01696 42.3 1620 1283 287 330 325
8960 8960 2397 0.27 1829 0.00228 0.00724 5760 2240 1468 0.1681486 0.00906 0.01551 43.0 1829 1486 327 387 382
10880 10880 2764 0.29 1978 0.00209 0.00715 8960 2880 1810 0.206 1826 0.00598 0.01252 40.6 1978 1826 376 457 452
8960 8960 2396 0.28 1938 0.00244 0.00728 1920 2240 1112 0.1041134 0.01687 0.02313 52.5 1938 1134 303 353 346
12160 12160 2982 0.31 2339 0.00230 0.00716 3840 3200 1388 0.114 1415 0.01423 0.02056 52.4 2339 1415 371 438 432
16640 16640 3763 0.35 2741 0.00206 0.00701 5760 4160 1661 0.122 1690 0.01235 0.01871 54.1 2741 1690 438 510 536
10880 10880 2764 0.29 1978 0.00209 0.00715 8960 2880 1810 0.206 1826 0.00598 0.01252 40.6 1978 1826 376 457 452

Series D: f
c
 = 65 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 723 0.20 677 0.00693 0.00938 2560 640 1033 0.221 1102 0.01148 0.01788 11.8 677 1102 176 188 173
1280 1280 858 0.20 799 0.00648 0.00916 5760 640 1313 0.277 1367 0.00769 0.01418 9.3 799 1367 214 229 214
1600 1600 925 0.20 852 0.00597 0.00893 2560 640 1028 0.200 1097 0.01149 0.01789 21.0 852 1097 192 210 193
1920 1920 992 0.20 904 0.00558 0.00875 3840 640 1143 0.222 1208 0.00929 0.01575 19.7 904 1208 209 228 211
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2560 2560 1123 0.21 1027 0.00531 0.00862 5760 640 1307 0.250 1362 0.00769 0.01418 19.3 1027 1362 236 258 240
3200 3200 1252 0.21 1137 0.00480 0.00839 8960 960 1605 0.294 1645 0.00521 0.01177 15.7 1137 1644 275 301 282
2560 2560 1125 0.21 1029 0.00530 0.00860 1920 640 964 0.173 1034 0.01309 0.01944 30.8 1029 1034 204 226 206
3840 3840 1385 0.22 1249 0.00435 0.00817 3840 960 1170 0.192 1245 0.01026 0.01668 31.3 1249 1245 246 275 252
5120 5120 1642 0.23 1458 0.00346 0.00777 5760 1280 1371 0.2101443 0.00828 0.01475 31.8 1458 1443 287 322 298
5760 5760 1769 0.23 1560 0.00308 0.00760 8960 1600 1672 0.2531727 0.00588 0.01241 27.1 1560 1727 325 362 340
5120 5120 1644 0.23 1508 0.00436 0.00811 1920 1280 1023 0.1441112 0.01548 0.02176 42.5 1508 1112 259 287 263
7040 7040 2023 0.26 1784 0.00278 0.00744 3840 1920 1265 0.1551365 0.01186 0.01824 42.3 1784 1365 311 353 325
8960 8960 2397 0.27 1977 0.00250 0.00730 5760 2240 1468 0.1771567 0.00978 0.01620 43.0 1977 1567 350 412 382
10880 10880 2764 0.29 2138 0.00229 0.00720 8960 2880 1810 0.207 1898 0.00692 0.01341 40.6 2138 1898 399 482 452
8960 8960 2396 0.28 2120 0.00271 0.00735 1920 2240 1112 0.1161238 0.01876 0.02495 52.5 2120 1238 332 379 346
12160 12160 2982 0.31 2527 0.00251 0.00721 3840 3200 1388 0.124 1534 0.01575 0.02202 52.4 2527 1534 401 467 432
16640 16640 3763 0.35 2934 0.00222 0.00704 5760 4160 1661 0.131 1823 0.01331 0.01964 54.1 2934 1823 470 510 536
10880 10880 2764 0.29 2138 0.00229 0.00720 8960 2880 1810 0.207 1898 0.00692 0.01341 40.6 2138 1898 399 482 452

Series D: f
c
 = 85 MPa, fsu / fsy =1, fpu / fpy  = 1

640 640 740 0.16 677 0.00697 0.00942 2560 640 1052 0.173 1050 0.01363 0.01998 12.0 677 1050 171 177 177
1280 1280 880 0.16 804 0.00685 0.00934 5760 640 1348 0.219 1345 0.00950 0.01595 9.2 804 1345 212 220 220
1600 1600 944 0.16 852 0.00624 0.00907 2560 640 1047 0.156 1045 0.01363 0.01998 21.1 852 1045 187 196 197
1920 1920 1014 0.16 914 0.00611 0.00900 3840 640 1167 0.173 1164 0.01186 0.01825 19.7 914 1164 205 215 215
2560 2560 1149 0.17 1032 0.00578 0.00884 5760 640 1342 0.197 1339 0.00950 0.01595 19.2 1032 1339 234 246 246
3200 3200 1280 0.17 1156 0.00568 0.00877 8960 960 1659 0.236 1655 0.00715 0.01365 15.3 1156 1655 278 290 290
2560 2560 1147 0.16 1032 0.00571 0.00880 1920 640 981 0.133 980 0.01559 0.02189 30.9 1032 980 199 210 210
3840 3840 1414 0.17 1257 0.00480 0.00838 3840 960 1194 0.148 1192 0.01257 0.01893 31.3 1257 1192 242 257 258
5120 5120 1676 0.18 1483 0.00408 0.00804 5760 1280 1403 0.1641400 0.01054 0.01696 31.7 1483 1400 285 304 304
5760 5760 1806 0.19 1590 0.00363 0.00784 8960 1600 1723 0.2041718 0.00746 0.01395 26.8 1590 1718 327 348 348
5120 5120 1678 0.18 1494 0.00432 0.00813 1920 1280 1037 0.1081036 0.01735 0.02360 42.7 1494 1036 250 268 268
7040 7040 2067 0.20 1825 0.00333 0.00767 3840 1920 1284 0.1191282 0.01473 0.02104 42.5 1825 1282 307 330 331
8960 8960 2452 0.21 1999 0.00251 0.00733 5760 2240 1494 0.1371492 0.01158 0.01797 43.2 1999 1492 345 389 390
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10880 10880 2830 0.23 2195 0.00234 0.00724 8960 2880 1852 0.167 1848 0.00843 0.01489 40.7 2195 1848 399 462 462
8960 8960 2454 0.22 2082 0.00263 0.00736 1920 2240 1123 0.0841122 0.02158 0.02772 52.9 2082 1122 316 353 353
12160 12160 3079 0.25 2414 0.00236 0.00720 3840 3200 1404 0.094 1403 0.01677 0.02303 53.0 2414 1403 377 442 443
16640 16640 3932 0.29 2861 0.00214 0.00706 5760 4160 1679 0.102 1677 0.01470 0.02100 55.1 2861 1677 448 551 554
10880 10880 2830 0.23 2195 0.00234 0.00724 8960 2880 1852 0.167 1848 0.00843 0.01489 40.7 2195 1848 399 462 462

Series D: f
c
 = 85 MPa, lowest fsu / fsy, lowest  fpu / fpy 

640 640 740 0.16 706 0.00856 0.01011 2560 640 1052 0.173 1094 0.01608 0.02235 12.0 706 1094 178 185 177
1280 1280 880 0.16 828 0.00735 0.00955 5760 640 1348 0.220 1387 0.01042 0.01684 9.2 828 1387 219 229 220
1600 1600 944 0.16 894 0.00725 0.00949 2560 640 1047 0.157 1090 0.01608 0.02236 21.1 894 1090 196 207 197
1920 1920 1014 0.16 945 0.00676 0.00927 3840 640 1167 0.175 1208 0.01318 0.01953 19.7 945 1208 213 226 215
2560 2560 1149 0.17 1062 0.00629 0.00905 5760 640 1342 0.199 1382 0.01042 0.01683 19.2 1062 1382 241 258 246
3200 3200 1280 0.17 1184 0.00609 0.00894 8960 960 1659 0.236 1692 0.00779 0.01426 15.3 1184 1692 284 302 290
2560 2560 1147 0.16 1069 0.00646 0.00911 1920 640 981 0.135 1024 0.01721 0.02346 30.9 1069 1024 207 222 210
3840 3840 1414 0.17 1309 0.00581 0.00879 3840 960 1194 0.151 1240 0.01454 0.02084 31.3 1309 1240 252 272 258
5120 5120 1676 0.18 1521 0.00470 0.00829 5760 1280 1403 0.1661451 0.01136 0.01775 31.7 1521 1451 294 321 304
5760 5760 1806 0.19 1631 0.00432 0.00812 8960 1600 1723 0.2041765 0.00829 0.01475 26.8 1631 1765 335 365 348
5120 5120 1678 0.18 1566 0.00570 0.00869 1920 1280 1037 0.1101092 0.02066 0.02681 42.7 1566 1092 263 285 268
7040 7040 2067 0.20 1892 0.00446 0.00811 3840 1920 1284 0.1221347 0.01657 0.02282 42.5 1892 1347 320 350 331
8960 8960 2452 0.21 2119 0.00269 0.00738 5760 2240 1494 0.1381557 0.01270 0.01905 43.2 2119 1557 363 410 390
10880 10880 2830 0.23 2358 0.00254 0.00729 8960 2880 1852 0.167 1914 0.00979 0.01621 40.7 2358 1914 422 484 462
8960 8960 2454 0.22 2203 0.00334 0.00761 1920 2240 1123 0.0871198 0.02423 0.03028 52.9 2203 1198 336 374 353
12160 12160 3079 0.25 2705 0.00269 0.00729 3840 3200 1404 0.098 1496 0.02192 0.02802 53.0 2705 1496 415 466 443
16640 16640 3932 0.29 3129 0.00236 0.00711 5760 4160 1679 0.104 1782 0.01836 0.02455 55.1 3129 1782 485 578 554
10880 10880 2830 0.23 2358 0.00254 0.00729 8960 2880 1852 0.167 1914 0.00979 0.01621 40.7 2358 1914 422 484 462

Series D: f
c
 = 85 MPa, default fsu / fsy, default  fpu / fpy 

640 640 740 0.16 693 0.00745 0.00963 2560 640 1052 0.171 1068 0.01503 0.02134 12.0 693 1068 174 180 177
1280 1280 880 0.16 809 0.00691 0.00937 5760 640 1348 0.221 1362 0.00947 0.01592 9.2 809 1362 214 224 220
1600 1600 944 0.16 873 0.00678 0.00929 2560 640 1047 0.154 1064 0.01503 0.02134 21.1 873 1064 191 201 197
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1920 1920 1014 0.16 928 0.00642 0.00913 3840 640 1167 0.173 1182 0.01251 0.01888 19.7 928 1182 208 220 215
2560 2560 1149 0.17 1039 0.00585 0.00887 5760 640 1342 0.199 1356 0.00947 0.01591 19.2 1039 1356 237 250 246
3200 3200 1280 0.17 1162 0.00570 0.00878 8960 960 1659 0.237 1670 0.00713 0.01362 15.3 1162 1670 280 295 290
2560 2560 1147 0.16 1058 0.00635 0.00907 1920 640 981 0.132 998 0.01729 0.02354 30.9 1058 998 203 215 210
3840 3840 1414 0.17 1277 0.00521 0.00854 3840 960 1194 0.148 1211 0.01327 0.01961 31.3 1277 1211 246 263 258
5120 5120 1676 0.18 1491 0.00418 0.00808 5760 1280 1403 0.1661421 0.01051 0.01692 31.7 1491 1421 288 310 304
5760 5760 1806 0.19 1607 0.00395 0.00797 8960 1600 1723 0.2031737 0.00788 0.01436 26.8 1607 1737 330 354 348
5120 5120 1678 0.18 1523 0.00493 0.00837 1920 1280 1037 0.1081058 0.01876 0.02497 42.7 1523 1058 255 274 268
7040 7040 2067 0.20 1859 0.00397 0.00792 3840 1920 1284 0.1191308 0.01585 0.02212 42.5 1859 1308 313 338 331
8960 8960 2452 0.21 2090 0.00264 0.00737 5760 2240 1494 0.1361518 0.01276 0.01911 43.2 2090 1518 356 397 390
10880 10880 2830 0.23 2259 0.00242 0.00726 8960 2880 1852 0.166 1875 0.00892 0.01536 40.7 2259 1875 408 470 462
8960 8960 2454 0.22 2126 0.00270 0.00737 1920 2240 1123 0.0851151 0.02208 0.02820 52.9 2126 1150 324 361 353
12160 12160 3079 0.25 2580 0.00255 0.00725 3840 3200 1404 0.093 1438 0.02013 0.02629 53.0 2580 1438 397 451 443
16640 16640 3932 0.29 3026 0.00228 0.00709 5760 4160 1679 0.100 1716 0.01782 0.02403 55.1 3026 1716 468 562 554
10880 10880 2830 0.23 2259 0.00242 0.00726 8960 2880 1852 0.166 1875 0.00892 0.01536 40.7 2259 1875 408 470 462

Series D: f
c
 = 85 MPa, highest fsu / fsy, highest fpu / fpy 

640 640 740 0.16 719 0.00933 0.01044 2560 640 1052 0.183 1144 0.01587 0.02214 12.0 719 1144 184 195 177
1280 1280 880 0.16 842 0.00753 0.00962 5760 640 1348 0.229 1435 0.01029 0.01670 9.2 842 1435 225 240 220
1600 1600 944 0.16 911 0.00747 0.00958 2560 640 1047 0.166 1140 0.01588 0.02215 21.1 911 1140 203 219 197
1920 1920 1014 0.16 964 0.00697 0.00936 3840 640 1167 0.183 1257 0.01302 0.01937 19.7 964 1257 219 238 215
2560 2560 1149 0.17 1080 0.00644 0.00911 5760 640 1342 0.207 1429 0.01029 0.01670 19.2 1080 1429 248 270 246
3200 3200 1280 0.17 1200 0.00613 0.00895 8960 960 1659 0.242 1734 0.00770 0.01417 15.3 1200 1734 290 315 290
2560 2560 1147 0.16 1089 0.00664 0.00918 1920 640 981 0.143 1074 0.01701 0.02326 30.9 1089 1074 214 235 210
3840 3840 1414 0.17 1332 0.00599 0.00886 3840 960 1194 0.159 1293 0.01432 0.02063 31.3 1332 1293 259 287 258
5120 5120 1676 0.18 1543 0.00487 0.00836 5760 1280 1403 0.1731506 0.01122 0.01761 31.7 1543 1506 301 337 304
5760 5760 1806 0.19 1652 0.00449 0.00818 8960 1600 1723 0.2091815 0.00820 0.01466 26.8 1652 1815 342 381 348
5120 5120 1678 0.18 1583 0.00563 0.00865 1920 1280 1037 0.1171153 0.01941 0.02559 42.7 1583 1153 270 302 268
7040 7040 2067 0.20 1926 0.00474 0.00822 3840 1920 1284 0.1291416 0.01634 0.02259 42.5 1926 1416 330 369 331
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8960 8960 2452 0.21 2168 0.00282 0.00742 5760 2240 1494 0.1441625 0.01255 0.01890 43.2 2168 1625 375 430 390
10880 10880 2830 0.23 2349 0.00253 0.00729 8960 2880 1852 0.172 1978 0.00879 0.01524 40.7 2349 1978 427 504 462
8960 8960 2454 0.22 2266 0.00409 0.00790 1920 2240 1123 0.0931272 0.02393 0.02999 52.9 2266 1272 349 394 353
12160 12160 3079 0.25 2732 0.00272 0.00729 3840 3200 1404 0.101 1585 0.01978 0.02594 53.0 2732 1585 426 489 443
16640 16640 3932 0.29 3258 0.00247 0.00713 5760 4160 1679 0.113 1885 0.01803 0.02422 55.1 3258 1885 508 603 554
10880 10880 2830 0.23 2349 0.00253 0.00729 8960 2880 1852 0.172 1978 0.00879 0.01524 40.7 2349 1978 427 504 462
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