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INTRODUCTION

With one exception (paper 30), the papers in this thesis are
contributions to the theory of statistical distributions, the principal
area of interest being that of multivariate distribution theory. The
papers are grouped into six secticns, the arrangement within each section
being in accordance with the subject matter rather than the date of

publication.

Section 1. Distributions arising from stochastic processes. The

papers in this section are based on my Ph.D. thesis, and concern
distributions of age and location of individuals in certain stochastic
populations. The fundamental technique used in these papers is the
characteristic functional.

Section 2. Exact null distributions of univariaste and multivariate

test statistics. The unifying concept throughout most of this section

is the characterization of certain statistical distributions as solutions
of linear homogeneous differential equations with the object of tabulating
the distributions by analytic continuation of an initial series solution.
Related systems of differential equations (see paper 12) are derived for
the digributions of three of the principal test criteria in multivariate
analysis of variance (Hotelling's generalized T2, Pillai's trace, and
Roy's largest root). The other main criterion, Wilks's likelihood ratio
criterion, is treated as a special case of the differential equation for

Meijer's Gg’g function (paper 14).

b

Section 3. Approximations to statistical distributions. Most of the

papers in this section are based on a general formulation of the Cornish-

Fisher asymptotic expanmsion which allows for the case of non-normal



limiting distributions. This formulation was originally derived by me,
but published in a joint paper (16) with Dr G.W. Hill. An important
case 1s that of a limiting chi-square distribution, as required for
likelihood ratio criteria and the Hotelling and Pillai traces.

Section 4. A generalization of the zonal polynomials, with

applications to noncentral multivariate distributions. Application of a

technique described in Section 5 to multivariate distributions has

resulted in a generalization of Professor A.T. James's zonal polynomials

to a new class of invariant polynomials in two symmetric matrices. These
have applications also to multinormal distributions under certain departures
from null hypothesis.

Section 5. Distribution theory under nonnormality. A general

technique is described for the formal construction of statistical
distributions in nonnormal populations, by taking certain expectations

of appropriate normal-theory noncentral distributions. This approach
unified a number of previous ad hoc investigations, and preliminary results
are presented for the effects of moderate nonnormality on the multivariate

analysis of variance test criteria.



STATEMENT

The papers in this thesis have not been previously submitted for
any other deg;ee or diploma in any university. To the best of my
knowledge and belief, the thesis contains no material previously
published or written by another person, except where due reference is
made in the text of the papers. With regard to papers of joint

authorship:

Paper 16: In his Ph. D. thesis, Dr Hill applied Lagrange's inversion
formula to Edgeworth's expansion to derive the results presented in
Sections 5 and 6 for the original Cornish-Fisher expansion, in which ®¢(x)
is the unit normal distribution function. I contributed the extension to
"arbitrary" ¢(x), also the reasonably compact mathematical presentation
given in the paper.

Paper 19: Mr Field programmed and computed the tables.

Paper 20: Prof. Scott suggested the problem, supplied the Introduction,
and computed the tables. I contributed the application of the Cornish-Fisher
expansion and the algebra.

Paper 21: This paper was almost entirely the work of Prof. Scott,
based on my derivations in Paper 20.

Paper 30: Mr Hall suggested the problem of constructing and analyzing
cyclic change-over designs, and also carried out the calculations in
Section 7; we collaborated in drafting the paper. The mathematical

formulation is mainly mine.

A.W. Davis
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ON THE CHARACTERISTIC FUNCTIONAL
FOR A REPLACEMENT MODEL

A. W. DAVIS
(received 2 July 1963)

1. Introduction

J. Gani and G. F. Yeo ([2] and [3]) have recently investigated certain
age-distributions associated with a replacement model which serves, in
particular, as a model for phage reproduction. In this paper, the characteristic
functional for this model will be obtained explicitly.

We suppose that at time ¢ = 0 there is a system of # ancestors with
ranked ages 0 < x; << @, < - -+ < &,. At successive instants (regeneration
points) one individual in the system is replaced by another of age zero, so
that the system remains of fixed size #. The probability that the sth ranked
individual is replaced at a regeneration point is , >0 (i =1,--+, %),
where p,+ < -+ +p, = 1; this approximates to an ideal model in which
the probability of an individual being replaced would depend on its age.
We shall further suppose that the regeneration times are identically and
independently distributed with the arbitrary distribution function G(?).
In the case » = 1, p; = 1, we have the ordinary renewal process.

The characteristic functional for the age-distribution of the system
at any time ¢ > 0 is defined to be

(1.1) ClO(w); 1] = E [exp [ [ 6(u)aN (u, 9]},

where N (u, ¢) is the number of individuals with ages = » at time ¢, and
0(x) is any bounded function which is R-integrable over each finite interval.
This may be written

(L.2) ClO(u); 1] = {eXP [ Z 0(u, (¢ ):l}

where u,(t) is the age of the kth ranked individual at time ¢.
If we take

5, (0=u=a)
1.3 0(u) =

(1.3) (x) {O, elsewhere,
the characteristic functional reduces to

233

AT A
¥ A5



234 A. W. Davis [2]

(1.4) C(¢, t) = E exp [4¢N (x, t)],
the characteristic function of N(x, ¢).

2. Evaluation of the characteristic functional

Following Bartlett and Kendall [1], we write the characteristic func-
tional in the form

(2.1)  Clwy, -, w,; 0(u); 4] = E{wh - - wlrexp [ 3 0(u(t))]}

where

(2.2) wy = exp [0(t+x,)], k=1, m),

and the random variable /, is equal to 1 while the Ath ranked ancestor
survives, and is equal to 0 after it is replaced. The summation is extended
over all descendants alive at time ¢

During the arbitrary time interval (0, 2), there will either be no regenera-
tion point, or else a first regeneration point occurs at time 7, 0 = 7 = /.
In the latter event, the new individual becomes the first ranking ancestor
for the interval (r,¢). Considering the possibilities, we find that the
characteristic functional (2.1) satisfies the following integral equation:

Clwy, -+ w,; 0(); 8] = 1—G(t)Jw; - -+ w,

2.3) " _
+1§;257.C[6wm’ Wit Wiy, Wiy, 0%y Wy, 0(7”’)' £] * G(t)

where
F#G(t) = f:_ F(t—1)dG (7).

Since the characteristic functional is clearly linear in the 2» products

wits - w (I, =0, 1), we may conveniently write

(2.4) Clwy, -+, w,; 0(u); ] = Wy wn[VoJr(E) Vi ooow, (@, " = wk,,)—lj:
k

where the summation is extended over all selections of up to » integers
ky < ky < -+ <k, from the set 1,2, ---,#. The V’s do not involve the
w’s, while V=1, Vioon,= 0 at £ =0 for all 6(u).

Substituting (2.4) in (2.3)

»

Vot % Vkl---k,(wkl S wks)_l = [1-G(?)]

(24) N zlpj {% Vlkz"'k.(wka—l T W, W W, wka)_l
=

+ OV w0t > Voo @pg v 0w,y oo wka)_l]} #G(2),

By>1
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k; being the largest member of (&, - -, k,) which is =< 4. The following
equations for the ¥’s may now be obtained by equating coefficients:

(2.5) V,=1—G(),
(2.6) Vi, = pu,[Vite"@ Vo] # G(0),

and for s > 1,

8
Vkl---k, N rzlpkr[v”"ﬁl""‘r-1+1’“r+1' “ely
¢
+ )Vk1+1~~-k,_‘_+1kr+1--'ka] % G(2).

We will now show that if we define

2.7)

(2'8) g, = pr+1+ S +p'm (7 =0, ”_1):
(2.9) 0, = H @—4,) (s=1-n)
(2.10) T =S (l—g)m G, (s=1,v ),

taking ¢, = 0, Qp = 1, and y,(f) = G(t), then the solution of the system
of equations (2.6) and (2.7) is given by the recurrence relations:

.= gi {eit‘)(t) V12---s—1} = Vs(t)r (s i 1, S %),
—1

8
(2.12) Voo, = ot 1:11— (QE,—I_QkT+a——r)V12---s'

(2.11) Via...

Clearly, the solutions for V, and the V,, ..., satisty the initial conditions
at t =0.
To prove (2.11), we observe that on taking z, =1, - * +, k, = s, equation
(2.7) reduces to
Vigoa =2, bVig...s €00V, 0]+ G(2),

r=1
= (1—¢,) [V V..., % G(t)+ Vg # G-

'

The solution to this equation is
Vigeos = 2075} 5 {3 (106" ),

which will yield (2.11) once we have established (2.12), since the latter
gives

Qs
Qs—l

Vigoiga-

Voot = (I_Qs)_l
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We shall now indicate how (2.12) may be built up by successive in-
ductions on the suffixes. Considering first the Vy, we must prove that

Vi, Vi
Ibkl y2)

But this follows immediately from (2.6). Now assuming that the relations

have been proved for the Vkl"'ka-l’ we proceed to establish them for the
Vi ..or,- From (2.7),

V12...,,_1k, = (1—q,4) [Vlz---s—lk,'-l_eio(t) Vz---s—lk,] * G(2)
+ Ibk,,[Vlz---a+3w(t) Vaoo #G(2),

whence, using the induction hypothesis,

V12---s—1k, = (1—¢,,) V12---a.—1k, # G(f)

(2.13)

+ P, I:Vlz---s+15:1 QQ_s g V12...s_1] # G (1),

§~1

Since V..., satisfies the same equation with ky =,

Vig.osm, . Wagivos — (l—q,) [Vlg...s_m‘ B V12...,jJ £ G(t)
?k, ps = ?5!»-, Ps '

so that
V12---s—17c, . Vi ..o

2

——; »

pk_, ps

which establishes (2.12) for the Vis...51x,- Similarly one can deduce the
required relations for the Vis...o2r,_x,» and so on for all the Vi-oos,-
We shall omit the details. '

Equations (2.2), (2.4), (2.11) and (2.12) provide the required evaluation
of the characteristic functional.

3. The distribution of N(x, ¢)

Calculations of product-densities for the process based on the charac-
teristic functional obtained above would clearly involve extensive algebra,
and will not be attempted here!. However, to give some idea of the type
of algebra that would be encountered, we shall outline the evaluation of
the characteristic function (1.3) of N(x, £), and deduce the age-distribution
of the 7th ranked individual at any time ¢ The explicit formulae for the
latter were in fact first obtained from the characteristic functional, although
more direct approaches are possible in two particular cases (Gani [3]).

1 See the author’s note in J. Appl. Prob. 1, No. 1 (1964),
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To find the V’s for the particular 6(«) defined by (1.2), it is convenient
to introduce the functions

V12-~-s(t)! (Oétgx)’
(3) 4.0 = { 0, elsewhere;

Via...s(t+2), s
(3.2) R s

From (2.11), we find that these functions satisfy the recurrence relations

% 4, wenife), 0=t=<a),

v 8—1

t+®
(3.4) Bﬁw=£iPML Akm+m4mmm+BHwnm] (t>0).

Solving, and using the readily-proved formula

(3.3) A,(t) = &

bt £
Z‘&Q_’ (O§71<7z<...<ra§n),
11 @47

=1
itk

(3.5) Ve, ¥ EYy, @)

for convolutions of the y’s, it eventually follows that, for s =1, -, %,

(3.6) A) = —a%9Q, 3 —M- ,
=0 ]._.[ (QJ_Qk) \
ot
and
&w=mefﬁ%?ﬁﬁmm
s 8 t+w—'rA Fai
a1 433 e e = dy, (o)
=2 k=r ]_—_[ (qJ qk 0 —T r—2
faék
+0, 2 5 Vo (t+x—1)dy,(7)-
= H (2:—9%) 0
J#k
Hence, for 0 <2 < ¢,
(2.9) Vigeodlt) = —e0, 3 220 (i1, m),
o I (@—1)
it

while for ¢ > z,
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ft A, ((t—7) dy, ()

- Qs—l
s 8 Lt (t—7—o0)
(3.9) -+ z z 5 ay,(7) —i——dﬁ’r—ﬂ")
r=2 k= r}T (qj qk J‘ ft—m T Qr—-E :
ot
+0, 3 s‘ V (t—1)dy,(z), (s=1,--+,m),
= 1:.'1.- @—g1)"°
)

remembering that ¥V, is given by (2.5).
We may now calculate the characteristic function for N (z, ¢). From
(2.2) and (2.4) we have, for 0 < z < ¢,

Clp,2) =Volt) + % Vi, (8)-

After some algebra, it follows from (2.12) that

r

(3.10) Ch0=3 (o) & Va0 <2<t

=0

Taking 2y = 0, z,,;, = + o0, we find similarly that for
Iy S 2 <<t4-%,q (M =0, n)

cwn=Wﬂ O+ 3 Vi 0

s=1 k1>m

m ) n+l—m

+Zem"s" 3 zv%wm}
=1 =l Ey---kp=1lky >m

which reduces to

(3.11) C(d Z eile El (Hﬁ gh)

3=m—1 h=m

{ Vi), > [l:f (qk,_l—q,crﬂ_,)]}.

S Ep_=1 Lr=1

Substituting (3.9) in (3.10), it may be shown that if 0 < # < ¢, then

Cih 8 = Vol + [ Vae—rlan, (o)

t—71

e [ f AN (r)+q1f:_md%(’) f =
# 3 (a) [ 555 oo

$=2 \a=0 Qs—- 1

V(= 1—0)dy, (cr)j|




[7] On the characteristic functional for a replacement model 239

which from (3.5) and (3.6) reduces to

t—x

Cl. 1) =Volt) + O'WU—ﬂ%mﬁ)

(312) n a—1 g ¢
—Se(Ta) 5 50— gt
=1 h=0 =0 ;_EE (qJ_QIc) t—ax
j#k

On the other hand, if t+z, <& < t+Z,y M =0 n),

(3.13) Cl 1) = eimd— 3 e (ﬁ qh) s Gelt)

R § 7
J=m
ik
Hence, writing
(3.14) p,(x, t) = Pr{N(z, t) = s},

the probability that at time ¢ there are s individuals with ages <z, it
follows from (3.12) and (3.13) that
4
1— 1 (—garolt—DMya(r), (0 <z <),
(3.15) po(@, ) = { 1—4o70(t), (¢t =2 <itm),
0: (x g t+x1)’

while, for s=1,--",n,

=1 L] t
== I—Iu %) 72:0 _s—%__j {I‘Qk)’k(t_")}dyn(f),
) ~ 11 2"
i 0 <a<t),
(3.16) pylw,t) = — ( [ qh) > T‘-””—’“(t)—, (g < & < 4 Ty
e IT (¢4 m=0,---,s—1),
ik
1—g.y,(2), ez, =2 < I4+%11),
0, (@ = t+p1),

noting that p,(z, t) = 1 for 2 = t+x,.
The age-distribution of the sth ranked individual at time ¢ is given by

f:(x, {) = Pr {ith ranked individual has age < = at time £}

(3.17) .
= g@?s(x! t)'
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This distribution is found to be

i-1
fk ﬁ_—_f {1—1y4(t—7)}dy,(v)
- L. (1 gk/%)
" (0 <=z <),
—]
(3.18)  fi(x,t) = k; EE?L : (+am <& < t4+@py;
1T (1—44/g,) m=0,--i—1),
s
\ 1, (x = t+a,),

fori=1,-- n.

In particular, if # = 1 and p, = 1 we have a renewal process in which
the initial component has age # at £ = 0, and its residual useful life has
distribution G(¢). Also, yo(t) = G(t), while p,(f) = 32, G™ (1) = H(t)
is the renewal function. From (3.18), the age-distribution of the article
in use at time ¢ is

| 0a—Ge—)aH ), 0 <z <t),
(3.19) hiz,t) =1{ G, (t<w<tia),
e (@ = tta,),

which agrees with Smith [4] equation (5.2).

4. The Poisson case

If the replacement process is Poisson, with G(f) = 1—e=2t (¢ = 0),
we readily find that if 4 =0,---, #—1

’

(4.1) 7a(t) = gt (1—e72o)
' 1—qyu(t) = e,

for ¢ = 0, these functions vanishing for t < 0.

On the other hand, y,(¢f) = 3%, G™(t), the renewal function for
the replacements, is given by

A, t =0,

(«.2) 7l = { s

From (4.1) and (4.2), the system of probabilities (3.15) and (3.16) reduce to
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¢ re—1 B B—Aqkz
@o) 57— 0<e<
11 (@—)
F=0
1k
4.3 J(r,8) ={ [ g, g
(4.3) bo(x, 1) (H qh) ’g (e, =<0t
e - H (2:—2x) m=20,+"53),
ink
0, (x = t4+2y41)s

for s= 0, -+, n, with p,(z, ?) =1 for z = I+2,.
The age distribution of the sth ranked individual at time ¢ is found
to be:

i—1 e—/\qkw
OTI (1—aalq))
=0
§#k
4.4 (x, t) = -1 -
(4.4) fi(@, t) 1— 3 — ¢ . (ttx, =2 < l+op41;
i H (1—4:/45) m=0,,1—1),
ik
1, (x = t+=x;).

This result has also been obtained by Gani ([3], equation 1.10), using
a more direct argument.
5. The limiting distributions

It is easily seen from (2.10) that the y,(¢) are non-decreasing functions
of {. Furthermore, as ¢ — 00,

(5'1) yk(t) g %1: (k =0, M‘_l),
while, by the elementary renewal theorem,
(5.2) Yult) ~ tlu,

where u is the mean time between replacements.
Hence if we define

(5.3) Tu) = { 1—g,yx(n), 0= u<)

0, elsewhere,

I',(#) is certainly of bounded variation in the finite interval 0 < u < %,
and so, by Corollary (1.1) of Smith’s paper (4],
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]

lim {1 Vi (t—7)}dy,(7)

T=00 o I—
= lim I, * y,,(¢)
(5.4) t—o00

=yl f:o Iy (u)du
= i [ g aw.

For convenience, we have assumed that G(¢) is a nonlattice distribution.
Hence, the limiting distribution of N (z, #) is, from (3.15) and (3.16),

Doz, 00) = l*ﬂ_lfm {1—qyy0(u)}du,
(5.5) 0

s—1 8 ®
plo,0) =~ (L) 3 52— (1~ gunn)an
- H (2—q1)"°
= =1 ).
The limiting age-distribution of the ¢th ranked individual follows
from (3.18):

69 o) =i 3 o [ gan
- H(l 9%/95)
i#k

In the Poisson case, this becomes

i—1 —Agyx
(5.7) filw, 0) = 1— 3 : -
=0 g (1—qx/g;)
i#Rk

Finally, we shall relate the limiting distribution (5.7) to the result
obtained by Gani and Yeo ([2], p. 59) for the stationary age-distribution
F;(x) immediately after a regeneration point. Using equations (13) of [2]
and (1.2) of [3], Mr. Yeo has shown that

(5.8) fi, 00) = Fyfa) # (1—e=),
a relation which is intuitively obvious. Taking F,(z) in the form !

! The gamma-type terms appearing in Gani and Yeo’s expression for F, +(2) are redundant,
as may be seen by substituting ¢(f) = uf(n+0) in their equation (14) for the Laplace trans-
form of Ffz).
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i—1 e—/\q,m
(5.9) Fie) =1— 3 5>
=T (1—a2,)
or

(noting that ¢, has been redefined), we may readily deduce (5.7) from (5.8).
The author is indebted to Dr. J. Gani for having suggested the problems
treated in this paper, and to Mr. G. F. Yeo for some useful discussions.
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No Absorbing Boundaries. .

A. W, Davis

C.S.I.R.O., Division of Mathematical Statistics,
Adelaide, South Australia*

Submitted by Richard Bellman

1. INTRODUCTION

Several papers have appeared recently on the asymptotic properties of
stochastic populations which multiply and *“‘diffuse” randomly throughout a
given region. Interest has centred principally on cases in which the region
has an absorbing boundary, and results have been obtained for the asymptotic
behavior of the population size (Sevast’yanov [1], [2], Conner [3], [4]),
and more recently for the number of individuals in a subset of the region
(Watanabe [5]). Roughly speaking, the mainspring of these investigations
is the existence of eigenvalues of maximum modulus, and corresponding
positive bounded eigenfunctions, for positive operators derived from the
mean distribution of the population.

The present author follows Adke and Moyal ([6], [7], [8]) in studying
simpler branching-diffusion processes in which there are no absorbing bound-
aries, and the branching mechanism is independent of location. This provides
some scope for a more concrete discussion of the “‘spatial’’ properties of the
population. The motivating problem has been to investigate certain natural
measures of average position and dispersion. We are therefore led to consider
possibly unbounded functions of position whose asymptotic behavior may
depend on higher eigenvalues of the mean distribution, and we are unable
to rely upon positivity and boundedness properties. Certain rather “‘rough
and ready’ restrictions are placed on these functions in order to develop an
asymptotic theory which applies to some simple cases of interest.

The present paper summarizes and slightly extends the results of the
author’s earlier paper [9]. In Section 2 the model is introduced, and in the
following section the defining integral equation for the characteristic func-
tional of the process is stated. In Section 4, recurrence relations are obtained

* The work reported here was carried out during the tenure of a research scholarship
at the Australian National University, Canberra.
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for the moment distributions, and sufficient conditions are set up for the
existence of moment functionals. After a summary of the Bellman-Harris
asymptotic theory, further restrictions are placed on the functions considered,
and a mean-square convergence theory is presented for the branching-
diffusion process in Section 5. The treatment of [9] is extended in that allow-
ance is made for possible time-dependent transformations of the position
variables. Applications of the theory are given in the final section.

In the accompanying paper [10], we shall consider the quotient random
variable N(&, | x,; t)/N(t) which leads to results for the average position and
dispersion of the population. It is assumed in both papers that m > 1, m
being the expected number of offspring at a birth. Some asymptotic results
for m < 1 will, it is hoped, be presented elsewhere.

2. Tue MobEL

We shall assume that the population diffuses through a region Z with no
absorbing boundaries, and multiplies according to the Bellman-Harris age-
dependent branching process ([11], Chapter VI); i.e., at time ¢ = 0 the popu-
lation consists of a single ancestor aged zero, situated at x, € &, having a
random life-length # whose distribution function

G(t) = Prob {£ < #} 2.1)

is continuous on the right, with G(0 4) = 0. Suppose that at the end of
its life the ancestor is at the point . Then it is replaced by 7 similar and in-
distinguishable offspring with probability p, 3 p, = 1), all of age zero,
and situated at the same point « initially. Each of the offspring then proceeds
to diffuse and to generate a subpopulation independently of the others.

We shall let

F@ =Yg (x]<1) (2.2)

denote the probability generating function of the p, , which are assumed to be
constant. The factorial moments of {p,} will be denoted by

m=f'(1-), myy =f "1 =), (n=2,3,...). (2.3)

In order to ensure that N(t), the population size at time t, is finite with
probability one, we shall take 7 < co throughout.

The region Z is assumed to be a locally compact Hausdorff space, with
a o-field &, generated by the Borel subsets X of &. The time axis [0, co)
will be denoted by 7, and #, will denote the ordinary Borel o-field of subsets
of 7,
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The “diffusion” of each individual through Z will be determined by a
time-homogeneous Markovian transition probability (X |x;#), which
represents the probability that the individual will move from x €% to a
point in X € %, during a time interval of length #, conditional upon its
survival during this interval.

Let & =% X 7, and let #, = %, X %, denote the minimal o-field of
subsets of . containing all rectangle sets X X T' (X €%,, T € %,). Then
x has the following properties:

(d) x(X|x;¢)is a #y-measurable function on & for fixed X € 4,,, and a
probability distribution on %, for fixed (%, t) € &: x(Z | x;¢) = 1.

(b) x satisfies the Chapman-Kolmogorov equation:

fx(X |5 ) x(dae | 205 0) = x(X | %03 u + 0),
“>0,0>0XeB,,xck) (2.4)

(c) x(X | %;0) =8(X | x), (xeZ XedB,), (2.5)
where 8(X | -) is the indicator function of the set X.

Although y is Markovian, it is seen that the process will be non-Markovian
except in the case of negative-exponential G.

3. TuHeE CHARACTERISTIC FUNCTIONALS

The process defined in the preceding section is a particular case of the
stochastic population processes with general individual state space & whose
theory has been given by Moyal [12]. If at any given instant the population
consists of 7z indistinguishable individuals situated at points «y ,..., %, € Z,
then it is convenient to identify the state of the system with the set of all
distinct ordered n-tuples ™ = («, ,..., ,) obtained by permuting %, ,..., %, .
We may then define the population state space to be 2 =35 2", Z° denot-
ing the empty set. On each ™ we define the minimal o-field #," containing
all product sets X; X - X X,, (X; € #,), and on £ the minimal o-field %
containing all the sets of the #,» (n = 1, 2,...). The population is specified
at any instant ¢ by a symmetric conditional probability measure P(- | x,; £)
on %; by symmetric, we mean that P is invariant under all coordinate per-
mutations in £2. P™) will denote the restriction of P to Z™.

Associated with a population process is the counting process N(X | x,; £)
which denotes the number of individuals with states in X € 4, at time ¢,
conditional upon an ancestor in state ¥, at time ¢ =0,



BRANCHING-DIFFUSION PROCESSES 279

Now let # be the class of all real finite-valued % ,~measurable functions
£(x) on Z. If at time ¢ there are N(f) = N(Z | x,; t) individuals in the popu-
lation, states & ,..., %y , then

N(2)
N(¢ | xg3 t) = Z E(w;) = fﬂ &(x) N(dx | xg; t), (¢ e A), (3.1)

1

is the counting functional at time ¢. This may be used to introduce the charac-
teristic functional for the process at time #:

TTE | %05 1] = € exp {IN(E | %5 1)}

= i fgr" exp gz

n=0

3 g(x,.)l PO dxt™ | x0;8).  (3.2)

g=1

On the basis of the description given in Section 2, we define the charac-
teristic functional for our branching-diffusion process to be a solution of the
integral equation:

TT¢ | w3 8] = [1 — G(&) [ 64 x(ds | 703 1)

+f[ T st — ) x| woi0) Gldw),  (et),  (33)
EX[0,t]

such that | I'| < 1. It was shown in [9], Theorem 3.1, that there is exactly
one such solution, and that the latter defines a probability measure P(- | %,; £)
on % to which it is related by Eq. (3.2).

Taking £(x) = 0, (real), we see that the characteristic functional reduces
to the characteristic function of the population size N(t) for the Bellman-
Harris process. This will be denoted by IT8; t], and is the unique solution
of the integral equation

I8 1] = [1 — G()} € + f[o t]f{l’ [6; t — u]} G(du) (3-4)

such that | I'| < 1.

In order to completely specify the evolution of the process, it is necessary
to define a conditional probability distribution on %7, the product o-field
on 27, which is the space of all realizations of the process. This is achieved
by defining joint characteristic functionals at all finite subsets of 7 (see [9],
Section 3.)

P. E. Ney (J13], [14]) has considered a model which has some points of
similarity with the above. The branching mechanism is also taken to be the
Bellman-Harris model, while & is the non-negative real axis. It is assumed
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that the initial states x; ,..., &, of the offspring of a parent in state z have the
conditional joint distribution P(#, ,..., %, | 2), the state of each individual
then remaining fixed throughout its lifetime. By imposing certain restrictions
on P, Ney obtains asymptotic results on IV x;, i.e., N(£|xy;t) with

&(x) = «.

4, Tue MoMENT FUNCTIONALS

The population mean size for the Bellman-Harris process,
M(z) = EN(t) 4.1)

is the unique solution of the renewal equation
M(t) =[l — G@)] + m f M(t — u) G(du), 4.2)
[0.4]

which is bounded on each finite t-interval. Equation (4.2) is obtained by
differentiation of (3.4), and its solution may be written in the form
M) =1+ (m — 1) H(t), 4.3)

where

H{) = Y, m3Gy(0) (@4)

G,(t) being the nth convolution of G(t).
If my, is finite (see (2.3)), then all the moments

Mi(t) = EN*(2) (4.5)

are finite for £ = 1,..., n, and recurrence relations may be obtained for them
from (3.4).

The mean distribution of a stochastic population process is a measure on
A, defined by

M(X | %53 t) = EN(X | %3 2)
— | T ) ] (4.6)

For the present process, it follows from (3.3) that

M(X | %3 8) = [1 — G(&)] x(dx | %03 2)

+m J.f M(X | %5 t — u) x(dx | x5 u) G(du). 4.7
ZX[0.1]
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This equation has the form of the generalized renewal equation

R(xg, ) =Flxg,t) +-m [[ Rt —u)x(dn|x;u) Gldu),  (48)
2X[0,1]

where R and F are members of the class % consisting of all measurable func-

tions on & =% X J which are bounded on each cylinder set & x T,

where T is a finite ¢-interval. The following result was proved in [9] Lemma
4.1:

TueoreM 1. If F € F, then Eq. (4.8) has exactly one solution R in F,
namely,

R(xo,t) =F(xy 1) +m [ rge g T8t — W X(0 | s ) H(d), (49)

where H was defined in (4.4).

The Chapman-Kolmogorov relation (2.4) for x is central in the proof of
Theorem 1.
Solving (4.7), we obtain

M(X | %03 1) = M(2) x(X | %; 7). (4.10)

As is characteristic of branching-diffusion processes, the mean distribution
is proportional to the transition probability ¥ at any given instant.

More generally, the nth moment distribution M,(-|x,;t) at time ¢,
(n =1, 2,...), is defined at each product set

X =X, X - X X, e BNX; €B,)

by
M (X™ | g5 2) = & [] N(X; | x5 £)
j=1
B j—a___r[f 6,5(X; | ) | ao; z]% @.11)
80, 08, L& O | PRI

and may be extended to a symmetric non-negative measure on %, If
My << 00, then M(- | x,; t) is necessarily a finite measure for 2 = 1,..., n
Integral equations defining each M), in terms of earlier moment distributions
may be obtained by differentiation of (3.3). These have the general form
(4.8), and may be solved by Theorem 1. We first note that

o By o O)] = 3 FO -8 412
3_01_80_,:f[g( 1 seees O2)] —;gif [g] H 33(mi (4.12)

(k) %h—
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where the inner summation is extended over all (unordered) partitions
[ 1; (&) of the set {1, 2,..., &} into j nonempty classes m, ,..., 7; of sizes 7y ,..., 75,
respectively. The symbol 07g/88™) denotes the 7,-fold partial derivative of g
with respect to those 6; with suffixes in , . Now letting X (™ be the cartesian
product of the X; whose suffixes are members of m, , it may be shown that:

TuroREM 2. If m(,) << oo, then for k =2,..., n,

k
Mk(X(k)lxo;t)ZM(anlxo;t)

i1

T B[ T My |55t — ) 5 Hde) (413

IT;(k) ZX[0,t] p=1

defines a finite measure on %",

Let €™ = (& ..., &,) € A™ We define the nth moment functional at £ by:

M ) = 6 TINGE 1) = [ TT 680 Ml | 5 1), - (414)
i=1 =1

provided that the integral with respect to the nth moment distribution is
absolutely convergent. If & = ¢, =+ =¢,,=§¢ say, then we shall
simply write

M (€| %3 1) = EN™E | x5 1). (4.15)

As a first step toward setting up sufficient conditions for the existence of
the nth moment functional, let us define for each p > 1:

L= () L{x( %0 (4.16)

(@, 1)eP

where L,{x(+ | »; £)} is the Banach space of real #,-measurable functions {(x)
on % for which

1120 = 1en Py mo] <w. @

From (2.5), each member of &, is finite-valued, and so is a member of .Z.
Since y is a probability distribution, it follows that if p > r > 1, then

NENDy <NENEs, (1) es), (4.18)
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and so

Z,C%, (pzr=1) (4.19)

Next let 2, be the linear space of all ¢ € £, such that
I€1E0 <yP@ W, (=mne), (4.20)

where y3)(x) is a finite-valued function on &, and 83)(¢) is a #,-measurable
function bounded on each finite t-interval. Clearly, these functions are not
unique for a given £. From (4.18),

A, CHpy,  (pr1) (4.21)

Writing A(y; 1) = X, , we may successively define £ (y; n) (n = 2, 3,...)
to be the linear subspace of ,(y; n — 1) consisting of those £(x) having a
y@ also in A (y; n — 1). Hy(y; 0) will denote the class of all real finite-
valued functions on Z". From (4.21)

A fy;m) CH(ysm), (p=r=1,m=n). (4.22)

If &x) is a bounded % -measurable function on &%, then trivially
Eed(y;nm)forallp =1, n=0,1,2,...

In order to obtain satisfactory asymptotic results for N(€ | x,; 2), it may
be necessary to apply a time-dependent transformation to the location variable
x. We therefore introduce % -measurable functions ¢,(x) on & X . Let
Ay(y;n), (p = 1;m=1,2,..) be the class of £(x) such that, for fixed ¢,
f t() eM ] and

I €0 180 <gP®) Pt +7),  (tr=0,2eZ),  (4.23)

where g} € #(y; » — 1) and d§)(¢) is measurable and bounded on each
finite interval in . It is easily seen that

Ho(ys n) C Ay(y; n), (4.24)

in the sense that we may identify £(x) with £,(x) if £, = £ for all ¢. Further-
more,

Ay;m) CAfy;m), (p=2r=1,m=n) (4.25)
We shall write

ggk) = (§1,t 3oy Ek,t)' (4.26)
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THEOREM 3. Let m,) << o, and &; ;€ A, (y;n), (j = 1,..,n). Then the
M(ER) | xy; t) exist for k = 1,..., n and (%, , £) € . For k = 1,

M(Eerr | 503 8) = M) [ €0rolo) X(dn | 505 1), (4.27)

while for k = 2,..., n they are given recursively by (4.13) with ﬂ”; 1 X, replaced
by ]___[jlil €1, 440, and X™) by fil"f) .

We shall merely indicate the proof for n = 2. If £, € Ay(y; 2), then taking
kR=1:

M( £uir ] | %03 2) = M) || €ver ey
< MO | €urr 10
< g (wo) - M) + ), (4.28)
which is finite. Hence, using Holder’s inequality:

(1)
My(| £2.| | %03 1) = M(2)

2
H §:i o
j=1

1
(2g. t)

2
tme [[ TIMQ G| 1358 — ) x(dse | 55 ) H(ds)

j=1

2
SMOTT N &rer Uy
j=1

2
TT1e2 12,0 d2( + ) H(dw),  (4.29)

j=1

+mo [ M —w)

which is seen to be finite since g‘é’ €Ay, (j =1, 2), and M(z) is bounded
on each finite #-interval,
5. MEaN-SQUARE CONVERGENCE WHEN m > 1

The asymptotic properties of the population size N(¢) and its moments have
been investigated by Bellman and Harris ([11], Chapter VI) when m > 1
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and G(¢) is a nonlattice distribution. If ¢ is the unique positive root of the
equation

m f et G(dt) = 1, (5.1)
T
and we write
m—1

amzf te—ot G(dt)
T

Ny= (5-2)

then
M(t) ~ Nye®? as t— oo, (5.3)
Furthermore, if m(,) << 00, the random variable

N()
Noett

w(t) = (5.4)
converges in mean square to a random variable W, whose characteristic
function L(6) is the unique solution of the integral equation

L®) = [ L)} G(a) (5.5)

such that L(0) = 1, (dLji df)g_y = 1, | L(f) | < 1.
The first two moments of W are

EW =1, EW2=my fy e~2a F(du). (5.6)

In order to develop an analogous theory for N(§; | xy; t), we shall have to
introduce some further function classes. Let 2£,(8; 0) be the class of real
finite-valued functions on &. For n == 1, let us recursively define J}(5; n)
to be the linear subspace of J£,(8; » — 1) consisting of those ¢ for which
(4.20) is satisfied by a Y2 eA(8;n—1),and a 8'2)(t) which is % ,-measur-
able and bounded on each finite t-interval and O(t%) for large #(¢, = 0).
Clearly

Hp(8; m) & Ao (v; ),

HBmCAGn),  (p=r>Lm>n). (5.7)

We may correspondingly define 4,(8; n) to be the subclass of A,(y; n)
consisting of those £,(x) for which there exists a g € #,(8;n — 1), and a
corresponding d'?'(#) which is O(t%¢) for large t > 0, (i; > 0). Then

(83 n) C A,(8; n),
A,(8; m) C A,(3; n), (pz=r=1,m=n). (5.8)
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Now let @ be the class of real finite-valued #,-measurable functions on 7.
Then we define g, (n = 1, 2,...) to be the subclass of 4,(8; #) X @ consisting
of those pairs (¢, , ®,) such that the following limits exist for all x € & and
T >=0:

() m o) [ a0 aldy |%51) = Jw ),

. . Dt 7
@) tim D — ¥,

and the following conditions are also fulfilled for all ¢ > 0:

(i) |@0) [ £u0)x(@ 15| < Kifo) Do),

where K, € #,(8;n — 1), and D,(t) is a #-measurable function bounded
on each finite z-interval, being O(t%) for large t, (I, = 0);

. Dt + 1)
™ [

< Cée"f"',

where C; and «, are non-negative constants.
It can be seen that

HCH, =r=) (5.9)
Generalizing W(t), let us write
W(£ | w0 1) = 2 Afff;:: %8 (- >0) (5.10)
o

THreoREM 4. Suppose that m > 1, my < o, and G is a nonlattice
distribution. If (£, , D) € F, and 21, < a, then for each v 2 0 W (€| xy; t)
converges in mean square to a vandom variable W (¢ | x,).

The characteristic function L [0; & | xo] of W.(€ | x,) is a solution of the integral
equation

L€ a] = [ [FLolOeoP) €] 4 x| mi ) Gdw)  (5.11)
which satisfies the conditions
L0; €lx] =1, |L8 & %]l <1,

I_"M%.];l — Je(xos u) | <10 4y(r) Oplxp) (5.12)
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for all veal 6 5= 0, where @, € H(8; 1), and 4, is a B ;-measurable function of t,
bounded on each finite t-interval and O(t®) for large t, where s = 0.
If | Yu(r) | < e<em, there is exactly one such solution.

We shall omit the proof of this theorem, which follows closely the lines
of [9], Theorem 6.3.

CorOLLARY 1. If J(x; ) is independent of =, then W (€| x,) = W(¢ | x,)
is also independent of .

2. If (&4,9:), (4, D)€ fy and V(t)= Y, (1), Jelx;7)=c](%;7),
(c constant), then

W€ | %) = cWo(n | %). (5.13)

3. Inparticular, if ¥u(t) = 1, and J(x; v) = ], is independent of x and 7,
then

W€ | x0) = JeW, (5.14)
where W is the limiting random variable of Bellman and Harris.

Finally in this section we consider the moments of W.(¢ | xy). Let us write

D () M, ‘o)
Ol o35 t) = SWXHE | s 1) = 2O T | 203,

Qr,.(£ | %) = EW,H(E | xp), (5.15)

whenever these exist.
In the following theorem, F(k) = [s51,..., s3] denotes a partition of the
positive integer % into a sum of j positive integers:

¢ '3
Yoowsn=k Y =i  (n>0,p,>0), (5.16)

h=1 h=1

while 4(-) denotes the elementary partitional function:
k!
—_— .
11 (sat)e» Ph!;

h=1

A(5(R)) = (5.17)

Tueorem 5. If m > 1, mg) < oo (n positive even), (£;,D,)€ f,,
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and 2ic; < a, then all moments of W (£ | o) up to the (n — 1)th exist, and are
given recursively by:

Q1€ | %) = Jo(%; 7), (5.18)

Q€| 1) = z mey 3 A@R) [ [ et i)

E)
X f[ O vl €| ) x(dx | my; u) H(du),  (k=2,.,n—1). (5.19)

In order to indicate the proof of this result, we first note that in virtue of
the mean-square convergence of W (& | xg; £) to W, (& | x):

Os.(€ | %) =lmQ; (€| %3 7),  (j=1,2). (5.20)

But, from (5.3) and (i):

01 (€ 301 ) = ot @) [ Ele) ld | s > o), (521)

which proves (5.17). Also, letting & denote sup,, o, M(2)/Nye??,

[ QL€ | %03 1) | <BK((%0) D), (K €2y (5-22)
From (4.31),

On, (€1 % 8) = Ng ™ D20) M() [ €41, x(d | 35 )

+me [ fg,xm,ﬂ T (j(‘) 5 Qurl | %8 — ) " (d | ;) H(d).

(5.23)

The integrand in the second term is dominated for all ¢ and fixed = by

b2C 2e2a-xlv D 2(r 4 u) K,*(x); this has a finite integral over & =% X I

with respect to y(dx | x,; #) H(du) in virtue of [9] Lemma 6.1. The first term
on the right-hand side of (5.23) is dominated by

const, ¢~ (#—2¢ t{g?)(xo) d?)(t +

Hence, letting £ — oo, we obtain

Quf | 30) =meo [ [ e-mon W2u) Jiwi w + ) x(d | s ) H(d).~(5.24)
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Applying this method inductively to Eqs. (4.31), we find that under the
conditions of the theorem, lim;,, O €| %p; 2) exists for k = 1,..., n, the
limits being given by (5.18) and (5.19). That these limits are in fact the
moments of W, (¢|x,) for & =1,...,n — 1 follows by a theorem due to
Kendall and Rao ([15], Theorem (5.3.3)).

Equation (5.24) shows that if J,(xy; 7) is null, then so also is W, (£ | x).
Interest therefore centers on finding weighting functions ®@,(¢) which yield
non-null j,(xy; 7).

It should also be noted that all the function classes introduced have been
defined in terms of the diffusion process only. The “interlock’ with the
branching process is expressed by the requirement 2«, < a.

6. APPLICATIONS

ExampLE (a). Gaussian diffusion on the Real Line. In this example, &
denotes the real line, and y has the density

(y—2)°
D) 25)-1/2 — X
Wy | % 1) = (2mott) 1P exp [— ] (6.1)
where o%/2 is the constant coefficient of diffusion,
If é(x) = | % |5 (s == 0), then

€11y < const. {| x |° + vi%ec V7 )}, (6.2)

where

1
n=r= [ _lyrerra. (63)

Hence, if P denotes the class of Borel functions on the real line which are
bounded on each finite interval and are of polynomial order for large | x|,
then

PC () A8 n).
7,021

Since
. — — 1
limo V't (o V't x|x0;t)=\/_

T

e, (6.4)

we are led to consider the functions

Ex) = ¢ (m(il‘—\/?—)) . (6.5)

If {(x) € P, then it is found that £,(x) € (s, 551 4,(5; 7).
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In order to discuss the classes 4, we first note that on writing
6 = +/7/(t + 7) we obtain the following expansion using Mehler’s formula:

oVt + r(yo Vit + 7| x5 1)

_epl=ha 3 By — 200(xofo V7 ) -+ B(xofo VT )
AV 2m(l — 7)) A1 —67)
270 . i)
-V L) o (). 6

where the H,(y) are Hermite’s polynomials with respect to the weight func-
tion e~¥"/2, Let us now set

6 ) = [ EOV ) P (67)

It may be shown without difficulty that if £(x) is a polynomial in x, and j
is the smallest integer such that (¢, H;) # 0, then

(é:, D) € n F s

nzl
with
P(t) = max (1, #%), W¥t)=1,

— x
Jeaws ™) = (& Hy) (0 V7Y Hy (=) (6.8)
[0 T
Applying Theorem 4 and Corollary 2, it follows that
W€ | %95 8) —> (&, Hj) Wo(H; | o). (6.9)

In particular, from Corollary 3, Wy(H, | #y) = W. Thus, if £(x) = 6(X | %),
where X is a Borel set, then

NV t X|xt) W 2
— | e V2 dy, 6.10
e vve el Rl (6.10)
Next, considering £(x) = x™, we see that if n is even, then
N(®)
Y &
— W, (6.11)

(a ‘\/T)" Noe“‘ m.s,
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while if # is odd
W™ | %) = via Wi( | %)- (6.12)
Further information on the asymptotic behavior of Y ¥®
obtained by taking £(x) = Hy(x):

x;2 may be

N(t)
Ny 1,-at Z x,% — ot N(t)y; — Wy(H, | %) (6.13)
’i=1 m.s.

In the case of binary splitting f(z) = 27, it is known that the characteristic
function of W is analytic. However, we shall now show that the characteristic
function of W,(¢|x,) is not in general analytic even when the branching
mechanism is of simple birth and death type:

I — 1 — (Mt
f@="rx GO =1—etm (t=0), (614)
where A, p are the constant birth and death rates, respectively, A > p.
Taking &(x) = H,(x) = x, all the moments of Wy(¢ | x,) exist by Theorem 5,
and are given recursively by:

Ou(€ | %) =%,
n—1 n
Oué 3 =A%, (1) [ [ et 0.6 15) Ourre 1) W | s ) de i
(6.15)
where (}) is the binomial coeflicient. It follows by induction that
, A \n-10nf2] a‘gn} s
Ot w) =nl (=) X g™ (6.16)
the coefficients a{™ being defined by the recurrence relations:
a((,") =1,
n—1
(n—1)a” =%-02(n —24+2)(n—2+1)a™ +2 % a¥
r=28
T Y 0 e n
7) (n—r =
—I—E)Mg:—z/zs_,a, , (1 <s K [2]) . (6.17)

Clearly all a{™ > 0, and so we obtain the rough inequality

(n—1)a™ >3cn —2+2)(n — 25 + 1) a, . (6.18)
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Taking x, =0, we see from (6.16) that all odd moments of Wy(¢]0)
vanish, while from (6.18):

Oue 10) = (2 o) > () s () - (619)

Hence 37 1 (Og(€ | 0)/(2n)!) 2°* is convergent for no z # 0.

ExampLE (b). Random Walk on the Integers. Let Z denote the set of all
positive and negative integers, and let y(x | x,; £) be the transition probability
for an unrestricted random walk on & in continuous time: an individual at x
at time ¢ has the probabilities o8¢, pdf of moving to x - 1, ¥ — 1, respectively,
during (¢, t + 6¢). Clearly,

x(® | %3 £) = x(% — %] 0; 2), (6.20)
where x(- | 0; £) has the characteristic function
‘ $(0; ) = exp {[— (o + p) + (0€® + pe%)] 2}. (6.21)

If P* denotes the class of functions on £ of polynomial order for large
| # |, then it is found that

P*C () (8 n).

7,021

Let x(t) denote the position at time ¢ of an individual initially at x,. It
follows easily from the characteristic function (6.21) that

() — (0 — p)¢
W) = —"F——= (6-22)
V(o +p) ¢
is asymptotically unit normal. This suggests that we consider the functions
X — (o —p)t
%) = & |[———-=—], xeX), 6.23
H =t (o) e (6.23)

where £(¢) is defined on the real line . If £(x) is of polynomial order for
large | % |, then £43) € n.pm1 Ay(85 ).
It is found that

; Epa(%) x(2¢ | 295 ) ~ x/—lz_w f , £(y) ev'r2

1 Hy(y) (g — (0 —p) 7) Hy(y) (e — p)
X 31 + T [ (@ + p)i + 6;(0 + pyt ]

C(xo s Ty y)
pogundl | &, (6.24)
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whence, if £(x) is a polynomial in x, then

¢, P)e () A

nx=1

where ®(t) and J,(xy; 7) may be derived from the following table (or its
extension):

Dg and J¢ for the random walk

Dy(t) = (o + p)/* max (1, t7/?) £(x) Je(oos 7))
r=0 Hy(x) 1
r=1 H,y(x) [xo ~ (0 —p) 7]
Hiy(z) (o — p)l(o + p) = w, say.
r=2 Hy(x) (% — (e —p)7]* — (o +p) 7
Hy(x) 4awlng — (0 — p) 7] + 1
Hg(x) 10w?

In particular, we have

N (#)
Ng'e™™ 1y 2 — (o — p) tN(t) —> Wy(H, | %). (6.25)
== o

ExamPLE (c). Diffusion in a compact region. Suppose that & is a compact
region in Euclidean space, and let y have a density 4 with respect to a finite

measure p(+) on %, such that ¢y may be expanded in terms of its eigenfunc-
tions:

B | xg; 2) = i e~*n® o, (%) o, (%p)- (6.26)

n=0

Hence {«,} denotes a complete orthonormal set in the space of real functions
square-integrable with respect to u:

j a(®) a(%) w(de) = 8;;  (Kronecker’s delta), (6.27)
x

and
0 =y <iy <y << oov,, (6.28)
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We shall assume that the «, are bounded:
| o) | < &y s (xeX, n=0,1,..) (6.29)
and that for some ¢, > 0:
Y, emnto k2 < 0. (6.30)
n=0

If ¢(x) is any bounded Borel function on %, let us write

(6 ) = | £0) (o) () (631)
and let j denote the smallest integer for which (¢, a;) # 0. Then
(f’ qjé) € nnZI ogn ’ WIth

D,(t) = et = F(t),  Jelows 1) = Je(x) = (&, ) (). (6.32)

For example, if 2 denotes the closed interval [— 4 L, § L] on the real line,
where -+ L L are reflecting boundaries, we have for simple Gaussian dif-
fusion:

2
wldx) = dx, Ky = % (nza) ) ag =L-172,
\/ % sin (LZE‘_) ., (nodd)
@ =4 (6.33)
% cos (ﬂTnx) ) (n positive even).

If &x) = «™ (n even), then j = 0 and

N (1)
—1 _—ati n (LIQ)"
Nyle iz=:1 w —> e (6.39)
If » is odd, then j = 1. Hence if 21; < a,
wii) 5 L2
1 o)t X m 2 . TX
N(l 1e ( t ‘E X; —n:) 32 ,Jz‘ fo X 81nT- dx W(Otl l xo). (6.35)

To obtain more information on YN

§(x) = & — (", %) % -

x", for n even, we may take
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Then if 2k, < a:

N{() 1
Nyte om0t |52 s — N o (0 Wl | ). (636

ExamrLE (d). Eigenfunction expansions of the type (6.26) may exist even
when & is not compact. Let & be the real line, and let y be the transition
probability for simple diffusion under a force proportional to the displace-
ment x and directed toward the origin. Then y has the density

1 c[ate 2ot — 2xxge—ot + w2201
P | %03 t) = V1 — e-2ot €Xp y— (1 _0 e-2t) .

(0% c constants)  (6.37)

with respect to the finite measure

c cx?
u(dx) = \/ - exp (— = ) dx. (6.38)
By Mehler’s formula, ¢ may be expressed in the form (6.26) with
Ky, = M€,
x V2c
o) = H, ( > ) . (6.39)

For this diffusion process, it may be shown that ¢ € #,(y; n) provided
that £(x) is dominated by ¢*'/s, where s > npo?/c.

All polynomials {(x) are members of (),-; % , and Egs. (6.31), (6.32)
carry over directly in this case.
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1. INTRODUCTION

The present paper is a continuation of the author’s previous paper [1],
and the notation and results of [1] will be used without further explanation.
It is assumed throughout that 7 > 1.

Qur aim in this paper is to consider the ratio

N(2)

N lsgt) 2 b

N@)  N@) (1.1

which is of interest since it represents the average value of £(x) over the
members of the population at time z. This leads to results for certain natural
measures of the spatial location of the population, such as the average posi-
tion:

N(¢)
2 %

.f(t ‘ xo) = —]V—W . (1.2)

In Section 2, a general statement on convergence in probability is given.
It does not seem possible to obtain the limiting distribution of the ratio (1.1)
in nontrivial cases when m > 1. As a first step toward the limiting moments,
recurrence relations are obtained in Section 3 for conditional moment distri-
butions and functionals. These are applied to discuss the asymptotic behav-
jor of the moments in the case of (k¢ + 1)-fold splitting (Section 5), and
also in the case of the simple birth and death process (Section 6). The formulas
for these moments involve the Lauricella Fj-type hypergeometric functions,
some of whose properties are summarized in Appendix A. In Section 7, we
present results for some simple “diffusion” processes,

1
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2. CONVERGENCE IN PROBABILITY

It is convenient to consider the restriction of the random function (1.1)
to the subspace of 27 (the space of all realizations of the process, [1] Section 3)
on which N(#)->0. This subspace has total probability 1 — P,, where
Py is the probability of the population becoming extinct, It is well-known that
Py is the smallest non-negative root of the equation

P =f(P). @.1)

When m > 1, P, is strictly less than one, so that 1 — P, is positive. Further-
more, the subspaces {N(t) +> 0} and {WV > 0} are known to be equivalent for
the Bellman-Harris process ([2] p. 147, Remark 1). We therefore consider

N(§, | % 2)

Y(E | mit) = Ol) =2y

N(t)+>0

. W, (f | Xo» t)
= TG by 22)

THEOREM 1. Under the conditions of [1] Theorem 4, Y (& | xy; t) converges
in probability as t — oo to the random variable

Y(¢| %) = W (2.3)

w>0

The restrictions of Wy(¢ | xy; ) and W(#) to the subspace {W > 0} con-
verge in mean square to the restrictions of Wy(¢ | x) and W, respectively, The
theorem follows by [3] Lemma 6.4. From [1], Theorem 4, Corollary 3,

CoroLLARY. If W(t) = 1, and J(x; ) = ], is independent of x and =, then

Y(€ 1203 t) — Je, 24

a nonrandom limit,

3. ConpITioNAL MOMENT GENERATING FUNCTIONS

As a first step towards investigating the moments of the limiting random
variable Y(£|#,), we shall consider in this section the moments of
N(€¢1, | %4 t) conditional on there being r survivors at time 1.

Let us write

T[¢, ¢ | %05 (] =T[€ + ¢ | x5 2], (b real). (3.1)
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It was remarked in [1] Section 3 that I'[¢ | x,; ] specifies a probability
distribution on the population state space £2 = Y2 | #; we have accordingly

¢ | 20;1] = 3 eiré TOLE | 1], (3.2)

r=0

where

FofE |t = [ exp szz Emy)| PI(dx™ | a3 8); (3.3)

=1

i.e., if p,(t) = Prob {N(t) =} % 0, then I')[£ | x,; t]/p,(t) is the charac-
teristic functional at time # conditional on 7 survivors. If p,(t) =0 then
I = 0.

We shall obtain recurrence relations for the conditional moment distribu-
tions. Let us suppose that m(, << co. Then the moment distributions
M | x,; t) are finite measures on 4,* for & = 1,..., n, ([1] Theorem 2), and
if X;€ %, (j = 1,..., n) we may write

My X® |2y 1) = ¥ MIP(X® | x532), (3.4)
=0
where

.2 r
M;(,T)(X(k) I %y} t) zf ) ]:[ [z 8(Xj | xh)] P(r)(dx(r) | %o t)
&7 j=1 “h=1

re [i 0,8(X; | ) | %03 t]: by = =0,=0. (3.5)

ok
B 3;‘* 90, 00, L=
M, may be extended to a finite measure on %,* for all k = 1,...,zand all r.
If p,(t) = 0, this measure is identically zero, while if p,(t) # O,
M"(- | %3 t)/p4(2) is the kth moment distribution for the point process whose
characteristic functional is I'®)[£ | xy; £]/p(2), and whose size is r with
probability one.
The generating function of the M;" is

My X, ¢ |20 1) = 3 e M(X® | g5 )
r=0

= s T2 08 1 0 mit]| 6= = =0 (6)

j=1
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Differentiating the integral equation for I, ¢ | x; ¢] derived from [1]
Eq. (3.3), we obtain by virtue of [1] Eq. (4.12)

MyX®, ¢ | 205 t) = MP(X P, $ | 55 1)
[ P — ) MUK, | w5t — ) x(d | 3 0) Gld),  (3.7)
Zx[o,t]

where

"k
MPX®, ¢ | w5 1) = [1 — Gt)] ey () X, | 205 1)
j=1

[ yrouse—w) ¥ [1M&e,$lmt—u)

Zx[0.1] j=2 (k) h=1
X x(dx | x; %) G(du).  (3.8)

Here I[¢; t] is the characteristic function of N(z) ([1] Eq. (3.4)).

The author has not succeeded in solving (3.7) in the case of a general life-
span distribution G(t). However, progress becomes possible if we take G to be
negative exponential:

Gt)=1—e1, (t>0,¢q>0) (3.9)

Equation (3.7) then takes the form

R(xy,t) =F(x,,t) + ¢ f x f : FATTs t — ul} Rx, t — u) x(dx | ) ) 2% du.
(3.11)

Now
| Mi(X®, ¢ | 205 1) | < Mi(X® | 25 £) < Mi(t), (3.11)
and so M (X ), ¢ | xy; t) is 2 member of the class &, defined in [1] Section 4.

Lemma 1. Equation (3.11) has at most one solution R in &. A formal
solution is

81‘[4: t—
B2
X x(dox | xq; u) e du. (3.12)

R t) =Fso, )+ 2L [ [Pt -0 &



BRANCHING-DIFFUSION PROCESSES. 11 5

Proor. Suppose that there exist two solutions in &. Then their difference,
D(x, , t) say, is a member of & and satisfies the equation

D) = [ [ FTst =} Dlwyt — ) (s | w5 ) Gy (313

where G is given by Eq. (3.9). Hence

Do) < [ [ 1Dt — 1) | xlds | w45 ) Gl

< mG(t) DX(1), (3.14)
where
D*(z) =%s<1[10pt] | D(x,t) ] . (3.15)

Iterating the first inequality in (3.4), we find that for each positive integer »
| D(g; 2) | << m"Gy(t) - D*(t) — 0, as  n— o0, (3.16)

Thus D(x, , t) = 0 and the solutions are identical.
It is natural to seck a solution of (3.10) having the form

R(xy,t) =F(x,y,t) + f ft r(t —u, t)F(x, t — u) x(dx | x5 1) e du,
2v0
3.17)

By substituting this expression, it is sufficient that r satisfy the integral
equation

o t) = of T} + [ o of Tgiol}do. (313)

Differentiating both sides of (3.18) with respect to #, and solving the result-
ing differential equation with the side condition

r(u, u) = gf {T'l¢; ul}, (3.19)

we obtain
r(t —u,t) = a% exp f:_u qf {I'[¢; v]} dv. (3.20)

A more convenient expression can be found by first noting that, for negative
exponential G,

ﬂfi—ﬂ = qLATT¢; 11} — T¢; 1), (3.21)

(see [2] Chapt. V, Eq. (9.1)).
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Differentiating both side of (3.21) with respect to i¢, we obtain

5 g T = df TS — g Tsn, G2)
whence
0
2 T 1] t
2 e[ U - (329)
¢ I'l¢s t — u) =

Substituting in (3.20) and (3.17), we obtain the formal solution (3.12).
Applying the lemma to Eq. (3.7), we are led to propose the following
solution in the case of negative exponential G:

arg;t]

t]
04 X(X | %; 2). (3.24)

My(X, b | %3 t) =

M, 1) = S () 2,

R e R

x ¥ li[M,h(X‘"h’,gblx;t—u)x(dxlxo; wydu, (k=1,u,n). (3.25)

ITy(k) h=1

This may be shown to yield the required sequence of moment generating
functions. For, using the following inequality, derived from (3.23),

0
;5;?[«#; t]

L — P S (3.26)
75 Tt — 1]

it may be shown inductively that (3.24-3.25) defines a sequence of functions of
(% , ) which are members of % Also, it may be verified by direct substitution
that (3.24-3.25) is a solution of (3.7), and the result follows by the uniqueness
statement of the lemma,
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Now suppose that &; ;€ A,(y; n), (j = L,..., n). Then

MOEE 35 0) = 2,0 8 ([T Nty v 20 )| V) =7

j=1

=/, TT &) M@ | 1) (3:27)

§=1

certainly exists for 2 =1,...,7 and r = 1,2,..., since by [1] Theorem 3:

z MO 2| 203 t) = My(| €21 | 203 1) < 0. (3.28)
r=0
Writing
M€ b | 23 1) = z ¢ MR | wy; t) (3.29)
=0

it follows that these moment generating functions exist and are given recur-
sively by Eqgs. (3.24-3.25), with X' replaced by &7, and (i, X; by
]-_-[;c—l Ei. t4r *

4. MOMENTs OF Y(¢ | xy;2)

The random variable V(¢ | #,; ) was defined by Eq. (2.2). We shall write

M1(.Y)(§(n) | %, t) =& 31__[ Y(gj l Xo» t)g

J=1

~¢ ?}1 [“b"(’)NA(,f;')‘ )| vy - of

_ 2 Prob{N(t)) +>0 | N(t) =1}

fous) Prob {N(i'] -H'O}
< 2 8 {1111 M) =7
. (1 _— )—1 (t)g 2 (1 P(I M(T)(g(ﬂ) ‘ %o} t),

7=1

(4.1)

where P, is the extinction probability. This moment certainly exists for
My < oo and §;,€A,(y;n), (j =1,...,n), since the series is dominated
by (3.28) with r = 0.
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Lemma 2. If (¢;,9D,) € 1, then
lim M | 33 1) = Jo(so3 0) (42)

Proor. From (3.24),

MPE w8 =) [ @ xdn |2t (r=1,2.)  (43)

Substituting in (4.1), and using the Markovian property of the population
size N(t) for negative exponential G':

MY(E | x5 t) = (1 — Po)™ (1 — Py) P(2) Lr £4(%) x(dx | %3 t)
— Ji(2;0) as  t— o0, 4.9

We next consider M{T(£ | x,; £). Writing

e 1) = [ &) x(de 20 2), (4.5)
we obtain from (3.25)

arlg; t] [] 241 ¢,, :
iog L4

Wi (e | 503 t) = (it) + g [ = poniryg; o — gy

x du | | I8t — ) x(dx | 2 w]. (@46)

An important feature of this equation is the separation of the contributions
from the diffusion process and the branching mechanism in the repeated
integral. Let us introduce the following functions, which depend entirely on
the branching process:

par(®) = (1 — Py y, L= P00

r=1

s pl2),

parus 1) =gt — Pyt 3, L)

=1

X [coeﬂicient of ¢ in a[‘}:;; d BF[cf:;a;F— u]f @I t — u]}] ; 4.7
Then from (4.1)
M;P(E? | 263 1) = Py (1) Poy(t) pw)(2) oyt 03 1)

t
[ ] pwws e o3 £ — )i 5 ¢ — ) (e )

(4.8)
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We are therefore led to consider the asymptotic behavior of pg)(t) and
p()(u; t) as t— co. It appears difficult to make progress in this direction
unless the probabilities p,(2) are known explicitly. In the following sections
we shall deal with the cases of (¢ 4 1)-fold splitting and the simple birth and
death process.

5. MomenTs oF Y(£|x,) IN THE Casg OF (k 4+ 1)-FoLp SPLITTING

For (k 4 1)-fold splitting, (% a positive integer),

f(s) = 24, (5.1)
and taking ¢ = 1, we may write
I'[¢; t] = eide—t yx7(; t), (5.2)
where
A$2) = [1 — (1 — ) etho] (5-3)

(See [2] Chapt. V, Section 13.2).
Let us also write

i oridst]
MR 8 1360) = L ) 4 i), (5.4)
Then substituting in (3.25) and noting that
aff[éﬁ‘; o ety ), (5.5)
FO (=) = (k — s + 2), 2%, (5.6)
where
@ =ala+ 1) @+s—1), (a)=1, (5.7)
we obtain
MO(EL, S b | 503 ) = e .. (%05 )
min (k+1.%) 3
+ Y (k—s+2), fo ethoghi—) y8(dhs t — 4) du
8=2

x ¥ [ [T A 650 6 |3t — ) (e | s w). (5.8)

o,m ' =1

This is valid for & = 1,..., n, §;,, € A,(y; n), (j = 1,..., n).
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It is necessary to consider the coefficients of the ¢® in .4, . It may be
shown by induction that .4, is expressible as a linear combination of integrals
of the form

f t f t f t
=0 Ug=u; Up=Up_1

v
H [eikdze—k(t—u,,) ysh(¢; t — uh)] du'® J- vee J. ey
h=1 x x

where
(a) the expressions to the right of the x-integrals are independent of ¢,
(by 0<<p<n—1(p=0 corresponding to the case of no t-integral),
() =2, (h=1,.,p),
(d) Zias<nt+p—1

Hence M."(&™. | x,; t) depends on 7 only through the coefficients of eir¢
in the terms

k4
et (g ) T [ gt — )], (5.10)

h=1

and so, in order to discuss the M.P(£™ | x,) in the case of (k + 1)-fold
splitting, it is necessary from (4.1) to determine the asymptotic behavior as
t — oo of the functions

Pk (“l v Un, t) =y rl—n{coeﬁicient of é™in (5.10)}.  (5.11)

51 yeeny Sp rac

These are subject to the conditions (a)-(d), and also 0 <2y < -+ <u, <L
We note that Py = 0 since & >> 1. When p = 0, we shall write simply p, (t).
For n =2 and 3, (&4, D.) € Au(ys 1), (F =1, 2, 3), the MIP(E™ | x5 2)

are as follows:
2
MPED | 1) = T Pat) fpas®) it e 0 D)
h=1

b0 [ s () b [T ot —0xtas ], (512

MOED | 205 1) = [] Pu(t)

h=1

P (1) ins ¢, (%03 1)

b 1) [ () it L 52 = i 52 — )
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+ terms obtained by cyclically interchanging £, , &, , &) x(dx | %,; %)
¢t U, v il
2 2 » 9, ; SO : 5y =
+ k (k + 1) foJ.u P3.x (2, 2’ t) du dv ffzz [/él_t(xv i u) g]ét.t(yw t 'Z))

+ terms by cyclic interchange] x(dy | x; v — u) x(dx | x,; u)

=0 [ paa (i) b [ Tiissost —wxta . (513)

The asymptotic behavior of the p’s is discussed in the following theorem.
It is shown that if 37 _; s, <<z + p — 1, then p, ; converges to zero expo-
nentially fast as ¢ — co. However, if Y7 , 5, =n -+ p — 1, then p, , con-
verges to a limiting function which may be expressed in terms of Lauricella’s
Fp-type generalized hypergeometric function:

Fp(c; By seees Bos V3 %1 yeees %)

_ 0 @Bl B

5.14
Zyseenrly=0 ('J’)!ﬁ---#,,{:! A ! ? ( )

(See [4], premiere partie, Chapt. VII, Section xxxvii). When p =2, Fp
reduces to Appell’s first type of hypergeometric function of two variables,

. > ({x)fl-?‘-‘z ()61){1 (»8!)(2 {1 [2
Fy(o; By s Bas v %15 %) = {1'%:0 W L)

(5.15)

(see [5], Chapt. IX, Section 9.1), while when p = 1 it reduces to F(a, ; y; %),
the familiar hypergeometric function of Gauss.

THEOREM 2. Let n 2. (1) If Yo isp<n-+p — 1, then for large ¢

Uy youy Uy, [\ (O(te7Y) for p=0,
L, t) _% (5.16)

p”'k( O(e ) for p=1,

1 seens

uniformly for 0 <u; <t, (i = 1,...,, p).

(2) Suppose that p > 1, E£=lsh =n+p—1,0<u < <u, < oo
If we write

og=1—ets, g =1—etmu), (j=1.,p—1), (517
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then

. Uy yeuny U, Uy yeony Uy
lim p, ( 3E) = Pn.
= Sy yeeny Sp $1 yeesy Sp

(1 — o) H (1 —o)

J=1

k(R + P,
X Fp(kt 4+ ps B + 1,8 ey Spgs BL 418 95 04 yorey 0py) (5.18)

P (51 '::' t) is dominated for 0 < u; < - <wu, <t by e**(cu, + d),

81,00

where ¢ and d are constants.

(3) The transformation defined by (5.17) mapping 0 < u; < *+» < u, < ©
onto 0 < 0,4 <+ < 0y <0y <1 has the jacobian

Oy ye.., Up) p”—l -
Tornety = I I1a )" (5.19)

Proor. We first prove (1) in the case p = 0. From (5.3) and (5.11)

L2 Rk (1 — e
Pni(t) =€ Z( A )m‘

e (1R (1 — ety
<o (145

I A AT
kte—t
=T = (5.20)
and the result follows.
Let us next derive an expression for p,, ,,("1"".', ;t) when p > 1. It is

convenient to write
a,=1— e, a, =1 — eg7Ftt-un) (h=1,.,p), (5.21)
s =Fk1 4+ 1. (5.22)
Then (5.10) may be written as

020 (1 — g TT (1 — @) - TT{(L — a,6™) — (@ — ay) e}, (5.23)
=1 h=0
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Since 0 <<y << -+ <<u, <<t, it follows that 0 <a, < -+ <agy <1,
so that for real ¢

| @y, — ap) e | < |1 — aye® |, (A =0,..,p —1); (5.24)

hence, writing

= p—1
S=Y s L=XYh, (5.25)
=2 h=0
we obtain
Uq yeeey Up, _r . . D _
Pr.x (sl yasey sp’ t) = k(1 ay)* El(l a;)
@ p—1 s, +ff _ 1 ,
X a, — a )
lo....,zlp_l_-:o ,,];'!) ( ff ) ( )
S (L+S+E+h ag
8 E‘o ( h ) L+h+p+kon: (5.26)

The remainder of the proof will be illustrated by a derivation of (5.18)
when S =%+ p — 1. Let

(r)u T rn,

Cp = il}lg L (5.27)
then
r+h+n—1 (7)n r+h—1 Cn r+h—2
I )(r-f—k)"-( h )lg(r—l)( AR CED
Hence, noting that
% =0y, (h=0,,p—1), (5.29)
»
it is found that
u1 yoosy ‘u,,_ . ul yreny u’,
Pn.% (sl yosss Sp t) Pr.k (sl Jeers s,,)
P
< ek ™1 — a7 [T (1 — o)
=1
- (bo + 1) op° st,%—l /)
X ‘e
to,,__§_1.=o (L s P + kit — I)n+1 r=1 ( Sr — 1 ) 7
b4 -1 @®
<ek 1 —a)” [[(1 =) [T (1 — o) {Z (4o +1)7*
jel =1 =0
2
=T ket (5.30)

6
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which converges to zero as t— oo. (Note that (i + 1) TI}=} (4 + 1), is a
product of § — s, —p +2 <7 — | terms.)

We may now in principle deduce formulas for the lim .., MLP(£®) | x5 2)
for suitably restricted £{®). There are apparently no recurrence relations for
these limiting moments, and because of their complicated structure we shall
give explicit results only for those of fourth and lower orders.

TurorEM 3. (i) If (&4, P)€ #y, (h=1,2) and 32 g, <1, then
lim M{(¢® | a3 2)
) 2 2 .
= kA1) [ Cpun (o) TT¥aw du [ TT Jeos ) x(@ |5 . (531)

(1) If (&, D)€ fg, (h=1,2,3), then we require 3,*x, <1 for
convergence. If ¥, =1 for each h, then

: (V) ¢(3) L\ 12 2 [P U, v
lim MEP(E® |53 8) = Bk + 17 [ [ “pas () 3) dudo

XA J o T ) T T3 0) 10y | 350 — ) e )

+ terms by cyclic interchange
=Dy [ pua (5) o [ TT T 0 0 | 2 (5.32)

(il) If (£, P) € Fo, 4, <1and ¥, = 1, then
lim M7(¢ | %3 2)

— 6Kk + 1) f:fmeOMk (; o) ") du do dw
x 2 [[], T w) T o) Je w) xdz | 3w — o)ty | .0 — w)
Xl Ly )+ [[[ | J2030) Jies ) x(dy | w0 — )

X x(dz | 25w — u) x(dx | xy; u)
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. = 2 o u, v
44k — 1) Bk + 1) fofup‘l_k(z’?))dud'v

x ([, Jews w) J#3 o) x(dy | 250 — ) x(d | 555 )
£

u, v

T 6(k — 1) R2(k + 1)2 f:’f:’ Pak (3 ) du do
o T80 T3 0) ddy |50 — ) x| i )

=2 pa () du [ Jies ) xtde | 5 ) (5.33)

By virtue of Theorem 2 (1) and (2), these formulas may be proved by the
method of [1] Thecorem 3.

It is plausible that lim,,,, MY(€ | x,; 2) will exist if (¢;, D,) € #, and
nic; << 1. From Theorem 1 and the result due to Kendall and Rao quoted in
[1] Theotem 5, we infer that if # is even, then under the conditions just stated,

MUE | x0) = E{Y"(£ | x0)}
= lim M€ | w3 2) (5.34)

for r = 1,...,n — 1. For all moments of Y(£| x,) to exist, it appears to be
sufficient that (&,, ®;) € (Vuss Fn, and that x, may be taken arbitrarily
small positive, This is in contrast with the results of [1] Theorem 5, so that
N(2) is seen to be a weaker “normalizing’ factor than %,

6. MowmenTs oF Y(£|%,) IN THE CASE OF THE
SivpPLE BIRTH AND DEATH PROCESS (A > 1)

This process is defined by [1] Eq. (6.14). It is wellknown that

Tlg; t] = polt) + e po(t) [1 — %m(t)]‘l, (6-1)
where

£o(1) = Bl — €U A — e,
Pilt) = (A — ) 0wt A — pem-w]2, (6.2)

When A > 4, the extinction probability is clearly

P, = Mo (6.3)
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As we would expect by a comparison with Eqs. (5.2) and (5.5), the analysis
is essentially a special case of that encountered in the preceding section, with

=1

For n = 2,3 the MY (¢™ | %oy t) are given by (5.12) and (5.13) with

k=1, and p,(;"';"?; t) replaced by p,(, ..., u,; t) say.

Corresponding to Theorem 2, we obtain:

THEOREM 4. Let A >p, n > 2. (1) If p <n — 2 then

——p)t —
O(te~-nt) for p (1), (6.4)

Pty yeus Up3 t) = O(e~-nt) for p>1,
uniformly for 0 << u; <t (i = 1,..., p).
2) If 0 <uy < == <yp_y << 00, then

lim p, (4 yueey thy 15 1) = pp(tty yere, Up_y)

A=)t — D TR
T @2n— 1) E, (1 —a)

X Fp(n; 2,..., 25 2n5 0 ...y 04 y), (6.5)
where
g =1 — e~ -#uny o; =1 — e A Upy—uy), (j=1u,n—2)
(6.6)
For all t, p,(uy o, y_y3t) is dominated for 0 <uy < -+ <, <t by
e~ =wruna(cy, | + d).

Oty yooss thyq) _ {y 0 TT o -1
a(aﬂ yreey 0'1!-2) - g(A PL) ;I':'([) (1 j) (6'7)

The limit function p, may be expressed in closed form, although this
appears to be less useful in the calculation of moments than the form (6.5);
forn =2

( ) 1 aw—l 1
Pal\Uy yeeey Up ) = - =
(n — 1) 8uy +++ Su,_, ’i_Il [eGmiy — 1]
=t
n—1 A — 1, e(n—1) (A—p)uy
~y — o . 68)
J=al [e(/\—/,t)u, . 1]2 H [e("_l‘)“k — e(A—p)u,]
k=1

k#§
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In particular,
d? u
Pl#) = g |z =] (6.9)

Theorem 4 may be used to prove an analogue of Theorem 3. The statement
of the theorem may be obtained by taking 2 = 1 in Theorem 3, replacing
Prieh 5 ") BY pulthy 5ene; Uny), and replacing the conditions Zi, <1 by

D <A — p.

7. APPLICATIONS

The examples in this section correspond to those of [1] Section 6. The
suffix d will be used to distinguish parameters of the *“diffusion” processes.

ExamMPLE (a). GaussiaN DirrusioNn oN THE Rear LINe. Taking
£(x) = 8(X | ), where X is a Borel set, it follows from [1] (6.10) that for a
general life-span distribution

1
NGt 40 1P V 2

N(ogV't X | %3 t)
N(t)

[ erray, (7.1)
X

a nonrandom measure. Let us write

N{(#)

—x_’;(tixo)=—1-— Z X

NG & .2)

N(t')-’-’ﬂ.

Then if # is a positive even integer,
xn (] %)
— -, , 7.3
@V iy ip " (7-3)

while if n is odd,

%) L v ), (7.4)

(oaV )1 ip
where

V(x| 5) = p-lim (¢ | ). (1.5)
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The random function (¢ | x,) measures the average position of the mem-
bers of the population at time 2. Now taking £(x) = H,(x), we have from
{11 (6.13)

(| 30) — 0g%t > Y(Hy | %) (7.6)

The random function

N (t)

sz(t | xO) N(t) Z [.’Xf "E(t | xo)]z

i=1 N(t)+>0
= a¥(t | xo) — {#(t | %,)}? (7.7)

measures the dispersion of the members of the population about their average
position at time #. From (7.5-7.6)

St | %) — 0t ——> Y(Hy | %0) — Y¥(x | x5) =} (o), say.  (7.8)

Adke and Moyal ([5] Section IV) have considered the asymptotic behaviour
of s%(t | x,) conditional upon a fixed finite number of survivors, when the
branching process is of simple birth and death type. They found that under
this condition the average position gets progressively more diffuse, while the
dispersion does not grow without limit. When we stipulate only that N(¢) + 0,
the conclusion drawn from (7.5) and (7.8) is essentially the reverse.

The evaluation of even the first few moments of Y(x | x,) and Z(x,) in
the case of (% -+ 1)-fold splitting is extremely lengthy, and for an outline we
refer to Appendices 4 and B.

The distribution of ¥'(x | 0) is symmetrical about the origin, as we would
expect. It may be shown that

Var {Y(x | 0)} = (A1 + 1) o2, (1.9)
E{Y4x | 0)} = 0M{2k3(k + 1) ' (R7Y)
4+ 3 E42k + 1) (113 — 8R2 — 9k + 18)},  (7.10)

where () is the logarithmic derivative of the gamma function, i.e.,

PR)=) (£+ 2)2 (7.11)
=0
It might also be expected that ¥(x | 0), the limiting average position, is
normally distributed. That this is not the case will be clear from (7.9-7.10);
in fact, the kurtosis is given by

(10k* — 293 — 38k% ++ 27k + 18)
B =TT + 7 #0) + T

(1.12)
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Some values of y(k) are given in the following table:

19

TABLE 1
k (k) k (%)
1 0.895 7 2.788
2 0.589 8 2.970
3 1.308 9 3.117
4 1.859 10 3.239
5 2.259 ® 43
6 2.558
For k > 10, y(k) is given approximately by
y(k) ~ 4% — 1425k + 17.8k~2 — 16k—2, (7.13)
In the case of the simple birth and death process (A > p):
2
Var {Y(x | 0)} = 2od" (7.14)
A—p
i 2 1 9) o 4
ey 0y = & 9 7.15
(e o = 528 (1.15)

The first two moments of Y(H, | 0) for (k¢ + 1)-fold splitting are:
EY(H,|0)=0, Var{Y(H,|0)} =4k %k + 1)§(k?)os,

while in the simple birth and death case we also have:

SOV, | O} = ot [3 25 = % ]

3
n=1 n=1 .

skewness Y(H,|0) = 0.890.

(7.16)

(7.17)

Finally, we consider 2(0) defined by Eq. (7.8). From (7.9) and (7.14), we

have for (k + 1)-fold splitting:

20y = — (k1 + 1) ot
Also,

&2%(0) = Var Y(H, | 0) — 28{Y(H, | 0) Y2(x | 0)} + &{Y*(»|0)}.

(1.18)

(7.19)

The mixed moment on the right-hand side is evaluated by taking

&i(x) = Hy(x), £4(%) = &) = « in'(5.32).
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It is found that

1

Var 2(0) = o* (n T &2

b+ B4 2k 4 1) (4k +3) 5

n=1

— 1k 62— 3k — 18] (7.20)

TABLE 2
k o;* Var 2(0) k a7* Var Z(0)
1 11.058 7 6.004
2 5.231 8 6.068
3 5.401 9 6.117
4 5.637 10 6.157
5 5.803 [} 63
6 5.918
For k& > 10, Var 2(0) is given approximately by
Var 2(0) ~ 044[6 § — 3.25k" — 2.3k~2 4~ 5%8], (7.21)

ExampLE (b). RaNDOM WALK ON THE INTEGERs. Taking £(x) = 8(X | x),
where X is a Borel set on the real line,

N(V(0a+pa)t X + (04 — pa) t | %3 £) 1 —i)
N(t) N0 1P V 2 fxe a.
(1.22)
Taking £(x) = x:
(1 33) — (00 — pa) £ > ¥ | 0) (7.23)

whose first four moments in the case of (k -+ 1)-fold splitting are:
&Y (x]|0) =0;
Var{Y(» | 0)} = (K + 1) (94 + pa);
{Y¥(x | 0)} = § (A1 + 2) (00 — pa);
E{Y4(x | 0)} = (04 + pa)* {263k + 1) ¥/ (k)
+ A2k 4 1) (1A% — 8A2 — 9k + 18} + L (0, + pg) (K - 3). (7.24)
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ExampLE (c). Dirrusion IN A CoMPACT REGION. In the case of Gaussian
diffusion on the finite interval ([1] (6.33)), and general life-span distribution:

N(X | %05 t)
— X 7.25
N(t) N(E)4>0 ip. aO”'( ) ( )

where (X)) is the ordinary Lebesgue measure of the Borel set X,
If n is even,

= L2y
xn(t | xo) T (7.26)
whereas if # is odd, and 2k; < a
— 3 (L2
et xn(t | x,) gy gZ '\/f fo x" sin T Y(oy | %), (7.27)
where
EY (0 | %) = oy(x)- (7.28)
From [1] (6.36), we have for # even and 2x«, < a
— n L/2
e<st lan(t| xy) — (sz) x™ co Y(ay | ),
(7.29)
where
EY (0t | 3) = ag(i%). (7.30)

In the case of (k 4 1)-fold splitting

E¥H oy | 2y) = MBI L) ),

L
(4, < 1),

By(2¢;) — By(26; — k) cos

EV¥oq | %) = k(k+ LUt {Bu(2k) — Bul(es) cos i [,

(4rey < 1), (7.31)

where
BB = [ e pa () dn

=(k+ 1) + Bk + BE(1 —B)!

1, k1 k2

4L (1 — Bk £ 1 ] (7.32)

xan[
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Here 4F, denotes the generalized hypergeometric function of one variable
([5], p- 8). In particular, taking 2 = 1 (binary splitting)

1(:3) . "2— + B + B2 ”21 (n— : ﬂ)”

No worthwhile simplification appears to take place for higher moments,
even in the case & = 1.

(1.33)

AprPENDIX A: ELEMENTARY PROPERTIES OF THE LAURICELLA
Fp-TypE HYPERGEOMETRIC FUNCTIONS

Some easily derived contraction formulas are:

(%5 By seees Byi V5 #1 yeres Hpy 5 0) = F (05 By yuvey Byoy ¥5 %1 yeees Xpy)s
(A.1)
Fp(ct; By seees By V3 %y yeues Xp1 5 %p3) =Fp(05 81 yeeey Bpog + B3 5 %1 5000y X51)5
(A.2)
I'(y) Iy — o« — By)
Iy — @) Iy — B,)
X Fp(e By seres Bpe1 ¥ — Bys %1 yeeey X59), (A.3)
where I'() here denotes the gamma function. The following differentiation

formulas are generalizations of [6] Vol. 1, Section 2.8, formulas (20) and (25),
respectively:

FD(a ﬁl7 1Bg7'y’x1: )xp—lal)

Fp(ot5 By yeees By V5 %1 yerey %)

— et Fol — i By e B By = 1y = 1 85
(1 — xp)Pr 2 Fp(a5 By seers Bos V3 %y yueey %p) (A.4)
(’)/ — n)n ) o

- (Bs — M)n (y — 1 — ), Ox,"
X (— DP (1 — %) L Fp(ct; By yeees Bpe1 s Bp — 3y — 7} %y 4us, )] (A.5)

AprpPeENDIX B: EvALUATION OF INTEGRALS INVOLVING
HyYPERGEOMETRIC FUNCTIONS

In order to prove (7.9), we note that when £(x) = x, we have

W,=1, Jlx7)=x. (B.1)
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Hence, from (5.32)
. u
E{Y¥(x | 0)} = o2k(E + 1) f b (2) u - du. (B.2)

Making the substitution
oy =1 —e", (B.3)

it follows from Theorem 2 (2-3) and Eq. (A.5) that

r1-1

£V |0} = oy [/ tog =y (1 —

X Pkt + 1, k1 + 1; k1 + 3; o) do

1 1 d
e b1 2 —_—
= ko [ log rn 7o

X [— (1 — ao)¥ F(k, kL + 1; k1 -+ 2; 0y)] do,

§ ' d
= 0o [ o
X [— (1 — ooy " F(k, k%5 k1 + 1; 05)] do,
= (k1 + 1) o (B.4)

As an example of a more involved case, we shall indicate the derivation of
(7.10). Substituting from (B.1) in (5.33), and making the transformations

ogp=1— e, o, =1 — e7klo—u), g, = 1 — gklw—o) (B.5)
in the (u, v, @) integral,

gg=1— ¢, o, =1 — ¢ htv-w) (B.6)

in the two (u, v) integrals, and (B.3) in the last term, it is found that

6(k + 1)

E{Y4(x | 0)} =g —kgm

[91, + 2I, — 101, + 4I, — 5I;]

-+ integrals of lower order{ , (B.7)

where

Il J. f J. log (l )(1 —_ ao)k_l—l
X Fp(k 4+ 3; k2 +1,2,2, kL + 7505, 01, 05) doy do, do, . (B.8)
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1,1, I, , and I; are obtained by replacing log? 1/(1 — o,) by log? 1/(1 — o),
log 1/(1 — ay) log 1/(1 — ay),log 1/(1 — 0y) log 1/(1 — o) and log 1/(1 — a,)
log 1/(1 — ay), respectively. Using the formulas of Appendix A, these inte-
grals may be reduced to linear combinations of a few basic types; for example,

(k71 +4)y (k7 + 3)4

h=-— 3(k 1+ 1) 3 6k -+ 2)° Ik 4 2)
+ e a4+ 5
1, k )
- E(k 1+ 3)s i(k_l T1p + = 1}_[2(k 141)
k
+ gy M Al (B.9)
where

g, = f log —— (1 o7 (L= V" F( + 1,k 4 351 + 450) do
= H( )W) — B+ (7 1)

o) = f : (1 — o) 1F(a, & a + 1; 0) do = aaf(a);

5= : [ 0 (1 — o) LRk + 3; k%, 1; k2 + 4 0, ') do do’
— F (k4 3) 3k + (0 4 D,

5= : [ 0 (1 — o) Rk + 2k, 1; k1 + 35 0, 0') do do’
— (k1 4 2),

g = : (1 = o)™ PGk, 7 4 2 k71 4+ 35 0) do

=3 +2) [k + (7 + D (B.10)
Hence
_ (B +3), (4k® + 11k 4 2)

3T 6k + 1), —‘/J(k‘l)—f—w . (B.11)
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SOME GENERALIZATIONS OF BAILEY’S
BIRTH DEATH AND MIGRATION MODEL

A. W. DAVIS, C.S.LR.O., Adelaide

Summary

Some results for a general Markov branching-diffusion process are
presented, and applied to a model recently considered by Bailey, Moments
of the limiting distributions of certain natural measures of the spatial
location and dispersion of the population are shown (o be expressible in
terms of the Lauricella Fp-type hypergeometric functions, when the
papulation multiplies according to the simple birth and death process
with 1 > u.

1. Introduction

In a recent article, Bailey (1968) has derived some results for a simple birth,
death and migration process as a preliminary to studies of the spatial distri-
bution of individuals in more complex epidemic processes. Bailey assumes
in his model that the population is distributed over the points of a discrete
set: the integer points of the real line, or the nodes of a two- or three-dimension-
al lattice. The colony at each location multiplies according to the simple
birth and death process, and migration takes place to its nearest neighbours
at a constant rate. Initially, the population consists of an arbitrary number
of individuals (possibly infinitely many) distributed in a prescribed manner
throughout the lattice. As possible fields of application of the model, Bailey
suggests the growth of cells in biology, and the spread of population in the
theory of urban development. He obtains generating functions for the ex-
pected sizes of the colonies and, in the one-dimensional case, for variances
and covariances of colony size. In the case of a single ancestor, this model
is equivalent to a special case of a general **branching-diffusion’” process
considered by Davis ((1965), (1967a), (1967b)), in which the population
multiplies according to the Bellman-Harris age-dependent branching process,
and the state of each individual varies according to an arbitrary homogeneous
Markov process, independently of the remainder of the population, through-
out a region with no absorbing boundaries. A model equivalent to Bailey’s
is obtained by taking this Markov process to be the simple symmetrical random
walk on the lattice points. Another case of the general model has been con-
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sidered by Adke and Moyal (1963), who assumed that the population size
was determined by the simple birth and death process, and that the individuals
were subject to ordinary Brownian diffusion along the real line. These authors
discussed the asymptotic distribution of mean position and spatial dispersion
of the population, conditional upon a fixed finite number of survivors. In
later sections of this paper we shall present some results for these quantities
in the case of Bailey’s process with A > u, conditional only upon the popu-
lation not becoming extinct. Reference should also be made to investigations
of more complex branching-diffusion processes in which the state space is
a compact region with an absorbing boundary. Sevast’yanov (1958) apd
Conner (1966) have considered asymptotic properties of the population size,
and Watanabe (1965) has investigated the numbers of individuals in subsets
of the region.

For the general theory of stochastic population processes, in which the
state (location, age, etc.) of each individual can range over an arbitrary (not
necessarily finite set), we refer the reader to Moyal ((1962), (1964)). In partic-
ular, Moyal ((1962), Section 6) gives the foundations of a rigorous treatment
of populations which have infinitely many members with positive probability.
In the present paper, however, we shall assume only a finite number of an-
cestors; the population is therefore finite at any time with probability one,
although some results would remain formally valid for the infinite case.
Moreover, in order to avoid complications arising from the ages of the an-
cestors, we shall consider only Markov branching-diffusion processes, in
which the life-time of each individual has a negative exponential distribution.
Some preliminary results for this model were given by Moyal ((1964), Section 7).

The relevant theory and definitions are summarised in Section 2, and the
basic integral equation for the characteristic functional (c.fl.) of the process
is introduced. An iterative form of solution of the latter in terms of conditional
c.fl.’s is discussed in Section 3. Recurrence relations for the moment distribu-
tions are then presented in the following section, Bailey’s results being
indicated as corollaries. In Section 5 the author’s mean-square convergence
theory for branching-diffusion processes is outlined, and applications to
Bailey’s model with A > p are made in Section 6. The m.s. theory implies
the convergence in probability of certain natural measures of spatial location
and dispersion, and as a first step towards investigating the moments of the
limiting distributions, recurrence relations for conditional moment distribu-
tions are presented in Section 7.

When the population develops from n ancestors according to the simple
birth and death process, it is shown in Section 8 that the limiting moments
are expressible in terms of the Lauricella Fy-type hypergeometric functions,
some of whose elementary properties are given in the Appendix. These results
are finally applied in Section 9 to obtain the first four central moments of
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the limiting mean position in Bailey’s model, and also the first two moments
of a random variable related to the measure of dispersion. These moments
are found to be polynomials in the central moments of the initial spatial dis-
tribution of the ancestors.

2. The model

Let 2" denote the arbitrary state space of the members of the population,
and suppose that at time ¢ = 0 there are n individuals located at the (not
necessarily distinct) points y,---,y, of &. The unordered set of points will
be denoted by y™. Each individual is assumed to have an exponentially
distributed life-time 1,

@.1) G@t) = Pr{l<t) =1—¢, (2>0,120),

and at the end of its life it is replaced by r similar offspring with probability
p X Lop, = 1), all located initially at the final position of their parent.
The generating function of the distribution (p,) will be denoted by

2.2) f@) = =,

r=0

and its factorial moments by

23) m=f'(1=), my=fO>1-), (s=2.3,-).

These will be assumed finite to any required order.

The “motion”’ of each individual is determined by a temporally homo-
geneous Markov transition probability distribution #( - |x;t), defined on the
Borel subsets X of 2. Here y(X |x;?) denotes the probability that an indi
vidual initially at x in & will be located at some point in the set X after time ¢,
conditional upon its survival during this interval. The Markov property of
x is expressed by the Chapman-Kolmogorov equation,

24) f_yx(Xlx;u)x(dxly;v) = x(X|y;u +v),

and we also have

1 if xcX,
(2.5) 2X|%;0) = 8(X|x) = : _
0 otherwise.

Since # has no absorbing boundaries, the population size N(f) at time ¢
constitutes a temporally homogeneous Markov branching process of the type

discussed in Harris ((1963), Section V.9). If I'(8;f) denotes the characteristic
function (c.f.) of N(f) conditional upon a single ancestor,
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26) re:n= X p0e,

then I'(8;1) satisfies the differential equation

@) 1o = df@@y-1,  TE:0 =,

ot, equivalently, the integral equation

(2.8) [0;t) = e 1o L t f(TO;t — u))e “du.

The c.f. of N(f) given n ancestors is of course (I'(f;1))". Following Moyal
(1962), the spatial distribution of the population conditional on n ancestors
at ¥ may be specified by the counting process N( - | y™;1), defined on the
Borel subsets X of #': N(X|y™;¢) denotes the number of individuals in the
set X at time ¢. The complete joint distribution of these random variables is
in turn specified by the c.fl. T'(¢ | y®; 1), defined on the class of all real, finite-
valued Borel functions & (-) on Z:

T |y™50) = & expli | EON(dx|y™;1)

- cools B

s=1

where & denotes expectation, and the x, (s = 1,---, N(¢)) are the locations
of the individuals existing at time ¢. It is also convenient to introduce the
random functional

N(t)
(2.10) NE[y™3n = T &x) = f EXN(x] y; ),
s=1 x
whose c.f. for given & is obviously T'(6& l y®;1), (0 real).

Since each ancestor generates a subpopulation independently of the others,
we have the multiplicative property

@11 rE|y®sn = T TE[y50,
‘i=

which is equivalent to

(2.12) NE|y™50 = T NE|ys0.

Also, taking &(x) = 0, the c.fl. reduces to the c.f. of the population size.
By analogy with (2.8), the c.fl. conditional upon a single ancestor initially
at y is readily seen to be a solution of the integral equation
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TE|ysn = e fw “Oy(dx|y;1)

(2.13) t
+af [ |5 - wyax|ywe o,

(cf. Moyal (1964), Equation (7.7)). In the case of a general life-time distribu-
tion, it was shown in Davis ((1965), Section 3) that there is a unique solution
of this equation such that | r ] = 1 which is in fact the c.fl. of a population
process.

Bailey’s (1968) model is equivalent to the particular case of the above
scheme in which the branching mechanism is of simple birth and death type,
with constant birth rate A and death rate p,

2
a=d+p, f@)= P
(2.14) T
. . A _
L©;0) = po(®) + €“ps(0) [1 - e“’,;poo)] 3
where
(2.15) Po(f) = p[l— e G W[4 — pe Gmwr]-1

pi(t) = (A— e @A — pem G2,

In the one-dimensional case, each individual executes a simple symmetric
random walk on the integers; i.e., an individual at x at time ¢ has equal prob-
abilities v.dt of moving to either x + 1 or x — 1 during the interval (t,t + 61).
Thus the transition probability y may be expressed in terms of the modified
Bessel function of the first kind,

(2.16) 2G|yt = eV (vD),

with generating function

dz|y;t) = > (x| y;51)
2.17) %= o
= Zexp{—vi[1 — 3(x + 2™ H]}.

Equation (2.13) for the c.fl. with integration over 2" interpreted as sum-
mation over the positive and negative integers is the analogue of Bailey’s
((1968), Equation (3)) infinite system of differential equations.

Some asymptotic results for y so defined and a general branching process
have been given in Davis ((1967a), page 292, (1967b), page 20).

For the two-dimensional case, an individual at (x,,x,) has equal proba-
bilities 4v.6¢t of migrating to any one of its four nearest neighbours during
(t,t + 8t), whence
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(2.18) AW x) [, 9205 0) = %oy | y13 D2 | y230),

where y(x; | y;;t) is defined by (2.16). The three-dimensional case is similarly
specified.

3. Conditional probabilities

The basic integral equation (2.13) cannot of course be solved directly.
However, an iterative form of solution can be given in terms of the c.fl.’s
for the process conditional upon the population size at time ¢ being N()=s,
along the lines of Adke and Moyal ((1963), Sections II and TV). Substituting

o0

(3.1) TE+0|y;t)= X T E|y;t) (0 real)

in (2.13), we obtain

(3.2) Lo |y;t) = po(®),

the probability of zero survivors at time ¢, while for s = 1:

(33) T&|y:) = R0 +a f n——
0
where
Fy€|ysn = e j x|y 1),
(3.4) z
F(ély;t)
(sl>0) (S > 2)

Taking ¢ = 0, we obtain recurrence relations for the p,(t). In particular,
t
(3.5) o) = 1+ 3 || (olu)pi(we"n,
0

and it follows by direct substitutions in (3.3), using the Chapman-Kolmogorov
relation (2.4), that

(3.6) Ty yit) = pid) L € (dx| y3 ).
When F, has the form

61 R0 = af [ s yi-ne 0,
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as is the case for s = 2, the Equation (3.3) has the solution

68 Telyin = of [ DDy sugx]yi-wa.

To see this directly, substitution in the right-hand side of (3.3) yields

g 1 —al au.
(3.9) ocfo L m)—Hs(élx;u)x(dx[y;t—u){e [e*ps(w)

Ty f £ "(o(@)p1(0)e™do] } du,

which leads to (3.8), since from (3.5) the second summand in the bracket is
equal to e*p,(¢) — e™p,(u).

In principle, Equations (3.8), (3.7) and (3.4) yield a set of recurrence re-
lations for the I';. Some reduction of these will now be attempted when the
branching mechanism is of simple birth and death type and the “‘diffusion’’
is one-dimensional, with x(dx| y;t) depending on x and y only through the
difference x — y; i.e., the c.f. of the transition probability is of the form

(3.10) f e y(dx|y;t) = €”¢(0|1), say.
I
For s = 2, we then have
L op(n) B
GA) T (E|y;0) = lf f o X g, T(E| x; )l (& | x;wx(dx| y; t—y)du,
[4] %

pi() .=,

where [4s] denotes the largest integer not exceeding s, and ¢, = 1 if r = is
(s even), ¢, = 2 otherwise. It may be shown by induction on s that I, can
be written as

610 o= [ ewfi T o)) Akan, e dn|yin,

where A, is a non-negative measure on %° (the s-fold Cartesian product of
Z with itself), having total mass p(t) and c.f. of the form

f exp{i > Bjxj}As(dxl,---,dxs y;t)
xs j=1

(3.13) ~
= A“lpl(t)exp‘iyjé‘,1 Oj} J;;O--- [‘md (Ihl:llpl(uj))

Jus_1=0\j=

ﬁs(ela "';Gs;ul""’us~1 | t)dul dus—l .

The g, depend only on the “‘diffusion’” process, and are given recursively by
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ﬁ1(91|t) . ¢(91lt),

s
ﬁs(el"“sgs;ula"',us—l‘t) = ¢( z 01|t_u1)
j=1
[4s]
X 2’ & E ﬁr(el’"':Br;uk1a"'suk,_1lu1)
r=1 28k1<«<kpn-1Ss—1

X ﬁs—r(0r+1a"'59s;u11"",uls_,._1Iul), (S 2 2)’

where I, < - <l,_,_ is obtained by deleting k,,--,k,_; from the set of
integers 2,-,s—1. We have in particular

Ba(B1,053us|D) = $(O0s |u)p(02|u)d(O1 + 05|t —uy);
B3(01, 05,0551, | 1) = 201 | uy)d(02 | 2)d(0s | u2)
(3.15) X ¢(0, + 04 | wy — ;)P0 + 0, + 05 l t—1u4);
B0, 6,05, 005101, 112, u3 [ 1) = $(02]u2)d(03 | ug)p(0s |1e0)
X {4¢(01 | )b(0 + 05 + 04| uy —1,)p(05 + 04 |y —us)

(3.14)

4
+ 2¢(04 Illz)¢(91 +0, | Uy —uy)p(0s + 6, l Uy —”3)}¢( _E 0; | t_”1)-
Taking i=t

(3.16) &(x) = __2'1 v 8(X;| %),

where {X} is a collection of non-overlapping Borel subsets of Z with union &,
T (¢ | y;t) becomes the joint c.f. of the N(le y;(j = 1,--+, h), the numbers
of individuals in X,,---, X, respectively, conditional upon the total popula-
tion size being s. From (3.12) it follows that

Pr{N(X,;|y;H) = nj;;j=1,-,h|N(#) = s}
= .)As(Xm"',stly;t)’
= g

(e

(3.17)

where the summation is extended over the ( ) distinct permutations

(ji,»js) Of the set [17,2", -« B™].

In particular, for Bailey’s one-dimensional model with a single ancestor
initially at y, suppose that a and b are two distinct integer points, and let
N(a, ), N(b,?) respectively denote the numbers of individuals at these locations
at time f. Then, conditional upon N(¥) = 2,

Pr{N(a,t) = 1, N(b,f) = 1| N(t) = 2}= 2A,(a,b|y;1)

Ry, By

(3.18)
Pr{N(a,) = 2|N(®) =2} = Ay(a,a|y;1),
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where Az(a,b] y;1) is the coefficient of 6605 in the expansion of

o Je™"p(1)(0,0,) exp{ vt(0192 + ﬁ-)}

t . 1 1 |
x | ep(u exp{lvu(G + —+0,+ ——0,0, — )} du.
J; 1 ) 2 1 01 2 02 1Uo 0102

Even in this simple instance, the integral can be obtained in closed form
only when the death rate p =0, and py(u) = e”* . The individual probabil-
ities unfortunately seem to be so complicated as to be of doubtful practical
use.

4., Moment distributions

The moments of the counting process N( - | y™; 1) define a family of meas-
ures on the product spaces #* called the moment distributions (Moyal
(1962), Section 3). The mean distribution

(4.1) MX|y™;0 = ENX | y™;1)
is a measure on the Borel sets X of & with total mass
4.2 M) = EN({) = ne®™ V¢

where m is the expected number of offspring at a birth (Harris (1963), Section
V.6). More generally, the rth moment distribution is defined for each product
set X; x -+ x X, by

(4.3) M(X; % - x X,|y™50 = ¢ [T NX;|y®™;0),
j=1
and may be extended to a non-negative symmetric measure on &".

Recurrence relations for these measures may be obtained from (2.13) since

4) M x5 X 3502 [ Z000019] 75 1) oo
1

(Davis (1965), Section 4 and (1967a), Section 4).
In the case of a single ancestor, the mean distribution is a solution of the
integral equation

“5) M|y = uX|y;n+ “mﬁt LM(X|x;f—u)x(dXIy;u)e‘“"du.

It may be verified by direct substitution that
(4.6) MX|y;t) = Mx(X | y;0),
(cf. Moyal (1964), Equation (7.9)), noting that
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t

4.7 M(t) = e+ ocmf M(t—uw)e ™du.
0

The higher order moment distributions satisfy simnilar integral equations
to (4.5), and may be solved to yield, in particular:

(4.8) M,(X, XXz‘Yﬁ) =

t
M(X,0X|y38) + O"”‘(Z)J‘ ‘[M(X1 x5t —w)M(X, x5t —w)x(dx|y;u)e ™" ™ 1du
oJa

(cf. Moyal (1964), Equation (7.10)),
Mi(X; x X, x Xsl)’§t) = M(X; NX, mel.Vﬂ)
t
+ ocf ( |:m(2)M(X1|x;t—u7)M2(X2 xXalx;t—u)
0 JZ
(4.9) ) ..
4+ terms obtained by cyclic interchange of X, X,,X;

3
+ Mgy H M(XJ'|X;t—“)]X(dxly;u)e“('"_l)"du.
ji=1

From (2.11), we have for n ancestors

(4.10) MX |y 5 M(X|y;1),
i=1

My(X; x X, I ™51
(4.11) !

+ b3 M(Xllyh;t)M(leyjz;t).

Juj2=101#]2)

_1M2(X1 X le)’j;t)

In the case of the simple birth and death process,
(4.12) M) = 47, alm—1) = A—up,
and the formulas given by Bailey ((1968), Equations (18), (48), and (55)) for
the expected sizes of colonies follow from (4.10), (4.6), (2.16), (2.18) and the

corresponding three-dimensional formula. The variances and covariances of
colony sizes are given by

cov[ N(x4 I y™:£) N(x, l ¥ 0]
(4.13)

= .Zl[Mz(xl,ley,-;t)—M(xlly,-;t)M(x2|y,-;t)],
e

which in the one-dimensional case reduces to
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n
e R 'Z [6(x, lxz)le_y'j(vt) — gAmn—vr DS ) S (7))
(4.14) b

t 0
+ 24 f TN T L L, ), (91— w))du].
0

X=—o00

This is the required coefficient in Equation (31) of Bailey’s paper.

5. Mean square convergence when m > 1
If m>1, mgyy< o0, and there is a single ancestor, the random variable
(5.1) W(t) = e " DIN()

converges in mean square as t — o (in fact, with probability one) to a random
variable W, whose c.f. L(0) is the unique solution of the integral equation

52) LO) = & "7w0e s myeorg,
0

(Harris (1963) Sections V.11 and VI.20). The distribution of W has a mass at
the origin equal to p, the probability of extinction, which is the smallest non-
negative root of the equation

(5.3) r = f(p).

For W > 0, the distribution is continuous. In the case of the simple birth
and death process with 4> u,

=&
(5.4) p =4
and for W >0 the distribution has the density

(5.5) e, (g=1-p).

An attempt has been made in Davis ((1965), (1967a)) to adapt this asymptotic
theory for branching-diffusion processes with no absorbing boundaries. Suf-
ficient conditions are given for the m.s. convergence of the random functional
N(él y;t). To obtain satisfactory results, it may be necessary to apply a
time-dependent transformation w, to the location variable x. Writing

(5.6) &(x) = &ox)
it is found in general that the limiting behaviour of

N(t)

(.7) NG |y;0) = 2 &xp)

depends upon that of its expectation
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ENGE| y3D) f e Mx|yin

(5.8)

M(1) f &0,

Suppose that for a given ¢ and w, a function 0]¢4 I 1) can be found such that
the following limits exist.

JE|ysu), @z 0),

59)  tim @] | Lerdx]yi

t— 00

I

(5.10) lim ® |+ w)/@E|) = P(E|u) = 0.

Then for a wide range of ¢ with these properties, such that
(5.11) 2k(&) <a(m — 1),
the random variable
(5.12) WE | ysu) = e CREONE ] 30
converges in m.s. as t - oo to a limiting variable W(¢ | y;u) for each u = 0.

The c.f. L(8;¢ | y,u) of W(¢& | y;u) is a solution of the integral equation

(5.13) L(O3¢|ysu) = “wa%f(la(ge—“('"_””‘l‘(f|v);€lx;u+v))x(dx y;v)e *’dv.

If J(¢& l y;u) = J(&) is independent of y and u, then
(5.14) W(E|y;u) = JE&)-W,

where W is the m.s. limit of W(¢) defined in (5.1). If J(¢ | y;u) is independent
of u, then so also is W(é]y;u).

Recurrence relations for the moments of W(ﬁl y;u) may be derived from
those of the moment distributions (Section 4). Writing

(5.15) M| ysu) = W] y;w] s
we have in particular
(5.16) MPE | ysu) = JE|ysu)

(5.17) M(zw)(ély;u) . ocm(z)f: L‘r e_“('"—l)"‘l’z(é|D)J2(§lx;u+v)x(dxly;v)dv.

M(sw)(ély;u) = ocfw f e_z"('"—l)"‘l’a(élv) [3m(2)J(£lx;u + )
(5.18) 0 o
x MYPE|x;u+v) + m(3)J3(§|x;u+v)]x(dx|y;v)dv.
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MPE yi) = o[ " [ et oy Lame 1 i+ 0

x M | X3t + v) + 3m (MY I X;u + v))?
+ 6m(3)12(£|x;u + )M (& I X;u +v)

(5.19)

+ m(4)J4(£ | X;u + v)]x(dxly;u)dv.

6. Applications to Bailey’s model when A > .

Taking
1 if x=x,
6.1 &x) =

0 otherwise

we may consider the m.s. convergence of the colony size at x = x, in Bailey’s
one-dimensional model. Since

(6.2) _§ é(x)x(x]y;t) =", ) ~ Q)% as t— o

(cf.Bailey (1968), Equation (21)) we may take w, to be the identity operator, and
(6.3) ¢ |1 = Quv¥, J¢E|ysu) =1, Y(E|u) =1.

Since J is independent of y and u, it follows that
6.4) e TRV NGy |y > W,

the limiting random variable for the simple birth and death process. For n
ancestors, the limit would be W™ = X i=1W;, the W, being independent.

More information on the asymptotic spatial distribution may be obtained
by applying the transformation

6.5) ox = (vi)~ix

to the locations of the individuals, considered as points on the complete real
line, R. If we define the probability distribution function on R as

(6.6) F(C|y;t) = <Zcx(x|y;t), ((eR),

then the cf. of F({(w(t + )| y; 1) is

exp{ify/(v(t + w))* — vt[1 — cos(6/(v(t + w)H)]}
(6.7)
~ e 21 + (v)~Hly + (v~ [3G0)2(y? ~ vu) + =047+ ).

Hence F({(v(t + u))’ir] ;1) tends to the unit normal distribution as ¢ — oo ;
and for suitable £({) on R,
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S & (e |yse) ~ —1: f_w e ¥E(L)

xX=—o00 \/27'C

(6.8)
x {1+ ()" H Oy + ) [ZHAO (* —vu) + 35 Hi O] + -}l

where H,({) is Hermite’s polynomial of order r. This expansion determines
the asymptotic behaviour of the L.H.S., and hence of W,(¢ | y;u). Since

69) A7 RO = 15,
J2rv "%
we obtain the following table.
TABLE 1
() (|6 JE|y;u)
. 1 1
H,(x) (n? y
H,(x) vt y:—vu
Hj(x) ot y® —3vuy
Hy(x) vt 1
H(x) ()} 5y
H(x) (vt)? 15(p% —vu) + 1
Hey(x) (vi)? 35

Examples. () &(x) = (X Ix), where X is any subset of R, the real line:

(6.10) eI N(o, "X |y ) = (_1_ f e‘*"’dn) W,

m.S. 2—t b'¢
where o,”1X is the set obtained by multiplying the coordinat: of each point
of X by (vf)%. In the case of n ancestors, W is to be replaced by W®.

(i) &(x) = x = Hy(x). Then from Table 1,

(6.11) O(H, |f) = (v, JH,|yp;u) = y.
Hence
N(t)
W(H,|y;0) = e ™" Xx,
(6.12) i=t

= W(H,|y),
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say. From (5.16) and (5.17), this limiting random variable has expected
value y and variance

22y N (A + wyy?
(4 —w? A—-w

For n ancestors, the corresponding limit is

(6.13)

(6.14) W(H, | y™) = El W(H,|y,),

a sum of mutually independent random variables.
(iii) &(x) = Hy(x) = x*> — 1. Then with ® and J obtained from Table 1,

N(t)
W(H,|y;0) = e_“_“)'{ X x” - vtN(t)}
i=1

(6.15)
= W(H|y;0),
where ’
M{"(H,|y;0) = y?
(6.16)

8Av? 200@y* 4+ 1) (A4 py*
(A—p)p?® (A —p)? (A—pw "

The integral equations of form (5.13)for the c.f.’s of W(H1| y)and W(H, |y;u)
are intractable, but presumably their distributions will have mass p/1 at the
origin and will otherwise be continuous. In the case of W(H, | y) at least,
it would follow as in Davis ((1967a), page 291) that the c.f; is non-analytic
in the neighbourhood of the origin.

Var W(H, | y;0) =

7. Conditional moment distributions

The results of the previous section suggest an investigation of such natural
measures of the location and dispersion of the population as the mean position,
N(@)

(7.1) (N@D)™" X x; = (N@)TINH, | y™; 1),
i=1

and the variance of the spatial distribution about this mean, conditional upon
the population not becoming extinct. If ¢ is such that W& I y;u) converges
in mean square, then (Davis (1967b), Theorem 1)

N(&| ™ ;1)
(7.2) C€|y™n = o1 NG ’Nmﬁo
converges in probability (i.p.) to

W(¢| y™;0)
My — 1Y W)
(1.3) Y(£|y™) Lo \W
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If J(¢ I y;u) = J(&) is independent of y and u, then
(7.4 Y(£|y™) = J(©),

a non-random limit.
Considering Example (i) of the previous section, with A > p, we have for
any Borel subset X of the real line

N(w,” "X | y™; 1)
N@) \

(1.5) o —— | e ™an,
N(t)+>0 1-P* \/2_7t X

where the numerator on the left-hand side denotes the number of individuals
in the set obtained by multiplying the coordinate of each point of X by (v)%.
Similarly, from Equation (6.4), we have for the colony size at x;:

3 N(xy | y™i 0 ’

(7.6) (2mve) NG

— 1.
N({t)+>01ip

In the case of the mean position,

N()
) = —

¥ x,
1.7) N(@) j=1xl\N(t)4+o

o YY) = X(w), say.

From Example (iii), the spatial dispersion

N(t)

% (x; — %()*

(1.8) 20 =y 2

N(t)-+>0
has the property
(7.9) S'(t) — vt > Y(H, | y™) = ()"

Thus in Bailey’s one-dimensional model, the mean position tends to a limit-
ing distribution, whereas the spatial dispersion grows more and more diffuse.
These results are in contrast to those of Adke and Moyal (1963), who con-
sidered the asymptotic distributions of these quantities conditional upon a
fixed number of survivors in the case of Brownian motion along the real line.
This would be due in part to the fact that, when A > u, N(#) converges to
zero with probability p = p/4, or else grows without limit.

The distributions of the Y(&|y®™) are again intractable. However, methods
of evaluating their moments may be sought through the moment distributions
conditional upon given population sizes. These are obtained by differentiation
of the I',, defined in (3.1).



Some generalizations of Bailey’s birth death and migration model 99

Thus
MO (X, x - x X, |y;0) = é"{.l__[lN(ley;t)|N(t) = r}
(7.10) B ‘
ak k-
= {i"aol 6€krr (j§19j5(le .)|y;t)}01=...=0,(=0-
Let

(7.11) M(-,0

;) = ZEUMOC |y, (k=129
r=0

The recurrence relations for these generating functions may be obtained from
(2.13), taking

k
(7.12) Ex) = 04+ X 0,6(X;|x).
Ji=1
For the general Markov branching-diffusion process, we have for k = 1,

M(X,0]y;t) = e (X |y;9

(7.13) t
" “f ffl(rw;t_”))M(X’0|J’;t—u)x(dX|y;u)e'““du.
0 JZ

One may verify by direct substitution that the required solution is

ar(o;t
(7.14) M(X,0|y;1) = ——.( )x(XIy;t),
iof
so that

(115 E{NX|y;0)|N@®) = r} = rp0x(X|y;0, (r=0,1,2,-).

Similarly
oI (0; 1)
iol

or(0;t—u)
X a0

My(X; % X5,0] y56) = (X1 O X, |30 + o fo Lf”(l"((?;t—u))

(7.16) x(X1|x;t—u) x(X2|x;t—u)x(dxly;u)du}.
A general recurrence formula for higher M, is given in Davis ((1967b),
Equation (3.25)). When 6 = 0 these results reduce to the formulae for the
moment distributions M,( - l y;t) of Section 4. For n ancestors, the con-
ditional moment distributions are obtained in terms of those for a single
ancestor using the multiplicative property (2.11) of the c.fl. In particular:
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. 2 1
(747) M(X,8]yV50) = 555 )" 1 % (X |y5:0)

J

My(X, x X2,0|y(");t) = (F(G;t))"_l‘ElMZ(X1 b X2,9|yj;t)
j=

(7.18) ;
+ @O;t)* X M(leeth;t)M(Xz,eIsz;t)-

J1#j2
Thus
" wea 1
(119)  E{N(X|y";n|N@) = r} = 070 _le(le,-;t),
.

where p™ (f) denotes the probability of r survivors at time t conditional
upon n ancestors.

8. Moments of Y(¢|y™) for the simple birth and death process

Using the Markov property of the process, it may be shown that (Davis
(1967b), page 7)

MO8y ™0 = & T Y|y

@®.1) (- p")'l( H1 (¢, | )

x s (=) | T1 &G pMPOdxy x - x dx, | y50),
s=1 Zr j=1

where p is the extinction probability for a single ancestor. In particular,
taking r =1,

n

82 MOE| 50 = 1 T oo [ o]y,

j=1
whence, letting t — oo, the expected value of Y(¢ l y™) is seen to be
= 1 n
(8.3) MOYE| ) = = 1J(£|yj;0).
j=

Let

(8'4) MS-Y)(il,'“aér

Yy = & I Y&,

Considering the case r = 2,
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M(Y)(éuéz | y(")) = @O, l O, | 1) Z {Pl(t) fz’r él,t(x)€2,t(x)X(dx l yist)
(8.5)

ff p(u; 1) : féh e)u(dxy|xy5t u))x(dx2| yj;u)dui

+ s = H fD(éh 0] & ndx] 350

J1#42 h=1
where
pi®) = L= -2 0,
p(u;t) = (1—phH~! OZO: r~%(1 — p") x coefficient of ™"’
=1
) et OT(0;8) oT(B;t —uw) ,, e
(8.6) in (I(9; 1)) 120 a0 ) LB;1—u)

p2(®) = A —=p") ' T r%(1 — p) x coefficient of ¢

r=1

. _, (OI(0:D\?
in (T(0;1)"? (‘ ii’}ﬂ ’)_) .

The asymptotic behaviour of (8.5) as t— co depends upon the limiting
properties of these functions. In general, it appears difficult to make further
progress unless the individual probabilities p,(f) are known explicitly, and
arc of fairly simple functional form. The case of (k + 1)-fold splitting for a
single ancestor has been considered in Davis ((1967b), Section 5). In the case
of the simple birth and death process and a single ancestor, the moments of
Y(é[ y™;1t) are found from (8.1) and the conditional moment distributions
of Section 7 are expressible in terms of the functions

Praltiys - upst) = (1 —pM~! 2 771 — p’) x coefficient of e'/
(8.7) T

{(r(a;:))""‘(ar“j ”) 1] 20 ’—”‘)}

1=1

O<u; < <u,<t).
h

The dependence of p upon n will be omitted from the notation for convenience
in writing. Let

A

A
(8.8 ag = —-po(t), a;=
) ] HPO() J m

pO(t ) (] o 1""’h)'
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Then
8.9) O<agy<ag_1<-<ag<l,

and from the Formula (2.14) for the c.f. I'(8;t) for the simple birth and death
process, p, , may be expanded in a multiple power series as

Prp(tiy, s uyst) = (,linl(t—uj)) : z": (” - ::) (L;ao )n_s(pl(t))s

(810) s=k \§ —
- s+k+1,—1 3
x, ,E -0 ( I ° )(11+1)---(l,,_1+1)(a0—ah)‘o...(ah_l_ah)t,.
« 3 (LrevakesoN) dioget)
j=o0 J (L+s+h+j)’

where L denotes [y + -+ + I,_;. The limiting behaviour of this series may be
discussed by the methods of the author’s earlier paper ((1967b), Theorem 2).
It is possible to show that, if h <r — k, then p, ,(uy, -, uy;t) converges to
zero exponentially fast. On the other hand, if h = r—k,

(811) lim pr,k(ula"':uh;t) . pr,k(ula""ull)

t— 0

exists, and may be expressed in terms of the Lauricella Fp-type hypergeometric
functions

Fo(ashy, o bycizy,onz) = 8 rrenl0ie O s i
(8.112)) S e im0 (Ot ! H
where
(8.13) (B); = bbb+ (b+j—1).

(Appell and Kampé de Feriet (1926), premiére partie, Chapter VII, Section
XXXVII). When h = 2, Fj, reduces to Appell’s first type of hypergeometric
function of two variables; for k = 1 it is the Gaussian hypergeometric func-
tion ,F,.

Writing
(8.14) o; = lim L

t— o0 1

= 1—exp{—(A—w @, —up}, (G =0, h=1),

(8.15) g =1-p=1-%4 0=1-p"

(taking uy = 0), the limit function in (8.11) is given by
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h—1
(8.16) pr,k(ula"',uh) - Q_lqh H1 (1- a'j) X
J= -
h 2 k ll—s 5, 1 =
When h =0
1 — -1y (n - r) P
(8.17) Prr=Q E P

The transformation of 0 < u; < -+ < u;, < 00 0nto 0 < 6 < -+ < gy <oy<l1
defined by (8.14) has the jacobian

a(“!’ Tt ub)

8.18
( ) 6(5'0'»“"0-&--3)

- [a- u)jl_I (- a,-)}_l

For arbitrary x, the simple birth and death process with A > u, and functions
¢; such that W(&|1) = 1, the early moments of Y(&| y™) are

pu)du

MOELE ) = 223 [T o, e,

(8.19) + P20 T JC1|1;,3500(E5 ] v5,:0;

J1#j2

M &y &5 | y™) = 422 2 f f ps,11,) f [I(EL | x: uI(E | y:0)

J(&, ] ¥;0) + (cyclic interchange of £,&,,&) x(dy | x;0 — u)x(dx | Vs wdudv
(8.20)
20 2 S 550) [ [ 0 2 00 | st s

JL#]2

+ (cyclic interchange of &;,&,,&5) + p33 X H J(é,,ly,,,o)

J1#Fj2#js 1=3

ey = a2 T [T [T (oo

Ls[ﬂ(é[x;u)l(ély;v) |y;w—v)x(dy|x;u—u)

(8.21)
1) dudvdw
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v 3 | a0 [ [20€¢]3,,:0
Ji#i2 Jo  Ju J a2
x J(E|%;u)TXE| y; vy | xs0—up(dx |y, u)

+ JHE | E| ysoadx | y; s wx(dy | vy, 0)]dudo
(8.21)

b0 D Iy 0 [ pes@

J1#j2%J3 CaY

4
X LJz(élx;u)x(dxly,-,;u)du+ Pas T T JE]yis0,

v Ji#Ej2#j3Eja 1=1

where if the &, are equal, we write simply M{(£]y™).

9, Moments of the mean position and spatial dispersion in Bailey’s model

(a) Mean position. We have seen in (7.7) that the mean position %(t)for
Bailey’s model converges in probability to a limiting variable x( o), say.
From (8.3),

(9.1) M, = é%(0) =

S| =

2 y; = py, say,

j=1

the average initial position of the n ancestors. The higher central moments
9.2) M, = &(x(©) — 1), (r=2,3,--),

may also be expressed in terms of the central moments u, of the initial dis-
tribution

9.3) B =

Sl

_El(yj—ﬂl)ra (r=2’3"")'

Considering the variance of %( ), we have from (8.17)

(9.4)  &(x(co))? =2A[val*V + 1‘02'1)_21y,-2] + 022 § YiYis>
= J17J2
where

©.5) 1§ = [ padu, 190 = | o stuuds.

The integrals encountered in the evaluation of these moments are similar
to those encountered in the case of (k + 1)-fold splitting and a single ancestor
(Davis (1967b).) Some elementary properties of the F;, hypergeometric func-
tions are listed in the Appendix.

The integrals (9.5) may be evaluated by means of the substitutions

9.6) o =1—¢ Gmv,



Some generalizations of Bailey’s birth death and migration model 105

From (8.16)

(2.1) _ 3 =17-1 S 'n—l) P
7 I im0 El(s—l (s+ 1)(s +2)

1
X f A —0)"LF,(s+ 1,5+ 1;5+ 3;0)do.
1]

Using Formula (A.4) of the Appendix, the integral on the right-hand side
is equal to

9.8) s‘l(s+2)f1di[—(1—a)stl(s+ 1;8;8 +2;0)]do = s™ (s +2),
o 4o

whence

(9.9) I$Y = [n(n + 1)AgQ]1 " '[1 — (n + Dp" + np**1].
From (8.17),

(910)  pyp = [(n—D5qQ] ' [(n = DA =P =+ 1(p — PM].
Noting that

9.11) npy = (=1 vi= I ViVi
P

Ji#j2

we obtain for the variance

M: = @ 2(3)r T 567 -

9.12)
+ (nz”_z 5[0 = D+ 0+ Dp=(n+ D2n—1p™+(n = 1)(2n + )p"**
For a single ancestor, the variance is independent of its initial position
2y
(9.13) My = 7

For two ancestors initially at y, and y,,

0.14) M, = (2= u) 'O+ 30 + 701 — »)’ A~ (U + 5.

There would appear to be some interest in computing the third and fourth
central moments of %( o), thus enabling a Pearson curve to be fitted to its
distribution.

After some reduction, the third moment of X%(o0) can be expressed in terms
of u;, the third central moment of the initial distribution, as follows:
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&(%(0))* —3M M, — M}

us[(n? — 1) (n? — 4g*Q] ' [2(n = 1)(n—2) + 2(n* — 4)p

+ 2n + D(n +2p? — (n + D(n +2)(3n* — 6n + 2)p"

4 2n2=4)Bn2—Dp"t = (n—1)(n—2)(Bn? + 6n + )p"**],(n 2 3).

M,

9.15)

For n = 1 or 2, this moment vanishes identically.
The fourth central moment of %(o0) is expressible in terms of u, and g, as

(9.16) M, = Apv* + (B, + Cyp) + Dypiy + Eqpa,
where

Ay

n s—1
Z(Azqu)_l{jl;‘an -2 2 (n)pn—-sqs 2 j—2
s=2 \S j=1
#8352 (L)r - 20T -
(9.17) 5= o
+ 3+ D)7 g =+ P + np"“];:

B, = 4(qu)—1{1," és*(p"s — )= [(n + D (n + DT
9.18)

x [<n+1)—(n+2)p—%(n+1)(n+2>p"+(n+2)(3n+1)p"“—%n<3n+5)p"”]}.

Cy = 4L~ DAg*Q1 ™ {[4n + (= DS+ el T 5@ -1)

+ n2(n+1)(n+2)q]~ ' [—6(n+1)—2(n+2)(Sn+1)g+5n+ Di(n+2)p"
9.19)
—2n+2)(5n? +2n + Dp"*t + n(n—1)Gn+9p" ], (n 2 2);

Dy = 3n[(n—3),4*Q]~{(n—=3); + (1=2) (> = 9p — (n + D (n* ~9)p*

—(n+1)3p3+3(n+1);(2n2 —6n+3)p"—(n+2)(n*—9)(2n*—2n—-1)p
(9.20)
+(n—2)(n*=9)2n*+2n—1)p" 2 —4(n—3);2n2+6n+3)p" "%}, (n24);

n+1

Ey = 6n[(n—3);¢°Q]~"{(n—3)3+(n—2)(n* = Np+(n+2)(n* - 9)p’

+(n+1)sp3— t(n+1);2n—-3)(n*-3n+ Dp"+(n+2)(n*—-9)(2n—1)
9.21)
x (n2—n—Dp" = (n—2)(n*=9)2n + 1)(n* + n—1)p"*?

+3(n—=3)2n% + 92 + Un + 3"}, (n=4).

For n = 1,2,3, the required values may be obtained by taking formal
limits. Thus, for n =1,
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V2

=Y (22 s Y
©.22) M4—(A_”)z 3% +9) +3/1—ﬂ’

while for two ancestors initially at y, and y,:

)
Mo = (= oy o B ) = 30~ T
9.2
) 1 1 2 1 (A+9u) 4
+ 1004 T + 350+ 9001 = 22| + 85 G 01 = )"

(b) Spatial dispersion. From (7.9), s*(t) — vt converges in probability to
9.24) Y(H, |y™) — (#(0))* = S(c0), say.

From Table 1, (8.3) and (9.15) we obtain

65() = @@-2(3) »* T 507 - 1)
(9.25) Y s=

+ pan(n® = D7 M(n=D(A=p"" Yy — (n+ 1)(p—p")]}.
Also,
(9.26)  &(S(e0))* = MS (H, | y™) — 2M§ (H , Hy, H, | y™) + 6(F(0))* .

It may be finally shown that

9.27) &(S(0))* = A;v* + ¥(B; + Capiz) + Dypts + Eppry,
where
n s—1
Ay = 20220 [3w20 =23 (V)0 57
(9.28) = = .

- X s T - D+3m+ D7 g A=+ D"+ up"t ]}
s=1

(9.29) B, = 2[(n+ D)(n + 2)Ag>Q] ' [n(1 — p"**) — (n + 2)pQ];
030 €= 4n’[(n — 1),49°Q) ' [(n — D) — (n + p + 3(n + D) (n + 2)p"
— (=@ +2)p" + in(n— D"
D, = n’[(n—3),4°Q] '[(n — 3)3(n* + 3n + 3)(1 — p"*?)
©9.30) —3n—2)(n* =N +n—)(p—p"*?

+ 3+ - M —n— (P> —p"™hH
— (n+ 1Dy =3n+3)P° - P];
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E, = n*[(n—3),4°Q1 H{(n—=3);[(n+ )1 —=p""*)—(n+3)(@—p""*)]
(9.32)

~ (4 1D)3[(n=3) (P> = P = -1 - "]}

For a single ancestor,

2

_ UGN CYCA SN S A
(9.33) &S(o0) = T (37: 3,)“(;1-,1)'

2v
m)‘, VarS( OO) =

For two ancestors initially at y, and y,

(A
&S(c0) = — " ,,+ 3‘[;,) + e @“ N)(y1 - )%
(A2—p?) (A+p)
(9.34)
_ _i_ 22 VT 1V
VarS() = G 3% o+l T a—w
©.33) ¥+ ) (=G )

& (A+p? G Vi) A+ ) vy — ¥2%.

Appendix: Elementary properties of the Fj, hypergeometric functions
Contraction formulas

(A1) Fp(a; by, -+, byscs 2y, 23-1,0) = Fp(as by, byoq5¢5 21,00, 25-1);

(A.2) Fp(a;by, ,bysesze, 25— 1,Zh—1) = Fp(@3b g, by—y + bysc320, 0, 20-1);
Differentiation formulas:

FD(a; bla"'abh;c;zly"',zh)

A3
@ (a——(r)f?})ﬁ—l) 6ahFD(a 1;b,, ., by_1,by—1;c—1;24,-,2);
(A —z)"" S Fp(as by, by €3 21,00, 2)
A = G azs( OYCEEA L (Y CHORRR A
b,—s; ¢c—8;Z1,"*,2p).
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A COUNTER-EXAMPLE RELATING TO CERTAIN MULTIVARIATE
GENERALIZATIONS OF ¢ AND F

By A. W. Davis
C.8.I.R.0., Adelaide, South Australia.

Summary. It is shown that the distributions of certain multivariate analogues
of t and F' are dependent on the population covariance matrix.

Suppose that z = (21, -+, x,)" has the multivariate normal distribution
with mean vector £ and covariance matrix . Let S, S* be independent Wishart
matrices also with covariance matrix X, based on n, n™ degrees of freedom re-
spectively. Then if T is a p X p matrix such that

(1) T = S

natural candidates for the multivariate analogues of ¢t and F are
(2) t="T"(z— ¥,

(3) W = T7's*T"".

Olkin and Rubin (1964), Theorems 3.2 and 4.2, have shown that if T is taken
to be upper or lower triangular, then t and W do in fact have distributions which
independent of X. However, if T is taken to be symmetrical and positive definite,
T = S” then they remark (Section 3) that the distribution of W is unknown for
general . It seems wor thwhile to present the following example, which shows
that for T = S? the distributions of t and W depend on X; the contrary is occa-
sionally asserted (see Bennett and Cornish (1964), p. 907)

Let p = 2, and assume that

(4) st = [82 22]

Since S* is positive definite, it may be written in the form
(5) st = [(xZ’);q (x?y/) q:l (0 <2,y < o,¢ < 1).
Noting the Jacobian

(6) a(S) /(2 y, ) = 41 — ¢)(ay)(z + v),
it is readily found by transforming the Wishart distribution that S* has the dis-
tribution
#(8%) ds' = {(nab)"/xT(n — D}(1 = ¢)"*ay)"H(z + p)
(7) rexp {—dnld’s" + (" + b)ayg’ + b’} da dy dg,
(0<z,y < o, q <1).

Received 26 September 1966.
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(See Olkin and Rubin, p. 266.)

Now
s(tt) = eW
(8) =gstx s
- w/d + /b, —vi/d’ — vs/b
—w/a’ — w/b, ve/a’ -+ va/b’ ]’
where

(9) n=ex2(1—g)F, =8 (—g)", v =28/l —¢)]
o= glg/ai (1 — DY, % = slg/a A — )

Tt will be sufficient to show that the matrices in (8) are not independent of a
and b. In order to simplify the calculations still further, we shall take the case
n = 4, and consider only the elements &(t”), (&) on the main diagonal in (8).
The density (7) now takes the form:

(10) f(S) dst = 2'rH(ab) (1 — &) (zy)i(z + ¥)
cexp { —2la’® + (@’ + b))ayd" + by} de dy dg ,

and we wish. to evaluate »1 , vo, v3 .
For », , let us first consider

I(g) = [¢ o271 — ¢) (S da dy
(1) =2 7 fT (et e
| ek —2(a + b2yl da dy.
Making use of the formulas
I(0)T(w + §) = 7'T(20)/2*7,
(12) [5 e do = T((N + 1)/2)/22™,
Fe @ T(k 4 N)/kl = TON(1 — )7, (=] < 1),
it is found that
(13) I(q) = (2a*/mb)* Ximo k17 [—(a" + b")¢*/2ab]"
A{aT(k + 3) + (a + 0Tk +3))

I

(14) = (a*/2b)"{as H(q) + (o + D)o ()},
where
(15) o(q) = 1 + (" + b")¢"/2ab.

The series in (13) is convergent only for

(16) g < 2ab/(a® + b").
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However, since I(g) and the expression (14) are both analytic functions of
the complex variable ¢ = » + 4v over the region u? — »2 > —2ab/(a® + b?)
in the q plane, it follows by analytic continuation that I(g) is certainly equal to
(14) for all real q.

Noting that

(17) Ji¢7%q) dg = (2ab)}/(a + D),
J¢7}(q) dg = $(2ab)}(a” + 3ab + b*)/(a + b)’,
we have
(18) n =2 [i1(g) dg
2¢"[2 — (b/(a + b)),

2 being obtained by interchanging a and b.
Similarly, it is found that

(19) vs = 2(ab/(a + b))
Hence
(20) &(t’) = n/a® 4 vs/b* = 4 + 2(a — b)/(a + b),

8(t7) = m/a’ + v/b’ = 4 — 2(a — b)/(a + b),

and the matrices in (8) are not independent of ¢ and b.
As a check on the working, we have:

(21) &t +8') = &z — ©)'8T(z — ) = 8,
which is independent of = and in accordance with the known distribution of
Hotelling’s T*.
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1. Introduction and summary. Let §;, S, be independent m X m matrices
on 7y , ny degrees of freedom respectively, 8. having a Wishart distribution and
81 having a possibly non-central Wishart distribution with the same covariance
matrix. Hotelling’s generalized T’ statistic is then defined [7] by

(11) T = n2_1T02 = tr 5182_1.

The complete distribution of this statistic is known only in particular cases.
If m = 1, then (ns/n1)T is simply non-central F. In the case n; = 1, T reduces to
Hotelling’s generalization of “Student’s ” ¢, which also has a non-central F dis-
tribution. When m = 2, Hotelling 7] has shown that in the null case the density
function of T is

(1.2) f(T) = [T(m + ne — 1)/T(m)T(ne — DJET)M(L + 3T)~ 4™
<ol (1, 3(m + me); 5(ne + 1);0),

where v = T"/(T + 2)% and ,F, is the Gaussian hypergeometric function.

When n, becomes large, the distribution of T, approaches that of x* based on
mny degrees of freedom. Ito [9] has derived asymptotic expansions both for the
cumulative distribution function (edf) of T, and for the percentiles of 7' in
terms of the corresponding xam, percentiles.

Other approximations to the distribution requiring large n, for validity have
been obtained by Pillai and Samson [12]. These authors have used the method of
fitting a Pearson curve by means of moment quotients to tabulate upper 5%
and 1% points for m = 2, 3, 4.

The exact distribution of 7" over the range 0 < T' < 1 has been obtained in the
general non-central case by Constantine [3], using the methods of zonal poly-
nomials and hypergeometric functions of matrix argument developed by James
and Constantine ([2] and [10], for example). Constantine’s solution has the form

(1.3) F(T) = [Mn(3(m 4+ m))/TGEmn) Tn(3m) T 0(T),
where ®(T') is a power series in T’ convergent in the unit circle, and
(1.4) Tn(z) = o™ P[] T(z — L)

In Section 2 of the present paper, it is shown that in the null case the density
function f(T) (or rather, its analytic continuation into the complex T-plane)
satisfies an ordinary linear differential equation of degree m of Fuchsian type,
having regular singularitiesat I' = 0, —1, --- , —m and infinity. More specifi-
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cally, an equivalent first-order system is obtained, and the problem is most con-
veniently treated in this form. Constantine’s series (1.3) in the null case is shown
in Section 3 to be the relevant solution for f(T') in the neighbourhood of the
regular singularity at 7 = 0. The differential equations lead to convenient re-
currence relations for the coefficients in ®(T). In Section 4 an alternative deriva-
tion of Ito’s asymptotic formula is presented. Preliminary results are then given
(Section 5) for the regular singularity at T = oo, and a heuristic treatment of the
limiting distribution as n, — e is presented in Section 6. Finally, it is shown in
Section 7 that the moments of 7 may be obtained from the differential equations
for the Laplace transform of f(T) given in Section 1.

One objective in deriving the differential equations for f(T') has been to obtain
a convenient exact method for computing the distribution and its percentiles.
This work is in progress, and it is hoped that results will be available shortly.

2. The system of linear differential equations. Let wi, ---, w, denote the
latent roots of 88, *; then from (1.1)
(2.1) T = T=1 w, .

Assuming that 8; has the central Wishart distribution, the joint density func-
tion of the w; when 7y, ne = m is

bminrna(W) = [T Tn(3(n2 + 1)) /Ton(312) T (312) T(3m)]
(2.2) (I we) ™ [T (1 + wa) 2 TT0 (wi — wy),
0 <Wp < oo <y < o).

(See [5], [8], [13]). The case of singular $;, m1 < m, does not require separate
treatment, since the distribution of 7' then has a simple relation to the casen, = m
({3] Section 4). The following proof holds strictly for m = 2.

Throughout this section, the suffixes on ¢ will be omitted for convenience.

The Laplace transform (Lt) Lo(s) of f(T) may then be written in the form
(2.3) Lo(s) = [pne "™ ¢(W) dw, (s 2 0),

where D,, denotes the region {0 < ws < --- < w; < «}. In general, it may be
seen that the functional

(24) () = [, e P(W) dw
is the ordinary Lt of the following function of a single variable:
(25) T = [p, o ¥(T — wy — -+ — Wn, Wa, ***, Wn) dwp -+ dwn,
where

Dpa(T) = Dper 0 (2w + w5 + -+ + wn < T}
(2.6) = {0 < Wn <M T W < W < (M — D™T — wn); -+

wy < we < 3T —wg — -+ — wm)}.
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Taking ¢ = ¢ in (2.5), we obtain an integral form of f(T').
Thus Le(s) = £(¢), and the following Lt’s will also be introduced:

(27) Li(s) = £{6(W) Xhciec<n [(1 + wi) -+ (1 + wi )],
(r=1,2,-.-,m).

The summation in curly brackets is extended over the (') selections of r distinet
roots, and is a symmetric function of the w; . Clearly, the L,(s) exist for all s = 0.
Differentiating under the sign of integration:

(2.8) —L/(s) = £{6(W) Zicoc, [(1 + way) -+ (1 4+ )]
T+ we) + o+ A weg) — 7+ (g + -+ Fwi, )],

where (b, « -, ln—) is the sel of suflixes complementary to (ky, - - -, k.). Hence,
writing

(2.9) &.(s) = S{$(W) 2ot (Wi + -+ 4 wy,,_,)

T+ wr,) e (1 we,)] 7Y,
it is seen that
(210) —L/(s) = (m —r+ 1)L, a(s) — rL,(s) + D.(s), (r=1,2,---,m).

Now let ¢ denote any suffix distinct from each of ki, - - - , k.. It follows by in-
tegration by parts that

si(W)wil(1 + wy,) -+ (1 4+ wy, )7}
= —Jo, ((3/0w)e™™ Y up(w)/(1 4+ wi,) -+ (1 + wy,) dw
(211) = £{éWI + we,) -+ (1 + we,)] [—3(n +m — 1)
+3m + m) (1 + w)T + (TG (we — wy)) wi(8/0wr)
JTee (ws — w))]}

Since
(2.12)  (IT%< (wi — w;)) 7 (8/0wn) TTes (wi — wy) = XTioar (wi — wi) ™
it is necessary to consider the following summation in connection with (2.9):
(213), 2hca [+ wy) -0 (1 4+ w)]™
wn 2T iy (Wi — wa) e g, 2, (wr,_, — wi) Y.
The coefficient of (w; — w;)™, (¢ < j), is seen to be
Wi D <<ty ol bty [(1 4 we) =+ (1 + we, )]
— w; Dtk [(1 F W) +or (1 4w )™



818 A. W. DAVIS

= Wil Doy @il iy [(1 A+ W) - (1 we)]”
(2.14) F (1 4 ) Dbty @it bty (1L we) - (1 we,1,)]7)
— (similar term with ¢, j interchanged)
(Wi — W3) Do corechrtat ki) [(L 4 way) -+ (1 4w )]™
4+ (wi — w)(1 + wi + w)IA + w1 + w)l”
bl ity [(L A 0g) e (1w, )]
The summation (2.13) may therefore be written as
T D o tm@ll iy [(L W) <o (14w )]7
+ 20 i+ w) T+ (1 w)TY
(2.15) -Zﬁ<...<k,_1 @i, (1 4+ wey) o (1 + wk,._l)]—l
— 2T+ w) (1 + w)] T
ey M iy [(1 A 0y) <o (1A w0, )T
Since the second term in (2.15) is
(2.16) T (14 W) oty @i ki (1 W) <o (14w, )]
= r(m — 1) e, (L 4+ wpy) -+ (1 + w7,
it follows that (2.15) reduces to
(217) (") + rm — )] Dhcct, [(L 4 we) -+ (14 we )™
— T Y by (L ) oo (1w, )]
Hence, from (2.11) and (2.17):
(2.18) s®B.(s) = —3(m — r)(ne — r)L.(s) + 3(r + 1) (m + ne — r)L41(8).
Substituting in (2.10) we obtain:
(2.19) (m — r + 1)sLoy + [s((d/ds) — r) — 5(m — r)(ng — 7)IL
+ i+ D+ —r)Lp=0 (r=12--,m—1).

The same result holds for r = 0 and m if L_; and L. are defined to be iden-
tically zero. If » = m, a factor s may be cancelled, yielding

(2.20) ((d/ds) — m)Lm + L = O.

Tt now remains to invert the Laplace transforms. As seen earlier, L, (s) is the
14t of a certain function of a single variable which will be denoted by H.(T),
(H_; =0, H, = f).In virtue of (2.5) and (2.7), it is seen that H,(T) is dominated
for all T = 0 by a constant multiple of f(7'). Constantine’s result (1.3) shows that
f(1y = O(T’""”_l) as T — 0+4. (This may also be obtained by taking ¢ =
in (2.5)). Hence sL,(s) is the Lt of H, "(T), and since also L, '(s) is the Lt of
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—TH.(T), the required system of first order differential equations is ob-
tained:

(221) —(m —r+ 1)dH,/dT + {(T + r) d/dT + a}H, — b,H,y1 = 0,
(T = 0, 1: crr, M — 1):
(2.22) —Hp s+ (T'+m)H, =0,
where
(223) ar=3m —7r)(ng —7r) + 1, by = 3(r + 1)(m1 + ng — 1),
(’]' = O, 1’ ...,m).
Although these equations have been derived for m = 2, they also hold for m = 1.
Elimination of H;, -+:, H, from equations (2.21-22) will clearly yield a
linear homogeneous differential equation of order m for f = H,. The coefficient
of f is a polynomial in T of order r - 1, that of the highest derivative ™ being
T(T + 1) --- (T 4+ m). The differential equation is therefore of Fuchsian type
with regular singularities at 0, —1, - -+, —m, and infinity. In particular, when
m = 2:
(224) T(T+ 1)(T +2)f" + 3Bn2 + 5)T* + 2(ne — m +4)T — 2(my — 2)]f
+ 3(ne + D[(ne + DT — 2(m — 2)If = 0.
If the transformations
(2.25) f(T) = T"7'(1 + 3T)"™™¢(T), v = T°/(T + 2)°

are made in (2.24), g may be shown to satisfy a hypergeometric equation in
conformity with Hotelling’s result (1.2).

In the general case, however, it is preferable to work with the linear system
(2.21-22) itself. An extensive literature exists dealing with such systems (see
[1]). To express the result in matrix form, the following notation will be intro-
duced for (m + 1) X (m 4 1) matrices, all of whose elements are zero except
those on their leading, upper and lower diagonals:

_MO;)\O’Os e, 0

Vi, g1, M, o0, 0

0 -
(2.26) {()\0, E )\m—l): (I-"O; ctty Mm); (Vly T Vm)} = 3 g
0
Vm—1y Mm—1, }\m—l
L0, o050, vm, tim

Columns and rows will be numbered 0, 1, -+, m.
Differentiating (2.22) with respect to T to achieve symmetry, and introducing
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the column vector
(2.27) H = (Ho, Hy, -+, Hy),
the system may be written in the form
(2.28) (TE,.1 + A)dH/dT = BH,
where E,,41 is the (m 4+ 1) X (m + 1) unit matrix, and
(2.29) A = {(0,0,---,0),(0,1,2,--- ,m), (—m, —(m — 1), -+, =1)},
B = {(bo, +*, bumr), (—@, —@1, <=+, —Gm), (0, +++, 0)}.
3. The regular singularity at the origin. Equation (2.28) may also be written as
(3.1) dH/dT = (TR + >_70S,T)H,

where R, S, are constant (m + 1) X (m + 1) matrices. The standard procedure
for discussing the solution of (3.1) in the vicinity of the origin is to reduce R
to its canonical Jordan form by means of a suitable linear transformation of H
([1], Chapter 4). For present purposes it is sufficient to find a matrix P reducing A
to its canonical form:

(3.2) P'AP = A = diag {0, 1, ---, m}.
The right-hand side denotes an (m + 1) X (m + 1) diagonal matrix. A suitable
P, together with its inverse, is given by
(3.3) P={ps}, ps= (),
P = {pf},  ph = (-G, (6,5 =0,1,,m).

Clearly, both P and P™" are lower triangular. It may be shown without difficulty
that

(34) P7BP = C = {(Bo, -, Bu-1), (20, "+ 5 am), (71, =+, Ym)},
where
a; = Y(m — 20)my — tne + (28 — mi — ¢ — 2)],
(3.5) Bi = 3(& + L)(m + na — 1),
vi= —3(m — <1+ 1)(m — i+ 1).
Thus, if we write
(3.6) H = PM,
equation (2.28) becomes
(3.7) (TEnu + A)dM/dT = CM,
or, alternatively,

(3.8) dM/dT = {T7'Vo + 27 (T + )7V, M,
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where
Vo= {(G(m+m),0,--,0), Gmm — 1,0, ---,0), (0,0, -, 0)},
(39) V,={(0,---,0,8,,0,---,0), (0, c,0,0,0,---,0),
0, <+ ,0,%,0,---,0)} (r=1,--- ,m).
The characteristic roots of V, are zero (with multiplicity m) and imn, — 1.
The presence of equal roots makes discussion of the complete solution difficult.

However, in view of Constantine’s result (1.3), the relevant solution in the
vicinity of 7 = 0 is of the form

(3.10) M = k(m; m, ng) T™™ ' 3 2 W, T, (7| < 1),

where k(m; n1, n,) is the constant in square brackets in (1.3). The vectors
W, = (We, -+, Wa) may be determined without difficulty since imn, — 1
is the largest root ([1] Chapter 4, Problem 13) except when m = n; = 1. Sub-
stitution in (3.7) yields the following recurrence relations:

WO . (1707 70),;
i(r + dmn, — D)W,

(3.11) = YiWirra + loi — (r + 3mm — 2)]Wi, 0 + BWin,a
(7= 1, myr = 1,2 --);
W = %(m +?’L2)W1,, (r =1,2, <)

When m = ny = 1, the roots are —%, 0, and do not differ by an integer.
4. Ito’s asymptotic expansion for large n,. Let us write
(4.1) t = nT = T

Then the cdf F(t) of ¢ has a power series representation, convergent for |f| < n,,
which may be obtained by term-by-term Integration of Constantine’s series.
Essentially, Ito’s expansion of F(t) is obtained by rearranging this series as a
convergent power series in 7, ", and multiplying by the Stirling-type asymptotic
expansion of k(m; ni, n,).

It is readily seen by induction from (3.11) that each W, is a polynomial in
n of order (7 — 7) at most. Hence, making the substitution (4.1) in (3.10),

(4.2) M = k(m;n,m0) (¢/m)™™ 7 0WH, (W, = ns W),

where the components W7, of W,* are polynomials in n, ", lower powers = <.
To verify that rearrangement of (4.2) as a power series in 7, " is valid, we note
that this series is dominated by the corresponding solution of

(43) dM/dt = {t_IVg + Z:’;]_ (’l’ -_ ng_lt)_lnflVﬂL}M,

where the V," are obtained from the V. (r =1, .-, m) by replacing all negative
signs by positive signs in the expressions for «; » Bi, vi. This solution is a double
power-series in ¢ and n, ' with positive coefficients, convergent for |t < n..
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In order to obtain the rearranged series for the component M, = f, it is con-
venient to first remove the factor n; * from each W, ie. we make the shearing
transformation

(44) M = diag {1,n5 ", ---, 72 "N,

Then

(4.5) N = ng V% (m; ny, me) D eeong  Yo(t),

where

(4.6) Yo(t) = "7 y(8), yn(0) = 1,
Y. (1) = "y (0), (r=1,2 ),

and the components () of the y,(t) are power series in ¢. The second require-
ment in (4.6) arises because W,* and its transform under (4.4) are both (1, 0,
..+, 0)’, which is independent of ny .

From (3.7), N satisfies the equation:

(ny tEmys + A) dN/dt
(47) = {(n2—2607 T n2_26m—1): (’I’Lz_lao, Ty 1"2—10‘7”)7 ('Yl: Tty 'Ym)}N
= {Ao + ’ﬂz_lAl + ’ﬂz_ZAz}N.

The matrices A; are given by:

Ay = {(0,-++,00(0, =%, =L, ---, =¥m), (1, -+, ¥m)}
(4.8) A= {51, 3m), (G0, 8, 5 @m), (0, -+, 0)},

Ay = {(Bo, -+, Bua), (0, -+, 0), (0, -+, 0)},
where
(4.9) & = 3(m — 2)m + 28 — mi — ¢ — 2],

B:= 3+ 1)(m — 7).
Substituting (4.5) in (4.7), it is found that:
(4.10) [t(d/dt) — (3mm — 1)]¥o, — §Y1r = 3 Vi, o1, (r=0,1, ),
while for 2 = 1, --- , m:
(411) ((d/dt) + DY ir — v¥iar
= (—#(d/dt) + 8:) Vi + 3+ D)V irapa + Bi¥ i1z

Y _, and Y_; are taken to be identically zero.

These equations determine the Y, uniquely in virtue of (4.6). It is seen that
forr = 0,1, --+, Yor and ¥y, are given by a pair of simultaneous linear dif-
ferential equations, inhomogeneous except when r = 0. The corresponding
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homogeneous equations are of the form:

t, 0 Tmmg —1, 1
(4.12) [o, 1]dZ/dt=|:‘ il ;]z (Z = (Zy,Z0)"),

—g mng, -

or, equivalently:

. —1 %m’nl_l, % 0) O
(4.13) dZ/dt—{t [ 0, ol | —tmm, —1|%

The solution corresponding to the root $mmn; — 1 of the leading matrix is easily
verified to be

(4.14) Z = const v(t)(1, —t)’,
where
(4.15) y(t) = e,

For (Yo,0, Y1,0) it follows from (4.6) that the zero root does not apply, and
that the constant in (4.14) is unity in this case. Hence it follows from (4.11)
that for » = 0:

Yio = (=% (®)(m — 1)(m —2) -+ (m — i+ 1)(n — 1)(m — 2)
(4.16) oo (m— g+ DN (mng + 2)(mng + 4) <+ - (mmg + 202 — D),
(i = 2, ,m).
Similarly, in solving for ¥, ¥1,,, (» = 1), it is found that only the solution
(4.14) of the homogeneous part applies. The constant is determined by the
requirement that the lowest power of ¢ occurring is at least mn; . The same re-
qulrement eliminates the general term const ¢ ** in the solution for Yin
(Z = 2 ) m)
In order to derive the expansion ([9], equation (4 3)) of Tto’s paper it is suf-
cient to caleulate the following Y, :

Yoo =tv(D{—3n + ilm + n + 1)(mm + 171,
You = t(8)(mny + 2) 7 {4m(ns + 2) + (40, + 2)] — 2(m + ny + 1)},
Yen=(m — 1)(m — l)w(t)[(mm +-2) (mny + )]
A —1m(n® + 2) i C‘i'rr“-HZ)
(4.17) + $(mns + 6)print 4+ ming® + m + 8) + (8ny + H1,
Yoo = () (mm + 2)7{dm [m(n® + 2) + (4ny + 2)]
~ dgt(mmy + 4) 7’ (30 + 4) + 3m(nd + n® + Sny + 4)
+ (16n" + 24n; + 16)]
+ St ((mny +4) (mma + 6)]'In'my + m* (20t + 20y + 8)
+ m(n’ + 2m* 4 21m + 20) + (8n® + 20m, + 20)]}.
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The density function of ¢ is then
g £(8) = n ™™ (m; ma, me) {v(8) + ma Yo, 1 +mg Yoo + o0},
(It} < ma).
Integrating with respect to ¢ to obtain F(¢), and using the expansion
7 M (s ma , mg) ~ 2T (3mng) | 7L+ many” (n —m — 1)
(4.19) + mna(96n.2) ' Bminy — 2m (3n — 3my + 4)
+ 3m(n® — 2n° + 5y — 4)
+ (=8m" 4 120 + D] + -},

Tto’s result is obtained as an asymptotic expansion uniformly valid for ¢ in any
bounded interval. The corresponding expansion of the percentiles of ¢ for large n,
([9] equation (3.33)) may be derived formally from that of the ¢df by means of
an algorithm found by G. W. Hill and the present author ([6]).

b. The regular singularity at infinity. Letting

(5.1) z=1T",
equation (3.8) takes the form
(5.2) dM/dz = {(—27C + 2 oma (2 + ) VIM.

Thus (3.8) has a regular singularity at T = <, with linearly independent so-
lutions corresponding to the (m + 1) latent roots of —C, convergent for |T| > m.
Since C is similar to B, these roots are

(53) ar = %(m i 7')("12 . T) + 1) (T . 01 11 R 7m)'

The a, form a decreasing sequence for increasing r. We now seek to relate these
solutions to f(7T). Let l(m; ny , ns) denote the constant in (2.2). From (2.5) we
have,as T — «,

F(T)y T
= (m;ny, M) fopam (1 =T dorpw)
([T 0™ 4+ T = X w)]
JIr (1 F w7t [T [ — T (e wi + w))]
(54) Jlesicigm (we — wy) dws « -+ dwn
— [I(m; m, ) /Um — 1m0 — 1, me + 1)] [ Dm_1 Om—tini—1,n1(W) dW
= 2T (3(m + 2 — m + 1))T(G(ne + 1))/[F'(Gm)
TGEn)T(3(n — m + 1)) T((ne — m + 2))]

= x(m; ny, ny), say.
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In order to justify the limit, we note that since

(55) U)2++’U)m<T—’U)2<%T,
the integrand is dominated on D,y by a multiple of Orm—tiny—1,n,41 - Since
(5.6) Om-y = 3(n2 — m + 3),

equation (5.4) shows that in the neighbourhood of 7' = 0, the relevant M may
be a linear combination of the solutions corresponding to all roots of —C except
an = 1. Although (5.4) yields the coefficient of the @, solution, the problem of
determining the other coefficients in this linear combination remains unsolved.
A further complication consists in the fact that the a, differ by integers if
ng — m + 1is an even integer, while if n, — m -+ 1 is odd then a, — .0 18 integral.
The solutions therefore involve logarithmic terms. This situation is unfortunate
because the tabulation of higher percentile points of S(T) is of considerable
interest.

If ny > m 4 1, the first four terms in the expansion of F(T') for large T are:

F(T) =1 — k(m;ny, nz)T_%(”z_mH){Z(nz —m+ 1)
+ [T(ne — m + 3)Im(m — 1) — (2ny + ny — 1)]
(5.7) + 4T (2 — m + 5) 7 [m*(m — 1)* — 2m(m — 1)(3ng + ny — 2)
+ 7’ — 2na(nd’ — Bny + 2) + 3(2nS — 2my + 1)
+20m — D (m = 2)m(ne + 1) (na — m + 2)7] + .-},

This result may be derived by applying to H the transformation given later in
Section 7. However, the details will be omitted.

6. The limiting distribution for increasing n; . As n; becomes large, it is clear
that the random variable

(61) T = ’ﬂl_lT = tr {(nl_lsl)sfl}

will converge in distribution. The limiting distribution is perhaps of mainly
mathematical interest, but it has the merit of giving completeness to tables of the
Hotelling statistic. Our discussion in this section will be rather heuristic.

We first obtain an integral form of the limiting density function, which will be
denoted by 0(r). Take ¥ = ¢un;,n, in (2.5). Substituting
(6.2) Wi = NU;, (i = 2, e ,m)

and letting n; — oo it is found that ,
0(7) = limu, e nyf(m 7)
(6.3) = a(m; 1) [, o exp {—3[(r — D rpu)™ + 7, u }
r — 200 ug) Ty w g Hmetmn T (r — XU — ;)

Jlesiciom (u: — u;) dus + -+ du,
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where
(6.4) a(m; ng) = liMg e n " (m; g, ng)
= ™ 2T (A0 )T (3m).

For large 7, one easily shows that

(6.5) 8(r) = O(r¥m™),
The behaviour for small 7 is more complicated. Setting
(66) Vi = TUi, (’L = 2, ,m),

in equation (6.3), we obtain:
0(r) = a(m; ng)r et
(6.7) Samos exp {—(20)7[(1 — XTa0a)™ + Ziao )
(1 = Xavs) a0 3@ Iin (1 — 200 — v))
Jlegicigm (i — v;) dve -+ - dom
where
(6.8) Rmo1 = {0 <t <M 50m <y < (m — DA —vm); o ;
v < va < 1l —wp— - —vm)}.

An asymptotic estimate of 6(r) as + — 0+ may be obtained by means of a
method due to Laplace ([4] Chapter I, Section 3). Consider an integral of the
form

(6.9) F(r) = [S&7p(v) dv.

Suppose that w(v) is real on (n, £) and has its greatest value in the interval at
v = £ with (§) =0, " (£) < 0. Under wide conditions on p, w, We may expect
that, as r — 04,

(6.10) F(r) ~ 36O T, TR (r + 1))er ™,
where

(611) Soroeu = p(3(w))E (u)

and v = {(u) is the inverse of

(6.12) u =+ — @)

The integral involving v, in (6.7) is:
g2 = 3529 exp (— (20711 — X — ) + 05 ]}
(6.13) 1 — X — w7
(1 — s — 2m) [Tiza [ — 208 — 95 — 02) (w2 — )] dn,
where Y denotes D 7 v;.
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Clearly
(6.14) w(ve) = —3(1 — 25 — o) o]
has its greatest value at £ = 2(1 — D _3):
(6.15) w(f) = —2(1 — 2)7
Also,
(6.16) u = +l(§) — o)
= B = 29I —00) + -+,
whence

(6.17) v =f(u) = 31— 2%) — (L — 2Z)lPu+---.
Hence, obtaining p from (6.13):
(6.18)  p(s(u))s’(w)
= w2 = 20T [ o [(1 — 208) — 20 + -+
It follows from (6.10) that
(6.19) 9~ dyrexp {—2r (1 — 25)™
(1= 2™ [z (1 = 25) — ol
where
(6.20) dy = 2",

The same method may be applied successively to thew;, - - - , v,, integrals. The

integral with respect to v, is found by induction to be:

g ~ dyr™ exp { —r*(2r)7(1 — Zr+1)_1} (1— Zr+1)_"r
(6.21) v
Jlizrma [(1 = 2Z0ia) — mf,

where

(6.22) dp = ZI(Jr)pr RO ()b emeior
wr=3r(me 4+ m — 1) — 3(r — 1)(r + 2), Zora = DM,

Hence, as 7 — 0+,

0(r) ~ a(m; na) (TTia )™ g i 205

( 6 23) 1 [’n_}(m—l) (m-+2) m}m(2nz—‘m+1) +1 /2%mnz—}(m—1) (m—2) ( ml )}I‘ ( %n2) ]
. ! m

. e——mﬂ/er—gmnzﬂ(m—z) (m-+3)

Although the above derivation strictly requires that m = 2, it is seen that when
m = 1 (6.23) reduces to



828 A. W. DAVIS

(6.24) 8(r) ~ [2IT (dng) ]t ey dD

which is the density function of + = 1/x%, where x* is based on n, degrees of
freedom.

A system of linear differential equations for 8(r) will now be derived. Let the
following substitutions be made in (2.28):

(6.25) r=mn T, H = diag {1,n ", -+ ,n ™} ]
Then
[tEmiz + {0, -+, 0), (0, ", 20y, -+ -, mmy ),
(6.26) (—m, —(m — 1), ---, =D)}1d]/dr
= {(nl—lbo, ,nl_lbm—l), (—ao, -, —an), (0, ---,0)}].
Formally letting ny — oo, we obtain
(6.27) (tEmy + Q) dJ/dr = —T7],
where .
(628) @ = {(0,---,0),(0,---,0), (—m, —(m — 1), -+, =1)},

r=1{G1,--,m),(a,a, - ,an), (0,0, ,0)}.
In order to show that J has a regular singularity at + = «,set x = 7. Then
(6.29) dJ/dz = £ (Epp + 2Q)7'TJ
{27 + 27 (— @) T

The (m -+ 1) linearly independent solutionsin the neighbourhood of « corre-
spond to the latent roots of ', viz a, (r = 0,1, - -+ , m). In view of (6.5), the re-
quired J may be a linear combination of the solutions obtained from a, - - -
@m_1, and the problem of determining the coefficients arises as in Section 5.

Turning next to consider the solution near r = 0, let

?

(6.30) J = diag {1,777, .-+, 7 K.
Then
(6.31) dK/dr = 7D, 4 DK,
where

Do = $(Enn + Q)78
(6.32) 2={(1,2---,m), (0,---,0),(0,---,0)},
= + (B + Q)7H(0, -+ ,0,--+,0), (@, -+ ,8id, " ,8n —m),
(0, G = Dm =G+ 1), - Q).

The system (6.31) is seen to have a singular point of the second kind (in fact
an irregular singularity) at - = 0 ([1], Chapter 5). In general, such systems have

o
|
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formal solutions which provide asymptotic expansions of the actual solutions for
small 7. As in the case of the regular singular points, we first seek the latent roots
of the leading matrix D, . These may be obtained from the determinantal equa-
tion

(6.33) det (\NEnps + Q) — B} = 0.

The left-hand side is a continuant ([11], Chapter XIIT), and may be written in
centrosymmetric form (loe. cit. Section 549):

(6.34) det {(—N, —2N, .o | —ml), (N, <+ L0,
(=m0 =2\ b} = o,

Hence, a theorem on continuants (loc. cit. Section 576) may be used to evalu-
ate the determinant:

(6.35) Iy — (m — 20)N] = N ITHC DI — (0 — 20)% = o,

where | | denotes the greatest integer part. The matrix D, therefore has
[3(m + 1)] positive latent roots im?®, 1(m — 2)% --- , and [3m] + 1 zero roots.

Again, the presence of equal roots makes any discussion of the complete solution
of (6.31) extremely difficult (see [14]). However, (6.23) implies that the relevant
solution is that corresponding to the largest latent root Lm’, since this solution
approaches zero more rapidly as 1 — 0+ than any other.

Noting that Dy has rank m, there exists a non-singular matrix Q = {g;;} re-
ducing Dy to its canonical Jordon form:

Q_1D0Q={(0;0"";0:"',0)7
(636) (%”7'27% m — 2)2, o !%(m - 2V)2; O) ’0)5
(070’ 200,01, - 71)} =T’

where v = [3(m — 1)], and there are [$m] ones in the lower diagonal.
A suitable set of ¢;; may be obtained from the following recurrence relations:

=1  (G=0-,m; Gm=0(i=1-",m);

gii = ' (m — 2§)’[giay — (m — © + 2)gis,j],
(6.37) (G=1,---,m;j=0--,»);
ii = (gicrinn — (m — 1+ 2)gis, il
(e=1,---,myj=v+1,---,m—1).
Writing
(6.38) K = QG,

equation (6.31) takes the form
(6.39) dG/dr = (X & 1Y1)G,
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where
(6.40) T = Q7DiQ = (vy).
We now seek a formal solution
(6.41) G = B(m;ma)e ™7 i X, (Xoo = 1),

where the constant 8(m; 1) is given by (6.23). The X, = (Xor, ---, Xm) and
5 are to be determined. Substitution in (6.39) yields:

(6.42) X = (1,0,---,0)7 (o + 8 Xoo = 0;
while forr = 1,2, -+ :
X =&Ai.r—1/1:(xm — 1), (6=1,-,7);
(6.43) Xogar = m " Arsie ;
Xip = m(Aigr +xiay), (G =9+ 2,0+, m);
(oo + 7 + N Xor = — 271 v0; X
where
(644) A = =200 FoviiXp+ (r+ 0)Xul, (E=1,---,m;r=0,1, Sy
From (6.42),
(6.45) = —ugo
so that the last relation in (6.43) becomes
(6.46) Xor = —7 " 2 fer 00Xz -
The author has not succeeded in proving in general that
(6.47) veo = §mmy — 3(m — 2)(m + 3)

as required by (6.23) and (6.45). However, this has been verified for some early
values of m.

It has thus been shown that a formal solution (6.41) of (6.39) exists, and we
conjecture that this provides an asymptotic expansion of the required solution as
r — 0. The cdf, O(7) say, is given by an expansion

(6.48) O(7) ~ B(m; me)e ™ 3 U,
where the U, may be obtained from the relation
(6.49) d0/dr = 6(r) = Som0 @i, (G = (Go, -+, Gn)).

An asymptotic development of f(7') for large n, based on 6(r) would clearly
present a difficult problem, and will not be attempted here.

7. The moments of T. Constantine has shown ([3], Section 5) that the mo-
ments of T exist up to the jth, where j is the largest integer such that
j < %3(my — m + 1), and he has obtained expressions for these moments in
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terms of zonal polynomials. In the present section it is shown that recurrence
relations for the moments may be derived from the differential equations (2.19-
20) for the Laplace transforms L.(s). These equations may be written:

(7.1) dL/ds = [s"B* + AL,
where A wasg defined in (2.29) and
(72) B* = {(=bo, "+, =bna), (@", -+, an®), (0, -+, 0)},
e =a —1=23%(m—r)(n — r).

Since L(0) = (1, ---)’ and @, = 0 is the smallest root of B¥, it follows that L
may be a linear combination of the independent solutions corresponding to the
latent roots @,* (r = 0, - -+ , m) (which differ by integers in the same manner as
the a, (Section 5)). In any case, however,

(7.3) L(s) = 2 iLLs" + o(s™), (I = or, -+, Lue))
where j* is the largest integer such that
(7.4) i* < ama = 3(ng — m + 1).

Thus 5* = j, and all moments of 7 up to the jth exist by a standard result on
Laplace transforms, in agreement with Constantine’s result.
The matrix B* may be reduced to diagonal form by the transformation

(7.5) L = mL*
where
(76) M = {za}, 7a= 0w+ n —)[(m+n—i—Fk1]7"
It may also be shown that
(7.7) W = {xh}, wh= (=10
m+n—5—k— )[(n +n — )] (m + ny — %),
and that
(7.8) WA =3 = {(A\%, -+, Mna), (o™, -+ ), (0", o Lo ™)),
where
M=+ D0 —r— Dim+n —r)(mg —m+147)
Jlm +ng — 2r — 2)(m 4+ ng — 2r — 1),

(7.9) w" = [—r(m+ny—r)(m + 200+ ng + 1) + m(ng + ns) (m + ng + 1)]
qm 4+ 1y —2r — D)(m + ne — 2r + D],
Vet = ~(m—r+1Lm+n—r+D(m+n—2r+1)

c(m + ny — 2r + 2)N
The differential equation (7.1) reduces to
(7.10) dL*/ds = [s7" diag {a0¥, -+ , an™} + ZJL*.
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Taking
(7.11) L* = > 01L% + o(s),

the following recurrence relations are obtained for the 1L,* = (g, - -+ , )’

(712) .ﬁ)* == n2![(n1 + n2)1]_1(0; gl :0; 1)’)
L* = diag{(r — @™, -+, (r — am*)_l}zl:‘—u (r=1,--+,7).

The moments of 7’ are then given by

(7.13) &(T") = (=1)7lle = (—1)7Wny + ma)! Dpo o/ (m + my — K1,
In particular, taking » = 1,

(7.14) 1% = nal[(ny + m) 170, - -+, 0, =20ms/(ng — m — 1), ™)',

whence it is easily found that

(7.15) &8(T) = mn/(ne — m — 1).

(Constantine, loc. cit).
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Exact distributions of Hotelling’s generalized 13

By A. W. DAVIS
C.8.1.R.0., Adelaide

SUMMARY

Percentile tables are given for the null distribution of Hotelling’s generalized T'% statistic.
These are obtained by analytic continuation of Constantine’s series using a system of linear
differential equations. The accuracy of certain approximations given by Pillai and Tto is
discussed.

1. INTRODUCTION
Hotelling’s (1951) 7T%2 statistic is defined by
T§ = nytr (S;8:%) = m, T,

say, where S, and S, are independent m x m Wishart matrices on 7, and n, degrees of
freedom, respectively, estimati ng the same covariance matrix, with ny 2 m. The exact null
distribution when m = 2 was given by Hotelling in terms of the Gaussian hypergeometric
function, and tabulated by F.E.Grubbs in 1954, in an unpublished report of Aberdeen
Proving Ground, Maryland. In the general null case, the density function of 7' has been
shown by the present author (1968) to satisfy a linear homogeneous differential equation
of order m, with regular singularities at 7' = 0, — 1, ..., —m and infinity. Constantine’s
(1966) series reduces in this case to the relevant solution of the differential equation in the
unit circle about 7' = 0.

Table 1 presents accurate percentiles of T§[ny = (ng/n,) T, for m = 3 and 4 obtained by
using an equivalent system of first order differential equations to carry out an analytic
continuation of Constantine’s series along the positive real axis. The accuracy of the pro-
cedure was checked by mapping the differential equation on to the unit interval using the
change of variable ¥ = T|(T'+1). Agreement was generally to at least five significant
figures. A similar tabulation has been carried out for m = 5.

2. D1scussioN or APPROXIMATIONS

Figure 1 presents the results of comparing the accurate percentiles with Tto’s (1956)
percentile approximation to O(n;2) and Pillai & Samson’s (1959) Pearson-curve approxima-
tion. The author has extended Ito’s formula to O(ny®), and reports the following reduced
form of the Pearson parameter By

V; 3(c—2)(c+1)4
2

~ gy~ 1) (6= 6) (c—4) (c— 1) (o + 2) 6+ 3) (0 + 1)

where
C="ny—m—1,

A = ny(c+ny) {m(ny— 1) (c®— 52+ 78¢ — 72) 4- 4¢*(5¢c — 6)}
+ 40¥m(ny— 1) (5¢ — 6) +c(c2—c + 2)}.




nz\"h 3
3 25-930*
4 1-1880%
5 42-474
6 25-456
7 18-752
8 15-308
10 11-893
12 10-229
14 9-2550
16 8-6180
18 8:1701
20 7-8384
25 7-2943
30 6-9654
35 6-7453
40 6-5877
50 6-3773
60 6-2433
70 6-1504
80 6-0823
100 5-9891
200 5-8099
0 5-6397
3 6-4845t
4 5-9896*
5 1-2738%*
6 59-507
7 37-994
8 28-308
10 19737
12 15-973
14 13-905
16 12-610
18 11-729
20 11:091
25 10-075
30 9-4785
35 9-0874
40 3-8113
50 8-4479
60 8:2195
70 80627
80 79485
100 7-7932
200 7-4980
© 7-2220

For n,
4

26-996*
1:1929*
41-764
24-715
18-056.
14:657
11-306
9-6825
8-7356
8-1183
7-6851
7-3649

6-8407
6-5245
6-3132
6-1621
5-9606
5-8324
57436
5-6786
5-5896
5-4186
5-2565
6-75007
5-9946%
1-2420%
57-032
35-993
26-599
18-355
14-765
12-803
11-581
10-751
10-152
9-2005
8-6441
8-2793
8-0233
7-6861
7-4745
7-3295
7-2239
7-0805
6-8083

6-5542

5

27-665%
1-1959*
41-305
24:235
17-605
14-233
10-921
9-3234
8-3935
7-7884
7-3644
7-0513

6-5384
6-2311
60253
5-8783
5-6823
5-5577
54715
5-4084
5-3220
5-1562

4-9992

6-91697

5-9976%

1-2219*
55-462
34-721
25-511
17:471
13-990

12-096

10-918

10-120
9-5452

8-6339
8-1022
7-7548
7-5108
7-1894
6-9882
6-5504
6-7502
6-6141
6-3561
6-1156

6

28-125*%
1:1978%
40-983
23-899
17-288
13-934
10-649
9-0680
8-1495
7-5526
7-1347
6-8263
6-3227
6-0196
5-8175
56732
5-4809

- 53587

5-2742
52122
51276
4-0653
4-8116
7-03137%
5-0996%
1-2080%*
54-377
33-840
24-755
16-855
13-448

11-599

10-452
9-6756
9-1173

8-2333
7-7183
7-3822
7-1460
6-8358

6-6416
6-5087
6-4120
6-2809
6-0323

5-8009

8

98-712%
1-2003*
40-562
23-458
16-870
13-540
10-287
§:7271
7-8225
7-2355
6-8251
6-5224
6-0287
5-7319
5-5341
5-3929
52050
5-0856
50031
4-9426
4-8601
47017
4-5519
7-1778%
6-0021%
1-1901%
52973
32695
23-771
16:050
12-737

10-945
9-8359
9-0870
8:5492

7-6992
7-:2050
6-8829
6-6564
6-3599
6-1744
6-0474
5-9551
5-8300
5-5930

5-3725

< m, make the transformations 7, — m, fy—> 7 +n,—m,

10

29-073*
1-2018*
40-300
23-182
16608
13-290
10-057
8-5088
7-6122
7-0307
6-6244
6:3249
5-8365
5-5431
5:3476
5-2081
5:0224
4-0044
4-8229
4-7632
4-6817
4-5252
4-3773
7-26757
6-0035%
1-1790*
52:102
31-984
23157
15-544
12288
10-530
9-4444
87117
81861

7-3560
6-8739
6-5598
6-3392
6-0503
5-8696
5-7460
5-6562
5-5344
5-3037
5-0892

Table 1. Upper percentage points for Hotelling’s generali

12

29-316%
1-2028*%
40-120
22-992
16-427
13-118
9-8974
8-3566
7-4649
6-8868
6-4830
6-1853
5-7001
5-4085
5-2143
5-0757
4-8911
4-7739
4-6929
4-6336
4:5525
4-3970

4-2499

7-3281%
6:0046*
1-1715%
51-509
31-498
22-737
15197
11-978
10-243
9-1724
8-4503
7-9325

7-1162
6-6407
6-3317
6-1147
5-8305
5-6528
5-5312
54428
5-3230
5-0961
4-8849

15

29-561*
1-2038*
39-937
22-799
16-241
12:941
9-7320
8-1982
7:3110
6-7360
6-3343
6-0383
5-5555
5-2654
50720
4-9340
4-7502
4-6334
4-5526
4-4935
4-4126
4-2574

4-1104

7-38011
6:0056*
1-1638%
50:906
31-002
22-308
14-840
11-659
9-9462
8-8900
8-1782
7-6679

6-8627
6-3953
6-0909
5-8771
5-5970
5-4218
5-3019
5-2147
5-0965
4-8725

46638

zed To/n,

m — n, before calculating T%In,.

20

29-809*
1-2048%
39:750
22-600
16051
12758
9-5603
$:0330
7-1497
6-5772
6-1771
5-8822
5-4010
51116
4-0185
4-7806
4-5967
4-4798
4-3988
4-3395
4-2583
4-1023
3-9541
7-45111
6-0067*
1-1561*
50-292
30-496
21-868
14472
11-328
9-6377
8-5955
7-8934
7-3901

6-5958
6-1346
5-8339
5-6227
5-3457
5-1722
50535
4-9670
4-8497
46270
4-4190

25

29-959*
1-2054*
39-635
22-479
15-934
12-646
9-4541
7-9301
7-0488
6-4774
6-0780
5-7834
53025
5-0129
4-8195
4-6813
4-4965
4-3793
4-2079
4-2381
4:1563
3-9988

3-8487

7-4883F
6-:0071*
1-1514#
49-918
30-188
21-599
14-246
11-124
9-4463
84121
7-7154
7-2159

6-4273
5-9690
5-6700
5-4598
5-1838

5-0108
4-8922
4-8058
4-6883
4-4650

4-2557

40
30-19*

1-2063*

39-462
22-294
15-755
12-473
9-2897
7-7700

6-8908
6-3204
5-9212
5-6266

5-1446
4-8535
4-6586
4-5189
4-3319

4-2123
4-1292
4-0680
3-9840
3-8212

3-6642

6-008%*

1-144*
49-349
29-718
21-188
13-899
10-809

9-1490
81260
7-4365
6-9419

6-1598
5-7042
54063
5-1962
4-9196

4-7455
4-6258
4-5383
4-4190
4-1906

3-9738

60
30-31*

1-2068*

39-366
22-190
15-653
12-375
9-1955
7-6777

6-7991
6-2287
5-8292
55341

5-0503
4-7575
4-5608
4-4195
4-2297

4-1078
4-0227
3-9600
3-8734
3:7042

3-5384

6-008*

1-141%*
49-04
29-452
20-955
13-702
10-628

8:9780
7-9605
7-2743
6-7818

6-0019
5-5464
5-2478
5-0367
4-7578

4-5815
4-4598
4-3706
4-2484
4-0124

3-7843
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m=4 5™ 4

4
5
6
7

8
10
12

14
16
18

20-

25
30
35
40
50

60
70
80
100
200

1%

49-964*
1-9964*
65-715
37-343
26-516
17-875
14-338 |

12-455

11-295

10-512
9-9500

9-0585'
8-5377
8-1968
7-9566
7-6404

7-4417
7-3054
7-2061
7-0711
6-8143

6-5741

12491+
9-9992*
1-9377+
85-053
51-991
29-789
21-965

18-142
15-916
14-473
13-466
11-924
11-055
10-499
10-114
9-6141

9-3053
9-0954
8-9437
8-7388
8-3542

8:0000

5

51-204%*
2-0013*
64-999
36-629 -
25-868
17-326
13-848

12-002

10-868

10-104
9-5560

8-6884
8-1825
7-8517
7-6188
7-3125

7-1202
6-9884
6-8924
6-7619
6-5139

6-2821 -

12-8001
10-004*
1-9064*
82-731
50-178
28-478
20-889
17199
15-059
13-674
12-710

11-237

10-409
9-8801
9-5138
9-0400

8:7472
8-5485
8-4048
8-2111
7-8476

7-5132

6

52-054*
2-0046*
64-497
36-129
25-413
16-933
13-500_

11-680

10-563
9-8121
9-2736
8-4223
7-9265
7-6026
7-3746
7-0751

6-8872
67584
6-6646
6-5372
6-2952
6-0692

13-012¢
10-008%
1-8848+
81-125
48-921
27-566
20-138

16-539
14-457
13-112
12-177

10-751
9-9509
9-4405
9-0872
8-6308

8-3490
81578
8-0197
7-8334
7-4842

7-1633

8

53-142%
2-0087*
63-841
35-474
24-814
16-424
13-037

. 11-248

10:154
9-4190
8-8926

8-:0616
7-5784
7-2631
7-0413
6-7501

6-5676
6-4426
6-3515
6:2279
59933

- 57743

13-283+
10-012%
1-8570%
79-047
47-290
26-376
19-154

15-670
13-662
12-368
11-470

10-103
9-3382
8-8511
8-5142
8:0795

7-8114
7-6297
7-4984
7-3214
6-9900

6-6857

TABLE 1 (cont.)

7

* Multiply entry by 100.

T Multiply entry by 102,

10 12 15
53:-808*  54-258*  54-71%
2-0112%  2-0128%  2.0145*
63-432 63-151 62:866
35-064 34-782 34-495
24-437 24-178 23912
16:008 ~' 15-872 15640
12-741 12535 12-321
10-972 103778 10-577
9-8904 9-7054 9-5119
9-1647 8-9857 8-7978
8-6453 84708 . 8-2871
7-8261 7-6590 7-4821
7-3502 7-1876 7-0147
7-0897 6-8801 6-7099
6-8214 6-6640 6-4955
6-5350 6-3804 6-2143
6-3555 6-2027 6-0381
6-2325 6-0809 5-9173
6-1430 5-9924 5-8294
6-0215 5-8721 5-7101
5-7910 5-6439 5-4836

T 55758 T 54309 T 52721
13:449+  18'561%  13-67t
104014% - 10-016*  10-018*
1-8398% ©  1-8281*  1-8162*
77-769 76-882 . 75-989
46-276 45583  44.877
251632 . 25-121 24-597
"18:534 . 18-108 17-668
154121 14-742 14-349
-13:157 12:807 12-444
11/894 11-564 11-221
11-018 10-703 10-374
9:6871 9:3951 9-0890
§-9430 8:6646 8-3715
8-4695 8-2000 7-9153
81424 7-8791  7-6002
77204 - —7-4652 -~ 7-1938
7-4603 7-2101 6-9434
7-2840 7-0373 6-7736
7-1567 6-9124 6-6510
6-0851 6-7443 6-4858
6-6639 6-4293 6-1763
6-3691 6-1402 5-8920

20

55-17*
2-0161%
62-573
34200
23-639
15:399"
12-099
10-366
9-3085
8:5996
8-0926
7-2933
68291
6-5262
6:3131
6-0334

5-8581
57378
5-6503
5-5313
5-3053

5-0940

1379+
10-02%
1-8041*
75-082
44-156
24-060
17-215
13-943
12:066
10-863
10-030
8-7658
8-0602
7-6115
7-3015
-6-9015
6-6548
64875
6-3666
6-2036
5-8979

5-6164

25

55-46%
2-0171%
62-396
34-019
23-471
15-250
11-961

10-234

. 9-1810

8-4748
7-9696

7-1730
6-7101
6-4079
6-1952

5-9157 .

5-7403
5:6200
5-56323
5-4131
5-1863

4-9737

1387t
10-02%
1-7969*
74-522
43-715
23-731
16-936

13-691

11-831

10-639
9-8138
8-5618
7-8626
7-4177
7-1102
6-7131-
6-4679
6-3015
6-1812
6-0189
5-7138

5-4323

40

2-019%
62-13
33-75
23-214
15-021
11-747
10-029

8-9808

8-2778

7-7748

6-9805
6-5181
6-2156
6-0023
5-7214

5-5446
5-4230
5-3343
5-2133
4-9819

4-7629

ol Pozypaoual s busppiofr fo suovmquigsip ooy
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190 A. W. Davis

In the regions below the curves, the corresponding approximations achieve three-decimal
accuracy. The Pearson curve method is seen to be applicable over a remarkably wide range
of parameter values, both for increasing 7, and n,. In the shaded regions of Fig. 1, the error

ny n

0 10 20 30 40 50 0 10 20 30 40 50 60

20 = A

40 1 \
1) \\

60 _—--..._____.‘-“‘ \\

-,

S %
80 - \ o T - 80
= <

Y
4
L

m=3;5Y%

20 - 3 -1 20
40 T - 40
ny n,
60 |- /// \ + 60
_—;-—l—-""-'—-’
80 |~ A 80
100 1 1 1 1 1 1 1 1 1 1 100
0 10 20 3 40 5 0 10 20 30 40 50 60
ny n
Fig. 1. Regions of three-decimal accuracy for approximations to T§/n;. ——, Pillai; — -,
Tto (ny3); «oveee , Tto (n;2). In the shaded regions Pillai’s approximation is not accurate to

three decimal places.
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of the Pillai approximation increases slightly after three-decimal accuracy has been attained
for small n,, and then decreases again as n, increases. This effect becomes more pronounced
for increasing m.

The accuracy of the Ito-type expansions falls off sharply for large n,, but nevertheless
these provide useful direct formulae. The cusps occur because for fixed 7y the error in the
O(n;®) approximation changes sign from negative to positive as n, increases, briefly
producing a sharp rise in accuracy.

The author’s grateful thanks are due to Miss J. Hawkes for preparing the tables, and to
Mr Murray Childs for drawing the diagrams.
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1. Summary

The null distribution of the Hotelling-Lawley generalized T¢ statistic
has been shown [4] to satisfy a homogeneous linear differential equation
(d.e.). The latter has been used to tabulate some exact percentage points
of T} by analytic continuation of Constantine’s [3] series, and a table
for the 5-variate case is presented in this paper. The Ito-Siotani [9],
[16] asymptotic expansions for the distribution function and percentage
points of 7¢ are also extended.

2. The differential equation
The Ty statistic of Hotelling [8] and Lawley [11] is defined by
(2.1) Ti=mn,tr §;S;'=n,T,

say, where S; and S, are independent m xXm Wishart matrices based on
n, and n, degrees of freedom, respectively, estimating the same popula-
tion covariance matrix. In the general case when S, has a non-central
Wishart distribution, Constantine [3] has given a power-series represen-
tation of the density function f(T) of T, which is valid for 0 <7 <1.
The exact null distribution when m=2 was found by Hotelling [8] in
terms of the Gaussian hypergeometric function. This result was extend-
ed by the present author [4], who showed that f(T') satisfies a d.e. of
fuchsian type of order m, with regular singularities at T=0, —1, —2,
..., —m and oo. Constantine’s series reduces in the null case to the
relevant solution of this d.e. in the unit circle about T=0.

When n,, n,=m, the d.e. for f(T') is equivalent to a first order
matrix d.e. ([4], Section 3):

* This work was partly supported by The National Institutes of Health Grant GM-
12868-05.
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78 A. W. DAVIS

2.2) diag (T, T+1, - - -, T+m}dMJdT=CM,
where

(2.3) M(T)y=(M\(T), ---, M(T)y

is an (m-+1)-vector with

(2.4) M(T)=£(T),

(2.5) i (T+5)MAT)=0.

The constant (m+1) X (m+4-1) matrix C has the form

_aO!ﬁ(]; 0, 0’ """ ,O =
715 O, ,31’0; """ ,0
0
(2.6) c=|
Ym—1s X1, ﬁm—l
ol U 07 Tms 247
= {(ﬁOr ‘Blv R} .Bm—l)) (aO’ tt am)! (TI: Tty Tm)} ’
say, where

;= [(m—20)m,— ing+ (2 —mi—i—2)1/2,
(2.7 Bi=(+1)(n+n,—1)/2,
o= —(m—i+1)(n—i+1)/2 .

Since (2.2) may be rewritten as
2.8) dMJdT= { S(T+nV.i M,
r=0

where V, is obtained by replacing all elements of C by zeros except
those in the rth row (r=0,1, ---, m), it follows from the general theory
of such systems ([2], Chapter 4) that the d.e. has regular singularities
at T=0, —1, ---, —m and oo. The (m+1) linearly independent solutions
of (2.2) in the unit circle about T'=0 correspond to the latent roots of
V,, i.e. zero (with multiplicity m) and

(2.9) a,=mmnf2—1.

In virtue of Constantine’s result [3], the relevant solution is given
by the latter root:



DIFFERENTIAL EQUATION FOR HOTELLING’S GENERALIZED Ty? 79

M(T)=k(m; n,, n) T™2 53 W, TV,
(2.10) =

(Wj:(W()j! o 'meJ)I; VVoo:L [ T[<1) °

Here the My(T) component is the null case of Constantine’s series,
and ([3], equation (2)),

(2.11) k(m ;5 my, o) =Lo((n 1) [2) [ T (mn,y [ 2)17,(1,/2)
where
2.12) [(2) =gmen=brs Tj I(z—i/2).

The following recurrence relations for the W,; are obtained from
(2.2):

Wi=0u, (Kronecker’s delta) ;

i(J +mm 2= D)Wy =y Wiy, + e — (G +mn/2—2)IW,; ;_,
+B:Witt,5-1, (=1 ---,m; 7=1,2,--.);

IW=(n+n)Wy,/2 .

(2.13)

The d.e. (2.2) may be used to carry out an analytic continuation of
the solution (2.10) along the positive 7' axis, noting that at any “ordinary”
point T%>0 it is sufficient to know M(T*)=(M(T*), - -+, M,(T*)) in or-
der to construct the solution in the neighbourhood of T*. A computer
program has been written which effects this analytic continuation, and
calculates percentage points of T¢/n, by the Newton-Raphson method.
Table 1 presents results for m=5. Brief tables for m=3 and 4 will be
reported elsewhere [5]. For n,<<m, the distribution of T is obtained by
the transformations [3]

(2.14) N—m, m—n,, Ny— N+ Ny—Mm

so that Table 1 may also be used for n,=5, and values of m between
6 and 60.

As a check on the accuracy of the program, the range of T was
mapped onto the unit interval (0,1) by Y=T/(T+1), and the percentage
points recalculated using the transformed d.e.. For m=2,3,4 and 5,
n, <60 and n,=m, the results agreed to five significant figures, except
for small n, and large n,. However, even for such relatively extreme
values of the parameters as m=5, n,=40, n,=20, the values arrived at
(a) by analytic continuation of Constantine’s series and (b) after trans-
formation onto (0, 1), were
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Table 1. Upper percentage points for

nz\\nl 5 6 8 10
5% 5 81.991 + 83.352 + 85.003 + 86.160 +
6 3.0093+ 3.0142+ 30204+ 3.0241+
7 93.762 93.042 92.102 91.515
8 51.339 50,646 49.739 497170
10 27.667 27.115 26,387 95927
12 20.169 19.701 19.079 18.683
14 16.643 16.224 15.666 15.309
16 14,624 14.239 13.722 13.389
18 13.326 12.963 12.476 12.161
20 12,424 12.078 11.612 11.310
25 11.046 10.728 10.297 10.016
30 10.270 9.9689 9.5592 9.2907
35 9.7739 9.4836 9.0879 8.8277
40 9.4292 9.1469 8.7613 8.5070
50 8.9825 8.7107 8.3385 8.0021
60 8.7057 8.4406 8.0769 7.8355
70 8.5174 8.9570 7.8091 7.6612
80 8.3811 8.1241 7.7705 7.5351
100 8.1969 7.9446 7.5969 7.3649
200 7.8505 7.6070 7.2706 7.0451
- 7.5305 7.2955 6.9698 6.7505
1% 5 20.495 * 20.834 * 21.267 * 21.53 *
6 15.014 + 15.019 + 15.025 + 15.029 +
7 9.7354+ 2.7045+ | 2.6646+ 2.6400+
8 1.1498+ 11276+ | 10989+ 1.0811+
10 48.048 46.670 44.877 43.758
12 31,108 30.065 28.701 27.846
14 24.016 93.145 22.001 21.279
16 20.240 10,472 18.459 17.817
18 17.929 17.228 16.302 15.713
20 16.380 15.727 14.862 14.310
25 14.107 13.529 12.759 12.265
30 12.880 12.345 11.629 11.167
35 12.115 11.607 10.926 10.486
40 11.593 11.105 10,448 10,022
50 10,928 10,465 9.8408 9.4336
60 10.523 10.076 9.4712 9.0758
70 10,251 9.8142 9.2229 8.8354
80 10.055 9.6261 9.0446 8.6629
100 9.7929 9.3742 8.8058 8.4319
200 9.3055 8.9065 8.3629 8.0036
o 8.8628 8.4820 7.9613 7.6154

+ Multiply entry by 100. * Multiply entry by 104,

(a) (b)
Upper 5% point 10.25171  10.25169
Upper 1% point 12.43142  12.43134.

The entries given in Table 1 are 10.252 and 12.431, respectively. It
may be noted that the null distribution of Pillai’s trace [13]

(2.15) V=tr Si(Si+8)™"

satisfies a d.e. obtained from (2.2) by the transformations
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Hotelling’s generalized Ty?/ni, (m=5)

12 15 20 25 40 60
86.88 + — —_ — —_— —
3.0266+ 3.0291+ 3.032 + — — —_
91.113 90.705 90.29 90.04 — =
48.780 48.382 47.973 47.723 47.35 —
25.610 25.284 24.947 24.740 24.422 —
18.409 18.124 17.830 17.647 17.365 17.20
15.059 14.800 14.530 14.361 14.100 13.95
13.157 12.914 12.659 12.499 12.250 12.105
11.939 11.708 11.463 11.310 11.068 10.928
11.097 10.874 10.637 10.488 10.252 10.113
9.8168 9.6061 9.3814 9.2386 9.0102 8.8745
9.0995 8.8964 8.6785 8.5389 8.3141 8.1790
8.6419 8.4437 8.2301 8.0926 7.8693 7.7339
8.3250 8.1303 7.9195 7.7833 7.5607 7.4247
7.9150 7.7248 7.5177 7.3829 7.1605 7.0229
7.6615 7.4741 7.2692 7.1351 6.9124 6.7730
7.4894 7.3039 7.1004 6.9667 6.7434 6.6024
7.3648 7.1807 6.9782 6.8448 6.6208 6.4785
7.1968 7.0145 6.8133 6.6801 6.4550 6.3103
6.8811 6.7023 6.5032 6.3702 6.1416 5.9908
6.5902 6.4144 6.2171 6.0838 5.8499 5.6899
15.033 + 15.03 + 15.06 + — — e
2.6232+ 2.6064+ 2.590 + 2.579 + — e
1.0689+ 1.0567+ 1.0440+ 1.0364+ e e
42.992 42.210 41.408 40.921 — —
27.257 26.653 26.031 25.648 25.06 24.71
20.781 20.268 19.736 19.408 18.90 18.61
17.373 16.913 16.435 16.138 15.678 15,412
15.304 14.878 14.435 14.159 13.727 13.478
13.925 13.525 13.105 12.843 12.431 12.192
11.918 11.555 11.172 10.930 10.547 10.322
10.842 10.500 10.136 9.9059 9.5378 9.3188
10.174 9.8453 9.4944 9.2706 8.9106 8.6946
9.7204 9.4006 9.0581 8.8387 8.4838 8.2691
9.1441 8.8361 8.5041 8.2901 7.9404 7.7261
8.7938 8.4930 8.1674 7.9563 7.6090 7.3940
8.5586 8.2626 7.9411 7.7319 7.3858 7.1697
8.3899 8.0973 7.7787 7.5708 7.2251 7.0078
8.1638 7.8758 7.5611 7.3547 7.0093 6.7897
7.7448 7.4652 7.1572 6.9532 6.6062 6.3798
7.3650 7.0929 6.7903 6.5878 6.2361 5.9984
T— -V,
(2.16)

M—m—n—n,+1,

m and 7, remaining unchanged. This d.e. therefore has regular singu-
larities at 0,1,2, .-+, m and oo, i.e. within the range (0, m) of V. How-
ever, the program written for the present paper may with trivial modi-
fications be used to calculate accurate percentage points of V in the
ranges (0,1) and (m—1,m), and some investigation has been made of
approximations to its distribution [6].
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3. Extension of the lto-Siotani asymptotic expansions

As m,— o0, the null distribution of T approaches the chi-squared
distribution on mm, degrees of freedom, and we may show that its cu-
mulant generating function

(3.1) K(#)=log E exp (i0T7) (0 real)

may be developed in an asymptotic expansion for large n, of the type
considered by Box [1]:

(3:2) K(0)— (mn,f2) log (1—2i0)+3 o {1 —2i6) " —1].

The o, are functions of m, ny and 7,, and will be given below to
order n;t. Writing t=T¢, introduce the vector of functions
(3.3) N(@E)=(Ny(t), - - -, Nal®))’
=mn, diag {1, Ny, -+ -, 7} M(t[1s) ,

Ni(t) being the density function of t. Then N may be shown [4] to
satisfy the d.e.:

(8.4) diag(nz',my't+1, -+, n;lt—i—m)dN/dt:[Ao+n;‘Al+n;zdg]N,
where

4,=1{(0, +++,0), (0, =1/2, =1, -+, =m[2), (ri, =+ > 7w)} 5
(3.5) 4,={(1/2,1, - -+, m/2), @, -+, &n), (0, - <+, 0)} ,

4,={(Bor *+ *» B}y (0, =+, 0), (0, -+, 0)},
and
a,=[(m—2i)n,+2¢*—mi—1—2]/2,
B=(+ D) (m—19)/2.

If we take the Fourier transform of N,

(3.6)

3.7) 00 =" “NOdt=(C0), -+ Cal®)) , (0 Teal),

so that Cy(6) is the characteristic function of t, then C clearly satisfies
a first-order matrix d.e. with respect to 46 which we omit,
Let

Q(6)=log [(1L—2i8)™"*Cy(0)] = (mn4[2) log (1—2i6)+K(6) ,
Rj(e)zcj(g)/co(a) ’ (j':lv B & m) ’

3.8)
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and assume expansions of the form

(3.9)

Q) ~ 33 w,[(1—2i6) " 1]

R(O)~3 &, —2i0) "1, (=1, -+, m).

The following recurrence relations may be obtained :

(3.10)

2rw,=2(r—Dw,_+mnd, ,+1L+n'n)é, , ,

where the &, , are given recursively by :

(3.11)

Eo,r :$r,0:50.r ’

jEj,r :27’;‘51--1,7_1_n2_1[11+2(7'_1)]5j,r-1
+ [nil(j+1)2n§2ﬂj]$j+1,r_1+n;1[mn1+2(7'—2)]5j,r—2

r—2
+2nz_1 sgl Sws(é],r—s—z_éj,r—s—l) »
(.7:17 e, Mg 7':1,2, "')7

=j(m+2n,—254+1), (J=1,.--,m).
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The first eight », are necessary to give the expansion (3.2) to order n;*:

(3.12) J

;= —mni2n, ,
;= (1/4)ymn [n; ' (m~+n+1)+ 0 n(m+2n,+ 1)1,

w3=—(1/6)mn {(n;*+n;*n,) [m*+3m(2n,+1)
+(Ani+6n+4)]+n;*nk} ,

= (1/8)ymn{n;*[2m*+ 5m(n,+1) 4 (2n2+5n,+5)]
+n; [mP - 2mA(Tn,+ 3) + m(34n? + 89n,+21)
+ (157 -+ 3403+ 47m, -+ 20)]
Fnr [0 4 6mA(2m, + 1)+ m(29n2 - 34m, -+ 21)
“+ (140} + 290} +42n,4-20)]} ,

;= —(1/10)mn, {5nz *[m* +m*(Tn, +5)+ 2m(5ni+9n,+7)
+ (31 +10ni+ 191, +12)]+ 1y *[m* + 5m?(5n, +2)
+5m*(26mi+27n,413)+10m(18n}+ 35n2 4+ 42n, 4 16)
+4(14ni+45n}+100ni+95m,+37)]+ 0(n; %)} ,

wo=(1/12)mn, {ny¥[5m® 4 22m¥(n, + 1)+ 2m(11ni -+ 27n, -+ 26)
+ (50342203 +52m, -+ 41)] + 15 [9mA + 15m*(8n, 4-5)
-+ m¥(388n3+585n, 4 397) + 3m (12204 332n + 531, - 289)
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- (84m4 1-366m +1048n3 -+ 1350m, 4 732)14-0(n: %)}

wy= —(1/2)mny[3mi+ m*(27n, +22) + m*(62n} + 1221, 4100)
+m(44ni+154n3 42990, 4 199)
+4(2n! + 110} +38ni+60n,+39)1/ni+0(n;®) ,

0= (1/16)mn,[14m* +93m(m, +1) +m*(164n: 4 398n, +374)
+ m(93n2+398n2 + 8997, +690)
(147 -+ 93m3 -+ 874n2 +690m, +509)] /i -+ 0(n;?) .

For r=9, the o, do not exceed 0(n;®); apparently, o,=0(n;"""") where
[ 1 denotes the integer part. The first six o, have been given to 0(n;?%)
by Muirhead [12], using partial d.e.’s for Constantine’s hypergeometric
functions of matrix argument. Exponentiation of (3.2), followed by in-
version of the resulting linear combination of chi-squared characteristic
functions, in principle yields an extension of Ito’s and Siotani’s expan-
sions of the cumulative distribution function of 7¢ in the null case.
Their formula for T} percentiles in terms of percentage points, u say,
of yma, may be extended using a general inversion of Box-type expan-
sions [7] and the above »,. To order n;*:

(3.13) T ~u+(1/2n)[u(m —n+1)+u’(m~+n+1)/(mn,+2)]
+(1/24n3) (u[Tm?—12m(n, — 1)+ (Tni—12n,+1)]
+u18m?+24m —11ni+T]/(mn,+2)
+ut[dmPn, -+ 2mA(3n? 4 3n, +10)4-2m(2ni4-3ni+- 177, +18)
+4(5ni+9n,+2)]/(mn, +2) (mn.+4)
+6ut(m—1) (m+2) (n,— 1) (n,+2)/(mn,+2)*(mn,+4) (mn,+6)}
+(1/48n3) {3u[3m® — Tmi(n,—1) +m(Tni—12n,+1)
— (302 —Tni+n,+8)]+u'[23m’ —m*(19n,—59)
—m(13n2+36mn,—29)+ (1Tni —13n!—13n,—T)]/(mn,+2)
+2u [ Tmin, 4 2m*(2ni+8n, +17) — m*(2n — 9ni—29n, —88)
— m(bnt+ 203+ 130} — 46m, —46) — (26mi4-20ni—22n, + 8]/
(mn,+2) (mn, +4) 4 2ui [ mini 4 2min, (T +Tn, —6)
— mA(An'—21ni—83ni+4)+mi(ni—4ni—Tni+70ni-+196n,+16)
+4m(6ni+4ni+5Tn+25)+4(1Tni+22ni —11n,+ 20)] /
(mm,+2)*(mm, +4) (mn, +6) — du®(m —1) (m +2) (n,— 1) (n+ 2)
X [mn; + m(n2+Tn,— 28) — 4(Tn, + 4)]/(mn, +2) (mn, +4)
X (mmn,+6) (mn, +8)+8u(m —1) (m+2) (n,—1) (n,+2)
X [mn;+m(ni+4n,—10)— (10n,44)]/(mn, +2)*(mn, +4)
X (mmn,+6) (mn, +8) (mn,+10)} +0(n;*) .
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We note also that, corresponding to (2.16), the cumulant generating
function of Pillai’s n,V may be expanded in the form (3.2), with co-
efficients o,,, related to those for T? by

(3.14) (—m) @,y =mn,(n,—m—1)"/2r
+ é <;’I: %) (m — N —Ne + 1)s(n1—m — 1)T_S(I)‘:,< ,

where of is obtained by replacing n, by m—n;—m,+1 in w,. The w,,
thus specified agree with those given by Muirhead [12] to order m;*®.
A percentile expansion for m,V corresponding to (3.13) may also be de-
rived [6].

4. Discussion of approximations

Another approach to approximating the distribution of T3 has been
taken by Pillai and his associates ([14], [15], [17]). They have given for-
mulas for the moment-ratios g, and B, required for fitting a Pearson
curve. The rth central moment p,. of T? exists if r<(n,—m+1)/2,
([3], Section 5), so that g, and B, are defined if n,>m+7, independently
of the value of n,. In the present notation,

_ a3 8(1’!.-—m—g)(ng—m)(nz—i—ﬂt—1)2(2??’14‘?1’2_??3_1)2
11) =iy S 1)’
( ) 181 !’t /# m’n!(lnz._ 1)(‘”,2—1?3,—5)2(%2—m+1)2(n1+n2_m_1)

Also, writing
4.2) c=ny—m—1,

the following reduced form of g, has been derived by the present author
from the recurrence relations for moments given in [4], Section 7.

3e—2)(c+1)A

(4.3)  B=plpi= mny(ny,—1) (c—6) (c—4) (c—1) (¢ +2) (c+3) (e +ny)

where
(4.4) A=n(c+ny)[m(n,—1)(c*—5c*+T8¢—T72) + 4c*(5¢c —6)]
+4c [m(n,—1)(5e—6)+c(c*—c+2)] .

The mean and variance of 7¢ are also required in fitting a Pearson
curve :
m=mnun,/(n,—m—1),
(4.5)
pe=2mnmi(n;—1) (n+n,—m—1)[(n,—m —3) (n,—m — 1) (n,—m) .

It may be noted that the transformation (2.16) converts the above
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quantities into those required for fitting a Pearson curve to V.

The extended tables of the Pearson curve given in [10] have been
used to compute the Pillai approximation to 77, and its accuracy has
been compared with that of the Ito-Siotani approximation. The results
will be presented in diagram form in [5]. Briefly, the Pillai method
gives remarkably accurate percentage points for m=5 provided =, and
n, are not both small. On the other hand, the accuracy of the Ito-
Siotani approximations (3.18) falls away as m, increases. However, the
latter has the advantage of being a direct formula, and its accuracy is
considerably improved by the addition of the ny® term. For m=<4, n =
30, formula (3.13) achieves 3-decimal place aceuracy for the 19, points
of T¢m, for smaller values of n, than Pillai’s approximation.
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FURTHER TABULATION OF HOTELLING'S GENERALIZED T%
A.W. Davis

C.S.I.R.0. Division of Mathematics and Statistics,
) Glen Osmond, South Australia.

ABSTRACT

A linear homogeneous differential equation of the author's
is applied to tabulate accurate upper 5% and 1% points of the null
distribution of Hotelling's generalized T% for m = 6 through

10 variates, extending previous tabulations of this statistic.

1. INTRODUCTION

Hotelling's (1951) generalized Tg is defined by
T =7T2/n, = tr 5 5. (1.1)
0" "2 172

where S1 and 82 are m x m matrices with independent Wishart
distributions on n, and n, degrees of freedom respectively. This
statistic may be used, for example, as a multivariate analogue of
the F statistic in testing linear hypotheses based on the multi-
variate linear model; in this case, S1 and S2 are the hypothesis

and error sum of products matrices, respectively.



As yet, no explicit expression for the exact null distribution
of T has been given in the general case. Constantine (1966) gave
a series expansion which is valid for ITI < 1. Hotelling (1951)
derived the distribution for m = 2, and explicit results for
m < 4 and small n, were obtained by Pillai and Young (1971) and
Pillai and Sudjana (1974). The latter paper also discusses a
rearrangement of Constantine's serles in terms of beta denmsities,
suggested by Pillai. As indicated in Section 2, this series is
convergent for 0 < T < m/(m - 2); thus, while it may yield some
useful results for m £ 6 and small nl(see Tables VI, VII and VIII

of Pillai and Sudjana, 1974), for larger m and n, it will only be

1
useful for increasingly large n,.

The present author (Davis, 1968) showed that the null density
of T satisfies a linear homogeneous differential equation (d.e.)
of order m. Constantine's series reduces in the null case to a
single fundamental solution of this d.e. at T = 0, convergent in
the unit circle. The d.e. was used to tabulate upper 5% and 1%
points of T for m = 3, 4 and 5 (Davis 1970a, 1970b) by analytic
continuation of Constantine's series outside the unit circle.

Apart from some percentage points for m = 6, n, = 6, 8 and

1
large n,, computed by Pillai and Sudjana (1974) using the series
mentioned above, no extensions of the author's tabulations have
been made subsequently. It thus seems worthwhile to show that the

d.e. approach continues to be useful for larger m by presenting

5% and 1% points for m = 6 through 10, and n, ranging up to 35



(see Table). The method did however encounter difficulties for

<
n, <m+ 4.

2. THE DIFFERENTIAL EQUATION

It was shown in Davis (1968) that an (m + 1)-vector

M(T) = (MO(T), . Mm(T))' (2.1)
may be defined, in which MO(T) = f(T), the null density function
of T, and the remaining Mi(T) are certain auxiliary functionms,
such that M satisfies a differential equation

(TT .. + A)dM/dT = CM. (2.2)

m+1
Here Im+1 denotes the (m + 1) x (m + 1) unit matrix, A is a

diagonal matrix

A = diag{0, 1, ..., m}, (2.3)
and
( s BO’ 0, 0, aeswwaseass , 0
Yl, ul’ 81} 0’ L I R 3 O
C = 0 (2.4)
Ym—l’ m-1° "m-1
0 wmaem oo Tk Saese 0o ., v )
m m
where
a; = {(@ - 24)n, - in, + (212 - mi - 1 - 2)}/2,
Yi = =@ -1+ D -1+ 1)/2



Since (2.2) may be rewritten as

aw/ar = {J7_ (1 + )7V I, (2.6)
where Vr is obtained by replacing all elements of C by zeros
except those in the r th row (r = 0, 1, ..., m), it follows from
the general theory of such systems (Hille, 1969, Ch. 5, Appendix B)
that the d.e. has regular singularities at 0, -1, ., =m and
infinity. The (m + 1) linearly independent solutions of (2.2) in
the unit circle about T = 0 correspond to the latent roots of Vo>
i.e. zero (with multiplicity m) and

a = mnl/Z - 1. 2.7)

In virtue of Constantine's (1963) result, the relevant solution
is given by the latter root,

mn, /21 j
M(T) = k(m; n,, n)T Zj=0 w1, (2.8)

H_j it (woj’ ee 0y ij)') WOO - 1’ |T| = 1’

where
k(m; n;, n,) = r ((m; + nz)/Z)/I'(mnl/Z)l"m(nZ/Z), (2.9)
r (z) = Rm=1) /b ni‘:(l) r(z - 1/2).

The following recurrence relations for the Wi are obtained

|
from (2.2),

Wio = 610, (Kronecker's delta),

i(5 + mn1/2 - l)Wij = Yiwi-l,j + {ai - (3 + mn1/2 - 2)}wi,j—1

B Wiy geir =1 oy mp i = 12,00,

"

(2.10)

iw (n, + n )W, . /2.

0§ = ‘P T MWy



In the neighbourhood of any point a > 0, M(T) may be expanded in
a series

M(T) = Z;O H; (T - a)l. (2.11)

Recurrence relations for the E; are derivable from (2.2),
requiring only the value of_ﬂg = M(a) as a starting point. This
is the basis of the analytic continuation procedure. The
flexibility of the d.e. approach as a computational tool is further
indicated by the ease with which T may be transformed into
another variable, for example
T/8

Yo =T+ 178 g 2iltZ)

so that the results obtained from (2.2) may be checked by recalcul-
ation using the transformed d.e. 1In particular, the solution at
the origin in the case Vm is Pillai's transformed series (Pillai
and Sudjana, 1974). Applying this transformation to the
singularities of (2.2), we see that the latter map into the
following singularities of the transformed d.e.,

-s/(m - s) (s=0,1, ..., m = 1), 1, and infinity.

The radius of convergence of the series expansion at the
origin is the distance to the nearest singularity, (m - 1)_1 in
this case, yielding a range of convergence 0 < T < m/(m - 2) for

Pillai's series, as stated in the Introduction.

3. COMPUTATION

In solving (2.2), 1t was found convenient to make a change of



scale, T* = T/6, where 0 was generally assigned the value nl. The
series (2.8) was expanded to forty terms using (2.10), and a value
T* = a > 0 was constructed for which the last six terms in each
component series did not exceed 10--10 in absolute value. The
cumulative distribution function of T™ was specified by the
integrated series for MO(T), and if its value at a did not exceed
the required probability level, M(a) was calculated, the series
was re-expanded about a, and the process was repeated as often as
required. The percentage point was then obtained by the Newton-

Raphson method. All results presented in the Table were confirmed

to the number of figures quoted by transforming (2.2) in accordance

with (2.12) with 6 = n;, and recalculating. The percentage points
are those of T%/nl, and the « line represents the limiting xfml/n1
values.

Computations were carried out on the CSIRO Control Data Cyber

70 model 76 in Canberra.
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10
12
14
16
18

20
25
30
35
40

50
60
70
80

100
200
500
1000

TABLE

Upper percentage points for the null distribution of Hotelling's generalized T%/n1

45

22

15.
13.
12.
.484
.009

11
11

10.
10.
.7813
.6014

o 00 00w

.722
28.

959

.321
18.
16.

858
755

351
293
180

402
031

.3598
.9099
.6594
.5788

.4997

44,
28.
21.
18.
16.

14.
.786
11.
11.
10.

12

O W W WO

o 0 O 00

677
121
600
210
157

788
705

031
571

.9832
.6246
.3830
.2093

.9760
.5419
.3002
.2226

.1463

10

44,019
27.590
21.141
17.795
15.772

14.424
12.456
11.395
10.733
10.282

9.7060
9.3547
9.1182
8.9480

8.7197
8.2950
8.0587
7.9827

7.9082

m = 6. Upper 57 points

12

.567
.223
.821
.505
.501

.168
.222
.173
.520
.075

.5067
.1602
.9269
.7591

.5340
.1153
.8823
.8075

. 7340

15

43.
26.
20
17.
15.

13.
11
10.
10.

9.

00 0o 0 O

~NN N

103
843

.489

202
218

899

.975

939
293
8535

.2927
. 9507
.7204
.5548

.3326
.9193
. 6894
.6155

. 5430

20

42.626
26.451
20.144
16.886
14.921

13.615
11.711
10.687
10.049
9.6142

9.0598
8.7215
8.4938
8.3300

8.1102
7.7011
7.4734
7.4002

7.3284

25

42.
26.
19.
16.
14.

13.
11
10.

o 00 00

~NN N

334
209
929
688
735

436

.544

526

.8921
.4596

.9082
.5717
.3450
.1819

.9629
.5552
.3280
.2550

.1832

42,136
26.044
19.783
16.553
14.607

13.313

11.428

10.414
9.7820
9.3508

.8009
.4651
.2388
.0759

7.8572
7.4494
7.2219
7.1487

7.0768

35

41.993
25.925
19.677
16.455
14.513

13.223

11.343

10.331
9.7003
9.2699

8.7207
8.3851
8.1589
7.9959

7.7771
7.3685
7.1403
7.0668

6.9945



TABLE (continued)
m = 6. Upper 17 points

10 86.397 83.565 81.804 80.602 79.376 78.124 77.360 76.845 76.474
12 46.027 44.103 42.899 42.073 41.227 40.359 39.826 39.466 39.206
14 32.433 30.918 29.966 29.309 28.634 27.936 27.507 27.215 27.004
16 25.977 24,689 23.875 23.311 22.729 22.126 21.753 21.498 21.314
18 22.292 21.146 20.418 19.913 19.389 18.844 18.505 18.273 18.105
20 19.935 18.886 18.217 17.752 17.267 16.761 16.445 16.229 16.071
25 16.642 15.737 15.156 14.749 14.324 13.875 13.592 13.397 13.254
30 14.944 14.118 13.586 13.211 12.816 12.398 12.133 11.949 11.814
35 13.913 13.138 12.635 12.281 11.906 11.506 11.252 11.074 10.943
40 13.223 12.482 12.000 11.659 11.298 10.911 10.663 10.490 10.361
50 12.358 11.661 11.206 10.882 10.538 10.167 9.9271 9.7587 9.6333
60 11.839 11.169 10.730 10.417 10.083 9.7206 9.4860 9.3202 9.1963
70 11.493 10.841 10.413 10.107 9.7795 9.4238 9.1922 9.0281 8.9050
80 11.246 10.607 10.187 9.8859 9.5634 9.2121 8.9826 8.8195 8.6968
100 10.917 10.295 9.8857 9.5918 9.2758 8.9301 8.7033 8.5414 8.4193
200 10.312 9.7231 9.3330 9.0517 8.7476 8.4121 8.1897 8.0295 7.9075
500 9.9799 9.4089 9.0296 8.7553 8.4576 8.1275 7.9072 7.7473 7.6249
1000 9.8738 9.3085 8.9328 8.6607 8.3651 8.0366 7.8168 7.6570 7.5344

.5680 8.2744 7.9475 7.7283 7.5685 7.4456

o]

. 9.7699 9.2103 8.8379



10
12
14
16
18

20
25
30
35
40

50
60
70
80

100
200
500
1000

.040
.850
.968
.038
.692

.561
.587
. 049
<113
.485

.695
.219
.901
.674

.371

.8118
.5037
. 4051

.3085

10

84.082
42.126
29.373
23.519
20.222

18.125
15.202
13.693
12.776
12.160

11.386
10.921
10.610
10.388

10.091
9.5448
9.2438
9.1475

9.0531

12

. 426
.627
.961
.158
.893

.819
.930
440
.535
.927

.165
.706
.400
.181

.8886
.3504
.0539
.9591

.8662

m

15

82.
41.
28.
22,
19.

17.
14.
13.
12.
11.

10.
10.
10.

o 00 \O O

oo}

TABLE (continued)

7%

755
113
534
781
549

498
642
172
278
679

927
475
173

.9567

.6688
.1384
.8462
. 7527

.6612

Upper 5% points

20

82.
40
28.
22.
19.

17.
14.
12.
12.
11.

10.
10.

Q0 00 00 O

o]

068

.583

091
389
189

159
337
884
002
411

668
221

.9233
.7102

.4259
.9021
.6134
.5211

.4306

25

81.
40.
27.
22.
18.

16.
14,
12.
11.
11.

10.
10.

0 00 00 \©

648
257
817
145
564

947
143
701
825
237

500
056

. 7596
.5478

.2652
L7441
. 4563
.3648

L2747

30

8l.
40.
27.
21.
18.

16.
14
12

11

O W WO

o 00 00 \O

(o0}

364
037
631
978
809

800

.009
.573
.700
.115

.381

.9383
.6429
.4317

.1498
.6295
.3424
.2504

.1603

35

81.159
39.877
27.495
21.857
18.696

16.694
13.911
12.478
11.608
11.025

10.292
9.8500
9.5550
9.3440

9.0622
8.5419
8.2543
8.1621

8.0718



TABLE (continued)
m = 7. Upper 17 points

oy 8 10 12 15 20 25 30 35
o,
10 185.93 182.94 180.90 178.83 176.73 175.44 174.57 173.92
12 71.731 69.978 68.779 67.552 66.296 65.528 65.010 64.636
14 44,255 42.978 42.099 41.197 40.269 39.698 39.311 39.032
16 33.097 32.057 31.339 30.599 29.834 29.361 29.039 28.806
18 27.273 26.374 25.750 25.105 24.435 24.019 23.735 23.529
20 23.757 22.949 22.388 21.804 21.195 20.816 20.556 20.367
25 19.117 18. 440 17.965 17.469 16.947 16.619 16.392 16.227
30 16.848 16.239 15.810 15.360 14.882 14.580 14.370 14,216
35 15.512 14.945 14,544 14.121 13.670 13.383 13.183 13.036
40 14.634 14,095 13.713 13.309 12.876 12.599 12.405 12.262
50 13.553 13.049 12.691 12.310 11.899 11.634 11.448 11.309
60 12.914 12.432 12.088 11.720 11.323 11.065 10.882 10.746
70 12.492 12.024 11.690 11.332 10.942 10.689 10.509 10.374
80 12.193 11.736 11.408 11.056 10.673 10.422 10.244 10.110
100 11.797 11.353 11.034 10.691 10.316 10.070 9.8935 9.7607
200 11.077 10.658 10.356 10.028 9.6670 9.4273 9.2545 9.1228
500 10.685 10.280 9.9866 9.6679 9.3140 9.0776 8.9060 8.7744
1000 10.561 10.160 9.8693 9.5533 9.2017 8.9663 8.7950 8.6634

o 10.439 10.043 9.7547 9.4413 9.0920 8.8575 8.6865 8.5548



14
16
18

20
25
30
35
40

50
60
70
80

100
200
500
1000

42.516
31.894
26.421

23.127
18.770
16.626
15.356
14,518

13.482
12.866
12.459
12.169

11.785
11.084
10.701
10.579

10.459

10

41.737
31.242
25.847

22.605
18.324
16.221
14.977
14.156

13.142
12.540
12.142
11.858

11.483
10.798
10.423
10.304

10.188

TABLE (continued)

m = 8. Upper 5% points

12

41
30.
25.

22.
18
15
14,
13

12
12,
11.
11.

11.
10.
10.
10.

.198

788
446

239

.009
.934

707

.898

-898

305
912
634

264
589
221
104

.9892

15

40.641
30.318
25.028

21.856
17.677
15.629
14,418
13.621

12.636
12.051
11.665
11.390

11.026

10.362
9.9993
9.8840

9.7712

20

40.066
29.829
24.591

21.454
17.325
15,303
14.109
13,322

12.351
11.774
11.393
11.122

10.763

10.108
9.7509
9.6371

9.5258

25

711
.525
.319

.201
.102
.095
.910
.129

.165
.593
.215
.946

.590

.9389
.5836
4704

.3598

30

39.470
29.318
24,132

21.028
16.947

-14.950

13.771
12.994

12.034
11.465
11.088
10.820

10.465
9.8159
9.4614
9.3484

9.2379

35

39.296
29.167
23.996

20.902
16.834
14.843
13.668
12.893

11.936
11.368
10.992
10.725

10.370
9.7218
9.3673
9.2543

9.1437



X

14
16
18
20

25
30
35
40

50
60
70
80

100
200
500
1000

65.
44,
35.
29.

23.
19l
.077
16.

18

15.
14.
14.
13.

13.
12.
11.
11.

11.

793
977
265
786

001
867

924

528
715
184
810

317
429
951
800

652

10

64.
43.
34.
28

22.
19.
17.
16.

14,
14.
13.
A3

12.
11
11.
11.

11.

035
633
146

.808

212
173
440
324

975
190
677
315

839

.983

521
375

233

TABLE (continued)

m = 8. Upper 17 points

12

62.
42.
33.
28.

23 e
18.
16.
15.

14,
13
13.
12.

12.
11.
11.
11.

10.

828
707
373
129

661
686
991
900

582

.815

313
960

496
660
210
067

928

15

61.
41.
32.
27.

21
18.
16.
15

14,
13.
12
12.

12.
11.
10.
10.

10.

592
754
573
425

.085

173
516

.451

163
414

. 925

580

127
311
871
732

597

20

60.
40.
31.
26

20.
17.
16.
14,

13.
12.
12,
12,

11.
10.
10.
10.

10.

323
771
745

.691

480
631
011
970

711
980
502
165

722
925
495
359

227

25

59.545
40.164
31.232
26.235

20.100
17.288
15.690
14.662

13.420
12.698
12.226
11.894

11.457
10.669
10.244
10.109

9.9778

30

59.019
39.753
30.882
25.924

19.838
17.051
15.466
14.447

13.216
12.499
12.031
11.701

11.267

10.484

10.061
9.9270

9.7963

35

58.639
39.456
30.629
25.697

19.647
16.876
15.301
14.288

13.063
12.351
11.885
11.556

11.124

10.343
9.9208
9.7870

9.6564



14
16
18
20

25
30
35
40

50
60
70
80

100
200
500
1000

10

6l1.
42.
33k
28.

21.
19.
17.
16.

14.
14,
13.
13.

12.
12.
11
11.

11.

915
157
171
140

911
020
361
287

982
218
717
364

898
055

.600

455

315

12

61.196
41.583
32.680
27.702

21.548
18.695
17.059
16.000

14,714
13.962
13.469
13.121

12.663
11.833
11.385
11.243

11.105

TABLE (continued)

m = 9. Upper 5% points

15

60.
40
32.
27

21.
18.
16.
15.

14
13
13.
12.

12.
11.
11.
11

10.

456

.988

169

. 245

165
350
737
694

427
. 687

201
859

407
591
150

.011

874

20

59.694
40.372
31.637
26.766

20.759
17.982
16.391
15.363

14.115
13.385
12.907
12.570

12.125
11.321
10.887
10.749

10.615

25

59.224
39.990
31.305
26.466

20.503
17.747
16.170
15.150

13.912
13.188
12.714
12.380

11,938
11.141
10.710
10.573

10.440

30

58.907
39.730
31.079
26.260

20.326
17.584
16.015
15.000

13.768
13.049
12.577
12.243

11.804
11.010
10.580
10. 444

10.311

35

58.
39.
30.
26.

20.
/3
15.
14.

13.
12.
12.
12.

11.
10.
10.
10.

10.

68

542
914
110

196
464
200
889

661
944
473
141

703
%10
480
344

211



14
16
18
20

25
30
35
40

50
60
70
80

100
200
500
1000

10

101.
60.
44,
36.

26.
22.
20.
18.

16.
16.
15.
14.

14.
13.
12.
12.

12.

87

990
668
244

601
443
153
708

993
011
375
930

348
310
756
581

412

12

100.
59.
43.
35.

25.
21.
19.
18.

16.
15.
14,
14,

13.
12.
12.
12

12.

15

770
697
419

960
890
650
238

563
604
983
548

981
968
427

.257

092

TABLE (continued)

m = 9. Upper 1% points

15

98.
58.
42.
34.

25.
21.
19.
17.

16.
15.
14.
14.

13.
12.
12.
11.

11.

387
518
697
564

292
310
120
741

105
169
563
139

585
597
070
904

743

20

96.583
57.229
41.662
33.676

24.591
20.696
18.556
17.210

15.612
14.698
14.107
13.693

13.152
12.188
11.673
11,511

11.353

25

95.478
56.437
41.022
33.126

24,152
20.308
18.198
16.870

15.294
14.393
13.810
13.401

12.868
11.915
11.407
11.247

11.091

30

94.74
55.90
40.587
32.750

23.850
20.040
17.949
16.632

15.071
14.177
13.599
13.194

12.664
11.719
11.214
11.054

10.899

35

9%.
55.
40.
32.

23.
19.
17
16.

14
14.
13.
13.

12.
11.
11,
10.

10.

2
51
272
477

629
843

.765

457

.905

016
441
038

511
569
066
907

752



14
16
18
20

25
30
35
40

50
60
70
80

100
200
500
1000

10

98.999
58.554
43.061
35.146

26.080
22.140
19.955
18.569

16.913
15.960
15.341
14.907

14.338
13.319
12.774
12.602

12.434

12

98.013
57.814
42,454
34.620

25.660
21.773
19.618
18.252

16.622
15.684
15.074
14,647

14.087
13.085
12.548
12.379

12.214

TABLE (continued)

m = 10. Upper 5% points

15

97.002
57.050
41.824
34.071

25.219
21.384
19.260
17.914

16.309
15.385
14.786
14.365

13.814
12.828
12.301
12.134

11.972

20

95.963
56.260
41.169
33.497

24,753
20.970
18.876
17.550

15.969
15.059
14.469
14.055

13.513
12.542
12.023
11.859

11.700

25

95.326
55.772
40.762
33.140

24,458
20.706
18.630
17.316

15.748
14.847
14.261
13.851

13.313
12.351
11.836
11.674

11.515

30

94.9
55.44
40.485
32.895

24.255
20.523
18.458
17.151

15.592
14.695
14.113
13.705

13.170
12,212
11.699
11.538

11.380

35

94.6
55.20
40.284
32.716

24.107
20.388
18.331
17.029

15.476
14.582
14.002
13.595

13,061
12.106
11.594
11.432

11.275



TABLE (continued)

m = 10. Upper 17 points

10 12 15 20 25 30 35
14 180.90 178.28 175.62 172.91 171.24 170 ==
16 89.068 87.414 85.270 83.980 82.91 82.2 81.7
18 59.564 58.328 57.055 55.742 54.933 54.384 53.990
20 45.963 44,951 43,905 42.821 42,150 41.693 41.362
25 31.774 31.029 30.253 29.440 28.932 28.583 28.328
30 26.115 25.489 24.832 24,139 23.701 23.399 23.177
35 23.116 22.556 21.966 21.338 20.939 20.663 20.459
40 21.267 20.749 20.201 19.615 19.241 18.980 18.787
50 19.114 18.646 18.148 17.611 17.266 17.023 16.842
60 17.901 17.462 16.992 16.484 16.154 15.922 15.748
70 17.124 16.703 16.252 15.762 15.443 15.216 15.046
80 16.583 16.175 15.738 15.260 14.948 14.726 14.559
100 15.881 15.490 15.069 14.608 14.305 14,088 13.925
200 14.641 14.280 13.889 13.457 13.169 12.962 12.803
500 13.986 13.641 13.266 12.848 12.569 12.366 12.210
1000 13,780 13.441 13.070 12.658 12.381 12.179 12.023

© 13.581 13.246 12.881 12,472 12.198 11.997 11.842
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1. Introduction. The distribution of Pillai’s ¥ statistic [8] is shown to satisfy a
homogeneous linear differential equation (d.e.) of Fuchsian type, which is related
by a simple transformation to the author’s d.e. for Hotelling’s generalized T,> 3]
This transformation implies certain relationships between the moments and
asymptotic expansions of the two distributions. The adequacy of some approxima-
tions to ¥ is checked by using the d.e. to tabulate some accurate percentage points.

2, Systems of differential equations. Let S,, S, denote m x m matrices with
mdependent null Wishart distributions on n,, n, degrees of freedom respectively
(ny, n, = m), esnmatmg the same covarlance matrix. The joint distribution of the
latentroots 6y, - -+, 0,, of S;(S; +S,) ! is well known to be

2.1) G015 75 00) = Clems g, mp)([ L1002 ™™= D[ [ 1(1—0,) 2= 1

TLi<s6:—6)), 0O<b,< <0, <),
where
(2.2) C(m; ny, n3) = 1™ T3y + 1) ) LW (3m)T (31T (Bny).
Pillai’s V statistic is defined by
@3 V=m0
and Hotelling’s generalized T2 statistic by
(2.9) T= Z 10:/(1=0;) = To?[n,.

Following the method of [3], Section 2, we introduce the Laplace transforms
(Lt’s)

(2.5) L($) = J,, exp (—=52.0) b, mO1>" 00 s < - < [(1=0,) - (1—6, )] !
-df, ---db,, r=0,1,---,m),

where R, is the region defined in (2. 1), and the summation is cxtcnded over the ()
sclectlons of r distinct integers ki, -, k, from the set 1,2, -+, m. Thus, Ly(s) is
the Lt of £, ,.(V), the density funct:on of V. For r = 1, the integrands in (2.5) are

dominated by ¢, ,,-2, and so the L(s) exist only for n, > m+2. This restriction
will be preserved for the present. In general, we see that

(2.6) 'S exp(—sY.0)y(0,, -+, 0,)d, -+ db,,

Received September 3, 1969; revised January 5, 1970.
! This research was partially supported by the National Institutes of HealtH Grant No. GM-12868.
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1558 A. W. DAVIS

is the ordinary Lt of
2.7 (V) = (g, YV —=0,—=" =0, 05, -+, 0,)d0, -+ db,
where

R, 1{(V)=R,_n{0,+ " +6,>V—-1}n{20,+05+ - +0, < v}
(2.9) = {max [0y, V=(s—D—=044——0,] <6, < st
'(V_9s+1_'“_0m);s=25'”’m}’ (0m+1EO)-

Hence L,(s) is the Lt of H,(V), say, (r = 0, 1, -+, m), which may be obtained in
integral form from (2.5) and (2.7). Clearly, if V' =, (j=1,2,---, m—1), the left-
hand sides of the inequalities in (2.8) reduce to 6,,, for s=j+1,---, m. The
boundary of R,,_ (V) therefore alters its character as V' passes through the integer
values 1,2, ---, m—1, corresponding to the passage of the hyperplane Yo,=V
through the vertices (1,0,---,0), (1,1,0,+++,0), <o (1, 1,4, 1,0) of R,. This
results in f,, ,.(V) having a piecewise analytic nature which is reflected in the d.e.’s
derived below.

A first-order system of d.e.’s relating the L,(s) may be obtained along the lines
of [3], Section 2; in fact, the integrands at any stage of the argument may be derived
formally from those given in this reference by making the transformation w; - —0;,
n,—o>m—n;—n,+1,5>—s.

This leads to the following system of d.e.’s:

2.9 —(m—r+1)sL,_,+I[s((d/ds)+r)+a+1]L,—bL,,, =0,
(r=0,1,--,m—1;L_; =0),

( (d/ds) + m)Lm _Lm— 1= 01
where

(2.10)  a,=3m—r)n,+ny;—m+r—1)—1, .= 3(r+ D(ny,—m+r—1).

Equation (2.9) may be obtained from [3] equations (2.19) and (2.20) by the
transformations

(2.11) §——5, n, = m—n;—ny,+1.

Inverting the Lt’s, the following system of first order d.e.’s is found for the
Hr(V)’ (’12 g m+2)

(m—r+1)dH,_[dV+[(V—r)dldV—a]H,+bH,,, =0,
(2.12) (r=0,1,---,m—1; H_, =0),
H,_+(V-m)H, =0.
This system is related to [3] equations (2.21) and (2.22) by the transformations

(213) T—'—V, n2—+m—n1—n2+1.
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Since b, > 0 for n, = m+2, elimination of H,, -+, H, from equation (2.12) will
result in a linear homogeneous d.e. of order m for H, = f, having regular singu-
laritiesat ' =0, 1, - - -, m and infinity.

3. Nature of the solution. The solution of (2.12) in the unit circle about ¥V = 0
follows from [3] Section 3, using (2.13). Again the characteristic roots of the d.e.
are $mn; —1 and zero (with multiplicity »1), the relevant solution following from
the non-zero root. Recurrence relations for the coefficients in the power series for
Jur.m(¥), 0 < ¥ < 1, are obtainable from [3] equation (3.11), and the multiplicative
constant is the same as that for T, namely,

3.1 k(m; ny, ng) =T, (3(ny +n2) )T (3mny)T,(3ns).

(Constantine [2]). This solution also serves to define the distribution in the interval
m—1 < V < m, since from the definition of ¥,

(3.2) StV = fog, n (M=), 0 < V<m).

Unfortunately, however, in the intervals between the singularities 1, 2, - - - ,m—1,
Joi. n:(¥) will be specified by certain linear combinations of the full set of m linearly
independent solutions. The calculation of the numerical coefficients in these linear
combinations presents a formidable unsolved problem.

In the bivariate case m = 2, the differential equation tor f, ,, is found to be

(3.3) V(-MQ2-V)f"=BGn +3n,— 18V =202n, +n, =V +2n, —2) I/
+3(y = +n =YV =2(n, —2) 1f = 0,

and the density function may be expressed in terms of the Gaussian hypergeometric
function:

(3.4 Jawn(V) = 2B(ny, ny =) 17'GV)" 1A = 3V 3,
2Fi(1, 33 —n3); 3(ny +1);5 r?), O<¥V<l,

Jarom(V)=[2B(ny, ny =D GVY 31 = 3y )1,
2Fi(1, 33 ~ny); 3(ny+1)5 172, (1<¥V<2),

where r = V/(2— V). These functions reduce to polynomials in ¥ for odd n,=3
and odd n, = 3, respectively.

So far, it has been assumed that n, > m+2. In the cases n, =m, m+1 we note
that f,, ,, is a numerical multiple of the H,, function corresponding to f,, .42
Elimination of Hy, -, H,_, from (2.12) with n, replaced by n,+2 would show
that f,, ,, satisfies the general mth order d.e. in these cases. However, when n, = m,
m+1, we have b, =0, b, = 0 respectively, and the system (2.12), regarded as a
d.e.for Hy = f,, ., degenerates into a second or first order d.e.:

(3.5) VA =V)Hy" +[V(mn,—ym—3%n, —3)—(3mn, —2) |Hy’
—(mn, —im— D(Emn, —4n, — 1)H, =0, (ny = m),
(3.6) VHy' —(3mn, —1)H, = 0, (ny, =m+1).
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It may be shown that these d.e.’s validly specify the distribution in (0, 1), the
solutions being

(37) f;ll,m(V) = k(ma ny, m)V%m"l_l 2F1(%m7 %nl’ %mnl; V)s (0 <¥V< 1)3
f;ll,m+1(V)=k(m;n1,m+1)V%mm_1, (0< V< 1).

In virtue of (3.2), these results also define f,,, and f,,4 1., in the interval (m—1, m),
¥ being replaced by (m— V). It must be emphasized, however, that the degenerate
d.e.’s (3.5)(3.6) do not hold throughout the entire range of ¥’ (with the exception of
(3.5) when m = 2), although the general mth order d.e. does. The situation may be
illustrated in the case m = 3, when

(3-8) faa(V) = (6/7B=V)""2, 2<V<3),
faadV) =GBV, 2<V<3).

These functions are not solutions of the d.e.’s (3.5), (3.6) respectively, but by
taking each in turn as Hj in (2.12) with n, = 5, 6, they may be shown to satisfy
the general 3rd order d.e. for m = 3. That £, ,, may be cusped, with discontinuous
first derivative, may be seen by takingn, = n, =31in (3.4).

4. Moments of V. From [3], Section 7, the system of d.e.’s (2.7) for the Lt.
Ly(s) of f,,, (V) has characteristic roots —(a,+ 1) at the regular singularity s =0.
These are all negative with the exception of —(a,,+1) = 0, and the system has an
analytic solution at the origin as we would expect, since V has a finite range, and
all its moments exist.

By virtue of (2.11), a recurrence relation for €7" may be obtained from equation
(7.13) of [3] for T" by replacing n, by m—n; —n,+1 and multiplying by (—-1),
(r=1,2,--). Pillai [9] has used the first four moments of ¥ to fit a Pearson curve
to the distribution. The following reduced form of Pearson’s coefficient f§, has been
derived using the above recurrence relation:

4.1) B, =3(N—=1)(N+2)4/mnny(N—m)N— 3)(N—2)(N + 1)(N+4)(N+6),

where
N=mn;+n,,

A= nlnz[(Nm—mZ)(N3+5N2+78N+72)—4N2(5N+6)]
+4N2[(m> — Nm)(SN+6)+ N(N*+N+2)].
5, Tto-type expansions for large n,. For completeness, we note that an It-type
expansion [6] for the distribution of n,V for large n, may be obtained from [3]
Section 4. Noting that n,V is asymptotically distributed as y* on mn, degrees of

freedom, a convenient approach is to expand the cumulant generating function of
the statistic in a series of the type considered by Box [1]:

5.1 log Lo(s/ny) ~ —4mnylog (1+28)+Y 721 0, p[(1+25)7"— 1].
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Using the differential equations, the following set of recurrence relations may be
obtained for the @, y :
(5.2) 2rw, y = Ar—Dw,_; y+mnd, ,—(1=(m+1)/ny)¢, ,, (r=1,2,--+),
where the £; , are defined by

50,.- = ér,O = 50,”
(5:3) J&r =81, -1+ B+ 2(r—1))E;, -4/,
+[(j+D/n, —Vj/”22]§j+ Lr—1—[mny+2(r=2)1¢; ,_5/n,

+2n2_12:;%sws,l’(6j,r—s—l_éj,r—s—2),
(j=L - mr=12-),

o =(m—j+ D) —j+1),  B;=jCm+n-2/+2), y;=(+Dm—j+1),
&’s with negative subscripts being zero. Thus, in particular,
(5.9 w, y = mny(m+1)/2n,,
W, y = —dmn, [(m+n+1)/ny—(m+ 1DC2m+n, +2)/n,?].

The first six @’s to order n, * have been derived by Muirhead [7] using an inde-
pendent approach, and the first eight to order n,”* by the present author. An
analogue of It&’s expansion of T, percentiles in terms of X,z,,,,l percentiles may be

derived from a general Cornish—Fisher inversion of Box-type series given by the

author [4]. To order n, 2,

nyV ~ x*+12n, [ (m—ny+ )= x*(m+n, + 1)j(mn; +2) ]
+1/24n,% {*[Tm® — 12m(n, — 1) +(Tn,> —12n,+1) ]
(5.5) —x*[11m? 4+ 24m—13n,2 4+ 17))(mn, + 2)
+2x%[2mn, + m*(2n, +3n, 4+ 10)+m(2n,3 +3n,2 + 17n, + 18)
+2(5n,%+9n, +2) )f(mn, +2)*(mn, +4)
+6x%(m— 1)(m+2)(n, — 1)(n, +2)/(mny +2)*(mn, +4)(mn, +6)}
+0(m,™?),

and the n,~? term has also been obtained.

An expansion of the type (5.1) also exists for Ty?. In view of (2.11), the following
relationship exists between the coefficients w, ;- in this series and the w, ; :
(5.6) (—=n)) o, r= m”l("ll_m—l)rﬁ_f' i

+ Z;= (o Dm—ny—ny+1F (n, —m—1Y ‘o, v

where, in the w,y, n, is to be replaced by m—n; —n,+1. T and ¥V may also be
interchanged in this formula. The w, ; obtained from (5.6) and (5.2) check with
those obtained to order n, ~3 by Muirhead (loc. cit.).
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6. Examination of the approximations. In principle, the solution of (2.12) at the
regular singularity ¥ = 0 specifies the distribution of ¥ in (0, 1) (or in (m—1, m)
when n, and n, are interchanged). For sufficiently large n, (or n,, respectively),
the upper 5% and 19, points of ¥ lie in these intervals, and some investigation may
be made of the accuracy of the available approximations. A corresponding study
has been made for T in [5], where the d.e. was used to compute accurate percentage
points by analytic continuation of the solution at 7'=0. The same computer
program, with the trivial modification (2.13), has been used to tabulate some
percentiles of ¥ in the range m < 5, n; and n, £ 200. Except when 7, and n, are
both small integers, Pillai’s Pearson curve approximation is accurate to four decimal
places. The Itd-type approximation (5.5) is considerably improved by adding the
n, 3 term, and is a useful direct formula for large n, and small n,, but its accuracy
falls off rapidly as n, increases. In virtue of (3.2), a similar statement holds with
n, and n, interchanged.
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ON THE MARGINAL DISTRIBUTIONS OF THE LATENT ROOTS
OF THE MULTIVARIATE BETA MATRIX!

By A. W. Davis
C.S.I.R.O., Adelaide, and University of North Carolina

The marginal distributions of the latent roots of the multivariate beta
matrix are shown to constitute a complete system of solutions of an ordi-
nary differential equation (d.e.), which is related to the author’s d.e.’s for
Hotelling’s generalized Ty? and Pillai’s V(™) statistics. Results may be
derived for the latent roots of the multivariate F and Wishart matrices
(Z =1). Pillai’s approximations to the distributions of the largest and
smallest roots are interpreted as exact solutions, the contributions of higher
order solutions being neglected.

1. Introduction. Let S(m x m) and T(m x m) have independent Wishart
distributions W(g, Z) and W(n, ), respectively, where I is the population
covariance matrix and g9, n = m. The latent roots [, > ... > 1, > 0 of the
multivariate beta matrix B = §(S + T)~" are well known to have the joint
density function
D) Busgall) = K(m; g, n) [T7, Lm0 [T, (1 — f)be—m- Wic; 6 = 1),
where I = (I, --.,/,) and
2)  K(m; g, n)

= 7" IR TG + n — D)/Th(m — )T (3(g — i)T(E(n — 0)].

The marginal distributions of the individual /, have been investigated by Roy
[14], [15], who showed that the largest root /, is of basic importance in testing
hypotheses and constructing confidence regions in multivariate analysis of vari-
ance; also by Pillai [10], Khatri [8], Sugiyama and Fukutomi [17], Sugiyama
[16], and Al-Ani[1]. Pillai[l I]gave very accurate approximations to the upper
and lower tails of the distributions of /, and l..» respectively, and /, has been
extensively tabulated by Heck [7] for m < 5, using Pillai’s approximation, and
Pillai ([11], [12], etc.) for m < 20. Studies of the noncentral distributions have
been made by Khatri [9] and Pillai and Dotson [13].

As n— co, nB— W,, say, having the distribution W(g, T) where I(m x m) is
the unit matrix. Hanumara and Thompson [6] have tabulated the largest and
smallest roots of W, using limiting forms of Pillai’s approximations, and dis-
cussed their application.

The present author [3], [5] has shown that the null distributions for tr B
(Pillai’s ¥y and tr F (Hotelling’s generalized T, where F — ST-1, satisfy
certain ordinary linear differential equations (d.e.’s) of order m which are re-
lated by a simple transformation. In Section 2 it is shown that the marginal
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distributions of the /; form a complete system of solutions of a similar d.e.
Thus, the power-series of Sugiyama and Fukutomi are solutions at the regular
singularities 0 and 1. Pillai’s approximations are also shown in Section 4 to be
exact solutions of the d.e., but approximations to the distributions insofar as
contributions from higher-order solutions are neglected. Corresponding results
for the latent roots of F and W, are readily deduced.

2. The differential equation. Let D7(s, /) = {0 <x, <. - < x, <I<x, <o <
x, < 1}  R", where R is the real line. The marginal density function f(/) of
[, is given by

3 Fill) = Som-10) Smigin(Xis -+ o5 Xy s 1 Xy - o0 X Ly) dX
where dx = T]»3'dx;; it is proportional to

4) oz =D — DA § ey OX) 105 (1 — x;) dx,
in which ® denotes ¢,,_,.,_, ,_,.- Define

(5) T (l50) = @) o (I — Xa)) + -+ (I = Xaimoron) 5

(r:O,l,---,m—l),

the summation being extended over the (') selections of integers a(l) < ... <
a(m — 1 —r) fromtheset 1,2, -..,m — 1. Whenr = m — 1, the sum is taken
to be unity. We now introduce the m functions

(6) L,.()y = om0 ¥, x) dx, r=0,1,....,m—1),

noting that f,(/) is proportional to [¥e-m=D(1 — [)kr=m-L[, . Our object is to
show that, for each s, the L, , are related by a system of first-order differential
equations which are independent of s. Differentiating (6),

(7N L.()=—-Z0 +Z2 + (r+ 1L, ,,,, where
(®) Zh = Spm—ﬂ(s—l,l) wr(l; Xy s X g by X, gy e, Xp_g) dX ,
AL B SD"”"Z(s,lJ 1IJ.'r(l; Xpy vy Xpqs by Xgy v e e Xp_g) dX .

Now let (1), - - -, f(r) denote the set of subscripts complementary to a(1), - - -,
a(m — 1 — r). We have

rlLs.'r . st_l(ﬂ.l) q)(x) Za (l - xa(l)) . ([ - xa(m-l—r))
%) X = xpm) + oo+ (0= Xp)) + () + -+ + Xp0)] dX
= (m e r)L“_l + ®a,7' B
say. Integration by parts with respect to the x,, yields
(10) Hg+n—2m+2)0,, =I1—-DZ) - Z2]
+3(g—m+nL, + ¥, _, where
(11) ws.r = SD""‘I(B.!)(D(X) Za (l iy xa(l)) .

(I = Xaim-1-r) D Xpiy (1 — Xg5)) Ziewpi(Xpgy — X))t dX
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A term similar to (11) occurred in the derivation of a d.e. for Hotelling’s
generalized T2 ([3] (2.13)), and the same approach yields

(12) ms.r = %(m -2 r)(m +r— 3)Ls,r—1 + %r(r s 1)(1 s Zl)Ls,r
+ 3r(r + DL = DLy -
Finally, eliminating the Z’s, ®’s and ¥’s from (7), (9), (10) and (12), we find that

(1 — DL, =3m—n(g+n—m+r—DHL
(13) + 30— Hlg—m+r) —ln—m+NIL,,
+ 304 DO+ DU = DLy
(r=0,1,...,m—1y,
wa=1L,,=0.

We observe that the system (13) is independent of s, and in principle one could
successively eliminate L, ,, - -+, L, ,,_;, arriving at a homogeneous linear d.e. of
order m having each L,, as a solution. Clearly the f, will be solutions of a
similar d.e.; furthermore, they will constitute a linearly independent and hence
complete system of solutions, since as [ — 0+

(14) fs([)/lﬁ(q—m—l) it ks(m; q’ n)l&(m—s)(q—s+2) ’ (S b 15 Wl () m) 5

where

where L

(15) k(m;q,n) = Km; q,n)|[K(s— g+ m—s+1,n—m+s—1)
xK(m—s;q—s,m—s—|—3)].

This is easily proved by writing x; = Iw; (j =5, ---, m — 1) in (4) and letting
I — 0. We note in addition that (13) is invariant under

(16) qg—n, n—gq, I —>1—1,

provided that we also replace L, , by (—1)"L, ,; this reflects the obvious result
that (16) transforms f,(I) into f,,,,_,().

3. Solutions of the d.e. It is convenient to introduce H, = (1 — I)"L,  (r = 0,

I,...,m— 1) and to express (13) as a matrix d.e. for H = (H,, ---, H,_,)":
%)) dHjdl = [I7'A + (1 — I)7'C]H,
where

a, 0 ¢, d, 0

b " ;
(18) A= - . 5 C = .

g = . dm—z
0 boy @ 0« Cur
a, = r(g — m +r), b,=4i(m—r)(g+n—m+r—1)

¢, = —r(n —m+r 42y, d, = 3(r+ 1)r+2).

The d.e. (17) is of Fuchsian type, with regular singularities at / =0, 1 and
infinity, and we refer to [2], Chapter 4, for the general theory of such d.e.’s.
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Assuming a series solution H = 37, h_l¢+" in | < 1, we obtain Ak, = ph,, so
that o must be one of the latent roots ay, - -+, a, ,0f 4, and k, the corresponding
latent vector. To relate this fundamental set of solutions to the f,(1), we first
obtain a non-singular transformation H = PM, where P(m X m) is independent
of /, such that P~'AP = diag(a,). A suitable choice is

(19) P ={py},

P = (=D)L (@ +n—m+ (g —m+j4r4 1),
with inverse
20) P ={ph}s pE=CEIES @A n—m g —mtitr).
Both P and P-! are lower triangular, and M, = H,. Tt may be shown that

e 0
b
21 P'CP =G = . . :
- ;m_z
Lo Aoy s
where

o= (m—i)n—iMg+i—1)g—m4i—1)g—m1ti—2
X(@@+n—m+i—1)
+[20g —m 42— 2)(q — m + 20 — 1) — m 4 2)],
(22) t; =10 —4im+4+n—3) —m4 1
+ 3+ D(m — i)n — D)f(q — m + 20 — 1)
— D+ Dm — i — D) — i — (g —m + 20 4 1),
b= 4+ (i +2).
The d.e. (17) now takes the form
(23) dM/dl = [I-* diag(a,) + (1 — )"'GIM,

and assuming a solution M = Y=, 5. [estr corresponding to the latent root a,
of A, we obtain the following recurrence relations for the components (7, ,, - - -,
vm—l,'r) Of the W

Tpo =1, i =10 (t+p),

4 (r—at+ay,

= AN, t s+ —1)—a +aly, ., +v Dit1,r-1 9

(l:o,,m—l, r:l,z,...)_
This form of solution unfortunately breaks down if a, — a, is a positive integer
for some i. Infact, a,,;, —a,=4qg—m+1)+p(p<m— 2), which is an
integer if ¢ — m is odd, while Qs — G, =g —m+2(p4+1) (p<m—3)is
always an integer. Generally in such situations the solution must be obtained
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by limiting procedures which may produce logarithmic terms. However, it may
be seen from (6) that the L, , are in fact representable by power series, and it
appears that if a; — a, is a positive integer for i > p, then the right-hand side
of the ith equation in (24) vanishes identically when r = a; — a,. Thus 7, is
an undetermined constant introducing the a;-solution at this stage, and the power
series form is preserved.

We also see from (24) that the », , are zero for r < pinthe a,-solution, while

(25) oy =(p+ DY@ —m+p+it1l)=§, say.

Hence M) = O(I*»*") as | — 0%, and since a,_, + (m — 5) = $(m — s)(q —
s + 2), it follows from (14) that L,, must be some linear combination of the
A, > Qp_y -+ > and a, ,-solutions. The coefficient of the a,_,-solution is
clearly k(m; q, n)/é,_,, but the remaining coefficients have not been determined
for general s. However, the density function fu(!) of the largest root corresponds
to the largest root a,,_, of 4, and is thus completely specified by (24). The re-
sulting power series coincides with the result of Sugiyama and Fukutomi [17].

4. Pillai’s approximations. A particular solution corresponding to the smallest
root @, = 0 of 4 may be given explicitly as an (m — 1)th degree polynomial.
Writing (z); = z(z + 1) -+ (z + i = 1), (2)s = 2(z — 1) ... (z — i+ 1), it may
be shown that

(26) 7, = (=1 ("HO@dr — Doilg + 0 —m),
=g —m+ Dirlg —m + D]
Thus we obtain the following approximation to the lower tail of f,.(/) for large
g by neglecting the a,, - - -, a,,_, solutions (i-e., terms of order [7~™*! at least):

(27) f,m(l) =~ k(m; q, n)[%(q—ﬂt—l)(l = l)&('n—m—l)
X (™Y g+ n— m)g — 1) mier( =17 5

where
28)  k(m; g, m) = w03 + n — m + D)2 TEmTGOTEn)] -

Using (16), a corresponding approximation to the upper tail of f,(/) for large
n (near the regular singularity [ = 1) is obtained. The result is found to be
simply the right-hand side of (27) multiplied by (—1)""".

The integrated form of the approximation was arrived at by Pillai [11] using
a different approach, and used in a series of tabulations of the upper 5% and
19, points of /,. Its accuracy to essentially five places of decimals when n, >
m + 11 was demonstrated at least for m < 10 by substituting in explicit expres-
sions for the distribution function [10]. In order to investigate the usefulness
of the d.e. (23), some percentage points were calculated by following the a,,_;-
solution out from the origin, using the same computation procedure as in [4].
The method appeared to be effective at least up to m = 7, since on comparing
the 194 points, i.e., the less accurate results of the d.e. and the more accurate
results of the approximation, these were generally found to differ by no more
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than a unit in the fifth decimal place. On the other hand, the 59 points ob-
tained from the d.e. tended to exceed Pillai’s by about three units in the fifth
decimal place. The d.e. approach should be more accurate at lower significance
levels, and a tabulation of upper 109, points has been made.

5. Some remarks. The success of the Pillai approximation suggests a similar
approach to the other roots, approximating the lower tail of f, by the a,,_ -
solution for large ¢, and deducing a corresponding result for the upper tail of
[m—st1 When n is large using (16). No general results corresponding to (27) have
been obtained, but it has been found, for instance that when m — 3 the distri-
bution of /;, the median root, is closely approximated by a beta density with
parameters g — 1 and n — 1. Upper 5% and 19, points based on this approxi-
mation are identical to five decimal places with those published by Pillai and
Dotson [13], except where the latter have cmployed interpolation.

Differential equations for the latent roots of F and W, (defined in Section 1)
are readily deduced from (13). The approximation used by Hanumara and
Thompson [6] corresponds of course to an exact solution of the d.e. in the
Wishart case. The Wishart d.e. is in fact closely related to the author’s d.e.
[5] for the moment generating function of Pillai’s ¥™ — tr B. If we write
Amign = Eexp(—sV'™), then it is easily seen that the density of the largest root
of W, is proportional to e~t*utme=12 .. (u).
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On the Distributions of the Latent Roots and Traces
of Certain Random Matrices

A. W. Davis
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It is shown that differential equations given by the author may be used
recursively to construct certain multivariate null distributions in reduced form.
These include the distributions of individual latent roots of B = S,(S, + S;)-1,
and distributions of Tr B and Tr S;8;7, for small numbers of variates.

1. INTRODUCTION

Let S;(m x m) and Sy(m X m) have independent central Wishart distribu-
tions with 7, , n, degrees of freedom, respectively (n, , #n, > m), and the same
population covariance matrix =. Denote the multivariate F and beta matrices by

F - S]_ 2_1, B . S]_(Sl + Sz)_l, (1.1)

respectively. General results are now available for certain statistics which are
expressible in terms of the latent roots of these matrices. We shall be concerned
in this paper with the null distributions of the statistics 7' = Tr F, V' = Tr B,
and the individual latent roots §; > -+ > [, > 0 of B. Reduction procedures
for the exact distributions of the roots /; were first considered by Roy [18], and
later by Nanda [12, 13]. Pillai [15] gave expressions in the important case /; for
m < 10. Lawley [10] introduced the statistic 7" and Hotelling [6] derived its exact
distribution for m = 2. Nanda [14] and Pillai [15] considered V" and its distribu-
tion for small m. The present author has shown [1, 4, 5] that the density functions
of these statistics are solutions of ordinary differential equations (DE’s). The
power series solutions of these DE’s have been applied to the derivation of
approximations, and to the accurate tabulation of 772, 3]. Some unpublished
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tabulations have also been made of IV and /; , and compared with certain approx-
imations [4, 5].

Recently, Krishnaiah and his associates {7, 8], using a very elegant method
based on [11], have expressed the distributions of the /, (and subsets of them)
as finite linear combinations of products of double integrals, for arbitrary m.
These results are not only of theoretical importance, but are well adapted for
computing purposes, and this work is in progress. Pillai and his associates [16, 17]
and Krishnaiah and Chang [9] have also applied their methods to the traces T'
and V.

Any of these approaches seems likely to encounter heavy algebra when we
seek to reduce these distributions to their simplest and most compact analytic
forms. In the present paper, we present expressions for the marginal distributions
of the individual [, for m < 5 which appear to be simpler than those published
previously (Appendix A). A DE is applied recursively (Section 2) to construct
the distributions for m from those obtained for m — 1. Results are derived for
the roots of the Wishart matrix W, = S,5-! by letting #, approach infinity
(Appendix B). In Section 3, we show that the distribution of the largest root of
W, may be used in conjunction with another DE to construct Laplace transforms
of the density of V' (Appendix C). Results may then be deduced for T (Section 4).
This approach also involved extensive calculations, but it was felt that the
method provided some guidance as to the structure of the distributions, as well
as a scheme of relationships among them. It is to be emphasized that the method
is not being presented here as a computing algorithm. Our intention in this
paper is to present exact distributions which have been reduced as far as possible
algebraically, in cases where this has been found feasible. Such results would
appear to have some intrinsic interest, and may possibly serve as a reference for
future work.

2. MarcGINAL DisTRIBUTIONS OF THE Roots or B anD W,

The I, have the well-known joint density

d’mml.'ng(l(M)) = K(m; ny , ny) H l;l,s(n1—m—1)(1 . !{‘)%('nz—m—l) H (lz o lj),

i=1 i<y
2.1)
where 0 < I, < =+ <l < 1,I'™ = (1, ..., 1), and

K{(m; ny , ny)

= mim ”lj) (LG + ne —))/T(R(m — ) T(3(ny — 1)) I'(3(ny —0))]- (2.2)
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Letting D™(k, [) denote the region {0 </, < <L <l <l_; <. <l <1}
the marginal density of I is given by

mimn) = | bmingng(l seees B s o B yeves Bpg) U0, (2.3)

D™, 1)

m—1

where dl 1) = TT1,_; dl;. Now define

g’r(l» l(m_l)) = ‘i’m—l;nl—l,nz—l(l(m-n) Z (l - luz(l)) (l e la('m—l-r)): (24)

the summation being extended over the (") selections of integers
ofl) < <afm—1—r)

from the set 1, 2,...,» — 1. When » = m — 1, the sum is taken to be unity.
If we introduce the auxiliary functions

H, () = f V(L 1m0y glm= (y = 0,..,m—1), (2.5)
) D"‘—l(k,l)
then
(D) = Clm; my , mp) (Fm=0(1 — ¥ma=m=Dpr ) (2.6)
where

Clm;ny ,my) = (—1)FK(m; ny , n)/[Kim — 1;my — 1,m, — 1), (2.7)
It may be shown [5] that the H, , satisfy the system of DE’s:

01 —1) Hy,,
=3(m—r)m +n,—m+r—1)Hy, ; + [l —)ny —m+7)

— Iy —m ) Hep + 3 + D+ 201 — D Hyry,  (28)

(r =0,..,m— 1;H,_, = H,, =0). This system is independent of the

particular root I, .
The basis of the present method is that the (m — 1)-th auxiliary function

Hyma(l) = f Prm—timy—1,ny 1 (1) D) (2.9)

D* (g, 1)

is the probability that [, <! < [,_; when the parameters are m — 1, n; — 1,
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n, — 1. Hence if we let F,i), , (I) denote the cumulative distribution function
(CDF) of [, , (F® = 0, Fm+1) = 1), we have

SN 1) T PN () B . AR ()) (2.10)

so that if the CDF’s of the roots are known for m — 1, they may be used to
compute the density functions for m, via (2.8) and (2.6). Hy,,,_, is first derived,
using the 7 = m — 1 equation, and so on until we obtain H; , (hence fif3 )
from the » = 1 DE. The calculations may then be checked by substituting in
the » = 0 DE. We note that the distribution of the largest root for m is obtained

from the corresponding distribution for m — 1. Since
Fyfml) = 1 = Bl 200 = 1), (2.11)

it is sufficient to consider & < §(m + 1).

It should also be pointed out that, although substitution in the DE to obtain
the density function is a mechanical, if tedious, process, the integration and
algebraic reduction of this result to derive the CDF is in general far from
straightforward. A basic tool in the reduction is the identity

(x+y 1) fl wi(l — u) du = —Io(1 — I+ 4 fl w1 — u) dy.
0 0
(2.12)

Results for m = 2 through 5 are listed in Appendix A. It turns out that
these distributions may be concisely expressed in terms of the unstandardized
beta density

Boan + b, 1) = I°"¥e(1 — 1y (0 < I < 1), (2.13)

(n = (n,, 1)), and its 7-fold integrals

B,(an + b,1) = I'(r)* f C (1 — w1 By(an + b u) du,
: (2.14)
Ban + b,1) = I'(r)~* fz (u — D)r1 Bolan + b; u) du.

For positive integral 7, these may obviously be expanded in terms of the
incomplete beta functions 8 = B, and § = B, , respectively. The ordinary beta
function B(en - b, 1) will be denoted B(an + b + 1).
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EXAMPLE. An interesting result is obtained for the median root /, when
m = 3. From (A.1) and (A.2),
H2.2 e Fgltl—l.n,q e F;%Zbl—l,’nz—l
— 1B — 27 Blan — 1) Boldn — 1,1) @13)

and we obtain successively from the DE (2.8) (omitting the multiplicative
constant in (2.15)):

(m + 1y —2) Hyy = [—ny(1 — 1) + n,0] By(3n — 1, 1),
(my + ny — 2) Hy g == —28,(3n, 1), (2.16)
B mg = Bl — 1)71 By(n — 2,1).

Thus /, has a simple beta distribution with parameters n, — 1, #, — 1, and the
result mentioned in [5, Section 5] as an approximation is seen to be exact.
This was first proved by S. Eckert (unpublished work) in the Wishart case.

The form of the results in Appendix A makes it a simple matter to deduce
expressions for the individual roots of the Wishart matrix W, . Appendix B lists
formulas for the CDF of the largest root,

Goio(l) = lim 1Y, (1fmy). (2.17)

These are given partly for their own interest and partly because they will be
required in Section 3. The results are expressed in terms of the gamma density
and its integrals:

viag +b,) = €,y fag + b, 1) = Y [ (1= 1 T yilag + by w) d
(2.18)

(1 = y). Clearly y, may be expanded in terms of incomplete gamma functions
for positive integral r.

3, Tue Statistic V = TR B

The Laplace transform (Lt) of the density function of ¥ will be denoted by
iy () = & exp (—sz 1) (3.1)
It is easy to show (Nanda [14]) that in the case n, = m + 1,

Am:nl.mﬂ(s) = x(m; ny) 5—%manm;'nq<25)’ (3.2)
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where Gy, (1) is the CDF of the largest root of the Wishart matrix W; on »;
degrees of freedom, and
m+1 i
w(m; my) = [ [D(30m 4 ) TR (3-3)
i=2

Thus, for m = 2 through 5, Ay;s mi(s) may be obtained directly from
Appendix B. We note that

y(an, + b, 25) = T(r)y ™ (s/a)"™ " "Nany + b, r — 1;9), (34)
where

2a
Many + b,r;5) = f e u"™(2a — u)" du (3.5)

0

is the Lt of the function which is equal to #1122 — u)" on (0, 2a) and zero
elsewhere.

Another DE of the author [4] may now be applied recursively to construct
/lmml,n2 from A, mia when n, — (m + 1) is a positive even integer. Introduce
the Lt’s

L) = [ exp (=T 4) buimen) LA = ) =+ (1 = L)l dl™,
) (r =0, 1,..,m), (3.6)

where D™ is the region {0 <[, < -~ << l; < 1} and the summation is as
defined in (2.4). Then writing (2), = 2(z + 1) = (z + 7 — 1),

Lo(s) = Am:nl.nz(s), (37)
Lm(s) a [(nl +n,—m— l)m/(nz —m— l)m] Am;nl.n2—2(5)7 (3'8)

and for n, >> m + 2 the L, satisfy the DE’s

—(m —r + 1)sL,_y + [s(d]ds +7) + §(m —r)(n; +-n, —m +r — 1)] L,
—3r+ Dy —m+r—1)L; =0, (r=0,1.,m—1;L,=0),
(3.9)
(d/ds + m)L,, — L,y = 0. (3.10)

It is thus possible to derive Ay, n, from 4,5 4 5 by substituting (3.8) in
(3.10), and successively calculating L, ; ,...,L,. The » =0 DE provides a
check on the working.
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In applications, one is more interested in the distribution of V for large n,
and moderate 7, . It is readily shown from the definition of V" that

Am;nl,nz(s) . e—ms/lm:nz.nl(_s)' (3.11)
This transformation is facilitated by the relation
2a
Man, + b, r; —s) = & f e u"2a — w)*™ " du
0
(3.12)
= €2)\(v, any -+ b;s), say.

The distribution of ¥ is known for m = 2, being expressible in terms of the

Gaussian hypergeometric function (see, for example, [4, Section 3]). Further
results are given in Appendix C of the present paper.

ExampLE. When m = 3, we obtain from (B.2), (3.2) and (3.3)
Aginya(s) = 27" (my — D)y nys™AGn — 1, 05 8) My — 2, 05 5)
—eA(n, — 2, 15 9)]. (3.13)
Substituting in (3.10) and (3.9), it may be shown that

/13m1.6(s) . (4!2"1+3)_1 (3m)e (g — 1)g 3*2{’\(%"1 — 1, 0; $)[sA(ny — 2, 35 %)

4 3Ny — 2, 2;8) — 12A(ny — 2, 1; )] + 6e—A(my — 2, 2; )}
(3.14)

The powers of s in (3.13) and (3.14) may be eliminated by integration by
parts, resulting in forms more suitable for inversion. For example,

As;n1.4(s) e k(”l)[2)\(%nl ’ 0; S) )\(nl - 2) 0; S) - es)\(nl - 11 1; S)], (315)

where

k(ny) = 27" %(ny, — 1), . (3.16)

Using (3.11) and (3.12) we obtain (C.1); (C.2) is derived similarly from (3.14).
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Denoting the density function of 7 by By, (V') we obtain on inverting (C.1)

buam) = W) [2 [ (1= V 2 — 2 du — v — vy,
O0O<V <1,

BMMWZM@PfL“—V+W%O~WHW—V@—WW¢
(I <V <2),

CuanV) = 2% [ (1 =V 40 @ — w2,  (2<V <3).
r-1 (3.17)

The piecewise smooth nature of Or;n,.n,(G) arises from taking convolutions of
functions which vanish outside (0, 1) or (0, 2). It is reflected also in the DE for
this function [4], which has regular singularities at V = 0, 1,..., m.

4. Tue StaTisTic T'=TRF

Let l/Jmml_nz( T') denote the density function of T. The DE’s for § and ¢ are
related by the transformation [4]:

V— —T, Ry —>fly =m — ny — fy - 1, 4.1)

and this relation also holds between their power series expansions in the unit
circle about the origin. The analytic continuation of 4 into the complex plane
thus has singularities at ' = 0, —1,..., —m.

It follows from (4.1) and (3.17), for example, that for 0 < T < 1

¢mhwy:wwpf31+T—m%%@+aﬁﬂmh-nT+a4ﬂ}
(4.2)
and by analytic continuation this expression will hold for 0 < 7" << o0. When
7y is even, the convolution may be evaluated by partial fractions [17].
Introducing the Lt M0, n, Of $inin n, » and writing
plr amy + by 5) = [ e (2a - uy o d, 4.3)
0

we obtain from (4.2)

Mi;a.n(5) = k()20 415 5 ) (0, 1y + 25 8) — (1, my + 159)].  (44)

Comparison with (3.16) suggests a simple formal relationship between M
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and /4. Corresponding to (4.1), the DE for M [1] is related to (3.9), (3.10) by

the transformation

§— —s, Hy —> 1y (4.5)

M and A are not themselves related by (4.5), but the following rule may be
given for obtaining M from the corresponding A: (1) Apply (4.5) throughout,
then (2) replace A(v, afi, + b; —s) by (—1)"+u(r, —ai, — b;s). From (C.4),

we obtain, for example,
M y;5,0,(5) = [(my — 3)6 274N [2"70(0, ny — 1; 5) w(0, my + 3;5)
+ 2na(0, 3(my — 1); 5) w(2, 5 + 35 5)
— (1, 1y 5 8) — 4u(l, ny + 2; 5)]. (4.6)

APPENDIX A: MARGINAL DISTRIBUTIONS OF THE RoOTS oF B

m =2
F i) = B(n — 1) [B(n — 2,1) — 33 — 1), 1) BG(z — 3), )], (A.1)

Fitnn(D) = Bln — 1y [B(r — 2,1) + 3pod(n — 1), ) f3(n — 3), 1)) (A.2)

m=23
FL () = BGn) B(n — 1)~
X [BGr — 1, 1) B(n — 2,1) — 2By(3n — 1,1) By(n — 2,1)], (A.3)
B, @) = Blr — 1) f(n — 2,1). (A4)
m =4
FY (1) = B(n — 1)~ B(n — 2)~

X [B(n —2,1) B(n — 3,1) — Bo(m — 2,1) By(n — 3,1)
— 3(m + ny — 4) Bo(2(n — 3), 1) BE(n — 3), 1) Ba(m — 3, 1)),
(A.5)
F(z)

4;n1,M9

(l) = B(n — 1)1 B(n — 2)7!
X [Bln—2,1)f(n —3,1) — fo(n — 2,1) Bs(n — 3, 1)

+ §(ny + ny — 4) Bo(h(n — 3), 1) B3(n — 3), 1) By(n — 3, )]
(A.6)
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m=>5

Fihn(l) = [Bn — 1) B(n — 1) B(n — 3)1{B(n — 2,1) f(n — 2,1)
X B(n —4,1) + 2(ny +ny, — 3y (ny + 2, —5)
X [Bo(dn =1, 1) B(n — 4, 1) Bo(n — 3, 1) - Bo(3n — 4, 1) By(n - 4, 1)
— 2ny + 1, — 6) Bolhn — 2,1) B(n — 3,1) By(n — 4, 1)]
— (my +mp — 6)7 Bo(n — 3,1) BBn — 2,1)
X [(my + ny — 4) By(n — 3, 1) + (mp — m) Bo(n — 4, 1)
+ (g + 1y — 6)(ny + 1, — 8) Bum — 4, 1)1}, (A7)

F&, o) = B(n — 1) B(n — 3)7{f(n — 2,1) B(n — 4, 1) — (n, -+ n, — 6)*
XBo(n — 3, D[(ny + ny — 4) Bo(n — 3, 1) + (ny — ny) By(n — 4,1)
4 (g + 1y — 6)(ny -+ 1y — 8) By(m — 4, 1)T}, (A.8)

and F{?), , (1) has also been obtained.

APPENDIX B: MARGINAL DISTRIBUTIONS OF THE L.ARGEST Roort oF W,

Gyoll) = I'lg — )7 — 2, 1) — dwn(Hg — 1), D v((g — 3), D), (B.1)
Gs,(l) = [2%I(3q) (g — D7 ya — 1, v(e — 2,0)

— 2yo(3g — 1, D yvalg — 2, 1)), (B.2)
Gul) = (g — 1) (g — 2y (g — 2, ) v(g — 3, 1) — vl — 2, D) yolg — 3,0)
— Iro(3(g — 3), 1) y(5(g — 3), D) (g — 3, D)), (B.3)

Gs.o(l) = [2270(3q — DI(g — DI'(g — 3] v(3g — 2, Dv(g — 2, Dv(g — 4, 1)
+ 2n(de — 1, Dvle — 4 Dyalg — 3, 1) — vol8g — 4, Drelg — 4, )
— 273 — 2, (¢ — 3, Dyalg — 4. D] — »lg — 3, D v(39 — 2, 1)
X[r@—=3D+rleg—4 D) +vlg— 40 (B4)

APPENDIX C: LArLACE TRANSFORMS OF THE DENSITY OF I/
m=3:

/13:4_%(.9) = 2_n2_2(”2 — 1)4 [2M(0, 375 5 8) A0, 1, — 25 8) — A(1, mp — 15 9)],
(C.1)



A3;6,n2(s) =

As:s.nz(s) =

m=4:

/14:5.7&2(5) =

A4:7,nz(3) e
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(412777 (my — 1)g (MO, dmy + 1; 9)[(me — 2) A3, my — 35 5)
— 12X(1, my — 2; )] 4 A2, 15 3 ) + 202, By — 25 5)}, (C2)

(612"77) (my — 1) {MO, dms -+ 2; 5)[(my — 2)(n, — 3)

X A6, ny — 45 5) + 3(ny — 2)(A(4, ny — 2; 5) — 12X(4, 1, — 3; %))
+ 240A(2, 7y, — 25 5)] + 2[(ny — 2) (5, my — 3; 5)

— 203, 7y + 1;8) — 6A(3, my — 1;5) — 1223, ny — 2; 8)]}.

(C.3)
(412" (my — 6)6 [27"N(0, 1, + 1; 5) A0, 7, — 3; 5)
— 2n,A(0, (p + 1); ) M2, 15 — 358) — A(1, 7y 5 5)
—4x(1, ny — 2; )], (C.4)

(61277 (my — 2)5 (27" X0, my + 3; 5)[(my — 3)(my — 4)

X M4, 1y — 5;5) — 4(ny — 3)A3, 7y — 45 5) + 6A(2, 5, — 4;5))
+ 48(A(1, 1y — 35 5) + A0, my, — 35 5))]

+ 2m(ny + 2) A0, ¥(n, + 3); 5) A(4, 1y — 35 9)

+ 4(ny — 3)AB, ny — 25 5) + 4A(3, ny, — 4; 5)]

— 3[A(1, ny 4 2; 5) + 16A(3, ny — 35 5) + 48X(1, y — 2; 8)]}.
(C.5)

Ag;10,n, and Ay, have been obtained in similar form.
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On the Ratios of the Individual Latent Roots
to the Trace of a Wishart Matrix

A. W. Davis

C.S.I.R.O., Adelaide, Australia

A simple relationship is given between the exact null distribution g/} of the
J-th largest latent root of an m X m Wishart matrix on n degrees of freedom,

and the distribution f4/), of the ratio of this root to the trace of the matrix.

Explicit expressions for certain f 1 may thus be obtained from previous results

n,n
for the corresponding giy, -

1. INTRODUCTION

In a recent paper, Krishnaiah and Waikar [5] have discussed tests of equality
of the latent roots of certain matrices against various classes of alternatives.
These tests are based on ratios of the latent roots of certain random matrices;
in particular, on the ratios of the individual roots to the trace. In this note,
we present a simple relationship between the marginal distribution of a latent
root of a central Wishart matrix S and the distribution of the ratio of this
root to the trace. Unfortunately, no corresponding results have yet been found
for the matrices S,S;* and S,(S; + Sy) ™

2. Ratios oF THE INDIvIDUAL RoOTS TO THE TRACE

Let S be an m X m central Wishart matrix on z degrees of freedom, having
latent roots 0 < I, < +++ < I, < oo, and let &, = L;/>]; ({ = 1,00, 3 S = 1).

If £, , g), denote the marginal densities of u,, L, respectively, and

L)) = | : e~sh(w) dw
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Key words and phrases: Exact distributions; Wishart matrix, ratio of root to trace;
Laplace transforms.
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1 RATIOS OF THE ROOTS TO THE TRACE

denotes the Laplace transform, then we prove in the next section that

1
14

z ((1 -+ w)imn-2 f) ( )) = 20 (§mn) ess—tmmtigh) (3 (2.1)

In principle, this result allows us to deduce the fih, from expressions for
the gi), [6, 3]. In particular, if Pm;n,n, is the null density of trace S,(S; + S,),
where 8, , 8, are independent m X m Wishart matrices on ny , n, degrees of

freedom, respectively, then we obtain for the largest ratio ,

fr(r})n(u) = kl(m’ n) u%‘mn—z m—1;n—1,m+2 (%)’ (22)
where
ky(m, n) = [ 2T (ymn)| T (Gm)I'(3m)] "i:I (LG +2— i) TGn+m+1 —(i))])-
=0 2.3

It follows from known results for p [2] that %, has range (1, 1), and that
Sula(n) is piecewise analytic in the intervals between the points u = 1,
(m— 1), 274 1. As n— oo, n*%(mu; — 1) tends to a limiting distribution,
so that for very large » the distribution of #, is mainly concentrated in
(3, (m — 1)),

When m = 2,

Prob(u, < u) =1 — 27 Yu — u2)kin-1), 3 <u<l), (2.9

and 4n(2u, — 1)? is asymptotically negative exponential with mean 1.
When m = 3, we obtain from [2, Eq. (3.4)] and (2.2)

FE0() = Rm){2mun=*(1 — 2u)in 4 win—2[In(1l — w2 (B3u — 12 — (1 — wy]),
G<u<),
2.5)

Fon(®) = km) ut*2[n(l — w2 Gu— 12— (1 —w)y], ( <u<1),

where k(n) = 1/2 B(4n + 1, n — 1). The limiting density of w = #'/2(3u, — 1)
in this case is

M) = (o) [ 4 Gt — 1) e v, (0 <w< ), (26)

with mean 3(3/2m)/2 = 2.0730, variance (297 — 81)/67 = 0.5361, and Pearson
parameters f}'® = 0.4983, B, = 3.2071. Approximate upper 5% and 1%,
points are 3.381 and 4.021, respectively.
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Since the median root /, in the case m = 3 is a gamma variate with parameter
n — 1, it follows from (2.1) that 2u, is a beta variate with parameters n — 1,
in 4 1.

For m > 3, the densities become increasingly complicated, with convolution-
type terms. No further approximations have been found for the limiting
distributions.

3. Proor or (2.1)

The joint nonnull density of #, ,..., #,,_, has been given in [4] and [5], and
reduces in the null case (see [1]) to

O(tty yueey Uny—g) = ko(m, n) [T ut=m=2 [T (u; — uy),
i-1 i<
where

m—1

R, ) = i Gmn) [ [ [T T3 — i) TG — i)

The u; liein the (m — 1) dimensional region &,,_; = {0 <%, < *** <, <1,
3, u; = 1}. Writing the left-hand side of (2.1) in the form

m—1

| | expls(l = )] a0 e ) [T 3.1)
we make the transformation
v; = 2su,lu, @@= 1,..,m; s > 0) (3.2)
to new variables v, ,..., ¥;_; , ¥s4q seee, U - This maps &,_; onto the region

ﬁm_l(], S) ={0 < ‘vm < b < 'Z)J+1 < 7)] = 2S < vJ—l < < 'vl < CD}. (3.3)
Since

s(1 —up)fu; =% g, (3.4)

r

1
J

¥1

and the transformation (3.2) has Jacobian

O(Vy yeeey sy s Vygq seees U ) O(y yevny Upy_y) = (2™ fu,™, (3.5)
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the integral (3.1) becomes

2T (3mn) ets—imn-+1 f Y0y yorrr V) ] dos (3.6)
=1

1S

F1.8)

where (vy ,..., v} is the joint null density of /,..., 7, . This is equivalent
to the right-hand side of (2.1).
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On the differential equation for Meijer's Gg’; function,

-2

and further tabulation of Wilks's likelihood ratio criterion

A.W. Davis

CSIRO Division of Mathematics and Statistics, Glen Osmond, South Australia.

Summary

The null distributions of a number of likelihood ratio criteria
are well known to be expressible in terms of Meijer's Gg:g function.
It 18 shown that such distributioné correspond to a single fundamental
solution of the differential equation for this function at the regular
singularity 1. Computation of percentage poilnts of Wilks's likelihood
ratio criterion by "analytic continuation" of this solution fills some

»

gaps in the previously published tabulations.

Some key words: Meijer's G function, linear differential equation,
Wilks's likelihood ratio criterion, percentage points,

analytic continuation.



Introduction

It was pointed out by Nair (1938) that the exact distributions
of many likelihood ratio criteria L (0 < L ¢ 1) may be derived by
applying Mellin's inversion theorem to the s th moments of the criteria.

For the null distributions, the latter are frequently of the form

E(L®) = K-HE=1{F(bi +8)/T(ay +8)}, (a;, by >0, 1 =1, ..., p), (1)

where

R = 15_ (T(a;) (b))}

Applying the inversion theorem, it follows that the density of L

is given by
-1 ctie =
£(L) = K(2m1i) f L Hi=1 {F(bi + s)/I‘(ai +8)}ds (c >0
c—1
a i @ wyp @
- -1.P,0 i ’ P
KL Gp,p(F]bl, s 145 b ) ’

a special case of Meljer's Gﬁ:g function (Erdelyi (1953) Section 5.3).
This result provides powerful methods for deriving explicit forms of these
distributions in a number of cases (see references in Consul (1969),
Mathai (1973), for example). However, computational problems may arise in
tabulating the distributions when the. latter are obtained as infinite
series. One possibility for overcoming the problem of a slowly convergent
gserles 1s to expand the series at intermediate points, and so approach

the required percentage points by a process of "

analytic continuation'.
If the distribution can be shown to satisfy a differential equation, the
latter may provide a convenient tool for this process.

As 1s well known (Erdelyi (1953), Section 5.4), Meijer's G-function

satisfies a certaln homogeneous linear differential equation which has a



regular singularity at 0, an irregular singularity at «, and in the

case of Gp’g functions, a regular singularity at 1. Differential

,
equations of this type were obtained by Nair (1938), who approached
their solution by way of the regular singularity at 0. Unfortunately,
the required solution 1s then a linear combination of the complete
fundamental system of solutions at 0, with constants which Nair
evaluated using the calculus of residues. Furthermore, the characteristic
equation for the solution at 0 has roots which will generally differ by
integers 1n statistical applications, so that Frobenius's method is
required to construct the fundamental solutions. The shortcomings of
this approach in connection with multivariate distributions were justifiably
pointed out by Mathai (1973).

However, the situation is different at the regular singularity 1.

In Section 2, the differential equation for Gg’g

]

will be formulated in
a way which clearly displays this singularity. The uniqueness of the
required solution, and the evaluation of the multiplicative constant, will
be shown to follow quite simply from the well known representation of L
satisfying (1) as a product of independent beta variates.

In Section 3, the approach 1s applied to Wilks's (1932) likelihood
ratio criterion

A= |w| / |B+ W], (2)

where B and W are the p X p hypothesis and error sum-of -products matrices,
on q and n degrees of freedom respectively, used in the hypothesis testing
for the general linear model. The complete explicit form of the distribution
has been given by Mathai (1971). Tabulations have been made by Schatzoff

(1966), Pillai and Gupta (1969), Mathai (1971), and Lee (1972). Infinite



series are encountered when p and q are both odd and such values are
omitted from the above tabulations except in the work of Lee, who
reduced the problem to the evaluation of certain univariate integrals
and tabulated the cases p, ¢ < 9. Also, it was generally found necessary
to replace the explicit forms by asymptotic expansions for larger n.
In the present paper, the computational utility of the differential
equation approach is indicated, at least in the case of A, by filling
most of the gaps in the published tabulations for p ¢ 10, q g 22,
pq < 140 (Table 1). No modifications were required for particular p, q
or large n, although for larger p and q the method tended to break down
for very small n. The usefulness of the technique for other likelihood
ratio criteria remains to be investigated.
The differential equation approach has been used by the present author
in connection with the null distributions of other multivariate test criteria
whose moments are not of form (1) (Davis 1968, 1970a, 1970b, 1972), and also

for the linear combination of chi-squares (Davis 1977).

2. The differential equation for GP»°

— ]

For r = 0, 1, ..., p define
ctie

. -1 -5 _p r
H (L) = (21) ciim L° nf_ {r(by + 8)/T(a; + &)} ds/T,_ (a; + 9),
o 25
noting that H (L) = GP» (L], 7). It follows easily that
0 PP b,
(Ld/dL - ar)Hr = _Hr~1(r =1, ..., p) (3)

B - TP (p)
(1 - LH dpm 8 " H,

where the eip) are constants such that



-4 -

Ty + &) /ey + ) =1 - o a4 s, )
If we now define the vector of functions H = (H, , Hp)',
then from (3)
di/dL = L7'( - T) + @ - D7IT)E (5)

where

1 1 P
A = -1 82 . , T . 0, . 'Y 0
O -
0, * 80y 0
0 -1 a . J
[ p

Equation (5) displays H as the solution of a homogeneous linear

differential equation of order p, with regular singularities a + 0 and 1.
The theory of such differential equatiomns is presented, for example, in
Hille (1969), Chapter 5, Appendix B. The fundamental systems of solutions
at L = a correspond to the latent roots of the matrix coefficient of

(L - a)_l. Expandihg by the first row, the latent roots of A + T satisfy

the polynomial equation

P _ _ v L(p) P _ -
Ma (g = M) Zr=1er Hj=r+1<aj A) = 0,
so that in virtue of (4) the roots at L = 0 are simply bl’ ceey bp. As

stated in the Introduction these may differ by integers in statistical

applications. On the other hand, T has a zero root of multiplicity p - 1
(p)

and a single nonzero root 61 5

The solution corresponding to the latter has the form

r+6{P)

i= CZ:=0 h (1 - L) (6)

where hO’ the right eigenvector of T corresponding to the root efp{ is



the p-vector (1, 0, ..., 0)'. It remains to show that (6) is the
required solution, and also to evaluate C and the Gsp); the hr may

then be obtalned recursively from (5).
Considering partial fractions in (4), the eﬁp) are seen to satisfy’

the linear equations

P 4P (a,

r=1 r u r+1 il

-’

i) = i=1 i = ai)) (1 = 1, evey p),

which may be shown to have the unique solution

(P _ P
6. %

AR AN Y

37" v=r va\‘j(a

j)}s (rzl, ¢y p)'

Using this result and (4), the g's may also be shown to satisfy the

recursive relations

(p+1) _ ,(p) 1 (p)yr-1 _
O e (bp+1 - ap+1?2j=0 ej = (s, ap+1)’ 0

(eép) z -1). 1In particular, we obtain

(P) = zi-l bi)‘

Now, a statistic L with moments (1) can clearly be represented as the

product of independent beta variates with parameters bi’ a, - bi(i =1, ...,p),
or equivalently - log L = $=1 LA where the w, are independent variates with
density functions

~b.w a,~b,-1

{Ta)/rb)T(a, =bdle “(1-e™ P 1 G=1, .., p. &

Hence as L +~ 1, the behaviour of f(L) may be derived from that of the

convolution of the densities (8) as w > 0; it is simple to show that

(p)_
£@) ~ {K/r(efp))}(l - L)el ! as L » 1.

I.e. £(L) = L_IHO(L), where HO(L) is given by (3) and (6) with multiplicative

constant



=6 =

C = K/r(efp)+ 1).
-1
Writing Hr =L Hr(r =0, 1, ..., p), we obtain the system (5) with

a replaced by a. - 1.

3. Wilks's likelihood ratio criterion

For the statistic A given by (2), we have
a; = Y5(q+n-1+1), b, = Y(n-1+1), ({=1, ..., p).

From (7), by induction,

0P = (DT Bya@ -1 e @-rH D), (£=1, .o, B,

gp)_ Y%pq. In solving (5), it is convenient to write

so that ©
H: = Bip)Hr; the equations then become
(Ld/dL - a )HY = ¢ HE_ (r=1, ..., p),

-LE* = TP gt
(1 L)H0 erlﬁr’

where

b= (P -+ 1@ -r+ 1), (r=1, ..., p).

These equations may also be derived by a method similar to that
of Davis (1968).

The numerical solution was carried out esgsentilally on the lines
described in Davis (1977), except that the differential equation was not
transformed to check the accuracy. Agreement of the (p, q+1, n)
percentiles with the published values was considered to be a sufficient
confirmation of the (p, q, n) results, since regardless of whether p and ¢q
are odd or even, we are attempting to sum infinite series. The results
are presented in Table 1 in a similar format to that used in previous

tabulations, i.e. we give correction ratios

o = . 2
C n-%(p-q+ 1)} log, Aa) / x pq(a),



where A(a) and szq(a) denote the upper and lower o-points of A
and chi-square on pq degrees of freedom respectively, ( a = 0.1, 0.05,

0.025, 0.01, 0.005).
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Table 1.

10

12
14
16
18

20

24
30
40
60

120

X2

Pq

0.100
1.685
1.358
1.237
1.173

1.133

1.106
1.087
1.073
1.062

1.054

1.041
1.033
1.027
1.022

1.019

1.014
1.009
1. 006
1.003
1.001

1.000

43.745

Chi-squared adjustments to Wilks's criterion A.

lower percentiles of A(upper percentiles of x2).

p=3,q=11

0.050
1.754
1.385
1.252
1.183

1.140

1.112

1.092

1.043
1.034
1.028
1.023

1.020

1.014
1,010
1.006
1.003
1.001

1.000

47.400

0.025
1.821
1.410
1.266
1.192

1.147

1.117
1.096
1.080
1.068

1.059

1.045
1.036
1.029
1.024

1.020

1.015
1.010
1.006
1.003
1.001

1.000

50.725

0.010
1.907
1.442
1.284
1.204

1.156

1.124
1.101
1.084
1.072

1.062

1.047
1.037
1.030
1.025

1.021

1.016
1.011
1.007
1.003
1.001
1.000

0.005
1.969
1.466
1.297
1.213

1.162

1.128
1.105
1.087
1.074

1.064

1.049
1.039
1.031
1.026

1.022

1.016
1.011
1.007
1.003
1.001

1.000

54.776 57,648

0.
1.
1.
1.
1.

1.

1%
1.
13,
1.

1.

1.
1.
1.
1.

1.

1.
i
18
1.
1.

l.

50.

100
750
405
274
203

158

128
106
089
076

066

052
041
034
028

024

018

012

008

004

001

000

660

p=3, q=13

0.050

1.824

1.434

1.291

1.214

1.167

1.134

1.111

1.09%4

1.080

1.069

1.054

1.043

1.035

1.029

1.025

1.019

1.013

1.008

1.004

1.001

1.000

54.572

0.025
1.896
1.462
1.306
1.225

1.174

1.140
1.116
1.098
1.083

1.072

1.056

1.045

1.037

1.031

1.026

1.019
1.013
1.008
1.004
1.001

1.000

58.120

Factor C for

0.

1.

1.

1.

62.428 65.

010

.988
L4977
.326
.238

. 184

148
.122
.102
.088

.076

.059
.047
.038
.032

.027

.020
.014

.009

004

001

000

.005

.055

.522

. 340

.247

.191

.153

126

.106

.090

.078

.061

.048

.040

.033

.028

.021

014

.009

. 004

.001

.000

476



Table 1 (cont.)

p=3,q=15 p=23,q=17

M\S 0.100 0.050 0.025 0.010 0.005 0.100 0.050 0.025 0.010 0.005
1 1.808 1.887 1.964 2.061 2.133 1.861 1.944 2.025 2.127 2.203
2 1.449 1.480 1.510 1.547 1.575 1.489 1.522 1.554 1.594 1.623
3 1.309 1.327 1.344 1.365 1.381 1.341 1.361 1.379 1.402 1.419
4 1.232  1.244 1.256 1.270 1,280 1.259 1.273 1.285 1.300 1.312
5 1.183 1.192 1.200 1.211 1.218 1.206 1.216 1.225 1.237  1.245
6 1.149 1.156 1.163 1.171 1,177 1.169 1.177 1.184 1.193 1.200
7 1.124  1.130 1.135 1.142 1.147 1.142  1.149 1.154 1.162 1.167
8 1.105 1.110 1.115 1,120 1.124 1.122  1.127 1.132 1.138 1.142
9 1.091 1.095 1.099 1.103 1.107 1.105 1.110 1.114 1.119 1.123
10 1.079 1.083 1.086 1.090 1,093 1.092  1.096 1.100 1.104 1.107
12 1.062 1.065 1.067 1.070 1.072 1.073  1.076 1.079 1.082 1.084
14 1.050 1.052 1.054 1.056 1.058 1.059 1.061 1.064 1.066 1.068
16 1.041 1.043 1.045 1.047 1,048 1.049 1.051 1.053 1.055 1.056
18 1.035 1.036 1.037 1.039 1.040 1.041 1.043 1.044 1.046 1.047
20 1.030 1.031 1.032 1.033 1.034 1.035 1.037 1.038 1.040 1.041
24 1.022 1.023 1.024 1.025 1.026 1.027 1.028 1.029 1.030 1.031
30 1.016 1.016 1.017 1.017 1.018 1.019 1.020 1.020 1.021 1.022
40 1.010 1.010 1.010 1.011 1.011 1.012 1.012 1.013 1.013 1.013
60 1.005 1.005 1.005 1.005 1.005 1,006 1.006 1.006 1.006 1.007
120 1.001 1,001 1.001 1.001 1.002 1.002 1.002 1.002 1.002 1.002
® 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
x2 57.505 61.656 65.410 69.957 73.166 64.295 68.669 72,616 77.386 80.747

Pq



1 1
2 1
3 1
4 1
5 1
6 1
7 1
8 1
9 1
10 1.
12 1.
14 .
16 i
18 1.
20 1.
24 1.
30 1.
40 1.
60 1.

120 1.
o 1
A

.100

. 909

.526

.372

.285

.229

. 189

.160

.137

.119

105

084

068

057

048

041

032

022

014

007

002

. 000

. 040

p=3,q=19

0.050
1.996
1.561
1.393
1.300

1.240

1.198

1.167

1.143

1.124

1.109

1.087
1.071
1.059
1.050

1.043

1.033
1.023
1.015
1.007

1.002

1.000

75.624

0.025
2.080
1.595
1.412
1.313

1.250

1.205

1.173

1.148

1.129

1.113

1.090
1.073
1.061
1.052

1.044

1.034
1.024
1.015
1.008

1.002

1.000

Table 1 (cont.)

0.010
2.188
1.637
1.437
1.330

1.262

1.215
1.181
1.155
1.134

1.118

1.093
1.076
1.063
1.054

1.046

1.035
1.025
1.016
1.008

1.002

1.000

79.752 84.733

0.005
2.267
1.668
1.454
1.341

1.271

1.222
1.186
1.159
1.138

1.121

1.096
1.078

1.065

1.036
1.025
1.016
1.008

1.002

1.000

88.236

0.100
1.954
1.561
1.401
1.310

1.250

1.208

1.177

1.153

1.133

1.118

1.094

1.077

1.065
1.055

1.048

1.036
1.026
1.016
1.008

1.002

1.000

77.745

p =3, q=21

0.050
2.044
1.598
1.423
1.325

1.262

1.217
1.184
1.159
1.139

1.122

1,098
1.080
1.067
1.057

1.049

1.038
1.027
1.017
1.009

1.002

1.000

82.529

0.025
2.131
1.633
1.444
1.340

1.273

1.226

1.191

1.165

1.144

1.127

1.101
1.083
1.059
1.059

1.051

1.039
1.028
1.018
1.009

1.003

1.000

86.830

92.

.010

. 243

677

470

<357

.286

.236

.172

. 150

.132

.105

.086

.072

.061

.053

. 040

.029

.018

.009

.003

.000

010

95.

.005

.325

.709

.488

.370

.295

<243

.176

.154

135

.108

.088

.074

.063

.054

.041

.029

.019

.009

.003

.000

649



Tabie 1 (cont.)

p=4d, q=11 p=4, q=13
Q? 0.100 0.050 0.025 0.010 0.005 0.100 0.050 0.025 0.010 0.005
2 1.330  1.352 1.374 1.402 1,422 1.369 1.393  1.417 1.446 - 1.468
3 1.222  1.235 1.247 1.262 1.274 1.254 1.268 1.281 1.298 1.310
4 1.164 1.173 1.181 1.191 1.198 1.190 1.200 1.209 1.220 1.228
5 1.127  1.134 1.140 1.147 1.152 1.150 1.157 1.163 1.171 1.177
6 1.103  1.107 1.112 1.118 1,122 1.122  1.127 1.132 1.139 1.143
7 1.085 1.089 1.092 1.097 1.100 1.102 1.106 1.110 1,115 1.118
8 1.071 1.075 1.077 1.081 1.084 1.086 1.090 1.093 1.097 1.100
9 1.061 1.064 1.066 1.069 1.071 1.074 1.077 1.080 1.083 1.086
10 1.053 1.055 1.057 1.060 1.062 1.065 1.067 1.070 1.073 1.075
12 1.041 1.043 1.044 1.046 1.047 1.050 1.052 1.054 1.056 1.058
14 1.033 1.034 1.035 1.037 1.038 1.041 1.042 1.044 1.045 1.047
16 1.027 1.028 1.029 1.030 1.031 1.033 1.035 1.036 1.037 1.038
18 1.022 1.023 1.024 1.025 1.026 1.028 1.029 1.030 1.031 1.032
20 1.019 1.020 1.020 1.021 1.022 1.024 1.025 1.026 1.027 1.027
24 1.014 1.015 1.015 1.016 1.016 = 1.018 1.019 1.019 1.020 1.020
30 1.010 1.010 1,010 1.011 1.011 1.012 1.013 1.013 1.0l14 1.014
40 1.006 1.006 1.006 1,007 1.007 1.008 1.008 1.008 1.008 1.009
60 1.003 1.003 1.003 1.003 1,003 1.004 1.004 1.004 1.004 1.004
120 1.001 1.001 1.001 1.001 1,001 1.001 1.001 1.001 1.001 1.001
© 1.000 1,000 1.000 1.000 1.000 1.000 1.000 . 1.000 1.000 1.000

x> 56.369 60.481 64.201 68.710 71.893 65.422 69.832 73.810 78.616 82.001
Pq



10

12
14
16
18

20

24
30
40
60

120

74,

.100

. 406

. 284

.216

172

<141
.118
.101
.087

.077

.060

. 049

.040

.034

.029

.022
.015
.010
.005

.001

. 000

397

Table 1 (cont.)

p=4, q=15

0.050

1.432
1.299
1.226

1.179

1.147
1.123
1.105
1.091

1.080

1.063
1.051
1.042
1.035

1.030

1.023
1.016
1.010
1.005

1.001

1.000

79.082

0.025

1.456
1.313
1.236

1.187

1.153
1.128
1.109
1.094

1.082

1.065
1.052
1.043
1.036

1.031

1.023
1.016
1.010
1.005

1.001

1.000

83.298

0.010

1.488

1.331

1.248

1.195

1.159
1.133
1.113
1.098

1.085

1.067

1.054

1.045

1.038

1.032

1.024
1.017
1.011
1.005

1.001

1.000

88.379

0.005

1.511

1.344

1.256

1.202

1.164
1.137
1.116
1.101

1.088

1.069
1.056
1.046
1.039

1.033

1.025

1.017

1.011

1.005

1.001

1.000

91.952

0.100

1.440

1.313

1.240

1.193

1.160
1.135
1.116
1.101

1,089

1.070
1.057
1.048
1.040

1.035

1.026
1.019
1.012
1.006

1.002

1.000

83.308

p=4,q=17

0.050

1.468

1.329

1.252

1.201

1.166
1.140
1.120
1.105

1.092

1.073
1.059
1.049
1.042

1.036

1.027
1.019
1.012
1.006

1.002

1.000

88.250

0.025

1.494

1.344

1.262

1.209

1.172
1.145
1.124
1.108

1.095

1.061

1.051

1.043

1.037

1.028
1.020
1.012
1.006

1.002

1.000

92.689

98.

.010

.527
.363
.275

.218

.180
.151
.129
112

.098

.078
.063
.053
.045

.038

.029
.020
.013
. 006

.002

. 000

.005

.551

.377

. 284

.225

.185

.155

.133

15

.101

. 080

.065

.054

. 046

.039

.030

.021

.013

.007

.002

.000

028 101.776



10

12

14

16

18

20

24

30

40

60

120

0.100

1.473
1.340
1.264

1.214

1.178

1.151

1.130

1.114

1.101

1.080
1.066
1.055
1.047

1.040

1.031
1.022
1.014
1.007

1.002

1.000

92.166

Table 1 (cont.)

p=4, q=19

0.050

1.502
1.357
1.276

1.223

1.185
1.157
1.135
1.118

1.104

1.083
1.068
1.057
1.048

1.042

1.032
1.023
1.014
1.007

1.002

1.000

0.025

1.529
1.373
1.287

1.231

1.191
1.162
1.140
1.122

1.107

1.086
1.070
1.059
1.050

1.043

1.033
1.023
1.015
1.007

1.002

1.000

0.010

1.563
1.393
1.300

1.241

1.199
1.169
1.145
1.126

1.111

1.089
1.073
1.061
1.051

1.044

1.034
1.024
1.015
1.008

1.002

1.000

0.005

1.588
1.408
1.310

1.248

1.205
1.173
1.149
1.130

1.114

1.091
1.074
1.062
1.053

1.045

1.035
1.025
1.015
1.008

1.002

1.000

97.351 101.999 107.583 111.495

0.

1.
1.
1.

1.

1.
1.
1.
1.

1.

1.
1.
1.
1.

1.

1.
1.
1.
1.

1.

1.

100.980 106.395 111.242 117.057 121.

100

504
367
287

234

196
167
145
127

112

091
075
063
054

046

036
025
016
008

002

000

p=4d, q=21

0.050

1.533

1.384

1.299

1,243

1.203

1.173

1.150

1.132

1.116

1.094

1.077

1.065

1.055

1.048

1.037

1.026

1.017

1.008

1.002

1.000

0.025

1.562
1.401
1.311

1.252

1.210
1.179
1.155
1.136

1.120

1.096
1.079
1.066
1.057

1.049

1.038
1.027
1.017
1.009

1.003

1.000

0.010

1.598
1.422
1.325

1.262

1.218
1.186
1.160
1.140

1.124

1.099
1.082
1.069
1.059

1.051

1.039
1.028
1.018
1.009

1.003

1.000

.005

.624

437

.335

.270

.224

.190

.164

144

.127

.102

. 084

.070

.060

.052

.040

.028

.018

.009

.003

.000

126



10

12
14
16
18

20

24

30

40

60

120

68.

.100

<312
.213
.159

.125

.101

. 084

.071

.061

.053

. 041
.033
.027
.023

.019

.014

.010

. 006

.003

. 001

. 000

796

Table 1 (cont.)

P=3,q=11
0.050 0.025 0.010
1.333  1.352 1.378
1.225 1.236 1.250
1.167 1.174 1.183
1.130  1.136 1.142
1.105 1.110 1.115
1.087 1.091 1.095
1.074 1.077 1.080
1.063 1.066 1.068
1.055 1.057 1.059
1.043 1.044 1.046
1.034 1.035 1.037
1.028 1.029 1.030
1.023 1.024 1.025
1.020 1.021 1.021
1.015 1.015 1.016
1.010 1.011 1.011
1.006 1.006 1.007
1.003 1.003 1.003
1.001 1.001 1.001
1.000 1.000 1.000

73.311 77.380 82.292

0.005

1.396
1.260
1.190

1.147

1.118
1.098
1.082
1.070

1.061

1.047
1.038
1.031
1.026

1.022

1.016
1.011
1.007
1.003

1.001

1.000

85.749

0.100

1.345
1.241
1.182

1.145

1.118

1.099

1.084

1.073

1.064

1.050
1.040
1.033
1.028

1.024

1.018

1.013

1.008

1.004

1.001

1.000

79.973

p=5,q=13

0.050

84.

.367

.253

.191

.151

.123

.103

.088

.076

.066

.052

.042

.035

.029

.025

.019

.013

.008

. 004

. 001

.000

821

0.025

1.387

1.265

1.199

1.157

1.128

1.107

1.091

1.078

1.068

1.054

1.043

1.036

1.030

1.026

1.019

1.013

1.008

1.004

1.001

1.000

89.177

0

94.

.010

414
.280
.208

.164

.133
.111
. 094
.081

.071

. 055
.045
.037
.031

.026

.020
.014
.009
. 004

.001

.000

422

98.

.005

433

. 290

<215

.169

.137

114

.097

.083

.073

.057

.046

.038

.032

.027

.020

.014

.009

.004

.001

. 000

105



e 1 (- it.)
p=5,q=15 p=25,q=17
o
h\ 0.100 0.050 0.025 0.010 0.005 0.100 0.050 0.025 0.010 0.005
2 1.377 1.399 1.421 1.449 1,469 1.407 1.431 1.453 1.482 1.503
3 1.267 1.281 1.293 1.309 1.320 1.293 1.307 1.320 1.336 1.348
4 1.205 1.214 1.223 1.233 1.240 1.227  1.237 1.246 1.257 1.265
5 1.164 1.171 1.177 1.185 1.190 1.184 1.191 1.198 1.206 1.212
6 1.136 1.141 1,146 1.152 1.156 1.153  1.159 1.164 1.170 1.175
7 1.115 1.119 1,123 1.127 1.131 1.130  1.134 1.139 1.144  1.147
8 1.098 1.102 1.105 1.109 1.112 1.112  1.116 1.119 1.124 1.127
9 1.085 1.088 1.091 1.094 1.097 1.098 1.101 1.104 1.108 1.110
10 1.075 1.078 1.080 1.083 1,085 1.086 1.089 1.092 1.095 1.097
12 1.059 1.061 1.063 1.065 1.067 1.069 1.071 1.073 1.075 1.077
14 1.048 1.050 1,051 1.053 1.054 1.056 1.058 1.060 1.062 1.063
16 1.040 1.041 1.043 1.044 1.045 1.047 1.048 1.050 1.051 1.052
18 1.034 1.035 1.036 1.037 1.038 1.040 1.041 1.042 1.044 1.044
20 1.029 1.030 1.031 1.032 1.033 1.034 1.035 1,036 1.037 1.038
24 1.022 1.023 1.023 1.024 1.025 1.026 1.027 1.028 1.029 1.029
30 1.015 1.016 1.016 1.017 1.017 1.019 1.019 1.020 1.020 1.021
40 1.010 1.010 1.010 1.011 1.011 1.012 1.012 1.012 1.013 1.013
60 1.005 1.005 1.005 1.005 1.005 1.006 1.006 1,006 1.006 1.006
120 1.001 1.001 1.001 1.001 1.002 1.002 1.002 1.002 1.002 1.002
@ 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

qu 91.06]1 96.217 100.839 106.393 110.286 102.079 107.522 112,393 118.236 122.325



10

12
14
16
18

20

24
30
40
60

120

0.100

1.436
1.318
1.249

1.203

1.170
1.145
1.126
1.110

1.097

1.078
1.064
1.054
1.046

1.040

1.031
1.022
1.014
1.007

1.002

1.000

Table 1

P=05, q=19

0.050

1.460
1.332
1.259

1.210

1.176
1.150
1.130
1.114

1.101

1.081
1.066
1.056
1.047

1.041

1.031
1.022
1.014
1.007

1.002

1.000

0.025

1.483
1.346
1.268

1.217

1.181
1.154
1.134
1.117

1.103

1.083
1.068
1.057
1.049

1.042

1.032
1.023
1.015
1.007

1.002

1.000

0.010

1.513
1.363
1.280

1.226

1.188
1.160
1.138
1.121

1.107

1.085
1.070
1.059
1.050

1.043

1.033
1.024
1.015
1.008

1.002

1.000

(cont.)

0.005

1.535
1.375
1.288

1.232

1.193
1.164
1.141
1.124

1.109

1.087
1.072
1.060
1.051

1.044

1.034
1.024
1.015
1.008

1.002

1.000

113.038 118.752 123.858 129.973 134,247

0.100

1.357

1.256

1.198

1.160

1.132
1.112
1.097
1.084

1.074

1.059

1.048

1.040

1.034

1.029

1.022
1.016
1.010
1.005

1.001

1.000

107.565 113.145 118.

p =6,
0.050 0.
1.377 1.
1.268 1,
1.206 1,
1.166 1
1.137 1,
1.116 1.
1.100 1
1.087 1.
1.076 1
1.061 1.
1.050 1
1.041 1.
1.035 1.
1.030 1.
1.023 1,
1.016 1.
1.010 1.
1.005 1.
1.001 1.
1.000 1.

q =15

025 0.010 0.
397 1.422 1

279 1.293 |

214 1.223 1.
171 1.178 1.
142 1.147 1.
120 1.124 1,
.103  1.106 1.
089 1.092 1.
.079 1.081 1.
062 1.064 1.
.051 1.053 1]

042  1.044 1.
036 1.037 1

031 1.032 1

023 1.026 1

017 1.017 1.
010 1.011 1.
005 1.005 1.
001 1.002 1

000 1.000 1.
136 124.116 128.

005

440

.303

230

183

151

127

109

095

083

066

.054

045

.038

.032

.025

017

011

005

.002

000

299
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Table 1 (cont.)

p=2©6, q =17 p=2=6, q=19
gq 0.100 0.050 0.025 0.010 0.005 0.100 0.050 0.025 0.010 0.005
2 1.383  1.404 1.424 1.450 1.469 1.408 1.430 1.451 1.477 1.497
3 1.279 1.291 1.303 1.317 1.328 1.301  1.314 1.326 1.341 1.352
4 1.218 1.226 1.234 1.244 1.251 1.237 1.246 1.255 1.265 1.273
5 1.177 1.184 1.190 1.197 1.202 1.195 1.201 1.208 1.215 1.221
6 1.148 1.153 1.158 1.164 1.168 1.164 1.169 1.174 1.180 1.184
7 1.126  1.130 1.134 1.139 1.142 1.140 1.145 1.149 1.154 1.157
8 1.109 1.113 1.116 1.120 1.123 1.122 1.126 1.129 1.133 1.136
9 1.096 1.099 1.101 1.105 1.107 1.107 1.110 1.113 1.117 1.119
10 1.085 1.087 1.090 1.092 1.094 1.095 1.098 1.101 1.104 1.106
12 1.068 1.070 1.072 1.074 1.075 1.077 1.079 1.081 1.083 1.085
14 1.056 1.057 1.059 1.061 1.062 1.063 1.065 1.067 1.069 1.070
16 1.047 1.048 1.049 1.051 1.052 1.053 1.055 1.056 1.058 1.059
18 1.040 1.041 1.042 1.043 1.044 1.046 1.047 1.048 1.049 1.050
20 1.034 1.035 1.036 1.037 1.038 1.039 1.041 1.041 1.043 1.043
24 1.026 1.027 1.028 1.028 1.029- 1.030 1.031 1.032 1.033 1.033
30 1.019 1.019 1.020 1.020 1.021 1.022 1.022 1.023 1.023 1.024
40 l1.012 1.012 1,012 1.013 1.013 1.014 1.014 1.015 1.015 1.015
60 1.006 1.006 1.006 1,006 1.007 1.007 1.007 1.007 1.008 1.008
120 1.002 1.002 1.022 1.002 1.002 1.002 1.002 1.002 1.002 1.002
@ 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

X2 120.679 126.574 131.838 138.134 142.532 133.729 139.921 145.441 152.037 156.637



A

10

12
14
16
18

20

24
30
40

60

0.100

1.297
1.207
1.157

1.125

1.102
1.086
1.073
1.063

1.055

1.043
1.035
1.029
1.024

1.021

1.016
1.011
1.007
1.003

1.001
1.000

P

0.050

1.5/ (5
1.218
1.164

1.130

1.106
1.089
1.076
1.065

1.057

1.045
1.036
1.030
1.025

1.021

1.016
1.011
1.007
1.003

1.001
1.000

7, q = 11

0.025

1.332
1.227
1.171

1.135

1.110
1.092
1.078
1.067

1.059

1.046
1.037
1.031
1.026

1.022

1.017
1.012
1.007
1.004

1.001
1.000

Table 1 (cont.)

0.010

1.354
1.239
1.179

1.140

1.114
1.095
1.081
1.070

1.061

1.048
1.038
1.032
1.027

1.023

1.017
1.012
1.007
1.004

1.001
1.000

0.005

1.371

1.248

1.184

1.145

1.118
1.098
1.083
1.072

1.062

1.049

1.039

1.032

1.027

1.023

1.017

1.012

1.008

1.004

1.001
1.000

93.270 98.484 103.158 108.771 112.704

0.100

1.320

1.228

1.175

1.141

1.116
1.098
1.084
1.073

1.064

1.051

1.042

1.035

1.029

1.025

1.019
1.013
1.008
1.004

1.001
1.000

p=17,q=13

0.050

1.338
1.238
1.182

1.146

1.120
1.102
1.087
1.076

1.066

1.053
1.043
1.036
1.030

1.026

1.020
1.014
1.009
1.004

1.001
1.000

0.025

1.356
1.248
1.189

1.151

1.124
1.105
1.090
1.078

1.068

1.054
1.044
1.036
1.031

1.026

1.020
1.014
1.009
1.004

1.001
1.000

0.

1.
1.
108.661 114.268 119,282 125.

o0io

.378-

.261

.197

.157

.129
.108
.093
.080

.071

.056

. 045

.038

.032

.027

.021
.014
.009

. 004

001
000
289

- 11 -

I
) I
129.

.005

.395

.270

.203

.16l

132

JA11

.095

.082

.072

.057

.046

.038

.032

.028

.021

.015

.009

. 005

001
000
491



- 12

Table 1 (cont.)

p=7, q=15 p=17,q=17
;i 0.100 0.050 0.025 0.010 0.005 0.100 0.050 0.025 0.010 0.005
2 1.343  1.362 1.380 1.403 1.420 1.365 1.385 1.403 1.427 | 1.445
3 1.248 1.259 1.270 1.283 1.292 1.268 1.280 1.291 1.304 1.314
4 1.193 1.201 1.208 1.216 1.223 1,211 1.219  1.226 1.235 1.242
5 1.157 1.162 1.168 1.174 1.179 1.173  1.179 1.184 1.191 1.196
6 1.131  1.135 1.139 1.144 1.148 1.145 1.150 1.154 1.159 1.163
7 1.111  1.115 1.118 1.122 1.125 1.124 1.128 1.131 1.136 1.139
8 1.096 1.099 1.102 1.105 1.107 1,108 1.1t1  1.114 1.117 1.120
9 1.084 1.086 1.089 1.092 1.094 1.095 1.097 1.100 1.103 1.105
10 1.074 1.076 1.078 1.081 1.082 1.086 1.086 1.088 1.091 1.093
12 1.059 1.061 1.062 1.064 1.066 1.067 1.069 1.071 1.073 1.074
14 1.048 1.050 1.051 1.053 1.054 1.056 1.057 1.058 1.060 1.061
16 1.040 1.062 1.043 1.044 1.045 1.047 1.048 1.049 1,050 1.051
18 1.034 1.035 1.036 1.037 1.038 1.040  1.041 1.042 1.043 1.044
20 1.030 1.030 1.031 1.032 1.033 1.034 1.035 1.036 1.037 1.038
24 1,023 1.023 1.024 1.024 1.025 1.026 1.027 1.028 1.028 1.029
30 1.016 1.016 1,017 1.017 1.018 1.019 1.019 1.029 1.020 1.021
40 1.010 1.010 1.011 1.011 1.011 1.012 1.012 1.013 1.013 1.013
60 1.005 1.005 1,005 1.005 1.006 1.006 1.006 1.006 1.007 1.007
120 1.001 1.001 1,002 1.002 1,002 1.002 1.002 1.002 1.002 1.002
® 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

x2 123.947 129.918 135.247 141.620 146.070 139.149 145.461 151.084 157.800 162.481
Pq



10

12

14

16

18

20

24
30
40
60

120

0.100

1.388
1.288
1.229

1.189

1.159
1.137
1.119
1.105

1.094

1.076
1.063
1.053
1.045

1.039

1.030
1.022
1.014
1.007

1.002

1.000

p=7,q=19

0.050

1.408
1.300
1.237

1.195

1.164
1.141
1.123
1.108

1.096

1.078
1.065
1.054
1.047

1.040

1.031
1.022
1.014
1.007

1.002

1.000

0.025

1.427
1.311
1.245

1.201

1.169
1.145
1.126
1.111

1.099

1.080
1.066
1.056
1.048

1.041

1.032
1.023
1.015
1.007

1.002

1.000

Table 1 (cont.)

0.010

1.451

1.325

1.254

1.208

1.174
1.149
1.130
1.114

1.101

1.082

1.068

1.057

1.049

1.042

1.033
1.023
1.015
1.008

1.002

1.000

0.005

1.469
1.335
1.261

1.213

1.178
1.152
1.132
1.116

1.103

1.083
1.069
1.058
1.050

1.043

1.033
1.024
1.015
1.008

1.002

1.000

154.283 160.915 166.816 173.854 178.755

0.100

1.294
1.208
1.159

1.127

1.104
1.088
1.075
1.065

1.057

1.045
1.037
1.030
1.026

1.022

1.017
1.012
1.007
1.004

1.001

1.000

P

0.050

1.312

1.218

1.165

1.132

1.108
1.091
1.078
1.067

1,059

1.046

1.038

1.031

1.026

1.022

1.017
1.012
1.007
1.004

1.001

1.000

=8, q =11

0.025

1.328
1.227
1.172

1.136

1.112
1.094
1.080
1.069

1.061

1.048
1.039
1.032
1.027

1.023

1.017
1.012
1.008
1.004

1.001

1.000

0.010

1.350

1.239

1.179

1.142

1.116

1.097

1.083

1.072

1.063

1.049

1.040

1.033

1.028

1.024

1.018

1.013

1.008

1.004

1.001

1.000

- 13 -

0.005

1.366

1.247

1.185

1.146

1.119
1.100
1.085
1.073

1.064

1.050
1.041
1.034
1.028

1.024

1.018
1.013
1.008
1.004

1.001

1.000

105.372 110.898 115.841 121,767 125.913



10

12

14

16

18

20

24

30

40

60

120

0.100

1.313
1.225
1.174

1.141

1.117
1.099
1.085
1.074

1.066

1.052
1.043
1.035
1.030

1.026

1.020

1.014

1.009

1.004

1.001

1.000

Table 1 (cont.)

p=28,q=13

0.050

1.331
1.235
1.181

1.146

1.121

1.102

1.088

1.077

1.067

1.054
1.044
1.036
1.031

1.027

1.020

1.014

1.009

1.004

1.001

1.000

0.025

1.347
1.245
1.188

1.151

1.125
1.105
1.090
1.079

1.069

1.055
1.045
1.037
1.032

1.027

1.021

1.015

1.009

1.005

1.001

1.000

0.010

1.369
1.257
1.196

1.156

1.129
1.109
1.093
1.081

1.071

1.057
1.046
1.038
1.033

1.028

1.021

1.015

1.009

1.005

1.001

1.000

0.005

1.385
1.266
1.201

1.161

1.132
1.111
1.096
1.083

1.073

1.058
1.047
1.039
1.033

1.028

1.022
1.015
1.010
1.005

1.001

1.000

122.858 128.804 134.111 140.459 144.891

0.100

1.333

1.243

1.190

1.155

1.130

1.111

1.096

1.084

1.074

1.060

1.049

1.041

1.035

1.030

1.023

1.016

1.010

1.005

1.002

1.000

1.
1.
1.
1.

e

1.

p=8,q=15

.050

.351

.253

.198

.160

134

114

.099

.n§7

.076

.061

.050

.042

.036

.031

024

017

011

005

002

000

0.025

1.368
1.263
1.204

1.165

1.138
1.117
1.101
1.089

1.078

1.063
1.052
1.043
1.037

1.032

1.024

1.017

1.011

1.005

1.002

1.000

0.

140.233 146.567 152.211 158

- 14 -

010 0.
389 1
275 L.
2121
171 1.
143 1.
il
105 1.
091 1
.08l 1.
.065 1.
.053 1
044 1,
.038 1.
032 1
025 1.
.018 1.
26/
.006 1
002 1
.000 1

.950 163.

005

.406

284

.218

176

146

124

107

.093

082

066

. 054

045

038

.033

025

018

011

.006

. 002

.000

648
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Table 1 (cont.)

P=8,q=17 P=09,q=1l
o
A 0.100  0.050 0.025 0.010 o0.005 0.100  0.050 0.025 0.010 o0.005

2 1.353  1.371 1.388 1.410 1.294  1.311 1.327 1.348  1.364

3 1.261 1.272 1.282  1.294 1.303 1.210  1.219 1,229 1.240 1.248
4 1.207  1.214 1,201 1.229  1.235 1.161 1.168  1.174 1,182 1.187
5 1.170  1.175 1.180 1.187 1.191 1.130 1.134 1.139 1.144 1.148
6 1.143 1,147 1.151 1.156 1.160 L.107 1.111 1.114 1.119  1.122
7 1.123  1.126 1.130 1.134 1.136 1.091 1.094  1.096 1.100 1.102
8 1.107  1.110 1.113 1.116 1.118 1.078 1.080 1.083 1.085 1.087
9 1.094  1.097 1.099 1.102  1.104 1.068 1.070 1.072 1.074 1.076
10 1.084 1,086 1.088 1.090 1.092 1.059 1.061 1.063  1.065 1.066
12 1.067 1.069 1.071 1.073  1.074 1.047  1.048 1.050 1.051 1.052
14 1.056 1.057 1.058 1.060 1.061 1.038  1.039 1.040 1.042 1.043
16 1.047 1.048 1.049 1.050 1.051 1.032 1,033 1.034 1.035 1.035

18 1.040  1.041 1.042 1.043  1.044 1.027  1.028 1.028 1.029 1.030

20 1.035 1.036 1.036 1.037 1.038 1.023  1.024 1.024 1.025 1.025

24 1.027 1.027 1.028 1.029 1.029 1.018 1.018 1.018 1.019 1.019
30 1.019 1.020 1.020 1.021 1.021 1.012 1.013 1.013  1.013 1.014
40 1.o12 1.013 1.013  1.013 1.013 1.008 1,008 1.008 1.008 1.008
60 1,006 1.006 1.007 1.007 1.007 1.004 1.004 1.004  1.004 1.004
120 1.002 1.002  1.002 1.002 1.002 1.001 1.001 1.001 1.001 1.001

@ 1.000 1.000 1.000 1.000 1.000 1.000  1.000 1.000 1.000 1.000

x2 157.518 164.216 170.175 177.280 182.226 117.407 123.225 128.422 134.642 138.987
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Table 1 (cont.)

p=9, q=13 p=9, q=15
gq 0.100 0.050 0.025 0.010 0.005 0.100 0.050 0.025 0.010 0.005
2 1.310 1.326 1.343 1.363 1.379 1.326 1.343  1.359
3 1.224  1.234  1.243 1.255 1.263 1.240 1.250 1.259 1.271 - 1.279
4 1,175 1.181 1,188 1.195 1.201 1.189 1.196 1.202 1.210 1.216
5 1.142 1.147 1.151 1.157 1.161 1.155 1.160 1.165 1.170 1.174
6 1.118 1.122 1.126 1.130 1.133 1.130  1.134 1.138 1.142 1.145
7 1,101 1.104 1.107 1.110 1.113 1.111  1.115 1.118 1l.121 1.124
8 1.087 1.089 1.092 1.095 1.097 1.097 1.099 1.102 1.105 1.107
9 1.076 1.078 1.080 1.083 1.084 1.085 1.087 1.089 1.092 1.0vs
10 1.067 1.069 1.071 1.073 1.074 1.075 1.077 1.079 1.081 1.083
12 1.054 1.055 1.056 1.058 1.059 1.061 1.062 1.064 1,065 1.066
14 1.044 1,045 1.046 1.047 1.048 1.050 1.051 1.052 1.054 1.055
16 1.037 1.038 1.039 1.040 1.040 1.042 1.043 1.044 1.045 1.046
18 1.031 1.032 1.033 1.034 1.034 1.036 1.037 1.037 1.038 1.039
20 1,027 1.028 1,028 1.029 1.029 1.031 1,032 1.032 1.033 1.034
24 1.020 1.021 1.021 1.022 1.022 1.024 1.024 1.025 1.025 1.026
30 1.015 1.015 1.015 1.016 1.016 1.017 1.017 1.018 1.018 1.018
40 1,009 1.009 1.010 1.010 1.010 1.011 1.011 1.011 1.012 1.012
60 1,005 1.005 1.005 1.005 1.005 1.005 1.006 1.006 1.006 1.006
120 1.001 1.001 1.001 1.001 1.001 1.002 1.002 1.002 1.002 1.002
» 1,000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

qu 136.982 143.246 148,829 155.496 160.146 156.440 163.116 169.056 176.138 181.070



10

12
14
16
18

20

24
30
40
60

120

0.100

1.296
1.213
1.165

1.133

1.111
1.094
1.081
1.070

1.062

1.049
1.040
1.034
1.028

1.024

1.019
1.013
1.008
1.004

1.001

1.000

Table 1 (cont.)

Pp=10, q =11

0.050

1.313
1.222
1.171

1.138

1.114
1.097
1.083
1.072

1.064

1,051
1.041
1.034
1.029

1.025

1.019
1.013
1.008
1.004

1.001

1.000

0.025

1.329
1.231
1.177
1.142

1.118
1.099
1.085
1.074

1.065

1.052
1.042
1.035
1.030

1.026

1.020
1.014
1.009
1.004

1.001

1.000

0.010

1.349
1.243
1.185

1.148

1.122
1.103
1.088
1.077

1.067

1.054
1.044
1.036
1.031

1.026

1.020
1.014
1.009
1.004

1.001

1.000

0.005

1.251
1.190

1.152

1.125
1.105
1.090
1.078

1.069

1.055
1.044
1.037
1.031

1.027

1.020:

1.014
1.009
1.005

1.001

1.000

129.385 135.480 140.917 147.414 151.948
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A Differential Equation Approach to Linear

Combinations of Independent Chi-Squares

A. W. DAVIS*

The distribution of a linear combination of m independent central
chi-square variables with positive coefficients is shown to be deriv-
able from an mth order linear differential equation. The computation
of percentage points by analytic continuation of the series solution
at the origin is shown to be feasible for a useful range of parameter
values.

KEY WORDS: Tabulation of distributions; Linear combinations of
independent chi-squares; Differential equations; Power series;
Analytic continuation.

1. INTRODUCTION

Many papers have been published on the distribution
of linear combinations

y = 2 axn®, (1.1)

i1

where the a; are known constants and the x,? are inde-
pendent central chi-square variables with »; degrees of
freedom. Alternatively, such linear combinations may be
regarded as quadratic forms in normal variables. For a
comprehensive survey of the literature, including ap-
plications, distribution theory, and tabulation, see
Johnson and Kotz [5, Ch. 29]. Various representations
of the distribution have been given when all a; are
positive (positive definite case), including certain mix-
tures of chi-square distributions, Laguerre series ex-
pansions, and power series expansions about y = 0.

The most successful approach so far to tabulating y
appears to have been that of Johnson and Kotz [4],
based on Laguerre series ; they give percentage points for
selected linear combinations of up to five independent
chi-squares on single degrees of freedom. They remark
[5, p. 163] that the power series about y = 0 “appears to
be useful for computation only for small values of y.”
However, we seek to show in this note that the problem
of slow convergence of the power series for larger ¥ may
be overcome, at least for a useful range of parameter
values, by deriving an mth order linear differential equa-
tion (d.e.) for the distribution. This provides a con-
venient means of expanding the distribution about points
y = a # 0, so that the solution may be followed out
from the origin by analytic continuation. A check on the
accuracy of the procedure described next is obtained by
transforming the d.e. and recalculating; results appear

% A, W. Davis is Senior Principal Research Scientist, CSIRO Division of Mathe-
matics and Statistics, Glen Osmond, South Australia 5064. The author is grateful
to Miss J. A, Hawkes for her assistance with the computing,

to be accurate to about seven significant figures for
m < 10, all »; = 1, at least for the particular parameter
values considered. A similar approach has been used by
the author in connection with other complex distri-
butions [1, 27.

2. THE DIFFERENTIAL EQUATION

Denoting the Laplace transform of the distribution of
y by Lo(s), we have

m

Lo(s) = TT (1 + 2sa)~>i, s>0, (2.1)
i=1 '
so that e
W S5 ) 22)
ds i=1
where
Li(s) = a:Lo(s)/(1 + 28a;) , v =1,...,m . (23)
These functions satisfy
sLi(s) = 3[Lo(s) — aLi(s)]) , 1 =1,...,m . (24)

Now let H;(y) be the inverse Laplace transform of
Li(s) ¢ =0, ..., m);ie., Ho(y) is the density function
of y and the auxiliary function H;(y) is proportional to
the density of the linear combination obtained by in-
creasing v; to v; + 2, (1 = 1, ..., m). Write

H=(H,...,Hs' , v= (v, ..o, va),
A = diag (e, ..., @nY)
and let 1 denote the m vector (1, 1, ..., 1)’. Then from
(2.2) and (2.4), respectively, we obtain
yHo = vH , (2.5)
and
dH/dy = {[1H, — AH]
=i[y1v — AJH . (2.6)

Equation (2.6) is seen to be a homogeneous linear d.e.
of order m for H, with a regular singularity at y = 0.
The theory of such d.e.’s is presented, for example, in
[3, Ch. 5, Appendix B]; in general, a d.e. of this type
has m linearly independent solutions, any particular
solution being some linear combination of these. A
fundamental system of solutions in the neighborhood of

© Journal of the American Statistical Association
March 1977, Volume 72, Number 357
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y = 0 corresponds to the latent roots of the matrix
coefficient of 4=, in this case 11v’. This particular matrix
is of rank 1, having a zero root of multiplicity m — 1 and
a single positive root

A=H1=1% ;. 2.7
Since (2.6) has no other singularities for finite y, the series
solutions at ¥ = 0 will be convergent for |y| < .

In the positive definite case, with all a, positive, it may
be shown, by expressing the distribution in convolution
form, that the density function

Ho(y) ~ Ky as y—0+, (2.8)

where

K = [2T(\) ﬁ T

Alternatively, (2.8) follows from the power series ex-
( pansion of Robbins [#]. In view of (2.5), (2.8) is sufficient
to identify the required solution of (2.6) as the one
corresponding to the root A, since any linear combination
of solutions corresponding to the zero root must involve
terms of lower order as y — 0. Substituting

H;(y) = i Ciyiyrti-1, 4=0,...,m , (2.9)
=0
in (2.5) and (2.6), we obtain
Co=K, Co=0, ¢=1,...,m, (2.10)
and for j=1,2, ...,
Cij = (Cojm1 — ai7'Ci20)/2(G + X — 1)
(2.11)

Coj =—(25)7" L aiiCy; .
=1

The resulting power series for Ho(y) is identical with
that given by Robbins [6], who gave a different recur-
rence relation for the coefficients, however.

In the case where some «; are negative, the distribution
still corresponds to a solution of the d.e., but (2.8) no
longer holds, and there are difficulties in identifying and
constructing the solution. The d.e. approach is thus
probably not feasible in the indefinite case.

As indicated in the introduction, the advantage
claimed for the d.e. is that it enables (2.9) to be re-
expanded about a point ¢ > 0. Substituting

Hi(y) = X Dty —a)?, ¢=0,...,m, (212)
=0
in (2.5) and (2.6) yields
Dy=Hia), ¢=1,...,m,
(2.13)

Do = a=' Y viDy = Ho(a)

t=1

213

\

andfor j =1,2 ...,

Do; = a7 '[3 viDy; — Dy,;4]
]

: 2.14

Di; = (25)7'[Do,j-1 — i 'Di ;] , ( - )

i1=1,...,m .

Hence, only the values of the H; at y = a are required
to generate the expansion (2.12).
The cumulative distribution function

: F@y) = fo ’ Ho(w)du

may be obtained at any stage by integrating H, term by
term and summing the resulting series.

3. COMPUTATION AND RESULTS

The d.e. (2.5)-(2.6) may be applied either to calculate
the probability F(y;) corresponding to an assigned value
Y = Y1, or to calculate the percentile y. for an assigned
probability e. The computing procedure used may be
summarized as follows:

1. The series (2.9) was expanded to forty terms using (2.10)
and (2.11), and a value y = a > 0 was constructed for which
the last six terms ine ach expansion did not exceed 107 in
absolute value,

a = 1/max {(10%|C;;|)1/,

i=0,1,...,m;j=285..,40} . 3.1

2. If a fell short of the required value y; or y., the series was
expanded about ¢ using (2.13) and (2.14), and the process
was repeated as offen as required. Percentiles y. were ob-
tained by iteration.

3. To check on accuracy, the d.e. was transformed onto a finite
interval (0, ¢) by substituting

2 =cy/y + 1)

in (2.5)-(2.6); the procedurc was then carried out on the
resulting d.e. The value ¢ = 10 was found convenient for
the parameter range considered. For smaller ¢, the gradient
of the transformed distribution became excessive as y — ¢—,
making accurate tabulation of the upper tail increasingly
difficult.

3.2)

Calculations were carried out in double precision on the
csiro Control Data Cyber 70 model 76 in Canberra.
Execution time for the results in Tables 1 through 3 was
1.102 seconds. It is hoped that the algorithm will be
published elsewhere.

Table 1 presents percentage points of x1o?(a; = »; = 1,
t =1, ..., 10) obtained using (a) the d.e. (2.5)-(2.6)
and (b) the transformed d.e. For purposes of comparison,
the a; and y. values in (b) have been obtained by in-
version of (3.2). It is seen that in the case of the original
d.e., the series expansion about the origin yielded
a = a; = 13.00, with F(a,) = 0.7763. Expanding in a
new series about a;, the value a; = 24.29 was obtained,
with F(a) = 0.9931. The a; series was thus used to
compute the y. for e = .900, .950, ard .990. In the case
of the transformed d.e., five changes of origin were re-
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1. Upper Percentage Points of X1,

i a; F(ai) € ye
a. Differential equation
1 13.00 7763
.900 15.98718
.950 18.30704
.990 23.20925
2 24.29 .9931
.995 25.18818
37.22 .9999
b. Transform®
1 .6224 .1878 x 10~
2 1.409 .8070 x 1073
3 2.796 .01418
4 5.242 .1256
5 9.456 .5106
.900 15.98718
6 16.91 .9236
.950 18.30704
.990 23.20925
.995 25.18818
7 30.39 .9993

2 The a, and y, values in b have been obtained by inversion of (3.2) with ¢ = 10.

quired before the .900 point could be calculated, and an
additional step was necessary to obtain the remaining
points. The results are accurate to five decimal places.

2. Upper Percentage Points of y(v, = ... =p;,=1)2
b
Johnson d.e. and Steps
o oy G 04 O € angKotz  transform
d.e. Trans.
30 5 5 5 .5 .900 10.407 10.40708 1 3
950 13.778 13.77754 (+1) 2 4
990 22.259 22.12712 3 5
995 25.856 25.85486
25 12 5 4 .4 900 10.101 10.10127 2 3
950 12.932 12.92783 3 4
990 19.826 19.82597
995 22,907 22.90679 4 5
18 18 .6 .4 .4 .900 9.921 9.92111 2 3
950 12.419 12.41859 4
990 18.214 18.21316 3
995 20.709 20.70851 (—1)
11 11 1.0 9 .9 .900 9.248 9.24823 0 4
950 11.096 11.09629
990 15.156 15.15568 1
995 16.843 16.84227

a(+1) indicates that the result given by the transformed d.e. is obtained by adding
+1 to the digit in the fifth decimal place.
b The accumulated number of changes of origin required.

Journal of the American Statistical Association, March 1977

Some comparisons with the Johnson and Kotz [4]
tabulation are presented in Table 2. Taking ¢ = 10, the
results obtained from the d.e. and its transform generally
agreed to five decimal places, confirming the values given
by the Laguerre expansion to the number of figures
presented (except in one or two instances). The total
number of changes of origin required to obtain each
percentage point is also shown for the two methods.

Some percentage points for higher values of m are
given in Table 3 to illustrate the scope of the method.

3. Upper Percentage Points of y(all v; = 1)

O Gy Oy Oy Q5 Og O7 Qg Og Qg € thaflsfaggn —Steﬁ—
d.e. Trans.
3111 .5.3.2 .900 13.23966 3 4
950 16.57786 (—1) 4
.990 24.80656 5 5
.995 28.50349 6
32 11 43321 .00 15.13968 5 4
.950 18.73166 6 5
.990 27.20669 9
.995 30.92252 10
4 211 2 2 22 .2 900 17.41478 4 5
.950 21.95221 5
.990 32.98203 6
.995 37.90350 7 6
521 1.5 .1.1.1.1.1 .900 19.82018 7 5
950 25.41102 9
.990 39.20686 (+1) 13 7
995 45.38733(—1) 15 8

[Received May 1976. Revised December 1 975.]
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1. Introduction and summary. Let {F.(z)} be a sequence of distribution
functions depending on a parameter n, and converging to a limiting distribution
®(x) as n increases. Then a generalized expansion of Cornish-Fisher type is an
asymptotic relation between the quantiles of Iy and ®. The original Cornish-
Ttisher formulae [3], [5] provided leading terms of these expansions in the case of
normal &, expressing a normal deviate in terms of the corresponding quantile of
F, and its cumulants (the “normalizing” expansion) and, conversely, the quantiles
of F, in terms of its cumulants and the corresponding quantiles of & (the “‘in-
verse” expansion). The value of both these asymptotic formulae has been well
illustrated by their use in approximating the quantiles of complicated distri-
butions (Johnson and Welch [9], Fisher [4], Goldberg and Levine [6]), and for
obtaining random quantiles for distribution sampling applications (T eichroew
[13], Bol’shev [2]). For a survey of the literature on Cornish-Fisher expansions,
and some discussion of their validity, see Wallace ([14], Section 4).

In Sections 2, 3 of the present paper, formal expansions are obtained which
generalize the Cornish-Fisher relations to arbitrary analytic ®. Essentially, these
expansions provide algorithms for transforming an asymptotic expansion of F,
in terms of the “standard” distribution ® into asymptotic relations between the
quantiles of these distributions. The “standardizing” expansion of the quantile
u of ® in terms of the corresponding quantile x of F, is expressed (Section 2) in
terms of & sequence of functions defined by a differential recurrence operator. A
similar differential operator appears in the generalized “inverse” expansion for
z in terms of 4 (Section 3), which arises from the application of Lagrange’s
inversion formula to the equation of quantiles. An asymptotic expansion for
quantiles of the Wilks likelihood ratio eriterion is given as an example.

Iformal expansions in terms of the cumulants of 7, and & are obtained in
Section 4 by developing I, about ® as a Charlier differential series and collecting
terms of like degree in the resulting exponential series. For known cumulants
and for normal ® these formal expressions reduce, as shown in Section 5, to a
general form of the Cornish-Fisher expansions, in which the polynomial terms are
represented as sums of products of Hermite polynomials. This representation is
shown in Section 6 to account for some properties of the Cornish-Fisher poly-
nomials.

2. The general standardizing expansion. If z and u are corresponding quantiles-
of F,, and & respectively, then

(1) Fu(z) = ®(u)
and it is required to solve this equation for u in terms of .

Received 1 May 1967.
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The density function ¢(u) of the distribution ® will be assumed to be arbitrarily
differentiable. Then writing

(2) Zn(z) = Fu(z) — ®(x),

it follows from (1) that

(3) Za(z) = [3 ¢(t) dt.
If the equation

(4) ¢=[re@d

is regarded as defining a function w({) with u(0) = z, then u(¢) may be de-
veloped in a formal Taylor series about { = 0.
Differentiation of (4) yields

(5) du/ds = [¢(u)]™.

Now writing

(6) Dy = dfdu, Y(u) = —¢'(u)/¢(u) = Du log (1/¢(u));

it is found by induction that

(7) u/dg" = c(u)[¢(w)] ™,

where the ¢, are defined recursively by

)  a(w =1, c(u) = (n(u) + Di)e(u), (r=1,2,---).
Since u = z when ¢ = 0, the Taylor series is seen to be

(9) u(®) =z + 2Ziaele)(§/6(x)/rl;

and applying this result to (3), the general standardizing expansion is obtained
in the form

(10) u =z + 2 ac(x)(Za(w)/6(x)) /7.

In many applications F,(z) is known to have an asymptotic expansion of the
form

(11) Fu(z) = &(2) + ¢(@)n ' pa(e) + n7pale) + - -]
= &(x) + ¢(x)en(x),
say, where the p,(x) may be polynomials in z. In terms of z,(x), (10) becomes
(12) u =z 4 27 c(@)(2a(z)) /1),
which expresses the quantile u directly as a series in terms of z whose rth term
: \ON(}?en)t;he limiting distribution, ®(x), is the unit normal distribution,
(13) ¥(2) = D.log ((2m)!™") =,
and ¢,(z) is an (r — 1)th degree polynomial in z:
(14) a(z) =1, calz) ==, o) = 2" + 1, al@) = 62° + Tz, ---
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In this case, (12) is essentially the Cornish-Fisher normalizing expansion, which
will be considered in more detail in Sections 5, 6.

For other applications, however, the appropriate limiting function ® may be
the distribution of x* with » degrees of freedom. Then

(15) ¥() =% — (p — a7,
and ¢,(z) is an (r — 1)th degree polynomial in 2.

3. The general inverse expansion. The solution of (1) for z in terms of u
could be obtained from (10) or (12) by inverting the series, which suggests the

application of Lagrange’s inversion formula. This formula provides under certain
conditions (see [15], p. 133) that, if v and 6 are analytic functions and

(16) w = v+ y(w),
then
(17) 8(w) = 8(v) + 27 DT (0) (v(0)) /7).

Cornish and Fisher ([3], p. 316) in effect used the early terms of the Lagrange
formula when inverting their normalizing expansion. Riordan [11] applied (17)
with 6(w) = w to derive general relations between the polynomials occurring
in the two expansions.

Although the solution can be established by inverting the series (10) or (12),
it appears more instructive to apply the Lagrange formula directly to equation
(1), rewritten in the form

(18) ®(z) = ®(u) — Z.(2).
If new variables » and w are defined by

(19) v = ®(u), w = d(x),

then equivalently

(20) w=1v— Z, (& (w))

where &' denotes the inverse function of ®. Since (20) is of the form (16), this
functional equation can be solved for ® '(w) = x by taking § = & in (17):

(21) @7(w) = &7'(v) + 2= (—1) () DS THIZK(@T ()] /(2 (2)),

or, on reverting to the original variables:

(22) g =u— 270 (r) 7 (=) Du) T [(Za(u)) /b))

In cases where Z, is a multiple of ¢ as in (11), (22) takes the form

(23) x=u— 2 Dele(uw)/r,

where D g denotes the identity operator and

(24) Dy = ($(w) — Du)(2¢(u) — D) -+« ((r — 1)¥(u) — Du),
(r=2,8 ")
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As in the case of the standardizing expansion the rth term in the general in-
verse expansion (23) is seen to be O(n™").

Exampere 1. For normal ®, y(u) = u, and if 2, is expressed in terms of
cumulants, (23) becomes the Cornish-Fisher inverse expansion as shown in the
following sections.

ExamrLE 2. The Wilks likelihood ratio criterion. Let X, Ybe p X m (m > P)
and p X ¢ matrices respectively with the joint probability density function

(25) (2r) 7" B[O ey (1 tr BTUXX 4 (Y — w)(Y — w))}

where ¥ is a p X p positive definite matrix. Then the likelihood ratio criterion
for testing the hypothesis u = 01is

(26) A = det (XX')/det (XX’ + YY').
Let
(27) n=m-—3(p—q+1).

Then —n log A is asymptotically distributed as x* with » = pq degrees of
freedom, and Rao ([10], see also [1] Theorem 8.6.2) has developed the distribu-
tion function in an asymptotic expansion of the form (11) to order n™*. Let x
and u be corresponding quantiles for —n log A and x,’. Schatzoff [12] has tabu-
lated exact values of the correction factor z/u for ¢ = 4, 6, 8, 10 and p such that
pg = 70. Applying the first three terms of (23) to Rao’s expansion with ¢ given
by (15), it is found that

z/u~14 02y + (v 4+ 2@ + 2)
+n7 27’ + 0 4+ 6)uP + (v ) + 6)u
++2)0+)0+ 66+ 2)0 +4) + 6)

(28) S ) i
—mu+ =20+ G+ 2)0—6)u+ (v — 2)(p + 2)
B+ 2)7TY
+ 0(n™),
where

(29) v = pg(48)7'(p" + ¢ — 5),
Iy + pe(1920)7'[3p* + 3¢' + 10p°* — 50(p* + &) + 159]

At the upper 5% and 1% levels,_ f&p&l};}a QS) giveﬁl results agreeing with
those of Schatzoff to within 0.1% forak ranging from x = 4 forp = 3, ¢ = 4
to a"X 10 for p = 7, ¢ = 10. Presumably, similar accuracy would apply for
g odd.

Exampre 3. Hotelling’s generalized T4'. Similarly, Ito’s expansion of Hotell-
ing’s generalized T statistic in terms of x* quantiles ([8] equation (3.33)) may
be obtained directly from his expansion of the cumulative distribution function

(8] equation (4.3)), by applying the first three terms of (23) with ¢ defined by

Y4
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(15). This expansion includes the case of the F-ratio, which is asymptotic to
+ when the number of degrees of freedom in the denominator is large.

4. Expansion in terms of cumulants. If the cumulants of /'y and @ are {kr}
and {v,}, respectively, then (] 14], Section 3) F, may be formally expanded about
@ in the Charlier differential series

(30) Fa(z) = exp [227aM(—D2)"/rl2(2),
where
(31) N = kr — Yr-

In developing the exponential series of (30), it is convenient to denote by =
a partition of the positive integer m into | positive integers:

(32) T = [81”7 ttty skpk]) m = Zlﬁf=lpisi’ l = Z§=lpiy

and let a(x) denote the elementary partition function:

(33) a(r) = m!(st D' -+ (s D1l - pn NI~

Then defining

(34) A = a(m)Ne) <o Nop/ml,

terms of like degree in the exponential series may be collected:

(35) Fo(z) = ®(x) — é(2) Ze el [0(2)]7(=D2)" ()},

where the summation is extended over all partitions = of all positive integers.
The functions

(36) Un(e) = [6(2)](—=Da)""¢(x)
satisfy the recurrence relation
(37) Va(z) = (¥(2) — Dao)ma(®),

where, (see also (6)),

(38) da(z) =1, u(e) = ¥(x) = —¢'(2)/¢(z) = Dy log (1/6(2)).

From (11) and (35) a series in terms of cumulants is obtained :

(39) 2a(2) = — 2eha¥m(2)

and a similar expression may be sought for (z.(z))"/7!
For (non-empty) partitions m , - - « , m, of positive integers ma, - - -, m, having
as their union the partition = of the integer m,

(40) r=[a", -, 8", e R 1 |

Pl=z;=lp'i]'; (j=11"'sr);

we define the partition function

(41) plm, =+, ) = H1=1 (ml Cpir)s
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where (5,1, ,;.) denotes the multinomial coefficient. Then using the definition
(33) of a(w), it is found that

(42) (2(2)) /7 = (=1)" 2o Mtha (),

where

(43) ¥ = (DT et D0, Ty v e, (2 = ).

The summation is extended over all distinct arrangements of =,’s having union
; i.e. if the =/’s are identical in groups of sizes o1, - - - , oz then p(w1, - , T )¥m,
< Y, oceurs (o, .0p) times. It follows also that

(44) ‘l/vr(r) = ZnU~--U1rr=1r Q(Wl »C T Wr)‘#ﬂu ot ‘/’V»r ’
where
(45) q<7r1;"':7r7‘)=p(77'1:"'77rr)/0'1!""713!)

and the summation in (44) is extended over all distinet combinations of s
with union 7.
Substituting (42) in (12), the standardizing expansion takes the form

(46) =24 DA 2 (1) e(x)n"(2),
and similarly the ¢nverse expansion (23) becomes
(47) r=u— Zﬂ' >‘r25=l(_1)rD(r)¢r(T)(x)‘

These expansions relate the quantiles % and z in terms of cumulant differences
and functions derived by application of differential operators of the type ry =+ D,
where ¢ is determined by the frequency function of the limiting distribution.

5. The Cornish-Fisher expansions. In the case of Cornish-Fisher expansions,
®(z) is the unit normal distribution and
(4:8) Ay = Ky — 1, N o= K (7, #= 2), y[/(x) =z,
Ue(2) = hi(2) = € H(=D)e 0, (r=1,2, ),

where %, is Hermite’s (r — 1)th polynomial. The Cornish-Fisher normalizing
expansion may be obtained from (46):

(49) u =2+ D \No(2),
where the polynomials N, are defined by:
(50) N, = 2l (—1)¢h,

and the polynomials ¢, are to be derived from equations (8) and (13). Similarly
(47) becomes the Cornish-Fisher ¢nverse expansion:

(51) T =u -+ 2. \MPa(u),
where the polynomials P, are given by:
(52) Py = 2 (=) Dk,

D@ = (u—D)(2u — D) --- ((r — Du — D).
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The Cornish-Fisher assumption that
(53) N = O(’ﬂ_%), Ay = O(n_l); Ap = O(n;rlﬂ—l); (T = 3) 4:; Sl )7

leads to a classification of the A, into successive “adjustments”:if A, = O(n "'*)
then \, (and hence N, and P.) belongs to the Mth adjustment. The Cornish-
Fisher polynomials, whose numeric coefficients were determined in the case of
leading terms in the formulae {3], [5], are seen to involve sums of products of
Hermite polynomials. Indeed, all eomponents, including the Hermite poly-
nomials, in the general forms of the Cornish-Fisher polynomials can be derived
from ¢; = h = 1 by application of differential operators of the type nz &+ D.

6. Properties of Cornish-Fisher polynomials. In the case = = [s"] it is easily
shown from (44) that

(54) him = Za(m) (i)™ -+ (hue)™,

where the summation is extended over all partitions = = [&*', -+, &] of m
into r parts. In particular,

(55) (T = (h)"s ke = @) (k)™ hes

Next consider A7) , where 7, s denotes the partition obtained by adjoining the

singleton [s] to the arbitrary partition =. From (43) it is seen that a given arrange-
ment (m, - -+ , m) is effectively given the multiplicity p(m1, - -+, =) in the sum
defining A, . But (41) shows that p(m, - - - , m,) is the number of ways of con-
structing this arrangement if each set of s/s is considered as being composed
of p; distinct individuals. Hence,

(56) hs:..l = hshw(r_l) + (711)_1ZW1+"'+‘"‘T=WP(7'-17 ] 7TT)
'[hm1+shm2 S hmr + - + hml e hm,_lhmr+s];

where the term hs;h, corresponds to the sum over all partitions of m, s con-
taining s as a singleton and the second term corresponds to all other partitions.
The well known relations for Hermite polynomials:

(G Y]

(57) (x — Dy)hs = hgya,

(58) hsys = Thsy1 — 8hs,

may now be generalized for the b by means of (56):

(59) (re — Db = h) — b0, (B = 0),
(60) h) = ahl) — mh,"”

for all partitions = of m.

By inspection of the expressions obtained by Cornish and Fisher for the leading
adjustments in their expansions the polynomials may be observed to satisfy
the following identities:

(61) —Np = Py = hs,
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for [s] a singleton, while for all partitions = of m:

(62) N,1= —D,N.;

(63) Nyp=aNy1 — mN, = —2 "D, (¢"N,);
(64) Pry=0;

(65) P,y = —(m — 1)P,.

These identities follow from the expressions (50) and (52) of N and P in
terms of symmetric sums of products of Hermite polynomials.

To prove (62), equation (59) and the defining relation (8) of the c, may be
used; clearly

DN, = Er(_l)r[—cr("w - Dz)hw(r) +- hw(r)(ﬁb‘ + D,,)c,.]
(66) = Z(—1)T—ch&) + ¢ + craha™]
= —N,..

Equation (63) is a trivial consequence of (60) and (62), while (64) follows
immediately from (59) and (52). Lastly, in virtue of (59) and (60):

(67) Prp = Z{—1)[—Dein(zh”) + De(zh ") + (1 — m)Dwhe "],

which implies (65).

The identities (62) and (64) reflect the fact that changes in the location param-
eter of z affect \; only. Equivalent identities apply to symmetric sums associated
with A1 in the general expansions (46) and (47), but the identities (63) and
(65) for elements involving =, 2 arise from properties of Hermite polynomials
and hold only in asymptotic expansions about normal . In practice, terms in-
volving M and N\ ean be excluded by relating quantiles of u to quantiles of
a = (2’ — p)/o, for which \; = A\ = 0, and treating « as an intermediate variate,
whose quantiles are linearly related to the quantiles of 2.

Since the Hermite polynomial 4, is an odd or even function according as (s — 1)
is odd or even, the parities of the polynomials 4., P, and N, , where = is a
partition of m, are those of the integers (m — r), (m — 1) and (m — 1), respec-
tively. The order of the adjustment to which A, belongs is clearly of the same
parity as m. Hence, the polynomials P, , N, in odd order adjustments are even,
whereas those in even order adjustments are odd.

These results are illustrated in the Table, which presents polynomials for the
first three adjustments of the normalizing and inverse expansions. The first four
adjustments listed by Cornish and Fisher ([3] pp. 316-317) and the first six
adjustments of the inverse expansion listed by Fisher and Cornish [5] have been
checked against the expressions presented in Section 5. Using these formulations,
the first twelve normalizing and inverse adjustments have been tabulated [7]
by means of a computer program, which used algorithms for generating the
partitions (40) and partition functions (45) and for polynomial operations,
including the application of the operator na = D, arising in (8), (52) and

(57).



TABLE 1
Cornish-Fisher Polynomials

" e b9 B A N b=
i M 1 0 0 -1 1
[3] 7\3/6 hs 0 0 —(22 - 1) 2 —1
(21 Ae/2 he 0 0 =i z
4] A/ ks 0 0 —(z® — 3z) @ — 3z
117 M2 ha 1 0 0 0
[1, 3] 1@:}‘5 ha pt=— I 0 2z 0
182 2a3/T2 ks (z? — 1) 0 2(4a* — Tz) —2(223 — 52)
[51 he/120 hs 0 0 — (2% — 62 + 3) 7t — 622 + 3
1,21 Mha/2 hs z 0 1 0
11, 4] Mhi/24 ks z* — 3z 0 3@t — 1) 0
2, 3] Ah/12 hs ® -z 0 bx? — 3 —2(z* —1)
3,4  AAJ144 R z5 — 428 + 3 0 11z — 4222 + 15 — et — 527 + 2)
1,31  MA/12 ke 3z — Tz -1 -2 0
1,81  MH72 3z5 — 18z% + 21z (z? — 1)2 —2(12z2 — 7) 0
133] A$/1206 ko 3(z7 — 11z° 4 25z% — 157) (@ — 1)%  —2(69z% — 187z + 52)  4(12z¢ — 53xz* + 17)

454\
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Percentile approximations for ordered F ratios

By A. W.DAVIS
C.8.1.R.0., Adelaide and University of North Carolina, Chapel Hill

SuMMARY

A direct percentile approximation is given for the rth largest in a set of & F' ratios.

1. INTRODUOTION

Table 19 of Biometrika Tables Jor Statisticians gives percentage points for the largest of & I" ratios in
an analysis of variance, each based on m = 1 and » dogrees of freedom. This table is due to Nair (1948),
and was extended by Chambers (1967). These authors used Hartley's (1944) expansion of the studentized
integral. In the present context, let vEr(R) denote the distribution function of thesquare root of the rth
largest member ., of a set of I variance ratios, each based on m and v degrees of freedom, and let P.( Q)
be the limiting distribution as v - 00, Then

, _ k! iy - .
P(Q) = (T—_—lmk_r)!{@m((é)}" {1-2,(Q)) 1 0,(Q), (1)
where 0
Drn(Q) = 2T (3m)~1 (3rm)dm f am=1e—tma’ gy, (2)
0
vEr (@) ~ B (Q) +ay /v +ag/v a3 + ... (3)

Nair (1948, equation (7)) has given a,—a, in terms of the derivatives of P(Q).

2. THE APPROXIMATION

The expansion (3) may be formally inverted by the method, of Hill & Davis (1968, Section 3) to yield
a direct expansion of 1008 %, points «/F, 5 in terms of the 1008 % points Q; of F(Q). Thus, writing

vPr(Q) ~ Pr(Q)+P:-(Q)yzr(Q)s
¥+(Q) = P(Q)/P/(Q), (4)

and introducing the sequence of differential operators
d
D(n+1) = D(n){@"’"Wr(Q)} (n= 1,2,...), (5)

where D,;, denotes the identity operator, we have
0
«/Fr,a i Q3+[ 2 D(n){—vzr(Q)}”/n!] Q (6)
n—1 Q=Q;

In reducing (6), we note that the ratios P[P, in the asymptotic expansion of »% may be expressed in
terms of the polynomials

ha(@) = OP(Q)/DLQ) (n=2,3,...), )
and the functions -
6@ =% (ﬁ)( — 1) (r=1), (b —1),_ (B (QF (B@)~, (8)
TR Q) = 9(0)/Du(@), $1(@Q) = D Q1 — OW(@)}, (k) = h(k—=1)... (k—s+ 1). (9)
Thus

P}/P, = i, = hy+6,, PyIP = hy+ 30,hy+6,, ete. (10)
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The h, may be conveniently written in terms of

u = m@2—m, (11)
and in particular, B
hy = — @ Yu+1),
hy = @ 2ut+u—2(m—1)}, (12)

hy = Q¥ —u?+ (6m—3) u+(8m—6)}.

Using the differentiation formula

ag; .
d_QJ = j0;bhy+ 0541 — 0.6 (13)
and introducing also A; = @/, we obtain to order =2
N, 51@s ~ 1+ au/v+on/v?+g[v2+ OV, (14)
where
0y = i(u+ 2 —/11),
Ay = EJT)E [6u? — (6m — 32) u— 4(m—T) — 6A;{u’ + 3u— 2(m — 3)} + 4A,(3u +2) —3A3(3u—1)
—3(A3—2A, 2, +A])], (15)
Oy = @] [3u? — (10m — 38) u® 4 (12m? — 64m + 116) 4+ 8(m?2 — 3m + 5) — A{dut + 2u® — (52m—"17) u?

— (78m — 152) w+ (52m% — 148m -+ 140)} + 42,{8u® + 9us — u(30m — 36) —20(m —1)}

—323{6ud —u?—(26m—21)u — 10} — A,(38u? + 41w — 34m + 46) + 22, A5(30u? + Tu — 30m + 26)
— 23(260% — 100 — 28m + 31) + 4(A, — A3) (3u+ 2) — A4 A4(2Tu+ 5) + 2A3 (21w + 1) — 3A4(6u— 1)
(= Ap+ 30 A+ 32,4, — 6A3 A, + 62,22+ 10234, — 3A%)].

The term a, has also been obtained. The first step in using the formula is to solve the equation P(Q) = 6,
regarded as a polynomial in ®@,,. Obtaining ©,,(Q;) = €, say, m@Q% is seen to boe the 100¢ % point of ¥2,
whenee % and the A, may be ealeulated. Given tho a, for aset of e, m and r, the I, s may be approximated
directly without further interpolation.

3. APPLICATIONS

Tables 1 and 2 compare results obtained using the above approximation to terms of order »—? and y—t
with upper 5 9, points tabulated by Chambers in the case m = r = 1, and with Finney’s (1941) exact
values in the casem = 2,7 = 1. There is good agreement with Finney’s values when v is sufficiently large
for the O(»=%) and O(r~*) approximations to agree in the second or third decimal place. Inspection of
Table 1 of the present note and Table 3 of Chambers (1967) indicates that the direet percentile expansion
converges morerapidly than the interpolation procedure based on (3); Chambers’s method also apparently
tonds to underestimate the correct values. Table 3 of this papor presents in addition some results for
m = 1,7 = 2, the O(r~?) and O(v~*) approximations agroeing to the number of decimals quoted.

The author’s thanks are due to Miss J. Hawkes for her programming assistance.

Table 1. Upper b %, points of the largest F:m =1

k=28 k=20

r A . f - b
v Chambers  O(v—3) o4 Chambers o(3) o4
10 10-85 11-20 11-23 14-65 14-47 14-63
15 9-72 9-77 9-77 12-32 12-47 12-50
20 9-11 9-119 9-121 11-49 11-545 11-554
30 8-51 8:516 8-517 10-66 10-672 10-674
60 7-96 7-956 7-956 9-85 9-855 9-855

0 7-44 7-437 7-437 9-10 9-096 9-096
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Table 2. Upper 5 % points of the largest F:m = 2

459

k=2 k=3
[ A ] f A |
v Finney O(v—2) O(v—4) Finney O(v-3) O(v—9)
6 6-90 6-874 6-906 8:03 7-970 8-074
8 5-86 5-852 5-861 6-75 6-733 6-764
10 532 5-319 5323 6-09 6-085 6-097
20 4-41 4-410 4410 498 4-975 4-975
o] 3-68 3-676 3-676 4-08 4-077 4-077
Table 3. Upper 5 %, points of the second largest F:m = 1
Nk 2 3 4 b 10 20
v\
10 1-886 3-007 3-842 4517 — —
15 1:735 2:713 3-423 3-990 5-86 —
20 1-665 2-579 3-235 3-754 5-444 —
30 1-600 2-455 3-060 3534 5057 6-67
60 1-539 2-339 2-897 3-330 4-697 6-112
oe] 1-481 2-230 2-744 3-139 4-361 5-590
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Percentile approximations for a class of likelihood ratio criteria

By A. W. DAVIS
C.8.1.R.0., Adelaide, and University of North Carolina, Chapel Hill

SutMMARY

The general asymptotic series developed by Box (1949) for the distributions of a large
class of likelihood ratio criteria has been widely used to obtain good approximations to
these distributions. A direct percentile approximation based upon this expansion, bearing
a relationship to it similar to that of the Cornish—Fisher expansion to Edgeworth’s series
is given.

1. INTRODUCTION

The asymptotic expansions of Cornish & Fisher (1937) and Fisher & Cornish (1960) have
become well known as a tool for obtaining accurate percentage points of distributions which
approach normality in large samples, and are adequately specified by their early cumulants.
Essentially, these expansions are obtained by inverting the Edgeworth series for the dis-
tributions in question. A reasonably concise formulation of the Cornish—Fisher normalizing
and inverse expansions has been given by Hill & Davis (1968), together with procedures for
calculating the terms of these series using Hermite polynomials. N othing appears to have
been published concerning the validity of the Cornish-Fisher expansions as asymptotic
series in the strict sense, although according to Wallace (1958) this may be established
for absolutely continuous distributions whose Edgeworth series are valid.

The likelihood ratio criteria of Neyman & Pearson (19284, b) form another important
class of statistics whose distributions may be specified by their moments. Exact null dis-
tributions have recently been given for a number of these tests, Consul (1969) presenting
a general formulation in terms of Meijer’s @ function. Schatzoff (1966) and Pillai & Gupta
(1969) have tabulated the Wilks likelihood ratio criterion using its exact distribution.
However, accurate percentage points are generally difficult to obtain. In large samples, the
distributions of these statistics are asymptotically chi-squared, and Box (1949) has given
a method of asymptotic expansion in cases where the moments are known and of a certain
structure. His approach has been applied extensively, and it seems worthwhile to present
a Cornish~Fisher inversion of Box’s series, expressing the percentage points of a given dis-
tribution in terms of chi-squared percentiles. The method has the advantage of providing
a direct polynomial approximation, not requiring the calculation of chi-squared probabilities
and inverse interpolation as in applications of Box’s expansion. Actually, it is convenient
to take as a starting point a general expansion of the cumulant generating function which
holds for a larger class of statistics than that explicitly considered by Box. This class includes
the Lawley—Hotelling 73 and Pillai’s V, proposed as tests of linear hypotheses in multivariate
analysis of variance. The inversion is effected using an algorithm given by Hill & Davis (1968).
Special cases were considered in the latter paper, while Sugiura & Nagao (1969) and Sugiura
in an unpublished report have applied the algorithm in calculations of the powers of certain
criteria. No attempt is made in the present paper to establish the asymptotic validity of
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the percentile expansion. However, numerical applications in §4 show that it can be used
to obtain accurate approximations, even for comparatively small sample sizes.

2. THE PERCENTILE EXPANSION

We consider an absolutely continuous distribution function F(x) whose cumulant

generating funetion 0
K(0) = logf etz ' (x) da (1)

may be validly represented by an agymptotic series
K() ~ —}flog (1—2i0)+ ¥ w,{(1—2i0)" -1}, (2)
r=1

corresponding to a limiting chi-squared distribution with f degrees of freedom. The charac-
teristic function C(f) = exp {K(6)} then has the formal expansion

k

C(0) ~ (1—20)%f [1 + Yo, IT {(1 —2i60)=%— 1}"3‘] , (3)
T j=1

where the summation is extended over the partitions 7 = {s, ..., s}} of all positive integers

NSy > v > Sp3 V181 e H VS = 1) and

w, = 4 ... %[V 1. V). (4)
On inverting C(0), it follows that
F(z) ~ Opfx) — 2¢5(%) Z 0y ha(@), (5)

where the &, (x) are polynomials and @, is the cumulative distribution function of x? with
density function ¢y,

6,(@) = TR el ot 0y(a) = f "y (> 0) (6)

The %, can be readily constructed from the basic set hy(x) (o = 1,2,...). Denoting the
latter simply by h,(z), we have

@) = (@4(0)~ Dy} )} = Tl 7
where f, = f(f+2)...(f+ 2r— 2). In particular,

hip, o) = Trpq— (hy+hg)s P, q,n(®) = Pyrgrr— Prpig + rgprt Ppyp) + (o +hg + k), (8)
and the extension to higher order 7 is obvious.

In the examples considered by Box, w, = O(m=") (r = 1,'2,...), where m depends on the
sample size. It follows that if 7 is a partition of n then w, is O(m~"), and Box showed that
valid expansions of the F(x) in his examples are obtained by grouping the terms of the
same order in m.

The expansion (5) may now be formally inverted to express an arbitrary 100(1 —a) %
point z, of F in terms of the corresponding chi-squared percentile w = x3 ,. Let

Y(w) = —2¢j(u)/¢s(w) = 1—(f=2)/u, (9)

and define the sequence of differential operators D, by

D, =1, D,=2(%—(r—1)1//(u) (r=2,38,..), Dy=DD,..D, (r=12,..). (10)
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Then (Hill & Davis, 1968, §3),
2, ~ u+2 T Dofz(u))[r!, (11)
r=1

where 2(u) = Zw,h,(u). On formally expanding {z(u)}", the products of w,’s can again be
expressed as w,’s, and we may write

{z(u)y[r! = %‘,w,,h‘,,”(u) (r=12,..; Y =h,), (12)

noting that ) = 0if r > I, = v, +... + v, the total number of parts in 7. Thus (11) takes
the form 2, ~ u+23 0, P.(u), (13)
where the polynomials P, are given by !

P,(u) = T%ID(T)W’(%)- (14)

In particular, B,y = h,, (n = 1,2, ...). The construction of the A" and P, is illustrated in the
following section. It should be noted that the P, in the percentile expansion (13) depend only
on f, the degrees of freedom of the limiting chi-squared distribution, and are otherwise
independent of the particular distribution F(x).

3. CONSTRUCTION OF THE POLYNOMIALS

The derivation of (13) from (2) is analogous to the construction of the Cornish—Fisher
expansion from Edgeworth’s series as presented by Hill & Davis (1968). There the Hermite
polynomials played the role of the 4, in the present context. It follows that the A may be
computed using the method of the earlier paper, and this is perhaps best conveyed by an
example. The first step is to find all (unordered) sets of 7 partitions having union 7. Thus,
if m = [2%, 1] = m,, say, and r = 2, we have the possibilities [22], [1%], and [2, 1], [2,1].

In this case
2 2 2 2
g = (2 0) (0 2) hmh““(l 1) (1 1) gl

where the multinomial coefficients in each term are constructed from the multiplicities of
2 and 1 in 7y and the corresponding subpartitions; the divisor 2! in the second term arises
because [2,1] oceurs twice in the second subpartitioning. By (7) and (8),

hG(w) = uS(3f + 16)/(fy fa) + 46/ (fo.fo) — wb(6f + 14)/(f 1. fs) — 23/ (f 1) + Sut/f2.
Similarly, if » = 4 the only subpartitioning is [2], [2], [1], [1], and

1920 = (1. 170,0) (0,0, 1,1) PH/212! = (I(F 1)+

If the polynomials for » = 1, 3 are also calculated, we obtain
P, =h,+D, WE + Dy B3 + Dy
= — 128uS(14f2 + 165f2+ 622f + 720)/(f fofsss)
+ 64u5(32f3 + 3872+ 1480f + 1728)/(ffofsrs)
+ 16u%(13f2 — 40f — 56)/(ff3f2) — 16u(29f + 66)/(f2f,.f5) — 8u/(f3f,) + Bulf*.
It was shown by Box that in many applications w; may be reduced to zero, thus elimi-

nating all partitions containing 1, and greatly increasing the rate of convergence of the
series. Accordingly, Table 1 presents the P, for those partitions of integers 2 through 7 which
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do not contain unity. Results for partitions of 8 are also available. In certain applications
the partitions involving 1 are required, and the complete set has been tabulated to order 6.

Table 1. Polynomials in the percentile expansion (13): z, ~ u+23 0, P,(u) (u = x3,)

™ Wy P (u)
n W, wlfi+ ... +u™fn
22 A — But(f+ 3)/(fa fa) + 8u/(f2 f3) -+ 6uP/(ff2) + 2u/f?
3,2 W30y —12u5(f + 4)/(fo Ss) — 2ut(f — 6)/(fa fo) + 2u¥(3f +10) [(f2 fa)
+ 6u?/(ffs) + 2u/f?
4,2 VN — 16u8(f+ 5)/(fo fo) — 4u®(f — 4)/(faf5) + 2u*(3f + 14)/(fo fo)
+ 2u3(3f + 10)/(fo fs) + 6u2/(f 1) + 2u[f?
32 30} — BuS(3f2+ 30f + 80)/(fa f5) — 6u(f2+ 2f — 18)/(fs f5) + 4u(f+ 12)/(fo o)
+ 4ud(3f 4 8)/(fafs) + 6u*/(ff2) + 2u/f?
28 30} 3209(Tf2 + 62f + 120)/( 2 f) — B2uS(2f* + BTf +96)/(f2.fy) ~ Bu*
X (23f2+ 1245 4-132)/(f2 f2) — 8ud(f — 10)/(ff2 f5) + 28u2/(f2fs) + du/f?
5
5,2 W5 Wy —20u"(f+ 6)/(fa fr) — 2u8(3f — 10)/f2fs+2r§2 ur(3f + 4r — 2)/(fafr) + 2u/f?
4,3 W0y — 24007( 2 + 12f + 40)/(f; f2) — 2u®(5f % + 18f — 80)/(fs fa)
+ 2uB(F2 + 421 + 176) /(f3. f5) + 4us(3f + 16)/(f3 fa) + 4u*(3f + 8)/(fo.fs)
+ 6uE/(ff2) + 2u/f?
3,2? PIONH 19207(2f° + 8112 + 164f + 240)/(f5.f3 f7)

— 16uN(4f®+ 153 f2+ 1106 + 2160)/(f; fa fo) — BuS(35/>
+ 4202 + 1540f + 1632)/(f, f5 f5) — 4u*(25f2 + 80F + 12)/(f3 fu)
+4uP(7f + 38)/(ffa.fa) + 28uP/(ffs) + du/f?

4. APPLICATIONS

Once the polynomials F, have been programmed for the computer, it remains to specify
the w’s for the distribution considered. Box (1949) gives methods which are sufficient to
obtain the w, in a number of instances; see also Anderson (1958, Chapters 8-10) for a
presentation of the basic likelihood ratio criteria in multivariate analysis.

Wilks’s test of independence (Anderson, 1958, Chapter 9; Consul, 1969, §3). Given N
observations from a p variate normal population, suppose that the variates are partitioned
into & groups of sizes p; (i = 1,...,k; Zp; = p), and it is required to test the independence
of the groups. Box gives detailed results for @, to wg for the likelihood ratio criterion, thus
carrying the expansion to terms of order N—¢. In the important case k = 2, the distribution
of the statistic is identical with that of Wilke’s test U, ;. x—p,—1 for linear hypotheses about
regression coefficients. Exact percentage points for the latter have been tabulated by
Schatzoff (1966) and Pillai & Gupta (1969). Rao (1948) and Box have derived the first

six w’s explicitly in this case, and we also have

W, = 0,
wg = (184, 320m8)~ p, po[5(p% + p3) — 300(p$ + p§) + 6,678(pt + p3) — 59,900(pi + p3)
+{60(pt+ pf) -+ 126p2 p} — 2,100(p? + p3) + 22, 260} pi p§ + 151,053], (15)

where m = N — }(p, + p,+ 3). The O(m~8) percentile expansion gives results differing from
the exact values by at most a unit in the third decimal place for M = N —p, — p, ranging
from as low as M = 3 for p, = 3, p, = 4 to M = 7 or 8 for the largest p, and p, tabulated.
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Also, the present method does not require that p, or p, should be even. Some tabulation
for £ > 2 has been made in an unpublished report of A. W. Davis and J. B. F. Field.

The generalized test of homoscedasticity (Anderson, 1958, Chapter 9). Let & independent
samples be drawn from % p variate normal populations, S, being the th sample covariance
matrix on N; degrees of freedom (¢ = 1,...,%), and let S = N,S,/N, with N = 2N;, be
the pooled covariance matrix. Box (1949, § 2) considers the multivariate generalization

k
M* = Nlog [S|— ¥ Nlog|S,]
i=1

of Bartlett’s test to investigate the equality of the % population covariance matrices, and
shows how to construct the »’s. Korin (1969) has used Box’s series to compute percentage
points of M* for equal sample sizes N; = I, (i = 1, ..., k). Table 2 compares some of these
results with values obtained from series (13), the O(IVy7) and OV o°) expansions agreeing
to the number of decimal places quoted. The direct approximation appears to have some
advantages, both in accuracy and the range of parameter values for which useful results
can be obtained.

Table 2. Upper 5 %, points of the test M* for homoscedasticity, k = 10 samples

2 4 7
\< L A i) r 2 ™ Ie A
N, Korin Series (13) Korin Series (13) Series (13)
2 —_ 71 — =
3 55-87 55-863 —_ —
4 50-64 50-6378 — — —_
5 48-02 48:0194 == 183 o
6 46-45 46-4454 — 162-33 _—
8 44-65 44-6431 144-6 144-484 =8
10 43-64 43-6398 136-3 136-2369 425
12 —_ — 131-5 131-4506 389-2
15 - - —_ 127-1216 361-34
oo(x%) —_ 40-1133 — 113-1453 290-0285

Mauchly’s sphericity test (Anderson, 1958, Chapter 10; Consul, 1969). In testing the
hypothesis that a sample of size N is drawn from a p variate normal population whose
covariance matrix is proportional to a given matrix X, the likelihood ratio criterion is a

power of W = |SZg1|in {tr (SZ3Y)/p}ton, (16)
where n = N —1 and S is the sample covariance matrix. Defining
f=3p-1)(p+2), p=1-(2p"+p+2)/(6pn), (17)

we find that —2plog W is asymptotically distributed as y3, and its cumulant generating
function has an expansion of the form (2). In this case w; = 0, and for r > 2

2(_]_)1‘ r+1 (7.+2

O S s+ 1

H

) (1= py+-008,+ 3(s+1) B/p=/Gny-,,  (18)

where the B, are Bernoulli’s numbers, B; = —}, B, = 3, B; = 0, ..., and the d, are certain
polynomials in p defined by Box (1949). Table 3 was constructed by comparing the O(n—7)
and O(n~8) expansions, and is merely intended to indicate their range of applicability.
The entries are correction factors z,/u. | ‘
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Table 3. Correction factors for Mauchly’s sphericity test —2p log W

3 6 10
Y r < 5 —" “ P A .‘
n 59% 19, 59, 19 5% 19%

4 1:074 1-091 — — — _—

5 1-0376 1-0463 —_— —_— —_— —_

6 1-0228 1-0280 — —_— — —

7 1-0153 1-0188 —_— — —_ —

8 1-0110 1-:0135 1-105 1-12 —_— —_—
10 1-0064 1-0079 1-0508 1-:058 — —
12 1-0042 1:0052 1-0303 1-0343 1-15 —
15 1-0026 1-0031 1-0169 1-0191 1-067 1-073
20 1-0014 1-0017 1-0084 1-0095 1-0287 1-0311
X? 11-0705 15-0863 31-4104 37-5662 72-1532 81:0687

Test of a given covariance matriz. The hypothesis that a sample of N observations is
drawn from a p variate population with a given covariance matrix X, may be tested using
the following modification of the likelihood ratio statistic (Korin, 1968):

L = etrn |83 |inexp {— dntr (ST} (n=N-1). (19)

The moments of A, are not of the form considered by Box, but the cumulant generating
function of — 2plog A, has an expansion (2), with

f=1p+1), p=1-—(2p*+3p—1)/{6n(p+1)}, (20)

2{_])1‘ T+1(T+2

O = 1)+ 2) P 2 s+ 1)(1 —p)y 8 Gn)y Tt (0 = 0). (21)

Table 4 compares values obtained from the percentile expansion with Korin’s (1968)
results. The 5%, points given by Korin for p = 4 should apparently be given with their
degrees of freedom reduced by one.

Table 4. Upper percentage points of — 2 log A, for testing & = Z,

6 10

r A b [ A il

5% 1% 5% 1%
P r A N A s —— N = Al
A Korin Series (13) Korin Series (13) Xorin Series (13) Korin  Series (13)
10 —_ 43-6 — 523 — — — —
12 — 40-919 — 48-96 — — — .-
15 — 38-7138 - 46-234 — 101-8 = 114-9
20 36-87 36-8638 43-99 43-9754 — 91-28 -— 102-70
25 35-89 35-8847 42-80 42-7890 o 86-516 — 97-234
30 35-28 35-2774 42-07 42-0559 —_ 83-7679 — 94-1027
40 — — — = 80-7 80-7067 90-7 90-6287
50 — — — — 79-13 79-0361 88-83 88-7388
X3 — 32:6706 — 38-9321 — 73-3115 —_ 82-2921

Test of a given mean and covariance matriz. If it is required to test not only that & = X,
but also that the population mean vector g = ., then a suitable criterion is

Ay = (ne|N)#N [SEGH IV oxp{ — §n tr (SZ5") + N(X — ) ZoH (&~ ko)), (22)
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where X is the sample mean vector (Anderson, 1958, § 10.9). In this case —2ploga, is
asymptotically y% with
f=3pp+3), p=1-(2p*+9p+11)/{6N(p+3)}, (23)
while an expansion (2) exists, with , = 0 and
i 2(—1) ”+1(7'+2
O e ) 42 = s 1
Some percentage points are given in the unpublished report of Davis and Field mentioned
earlier.

) (—p=d-tyr-sis, s p+ DRGNP (2

The Lawley-Hotelling and Pillai traces. The Lawley—Hotelling generalized 7'2 and Pillai’s
(1955) V statistic, defined respectively by

T§=ntr(AB), V=mntr{A(A+B)1},

have been suggested as alternatives to Wilks’s criterion for testing multivariate linear
hypotheses. Here A and B are independent p x p Wishart matrices on q and n degrees of
freedom respectively. For discussions of the exact distribution of T3 and V, see Constantine
(1266) and Davis (1968, 19704, b, ¢). As n — oo, both criteria are asymptotically distributed
as X5, and their camulant generating functions have expansions (2). Muirhead (1970) has
calculated the w, to order #~3, while the author (19705, ¢) has given recurrence relations for
them, together with a formula relating the w’s for T2 and V. We also note that Ito’s (1956)
percentile expansion of 73 to order »~2 may be derived from (13), the polynomials P, for
partitions containing 1 being required in this connection. The accuracy: of Ito’s result
and its extension to order n~3 has been investigated in the author’s paper (1970a), and similar
results are given for ¥ in Davis (19705).

The author wishes to thank Mr J. B. F. Field, of the Division of Mathematical Statistics,
C.8.1R.O., for his assistance with the computing. The work was partly supported by the
National Institutes of Health.
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TABLES OF SOME MULTIVARIATE TEST CRITERIA
By A. W. Davis* and J. B. F. FigLpt

Summary

Tables of upper 5%, and 19, points are presented for a number of likelihood
ratio criteria encountered in multivariate analysis. The tables are constructed using
a Cornish—Fisher-type inversion of Box’s asymptotic series. The latter is a direct
percentile expansion in terms of x2 percentiles and the polynomials in this expansion
are listed to a sufficient order.

I. A Corwnisa-FisuErR INVERSION OF BoxX’s ASYMPTOTIC SERIES

The asymptotic expansions of Cornish and Fisher (1937) and Fisher and
Cornish (1960) have become well known as a tool for obtaining accurate percentile
approximations for distributions which approach normality and which are
adequately specified by their early cumulants. Essentially, these expansions are
obtained by formal inversion of the Edgeworth series for the distribution in
question. Nothing has been published concerning the validity of the Cornish—
Fisher series as asymptotic expansions although, according to Wallace (1958),
this can be established for absolutely continuous distributions whose Edgeworth
series are valid.

The likelihood ratio criteria of Neyman and Pearson (1928) form another
important class of statistics whose distributions are specified by their moments and
whose percentage points are difficult to obtain by exact methods. In large samples,
their distributions are approximately of chi-squared type. Box (1949) has
developed a general asymptotic expansion of the cumulative distribution functions
(c.d.f.’s) for those cases in which the moments can be expressed as products of
gamma functions. As indicated in Davis (1971), it is possible to obtain inversions
of this series which bear the same relationship to it as the Cornish-Fisher expan-
sions have to the Edgeworth series. These are derived by applying the general
algorithms given in Hill and Davis (1968).

1t is convenient to take as starting point the following expansion of the
cumulant generating function %(#), which holds for a larger class of statistics than
that explicitly considered by Box, including the Hotelling generalized 7'2 and
Pillai’s V (Davis 1970),

k(8) ~ —4f log (1—2if)+ §1 wr{(1—2i8) "1}, (1)

where f denotes the degrees of freedom of the limiting 2 distribution. Formulae
for the coefficients w, are listed in Section IT for a number of statistics. Then if

* Division of Mathematical Statistics, CSIRO, Private Bag No. 1, Glen Osmond, S.A. 5064.
T Division of Mathematical Statistics, CSIRO, Private Bag, Townsville, Qld. 4810.



x denotes a percentile of the given distribution, and u is the corresponding XJZc
percentile, we have

T ~uU+ 20w, Plu), (2)
k4
where the summation is extended over all partitions 7 = [sl’“, . skgk] of all
positive numbers, and
Wy = wslgl - .wskgk/gl! gl

The polynomials P, (%) are listed in Table 1 for partitions of integers up to 8.
In many cases it,is possible to choose w1 = 0. This greatly increases the rate of
convergence of (2) and in these cases it is sufficient to consider partitions not
containing the integer 1. However, the P, have been computed for all partitions
up to those of 6 and these have been used to obtain Ito-type percentile approxi-
mations for 7% and V (Davis 1970).

II. TABULATED CRITERIA

(i) Wilks’s Generalized Tést of Independence.—(See Box 1949, Section 6;
Anderson 1958, Ch. 9). Given N observations from a p-variate normal population,
suppose that the variates are partitioned into k groups with sizes

k
DL - oDk (ii_llpi :p)-

The Wilks likelihood ratio criterion for testing the null hypothesis that the k

groups are independent is
k N
A= (|R|/ H1 IRMI) .
=

where |R | and | Ry; | are the determinants of the sample correlation coefficients for
the complete sample and the ith group respectively (¢t =1, .. ., k).
Then —2plog A has a limiting chi-squared distribution with

k
= %(p‘— b p%) (3)
i=1
degrees of freedom. Box has shown that
wr = ay[m’, m=pN, (r=12,...),

where for arbitrary p the «, are expressible in terms of their values o/ at p = 1.
The «; are in turn linear combinations of the quantities

k
Es:Ps— Elpf:, (822,3,"'),

and supplementing the list given by Box (1949, Section 6.1) in order to make full



use of Table 1, we have

af = (1/24)(223 4-325),

af = (1/48)(Zy +223 —23),

o = (1/720)(625 +1524 —10X5 —3025),

oy = (1/480)(22 +6X5 —524 ~20X3 +-32,),

ap = (1/840)(227 +-T26 — 725 —3624 723 +4925),

af = (1/2016)(325 +1227 —142 —84F; 2134 +19623 —102,),

ay = (1/10080)(102y +4525 —6027; —420%5 412625 14702, — 10023 —186025),

af = (1/2880)(2219 4102y — 1525 —12027 422 58825 —50%, —1240%; +2125) .

Then
=L )
ar = EO (e N—B) i +(f[2r)(—B)",
where
B=N(1—p—I.
Thus «;, and hence wy, will be reduced to zero by taking
B = 2“i/f,
whence
p=1—(2234935)/6 N, and m =N —} —33/3%,. (4)

In the important case of two groups (¥ = 2), the distribution of A2/ is
identical with that of Wilks’s likelihood ratio statistic Up 4,4, if we take

P =Dn1, q = P2, nZN—q—l.
From (3) and (4) we have in this case
f=mnq, m = N—}(p+q+3),

and the expressions for the «; reduce considerably (Rao 1948; Box 1949,
Section 6.21):

a; =0, ag = (1/48)pg(p®+¢%—5),
ag =0, ag = (1/1920)pg{3(p*+¢*)+10p%q%—50(p2+¢2) 4159},
a5 =0, as = (1/16128)pq[3(pS+-¢8) —105(p*+q4)+1113(p2+-¢2)

+{21(p?+4?)—350}p%>—2995]



TABLE 1

The Polynomials P (u)

fr=1(+2) ... (#2(-1)), (r=1,2..)

T P“(u)
2 uz/f2+u/f

3 i
3 LW/t
I Z.i ui/f.

1=1 1
22 =8ut (£+3)/f £ +8ud/f £ _+6u?/ff, +2u/f?
2 4 2 3 2

5 i
2 Timp W4
2,3 —12uS (f+h)/f £ =2ut(£-6)/Ff £ +2ud(3£+10)/f, £ +6u/ff +2u/f?

25 2 271 E 2

6 i

5 gmy W/
= 6 =4S ( 4 3 2 3 2

2,4 16u (f+5)/f2f6 LudS (£ t)/f2f5+2u (3f+lh)/f2f“+2u (3f+10)/f2f3+6u /ff2+2u/f
32 -6u5(3f2+30f+80)/f3f6—6u5(f2+2f-16)/f3f5+hu“(f+l2)/f2fq+hu3(3f+8)/f2f3

+6u2/ff2+2u/f2
23 32u5(7f2+62f+120)/f§f6-32u5(2f2+37f+96)/fgfs-Bu“(23f2+12hf+l32)/fﬁf“

-8u3(f-lo)/ff2f3+28u2/f2r2+hu/f3

7R
J im U/

o7 o6 (2 .5 i il 2

2,5 20u (f+6)/f2f7 2ub (3f: 10)/f2f6+2 I, U (3r+bi 2)/f2fi+2u/f
3,4 -2hu7(f2+12f+1+o)/f3f7-2u9(5f2+18f-80)/f3f6+2_u5(f2+h2f+176)/f3f5

+hu“(3f+16)/fzfq+hu3(3f+8)/f2f +6u2/ff2+2u/f2

B
22,3 192u7(2f3+31f2+15hf+2ho)/f2f3f7-16u6(hf3+153f2+1106f+2160)/fzf f6
5

-8u5(35f3+h20f2+15h0f+1632)/fzfaf -hu“(25f2+80f+12)/f§f“
B

+hu3(7f+38)/ff2f3+28u2/f2f3+hu/f3




TABLE 1 (Continued)

b P"(u)

8 i

8 I v /5

8 _8u7 (e 3 [ i e 2

2,6 -2ky (f+7)/f2f8 8u”(£-3)/1,£ +2 Iyo, w(3rsli 2)/t,t, +2u/r

3,5 -30u8(f2+1hf+56)/f3f8-2u7(7f2+3hf-120)/f3f7+8u5(13f+7o)/f3f6
+12u5(f+6)2/f3f5+hu“(3f+l6)/f2fq+hu3(3f+8)/f2f3+6u2/ff2+2u/f2

L2 —32u8(f3+21f2+158f+h20)/fhfa-lGuV(f3+12f2+20f-120)/qu7
-2u5(fZ-Shf-MOO)/f3f6+2u5(5f2+90f+30h)/f3f5+20u“(f+h)/fzfu
+hu3(3f+8)/f2f3+6u2/ff2+2u/f2

22,h 6hu8(9f“+216F3+l9lhf2+7356f+10,O8O)/f2f“f8
-6hu7(f“+66f3+890f2+hh0hf+7200)/fzqu7
-hus(100f3+1388f2+5960f+7360)/f2f3f6-8u5(l7f3+168f2+532f+h80)/fzfafs
+hu“(-9f2-l6f+52)/fgfu+u3(28f+152)/ff2f3+28u2/f2f2+hu/f3

2,32 2hu8(27f3+522f2+3336f+6720)/f2f3f8i2hu7(f3+158f2+1752f+h800)/f2f3f7
_hue(97f3+1692f2+8612f+12,OOO)/fzfafs—hu5(79f3+780f2+2108f+1056)/f2f3f5
—lGu“(f2-°2f-6O)/f%fu+32u3(2f+7)/ff2f3+28u2/f2f2+hu/f3

24

-230hu8(5f5+1h3f“+1580f3+8376f2+21,096f+20,160)/f;fufe
+256u7(23f5+873f“¥ll,536f3+69,360f2+192,312f+l98,720)/f§f4f7
+128u6(81f4+1202f3+5733f2+9178f+1680)/f§f3f6
-38hu5(5f“+129f3+913f2+2h5f+2160)/fgfafs

-16u“(175f2+998f+1056)/ff%fq-lGua(9f-32)/f2f2f3+l20u2/f3f2+8u/f“




Wilks's Generalized Test of Independence : Correction Factors for —2p log A

TABLE 2

Partitions: 2,1,1 3Ils 2,2,1 hy1,1 3,2,1

N 5% 1% 5% 1% 5% 1% 5% 1% 5% 1% N

6 1.07 1,08 1.32 1.k0 1.29 6

17 1,034 1.0k2 1512 1.152 1,109 1,13 7

8 1,020 1,025 1.067 1,0813 1.058 1.071 1,18 1,21 Ll 1,18 8

9 1,0135 1.0168 1,042 1.0509 1.036 1,044 1,100 1,12 1.083 1,10 9
10 1,0097 1.0119 1.0291 1.0350 1,0250 1.0300 1.0646 1.077 1.0536 1,063 10
11 1,0072 1.0089 1,0213 1.0256 1,0182 1,0218 1,045k 1,054 1.0376 1,0hk 11
12 1,0056 1,0069 1.0162 1,0195 1,0139 1,0166 1,0338 1,0399 1.0279 1,033 12
13 1,0045 1,0055 1,0128 1,0154 1,0110 1,0131 1.0261 1,0308 1.0216 1.0252 13
1k 1,0037 1.0045 1.,0104 1,012k 1,0088 1,0105 1,0209 1,02k45 1,0172 1,0201 1k
15 1,0031 1.0038 1.0086 1.0103 1.0073 1.,0087 1,0170 1.0200 1.01k40 1.0163 15
16 1,0026 1.0032 1.0072 1,0086 1,0061 1.0073 1.01k2 1.0166 1,0117 1,0136 16
17 1.0022 1.0027 1,0061 1.0073 1.0052 1.0062 1.0120 1,01k 1.0099 1,0115 17
18 1.0019 1,0024 1.0053 1.0063 1,0045 1,0053 1,0103 1,0120 1.0084 1,0098 18
19 1.0017 1.0021 1.0046 1.0055 1.0039 1.0046 1,0089 1,010k 1,0073 1.0085 19
20 1.0015 1,0018 1.0040 1.0048 1.003% 1,004 1,0078 1,0091 1,006h 1,007k 20
21 1,0013 1.0016 1.0036 1,00L43 1,0030 1.0036 1.0069 1.0080 1.0056 1.0065 21
22 1.0012 1.001k 1.0032 1.0038 1.0027 1.0032 1,0061 1.0072 1.0050 1,0058 22
23 1,0011 1,0013 1.0029 1,003k 1.0024 1.0029 1.0055 1,0064 1.0045 1,0052 23
24 1.0010 1.0012 1.0026 1,003L 1.0022 1.0026 1,00k49 1.0058 1.0040 1,0047 2k
25 1,0009 1,0011 1.0023 1.0028 1.0020 1,0024 1,004k 1.,0052 1.0036 1.00k2 25
30 1,0006 1,0007 1,0015 1,0018 1,0013 1,0015 1.0029 1,003k 1.0024 1.0027 30
35 1.000k4 1.0005 1.0011 1.0013 1,0009 1.,0011 1,0020 1.0024 1.0016 1,0019 35
40 1.0003 1,000k 1.0008 1.0010 1,0007 1,0008 1.,0015 1,0017 1,0012 1,001k Lo
45 1.0002 1.0003 1.,0006 1.0007 1.0005 1.0006 1.0011 1,0013 1.,0009 1,0011 45
50 1.0002 1.0002 1.0005 1.0006 1,000k 1.0005 1.0009 1.,0011 1,0007 1,0009 50
55 1.0002 1.0002 1,000k 1.0005 1.0003 1.0004 1,0007 1.,0009 1,0006 1,0007 55
60 1.0001 1.0002 1.,0003 1.000k 1,0003 1.0003 1.0006 1.0007 1.,0005 1.0006 60
120 1.0000 1.0000 1,0001 1,0001 1,0001 1,0001 1.0001 1,0002 1,0001 1,0001 120
® 1,0000 1.0000 1,0000 1.0000 1.0000 1.0000 1.0000 1.0000 1,0000 1.0000 ®
2 11,0705 15.0863 14,0671 18,4753 15,5073 20.0902 16,9190 21,6660 19.6751 24,7250 x%




TABLE 2 (Continued)

Partitions: 1t 15 16 Yy 18
N % 1% 5% 1% 5% 1% 5% 1% 5% 1% N
7 1,034 1,043 1,115 1,14 I
8 1,021 1.0255 1,062 1,08 8
9 1,0136 1.0169 1.039 1,047 9
10 1.0097 1.,0120 1.0267 1.032 1.055 1.06 1.10 1.12 10
11 1,0073 1,0089 1.0195 1.0233 1.0386 1,045 1.07 1,08 1.12 1313 11
12 1.0056 1.0069 1.0149 1.0177 1.0288 1,033 1.0kg 1,057 1,08 1.09 12
13 1,00k5 1,0055 1,0118 1.0139 1.0223 1,026 1,037 1,043 1,059 1.07 13
14 1.,0037 1,0045 1.0095 1.0112 1.0178 1,0205 1.0293 1.033 1.045 1,051 14
15 1.,0031 1.0037 1.0079 1.0093 1.01k5 1.0167 1,0236 1.027 1.036 1,040 15
16 1.0026 1.0032 1,0066 1.0078 1.,0121 1,0139 1.0195 1.0220 1.0293 1,033 16
17 1,0022 1.0027 1,0056 1,0066 1.0102 1,0117 1,0163 1.0184 1.0243 1.027 17
18 1.0019 1,0023 1,0048 1,0057 1,0088 1,0101 1.0139 1,0157 1,0205 1.0229 18
19 1,0017 1,0020 1.0042 1.0049 1.,0076 1,0087 1,0120 1.0135 1,0176 1,0195 19
20 1.0015 1,0018 1.0037 1.0043 1,0066 1.0076 1,0104 1,0117 1.0152 1,0169 20
21 1,0013 1.0016 1.0033 1,0038 1,0059 1.0067 1.0092 1.0103 1.0133 1,01L8 21
22 1,0012 1.001k 1,0029 1,003k 1,0052 1.0060 1,0081 1.0091 1.0117 1.0130 22
23 1.0011 1.0013 1.0026 1.0031 1,0047 1,0053 1.0072 1,0081 1.010k 1,0116 23
24 1,0010 1,0012 1.002%4 1.0028 1,0042 1,0048 1,0065 1.0073 1.0093 1,0103 24
25 1,0009 1,0010 1,0021 1.0025 1,0038 1.0043 1.0059 1.0066 1.008L 1,0093 25
30 1.0006 1.0007 1,001k 1.0016 1,0025 1.0028 1.0038 1.0042 1,0053 1.0059 30
35 1,000k 1,0005 1,0010 1,0012 1,0017 1.0020 1,0026 1.0029 1,0037 1,0041 35
40 1,0003 1.000L 1.0007 1.,0009 1.0013 1,001k 1,0019 1,0022 1.0027 1,0030 e}
50 1,0002 1.0002 1,0004 1.0005 1.0008 1.0009 1,0012 1.0013 1,0016 1,0018 50
60 1,0001 1.0001 1,0003 1.0004 1.0005 1,0006 1,0008 1,0009 1.0011 1,0012 60
90 1.0001 1.0001 1.0001 1,0001 1.0002 1,0002 1,0003 1.0004 1,0004 1,0005 90
120 1,0000 1.,0000 1.0001 1.0001 1.0001 1,0001 1.,0002 1,0002 1.0002 1,0003 120
@ 1.0000 1.0000 1.0000 1.0000 1.0000 1,0000 1.0000 1,0000 1,0000 1.0000 =
x? 12,5916 16,8119 18,3070 23,2093 24,9958 30.5779 32,6705 38,9321 41,3372 48,2782 x;
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It may also be shown that
ar =0, oy = (1/184320)pg[5(p5-+g8)—300(p5+¢%)+66T8(p+q%)
—59900(p?+¢%)+-{60(p*-+¢*) +126p%¢>—2100(p*+¢?)
+22260}p292+-1510563] .

Exact correction factors z/« in the case & = 2 have been tabulated by
Schatzoff (1966) and Pillai and Gupta (1969). The O(m—8) expansion gives values
differing from their exact results by no more than one digit in the third decimal
place for M = n—p+1 ranging from aslowas M =3 forp =3,q=4to M =7
or 8 for larger p,q.

Table 2 gives correction factors for selected partitions with k > 3 obtained
from the Cornish-Fisher expansion.

(i) Generalized Test of Homoscedasticity.—(See Box 1949, Section 2;
Anderson 1958, Ch. 9). Consider & samples of sizes N; (¢ =1, ...,q; 2 Ny = N)
from ¢ p-variate normal populations. The hypothesis that these populations have
equal covariance matrices may be tested by the following generalization of

Bartlett’s univariate test.
q

Wy =I1 |8 "¢ /| S|,
i=1

where

q
ne=N;—1, and n= 2 n=N-—q.
i=1

q
S; is the ith sample covariance matrix and S = 2% n; Sy/n. The moments of W
i=1
have Box’s form and it is found that

f=1ilg—Dpp+1),

while for w; = 0 we require

a 2L 3 —
2 Ju 1_(2 l_l)f;w_
) i-1ne  n) G6(p+1)(g—1)
The higher w, are given by

(_l)r r+1

o = e r+2 250 8.(1— r+1—s,
T ) 2)p" s (o41)276: 5(1—p)
where
7 1
6= 2 =55

and the first eight w’s may be obtained using
81 = {p(p+1),

82 = —(1/16)p(2p2+3p—1),
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83 = (1/16)p(p—1)(p+1)(p+2),

84 = —(1/192)p(6p*-+15p3—10p2—30p+-3),

85 = (1/128)p(p—1)(p+1)(p+2)(2p%+2p—T),

86 = —(1/768)p(6p5+21p5—21p1—105p3+21p24 14Tp—5),

87 = (1/768)p(p—1)(p+1)(p-+2)(3p*-+6p3—23p2—26p- 62),

8 = — (1/5120)p(10p8-+45p"— 60p6 —420p5+126p4-- 147008 — 100p2— 1860p+-21),
89 = (1/2048)p(p—1)(p+1)(p+2)(2p8+ 6p5—25p*—60p3+149p2 4 180p—381) .

Table 3 gives 5%, points for p = 2(1)6, ¢ = 2(1)5, with equal sample sizes
ny; = n. These may be compared with Korin’s (1969) tabulation.

(iii) Sphericity Test.—(See Anderson 1958, Section 10.7). In testing the
hypothesis that a sample of size N is drawn from a p-variate normal population
whose covariance matrix X is proportional to a given matrix X,

I = 02X,
the likelihood ratio criterion is a power of
W = | SEg! |tn(trace SE; ! /p)—trn, (n=N—-1),
where S is the sample covariance matrix. Then
f=3p—1p+2),
and w; vanishes for

p=1—281/pn, B1 = (1/12)(2p*+p+2).
In this case

wr = ar/(npp)",
where
{_.1 )rzr-!-l r+1

S GBI s +4(s+1)By}

T ) 2) oo

Here the B are Bernoulli’s numbers, and the §; have been given above. In
particular,

ag = (1/288)(p—2)(p—1)(p-+2)(2p° 4 6p2+-3p+2),
ag = (1/3240)(p—2)3(p—1)(p-+1)%(p+2)(p+4)2p—1),
ayg = (1/34560)(p—2)(p—1)(p+2)
X (16p7-64p5 — 60p5—388p4—277p3—258p% — 188p—152)

5 = (1/136080)(p—2)%(p—1)(p+1)X(p+2)(p+4)(2p—1)(8p*+8p3—81p2—16p—52).



TABLE 3

Generalized Test of Homoscedasticity : Upper 5% Points of —2log Wy

2 Samples (g = 2)

3 Samples (g = 3)

p= 2 3 L 5 6 p= 2 3 L 5 6
3 12,186 18,70 3
L 10,7017 16,6527 4
5 9.9689 15,6335 3
6 9.5325 17457 30,07 51,14 15,0233 28,235 48,63 6
7 9. 2430 16.5910 27,310 43,40 14,6171 26,840k LY, 690 T
8 9.0370 15,93k2 25,6100 39.29 59,24 14,3271 25,9002 42,2406 65,15 B
9 8.8829 15,4632 24,4548 36,704 53.571 1k, 1098 25,2228 40,5629 61,39 9
10 8.7633 15.1089 23,6174 34,924 49,952 13,9409 24,7113 39,3394 58,781 8L, k2 10
11 8.6678 14,8325 22,9820 33.6193 47,425 13,8058 24,3112 38, k066 56.853 80.69 11
12 8.5898 14,6109 22,4830 32,6207 45,554 13,6953 23,9897 37,671k 55,3698 T7.90 12
13 8.52lk9 14,4293 22,0807 31,8310 44,110 13,6033 23.7257 37.0768 54,1915 T5.735 13
1L 8.4699 14,2776 21,7493 31,1906 L2, 9604 13,5254 23,5049 36,5857 53,2324 T4, 00k 1k
15 8.4229 1L,1k92 21,4716 30,6605 42,0229 13,4586 23,3175 36.1733 52,4361 72,586 15
16 8,3822 14,0389 21,235k 30,21h5 41,2433 13,4008 23,1565 35,8220 51,7643 T1. 4ok 16
17 8,3L66 13,9432 21,0321 29,8338 40.5846 13.3502 23,0167 35,5191 51,1897 70,401 17
18 8.3152 13.8594 20,8553 29,5051 40,020k 13,3056 22,8941 35.2552 50,6925 69,5406 18
19 8.2873 13,7854 20,7001 29,2183 39,5318 13,2659 22,7858 35,0232 50,2580 68. 7935 19
20 8.2623 13,7196 20.5627 28,9660 39,104k 13,2304 22,6893 34,8177 49,8751 68,1387 20
21 8,2399 13,6606 20, kkoz 28, Th22 38,7273 13,1984 22,629 34,6343 49,5350 67.5600 21
22 8,2196 13,6075 20,3304 28.5423 38.3922 13,1695 22,5250 34,4697 kg,2310 67,0448 22
23 8,2011 13.5595 20,231k 28,3627 38,0923 13,1432 22,4545 34,3211 48,9575 66.5832 23
24 8,1843 13,5158 20,1416 28,2005 37.8224 13,1193 22,3903 34,1863 48,7101 66,1672 24
25 8.1689 13.4758 20,0598 28,0532 37,5781 13,0973 22,3316 3L,0635 48,4853 65,7903 25
30 8,1077 13,3187 19, Thok 27,4821 36,6383 13,0101 22,1006 33,5829 47,6120 6L,3362 30
35 8.06L6 13,2091 19.5195 27.0909 36,0010 12,9486 21,9390 33,2498 47,0120 63,3465 35
Lo 8.0325 13,1282 19.3576 26,8062 35,5403 12,9028 21,8197 33,0053 46,5743 62,6291 4o
45 8.0077 13.0660 19.2339 26,5896 35.1916 12,8675 21,7280 32,8182 46,2409 62,0852 45
50 7.9880 13,0167 19,1363 26,4193 34,9185 12,8393 21,6553 32,670k 45,9785 61,6586 50
55 7.9720 12,9768 19,0572 26,2819 3k, 6989 12,816k 21,5962 32,5507 45, 7665 61,3150 55
60 7.9587 12,9437 18,9920 26,1688 34,5183 12, 79Tk 21,5473 32,1518 45,5917 61,0323 60
120 7.8862 12,7650 18,6421 25,5663 33.56k42 12,6937 21,2829 31,9207 44,6593 59,5339 120
X2 T.81L7 12,5916 18,3070 24,9958 32,6705 12,5916 21,0261 31, L10k 43,7729 58,12L0 2

[l



TABLE 3 (Continued)

4 Samples (q = 4)

5 Samples (g = 5)

p= 2 3 b 5 6 p= 2 3 L 5 6

3 24,55 30,09 3
L 22,003 27,0732 4
5 20.7318 10,95 25.5641 50,950 5
é 19,9695 38.0585 24,6583 47,487 6
T 19,4614 36.2929 60,90 2L, 0541 45,367 76.56 7
8 19, 0984 35,0997 5T. 767 89,45 23,6224 43,9322 72, TTL 8
9 18,8262 34,2384 55.617 84,62 23,2984 42,8960 70,171 9
10 18,6144 33,5872 5k, 045k B1.25 23,0464 42,1120 68.266 103,06 10
11 18,4ks0 33.0773 52,8450 T78.754 112,17 22, 8LkL7 41,4977 66,8091 100,025 k2,84 11
12 18,3063 32,6672 51,8975 76.831 108,55 22,6796 L1, 003k 65,6587 97.679 138,40 12
13 18,1908 32,3301 51,1302 75.300 105,73 22,5420 40,5969 6k, 7265 95,810 134.95 13
1k 18,0930 32,0480 50,4960 74,0529 103,466 22,4256 40,2567 63.9555 9k,2865 132,18 1k
15 18,0092 31,8085 49,9628 73.0161 101,612 22,3257 39,9678 63,3071 93,0191 129,906 15
16 17.9366 31.6027 49,5083 72,1404 100,0625 22,2392 39,1793 62,7542 91,9480 128,005 16
17 17.8730 31,4238 49,1162 T1.3907 98,7481 22,1635 39.503k 62,2769 91,0308 126,391 17
18 17,8169 31,2669 L8, 7TLY 70,7416 97.6185 22,0966 39,3140 £1.8608 90,2362 125,003 18
19 17,7671 31,1282 48,4738 70,1741 96,6371 22,0372 39,1465 61,4948 89,5412 123,796 19
20 17.7225 31,0047 48,207k 69.6735 95.7763 21,9841 38,9974 61,1703 88.9281 122, 7377 20
21 17.6823 30,8940 47,9696 69,2287 95,0150 21,9362 38.8637 60,8806 88.3831 121.8012 21
22 17,6460 30,7942 47,7560 68.8308 9k, 3369 21,8929 38,7431 60,6204 07,8954 120,9668 22
23 17.6130 30,7038 47,5632 68,1728 93,7289 21,6536 38.6339 60,3854 87,4565 120,2185 23
2h 17.5828 30,6215 47,3882 £8.1488 93,1808 21,8176 38.53L5 60,1721 87. 0594 119.5436 2k
25 17.5552 30.5463 k7,2287 67,854k 92,6840 21,7847 38, L436 59,9776 86,6983 118,9318 25
30 17,4455 30,2500 L6, 60k2 66.7092 90.7650 21,6540 38,0855 59,2162 85,2933 116,5674 30
35 17.3681 30, 0427 46,1710 65,9216 89.4571 21,5617 37.8349 58,6877 84,3265 11k, 9546 35
Lo 17,3106 29.8896 45,8528 65,3466 88,5081 21,4931 37.6497 58,2994 83,6203 113.7839 Lo
Ls 17,2661 29,7718 45,609 64,9083 87.7880 21,L4o0 37.5072 58,0021 83.0819 112,891 ks
50 17.2307 29,6784 45,4167 6l,5631 87,2228 21,3978 37.39k2 57,7670 82,6577 112,197k 50
55 17,2018 29,6025 45,2608 64,2842 86,7674 21,363k 37.3025 57,5766 82,31k 111,6350 55
60 17,1779 29.5396 k5,1318 6k, 0541 86.3926 21,3348 37.2264 57,4191 82,0321 111.1721 60
120 17,047k 29,1997 L4 4392 62,8258 84,4037 21.1792 36,8150 56.5729 80,5215  108,7142 120
x§ 16,9190 28,8693 43,7729 61,6562 82,5287 21,0261 36,4151 55,7585 79,0819 106,3948 x;ﬁ
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TABLE 4

Sphericity Test =022 g : Correction Factors for —2p log W

p P
n 5% 14 5% 17 5% 1% 5% 1% n
6 1.0228 1.0280 1.066 1,079 A5 315 1,18 6
7 1.0153 1,0188 1,0k1L 1.,0kokL 1.09 1,10 i1t
8 1,0110 1,0135 1,0286 1,0340 1.057 1.067 1.11 1,12 8
9 1.0083 1,0101 1.0210 1,0248 1.0k0 1.047 1.070 1.08 9
10 1,006k 1.0079 1.0160 1.0190 1,0301 1,0348 1,051 1,058 10
11 1,0052 1.0063 1,0127 1.0150 1.0233 1,0270 1.039 1,0LL 11
12 1.0042 21,0052 1.0103 1,0121 1,0187 1.0215 1.0303 1.0343 12
13 1,0035 1,00L43 1,0085 1,0100 1.0153 1,0176 1,02k4y 1.0277 13
14 1,0030 1.0037 1,0071 1,008k 1.0127 1.01k46 1.0202 1.0228 1k
15 1.0026 1.0031 1,0061 1.0072 1,0108 1.012k 1.0169 1.0191 15
16 1.0022 1,0027 1,0053 1.0062 1,0092 1.0106 1,01L% 1.,0162 16
17 1. 0020 1.0024 1,00L46 1.005h 1,0080 1.0092 1.0124 1.,01k0 17
18 1.0017 1.0021 1,00k0 1,00L47 1.0070 1.0080 1.0108 1.0122 18
19 1.0015 1,0019 1.0036 1.0042 1.0062 1,0071 1.0095 1.0107 19
20 1,001k 1.0017 1.0032 1,0037 1.0055 1.0063 1.008k4 1.0095 20
21 1.0012 1,0015 1.0029 1.0034 1.0049 1.0056 1. 0075 1,0085 21
22 1.0011 1,001k 1.0026 1.0030 1.00L4 1.,0051 1.0068 1. 0076 22
23 1.0010 1.0012 1,0023 1,0028 1.0040 1, 0046 1,0061 1,0069 23
2h 1,0009 1,0011 1.0021 1,0025 1,0037 1,0042 1.0055 1.0062 24
25 1.0009 1.0010 1,0020 1,0023 1.0033 1.0038 1,0051 1,0057 25
30 1.0006 1,0007 1,0013 1,0016 1,0022 1.0026 1,0034 1.0038 30
35 1,000k 1.0005 1.0010 1.0011 1.0016 1,0018 1.0024 1.0027 35
40 1,0003 1.000k 1.0007 1.0008 1.0012 1,001k 1,0018 1,0020 Lo
45 1,00 1,0003 1.0006 1,0007 1, 0009 1.0011 1.001k 1.0016 45
50 1.0002 1.0002 1,0005 1,0005 1.0008 1.0009 1,0011 1.0013 50
60 1.0001 1,0002 1,0003 1,000k 1.0005 1, 0006 1.0008 1, 0009 60
120 1, 0000 1,0000 1.0001 1,0001 1,0001 1,0001 1,0002 1,0002 120
= 1,0000 1. 0000 1,0000 1.0000 1.0000 1, 0000 1,0000 1.0000 )
x% 11,0705 15,0863 | 16,9190 21.6660 23,6848  29.1k413 31,4104 37.5662 x%
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TABLE 4 (Continued)

P 9 10 P
n 5% 1% 5% 1% 5% 1% 5% 1% n
11 1.060 1,068 1.09 1.10 1.14 11
12 1.046 1,052 1.07 1,08 1.10 1.11 2
13 1,037 1,041 1.054 1.060 1,08 1,08 1,11 1,12 i8S
14 1.0300 1,033 1,043 1,048 1,060 1.07 1.08 1,09 14
15 1,02k9 1.0278 1.035 1,039 1,049 1,054 1.07 1.07 15
16 1,211 1.023h 1,0296 1,033 1.0k0 1,0Lk 1,055 1,059 16
17 1.0181 1,0201 1,0252 1.0277 1.034 1.037 1,045 1.049 17
18 1, 0156 1,01T4 1,0217 1, 0238 1.0292 1.032 1,039 1.0k2 18
19 1.0137 1, 0152 1,0189 1,0207 1.0252 1.0275 1,033 1,036 19
20 1,0121 1,013k 1.0166 1,0182 1,0220 1.0240 1.0287 1,031 z0
21 1,0107 1,0119 1,01k7 1.0161 1,0194 1,0212 1,0252 1.0273 21
22 1,00% 1.0107 1,0131 1, 0143 1,0173 1.0188 1,0223 1.0241 22
23 1.0087 1. 0096 1,0118 1,0129 1,0155 1.0168 1.0199 1,0215 23
2h 1.0078 1. 0087 1.0106 1.0116 1.,0139 1,0151 1.0179 1,0193 2k
25 1,0071 1, 0079 1.0096 1,0105 1,0126 1,0137 1,0161 1,0174 25
30 1.00h47 1, 0052 1,0063 1.0069 1,0082 1.0088 1,0103 1,0111 20
35 1,0033 1.0037 1.004Y 1.0049 1,0057 1. 0062 1,0072 1.0077 35
Lo 1,0025 1.0028 1,0033 1.0036 1,0042 1. 0046 1,0053 1.0057 Lo
L5 1, 0019 1,001 1,0026 1,0028 1,0033 1,0035 1,0041 1.00LY 45
50 1,0015 1,0017 1,0020 1.0022 1.0026 1.0028 1,003 1,0035 50
60 1, 0010 1.0012 1,001k 1.0015 1.0017 1, 0019 1,0022 1,0023 60
120 1. 002 1,0003 1,0003 1.000L 1, 000k 1.0004 1,0005 1. 0005 120
L] 1,0000 1. 0000 1,0000 1, 0000 1, 0000 1.000C 1.0000 1.0000 «
Xi« 40,1133 46, 9630 Lo, 8019 57,3421 60. 4809 68,7095 72,1532 81.0688 x§.
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TABLE 5

Test of Hypothesis X =2 : Percentiles of —2 log A

» L 5 P
n 5% 1% 5% 1% 5% 1% 5% 1% 5% 1% n
6 8,9415 13.0019 15,805 21,229 I3
7 8.7539 12,7231 15,1854 20,358 24,06 30,75 7
8 8,6198 12,52k46 14,7676 19.7750 23,002 29,32 8
9 8.5193 12,3761 14,4663 19,3577 22,278 28,357 32,47 39.97 9
10 8.4k11 12,2608 14,2387 19,0439 21,749 27,657 31,36 38.55 10
11 8,3786 12,1687 14,0605 18,7992 21,3456 27.1268 30,549 37451 k2,08 11
12 8,327 12,0935 13.9173 18,6029 21,0276 26,7102 29,922 36.710 40,92 48,96 12
13 8.284T 12,0308 12.7995 18, LL21 20,7702 26,3743 29,42k 36.079 Lo,02 47,84 13
14 8.2L486 11,9778 13,7010 18,3078 20,5576 26,0975 29,0182 35,567 39,303 46,96 1b
15 8.2177 11.9325 13,6174 18,1940 20,3789 25,8655 28,6812 35.1L435 38,71k 46,234 15
16 8.1909 11.8932 13.5456 18,0964 20,2266 25,6681 28,3967 34,7866 38,222 45,632 16
17 B,16Th 11.8588 13.L4832 18,0116 20,0953 25,4982 28,1532 34,4818 37.806 k5,122 17
18 8.1L67 11,8285 13,428k 17.9373 19.9808 25,350 27.9425 34,2185 37.LL75 Lk, 686 18
19 8,1283 11,8015 13.3800 17.8718 19,8801 25,2204 27,7582 33,9886 37.1365 Lk, 3069 19
20 8,1118 11.77Th 13,3369 17,8134 19.7909 25,1054 27.5958 33,7862 36.8638 43,9754 20
21 8.0970 SISNTS DI 13,2983 17.7611 19,7113 25.0029 27,451k 33,6066 36.6227 43,6827 21
22 8.0835 11,7361 13.2634 17.71k 19.6398 24,9109 27,3224 33,461 36,4080 43, k22h 22
23 8.0713 11,7183 13,2319 17.6715 19,5753 24,8279 27,2062 33.3018 36,2155 43,1892 23
2L 8,0602 11,7020 13,2032 17.6327 19,5167 24,7527 27.1011 33,1713 36.0k20 42,9792 2L
25 8,0500 11.6871 13,1769 17,5973 19,4633 2k, 6841 27,0056 33,0529 35,8847 42,7890 25
26 8.0406 11,6734 13.1529 17.5648 19, h1ky 2k, 621k 26,9184 32,9448 35,7415 42,6160 26
27 8.0319 11,6608 13,1307 17.5349 19.3695 24,5638 26,8385 32,8458 35.6106 42,4579 27
28 8,0239 11.6490 13.1102 17.5073 19,3281 2L,5107 26,7650 32,7547 35,490k 42,3128 28
29 8.016L 11.63682 13.0912 17,4817 19.2899 2L,u617 26,6971 32,6707 35.3797 42,1793 29
30 8, 0095 11,6280 13.0735 17,4579 19.2543 24,4162 26,6342 32,5930 35,277k 42,0559 30
35 7.9809 11,5864 13,0012 17.3606 19,109k 24,2307 26,3788 32,2774 34,8635 41.5575 35
Lo 7.9597 11.5554 12,9478 17.2887 19.0029 24,0946 26,192k 32,0LTh 34,5632 41,1965 40
45 T.9432 11,531k 12,9067 17.2335 18,9214 23.9906 26,0503 31,8723 34,3353 40,9229 L5
50 7.9301 11,512k 12,8741 17.1898 18,8570 23,9085 25.938% 31,7345 34,1565 40,7083 50
60 7.9106 11.L48ko 12,8257 17.1249 18,7617 23,7870 25,7734 31,5315 33,8937 40,3935 60
120 7,8624 11.4139 12,7071 16,9660 18.5300 23, k922 25,3751 31,0424 33,2642 39.6L05 120
o T.B14T 131.3kk9 12,5916 16.8119 16.3070 23.2093 24,9958 30,5779 32,6705 38.9321 ®
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TABLE 5 (Continued)

-] 8 9 10 p
Q 5% 1% 5% 1% 5% 1% 5% 1% n
15 50.70 59.38 6h.ol 15
16 49.90 58,41 63.66 73439 16
17 kg, 221 57.60 62,60 72,14 17
18 LB, 645 56,911 61,71 71,08 76,86 18
19 48.1k9 56.318 60.95 70.19 75.72 86,11 19
20 k7,716 55,801 60.290 69.41 T4, 75 8k,97 91,28 20
21 b7.336 55,348 59, T1k 68.733 73.90 83.99 90.06 101,30 21
22 46,9982 5k, 9L7 59,206 68,138 73.16 83.13 89.01 100,08 22
23 46,6971 54,5889 58,754 67,609 72,502 82,37 88,08 99,02 23
24 L6, bbb 54,2678 58,350 67.137 71.918 81.697 87.25 98.08 2k
25 46,1823 53.9780 57.986 66,712 71,39k 81.092 86.52 97.23 25
26 45,9605 53,7151 57.6573 66,328 70,922 80.548 85,855 96,48 26
27 45,7582 53.4756 57,3580 65,9787 70,49k 80,054 85,258 95.799 27
28 45,5730 53,2563 57,0847 65,6601 70,10k 79.605 84,716 95.181 28
29 L5, Lo27 53,0549 56,8340 65,3661 69, T4T 794195 84,221 9k.618 29
30 45,2456 52.8693 56,6032 65.0996 69,4190 78,818 83.768 94,103 30
35 4L, 6133 52,1228 55,6790 64,0253 68,113k 773197 81.9731 92,064 35
Lo Lk 1575 51,5856 55,0172 63.2576 67.1852 76,2565 80,7067 90,6287 Lo
L5 43,8132 51,1804 54,5197 62,6812 66.4910 75,4625 T9. 7646 89.5624 4s
50 43,54k 50,8637 54,1321 62,2325 65.9521 Th,8LES 79.0361 88,7388 50
60 43,1499 50,4008 53,5669 61,5790 65,1694 73.9533 77.9823 87.5489 60
120 k2,2125 49,3019 52,2325 60,0394 63.3356 T1.8646 75,5328 84,7885 120
e 41,3371 48,2782 50,9985 58,6192 61,6562 69,9568 73,3115 82,2921 @
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Test of Hypothesis £=2¢ , p=pg : Correction Factors for —2p log A,

TABLE 6

p 3 i P
N 5& 1% 55 1% 5% 1% 5% 1% 5% 1% N
L 1.08 1,11 L
5 1,0kh 1,055 PRI 1.16 5
6 1,0271 1.0336 1,069 1,085 1,16 6
7 1,0185 1.0228 1.0 1.053 1,09 Il aliL i
8 1,013k 1,0165 1,030 1.0367 1,059 1.070 1,11 1,13 8
9 1.0102 1,0125 1.022k 1,0269 1,0416 1.0k9 1.072 1.08 1,12 1,14 9
10 1,0080 1,0098 1.0172 1.0205 1.0311 1.036 1,052 1.060 1,08 1.10 10
11 1,0064 1,0079 15018 1.0162 1,02k2 1.8 1,039 1,045 1.061 1,07 11
12 1,0053 1.,0065 1,0111 1.,0132 1.0194 1.0225 1,0309 1.035 1,047 1.053 12
13 1.00kk 1,0054 1,0092 1,0109 1.0159 1.0183 1,0250 1,028 1,037 1,042 13
1k 1.0038 1.0046 1.0077 1,0092 1,0132 1.0153 1.0206 1,023k 1,030k4 1,034 1k
15 1.0032 1.0040 1,0066 1.0078 1,0112 1.0129 1.0173 1,0196 1,0253 1,028 15
16 1,0028 1,003k 1, 0057 1.0067 1,0096 1,0111 1, 0147 1,0167 1,021k 1.0239 16
17 1,0025 1.0030 1. 0050 1,0059 1,0083 1.00% 1.0127 1.01bk 1.0183 1,020k 17
18 1. 0022 1.0027 1,004k 1.0052 1.0073 1.008k4 1.0111 1,0125 1, 0159 1,0177 18
19 1, 0019 1.0024 1.0039 1,0046 1,0065 1,007k 1,0098 1,0110 1, 0139 1,015k 19
20 1.0017 1,0021 1.,0035 1, 0041 1,0058 1, 0066 1.0086 1,0097 1,0123 1.0136 20
21 1.0016 1,0019 1,0031 1.0037 1,002 1.0059 1, 0077 1,0087 1,0109 1,0121 21
22 1,001k 1,0017 1.0028 1,0033 1.00k46 1,0053 1,0069 1.0078 1,0098 1,0108 22
23 1,0013 1.0016 1,026 1.0030 1,0042 1.0048 1,0063 1, 0070 1,0088 1.0098 23
2k 1,0012 1.0015 1.0023 1,0027 1.0038 1,004k 1.0057 1,006k 1,0080 1,0088 ol
25 1.0011 1.0013 1.0021 1.0025 1, 0035 1.00k0 1,0052 1.0058 1,0072 1,0080 25
30 1,0007 1,0009 1.0014 1,0017 1,03 1.0027 1.0035 1.0039 1.0048 1,0053 30
35 1. 0005 1.0007 1.0010 1,0012 1,0017 1,0019 1,0025 1,0028 1.003% 1,0038 35
Lo 1, 000k 1,0005 1.,0008 1,0009 1, 0013 1,001k 1.0018 1.0021 1.0025 1, 0028 Lo
ks 1,0003 1,000k 1.0006 1.0007 1.0010 1,0011 1,001k 1.0016 1,0020 1.0022 45
50 1,0003 1.0003 1,0005 1. 0006 1,008 1,0009 1.0011 1,0013 1.0016 1,0017 50
60 1,00@ 1,0002 1,0003 1,000k 1,0005 1,0006 1,0008 1. 0009 1,0011 1,0012 60
80 1.0001 1,0001 1, 0002 1,002 1.0003 1,0003 1.000k 1,0005 1.0006 1.0006 80
100 1.0001 1.0001 1,0001 1,0001 1.0002 1.0002 1,0003 1,0003 1,000k 1.000k4 100
120 1, 0000 1.0001 1.0001 1.0001 1.0001 1.0001 1,0002 1.0002 1,0003 1,0003 120
o 1,0000 1.0000 1,000 1,0000 1.0000 1,000 1.0000 1.0000 1.0000 1.0000 ]
x% 11.0705 15,0863 16.9190 21,6660 23.6848 29,1413 31,410k 37.5662 40,1133 46,9630 X%
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TABLE 6 (Continued)

p 8 9 10 p
N 5% 1% 5% 1% 5% 1% 5% 1% N
10 1,13 10
11 1,09 1,10 1.1k 11
12 1.07 1,08 1,10 i, A, 12
13 1.054 1.060 1,08 1.09 Ao, 1.12 13
14 1,043 1,048 1.061 1.07 1.08 1.09 1.12 1,13 14
15 1,036 1.0L40 1.049 1,054 1.07 1.07 1,09 1,10 15
16 1,0299 1,033 1,041 1.045 1,055 1,060 1.07 1.08 16
17 1,0254 1,028 1.034 1.038 1,046 1,050 1,060 1,07 17
18 1,0219 1,0241 1,029k 1,032 1.039 1.042 1,050 1,054 18
19 1,0190 1,0210 1,0254 1.028 1,033 1.036 1,043 1,046 19
20 1.0167 1.0184 1,0222 1.0242 1. 289 1,031 13037 1,040 20
21 1,0148 1.0163 1.0196 1.0213 1.0254 1.0274 1,032 1,035 21
22 1,0132 1.01k5 1,017k 1.0189 1.0224 1,0243 1,0285 1,031 22
23 1.0119 1.0130 1,0156 1.0169 1.0200 1,0216 1.0253 1,0272 23
2L 1,0107 1.0118 1.0150 1.0152 1,0180 1,019% 1,0226 1.0243 2k
25 1,0097 1, 0107 1.0127 1,0138 1,0162 1.0175 1.0203 1.0218 25
26 1. 0089 1.0097 1,0115 1.0125 1, 0147 1,0158 1,018k 1,0197 26
27 1.0081 1.0089 1.0105 1,011k 1,0134 1.014L 1.0167 1,0179 27
28 1, 0075 1.0082 1.0097 1,0105 1.0123 1,0132 150193 1,016h 28
29 1. 0069 1.0075 1,0089 1.0097 1,0113 1,0121 1,01k0 1,0150 29
30 1,006k 1.0070 1,0082 1.0089 1,010k 1,0112 1.0129 1.0138 30
35 1, 0045 1,0049 1.0058 1.0062 1.0072 1.0078 1.0089 1,0095 35
Lo 1.0033 1,0036 1.0043 1.00k6 1.0053 1.0057 1.0065 1.0070 Lo
45 1,06 1,028 1,0033 1.0036 1.0041 1,004 1.0050 1,0053 L5
50 1.0021 1,0022 1.0026 1.0028 1.0032 1.0035 1, 0040 1,0042 50
60 1,0014 1.0015 1,0018 1,0019 1,0022 1.00e3 1,06 1.0028 60
120 1.0003 1.0004 1,0004 1.0004 1,0005 1,0005 1.0006 1,0006 120
@ 1.0000 1,0000 1.0000 1.0000 1,0000 1.0000 1.0000 1.0000 ]
XI% 49,8019 57.3k21 60, 4809 68.7095 72,1532 81,0688 8k, 8207 9k, k221 xf.
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When p = 2 all «; vanish and —2(1—n-Y)log W is distributed as x3. Table 4
gives correction factors for —2plog W for p in the range 3(1)10.

The hypothesis that a sample of N observations is drawn from a p-variate
normal population with a given covariance matrix Lo may be tested using the
following modification of the likelihood ratio statistic (Korin 1968):

A = etpn | SEg! |inexp(—ntrace SLg ), (n =N-1),

where S is the sample covariance matrix on n degrees of freedom. The moments
of \; are not of Box’s form, but the c.g.f. of —2p log A; may be expanded in a series
(1), with

f=iplp+1), wy = ar/(np),

_ (=) S e g
= ?'[?'+1}(?'+2'.' = (s+1)Bl S 5

Br = in(l—p).

oy

Thus w; = 0 when

(2p*-3p—1) L @ +3p—1)

B="heptn ’© = ep+h °

and in this case
ay = p(2p*+6p3+p2—12p—13)/288(p+1),
a3 = p(2p0+9p5—3pt—45pd—39p2 —18p—34)/3240(p+1)?,
og = 10(161084—96107—1—1001)6—44,41)5—1197104—228193—l—2518p2
+3048p+955)/34560(p+1)3.

The correction factor p has been suggested by Bartlett and Kullback (see
Korin 1968). Comparisons indicated that the 5% percentiles given by Korin for
p = 4 should appear with their degrees of freedom reduced by one. Table 5 gives
percentiles for —2log A; with p = 2(1)10. :

If it is required to test not only that X = Xo but also that the population
mean vector p = po, then a suitable statistic is

Ay = (e/N)PN | ALy |EN exp{—4 trace AX;! +N(X—po) I (X—po)}»
where X is the sample mean (Anderson 1958, Section 10.9), A==S. In this case,

f =S %P(p+3) ’ wWr = “r/(NP)”

{_nrqr-bl r+l

S = o B 742, or+1—§ 5—8—1
= e A (2Rl D)

Bz = 3[N(1—p)—1].

oy
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Taking
gy — (2 +30=1) _ 1 @' op 1)
T 12043 0 P 6N(p+3)

we obtain w; = 0 and
az = p(2p*+-18p34-49p2+-36p—13)/288(p+-3),
og = p(2p5+4-27p5+123p2+-135p3 —489p2—1404p—1006)/3240(p-+3)2,
oy = p(16p8+288p7+2020p6—|—6732p5+9363p4—1404p3—12458p2
+3816p+15355)/34560(p+3)3.

Table 6 gives correction factors for —2plog Ag for p = 2(1)10.
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ON THE k-SAMPLE BEHRENS-FISHER DISTRIBUTION®*
By A. W. DAVISt and A. J. SCOTT}

Abstract

Fisher’s expansion for the percentage points of the two-sample Behrens—Fisher
distribution is extended to the k-sample case. The expansion is used to construct
tables of a few common percentage points including upper 5% points in the two-
sample case, and a simple approximation is suggested. An expansion is also given for
the probability content, in the frequency sense, of intervals based on,the Behrens-
Fisher distribution. )

I. INTRODUCTION

The construction of interval estimates for a linear combination of means, say

k
n = le?\l-ui, is important in many applications. Suppose that m; independent observa-

tions are taken from the ith group and the resulting sample mean and variance are X;
and s} ( = 1, ..., k). The standard assumption is that the observations are normally
distributed about mean p; with variance of. If it is known that o} = 0® (i = 1, ..., k)
then all common systems of inference (frequentist, Bayesian, fiducial) lead to essentially
the same intervals, but if the variances cannot be assumed equal the Bayesian and
fiducial solution differs from the frequentist one (Kendall and Stuart 1961, p- 146,
give a comprehensive account for k¥ = 2). In the usual Bayesian (or fiducial) approach,
with little @ priori knowledge about the value of o7, the posterior distribution of

_k A
d= %Ai(“i_xi)/(zlmi si [m;) (1)

is equivalent to the distribution of

St G5 = 1),
where &, ..., § are known constants [£; = (Aisi/m;/z)/(éc??\,?sl?/mi)]/z] . t”i has a Student
t-distribution with n; = m; — 1 degrees of freedom, and Lyys wees Ip, are mutually
independent (Lindley 1965). Interval estimates for n = é::)‘i:“i follow directly from
the percentage points of %Eitni‘

For k = 2, tables of the percentage points have been constructed by Sukhatme
(1938), and Sukhatme et al (1951) for a few values of n;, n,, and sin 1§, and by
Fisher and Healy (1956) for small odd degrees of freedom. Both sets of tables are

* This research was carried out under National Institutes of Health Grant GM-12868, while
both authors were on leave at the Department of Biostatistics, University of North Carolina.

1 Division of ‘Mathematical Statistics, CSIRO, Private Bag: No. 1, Glen Osmond, S.A. 5064.

T London School of Economics and Political Science, University of London, Aldwych,
London, W.C.2.
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given in Fisher and Yates (1963). Fisher (1941) has given an asymptotic expansion
for the percentage points of d and this can be used for larger n;, n, when the para-
meters lie outside the range covered by the tables. There are no tables for larger
values of k. Even if tables could be constructed, they would be complicated and
difficult to use since there are (2k—1) parameters involved. In these circumstances it
is natural to search for a reasonably simple approximation, and several have been
proposed in the literature (Quenouille 1958, p. 139; Patil 1965, 1969; Smith and
Scott, unpublished data).

The difficulty is that at present there is no way of judging the accuracy of the
approximations for k>2. To overcome this difficulty, we have extended Fisher’s
expansion for the percentage points of d to include arbitrary values of k. Fisher’s
approach, involving convolutions of ¢-variables, is difficult to extend directly, and we
have adopted a different approach based on the cumulant generating function. This
is considerably simpler even for k=2, and has the additional advantage that direct
use can be made of the tabulated Cornish-Fisher polynomials (Cornish and Fisher
1937; Fisher and Cornish 1960; Hill and Davis 1968). The details are given in
Section II. The expansion has been used to construct tables of the upper 5% point
of the distribution of d for k=2, and of the upper 2.5% and upper 0.5% points of
the distribution of d for k=3, 4, 5, 10 in the important special case of equal degrees
of freedom. To get the accuracy required for the tables, it was found necessary to
take the expansion to terms of O(n;*), one term further than Fisher. A simple modi-
fication of the expansion, given in Section III, suggests a rather simple approximation
closely related to the approximation given by Welch (1947, 1949) in his attack on a
frequentist solution of the problem. The tables given in Section II have been used to
compare this approximation with existing approximations in Davis and Scott (unpub-
lished data). ;

It has often been noted that the Behrens-Fisher intervals for k = 2 seem to be
wider than Welch’s approximate confidence intervals. An expansion for the actual
confidence level, in the conventional long-run frequency sense, is given in Section IV.
This suggests that the Behrens-Fisher intervals will be conservative in this sense for
all values of k, certainly when the degrees of freedom are large.

II. THE CORNISH-FISHER EXPANSION OF dg

The cumulant generating function (c.g.f.) K, (¢) = log & exp(i¢z,) of Student’s
t on n degrees of freedom may be expanded in an asymptotic series in 7', the
terms to fifth order being

K, (@) ~— 50> + (1/4n)(9" — 207) — (1/3n*)(¢° — 6¢° + 6¢7)
+(1/24n%)(15¢° — 128¢° + 264¢* — 96¢2) @
+(1/15n%*)(— 21¢'° + 240¢° — 800¢° + 7809* — 120¢?)
+(1/10n°)(35¢"% — 512¢'° + 24509 — 43209° + 2280¢* — 16042).

Hence, if we define

o = j=klEj2i/n', ﬁ,‘ = zjf15]'2i/n'2 s Y = Zj- 515]'2i/n? s 3



5= hgnt, ¢=5hefm, (=12 .., 3)

!

the c.gf. A(p) of d = Z; fl Sitni may be formally expressed as

A@) = — 16 + 2, Tipa (i)Y (4)
where, to the fifth order,
P2 =y +2B; +4y, +88, +16¢, = 0(n;"),
Pa =400 +28, + 11y, + 528, +228¢;, = 0(s}'),
Ps = HBs +1675 +16085 +1296¢€;3) = 0(r2), )
Ps =S4 + 1684 + 245¢, = 0(i?),
P10 = (785 + 256€5) = o(n;*),
P12 = 2166 = 0(r°) .

The series (4) is thus of the general form considered by Fisher and Cornish
(1937) and Cornish and Fisher (1960). Hence, the expansion of the 100(1 —-0)%
point dg of d in terms of the corresponding unit normal deviate ug may be represented
as

dg ~ug + ZppnPr(ug) (6)

(Hill and Davis 1968), where the summation is extended over all partitions

t t
=[5, ...., 5]

of all positive integers, the P,(u) are polynomials in u, and

. t
Pr =05 ... psg ti! ..t (7

Fisher arid Cornish tabulated sufficient P to give the expansion (6) to order
;. The additional polynomials required for the fifth-order expansion may be con-
structed by the methods given in Hill and Davis (1968, Sections 4 and 5), and a
listing is given in Table 1. We note that, in virtue of (4), only partitions into even
integers occur in (6), and a further reduction is effected by the relationship

Pry ()=~ (m —1)Pyu) , ®

where m is any partition of the integer m. Thus it is necessary to consider only
partitions into integers not less than 4. In particular, P, (u) is Hermite’s polynomial
of order (m —1).

A valid asymptotic expansion is obtained when terms of like order are grouped.
We finally obtain

dg ~ug + Zr:Qr(“e) > &)
where

Q,(u) = 0(n;")



and
0, =
0, =
Dy =

Q4 =

Qs =

a Py tianPy,
1(4By —ad )P, + (882 — 301 ap)Pa + 1B3Ps + 35052 ,
L(8v1 — 4oy B4 + 0] )Py ++(88y; — 12058y — 48,8, + 1500, )Py
+L(16’Ys — 50,83)P + '74Ps 5 (160‘2[32 — To103)Pg2 T 5o 263P6,4
384 P43 9
(645, — 3207, — 1683 + 24028, — 5a7)P,
+;—(41652 — 40,7, — 968182 — 264072 +60a; a,8; +120ai B, —35a}a, )P,
+1(32055 — 208,B5 — 160072 +350263)Ps * (12855 —350174)Ps
+18Pyg + (17607, + 12803 ~ 28036, — 224a, 02, +6303ad)Pa2
+ %(16042’)’3 + 88,83 — 9010B3)Ps 4 t+ %85%})62 + %0‘274138,4
+ 503 B3Ps 42 t ﬁ(%a%ﬁz — 1la;03)Py3 + 757 05Pg4
[16€, — 8(a; 81 +B171) +6(aiys + o B) — 5aiBy +;—Olf]P2
+[228e; — 6(cp 81 +4B27yy + 1161772 + 2601 82) (10)
+23(1 la2v, + 8ay BBy +20;0071 +0afi)— 7 (4aiB, + 3atarfy)
+ 315a1a2]P4 + {4323 — (40a163 + 88173 ¥ B3v1)
+ m(4011')/3 + 0, B1B3) — $0iB3]Ps + [245€4 —2(640y 84 +5B17a)
+315629,1Pg +1(256e5 — 63, 85)P1o + 3€6P12 + [130282 +226:72
— (16083 + 22005772 + 802162 +a3y1) + 2 (4aiasf, +a; 0561)
2310‘1012]P42 +[ 203 +—3132’Ya +Tﬁs72
— 3(4ay 073 + 38183 + 20, B285) + Batayf3]Pea
+ %(405274 + 1280584 — 55030274 )Pga t i(323373 — 11, B3)Ps2
+ a3 + 550572 — 5538 + 120 0362) + ;2:0‘10‘2]}743
+ ;85 Proa + B3vaPse * s [16(a3 73 +038583) — 130y €3 631 Pe 42
+ maﬂ’d)s a2t -a2ﬁ3P624 + (579382 — sorgd 03 WPas

t i azﬁaPe 43 T3

1152 0‘2P45 :

122 22,880

To the fourth order, this reduces to Fisher’s result (1941, Table 2) in the two-
sample case, when £; = siny, & = cosy. Sukhatme et al (1951) have taken the
two-sample expansion to fifth order but have not published their result. However,
our numerical results are in essential agreement with theirs.



TABLE 1
CORNISH-FISHER POLYNOMIALS

s Pr(u)

2 u
4 ud 3
6 u® 106> + 15u
8 u” — 21u° + 1054 — 105u
10 u® —36u” +378u° — 1260u° + 9454
12 u'' — 554° + 99047 — 6930u° +17,3254° — 10,395u
4?2 —33u® — 24u> + 294)
6,4 “15@” — 174° + 69u> — 57u)
8,4 —21u° — 30u” +262u° — 73003 + 465u)
2 —5¢5u° — 14047 + 11704° — 3180u° + 19891)
2 279u” 1314 +4514°  321w)
—93u — 1414° + 216207 — 12,8944 + 27,6154° — 14,385u)
35t — 43u® + 61847 — 3534u° + 7377u° — 3771w)
2 15(33u° — 834u” + 6158u° — 14,6544 + 8097y)
, 42 3273’ — 10,9410% + 14344447 - 736,176u° +1,370,355u° — 628,6351)
2 4 15(65u 't — 24550° + 30,8300 = 153,930u° + 281,589 — 127,467u)
u ~27(429u” — 96240 + 62,4785 — 131,0880° + 64,573u)
43 ~1350195u " — 6763u° + 76,9120 — 345,036u° + 566,949u> — 232,209%)
81(9945u'! — 313,107u° + 3,205,782u7 — 12,938,186 +19,203,8251° — 7,160,835x)

—

B A

o~

TABLE 2
95% POINTS OF THE DISTRIBUTION OF d FOR k = 2

sin 1§, 0° 15° 30° 45° 60° 75° 90°
ny ng

6 6 1.943 1.949 1.965 1.974 1.965 1.949 1.943

8 1.943 1.941 1.937 1.926 1.900 1.871 1.859°
12 1.943 1.9345 1.913 1.882 1.840 1.799 1.782
24 1.943 1.929 1.893 1.843 1.785 1.733 1.711
oo 1.943 1.925 1.8755 1.808 1.734 1.671 1.645

8 8 1.860 1.863 1.873 1.878 1.873 1.863 1.860
12 1.860 1.856 1.849 1.835 1.813 1.791 1.782
24 1.860 1.851 1.828 1.796 1.758 1.724 1.711
oo 1.860 1.846 1.810° 1.761 1.707 1.663 1.645
12 12 1.782 1.784 1.789 1.792 1.789 1.784 1.782
24 1.782 1.778° 1.768 1.753 1.734 1.717 1.711
oo 1.782 1.774 1.751 1.718 1.684 1.656 1.645
24 24 1.711 1.712 1.713% 1.714% 1.7135 1.712 1.711

co 1.711 1.707 1.695° 1.680 1.663 1.650 1.645




The expansion has been used to obtain the values given in Tables 2 and 3,

Table 2 gives 95% points of d for k = 2 over the range of parameter values used by

TABLE 3
CRITICAL VALUES OF THE BEHRENS-FISHER STATISTIC FOR k = 3, 4, 5, 10
AND n; =n (6 = 1, ..., k)
Probability = 0.95 Probability = 0.99
I's A R I ~
n==6 8 12 24 n=6 8 12 24
k=3
i ow
0.8 0.1 2.431 2.292 2.168 2.058 3.559 3.246 2.984 2.763
0.7 0.2 2.431 2.289 2.166 2.057 3.511 3.209 2.959 2.750
06 03 2.430 2.288 2.164 2.056 3.480 3.185 2.943 2.742
0.6 02 2.430 2.287 2.163 2.055 3.468 3.176 2.937 2.740
05 04 2.430 2.288 2.164 2.055 3.464 3.173 2.935 2.738
05 0.3 2.429 2.286 2.162 2.054 3.445 3.158 2.925 2.734
04 04 2.429 2.286 2.162 2.054 3.437 3.152 2.921 2.732
04 0.3 2.429 2.286 2.162 2.054 3.430 3.146 2916 2.730
k =
8 g
07 0.1 0.1 2.427 2.287 2.164 2.056 3.492 3.198 2.953 2.448
0.6 0.2 0.1 2.426 2.285 2.162 2.055 3.450 3.165 2.932 2.738
05 03 0.1 2.426 2.284 2.161 2.054 3.427 3.147 2.919 2.732
05 02 0.2 2.426 2.284 2.160 2.053 3.415 3.139 2914 2.729
04 04 0.1 2,426 2.284 2.161 2.054 3419 3.142 2.915 2.730
04 03 0.2 2.425 2.283 2.160 2.053 3.400 3.127 2.906 2.725
04 02 0.2 2.425 2.282 2.159 2.053 3.389 3.118 2.901 2.723
03 03 03 2.425 2.283 2.159 2.053 3.393 3.120 2.901 2.723
03 03 0.2 2.425 2.282 2.159 2.052 3.382 3.112 2.896 2.721
k=10
2 2 2 2)
1 2 3 4
06 01 01 01 2423 2.283 2.161 2.054 3431 3.155 2.926 2.735
05 02 01 01 2423 2.282 2.159 2.053 3.397 3.128 2.908 2,727
04 03 01 01 2423 2.281 2.159 2.053 3.382 3.116 2.900 2.723
04 02 02 01 2423 2.280 2.158 2.052 3.372 3.108 2.895 2,721
03 03 02 01 2423 2.280 2.158 2.052 3.365 3.102 2.890 2.719
03 02 02 02 2423 2.280 2.157 2.052 3.354 3.094 2.886 2.716
0.2 0.2 0.2 02 2423 2.279 2.156 2.051 3.344 3.086 2.881 2.714
k=10
Etz =0.1,i=1, ..., 10 2415 2.272 2.152 2.049 3.261 3.034 2.852 2.702
k = o0 2.401 2.264 2.147 2.047 3.155 2.974 2.822 2.690

Sukhatme in his tabulation of other percentage points, and Table 3 gives 97.5% and
99.5% points for k = 3, 4, 5, 10 when the sample sizes are equal.



III. AN APPROXIMATION TO THE POSTERIOR DISTRIBUTION OF d

If (9) is now expressed in terms of the standardized deviate dp/s, where s* is
the variance of d,

$* = 5K el —2)~ 1+ 20, +4B, + 8y, + ..., (11)
it is found that all products formed from «;, 8;, 7;, and 6, are removed:
dpfsug ~ 1+ gaa (uf — 3) + [(2B; — a0, )uf ~ 3) + 3B3(uh — 10uj +15)
\ — 5303 Buj — 24uf +29)] ..... (12

Comparing this expansion with the special case of t, (k =1, % =1), for which
o =n', we are led to the following simple approximation to the posterior distribu-
tion of d:

d=~st,[v/(v— 21", (13)
where
v=dy' =(Z; X ety (14)
Welch (1947, 1949) gave a similar approximation for his confidence intervals. The
approximation has been found to work particularly well at the 5% level (Davis and
Scott, unpublished data).
IV. ASYMPTOTIC EXPANSION OF THE CONFIDENCE LEVEL

It is well known that the posterior probability intervals for n = Eifl A;u; based
on the Behrens-Fisher distribution appear, at least in the two-sample case, to be
wider than the approximate confidence intervals given by Welch. There may therefore
be some interest in the actual confidence level of the Behrens-Fisher interval when
interpreted in the frequency sense. The required probability is

p = P(d <dg) = &D|H(s}, ....,s;,0)] , (15)
where ®() is the unit normal cumulative distribution function, and
H(s3, ..., sg, 0) = dg [(ENIs? /m)|(ENE oF Jm )] .

The expectation in (15) is taken with respect to the sample variances s?, independently
distributed as o?x2 /n; (i = 1, ..., k). Welch’s (1947) method may be applied to
develop an asympt(l)tic series for p:

p=09H), (16)
where © is the differential operator
© = &exp[3; X (s? — 07)5,], 9, = (B/Z)s,?)siz SR S ) (17)
To the second order

©=1+Z,% 00 /n; + [£2050} /n} + (20?02 n)?] + ... (18)
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We shall denote the values of the &y, B;, v;, and §; at the population values
3 = of (j=1, ..., k) by the corresponding upper-case Greek letters. Thus

p~ ®(ug + [Aug + %Az(ug —3up)] +...)+ z,.’:lo“(a,?q),)/n,- +0(n;?) (19)

i

where
k
8,2<I> = (I)’(uﬁ)[_ 7\fu9/4m,2 (z}:)\iol?'/ml.)2 + O(l’l;l )]
k (20)
+ " (ug) N ug 2mZN0F fm))* + O] -
Hence
_ i 4
p~(1—8)+(2m) ugexp(— 2uf)[(Ar —Az2) + Z,,S,ug)] . Q1)

where S, = O(n;). Since A; = A,, the first-order correction term is positive, as
expected. The remaining terms to third order are

Syu) = SuP(— AT+ A A + 3A% + 3B, —6B3)
+1(— A} +6A,A; —12A3 +4B, — 17B; +20B3),
S3() = Lu*(A} —9AA% — 15A3 —9A,;B, + 16A;B; +44A,B;
+ 14T — 421') + Lu?(8A} — 36A}A, — 189A,A]
+1185A2 — 48A, B, + 24A,B; +48A,B, + 828A,B, (22)
+208A,B; — 3316A,B; + 288, — 171203 + 2712I,)
+2(A — 15A%A, + 84A,A% — 180A3 —4A,B; +12A,B,
+51A,B, — 195A,B, — 100A,B; +496A,B; + 8I';
— 96T, +334'; — 396T,) .

As a check on the working, the expansion reduces to 1 —8 when k = 1.

TABLE 4

MAXIMUM PROBABILITY CONTENT OF BEHRENS-FISHER INTERVALS IN THE
SPECIAL CASE n; = n

Probability = 0.95 Probability = 0.99
k A _A

Al r h |
n=6 8 12 24 n==6 8 12 24

0.968 0964 0960 0955 0996 0995 0993  0.992
09745 0969 0963 0956  0.997° 099 0994 0992
0977 0971 0964 0957 0998 0996 0994  0.992
0979 0972 0965 0958 0998 0997 0995  0.992
10 0982 09745 0967 0.958° 0998 0997 0995  0.993

w» W N
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If n; =n (=1, .., k) the first-order correction takes on its maximum value,
¢1 = (2n)  ugexp(— 2up)[1 — (1/k)] /n

when A?o?/m; = constant. Obviously ¢, increases with k and we would expect
intervals based on the Behrens-Fisher distribution to become more conservative as k
increases, at least for larger n. This is confirmed by the values in Table 4, which
shows the maximum probability content of such intervals as given by the expansion
to third order when n; = n. The situation is slightly more complicated if the n;’s
are not all equal except for k = 2 when the first-order term reduces to a multiple of
(1/ny + 1/ny). In general, the maximum probability always lies between the values
given in Table 4 for n = max(n;) and n = min(n;).
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AN APPROXIMATION TO THE k-SAMPLE
BEHRENS-FISHER DISTRIBUTION

By A. W. DAVIS and A. J. SCOTT*
C.8.1.R.0., Adelaide and the London School of Bconomics

SUMMARY. An approximation to tho k-sample Bohrens-Fishor distribution is suggosted. It
is basod on an asymptotic expansion of the percontago points and is closely related to the approximation
suggosltod by Woleh in his attack on o frequoncy solution to the Behrons-Itisher problem. The approxi-

mation is shown to compare favourably with othors that havo beon proposed,

1. INTRODUCTION

The construction of interval estimates for lincar combinations of means is
important in many applications. If the observations are independent and normally
distributed about the means with unknown, and not necessarily equal, variances it
is well known (see Lindley, 1965, for example) that in a Bayesian approach with
conventional conjugate prior distributions, or in a fiducial approach, the posterior
distribution of any linear combination of the means is equivalent to the distribution
of a linear combination of Student-t variables, say .

k &
d=X &, (38 = 1), ai (1)
1 1

where &, ..., & are known constants, t, has a Student-t distribution with »4 d.f. and
t

b, s ..oy £, are mutually independent. The distribution (1) is also of interest in other

9%,° Ny

contoxts (see Chapman, 1950, for example).

When k = 2, percentage points for some values of &, &, ny, %, have been
tabulated by Sukhatme (1938). The tables are reproduced in Fisher and Yates
(1963), who also give tables constructed by Tisher and Healy (1956) for small odd
degrees of freedom. Turther tables are given by Weir (1969a). Tor larger n,, n,
the expansion given by Fisher (1941) can he used for values of § = sin—1£, outside the
range of the tables. The relative accuracies of the values given by the expansion
and a direct ovaluation are discussed in Sukhatme et ol (1951) and Weir (1969b).
Davis and Scott (1971) have given tables for some special cases when & > 2, but the
number of parametoers becomes so large as & increases that the tables are cumbersome
and difficult to use. The natural approach in these circumstances is to look for a
good approximation. Approximations based on the t-distribution have been suggested
by Quenouille (1958) and Patil (1965, 1969).

* This resoarch was supported by the National Institutes of Health Grant GM-12868 while both
authors woro on leavo at the Univorsity of North Carolina at Chapel Hill.

45




SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Serres B

In this paper we derive a simple approximation based on the oxtension of
Fisher’s expansion to the k-sample case. This approximation is closely related to that
suggested by Welch in his attack on a frequentist solution to the Behrens-Fisher
problem. The accuracy of this approximation and the two suggested earlier are
investigated in the final section.

2. THE APPROXIMATION
We define

k .
Vij = lZI f?'/njl, .. (2)

following the notation of Aspin (1948) in her development of Welch’s method for finding
an approximate frequentist solution to the Behrens-Fisher problem (Welch, 1947).

Then the Cornish-Fisher expansion of the 100 <1 — —;) % point, d,, of d in terms

of the corresponding standard normal deviate %, may be represented as
g ~ - Z Qr(us) e (8)
=

where Q.(n,) = O(n;"). (See IFisher and Cornish, 1937; 1960 and Hill and Davis,
1968). Expressions for @.(z) have been given in Davis and Scott (1970) for r = 1,
.., 8. In particular

—l—%— Vao(u2—1002416)— % V%1(3u4—24u2+29)]. e (4)

In his approach to finding & frequentist solution to tho Behrens-Fisher problom,
Wolch (1947) equates the first-order term in his series expansion with that of the
¢t-distribution and suggests approximating the distribution of d by the ¢(-distribution
with degrees of freedom

The form of expansion (3) as it stands does not lead directly to a similar approxi-
mation for d,, for equating the lst order term

Qi) = u[ Vi1t Voy(ui—3)/4] to the 1st order term of ¢, w,(u2-+1)/4v,

gives an expression involving the particular percentage point #,. However if we

express the expansion in terms of the standardized deviate d,/s where s? is the variance
of d,

k
8= X £3fin—2) ~ 142V 3+ 4V 048V ig . e (5)
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it is found that all products formed from V,;, Vyy, ¥V, cte. are removed to give
dy 1
-~ [ 14 7l Var(1f—3) -2V pa— Vg Vi )ue—3)

1 ; g
—I—? Vao{tet—10u2-- 15)— 3:; V 3,(3ut— 2402+ 29)+- ... ] .

Comparison with the spocial caso of ¢, (k = 1) and cquating the lst order tcrms now
lead directly to the simple approximation to tho distribution of d :

dztvs/”“z e (6)
14

k
where v= Vgl = (21] §§/nj) . e (7

The degrees of freedom are the same as in Welch’s approximation, but tho approxi-
mation is for the standardized ¢ in terms of tho standardized ¢.
3. A COMPARISON WITH OTHER APPROXIMATIONS

Quenouillo (1958) has suggested approximating the distribution of d by a (-
distribution with tho same variance. Patil (1965, 1969) has proposcd using a multiple
of a {-variato with the multiplying constant and degrees of froedom choson by oquating
the first four moments., All three approximations can be exprossed in tho form (6),

_9 .
d=its / V-v for different values of v. The values of » are

)s = g .. (8
VDS [1 51/"1] (8)
for the approximation of Section 3 (D—S8);

E
[? £ nf/(ni;2)]
bg = bl e e (9)
[ ef1ns—2)]
for Quenouille’s approximation (Q);
k
(28 malens—2)°]
vp = dfompt il ) . (10)
|2 £ iy 2)ny—9)]
for Patil’s approximation (P).

The approximations all become more accurate for fixed ¢, ..;, ¢ as min {ns}
< ik

increages. As k increages with min {n;} > 3, d/s converges in distribution to a
15j<k

standard normal random variable provided max £;— 0 (see, for example, Hajek
1sish
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and Sidik, 1969, p. 153). Since vps > 3/max{£;} the D—S approximation also
approaches the appropriate normal percentage point under these conditions and the
error converges to zero as b increases. The samec is true of the P approximation if
min {ng} > 5. The value of v, however, remains finite so that the error in the Q
approximation does not converge to zero as & incroases.

The results of a numerical investigation into the accuracy of the three approxi-
mations are summarized in Tables 1 and 2. Tablo 1 gives the maximum absolute
error of the approximations over the range of values of 0 = sin~1 £, used in Sukhatme’s
Tabulation (1938, 1951) for k= 2 and n,, n, = G, 8, 12, 24, co. Table 2 covers the
special case ny = ny = ... = ng for k = 3, 4, 5, 10 and gives the maximum absolute
error of the approximations over the grid of all {£}, &, ..., &} with 106% a positive
integer. All the approximations porform exceptionally well at the 59 level, not so
well at the 19 level, As expected, tho accuracy of tho D—8 and P approximations
improves ultimately as k increases, but the ¢ approximation seems to get worse.
The performances of the D-—S and £ approximations are very similar and it is difficult
to give a clear-cut recommendation for one or the other. The D—S8 approximation
is simpler and more accurate at the 5%, level, while the P approximation becomes
better at the 19, level. It was found that the true value at the 1%, level always lay
botween tho values given by the P and D—8§ approximations for tho range of para-
meters considered.  The @ approximation is not as accurate as thoe other two. How-
ever, it is simpler to use since it is based directly on the ¢-distribution, and it gives
reasonable values at the 5%, level.

TABLE 1. MAXIMUM ABSOLUTE LERROR OF THI
APPROXIMATIONS I'OR k =

a 0D .01
T i D Shlie i me heD— M BB Q

6 6 008 .01 .012 .10 .05 .19
8 009 .05 .015 .08 06 17
12 012 .01 .020 .07 .07 .15
24 013 .022 .04 .09 08 .11
w0 013 .028 027 .10 .09 .08
8 8 .004  .006  .0l4 .05 .02 .15
12 004 .009  .0l4 .04 03 .12
24 005 .01l  .016 04 .03 .10
w0 L0056 .014 017 .05 .03 .06
12 12 001 002 012 02 .01 .10
24 001 .004 .01l .02 .01 .01
w 001 .005  .010 .02 01 .04
24 24 000 .00L  .007 .00 .00 .05
w 000 .001 004 .01 00 .02
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TABLE 2. MAXIMUM ABSOLUTE ERROR OF THE k
APPROXIMATIONS FOR 3, ny = n

@ .06 .01
k n D—8 P Q@ D—S8 P Q
3 6 .012 .017 .018 .10 .07 ‘28__
8 .004 .009 .020 .06 .03 .21
12 .003 004 .017 .02 .01 .14
24 .001 .001 .010 .00 .00 .07
4 0 .010 .019 .022 .10 .08 .33
8 .004 .010 .024 .05 .03 .24
12 .002 .004 .020 .02 .01 .16
24 .001 .00l 012 .00 .00 .08
§ 6 .007 .020 .024 .09 .09 .36
8 .004 .010 027 .04 .03 .27
12 .002 .004 .023 .02 .01 .17
24 .001 .001 .013 .00 .00 .08
10 6 .008 .006 .032 .06 .02 .45
8 .003 .002 034 .03 .00 .32
12 .001 .000 027 .01 .00 .20
24 .000 .000 016 .00 .00 .10
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GOODNESS-OF-FIT CRITERION IN A PARTICULAR CASE

A. W. Davis
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1. Summary

The asymptotic behaviour of Gower’s m’ goodness-of-fit criterion
is considered in the case of two independent sets of Mahalanobis’s D?
distances, obtained from the same p-variate normal population (equal
numbers of samples, equal sample sizes). The asymptotic distribution
is approximated by a multiple of chi-square, and some Monte Carlo
results are presented to illustrate the approach to this distribution.

2. Introduction

The m? (originally R*) statistic was introduced by Gower ([2], [3])
to compare sets of distances constructed between multivariate samples
or populations. For example, we may wish to compare (i) distances
derived by different approaches (e.g. Mahalanobis’s D* and Pearson’s
coefficient of racial likeness) from the same observations on the same
samples, (ii) distances derived by the same or different methods from
different subsets of observations on the same samples, or (iii) distances
derived from different samples from the same populations.

Given k populations and two sets of distances between them, (d,;)
and (d}) (i, 5=1,---,k) say, Gower suggested (a) applying principal
coordinate analysis for example, (Gower [1]), to map the distances onto
two sets of geometric points (P,), (P*) (¢=1,---, k) in Euclidean p-space,
in such a way that d,;(d%*) is the Euclidean distance between P; and P,
(P* and P;*); then (b) moving the P* relative to the P, in p-space
by means of translations, rotations, reflections and scalings until the
“residual ” sum of squares

(1) m2=ﬁ oM P;, P¥)

Key words: Multivariate analysis; Gower’s goodness-of-fit criterion; Asymptotic distribu-
tion; Non-central Wishart distribution; Canonical analysis.
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72 A. W. DAVIS

is minimum, where § denotes Euclidean distance.

Gower [2] showed that the required translation consists of shifting
the two sets of points to a common centroid, which we shall take to
be the origin. If X and Y denote the kX p matrices whose ith rows
are the resulting coordinates of P, and P* respectively, then the min-
imum value of (1) following suitable rotation and reflection is

(2) mi=trace [ X' X+Y'Y-2(X'YY'X)"] .

The reader is referred to Gower [3] for the generalization to more than
two sets of distances, with allowance for scaling (Generalized Procrustes
Analysis).

It was pointed out by Gower [2] that the distributional properties
of m? in “null” situations are fundamental for any statistical inference
based on the above approach. As a starting point for the investigation
of these he suggested a particular case of (iii), namely, that in which
Mahalanobis’s D* distances are constructed for two independent sets of
samples from the same p-variate normal populations N(g;, 2) (i=1,
.-+, k), with mean vectors g; and common covariance matrix Y. The
rows of X and Y are then the canonical mean vectors (centroid at the
origin) arising from separate canonical variate analyses of the two sets
of samples. In the present note we shall further assume that the in-
dividual samples have equal size %, and show that, as n— o0, nm? is
asymptotically distributed as a central positive definite quadratic form
in normal variables. The complexity of this result suggests that the
exact distribution of m?! may be exceedingly difficult to obtain. The
asymptotic mean and variance are also derived, and used to obtain an
asymptotic approximation nm?~cy?.

3. Asymptotic distribution

We shall refer to the two sets of samples as the x-set and y-set
respectively, and introduce the following notation for the z-set:
x;=mean vector of the x-sample (size n) from N(y;, X), (i=1,--,k)

k
x=k' 3 x;,=grand mean vector,
i=1

Xlxp)=>—X,"+, Xy—x)
S,=pooled within-samples covariance matrix on v=k(n—1) degrees
of freedom,
with a corresponding notation for the y-set. We assume k=p. Now
let

Z::'\/_ﬁ_(.ii, !7{) ’ (i‘:l,"', k):

k
z=k_1 lei ’
i=
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Z(kX2p)=(21—2," * -, Z—Z)

X'E 36”‘1}]_ B,, B,
Yy'xX Yyy| |B, B,]|’

where B,,, B,, are the between-samples sums of squares and products
matrices for the z- and y-sets, respectively.

In carrying out a canonical variate analysis for the z-set, say ([8],
Chapter 7), an orthogonal matrix H, is found such that

S:'B..S; "= H, 4. H]

B(2px Zp):z’%zn[

where 4, is the diagonal matrix of eigenvalues of the left-hand side
matrix. Defining

X(kxp)=2XS;*H,, ,

the rows of X are seen to be the canonical mean vectors of the z-
samples, with centroid at the origin as required. Similarly, we con-
struct

Y(kxp)=YS,"H,
for the y-set, and Gower’s m® statistic (equation (2)) takes the form
(3) m*=n""trace [B,,S;'+ B,,S;'—2{(S;"*B.,S;'B,,S;*} "] .

(Note that if H is orthogonal and A is positive definite symmetric,
then trace (HAH')/*=trace HAY*H'=trace A'2.)

To discuss the asymptotic properties of this quantity for large n,
we first note that since the z; are independent 2p-variate normal vec-
tors with means 7 (g}, /) and covariance matrix

Y 0
4 1
L2 [Op > J
where O, is the pXp zero matrix, the matrix B has the non-central

Wishart distribution [6] with ¢=k—1 degrees of freedom, population
covariance matrix (4), and matrix of non-centrality parameters n.2/2,

where
0 0
Qz[@ @}'
(5) 6=} (i) (pe— )| 37,

k
a=k"Xp, .
i=1
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Now let K be an orthogonal matrix reducing @ to diagonal form,
(6) O=K4K', 4=diag (6,, -, 0,) .

It will be assumed that @ is positive definite, that is, all 6,>0. If we
transform to new variables

*=KZx, y=KI 'y

then m? is given by (3) in terms of the corresponding “starred” quanti-
ties; vS¥ and vS¥ have central Wishart distributions with » degrees of
freedom and unit population covariance matrices I,, and B* has a non-
central Wishart distribution with ¢ degrees of freedom, population co-
variance matrix I,,, and non-centrality matrix nf2*/2, where

(1) =) .
Now
(8) E(B*)=n*+ql,
(see for example [4]), so that we may write
(9) T B¥*=02*+(q/m)],+ U,
where
_[U= U

has zero expectation. Also let
(11) Si=L+V,, (V,=(V3j))

with a similar notation for S¥. Then U, V, and V, are O(n ") (equa-
tions (AT), (A8) in the Appendix), and to order n™* (Appendix (a))

(12) mi~2pg/n+ 3} (Uit Useg,sp—2Usir)

|
Mo

( Z]M VIJ + Ut+p J+pVU)

z 540 = (U345 Upina)

l\DlH i
“M"‘ TM@

+4Ui,,+,,(0j Vii+0.Vi+0,0,(Vii—Vi)} .

It follows from (9) that the first two terms sum to trace (X*—
QFY(X*—q*), which is the trace of a central Wishart matrix with ¢
degrees of freedom and population covariance matrix (2/n)I,, and is
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thus distributed as (2/n)y2,. Considering the remaining terms, we note
that the elements of the non-centrality matrix n£*/2— oo as n— oo,
so that the variates 4/ U,, are asymptotically jointly normal [4] with
zero means, and covariances given by equation (A7). The ¢yn V. and
v/ VY also approach joint normality, with zero means and covariances
given by (A8), and hence nm® is asymptotically distributed as a central
quadratic form in normal variables ([5], Chapter 29). Since nm? is non-
negative, this form is necessarily positive-definite, although it seems
difficult to show this explicitly. Generally such distributions are well
approximated by multiples of chi-square, ¢y, on non-integer degrees of
freedom, and in order to evaluate ¢ and « it is sufficient to have the
asymptotic mean g and variance p, of mm?; these are derived in Ap-
pendix (b):

19  p=2[p(g—1@-D)+k* 55 L],

1sisyssp 040,

19 m=8[p(a—5 @—1)+k @+ 30,

& 0i-+-0; - 705 ]
Rt 105 o p-2 L] ]
1§;J‘Z§"p 0,40, d 15i<izr (0;+0,)°
Then
(15) c=wl2p,  a=2(u)|p .

4. Some Monte Carlo results

Ten 5-variate population mean vectors were constructed by sam-
pling uniformly over a hypersphere of radius 6 (Table 2), and 200 z-sets
and y-sets of samples (sizes 50, 100, 200) were generated with popula-
tion covariance matrices ¥=1;,. The matrix @ thus reduces to the sum
of squares and products matrix of the mean vectors,

72.96 13.30 6.29 —3.55 6.56

* 46.40 11.71 —23.88 —8.91
(16) 0= =« * 35.82 —11.09 —23.88
* * * 27.65 7.74
* * * * 43.31

with latent roots
(17) 01———88.89 9 02—_—71.72 5 03:40.73 y 04:14.66 5 05:10.14 .

Canonical analyses were carried out, and 200 values of nm®? were



76 A. W. DAVIS

calculated for each sample size using the ROTATE directive in the pro-
gram GENSTAT [7].

Table 1 shows the means and variances of the sampled values, to-
gether with the asymptotic values obtained from (13), (14) and (17).
The corresponding approximate asymptotic distribution (equation (15))
was

(18) 5.278y2, with «=28.680.

As a rough indication of the approach of the simulated distributions to
(18), Pearson’s goodness-of-fit criterion was calculated for each set of
200 values, based on the deciles of (18). By sample size 50, (18) ap-
pears to be giving a reasonable approximation to the overall shape of
the curve. It would be desirable to investigate the approximation in
higher dimensions.

Table 1 Approach of #m? to the approximate
asymptotic distribution
(10 5-variate populations, 200 trials)

n Mean (nm?) Var (nm?) Pearson y} P
50 129.33 1639 12.8 0.17
(2.86) (333)
100 125.01 1264 4.0 0.91
(2.51) (145)
200 129.30 1407 4.2 0.90
(2.65) (144)
oo 124.86 1317

Figures in brackets denote standard errors.

Table 2 Mean vectors used in Table 1

P?:ﬁ:lr}a' Mean Vector
1 2.1368 4.3781 —0.3241 —2,2281 0.9611
2 —2.6930 —1.3939 —1.7595 —0.1107 3.4107
3 0.1313 3.2676 1.9097 —4.1451 —1.1622
4 3.4693 2.7769 1.4386 —0.9864 —2.1049
5 —2.8560 —1.0431 —3.5809 —0.0487 —0.4427
6 —3.6216 0.4996 2.0489 0.8789 —3.0896
7 0.1676 1.8274 —2.1315 1.5259 3.1300
8 1.8050 —1.7579 1.4265 0.3312 1.4627
9 4,1422 —1.9152 —0.9020 1.5625 0.1427
10

3.3105 1.3766 —1.9964 —0.4910 2.3302
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Appendix
(a) Derivation of (12): Write
(Al) SI'=L+V,, SI=L+VV=(V), V=(V5),

with a similar notation for S¥. Equations (9) and (Al) are to be sub-
stituted in the starred version of (3), retaining terms of order 1, n~12
and n™'; thus

(A2)  n”'trace [BESE =3 Oi+pa/n+ 2 [Uu+ (O a/m)Vi]
p D
+23 2 UV
i=1 j=1

and a similar expression is obtained for n~!trace [B}SF'].
To derive a corresponding result for the final term in (3), let

(A3) C* =L+ V) 4+ U ) L+ A+ UL L4V,
=4'+A, (A=(4y),

say, where
C:Li G, C.=(CP)=0(n"""),
=0
(7=0,1,2,---) and each C; is symmetric. Equating terms of like order,
COZA y
CICo‘l‘CgCl:A ’
CzCo+Cf+CoCZZOP B ete.
Hence
Ci(jl):(ﬁi—‘_aj)_lAij ’
CP=—(0:+0,)" é [AuAp)(0,40)(0,40)] ,
ete., so that
(Ad)  2trace C=23)0,+3] Auf8,—3] 31 ALI00, 40,04+ - - .
i=1 i=1 i=1 j=1
To terms of order »n™** and n7Y,
(A5) Ay =10.Us 51p+0,Uy o+ (0 4-0)V5460,60,C04)]
P - —
+§1 [[]i,l+_’p Uj,l+p+0i Uvz,i+pCV§L+0j (]L,Hpc(/ft
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+0,U; 10,040, U, 1 SV A0,{ U, 1 V%
+ U, 14, V54050 + 0,V +-0,C05C05) ]

and substituting in (A4), the resulting expression takes its most con-
venient form if we replace €/, by CV,/2—C72/8:

(A6)  2trace C=2 3} 6+ 3 [2Us ey, +04(VE+VN)]
122 -1 2
+—2— 2 23 (0:+0) (Ui jip—Ujiap)
i=1 j=1
+4U,, 140,V 540, SVE) — 0,6 (V5 — V)]

Finally, (12) is obtained from (A2) and (A6). Quantities of order 1 and
n~ cancel, and to order n~' it has been possible to replace </, ¢V/,
by —V., —V, respectively.

(b) Derivation of mean and variance: For (13), we require only
(AT) E[U,;Uul=x(i4, kl)[n—qa(ij, kl)/n*

(A8) E[ViViil=a(ig, KD/v ,

(Jensen [4]), where

’C(”:j’ kl):5ik(0jL+5ilek+5jk0)u+5jzwik ’
(A9)
/2(7:.7'; kl):6ilc5jl+5il5jl y

and d,; is Kronecker’s delta. Note that U, ¥, and V, are independently
distributed.

In deriving the variance of (12), the 2pg/n term may be ignored,
and the remainder consists of five terms, 1, 2,---,5 say, defined by the
bracketing. Let (¢, j) denote the covariance of terms ¢ and j. Then
from the independence, these vanish apart from the five variances,
(1, 3), and (2, 4), and to evaluate these we require the following formu-
lae in addition to (A7) and (A8):

(A10) E[U,U, U,]=1"3 0,(Jl, mn)+0(n?) ,

where the summation extends over the twelve possible selections of
the subscripts of o from distinet pairs of U’s; and

(All) EU;UnUnUygl=n"" 3 £(i5, kl)e(mn, pg)+0(n~)
(A12) E[Vi; Vi Vi Vil =72 33 (25, KD)A(mm, pg)+0(n™) ,

where the summations extend over the three distinct arrangements of
(¢7), (kl), (mn) and (pqg) into pairs. These results may be obtained from
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the moment generating function of the non-central Wishart distribu-
tion ([6], p. 1756). The required covariances are found to be

(L, D=8pgn*, (2, 2=(8m)(p+1) 310,

(3, 3)y=4p(p—1)n*=—(1, 8)/2,

(A13)
(4, 4)=(8/nv) lgéjzép (0:409)/(0:+6,)=—(2, 4)/2

(5,5)=(8h") 312 03640

On summing we obtain (14).
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On certain ratio statistics in weather modification experiments
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ABSTRACT

Permutation tests based on certain ratio statistics have been used
(a) in the analysis of rainfall stimulation experiments and (b) in
simulation studies aimed at providing guidance in the planning of such
experiments. The paper presents asymptotic approximations to the
permutation distributions of these statistics, and also to their power
functions under a'aimple multiplicative model for the seeding effect.
Simulation results are presented for comparison with the theoretical

approximations.

Key words
Permutation distribution
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Double-ratio statistic
Power of permutation test

Asymptotic normality .

1. Introduction

In the planning of rainfall experiments, Australian workers (e.g.
Smith [4]) have favored the target-control type of design whenever the
meteorological conditions have made this appropriate. They have also

made extensive use of permutation tests in their analyses of such



experiments, based in particular on the double-ratio and root-double-
ratlo statistics. No useful approximations to the permutation
distributions of these statistics have been given in the literature,
however, and for any given experiment the distribution has been
approximated by random sampling.

The power of such tests is also an important consideration,
particularly in the planning of experiments. Simulation investigations
have been carried out in this connection (Section 5). The amount of
computing required in such simulations is quite considerable, particularly
1f 1t 1s required to assess the effects of varying the period length and
duration of the experiment.

It thus seems worthwhile to develop an approximate analytic approach
to thg distributional properties of the double-ratio and root-double-ratio
Statiétics, and the present paper 1s an attempt in this direction. The
approximate permutationjdistributions under the null hypothesis of no
seeding effect are considered in Section 2 for arbitrary block size, and
are shown to be asymptotically normal in Section 3. In Section 4 the
power of the tests agalnst the alternative hypothesis of a variable
multiplicative seeding effect is also approximated. Section 5 presents
simulation results which indicate that the theoretical approximations yield
useful results, when appk}ed to actual railnfall records on which artificial
seeding effects have been superimposed 1n accordance with the above model.
finally, the method is applied to investigate the effects of varying period

length and block size for a set of rainfall data.

2. The double-ratio and root-double-ratio statilstics

The experimental design considered in connection with the double-ratio

and root-double-ratio statistics is as follows. Two geographlcal areas



are selected to be as climatologically similar as posgible, and are
designated '"Target Area'" and "Control Area" respectively. The
duration of the experiment is divided into 2kp periods, arranged in
n blocks each of 2k consecutive periods. Cloud seeding is then carried
out according to a randomized block design with k replications per
block, i.e. the target area i3 seeded during k randomly selected periods
within each block. If TB and Cs denote the total rainfalls in the
target and control areas during the seceded periods, and Tu and Cu are the
unseeded perlods, then the double-ratio statistic is defined by

D= Tscu/TuCa'
D 18 thus the ratic of Ts to (Cs/Cu)Tu, the latter being a crude estimate
of the total target rainfall during the seeded periods, assuming that
seedigg had not taken place. Hence D~] estimates the average proportional
increase in rainfall due to seeding.a .

In experiments of cyoss-over type, the "control” area is seeded during
periods in which the target area 1s left unseeded. An estimate of the
average proportional increase in rainfall may thus be obtained from the
root-double~ratio statistic S = VD.

Under the null hypothesis of no seeding effect, the(i&)n equally probable
values of D or § corresponding to the allocation of all pogsible seeding
sequences to the observed,.rainfalls define the permutation distributions of
the statistics. We first consider the approximate moments of these
distributions.

Let T = TB + Tu’ C = Cs + Cu denote the total target and control rainfalls
for the duration of the experiment, and define

A= (Ts = Tu)/T, Bm (C8 . Cu)/C.

Then D may be written as

e,



D= (1+A)(1-B)/(1 -A)(+B)=14d, (1)
say, where
d = 2(A -B)/(1 - A)(1l + B).

Clearly |A| s 1, |B| < 1, and the denominator of d© may be
validly expanded as a product series in which terms of like degree in
A and B are grouped together, provided that neither [Al nor IBI 1s
unity for any seeding sequence; 1.e. at least one block must have non-
zero target rainfalls in more than k periods, and similarly for the
control rainfalls. If we define

2 m
H%mﬂEPHAnB)MM}, (&, m=0,1, 2, ... ),

where EP denotes expectation with respect to the permutation distribution,

then grouping terms of like degree we obtain

= H r
ur EP(d )

r
= 2 [Hr’o + rHr+1’O + {rHr,l + dr(r + 1)Hr+2’0} + .00, (2)

/
(r=1, 2, ...).

This form can be seen by writing the denominator of d as 1 -~ {(A - B) +
(AB)}; the resulting expansion 1s not valid for all |A| <1, !Bl < 1, until
rearranged as in (2). The moments may thus be expressed in terms of the

doubly-subscripted array H with the further simplification that

2,m’

HE = 0 when & 18 odd. This follows because to each seeding sequence
b}

p
corresponds a complementary sequence which merely interchanges Ts’ C8 with

Tu, Cu, thus reversing the signs of A and B. Hence in particular

v B
uy 2[H2, + (232’ +H, )+ el

0 1 by

. (3)
u2 4[H2 0 + (ZHZ,I + 3HH,0) + .01,

’

Dm 24H 4 ..., pt e + ...
My 248, » W, 7 L6H ’

and D and d have the same central moments. The HZ - are expressible in
. L]
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terms of the rainfalls tij and 4y in the target and control areas,
respectively, during the j th period of the 1 th block, and also the

1=1, ..., m; 3 =1, ..., k) (see Appendix).
~39—m

block means ti-? ci‘

Under the assumptions of Section 3, A, B = O(n_%), H

= 0(n ):

L,m

and to order n—l the variance and mean of the permutation distribution of
D are given by

o%(D) = 4H2,0

= {8k/(2k - DY [T ey - £, 0/ - (egy = eg.)/C)?

1]

and

m -y - 2
uP(D) 1 + 2H2, 1 + 305(D),

0

respectively. The variance 13 seen to be proportional to the pooled within

-block sum of squares of the weighted differences t /T - cij/C of the

11
target and control rainfalls.

o

A similar approachlshOWS that tﬁe root-double-ratio statistic S has

mean and variance
1 (8) = 1+ 592(0), 62(5) = %o} (D)

to order n—l. The variance of S 1is thus approximately one quarter that of
D in long experiments. Each statistic is also seen to have a positive bias
equal to about one half of its variance. Flueck and Holland [1] have
discussed the bias in these statistics, assuming gamma probability models
for the rainfall distribulions. A referee has pointed out that the bias
may be eliminated by considering InD (InS = %In D), since it follows from
the remarks preceding equation (3) that the permutation distribution of

this statistic is symmetrical about zero. The large-sgample variance is

approximately Og(D).



3. Asymptotic normality of the permutation distributions

(s)
1

and c denote the target and control rainfall totals

Let tis)

for the seeded periods, 1 < jl < .. < jk < 2k say, in the 1 th block.
Then
n (8) (8)
(Tgs € = Loy (6,%, ¢®)
is a sum of n independent and non-identically distributed random vectors

under the permutation distribution, where

- Tk

(8)
by 7 kb = e

(s) k
(tijg - ti-)"ci - ke, = ) nl(cijg - o).

Using the method indicated in the Appendix, we find that

(tis), cis)) has mean vector (kti" kci.) and covariance matrix %kSi,

where Si is the sample covariance matrix of the (tij’ Cij) (3 =1, ..., 2k)

In the 4 th block. Thus (TS, CS) has mean vector %(T, C) and covariance

matrix kkn Zn’ where

I, = 4| °r PO
2
OO, 9

is the pooled within-blocks covariance matrix of the (t ); that is,

14* S14
n 2k ;
t, )%,

=
of = {n(2k - 1)) Liay Zjﬂl 7 5

etc.
We now make the following assumptions concerning the particular
rainfall record in the ggsence of seeding effect:
I. The rainfalls tij’ Cij remain bounded as n + o,
IT. limn+w T/2kn = Hes limm_”m C/2kn = Mo
the overall period means for target and control areas, respectively.
III.limn+m Zn-Z, the overal covariance matrix of period totals.

Assumption'I 1s clearly plausible on physical grounds. Assumptions II



and ITT may be expected to hold for almost all observed sets of
rainfalls, provided that the underlying joint distribution is
sufficiently "regular'. Sufficlent conditions for such regularity
cogld no doubt be formulated, but at the risk of imposing artificial
regtrictions which may be unaccéptable to meteorologists,

From I and III, n—%

(T8 - 4T, C, - %C) 1is asymptotically bivariate
normal with zero mean vector and covarisnce matrix %RZ, in virtue
of a multivariate analogue of the Lindeberg~Feller conditions for the
Central Limit Theorem (Rao [3] p. 118). Thus, in the notation of

Section 2, (A, B) is asymptotically bivariate normal with zero mean

vector and covariance matrix

24m2
UT/T poTGC/TC
2kn
o 2)m2

poToC/lc OC/C

which is O(n—l) in virtue of II and XII. Hence from (1)
Dy 1+ 2(A - B)

is asymptotically N(1, 0%(D)). As a consequence, S is asymptotically
N(L, %G%(D)). Under the assumptions made, Ué(D) and hence the blases

in D and § are O(nnl); the blases are thus neglected in the asymptotic

formulae,

4. Power of the tests o

In this section, the asymptotic power of the D and S tests will be
discussed under a simple multiplicative model for the seeding effect.
No doubt more realistic models can and will be found, but it 1is hoped
that the methods of this paper may be adaptable to deal with some of these.
Suppose that the target area contains g gages and let tiﬁ) denote

the reading that would have been obtained from the q th gage during the



j th period of the 1 th block in the absence of seeding. In connection
with the D test, the following model for a variable seeding effect
will be considered:

(a) If the i th period is seeded, the observed rainfall for the

(@ _ (@) ()" e

q- th gage 1s tij ij ij

=1, e, n; =1, ..., 2k; q =

1, ...y, 8).

Conditional upon an assigned seeding sequence, 4, say.

(b) The zig) have mean (1 4 o) and variance ¢2, where o is the
average proportional increase in rainfall due to seeding;
(¢) Between periods, the ziﬁ) are independently distributed; within

(q) (r)
11 and le

correlation s T =1, ..., N
) pq,r (q 8)

perdlods, the multipliers z for the q th and r th gages have

*
Let TS denote the total target rainfall during the seeded periods;
then the double ratio statistlic for the assigned 4 and multipliers

(q)
(z 1 ) is P

D=T C /T C.
s u ue

*
We first consider the distribution of D conditlonal upon a particular

(q) (q)
13 13 13

are permitted to vary. Conditional upon 4 i1t follows from the proposed

sequence of underlying rainfalls (t Y, 1.e. as 4 and the z

* *2
seeding model that D and D have expected values (1 + a)D and

P 2(02 p2n2y TR k g 8 (q) (r)
ol D= {Cu/Tugs} 2iml R ) zqwl y r=1 pq r 1} Lj

respectively, where D is the double ratio statistic for the underlying
rainfalls. Averaging over 4, and replacing Cu’ Tu and CB by thelir

*
expected values under the permutation distribution, D has mean and

approximate variance

") = (1 + @y (D)

g B t(q) (r)

2O g (1 + )2 + o2/ o by l}qml =1 Pq,r"13 “1ij

1

(4)



respectively. A similar argument to that used in Section 3 shows
that for almost all rainfall sequences D*'will be as asymptotically
N(l + «, UZ(D*)) as n *+ = under fairly wide conditions. TFurthermore
ncz(D*) will bé asymptotically equivalent to its expected value, and
so this result may be expected té hold asymptotically for the unconditional
distribution of D*.

The power function of the D* test is the probability that D* exceeds
the upper €-point of the permutation distribution constructed from the
observed rainfalls., From Section 3, the permutation distribution is

*
agymptotically N(1, Og(D*)),where for large n, 0%(D ) may be approximated

by its expected value as 4 and the z(ﬁ) vary. The latter may be shown
to be asymptotically equivalent to
* 2
o2p g (@) = oB(D) + ) [ =—Ehg k Z?mltﬁ
’ (1 + %a)2T2 (2k - 1)2

(5)

2k (q), (x)
+ (k - ¥ +¢2 g .

1)Ei 1zj =1 ij} ¢ yi’ E zq=1 'r=1 Pq ety by

The approximate power of the D test under the above seeding model
may thus be calculated using the normal approximations based on (4) and
(5).

Similar resulte may be derived for the S test. Assuming that the
control area contains h gages, with correlations Eq between the period

¢ I

rainfalls r(q) and c( r) for the q the and r th gages, we obtain the required

1] 1]
variances from (4) and (5) by adding ¢ _/C, cy /C and
phoyh 5 @ <r)/cz to t, /T, t;,/T and )g LB e (D¢ (r)/"r2

"q=1lr=1 Pq,r%13 r=1”q,r"1J

respectively, where the latter occur explicitly, and dividing the resulting

expressions by 4.
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5. Examples and Discussion

The present investigation was suggested by a paper {5] of Twomey
and Robertson (TR), who carried out a computer simulation aimed at
estimating probabilities of "success" 1in experiments of various lengths.
Actual rainfall records for selected Australian reglons were taken, and
artificial variable seeding effects were applied to these in accordance
with the model of Section 4, with k = 1 (2 periods per block). The
zi§q) were assumed to be independent (pq,r = Sq,r =0, q # r) and
N(l + o, ¢2), for selected values of « and ¢. A "successful" experiment
was one in which the D(or S) test ylelded a significant result at the
5% level, and the estimated seeding effect was in error by not more than
50%. The probability, P say, of "success" may be approximated using the
res&its of Section 4.

The TR approach h?s received séﬁ; criticism, and D.E.Shaw (unpublished
report) has suggested én alternative approach in which the variable seeding

effect 1s applied directly to the period totals (all p = = 1),

q,r 5q,r
and a significant result at the 5% level is regarded as a success. This
corresponds to the power function with € = (0.05.

Table 1 presents the results of simulations designed to test the
approximations made in Section 4. Two data sets were used, namely
o
I. Western Australia Coast ( Perth to Albany). 19 stations. Monthly
rainfall for four years (1950 - 1953). Block size 2 (k = 1), n = 24 blocks.
II. Tasmania. 54 stations. Weekly rainfall for selected periods
during 1965, 1967, 1969, 1972. Block size 10 (k = 5), n = 18 blocks.
The simulation results were based on 400 runs, with 100 re-

randomizations per run to estimate the permutation distributions. In order

to test the approximations under the least favorable conditions in the
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TR set-up, @ and ¢ were assigned the largest values used by them

(o = 0.2, ¢ = 0.25), and a four year record was taken for data set I.

It should be noted that normality of the seeding effects was not

assumed in Section 4; clearly it would be desirable to compare the asymptotic
results with simulations based on, e.g. a positively-skewed distribution

for the sceding effects.

Points 1llustrated by Table 1l are

(a) The small positive bias in the means “p of the permutation
distributions, equal to about one-half of the corresponding
variances (Section 2).

(b) A fair degree of stability im the standard deviations Up of the
permutation distributions, as indicated by their standard deviation
over the 400 runs, shown in brackets. Also quite good agreement
between the theoretigal GP,E gng the average of the simulation<%'s.

(¢) Rough normality 9f the permutation,D* and S* distributions,
indicated by the skewness and kurtosis coefficients Bl’ 62.

(d) Good agreement between the mean and standard deviation of the
400 D* values and the theoretical approximations to u(D*) and
O(D*). Similarly for S*

(e) Useful agreement between the theoretical approximations to the
probabilities of syccess (P) and the estimates yielded by the

gimulations.

These results could almost certainly have been improved by using
In D and 1n S, as suggested by the referee.
Table 2 compares results from Tables 1 and 2 of [5] with

approximations based on Sectilon 4. Agreement is generally satisfactory,
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suggesting that to the degree of accuracy warranted by the approach,
the theoretical results may be usefully applied, with considerable

saving in computing time.

(Tables near here)

In Table 3, the theoretical results have been applied to the
Tasmanian data set 11 to investigate the effects of varying period
length and block size (k). The choice of block size 2 (k = 1) for
experiments 1s seen to be justified, at least from the viewpoint of
Shaw's seeding model, and clearly the chances of "success" generally
decrease with increasing period length. Due to the great variabilicy
of the rainfall and the finite length of the rainfall record, the
results may be quite markedly affected by small changes in the starting
point of the experiment. This is {llustrated by the column headed
f + 2 days", in whichfthé starting éoint has been advanced by two days.

A particularly striking instance is the anomalous result for 7 day perilods
and block size 2; this appears to be due to a succession of very high
daily rainfalls which occur in a single period under the orlginal

starting point, but are divided among two periods when the origin 1s
altered. However, in comnection with the planning of future experiments,

the overall trends in the table seem sufficiently clear.

6. Conclusions

Asymptotic approximations have been presented for the permutation
distributions of the double-ratio and root-double-ratio statistics used
in the analysis of target-control-type experiments in rainfall modification.
The asymptotic powers of these tests in the case of a variable

multiplicative seeding effect have also been obtained. Comparison of the
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approximations with simulation results using actual rainfall records
with artificial seeding effects superimposed indicates that the
results may be useful 1in the planning of future experiments, with

considerable saving in computing time.

7. Appendix

Let 1 < j1< hes % jk < 2k denote any one of the ( ) possible
sets of k periods randomly selected for seeding in a given block.
Then the calculation of the various moments required reduces to

finding moments and product moments of quantities Zl \ j Zgal j L
R'D

2k
where Xru = Xr=l s = 0. For example

k 2k, -1 2k-1,v2k
EP(ZE=1aj1) - (k) ( k—l)zrﬂlar =0,

jol

and similarly

B, (]}, %y ) (X 48 } . (e/202 - DY)

r=1 r r

Such formulae are special cases of results given by Pitman [2],

p. 125, Let

= (t,, - t,)/T, B, = (c,, - c )/, Y, = B

Y137 by - 8y 13 13 13 7 %13 T Fyg

Then using the independence of the blocks under the permutation

distribution, we obtain in particular

y 2

= {2/ (2k - 1)}]" ey,

‘i=1

H, o = {4k/(2k - 1?2k - 3)} {-2k(2k - 1)zngj + 3k(2k - 3)(22Yij>?

2 N2
+ 3¢ (ij j) }.
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TABLE 1. Comparison of simulation results (Sim.) with theoretical applications (Th) for TR- and Shaw models,

@ = 0.2, $ = 0.25. 400 runs. Standard deviations shown in brackets,

(a.) Double-Ratio Statistic
&

Data Blocks Permutation Distribution p* Distribution Frobabilicy
. B Hp®) % (D) By B2 w®@ . o B, 8, 100P

I(TR) 2 24 Sim. 1.005 0.0950 0.223 2.663 1.205 0.0975 0.120 2.797 68.75
(0.002) (0.06151) (0.045) (0.177) (2.38)
Th. 1.000 0.0953 0 3 1.200 0.0973 0 3 65.47
I(Shaw) 2 24 Sim. 1.006 0.109 0.249 2.652 1.115 0.120 6.350 3.235 48.75
- (0.003  (0.023) (0.056) (0.236) (2.50)
Th. 1.000 0.112 0 3 1.200 0.117 0 3 52.97
II(Shaw) 10 18 Sim. 1.004 0.0359 0.250~ 2.989 1.201 0.1059 0.208 2.687 66.25
(02005) (0.0064) {0.115) (0.259) (2.28)
Th. 1.000 0.0862 0 3 1.260 0.0997 0 3 70.74

(b) Root-double-ratio Statistic

Data Blocks Permutation Distribution p* Distribution Probability
s , fa% *
2k n “E(S) cP(S) 81 82 r(s™) c(8™) 81 82 1007
I(TR) 2 24 Sim. 1.002 0.0626 0.152 2.653 1.201 0.0491 0.113 2.945 100.00
(6.001) (0.0101) (0.040) (0.140)
Th. 1.000 0.0€32 0 3 1.200 0.0496 0 3 97.11
I (Shaw) 2 24 Sim. 1.003 0.0735 0.174 2.631 1.201 0.0692 0.260 3.27¢9 92.75
(0.0062) (0.0140) (0.044)  {(0.070) (1.72)
Th. 1.060 C.0754 0 3 1.200 0.0671 0 3 86.22
II(Shaw) 10 18 Sim. 1.001 0.0486 0.142 2.506 1.199 0.0563 0.097 2.824 98.5
(0.002) (0.0044) (0.106) (0.221) (0.67)
Th. 1.000 0.0490 0 3 1.200 0.0531 0 3 98.70




TABLE 2. Comparison of original Twomey-Robertson results with theoretical approximations (given underneath).
Values of 20P for a = 0.1, 0.2; ¢ = (a) 0.01, (b) 0.10, (c) 0.25.
Double-Ratio Statistic Root-Double-Ratio Statistic
Location 4 8 16 4 8 16
“years years years years years years

a b c a b c a b c a b E a b @ a b c
Western Australia (ccast, 3 1 1 2 3 1 11 g 10 11 9 8 16 16 13 20 20 19
Herth) Fo fiibans, i *SiEaieionel: 0o 0 o0 2 2 2 11 10 10 11 11 10 14 14 13 19 19 19
Mean Rainfall 41 inches. =

10 9 10 14 17 12 19 20 18 19 19 19 20 20 20 26 206 20

10 10 10 13 13 13 19 19 19 19 19 19 20 20 2¢ 20 20 20
Western Queensland and 0 0 0 0 0 0 0 0 0 0 0 0 3 2 2 10 8 9

i .

NSRS (2 SR Gions). 0 0 o0 0 0 -0 0o 0 o o 0 o0 2 2 2 707 7
Mean Rainfall 10 inches. 2

0 0 0 1 0 1 4 7 4 4 3 0 9 4 11 17 17 18

0 0 0 2 2 1 6 6 6 4 4 4 13 13 12 17 17 17
FEastern Riverina 0 1 0 3 6 4 5 10 10 7 10 7 14 13 10 16 20 18
(G0° SiEAEIoEE).: 0 0 o0 3 3 2 5 9 9 8 8 7 15 14 14 19 19 19
Mean Rainfall 17 inches.

9 7 6 9 14 17 20 18 18 18 20 18 19 20 19 20 20 20

7 7 7 14 14 13 18 18 18 18 18 18 20 20 20 20 20 20




TABLE 3. Theoretical approximation: percentages 100P of success experiments (Shaw model) for various period lengths
5 and block sizes. Data set II.
Double~Ratic Statistic Root-Double-Ratio Statistic
Period Block size a =0.1, $ = 0.01 a = 0.2, = 0e 25 = 0.1, ¢ = 0.01 a =0.2, $ = 0.25
length (2k) {+ 2 days) (+ 2 days) (+ 2 days) (+ 2 days)
1 day 2 59.80 59.77 85.47 95.46 97.76 97.75 100.00 100.00
4 57.54 57.84 94 .43 94.60 97.11 97.24 100.00 100.00
6 56.18 55.99 93.79 93.69 86.64 95.57 100.00 100.00
8 56.03 56.65 9372 94.02 96.59 96.81 100.00 100.00
1C 54?53 55.39 92.92 93.38 95.98 96.34 160.006 100.00C
2 days 2 53.19 54.23 91.15 91.76 95.24 95.72 99.99 99.99
4 50.74 51.92 89.62 90.42 84.00 94.66 .99.99 95.99
6 49.05 4G6.77 88.42  88.95 92.96 93.42 99.98 99.98
8 48.18 48.44 87.72 ° 87.92 92,37 92.55 99.97 99.98
10 47.12 47.25 86.87 86.97 91.60 1.7 99.97 956.99
4 days 2 45.17 46.50 83.45 84.71 89.68 90.81 99.87 95.90
4 42.62 42.28 81.10 80.80 87.43 87.08 99.80 99.79
6 41.99 41.98 80.54 80.58 86.81 86.81 86.79 99.79
8 4G.69 40.44 79.04 78.82 85.39 85.10 99.72 99.71
10 39.95 39.30 78.23 77.53 84.53 83.74 99.67 99.63
7 days 2 51.76 44 .38 86.32 80.60 94.07 88.65 99.88 99.66
4 38.19 36.37 74.09 71.94 81.99 79.49 99.15 98.89
6 37.92 36.28 73.68 71.77 81.67 79.40 99.10 98.86
8 35.22 34.04 70.14 68.66 77.80 75.96 98.58 98.34
10 35.57 34.01 70.74 68.72 78.36 75.93 98.70 98.37






Section 4.

A generalization of the zonal polynomials,
with applications to noncentral

multivariate distributions.
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INVARIANT POLYNOMIALS WITH TWO
MATRIX ARGUMENTS, EXTENDING THE
ZONAL POLYNOMIALS

AW, Davis

C.S.LRO. Division of Muthematics and Statistics, Adeluide, South Ausiralia,

A class of invarant polynomiels in two matrices is definad, generalizing the zonal
polyncrmals. Basic properties of the polynomials are derived, and their applications to
distribution thecry indicated.

1. Introduction

The theory of group representations and zonal spherical functions was
applied by James [7] to the evaluation of certain integrals arising in
multivariate distribution theory. The integrals were expanded as power
series in the zonal polynomials of the real positive definite symmetric
matnces, which had been previcusly studied by Hua [6). Subsequently,
Constantine [2] showed that Herz's {5] hypergeometric functions of matrix
argument could be expanded in terms of zonal polynomials, and expressed
a number of noncentral multivariate distributions in terms of these func-
tions. A survey of the area was given by James [8]. Since then, many
authors have utilized and developed these techniques, so that an extensive
literature now exists.

However, there remain related distributional problems which cannot be
solved in terms of zonal polynomials, including

(a) the cumulative distribution functions of the basic noncentral distrib-
utions (Constantine [2]),

(b) the latent roots of the noncentrai Wishart distribution (Pludl {12,
p.30, and

(c) the doubly noncentral rmuliivariate ¥ distribution.

The latier arises in particular from a formal approach to the MANOVA
distibutions in multivariate Edgeworth populations (Davis [3]), and was
the initial stimulus for this investigation. In the above and cerloin other
situations, integrals arise having the form (see Section 6)

[j;) C‘(AH'XH)CA(BH’YH)dH (1.1)
L ¥ O(m)

Pi
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where 4,8,X,Y are m X m symmetric matrices, d/ is the invarant Haar
measure over the group O(m) of m X m orthogonal matrices, and C,.C, are
the zonal polynomials indexed by the ordered partitions «, A of the
integrals k, / respectively into < parts.

In secking to evaluate (1.1), we observe that since d ¥ is invariant under
left translation H—ICH(IC €O(m)), (1.1) is a homogeneous polynomial of
degree k, [ in the elements of X, Y respeclively, Invarant under the
simudtaneous transformations

XWX, Y-IYIH, Heo(m). (1.2)

Invariance of d H under right translation implies that the same holds for
A,B. We (hus require 2 basis for polynomials having the property (1.2)
which will facilitate the evaluation of (1) the integrais (l.1) and (2)
expectations with respect to the Wishart distribution. Similar requirements
in the one matrix case are fulfilled by the zonal polynomials.

Section 2 defines a class of invariant polynomials with two matrix
arguments as a direct extension of the zonal polynomials. Elementary
properties of the polynomials are derived in Section 3, and in Section 4 an
expansion of (1.1) is given which constitutes the cornerstone of the subse-
quent theory (equation (4.13)). Derivation of this result leads to the
definition of a class of ‘orthogonal’ invariant polynomials whose properties
are discussed in Section 5. Owing to restrictions on space, their use in
multivariate distribution theory can only be briefly indicated (Section 6)
but it is hoped that these applications, together with details about the
construction of the polynomials, will be presented in subsequent papers. In
particular, the application to MANOVA distributions in nonnormal cases
requires the low-degree invariant polynomials. This probably constitutes
the main practical justification for studying these polynomials at the
present stage, since the problems associated with construction, znd the
convergence of infinite series in the invariant polynomials, are consider-
ably more scrious than in the case of the zonal polynomials.

We finally note that the invariant polynomiuls of this paper are not
zona! polynomials, and lack certain properties of the latter. In particular,
there is no guarantee that they will possess an analogte of the Laplace-
Beltrami operator for the zonal polynomials (James [9)). Hence, although
one¢ could define hypergeometric functions of two matrix arguments gener-
alizing e.g. those of Appell in the scalar case, they may not satisfy useful
systems of differential equations as do the hypergeometric functions of
Herz and Constantine (Muirhead [11]).
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2. Invariant polynomials in two matrix arguments

Let X=(x;), Y=(y,) be m X m complex symmetric matrices; P lX] the
class of homogencous polynomials of degree & in the Xy, P (X, Y] the
class of homogeneous polynomials of degree &, / in the X ¥y respectively;
€, the vector of all monomials 1l xfv (£, k&, =4, k; >0); Gl(m, R) the
group of mX m real nonsingular matrices L. Then £, is a basis for PX]
and defining a similar basis n, for P[Y),

B [X,Y]=P[X]®P[ Y] @1

in the sense that £, ®v, is a basis for P X, Y]. The simultaneous con-
gruence transformations -

X-L'XL, Y-L'YL, LEGI(mR), (2.2)

produce linear transformations in P[X], P[Y] and P X, Y] with
matrices T, (L), To,(L) and Ty, (L), respectively, such that

gk-’le(L)’gk’ n,— Ty(L)/’h» _
s TZk,ZI(L)I('gk ®"71)- (2-3)

These constitute representations of G/(m,R) in the resnective vector
spaces,

T (L L)) =Ty (L) Ty (Ly), etc, (2.4)

of polynomial degrees 2k,2/,2f(f=k+ 1) respectively in the elements of L.

itis a classical result (e.g. Boerner {1, Ch. 5] that a vector space in which
a polynomial representation of Gi(sm, R) is defined may be decomposed
into a direct sum of irreducible invariant subspaces, cach carrying an
irreducible representation of Gl(m, R). The inequivalent representations of
degree 2k, say, may be indexed by the ordered partitions K of 2k into <
parts; we shall denote these by 75(L). Then A.T. James (unpublished
lecture notes) has shown that

(2) T5 (L) occurs in the decomposition of }:QA(LJ if it contains the
identity representation when L is restricted to the subgroup Q(m);

(b) The only such T4 (L) are those for which K =2x, where « is any
ordered partition of & into <m parts;

(¢) T, (L) contains the identity representation exactly once when re-
stricted to O(m), and
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(G f'z,‘(L) occurs with multiplicity one in the decomposition of T5.(L),
so that

Tu(l)= @ T (L), Tu(L)= @ Ty(L) (25)
where x, A run through the ordered partitions of &, / respectively into <m
parts. The decompositions (2.5) were criginally obtained by Littlewood
and Ffoulkes (see references in [7)). Correspondingly, we have the decom-
positions into irreducible invariant subspaces

PlX]=@®V[x], P[Y]= D[], (2.6)

where in virtue of (c) V,[X] for example contains exactly one one-dimen-
sional subspace generated by a polynomial in X invariant under X—s
H'XH (H €0(m)), which when suitably normalized is the zonal poly-
nomial C,(X). From (2.3) and (2.5)

TZk.ZI(L) =Ty (L)® Ty(L)
_ =0 & (T, (L)BT,(L), @
and correspondingly

PIXY]=O® ? (V[X]®W[r]). (2.8)

The Kronecker products T3 (L)® Th(L) are also representations of
Gl{(m, R) having polynomial degree 2f, but 2re not in general irreducible;
‘they may therefore be decomposed iawo direct sums of representations

Table )
Decomposition of Kronecker products of irreducible representations

Y 2 2 P

4 2 2 4 31 2

6 4 2 6 51 42
22 2 42 kA 2?

8 6 2 8 7i 62
42 2 62 53 521 4 43] 422
2 2 422 3 24
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f@(L), @ being an ordered partition of 2f into <m parts. Rules for

determining the particular T,(L) occurting in such a decomposition,

together with their multiplicities, are given for exumple by Robinson [13,

Section 3.3). Table I presents the decompositions for some low order x, A
We thus obtain the decomposition

P X, Y]= 69 ? ? Ve x, 1] (2.9)

into irreducible subspaces, where ® runs through the irreducible repre-
sentations in the decomposition of 75, ®T,,. If ®&=2, where $ is a
partition of f=k+/, then by (¢) M (X, Y] contains a one-dimensional
subspace generated by a polynomial FENX, Y). say, which is invardant
under (1.2). The question of nonmalization of ihis polynomial will be
discussed 1n Section 4. We note that

(i) Subspaces Vy* occur with ® not of the form 2¢; these contain no
invariant pelynomials; _

(i) A representation 26 may occur in (2.9) with multiplicity greater
than | for a given &, A, so that strictly an additiona! subscript should be
used; however, for notational simplicity we shall omit this, and write for
example ¢'=¢ to indicate equivalent representations. A more important
consequence is that the 4}, and hence the corresponding polynormials

1‘;"‘, are not uniquely defined when 2é occurs with multiplicity >1 for a

given k, A. However, the direct sum of equivalen: subspacas
XA KA
th = @ C"u’ . (2.]0)

is uniquely defined. A sufficient resolution of the non-unigueness problem
will be described in Section 4.

Multiplicity first occurs in the case of the polynomials of degree 6, with
k=1=3, x=h=[2,1], when 2¢=2[3,2, 1] occurs with multiplicity 3.

3. Elementary properties of the I‘;"‘.
(&) TEXX)=(TENLI/C 1)) Co(X), 3.1)

) mNXH={DMLD/CD} ), (3.2)
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with a corresponding result for I:"\(I, ¥y
def

@ ENT W n o), 6y

(d) f o L5 (A H XHA,A'H YHA)AH
=TM(X, Y)Cy(AAY/ C (1) (3.4)

(& If ¥V'~W,(n,Z,0) (the central Wishart distribution with n de-
grees of freedem and population covariance T), and RR'=3, then

E,TSNV'XV, V' YV)=2/(4n) T3 R'XR,R'YR) (35)

where (a), is the generalized hyperacometric coefficient (Constantine [2]).
For brevity we shall merely indicate the salient points in the proofs.
(a) Setting ¥=X defines a group homomorphism of P X, Y] onto

P [X]; since Vg [X, Y] may be mapped into the null space, LsA(X, X) may

be identically zero.

(b) Setting ¥'=1 maps V,[X}]@YV,[Y] onto V_[X].

{(c) f‘D(L) is the idertity representation.

(d) Choose Iy*(X,Y) as the first basis vector in VM, Y] and the
remainder in subspaces invariant under the non-identity representations of
O(m); then James has shown that the (1,1) element of fm{/f) is
CylAA")/C (1) and that

1 0 0

i 1o o 0
‘j(.o(m)T2¢(H)dH= A :
0 0 : 0

No result corresponding to (3.4) holds if 4 is replaced by B in one
argument of l‘;"\.

@ W=R"WV'R'™'~W, (2,1,0), and V=RWIH, where H &
O(m); the result follows using (d).
1

4. -Evaiuation of the integrai (1.1)

The evaluation of (1.1) constitutes the most important single result for
the invariant polynomials introduced in this paper, and the derivation also

yields a sufficient resolution of the non-uniqueness mentioned in Section 4.



000 INVARIANT PoLynoMIALs IN TWo MATRICES ey

This is effected by the construction of a new set of invariant polynomials
C:'*(X, Y) which are linear combinations of I‘;'A for ¢’=¢, and are
orthogonal in a sense to be defined below (extending the orthogonality of
the zonal polynomials, James {7h.

Since C (AX)C,(BY) is invariant under (2.2) together with the con-
tragredient transformation

A—L7MML™" BSLT'BLY,  LEGl(m,R), (4.1)
an argument of James [7] Section 4 (see also Hannan [4] Section 2. ) may 7 2.2

be adapted 1o show that

f CAAH'XH)C\(BH'YH)AH= 5 3 gsATSMA,B)TSN(X, Y)
) $ExA =0

(4.2)

where ¢ Ex-A is an abbreviation for 26 €2x®2)\. Since C(A4X)C,(BY)
may be shown to span V (X|®V([Y] as 4, B vary over the symmetric
matrices, the integral (1.1) must span the polynomials in this space in- -
variant under (1.2), and hence the bilinear form in (4.2) must have a
nen-singular matrix Q, y=(g;3) (¢2%=0 unless p=¢). At this stage,
however, O, , is unknown.

We now follow an approach based on Saw [14]. Let U=(u;) be an
miXm matrix of independent unit normal variables, and consider

g=E,etr (aAU'XU+BBU'YU),  a,B real,

= X «*B'E /K ‘ (4.3)

k, [0

where, since U= W%H, W—~Ww,_(mI,0),
E =3 wa CAAH WX W: H)C,(BH W3 YW H)A
' wA O(m)
nrk,l(A!B),Qk,l rk.l(){’v Y). (4.4)
Here I, (X, Y) denotes the vector of ali [=AX, Y) for fixed &, [ and

ék,l =diag { éx.)\ }’ Q-'x,)\ = (2f(3'”1)¢q;.'$')- (4.5)
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On the other hand, writing G=aA@X+aB®Y,

g-u,,,—c:r%=;01.3---(2f—1)cf(c)/ﬂ (4.6)
whence
E . =7A:.!(A'B)’Ak,lﬂk,l(xv Y) (4.7)

where A, , is a diagonal matrix with positive diagonal elements, and
o, (X, Y) denotes the vector of all distinct products of traces

(u—){ﬂl}’bll\"‘l. . )"([rX”JszXCz. . )’2.. . (48)

of total degree £,/ in the elements of the symmetric matrices X, Y
respectively (i.e. account must be taken of the symmetry of X and ¥, and
the properties tr XY =tr Y.X, tr Z' = tr Z).

Example. When k=2, /=1 it is found from C3(G) or otherwise that

oL, Y)Y = (X)) Y XY X, 0 X 2t ¥, 10 X 2Y),

4, ,=5diag(1,4,2,8). (4.9)

It seems clear that the distinet products (4.8) for 2 given k, and / (e.g. the
components in (4.9) for k=2, /=1) are functionally independent, although
this may be difficuit to prove rigorously. If we assume independence then
it follows from (4.4) and (4.7) that

(a) the products (4.8) constitute an elementary basis for the invarant
polynomials, generalizing the familiar basis of the zonal polynomials
constructed from the s;=tr(X‘). The number of such terms should thus
equal the sum of the multiplicities of the irreducible representaiions f2¢
oceurring in T, ® T,

(0) E =0, (A,BYo, (X,Y)iff the conmponents of o, (X,Y) are ‘A, -
orthonormal’ linear combinations of the (4.8) in the sense that

0 (X, Y)=Sm (X, Y), SAZMS'=1. (4.10)

(¢) from (4.4) and (4.5) the F;’* are A, orthogonal for inequivalent ¢.
(d) for ¢ equivalent to ¢, choose any set of A, orthonormal polynomi-
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als I-‘:;'."(X, Y) say in the unique invariant subspace s (equation (2.AIO)).
Thea from (4.2) and (4.5) the integral (1.1) is given by

(@.11)

&’

2 TMA BTN X, Y) /24 m)
¢ERA .

noting that the denominators are constant for equivalent ¢. Renormalizing
o

CoMX YY) =y 2, TENX, ¥) (4.12)

where z, = C,(7,)/2/(3m), is independent of m (Constantine [2]), and the
sign of the square root is chosen to make the coefficient of (trX)r ¥) in
C&* positive if it is non-zero, we finally obtain

[ ClaH'XH)C(BH YH)dH=
o (4.13)

2 CMABYCNX,Y)/C, (1)
dSrA

The A, ;-orthogonality property provides the required resolution of the
nor-uniqueness, and considerably facilitates the constructio. of the poly-
nomials, The C;"' are of course not unique if 26 has multiplicity >1 in
2x®2A, corresponding to the fact that (4.13) is invariant under ‘orthogo-
nal’ transformations within the QL"_,;‘;\. Details of construction must be
deferred to a subsequent paper. Table 2 presents some low degree C;-"‘; the

Table 2
Polynomials C5*(X, Y)

f &k ! C;'A multiplier rXtey tr XY
2 1 1 ¢t 1/3 ! 2
cl! 2/3 { -1

UXYuY wXYuX  uxey wxly

3 2 1 ¢t 1/15 1 4 2 8
cit 2/5 1 -1 z -2
it /5 1 2 —1 =)
cht 1/3 1 -2 -1 2




000 AW, Davis 000
complete set to f=k+/=6 has been tabulated and is available from the
author. It is convenient for tabulation purposes to define C‘;“A(X, Y)=
C:"( Y,X) when k#A, but this symmetry may neither be convenient nor
possible to maintain in cases of multiplicity >1 when k=A. We do not
therefore assume symmetry to hold in general.

5. Propertics of the C;A.

Since the C** are linear combinations of the I“* for ¢'= , we have
! ¢ "
from Section 3:

CoMNX,X)=852C,(X), where 62> = CoNLI)/C1y  (5.1)
may be zero.

CoNX D) ={ 022 C,(1)/CN)}CX) (52)
and similarly for C3(/, Y).

CEX, Y)E (), CONX, ¥) E ¢ (1), (53)

The basis (4.8) atows us to write without ambiguity

f 0(m)c‘;-*(A H'XH,AH'YH)AH =CJNX, Y)C,(A)/ C, (1),

(54)
E,CoNXW, YW)=2(4 n),CsMXZ,YE) (5.5)

where W~ W, (n,Z,0). Hence using (4.13) and (5.1):

E{C(xwW)C(Yw))= 3 2/(§n)¢9;"‘C;'A(XE,Y}Z). (5.6)
PEK-A

CiMaX,BY)=a*B ‘T X, Y. (5.7)
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From (4.13)

C(X)C()= O5 CENX,Y), (5.8)
PERA

(w0 ey)'= 3 e x,y), (5.9)

KA HExA . i

COCX)= 3 (0:2)C,(x) ' (5.10)
PEXA

whence in the usual notation (e.g. Khatri and Pillai [10))
2
gh= 2 (85). (5.11)
¢=¢

Thus g2, >0. If g, >0 so that not all 85" =0(¢"=¢), we may choose the
first C* in U3} to be proportional to the component of (X)) e Y)Y in
this space with §5* =+ \/g?, the remaining Cy* having 932 =0 (¢'=
¢).

From (4.13) in an obvious notation

f oS AH XH+ BH'YH)AH = 3 C3M4,B)CENX, Y)/KUNC,(1).
”m ¢ .

KA

. ) | "-.(-5_.12)

This expansion may be used to derive a number of useful results, including
the following.

fo( CoMAH'XHA, BYdH= C3MNA'4,B)C(X)/ C(1),

_ {5.13)
with a corresponding result for C*(4, B'H’ YHB).

Laplace transform
N

f etr( = RIV)|[R|"PC3MARA', BYAR =T (1,)| W|~'CXNAW =4’ B),
R>0

(5.14)
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where p= 1(m+1), and T, (#,x) is defined in [2]. A similar result holds for
C;"\(A.BRB'). From (3.5), CyMXR,YR) has Laplace transform
Talt W ICoN W = yw ),

Binomial expansion
ClX+Y)= 3 (DEFCNX,Y), (5.15)
K MeEA)
and in particular

CX+7Y)= k}; f({)c}-'(x, Y) (5.16)

so that ({) CM(X,Y) is given by the terms of degree &, [ in X, ¥
respectively in C{X + Y). It follows from (4.6) that the diagenal elements
of 4, , in Section 4 are proportional to the coefficients of the terms (4.8) in
C(X, ¥) so that the orthogonality of the C3* generalizes that of the C,
(James [7])

C}" may similarly be obtained from C,(X + Y).
6. Latent roots of the noncentral Wishart distribution
By way of illustration, we shall apply the invariant polynomials to this

distibutionial problem, which was mentioned in the Introduction. Let
S~W, (n,Z,8); then for real ¢ we may write

JUS) =f( SN[ ets{ 5271~ a1)S) £, (4ms 13 Haz- ),

where f(S) is the W, (n,q47'1,0) density function, and of ) 1s the Bessel
function of mairix argument {2]. Hence the joint density of the latent roots
A=diag(/,,...,[,) of S is given by

Sf(A)= {'n'%"'l/rm(%m)[qE[E"'}fq(A)Hiq(/‘,_ {,)

fo(m)ctr{ —3(Z7' =g H'AH ) F\(3n 42730 T A ) alr

= (= /T (S m)la=f) SV, o (4 - 1)

B (6.1)‘_
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%(— D9, (AA)CaMEt =g, Q= / kU (4n),C (1),

(6.2)

This expansion may be numerically useful if q! can be chosen close to

v -1
s -
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Invariant polynomials with two matrix arguments extending the zonal

polynomials: applications to multivariate distribution theorv,

AW.Davis

CSIRO, Division of Mathematlcs and Statistics, Adelailde, South Australin

1. Introduction

In a recent article [6] the author has defined a class of polynomials
C;’A(X, Y) in the elements of the m X m symmetric complex matrices X and Y,
having the property of invariance under the simultancous transformations
(1.1) X > H'XH, Y~ H'YH, UCO0m),

where O(m) is the group of m X m orthogonal matrices. These satisfy the

basic relationship

Ky A

Uy 1! ) N 5 Ky A .
(1.2) fo(m)CK(AH XH)C, (BH'YH)dH Z¢€K'Kc¢ (4, BYC* (X, V) /c (D),

where CK, Cy» C¢ are zonal polynomials (James [12]), indexed by the

ordered partitions «, A, ¢ of the nonnegative integers k, ¢, f = k + ¢
respectively into < m parts. Letting GE(m, R} denote the group of m » m
real nonsingular matrices, "¢&c.)" signifies that the irreducible
representation of Gg(m, R) indexed by 2¢ occurs {n the decomposition of

the Kronecker product 2«®2) of the irreducible representations indexed by

2 and 2X. Irreducible representations of G¢(m, R) indexed by ordered
partitions of the form 2« are fundamental to the theory of zonal polynomials.

Further properties of the C;’A are summarized in Section 2.

The present paper applies the polynomials to some problems in



multivariate normal distribution theory. The joint distribution of
the latent roots of the noncentral Wishart matrix S n Wm(n, L, Q) was
presented in [6]. 1In Section 3 expansions are given of multivariate
incomplete gamma and beta functions which are relevant to the
cumulative distribution functions (c.d.f.'s) of the noncentral
Wishart and MANOVA matrices (cf. Constantine [2] p. 1270). A further
application is to the noncentral quadratic form (Section 7), since it

is shown in Section 4 that certailn polynomials in two matrices defined

A

by Hayakawa [8] and Khatri [13] are expressible in terms of the CZ'
A complete orthogonal set of Laguerre polynomlals with two matrix arguments
i1sconstructed in Section 5, following the approach of Herz [11] and
Constantine [3]. Section 6 presents a number of expansions generally

based on the following corollary to (1.2)

o A K, A
1.3 AH'XH + BH'YH)dH = ck ’ Y /k121C (T
(1.3) g(m) etr ( ) e aseCy (A BYC TR, Y)/KILIC (D),

where the summation on the right denotes Results for

zz,nzozx,k;¢ex.k'
noncentral F in the case of unequal covariance matrices (Pillai [14],
Pillai and Sudjana [15]) are obtained in Section 8, and finally the
distribution of doubly noncentral multivariate F with equal covariance
matrices is derived in Section 9. The latter will be applied in a
subsequent paper to consider the effects of moderate nonnormality on the
MANOVA tests, following the approach of Davis [5]; this objective

constituted the original stimulus for the present investigation.

2. Basic properties of the invariant polynomials C;‘X(X, Y)

Proofs of the followlng results are indicated in [6]. It should be

noted that a representation 2¢ may occur in (1.2) with multiplicity



greater than one, so that strictly an additional subscript is required,
but we shall omit this for notational convenience, and assume that
each ¢ 1s given the required multiplicity. Furthermore, in such

. A i
cases the polynomials (oues are not uniquely defined, but it {s sufficlent

¢
that they be "orthogonal" in a sense defined in [6] for (1.2) and other

basic properties to hold. This non-uniqueness first occurs for polynomials
of degree 6, when 1if x,A = [2,1] , ¢ = [3, 2, 1] occurs with

multiplicity 3.

KyA _ e A

2.1) M, x) = e;’*c (X), where of

¢ ¢

may be zero.

(1, I)/C¢(I)

2y A i
(2.2) cjp (X, 1) = {o” c (D/c (e (0,
with a corresponding result for Cﬁ‘l(I, Y).
= A [ 0, B of
(2.3) FK‘O(X Y) i C (), ¢, (X, Y) Ly ¢, (1)
¥
. A )
2.4 AR'XH, AH'YH)dI = ¢ (X, Y)C. (A)/C (1),
(2.4) fo( ) ¢ Yantxn, 4 )¢ g (%00 )/¢, (1)
If W wm(n, L, 0) then
KA s A L ) i .
(2.5) Ew6¢ (XW, YW) = (gn) ( (Xi, YI) (f =& + &),
,\ K, A
1 = 2
(2.6)  E fC_(XW)c, (YW)) X¢ez.x 2 (Qn) e €yt (X1, YE),
where we note that (%n) is constant for equivalent representations 2.
(2.7) C;’l(ax, BY) = kBQCK A(X Y), (a, B complex constants).
The following are consequences of (1.2):
Ky A ck» A
(2.8) ¢ (X)C, (V) §¢€K.Ao¢ Cy’" (X, M),
k R Ky A
(2.9)  (trX) (trY) ZK,A;¢EK.A % (X, Y)
. * o* 2
(2.10) € _(X)C, () = | B 0,0, 88 =] M
p*Ek , A ¢ Kok ppx 7
where X N implies that we sum over the inequivalent representations
¢ K. A
2¢* occurring in 2«k@2), and X denotes summation over the

*

$=¢



representations equilvalent to 2¢* in 2«@® 2).

(2.11) (A'H'XHA, B)dH = c¢ Aava, B)C, (X)/C (1),

fom®”
with a corresponding result for Cg’A(A, B'H'YHB).

Laplace transform:

t K,

(2.12) etr (-RW)lR[t pc MARA', B)dR = r (e, W] (v 'ar,B)

Jrso
where p = %(m + 1), and Fm(t, k) 1s defined in [2]. Similarly for

A -

C:’ (A, BRB'). From (2.5), |R|®7Pc<?
1 - . . "

r.(c, ¢) |w|” Ecks x(xw , YW !y, Setting R = W su' Wt and integrating

(XR, YR) has Laplace transform

over 0(m), it follows directly from [3] equation (10) that

u A B
|R[t P " (XR 1, YR 1) has Laplace transform [(—l)me(t)K—t + p)¢]
t

K
¢
|w) "t

RN (xw, YW).
¢
Binomial expansion:

Ky A K A
(2.13) C¢(X ) - E"K‘,>\(¢€s<.)\)z¢'E (k)9¢' f¢ & B

¢

where in particular

f

K,
kbe=g G007 (K 1)

(2.14) C.(X+Y) = ]

Thus (E)Ck Q(X, Y) is given by the terms of degree k,2 in X, Y

respectively in the expansion of Cf(X + Y). The polynomials for
K u.[lk], A = [11], ¢ = [lf] may similarly be obtained from C f(x + Y).
1
If R, Sarer x r, s x g symmetric matrices respectively, r + s = m,

then it may be shown using (1.3) and comparing coefficients of

(trR)k(trS)E that

A R 0 0 0 K, A
(2.15) ¢t ¢ ( ] , { J y = 05 2.¢ (R)C.(8)/z 2
) ¢ b K A KA
0 0 0 S

where z¢ = C¢(Im)/2m(%m)¢ is the coefficient of (trX)f in C¢(X).

Hence from ( 2.13)



R 0

(2.16) ¢, (
¢ [0 s

s £y ¢ o (n e
] ) Z¢ZK,A(¢EK.A) G B WO (RIC(S) /7, 2,

s0 that Hayakawa's (7] coefficlent ai \ is related to gﬁ X by
> Ny
S
(2.17) aK,X (k)gK,Az¢/szA.
X
For a given k, ¢, the Cg’ (X, Y) are linear combinations of the

distinct products of traces

a, b1 ¢y r a, b2 Coy T
(tr X 'Y X o) (tr X Y X ; wa)

of total degree k, 2 In the elements of X, Y respectively: In
constructing these, account must be taken of the symmetry of X and Y,
and the trace propertles tr XY = tr YX, tr Z' = tr Z. The number of
distinct terms of this type should thus equal the sum of multiplicities
of the irreducible representations 2¢€2c @ 2), for all ordered partitions
K, A of k, % respectively into < m parts. An algorithm for determining
these multiplicitiesis given in Robinson [16] Section 3.3.

The polynomials have been tabulated up to degree f = k + £ = 6,
and are available from the author. Polynomials up to f = 5 are listed
in the Appendix. When © # X it is convenient for purposes of construction
to define C;’A(X, Y) = Ci’K(Y, X). However, when k¥ = A it may nelither

be convenient nor possible to insist on symmetry In cases of multiplicity

> 1; thus we shall not assume symmetry to hold in general.

3. Incomplete gamma and beta functions

Incomplete gamma function: Generalizing Constantine [2] equation

(60) we have

(3.1) f§ etr(—AS)|S|t-PCA(BS)dS = {0 ()r_(p)/r (¢ + P x|*



o KyA K, A
>jk'=0 XK;beK.A(t)da e¢ C¢ (-AX, BX)/k!(t + p)¢.

b

’ >
Proof: Let S = X HTHXE, HEO(m). Expanding the exponential, we average

over O(m) and use

T g t-p -
3.2) [ lr[T Fe (m/e (Ddr =T (e, &) (p)/T (€ + p, 0.
Equation (3.1) implies an expansion of the c.d.f. of the noncentral

Wishart distribution Wm(n, Z, ) (equation (4.9)), and in particular

of the largest root.

Incomplete beta function

Equation (61) of [2] may similarly be generalized as follows:

X _ :
(3.3) [, IR|EP|T - R|VTP C, (AR)AR = {T_(£)T_(p)/T_(t + p)}|x|"

K,y A

@ Ky A
zk=0 ZK;¢EK.A (t)¢(—u * p)K 9¢ <

s X, AX)/k!I(t + p)¢.
This ylelds an expansion for the c.d.f. of the multivariate noncentral
beta matrix, and in particular of the largest root.
A further result 1s
(3.4) f§|R|t_p|I = R|“'pc:’A(R, I - R)dR

= [T (¢, OF_(u, V/T_(t+u, )]0 ’*c¢(1).

K
¢

4. Polynomials of Hayakawa and Khatri

Explicit representations of these polynomials in terms of the
A
C;' will be presented in this section. In connection with the
multivariate noncentral quadratic form, Hayakawa has defined a polynomial

P¢(T, A), which may be obtained as the coefficient of C¢(UU')/E!(%m)¢C¢(In)

in the generating function ([8] Theorem 7)



1
" . [ ' 2 i
(4.1) fO(m) Jo(ny etr (= URAILUY + 21 DA )an dn,

- f etr(-U'UH AR') F (Ym; U'UH A%T‘TA%
2 2°01 2

H')du
0(n) 272

¢, (u') e;’k C:’A(-A, T'TA)

k!l!(%m)xc¢(1n)

ao

= ZK:A;¢

where U, T arem X n, A 1s n * n positive definite symmetric. Hence

(4.2) P (T, A) = (’m) 5

f K,A K,X " m i,
s (k)e CT (AL T TA)kqm)X

K, A (9EK. ) y =6 ¢ ¢1

If we set A = In’ then (2.2), (2.10) and Bingham's [1] identity
for the generalized binomial coefficient [3]

fiv. ¢
(4.3) a, whg :

¢,y Ky A
implies that

(4.4) P(T, 1) = (- nt f“ P

( [7] equation (35)), where L¢ is Constantine's {3] generalized Laguerre

polynomial, Similarly, using (2.11), we obtain

C.(AN)
P(T, HAH')AH = (-1)F s 13n P

(4-5) Jo tmy LT

P(TH, A)dH = (TT")

fO(m)

( [7]) equation (38)). Hayakawa [9] has tabulated the P, up to f = 43

b
further tabulation could be based on (4.2).

Also in connection with the noncentral quadratic form,Khatri [13] has
defined a two-matrix generalization L (X, A) of L (X) (X, Aaremxm
symmetric), such that IX[ L¢(X, A) has Laplace transform with respect
to X

(4.6) T (c+p, )]z] T Fe, (1 - 27w

A -
)9” M a, 27y

Fm(t + Py ¢)|Zl ZK’X(¢6K-A)X¢':¢ /¢'



by (2.13), which may be inverted by (2.12) to yield

fiaK, A K, A
(0)8

. t
.7y L, (X &) = (&4 Py ) o Cyt (A XM/t + p)

K, A (P€K.A) z‘b'-'-(b

X

From (4.2), expressions for L; may be obtained by replacing 4m by

t + p in (—l)fP¢. The three-matrix polynomials defined by Crowther

[4] and Khatri [13] are not obtainable using the methods of this paper.
Khatri's expansion of the Wishart density wm(n, L, ) ( [13]

equation (4.10)) may be obtained directly using (2.8) and (4.7),

= _
(4.8) W (n, T, 0) etr(-R) F, Cm; 4 sz )
_ : o KyA K, A -k~ .
=W (n, £, 0) ZK’A;¢ 8,7 Cy (=0, HITISYTIR) /kt el (an)

%, 0) [?=0 Z¢ L:“’p gz s, ) /£ (m) .

]
L=
=

~~
=}

The c.d.f. of this distribution may be obtained from (3.1) in

the form
Sl = {rm(p)/z%mnrm(%n + P)|E|%n} etr(—Q)lX[;:m
Y;o Z¢('1)f L;fn—p(ﬂ, %Z_Lixx'%)/f!(lm + p)¢).

Taking X = AII we obtain the c.d.f. of the largest root Al.

2. A complete system of generalized Laguerre polynomials with two matrix

arguments

From (4.7) or Khatri's original definition, the L;(X, A) are
f
to be regarded as a multivariate generalization of a L;(x), rather
than of Li(x) L:(y) as would be requilred for functions invariant under

(1.1). 1In the present section we present such a generalization along



the lines of Herz [11] and Constantine [3] . Define

(5.1) 1, ’ s & 1) = etr(X + ) fR>Of etr(-R - S)|R|tIS|“ AR, S)
A (RX)A (SY)dRAS, (t, u > -1)

where A is Herz's Bessel function (see above references), noting

that the L A -~ will depend on the particular basis {C ’A}, in the
spirit of Herz's definition.
Laplace transform. Noting that ([11] equation (15))
(5.2) IR>O etr(—RW)IR'tAt(RM)dR = |w|7tP etr (MY,
we obtain using (2.12)
(5.3 fis o gry etr(RW = s2) [R|E|s5|" L£:§;¢ (R, S)dRdS
=T (t + p,K)Fm(; + o, M W[ TETP | TR A g Lyt gty

¢
This ylelds an explicit representation of the polynomials,

analogous to [3] equation (20). Let

’ = K>‘¢’py
(5.4) C’" (T +X, T+ Y)/Cy (1) I o | SEOZD’O;T a o190 Y X, vy/c (D)

where p, o, T are partitions of I, 8, ¥ + 8 respectively. Again using

(2.12),

£, ko2
(5:5) L) 0 (6 YD) = (6 +p) (u+ PLC (DIl T,

7 (x, Y)

p)0 c (1)

Generating function L A 4 (X, Y) is the coefficient of C¢ (W, AY

k!llC¢(I) in the expansion of

(5.6) |1 - w|7"P|p - z|uP Jo ) etr{-xB"W(T - W)™ - YH'Z(1 - z)"'H)an,



= 10 -

A relation with Khatri's polynomial proved by taking Laplace transforms

is

1 u s ! =
(5.7) fo( )L (HAH', X)Ly (HBH', Y)dH [¢EK Mx, Y)L A L, (A BY/C (D),

Orthogonality. Multiplying (5.6) by etr(-X - Y)|X|t|Y|UCS’O(X, Y)

and Integrating over X >0, Y >0, we find that

u_.p,0

(5.8) etr (- X - ) |x|%Y % %%, Y) L 5 (K Y)dxdy

X>0 IY>0

is the coefficlent of C:’A(w, Z)/k!Q!C¢(I) in the expansion of
p,0
: + 7 - - =
(5.9) Fm(t P, K)Tm(u + p, )\)C’r (1 W, I Z)

A similar argument to [3] Theorem 2 shows that (5.8) is zero for
k >r, £ >s unless (k, A;¢) = (p, 0; 1) and hence that L 4 is
orthogonal to all Lt’u. with respect to etr(-X - Y)|Xlt|Y| for k > r,

s 3

2 > s and (p, o; 1) # (k, X; ¢), with

(5.10) [y, fyyo etz (=X - ¥ |x|%|x|" L, o (%> V))2dxay
= ki Z!Fm(t + p, K)Fm(u + p, X)C¢(I).

Completeness. On the basis of (5.10), we could follow Herz [11] Sections

3 and 4 in considering the Hilbert space Li u of functions f(X, Y)

defined for X>0, Y > 0, such that

(5.11) [IE1f2 = oo Joag 1R, $)[2[RIT[S]" drds < =,

and show that the "(t, u)-Hankel transform" of f, g = Ut uf say, where
?

(5.12) g(X, Y) ~ | A, (ROA_(s7) [R]“[s[ £ (R, $)dras,

R>0 fS>O

has the propertles of a Watson transform: 1i.e. Ut u is unitary, self-
b

adjoint and self-inversive on Li ur In (5.12), Vv signifies cquality

’

whenever the integral is absolutely convergent, otherwise a limit in the

above norm,



The Laplace transforms F, G of f, g respectively are related
by
(5.13) cW, z) = [w| Pz TP rwTY, 27y,

Hence 1f we set

i t,u - '
(5.14) RK,X;O (X, Y) etr (-X~Y) L X ¢(ZX 2Y)

it follows from (5.1) that ¢ ’? " € Li 0’ while from (5.3) and (5.13)
t,u t
877 and (-1 o
< a0 ° (= ) sAsd

(5.15) T (¢ +p, r)r (w+p, VT +w P+ 7]

each has double Laplace transform

—-11- p K, )\(W = 7_;7£)

C YT 7EI

Thus the 2 are orthogonal elgenfunctions of with

A 2 2 t,u

elgenvalues (~1) . We may now show that they arc complete in the

closed subspace Li u consisting of the functions in Li 5 invariant under
B 3 ’

(1.1) ([11] p.501). Suppose that fEE[i , and that

(5.16)  fouofens zi:§;¢ (R,S)E(R,$) |R|E|S|" dRdS = O for all x, *; ¢.

Then since each CE’A(R, §) can be expressed as a linear combination

of L ’? b and lower degree Laguerre polynomials,
! »
K, A t u
(5.17) w4 IR>Oecr(-R - 8)C (R, SR, S) IR|"1s|" drds
= 0 for all k, X; ¢.
Hence, since f satdisfies (1.1) its double Laplace transform can be
written

(5.18) F(W, Z) = etr(-R - $)f(R, S)|R]|"

> — J i
fR>0 fs>0 etr{(I - W)H'RH

1
JrO(m)
+ (I - Z)H'SH}dH

o0 Ky A ;
C2 (T - W, T - 2)/ktelc, (I
Lenso R E I ) p (1)
= (
for 0 < Re W, Re Z < I. But F is complex analytlic for Re W > 0,

Re Z > 0, hence F = 0, and £ 1{s a null function.



- 12 -

6. Some useful expansions

(a) Multiplying both sides of (1.3) by etr(-X),

Ma, BN, 1) M -1, B)(ck Mex, vy
(6.1)  etr(-x)] ) ¢ = b e
A3 ¢ kieic, (1) KyAsd k1gic, (1)

A number of expansions may be derived from (6.1) by taking and inverting

Laplace transforms.

¢ b

Y5 Y a-p
Substitute X + Z°XZ*, Y + Z°YZ*?, multiply by etr(—Z)IZI

and integrate over Z > 0; then

(6.2) |1+ x|7%]" Nig (@ c M, B)C Mx(r + 7Y, v+ x)"l)/klg!c¢(1)

= Ip e @074 - 1, BES A, Wy /kieic (D).

—u

=1
On the other hand, replacing B by B , multiplying by |B| and

inverting the Laplace transform ylelds

(6.3) etr(-x)] ¢’A(A B (x, 1) /Kt ()0, (D)

sA5 0 ¢

[ne]

= o ‘a -1, B)Cfb’x (X, Y /K121 (0),€, (D).

To obtain a result used later, set Y = X, B > -AB in the R.H.S.,
multiply by etr{-B(I + Z)}|B|u_p/Fm(u) and integrate over B > 0; using
the binomial expansion (2.13), the transform is

(6.4) L+ 2™ - aza s 07 -0,

This may be expanded in terms of Constantine's Laguerre polynomials;

applying the binomial expansion again, and inverting the Laplace transform,

we obtain

e A = e = AB)/k!Q!(u)XC¢(I)

(6.5) etr(-B) Z: RORESTNGA

1

—u Ka>\ - =)
= (A7 IT by P05 0t (r - AT - AT,y (D).



- 13 ~

(b) We now show that C:’A(I + A, B) has an expansion of the form

5 Kydsd o,

(6-6) ¢ NI+ A, BY/C (D = T ] vt @, B/ .

¢ r=(Q

Proof: There certainly exists an expansion

A kg
(6.7) C*" (T + A, B/C (1) = JE O TC ] b

KyAsd 0,0
¢ > (I
c¢ =5 b DAl (T (A, B)/Cr( s
so that from (2.11)

fo( y © M1+ A, B'H' XHB)dH/C (1)

ko pd Kydsd 0,0 i X
= - e A, B'B)C (X)/C (T)g (1
krgols=o Jo it Pp oir Co ¢ e (x)/e (e (n)

But by (2.11) the L.H.S. is also
KA e } N
(6.8) L¢ (1 +A, B B)LA(X)/LA(I)C¢(L)

Ky,Apd cP»0

ol {C (X)/C (I)}Fr O)S“OZQ,O;T p,O,T

(A, B'B)/C_(1),
T

whence 1f bK’Af¢ # 0 we must have o = ). Q.E.D.

b b
Thus, we may define another generalized Laguerre polynomial

(6.9) L:‘A;¢(X, Y) = etr(X)fp, etr(- R)IRIt <A (R, ¥)A_(RX)dR

with Laplace transform

_ (S - _ —t-p.K,A, -]
(6.10) IX>O etr (- XW) |X| Lo a6 VX = T (e +p, k) ] ¢y (I =W, 1)
so that
t
(6.11) LK,A;¢(X, Y)

13 E LK AL p, A
(£ +»),C (DI Losrep a D7 0T €N, DK+ p) € (D).

Replace A, B in (6.2) by A_l, B~! and multiply by |A|ft|B|—U,

inverting the Laplace transform

~a o Ky A Ky A ) = . =1 ) s B
(6.12) |1 + x| XK,A;¢(3)¢C¢ (A, B)c¢ (X(I + X) , Y(I +X) )/k!ﬁ!(t)K(u)AC¢(J

co

Lic, A5 ¢

<a>¢c Mx, Y>rt f 5 (A BY/KILI(E) (w),C, (D).
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(¢) Multiplying (1.3) by etr(-X - Y),

(6.13)  etr(-X - Y)Z "a, B)C Mx, Y)/k!R!C¢(I)

sA3 9 ¢

©o

KyA,
- ZK A0 ¢ (A - I, B - I)C¢ X, Y)/k!g!c¢(1).

-1 - - -
Replace A, B by A ', B 1, multiply by |A] t|B| Y and {invert the
Laplace transform:

(6.14)  etr(-X - Y)fo(m) oFy (5 AHXH') F (u; BUYH')dH

o f x,Xx t-p,u-p .
] 3D C T ) LT TR, B)/k!Q!(t)K(u)AC¢(I).

(d) Expanding each side of [I - (X + Y)|—a

T+ 2731 - x+2z2+0)T + z)"l|‘a and using (2.13),

(6.15) [, (@), e;,x ci’?(x, Y) /k!e!

KyA K,A X + Z Y
= 1T+ 2|0 @)y, 0 e g ) Rkt

-1 =
Replace Y by Y ', multiply by |Y| " and invert the Laplace transform:

. o s A K,A
(6.16) [ .y (@4 0% N (X, VK1 (),

A

gk sh

X+ 7

7
= |1 +2z|™® s ey + ) [k1Rt(u),

K K
Le ;6@ 84°7C

Taking X = -Z,

(a), eK’Acg’A(—Z,Y)/k!QI(u)

(6.17) 5

= -1 oo
7 alFl(a;u;Y(I +2)7) =7V

K,A;¢ A

% Jngly (D) f(a) oLy (Y L VHON

In particular, if a = u,

(6.18) |1+ 2|7 etr [Yz(I + 2)7 = TgmoLy (-1 Ia Pey, z)/f1.

1 L
Taking Z = -AZH'XHA? and integrating over O(m) yields Khatri's generating

function ([13] equation (2.26)). Equation (6.18) also provides an expansion
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of the noncentral Wishart distribution ( [2] equation (34)).
1
Setting Y = A%H'XHAﬂ in (6.18) and integrating over O(m), we

obtain

(6.19) |1 - ZI_aCA(A(I - 2)7) - (a);1 [:=0 L s @y eg’kc;’k(z, A) /!

7. Noncentral quadratic form

Suppose that X is N n(M, Indﬁz) and A 18 n x n positive definite

5 M

s

symmetric. The quadratic form I “XAX'EL * = YY', where Y = E_%XA%,

has the same latent roots Al > e 2 Am >0 as ??', where Y = HYK
(HE0(m), K€0(n)). Integrating the density of Y over O(m), O0(n) we
obtain

YT )05 A T

1
6% s 4

(7.1) £(¥) = <2n)'*m“|A|‘*mecr(-n)2: X L erThath

LI CONNESS

. (2")—%mn|A|‘%metr(—Q)X?‘oz¢C¢(%§§')P¢(-%5 ITh, A)

/fi(%n)¢C¢(Im)

by (4.2) (Hayakawa [8], Theorem 8). The density of A = diag(Ai) follows
directly by the usual method. From (6.3), the joint density of the roots
may be written in the following form for real q > O,

L2 - =
(7.2) £(0) = [P /0 Gm)] [qa| ™ etr(-0W (a, q ' T, OLISHCHERY

1,-1 -1

e x50 (aaMCE (T = a7, g s

MATT) /12t (m), G (T ),
(Hayakawa [9] Theorem 2). Setting

1

(7.3) m = n, A~ q—lA— » B = %M'E_IM, X = -bqA, u = bm

in (6.5), we obtain Khatri's [13] equation (5.2) in the form
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2 -
(7.4) (1™ Cm)) V_(a, oM, 0) Moy Gy = 2y

3

@ . ¥n-p KyA iy A -1
L Me e (T - qA, =%qAM'D M) /Kk!L!(Mm).C (I ,
Leyasg Ly 0oy c (T - qh, i ) SN
expressible also in terms of the P¢. It may be noted that thls expression

facilitates the derivation of Hayakawa's [10] asymptotic expansion of
the distribution of vn/2m log|qA/n|, since the characteristic function

may be obtained from

(7.5) By ([aMn|"} = (r_Cm + 0)/3m)™r_Can))

A A

% o epCm)y 037" (T - B, -BR)/k1LI(tm),

= E (LD
ey EW{L¢ (%W)/(%n)¢C¢(Im)} y W W (o420, I, 0),

= Vf -1yt 1
* lraoly D2y Cm o+ 6) /)

1
With 6 = 1tvn/2m, we have e, = 0(n ﬂf). at least for small f,

8. DNoncentral F with unequal covariance matrices

In the present section we consider the joint distribution of the
: K .
latent roots Al > v > Am >0 of F S2 Sls2 , Wwhere S, v Wm(nl, Lo Q)

and 8, v W (n, I, 0), I, #1I

y This distribution has been investigated

X
by Pillai [14], and Pillai and Sudjana [15], under certain "randomness"
assumptions on the parameter matrices which facilitate the application of
zonal polynomials, and also provide scope for an exact study of the

robustness of some standard test criteria agalnst nonnormality and

inequality of covariance matrices.
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P1llai {[14] showed that the roots of F have the same distribution
as those of F with density function
- . ey TR
(8.1) £(F) = ¢, (m; ny, netr(-0)[¥] "™ [p| TP g 4y )

. i g el
lkl(‘»z(n1 +n,), dngy oF(I + ¥ OF) )

where

. - . 1
(8.2) ¥ = zfzzlx?, o = v Iyt

" (e N 1 (Y 1
C,(m; 0y, ny) =T Cs(n) + nz))/lm(znl)Fm(znz).
From (6.17), (8.1) may be expressed in terms of Khatri's Laguerre

polynomials of two matrix arguments,
- <t nkng e
(8.3) £(F) = C (m; n;, n,) ete(=0)|¥| 1|F[*™

o K,}\ K,)\ -1~ -
ZK,A;¢ Cg(n, + “2))¢ O¢ C¢ (-¥ 'F, ®P)/k!£!(%nl)x

-1 ~ b -
(8.4) = Cl(m; n, nz)etr(*Q) |W| el [F]Enl P

v £ b0, -p 5 -
Lemg Ly -1 Calny +00) LTG0, ¥R BT /61

Applying (6.16), with Z = qF for suitable real q, we obtain

(8.5) E£(F) = C (ms n, n Yetr(-2) |¥| 71 [F| PP 4 qF| 7m0

© Ky A

)
Lo nse G2+ mp)), 05 7ch

-1 -1 = -1.=
- B tet
g il ((I -9 V¥ ")B, q ¢B)/k!2 (lﬁnl)A
where B = qF(I + qF)-l. Expansions for the distribution of A = diag(ki)
may be obtained from (8.3), (8.4) and (8.5).

It may be shown by taking a Laplace transform with respect to B,

or from (6.3) with X = Y using Bingham's identity (4.3), that

(8.6) c;’*(l - A, B)/(0),

£, x,A
heagegeny GO

=G 8, (D07 % (=a, B/ (6) C (D).
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Hence from (8.5)

-1 L — o
(8.7) £(A) =cC (m; n, n))etr(-0)|¥] AP + g %(“1+“2)ni<j(xi -

Troole Caln, + m))) € (ap/T + an)/£1)

n. 3
n=0 ),\) (—1) L\)

Il L, 2 M7Pe, ¢/ ) (D)
2

1 4
where C2(m; n., nz) = Cl(m; n, nz)/Fm(%m). Taking © and ¥ "random'

1
in Pillai's sense, we obtain his [14] equations (3.2) and (3.7) from

(8.3) and (8.7), respectively, ‘using (2.11).

Hotelling trace T = tr F. For S » 0 let s = tr §, § = sSl;

then

I b £
(8.7) jsl L;(X, A%SAf)Isll ds, = s T_(b, ¢)L;(X, AY/T(bm + £).

This may be obtained using an unpublished result of A.T.James
b
(8.8) é C¢(ASI)ISII ds) = T (b, ¢)C,(A)/T(bm + £).
James has also shown that \Sl_pdS = dSlds/s; hence from (8.3),
1
(8.9) E(T) = C,(m; n,, ny)etr(-0) |¥] 7™

” £ . N -1
s [EDT /e 0 ) T, Cstn, + n2)>¢L:“1 P, v,

2) . = 1. 1 1 B
where Cg(m, n, n2) Fm(z(n1+ nz))/r(ﬁmnl)rm(fnz), this extends
Constantine [3] equation (1) to the case of unequal covariance matrices.

Using (3.3), the c.d.f. of the largest root f1 of F may be obtained

from (3.1) 1in the form

L — L o0
6.10) (£, <x) = 6,5 ny, mere (¥ ™N [T T (),

£y o0
CoBD/E1Cmy + ) 11, 5 e (i) B 0

(<4n, + P)K(%(n1 + nZ))AAx

A

]

)
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where B = qx/(1 + gqx), q > 0 real, Cq(m; n, nz) = Pm(%(nl + nz))rm(p)
/T Cm )T oy + 9),
and

- L PyT.p,0 _ 1y 1 '1(4 1
(8.11) A, Xp’o(kep-o)(r)eA CyP (T = q W, g )/ Cm))

9. Doubly noncentral F

Finally, we consider the latent voots of multivariate F when

N ) .
5, Wm(nl, 1, Qi)’ S2 " wm(nz, I, Qz).

- wllew v Y
(a) Case n, > m. F has the same roots as T = s?ﬁslszf, where
él = H'SIH, éz = H'SzH; averaging over 0(m),
(9.1) £(S,, S,)
= K(m; n, n )etr( Q |%n1 pIS Iﬂn )

i r . 1
fo(m)OFl(%nl, s H'S H) F Can s b, H'S H)dH

(9.2) = K(m; n;, n,)etr(- q,- Qz)etr[-%(é1 + 52)]]§1|%n1_p|52|%n2_p

{s4]

Lo ape G (@), )€K (5, 55,0 /ktat (), Can,) (D)

o -~ ! - - 1 -
(9.3) = K(m; n;, nyetr[-}(5, + 5,)] s, | ™ P|sz|%n2 P

e 1>ch Aa,, 92>Lf?g;g'%“z’P(%sl, 58 /k1et () (an) € (D

by (6.14), where K(m; n, nz) = [Z%m(nl+ nZ)Fm(%nl)Fm(%n2)]_l. Hence we

obtailn

i . ™
(9.4) £(F) = C (m; ny, nyetr (-0, - 92)|F[5“1 Pl + F| s(nyn,)

MEPRCICRIE IO Ma, et ada e nT 1+ R Th
Kshjo 1 2779

/121 (‘ﬁn] )K(Lﬁnz)'\C(b(I)
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i ..
9.5) =C (m;y n,, n_)|F TP 4oy 4(n]+n2)
1 1 M ‘ |
. bn.-p,kn,-p -
o £k, A 1 2 . .
- ? LFS, &S
Leoase CDCT@ L (L (7S, %5))

/k!l!(%nl)K(%nz)AC¢(I)

where S ~ wm(n1 + n,, (I + F)_l, 0). TFrom (5.5),

m -p,’m,-p

(9.6) EglL GsFS, 48)) = (s ) Can,),C (DT (-5

1
KyAs o K $ P05 T 0,0:T

1

n,

0@+ BT, @+ BT/ ) (i) € (D).
~ 0 <~ oqg T

Expressions for the joint distributions of the roots of F follow from

(9.4) and (9.5). TFrom (9.4) and (6.12)

(9.7) f(F) = C,(m; n nz)etr(—ﬂ1 - $?2)|Fllmlhp

! -
6“1 p

KyAsd

1,

I nse Cxay +0,)) 050  -F, DL (

1’
Hence using (8.8) we obtain the distribution of Hotellings T = trF

in the doubly noncentral case,

Lirnn _l \‘m _m k‘ 1 (1

(9.8) f(T) = C (m, n, n )etr( Q QZ)T 1 Lk=0(( T) /k.(fmnl)k}

~00 y )\ Lin]—p .

e

2£=OZK,X;¢(ﬂ(n +n,)),0,° ¢ LK‘A;¢(91, 2,)/81 Can, )
which also generalizes (3] equation (1).
(b) Case n, £m. Consider F = x;s_lx where X, A N M., I ),

2 71 1 m, n; 1 mn,

%MIM; = Ql and S2 " wm(nz, I, Qz)' The troots of F are invariant under

X1 > HXlK, 52 - HSzH' (HE0 (m) , KEO(nl)), s0 averaging over H, K

1
== . — = Y L ‘inz—p
(9.9) f(x1’ sz) C5(m, n nz)etr( Ql Qz)etl( lsxlxl %SZ)ISJ

1,
fo(m)oF1(lin %Q HX X H") F, (4n,; 0 HS H')dH,

b (n, +n,) ‘imnl . o
where Cg(mj ny, n,) = [2 T ﬂé%nz)] . Let Y = S2 Xl’ so that

QZ)/k!l!(kn])K(%nz)A C¢(I).
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F=Y'Y and

(9.10) f£(¥, Sz) - Cs(m; s nz)etr(—ﬂ1 - Qz)etr{—%sz(l + YY')}

|82|5(n1+n2)-pf0(m)0F1(%nl; %QIHS§YY‘S§H')OF1(%n2; 50, HS 0" )dH.

Now

-k F 0
! =t * ! n =
(9.11) YY' = J F*J0 , where J, = [YF |7, |€0(m), F* o ol

and F* is m X m. Making the transformation

X = T! X =
(9.12) 8% = 348,3,, H HI,

and Integrating over Sg > 0, we finally obtain
= 1 > . — -
(9:13)  £(F) = 1 Cslnptn)) /T, Cm)T Cny)] etr (-, - 0

L(n-n, -1) -%(n,+n,)
|F| 1 [T+ F*| " I F, (350 HS*®
: Sg O0(m)0°1 1771772

5)

LiF*sg%ﬂ')

. 1)
OFI(%nz,%Qzﬂsgﬂ )dH

-1
where S; N Wm(n1 + n,, (I +F*) ', 0). TForms corresponding to (9.4),

(9.5) and (9.7) may now be obtained ,

CSIRO, Division of Mathematics and Statistics, Adelaide, South Australia.
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APPENDIX

Orthonormal polynomis 3 z;lECZ’A(X, Y), where 24 = x[z':](l)/l.Z (261,
C = multiplier. (X) = trX.
K L '
1. 1| x,A 1,1 l.
9 ;2 1 i
c2 ' 1/3 2/3 | B
(XY) ? 2 1|
x@ .1 i
20 A kLA 2,1 | 121
¢ 3 21 21 i
i 1/15 4/15 ° 1/3 1/3
x%) 8 2 -2 2
(x%) (Y) 2 2 =1 |
(XY) (X) 4 S -2
(X)2(Y) Pl 1 ; 1 1
3 1| x,A 3,1 ; 2141 18y
¢ i 31 i 2 22 Al 212 L
c? 1/105 2/35 | 2/15 2/i5 1/3 1/5 2/15
! (X3Y) 48 -8 -8 -2 4 4 -6
(X3 ) ; 8 8 -2 -2 ) 2 2
SRR 24 -4 6 -6 0 -4 6
(X2) (XY) | 12 -2 ) 2 A R 3
- xBH@ ) 6 6 1 1 1 -3 -3
| (XY) (X)2 | 6 -1 4 1 2L -3
| (X)3(Y) 1 1 1 1 1 i 1 1
4 |




(Appendix - 2 =)

|
K, A 2,2 | 2,12 IR :
) 4 31 o i 31 212 E i A2 B
c2 1/105 8/189 8/135 ' 2/27 4/27 E 2/27 32/135 2/15
(x?y2) 32 4 -8 | -8 4 i 4 1 i C
(XYXY) 16 -12 6 i 0 0 -6 3 =2
(x2Y) () | 16 2 -4 8 -4 | -4 -1 4
(XY2)(X) | 16 2 -4 -4 2 ; 4 -1 4
x® %) | 4 4 4 % -2 -2 E 1 1 1
(XY)2 8 -6 3 .0 o | & -3 2
(x%) (% | 2 2 2 | 2 2 -1 | -1
L )y 8 1 -2 b -2 4 1 -4
; ¥HE?* | 2 2 2 S | -1 -1 ~1
(X)2(y)? 1 1 1 1 1 1 1 1
e - : - r
K ‘ 4,1 | 31,1 L 22,1 . 212,1 Jf a
) 5 41 i 41 32 312 ! 32 221 312 221 213 213 1S
c? ?/945 8/945! 1/35 16/315 1/9 '2/45 4/45  8/63 8/45 8/35, 4/45 2/45
(x"Y) €384 -48 | -48 -8 16 -8 4 . 16 4 -12  -12 24
X9 | 48 48 -8 -8 -8 -2 -2 4 4 k. -6 -6
é G0 1192 24 32 -18 0 =24 12 -12 6 2 12 -24
l (x3) (xY) i 64 ~8 | -8 22 -8 ' -8 4 4 -8 4 - & -8B
% (XF)(XH) | 96 -12 | =12 -2 4 28 -14 -8 -2 6 6 -12
x3H ) M 32 32 4 4 4 -8 -8 ' -2 -2 =2 8 8
(R | 48 -6 | 22 -8 -2 @ 4 -2 4 -8 4 -6 12
(X2)2(Y) 12 12 | -2 -2 -2 7 7 -2 =2 =2 3 3
(X2)(XY) (X) 48 -6 8 13 -8 i 5 -2 | -8 7 -l -6 12
(Xz)(X)Z(Yg 12 12 s 5 sio2 2 -1 -1 -1 -6 -6
(XY) (x)3 8 =] 6 1 -2 4 -2 4 1 -3 | 2 -4
(X)"* () 11 1 1 1 1 1 1 1 1 1 1




(Appendix - 3 -)

K, A | 3,2 | 21,2 13,2 3,12 21,12 13,12

) 5 41 32 : 41 32 312 221 312 213 41 31% 32 312 221 213 221 213 15

c2 1/945 4/675 8/525 jl/so 8/225 1/18 4/45 1/21 4/63 1/90 1/30 2/45 32/315 1/9 1/7 1/15 1/9 2/45
(x3Y2) 192 48 =32 =32, =2 0 12 16 -12 48 16 12 6 0 -8 -8 0 12
(X2YXY) 192 -96 24 | -16 4 16 -8 0 0 0 0 -20 10 4 -4 12 -12 12
(x37) (1) 96 24 -16 -16 -6 0 6 8 -6 48 -16 -12 -6 0 8 8 0 -12
(X2Y2) (X) 96 24 -16 . 24 -16 8 -4 -16 12 =24 8 -4 7 8 0 8 0 -12
(XYXY) (X) 48  -24 6 16 -4 -16 8 0 0 0 0 -10 5 2 =2 -6 6 -6
(x3) (Y2) 16 16 16 A -4 =4 4 4 -8 -8 2 2 2 2 -2 -2 =2
(X2Y) (XY) 96  -48 12 -8 2 8 -4 0 0 0 0 20 -10 -4 4 -12 12 -12
(XY2) (x2) 48 12 -8 -8 22 -8 -2 -8 6 -12 4 -2 L -8 4 4 0 -6
x3 ()2 8 8 8 % Kz RS =) 2 2 8 8 -2 == = =) 2 2 2
(X2Y) (X) (Y) 48 12 -8 12 -8 4. =2 -8 6 24 -8 4 7 8 0 -8 0 12
(xY2) (%) 2 24 6 -4 i 16 6 0 -6 8 -6 -6 2 -6 -3 0 4 -4 0 . 6
(X2) (XY) (Y) 24 6 -4 -4 11 -4 -1 -4 3 12 -4 2 -4 8 -4 -4 0 6
(XY) 2(X) 24 12 3 8 =2 -8 4 0 0 0 0 10 -5 =2 2 6 -6 6
(x2) (¥2) (X) 12 12 12 2 2 2 2 -6 -6 ' -6 -6 -1 -1 -1 -1 3 3 3
(X2) (X) (Y) 2 6 6 6 1 1 1 1 -8 -3 6 6 1 1 1 =l <3 =3 =3
(XY) (X)% (Y) 12 I 5 28 0 -3 4 -3 6 -2 6 3 - =4 4 0 -6
(¥2)(x)3 2 2 2 2 2 2 2 2 2 -1 -1 -1 -1 -1 -1 -1 -1 -1

(X)3(y)? 1 1 1 1 1 1 1 1 1 1 1 1 1 | | 1



Section 5.

Distribution theory under nonnormality.
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Statistical distributions in univariate and
multivariate Edgeworth populations E_ 8 g

By A. W. DAVIS
C.8.1.R.0. Division of Mathematics and Statistics, Adelaide

SUMMARY

A general method is presented for the formal construction of statistical distributions in
univariate and multivariate populations, when the underlying distributions are specifiable
by Edgeworth-type expansions. It is shown that the distribution of a statistic may be
derived in principle from the appropriate normal-theory noncentral distribution, by means
of a symbolic expectation operator. This provides a unified approach to the results of
numerous investigations into the effects of nonnormality on various well-known statistics.

Some key words: Gram—Charlier type A series; Multivariate statistics; Noncentral distribution;
Nonnormal distribution.

1. INTRODUCTION

Historically, the many studies of the behaviour of familiar statistics in populations
specifiable by Edgeworth expansions have played an important role in stimulating the
development of nonparametric and robust procedures. Except for the more recent work of
Tiku (1964, etc.) on F-type statistics, explicit representations of their distributions have
been cumbersome, obscuring the underlying structure. In § 2, we show that these distribu-
tions may be formally constructed by (@) deriving an appropriate normal-theory noncentral
distribution, then (b) applying an expectation-type operator. Chambers (1967) presented
an iterative approach.

No attempt is made in this paper to discuss the asymptotic convergence of the expansions
obtained. We shall take the Gram-Charlier type A expansion as our starting-point,
assuming that the terms can subsequently be grouped according to their orders of
magnitude.

Sections 4 and 5 deal with ¢ and F statistics respectively. The remaining sections extend
the approach to the multivariate case.

2. CONSTRUCTION OF UNIVARIATE DISTRIBUTIONS
Consider arandom variable = with density function f(x), raw moments g, (r = 1,2, ...)and
cumulants «, (r = 1,2, ...), Ky = gy = }, ky = 02 If ¢(x|p, 02) denotes the normal density
with mean g and variance g2, then the Gram—Charlier type A series for f(x) (Johnson &
Kotz, 1970, Vol. 1, p. 16) may be written as

k.( d 2) ® ¢, a\r .
1) = ox( £ (L)} plelis 0 = 5 %(-12) dtel, o). (21)
In particular ¢y = 1, ¢; = ¢3 = 0, ¢3 = K3, €4 = Ky, €5 = K5 and ¢g = kg + 10«3, ...
The method of this paper is based on the simple observation that c, is obtained by setting
k; = Ky = 0 in the expression for x4, in terms of the cumulants. That is, if we introduce a
dummy variate z and an associated linear operator E, defined by E,(2") = ¢, (r=0,1,...),




662 A. W. Davis

then z may be regarded as a pseudovariate with zero mean and variance and the same higher-

order cumulants kg, Ky, ..., a8 ; I, functions as the expectation operator with respect to z.
By applying Taylor’s theorem, (2-1) takes the form
f@) = B, p(a—2|p, 0*) = E,$(x|n+2, ). (2:2)

Thatis, conditional upon 2, #is normal with mean u + z and variance o2; in a sense, therefore,
z carries the information concerning the departure of x from normality.

Next consider a random sample X = (z, ..., Zy)’, where x; has density f,(x) and cumulants
Mis OF, Kygy Kgay -« (8 = 1,..., N), not necessarily the same for all ;. We may associate with X a
vector Z = (z,,...,2y)" of independent pseudovariates z;, and express the likelihood of the
sample X as

5y N
il—_;[1fi(xi) =By {11;11 Bl e+ 2, 0'%)} . (23)

From (2-3), construction of the distribution of a statistic S(X) in a sample from possibly
distinct nonnormal distributions specifiable by their Gram—Charlier or Edgeworth expan-
sions, may thus be reduced to two steps.

Step 1. Obtain the density g(S|Z) of S conditional upon Z, that is in a normal sample with
means p#;+2; and variances 0% (¢ = 1, ..., N). This is the analytic problem of constructing
a normal-theory noncentral distribution of §.

Step 2. Compute the ‘unconditional’ density g(S),

9(8) = E{g(S|2)}, (2+4)

where the {z;} function as independent variates with zero means, and the same higher-order
cumulants as the corresponding x;. This is usually a combinatorial problem.

3. SAMPLE MEAN AND SUM OF SQUARES
Consider the sample sum of squares S = X(z; — )2, when the z; are drawn from a single
density f(x), with cumulants p, 02, k3, &y, ... .

Step 1. In a sample from normal distributions with means g+ 2y, ..., # + 2, and variances
o2, 8/o? has the noncentral x? distribution, with » = N —1 degrees of freedom and non-
centrality parameter 8,/o2, where 8, = 2(z; —Z)% Thus

0.(512) = vr(8) 5, SHATY 150, @)

where ¥, is the density function of central o2x3, (a), = a(a+1)...(a+r—1), and L\ is the
generalized Laguerre polynomial (Johnson & Kotz, 1970, Vol. 2, p. 133).

Step 2. The unconditional density is

= ) 5 S8 pn-ng g, (32)

=0 (2 )
0,=E,8%) (r=0,1,..). (3-3)

where

To find the distribution of S, we thus express the moments of the sample sum of squares
of the {z;} in terms of the population cumulants, noting the simplification x; = x, = 0. Early
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terms may be calculated, for example, using results of Fisher (1929)

n? s n? K_I_‘t.is.ve,(ira—l)K2
n+1 Y BT (1278 (m1) ¥

6,=0, 6,= (3-4)
The formulae up to 6; were derived by Quensel (1938); however, the general relationship
(3:3) was not recognized.
The procedure obviously extends to joint distributions of several statistics. In deriving
Quensel’s (1938) joint distribution of Z and §, we first note that in step 1 these statistics are
independent, with joint density function

9:(8,%|Z) = ¢,(8|2) ¢(@|p+%, N10?). (3-5)

Expanding the right-hand side as a double power series in Z and S5 and applying £, we find

that the product moments
6,, = E,(8%%2%) (r,s=0,1,...) (3-6)

are required. Again the early terms may be derived using results of Fisher (1929), and we
obtain,

n
bp=10, (r=0,1,...), b =0p=0, 011=m’<3,
n? n Kg
On = G iph® 012 = e O =1 (3:7)

Some further terms were given by Quensel.

4. STUDENT’S ¢ STATISTICS
4-1. General considerations

The normal theory noncentral distribution required in this section is that of doubly

noncentral ¢,
t = nd(u 48+ §)/xa(0), (41)

where & and ¢ are constants,  is standard normal, and y3(w) is an independent noncentral
chi-squared variate with n degrees of freedom and noncentrality parameter . The constant £
has been included to deal with the contribution of the z’s. Various forms of the distribution
have been given (Johnson & Kotz, 1970, Vol. 2, p. 213), but none is convenient here. How-
ever, a suitable form may be derived by integrating the joint distribution of » and y}(w) over
the region ¢ < #,. If we define a® = 1+ #/n and b = (£,6)/(nta), the cumulative distribution
function of ¢ is
e—ha%a? & =Z (= 3w
Fn(tola, g’ w) = Fn(tola’ 0, 0) - 2@11-&;7%1"(%%) ar {m 1 ?‘(;l;nf 1 )r—l

0 2
® ® (— éw)fg"f‘” —My—b2 yn—1 T dn—1 (_?{E_) M p
+r§03§1 (%ﬂ’)r‘gl 1/=06 yn L" 2a2 Hs_l ani‘_a dy ’ (4 2)

where F,(to|8, 0,0) is the cumulative distribution function of ordinary noncentral ¢ with
parameter 8, and Hy(x) is the Hermite polynomial of order s with weight function e—1%*, The
integrals may be expressed as finite linear combinations of the functions (Fisher, 1931)

Hh,(—b) = %f ; RestaEYdy.
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4-2, One-sample t

In a sample from normal distributions with means g +2y, ..., % +2, and variances o2,
t = Ni(w— po)/(Sn)

has the doubly noncentral ¢ distribution (4-2) with parameters &= Ni(u—p,)/o,
§ = N¥z[o and w = S /o2, The power function of Student’s ¢ in a sample from a single distri-
bution f(x) with cumulants u, 02, 3, &, ... is thus derived from (4-2) by replacing the
products w{s by B,(w'¢?) = N30}, where the 6% are obtained by substituting the standard-
ized cumulants A; = «,/o% in (3-6). In particular, ther = 0,s = 3and r = s = 1 terms in (4:2)
yield the coefficient of the skewness measure A, in the form

— g1t p)
6 x 280D [(dn) {7r(n + 1)}t

—ai(n+1) (0*+2) Hh,,,(~b) 2% Hh, (- b)
+(a?n) (8 —3n—1)Hh,_,(~b)},

as given by Ghurye (1949). The A, and A} terms were obtained by Srivastava (1958). Gayen
(1949) gave the terms in Az, A, A3, A5, A3A, and Ag for the central case uy = u (& = 0). Tikn
(1971a) has investigated the power function of ¢ for two-sided alternatives; see §5-4.

4-3. Two-sample t
Assume that samples x;, ..., %y, are drawn from populations with cumulants
iy 0%, Kagy Kggy oo (£=1,2),

If %, and §; denote the sample means and sums of squares, then the two-sample ¢ statistic is
defined by

L == | V' = N,+N,—2.

Step 1. In two normal samples with means s, +2;, ..., #; +2y, (¢ = 1,2) and variances o2,
¢ has the doubly noncentral ¢ distribution (4:2) with

0= (" —palo, &= RE-Z)o, o= (8z+8,7)02
using an obvious notation.

Step 2. The power function of ¢ is obtained by replacing w"¢® by

Nes = Ez(wrgs).

Since the 2’s are independent in the two samples, the 7,, may be evaluated using the 6. The
resulting power function has not been studied numerically; however, early terms of the null
distribution were obtained by Gayen (19505).

5. I STATISTICS
5-1. General considerations
The basic normal-theory distribution here is that of doubly noncentral F,

. FACAIL

= @)y (51)
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with v, and v, degrees of freedom and noncentrality parameters w; and w,. Tiku (1972,
equation (1)) has given the density in the form
00 (-] _— ) N Lt 5

T=08=0 ?13!

qrs(F)’ (6-2)

where

=33 i+ (M) (6 (vy[vg)brtt Pt .
%) =3 3 (-0 (z) (J) Bl i, 1) L+ (apy Dy (5°3)

5-2. Two-sample ¥

We assume two independent samples as in §4-3. In testing equality of variances it is
common to use F = (S;/v;) (Sy/vs)~L, where v, = N;—1 and v, = N,—1.

The step 1 distribution of F is thus given by (5-2), with w, = 8;z/0? and w, = 8,,/0®.
Hence, since the z’s in the two samples are independent, the null distribution in the non-
normal cage is derived by replacing the products w]w§ by ,, = Ez(0jw§) = 60* 62*, where
6* is obtained by substituting the standardized cumulants of the sth sample in §,, equation
(3:3). The results are consistent with those of Tiku (1964). Gayen (1950a) also studied this
distribution.

5:3. One-way analysis of variance

For k samples x;, ..., %y, from distributions with cumulants p-+e;, 0% «y, Ky, .-
(¢ =1,...,k; ZN;¢; = 0), the standard test for equality of the meansis ¥ = (Sp/v;) (Spp/v5) 7,
where Sz and Sy, are the between- and within-groups sums of squares respectively,
v, =k—1,v, = N—k (N = ZN,). In step 1, z;; is normal with mean x + ¢, +2;; and variance
o?; thus Sy and Sy have independent noncentral chi-squared distributions, with non-
centrality parameters w, = Sg,/0? and w, = Sy /0? under the null hypothesis, for alle; = 0,
where Sy, and S}, have the obvious meaning. To obtain the null distribution of ¥ in the
nonnormal case, we require the quantities p,, = E (wjw;). Early terms are thus available
from David & Johnson (1951), noting the simplification that the means and variances are
to be taken as zero; in particular

E Q. N\2
=1, pip=pu=0, py= 3= (1——‘) ;
Poo P10 = Par Pzo i§1 N, N

E / 1 N, k Ay
= i§1 (I_E) (1—ﬁ) A o = i§1—1\47¢ S

where the A’s are the standardized cumulants. Tiku (1964) considered the case of equal
group sizes, and his coefficients are given by

ﬂrs = (— %)r+sprs/{(%vl)r(%vz)s}-

The A% term in his f,, apparently omits a divisor v;. Gayen (1950 a) allowed for unequal
N, but assumed that the error distribution was the same for all groups.

The power function has been studied by Tiku (1971 a, b) and Srivastava (1959). The non-
centrality parameter of Sg in step 1 is now

k
w, = 3 Ni(z;—z+€;)*[0?,
i=1
and by defining
k
£= 1:;1 Ni(e,/o)?
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we may write the density (5-2) in the form

(F) 2 08—0{ %(wl:‘f‘)j‘ (*3!"’2) ~ ( )
where ]
0t = 350 )

It can be shown that the latter is express1ble in terms of Srivastava’s functions
P+ 5 115 79):
i) = (=1 5 (5) (=10 v va+-20)

i=0
Calculation of the power function thus requires the quantities
Prs = EZ{(wl_g)rws} = p(w]w3)
in David & Johnson’s (1951) notation, since w; and w, are the between- and within-groups

sums of squares for the variables (2;;+€,)/0, and £ (w,) = £ and H(w,) = 0. Notlng that
the variances are to be taken as zero, we have

Poo=1, Pro=Pn=0, Pa=pan+4 Z Asi(€s/o) (1 —N;/N)
k
P11 = pu+2 _21( —1)(e; /0') Asis  Poz = Poa-
i=
Srivastava assumed equal group sizes, and identical error distributions.

5-4. Tikw’s power functions

Tiku’s approach to the power functions associated with F is based on Patnaik’s (1949)
approximation to noncentral chi-squared x3 (£)= qx;, where p = (v;+£)%/(v,+25),
g = (v +28)/(v,+£). In applying step 1 of the present paper, we note that the density of
v = x5 (0,)/g may be expanded as a Laguerre series based on the density 13 of x3 (Tiku, 1965),

h(v) = Y2(v) 3, o, LEP-D (o).
r=0

By using the orthogonality properties of the polynomials,
1 A i
o= (471 mmgengon = 3 (1) L B0

(32);
Thus
ty=1, oy =—(w—§)[(+&),
: . 4L
“2=W;{<wl-€> gl g)},

and so on. The density of w = (v, F)/(pq), with F defined by (5-1), may now be obtained in
the form

(%p)r r( 2"-’-"2}8

r= Os—-(l rlsl q,s(w), (5'4)

p(w) =
where v, is replaced by p in (5-3) which defines g,,.
Results for the power functions of one-sample ¢ for two-sided alternatives (Tiku, 1971 q)
and one-way analysis of variance F' (Tiku, 19715) may be derived from (5-4) by making
appropriate substitutions for v;, v,, £, w; and w,, and applying step 2.
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6. MULTIVARIATE EXTENSIONS

The method extends in principle to the multivariate case. Given a multivariate sample
X = (4, ...,2y)’, where ; has an m-variate density function f;(x) with mean vector g; and
covariance matrix X, we may define an associated sample Z = (z,, ...,2y)" of independent
pseudorandom vectors, z; having zero mean vector and covariance matrix, and the same
higher-order multivariate cumulants as z; (¢ = 1, ..., N). The relations (2-3) and (2-4) carry
straight over, and formal expansions of sampling distributions in multivariate Edgeworth
populations may be obtained by applying steps 1 and 2 as before. It will be convenient to
use Kaplan’s (1952) ‘tensor’ notation; i.e. if # = (z,, ..es %), then product moments of
order r are written

B gy = By, ... 1),

with a corresponding notation & . ;, for rth-order cumulants; the cumulants are uniquely
defined by restricting them to bo symmetrlc functions of the subscripts. The tilde iz a
reminder that the notation is to be distinguished from that used earlier in this paper for the
univariate case.

Certain multivariate noncentral distributions required for step 1 may be formulated in
terms of the theory of zonal polynomials and hypergeometric functions of matrix argument
developed by James (1964) and Constantine (1963). An introduction to this theory is also
given by Johnson & Kotz (1972, Chapters 38, 39). However, the application of the method
to the usual multivariate analysis of variance test statistics would require the doubly non-
central distributions, which have not yet been investigated. Some applications based on the
noncentral Wishart distribution are indicated in the remaining sections.

7. SAMPLE S8UM OF SQUARES AND PRODUCTS MATRIX

Let W denote the sum of squares and products matrix of a sample X drawn from a single
nonnormal p-variate distribution with mean vector x and covariance matrix Z. In step 1,
W has the noncentral Wishart distribution with » = N — 1 degrees of freedom and non-
centrality matrix X—1W,, where W, = ((u,;)) is the sums of squares and products matrix of
the Z sample. James (1964) has given the distributions in terms of a Bessel-type hyper-
geometric function of matrix argument.

In the bivariate case (m = 2) with

L p
iy [p 1] ’

p being the correlation coefficient, the distribution may be obtained from Anderson &
Girshick (1944), following a minor correction,
g(W|Z) = {4m(1—p?) (n—=2)1}71 | WI%("“") exp{—1tr (2—1W)}
| ®|*{tr (D)
4"(2")3 2kti=s K1 {3 (n— 1)}’
where ® = 31, X-1W. Step 2 thus requires expectations of the form E,[|Wy|®{tr (®)}.

The results of Quensel (1938) (p = 0) and Gayen (1951) (p & 0) may be reproduced, but
we shall omit the details.

x exp { — 1 tr (X-1,) } Z (7-1)

22 BIM 63
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8. THE CORRELATION COEFFICIENT

Gayen (1951) studied the effect of nonnormality on the distribution of the ordinary
product-moment correlation coefficient . The step 1 distribution may be derived from (7-1)
by means of Fisher’s transformation e

1 .
W=yl |- (81)

Integrating over (0 < y < 00, —00 < ¢ < o0), we obtain the distribution of r in a bivariate
normal sample with unequal mean vectors,

(n)s |PVZ|L(1 _?E)k
0 47(3n)s axTims kIR (n — 1)}

° {te (VI)/(1—p2)Y 4, :
f 2(cosht— p:)"” b ; (8-2)

g(r12) =22 (1= rt)lo-9(1 — ptjimoxp {~ } tr (EWy)} 3

where
V=(1-p22EW,E2 = ((vy), O = Uy —2pUa+pUss,

(8-3)
Vyg = — PUhyy+ (1+0%) Ugg— PUyy,  Vap = PPy — 2PUgs + Uy

The term of zero order in the 2’s is Fisher’s distribution of 7,

Y(r,p) = 'nT—l (1—r2)¥n=31 —p2)in [

= dt
= ———— -4
L fo (cosht— pr)®” (84)

where

The terms in (8-2) may be expressed as linear combinations of I;’s; Gayen’s results indicate
that these may in turn be reduced to linear combinations of the partial derivatives of ¢ with
respect to p, with coefficients indepen'dent of r. To the fourth order in the 2’s,

; ,
9(r|Z) = f—— {P(un + Ung) — 2’“12} % 8 S+ 2) [{310('“%1 + uBp) — 42y o (Uyy + Uyp) + 20Uy3 Ugy

1 IWZI}3i,t[:+{(pu11—2u12+/m22)2— o —pﬁ) ‘WZ‘} ] { = &)

Operating with E,, we find that the second-order term vanishes since the 2’shave zero
correlation matrix; from equation (3) of Kaplan (1952),

n2

B y(w;uy) = nri 1Etjkl’ (8-6)

the fourth-order term passes over into Gayen’s term involving fourth order cumulants.
Note that in the bivariate case B, [Wy| = 0.

9, LATENT ROOTS OF W

Wereturn to the m-variate situation, the latent roots [, ..., 1,, of Win the case = = L, may
be shown to have the step 1 joint distribution

o ed | A [Hnm- (=3VC7) inm- _
g(Al2)ee et |A I (-1) B S E TG, @D
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where A = diag (I, ...,1,), 3, is extended over all partitions 7 of the integer & into not more
than m parts, C, is the zonal polynomial corresponding to the partition 7, (3»), is a general-
ized hypergeometric coefficient, and L? is Constantine’s (1966) generalized Laguerre poly-
nomial of order y. Equation (9-1) is thus a multivariate generalization of (3-1). The formal
construction of the joint distribution of the roots in the nonnormal case thus involves
multivariate generalizations of (3:3), 0, = E,{C,(W;)}.
Since
CaWz) = Zwyy,  Cial(Wp) = 58 2y g5+ 2ufy)

)

we have ;) = 0, and from (8-6),

br = N-YN = 12,3, 8

155
Further results based on Kaplan’s (1952) formulae are

Opny = O = 0, O,y = {12(N —1) (N —2)[(BN)} Z; 4 1o(R 1= Ry Riprc)s

. o il (9-6)
O = {(N_ 1)4/N3}2i, i, & Kaiggre + {4(N— 1) (V- 2)/(5N)} E-r.,j, k(gKEjk + 3K'L’j:i Rikte)-

It is hoped that these results may prove useful, for example, in investigating the effect of
nonnormality on the largest root of the Wishart matrix.
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On the effects of moderate multivariate nonnormality

on Wilks's likelihood ratio criterion
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Summarz

A technique for the formal comstruction of statistical distributions
in multivariate Edgeworth populations is applied in an investigation of
the effects of moderate multivariate mnonnormality on the test statistics
used in connection with the general linear model, in particular, Wilks's
likelihood ratio criterion. The first-order approximation to the sampling
distributions under nonnormality are shown to involve Mardia's measures
of multivariate skewness and kurtosis, together with a supplementary
skewness measure. Correction terms for tests at the 5% level are constructed
for the one-way analysis of variance case, and the resulting approximations

are compared with simulation results for a range of bivariate distributions.

Some key words: Multivariate linear model; Nonnormal distribution; Doubly
noncentral beta distribution; Wilks's 1ikelihood ratio
statistic; Mardia's measures of nonnormality; Invariant

polynomials of two matrix arguments; Bivariate distribution.



1. INTRODUCTION

Essentially, this paper presents a multivariate generalization
of the investigations by Gayen (1950) and Tiku (1964) into the
effects of nonnormality on the F-test. These authors obtained
expansions of the distribution of F for the one-way analysis of
variance in terms of the early cumulants of the underlying error
distribution, and tabulated the required correction terms. In the
present paper we derive an analogous expansion for the joint distribution
of the latent roots of the multivariate beta matrix, which underlies
the usual tests of linear hypotheses associated with the general
multivariate linear model. The technique used is based on Davis (1976),
and requires the nommal-theory doubly noncentral multivariate beta
distribution, which in turn involves a generalization of the zonal
polynomials of A.T. James (1964) to invariant polynomials with two
matrix arguments (Davis, 1979a). The basic theory is outlined in
Sections 2 and 3, and the expansions obtained constitute multivariate
generalizations of Tiku's (1964) results.

In Section 4 it is shown that to the first order, the effects of
nonnormality on a class of tests based on the multivariate beta matrix
may be specified in terms of just three parameters, Mardia's (1970)
measures of multivariate skewness and kurtosis, together with a
supplementary skewness measure whose effect appears to be fairly
negligible. In Section 5 the problem is raised of computing the marginal
integrals required for calculating correction terms for the various test
statistics,and discussed in connection with Wilks's likelihood ratio
statistic, W. Under multinormality, the null distribution of this

statistic is a Meijer's G-function, and tabulation of W based on the



numerical solution of the differential equation for this function has
been investigated by Davis (1979b). : In Section 5 we
pPresent a related system of differential-recursive equations, from
which the required correction terms can be constructed, and a tabulation
of these quantities is given in Table 4 for the one-way multivariate
analysis of variance.

Finally, results based the first order approximation to the
distribution of W under various nonnormal bivariate distributions are
compared with simulation results in Section 6 and Table 5 for the one-way
analysis of variance. Although the derivations are based on the Edgeworth
expansion, central limit effects arising from the construction of the
statistics may be expected to entail that the expansion will be asymptotically
valid for a range of parent populations differing quite widely from the
normal. This seems to be borne out by the results given in Table 5, at
least for distributions whose skewness and kurtosis are not too large.

Several studies on the robustness of Hotelling's generalized T?
are mentioned in Section 6. An investigation into the robustness of the
multivariate analysis of variance test criteria has been made by Pillai
and Sudjana (1975). In their work, the nonnormality has been generated
by assigning prior distributions to the normal-theory parameters and
averaging over these; unfortunately it appears rather difficult to

specify the type of nonnormality produced.

2. The multivariate linear model and test criteria

In the case of the multivariate linear model °
Y = A + ¢
where Y,e are N xm, A is N x q (rank q) and £ is q x m, tests of the

null hypotheses

[]
o

cg (2.1)



(C: t x q, of rank t) may be based on the latent roots

0<B <.. 8B N 1 of the multivariate beta matrix B = Sl(S1 + Sz)_l,

S, = Y'HY, S, =Y'EY
are the m x m "hypothesis" and "error" sum of products matrices.
H = (hij) and E = (eij) are N x N matrices expressible in terms of A
and C (see, for example, Smith, Gnanadesikan and Hughes (1962)). The
most frequently used criteria for testing (2.1) are

Wilks's likelihood ratio criterion W = det(Im - B),

Hotelling's trace tr{B(I - B)—l},

Pillai's trace tr B, and

Roy's largest root 31,
where Im is the m x m unit matrix. 1In seeking to approximate the joint
distribution of the roots By when the rows of the error matrix ¢ are
independently distributed with : nonnormal multivariate distributions
fa(ea)(a =1, .., N) having zero mean vectors and covariance matrices
za(a =1, ..., N) respectively, we may apply the method of Davis (1976)

as follows.

Step 1. Obtain the joint distribution g (B]Z) of

B = diag{Bl, cees B } under the model
Y=AL +2+¢g, CE=0, (2.2)

where Z is an arbitrary N X m matrix and the rows of ¢ are multinormal
with zero mean vectors and covariance matrices Za(a =1, ..., N).

Step 2. Compute the required distribution

g(B) = E,{3(8]2)},

where the "expectation" is to be calculated as if the rows z, of Z were

independent random vectors with zero mean vectors and covariance matrices,



but with the same third and higher order multivariate cumulants as fa(ea)
(a=1, ..., N).
Throughout the rest of this paper, the fa will be assumed to
be equal, in which case we may take all Za = Im without loss of generaiity.
In carrying out Step 1, under (2.2) and the assumption of multi-
normality S1 and S2 have independent noncentral Wishart distributions
with n1 = t, n, = N - q degrees of freedom, and noncentrality matrices
Q = 42'HZ, Q, = %Z'EZ (2.3)
respectively. Thus g(B|Z) is the distribution of latent roots for the

doubly noncentral multivariate beta distribution, which is discussed

in the next section.

3. The latent roots of doubly noncentral multivariate B.

The noncentral distributions required for studying the normal-
theory power functions of multivariate analysis of variance test statistics
have been expanded in series form using the zonal polynomials and
hypergeometric functions of matrix argument defined by A.T. James (1964)
and A.G. Constantine (1963). To obtain similar expansions in the doubly

noncentral case we require an extension of the zonal polynomials to certain

K

¢

Davis (1979); these are invariant under the simultaneous transformations

polynomials C A(R, S) of two symmetric m x m matrices R, S defined by

R + KRK', § + KSK', where K is an arbitrary m x m orthogonal matrix.

Here k, A are partitions of the integers k, & into < m parts (k, 2 =0, 1, 2, .
and ¢ is a partition of £ = k + £ such that the irreducible representation

of the real linear group G&(m) of non-singular m x mﬂmatrices indexed

by 24 occurs in the decomposition of the Kronecker product of the



A
irreducible representations indexed by 2« and 2%&. The C;’ have been
tabulated up to degree f = 6 by the author; they are expressible in
terms of the distinct products of traces of products of R and S of

total degree k, £ in the elements of R, S respectively. In particular,

K 0,A
T ®, 8) =C ®), € R, 8) =, (8),
where CK, CA are zonal polynomials. The remaining low order C:;’l

required in this paper are presented in Table 1.

(Table 1 near here)
When n, > m, the density function of B defined in Section 2

has been expressed by Davis in unpublished work as

L(n,-m-1) 4(n,-m-1)
g(B/Z) = B(m; n s n2) det B det(Im - B) Hi<j(si - Bj)
o k+2
Zk,2=0 ZK,)\;(b( 1) (Q QZ)P(K, As s n1’ n2’ B)/
Gm,)), Cm,) k1L, (3.1)

where
B@; n, n,) = I Gs(n, +n)/T Cm )T Cm ),

Fm(z) being the multivariate gamma function and (q)K the multivariate

hypergeometric coefficient (Constantine, 1963). Here, P is the polynomial

plks A5 93 m)5 5 B) = Cm)) Cm) zr—ozs pr a37( - agizif

1 + ' p,0 - 1 I -
(4(n1 nz))T co (B, L B)/(%nl)p(énz)oCT( 2 (3-2)
where p, ¢, T are partitions or r, sand t = r + s into < m parts, and

a

'ON

2 f is the coefficient of ci’“(x, Y)/CT(Im)in the expansion of
3 ~

A A (Im + X, Im + Y)/C¢(Im). A similar expansion may be obtained in the

case n, < m. Multiplied by the null density of the roots preceding the



sumation in (3.1), the p's are seen to be multivariate generalizations

of the functions PL g defined by Tiku (1964).

4, Expansion of g(B) in the nonnormal case

From (3.1), Stage 2 in the construction of g(B) involves taking

the formal expectations of the CK’A(Ql, Qz) with respect to Z, Ql and 92

¢
being given by (2.3).

Example: Let Z = (za s o=1, ..., Ny i=1, ..., m). Then

M N

1,4=1 L0,B,v,6=1 “a1%8j%yi%silapyss Since

trace(QIQZ) =Y )

expectations are to be calculated as though the z,; are independent for
different & and their first and second order moments are zero, we need
only consider situations in which the Greek subscripts are equal in

groups of size 3 at least. In this example, we need only consider the

case where the four Greek subscripts are equal, so that

N m
=1 .
Ez{trace(Qlﬂz)} 3 ( azl haaeaa)' Xi,j=1 Kiijj’

using Kaplan's (1952)
\Fymmetric tensor notation for multivariate cumulants. The same value is

obtained for EZ {trace Ql.trace 92},whence we obtain the results in the
first two lines of Table 2.

In a number of situatioms, including the one-way analysis of variance,
the elements hij of the hypothesis matrix H will be O(N_l) and the eij

will be O(1). It is not difficult to show by applying the kind of reasoning

indicated in the above example to E CK’A(QI, QZ) that this expectation

Z°¢
[2f/3] -k
will be a sum of O(N 7) terms, each of order N , where [x] denotes

the greatest integer not exceeding x. Hence

Ko A _ -[(£+2)/3]
EZC¢ (91, 92)/(%n2)x = O(N )
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for large N. On the other hand, consideration of the limiting
distribution of T = nZB in the normal case leads to the result that
plk, A; o; n, N, nle) is 0(1) for fixed T and large N. Hence in
the construction of correction terms for fixed nominal significance
levels under normal theory, the terms of (3.1) for k + & = f are

- 2 -
[(e+ )/3]) for large N. To obtain the O(N 1) correction terms

oN
we thus consider f = 0 to 3. For f = 1 the expectations are identically
zero, and certain f = 2, 3 expectations are given in Table 2. The other

expectations required may be obtained by equating or interchanging

H and E.

(Table 2 near here)
As mentioned in the Introduction, these expectations are

expressible in terms of Mardia's (1970) measures of skewness

= |0 2
By .m zi,j,k=1-"ijk

and excess of kurtosis

m
Yo T Ly gui®igy = Bp m RE D

(noting that we have taken I = Im)’ together with a supplementary skewness

measure

p =" (
¥ 18 |

- 2
199%ikk T %1%

Further reductions would now be required for any specific design
matrix A and hypothesis C{ = 0. Two important situations are:
(a) Hotelling's one-sample T2 tests for zero mean vector, £ = 0.
In this case da =N ,a_,=6§_ - N—l(a, g =1, ..., N), where Gas is

B o af

Kronecker's delta; the expectations are given in Table 3.
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(b) One-way analysis of variance, with k samples of sizes

Ny eeey N, XF N

. = N, assuming all Ni are O(N_l). In this
1=

1’ i

case, n; =k - 1, n, = N - k. As in the univariate case (Gayen, 1950),

the results to the required order are expressible in terms of

-1

k
A=N i N -k

and are presented in Table 3. A is positive unless the sample sizes

are equal, in which case it is zero.

(Table 3 near here)

5. Calculation of correction terms

To obtain multivariate extensions of Gayen's (1950) approximation,
we finally require marginal integrals of g(B) corresponding to the
various test statistics. In view of the elementary basis for the
CZ’A(R, S) described in Section 3, it is easily seen that the polynomials
p defined by (3.2) are expressible in terms of products of the power

m
sums s = Xi=1 B; of the roots. Thus, in the case of Wilks's criterion

W, we require integrals of the form

f %(n,-m-1)
H (s ves 5 ) = s e+« S_ + B (m3n,,n,) I8
r, r, {WeW o} r, r, (m n,,n,) 18y
16(r12-m-1) _
T - 8,) Tyey (8 —8;) Mds,

where We is the normal theory 6-~point of W. Marginal integrals of this
type have been evaluated by Pillai and his co-workers for the bivariate
case in the course of work on power and robustness of the test statistics
(for example, Pillai and Sudjana, 1975). For arbitféry m, replacing

We by the continuous variable w, it may be shown that



d ’ [}
v H(sr er S ) = %(n1 + n, tr - 3)H(sr e 8L
1 t 1 t
-, + - DE(s, _ ee.s )+ [ rfHls_ ..s_ . ..s)
1 t q=2 2 q 1 (d
[} r,—1 r
-H(s_ .. s s )Y+ %) {H(s S S .. S_)
r, rq+r1-1 rt q=1 r,-q9 qr, rt

[/
- H(s S S_ .. 8_)},
rl—q—l q r2 rt

where the prime denotes differentiation with respect to w.
These differential-reduction equations may be solved in parallel with

a differential equation of the author's (Davis,197%)for the density
function (m_lH(sol) of W, and the correction terms calculated. For

the one-way analysis of variance we obtain an expansion of the form
Prob{W < we} =6 + yz’m[Q1 +4-Q,] + el,m[Q3 +4-Q,]

+u le, + 8-, (5.1)

where the Qi depend only on m, n,, n and 6, and it may be shown that

2
Q, = -{(nl +n, + 2)/2n1n2}Q1.

Table 4 presents some tabulations of Q1 and Q3, £ Q6 for 8 = 0.05,

m 2, 4, 6, and n, = 1, 3, 5, 7; a more comprehensive tabulation up to

m 7 has been made. Similar correction terms have also been calculated

for the one-sample Hotelling's TZ2.

(Table 4 near here)

Table 3 reflects the essential robustness of W in that the
correction terms are small and approach zero as nznbecomes large.

However, for sufficiently large skewness and kurtosis the effects on
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the real p-level may be quite serious for moderate n,: increases in

23
kurtosis tend to lower the 6-level, whereas increases in skewness
tend to raise it, the effect of skewness being more promounced for

lower n,s that of kurtosis for larger n Increasing inequality of

x
sample sizes generally appears to influence the actual significance
level in the opposite directions to the basic skewness and kurtosis
effects. This continues the trends in Gayen's (1950) Table 4 (noting

the change in sign of A), to which our correction terms reduce in the

univariate case.

6. Comparisons with simulation results in the bivariate case.

Mardia (1975) has collected the results of various simulation
studies on the effects of bivariate nonnormality on Hotelling's
generalized T2 in the one and two sample cases, and related them in
broad terms to his measures of multivariate skewness and kurtosis.

In Table 5 we compare approximations derived from (5.1) with simulation
results for several bivariate distributions, most of them appearing in
Chase and Bulgren's (1971) simulation study on Hotelling's generalized
T, Only the k-sample situation with equal sample sizes has been
considered. The simulations are based on 15,000 replications of the 8
samples of size 10 case, the generated variates being subdivided for the
other parameter combinations. The distributions and their associated

measures are as follows.

(a) Mixture of bivariate normal distributions (Hopkins and Clay,

1963),

f(x, y) = 0.8v(x, y|0, IZ) + 0.2v(x, y]O, 0212)
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where v(x, ylu, L) denotes the bivariate normal density function
with mean vector p and covariance matrix I. For this distribution

Y, , =32 {(6? - 1)/(e% + 4)}2, 8, =y, = 0.

2, 1,2

(b) Bivariate gamma, f(x, y) =(3!)_2(xy)3exp(—x -y), (x, y > 0).

(c) Bivariate double exponential, f(x, y) = % exp(—lxl - ly]),

(—°°<X, Y<°°)-

(d) Bivariate exponential (Marshall and Olkin, 1967). Joint
distribution of variates X, Y such that

Prob(X 2 x, Y > y) = exp{-x -y - max(x, y)}, (0 < x, y < «).
The correlation between X and Y is ¢ = A/(2 + A). The skewness and
kurtosis coefficients are given in Mardia (1975); we also have

v, = 20%2(2 + p)/(1 + p)2.

2
(e) Morgenstern bivariate uniform, f£(x, y) = 1 + 3p(1 - 2x)(1 - 2y),

(0 < x, y < 1), where p is the correlation. Skewness and kurtosis are

also given in Mardia (1975), and wz = 0.

As mentioned in the Introduction, the approximation is seen to
give a reasonable indication of the magnitude and direction of the
effect of nonnormality on the actual significance level, even for
distributions differing quite widely from the multinormal, provided their
skewness and kurtosis parameters are not excessive. The supplementary

skewness measure . wm appears to have a negligible.effect in general.
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Table 1. Low order invariant polynomials ((R) = trace R).

K A ¢ C:’A(R,S)

1 1 2 F{R(S) + 2R9))
12 2{® ) - ®s)}

2 1 3 ,%% {(R)2(S) + 4(RS) (R) + 2(R2)(S) + 8(R2S)}
21 5 {®2(S) - @SR + 2R (S) - 2(R2S))

12 1 21 5TE((R)2(S) + 2(RS)(R) - (R2)(S) — 2(R2S))
e FLRI2(S) - 2RS)(R) - (R)(S) + 2(R2S))

K,A

Table 2. Expectations of the C¢ (Ql, 92)
A E (¢ @, 2,))
K ¢ z'e V1 2
N
1
1 1 2 £ Y2,m Za=1 aaeaa
12 0
2 1 3 %, + 3 %)Y (2h h e +h e h
1,m 5 "'m”ta,B aa af BB ao of BB
2
+ ZhaBeaB)
. oN - _ _ 912
21 %? Ym_za’8(3haahase88 hoolaplpg ~ 203geqg)
2 1 N - n2
1 1 21 £ Ty Xa’s(haahss LRPO LI

13 0
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Table 3. Expectations (*N) for (a) one-sample T? and (b) k-sample tests

- 3
(Cm B1 m+ 5 lJ)m)°

K A ) (a) (b)

2 0 2 %Y, 0 i (nf + Y, o

1 1 2 (N - l)Yz,m % (nyn,~ A)Yz,m

0 2 2 HCIER VA I % (02 + D)y, o

3 0 3 _Z T, % {2n (n,- 1) + 58}C_
21 0 21 0 - 0,0 - Dy

2 1 3 (N - De -% AT

2 1 21 1@ - Dy, -1 Ay

1 2 3 lz,(Nz—l)?;m Y (2nn, - Mg

1 2 21 - - Dy 15 (-2nyn, + AW

1 12 21 Lov-nw- 2y % (-n,n, + 28)y

0 3 3 BN - D@ - 2)g %{n,(n, - n; - 1) + 2a}g
0 21 21 1?2 o - DO - 2y <_1_36~.{nz(n2 - oy - 1) + 28ky
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Table 4. Correction terms (x10°) for Wilks's likelihood ratio criterion
in the k-sample case. © = 0,05,
m= 2, n, m= 2, n1
n, Q Q, Q,  Q Q. | n Q o, o o Q
2 -87 150 -87 159 -139 -92 199 =47 157 =47
3 -171 274 -102 233 -130 3 -160 331 =50 204 -38
4 -213 302 -93 238 -105 4 -195 376 -42 225 -31
5 =224 276 -83 211 -85 5 -211 374 -33 225 -26
6 -220 236 ~76 177 =72 6 -216 350 -26 214 -21
8 -197 163 -69 121 =57 8 -209 284 -17 179 ~-14
12 -150 81 -61 60 =43 12 -180 177 -9 118 -8
20 -96 28 -48 21 -31 20 -131 76 -6 56 =5
24 -81 18 -43 14 -28 24 -114 53 -5 42 -4
30 -65 11 -38 8 =24 30 -95 32 -4 28 -3
40 ~-49 5 -31 4 -19 40 -75 16 -4 17 -3
60 -32 2 =22 2 -13 60 -52 4 -3 8 =2
120 -16 0 -12 0 -7 |120 =27 -2 =2 2 -1
m= 2, n, = 2, 1
n, Q Q, Q, Qs Qg n, Q, Q, Q, Q. Q.
2 -81 215 -33 155 -29 2 -70 222 ~-26 154 =21
3 -139 358 -36 187 =21 3 -121 373 -28 179 -15
4 -171 413 -30 205 -17 4 -149 435 -24 193 -12
5 -186 419 -24 208 ~-14 5 -164 448 -19 197 -9
6 -193 402 -19 202 -11 6 -171 437 -15 193 -8
8 -191 346 -12 178 -7 8 -173 387 ~-10 174 -5
12 -171 238 -5 128 -4 12 -159 282 =4 130 =2
20 -131 119 -2 68 -2 20 -126 155 =] 74 -1
24 -116 89 -1 52 -1 24 ~113 126 -1 58 0
30 -99 60 =l 37 -1 30 -97 85 0 42 0
40 -79 34 -1 23 -1 40 ~-79 53 0 26 0
60 -56 14 -1 11 0 60 =56 25 0 13 0
120 -29 2 0 3 0 |120 -30 6 0 4 0




T 2
Table 4 (continued)

m =4, n, = 1 m =4, n

R Q) QG Q %G9 N A Q Q, Q% %
4 =22 29 -11 23 -11 4 =32 53 -7 38 -7
5 -46 59 -15 45 -16 5 -56 91 =10 58 -8
6 -64 76 -15 56 -16 6 =70 108 -9 66 -7
8 =79 80 ~-12 57 =14 8 -82 111 =7 66 -5

12 -78 56 -11 39 -10 12 -81 87 -3 51 -3

20 ~-59 26 -11 18 ~8 20 -65 48 -1 28 -1

24 =51 19 =11 13 -7 24 ~58 36 -1 22 -1

30 =43 12 -10 8 -7 30 =50 25 0 15 0

40 -33 7 -9 5 -6 40 =40 15 0 10 0

60 ~-23 3 -7 2 -4 60 -28 7 0 5 0

120 -12 1 =4 1 -3 120 -15 2 0 1 0

m= 4, n, = 5 m = 4, n,

2 Q 3 Q, W Q ] Q R Qu R %
4 -33 66 -6 45 -5 4 =31 74 -5 50 -4
5 -56 110 -7 66 -5 5 =52 123 -6 70 =4
6 -68 129 =7 72 =5 6 -64 144 -6 77 =4
8 -78 132 -5 71 -3 8 =73 148 -4 74 -3

12 -78 107 -2 55 -2 12 =73 123 -2 58 -1

20 -64 63 -1 32 0 20 -61 76 -1 35 0

24 -58 50 0 25 0 24 =56 61 0 27 0

30 -50 37 0 18 0 30 =49 46 0 20 0

40 =40 24 0 12 0 40 =40 31 0 13 0

60 -29 12 0 6 0 60 -29 17 ° 0 7 0

120 -16 4 0 2 0 120 -16 6 0 2 0




Table 4 (continued)

= 18 =

m =6, n m=6, n =
) 9 Q Q Q W | % Q 2 Q, Qs %
-9 9 -3 7 -3 ‘6 ~15 20 =2 14 ~2
8 =27 28 ~4 20 -5 8 -34 44 -3 27 -2
12 =41 32 =3 22 -3 12 =44 47 -2 27 -2
20 -38 19 -2 13 -2 20 =40 30 0 17 0
24 -34 14 =3 10 -2 24 =37 24 0 14 0
30 =29 10 =3 7 -2 30 -32 18 0 10 0
40 =24 6 -3 4 -2 40 -26 11 0 6 0
60 =17 3 -3 2 -2 60 ~-19 6 0 3 0
120 ~9 1 -2 0 -1 120 -10 2 0 1 0

m=6,n = m=6,n =
55 Q < Q Qs W | ™ R < Q Qs %
6 -16 27 -2 18 -1 6 ~-17 32 =2 21 -1
8 -36 56 -3 32 =2 | 8 -35 65 -2 36 -1
12 =44 58 -1 31 -1 12 -42 66 -1 34 -1
20 =40 39 0 19 0 20 ~-38 46 0 21 0
24 -36 32 0 16 0 24 -35 38 0 17 0
30 =32 24 0 11 0 30 =31 29 0 13 0
40 =26 16 0 7 0 40 -26 20 0 8 0
60 -19 9 0 4 0 ! 60 -19 11 0 4 0
120 ~-11 3 0 1 0 120 -11 4 0 1 0




Sample sizes

5

10

Table 5. Actual 100 & % significance level of Wilks's likelihood ratio criterion.

SE

ag

comparison of approximate (A) and simulation levels (S), standard errors (SE), based on 2 15,000

replications. Nominal 5% level.

Bivariate  Double Bivariate Bivariate

Mixture of normals Gamma Exponential Exponential Uniform

=1.5 0=2.0 o0=2.5 A=0 2x=2/3 xAx=2 p=0 p=0.25
1.28 4,5 8.395 3 6 12 14 18.667 -2.4 -2.368

0 0 0 2 0 8 8.284 8.926 0 0

0 0 0 0 0 0 0.18 0.556 0 0

2 samples

4.75 4.11 3.35 4.74 3.82 3.94 3.61 2.84 5.47  5.47
4.70 4.31 3.93 4.75 3.93 3.96 3.54 2.95 5.70 5.72
0.06 0.06 0;06 0.06 0.06 0.06 0.05 0.05 0.07 0.07
4.77 4.19 3.50 4.69 3.93 3.76 3.45 2.71 5.43 5.42
4.79 4.40 3.97 4.74 4.12 3.98 3.71 3.05 5.61 5.60
0.07 0.06 0.06 0.07 0.06 0.06 0.06 0.05 0.07 0.07
4.83 4.40 3.88 4.72 4.20 3.88 3.64 3.08 5.32  5.31
4.79 4.47 4.07 4,72 4,21 4.01 3.80 3.35 5.39 5.22
0.08 0.08 0.07 0.08 0.07 0.07 0.07 0.07 0.08 0.08
4.86 4,52 4.11 4.75 4.36 4.01 3.81 3.35 5.25 5.25
4.95 4.72 4.38 4.79 4.42 4.21 3.93 3.52 5.24  5.22

0.09 0.09 0.08 0.08 0.08 0.08 0.08 0.08 0.09 0.09

_6'[—



Sample sizes

5

10

SE

4.80
4.75
0.09
4.83
4.94
0.10
4.87
4,81
0.11
4.90
5.07

0.13

Table 5 (continued)

4.31
4.40
0.08
4.41
4.53
0.09
4.55
4.61
0.11
4.63
4.89

0.12

3.72
4.02
0.08
3.90
4,21
0.09
4.15
4.31
0.10
4,31
4.55

0.12

4 samples
4.77 4.08
4.72 4.24
0.09 0.08
4.76 4.21
4.78 4.32
0.10 0.09
4.77 4,39
4.85 4.37
0.11 0.11
4.80 4,51
4.95 4.68
0.13 0.12

4.07

4.25

0.08

4.04

4.26

0.09

4.09

4.25

0.10

4.18

4.31

0.12

3.81

4.09

0.08

3.81

4.11

0.09

3.91

4,23

0.10

4.03

4.14

0.11

3.20
3.59
0.08
3.26
3.70
0.08
3.45
3.90
0.10
3.67
4.05

0.11

5.37
5.44
06.09
5.31
5.33
0.10
5.24
5.25
0.12
5.20
5.06

0.13

5.26

5.38

0.09

5.31

5.33

5.24
5.17
0.11
5.19
5.23

0.13

_OZ—



Table 5 (continued).

Sample sizes

5 A

10 A

SE

Actual 100 6 % significance level of Wilks's likelihood ratio criterion.

Conparison of approximate (A) and simulation levels (S), standard errors (SE), based on

replications.

Mixture of normals

4.88
5.09
0.13
4.90
4,94
0:.14
4.92
5.06
0.16
4.94
5.08

0.18

0.12

4.64

4.72

0.13

4.73

4.68

0.15

4.78

4.22

0.12

4,34

4.46

0.13

4.50

4.43

0.15

4.60

Nominal 57 level.
Bivariate Double
Gamma Exponential
5 A=10
5 3 6 12
2 0 8
0 0 0
8 samples

4.87 4.44 4.49
4.67 4.52 4.61
0.12 0.12 0.12
4.87 4.53 4,48
4.96 4.54 4.62
0.14 0.13 0.13
4.88 4.64 4,51
4.86 4,58 4.69
0.16 0.15 0.15
4.89 4.71 4.57
4.98 4.63 4.59
0.18 0.17 0.17

Bivariate

Exponential
A= 2/3 A= 2
14 18.667
8.284 8.926
0.18 0.556
4.33 3.96
4.57 4.27
0.12 0.12
4.34 4,01
4,53 4.52
0.13 .13
4.40 4.15
4.66 4.36
0.15 0.15
4.48 4.27
4.67 4.82
0.17 0.17

Bivariate

Uniform
p =0 p=20.25
~2.4 -2.368

0 0

0 0
5.22 5.22
4,94 5.34
0.13 0.13
5.19 5.19
5.04 5.24
0.14 0.14
5.14 5.14
4.91 4.97
0.16 0.16
5.12 5.11
4.66 5.33
0.17 .0.18

> 15,000
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ASYMPTOTIC THEORY FOR PRINCIPAL
COMPONENT ANALYSIS:
NON-NORMAL CASE'

A. W. Davis
CSIRO Division of Mathematics and Statistics, Adelaide

Summary

This paper considers the asymptotic distributions of latent roots
and vectors in principal components analysis when the parent popula-
tion is non-normal. It is shown that sufficient of T. W. Anderson’s
asymptotic theory in the multivariate normal case carries over for some
results to be obtained.

1. Introduction

Consider a p-variate distribution ®(x) whose fourth order mo-
ments exist, and whose mean vector and covariance matrix are u and
S, respectively. Let 8;=8,=>...= §,>0 be the latent roots of 2, and

Y1, - - -» ¥, the corresponding normalized latent vectors, so that
(1.1) "SI = A =diag (§,),
where I'=(yy, ..., ¥,), ['T=1, the pXp unit matrix. Then the linear

combination v}x is referred to as the ith principal component of x, and
has variance §;(i=1, ..., p).

Suppose that x,...,xy is a sample of N=n+1 independent
observations drawn from ®(x). Then 3 has the unbiased estimate

N
(1.2) S=n"' Y, (ra—D)(x,~ %,
a=1
where X is the sample mean vector, and the 8; and +; are estimated by
the latent roots d,>...2d, and associated latent vectors cq,.. ., ¢, of
S, respectively. Corresponding to (1.1) we have
(1.3) C'SC =D =diag(d;)

where C=(c;,...,¢,), C'C=1,

In the case of p-variate normal ®(x), Anderson (1963) (referred
to hereafter as TWA) has discussed the asymptotic distribution theory
of the d’s and c¢’s as n — o, and applied this to certain problems of

! Manuscript received March 29, 1977.
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inference relating to the 8’s and y’s. Our purpose in this paper is to
show that his approach carries over to yield some asymptotic results
for non-normal ®(x). The main difficulty encountered is that the
distributions derived involve the fourth order moments of ®(x), as one
would expect in the asymptotic theory of second-order statistics; and
since only sample estimates of these moments will generally be availa-
ble, the results must be regarded as approximations for inferential
purposes. On the other hand, they may provide some indication of the
errors involved in applying the normal-theory results to non-normal
data. The importance of investigating the effects of non-normality on
traditional multivariate methods has been recently emphasized, in
particular, by Moran (1975).

Asymptotic distribution theory of the d’s and c¢’s in the non-
normal casc is presented in Section 2, and applied in Section 3 to
prove asymptotic normality of d; and c; for a root §; of multiplicity 1.
Sections 4 and 5 consider the implications of non-normality for certain
normal-theory inference techniques associated with the y’s and §’s,
respectively. The notation in TWA has been adhered to for conveni-
ence.

This research was stimulated by the work of Dudzifiski et al.
(1975).

2. Asymptotic Distribution of the Sample Roots and Vectors

Following TWA, we work in terms of the transformed variate
y =I"(x — ), which has mean vector () and covariance matrix A. The
sample now becomes y,,...,yy and the corresponding sample
covariance matrix is T=I"ST. T has the same latent roots d; as S, and
is reduced to diagonal form by the orthogonal matrix E = (¢;)=TC,

(2.1) E'TE=D.

For uniqueness, the diagonal elements of E are taken to be positive.
The argument in TWA is based on the application of the Lindeberg-
Levy multivariate central limit theorem (Rao (1965) p. 108) to the
matrix T in the normal case; asymptotic normality of T continues to
hold in the non-normal case under the assumption that the fourth
moments of ®(x) exist. If

2.2) YT —A)= U= (uy),

then the u; are asymptotically jointly normal with zero means, and
covariances

(2.3) cov (Uy, W) = Ky + 8,8;(8c By + 8,83, ).
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Hence §; denotes Kronecker’s delta, and the fourth order cumulants

of y=(y",..., y®) are defined by

(2.4) E(y®y@Py®y®)= Kijir T 855 (838 + 838y.) + 86,601,

(i, j, k, 1=1,...,p). The k;y vanish of course in the normal case.
To investigate the asymptotic behaviour of the ¢; and d,, suppose
that the roots of 3 have multiplicities qy,...,q, (Xi—; ¢ =p),

812...=8q1=)\1,
(2.5) :
8q1+. R RPES S Sp — Ar

where A, >...> A, > 0. Corresponding to these multiplicities, we parti-
tion the matrices A, U, D, E into submatrices (A;) etc,., as in equations
(2.15)~(2.18) of TWA. We also define the diagonal matrix

(2.6) H =n'*(D~A)=diag (h;).

Writing n'2E,; = F,, (k# 1), the derivation of the following equa-
tions ((2.21)—~(2.24) of TWA) carries through without change and in
the same notation,

EwEiw=1I, —n"' Wy,
Ui = Ey Hy Ejy + n " (My — L Wi,
U = MEuFi +* MNF Ep+n"?M,,, k#1,
0=EFy+F.Ey+n™?W,, k#l

In TWA Section 7 it is shown that the H,, E,, and F, have
limiting distributions uniquely defined in terms of the distribution of U
by the equations

2.7

(2.8) EwEix=1,,

2.9) Uik = EqH Eii

(2.10) Ui = MEw Fixe + M FGEY,
(2.11) 0= E, Fj + F.E}.

This proof depends only upon the existence of a continuous
limiting distribution of U, and in no way involves the normality of the
parent distribution; it thus applies to the non-normal case as well.

From (2.8) and (2.9), the limiting joint distribution of E,, and H,
is uniquely determined by the requirement that E,, is orthogonal with
positive diagonal elements, H, is diagonal, and E,H.E}, is the
symmetric matrix Uy, In fact, if f (U,,) denotes the normal joint
density of the functionally independent elements of Uy, defined by
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(2.3), then the joint density of E,, and H; has the form
(2.12) Cuf (BucHEiad [[ (= 1) [T dhi(dE ),

i<j i

where i, j, 1€ Lg, the set of subscripts in the kth line of (2.5), (dEy)
denotes the conditional Haar invariant distribution over the g X gy
orthogonal matrices with positive diagonal elements, and C, is a
normalizing constant. (See, for example, James (1966), Section 4).
Unfortunately the marginal distributions of E,, and H, will not in
general take the simple forms obtained in the normal case (TWA
Theorem 1), because of the correlation structure of the u; (equation
(2.3)).

From (2.10) and (2.11), however, E  Fj and —F,Ej} are asymp-
totically equivalent to each other and to U, /(A —A;). The elements of
the latter are jointly normal with zero means, and covariances obtaina-
ble from (2.3). From (2.7), n"*(ExE.—I,,) converges in probability
to 0.

We note that in terms of the original coordinates, the d; are the
latent roots of S, and the latent vectors are given by C=TE. L.e. if C is
partitioned as (Cy,...,C,) and I as (I'y, ..., I,), then

(2.13) Ck = FkEkk + n—1/2 Z FlEk’ (k b 1, c ey r).

Ik

3. Root of Multiplicity 1

Suppose that q, =1, so that C, is a vector, say ¢;, the ith column
of C. Then E,, =e¢;, and n*?(e; —1) converges in probability to 0.
Hence, from (2.9), n*/*(d; — 8,) = h; is asymptotically equivalent to u;,
i.e. is asymptotically normal with mean O and variance 282+ Ky
(regardless of the muitiplicity of the other roots). Also, from (2.13),

(3.1) =6y +nt? Z I'\Fy,
17k
so that
(3.2) nllz(ci =)~ Z I'Fy ~ Z T U/ (A — Ap).
1k 17k

Let I'§, denote T with its ith column deleted, Uy, the ith column
of U with u; deleted, and

(3.3) P, =diag (8, —8)7", j#i).
Then (3.2) may be written in the form

(3.4) nl/z(ci )~ Fi‘?)P(i) U(i)9
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which is asymptotically jointly normal with zero means and covariance
matrix T P¥ P, where W, is the covariance matrix of Uy,
Thus A(i) = P(,-)\P(i)P(i) has (g, h) element

Kiioh + Siﬁgsgh

(3.5) m, (gh=1,...,p; g h#i).

If 6, denotes the angle between c; and v, then
n(l-cos 6;)=n(c;—v,)'(c;—v)~ Ufi)P(zi)U(i),
a quadratic form in the elements of Uy;,. Thus if u is a vector of p—1
independent standard normal variates, then n(1—cos 6,) has the same
distribution as u'Agu. This result is relevant to the investigations in

Dudzifiski et al. (1975). A good approximation to the distribution of
the above quadratic form is ax3, where

o = trace (A§,)/trace (A),
B = (trace A)?*/trace (Af,)).

It should be noted that the «;;, are fourth order cumulants of the
transformed variate y, not of the original variate x.

(3.6)

4. Asymptotic Test for a Given Principal Component

In TWA Appendix B, a test is presented for the null hypothesis
that vy, the vector of coeflicients of the first principal component, is a
specified unit vector v}, under the assumption that the corresponding
root 8§, has multiplicity 1. Under normal theory, n'*(c;—v3j) has
covariance matrix I'f Al (), where A is the matrix A, with the
fourth order cumulants replaced by zeros (A¢,=A? in Anderson’s
notation). Anderson forms the statistic

(4.1) Q=n(c;—¥)THAL TE (e, — v,

which has a limiting x2_, distribution in the normal case.

In the non-normal case, Q has the same limiting distribution as
the quadratic form u'Bu, where u is a vector of (p—1) independent
standard normal variates and B = A{;">A;,A;"?, with (g, h) element

4.2 —
( ) sgh + Kllgh/al\/sgaha (g’ h = 2a G0 ©) P)~

5. Statistical Inference on the Latent Roots

Let L, denote the set of subscripts in the kth line of (2.5).
Anderson shows in TWA Section 3 that the normal theory likelihood
ratio criterion for testing equality of the roots §, i L,, is
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Hence, in virtue of (2.6) and (2.9), —2 log I, is asymptotically equival-
ent to
2
(5:2) 12202 L ui+ Tui-ai? (Tu) J
i<j i

as in TWA, where the summations extend over L,. If we define the
2 (g +1) vector

(5.3) Usy=L-otipeeee] oo, ...l
where i, j,l€ L, j<lI, then from (2.3)

cov (g, Uy) = 28, 5+ Ky
5.4) cov (U, uy) =Ky,  (j<1),

oV (Uyj, Upy) = 8uBjmA b+ Ky (E <, I<m).
Let

(5.5) Kicm = qic - Z Kiitms Kick = qic Z Kin

ieL, lel,
and define «;; correspondingly. Then the quadratic form (5.2) has the
same distribution as v’Av, where v is a 3q,(q, +1) vector of indepen-
dent standard normal variates, and A =(ay,,,), partitioned in accor-
dance with (5.3), where

Qi = (8 — g3 )+ (K — Kige — 1 + K ) 2A%

(3-6) Qi tm = (Kiiim = Kam)N2 A2, (1<m),
u Im — (8118 + Kl]lm/A k) (l <j7 l < m)'

If it is assumed that g, roots are equal, say the last gq,, then in the
normal case a confidence interval for A, may be obtained based on
d= q,lzp_q +14d;, the average of the g, smallest roots of S (TWA
Section 3). In the non-normal case,

(5.7) n**(d-\)=q;" trace U, = q;" i U,
p—q,+1

is asymptotically normal with mean 0 and variance 2A?/q, +«,. A
confidence interval based on this result would thus depend on «k,;
clearly the normal theory interval will tend to be conservative if k,, <0,
and too short if k,, > 0. If the last g, roots are in fact not all equal, and
have variance var (8), the result will depend on the sign of «,+
2 var (8)/q,.

Finally, in testing whether the ratio of ‘“‘unexplained variance” to
the total does not exceed the fraction f, i.e. that

(5.8) i 8<ffa

i=q+1
4
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for some q(3,>8,.,), the normal theory test based on —fYid;,+
(1-£)Xh.1d; will be conservative or not according as

(5.9) fz ilkiiﬁ—zf(l_f)i ilKiijj_'_(l—f)z i Kiijj

L= i=1j=q+ i, j=q+1

is negative or positive.
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A NOTE ON A PROBLEM POSED BY FISHER

By A. W. Davis*

Summary

Fisher’s asymptotic expansion of the mean of the fiducial distribution of the
binomial parameter is shown to be termwise identical with the expansion of a
Rayesian mean, as apparently conjectured by Fisher.

I. INTRODUCTION

If the binomial parameter p is postulated to have the probability element
a priory
1
- dp,
T

then for a observed successes in n = (a+b) trials, the mean $g of the corresponding
Bayesian distribution a posteriori is
ot} a, (b—a) = ( 1)"
P = 'I’L—I—l B ’7!/ + 2 kzz“z ?
Since the data are discontinuous, Fisher admitted (1959, p. 60) that his fiducial
argument is not strictly applicable. However, he claimed that for moderately large
frequencies (of order 1000 or 10000) the discontinuity may be ignored for practical
purposes, and in several places (Fisher 1959, p. 62; Fisher and Cornish 1960, §IV (b))
he sought to obtain a formal asymptotic expansion for gy, the mean of the fiducial
distribution of p. This was found to agree with (2) as far as the term in »=%. To
clear up the purely computational issue, it is shown below that Fisher’s method
does yield a series which is termwise identical with (2). However, a rigorous justi-
fication of his method lies beyond the scope of the present note.

(g=1-p, 0 <p <), (1)

n

@)

II. FisHER’S EXPANSION OF Pp

As a first step, Fisher assumes that for large n, the departure from normality
of the binomial variate @ may be corrected using the Cornish—Fisher expansion. The
latter expresses percentiles of asymptotically normal variates in terms of their
cumulants and the corresponding standard normal percentiles (Fisher and Cornish
1960), and is known to be a valid asymptotic expansion for a large class of continuous

* Division of Mathematical Statistics, CSIRO, Private Bag No. 1, Glen Osmond, S.A. 5064.



distributions (Wallace 1958). Following his claim that for large » the discontinuity
may be ignored, Fisher obtains (Fisher and Cornish 1960, p. 220)

afn ~ p+ay(pg/n)+3g—p)(@2—1)n+ ... 0
~p—¢zu(p) say,

(x standard normal), in the sense that this relationship holds asymptotically between
the corresponding percentiles of @ and x. He then applies the fiducial argument,
solving (3) for an asymptotic expansion of p in terms of a (the observed variate) and
x (the pivotal variate). The general term in this expansion may be obtained by a
formal application of Lagrange’s inversion formula:

P—afn ~ ¢z n@a/n)+dzalan)(p—afn)+ ...
~ dz,u(@[n)+dzn(@[n)bs.al@/n)+dznla/n)(p—afn)+ .. 1+ ..

e 1 d r—1 .
) H{(Ep—*) [z.n(27)) }p*=,,,,,' 4)
The early terms are
p—afn ~ —axy(ab/nd)+ L(b—a)(222-1)/n2+ . . ., 5)

in accordance with Fisher and Cornish (1960), equation (6). Fisher thus defines the
fiducial distribution of p by equation (4), and obtains $r by taking the expectation
of the R.H.S. with respect to = (a fixed):

(6)

But ¢, n(p*) specifies the Cornish-Fisher expansion of a binomial variate a* with
parameter p*. It follows from the formal definition of this expansion that we have,
identically in the powers of #,

. e J1f{d\T J
pr~it 5l (Ge) Bettenten }/ |

Byl $a,n(p*)) = Bar(p*—a*[n)r = My/(—n)", (7)

where M, is the rth central moment of a*. Hence the required expansion is

UL .(—_n{(i)M} g
Pr 7L+ r§1 'J‘['Jbr d_’p* r p*=a/n. ( )

IITI. REpUcTIiON OF THE EXPANSION

The reduction of (8) to the form (2) may be effected by introducing Stirling
numbers of the first and second kinds, defined respectively by

I (14-kz) = 2 Si(r, k)",
k=0 k=0

9)

o0

ﬁ A—kz) ™t = 3 Sor, k)a®.

k=0 k=0



In terms of the Ss, the rth non-central moment of the binomial distribution
may be written as follows (deleting the asterisks on ¢ and p for convenience):

M; = By = 3 Salh,r— R, (10)
where
(njo=1, (e = n(n—1) ... (n—k+1), (k>=1), (11)

(see Riordan 1958, p. 41). Tt follows that M, is a polynomial in p of order r:
r k
My =T " B (") (=) () Sals, r—E) (12)
0~ s=

e O‘rPT—ngPrvl—": <.y, SaYy,

where oy = 81 = 0. Hence

a4 = M, — 7l —1
(dp) r = rlayp+(r—1)18,, (13)
and equation (8) becomes
© r o r
Pr ~ % + % 72—12 { J:,z - i r§2 ( .r:a.J"Br. (14)
We next show that
oar = —2Byfr, (r=23,..), (15)

and that o, is a polynomial in n of order 7/2 (i.e. the largest integer not exceeding
r/2). The author is indebted to a referee for the following proof of these properties
of &, which is simpler than that originally given. Introduce the generating functions

.
o

[eo] 00 BTST
fO=1+ T2, g =37, (16)
r=1 T r=1 7!
and the moment generating function of the binomial distribution
0 r
6) = 3, 2 = (q+pee a7
=0 7l
It follows immediately from the definition of «r, 8 that
1 1
G(s/p) = f(s)+ —9(8)+0(—§) ; (18)
P P
whence,
J(s) = [(1+s)e*]", g(s) = ins*(1+s)m1e~ns. (19)
Equation (15) follows since
df 2
2y, (20)



and o, is easily seen from (19) to be a polynomial in » of the required order. Hence

o r+1
N R (21)

n
while from (12)

§=0
r 1 k T
=(—m)" X (— —) 2 (s(—1)Si(s—1,k). (22)
[k=sa+n] ) s=k+1
The formal expansion of fy is therefore
i a  ifb=a) & ( 1)1c+1
Pr~-+— kZ:lAk - (23)
where
2k

A = 3 (F(—1)81(s—1,k). (24)

s=k+1

It is therefore sufficient to prove that 4 = 1. Using the following relation
between the S; and Sp due to Schlifli (e.g. Gould 1960, p. 447):

k
Si(s—1,k) = 2 (EXHED S, k) (25)

it is found that

k 2k
e =2 (=180 E X EDEDCEDDTT @6)

However, the inner sum is equal to (3*1); or, equivalently,
S (k-+3)! (G N (o MU )
s=it1 (3 DIs—k—1)I(2k—s)!  (s-+)) (I =PU2k+4)1°

which holds since the LHS is the partial-fraction expansion of the RHS considered
as & rational function of 5. Hence, for & > 1,

Ay = — 2k F1)82(0, k) +So(1, ) = 1, (28)

(27)

as required. A corollary is the identity relating binomial coefficients and Stirling
numbers implied by (24) and (28). The author has been unable to find this identity
in the literature, and would be interested to know if it is new.
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Cyclic change-over designs

By A. W. DAVIS axp W. B. HALL
Division of Mathematical Statistics, C.S.I.R.0., Adelaide

SUMMARY

A class of cyclic change-over designs, existing for any number of treatments and periods,
is defined as a simple extension of the cyclic incomplete block designs. The analysis is
presented for direct and first-order residual effects of treatments but the method generalizes
for residual effects of higher order. Cyclic change-over designs may be analysed after any
number of periods and extra periods may be added. A table of selected designs is given for
6 to 20 treatments in 3, 4 or 5 periods. The efficiencies of these designs compare favourably
with existing designs and in general the cyclic designs require fewer units.

1. INTRODUCTION

Cyclic incomplete block (c1B) designs have recently been shown by several authors
(Kempthorne, 1953; Das, 1960; David & Wolock, 1965; John, 1966) to have a number of
desirable features. These include existence for any number of treatments and block size,
conciseness of representation by initial blocks, ease of analysis and two-way elimination of
variation. By suitable choice of the initial blocks, balanced and nearly balanced designs may
be obtained which have high average efficiencies.

The purpose of this paper is to show that these features carry over when cIB designs are
interpreted as change-over designs, the blocks now being considered as treatment sequences
applied to the experimental units and the rows constituting periods. We thus obtain the
class of eyclic change-over (0co) designs. These are constructed by the cyclic development
of one or more generating sequences of treatments, corresponding to the initial blocks of
the c1B designs, and a general method of analysis is developed for this class of designs. An
attractive feature of cco designs is that they may be analysed after any number of periods,
and further periods may be added if required, thus enabling change-over trials to be con-
ducted sequentially. Only first-order residual effects will be considered in this paper,
although the methods used generalize directly to higher order effects. Balanced (Bco) and
partially balanced change-over (PBco) designs have been developed in detail by Patterson
& Lucas (1962). In Table 4 of the present paper selected coo designs are presented requiring
fewer units but nevertheless possessing average efficiencies which compare favourably with
those of Patterson & Lucas.

2. PRELIMINARIES

c1B designs in ¢ treatments (labelled 0,1,...,¢—1) and block size p are obtained by
developing some number, b, of initial blocks mod ¢. Bach such design is a partially balanced
incomplete block design with up to [}¢] associate classes, but the analysis is straightforward
since the reduced normal matrix for the estimation of treatment effects is circulant. Hence
there may exist up to [4¢] distinct efficiencies for the differences between treatment effects,
although John (1966) has shown that the range of efficiencies may be quite small. Fractional
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o1B designs may be constructed when p has a common factor with ¢ (David & Wolock, 1965),
but the latter are excluded from the present discussion. Introducing the residual effects
model, we thus obtain cco designs in ¢ treatments, p periods and % = bt units arranged in
b blocks, obtained by cyclic development of the b generating sequences.

Example. For t = 6, p = 3, b = 2 and generating sequences (034), (051), we obtain the
following cco design, based on a three-associate class c1B design:

Block 1 Block 2
7 A S — —A \
Period 1 0 1 2 3 4 5 0 1 2 3 4 5 (1)
Period 2 3 4, 5, 0, 1, 25 LR 0, 1, 24 3 4,
Period 3 4, 5, 05 1, 2, 3, 1; 2, 3, 4, 54 0,

The columns of array (1) represent the treatment sequences applied to the 12 units. For
example, in period 2, the first unit in block 1 receives treatment 3, the subscript 0 denoting
that there is a residual effect from the treatment 0 applied in period 1. The subscripts
denoting residual effects are arranged in the cyclic design obtained by deleting the final
period of the treatments design. Furthermore, certain cyclic associations exist between the
symbols for treatment and residual effects. Thus, ¢ oceurs in the same column but one period
later than 1++4, 3+4, 444 and 544 (mod#; 2 = 0,1,...,£—1), while in the columns con-
taining ¢ the treatment symbols occurring in the first two periods are 4, 4+1, 1+2, ¢ +3,
t+4and ¢+5 (modt; ¢ = 0,1,...,t — 1) with multiplicities 4, 1, 1, 2, 1 and 3 respectively. In
virtue of these relationships, the matrix of the reduced normal equations for direct and
residual effects may in general be partitioned into circulant matrices, this partitioning being
the basis of the analysis. The development of a computer program for cco designs is further
facilitated by the fact that the elements of these circulants and the various totals required
in the analysis may be specified directly in terms of the generating sequences; see §4.

The following average efficiencies for the cco design (1) are given in Table 4 (design

number 1): B, = 1799, for treatments ignoring residual effects,

E,; = 589 for direct effects of treatments,
E, = 349, for residual effects of treatments,

E, = 159, for permanent effects of treatments.

These efficiencies are defined in §5, and are consistent with those of Patterson & Lucas
(1962, §2-2). The above values compare with those of the PBco design requiring twice the
number of units given by Patterson & Lucas (1962, Table 5:0, design 100) for which
E,=171%, E;=62%, E, = 349, and K, = 159%,. The distinct efficiencies for differences
between the various effects in the two designs are (see Table 1 and §5):

cco design PBOO design
Treatments (ignoring residual effects) (77-0, 77-4, 83) (67, 80)
Direct effects (66, 59, 63) (53, 64)
Residual effects (31, 33, 4b5) (30, 36)

3. MODEL AND REDUCED NORMAL EQUATIONS
The model postulated for cco designs is
Y = pE,, 1+D8+Rp+Uv +Pr e, (2)
where y is the column vector of np observations; u is the mean value; E, , denotes the
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k x ¢ matrix with all elements unity; §, p, v and 7 are the vectors of direct, residual, unit
and period effects, respectively; D, R, U and P are the corresponding incidence matrices (i.e.
D = {D,;}, where D,; = 1 if treatment 1 is applied at the Ath observation and is zero other-
Wwise, etc.); € is a vector of uncorrelated normal variables each having zero mean and vari-
ance o2, It is assumed that

E6=E;;p=E, ,v=E, ,n=0. (3)
Now let I, denote the ¢ x ¢ identity matrix and 0, the g-dimensional zero vector. Write
L=D'R, M=R'U, N=DU; 4)

i.e. N = {N}, where N, is the number of times the ith treatment is applied to the Ith unit;
M ={M;}, where M is the number of times the ith treatment is applied to the Ith unit
in the first (p—1) periods; L = {L,;}, where L;; is the number of times the ith treatment
is immediately preceded by the jth treatment. Then from the identities

D'D =bpl, RR=0b(p—-1)I, UU=yl, } (5)

PP =21, DP=>VE,, UP=E, ,
it may be shown that u is estimated by the grand mean and that the reduced normal
equations are A A
C[S_[O @181 [Q (6)
ol |1® w|le] LS|
where O =bpl,—p'NN’, & =L-—pNM/,
¥=bp-1)I,—p7"™MM’, Q= (D'-p'NU)y, )
S = [R'~pMU’' —¢t-1p-'R'PP' — (1—-p ) E,, 1]y,
E,,Q=E;,S=0.
Since also R'P =b[0,E, , ,], (8)

the adjusted treatment and residual effect totals @; and S, reduce to special cases of the
quantities given by Patterson & Lucas (1962, §1-3):

Q=T,—p'U, 8;=R;—pUP+tYP,—p'Q), (9)

wheres = 0,1, ...,{— 1 and 7, = total for treatment , R, = total for observations involving
the residual effect of treatment ¢, U{" = total for all units receiving treatment ¢ in the first
(p—1) periods, U; = total for all units receiving treatment ¢, P, = total for first period and
G' = grand total.

4. CoNsTRUCTION OF C

It is seen that © is the reduced normal matrix for the cre design obtained by ignoring
residual effects. Clearly ©, @ and ¥ are circulant matrices (§2) and may be specified by
their initial rows:

0=1[0p--,04], ®=1I[¢g ..., 1], ¥ =1[Vg.... ¥4 (10)

Thus, in @, the element in the ith row and jth column (4,5 = 0,1,...,t—1) is 0;_;, where

J—11s to be reduced mod .
The elements 6;, ¢, and i, are readily obtained from the generating sequences of the design.
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1£(0,ay, ..., a,_;) is a generating sequence, with all a; distinct, then the p sequences obtained
by development mod ¢ and containing treatment 0 are

0 -a R )

a, 0 cen QG

0y Gy — Q4 v Bg— 0y (1)
Gp_p Ap_o— v Gy =y g

Ay g OGp1— 0 s )

This is the array of p? differences (mod ) between the elements of the generating sequence.
The element in row 0 and column j of the matrix NN is therefore

(NN')o; = number of units receiving both treatments 0 and j;
= number of times j occurs in array (11), (j = 0,1,...,{—1).
Similarly
(NM’),; = number of times j occurs in array (11) with the final row omitted;
(MM')y; = number of times j occurs in array (11) with the final row and column omitted;
Ly; = number of units in which treatment 0 is immediately preceded by treatment j
= number of times j occurs among the superdiagonal elements @, _,—a,
(m=1,...,p—1; a, = 0) of array (11).

When b > 1, the elements of NN, etc., are obtained by summing the respective quantities
over the different generating sequences. For the example given in §2, the first rows are:

NN’ =1[6,3,2,2,2,3], NM'=[4,1,1,2,1,3],
MM’ =[4,1,0,2,0,1], L=[0,1,0,1,1, 1],
30 = [12, —3, -2, —2, —2, —3], 3®=[—4,2, —1,1,2,0],
3% =[8, —1,0, —2,0, —1].

Because in the array (11) each difference j and its complement ¢ —j (mod¢) occur equally
many times, it is easily seen that

(NN’)O;:‘ i (NNI)O,t—j’ (MM’)OJ' = (MM’)O,t—j (.9 =1,...,t— 1), (12)
whence 0,=0_4 Yi=v_; (G=1..t-1). (13)
The quantities appearing in the equations (9) for @, and S; may also be given explicitly in
terms of the generating sequences. Let y(k, [) denote the observation in the kth period for

the Ith unit and y(.,1) the total for the lth unit (¢ =0,...,p—1;1=0,...,t—1(mod?)).
Then for the generating sequence in (11),

p—1 K »—2 .

T,= ¥ yl,e—a), R,= Y yl+li—a),
1=0 1=0 (14)
p—1 i p—2 .

lj’i = ZZO?/(-:@—“I), U(il) = ZZO y('ﬂ"—a’l)'

In general, these quantities are added over all generating sequences. The methods of this
section remain valid when treatments are applied more than once to a unit.
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5. SOLUTION OF THE NORMAL EQUATIONS

Let T'; denote the circulant matrix [0, 0, ..., 0, 1,0, ..., 0], where 1 occurs in the jth position
(j =0,1,...,t—1). Then the C matrix may be expressed as a sum of Kronecker products,

=N ]
o=zla, e a9

In order to invert the normal equations, it is convenient to refer the cyclic group of matrices
T; to a basis of mutually orthogonal idempotents I'** defined by

t—1
T# =1 JZ]O w, T, (16)

where the w, are the tth roots of unity, that is
w,, = exp (2miuft) (v =0,1,...,t—1). (17)
For this, see, e.g. Hannan (1960, §1-2). Then

TiTy=Tf TiTf=0 (u+ v>,} s
IT:f = (r:)' = I‘t*—w I‘:)k = t_lEzl’
i—1
and I* =1, (19)
u=0
-1
I, = ¥ oIy (20)
u=0

With (20), C may now be expressed in terms of the I'*. In virtue of (3), the term in
I's = {'E, may be omitted, yielding

o=y [% %ig (21)
- 2[4k, sier
-1
where OF =3 wit; (u=1,..,t-1), (22)
i=0

and ¢ and y} are defined similarly. From (13), 8% and ¢ are real numbers, and
0: = 0t*—w W:f = wt*—w ¢:Z = ?-5}—_14 (w=1,..t-1). (23)

The solution of the normal equations has thus been reduced to the inversion of the 2 x 2
matrices in (21). Provided that the latter are non-singular (see §6) we may add I, ¥ to C*
and, using (18) and (19), invert to obtain

(5[, ST e [3)- ]2
Lof= o 4 | =V , say, (24)
o2, Al em)[s]=v[s) =
again deleting the term in I'§ since E;;Q = E,;S = 0. It is readily shown that
cov [g] = g2C¥, (25)

whence the covariance matrix of the estimated direct and residual effects is also given in

terms of the matrix V, that is A
cov [8] = o?V. (26)
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t-1T¢, :
In terms of the original I';, Vi =aiy) [5, n’]@)rp (27)
i=olm—y &
-1
where £ = cov (8y,8;)/0% =t T w rf[Ku
u=1
3 A 9 1 = —7 Ak
1y = 0ov (8, p)o* = =17 B il difk (28)
-1
& = cov (P, py)[o® =t~ 2_11 o Ok
Ky = O5YL — |61, :
In obtaining the estimated effects §; and p; from (24), it is sufficient to use
-1
St = B,—pUP, 3 St=pl0-P, (29)
i=0

deleting the constant term ¢-1(P,—p~'G) from S, since the 7; and {; sum to zero. Hence

-1
8; = Ea (EQintmST),
. (30)
pi= Eo MaQin+&8F) (6=0,1,...,1-1),
where 7 + 1 is to be reduced modulo . An example of the analysis of a cco design is givenin §7.

The efficiency E, for direct treatment effects is defined to be 20%/(bp) divided by the
average of the variances

var (8, —8;) = 2(8,—&_y) 0%, (31)

where j—j’ is to be reduced modulo ¢. It follows that
By = (6 —1)/(npéy)- (32)
Similarly var (py— py) = 2(&— &) 0% (33)

and E,, the average efficiency for residual effects, is given by

E, = (t—1)/(np&o)- (34)

For permanent effects of treatments (§,+ p;;j = 0,1,...,£— 1), we have

var {(33' + p;)— (3;" + D)} = 2{(Eo—&_p) + (§o— i) + (21— Dy = Mjr—5)}s } (35)
E,= (- 1)/{np(Eo + 279+ §o)}-

The techniques of §§4 and 5 may be generalized for p'th order residuals (p’ < p— 1), the
solution of the normal equations requiring the inversion of (p’ + 1)th order matrices.

6. D1scussioN

In the construction of Table 4, 1B designs having high efficiencies E, for { < 15 treatments
were selected from Table 1 of John (1966). For ¢ > 15 the choice of designs was facilitated by
requiring that |6;—0;| < 1 (or in certain cases, < 2) for the off-diagonal elements of ©
(John, 1966, p. 349). The treatments in the generating sequences were then permuted to
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obtain cco designs with good efficiencies B for direct effects. Here the range of possibilities
was narrowed by restricting the differences between the off-diagonal elements of @ to be
as small as possible. It was found that designs with high E; also had high efficiencies E,, and
that there were many good designs differing only marginally in their efficiency factors. By
restricting the designs considered as above, no singular matrices were encountered in the
inversion of (21); however, such cases can arise (e.g. t = 12, generating sequences (0 1 11)
(057)). Table 4 gives selected cco designs, together with their average efficiencies and
ranges of efficiencies for individual comparisons for { = 6(1)20: p=3,b=2;p =4, b = 2;
p = 5,b = 1. The Bco design number 17 was given by Patterson (1951); see also Patterson
& Lucas (1962, Table 5-1, design number 19). A program (Fortran for CDC 3200 computer)
has been written which analyses any cco design and enables suitable designs to be chosen
for any given set of parameter values. Copies may be obtained from the authors on request.

cco designs may be analysed after any number of periods, and further periods may be
added in such a way as to maximize E; or E,, these features adding great flexibility to the
experimental situation. As in the designs of Patterson & Lucas, repetition of the final period
increases E, at the expense of B,;. However, orthogonality of direct and residual effects is
not achieved by this means as in their designs.

In the example discussed in § 2, repetition of the final period leads to efficiencies B, = 74 %,,
E;=12%, E, = 61% and B, = 339%,. If the generating sequences are increased to (0 3 4 2),
(051 2), we obtain E, = 909, B, = 80%,, E, = 579, and E, =269,

In using the designs of Table 4, the randomization to be followed is: (a) allocate blocks
of the design to groups of experimental units at random; (b) allocate units to treatment
sequences of the design at random independently for each block; (¢) allocate treatment
numbers to treatments at random. It should be noted that randomization of rows is not
permissible.

In order to carry out overall F tests for direct and residual effects separately, sums of
squares are required (i) for direct effects ignoring residual effects and (ii) for residual effects
ignoring direct effects (Patterson & Lucas, 1962, §1-3). This involves the analysis of (i) the
corresponding o188 design and (ii) the c1B design obtained by deleting the final period,
respectively. The covariance matrix of estimated treatment effects for the ciB design (i) is

circulant with elements
-1

a; =171 3 0905 (j=0,1,...,t-1), (36)
u=1
while if we write
t—1
bp—DL—(@-1)""MM = [, Ay,..., 4], A% = X wjA;, (37)
i=0
then the elements of the covariance matrix for design (ii) are
-1
Yi=t1 Y w35t (j=0,1,...,t-1). (38)
u=1

In terms of these quantities, the direct effects 7, of treatments ignoring residual effects,
and the residual effects 9, of treatments ignoring direct effects are given by

t—1 -1
f; = lgoa'lQHi, D= lgo')’lsfkﬂ- (39)
Then var (f;— 1) = 2(eg— 0y _y), (40)

B, = (t—1)/(npe). (41)
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7. EXAMPLE

Table 1 presents the elements of the variance-covariance matrices required for the
analysis of the example given in §2.

Table 1. Variances and covariances for cco design number 1

.

£

i & o Vi
0 0-23827 0-13429 0-41397 0-17484 0-39722
1 —0-04462 —0-07889 —0-09721 —0-02612 —0-08611
2 —0-06144 0:02633 — 013006 - 0-04054 —0-13611
3 —0:02615 0-00208 0-04057 —0-04151 0-04722
4 —0-06144 - 010293 —0-13006 —0-04054 -0-13611
5 —0:04462 0-01912 —0:09721 —0-02612 —0-08611
Table 2. Example of the analysis
(a) Design and observations
Block 1 Block 2
—————— —_—
Units 1 2 2 4 5 6 Total 1 2 3 4 5 6  Total
Treatment 0 1 2 3 4 it 0 1 2 3 4 5
Period 1 387 489 352 346 329 304 2207 25-7 308 254 218 21-4 228 1479
Treatment 3 4 5 0 1 2 5 0 1 2 3 4
Period 2 374 469 335 323 331 295 2127 26-1 29-3 26-0 239 220 21-0 1483
Treatment 4 5 0 1 2 3 1 2 3 4 5 0
Period 3 34.3 420 284 285 275 267 1874 23-4 264 239 21-7 194 186 1334
Total 110-4 137-8 97-1 954 935 866 6208 752 865 753 674 628 624 4296
(b) Derived totals and estimates
Treatment 7T, R, U, U 3Q, 38* 3, P %, b,
0 173-0 118-4 527-0 3675 —80 —12-3 —0-810 —0-684 —0-531 —0-470
1 190-7 127-6 563-7 393-1 8:4 —10-3 0:746 0-366 0:552 —0-142
2 167-9 107-9 506-4 3264 —27 —2:7 0-102 0498 —0-147 0-877
3 166-4 109-9 497-9 336-0 1-3 —63 0-189 0602 0-084 0-440
4 178-2 1157 534-3 356-5 0-3 —9-4 0-035 0-125 0-028 —0-132
5 174-2 102-3 521-9 321-3 0-7 ~14:4 —0-262 —0-907 0-014 -—-0-573
Total 1050-4 681-8 31512 2100-8 0-0 — 5564 0-000 0-000 0:000 0-000

To illustrate the analysis, Table 2(a) gives uniformity data on the milk production of
dairy cows (average daily productions of fat-corrected milk over periods of five weeks)
taken from Patterson & Lucas (1962, Table 3-1) with cco design number 1 superimposed.
Table 2 (b) contains the totals and derived quantities defined in equations (9) and (29) and

also the estimated effects defined in equations (30) and (39). For example,

35, = {8:4(0-13429) — 2:7(0-01912) -+ 1-3( — 0-10293)
+0-3(0-00208) + 0-7(0-02633) — 8-0( — 0-07889)}
+{—10-3(0-41397) — 2-7(— 0-09721) — 6-3( — 0-13006)
—9:4(0-04057) — 14-4( — 0-13006) — 12-3(— 0-09721)}

= 1-098.

Period
total

368:6

361-0

320-8
1050-4
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Table 3. Analysis of variance of cyclic change-over design

Source of variation Degrees of freedom Sums of squares
Blocks b—1 1 t 1015-484
Periods p—1 2 1 714-884
Blocks x periods b-1)(p—-1) 2 t 109-962
Units within blocks b(t—1) 10 t 14-782

t—1
Direct and residual effects of  2(¢—1) 10 > (3i Q:+ ﬁiS;") 7-981
treatments i=0
Error -1 {(p—1)—2} 10 By difference 6-629
Total np—1 35 t 1869-722

T Calculated in the usual way.

Partition of direct and residual effects of treatments

(1) Degrees of freedom Sums of squares
Direct effects (eliminating residual effects) t—1 5 By difference 4-116
Residual effects (ignoring direct effects) t~1 5 2 p.8¥ 3-865
=0
t—1 . N
Total 21¢—1) 10 > (0:Q;+p:8%) 7-981
=0
(2)
-1 N
Direct effects (ignoring residual effects) t—1 5 > 7.9 3-136
t=0
Residual effects (eliminating direct effects) t—1 5 By difference 4-845
-1
Total 2¢—1) 10 > (.Q+piSY) 7981
i=0

2901

The analysis of variance is set out in Table 3 and follows that given by Patterson & Lucas

(1962, Table 1-1).

The error variance is estimated by 62 = 0-663, whence estimated standard errors of
comparisons between the various effects may be obtained from (31), (33), (35), (40) and

Table 1. For example,
SE (8, —8,) = {2(0-23827 4 0-04462) (0-663)}3
= 0-612;
SE (Py— P5) = {2(0-41397 — 0-04057) (0-663)}}
= 0-704.

We wish to thank Miss J. A. Hawkes, of the Division of Mathematical Statistics, C.S.L.R.O.,

for valuable assistance with programming, and the referee for his comments.
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17

19
20
21
22
23
24
25

27
28
29
30
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Table 4. Cyclic change-over designs

Generating
sequences

(034)(051)
(0 31) (0 4 5)
(04 1) (06 5)
(038)(0617)
(013)(054)
(017) (010 2)
(017) (0113)
(014) (0116)
(019)(0133)
(082) (014 4)
(0 6 9) (0 4 15)
(0 15) (0159)
(0 15)(0122)
(0418)(0177)
(02 13) (019 4)

(0132)(0314)
(0136)(0641)
(0214)(0153)
(0142)(0526)
(0421) (057 4)
(0512)(0652)
(0111 4) (010 3 4)
(0139)(0869)
(0715)(0643)
(0715)(051112)
(0571) (0146 13)
(0175)(03209)
(0185)(011212)
(07 69) (01216 11)
(01186)(01947)

(01325)
02315)
(01325)
(01325)
(03187
04712
(01547
(02374)
(034 115)
(01547)
(08561)
(02934)
(091287)
(073809)
(01429)

p=3 b=2

E,

79 (717, 83)
78 (78, 78)
76 (72, 78)
74 (71, 77)
73 (71, 77)
73 (71, 77)
71 (65, 76)
72 (72, 72)
70 (65, 75)
71 (66, 72)
70 (66, 72)
70 (66, 71)
69 (65, 71)
69 (65, 71)
68 (64, 71)

=4, b=2

90 (87, 94)
88 (88, 88)
85 (84, 88)
84 (84, 84)
83 (81, 84)
82 (81, 84)
82 (81, 84)
81 (81, 81)
81 (78, 81)
80 (78, 81)
79 (77, 81)
79 (78, 81)
79 (71, 81)
79 (78, 81)
78 (74, 80)

=5 b=1

96 (96, 96)
93 (92, 96)
91 (88, 92)
90 (87, 92)
89 (88, 92)
88 (88, 88)
87 (84, 88)
86 (83, 88)
86 (83, 88)
85 (83, 87)
85 (83, 87)
84 (83, 88)
84 (83, 88)
84 (84, 88)
83 (79, 87)

£,

58 (56,
62 (62,
54 (52,
55 (51,
51 (45,
52 (48,
52 (49,
45 (40,
50 (46,
44 (40,
45 (52,
45 (42,
44 (38,
45 (42,
44 (40,

81 (79,
80 (80,
77 (76,
74 (73,
73 (71,
73 (70,
71 (68,
69 (67,
69 (67,
69 (66,
68 (66,
67 (65,
66 (62,
65 (63,
65 (61,

86 (82,
80 (78,
79 (76,
76 (72,
74 (71,
67 (61,
71 (70,
71 (71,
71 (69,
68 (62,
68 (64,
66 (63,
64 (61,
62 (57,
63 (57,

63)
63)
60)
58)
55)
56)
55)
49)
55)
49)
50)
48)
45)
48)
47)

83)
80)
79)
76)
75)
75)
73)
71)
71)
71)
69)
69)
70)
67)
70)

89)
82)
81)
81)
80)
72)
74)
72)
73)
71)
70)
67)
70)
66)
67)

B,

34 (31, 45)
35 (31, 43)
31 (27, 38)
31 (28, 40)
30 (26, 39)
30 (25, 38)
30 (25, 37)
28 (26, 32)
30 (27, 37)
28 (25, 31)
28 (25, 30)
28 (25, 30)
27 (24, 31)
28 (25, 31)
27 (25, 31)

57 (56, 60)
57 (57, 57)
55 (52, 58)
54 (53, 54)
51 (47, 57)
50 (45, 57)
51 (49, 53)
50 (49, 52)
50 (48, 52)
51 (50, 52)
49 (47, 51)
49 (48, 51)
48 (44, 51)
47 (44, 50)
47 (44, 53)

66 (62, 67)
61 (58, 66)
59 (53, 66)
56 (49, 65)
57 (54, 65)
52 (47, 55)
55 (50, 57)
56 (55, 57)
55 (52, 60)
51 (45, 56)
53 (51, 57)
52 (50, 54)
49 (46, 56)
49 (46, 54)
47 (41, 54)

15
16
14
14
13
13
13
12
13
12
12
12
12
12
12

26
26
25
24
23
23
23
23
23
23
22
22
21

21

30
28
28
27
26
24
26
26
26
25

24
23
22
22
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