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Chapter 1

Introduction

1.1 Aims, Motivations and Context

Ships are major contributors to two major issues playing out on the world
stage today: rising oil prices and adverse human impact on the environment.
Ships consume large quantities of oil and other fuels, and the waves they
create have an impact on beaches, riverbanks, and animal and plant habitats.

There are great economic benefits from reducing the drag of ships, because
it is directly related to their fuel consumption. To reap those benefits through
clever ship design, however, requires a sound basis on which to make the
myriad of compromises that bedevil naval architecture. We need methods
to predict drag and wave-wakes accurately over a range of speeds. Those
methods should be fast enough to allow the evaluation of many alternate
designs and to reduce the number of expensive model tests. Finally, we need
reliable experiments against which we can test predictions.

This thesis is concerned with three interrelated topics in ship hydrody-
namics - resistance, wave-making and wave decay. The main objective is to
improve the accuracy of some simple inviscid methods used in the preliminary
design of thin ships, by including the effects of viscosity.

Recent attempts at solving difficult fluid flow problems have led to a host
of nonlinear methods and very sophisticated Computational Fluid Dynamic
(CFD) techniques; however Sahoo et al [115] found that “more sophisticated”
does not always translate to “more accurate”. For example, non-linear codes
“do not always give reliable predictions for numerically sensitive quantities,
such as ship wave resistance” [24].

Despite its success in some areas of fluid engineering, CFD has been less
successful when applied to some fundamental problems in ship hydrodynam-
ics, largely due to the very wide range of Reynolds numbers that are found
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in that field. Although there is no inherent limitation in CFD models that
precludes their use at very high Reynolds numbers, Patel [107] suggests that
CFD’s failures are primarily due to limitations of the numerical algorithms
and inadequacies of the physical model.

All models of turbulence used in CFD rely to some extent on empirical
constants, and it is this feature that foreshadows the underlying motivation
for the present thesis. Can we, using simpler models and one or two free
constants (with values chosen on some rational physical basis) do as well as
CFD at predicting ship resistance and wave patterns, but much faster and
with inexpensive computer equipment?

1.2 Background and Thesis Structure

Chapter 2 describes the co-ordinate systems and conventions that will be
used in subsequent chapters. The contents of other chapters, including some
background notes, are summarised below.

The prediction of the skin-friction of a flat plate is of fundamental im-
portance in ship hydrodynamics, as it is used to extrapolate results from
experiments at model scale to full scale. On the face of it, this should be
a relatively easy problem for CFD; however even here there are difficulties
such as transition from laminar flow to turbulent, leading edge and trailing
edge effects, etc. [107].

In 1998, Patel [107] reported flat-plate friction calculations at a Reynolds
number of 109 that were 10% higher than the classical methods such as those
of Prandtl-Schlichting and the 1957 ITTC line [59]. In the ten years since
those calculations, there seems to have been little progress, and some modern
CFD codes still use the ITTC line in preference to their own calculations of
skin-friction, or as a correlation line.

The continued use of the ITTC friction line in CFD, or elsewhere, strikes
the present author as very peculiar. Although the ITTC line claims some
descent from Schoenherr’s line [45], that line is itself flawed, as Grigson [45]
takes great pains to explain. Skin-friction comprises the major portion of the
total resistance at low speeds, and particularly so for thin ships, so the issue
of CFD’s poor predictions is not just a minor inconvenience. Nor should
we think that the use of physically unsound methods like Schoenherr’s line
or the 1957 ITTC line is something unique to ship hydrodynamics. Further
contorted by compressibility corrections, the Schoenherr line is used in a
variety of high-speed aeronautical applications. In 2006, Pettersson and Rizzi
[111] used the Schoenherr line in an analysis of transonic transport aircraft.
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NASA researchers used Schoenherr’s line in 2003 to analyse near-wall flow
sensors [9], and in a preliminary design of manned lunar return vehicles in
2006, [140].

In 2000, Grigson [45] derived a friction line that he put forward as an
alternative to the ITTC line, and which is presently under examination by
the ITTC [63]. Since Grigson’s work between 1993 and 2000, several new
boundary layer experiments have become available, as has an interesting
new technique for boundary layer (BL) data analysis due to Kendall and
Koochesfahani [73].

In Chapter 3 and Chapter 4 we develop a flat plate boundary layer
model in the spirit of Grigson [44],[45], but using classical and recent bound-
ary layer experiments described in Appendix B. From that model we de-
rive a flat plate friction line to predict the skin-friction of ships varying from
model-size to full-size. We show in Chapter 4 that a case can be made for
three different friction lines, depending on the constants used in the boundary
layer analysis, and the amount of faith placed in different sets of experiments.

One way of including viscous damping effects on wave resistance is to
modify the usual Kelvin free-surface boundary condition (FSBC). In Chap-
ter 5 we examine one member of a generalised family that includes, as special
cases, Rayleigh’s artificial viscosity, Lamb’s [74] viscous damping factor for
plane waves, and a formulation due to Tuck [132] that simulates the effect of
a layer of viscous fluid lying above an infinitely-deep, inviscid layer.

Since many of the model equations of wave resistance and wave patterns
involve rapidly-oscillating integrals, a major aim of the present thesis is to
develop fast, efficient quadrature techniques for their evaluation. In Chapter
6 we show that for some integrals, rapid oscillation, rather than being a
hindrance to accurate quadrature, can actually be beneficial if appropriate
techniques such as Filon’s method are employed. We also show that the
inclusion of viscosity has a beneficial effect on the numerical quadrature of
the linearised ship-wave integral, and that further improvements in speed
are possible with a quadrature method that captures the stationary phase
character of the integral. An incidental outcome of the work in Chapter
6 is that some techniques also work well for other integrals, such as Fresnel
integrals [1].

Modern ship-model testing and extrapolation began with William Froude’s
memorandum to the British Navy in 1868, suggesting the use of experimen-
tation to determine the resistance of ships. The current procedure recom-
mended by the ITTC for extrapolation from model-size to full-size ships is
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the “1978 ITTC Performance Prediction Method for Single Screw Ships”,
[59]. In this method, the total resistance coefficient of a ship CTS (ignoring
hull roughness and air resistance) is

CTS = (1 + kf)CFS + CR (1.1)

where CFS is the skin-friction according to the ITTC friction line and kf is
a factor determined from resistance tests. In the present thesis we will refer
to kf as the form factor, although that term is often reserved for 1 + kf in
the naval architectural literature.

CR is the residuary resistance calculated from the experimental total and
frictional coefficients of the model, [48]:

CR = CTM − (1 + kf)CFM (1.2)

Harvald [48], among others, has suggested that a scale effect should also
be put on the wave resistance. Doctors (see for example [20]) uses

CT = (1 + kf)CF + (1 + kw)CW (1.3)

where CW is the wave resistance, and where the values of the two form
factors, kf and kw, are chosen in order to minimise the difference between
predictions and experiments. In Chapter 7 we use a similar method: we
retain the skin-friction and its associated form factor, kf ; however, instead of
a form factor on the wave resistance, we choose a value of the eddy viscosity
that minimises differences between experiments and predictions.

In 2002, the 23rd ITTC Resistance Committee [62] concluded that “the
two main causes of the uncertainty on the estimated full-scale resistance are
the measured total resistance of the model ship, and the analysed form fac-
tor”. There is thus some value in considering the behaviour of the wave
resistance at low Froude numbers because the recommended method for es-
timating form factors is, in part, based on a low Froude number expansion
of Michell’s integral. We show in Chapter 7 that using large values of the
eddy viscosity significantly changes the magnitude of the wave resistance for
small Froude numbers tending to zero and thus would have significant effects
on estimated form factors.

Havelock [51] was one of the first investigators to incorporate viscous
effects into the calculation of ship wave resistance. His technique of adding
the boundary layer displacement thickness to the hull surface was found to
have a marked effect on wave resistance at some Froude numbers, and in
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many cases much better agreements with experiment resulted. In particular,
it had the effect of reducing the size of the largest humps and deepest hollows
that are apparent in the wave resistance curves predicted by Michell’s [90]
integral. Variations of the method have been proposed by, among many
others, Havelock [52], Wu [142], Milgram [93], Maruo [87], Shahshahan and
Landweber [117], and Doctors and Day [24].

Although we show in Chapter 7 that the effect of BL displacement thick-
ness on wave resistance is only significant for very small models, there are
some minor implications for the estimation of form factors and extrapolation
from models to full-scale ships.

In an interesting report of experiments performed in Japan during the
1980s, Doi [28] and Kajitani [72] presented photographs of stern waves pro-
duced by some small model-size hulls. It is evident from those photographs
that stern waves begin at different places on the hull (forward of the stern)
depending on the Froude number. At some Froude numbers the detachment
point is close to the stern, at others it is further forward. It should be noted
that the detachment point is not the same as the location on the hull where
the BL separates. On well-designed hulls, the BL separation point is close
to the stern, usually within about 5% of the hull length. Stern waves have
been observed to begin at distances of about 20% of hull length forward of
the stern on some small models [72].

The stern wave detachment point has a profound effect on wave resistance
as we show in Chapter 7. The potential wake model that we adopt attempts
to account for the variation of the detachment point with Froude number by
using Stratford’s [123] BL separation criteria. Comparison with experiments
shows that this technique smooths out the humps and hollows in the wave
resistance curve which are, reputedly, an inadequacy of Michell’s thin-ship
theory. Beck [5] was motivated by the same inadequacy to develop his ro-
tational wake model [139] in which the thin-ship approximation is coupled
with a wake represented by a U-shaped vortex sheet trailing behind the hull.
Beck also found that wave resistance varies substantially with the location
of the attachment point of the vortex sheet on the hull, [139].

Chapter 8 is concerned with the decay of ship waves.
During the last twenty years, there has been slow progress towards a

standardisation of the wave-wake problem, both from a theoretical and an
experimental viewpoint. Recent attempts to characterise wave wakes have
met with considerable disagreement within the naval architectural commu-
nity, see for example Doctors [21]. Adding to the uncertainty and confusion,
there is a lack of data from far-field full-scale measurements that would al-
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low validation of mathematical prediction techniques [63], and the little data
that does exist is often very poorly documented.

Macfarlane and Renilson [86] summarised the requirements that should
be met by a standard numerical measure. Most importantly, they should be:

• easy to measure and to understand

• independent of the length of the sample

• representative of wave wake problems

• capable of being used to compare one vessel against another, and

• independent of the exact lateral distance from the sailing line.

Although a far-field wave spectrum could be derived from measured el-
evations using well-known techniques, and then used to predict elevations
anywhere in the far field [63], this approach fails to satisfy several of the
criteria, not least that it is far from easily understood by the general public,
ship operators and government bodies.

In Chapter 8 we examine the behaviour of two methods of predicting
wave decay using the calculated wave wakes for a simple mathematical hull.
A new model is proposed that accounts for the separate transverse and di-
verging components of the ship-wave pattern. We also investigate the effect
of including viscous wave-damping.

A summary of the thesis conclusions is given in Chapter 9, as are rec-
ommendations for further work.
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Chapter 2

Co-ordinates and Preliminaries

2.1 Wave-Field Co-ordinates

U

PSfrag replacements

r

x

y

θβ

ζ(x, y)

Figure 2.1: Wave field coordinates.

The co-ordinate system for the wave field is shown in Figure 2.1. The
ship is assumed to be travelling in the −x direction at constant speed U .

ζ is the wave height at the field point (x, y), or alternatively, (r, β) in polar
co-ordinates. The wave propagation angle θ is positive for waves travelling to
the left of the vessel. An angle of θ = 0 corresponds to waves perpendicular
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to the ship’s track; θ = ±π/2 corresponds to waves travelling outwards and
parallel to the track.

It is convenient to use polar coordinates for some expressions, such that
r =

√
x2 + y2 and β = arctan(y/x). In infinitely deep water, which is as-

sumed throughout the present thesis, the critical or Kelvin angle is given
by

βK = arctan(1/
√

8) ≈ 19.47◦ (2.1)

and the ship waves are generally contained within the arc |β| < βK.
The fundamental or transverse wave number is k0 = g/U2 where g is

gravitational acceleration, and U is the ship speed.
The fundamental (transverse) wave length is λ0 = 2πU2/g = 2π/k0.

Waves travelling at angle θ have wavenumber k2 = k0 sec2 θ, and we shall
also use k1 = k0 sec θ.

2.2 Points of Stationary Phase

The phase function Ω at a point in the wave field is

Ω = rk0 sec2 θ cos(β − θ) = k2$ (2.2)

where
$(x, y; θ) = x cos θ + y sin θ (2.3)

The first two derivatives of Ω with respect to θ are given by, respectively,

Ω′(θ; r, β) = Ω(θ; r, β)[2 tan θ + tan(β − θ)] (2.4)

and

Ω′′(θ; r, β) = Ω(θ; r, β)[4 tan2 θ + 2 sec2 θ − 1 + 4 tan θ tan(β − θ)] (2.5)

Stationary phase points are defined as values of θ where Ω
′

= 0. The
“transverse stationary phase point” θ+ and the “diverging stationary phase
point” θ− are defined through the relation

tan θ± =
−1 ±

√

1 − 8 tan2 β

4 tanβ
. (2.6)

For |β| > βK there are no stationary phase points and wave elevations
diminish rapidly with increasing |β|.

Inside the critical angle, i.e. for |β| < βK there are two stationary phase
points. When |β| = βK there is only one stationary phase point and wave
elevations diminish like r−1/3 along that line (which we will refer to as “the
Kelvin line”), and so decay more slowly than waves inside the critical angle
where they decay like r−1/2.
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2.3 Description of Flow-Field Regions
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Figure 2.2: Flow-field regions in the yz-plane. At midships (top) and in the wake
(bottom).

The top plot of Figure 2.2 is a schematic of the hull boundary layer and
flow field in cross-section. The bottom picture shows the flow-field behind
the vessel. The right side of the hull is represented by the curve Y (x, z) and
the flow-field is divided into the same five regions used by Stern [122], and
Choi and Stern [12] who provided order of magnitude estimates for all five
regions.

Region I is the potential-flow region where viscous effects are negligible.
This is the only region that can be said to be well-understood.

Region II is a layer of viscous fluid, or it can be considered as a free-
surface BL. The region is not well-understood, except for laminar flow, [12].
In the present work we ignore the effect this layer.

Region III is the body BL, represented by the curve δ(x, z). It is assumed
that this layer is not influenced by the free-surface BL. The behaviour of the
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BL at a sharp keel is not well understood. In the bottom plot of Figure 2.2,
δw(x, z) represents the wake thickness behind the stern of the vessel.

Region IV represents the highly-active region where the body BL and the
free-surface BL overlap. It was the main topic of the paper by Choi and
Stern [12]. In the present work we assume that this region is the same as the
hull BL, i.e. region III.

Region V is the meniscus region formed as a result of surface tension
acting at the hull/free-surface interface. The physics of this region are poorly
understood, but it is known that the size and shape of the meniscus are
influenced by many factors, including the roughness of the hull, and the
nature of the solutes in the water. In the present work this region is ignored.

2.3.1 Simple Viscous Wake Models

HULL

BOUNDARY LAYER

Figure 2.3: Plan view of the hull and TBL without wake.

We will later investigate the effect of adding the BL thickness effects and
a “detachment layer” to the hull offsets. Figure 2.3 shows a schematic of the
hull waterplane and the (much magnified) BL thickness. There is an obvious
similarity of this planview to a hull with a transom stern.

Since the BL thickness is defined only on the hull surface, assumptions
must be made as to the shape of any extension behind the hull. Several
possible shapes are shown in Figure 2.4.

The “cusped wake” shown in the top left of Figure 2.4 was used in 1948
by Havelock [52] who found that its inclusion into Michell’s integral led to
better agreement between predictions and experiments. This type of wake
can be considered as a “wave-maker” because it has a non-zero longitudinal
slope and therefore generates waves.
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Figure 2.4: Cusped wake (top left), parabolic wake (top right), open wake (bottom
left), open wake with detachment layer (bottom right).

There are two main difficulties with this type of wake model. Firstly,
results are very sensitive to the length and shape of the wake. Secondly,
there is nothing in theory that can guide the selection of the length and shape
because boundary layers do not leave a cusped shape behind a vessel. The
wake at large distance behind the ship is, according to Wu [142], “almost
completely diffused and hence the concept of displacement thickness loses
much of its original significance...”. This suggests that the viscous wake is
more likely to be a wave-damping mechanism rather than one which generates
waves.

The “parabolic wake” at the top right of Figure 2.4 is similar to the
shape of the hollow used by Doctors and Day [22] in their work on the flow
behind transom sterns. This wake is also a wave-maker. Similar wake mod-
els have also been used by the present author, for example in the public
domain program “Michlet” [91]. Although the wake model sometimes im-
proves agreement between predictions and experiments the results are not
always consistent.

The “open wake” shown at the bottom left of Figure 2.4 is not a wave-
maker because the longitudinal slope is equal to zero aft of the stern. This is
our preferred model. This type of wake has been considered by many others,
notably Milgram [93] and Maruo [87].

If we assume that the flow detaches at the edge of the BL before it reaches
the stern, we can create another open wake model, shown at the bottom right
of Figure 2.4. Here the wake is parallel to the sailing line before it reaches
the stern.

Figure 2.5 shows the hull offsets Y (x, z) and the body BL thickness δ(x, z)
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Figure 2.5: Schematic of the hull and TBL: plan view (top) and sideview showing
the location of the detachment layer (bottom).

in plan view. In the figure, xb and xe are the x-ordinates of, respectively, the
bow and the stern at depth z. The centre of the hull is denoted by xc.

The “detachment point” xd = xd(z) is to be considered as a point where
the BL begins to thicken rapidly. The width of the BL plus the hull offset is
assumed constant for x ≥ xd.

A schematic of the detachment curve xd(z) is shown in the bottom plot of
Figure 2.5. Later, we will investigate various ways of estimating the location
of this detachment layer, and its effect on wave-making and resistance.
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Chapter 3

2D Turbulent Boundary Layers

Chapter Summary
Musker’s mean velocity profile for turbulent boundary layers (TBL)

is combined with a modified wake-law to produce an expression for the
mean velocity distribution over a smooth flat plate that is valid from
the wall to the BL edge. Boundary conditions are satisfied both at
the wall and the edge of the layer.

3.1 Introduction

Large high-speed ships generally operate at Reynolds numbers, Rn, greater
than 108. However, most towing tank experiments are conducted at much
smaller Rn, typically between 106 and 107. It is therefore important to un-
derstand how turbulent boundary layers (TBL) scale with Rn, in order to
extrapolate reliably from model-scale to full-scale.

Although it should be possible to tow a long flat plate through water
and measure its total drag, it is very difficult to guarantee turbulent flow
from the leading edge. Laminar regions and transition zones can persist
over a large fraction of the plate, making it difficult to determine the virtual
origin, and this in turn affects the accuracy of estimates of Rn [45]. At high
speeds, the extent of the laminar and transition regions are not important:
they represent a very small fraction of the overall length, allowing Rn to be
estimated accurately. Edge effects play a significant role in the flow over the
plate at high speed; however, according to Grigson [45], there are no accurate
methods available to account for the additional drag due to edge effects.

Boundary layer trips are almost always used in model experiments and
these can add their own drag [45]. Bertorello et al [4] investigated the effect of
BL trips on high-speed hulls and concluded that great care is needed in their
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sizing and placement. If, for example, a trip wire is of insufficient diameter,
transition to turbulence will be incomplete; if the diameter is too large it
could add appreciable parasitic resistance. They further conclude that it is
extremely difficult to estimate the additional resistance due to the BL trip,
and that standard formulae for placing trips and their effect on drag are
unreliable, in part because the trip can induce some degree of BL separation.

In 1992, Bradshaw [8] summarised the capabilities of several turbulence
models.

“It is certainly not possible to say that any one class of tur-
bulence model has conclusively proved its superiority over the
others, even when cost of computation is ignored.” [8]

“Perhaps the most telling result was the large range of predic-
tions of flat-plate skin friction... low-speed flat-plate skin-friction
predictions still fill a 7 percent band (ignoring outliers with seri-
ous discrepancies).” [8]

“Several models with nominally identical assumptions in the
outer layer show discrepancies of several percent in skin fric-
tion...” [8]

When such large errors are evident in simple flows, it is clear why consider-
able suspicion surrounds CFD predictions of complex flows at high Reynolds
numbers .

Comprehensive treatments of current and historical methods for the anal-
ysis of experimental boundary layers can be found in two recent review arti-
cles. The AGARD report of Saric et al [116] summarised the available data
and scaling laws up until 1996 and cited about 240 references. Panton’s
[108] 2005 review of the literature on the theory of wall turbulence from the
viewpoint of composite expansions cites 119 references.

In the present chapter we describe the mathematical model. In the next
chapter we will describe the experimental data and the fitting procedure;
compare predictions with experimental data; and formulate (and validate
to some extent) several planar friction lines and other empirical formulae
describing boundary thicknesses and the eddy viscosity at the edge of the
BL.

3.2 Analysis

Our concern is with the BL along a flat plate of zero thickness, with the
leading edge of the plate at x = 0 and the plate lying along the x-axis.
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The (mean) free-stream velocity of the incompressible fluid, U∞, is directed
parallel to the x-axis. The ordinate normal to the plate is denoted by y, and
we confine attention to the region y > 0. We assume that the BL is turbulent
from the leading edge.

The continuity equation is

∂u

∂x
+

∂v

∂y
= 0 (3.1)

where u and v are the time-averaged velocities in the x and y directions,
respectively.

The momentum equation is

u
∂u

∂x
+ v

∂u

∂y
=

1

ρ

∂τ

∂y
(3.2)

where τ is the local shear stress that includes both viscous and turbulent
shear stresses [46].

Combining equations (3.1) and (3.2) and then integrating across the
boundary layer yields the shear stress distribution

τ = τw + ρ
∫ y

0

(

v
∂u

∂y
− u

∂v

∂y

)

dy (3.3)

where τw is the shear stress at the wall [46].
The (local) skin-friction coefficient is

cf =
2τw

ρU2
∞

(3.4)

and the planar drag coefficient for a plate of length L is

CF =
1

L

∫ L

0
cf dx. (3.5)

3.3 Log-Laws And Modifications

Classical theory characterises TBL with two disparate length scales. The
flow in the inner layer is assumed to depend only on the properties of the
fluid (here density, ρ, and kinematic viscosity, ν), the wall shear stress τw,
and the distance from the wall, y. The inner length scale is l+ = ν/uτ where

uτ ≡
√

ρ/τw is the “friction velocity”.
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Viscosity is assumed to have a negligible effect on the flow in the outer
region. The outer length scale is the BL thickness δ; however other BL
thicknesses are also frequently used, for example δ99, which is defined as the
thickness where u/U∞ = 0.99. The exact value of BL thicknesses are less
reliable than integral thicknesses which are also less sensitive to the exact
shape of the velocity profile [108]. One such integral thickness (the Clauser-
Rotta thickness) is defined by

∆ = δ∗
√

2

cf
(3.6)

where δ∗ is the BL displacement thickness.
Dimensional analysis of the dynamic equations (subject to appropriate

boundary conditions) yields a scaling of the mean velocity profile in the form
[106]:

u+ ≡ u

uτ
= f(y+); y+ =

yuτ

ν
(3.7)

U∞ − u

uτ

= F (η); η =
y

δ
. (3.8)

Matching equations (3.7) and (3.8) gives the classical log-law. In inner
variables the relation is

u+ =
1

κ
log(y+) + B0 (3.9)

while in outer variables we have

U∞ − u

uτ
=

1

κ
log(η) + B1. (3.10)

For large Rn, the ratio of the two lengthscales δ+ = δ/l+ is large and the
BL can be thought of as comprising two distinct layers [106]. At sufficiently
large Rn it is also assumed that there is an overlap region, l+ � y � δ,
where equations (3.7) and (3.8) hold simultaneously [106].

A schematic of a typical turbulent BL in inner variables is shown in Figure
3.1.

Many of the equations to follow are simplified considerably by defining
the parameter ς by

ς ≡ U∞

uτ
=

√

2

cf
=

∆

δ∗
. (3.11)

Combining equations (3.9) and (3.10) yields the skin-friction law

ς =

√

2

cf
=

1

κ
log(δ+) + B0 + B1. (3.12)

3-4



 0

 4

 8

 12

 16

 20

 24

 28

 32

 36

 0.1  1  10  100  1000  10000  100000

u+

y+

Laminar

Sub-layer

Blending

Region

Log-Law

Region

Outer

Layer

ϕm

 u+=y+

 Log-Law
 Musker
 Wake-Law

Figure 3.1: Schematic of BL in inner variables.

Rearranging equation (3.12) we find

B1 = ς − 1

κ
log(δ+) − B0. (3.13)

Saric et al [116] argue that because both ς and δ+ are Rn-dependent, B1

must also be a function of Rn. If both B0 and B1 are constant, then we must
have

ς − 1

κ
log(δ+) = constant (3.14)

a relation which is not supported by experiments. Furthermore, if B0 is a
constant, B1 is not, and therefore if the inner law (equation (3.9)) is universal,
the outer law (equation (3.10)) is not [116].

3.3.1 Alternatives to the Log-Law

Although the log-law has been found to yield accurate approximations for
some quantities of interest in the turbulent flow over a flat plate, doubts have
recently been expressed about its universality. In short, is the log-law really
independent of Rn?

3-5



Buschmann and Gad-el-Hak [10] have proposed a generalised log-law and
found that a significant log region does not exist for δ+ < 4000.

Barenblatt et al [2] have challenged the assumption in the log-law that
the velocity gradient is independent of the molecular viscosity for sufficiently
large y+ and Rn. They, and George et al [41], have derived a Rn-dependent
power law description of the overlap region. The modified log-wake law
developed by Guo et al [46] is independent of Rn in the velocity defect form,
but Rn-dependent in terms of inner variables.

Saric et al [116] summarise some of the problems with the log-law in
the limit of infinite Rn. Firstly, there is the theoretical problem that the
velocity profile essentially disappears (i.e. u/U∞ → 1) as Rn is increased
towards infinity. Castillo [11] suggests that this behaviour is plausible if Rn

is increased by increasing U∞ or by decreasing ν but not by simply moving
downstream on an infinitely long surface. It is expected, of course, that a
BL should always exist.

The second objection is that the ratio of δ to either of δ∗ or to the
momentum-thickness Θ asymptotes to infinity. This is contradicted by evi-
dence that velocity profile data collapse equally well when scaled by either
δ∗ or Θ [116].

The third difficulty is that the shape factor H12 ≡ δ∗/Θ asymptotes to
a value of 1, whereas shape factors below 1.25 have not been observed in
experiments [116],[11].

In contrast, the power law predicts that (1) a velocity profile will al-
ways exist; (2) δ/δ∗ and δ/Θ both asymptote to finite values; and (3) H12

asymptotes to a value greater than unity [116].
Whether the power-law, the log-law, or neither are correct is still much-

debated. For Panton [108] the question is an artificial one. “From the view-
point of composite expansions, the log law is the common part of the inner
and outer functions”.

Saric et al [116] concede that some results tend to support the power-law,
however they conclude that the log-law is well-entrenched and unlikely to
be replaced with alternative scalings unless there are overwhelming practical
consequences. For Lindgren et al [84] there is no question that the log-law
is correct. They derived the log-law using Lie group symmetry methods and
found good agreement with the experimental data of Österlund et al [105],
[106].

In the present work we accept that the log-law is correct and, furthermore,
we will ignore any difficulties that may exist as Rn → ∞. Simply put, we are
only interested in a limited, albeit very large, range of Reynolds numbers,
typically 106 < Rn < 1010.
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3.3.2 Log-Law Constants

Author κ B0

von Karman (1934) 0.380 5.50
Prandtl (1935) 0.417 5.80
Clauser (1951) 0.411 4.90
Coles (1954) 0.400 5.50
Smith and Walker (1958) 0.461 7.15
Landweber (1960) 0.420 5.45
Patel (1965) 0.418 5.45
Coles (1968) 0.410 5.00
Winter and Gaudet (1973) 0.384 6.05
Zagarola and Smits (1998) 0.436 6.15

Österlund (1999) 0.384 4.08
Perry et al (2001) 0.390 4.42
Perry et al (2002) 0.410 5.00

Table 3.1: Values of the log-law constants κ and B0 adopted by various authors.

Table 3.1 lists pairs of log-law constants κ and B0 adopted by various
authors. It is clear that there is very little consensus.

In the work to follow, we will restrict our general attention to three pairs
of log-law constants. These pairs were chosen as representative values used
in experiments by, respectively, Österlund (κ = 0.384, B0 = 4.08), Coles
(κ = 0.410, B0 = 5.00), and Patel’s re-analysis (κ = 0.418, B0 = 5.45) of
Smith and Walker’s experiments.

3.3.3 Modifications of the Log-Law

Most modifications to the classical log-law attempt to account for the be-
haviour close to the wall by splicing together various simple functions. For
example, Squire’s velocity profile is given by

u+ =
1

κ
log(y+ − D) + B0 (3.15)

where D = δ+
v − 1/κ and where δ+

v is the distance from the wall (in wall
units) at which the flow is fully turbulent. For y+ < D, u+ = y+.
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Figure 3.2: Approximate boundary layer velocity profiles.

Figure 3.2 shows the log-law, Squire’s profile and Musker’s profile (de-
scribed below) for the pair of log-law constants κ = 0.384 and B0 = 4.08.

Spalding’s mean velocity profile

y+ = u+ + exp(−κB0)

[

exp(κu+) − 1 − κu+ − (κu+)2

2
− (κu+)3

6

]

(3.16)

is, essentially, a power-series used to construct an interpolation scheme join-
ing the linear sublayer to the logarithmic region [73]. The implicit form of
Spalding’s profile makes it difficult to use and this seems to have motivated
Musker [99] to develop an explicit expression.

Musker [99] uses a simple interpolation formula to combine the cubic
variation of eddy viscosity near the wall with the linear law in the log region.
As we will be using Musker’s profile in much of what is to follow we here
repeat his derivation.

The equation of motion for 2-D turbulent flow in the x-direction is

u
∂u

∂x
+ v

∂u

∂y
= −1

ρ

dp

dx
+

∂

∂y

[

(ν + νt)
∂u

∂y

]

. (3.17)

At the wall the pressure gradient is balanced by the laminar shear stress
gradient,

dp

dx
= µ

∂2u

∂y2

[

(ν + νt)
∂u

∂y

]

(3.18)

which leads to

u
∂u

∂x
+ v

∂u

∂y
=

∂

∂y

[

νt
∂u

∂y

]

(3.19)
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for the region very close to the wall. Here viscous shear stresses predominate
and the velocity profile is linear, i.e. u+ = y+. The continuity equation (3.1)
then implies that ν ∼ y2, and hence from equation (3.19) that νt ∼ y3.

Musker [99] makes use of some experimentally-observed “facts” about the
behaviour of turbulence intensities near the wall to show that

νt/ν ∼ (y+)3 (3.20)

as y+ → 0. Away from the wall, νt/ν = κy+, which results in the familiar
derivation of the log-law (3.9) in inner variables.

Musker [99] uses the following interpolation formula

ν

νt
=

1

C(y+)3
+

1

κy+
(3.21)

where C is the constant of proportionality in equation (3.20).
In the near-wall region,

τ

ρ
= (ν + νt)

∂u

∂y
(3.22)

which results in an expression for the dimensionless velocity gradient that is
continuously valid from the wall to the logarithmic region, namely,

du+

dy+
=

κ + C(y+)2

κ + C(y+)2 + κC(y+)3
. (3.23)

The value of C is found by matching the numerical quadrature of this equa-
tion to the log-law (3.9) at sufficiently large y+. A value of y+ = 100 is
adequate.

Integrating equation (3.23) yields

u+ = MT (y+) + ML(y+) − M+
0 (3.24)

where
MT (y+) = m1 tan−1(m2 + m3y

+) (3.25)

ML(y+) = log

[

(y+ + m5)
m4

((y+)2 − m7y+ + m8)m6

]

(3.26)

and

M+
0 = m1 tan−1(m2) + log

(

mm4

5

mm6

8

)

. (3.27)

3-9



κ 0.384 0.410 0.418
B0 4.08 5.00 5.45

C 0.0012715 0.0010979 0.0009957
m1 -5.11454 -5.41524 -5.61223
m2 0.478145 0.488030 0.492209
m3 0.126141 0.119918 0.116001
m4 4.09272 4.16660 4.24919
m5 10.1853 10.5784 10.8787
m6 0.744276 0.863787 0.928421
m7 7.58115 8.13942 8.48633
m8 77.2163 86.1024 92.3200
M+

0 3.98276 3.52094 3.37364
δv 6.57 7.18 7.54
R0 662.6 377.1 299.8
x0 2.00 2.00 2.00
x1 3.83 3.87 3.88
x2 4.53 4.56 4.66
y1 0.528 0.676 0.561
y2 0.485 0.620 0.408
ϕc1 1.508 1.687 1.743
ηsc1 0.080 0.018 0.120
ηmc1 0.709 0.690 0.805

Table 3.2: Constants used in the present work for various values of the log-law
constants κ and B0.

The constant C in equation (3.23), and the constants in equations (3.25)
to (3.27) are given in the top half of Table 3.2 for three frequently used values
of the log-law constants κ and B0. Liakopolous [83] uses the same functional
form as Musker’s profile with slightly different constants and coefficients.

Figure 3.2 shows that the differences between Musker’s profile and Squire’s
profile are significant only for the region y+ ≈ 10, i.e in the blending region
shown in Figure 3.1.

Figure 3.3 shows the near-wall behaviour of Musker’s profile for various
values of κ and B0 compared to Spalart’s numerical data. It can be seen that
the agreement with Spalart’s numerical method is very good up to y+ ≈ 8.

If we are interested in output quantities for which the low y+ behaviour
is insignificant, we can simply use the log-law given by equation (3.9). As we
will see later, the good accuracy of Musker’s profile for small y+ can be used
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Figure 3.3: Near-wall behaviour of Musker’s profile for various values of κ and B0

compared to Spalart’s numerical data.

to advantage in estimating the wall shear stress accurately from experimental
velocity profiles.

3.4 Wake Laws

For sufficiently large y+ the velocity profiles rise above the logarithmic line,
as can be seen in Figure 3.1. In 1956, Coles [15] proposed a universal function
ϕ(η) to account for this behaviour. This is the famous “Law of the Wake”.

Coles’ wake strength parameter Π is defined as the maximum departure
of the wake function from the log-law. According to Panton [108], allowing Π
to vary with Reynolds number is a simple way to approximately account for
higher-order terms in the true asymptotic expansion. Grigson [45] used this
technique to develop his recent alternative to the 1957 ITTC skin-friction
line.

For an equilibrium BL (i.e. those that are in equilibrium with the lo-
cal shear stress at the wall [18]), Π is a function of Clauser’s equilibrium
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parameter, β, where

β =
δ∗

τw

dp

dx
. (3.28)

In the present thesis we are only concerned with zero-pressure-gradient BL,
i.e. where dp/dx ≡ 0.

Originally, Coles gave a table of values for his wake function. Later,
Hinze [55] approximated Coles’ original function with the following simple
form that became very widely used:

ϕColes(η) =
Π

κ
[1 − cos(πη)] . (3.29)

Coles’ wake function is shown in the plot at the bottom of Figure 3.4.
Although we have used η = y/δ in the above equation, other definitions are
frequently used, for example, η = y/δc where δc is the BL thickness where
the maximum deviation from the log-law occurs.

Another frequently-used wake function due to Moses [99] is given by

ϕMoses(η) =
Π

κ

[

2η2(3 − 2η)
]

. (3.30)

Grigson [45] used a modification of Coles’ function due to Winter and
Gaudet. Let ηs be the beginning of the wake region, and let ηm be the or-
dinate where the wake function attains its maximum. (Note that neither
theory nor dimensional analysis can give any guidance as to where the loga-
rithmic layer begins, nor as to where it ends and the wake begins [45].) For
η ≥ ηs, Winter and Gaudet’s wake function can then be written as

ϕ(η) =
Π

κ
{1 + sin[παw(η − βw)]} (3.31)

where

αw =
1

ηm − ηs
(3.32)

and

βw =
ηs + ηm

2
. (3.33)

For η < ηs, ϕ(η) ≡ 0.
This formulation seems reasonable, given that in the log-region, the wake

should strictly be equal to zero. Winter-Gaudet’s wake function is shown in
the plot at the top of Figure 3.4.
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Figure 3.4: Schematic of present wake model (left) and present wake model com-
pared to Coles’ wake functions with and without corner corrections (right).

3.4.1 Corner Corrections

None of the wake functions described above satisfy the slope condition at
the edge of the boundary layer, i.e. at η = 1. For example, the slope of
Coles’ wake function is zero at the edge of the BL whereas the correct value
is −1/κ. (In fact, the slope only approaches −1/k at the edge of the BL, but
the approximation is considered very good).

A variety of so-called “corner corrections” have been proposed in recent
years. For example, Finley’s correction [108] is given by

wFin.(η) =
1

κ
η2(1 − η). (3.34)
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A slightly more accurate correction due to Lewkowicz [82] is

wLew.(η) = −1

κ
η2(1 − η)(1 − 2η). (3.35)

Coles’ wake function with and without corner corrections are shown in the
bottom plot of Figure 3.4. According to Panton [108], the corner correction
is a significant part of the wake law when the value of Π is very small and
then neither of the corrections are very accurate.

Guo et al [46] and Perry et al [110] prefer a cubic correction given by

w3(η) = − η3

3κ
. (3.36)

Note that this function can also be viewed as belonging to the log-law, in
which case the wake function is then defined as the departure from the log-law
plus the corner correction.

The present wake model is a piecewise continuous function. For ηs < η <
ηm, we use equation (3.31); for ηm < η < 1

ϕ(η) =
2Π

κ

{

1 + (η − ηm)2[αm + βm(η − ηm)]
}

(3.37)

where

αm = −6Π − (1 − ηm) − 3κϕ1

2Π(1 − ηm)2
, (3.38)

βm =
4Π − (1 − ηm) − 2κϕ1)

2Π(1 − ηm)3
, (3.39)

and where ϕ1 is an abbreviation for ϕ(1), the value of the wake function at
the BL edge.

For η ≥ 1, the wake function is

ϕ(η) = ϕ1 −
1

κ
log(η). (3.40)

Referring to the schematic at the bottom of Figure 3.4, it can be seen
that the present wake model has a roughly similar shape to the other wake
models. The actual wake shape will depend on the values of the start of
the wake and the location of the maximum i.e. ηs and ηm. An attempt to
estimate these values from experimental velocity profiles is described in the
following chapter and in Appendix B.
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Chapter 4

Estimation of TBL Quantities

Chapter Summary
Three frequently-used pairs of the log-law constants are used to

estimate the BL wake strengths from recent and classical experimental
data. It is found that one pair of constants (in combination with
Österlund’s 1999 experiments [105]) yields a friction line that is within
about 1.3% of the ITTC line for Rn > 107.5. Another pair of constants
(with parameters also derived from Österlund’s experiments) results in
a line that is almost identical to Katsui’s for Rn > 107.5. A third pair
of constants, in conjunction with the 1958 experiments of Smith and
Walker, agrees closely with Grigson’s [45] friction line. At ship-scale,
the differences between the friction lines can be as much as 7%.

4.1 Data-Fitting Procedure

Clauser’s method [37] for estimating the friction velocity uτ involves fitting
experimental velocity profiles u(y) to the log-law given by equation (3.9).
Until recently, this fitting procedure often required some level of human in-
put, with consequent and inevitable biases. For example, deciding which
points lie within the BL log-layer introduces an element of subjectivity into
the process [73]. The log-layer is not very extensive at low Rn and it may
contain very few data points, which can severely reduce the reliability of
estimates of uτ .

Another difficulty is that uτ is related to the von Karman constant κ and,
as was seen in Table 3.1, there is little consensus on its value. The accurate
determination of the log-law constants requires many measurements in the
log-region, however few published profiles contain more than 20 measure-
ments in the log-region. Grigson [45] suggests that these difficulties cause
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uncertainties of about 5% in the determination of κ and about 10% for B0.
Recently, Kendall and Koochesfahani [73] described a method for estimat-

ing uτ that uses data points close to the wall as well as inside the log-layer.
They argue that one should take advantage of all the velocity data available
for estimating uτ , and not solely those points inside the log-region.

For a given experimental profile, the velocity u(y) is normalised into wall
units u+(y) by finding the value of the friction velocity uτ and the wall loca-
tion y0 that best fit the normalised data against Musker’s profile, equation
(3.24). Although we could also find κ and B0, four free parameters allows
far too much freedom and so the search is conducted for a specified pair of
log-law constants.

The amount by which uτ and y0 can validly be varied during the search
should depend on the accuracy of the original measurements: it is acceptable
to adjust uτ and y0 by as much as their experimental uncertainties, but by no
more. Unfortunately, not all experimenters provide useful error estimates.

Details and results of the fitting procedure are described in Appendix B.

4.2 Grigson’s Algorithm

Grigson [45] derives three equations needed to solve the BL equations, namely

dRθ

dRx

=
1

ς2
(4.1)

ς =
1

κ
log(δ+ − D) + B0 + ϕ1 (4.2)

and

Θ

δ
≡ C1

ς
− C2

ς2
(4.3)

where C1 and C2 are the two “defect” integrals derived in Appendix A.
The above equations lead to

dRx =
[

(D + Keκς)C2 + κKeκς (C1ς
2 − C2ς)

]

dς

+ ς2(D + Keκς)dC1

− ς(D + Keκς)dC2

− κKeκς(C1ς
2 − C2ς)dϕ1 (4.4)

where
K = exp[−κ(B0 + ϕ1)]. (4.5)
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For large Rx, only the first term needs to be retained [45], leaving

dRx =
[

(D + Keκς)C2 + Keκς (C1ς
2 − C2ς)

]

dς. (4.6)

If we let Rx = R0 then ς = ς0 and integrating from ς0 to ς gives

Rx − R0 = Keκς
[

C1ς
2 −

(

2

κ
C1 + C2

)

ς +
2

κ

(

C1

κ
+ C2

)]

+ DC2ς

∣

∣

∣

∣

∣

ς

ς0

(4.7)

If we now assume that R0 = 0 at x = 0, then we must also have Θ = 0 at
x = 0. This implies that ς0 = C2/C1, where C1 and C2 take the values that
correspond with ϕ = 0, i.e. Π = 0, C1 = 1/κ and C2 = 2/κ2 [45]. Therefore
ς0 = 2/κ and we can evaluate the lower limit of equation (4.7) to give, as in
[45],

R0 =
2e2−κB0

κ2

[

5 + 2D

κ
− 2

]

. (4.8)

The numerical algorithm used to solve the BL equations is described by
Grigson in [44].
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Figure 4.1: Behaviour of defect integrals with Rn: C1 (left) and C2 (right).

The behaviour with Rn of the defect integrals C1 and C2 is shown in Figure
4.1 for κ = 0.418 and B0 = 5.45. (Curves for the other log-law constants
display similar trends.) Also shown in the plots are the corrections, C1corr

and C2corr, required at small Rn to account for the difference between the
log-law and Musker’s profile when y+ is small. The two defect integrals
oscillate slowly for Rn < 107 before settling down to a constant value for
larger Rn. The correction curves have a single peak at very low Rn and
decay smoothly towards zero for increasing Rn. The corrections are only
significant for Rn < 107.
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4.3 TBL Results

The results to follow are quite comprehensive but they are necessary to show
that the model is self-consistent and to highlight where and when it agrees
or disagrees with experimental results. A further complication is that some
experimental results are available only as functions of Rθ, others only as
functions of Rn.

Most results are shown for three pairs of log-law constants. It is very
important to note that the results for each pair of constants are also based on
the BL wake parameters for that pair of constants. As mentioned previously,
BL wake parameters for all pairs of log-law constants are based on fits to
Österlund’s data except the pair κ = 0.418, B0 = 5.45 where wake parameters
are extracted from fits to the data of Smith and Walker [119].

4.3.1 Estimates of BL Thicknesses and Eddy Viscosity

 2
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Figure 4.2: Behaviour of BL quantities with Rn for log-law constants κ = 0.384
and B0 = 4.08.

Figure 4.2 shows the predicted variation with Rn of the three BL thick-
nesses δ∗, δ, and Θ. Also shown is the variation of νt/ν where νt is the value

4-4



of the eddy viscosity at the BL edge. Results for only one pair of log-law
constants are shown as they are (graphically) similar to estimates using other
pairs.

κ 0.384 0.410 0.418
B0 4.08 5.00 5.45

Eddy Viscosity
νt/ν = n1R

n2

n

n1 0.002553 0.002270 0.002113
n2 0.849 0.858 0.865
Thickness
Rδ = d1R

d2

n

d1 0.06918 0.06745 0.05521
d2 0.912 0.912 0.925
Disp. Thickness
Rδ∗ = s1R

s2

n

s1 0.02218 0.01950 0.01928
s2 0.847 0.854 0.856
Mom. Thickness
Rθ = t1R

t2
n

t1 0.01276 0.01125 0.01146
t2 0.864 0.871 0.873

Table 4.1: Approximations (valid for Rn > 106.5) to several BL quantities for
various values of the log-law constants κ and B0.

For Rn > 106.5 all curves are well-approximated (on a log-log plot) by
straight lines given by the equations and coefficients in Table 4.1.

Nagib et al [100] found that Rθ = 0.01277R0.8659
n (using log-law constants

κ = 0.384 and B0 = 4.173) was a very good fit to nine sets of experiments for
Rn > 106.5. Table 4.1 shows that their equation has very similar constants
to ours for κ = 0.384 and B0 = 4.08. This is very heartening given that
completely different methods were used to find the constants, and that we
have employed a fairly elaborate fitting procedure to estimate wall shear
stresses from the experimental velocity profiles.
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4.3.2 Estimates of the Shape Factor H12
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Figure 4.3: Predicted variation of H12 with Rθ compared to experiments from a
variety of sources.

Figure 4.3 compares our predictions of the ratio H12 = δ∗/Θ with several
published experiments as well as with results from some other numerical
studies. These results do not include those used in the fitting procedure:
the values shown for the data of Nagib, Österlund, and the two T3 sets
were calculated by their respective authors (i.e. not using our data fitting
techniques).

The models based on the first two pairs of log-law constants fit Österlund’s
estimates better than the model based on the pair κ = 0.418, B0 = 5.45
which, in general, agrees better with all the other experimental points shown
in Figure 4.3. It is clear that Österlund’s results are significantly larger than
other experimental results shown in the graph.

Although all three curves decay smoothly as Rθ increases, each has a
slight hump for 3.5 < Rθ < 4.5 that is also apparent in the experimental
data. This feature makes it difficult to find simple approximations based on
a single decay coefficient.
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4.3.3 Estimates of the Skin-friction Coefficient cf

Comparisons of predicted cf with a variety of experiments are shown in
Figure 4.4. As before, we have excluded experimental results that were used
in the fitting procedure. Those results can be found in Figures C.3 to C.4 of
Appendix C.

Predictions are in good agreement for all three pairs of log-law constants
for Rθ > 103.3. For 103.5 < Rθ < 104.7 the middle plot of Figure 4.4 shows that
De Graaff’s [18] data agrees best with the log-law pair κ = 0.418, B0 = 5.45;
Wieghardt’s data is closer to the other two log-law pairs at the higher end
of the range, as is the data of Winter and Gaudet. The KTH oil film data is
quite scattered and generally lies well below predictions.

In the bottom plot of Figure 4.4 the data of Winter and Gaudet, although
quite scattered, tend to support the two models with the lowest values of the
log-law constants.

Figures 4.5 and 4.6 compare predictions with experimental results for
four ranges of the usual length-based Reynolds number, Rn. (Comparisons
with experiments used in the fitting procedure are given in Appendix C: see
Figures C.5 to C.7.) Also shown is the ITTC 1957 local skin-friction line
given by

cf =
0.075

[log10(Rn) − 2)]2

[

1 − 0.869

log10(Rn) − 2

]

. (4.9)

The experimental results labelled “S&W Balance (1958)” refer to Smith
and Walker’s balance experiments and not to their velocity profile measure-
ments which we used in the fitting procedure.

For Rn < 106, the top plot of Figure 4.5 shows that predictions are
generally higher than experiments. For 2×105 < Rn < 106, the model based
on the pair κ = 0.410, B0 = 5.00 is in best agreement with the experiments
of Wieghardt and of Dhawan [19]. The ITTC line is lower than the other
curves for Rn < 360, 000 but predicts higher values for 0.4×105 < Rn < 106.

The bottom plot of Figure 4.5 shows that there is considerable scatter
in the experimental balance data of Smith and Walker. Comparing this
plot with the bottom plot of Figure C.6 shows that cf calculated from the
(adjusted) velocity profiles is much less scattered and lies well inside the
scatter of the balance data. It is difficult to decide which of the model
predictions is best for this Rn range, but the log-law pair κ = 0.418, B0 = 5.45
is a little better than the κ = 0.384, B0 = 4.08 model. The predictions of
the model based on κ = 0.410, B0 = 5.00 are a little low at the higher Rn in
this range. The ITTC line provides reasonable estimates for the small range
106 < Rn < 2.5 × 106, but then seems a little too high for larger Rn.
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At high and very high Rn the two plots of Figure 4.6 show that best
agreement is found with the model based on κ = 0.418, B0 = 5.45. (Compare
this with the bottom plot of Figure 4.4 where, on a Rθ scale, the other two
models were slightly better.) The other two models and the ITTC line give
reasonable predictions for 107 < Rn < 1.2 × 107, but are well below the
experiments for larger Rn.

It is not easy to find an absolute winner between the three models. Cer-
tainly, the models are consistent with the data they are based on, but the
agreement with experiments not used to define model parameters is less clear.

The agreement of the method using κ = 0.418 and B0 = 5.45 is quite
good for the range of high Rn shown in the two parts of Figure 4.6, however
experiments from more recent sources are required before making any firm
conclusions. If the experiments are believable, then the other three friction
lines shown in the figure significantly under-predict the (local) skin-friction.
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4.3.4 Estimates of the Planar Friction Coefficient CF

In order to make some equations to follow more compact we make use of the
abbreviation Υ = log10 Rn.

The top plot of Figure 4.7 shows the planar friction coefficients for mod-
els based on three pairs of log-law constants as well as three lines (ITTC,
Katsui and Grigson) investigated by the 24th ITTC Specialist Committee on
Powering Performance Prediction in 2005 [63].

As it is difficult to see the differences between the formulations, the bot-
tom plot shows the same lines as a fraction of the ITTC line which is given
by

CF ITTC =
0.075

(Υ − 2)2
(4.10)

Several attempts by the present author to obtain Katsui’s original paper
were unsuccessful, so the line as given in the ITTC report [63] was used,
namely

CFKatsui =
0.00066577

(Υ − 4.3762)0.042612Υ+0.56725
(4.11)

Grigson [45] approximated his results using polynomials in Υ as multipli-
ers of the ITTC line, namely

CFGrigson = g(Υ)CF ITTC (4.12)

where, for 1.5 × 106 < Rn < 20.0 × 106,

g(Υ) = 0.9335 + 0.147(Υ − 6.3)2 − 0.071(Υ − 6.3)3 (4.13)

and for Rn > 30.0 × 106

g(Υ) = 1.0096 + 0.0456(Υ − 7.3) − 0.013944(Υ− 7.3)2 (4.14)

+0.0019444(Υ− 7.3)3 (4.15)

First note that for 106 < Rn < 107 all lines (except Katsui’s for Rn <
5.5 × 105) are lower than the ITTC line.

There is close similarity between Grigson’s line and our model based on
the log-law pair κ = 0.418, B0 = 5.45. This is hardly surprising given that
both this model and Grigson’s use wake parameters primarily gleaned from
Smith and Walker’s [119] experiments. See, for example, the wake functions
shown in the bottom plot of Figure B.18.

A little more interesting is the close agreement between Katsui’s Line
and the model based on the log-law pair κ = 0.410, B0 = 5.00 with BL wake
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parameters based on Österlund’s data. Katsui’s method is unknown to the
present author, but the ITTC report briefly mentions that “Grigson’s Line
and Katsui’s Line are obtained by the numerical integration of local friction
in the boundary layer” [63].

Of very great interest is that the model based on the log-law pair of
constants κ = 0.384, B0 = 4.08 and using Österlund’s [105] data for determi-
nation of the wake parameters yields a line that is not vastly different from
the ITTC line. For Rn > 108 the difference between the two lines is less than
about 1.3%.

In predictions of total ship resistance to follow later in the present thesis,
we will use both the ITTC line and the line with κ = 0.418, B0 = 5.45 (which
we will refer to as “LL08” to distinguish it from Grigson’s line) to estimate
the skin-friction component.

The “LL08” line can be approximated by a series of piece-wise splines
that fit our calculated data to within one fifth of one percent.

For 0.3 × 106 < Rn < 4.0 × 106:

f(Υ) = 0.9298 + 0.02211(Υ − 5.5) − 0.04833(Υ− 5.5)2

+0.03934(Υ− 5.5)3 (4.16)

For 4.0 × 106 < Rn < 30.0 × 106:

f(Υ) = 0.94346 + 0.0283(Υ − 6.5) + 0.1650(Υ − 6.5)2

−0.11245(Υ − 6.5)3 (4.17)

And for Rn > 30.0 × 106:

f(Υ) = 1.0245 + 0.03311(Υ− 7.5) − 0.006028(Υ − 7.5)2 (4.18)

Finally,
CFLL08 = f(Υ)CF ITTC (4.19)

Grigson used two splines to approximate his own line, whereas three
splines are used to approximate the “LL08” line. The additional spline was
found to be necessary to cater for the steeper portion of the line around
Rn ≈ 107.

It is important to note that because of the large scatter in the BL experi-
ments at low Rn, the LL08 friction line may not necessarily be very accurate
for Rn less than about 2 × 106. However, all other friction lines would have
great difficulites in this region.
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Chapter 5

Wave-Making

Chapter Summary
We first derive the equations for wave resistance in an inviscid

fluid. Viscous effects at the surface are then modelled by modifying
the Kelvin free-surface boundary condition. We also consider the effect
of BL displacement thickness and the idea of a “detachment layer”.
Stratford’s BL separation criteria are employed to estimate roughly
the location on the hull surface where the BL begins to thicken.

5.1 Wave-Making in an Inviscid Fluid

The flow problem of interest is first formulated under the assumptions that
the fluid is homogenous, inviscid and incompressible (and hence moves irro-
tationally), and that surface tension effects can be neglected. We also assume
that the water is of infinite extent and that disturbances are small so that
we can linearise the free-surface boundary conditions (FSBC).

These ideal conditions reduce the task from one of solving the full Navier-
Stokes equations to that of solving Laplace’s equation

φxx + φyy + φzz = 0 (5.1)

for the disturbance velocity potential φ to a steady stream U .
The Kelvin FSBC for small disturbances is

φxx + k0φz = 0 on z = 0. (5.2)

For a laterally (i.e. y-wise) symmetric thin ship with offsets y = ±Y (x, z),
the linearised hull boundary condition is

φy = ±UYx(x, z) on y = 0±. (5.3)
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5.1.1 Havelock Sources

Under the assumptions described above, the flows of interest in the present
work can be generated by distributions of Havelock sources, which are point
sources that automatically satisfy the Kelvin FSBC. The velocity potential
of a unit Havelock source ([49],[138],[101]) located at (x, y, z) = (0, 0, ζ) is

G(x, y, z) = − 1

4π2
<
∫ π/2

−π/2
dθ
∫ ∞

0
dk e−ik$[e−k|z−ζ| − K1(k, θ) ek(z+ζ)] (5.4)

where

K1(k, θ) =
k + k2

k − k2
(5.5)

In order to satisfy the radiation condition, the path of the k-integration
must pass above the pole at k = k2 in equation (5.5).

The first term inside the square bracket of equation (5.4) contributes the
potential of an ordinary Rankine source in an infinite fluid, since

− 1

4π2
<
∫ π/2

−π/2
dθ
∫ ∞

0
dk e−ik($+|z−ζ|) = − 1

4πr
(5.6)

where r =
√

x2 + y2 + (z − ζ)2.

The second term inside the square bracket of equation (5.4) is the correc-
tion for the free surface which satisfies the Kelvin FSBC.

5.1.2 The Michell Potential

The disturbance velocity potential can be generated by a distribution of
Havelock sources over a region R of the plane y = 0 with strength m(ξ, ζ)
per unit area at the point (ξ, ζ). Thus, [137],

φ(x, y, z) =
∫ ∫

R
dξdζ m(ξ, ζ) G(x− ξ, y, z; ζ) (5.7)

It is assumed that z ≥ ζ over the vertical plane R, which is always true
on the free surface z = 0.

According to Michell’s [90] thin-ship theory, the source strengths, m(ξ, ζ),
in equation (5.7) are proportional to the longitudinal slope, namely

m(ξ, ζ) = 2UYξ(ξ, ζ). (5.8)

On substitution into equation(5.7), we get

φ(x, y, z) =
U

2π2
<i
∫ π/2

−π/2
dθ
∫ ∞

0
dk k1e

−ik$[e−kz−K1(k, θ) ekz](P + iQ) (5.9)
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where

P + iQ = − 1

ik1

∫ ∫

R
dξdζ Yξ(ξ, ζ) eik1ξ+kζ (5.10)

and where k1 = k cos θ is the x-wise wave number.
Integrating equation (5.10) by parts yields an expression for P + iQ that

depends on the actual hull offsets, rather than on the hull slopes. Thus,

P + iQ =
∫ ∫

R
dξdζ Y (ξ, ζ) eik1ξ+kζ − 1

ik1
eik1ξe

∫ 0

−T
Y (ξe, ζ) ekζdζ (5.11)

where ξe is the ξ–ordinate of the stern.
The result of the integration by parts given in equation(5.11) assumes

that all offsets at the bow are zero, i.e. that Y (ξb, ζ) = 0, where ξb is the
ξ-ordinate of the bow. The second term of equation(5.11) vanishes if there
is no transom stern or if there is no additional offset due to the inclusion of
the BL displacement thickness.

The linearised wave elevation z = Z(x, y) is given by

Z(x, y) = −U

g
φx(x, y, 0) (5.12)

which is, in effect, a quadruple integral given by

Z(x, y) =
1

π2

∫ π/2

−π/2
dθ
∫ ∞

0
dk e−ik$K2(k, θ) (P + iQ) (5.13)

where

K2(k, θ) =
k2

k − k2

. (5.14)

Far behind the vessel, i.e. when x is large and positive, the major contri-
bution to the wave elevation comes from the residue at the pole k = k2. The
far-field wave elevation is then given by the “Linearised Ship-Wave Intgeral”,

ZF (x, y) = <
∫ π/2

−π/2
A(θ) exp[−ik2$] dθ (5.15)

where A is the complex amplitude, or “free-wave spectrum” given by

A(θ) = −2i

π
k2

2(P + iQ). (5.16)

The total energy in the far-field wave pattern yields Michell’s [90] integral
for the wave resistance

RW =
π

2
ρU2

∫ π/2

−π/2
|A(θ)|2 cos3 θ dθ. (5.17)
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5.2 Viscous Effects Modelled at the Surface

Following Tuck [132] we now add an extra term to the usual (inviscid) Kelvin
FSBC given by equation (5.2) in order to model viscous effects, namely

gφz + U2φxx + 4Uνtφxzz = 0 on z = 0 , (5.18)

where νt is a coefficient which can be interpreted as a kinematic viscosity.
There have been a number of studies in which a modified FSBC like the

above has been used to model viscous effects on water waves, not necessarily
with the same form of the added term. In particular, there is a family
of possible generalisations of (5.18) where the number of z-derivatives in the
viscous term is m 6= 2. For example, the case m = 3 corresponds to the model
of Tuck [132], which was justified there in terms of a sheet of viscous fluid of
small thickness lying on the surface of an otherwise inviscid fluid. The case
m = 0, where there are no z-derivatives, corresponds to Rayleigh’s empirical
friction, mainly intended by Rayleigh as a device to enable satisfaction of the
radiation condition, but interpreted as a model of viscous effects.

However, the case m = 2 as in (5.18) represents true viscous effects
throughout the fluid most closely, in that it yields the correct damping coef-
ficient for plane waves in a fluid of uniform viscosity νt, as derived by Lamb
[74]. Although we present results here only for this case, we have also done
computations with other values of m, and the results are generally similar.

We also use a non-dimensional viscous coefficient (or inverse Reynolds
number)

β2 = 4νtk0/U = 4νtg/U3 (5.19)

and an exponential viscous damping factor

V (x, y; θ) = exp(−β2k0$ sec5 θ) (5.20)

We show in Appendix D that the wave resistance is

RW =
2ρg4

πU6

∫ π/2

−π/2
dθ sec5 θ

∫ ∞

0
|Λ(k1q, k2q)|2δV q4 dq (5.21)

where

Λ(k1, k2) =
∫ xe

xb

M(x; k2) eik1x dx − eik1xe

ik1

M(xe; k2) (5.22)

with

M(x; k2) =
∫ 0

zb

Y (x, z)ek2zdz (5.23)
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In the above equations, xb and xe are the ordinates of the bow and stern,
respectively, and zb is the ordinate of the bottom waterline. The last term in
equation (5.22) is non-zero only for hulls with transom sterns or where the
BL displacement thickness is finite at the stern. The “sifting” function δV is
given by

δV (q, θ; β2) =
1

π

q2β2 sec3 θ

(q − 1)2 + (q2β2 sec3 θ)2
(5.24)

The above results reduce to those of Michell when there is no viscosity.
Thus since

lim
ε↓0

1

π

ε

(q − 1)2 + ε2
= δ(q − 1), (5.25)

where δ is the Dirac function, we have δV → δ(q − 1) as β2 → 0, so equation
(5.17) becomes

RW → 2ρg4

πU6

∫ π/2

−π/2
sec5 θ|Λ(k1, k2)|2dθ

=
πρU2

2

∫ π/2

−π/2
cos3 θ|A(θ)|2dθ (5.26)

where the (inviscid) complex amplitude is

A(θ) = −2ik2

π
Λ(k1, k2) (5.27)

It is clear from equation (5.15) that the far-field wave elevation can be
interpreted as the sum over all possible wave propagation angles θ of plane
waves of amplitude A. Viscous effects on the damping of far-field waves are
introduced by applying the factor given by equation (5.20) to each plane
wave. Thus, we can write

ZF (x, y; νt) = <
∫ π/2

−π/2
A(θ) exp[−ik2$]V (x, y; θ) dθ (5.28)

This method has been used previously by the present author in a series of
reports and papers co-authored with Tuck and Scullen, e.g. [127], [128],[129],
[130],[137], and also by Doctors and Zilman, [26], [27].
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5.3 Hull BL Displacement Effects

In Chapter 4, we found an approximate expression for the BL displacement
thickness δ∗ of a flat plate. This equation can be written as (using the
coefficients in the last column of Table 4.1)

Rδ∗ ≈ 0.01928R0.856
n (5.29)

or
δ∗

L
≈ 0.01928R−0.144

n (5.30)

which shows that the displacement thickness becomes relatively smaller (and
hence has less influence on wave-making) on full-size ships travelling at high
Reynolds numbers than at model-size where Rn is much smaller.

The effect of the BL displacement thickness on wave-making is intimately
connected with the shape of the wake aft of the stern. Wu [142] regarded
this as the most difficult part of the problem.

Bogucz and Walker [7] developed an eddy viscosity model of the behaviour
of the turbulent near-wake behind a flat plate in the absence of a free-surface.
They found that a thin layer at the wake centreline grows linearly with
distance from the trailing edge but that the thick outer layer is undisturbed
by this growth. Similarly, the eddy viscosity νt at the centreline increases
with distance from the trailing edge, but in the outer region it is unaffected
by the growth of νt in the inner region. At very great distances from the
trailing edge, νt is constant across the entire (viscous) wake. Subaschandar
and Prabhu [125] have described a similar (but slightly more complicated)
model to that of Bogucz and Walker [7] with similar conclusions.

Wu [142] pointed out that the wake at large distances from a ship is
almost completely diffuse, and hence the concept of the trailing wake as a
wave-maker loses much of its significance.

In the present thesis we will model the wake as having constant width
aft of the stern (e.g. the “open wake” model shown in the schematic at the
bottom left of Figure 2.4). The width of the wake will be determined by the
width of the transom stern (if the vessel has one) plus the BL displacement
thickness.

Wave resistance calculated using Michell’s integral depends on the lon-
gitudinal slope of the hull and on the slope of any extension into the wake.
In the present model the viscous wake is assumed to be contained entirely
within lines parallel to the ship’s track and that any vorticity in this region
is completely damped by viscosity: hence the wake in this model is not a
wave-maker.
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The effect of BL displacement thickness on wave resistance and wave pat-
terns will be shown later to be significant only for small models but there
could be some implications for the estimation of form factors and extrapola-
tion from models to full-scale ships.

We note here that the BL wake behind a vessel that has parallel waterlines
extending to the stern is unlikely to have a marked effect unless the hull has
a very small beam.

5.3.1 Hull BL Detachment Effects

Gotman [42] is unequivocal in her opinion of the effect of the BL and wake:
after a long theoretical and experimental investigation she concluded “...that
the cause of the humps and hollows isn’t related to the boundary layer and
the wake of the ship”. We will show later that this seems to be the case if the
usual (thin) BL displacement thickness and wake are used in calculations.
However, it is less certain if we consider the rapid thickening of the (usually
very thin) BL near the stern.

In an interesting report of experiments performed in Japan during the
1980s, Doi [28] and Kajitani [72] presented photographs of stern waves pro-
duced by some small model-sized hulls. Those photographs show that stern
waves begin at different places on the hull (i.e. forward of the stern) depend-
ing on the Froude number. At some Froude numbers the starting point is
close to the stern, at others it is further forward.

The detachment point is not the same as the location on the hull where the
BL separates, rather it should be regarded as a point where the BL begins to
thicken rapidly due to the adverse pressure gradient as the hull curves inwards
near the stern [87]. On well-designed hulls, the BL separation point is close to
the stern, usually within about 5% of the hull length. Stern waves have been
observed to begin as far back as 20% of hull length on some small models
[72], although it should be said that the S103 Inuid hulls used in Kajitani’s
experiments are not good representatives of real ship hulls. The “stern wave
starting point” is also not necessarily identical to the detachment point, but
it is an indication that viscous effects are important at that location on the
hull surface.

There has been a variety of other attempts at modifying the wave-making
of a hull near the stern (apart from the simple BL displacement idea out-
lined earlier). Rather than giving a short summary here, we recommend the
recent paper by Gotman [42] who gives a good account of the various “stern
reduction factors”, “self-interference coefficients” and other semi-empirical
methods devised by such prominent ship hydrodynamicists as Wigley, Inui
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and Emerson.

5.3.2 Stratford’s BL Separation Criteria

Although we have emphasised that the BL detachment points are not the
same as the BL separation points, as a very rough estimate of where the BL
begins to thicken rapidly on the hull, we will use Stratford’s BL separation
criteria [123].

For turbulent separation, the criterion is

Cp

(

x
Cp

dx

)1/2

= 0.39(10−6Rn)0.1 (5.31)

where Cp is the pressure coefficient defined by

Cp ≡ p − p∞
0.5ρU2

(5.32)

The method is only valid when Cp ≤ 4/7.
In the expression above for Cp, p is the pressure on the hull. We use

the linearised pressure, p = −ρU∞φx, noting that this calculation requires
the near-field velocity φx. A fast method for the calculation of the velocity
potential and its derivatives is described in a series of reports co-authored by
the present author with Tuck and Scullen, e.g. [127].

In Stratford’s original paper [123], the constant depends on the sign of
d2p/dx2: he suggests 0.39 if d2p/dx2 ≥ 0 and 0.35 for d2p/dx2 < 0. In a
study of (very scarce) 2D separation data, A.M.O. Smith [118] found that
Stratford’s method was “... good, but predicted separation somewhat early
and 0.50 was found to be a better constant than Stratford’s 0.39.”

In actual calculations we will use an approximate “slip velocity” given by

qslip ≈ (U∞ + φx)~ny (5.33)

where ~ny is the y-wise direction cosine of the hull surface. Thus we do not
follow streamlines on the hull surface, but instead calculate the slip veloc-
ity (and from that the pressure and the separation point) along waterlines
parallel to the undisturbed free surface.

On streamlined hulls, use of Stratford’s turbulent criterion predicts sepa-
ration occuring very close to the stern where the effects on wave-making are
barely noticeable. This is, of course, as it should be - in general, smooth effi-
cient hulls will not have separated flow over a large extent of their submerged
surface. If Smith’s [118] recommended value of 0.50 is used as the constant
in equation (5.31), separation is predicted even closer to the stern.
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In the present thesis we will use Stratford’s [123] laminar separation cri-
terion as a crude indication of where the turbulent BL begins to thicken
quickly. As discussed earlier in this section, there is little point in using the
turbulent criterion because it predicts separation as occuring too close to the
stern to have significant effects on wave-making. The alternative laminar
criterion is therefore used: it has the advantage of giving a rough estimate
of the effects of early BL separation on wave-making.

For laminar separation Stratford’s criterion is given by

Cp

(

x
Cp

dx

)2

≈ 0.0104 (5.34)

For completely submerged bodies (i.e. where there are no free-surface
effects) there are several other methods that could be used. A.M.O. Smith
[118] extended Stratford’s work to axisymmetric bodies. Mattner et al [89]
used Görtler and Mangler transformations on the (laminar) boundary layer
equations and Keller’s box method to design optimal forebodies in plane-
symmetric and axisymmetric flow. Although these methods have application
to deeply-submerged submarines, neither are directly applicable to surface-
piercing ship hulls. This is an area where CFD should shine, but results for
real surface-piercing ship hulls have been disappointing.

Gustavsson [47] examined turbulent boundary layers subject to adverse
pressure gradients and the ability of three methods to predict the position
of flow separation. Of the three methods (one each due to Stratford, Buri
and Duncan), Stratford’s was the simplest to apply but the least successful.
We note Gustavsson’s [47] observation that “...even a few percent variation
of the pressure gradient in a decelerated flow may be enough to trigger mean
flow separation and cause large changes in the flow structure.”
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Chapter 6

Numerical Methods

Chapter Summary
We discuss several methods that are used for the quadrature of

highly-oscillatory integrals. A simple example is used to demonstrate
that rapid oscillation, rather than being an impediment to accurate
numerical quadrature, can actually be beneficial. We then look at
Fresnel-like integrals which include an exponential decay factor. Quadra-
ture methods for Michell’s integral (with and without viscosity) are
discussed, as are three techniques for the linearised ship-wave integral.

6.1 Introduction

The numerical quadrature of highly oscillatory integrals (HOI) is interesting
in its own right and arises in fields as diverse as image analysis, celestial
mechanics, optics, and ship hydrodynamics. A typical conventional approach
is to sample the integrand sufficiently frequently so that difficulties with rapid
oscillation are essentially eliminated [70], and it is no surprise that brute-force
practitioners find the problem computationally expensive, if not impossible.

Given that better techniques for handling HOI are available (and have
been since Filon’s 1929 [38] paper!) the persistent claims of intractability are
perplexing. Iserles [64] almost takes it personally:
“...it is difficult to identify any other area of scientific computing equally
plagued by vague assertions, false folk ‘wisdom’ and plainly misleading state-
ments.”

Iserles attributes the cause for the perpetuation of misconceptions to
many instances in the literature of incorrect analysis. A frequent mistake is
to use Taylor expansions when the procedure makes no mathematical sense,
followed by an examination of the leading “error” term, which has no relation
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to the actual size of the error [64].
There has been considerable progress since 1994 when Evans [35] kindled

interest in Levin’s (1982) method. Recent work by Evans and his group (inter
alia, Chung and Webster) include [13],[14],[36]. Iserles and his group (includ-
ing Nørsett, Olver and Xiang) have, since about 2003, re-examined and ex-
tended the work of Filon and Levin, e.g. [64],[65],[67],[68],[69], [70],[102],[103],
[143],[144],[145].

Our general concern is with integrals of the form

I[f, g, F ; ω, a, b] =
∫ b

a
f(x)F (ωg(x))dx (6.1)

where |ω| is a large parameter and f(x) is assumed to be more slowly oscil-
lating than F (ωg(x)). Although there are many interesting, practical choices
for F , including Bessel functions and Fresnel functions, we restrict attention
to F (t) = exp(it), and write

I[f, g; ω, a, b] =
∫ b

a
f(x) exp(iωg(x))dx (6.2)

Regular oscillatory integrals (ROI) are here defined as those with g(x) =
x. A typical ROI is the general Fourier integral

I[f, x; ω, a, b] =
∫ b

a
f(x) exp(iωx)dx (6.3)

Irregular oscillatory integrals (IOI) are those with a more general oscilla-
tor g(x). For example, Fresnel integrals are IOI given by [1],

C1(b) =

√

2

π

∫ b

0
cos(x2)dx, S1(b) =

√

2

π

∫ b

0
sin(x2)dx (6.4)

Unfortunately, the benefits of rapid oscillation evaporate near stationary
phase points, i.e. where g′(x) = 0, g′′(x) 6= 0 in [a, b]. ROI have no stationary
points inside [a, b]; Fresnel integrals have a single stationary point at x = 0.
The “ship-wave integral”, which we we will examine later in this chapter,
has 0, 1 or 2 stationary phase points, depending on the value of a single
parameter in [a, b].

6.2 Asymptotic Considerations

6.2.1 Stationary Phase Asymptotics

The following lemma and its corollary (reproduced from a recent paper by
Xiang [145]) are useful in determining the asymptotic order of magnitude of
IOI.
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Lemma 1 (van der Corput) Suppose g(x) is real-valued and smooth in
(a, b), and that |g(k)(x)| ≥ 1 ∀x ∈ (a, b) for a fixed value of k. Then

∣

∣

∣

∣

∣

∫ b

a
exp(iωg(x))dx

∣

∣

∣

∣

∣

≤ c(k)ω−1/k (6.5)

holds when (i) k ≥ 2, or (ii) k = 1 and g ′(x) is monotonic.

The bound c(k) is independent of g and ω, and c(k) = 2k+1 +2k−1 − 2, [145].

Corollary 1 (Stein) Under the assumptions of van der Corput’s Lemma,
Stein’s corollary is

∣

∣

∣

∣

∣

∫ b

a
f(x) exp(iωg(x))dx

∣

∣

∣

∣

∣

≤ c(k)ω−1/k

[

|f(b)| +
∫ b

a
|f ′(x)|dx

]

(6.6)

If g′(x) 6= 0 in [a, b] then it follows from the van der Corput lemma that
I[f ] = O(ω−1), |ω| → ∞, [64].

The van der Corput lemma and its corollary indicate that, unless g is
strictly monotone in [a, b], the leading term of the expansion is governed by
the nature of its stationary points, [65].

If f and g are smooth, the only stationary point of g is g(x0), and g′′(x0) 6=
0, then the asymptotic expansion is

∫

f(x)eiωg(x)dx ∼ eiωg(x0)[c−1/2ω
−1/2 + c−1ω

−1 + . . . ] (6.7)

where

c−1/2 =

√

iπ

g′′(x0)
g(x0) (6.8)

If, g′′(x0) = . . . g(k−1)(x0) = 0 and g(k)(x0) = 0, then

∫

f(x)eiωg(x)dx ∼ eiωg(x0)[c−1/kω
−1/k + c−1ω

−1 + . . . ] (6.9)

In simple terms, the “Principle of Stationary Phase” says that for a single
stationary point g(x0), the magnitude of the integral is roughly equal to the
length of the longest interval around x0 on which eiωg(x) does not oscillate.
Multiple stationary phase points in [a, b] each contribute to the total.
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6.2.2 Asymptotic Quadrature

Although van der Corput’s lemma and its corollary can be used to derive
many important results concerning IOI, Iserles [66] and Iserles and Nørsett
[67] have provided an interesting alternative that is at least as old as Erdelyi’s
[34] expository paper on asymptotic representations of Fourier integrals and
the method of stationary phase.

Assuming that g′(x) 6= 0 in [a, b], integration by parts of equation (6.2)
gives

I[f ] =
1

iω

∫ b

a

f(x)

g′(x)

d eiωg(x)

dx
dx

=
1

iω

[

eiωg(b) f(b)

g′(b)
− eiωg(a) f(a)

g′(a)

]

− 1

iω
I

[

d(f/g′)

dx

]

(6.10)

For m, a positive integer, let

σ0(x) = f(x)

σm+1(x) =
d

dx

σm(x)

g′(x)

Each σm is a linear combination of f, f ′, . . . , f (m), e.g.

σ0 = f,

σ1 = − g′′

(g′)2
f +

1

g′
f ′

σ2 = −3(g′′)2 − gg′′′

(g′)4
f − 3

g′′

(g′)3
f ′ +

1

(g′)2
f ′′

σ3 =
−15(g′′)3 + 10g′g′′g′′′ − g2g(iv)

(g′)6
f

+
15(g′′)2 − 4gg′′′

(g′)5
f ′ − 6g′′

(g′)4
f ′′ +

1

(g′)3
f ′′′

etc, [67]. Repeated integration by parts results in the asymptotic expansion

I[f ] ∼ −
∞
∑

m=0

1

(−iω)m+1

[

eiωg(b)

g′(b)
fm(b) − eiωg(a)

g′(a)
fm(a)

]

, |ω| � 1 (6.11)

Truncating at an integer s ≥ 0 yields the “asymptotic quadrature”:

QA
s [f ] = −

s−1
∑

m=0

1

(−iω)m+1

[

eiωg(b)

g′(b)
fm(b) − eiωg(a)

g′(a)
fm(a)

]

(6.12)
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which is asymptotic of order s since

QA
s [f ] − I[f ] ∼ O(ω−s−1), |ω| � 1.

The formation of QA
s [f ] requires the computation of f and the first s− 1

derivatives at the endpoints a and b, [69]. A fundamental disadvantage of
asymptotic quadrature is that its accuracy is limited for a fixed value of ω
as there is no guarantee that the sum QA

s [f ] converges as s → ∞ [103].

6.3 Filon-like Methods

Interpolatory methods are those in which the entire integrand
(i.e. f(x) exp(iωg(x))) or part of the integrand, e.g. f(x), is replaced by
(typically) polynomials, and then integrated exactly at a given number of
quadrature nodes.

For example, consider the ROI,

Ih[f ] =
∫ h

0
f(x) exp(iωx)dx = h

∫ 1

0
f(hx) exp(ihωx) dx, ω > 0.

The essence of Gauss-Christoffel quadrature is to choose n distinct quadra-
ture nodes, ξ1, ξ2, . . . , ξn ∈ [0, 1], and then integrate exactly a polynomial rep-
resentation of the entire integrand f(hx) exp(ihωx). The resulting quadra-
ture scheme can be written as

QG
h [f ] = h

n
∑

j=1

wjf(hξj) exp(ihωξj) (6.13)

A typical naive approach is to use equation (6.13) separately on many sub-
intervals which, in effect, reduces the problem to the evaluation of many
non-oscillatory integrals.

Although there are several recent techniques that could be applied to
the integrals of interest in the present thesis, we will restrict attention to
Filon-like methods. We only have space to note that there are other classi-
cal alternatives such as Fast Fourier Methods and the Method of Steepest
Descent. More recent techniques include those due to Levin [80], Ehrenmark
[32], and an inverse method described by Evans [36].

Filon-like (interpolatory) methods amount to approximating f(x) by a
polynomial p(x) with degree ≤ n− 1 on an ordered set ξ̃ of n ≥ 2 prescribed
nodes, a = ξ1 < ξ2 < . . . < ξn = b, and then calculating

QF [f ] =
∫ b

a
p(x) exp(iωg(x))dx (6.14)
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The “generalised” Filon method approximates f(x) with osculating polyno-
mials. According to Xiang [145], both Filon-like methods are efficient for
suitably smooth functions under the condition that the first few moments

∫ b

a
xk exp(iωg(x))dx (6.15)

can be explicitly calculated. The disadvantage of Filon’s method is that these
moments must actually be calculated.

Although the order of asymptotic quadrature and Filon-type methods
are identical, the latter are often significantly more accurate [102]. Unlike
asymptotic quadrature, Filon-like methods are effective even when ω is small.
Another advantage is that the addition of extra nodes in (a, b), while not
changing the asymptotic order, typically increases precision [66]; a further
benefit, which does not concern us here, is that they scale more easily to
higher dimensions, [66].

Iserles and Nørsett [67] showed that Filon’s method is of asymptotic order
s by using properties of the Hermite (i.e. osculating) interpolation polynomial
f̃ and assuming that the moments

µk(ω) =
∫ b

a
xk exp(iωg(x))dx, k = 0, 1, . . . , m

can be calculated explicitly.
Using the set ξ̃ of n ≥ 2 prescribed nodes in the interval [a, b], Iserles and

Nørsett [67] define

QF
s [f ] =

∫ b

a
f̃(x) exp(iωg(x))dx

Then, using equation(6.11) on h = f̃ − f ,

QF
s [f ] − I[f ] = I[f̃ ] − I[f ] = I[h]

∼
∞
∑

m=0

1

(−iω)m+1

[

eiωg(b)

g′(b)
hm(b) − eiωg(a)

g′(a)
hm(a)

]

(6.16)

for |ω| � 1, [69].
However, since each hm is a linear combination of h, h′, . . . , h(m), it

follows from the interpolation conditions at a and b that
h(k)(a) = h(k)(b) = 0, k = 0, 1, . . . , s − 1. This proves that QF

s [f ] − I[f ] =
O(ω−s−1), and hence that it is asymptotic of order s, [67].
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Figure 6.1: ROI Example 1: Error in the Simpson ES and Gauss-Legendre EG

integration (left); normalised error (bω)2EFS in the Filon-Simpson integration
(right).

The advantages of a Filon-like method over Simpson’s Rule and Gauss-
Legendre quadrature are strikingly illustrated using the following example
that was also considered by Iserles [64]:

I[f ] = I[ex, x; ω, 0, 0.1] =
∫ 0.1

0
ex exp(iωx)dx (6.17)

The exact value
e(iω+1)x

i ω + 1

∣

∣

∣

∣

0.1

0
=

e(iω+1)/10 − 1

iω + 1

The plot at the left of Figure 6.1 shows the error ES of the Simpson
integration and that of the Gauss-Legendre EG for n = 5 nodes. The Gauss-
Legendre method is, unsurprisingly, more accurate for small values of bω but
at higher frequencies it is no better than Simpson’s rule. Thus there is no
great benefit to using unequally-spaced nodes for large ω.

The right-hand plot of Figure 6.1 shows the normalised error (bω)2EFS

for a Filon-Simpson quadrature with n = 5 nodes. Note that the scale of the
graph has been multiplied by 105. Here the accuracy actually increases as the
frequency increases, which is just what we want from an efficient quadrature
method. It is clearly foolish to use Simpson’s rule or Gaussian quadrature in
this example, and then claim that the problem is impossible for very large
characteristic frequencies.

6.4 Fresnel Integrals

We mentioned earlier that Filon-type methods are not effective in the pres-
ence of stationary phase points. Anticipating work with the ship-wave inte-
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gral, where there are 0, 1 or 2 stationary phase points, and also where we
will include real world physical effects such as viscosity, we first consider the
quadrature of modified Fresnel integrals. Our specific concern in this section
is the pair of integrals

C1 =
∫ π/2

0
cos(tan2 θ) sec2 θ exp[−V ]dθ

S1 =
∫ π/2

0
sin(tan2 θ) sec2 θ exp[−V ]dθ. (6.18)

which have exact solutions C1 = S1 =
√

π/2/2 when V ≡ 0. The phase

function for these integrals is Ω = tan2 θ, and its derivative with respect to
θ is dΩ/dθ = 2 tan θ sec2 θ.

Of course there is no need to resort to quadrature at all for Fresnel inte-
grals: there are several efficient alternative methods available, for example,
Abramowitz and Stegun [1], Boersma [6], and Mielenz [92].

Simpson’s rule does not converge reliably for unmodified Fresnel integrals
(i.e. when V ≡ 0) and, for example, the popular computer suite Quadpack
[112] failed completely. When V is not identically zero, we cannot expect to
recapture the exact value of the unmodified Fresnel integrals. However, if
we want values at V = 0, we can choose V tending towards zero in such a
way as to estimate the integrals with good accuracy using a relatively small
number of nodes. Furthermore, as we will now show, Simpson’s rule can be
used. This has the additional advantage of requiring equally-spaced nodes.

The first method we consider for the numerical quadrature of equation
(6.18) can be thought of as an exponential “fade factor” method. Here, we
choose V = V1 as

V1 =

(

2

N

dΩ

dθ

)n

(6.19)

where N is the number of θ-nodes, and the exponent n is a free parameter.
The two plots at the top of Figure 6.2 shows the effect of different values

of the exponent n on the relative error when Simpson’s rule is used for the
actual quadrature. With n = 3, errors are generally smaller than for larger
values of n for relatively small values of N . It is interesting that the error
traces for n = 3 are oscillatory for small N , but then become monotonic for
log10 N > 2.6 for both C1 and S1. With n = 3, a relative error of about
10−6 can be achieved using N = 1, 000; using N = 10, 000 nodes results in
an error of about 10−9 for both C1 and S1.
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Figure 6.2: Effect on the error of Fresnel integrals of the exponent n in the V1

method (top), convergence of methods V2 and V3 bottom. Cosine integral (left),
sine integral (right).

It is possible to get higher accuracy with larger values of n, however
it might be necessary to use better than double precision in the computer
program to achieve errors of less than about 10−13.

The second method we consider requires estimation of two parameters.
In equation (6.18) we choose V = V2 to be

V2 = c tann θ (6.20)

where c and n are free parameters.
As a first attempt to find the best combination of n and c, we first specified

a desired relative error of 10−4, then, for different fixed values of n, the
value of c1 was found that minimised the number of θ-nodes, N , required
to reach the specified tolerance reliably. It was found that for the Fresnel
cosine integral, c = 0.00245 and n = 5 worked well: for the sine integral
c = 0.000128 and n = 7 are good choices.

The third method is an extension of the previous method. The factor
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V = V3 is given by

V3 = c(∆θ)m tann θ (6.21)

where ∆θ = π/(2(N − 1)) is the (uniform) grid spacing, and c, m, and n are
free parameters.

As with the choices of the parameters for V2, we first specified a desired
accuracy of 10−4 and then found parameter values that minimised the number
of nodes N required to achieve that precision. For the Fresnel cosine integral,
very good convergence was achieved with c = 8.101, m = 1.617, and n = 5:
for S1, c = 12.244, m = 2.300, and n = 7 are adequate.

The two plots at the bottom of Figure 6.2 compare the convergence rates
of the V2 and V3 methods for the best values of constants and exponents given
above. The curves labelled V2 achieve, by design, a relative error of 10−4 for
both the C1 and S1 integrals. The curves labelled V3 are less oscillatory than
the two-parameter counterparts (V2), but both achieve an accuracy of 10−4

with roughly the same number of nodes, i.e. N ≈ 102.3 ≈ 200.

6.5 Wave Resistance Integrals

In the discussion of computations of a Wigley parabolic hull submitted by
participants at the 1979 Workshop on Ship-Wave Resistance, Landweber
[76] noted the larger scatter of results for Michell’s integral, even though it
should be possible to achieve any prescribed accuracy. For example, at a
Froude number of Fr = 0.2, the true wave resistance coefficient is 0.89 (to 2
decimal places), whereas computations at the Workshop varied between 0.67
to 0.95, a spread of over 30%.

In the same discussion, Landweber [76] described a quadrature technique
that was also used in 1990 by Shahshahan and Landweber [117]. This method
required 100 stations, 20 waterlines and dθ = π/100 for “sufficient accuracy”.
However, it is possible to easily achieve very good accuracy with only 3
stations and 3 waterlines, as we now show.

The first integral to consider is the “M” integral given by equation (5.23)
and repeated here for convenience:

M(x; k2) =
∫ 0

zb

Y (x, z)ek2zdz (6.22)

Tuck [133] described a Filon-like method based on an earlier work [126]
that is exact whenever Y (x, z) is piece-wise linear. The present implementa-
tion is exact when Y (x, z) is piece-wise quadratic for fixed x.
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The P and Q integrals are given by equation (5.10) and repeated here for
convenience:

P + iQ =
∫ ∫

R
dξdζ Y (ξ, ζ) eik1ξ+kζ − 1

ik1
eik1ξe

∫ 0

−T
Y (ξe, ζ) ekζdζ (6.23)

where ξe is the ξ–ordinate of the stern.
They can also be written in the form

Λ(k1, k2) =
∫ xe

xb

M(x; k2) eik1x dx − eik1xe

ik1
M(xe; k2) (6.24)

In the present work, as in Tuck’s report [133], we use a Filon-like method
for these integrals, that is exact when the waterline offsets (i.e. for fixed z)
are piece-wise quadratic.

Since the M -integral is also exact for piece-wise quadratic sections, the
procedure is exact for parabolic struts and Wigley parabolic hulls. In fact,
for Wigley hulls, we require as input a table of offsets with three equally-
spaced sections and three equally-spaced waterlines. Of the 9 offsets, only
two are non-zero.

The wave resistance with the effects of viscosity given by equation (5.21)
requires the quadrature of the integral given by equation (D.14) and repeated
here for convenience.

IV =
∫ ∞

0
dq

q4|Λ(qk1, qk2)|2
(q − 1)2 + β2

2q
4 sec6 θ

(6.25)

= k2
1

∫ ∞

0
dq

q6(P 2 + Q2)

(q − 1)2 + (β2q2 sec3 θ)2
). (6.26)

The same (Filon) quadrature techniques described above can be used to
evaluate P and Q. For the q-integration in equation (6.26), Tuck [132] used
the trapezoidal rule, integrating at intervals of about β2/10 in blocks of
unit length until he obtained two or three figure accuracy in IV . A similar
technique was employed in the present work; however Romberg integration
was used on sub-intervals of length 0.5 until 4 figure accuracy was obtained.
Smaller sub-intervals were used for the region 0 < q ≤ 1.5 where the “sifting”
function given by equation(5.24) can have a very sharp spike for small values
of β2.

The θ-integration in the wave resistance integral (whether inviscid or
including surface viscosity) presents no great numerical difficulties. The top
two plots of Figure 6.3 shows the convergence of the wave resistance as a
function of Froude number and the number of θ intervals Nθ for the inviscid
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Figure 6.3: Effect of Nθ on the relative error in the quadrature of Michell’s
integral for a 3.048m Wigley hull. Inviscid with equally-spaced θ (top) and
unequally-spaced (bottom).

case with equally-spaced θ arguments and Simpson’s rule, and with cosine-
spaced arguments with the trapezoidal rule. The bottom two graphs of Figure
6.3 are their counterparts when the viscosity parameter α2 = 0.001.

For the inviscid wave resistance integration, unequally-spaced arguments
seem to give better results than the equally-spaced method, however the
gain is not spectacular. A value of Nθ = 512 gives errors of less than 0.1%
except at very low Froude numbers where the wave resistance is very low and
unimportant for real vessels (whether model or full size).

For the wave resistance integration with viscosity, the two plots at the
bottom of Figure 6.3 show that fewer nodes are required for the same accu-
racy as the inviscid case. About 256 nodes gives relative errors of less than
0.1% except at very low Froude numbers.

It is possible to obtain even better efficiency using a different θ-spacing
for each Froude number. However, we have found that there are greater gains
in speed to be had from using equally-spaced θ-intervals, which allows many
quantities to be calculated once and stored for subsequent use at all Froude
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numbers.

6.6 The Linearised Ship-Wave Integral

The “linearised ship-wave integral” is

ζ(r, β) = <
∫ π/2

−π/2
A(θ) e−i Ω(θ;r,β) dθ (6.27)

where

A(θ) = −2i

π
k2

0 sec4 θ [P (θ) + iQ(θ)] (6.28)

is the complex amplitude given by equation (5.16), and Ω is a phase function
given by equation (2.2).

For the sake of exposition, we now restrict our attention to Wigley hulls.
For these fore-aft symmetric vessels equation (6.27) simplifies to

ζ(r, β) = −2i

π
k2

0<
∫ π/2

−π/2
P (θ) sec4 θ sin[Ω(θ; r, β)] dθ. (6.29)

Instead of examining the phase function, we look at sin[Ω(θ; r, β)] for
instructive values of β as in Figure 6.4. Here r is about ten shiplengths
behind the stern of the vessel, and we assume that β ≤ 0. In each case,
−1 ≤ sin Ω ≤ 1.

β = 0 corresponds to a position on the ship’s track. Here there are two
stationary phase points, one at θ = 0, and another one at θ = π/2 that
plays no part for this value of β. It is clear from Figure 6.4 that the main
contribution comes from around the stationary phase point at θ = 0, and
that the factor oscillates with increasing frequency as we move away from
that point in both directions.

When 0 < |β| < βK, the integral is dominated by contributions from two
distinct stationary phase points. For β = βK/2, there is one stationary phase
point at about θ ≈ 10◦ and another around θ ≈ 70◦, as can be seen in Figure
6.4. The integrand oscillates increasingly rapidly as we move outwards from
the stationary phase points. Between stationary phase points, the integrand
is not rapidly oscillating. If we increased r this region too would be rapidly
oscillating.

Along the Kelvin angle β = βK, the two stationary phase points coalesce
at θ = arcsin 1/

√
3 ≈ 35.3 degrees, which is where the second derivative

of the phase function vanishes. As we move away from this point in both
directions the integrand again oscillates very rapidly.
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Figure 6.4: sin[Ω(θ; r, β)] for, from top to bottom, β = 0, β = βK/2, β = βK , and
β = 3βK/2.

When β > βK, for example when β = 3βK/2 as in Figure 6.4, there are
no stationary phase points. The main contribution to the integrand comes
from around the inflection point.

The different behaviour of the four traces in Figure 6.4 suggests that it
will not be easy to devise a single, efficient quadrature scheme, particularly
if we commit to a uniform grid.

Non-uniform spacing does not seem to be an option. Suppose we could
put more points somewhere. Where would be the best place to put those
extra nodes? It seems fruitless to put more nodes where Ω oscillates rapidly
because the contribution from that region is going to be very small. It is also
not worthwhile putting more points where the integrand is non-oscillatory
because Simpson’s rule should be accurate enough already.

In inviscid ship-wave theory, the integral can be made more tractable by
multiplying the integrand by judiciously chosen exponential factors.

Two rational choices for the arguments of these factors will now be de-
scribed. The first is based purely on numerical considerations, and mimics
the method of stationary phase by choosing arguments that attenuate the
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integrand in regions of very rapid oscillation. The second choice is based
on purely physical considerations, namely the effect of viscosity on plane
progressive waves. Both techniques lead to large improvements in efficiency
compared to simple quadrature methods, but neither technique, on its own,
is as efficient as both in combination.

Although the method of stationary phase was devised by Kelvin for just
such integrals, the method is not useful when the region of interest is mod-
erately far from the ship. In many studies of irregular oscillatory integrals,
A(θ), or its equivalent, is usually assumed to be non-oscillatory. That, how-
ever, is not the case for the ship-wave integral.

6.6.1 Exponential Fade Factors

A simple naive method would be to choose some cut-off value for Ω, and
then just truncate the integrand when that cut-off frequency is exceeded.
Unfortunately this leads to unstable behaviour because the cut-off value is
arbitrary. The problem is made worse because the complex amplitude A(θ)
is also oscillatory, particularly as we approach ±π/2.

Naive truncation can be made more stable by use of exponential fade
factors similar to those employed in the quadrature of Fresnel integrals con-
sidered earlier in the present Chapter. Instead of truncating the integral at
some chosen cut-off frequency, we can extinguish the integrand less abruptly.
The method was first used in 1971 by Tuck, Collins and Wells [131]. The
technique has been used successfully for several years in a slightly different
form by the present author in papers co-authored with Tuck [134],[79], and
with Tuck and Scullen [136],[137].

The proposed fade factor for the ship-wave integral is

F (θ; r, β) = exp



−0.01

∣

∣

∣

∣

∣

dΩ/dθ

N/4

∣

∣

∣

∣

∣

6




where N is the number of θ-nodes. The constant 0.01 is not of great impor-
tance. Any reasonably small value will do. The factor here depends on the
sixth power of the derivative of the phase function, Ω. The method will work
for other similar values of the exponent, but the sixth power seems to lead
to the best results. The absolute value is not needed here, but it may be for
other exponents so that the argument is less than zero.

For some other integrals, analytic expressions for the derivative might
not be available, or they might be cumbersome to implement. In those cases,
finite difference approximations of the derivatives work well.
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Figure 6.5: Effect of N on the fade factor F (θ) (left) and F (θ) sin(Ω) (right). In
both plots, β = βK/2.

The graph at the left of Figure 6.5 shows the effect of N on the behaviour
of the fade factor for β = βK/2. The graph at the right shows the effect of
N on F (θ) sin(Ω).

For small values of N , of the order of 100 to 200, the contribution from
the stationary phase point near 70 degrees is not captured very well. It is
unlikely that any method will give accurate results for such a small number
of points. There are just too many wiggles that need to be included for
reasonable accuracy. As we increase N , we approximate more and more
wiggles with increasing accuracy, and the fade factor eventually only has a
significant effect around ±90◦.

Near the stationary phase points, the value of the fade factor is close to
one. For small N , for example the red curve in the top figure, the fade factor
affects not only the rapidly oscillating regions around θ = ±90◦, but also the
region between stationary phase points.

As we increase the number of points, the region between stationary phase
points is estimated increasingly more accurately, and the fade factor there is
close to one. As N increases even further, the fade factor tends to one for an
increasingly wide range of θ. In effect, this method behaves like a low pass
filter. Low frequency, long wavelength waves, pass through the filter almost
undiminished. On the other hand, high frequency, short wavelength waves
are attenuated as they pass through the filter.

6.6.2 Viscous Damping

We can also include real world effects, such as viscous damping, to elimi-
nate high frequency waves. At each fixed wave angle, θ, we apply a viscous
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damping factor due to Lamb and write

V (θ; r, β) = exp
[

−4νt

U
k2

0 sec3θ Ω(θ; r,∓β)
]

(6.30)

Lamb’s original derivation was for laminar flow with νt as the molecular
kinematic viscosity, around 10−6, however we can also use larger values to
simulate damping in a turbulent context.

The equation contains a sec3 θ term. There is also a sec2 θ term in equa-
tion (2.2)for Ω, so the actual decay with respect to θ is like sec5 θ. Thus the
damping factor acts most strongly near ±π/2.
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Figure 6.6: Lamb viscous decay factor at β = βK/2 for various values of the
eddy viscosity (given as multiples of the molecular viscosity ν) (left) and effect on
ship-wave integrand (right).

The plot at the left of Figure 6.6 shows the effect of νt on the behaviour
of the viscous damping factor. The plot at the right shows the effect of νt on
V (θ) sin(Ω). In both cases, β = βK/2.

As we saw earlier, the region between stationary phase points can also be
rapidly oscillating, so viscosity will not always damp out these waves. As νt

is increased, the decay factor significantly changes the integrand. Eventually,
for νt large enough, the integrand is extinguished completely, which is just
as we would expect.

6.6.3 Combining Fade Factors with Viscous Damping

We can combine the viscous decay factor with the fade factor method. How-
ever, best results are obtained when we avoid double-counting the factors.
A simple such method is to just take the smaller of the fade factor and the
decay factor rather than multiplying the two factors.
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Figure 6.7: Comparison of Viscous, Fade, and Combined factors used in the
quadrature of the ship-wave integral.

Figure 6.7 compares the Viscous, Fade, and Combined factors. Here, the
Combined factor is the lesser of the Fade factor and the Viscous factor as can
be seen around θ = 70◦. For θ < 40◦ the Fade method and the Combined
method are graphically indistiguishable.

6.6.4 Wave Elevations

Figure 6.8 shows wave elevations along a radial line about 10 ship lengths
behind the vessel, and where β = βK/4. For illustrative purposes, a radial
cut (where the wave angle is kept constant) was chosen in preference to a
longitudinal cut (where both the radial distance and wave angle would vary).

The length of the wave cut is about one hull length. The pink curve and
the (almost identical) red curve are the wave elevations along the cut calcu-
lated using fade factors and Simpson’s rule. The blue curve, and the (almost
identical) green curve, are the elevations when Lamb’s viscous damping fac-
tor is used. It is clear that we have converged on two different solutions.
This is another illustration that the fade factor method is purely a numeri-
cal device. On the other hand, the viscous factor changes the nature of the
integrand and, consequently, the resultant wave elevation. The two solutions
will only agree in the limit as the viscosity goes to zero.

The plot at the left of Figure 6.9 shows wave elevations calculated using
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Figure 6.8: Wave elevations along a radial cut with β = βK/4. Elevations calcu-
lated using Simpson’s Rule and using Fade Factors converge to one inviscid solu-
tion; calculations with Lamb’s viscous damping factor and the Combined method
converge to a slightly different solution depending on the value of the viscosity.

raw Simpson’s rule. Convergence is very slow, and would be much worse
further aft of the vessel when the integrand would be even more oscillatory.

The plot at the right of Figure 6.9 shows wave elevations calculated using
Lamb’s viscous decay factor. The curves are much smoother than those using
raw Simpson’s rule. Convergence to better than graphical accuracy requires
about 8192 θ-intervals in the ship-wave integral.

Figure 6.10 shows wave elevations along a radial cut with β = βK/4
calculated using Fade Factors at the left, and the Combined method at the
right. Both methods require about 1024 intervals for acceptable accuracy.

6.6.5 Timing

With viscous decay factors, evaluation of the integrand takes about 1.3 times
longer than Raw Simpson for an error of about 0.1%. However, because fewer
evaluations are needed, the computation of the actual integrand is about 50
times faster than using Raw Simpson, for the same accuracy. This speed-up
can be even greater for larger values of the kinematic viscosity.

With exponential fade factors, evaluation of the integrand takes about
twice as long as Raw Simpson. Overall, however, it is about 65 times faster
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Figure 6.9: Effect of N on the wave elevations calculated along a radial cut with
β = βK/4. Using raw Simpson’s rule (left); using Lamb’s viscous damping factor
(right).
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Figure 6.10: Effect of N on the wave elevations calculated along a radial cut with
β = βK/4. Using Fade Factors (left); using the Combined Method (right).

for the same accuracy of the integration.
The combined method takes about 2.4 times longer for the integrand

than Raw Simpson, but overall for the integral, the method is about 200
times faster. For regions further away from the ship, the gain is even greater.

Further improvements in speed are achievable by testing the integrand
before calculating the exponential factors, as in the method of Tuck, Collins
and Wells [131]. Close to the stationary phase points, fade factors are incon-
sequential, and some gains in speed can be achieved by testing the integrand
to determine whether the exponential factor will have a significant effect.
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Chapter 7

Ship Resistance Predictions

Chapter Summary
Wigley hulls are used to illustrate the effects of various modifi-

cations to Michell’s integral on wave resistance, total resistance, and
the free wave spectrum. The effects of viscosity on wave resistance
are compared with the low Froude number expansion. Three different
Wigley hulls are used to compare predictions of wave resistance and
total resistance with experiments from a variety of sources.

Although the Wigley hulls used in this thesis have roughly ship-
like proportions, they must be considered as gross simplifications of
real vessels. There are two main reasons for restricting our attention
to Wigley hulls. Firstly, although good experimental data is available
for a variety of model thin ships, it almost always includes the effects
of dynamic sinkage and trim. Secondly, most real ships have transom
(i.e. cut-off) sterns, but the flow regime behind these sterns is still
extremely poorly understood. In both cases, these complications are
beyond the scope of this thesis.

7.1 Preliminaries

7.1.1 Wigley Hulls and Physical Parameters

The offsets of the Wigley parabolic hull are given by

f(x, z) =
B

2

[

1 −
(

2x

L

)2
] [

1 −
(

z

T

)2
]

(7.1)

where B is the hull beam, L is its length, T the draft, −L/2 ≤ x ≤ L/2, and
−T ≤ z ≤ 0.
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Quantity Insel Ju Millward
(1990) (1983) (1986)

L (m) 1.800 3.048 1.905
L/B 10 10 8
L/T 16 16 20
S/L2 0.1487 0.1487 0.1392
ρ (kg/m3) 999.0 998.4 999.0
ν (×10−6m2s−1) 1.13902 1.04668 1.13902

Table 7.1: Dimensions of Wigley hulls and values of physical quantities used in
predictions.

The dimensions of the Wigley hulls used in the examples to follow are
given in Table 7.1. Also shown in the table are the values of the physi-
cal parameters. In all cases, we use g = 9.80665ms−2 for the gravitational
acceleration.

We will only consider hulls in the fixed attitude. Although our modifica-
tions to Michell’s integral are equally applicable to vessels subject to dynamic
forces and moments, it would serve no purpose to complicate matters at this
stage.

7.1.2 Values of the Eddy Viscosity

The viscosity parameter β2 defined in equation (5.19) depends on U−3, so in
order to obtain a non-dimensional, speed-independent, viscosity measure we
write

α2 = β2F
3
r = 4νtg

−1/2L−3/2 (7.2)

We will also use a speed-dependent parameter form, where the eddy vis-
cosity νt is estimated using the value at the edge of the BL at the stern of
the vessel. Thus we write

νt

ν
= n1R

n2

n (7.3)

where ν is the molecular kinematic viscosity.
The constants n1 and n2 are chosen from Table 4.1. To save space, we

will only consider one pair of constants, namely those corresponding to the
“LL08” friction line (which is similar to Grigson’s line). For this line, the
log-law constants are (0.418, 5.45) and the constants in the last column give

νt = 0.002113 ν R0.865
n (7.4)
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Although the approximations are really only accurate for Rn > 106.5, the
differences at lower Reynolds numbers are not all that large so that they
are still valid for the small model hulls we will use in comparisons of our
predictions with experiments.

We will see later that the values of νt estimated using equation (3.20) are,
in general, too small to have a significant effect on wave resistance except at
very low Froude numbers. We will therefore present some results where

νt = N2 × 0.002113 ν R0.865
n (7.5)

with N2 � 1.
The problem of choosing the correct value of the eddy viscosity (if there

is indeed such a “correct” value) is a vexed issue. In their examination of
separated flow near the stern of a ship, Mori and Doi [97] chose a turbulent
eddy viscosity of 30 times the molecular value in the analysis of a flat plate,
and 300 times molecular for a 3.0m model tanker ship based on experiments.
Gotman [42] used a trial and error method to find the values of νt that gave
best agreement with experiments on several 4.88m mathematical hulls for
low and moderate Froude numbers. She found that values of νt between
0.08 and 0.16 (i.e. 66,000 to 130,000 times the molecular value) gave best
results. Thus, based on these two studies, we see that estimates of νt can
vary through almost four orders of magnitude.

7.1.3 Components of Wave Resistance

The (inviscid) wave resistance coefficient of the Wigley hull is shown in Figure
7.1. Also shown are the components due to the transverse and diverging wave
systems. The “transverse” wave resistance is due to waves propagating at
wave angles 0 < |θ| < arcsin(1/

√
3) ≈ 35.3◦; the “diverging” component is

due to wave angles |θ| > 35.3◦.
It can be seen that the transverse wave system is the major component

of the total for Fr < 0.5 except for a small range around 0.32 < Fr < 0.37
and an even smaller region around Fr ≈ 0.27. For Fr > 0.55 the diverging
wave resistance makes up an increasingly major part of the total.

The large hollow in the wave resistance curve at about Fr = 0.35 and the
hump at about Fr = 0.3 are clearly related to the transverse wave component
of wave resistance. These two features are often not so pronounced in towing
tank experiments, however, as we will see later, some experiments do show
a very low value of wave resistance at Fr ≈ 0.35.
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Figure 7.1: Wave resistance components of a Wigley hull.

7.2 Resistance at Small Froude Numbers

In 2002, the 23rd ITTC Resistance Committee [62] concluded that “the two
main causes of the uncertainty on the estimated full-scale resistance are the
measured total resistance of the model ship, and the analysed form factor”.
There is thus some value in considering the behaviour of the wave resistance
at low Froude numbers under the modified FSBC because the recommended
method for estimating form factors is, in part, based on a low Froude number
expansion of Michell’s integral.

Whether form factors should or should not be used in extrapolations from
model tests to full-scale is a controversial subject which we touch on in the
next section. For now our immediate concern is the behaviour of the wave
resistance at low Froude numbers and whether the modified FSBC signif-
icantly affects the rate at which the wave resistance coefficient approaches
zero.

The equation for the form factor kf (usually just k in naval architectural
works) can be written as

kf =
CV − CF

CF
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where CV is the viscous resistance coefficient, CF is a flat plate skin-friction
coefficient and kf is the (friction) form factor.

If the flow is not separated then

CT = (1 + kf)CF + CW (7.6)

where CT is the total resistance coefficient and CW is the wave resistance
coefficient.

It is usually assumed that the wave resistance coefficient depends only on
the Froude number. At low Fr, a power-law form is appropriate, i.e.

CW = cF n
r (7.7)

for some constant c and some exponent n, usually such that 4 < n < 6.
The use of n = 4 is justified by analysis of Michell’s integral for which a

low-Froude number expansion is given in Wehausen [139]. The first term in
this expansion is

RW =
8

3π
ρgL3F 6

r (t2b + t2e) − 4
(

2

π

)1/2

ρgL3F 7
r tbte cos

(

F−2
r +

π

4

)

+ O(F 8
r )

where tb and te are the slopes of the tangents at the waterplane of the half-
angles at the bow and stern, respectively. The low-Fr wave resistance of a
Wigley hull can therefore be written as

RW = 16ρgLB2F 6
r

[

4

3π
−
(

2

π

)1/2

cos(F−2
r +

π

4
)

]

. (7.8)

Although it would be most natural to non-dimensionalise the wave resis-
tance with respect to B2, we will use the wetted surface area S to facilitate
comparisons with other calculations to be presented later. The Wigley wave
resistance coefficient corresponding to the low Fr expansion is then

CW =
32

S
F 4

r

[

4

3π
+
(

2

π

)1/2

Fr cos
(

F−2
r +

π

4

)

]

(7.9)

and it is clear that the leading order term in this equation depends on F 4
r .

Figure 7.2 shows the wave resistance coefficient and the 1st order low
Froude number expansion plotted as functions of F 4

r . (The actual range
is 0.05 ≤ Fr ≤ 0.15.) There are obvious differences between the Michell
resistance and the expansion, but the magnitudes of the curves become very
similar as Fr → 0 from the right. It is also obvious that the first term in the
expansion is a straight line when plotted as a function of F 4

r .
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Figure 7.2: Low Fr expansion.

7.2.1 Viscous Effects on Wave Resistance Components

Figure 7.3 shows the low Froude number behaviour of the wave resistance
and the transverse and diverging portions in three separate plots. A different
vertical scale is used for each graph to accentuate some differences that would
otherwise not be apparent.

Some curves for large values of α2 are not quite straight lines as they
approach the origin, which indicates that an exponent other than the fourth
power might be more appropriate. In fact, a case could be made that different
exponents should be used for the transverse and the diverging components.
Gotman [42] has found a new form of Michell’s integral in which an oscillatory
and a non-oscillatory component can be calculated separately. In her work,
she applies viscous damping only to the oscillatory component. It would be
interesting to see comparisons of those predictions with the low Froude num-
ber expansion, but her calculations do not extend below Fr = 0.15. Although
there are some interesting implications for the estimation of form factors us-
ing both our method and Gotman’s, we leave this for further research.

Prohaska’s method [48] to determine the form factor on flat plate friction
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requires determination of the two parameters y and kf in the equation

CT

CF

= (1 + kf) + y
F 4

n

CF

(7.10)

The ITTC [59] recommends the slightly more sophisticated variant

CT

CF

= (1 + kf) + c
F n

n

CF

(7.11)

where the parameters n,c and kf are to be determined by a least-squares
approximation [48].

In his text book on ship resistance and propulsion, Harvald [48] suggested
that a scale effect should also be put on the wave resistance. Doctors (see
for example [20]) uses

CT = (1 + kf)CF + (1 + kw)CW (7.12)

to bring predictions more in line with experiments. In most cases where he
has used the method, 1 + kf > 1 and 1 + kw < 1. This means that the
skin-friction component is increased, while at the same time the contribution
of the wave resistance is reduced.

It is interesting that only one of eight respondents to a 2005 survey of tow-
ing tank operators by the 24th ITTC [63] actually used Prohaska’s method
to determine form factors, and that most did not use form factors at all.

Grigson [45] points out that the well-known textbook, “Principles of Naval
Architecture” [81] recommends a 2-D method where the form effect is ignored
and the residuary resistance CR = CT −CF is taken to be the same at model
and full-scale. Thus, according to Grigson [45], the quantity kfCF is scaled
as though it were wave-making and consequently the “2D extrapolation does
not satisfy the known fluid mechanics of the problem”.

7.2.2 Free Wave Spectra

Figure 7.4 shows the free wave spectrum (FWS) which is here defined as
dRW (θ)/dθ. Therefore the area under each curve is proportional to the wave
resistance of the vessel.

At the lower Froude number, Fr = 0.2, small values of α2 have a profound
effect on the FWS as θ → 90◦. For α2 = 0.0001, oscillations are completely
eliminated for θ > 55◦. A value of α2 = 0.001 removes oscillations for the
entire θ-range.

For Fr = 0.4, the effects are similar, although a little less dramatic.
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7.3 Scale Effects

The effect of hull scale on the wave resistance is shown in Figure 7.5 where we
compare three vessels with lengths L = 3.048m, L = 30.48m and L = 304.8m.
The effect of the constant viscous parameter case is independent of the length
scale. The value α2 = 0.001, was chosen as a typical value, simply to put
the other values in the graph into perspective. Its effects are felt most for
FR < 0.35.

The effect of scale for the speed-dependent variable eddy viscosity method
is most apparent at low Froude numbers, and damping is more significant
for shorter boats than for longer vessels.
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Figure 7.3: Wave resistance (top) transverse (middle) and diverging (bottom).
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Figure 7.4: Effect of viscous damping on the FWS of a Wigley hull at Fr = 0.2
(left) and Fr = 0.4 (right).
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Figure 7.5: Effect of hull scale on wave resistance predictions using a speed-
dependent eddy viscosity method. There are no scale effects for the inviscid case
and α2 = 0.001.
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7.4 Ju’s Hull (L/B = 10, L = 3.048m)

7.4.1 Ju’s Experiments
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Figure 7.6: Wave resistance predicted by Michell’s integral compared to experi-
mental resistance of Wigley hulls with L/B = 10 and various lengths.

Figure 7.6 shows the wave resistance coefficient of a Wigley hull with
length to beam ratio L/B = 10. Michell’s integral (without modifications)
was used to calculate the continuous curve. The wave resistance coefficient is
given by CW = RW /(0.5ρU2S) where S is the (static) wetted surface area. In
the legends for the graphs, CWP is the experimental wave pattern resistance
coefficient derived from a standard analysis of the wave wake.

The experimental points on the graph come from a variety of sources.
Insel’s [57] experiments used a 1.8m hull. This hull will be examined in more
detail in the next section. Ju’s [71] experiments used a 3.048m hull. His
results are given as CT − CV W where CT is the total resistance and CV W is
the viscous resistance measured using a traverse of the viscous wake. Ju [71]
suggests that experimental errors are of the order of 3%. Shahshahan and
Landweber [117] conducted experiments on the same hull several years later.
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Their results are labelled as SL in Figure 7.6. The wave pattern resistance
for the other two hulls (a 2.5m model tested at the University of Tokyo, and
a 4.0m model used at the Ship Research Institute of Japan) were taken from
enlarged graphs in Ju’s report [71].

It can be seen that Michell’s integral overestimates the wave resistance,
except for a small region around Fr ≈ 0.35. This is a little surprising given
that Michell’s integral is usually said to underestimate the resistance around
this Froude number.

In the results to follow momentarily a variety of modifications will be
used to assess whether agreement with the experiments can be improved.

7.4.2 BL Displacement Effects on Wave Resistance

The BL displacement thickness is estimated using equation (5.29). An it-
erative scheme is used in actual calculations so that wave effects are also
included. First, values of the disturbance velocity on the hull centreplane
are used to to calculate the BL displacement thickness. The thickness is
added to the offsets and the disturbance velocity re-calculated. Convergence
is very fast, usually on the first iteration; three iterations, but no more, are
sometimes required for high Froude numbers. The computer code for the
evaluation of the near-field disturbance velocity was based on the program
SWPE written by the present author with Tuck and Scullen and described in
[127].

Figure 7.7 shows the wave resistance predicted by Michell’s integral and
the effect of BL displacement thickness. It is quite clear that the effect of
the BL displacment thickness is barely noticeable even for this small hull.
Doctors and Day [24] reported similar very minor effects on a 1.688m hull
with a transom stern.

7.4.3 Location of the Detachment Layer on the Hull

The plot at the top of Figure 7.8 shows the predicted location of the de-
tachment point for several Froude numbers. The vertical axis is the non-
dimensional height above the keel-line (with z/T = 1 being the undisturbed
free-surface).

Looking first at the (red) curve corresponding to Fr = 0.3, we see that
detachment at the top waterline occurs at xd/L ≈ 0.95. As we go further
below the water surface, the detachment point moves slightly forward, then
begins to move closer to the stern. At z/T ≈ 0.1 the detachment point is
exactly at the stern, i.e. xd/L = 1.
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Figure 7.7: The effect of BL displacement thickness on the wave resistance of a
3.048m Wigley hull.

For Fr = 0.4 detachment at the waterplane occurs at xd/L ≈ 0.93, a
little further forward than it was for Fr = 0.3. At higher Froude numbers
detachment occurs closer to the stern near the waterplane, but moves aft as
we go deeper before moving back towards the stern near the keel.

The plot at the bottom of Figure 7.8 shows the location of the detachment
point at the waterplane as a function of Froude number for Ju’s 3.048m
Wigley hull. The most prominent feature of this graph is the sawtooth
behaviour at low Froude numbers. There are, no doubt, several possible
reasons for this unusual behaviour, mostly to do with the simplifications we
have employed in the model, e.g. no streamline tracing, velocities calculated
on the centreplane rather than on the actual hull surface, the very crude
estimate provided by Stratford’s laminar separation criterion etc.

Despite the odd behaviour for Fr < 0.25, there are some vague similarities
in Figure 7.8 with experiments on the starting point of stern waves reported
by Doi, Kajitani and their colleagues, between 1980 and 1987, e.g. [28], [29],
[30], [72].

The experimental results in Figure 7.8 are for two different hulls used by
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Figure 7.8: Detachment layers: side profile (top) waterplane (bottom).

Doi et al [30]: a 2.0m, L/B = 11.2 S103 hull, and a 2.0m, L/B = 6.61 M8
hull. The green curve for the (presumably) turbulent separation point of the
S103 hull has humps and hollows which indicates a moderate Froude number
dependence. The curve is not completely comparable with our predictions
because we have used a laminar separation criterion.

The curve for the start of the stern wave for the S103 hull is broken at
Froude numbers where Kajitani [72] deems the starting point to be “indis-
tinct”. Without making too much of it, the rough agreement with our results
for 0.27 < Fr < 0.35 is interesting.

The stern wave starting location of the M108 hull is well forward of our
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predictions for the Wigley hull with the smaller L/B of the M108 hull the
most likely cause.

7.4.4 The Effect of Detachment on Wave Resistance

Constant Detachment Ratio
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Figure 7.9: The effect of BL detachment ratio on the wave resistance of a 3.048m
Wigley hull: constant (top) laminar (bottom).

The plot at the top of Figure 7.9 shows the effect of detachment layers
for Ju’s [71] Wigley hull. Here detachment is assumed to occur at the same
x-location on each waterline. In the graphs, xd/L is the location of the
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detachment as a fraction of the hull length L. The case xd/L = 1 corresponds
to Michell’s integral.

Kajitani’s [72] observations of the stern wave starting point on a 2.5m
Wigley hull suggest that 0.97 < xd/L < 1.0, so the values chosen here for
illustration are in general very much larger.

It is tempting to think that a formula could be devised that uses the
“correct” value of the detachment ratios to give an exact match to the ex-
perimental curve at each Froude number, however it is very doubtful that
such an exercise would have general value, i.e. to vessels other than Wigley
hulls. For example, consider the range 0.25 < Fr < 0.35. Near Fr = 0.25, a
value of xd/L = 0.7 seems appropriate. As Fr increases we could take larger
and larger values of xd/L until at Fr ≈ 0.33 a value of xd/L = 1.0 is indi-
cated. What value of xd/L do we then take for Froude numbers greater than
0.33? A case can be made for jumping down to xd/L = 0.7, but the “cor-
rect” choice is probably very sensitive to the experimental values. The same
difficulty is also apparent for smaller Froude numbers, e.g. 0.2 < Fr < 0.25.

The results shown here are very similar to those of Maruo [87] who used
a simple parabolic strut in his work. Maruo also compared calculations
for an “open wake” model and a “cusped wake” and concluded that the
cusped wake with xd/L ≈ 0.85 gave the best agreement with the residuary
resistance and with one experimental longitudinal wave cut. As we have
mentioned previously, we prefer the open wake model, but happily admit
that agreement can often be better with other assumed wake shapes.

Stratford’s “Laminar” Detachment Ratio

The plot at the bottom of Figure 7.9 shows the effect of detachment layers
where the detachment point on each waterline is determined by Stratford’s
[123] laminar separation criterion, with and without the addition of the BL
displacement thickness. The trends of the two curves with laminar detach-
ment are very similar and from here on the effect of BL displacement thickness
will be ignored.

The effect of laminar detachment is quite striking for Fr < 0.36. At low
Froude numbers the largest oscillations are removed and good agreement
with Ju’s experiments are apparent for Fr < 0.27. There is, however, little
experimental evidence to support the distribution and extent of the laminar
separation points shown earlier in Figure 7.8.

The method is not quite as successful for Fr > 0.27 for this hull. Although
the largest peak has been reduced, so has the large hollow in the curve around
Fr ≈ 0.35.
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7.4.5 Viscous Wave Damping
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Figure 7.10: The effect of Lamb’s viscous damping factor on the wave resistance
of a 3.048m Wigley hull: constant viscosity (top), speed-dependent form (bottom).

The plot at the top of Figure 7.10 shows the effect of Lamb’s viscous
damping factor on the wave resistance of Ju’s Wigley hull. Here, α2 is the
non-dimensional viscosity parameter defined earlier. For reference, the value
of the eddy viscosity corresponding to α2 for this 3.048m hull is given by

νt = α2
g1/2L3/2

4
≈ 4.167α2 (7.13)
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Viscous effects are very significant at low Fr for the chosen values of α2.
Humps and hollows in the inviscid (i.e. “Michell”) curve are significantly
reduced. The troublesome hollow at Fr = 0.35 is increased, but not as
significantly as the hump at Fr = 0.3 is reduced.

Of the three values of α2, the best at low Fr seems to be α2 = 0.001,
whereas for 0.22 < Fr < 0.3 a value of α2 = 0.002 is better.

The largest value considered here, i.e. α2 = 0.005 seems excessive for this
hull and Froude number range because the humps and hollows are almost
completely eliminated. We note, however, that α2 = 0.005 for this hull
corresponds to a value of νt ≈ 0.02 which is smaller than the range 0.08−0.16
found by Gotman [42] in her work with 4.88m hulls.

The plot at the bottom of Figure 7.10 shows the effect of viscous damping
where νt is estimated using equation (7.5). The green curve corresponds to
the case N2 = 1, where the values of νt are taken from our 2D BL calculations.
Although this value of νt is sufficient to eliminate the humps and hollows for
Froude numbers below about 0.16, it has a much smaller effect at higher
Froude numbers. If we (arbitrarily) multiply this “base” value of νt by N2 =
4, 8, 12, 16 we find better and better agreement with the experimental values.
All-in-all, the results are similar to those in the top of Figure 7.10 where
constant values of α2 (and therefore constant νt) were used.

7.4.6 Viscous Resistance

Figure 7.11 compares predictions of skin-friction using the ITTC line and the
LL08 line with Ju’s [71] viscous wake experiments.

The oscillatory nature of the experimental CV W data suggests a slight
Froude number dependence. The two friction lines significantly under-predict
CV W , with the ITTC line doing quite a bit better than the LL08 line.

In passing, we note that one reason the ITTC line is closer to the experi-
ments than the LL08 line is because the ITTC line should not be considered
as a skin-friction line, but rather as a correlation line, one that contains some
allowance for form effects. (In fact, one could say that this is the reason for
its very existence!) Although the ITTC line could once have been regarded
as a correlation line, this is no longer true. As Grigson [45] has noted, since
1978 the ITTC line is the recommended formula to be used in estimating the
form factor: therefore, “...there can be no form factor implicit in the ITTC57
2-D friction line, that would be a contradiction in concept”.

The under-prediction by both friction lines suggests that the use of a
form factor could be helpful in improving the prediction of total resistance.
The curves passing closer to the experimental data were fitted by a standard
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Figure 7.11: Comparisons of skin-friction predictions with experimental viscous
wake resistance for a 3.048m Wigley hull.

least squares method to find the best form factor for each friction line. For
the ITTC line, a form factor of about kf = 0.06 is best; for the LL08 line,
kf = 0.13 works very well. The curves with form factors are seen to pass
very close to the experimental values of CT −CV W , with the LL08 now doing
slightly better than the ITTC line. The ITTC line with the constant form
factor seems to have a slope that is not quite correct, and it would probably
benefit from a Froude number dependent form factor.

The use of Froude number dependent form factors has been tried before.
For example, Doctors [20] examined a large number of combinations of hull-
form parameters (such as B/T , B/L etc) and Froude number in an attempt
to improve the correlation of Michell’s integral (together with the ITTC line)
for displacement vessels.

In his examination of form factors, Garćıa-Gómez [40] concluded that
there are definite (Reynolds number) scale effects on form factors when the
ITTC friction line (or Schoenherr’s line) is used to predict skin-friction, but
no significant scale effects with Grigson’s line. For Garćıa-Gómez [40] there
is no contradiction here: it is a consequence of the different friction lines used
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in the analysis.

7.4.7 Combined Effect of Viscosity and Detachment
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Figure 7.12: Effect of detachment layer and constant eddy viscosity on the wave
resistance of a 3.048m Wigley hull: α = 0 (top) and α = 0.001 (bottom).

The combined effect of viscous wave damping and detachment on Ju’s
Wigley hull are shown in Figures 7.12 and 7.13. In these graphs, wave damp-
ing effects are represented by values of α2; detachment is assumed to occur
for constant values of xd/L. The values of the detachment ratio used in these
results are closer to the stern than the values used previously in Figure 7.9.
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Figure 7.13: Effect of detachment layer and constant eddy viscosity on the wave
resistance of a 3.048m Wigley hull: α = 0.002 (top) and α = 0.004 (bottom).

The graph at the top of Figure 7.12 shows the effect of detachment for
the inviscid case; the graph at the bottom is for a relatively small value of
viscosity, namely α2 = 0.001. It is clear that the effect of α2 = 0.001 is to
eliminate the oscillations in the wave resistance curve for Froude numbers
below about Fr = 0.2 while still retaining the relative differences due to the
assumed detachment point.

The graphs at the top and bottom of Figure 7.13 show, respectively, the
effect of α2 = 0.002 and α2 = 0.004. For these larger values of viscosity, the
relative differences due to the detachment point are retained, but the overall
effect on the wave resistance is much greater. For the α2 = 0.002 case at
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the top, there is very good agreement with the experiments for Fr < 0.22.
A detachment ratio value of xd/L = 0.950 gives the best agreement for
0.22 < Fr < 0.31, but the case with no detachment (i.e. xd/L = 1) is
excellent for Fr > 0.32. The results are similar to those for the largest
viscosity α2 = 0.004 shown in the plot at the bottom of Figure 7.13, however
there the xd/L = 1 case is the best performer for most of the Froude number
range.

7.4.8 Total Resistance

CW CF kf Error
Range (%)

Michell ITTC 0.0 -9.4 to 12.2
α2 = 0.004 ITTC 0.0 -7.0 to 2.7
N2 = 12 ITTC 0.0 -7.0 to 1.8
Michell LL08 0.0 -13.5 to 9.0
α2 = 0.004 LL08 0.0 -12.6 to 0.2
N2 = 12 LL08 0.0 -11.9 to -0.8

Michell ITTC -0.020 ±11.0
α2 = 0.004 ITTC 0.032 ±4.4
N2 = 12 ITTC 0.042 ±4.0
Michell LL08 0.032 ±10.8
α2 = 0.004 LL08 0.086 ±4.8
N2 = 12 LL08 0.095 ±4.2

Table 7.2: Summary of total resistance predictions for Ju’s 3.048m Wigley hull.

The two parts of Figure 7.14 show predictions of total resistance with
some of our proposed modifications compared to Ju’s [71] experiments. The
plot at the top uses the ITTC line for the skin-friction; the plot at the bottom
uses the LL08 line. Figure 7.15 shows the same predictions where form factors
have been included. Some results from the four plots are also summarised
in Table 7.2 where we show the the friction line used to predict the skin-
friction, the value of the form factor and a relative error range. In the table,
α2 signifies that a constant value of the eddy viscosity is used in modified
Michell’s integral. The entries corresponding to N2 in the table use equation
(7.5) multiplied by the value of N2 to estimate the (speed-dependent) value
of νt.
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Figure 7.14: Comparison of experimental total resistance with predictions for a
3.048m Wigley hull: ITTC line (top) and LL08 line (bottom). No form factors.

Consider first the plot at the top of Figure 7.14, where the ITTC line is
used without a form factor. Using Michell’s integral for the wave resistance
leads to quite good agreement for Froude numbers up to about Fr = 0.17. For
the entire range of Fr, errors lie within the range −9.4% to 12.2%. (Errors
between predictions and the experimental curve are shown in the last column
of Table 7.2).
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Figure 7.15: Comparison of experimental total resistance with predictions for a
3.048m Wigley hull: ITTC line with form factors (top) and LL08 line with form
factors (bottom).

Viscous modifications improve the overall agreement: a constant eddy
viscosity represented by α2 = 0.004 produces a curve that lies within −7.0%
to 2.7% of Ju’s experiments; the speed-dependent case with N2 = 12 has a
similar error range. It is apparent that small form factors would improve the
agreement at low Froude numbers, but would make the agreement worse for
Fr > 0.37.

The plot at the bottom of Figure 7.14, where the LL08 line is used for
the skin-friction, shows that predictions are generally well below the exper-
imental curves at low Froude numbers. Form factors are likely to lead to a
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considerable improvement for much of the Froude number range.
Before moving on to a consideration of form factors, a cautionary note is

warranted at this stage. The experimental curve in the graphs is from tab-
ulated values in Ju’s report [71], however, because they were produced from
Ju’s fits to the experimental results, some caution should be exercised when
interpreting our error estimates. It would, of course, have been better to use
the experimental data itself, instead of the fitted values, but without access
to the original results (as is so often the case in hydrodynamics research) we
must make do with what is publically available.

The values of the best combination of the eddy viscosity and form factors
were found by a trial and error process. For our purposes, the best values
of kf and α2 are those that reduce the range of the relative errors between
predictions and Ju’s [71] experimental curve. We furthermore demand that
the minimum and maximum errors have equal absolute magnitudes. There
are many other error estimates that could have been used, but at this stage
we are only interested in the range of improvement that can be expected by
a judicious choice of form factors and eddy viscosity.

The results in Figure 7.15 mirror those in Figure 7.14 but here form
factors have been used. The values of kf , α2, and N2 used in the predictions
are shown in the graph legends and also in Table 7.2.

In the top plot of Figure 7.15, a negative form factor kf = −0.02 reduces
the error (according to our criteria) when Michell’s integral is used for the
wave resistance and ITTC line is used for the skin-frcition. Errors vary
between ±11% for the entire range of Froude numbers. For the two viscous
cases, kf = 0.032 and kf = 0.042 work well with α2 = 0.004 and N2 = 12,
respectively. The errors for these two cases lie within ±4.2% for the Froude
number range of interest.

The plot at the bottom of Figure 7.15 uses the LL08 line for the skin-
friction. This line predicts lower skin-friction coefficients than the ITTC
line for the Reynolds numbers experienced by the small hull, and so larger
form factors are required. A form factor of kf = 0.032, in combination with
Michell’s integral for the wave resistance, reduces errors to the band ±11%.
The same error range was found when the ITTC line was used with a form
factor of kf = −0.02.

Form factors of kf = 0.086 for the α2 = 0.004 case, and kf = 0.095 for
the speed-dependent case N2 = 12 reduce errors to the range ±4.2% for the
entire range of Froude numbers under consideration. Again, these are the
same ranges as found when the ITTC line is used with different values of the
form factor.

The values of the form factors found with the trial and error method are a
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little smaller than the values found in the previous section where we compared
predictions using friction lines with Ju’s [71] viscous wake experiments. There
we found that kf = 0.06 was good in combination with the ITTC line and
kf = 0.13 was best with the LL08 line.

The results for the viscous modifications combined with the appropriate
form factors are very good. They would be even better if, and this is a very
big proviso, a rational basis could be devised for estimating both the correct
form factor and the correct value for the viscous damping parameters.

In the interests of brevity, we have omitted consideration of detachment
layers. They can be used, in combination with form factors and eddy viscos-
ity, to produce results of similar quality to those with just the eddy viscosity
and a form factor. We note in passing that for extrapolation purposes it
makes no difference whether the wave resistance component is arrived at via
modifications involving detachment layers, viscous damping, or some combi-
nation of both.
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7.5 Insel’s Hull (L/B = 10, L = 1.8m)
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Figure 7.16: Wave resistance (left) and total resistance (right) of a 1.8m Wigley
hull.

The results in this section are for a 1.8m Wigley hull with L/B = 10.
Thus it is a smaller geosim of Ju’s Wigley hull considered in the previous
section. All experimental results for this hull are from Insel’s thesis [57]. The
size of the experimental errors was not given.

The plot at the top of Figure 7.16 shows the wave resistance coefficient
predicted using Michell’s integral compared to Insel’s [57] experimental val-
ues derived from measurements of wave patterns in a towing tank. The
plot at the bottom shows the total resistance where skin-friction is predicted
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with the standard ITCC friction line and also with the LL08 line described
earlier. These two graphs are, in a sense, our baseline cases. We are inter-
ested in whether the agreement with experiments can be improved using the
modifications involving laminar detachment and viscous damping.

Michell’s integral over-predicts the wave resistance coefficient for the
Froude number range of interest, except at Fr = 0.35. This is a little sur-
prising given that, as previously mentioned, criticisms of Michell’s integral
often stress its poor approximation for just this region.

One feature that is immediately apparent from the bottom plot, is that
adding a form factor to the curve using the ITTC line will make the existing
reasonable agreement worse for Froude numbers in the range 0.39 < Fr <
0.75.

The plot at the top of Figure 7.17 shows the effect of laminar detachment
on the wave resistance; the bottom plot shows the total resistance where skin-
friction was predicted using the ITTC line and the LL08 line. The effect on
wave resistance is to improve the agreement for almost the entire Froude
number range of interest. The effect on the agreement with total resistance
is less consistent. Although the agreement is very good for 0.38 < Fr < 0.65,
it is significantly worse at low Froude numbers and also for Fr > 0.7.

The two plots shown in Figure 7.18 show the effect of viscous damping on
the wave resistance. The plot at the top uses the speed-independent viscosity
measure α2; the plot at the bottom uses the speed-dependent method given
by equation (7.5) with N2 acting as a multiplier of the result.

There is little doubt that the inclusion of viscosity improves agreement.
The best agreement seems to be for α2 ≈ 0.015, except for the small region
0.3 < Fr < 0.32. A value of N2 = 30 works well for the speed-dependent
case.

To put the eddy viscosity values into perspective, α2 = 0.015 corresponds
to a value of νt ≈ 0.028m2s−1 for this 1.8 m long hull. Although this is
about 27,000 times larger than the molecular kinematic viscosity, it is roughly
comparable with Gotman’s [42] range 0.04 to 0.16 for the eddy viscosity of
some 4.88m long hulls.

7.5.1 “Optimal” Values of νt and kf

The experimental results for this hull are from Insel’s [57] fits to his data
and therefore we need to exercise a little skepticism with regard to the errors
we quote when comparing predictions. There is, for example, quite a lot of
scatter in the experimental wave pattern resistance data for Froude numbers
greater than 0.5. At low speeds, Insel [57] reported difficulties caused by the
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CW CF kf Error
Range (%)

Michell ITTC 0.0 -10.2 to 12.5
α2 = 0.015 ITTC 0.0 -16.7 to 0.4
N2 = 12 ITTC 0.0 -16.5 to -2.5
Michell LL08 0.0 -13.3 to 8.4
α2 = 0.015 LL08 0.0 -23.7 to -2.8
N2 = 12 LL08 0.0 -21.0 to -5.8

Michell ITTC -0.020 ±11.5
α2 = 0.015 ITTC 0.125 ±6.5
N2 = 12 ITTC 0.130 ±7.3
Michell LL08 0.040 ±10.8
α2 = 0.015 LL08 0.195 ±6.5
N2 = 12 LL08 0.200 ±6.5

Table 7.3: Summary of total resistance predictions for Insel’s 1.8m Wigley hull.

inability to measure wave heights less than about 3mm.
Furthermore, because fits were made separately to the wave pattern re-

sistance data and to the total resistance data, we cannot just subtract fitted
CWP from fitted CT to yield a meaningful approximation of the viscous re-
sistance component. That could be done using results shown in graphs in
Insel’s [57] thesis, however it was not considered worth the considerable effort
of extracting results from enlarged photocopies at this stage.

The two plots shown in Figure 7.19 show the effect of viscous damping
and form factors on the total resistance. The top plot uses the ITTC line
for skin-friction; the plot at the bottom uses the LL08 line. Note that, as
before, we choose to display values of the total resistance with a vertical scale
that accentuates the differences between predictions and the experiments.
If, instead, a vertical scale starting at zero were used, agreement might look
much better, but we could risk over-looking where the model is at its worst.

Some of the results are summarised in Table 7.3 where we show the
method used to estimate wave resistance, the skin-friction line, the value
of the form factor, kf , and the relative error range. Note that negative val-
ues of kf are not physically meaningful and they should be interpreted as the
result of an over-estimate of the skin-friction.

As with Ju’s Wigley hull examined earlier in the present chapter, the best
combinations of the eddy viscosity and form factors were found by a trial and
error process. The best values of kf and α2 are those that reduce the range
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of the relative errors between predictions and Insel’s experimental curve.
A small negative value, kf = −0.02, works best when the ITTC line is

used for the skin-friction and Michell’s (inviscid) integral is used to predict
wave resistance. (We reported a similar value using Ju’s Wigley hull earlier in
the present Chapter). Errors are within ±11% for the entire Froude number
range 0.15 < Fr < 0.95.

The results using viscosity and form factors reduce the error range to
about ±7%, which is quite good considering the very wide range of Froude
numbers under consideration and the scope for experimental errors.

The best values of the form factor (in combination with viscous wave
damping) are around 0.125 to 0.130 with the ITTC line. Insel [57] used
kf = 0.1 with the ITTC line in his work on this “standard” Wigley hull, as
indeed have many others.

The best form factors for use with the LL08 line (about 0.195 to 0.200)
are significantly larger than those that correspond with the ITTC line. This
is, of course, due to the lower skin-friction predicted by the LL08 line at
the low Reynolds numbers (1 × 106 < Rn < 6.3 × 106) for this 1.8m long
hull. At low Froude numbers, where Rn ≈ 106, predictions of skin-friction
with either the ITTC or the LL08 lines could be quite unreliable because of
the very difficult flow regime and the large scatter in experimental boundary
layer data.

Boundary layer trips are nearly always used on small models to eliminate
regions of laminar flow over the hull, and these inevitably add their own drag.
Although the additional drag of trip-wires, studs and other turbulence stim-
ulators is often corrected for in model experiments, there are still enormous
practical difficulties. Bertorello et al [4] found that there is a great deal of
uncertainty about the utility of the devices for high-speed craft. After test-
ing several geosims of a high-speed hullform equipped with a transom stern,
they concluded that:

“a small model (L < 2.00m) seems inadequate for the model-ship
correlation in the range of Fr < 0.60 because of the appreciable
influence of the laminar flow on the total resistance with the bare
hull and of the uncertainty about the value of the additional par-
asitic drag due to the applied device in the tests with turbulence
stimulators”.
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7.6 Millward’s Hull (L/B = 8, L = 1.905m)

The results in this section are for a 1.905m Wigley hull with L/B = 8. There-
fore this hull is slightly stubbier than the hulls considered in the previous two
sections.

Some results for this model hull were presented by Tuck and Lazauskas
[135].

Figure 7.20 shows the total resistance compared to Millward and Bevan’s
experiments [94]. The size of the experimental errors was not given.

Also shown are recent results computed by the CFD code CFD-SHIP-
IOWA 4.00 as described by Sakamoto et al [114].

The results represented by the two continuous curves do a reasonable
job, except at the highest Froude numbers shown here, and for the region
around Fr = 0.35. The predictions are at least as good as the CFD re-
sults, and took only a minute or two to calculate on an inexpensive personal
computer, whereas the CFD technique required many hours of processing on
large computers.

We have identified Fr ≈ 0.35 previously as having a particularly trouble-
some reputation for Michell’s integral. Here it does seem that the models
are under-predicting the experiments, however there is an interesting data
point at Fr = 0.35 where CT ≈ 6.2 × 10−3. If this point is removed, then
the curves near the hollow provide a reasonable approximation to the data.
If, on the other hand, the point is retained, the data can be thought of as
having large scatter in that region. Another experimental data point near
Fr = 0.33 where CT ≈ 5.7×10−3 is also interesting. If this point was removed
then there would be no hollow to speak of, and Michell’s integral could then
certainly be said to be inaccurate.

Perhaps Michell’s integral is, in actuality, not very accurate in this region,
but the same could also be said of the experiments. The CFD prediction at
Fr = 0.35 lies in the middle of the experimental data and our predictions
as shown in Figure 7.20, which makes interpretation of the actual situation
even more difficult.

The effect of laminar detachment on the total resistance is shown in Figure
7.21 with the skin-friction estimated using the ITTC line and the LL08 line.
The error range is about ±10% for the entire range of Froude numbers.
Inclusion of form factors would undoubtedly improve agreement with the
experiments at high Froude numbers, say Fr > 0.7, however it would be
appreciably worse for 0.4 < Fr < 0.65.

Figure 7.22 shows the effect of viscous damping as represented by the
speed-independent viscosity parameter, α2. Results for the speed-dependent
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form for νt exhibit similar trends and have been omitted in the interests of
brevity. Both the ITTC line and the LL08 lines are used to estimate the
skin-friction and no form factors have been included in these two graphs.
The graphs show that predictions using both friction lines are well below the
experiments for most Froude numbers.

Curves lie entirely below the experimental data points for the largest
values of α2 shown in Figure 7.22. Clearly these will be improved significantly
when combined with appropriate form factors.

7.6.1 “Optimal” Values of νt and kf

CW CF kf Error
Range (%)

Michell ITTC 0.0 -13.5 to 14.2
α2 = 0.025 ITTC 0.0 -26.3 to -5.8
N2 = 35 ITTC 0.0 -21.5 to -5.2
Michell LL08 0.0 -19.2 to 12.0
α2 = 0.025 LL08 0.0 -33.8 to -9.0
N2 = 35 LL08 0.0 -28.3 to -8.0

Michell ITTC 0.005 ±14.0
α2 = 0.025 ITTC 0.240 ±5.9
N2 = 35 ITTC 0.192 ±5.9
Michell LL08 0.065 ±14.0
α2 = 0.025 LL08 0.325 ±6.3
N2 = 35 LL08 0.278 ±5.8

Table 7.4: Summary of total resistance predictions for Millward and Bevan’s
1.905m Wigley hull.

Figure 7.23 shows the results of our rough trial-and-error search for opti-
mal combinations of eddy viscosity and form factors. Some results are also
summarised in Table 7.4.

The best value of α2 is about 0.025. This translates into a dimensional
value of νt ≈ 0.051m2s−1, which, although 47,000 times the molecular value,
is within Gotman’s [42] range of 0.04 - 0.16 from her experiments on 4.88m
long hulls with a slightly different shape. The best speed-dependent estimate
is N2 = 35, which means that the eddy viscosity is 35 times the value of that
predicted at the edge of the BL at the stern of the vessel. The factor of 35
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is, in a sense, a measure of the extent of our failure to find a rational basis
for estimating an appropriate value of the eddy viscosity.

Our choices of viscosity and form factors reduce the error range to less
than ±6.3% for the Froude number range 0.25 < Fr < 1.0, which is quite
good considering the potential for experimental errors with small model hulls.

The large form factors found during the search for optimal combinations
are difficult to understand. Millward and Bevan [94] did not report form
factor estimates derived from their experiments. We found form factors of
around 0.192 to 0.240 using the ITTC line and 0.278 to 0.325 when the LL08
line was used.

One small consolation is that form factors of this magnitude have pre-
viously been reported with the NPL hull series investigated by Insel and
Molland [58] in 1991. (These hulls have a transom stern which undoubtedly
adds form drag at low speeds.) The NPL 3b hull (L/B=7) had kf = 0.45,
the NPL 4b hull (L/B = 9.0) had kf = 0.30 which are similar to the values
we found for our L/B = 8 Wigley hull. The large form factors of the NPL
hulls were much criticised in the discussion of [58]. Three NPL hulls were
retested by Molland et al [95] in 1994 and no significant differences between
the tests was reported. Tests were also made on an NPL 4c [95] hull which
has L/B = 8, the same as for Millward and Bevan’s Wigley hull. The NPL
4c was found to have kf = 0.30 which is comparable to the form factors we
found using the LL08 line for the Wigley hull (see the bottom rows of Table
7.4).

Results using the dual form factor method given by equation (7.12) were
worse than the two viscous wave damping methods. With kf = 0.130 and
kw = −0.210, errors range within ±10.0%.

7.7 Chapter Conclusions

We have compared predictions of wave resistance and total resistance of three
model-size Wigley hulls using two different skin-friction lines and several
different modifications of Michell’s integral.

Whether Michell’s integral is inaccurate near Fr ≈ 0.35, as has often been
claimed, is open to question. It could be that there are great experimental
difficulties where there is a strong interaction between bow waves and stern
waves: flow unsteadiness, unreliable turbulence stimulators, and many other
factors could be the cause of experimental uncertainties.

Including the effect of laminar detachment leads to significant improve-
ments in estimates of wave resistance at low Froude numbers, and, in general,
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minor improvements at higher Froude numbers.
With large values of the eddy viscosity and an appropriate form factor,

error ranges of less than about ±7% are easily achievable for a wide range
of Froude numbers. Whether we are justified in using such large viscosity
is an open question. Certainly, the oscillatory features inherent in the wave
resistance at low Froude numbers are wiped out completely by large values of
viscosity, but the overall agreement with experiments is very much improved.

A rough trial and error method was used to find good combinations of
eddy viscosity and form factors that minimise the errors between experiments
and predictions. The method could be automated and might provide a good
alternative to proposed methods where different form factors are applied to
the wave pattern resistance and the skin-friction.

Two methods of accounting for viscous wave damping were tried. The
speed-dependent method for estimating νt from values at the edge of the BL
at the stern were no better than using a constant value represented by the
speed-independent viscosity parameter α2. The main reason for the simi-
larities are probably due to the relatively small range of Reynolds numbers
experienced by vessels that operate at Froude numbers between about 0.1
and 1.0. If ships operated over a much wider range (and they rarely do), the
speed-dependent method might then be more appropriate.
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Figure 7.17: The effect of laminar detachment on the wave resistance (top) and
total resistance (bottom) of a 1.8m Wigley hull. No form factors.
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Figure 7.18: The effect of Lamb’s viscous damping factor on the wave resistance
of a 1.8m Wigley hull: constant eddy viscosity (top), speed-dependent viscosity
(bottom).
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Figure 7.19: The effect of Lamb’s viscous damping factor on the total resistance
of a 1.8m Wigley hull. ITTC line (top), LL08 (bottom). Includes form factors.
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Figure 7.20: Total resistance of a 1.905m Wigley hull predicted by Michell’s
integral with two different skin friction lines.
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Figure 7.21: The effect of laminar detachment ratio on the total resistance of a
1.905m Wigley hull. No form factors.
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Figure 7.22: The effect of Lamb’s viscous damping factor on the total resistance
of a 1.905m Wigley hull: ITTC line (top), LL08 line (bottom). No form factors.
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Figure 7.23: Total resistance of a 1.905m Wigley hull predicted using two differ-
ent skin friction lines (including form factors) and two methods for viscous wave
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Chapter 8

Viscous Effects On Wave Decay

Chapter Summary
Calculations of the wave wakes of a mathematical hull are used

to predict wave height decay rates with respect to transverse distance
from the sailing line in deep water. A modification to the linearised
free-surface boundary condition is used to account for viscosity in the
ship-wave integral and in three wave-wake decay models. An attempt
is made to predict a non-dimensional viscous damping parameter from
wave cuts using the three simple wave-wake models.

8.1 Preliminaries

8.1.1 Physical Parameters of the Problem

U

x

y

(x,yc)

θΘ

ry0

y1

z

x

Hm

Hmax

Hmin

zrange

zmax

zmin

Figure 8.1: Coordinate system and wave-height definitions.
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A plan view of the coordinate system is shown in Figure 8.1: x is in the
direction of the flow, y is the (positive to starboard) transverse ordinate, z
is the (positive upwards) vertical ordinate and θ is the the wave angle of
propagation.

In general, we will be concerned with wave elevations along several cuts
parallel to the sailing line, for example between the two cuts at y = y0 and
y = y1 shown in Figure 8.1.

The plot at the right of Figure 8.1 shows a small portion of a wave cut.
The maximum wave height Hm is defined as the maximum crest-to-trough
(or trough-to-crest) distance. The height of the crest of this wave will be
referred to as Hmax; the depth of the trough is Hmin. The wave range zrange

is the difference between the highest crest and the deepest trough. Note that
these crests and troughs could be separated by many wavelengths.

All results were calcuated using a Wigley parabolic hull with displace-
ment volume ∇ = 31.25m3, length L = 19.1m, beam B = 2.945m and
draft T = 1.25m, the same vessel used by Tuck and Lazauskas [134]. The
physical parameters are the gravitational acceleration g = 9.80665ms−1,
water density, ρ = 1000.0kgm−3 and (molecular) kinematic eddy viscosity
ν = 1.047 × 10−6m2s−1.

8.1.2 Realistic Values of the Eddy Viscosity νt

To illustrate the effect of viscosity on wave decay with respect to trans-
verse distance from the sailing line, we will use the speed-independent, non-
dimensional viscosity parameter α2 given previously by equation (7.2).

In particular, we will use α2 = 10−5 and α2 = 10−4 in calculations. It is
unknown whether these values of α2 are realistic. Although it seems likely
that wave damping will be significant in very turbulent waters, ocean waves
are also known to travel very great distances before decaying significantly so
the values of the eddy viscosity (as represented by α2) in the present work
may be too high. Baum [3] suggests that in the ocean, a typical range for
the eddy viscosity is 10−5m2s−1 < νt < 101m2s−1 in the vertical direction,
with values more often found towards the higher end of the range.

If we write the non-dimensional parameter as α2 = 4νtg
−1/2L−3/2 and

substitute L = 19.1m, g = 9.80665ms−2 and (as a reasonable maximum)
value νt = 0.1m2s−1, we find α2 ≈ 0.0015. Thus our example values for α2 do
not seem completely unrealistic, however we must emphasise that real values
of νt can vary by several orders of magnitude. It should also be noted that
the ambient eddy viscosity in a towing tank is likely to be much less than in
the open ocean, so the results presented here should not be used uncritically.
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8.1.3 Longitudinal Wave Cuts

The eight parts of Figure 8.2 show the forward portion of longitudinal wave
cuts for Froude numbers Fr = 0.3, 0.4, . . . , 1.0. Wave elevations were calcu-
lated using the methods described in Tuck, Scullen and Lazauskas [136],[137].
In most cases the “near-field” component is not needed because we are deal-
ing with regions far enough away from the vessel that it is insignificant.

The wave cuts in Figure 8.2 are situated at a constant (non-dimensional)
distance k0y = 128 from the sailing line k0y = 0 of the vessel. In many
practical situations, it would be preferable to use a constant (dimensional)
location for the wave cuts, e.g. y = 300m. However, the non-dimensional
form used here has the advantage of being independent of the scale of the
ship. Thus the same wave cuts (and the same value of α2) are applicable to
our 19.1m vessel as well as to larger and smaller geosims.

The longitudinal centre of the vessel is at k0x = 0. The intersection of
the Kelvin line through k0x = 0 and the wave cut at k0y = 128 occurs at
k0x = 256

√
2 ≈ 362. Thus the wave cuts in Figure 8.2 show the behaviour of

the waves a little forward of the Kelvin line and several wave lengths behind
it. (In the results to follow we use a much longer trace, up to 128 fundamental
wavelengths behind the Kelvin line).

The wave traces for Fr = 0.3 at the top left of Figure 8.2 show that there
is little difference between the inviscid case (α2 = 0) and α2 = 0.00001. The
larger viscosity value, α2 = 0.0001, however damps the waves so much that
the (blue) trace looks like small ripples compared to the other two traces.

As Froude numbers increase, it can be seen that a value of α2 = 0.0001
has a smaller damping effect than at small Froude numbers.

The wave trace for Fr = 0.5 (second row, left column of Figure 8.2)
illustrates some difficulties for the automatic analysis of wave trace data.

The first difficulty concerns the problem of extracting meaningful esti-
mates of the wave period. For example, the crests and troughs at k0x ≈ 385,
k0x ≈ 400 and k0x ≈ 415 are quite small and could easily mislead computer
programs that look for “zero-crossings” or peaks and hollows from which to
estimate wave periods.

The second difficulty is locating the global minimum and maximum values
of the wave elevation along the cut. Again, referring to the plot for Fr = 0.5
in Figure 8.2 consider the blue curve corresponding to α2 = 0.0001. The
lowest parts of the curve occur close to the centre of the plot at k0x ≈ 370.
It is not easy to distinguish which of the two hollows is deeper, and it is not
hard to imagine cases where they are identical.
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Figure 8.2: Effect of viscosity on wave elevations along cuts at k0y = 128 for
several Froude numbers.
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8.2 Models of Wave Height Decay

8.2.1 Macfarlane’s and Renilson’s Model (MR)

Macfarlane and Renilson [86] argue that the largest waves are to be found
near the Kelvin line, and so these waves will decay like r−1/3. Their “wave
height decay equation” is

Hm = γy−1/3
c (8.1)

where yc is the perpendicular distance from the ship’s track, and γ is a
constant that can be determined from experiments. This equation will be
referred to as “MR” in the results.

8.2.2 Doctors’ and Day’s Model (DD)

Day and Doctors [17] raised doubts concerning equation (8.1) claiming that
the −1/3 decay exponent is only applicable for a point disturbance. They
also favoured the “maximal wave-height criterion”, e.g. the maximum range
of wave amplitudes along a single cut. In addition to the other preferred
attributes, they argued, it is easily understood and the values can be easily
and inexpensively measured. Their wave decay equation, which we will refer
to as “DD” in the results, is

zrange

z∗1
=

(

yc

y0

)N

(8.2)

where N is the wave decay exponent, and z∗
1 is the fitted value of zrange at

the first wave cut, i.e. the cut located at y = y0 in Figure 8.1.

8.2.3 Transverse–Diverging Wave Decay Model (TD)

The MR model can be easily extended to include the theoretical −1/2 decay
rate of “pure” transverse waves, i.e. those propagating with wave angle θ = 0.

We will use the model equation (referred to as “TD” in the results)

zrange = ay−1/2
c + by−1/3

c , (8.3)

where a and b are constants to be determined from experiments.
We have chosen to use zrange instead of Hm in the TD model for no other

reason than it is a more convenient quantity to extract automatically from
longitudinal wave cut data.
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8.2.4 Effect of Viscosity on Wave Height Decay

To account for the effect of viscosity on wave decay with respect to transverse
distance from the sailing line in the three wave-wake models, we now include
the exponential decay factor given by Equation (5.20).

First let

V (xc, yc; θc) = exp

[

−α2
k0

F 3
r

sec5 θc(xc cos θc + yc sin θc)

]

(8.4)

where xc and yc are the coordinates of a particular point along the wave cut,
and θc is some fixed representative value of the wave angle.

As a first attempt, we choose xc as the x-ordinate of the intersection of
the Kelvin line and the longitudinal cut at yc. Thus, xc = yc tanβK = 2

√
2yc.

As a representative value of the wave angle, we choose θc = θK so that
θc = θK = sin−1(1/

√
3).

Using these values in equation (8.4) gives

VK(yc; α2) = exp

(

− 45

4
√

2

k0yc

F 3
r

α2

)

(8.5)

Our modified MR model is

Hm = γy−1/3
c VK(yc; α2), (8.6)

the modified DD model is

zrange = c1y
N
c VK(yc; α2), (8.7)

and the modified TD model is

zrange = (ay−1/2
c + by−1/3

c )VK(yc; α2) (8.8)

A standard nonlinear least squares method is used to estimate the wave-
decay coefficients γ and α2 in the modified MR model, c1, N and α2 in the
modified DD model, and a, b and α2 in the TD model.
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8.3 Results

Fr k0y = 4 k0y = 128 k0y = 512
0.3 6.9 220.0 880.1
0.4 12.2 391.2 1564.7
0.5 19.1 611.2 2444.8
0.6 27.5 880.1 3520.5
0.7 37.4 1198.0 4791.8
0.8 48.9 1564.7 6258.7
0.9 61.9 1980.3 7921.2
1.0 76.4 2444.8 9779.2

Table 8.1: Wave domain values (in metres) corresponding to some selected values
of k0y and for some Froude numbers.

In calculations, longitudinal wave cuts start at 8 fundamental wavelengths
forward of the Kelvin line and extend downstream for at least 32 fundamen-
tal wavelengths. In some cases, the cuts extend up to 128 fundamental
wavelengths to ensure that the minimum and maximum wave elevations are
captured. Wave elevations are calculated at 64 equally-spaced points per fun-
damental wavelength. In their study of the wave-wake system of a high-speed
marine ferry, Doctors et al [25] used a domain that extended 30 wavelengths
downstream of the vessel (not the Kelvin line as in the present work) and at
least 30 points per fundamental wavelength.

The maximum wave heights and maximum wave ranges along the wave
cuts are used to estimate wave decay coefficients by fitting the appropriate
wave decay equations, e.g. (8.1), (8.2) or (8.3), using a standard nonlinear
least-squares method.

Most results to follow will be given in a non-dimensional form, typically
scaled by the fundamental wave number k0. Table 8.1 can be used to quickly
convert the transverse location of wave cuts to distances in metres for some
typical Froude numbers. For example, referring to the row of the table for
Fr = 0.3, longitudinal wave cuts in the range 128 ≤ k0y ≤ 512 correspond to
actual distances from the sailing line in the range 220.0m ≤ y ≤ 880.1m. At
Fr = 1.0, the last row of the table shows that the same non-dimensional range
corresponds to cuts located at transverse distances 2444.8m ≤ y ≤ 9779.2m.
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8.3.1 Variation of Wave Height with Transverse Dis-
tance

Figure 8.3 shows zrange as a function of transverse distance from the sailing
line for several Froude numbers and three values of the viscosity parameter
α2. Curves for the maximal wave height Hm are very similar and have been
omitted in the interests of clarity.

It can be seen that the effects of viscosity are most apparent at the lower
Froude numbers. The plot at the top left of Figure 8.3 shows that for Fr =
0.3, waves are almost completely extinguished at k0yc = 200 when α2 =
0.0001. The plot at the bottom right of the set of graphs shows that the
effect of the same value of α2 is clearly apparent at Fr = 1.0, but not nearly
as significant as at lower Froude numbers.

8.3.2 Location of Crests and Troughs

Figure 8.4 shows the (non-dimensional) longitudinal distance from the Kelvin
line to the minimum and maximum values defining zrange and Hm. In the
expression k0(xm−xK), xm is the x-ordinate of the minimum (or maximum),
and xK is the x-ordinate of the Kelvin line at transverse location yc. Note
that in this graph we are only interested in the x-wise disposition of the
minima and maxima, and not the actual wave heights. In the graphs, zmin

and zmax are, respectively, the minimum and maximum wave amplitudes
required to calculate zrange. Similarly, Hmin and Hmax are, respectively, the
depth of the trough and the height of the crest whose sum is the maximal
wave height, Hm.

For all eight Froude numbers shown in the graphs, results are fairly
consistent with each other for k0yc > 100. As we move outwards from
k0yc = 100, the distance of the minimum and maximum wave elevations
from the Kelvin line increases slowly and steadily until at k0yc = 512, we see
that k0(xm−xK) ≈ 18, which translates to about 3 fundamental wavelengths
back from the Kelvin line.

It is interesting that the curves for Fr = 0.5, Fr = 0.6 and Fr = 0.7 are
very similar to one another for the entire range of k0yc shown in the plots.

For cuts closer to the track than about k0yc = 100, there are significant
differences for Fr < 0.5 and for Fr > 0.7. At Fr = 0.3, minima and maxima
are found as far back as k0(xm − xK) = 50 at k0yc = 100. The situation is
even more extreme for higher Froude numbers: for Fr > 0.8 the minima and
maxima at k0yc = 75 are about 24 fundamental wavelengths back from the
Kelvin line.
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Figure 8.3: Effect of viscosity on zrange as a function of transverse distance from
the sailing line for several Froude numbers.
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Figure 8.4: Location of minimum and maximum wave amplitudes (as measured
by the x-wise distance from the Kelvin line) for several Froude numbers.
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As we will show in the next section, the disposition of minima and maxima
in the wave field has a profound effect on the value of wave decay model
coefficients.

8.3.3 Coefficients in the DD Model

Figure 8.5 shows the wave decay exponent N in the DD model as a function
of transverse distance from the sailing line for several Froude numbers for the
inviscid case, i.e. α2 = 0. Figure 8.6 shows the coefficient z∗

1 . The coefficients
were estimated by fitting equation (8.2) to the entire range of interest 4 ≤
−k0y ≤ 512, but only using eight cuts at a time, e.g. k0y = (4, 8, . . . , 32),
k0y = (8, 12, . . . , 36), . . ., k0y = (484, 488, . . . , 512).

For large values of k0yc, the exponent N tends to the theoretical value of
-1/3 for all Froude numbers shown in Figure 8.5. For Fr = 0.3 and Fr = 0.4
shown in the two plots at the top of the figure, the decay of N towards -1/3
is much slower than for other Froude numbers.

Of greater interest is the behaviour of N when k0yc is less than about 128.
As with the x-wise disposition of wave minima and maxima shown in Figure
8.4, the behaviour of N is reasonably consistent for Fr = 0.5, Fr = 0.6, and
Fr = 0.7. For these Froude numbers, the value of N is close to -1/3 for quite
small values of k0yc. The MR model could also be expected to do quite well
for these Froude numbers because the decay exponent is fixed at a value of
-1/3 in that model. For other Froude numbers, the -1/3 exponent is clearly
not appropriate when k0yc < 128.

For the higher Froude numbers (i.e 0.8, 0.9 and 1.0) shown in Figure 8.5,
the minimum value of N occurs at k0yc ≈ 50. For Fr = 1, the minimum
value of N is about -0.9 at k0yc ≈ 50.

Figure 8.6 shows that the general trends of the coefficient z∗
1 with respect

to transverse distance and Froude number are similar to those for the wave
decay exponent N . For Froude numbers 0.5, 0.6 and 0.7, the values of z∗

1 lie
within a fairly small band; at lower and higher Froude numbers, the values of
z∗1 at smaller transverse distances are very different to the values at greater
distances.
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Figure 8.5: Wave decay exponent N in the model of Doctors and Day as a function
of transverse distance from the sailing line for several Froude numbers.
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Figure 8.6: Wave decay coefficient z∗1 in the model of Doctors and Day as a
function of transverse distance from the sailing line for several Froude numbers.
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The complicated relationship between the disposition of wave minima
and maxima and the DD model coefficients is illustrated in Figure 8.7 for
Fr = 0.3875. It can be seen that there is a tremendous amount of scatter
in the disposition of minima and maxima and in the two model coefficients,
however they return to values more like those for other Froude numbers for
k0y > 425. For reference, the nondimensional distance k0y = 425 corresponds
to a transverse distance of yc ≈ 1219m for this 19.1m ship and Froude number
Fr = 0.3875. A transverse (dimensional) distance of yc = 300m corresponds
to a nondimensional distance k0yc ≈ 104.6, Therefore, model coefficients
derived from wave cuts near y = 300m could be very different to those
derived from cuts located further abeam for this Froude number.

It would not be difficult to formulate wave decay models that take into
account the x-ordinate of the minimum and maximum wave heights along
particular wave cuts, however we leave that for future work.

8.3.4 Effect of Froude Number on Model Coefficients

As we saw earlier, there can be a lot of scatter in the wave decay model
coefficients if they are derived from wave cuts that are too close to the sailing
line. In Figure 8.5 we showed that the exponent N in the DD model is
fairly well-behaved for longitudinal wave cuts located further out than about
k0yc > 100. However, difficulties can be expected for some Froude numbers
as illustrated in Figure 8.7 for Fr = 0.3875. In the following set of results we
will only consider model coefficients derived from longitudinal wave cuts in
the range 128 ≤ k0yc ≤ 512.

We will see momentarily that there are some similarities between the
behaviour of the wave resistance and the wave-wake model coefficients as
functions of Froude number. The wave resistance components of a Wigley
hull are shown in the plot at the top of Figure 8.8. The transverse component
of the wave resistance is due to waves with wave angles |θ| < θK where
θK = sin−1(1/

√
3); the diverging component is for waves with |θ| > θK .

The plot at the bottom of Figure 8.8 shows the coefficient γ in the MR
model estimated from fits to maximum wave heights Hm. Note the similari-
ties between the curve for the transverse wave resistance with the (inviscid)
values of z∗1 shown in the top plot of Figure 8.9, and b in the bottom plot of
Figure 8.10. All have a local minimum at Fr ≈ 0.35, a local maximum at
Fr ≈ 0.45, and curves that decay smoothly from that maximum to a small
value at Fr ≈ 1.
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Figure 8.8: The wave resistance components of a 19.1m Wigley hull (top) and the
coefficient γ in the MR model estimated from fits to wave cuts with 128 ≤ k0y ≤
512 (bottom).

The effects of the viscosity parameter α2 on the MR model coefficient γ
are most pronounced at low Froude numbers. For α2 = 0.00001 the effects
are noticeable for Fr < 0.6. For α2 = 0.0001, γ is about half its inviscid value
for Fr < 0.35.

Figure 8.9 shows the DD model coefficients z∗
1 and N estimated from fits

to the maximum wave range zrange. The effects of viscosity on the DD model
coefficient z∗1 (shown in the top plot of the figure) are significant for Fr < 0.75
when α2 = 0.00001, and for Fr < 0.9 when α2 = 0.0001.
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Figure 8.9: DD model coefficients derived from longitudinal cuts in the range
128 ≤ k0y ≤ 512: z∗1 (top) and N (bottom).

The effect of viscosity on the wave decay exponent N in the DD model
are shown in the plot at the bottom of Figure 8.9. The curves for the inviscid
case and α2 = 0.00001 are similar for the entire range of Froude numbers in
the plot, however those for the higher viscosity represented by α2 = 0.0001
are quite different. The main reason for the difference can be found by
referring back to Figure 8.3 where it can be seen that zrange is very small
for α2 = 0.0001 when k0yc is large. This causes difficulties for the nonlinear
fitting procedure used to estimate the model coefficients.

For the the inviscid case and α2 = 0.00001, the exponent N is close to the
expected theoretical value of -1/3 for Fr > 0.5. For Fr > 0.5 the estimated
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values of N for the higher viscosity are probably unreliable because the wave
elevations are very small. For the inviscid case and α2 = 0.00001, the wave
decay exponent drops from N ≈ −0.25 at Fr = 0.3 down to N ≈ −0.6 at
Fr = 0.38 before jumping sharply back up to N ≈ −0.28 at Fr = 0.4.
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Figure 8.10: TD model coefficients for 128 ≤ k0y ≤ 512.

Figure 8.10 shows the TD model coefficients a and b estimated from fits
to the maximum wave range zrange.

The values of coefficient a for both the inviscid case and α2 = 0.00001 are
of similar magnitude for the entire range of Froude numbers in the two plots,
however for the higher viscosity represented by α2 = 0.0001, the estimates
of a are very different for Fr < 0.5. (Similar trends can be seen for the

8-18



coefficient b shown in the bottom plot.)
The overall shape of the curves for coefficient b are similar to the curves

for the MR model coefficient γ shown in Figure 8.8 and also to the coefficient
z∗1 in the DD model.
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Figure 8.11: RMS error using cuts in the range 4 ≤ k0y ≤ 128 (top) and using
the range 128 ≤ k0y ≤ 512 (bottom).

Figure 8.11 shows the RMS of the differences between the calculated
values of zrange (or Hm in the MR model) and the estimates of the three
wave-wake models for the inviscid case.

The top plot of Figure 8.11 shows the RMS when wave cuts in the range
4 < k0y < 128 were used to derive the coefficients in the three wave-wake
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decay models. The DD and TD models clearly outperform the MR model,
but this is to be expected as the MR model is (a) a one-parameter model, and
(b) the −1/3 decay rate in the model is most likely to be applicable when
diverging waves dominate the wave pattern, i.e. at high Froude numbers,
typically Fr > 0.5, or when the wave cuts are located very far from the
vessel. The differences between the DD and TD models are, on the whole,
quite small, and both models do well for Fr > 0.6

The plot at the bottom of Figure 8.11 shows the RMS of the differences
when wave cuts in the range 128 < k0y < 512 were used to derive the model
coefficients. Note that the vertical scale is 1/10th that of the top plot. Again
we see that the DD and TD models do better than the MR model Fr < 0.5,
but that all three models do well for higher Froude numbers.

It would be quite easy to devise other wave-wave decay models with three
or more parameters, but we leave this for further work.

8.3.5 Estimating Eddy Viscosity from Wave Decay

The effects of viscosity were included in the calculation of wave elevations
along longitudinal cuts using equation (5.20). However, in the modified wave
decay models given by equations (8.6), (8.7), and (8.8), we used the approxi-
mation in equation (8.5). Although we cannot expect to recapture the exact
value of α2 used in the calculation of the wave elevations, it is of interest to
know how close we can get to the “real” value of α2 by using fits based on
the three modified wave decay models.

Figure 8.12 shows the (percentage) relative error in predicting the viscos-
ity parameter α2 from fits to wave cuts using the modified versions of the
MR, DD and TD models.

First, looking at the results of all three models together, it seems that
they are better at estimating the higher viscosity than the lower viscosity. For
α2 = 0.0001, all models give acceptable results for Fr > 0.5 with errors of less
than 10%. At lower Froude numbers there are difficulties because of the very
small wave elevations mentioned previously. It is unknown why the results
for high viscosity are generally better than those for the lower viscosity,
however it is likely that a large viscosity changes the x-wise disposition of
the minimum and maximum wave elevations along the wave cuts. The three
models probably do better the closer the minima and maxima occur to the
Kelvin line.
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Figure 8.12: Relative error in estimating the viscosity parameter α2: MR model
(top), DD model (middle), and TD (bottom).
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For the smaller viscosity represented by α2 = 0.00001, estimates are quite
good for Fr ≈ 0.45, but get worse as the Froude number is increased. For
Froude numbers below about 0.4, estimates are quite good execept for the
region 0.35 < Fr < 0.4 where estimates are most likely affected by the x-wise
disposition of wave height minima and maxima along the wave cuts. A more
sophisticated model that accounts for the disposition could be formulated,
but that too is left for future work.

8.4 Chapter Conclusions

We have examined the behaviour of three wave-wake decay models and shown
that their coefficients depend strongly on both the Froude number and the
location of the wave cuts used in their estimation.

Difficulties in estimating model coefficients were encountered at low Froude
numbers where the x-wise disposition of minimum and maximum wave ele-
vations along each wave cut play an important role.

At low Froude numbers, or when wave cuts are too close to the sailing
line, the wave decay exponent in the model of Doctors and Day [23] can vary
between about -0.2 and -0.6. At higher Froude numbers (typically Fr > 0.5),
the wave decay exponent is close to the theoretical value of -1/3.

We examined the effect of viscosity on calculated wave elevations and
found that it may be possible to estimate the ambient kinematic eddy vis-
cosity from experimental wave elevations using modified versions of the three
wave decay models.
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Chapter 9

Thesis Conclusions

Three interrelated topics in ship hydrodynamics - resistance, wave-making
and wave decay - were investigated in an attempt to improve the accuracy
of some simple methods used in the preliminary design of thin ships.

Several published sets of data from classical and recent boundary layer
experiments on flat plates were used to estimate boundary layer quantities
such as thicknesses and eddy viscosities. These quantities were subsequently
used to modify the hull shape and the free-surface boundary condition as a
means of including viscous effects on wave-making and ship-wave decay.

A recent technique was used to analyse 161 experimental flat-plate turbu-
lent boundary layer velocity profiles. Three pairs of log-law constants were
used in the analysis of the experimental data, and it was found that some
pairs of constants were more appropriate than others for particular sets of
data. The fitting procedure was found to be quite accurate and resulted
in predictions of local skin-friction that are, in general, within ±2% of the
experimental data.

A new skin-friction line was derived and, although it was eponymously
referred to as “LL08”, the techniques used in its derivation were grounded in
the work of Grigson [45]. The most interesting conclusion from the analysis
was that one set of experiments and one set of log-law constants resulted in
the “LL08” line which is itself very similar to Grigson’s line. Another set of
experiments processed with a different set of log-law constants led to a line
that is quite similar to the ITTC 1957 line for Reynolds numbers greater than
about 108. Although this suggests some support for the ITTC line, it should
be noted that the log-law constants used in the analysis of the experimental
data have been criticised.

It is still too early to tell which friction line (ITTC 1957, Grigson’s line,
LL08, or some other) is the most appropriate predictor of planar skin-friction

9-1



at high Reynolds numbers. High-accuracy experiments for Rn > 108 would
provide some guidance, however the practical difficulties are enormous. Given
that the LL08 line is in best agreement with available experiments, we rec-
ommend its use as a friction line.

Some practical methods were proposed for the numerical quadrature of
integrals arising in thin-ship hydrodynamics. We demonstrated that for some
integrals, rapid oscillation, rather than being a hindrance to accurate quadra-
ture, can actually be beneficial if appropriate techniques such as Filon’s
method are employed.

Inclusion of viscosity has a beneficial effect on the numerical quadrature
of the linearised ship-wave integral, in that it damps out rapid oscillations
for some parts of the domain. However, it was demonstrated that inclusion
of viscosity alone is not as effective as when it is used in conjunction with
a quadrature method that captures the stationary phase character of the
integral.

It was found that BL displacement thickness effects on wave resistance
are very small and can be safely ignored for full-size vessels. The idea of
a detachment layer, an indication of where the boundary layer begins to
thicken rapidly, does have a significant effect on wave resistance. However,
the behaviour is likely to be very sensitive to the detachment point on the
hull. Its use in routine predictions is not recommended at this stage.

A modification to the Kelvin free-surface boundary condition was used as
a means of including viscous effects on wave-making. Detailed comparisons
of total resistance predictions and experiments were made for three model-
size Wigley hulls. Inclusion of viscous effects can smooth out the well-known
humps and hollows in the wave resistance curves calculated using Michell’s
(inviscid) integral. However, it was found that the eddy viscosity must be
very large (i.e. many times the usual molecular value) to have significant
effects.

We considered the effect of employing a form factor on the skin-friction
to improve correlations between resistance predictions and experiments. It
has recently been proposed that a form factor should also be applied to the
wave resistance component and we showed that better predictions are indeed
possible. We also proposed an alternative, in which an “appropriate” value of
the eddy viscosity is used in a modification to Michell’s integral to predict the
wave resistance. Further comparisons with experimental results are needed
to assess this alternative method for a wider variety of model hulls and full-
size ships. For Wigley hulls, we showed that error ranges of less than ±7%
are easily achievable for a wide range of Froude numbers. This error range is
about half that of the method using two form factors, and is therefore very
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worthy of further attention.
Two existing wave-decay models were examined and a new formulation

was suggested that combines the theoretical −1/2 decay rate of transverse
waves with the −1/3 decay rate of diverging waves. In numerical experi-
ments, this new formulation was the best predictor of the wave decay of a
mathematical hull.

Experiments at moderate and at great distances from the ship would
provide much needed data with which to judge these wave-decay models,
but the practical difficulties are very great.

The effects of viscosity on ship-wave decay was considered. It was found
that large values of the viscosity, of the order required to have a significant
effect on wave resistance, led to an over-damping of far-field waves at low
Froude numbers.

We showed that it may be possible to get a rough estimate of the (ambi-
ent) eddy viscosity from an analysis of the decay of ship-waves with transverse
distance from the sailing line without resorting to computationally expensive
Fourier transform methods. Three wave decay models were used to estimate
the (given) eddy viscosity from the behaviour of the wave decay. The model
that uses the theoretical decay rates of transverse and of diverging waves was
found to be slightly better at recapturing the original eddy viscosity than the
other two models.

Throughout this thesis we have demonstrated that the inclusion of vis-
cosity into classical models of ship resistance, wave-making and wave decay
has a variety of benefits, including improved numerical behaviour of the gov-
erning equations and generally better agreement with experiments. There
are many avenues down which further work could proceed, the most obvi-
ous being to extend the present models to accommodate multihulls and air
cushion vessels in water of finite extent.

In summary, we conclude that there is no reason to jettison classical meth-
ods in favour of slow, complicated CFD methods to estimate total resistance
and far-field wave elevations of thin ships. For full-size ships in open waters,
experimental uncertainties are so great that it may never be possible to de-
cide which of the two classes of methods are most accurate and reliable, in
which case we should use the fastest method available to us. To those who
see this as a somewhat pessimistic conclusion, we offer the consolation that
it is merely another indication of the remarkable legacy left to us by Kelvin,
Michell and Lamb.

To estimate the total resistance of thin ships we recommend that:
1. the LL08 line should be used to estimate skin-friction.
2. A form factor be applied to the skin-friction component where experimen-
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tal data is available.
And, somewhat more tentatively pending further experiments on a variety
of hull forms:
3. Michell’s integral should be used to estimate wave resistance. Where ex-
perimental data is available, a viscous modification to Michell’s integral can
be used, with the value of the eddy viscosity chosen to reduce the difference
between experiments and predictions.

To estimate the rate of wave decay with lateral distance from the sailing
line, we recommend a simple model that combines the theoretical −1/2 decay
rate of transverse waves with the −1/3 decay rate of diverging waves. Where
experimental data is available, the wave decay model can be augmented fur-
ther by incorporating a viscous wave damping factor based on the estimated
ambient eddy viscosity.
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