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Measurements of optical constants at terahertz—or T-ray—frequencies have been performed extensively using
terahertz time-domain spectroscopy (THz-TDS). Spectrometers, together with physical models explaining the
interaction between a sample and T-ray radiation, are progressively being developed. Nevertheless, measure-
ment errors in the optical constants, so far, have not been systematically analyzed. This situation calls for a
comprehensive analysis of measurement uncertainty in THz-TDS systems. The sources of error existing in a
terahertz spectrometer and throughout the parameter estimation process are identified. The analysis herein
quantifies the impact of each source on the output optical constants. The resulting analytical model is evalu-
ated against experimental THz-TDS data. © 2008 Optical Society of America

OCIS codes: 000.2170, 120.4530, 300.6495.

1. INTRODUCTION

Terahertz time-domain spectroscopy (THz-TDS) is a
promising tool in the inspection of materials for their op-
tical properties in the terahertz—or T-ray—frequency
range, loosely defined as between 0.1 and 10 THz [1]. The
components and techniques have been developed such
that the spectrometer can considerably overcome intrinsic
problems from thermal background radiation and atmo-
spheric absorption. A THz-TDS waveform transmitted
through a material sample is typically rich in informa-
tion, since its shape is altered by the material’s character-
istic frequency response. Sample and reference wave-
forms, once converted by Fourier transform into the
frequency domain, can be processed to extract the
frequency-dependent optical constants of a material by
means of a reliable parameter extraction method [2].

Nevertheless, although the parameter extraction pro-
cess is nearly perfect the operation of the hardware is far
from ideal. Namely, measurements for signals and associ-
ated parameters still contain errors, which affect the
quality of the extracted optical constants. Several sources
of random and systematic errors exist throughout the
measurement process. These sources are, for instance,
signal noise, sample misalignment, thickness measure-
ment variation, etc. Thus, for a reliable measurement the
evaluation of uncertainty is critical in the optimization of
measurement accuracy. The proposed uncertainty model
is a combination of the analytical models for significant
error sources and is applicable to transmission-mode
THz-TDS.

Some merits of the uncertainty model proposed in this
work are that (i) the model reduces the time spent to de-
termine the uncertainty in measurement, previously cal-
culated in the same way as a Monte Carlo simulation; (ii)
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the model allows the evaluation and comparison of more
than one source of error, rather than the noise in the sig-
nal alone; (iii) the model offers a standard in the evalua-
tion of uncertainty in the optical constants obtained from
THz-TDS, and thus permits assessment of and compari-
son among results from different measurements; (iv) an
overall uncertainty determined from the model can be
used in the discrimination of an intrinsic absorption peak
from artifacts, as any peak that has a magnitude, relative
to the baseline, lower than the uncertainty level, can be
labeled as an artifact; and (v) through the model a me-
thodical optimization of the measurement parameters is
possible.

The work is organized as follows. Section 3 gives the
background on THz-TDS measurement and parameter
extraction, and identifies an open question regarding the
analysis of error in the process. In Section 4 the sources of
error in the THz-TDS measurement and parameter ex-
traction process are identified and characterized by ana-
lytical models, based on the evaluation of uncertainty. A
practical implementation of the developed uncertainty
model is given in Section 5.

2. FRAMEWORK

The assumptions of a THz-TDS measurement considered
here are that (i) a sample under measurement is a homo-
geneous dielectric slab with parallel and flat surfaces
where the scattering of T-rays is negligible; (ii) the inci-
dent angle of the T-ray beam is normal to the sample sur-
faces; (iii) the transverse dimension of the sample is
larger than the incident beam waist, so there is no diffrac-
tion; (iv) the reference signal is measured under the same
conditions as the sample signal, except for the absence of

© 2008 Optical Society of America
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the sample; (v) a random error is assumed to follow a nor-
mal probability distribution, unless stated otherwise; (vi)
the resolution of the measuring apparatus is sufficiently
high so that a quantization error is negligible, unless
stated otherwise; (vii) the measuring instruments are
well-calibrated; and (viii) there is no human error in the
measurements.

The evaluation of uncertainty is on the basis of the
Guide to the Expression of Uncertainty in Measurement—
GUM, recommended by the International Organization
for Standardization (ISO) and its partners [3]. Some as-
pects of the guideline are tailored, where appropriate. The
technical terms, where applicable, follow the definitions
provided in International Vocabulary of Basic and Gen-
eral Terms in Metrology—VIM, published by the ISO in
the name of its partners [4].

3. TERAHERTZ TIME-DOMAIN
SPECTROSCOPY FOR MEASUREMENT OF
OPTICAL CONSTANTS

The process of utilizing THz-TDS in determining the op-
tical constants of a sample is composed of many steps, as
illustrated in Fig. 1. At the heart of the process is the
measuring device, a terahertz spectrometer, which has
been progressively developed to achieve a higher signal-
to-noise ratio (SNR) and wider bandwidth. The quantity
provided by a THz-TDS measurement is a time-domain
signal. Thus, a physical model that can relate the mea-
sured signal to the optical properties of a measured
sample is required. This model is then used to estimate or
extract the optical constants of a sample from a recorded
signal. The measurement is not ideal, and therefore incor-
porates errors, which need characterization to quantify
the overall measurement uncertainty. Further details for
each part of the measuring process are described below.

Physical model

wave propagation

Measuring device
THz-TDS
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A. Measuring Device—Terahertz Time-Domain
Spectroscopy

A THz-TDS system comprises an ultrafast optical laser, a
T-ray emitter—receiver, an optical delay line, a set of guid-
ing and collimating optics, and a material sample under
test. The ultrafast optical pulse is divided into two paths,
a probe beam and a pump beam, by a beam splitter. At the
emitter the optical pump beam stimulates T-ray pulsed
radiation, usually via either charge transport [6] or an op-
tical rectification effect [7] depending on the emitter type.
A typical THz system based on photoconductive antennas
for emission and detection is shown in Fig. 2. The diverg-
ing T-ray beam is collimated and focused onto the sample
by guiding and collimating optics. After passing through
the sample, the T-ray beam is recollimated and focused
onto the receiver by an identical set of guiding and colli-
mating optics. At the receiver, the initially divided probe
beam optically gates the T-ray receiver with a short time
duration compared to the arriving T-ray pulse duration.
Similar to the T-ray generation, the detection or gating
can be performed via either charge transport or electro-
optic sampling [8]. Synchronization between the optical
gating pulse and the T-ray pulse allows the coherent de-
tection of the T-ray signal at each time instant. A com-
plete temporal scan of the T-ray signal is enabled by the
discrete micromotion of a mechanical stage controlling
the optical delay line. The system delivers a time-resolved
T-ray pulse, which is readily convertible to a wideband
T-ray spectrum via Fourier transform.

B. Physical Model and Parameter Extraction

A key aim of a THz-TDS measurement is to determine the
frequency-dependent optical constants of a sample under
test. However, a signal available from a THz-TDS system
is in the time domain and has geometric implications, i.e.,
reflection and refraction, influenced by the sample. This

Random process

approxi- Measured values random systematic
mations hypotheses . . errors errors
electrical signals
Evaluation
Error model
parameter extraction
Estimator

optical constants

Uncertainty

Fig. 1. (Color online) Parameter estimation process using a THz-TDS measuring system. The process is mainly composed of a T-ray
spectrometer, a physical T-ray propagation model, and a random process. The solid boxes represent well-reported parts of the THz-TDS
measurement process, whereas the dotted boxes have not been fully analyzed and are now addressed in this paper. Modified from [5].
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receiver, an optical delay line, a set of mirrors, and a material sample. The emitter and receiver shown are photoconductive antennas.
The optical beam path is indicated by small arrowheads and the T-ray beam path by large arrowheads.

necessitates a physical model to describe the implications
and a measurement function to extract the constants
from the signal.

Typically, a T-ray signal that passes through a parallel-
surfaced dielectric sample at the normal angle of inci-
dence can be expressed as a function of the frequency,
assuming no reflection, by

47 (w)ng

Esam(w) =7

(l)l0
() +naf P —jﬂ(w)T E(w), (1)
0

where E(w) is the complex emitted wave; 7 is the trans-
mission factor of free air surrounding the sample; n is
the refractive index of free air; 7 is the complex refractive
index of the sample; and [, is the propagation length in-
side the sample, which equals the sample thickness / for
the normal angle of incidence. The complex refractive in-
dex, 7ii(w)=n(w)—jx(w), comprises the index of refraction,
n(w), and the extinction coefficient, «(w), which, together,
are called the optical constants. In the above equation,
47 (w)no/[A(w)+ny)? is a consequence of the transmission
at the sample—air interfaces, and the exponential term
represents the complex response of bulk material. In
addition to the sample response,

wl
Eref(w)z 7 €Xp _jnO? E(w), (2)

is the complex frequency response of a reference signal,
i.e., a signal measured with the same settings but with
the absence of the sample.

The material parameter extraction process requires
both E . (w) and E,fw), which are determined from
time-domain measurements. The sample response nor-
malized by the reference, or E,,(w)/E fw), yields the
complex transfer function of a material in the frequency
domain:

47’/1\,((1))77/0

Hylw) = exp —K<w>% exp] - jn(w)

[A(w) + no]2

wl

- no]? . 3)

Often, the complex refractive index, 7(w), which is a com-
ponent of the transmission at the air—sample interfaces,
is approximated to a real index, n(w), giving

4n(w)ng

wl
H(w)= exp —K(w)? exp) - j[n(w)

[n(w) + 1,

wl

- no]? . (4)

This simplified transfer function facilitates the parameter
extraction process, but also introduces an error due to the
approximation. Later, this type of error will be taken into
account and a proper treatment will be provided in
Subsection 4.D. Taking the argument and logarithm of
the simplified transfer function gives, respectively,

ol
£H(w) == [n(w) =nol—, (5a)
4dn(w)ng wl
ln\H(a))| =In m - K((u)?. (5b)

The optical constants can be deduced from Egs. (5a) and
(5b) as

c
n(w):no—&LH(w), (6a)
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K(w)=—

wl

(n(w) +no)?

c |: 4n(w)n }
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The extracted optical constants are an ultimate outcome
of a THz-TDS measurement process and from now on
Eqgs. (6a) and (6b) will be referred to as the measurement
functions. Quantities obtained from these measurement
functions, to some extent, contain a measurement error
from the input quantities, and this error motivates the
development of a proper procedure for the evaluation of
the uncertainty in the results.

C. Evaluation of Uncertainty in the Terahertz
Time-Domain Spectroscopy Measurement

Many sources of randomness affecting a THz-TDS signal
have been reported so far. These sources include laser in-
tensity fluctuation [9-11], optical and electronic noise
[12,13], delay line stage jitter [14], registration noise [15],
and so on. Mathematical treatments for these noise
sources are available in general. Contributions to the er-
ror in the estimated optical constants are not only from
the randomness in the signal, but also from imperfections
in the physical setup and parameter extraction process.
These imperfections relate to, for example, the sample
thickness measurement, the sample alignment, and so on.

An example situation, where the evaluation of the un-
certainty is critical, is considered by Fischer et al. [16].
The dynamic range of the experiment can be increased by
averaging a series of measured signals in the time do-
main. Averaging their corresponding spectra does not af-
fect the dynamic range, as discussed by Fischer et al. [16].
By averaging signals in the time domain the standard de-
viation, therefore, appears in the time domain with the
mean corresponding value. Accordingly, it requires a
model of uncertainty propagation, which can propagate
the standard deviation of a time-domain signal to the
standard deviation of the optical constants.

A few limited models for the propagation of uncertainty
in a THz-TDS measurement can be found in the litera-
ture, but they are specific cases with loss of generality
and thus only indirectly relevant to our discussion. For
noise analysis, the model of Duvillaret et al. [13] is used
in the calculation of the uncertainty in the optical con-
stants impacted solely by noise in the reference and
sample spectra. In double-modulated differential time-
domain spectroscopy (DTDS) the evaluation of uncer-
tainty is employed for numerical determination of the op-
timum thickness difference of a liquid sample [17]. The
evaluation focuses on a dual-thickness geometry where
the Fresnel transmission coefficient is absent from the
transfer function. Confidence intervals are established for
the real and imaginary parts of the transfer function,
which is influenced by noisy spectra [18]. These confi-
dence intervals assist the process of smoothing the esti-
mated optical constants.

It would appear that the previous literature addresses
development of the uncertainty models of the optical con-
stants in a superficial manner. In those cases the work
only considers the influence of signal noise and/or does
not extend the model into the time domain. Furthermore,
the developed linear models are rarely verified by a non-
linear numerical simulation. Based upon the motivation
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from the requirements discussed earlier, an evaluation of
uncertainty for a THz-TDS measurement is established in
this work with the aim of an exhaustive list of error
sources in the system.

4. SOURCES OF ERROR IN TERAHERTZ
TIME-DOMAIN SPECTROSCOPY
MEASUREMENT

Many sources of error appear in a THz-TDS measurement
and parameter extraction process. Significant sources of
error are shown in Fig. 3, where they are listed along with
the parameter extraction process and accompanied by
their class (random or systematic). In addition to noise,
the sample signal also contains reflections, which, if not
dealt appropriately, cause a systematic error. The error in
the amplitude from several measurements manifests it-
self as a variance (or deviation). It propagates down the
parameter extraction process, through to the Fourier
transform and deconvolution stages, producing the vari-
ance in the magnitude and phase of the estimated trans-
fer function. The parameter extraction process requires
knowledge of the sample thickness, sample alignment,
and air refractive index, each of which have a degree of
uncertainty. This step introduces the variances to the es-
timation. Furthermore, an approximation to the model
transfer function gives rise to a systematic error. At the
output all these variances accumulate and contribute to
the uncertainty in the extracted optical constants.
Subsections 4.A—4.F provide an analysis for each
source of error in detail, including a connection between
these errors and the variance in the optical constants.
The combination of all variances to produce the uncer-
tainty in the optical constants is given in Subsection 4.G.

A. Random and Systematic Errors in T-Ray
Amplitude
The T-ray amplitude is prone to variation induced by
many sources of random and systematic errors. As men-
tioned earlier, the sources of random error include laser
intensity fluctuation, optical and electronic noise, jitter in
the delay stage, etc., whereas the sources of systematic er-
ror include registration noise, mechanical drift, etc. The
variation in the amplitude may embrace the effects from
inhomogeneity in a sample or among samples, if the
sample is displaced or replaced with nominally identical
samples during several measurements. What is consid-
ered here is the amplitude variance model, which unites
all these errors and assumes a normal probability distri-
bution. This treatment is valid although the systematic
error is involved, since the systematic error drifts over
time and thus cannot be tackled by the method proposed
by [19], which requires a constant systematic error. The
amplitude variance is regularly obtained statistically
from a number of repeated measurements, and thus is
regarded as a type A evaluation of uncertainty.
Regarding the natural difference between two types of
error in the T-ray amplitude, a random error occurs in a
relatively short time scale; in contrast to a systematic
error that can be observed only when the measurement
time span is long enough. In addition, the amplitude drift
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Fig. 3. (Color online) Sources of error in a THz-TDS measurement. The sources of error in the dashed boxes occur in both the THz-TDS
measurement and the parameter extraction process. The errors produced by these sources are classified as either random or systematic.
They cause the variances and deviations, which propagate down the process, and eventually contribute to the uncertainty in the
extracted optical constants.

due to the systematic error changes in one direction over
time. Due to these facts, recording and averaging signals
over a long time span increase the amplitude variation.
This scenario is demonstrated in Fig. 4, in which the drift
is larger for a succeeding measurement. Therefore, mea-

0.6

0.4
11.8 ps

amplitude, E(k)
(a.u.)

<—12.7 ps

(x10° a.u.)

amplitude variance, s%,(k)

13 14

time (ps)

suring a T-ray signal is a compromise between the ran-
dom and systematic errors, i.e., recording over a short
time can avoid the drift, but not random error, while
recording over a longer period averages out the random
error but accentuating the problem of drift.

Fig. 4. (Color online) Amplitude variance of the time-domain signal. The amplitude variance is plotted against the time and the number
of measurements. Any two succeeding measurements are separated by approximately 40 s. As the number of measurements increases,
the variance increases drastically. The inset shows the arithmetic mean of the 60 measurements. Interestingly, the two peaks in the
variance occur at 11.8 and 12.7 ps, whereas the negative and positive peaks in the mean signal are at 11 and 12.4 ps, respectively. The

result is most probably dominated by delay-line registration and mechanical drift.
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Given the amplitude variances of the time-domain ref-
erence and sample signals, denoted by sé f(k) and
s%; (k) respectively, the amplitude-related variances in
the optical constants read as

9 c\? Asam(w) Aref(w)
O\ G ) Bl B |

2 ¢ )2 Bun(®)  Bredo)
58 = 5 ) | Bl ¥ Bl

(n(w) - n0>2s,2L,E(a))
+

(7b)

n(w)+ny) n(w? |’

where

Asam(w) = E jZ[Esam(w)eXp(iwk T)]si‘sam(k), (Sa)
k

Ar@) = S P B, wlexpljokn]sh k),  (8b)
k

Bounl(@) = S, WAE gl lexplok s (B), (80
k

Bref@) = X, RYE o w)exp(jokn]sy (k). (8d)
k

Here, % is the temporal index and 7is the sampling inter-
val, and thus k7 is the time. The summation is carried out
over the time duration of a recorded T-ray signal. In the
equations all the parameters are calculated at their mean
value. For additive noise, (sE (k)} (s2 % (k). The deriva-
tion for Eq. (7) can be found Tn Appencilx A.

In Eq. (7), the square of the thickness, I2, is a major fac-
tor. Increasing the thickness will seemingly decrease the
variance in the optical constants. A physical reason be-
hind this is that for a very thin sample the system might
not be sensitive enough to detect a small change in the
amplitude and phase, which is masked by noise. A thicker
sample allows T-rays to interact more with the material,
causing a larger change in signal. But this competes with
the fact that |E,,(w)|*exp(-l) and thus increasing I will
lower the amplitude of a sample signal and lift the overall
variance. A treatment of the thickness-amplitude trade-
off can be found in [20].

Equation (7) combines the effects from both the refer-
ence and sample signals. For flexibility in some applica-
tions the effects from the two can be separated. Thereby,
the variances in the optical constants due to the variance
in the sample signal are

Withayachumnankul et al.

() At :
sn’Esam(w)_ wl |Esam(w)|4, ( a)

2 — (i)z Bgam(®) (n(w) - nO)ZSiEsam(w)
55an =\ 1) | Boum@ T \n(@ +79) e
(9b)

Likewise, the variances in the optical constants due to the
variance in a reference signal are

ref(w)
nE ( )= |Eref(w)|4, (10a)

Bl \n(@ +no) n(w)?

9 _ c 2 Bl‘ef(w) n(w) ) 2S?L’Eref(a))
sK’Eref(w) - J

(10b)

The separation of the effects from the reference and
sample allows the evaluation of the uncertainty, where
the numbers of measurements for the sample and refer-
ence signals are not equal. This separation scheme will be
used later in Subsection 4.G, when variances from all
sources are combined to yield the overall uncertainty.

B. Random and Systematic Errors in Sample

Thickness

One parameter that has an influence on the extracted
optical constants is the propagation distance of a T-ray
beam inside a sample. The propagation distance equals
the sample thickness, when the angle of incidence of the
beam is normal to the sample surfaces. The variance as-
sociated with this thickness is partially due to a random
error in thickness measurement, which may be subject to,
for example, the mechanical pressure exerted during
thickness measurement, the rigidity of a sample, etc.
Errors in thickness can also occur due to a change in
properties of the sample, for example, a sample of biologi-
cal tissue can shrink during the experiment due to dehy-
dration or a cryogenically frozen sample can have a dif-
ferent thickness to that measured at room temperature.
In addition to the random error, another critical factor
contributing to the variance in the thickness is the reso-
lution of a measuring device, deemed systematic error.
These two types of error and their impact on the optical
constants are evaluated separately in the following
discussion.

1. Random Error in Sample Thickness

Generally, a random error occurring in sample thickness
measurements has a normal distribution around a mean
value. Given the sample thickness variance 312 caused by
this error, by referring to the measurement functions in
Eqgs. (6a) and (6b), the thickness-related variances of the
optical constants are
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o) — 2
u:| 812, (11a)

[

5 B k() 22 ¢ n(w) - ng 22
SO = T e \nt) v o) |

(11b)

si,l(w) = |:

where 312 is typically determined from the statistical dis-
tribution of several observations and thus the evaluation
is denoted as type A.

Equations (11a) and (11b) indicate that, with no limit,
increasing the sample thickness results in a decrease of
the variance of the optical constants. However, a thicker
sample also results in a weaker sample signal, which
eventually gives rise to s,ZL’E(w) and si’E(w) in Eq. (7).

2. Systematic Error in Sample Thickness (Resolution
Limit)
The resolution of a common thickness measuring device,
such as a micrometer or caliper, is relatively limited. This
introduces a systematic error to the thickness measure-
ment. As a result, readout values are influenced from the
combination of both random and systematic errors. Ac-
cording to the analysis of the resolution limit in [21], the
variance in the thickness induced by the resolution limit
is 612/ 12, where ¢ is the resolution of a measuring device.
The propagation functions, which link this variance to
the variances in the optical constants, are consistent with
those in Eq. (11). Thus,

_a ]2 s
3721,5(‘1))= [M] é, (12a)
r(w) | & ¢ (n(w)-ng\|?
9 N e s 2
SK"S(“’)’{ 1 ] 12+[n(w)wl(n(w)+n0>:| Sno(0)-
(12b)

Because & is obtained from a published value, the evalu-
ation in the above equation is regarded as type B. Similar
to the thickness-related variances, the variances here de-
crease as the thickness increases unless the noise in the
signal is considered.

C. Random or Systematic Error in Sample Alignment
When the angle of incidence of T-rays on a sample slab is
not normal to the surfaces the transfer function becomes
complicated. Specifically, overly tilting the sample will re-
sult in a complex propagation geometry, a deviated beam
direction, and a lower T-ray energy focused onto a detec-
tor. To avoid these complications, the angle of incidence is
typically assumed to be normal to the sample’s surface, so
that a simple transfer function can be adopted.

However, with manual placement and adjustment of
the sample, it is likely that a small misalignment can oc-
cur. The small misalignment of a sample causes a longer
T-ray propagation path inside the sample, as illustrated
in Fig. 5. A change in the propagation distance eventually
affects the estimated optical constants of the sample. The
alignment error, therefore, needs to be taken into account
in the evaluation of uncertainty in optical constants.
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Fig. 5. (Color online) Tilted sample in a T-ray beam path. This
exaggerated figure illustrates a small tilt angle from the normal,
which might occur due to manual misalignment of the sample.
The T-ray path inside the sample, [,, is longer than the sample
thickness, [, by the factor of 1/cos 6,. The refraction angle, 6,, is
related to the incident angle (and the tilting angle), 6;, through
Snell’s law, n sin 6,=n, sin 6;, but for a small tilting angle, 6,~ 6;.

The type of this error is dependent on the experimental
practice. If the sample is moved in between several mea-
surements, the error is random. On the other hand, if the
sample is fixed throughout measurements, the error from
the sample alignment is systematic. Despite the possible
difference in practice, in this work the error in the sample
alignment is considered systematic. The worst-case
scenario can bound the error arising from either case.

According to Fig. 5, the propagation distance inside a
sample, [, is a function of the sample thickness, /, and the
refraction angle, 6, or

l

cos 6,

ly= (13)

By assuming that the angle of refraction deviates in a
small interval [—fy,f,] and has its arithmetic mean at the
origin, the deviation in the propagation distance is thus

1
ﬁ:l( - 1). (14)

cosfy

Note that the numerical evaluation of an error propaga-
tion, as in the above equation, is allowed by GUM. Given
the deviation in the propagation distance, f;, the
alignment-related deviations of the optical constants,
derived from Eqs. (6a) and (6b), are

n(w) —ny
fo @) = ffz, (15a)
~ K(w) ¢ n(w)-ng 15h
fiolw) = ; ﬁ+n(w)wln(w)+n0fn’9(w)' (15b)

Substituting f; from Eq. (14) gives
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1
fro@) =[n(w) —no]( - 1>, (16a)

cos fy

¢ n(w)-ng

1
frd@) = K(w)( - 1) + T, ().
cos fy

n(w)ol n(w) +ng

From the above equations the deviation in the refractive
index due to the sample alignment is independent of the
sample thickness, whereas the deviation in the extinction
coefficient partly reduces for a thicker sample.

D. Systematic Error in Approximated Transfer Function
From Subsection 3.B, regarding the parameter extraction
process, it can be seen that the determination of optical
constants is based upon an approximated transfer func-
tion. This approximation certainly gives rise to an error in
the estimated optical constants. But, unlike any other er-
ror in the measurement process, the systematic error
arising from an approximated transfer function is recog-
nized and quantifiable. Furthermore, it can be completely
removed from the optical constants if a nonapproximation
technique for material parameter extraction, such as that
given in [2,22,23], is employed. However, a precise ap-
proach involves a complicated iterative calculation and
most researchers trade off this complexity with a small
error from the approximation. Here, a treatment of the
approximation is offered to evaluate the error and to as-
sist the selection of an appropriate approach in determin-
ing the optical constants.

In this section, for lucidity, the exact transfer function
in Eq. (3) is referred to as H.y,.(w) and its approximation
in Eq. (4) is referred to as H,,p.(w). The phase difference
between the approximated and exact transfer functions is

fralw)= £ Happx(w) - £ Hexact(w)y
47’3((1))710

=TT el | an

In a similar way, the magnitude difference between the
two functions is

fln|H\(w) = 1n|Happx(w)‘ - 1n|Hexact(w)|7

4n(w)n, 4i(w)ng
(@ +nol | | [ilw) + ol |’
n(w)|:fz(w) +noﬂ
— | — . (18)
f(w)| n(w) +ng

It is now clear that if k=0, which makes 71(w) =n(w), then
f,u and fi, g become zero.

Derived from the measurement function in Eq. (6a), the
effect of the phase difference on the refractive index
deviation is
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Fot@) = —|f (@)]. (19)
wl

Likewise, derived from Eq. (6b), the effect of the approxi-
mated transfer function on the deviation of the extinction
coefficient is

c 1 n(w)-ng

fK,H(w)=& |ﬁn\H|\+mm|fn,H(w)l . (20)

Obviously, the thickness, [, of a sample is an important
factor in both f,, y(w) and f, y(w). A thicker sample implies
a lower contribution to the deviation of the optical con-
stants from the transfer function approximation. A physi-
cal explanation is that a thick sample enhances the inter-
action between T-rays and the bulk material, as indicated
by the exponential terms in Eq. (3). This enhanced inter-
action dominates the transfer function and dominates the
effect of the approximation in H . (w).

Here, the values of n(w) and «(w) are estimated on the
basis of a simplified transfer function. Substitution of the
approximated values of n(w) and «(w) into Eqgs. (19) and
(20) can determine the approximated deviations, f,, i and
f«m These deviations are not correction factors for the
approximated optical constants, but are rather used to
demonstrate the magnitude of the difference between the
approximated and the exact values.

E. Systematic Error from Reflections

In the measurement of a sample, particularly in the case
of parallel and shiny surfaces, the reflections at air—
sample interfaces always occur, resulting in reflected
pulses in a recorded signal. These reflections, or so-called
Fabry—Pérot effect, can be removed to some extent from
the signal by some means prior to the parameter estima-
tion [24]. Otherwise, the transfer function in Eq. (4) must
be amended to incorporate the Fabry—Pérot effect as
follows:

Hpp(w) = FP(0)H(w), (21)
where
[ﬁ(w)—nor [ wl] -1
FP(w)={1-| ——— | exp|-2a(w)— | .
(o) +ng c
(22)

In this case, the effect must be dealt with during the
parameter estimation process by an iterative method
such as that of [2]. But researchers often prefer using a
simple extraction method, in Egs. (6a) and (6b), where the
Fabry—Pérot effect is ignored. The effect then propagates
to the extracted optical constants, where it manifests it-
self as a systematic error. In response to that this section
proposes an analytical model that can trace the propaga-
tion of a Fabry—Pérot effect, now a systematic error, from
the spectrum to the optical constants. Quantification of
this error can show how large its contribution is toward
the optical constants. In addition, the estimated error
from the Fabry—Pérot effect has merit in that it can be
used to discriminate real absorption features from oscil-
latory artifacts. If the peak amplitude, i.e., the absorption
spectrum subtracted by its baseline, is lower than the es-
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timated Fabry—Pérot oscillation then the peak is not of
importance and can be regarded as an artifact.

Recall that now there are two expressions of the trans-
fer function: one is with the Fabry-Pérot term, Hpp(w),
and the other is an approximation, H(w). The phase
difference between the two transfer functions is

frrp(w) = £ H(w) - £ Hyp(w),
= - arg{FP(w)}. (23)

In a similar way the magnitude difference between the
two functions is

finrp|(@) = In|H(w)| - In|Hgp(w)|,
— —In|FP(w)|. (24)

Derived from the measurement function in Eq. (6a), the
effect of reflections on the refractive index deviation is

Foep(@) = —If, pp()]. (25)
wl

Likewise, derived from Eq. (6b), the effect of reflections on
the deviation of the extinction coefficient is

n(w) - ng

c
fx,FP(w)=;l|:flnFP|+ Ifnrp(@)| . (26)

n(w) n(w) +ng

Again, the sample thickness plays an important role in
scaling the deviation caused by the Fabry—Pérot effect. A
longer propagation path within a sample results in a
lower deviation of the estimated optical constants. An ex-
planation of this is that a longer T-ray path length in a
sample leads to a reduction in the amplitude of reflected
pulses in an exponential manner. The reduced amplitude
of reflections makes the approximation more reasonable.

In our analysis the values of n(w) and «(w) are esti-
mated without considering the Fabry—Pérot effect. Sub-
stitution of the approximated values, n(w) and x(w), into
Eqgs. (25) and (26) can determine the approximated devia-
tions f, gp and f, gp, but not the actual deviations. Thus,
forp and f, gp are not correction factors for the optical
constants.

F. Systematic Error in Physical Constants

The refractive index of air is slightly larger than unity,
and is dependent on the temperature and pressure. The
value at 0.89 THz can be estimated from [25]

86.26(5748 + T)p
R |

= 0%, (@27

0 exact = 1+

where p is the partial pressure of water vapor in millime-
ters of mercury (mmHg) and 7T is the temperature in
Kelvin. At the temperature of 298.15 K (25°C) the satu-
rated vapor pressure is 23.76 mmHg—this yields an index
offset of 1.4 x 1074

Nevertheless, the value of unity for air is always
adopted instead of this exact calculation in the estimation
of the optical constants for the sake of simplicity. Thus,
this approximation causes a systematic error, where the
sign and magnitude of the variation is known a priori.
The worst-case analysis is adopted in tracing the propa-
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gation of this error to the output optical constants.
From the measurement function in Eq. (6a), the refrac-
tive index deviation due to the air-index deviation is

Funs(@) =Ifo; (28)

where f,, =n9=n0 exact- And, from Eq. (6b), the deviation in
the extinction coefficient is

¢ n(w) -ny

fK,nO(w) = &n(w—)nofno (29)

The relation is straightforward and requires no validation
by Monte Carlo simulation.

G. Uncertainty in Optical Constants: A Combination of
Variances

As shown in the earlier subsections 4.A-4.F, many
sources of error contribute to the variance of the mea-
sured optical constants. The combined uncertainties for
the refractive index and extinction coefficient are esti-
mated by addition of the variances and deviations derived
so far, or

2 2

Sn'Esam sn’Eref Sn,l 9

ugz(w) =kp N + N +_N +Sn,a+fn,e+fn,H+fn,FP
Esam Eref l

+fogs (30a)

2 2

SK’Esam SK'Eref SK,Z 9

uzx(w)=kp N + N +_N +8es+fotfom+ferp
Esam Eref l

+Frongs (30b)

where the coverage factor £p=1 is for the standard uncer-
tainty and kp>1 for an expanded uncertainty; Ny and
Ng_, are the numbers of measurements for the sample
and reference signals, respectively; and N; is the number
of measurements for the sample thickness. Because the
sources of error are uncorrelated, no covariance appears
in the formulas.

It is advised that when the measurement uncertainty
is reported the coverage factor, £p, and all the components
used to reckon the uncertainty be listed out, along with
their evaluating method, i.e., type A or B evaluation [3].

. 2 2 2
Typically, but not always, S By St By and S
are type A, or statistical observations, whereas the rest of
the components are type B.

The calculation of uncertainty presented in this section
follows a recommendation of GUM in that the uncertainty
is directly derivable from the contributing sources of error,
and it is directly transferable to other measurands, to
which the optical constants are relevant. For example,
transferring from the uncertainty in the extinction
coefficient to that in the absorption coefficient is via
uz=2w/c)ux.

The uncertainty model enables further investigation
for dominant sources of error in the system and also en-
ables optimization of the measurement. A parametric sen-
sitivity analysis can also be performed with these equa-
tions. It should, however, be remembered that the
uncertainty model is based on a linear approximation.
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This low-order approximation is valid in the case where
the sources of error have their variation limited to a small
vicinity. For a general case, the approximation is justified
by Monte Carlo simulation (MCS), and the results will be
published elsewhere.

5. PRACTICAL IMPLEMENTATION

The analytical models for the propagation of variance, de-
veloped and validated in the earlier sections, are imple-
mented with a set of T-ray measurements to demonstrate
the functionality. The measurements are carried out with
a lactose sample by a free-space transmission T-ray
spectrometer.

The THz-TDS system in use employs photoconductive
antennas (PCA) at the transmitter and receiver. The
pump laser is a mode-locked Ti:sapphire laser with a
pulse duration of 15fs and a repetition rate of 80 MHz.
This generates the T-ray pulse with a FWHM of 0.4 ps
and its bandwidth spans from 0.1 to 3 THz. The time con-
stant for the lock-in amplifier is set to 30 ms. The sur-
rounding atmosphere is purged with nitrogen to eliminate
the effects of water vapor.

The lactose sample is prepared by mixing 25 mg of
a-lactose monohydrate with high-density polyethylene
(HDPE) powder and pressing the mixture using a hydrau-
lic press into a solid disk with a diameter of 13 mm and a
thickness of 1.85 mm. The sample is placed at the focal
plane between two off-axis parabolic mirrors. These mir-
rors have a focal length of 100 mm and the collimated
beam incident on the first mirror has a diameter of
35 mm. According to the theory of Gaussian beam optics
[26] the depth of focus, i.e., twice the Rayleigh length, is
2 mm for the 3 THz wavelength. Thus, the sample thick-
ness of 1.85 mm is thinner than the depth of focus of the
highest-frequency component. In addition, the largest
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waist diameter of the beam is 11 mm for the 0.1 THz com-
ponent, smaller than sample’s diameter, and thus does
not lead to edge diffraction.

The reference and sample signals are measured alter-
nately to assure that the drift in the signal amplitude
does not influence the result. The reference and sample
signals are both measured ten times. The time between
two consecutive measurements is 6 min on average.
Figure 6 shows the mean values of the reference and
sample signals along with their standard deviations. No
reflections are observed in the sample signal.

Measured by a micrometer with a resolution =1 um
the lactose pellet has an average thickness of 1.85 mm in
the propagation direction and the standard deviation of
the thickness from ten measurements is s;=5 um. Let us
suppose as a worst-case that the tilting angle of the lac-
tose sample during the measurements has a rectangular
distribution around the origin, bounded by fy=+2°.
Throughout the measurement the ambient temperature
is approximately 25°C and the humidity is 60%—this cor-
responds to the saturated vapor pressure of 23.76 mmHg
and the partial pressure of 14.26 mmHg. According to
Eq. (27), the refractive index of air is ~1.0001.

Shown in Fig. 7 are the optical constants of the lactose—
HDPE pellet, n and «; their standard deviations, s, and
s,; their deviations, f, and f,; and the combined uncer-
tainties, u,, and u,, plotted on a logarithmic scale. The op-
tical constants are determined from a pair of the averaged
reference and sample signals, using the measurement
functions in Egs. (6a) and (6b). The standard deviations,
the deviations, and the uncertainties are evaluated by us-
ing the proposed analytical models. For comparison, the
standard deviations of n and « due to the amplitude
variation, or s, y and s, g, are also evaluated numerically
from the ten profiles of their respective values; available
from ten pairs of the reference and sample signals. The

1
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Fig. 6.

(Color online) Average signals and standard deviations for reference and lactose. The reference and lactose signals are each

averaged over 10 measurements. The signals have a temporal resolution of 0.0167 ps, and a total duration of 34.16 ps. The inset shows

the spectra of the reference and sample.
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(Color online) Uncertainty for the lactose measurement. The combined uncertainties in the optical constants are plotted in com-

parison to the mean values of the optical constants and the standard deviations introduced by various sources of error. The combined
uncertainty is calculated with the coverage factor 2p=1. Both subfigures share the same vertical scale. In (a) the refractive index of the
lactose—-HDPE pellet is approximately 1.46, compared to its combined uncertainty of 10~%. The major sources contributing to the com-
bined uncertainty are signal noise and thickness uncertainty. In (b) the extinction coefficient is of the order of 10~3, compared to its
combined uncertainty of the order of 10~%. The major source contributing to the combined uncertainty is signal noise. The arrowheads
indicate the low-frequency resonances of « lactose at 0.53 and 1.37 THz.

analytical and numerical evaluations appear to provide
comparable values of s, g or s, z. The slight mismatch is
likely caused by the first-order approximation in the
analytical model.

The refractive index appears constant at n~1.46, but
actually varies slightly with the frequency. The extinction
coefficient, on the other hand, is strongly dependent on
the frequency, and varies in between 0.001 and 0.01; two
absorption resonances at 0.53 and 1.37 THz reproduce
those reported in [27]. The variation in the T-ray ampli-
tude gives rise to s, z and s, ; equally. Because the extinc-
tion coefficient is lower than the index of refraction by 2
orders of magnitude or more, the extinction coefficient is
thus significantly affected by s, z. Interestingly, the stan-
dard deviation in n caused by the thickness variance, or
S, 1, is higher than the standard deviation caused by the
amplitude variance s, g. The deviations from the limited
thickness resolution, s, 5 and s, 5 from the tilting angle,
frn,0and f;, o; and from the offset in refractive index, fn0 and
fxn, are less than the optical constants’ levels by 4 orders
of magnitude, and are deemed insignificant. The transfer
function approximation causes a significant impact in the
case of the extinction coefficient, since at low frequencies
the value of f,  is close to the value of s, g. Note that no
deviation from the reflections is evaluated here, as the
reflections are not present in the signal.

The uncertainties u, and u, are evaluated with the cov-
erage factor kp of 1. It can be seen that the uncertainties
are dominated by the effects from the amplitude varia-
tion, s, i or s, . The values of u,, and u, become larger at
higher frequencies, where the magnitude of the sample
and reference spectra is low. The tendency of the uncer-

tainties with respect to the spectral position is similar to
that of the results reported in [28], in which a similar
THz-TDS system is used in characterization of some
dielectric materials.

6. CONCLUSION AND POTENTIAL
EXTENSIONS

Previously, the analysis of the sources of error in a THz-
TDS measurement emphasized the noise in a signal
caused by electronic, optical, and mechanical components.
Yet, other sources of random and systematic errors, intro-
duced during the signal measurement and throughout the
parameter extraction process, were overlooked. It is thus
of great importance to have an analysis that can quantify
and relate the error from many sources to the final
parameters, i.e., the optical constants.

This work presents the evaluation of uncertainty in a
THz-TDS measurement, with a particular focus on a
transmission mode measurement. Several sources, which
contribute to the measurement error, are identified. The
relation between the variance or deviation from each of
these sources and that in the optical constants is derived.
All the contributing variances and deviations, affecting
the optical constants, are combined to give the total un-
certainty in the measurement. The derived analytical
models are successfully validated with the Monte Carlo
method or other numerical means. A test of the models
with experimental T-ray data obtained from lactose
measurements also provides validation, which enables a
further comparative study of error from each part of a
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THz-TDS system. The evaluation of uncertainty in this
work, where applicable, follows the guidelines proposed in
GUM [3].

These promising results suggest that the proposed un-
certainty model offers a standard for evaluation of uncer-
tainty in transmission THz-TDS measurements. There-
fore, measurements from different laboratories can be
compared on the same basis. The number of repeated
measurements depends on the nature of the error, i.e., if
the error does not drift over a given time span, the num-
ber of measurements should be maximized; otherwise, if
drift is observed a different methodology is required. A
benefit of the proposed model is that it enables analytical
optimization and sensitivity analysis for some measure-
ment parameters, which often results in reduction of the
measurement uncertainty. As an example, the optimiza-
tion of a sample’s thickness is determined based on this
analysis and will be published elsewhere [20].

It should be noted that our assumption of a perfect
sample results in the absence of some sources of system-
atic and random errors, which could contribute to the un-
certainty in the optical constants. These sources are, e.g.,
the parallelism of the sample surfaces and the inhomoge-
neity and scattering by the sample [29]. Apart from those
sample-related imperfections, a number of optical effects
are omitted from the widely used transfer function model,
or Eq. (3). These effects, particularly arising from a beam-
focusing configuration, include frequency-dependent
beam shape (beam waist at the focal point, Rayleigh
length, beam divergence) [30] and beam defocusing by the
sample. Treatment of these effects is appropriate for
future work.

The proposed model is applicable to any THz-TDS sys-
tem, which produces sample’s response in compliance
with Eq. (3). An alteration to the model to deal with the
reflection mode THz-TDS or other tailored THz-TDS sys-
tems is foreseeable. Further accuracy in the evaluation of
uncertainty, at an additional computational expense, can
be obtained by considering a higher-order analysis [31] or
a numerical approach, such as a Monte Carlo method
[32], which is accepted as a supplementary to GUM.

APPENDIX A: PROPAGATION OF
VARIANCE FROM THE AMPLITUDE

In this Appendix we show a derivation of the variance in
the optical constants that propagates from the variance in
the T-ray amplitude. From the amplitude in the time do-
main, the variance is transferred to the variance of the
magnitude and phase spectra in the frequency domain via
Fourier transform. Then the combination between the
variances of sample and reference measurements pro-
duces the variance in the transfer function of a sample.
The variance eventually appears at the optical constants.
For general details about the propagation of variance and
covariance, please consult, e.g., [3].

The discrete Fourier transform of a time-resolved
signal, E(k), is [33]

E(w) = >, E(k)exp(— jwk), (A1)
k

where & is the temporal index and 7 is the sampling
interval. If E(w)=E,(w)+JE;(w), where E,(0w) and E;(w) are
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real, then

E.(w)= >, E(k)cos(wk7), (A2a)
k

E(w)=- > E(k)sin(wk?). (A2Db)
k

Assuming that the amplitude at each time sample is sta-
tistically independent from the amplitude at other time
samples, the variances of the real and imaginary parts of
the spectrum are, respectively [34],

si,(©) = 2 cos®(wkDsg(k), (A3a)
k

si (@)= 2, sin®(wk)sy(k), (A3b)
k

where s,%;(k) is the variance of the time-domain signal
E(k). Since the real and imaginary parts of the spectrum
share the same set of inputs, their covariance is then
[34,35]

sg g (w)=- >, sin(wk7)cos(wk)sy(k)
k

1
=- 52 sin(2wk7)s%(k). (A4)
k

The magnitude and phase of the signal, determined from
the real and imaginary parts of the complex spectrum, are

E(w)| = VE(0)* + Ei(w)?, (Aba)

L E(w) = arctan(E;(w)/E (w)). (A5b)

Correspondingly, the variances of the magnitude and
phase are

1
sip (@) = W[Er((v)zs%r((u) + E}(0)sg (o)

+2E,(0)E{(0)sg 5 ()], (A6a)
25(0) = o lE 08} (0) + E(0)'s} (o)

- 2E(w)E(w)sg g (w)]. (A6b)

Substituting the variances and covariance of the real and
imaginary parts from Eqgs. (A3) and (A4) simplifies
Egs. (A6a) and (A6b) to, respectively,

1

sig(@) = ——— > [E,(0)cos(wk ) - Ej(w)sin(wk D Psh(k),
|E(w)|2 k

(ATa)

1
SQLE(Q)) = WE};‘ [E;(w)cos(wkT) + E (w)sin(wk T)]zs?g(k).

(A7b)

Some mathematical manipulations reduce the above pair
of equations to
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> RYE(w)exp(jokn]sa(k), (A8a)

) _ 1
S\El(w) - |E'(w)|2 =

s% p(w) = Eo )|42 I[E(w)exp(jwkn)]si(k), (A8D)

where %2 and 32 denote the square of the real and imagi-
nary parts, respectively. According to Eq. (A8a) the ampli-
tude variances of the sample and reference spectra are
given by, respectively,

(= i P Eamlexpok st (),
(A9a)
S‘2Ered(w) |2E m [Eret(w)exp(]wkT)]SE (k)

|Eref( )
(A9b)

and according to Eq. (A8b) the phase variances of the
sample and reference spectra are given by, respectively,

sip,, (0= WE TE gam(@)exp(okn)lsy_ (k)
(A10a)
§7 5, (@) = T >, PE,(0)exp(jokn)sg, (k).

|Eref( w)| k
(A10Db)

The sample and reference fields are independent from
each other, resulting in the absence of a covariance term.
The transfer function of a sample is calculated by dividing
the sample spectrum by the reference. In terms of the
magnitude and phase, this operation is given by

|H(w)| = |Esam(w)‘/|Erei(w)|a (Alla)

LH(w)= L Eyp(0)- £ Epdw).  (Allb)

The variances of Egs. (Alla) and (A11lb) are, respectively,

|Esam(w)|2
|E e @)|*

Sﬁq\(w) = S|E H(w)’

1 2
B el
(Al12a)

s2 plw) = siEsam(w) + SiEref(w)- (A12b)

The magnitude and phase of the signals are presumably
treated as independent input parameters and conse-
quently there is no covariance between the magnitude
and phase. Substituting Egs. (A9) and (A10) into
Egs. (A12a) and (A12b) gives
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si(©) = WE%[&M(w)expowkrnsE (k)
|Esam )|2 2
* Eo )|GE%[Eref<w>expuwkf>JsE (k),
(Al13a)
5% l(w) = WE P Eam(w)exp(jokn]sg (k)
sam k
— >3 [Eref(w)exp(]wkr)]sE (k). (A13b)

|Eref( %

From the measurement function, the refractive index and
the extinction coefficient are evaluated from the magni-
tude and phase of the transfer function via

n(w) =n0—%LH(w), (Al4a)

c 4n(w)ng
k(w) = {ln{—)zi| - ln|H(w)|}. (A14b)

wl (n(w) +nyg
Thus, the variances of the refractive index and the extinc-

tion coefficient due to the magnitude and phase variances
are

2 ¢ 22
s,(w) = =~ s, p(w),

2 c 2 n(w) - no\ |*sh(w)
0= | S| | i\t v o) | ni

(A15b)

(Al5a)

Equations (A13a) and (A13b) are then combined with
Egs. (A15a) or (A15b) to produce

c\? 1
s2(w) = WE PE gam(@)exp(jok sy (k)

g mr‘zJ [Eo(w)exp(jok )]sy <k)}

(Al6a)

2 ¢\’ !
§%(w) = MEm [Eqam(w)exp(okn]si; (k)

mE RYE o w)exp(jwk )]sy (k)

n(w) —ng\2s2 g(w)
+ .
n(w)+ny) n(w)?
The models above explicitly express the variances of the

optical constants in terms of the variance in the signals’
amplitude.
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