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CHAPTER 5

Approximate backstepping control for symmetric, 6DOF
VTOL vehicles

5.1. Introduction

In this chapter, the ideas presented in Chapters 3 and 4 for the control of the three
degree of freedom (3DOF) vertical take-off and landing (VTOL) vehicle are extended
for the control of six degree of freedom (6DOF) VTOL vehicles. To achieve this,
control laws are formulated using an approximate backstepping approach. This ap-
proach will lead more naturally into tracking control designs presented in subsequent
chapters. The design procedure closely follows the standard vectorial backstepping
technique [39], however we refer to it as an ‘approximate’ backstepping approach for
the following reason; After backstepping the second integrator, at the stage where
the primary thrust input appears in the second control Lyapunov function (CLF), we
change error variables. Rather than continuing backstepping via dynamic extension
(as done in [47]), we instead change error variables from an error in translational
acceleration, to an error in orientation angles. We then force this error to converge to
zero by backstepping over the orientation dynamics. As a consequence of this change
in error variables, we are unable to cancel a cross term in the second CLF. It can
be shown that the resulting closed-loop dynamics has a cascade structure equivalent
to that designed for the 3DOF system in Chapter 3. Consequently, all ideas from
Chapters 3 and 4 are readily extended from 3DOF to 6DOF.

The chapter proceeds as follows; Firstly, the approximate backstepping approach
is outlined for the 6DOF VTOL vehicle. An analysis of the closed-loop dynamics is
then used to draw parallels with the cascade approach presented in Chapter 3 for
the 3DOF system. It is demonstrated that the controlled system exhibits a singu-
larity equivalent to that discussed in Chapter 4. Brief discussions are then provided,
outlining how the solutions to this problem presented in Chapter 4 may be extended
from 3DOF to 6DOF. The closed-loop dynamics are then modified by redesigning the
feedback law for primary thrust using a technique akin to that presented in Chapter
3. However, rather than minimising an interconnection term, here the motivation is
the minimisation of a perturbation to an otherwise negative definite Lyapunov func-
tion derivative. Numerical simulation results are then presented to demonstrate the
advantage of using this modification. The chapter concludes with a brief summary.

5.2. System dynamics

Recall the dynamics of the decoupled symmetric 6DOF VTOL vehicle shown in
Figure 5.1, as introduced in Section 2.4.3:
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Figure 5.1. Typical 6DOF VTOL system.

λ̇ = σ

mσ̇ = T̄zez −mgEz , a

η̇ = T(η)Ω

IΩ̇ = lTyex − lTxey + τzez. (5.1)

Here, variable definitions are as in Section 2.4.3.3. As in Chapter 4, we define the
variable a = σ̇ denoting translational acceleration. Additionally, we define the state
vector for translational dynamics: µ ,

[
λT σT

]T . These additional variable defi-
nitions will assist in clarity of controller design and analysis.

5.3. Approximate backstepping control design

The approximate backstepping control design procedure is developed as follows;
Introducing the first error variable δ1 , λ, the first control Lyapunov function (CLF)
is defined as:

V1 , 1
2δT

1 δ1 (5.2)

and has the derivative:

V̇1 = δT
1 σ. (5.3)

Here, σ appears as our first virtual input. We define its desired value as σd ,
−k1δ1,along with the corresponding error variable δ2 , σ − σd, such that (5.3) may
be written as:

V̇1 = −k1 ‖δ1‖2 + δT
1 δ2. (5.4)
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Backstepping an integrator, we define the second CLF as:

V2 , V1 + 1
2δT

2 δ2. (5.5)

Differentiating this with respect to time we arrive at:

V̇2 = −k1 ‖δ1‖2 + δT
1 δ2 + δT

2 (a− σ̇d)

= −k1 ‖δ1‖2 + δT
1 δ2 + δT

2

(
1
m T̄zR(η) ez − gEz − σ̇d

)
. (5.6)

Here, φ, θ and T̄z appear as our second virtual inputs∗ and we define their desired
values such that:

1
m T̄zdR(ηd) ez − gEz , σ̇d − δ1 − k2δ2 , ad, (5.7)

where ηd ,
[

φd θd ψ?
d

]
and ψ?

d may be chosen arbitrarily†. The variable ad ,[
adx ady adz

]T is interpreted as a virtual/ desired acceleration. It is important to
note that as σd is an analytic function of translational state variables, its derivative
may be obtained analytically as:

σ̇d =
∂σd

∂µ
µ̇ = −k1σ. (5.8)

From (5.7), it is straightforward to show that:

T̄zd = ±m
√

a2
dx + a2

dy + (adz + g)2 (5.9)

φd = atan2 (∓ady,± (adz + g)) (5.10)

θd = atan2
(
±adx,

√
a2

dy + (adz + g)2
)

, (5.11)

where T̄zd ∈ R, φd ∈ R‡ and θd ∈
[−π

2 , π
2

]
are the solutions to (5.7). Two possible

solutions exist for these virtual controls. For obvious practical reasons, we chose the
one corresponding to positive primary thrust (i.e., T̄zd > 0). Defining the next error
variable:

δ3 , 1
m T̄zR(η) ez − 1

m T̄zdR(ηd) ez (5.12)

we may rewrite (5.6) as:

V̇2 = −k1 ‖δ1‖2 − k2 ‖δ2‖2 + δT
2 δ3. (5.13)

Here we depart from the conventional backstepping method that would define the
next CLF by augmenting V2 with a positive definite function of δ3. This would require
dynamic extension of the T̄zd input (e.g., see [47]) and leads to more complex control

∗It is straightforward to show that R(η) ez =
[

sθ −sφcθ cφcθ
]T , and thus yaw ψ will not

appear as a virtual input through 1
m

T̄zR(η) ez. This is a consequence of the chosen angle set (i.e.
‘roll φ - pitch θ - yaw ψ’), and agrees with intuition that only two angles are required to define the
orientation of the thrust component T̄zez.

†In reality a value for ψ?
d need not be decided. Due to the decoupling of the yaw dynamics and

the chosen angle set, the resulting controller will not require knowledge of ψ?
d .

‡Desired roll φd is calculated using a version of the atan2 function which remembers the imme-
diate past value of φd such that it does not ‘wrap’ (i.e., undergo a discontinuity at φd = ±π). Thus,
φd ∈ R rather than being restricted to φd ∈ [−π, π]. Physically, this means that the vehicle may
execute a 2π roll, and be stabilised at any φ = k2π, k ∈ Z.
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equations than that presented here. Rather we explicitly set T̄z = T̄zd and define the
new error variable:

δ̂3 = η − ηd. (5.14)
We then continue the backstepping method by designing a controller that will force
δ̂3 to converge to zero. This technique will preserve the cascade (inner-outer) closed-
loop structure discussed in Chapter 3 necessary for some of the ideas to be presented
in chapters to follow. As a consequence of the change in error variables, it will not be
possible to cancel the cross term δT

2 δ3 in (5.13). However, from (5.12) we are assured
that as δ̂3 → 0, δ3 → 0. Consequently, the closed-loop dynamics will have a cascade
structure analogous to that presented in Chapter 3 for the 3DOF VTOL system. This
is demonstrated more clearly in the next section. To proceed, we defining the third
CLF:

V3 , 1
2 δ̂T

3 δ̂3, (5.15)

with the derivative:

V̇3 = δ̂T
3 (T (η) Ω− η̇d) . (5.16)

Here Ω =
[

ωx ωy 0
]
appears as our virtual input and we define its desired value

as:

T(η) Ωd , η̇d − k̂3δ̂3. (5.17)

Note that this expression describes three equations, and only two virtual controls are
available to satisfy them. However, the third equation simply describes the decoupled
yaw angle dynamics: ψ̇ = tan θ (−ωx cosψ + ωy sinψ) which are independent of the
virtual controls and satisfied by default. The definition of the fourth error variable
follows as:

δ4 , T(η) (Ω− Ωd) , (5.18)

such that:

V̇3 = −k̂3

∥∥∥δ̂3

∥∥∥
2
+ δ̂T

3 δ4. (5.19)

Backstepping the final integrator, we define the last CLF as:

V4 , V3 + 1
2δT

4 δ4, (5.20)

with the derivative:

V̇4 = −k̂3

∥∥∥δ̂3

∥∥∥
2
+ δ̂T

3 δ4

+ δT
4

(
Ṫ (η)Ω + T (η)

(
l

Ixx
Tyex − l

Iyy
Txey

)
− d (T (η)Ωd)

dt

)
. (5.21)

As our physical control inputs Tx and Ty have appeared, we define them as:[
Ty

Tx

]
=

I1

l

[
1 0 0
0 1 0

]
T−1 (η)

(
d (T (η)Ωd)

dt
− Ṫ (η) Ω− δ̂3 − k4δ4

)
, (5.22)

such that:

V̇4 = −k̂3

∥∥∥δ̂3

∥∥∥
2
− k4 ‖δ4‖2 . (5.23)
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All terms in the control law (5.22) may be written as analytic functions of state
variables. However, these expressions are lengthy, and thus contained in Appendix
A.

5.4. Closed-loop dynamics

Applying the control laws (5.9) and (5.22) to the system (5.1), the closed-loop
system dynamics may be written in error coordinates as:

δ̇1 = −k1δ1 + δ2

δ̇2 = −δ1 − k2δ2 + δ3, (5.24)

with corresponding Lyapunov function:

V2 = 1
2δT

1 δ1 + 1
2δT

2 δ2, V̇2 = −k1 ‖δ1‖2 − k2 ‖δ2‖2 + δT
2 δ3, (5.25)

and:
˙̂
δ3 = −k̂3δ̂3 + δ4

δ̇4 = −δ̂3 − k4δ4, (5.26)

with corresponding Lyapunov function:

V4 = 1
2 δ̂T

3 δ̂3 + 1
2δT

4 δ4, V̇4 = −k̂3

∥∥∥δ̂3

∥∥∥
2
− k4 ‖δ4‖2 . (5.27)

Noting that δ3 vanishes as δ̂3 → 0, the controlled system has the structure of an
upper sub-system describing translational dynamics (5.24) in cascade with a lower
sub-system describing orientation (5.26). From (5.27), it is apparent that the sub-
system describing orientation is exponentially stable. In particular, the error variable
δ̂3 will converge exponentially to zero. From (5.24) and (5.25), the translational sub-
system is linear and exponentially stable, with the exception of the perturbation
δ3

(
δ̂3

)
. However, this perturbation will vanish as δ̂3 converges to zero. The closed-

loop dynamics appear to have a similar cascade structure to that presented in Chapter
3 for the 3DOF case. This is more apparent when the closed-loop dynamics are written
in different coordinates. Substituting the expressions for δ1 and δ2 into (5.24), we may
write the closed-loop translational dynamics in µ coordinates as:

λ̇ = σ

σ̇ = ad + δ3

(
δ̂3

)
, (5.28)

where:

ad = − (k1 + k2) σ − (k1k2 + 1)λ, (5.29)

and δ3 = a−ad. Using (5.17) and (5.18), the closed-loop orientation dynamics (5.26)
may be written in terms of the error variable δ̂3 as:

¨̂
δ3 = −

(
k̂3 + k4

) ˙̂
δ3 −

(
k̂3k4 + 1

)
δ̂3. (5.30)

Comparing (5.28 - 5.30) with the closed-loop dynamics for the 3DOF case (see Sec-
tion 4.13) we see that the approximate backstepping approach presented here is in
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fact equivalent to the cascade approach presented in Chapters 3 and 4. In particular,
the desired acceleration ad is equivalent to the desired dynamics and virtual accel-
eration discussed in Chapters 3 and 4 respectively. Furthermore, the error variable
δ3 is exactly the interconnection term between closed-loop subsystems. From (5.30)
it is apparent that backstepping over the orientation dynamics has linearised and
stabilized the orientation error dynamics. This is not surprising as the error variable
δ̂3 = η − ηd was stabilised via exact backstepping (i.e. using direct cancellation of all
nonlinearities). It is well understood that exact backstepping is equivalent to dynamic
linearisation followed by an optimal control design [39].

5.5. Singularity issues

As with the cascade control of the 3DOF VTOL system, the controller designed
for the 6DOF vehicle contains a singularity. This singularity is equivalent to that
discussed in Chapter 4 for the 3DOF case. To demonstrate this, recall the expression
for desired acceleration (5.7):

ad = 1
m T̄zdR(ηd) ez − gEz. (5.31)

A singularity will be encountered at points along the closed-loop trajectory where the
state configuration corresponding to ad (t) = −gEz occurs. It is clear from (5.31) that
at such instances T̄zd = 0, and thus ηd becomes undefined. This singularity has the
potential to cause significant problems for the following reasons; The approximate
backstepping controller designed in Section 5.3 forces the vehicle orientation η to
converge to the desired ηd. It achieves this by feeding forward the ηd signal into the
orientation dynamics using its first two derivatives. However, an inspection of the
analytic expressions for η̇d and η̈d (see Appendix A) reveals that as ad (t) → −gEz,
η̇d →∞ and η̈d →∞. Thus, closed-loop trajectories passing close to this singularity
will demand exceptionally large values of orientation control signals Tx and Ty. The
physical interpretation of this singularity is analogous to that outlined in Chapter 4.
That is, it is possible for the desired orientation to go through a π radian discontinuity,
resulting in unbound feed-forward terms. Two techniques mitigating this singularity
were presented in Chapter 4 for the 3DOF VTOL case. Fortunately, it is relatively
straightforward to extend these ideas to the 6DOF case as follows:

5.5.1. Overcoming singularity using nested saturation

As with the 3DOF VTOL system, the control singularity may be overcome in the
6DOF case using embedded saturation. Specifically, we re-define the virtual control
corresponding to desired translational acceleration as:

âd =




adx

ady

b0ϕ (adz)


 , (5.32)

where 0 < b0 < g and ϕ is a smooth, strictly increasing saturation function with
ϕ (s) ∈ (−1, 1) ∀s ∈ R. The remainder of controller design follows Section 5.3. It is
clear that âd = −gEz may never occur, and thus the singularity is avoided. Global
stability may be demonstrated via a straightforward extension of the stability theorem
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presented in [57] for the 3DOF case. However, as with the 3DOF case, this saturation
will reduce the controller’s aggressiveness in rejecting large perturbations.

5.5.2. Overcoming singularity using additional dynamics

In some cases, the reduction in controller aggressiveness resulting from nested
saturation may be undesirable. Fortunately, it is also straightforward to extend the
technique using additional nonlinear dynamics from 3DOF to 6DOF. As in the 3DOF
case, the virtual control corresponding to desired translational acceleration is rede-
fined as:

ād = ad + δ, (5.33)

where δ ∈ R3 is again interpreted as a perturbation. We then design second order
dynamics for δ such that when ād = −gEz, δ 6= 0 and thus ād = −gEz may never
occur. As in the 3DOF case, this is achieved by defining nonlinear dynamics that
act on δ when ād enters the set defined by {ad| ‖ad + gEz‖ ≥ c0g} , 0 < c0 < 1. In
the 3DOF case, this set defined a circular region surrounding the singularity point
at ād = g̃. In the 6DOF case, this region will define a sphere surrounding the singu-
larity point at ād = −gEz. Avoidance of the singularity may be demonstrated via a
straightforward extension of Proposition 4.3.1.

5.6. Modified approximate backstepping control design

Consider the closed-loop dynamics expressed in error coordinates and the corre-
sponding Lyapunov functions (5.24 - 5.27). Clearly, it is desirable that the perturba-
tion term δ3

(
δ̂3

)
in (5.24) be small, as this represents a perturbation to an otherwise

exponentially stable sub-system. Analogously, it is also desirable that the cross term
δT
2 δ3 in (5.13) be small as this represents a perturbation to an otherwise negative
definite Lyapunov function derivative. With this in mind, we propose an alternative
feedback law for T̄z that minimises the L2 norm of the weighted perturbation: Wδ3,
where W ∈ R3×3 is a weighting matrix. This weighting matrix will allow additional
control over how the resulting perturbation term influences the closed-loop trans-
lational dynamics. Provided the resulting control law ensures δ3 → 0 as δ̂3 → 0,
the closed-loop cascade structure will be preserved. As discussed in Section 5.4, the
perturbation term δ3

(
δ̂3

)
is in fact an interconnection term between closed-loop

subsystems. Minimising this term is thus analogous to the modification made to the
cascade design for the 3DOF VTOL system, presented in Chapter 3.

Denoting the new feedback law as q, and substituting T̄z = q into (5.12), we may
write ‖Wδ3‖ as:

‖Wδ3‖ =
∥∥W 1

m

(
qR(η) ez − T̄zdR(ηd) ez

)∥∥ . (5.34)

As this is non negative, the solution minimising ‖Wδ3‖ is equivalent to that min-
imising ‖Wδ3‖2. As this is quadratic with respect to q, it is convex, and q is thus the
solution to:

∂ ‖Wδ3‖2

∂q
= 2 1

m2 W
(
qR(η) ez − T̄zdR(ηd) ez

) · WR(η) ez = 0, (5.35)



98 5. APPROXIMATE BACKSTEPPING CONTROL FOR 6DOF VTOL VEHICLES

resulting in:

q = T̄zd
WR (ηd) ez · WR(η) ez

‖WR(η) ez‖2 . (5.36)

For the unweighted case (i.e., W = I), we arrive at:

q = T̄zdR (η) ez · R(ηd) ez

= T̄zd (sθsθd + cθcθdsφsφd + cθcθdcφcφd) . (5.37)

From (5.37) it is relatively straightforward to show: |q| ≤ ∣∣T̄zd

∣∣ will hold for all state
configurations, suggesting the improved control law may use less primary thrust.
A graphical interpretation of this modified control law is shown in Figure 5.2. The
desired acceleration ad = T̄zdR(ηd) ez − gEz is achieved with a primary thrust of
magnitude T̄zd and vehicle direction defined by ηd (i.e., when the body z axis defined
by ez, expressed in the inertial frame is R(ηd) ez). However, in general the true
vehicle orientation at any instant will not be as desired (i.e., η 6= ηd). The error
between the desired and achieved acceleration is given by the vector δ3. This vector
is constructed from the desired acceleration ad to some point on the dashed line
indicating true vehicle orientation (i.e., the direction of ez). This point is defined by
the value of primary thrust T̄z. Figure 5.2 demonstrates that the value of primary
thrust minimising the L2 norm of this error variable is given by the projection of
T̄zdR(η) ez onto R(ηd) ez, as indicated by (5.37).

Figure 5.2. Graphical interpretation of modified cascade control de-
sign for 6DOF VTOL vehicles.

Proposition 5.6.1. The feedback control laws (5.37) and (5.22) globally, expo-
nentially stabilise the system (5.1).
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Proof. Firstly recall the quadratic Lyapunov function V4 and its negative defi-
nite derivative V̇4 ≤ 0 (see (5.20) and (5.23)). As a consequence of Lyapunov stability
theory, the closed-loop sub-system defined by (5.26) is exponentially stable. Applying
La Salle’s invariance principle, δ̂3 will converge exponentially to zero, and thus its L2

norm may be shown to be bound over time:∥∥∥δ̂3 (t)
∥∥∥ ≤ γ

(∥∥∥δ̂3 (0)
∥∥∥
)

e−at ∀t > 0, (5.38)

for some a ∈ R+ and γ a non-decreasing function with γ (0) = 0. Substituting (5.37)
into (5.12) we may write:

‖δ3‖ = 1
m T̄zd ‖(R (η) ez · R(ηd) ez) R (η) ez − R(ηd) ez‖ . (5.39)

Noting that:

((R (η) ez · R(ηd) ez)R (η) ez − R(ηd) ez) · R(η) ez

= R (η) ez · R(ηd) ez − R(ηd) ez · R (η) ez,

= 0 (5.40)

it is apparent that (R (η) ez · R(ηd) ez)R (η) ez−R (ηd) ez is perpendicular to R (η) ez.
Combining this with (5.39), we may write:

‖δ3‖ = 1
m T̄zd ‖((R (η) ez · R(ηd) ez)R (η) ez − R(ηd) ez)× R(η) ez‖

= 1
m T̄zd ‖R(ηd) ez × R (η) ez‖

= 1
m T̄zd

∥∥∥∥∥∥




sθ
−cθsφ
cθcφ


×




sθd

−cθdsφd

cθdcφd




∥∥∥∥∥∥

= 1
m T̄zd

∥∥∥∥∥∥



−cθcθd (sφcφd − cφsφd)
−sθcθdcφd + cθsθdcφ
−sθcθdsφd + cθsθdsφ




∥∥∥∥∥∥
= 1

m T̄zd

√
c2θc2θds2 (φ− φd) + c2θs2θd − 2cθsθdsθcθdc (φ− φd) + s2θc2θd

≤ 1
m T̄zd

(
|cθcθds (φ− φd)|+

√
|c2θs2θd − 2cθsθdsθcθdc (φ− φd) + s2θc2θd|

)

≤ 1
m T̄zd

(
|s (φ− φd)|+ |s (θ − θd)|+

√
|2cθsθdsθcθd (1− c (φ− φd))|

)

≤ 1
m T̄zd

(
|s (φ− φd)|+ |s (θ − θd)|+ 1√

2

√
1− c (φ− φd)

)

≤ 1
m T̄zd

(
|s (φ− φd)|+ |s (θ − θd)|+

∣∣∣∣s
(

φ− φd

2

)∣∣∣∣
)

≤ 1
m T̄zd

(
3
2 |φ− φd|+ |θ − θd|

)

≤ 1
m T̄zd

3√
2

∥∥∥δ̂3

∥∥∥ . (5.41)

For the purpose of analysis, introduce the new state vector χ ,
[

δT
1 δT

2

]T . We
now show that T̄zd is bound by an affine function of ‖µ‖. Recalling (5.9), we may
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write:

T̄zd = m
√

a2
dx + a2

dy + (adz + g)2

≤ m

∥∥∥∥∥∥




adx

ady

adz




∥∥∥∥∥∥
+ mg

≤ m

∥∥∥∥∥∥∥
[ − (1 + k1k2) I3×3 − (k1 + k2) I3×3

]
︸ ︷︷ ︸

A

×
[

λ
σ

]∥∥∥∥ + mg

≤ mσAmax ‖µ‖+ mg, (5.42)

where σAmax is the minimum singular value of the matrix A. Also note:

‖χ‖ =
∥∥∥∥
[

δ1

δ2

]∥∥∥∥

=

∥∥∥∥∥∥∥∥∥

[
I2×2 0

k1I2×2 I2×2

]

︸ ︷︷ ︸
B

[
λ
σ

]
∥∥∥∥∥∥∥∥∥

≥ σBmin ‖µ‖ , (5.43)

where σBmin is the minimum singular value of the matrix B, guaranteed to be nonzero
as B is full rank. Combining (5.42) and (5.43) we arrive at:

T̄zd ≤ mσAmax

σBmin
‖χ‖+ mg. (5.44)

Combining (5.41) and (5.44) we have:

‖δ3‖ ≤
∥∥∥δ̂3

∥∥∥ 3√
2

(
σAmax

σBmin
‖χ‖+ g

)
. (5.45)

Recalling (5.13) along with (5.45), (5.38) and the fact that ‖µ‖ ≥ ‖δ2‖, it can be
shown that:

V̇2 = −k1 ‖δ1‖2 − k2 ‖δ2‖2 + δT
2 δ3

≤ ‖δ2‖ ‖δ3‖

≤ ‖χ‖
∥∥∥δ̂3

∥∥∥ 3√
2

(
σAmax

σBmin
‖χ‖+ g

)

≤ 3
√

2
σAmax

σBmin
‖χ‖2 γ

(∥∥∥δ̂3 (0)
∥∥∥
)

e−at for ‖χ‖ ≥ gσBmin

σAmax
. (5.46)

Noting that ‖µ‖2 = 2V2, we may write:

V̇2 ≤ 6
√

2
σAmax

σBmin
V2γ

(∥∥∥δ̂3 (0)
∥∥∥
)

e−at for ‖χ‖ ≥ gσBmin

σAmax
, (5.47)
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and thus:

V2 (χ (t)) ≤ V2 (χ (0)) e
γ(‖δ̂3(0)‖) 6

√
2σAmax

σBmin

∫ t
0 e−asds

≤ Γ (‖ζ (0)‖)W (µ (0)) , (5.48)

for Γ a non-decreasing function with Γ (0) = 0. As V2 (χ) is radially unbound, bound-
edness of V2 (χ (t)) implies boundedness of ‖χ (t)‖. Global stability follows from
Proposition 4.1 of [69]. ¤

5.7. Modified approximate backstepping control design with guaranteed
non-negative thrust

An inspection of (5.37) reveals that modifying the control law for the 6DOF
vehicle has resulted in a control law with the potential to demand negative values
of primary thrust (i.e., when R (η) ez · R(ηd) ez < 0, Tz = q ≤ 0). In general, this
is impractical for most VTOL platforms. Hence, we propose an alternative feedback
law that minimises the L2 norm of the perturbation δ3, subject to the constraint:
Tz ≥ 0. We denote this new feedback law as Tz = q̃, where q̃ : R6 → R+ is a function
to be defined. Following the argument in Section 5.6 with W = I, we write:

∂ ‖δ3‖2

∂q̃
= 2 1

m2

(
qR (η) ez − T̄zdR(ηd) ez

) · R (η) ez = 0. (5.49)

The non-negative control law minimising ‖δ3‖ is the solution to ∂‖δ3‖2
∂q̃ = 0, provided

the resulting function q̃ is non-negative. From this, it is clear that:

q̃ = T̄zd (R (η) ez · R(ηd) ez) if R (η) ez · R(ηd) ez ≥ 0. (5.50)

From (3.60):

∂ ‖δ3‖2

∂q̃
≥ 0, ∀η, ηd ∈ {s, sd|R(s) ez · R(sd) ez < 0} , q̃ ∈ (0,∞] , (5.51)

Consequently, ∂‖δ3‖2
∂q̃

∣∣∣
η,ηd∈{ s,sd|R(s)ez·R(sd)ez<0}

is a non-decreasing function of q̃ on

q̃ ∈ (0,∞]. From this, we arrive at the new control law:

q̃ =
{

T̄zdR(η) ez · R(ηd) ez if R (η) ez · R (ηd) ez ≥ 0
0 if R (η) ez · R (ηd) ez < 0 . (5.52)

5.8. Simulation Results

A comparison of the cascade and modified cascade control designs for 6DOF
VTOL vehicles was conducted via numerical simulations. These simulations and their
respective outcomes are described in the following section.
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5.8.1. Controller gain selection

Control gains were selected such that when the interconnection term δ3 = 0, the
eigenvalues of the closed-loop sub-systems describing vehicle translation and vehicle
orientation (see (5.24) and (5.26) respectively) were all located at −2. That is:

k1 = k̂3 = 1, k2 = k4 = 3

were selected.

5.8.2. Typical controlled response

For generality, results have been non-dimensionalised such that vehicle param-
eters need not be specified. That is, primary thrust input T̄zd has been normalised
against gravitational acceleration. Translational variables λ and σ are thus also nor-
malised against gravity. Orientation inputs are presented as rotational accelerations
(e.g., l

Ixx
Ty). The parameter c = Ixx

ml representing coupling between orientation in-
puts and translational acceleration is chosen to be zero. Clearly, this is not physically
possible for such systems as orientation inputs will produce some lateral acceleration.
However, setting c = 0 will mean primary thrust augmentation is not required to de-
couple the system (i.e., T̄zd = Tzd). Consequently, differences between the controlled
responses are easier to identify and analyse.

Numerous simulations were conducted comparing the closed-loop response of the
cascade controller and the modified controller with guaranteed non-negative thrust
(herein referred to as the unmodified and modified controllers respectively). As ex-
pected, these simulations exhibited equivalent characteristics to those observed in
the comparison of the conventional and modified cascade control techniques for the
control of the 3DOF VTOL system (see Section 3.3.5). Hence, only one example is
included here to demonstrate the differences between the controlled responses.

As with the 3DOF case, the response of both controllers to initial conditions
corresponding to a small initial error in vehicle orientation

∥∥∥δ̂3 (0)
∥∥∥ differed little.

However, in cases where the initial orientation error was large, the modified cascade
controller outperformed the unmodified one significantly. An example demonstrating
this is shown in Figures 5.3 and 5.4. These figures compare the closed-loop response
of both controllers to the initial conditions: λ (0) =

[
0.25 0.25 0.25

]T
, σ (0) =[

0 0 0
]T

, η (0) =
[ −π

6 0 0
]T

, Ω(0) =
[

0 0 0
]T . Figure 5.4 (e) shows

that during the initial stage of the controller responses, the orientation error variable∥∥∥δ̂3

∥∥∥ is large (i.e., in the order of radians). Consequently, the error variable ‖δ3‖ is also
large during this period (see Figure 5.4 (e)). However, this term is significantly lower
for the modified controller as compared to the unmodified one. In this chapter, we
have viewed this term as a perturbation to an otherwise negative definite Lyapunov
function derivative (see (5.13)). This Lyapunov function describes the convergence of
the vehicle’s translational dynamics. It follows that the decay of translational state
vector for the system controlled by the modified controller will be significantly faster
than that for the unmodified one. This may be observed in Figure 5.4 (a).

Figure 5.4 (b) shows that the modified controller uses significantly less primary
thrust. This is not surprising when one considers the modified control law’s expression
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for the primary thrust (5.37), and the graphical interpretation shown in Figure 5.2.
That is, primary thrust for the modified control law is given by the projection of
the desired vehicle thrust in the desired direction (i.e., T̄zdR (ηd)), onto the current
vehicle direction. The unmodified control law simply uses primary thrust equal to
the desired vehicle thrust T̄zd. Hence, for any given state configuration, the modified
control law will demand less primary thrust than the unmodified one.

5.9. Conclusion

In this chapter, the ideas presented in Chapters 3 and 4 for the control of the
3DOF VTOL vehicle were extended for the control of 6DOF VTOL vehicles. To
achieve this, control laws were formulated using an approximate backstepping ap-
proach, akin to the cascade methodology discussed in Chapters 3 and 4. The con-
troller designed contained a singularity with the potential to cause unbound input
demands. Fortunately, it was demonstrated that the ideas presented in Chapter 4,
mitigating this problem for the 3DOF VTOL vehicle are readily extended to the
6DOF case. The closed-loop dynamics were then modified by redesigning the feed-
back law for primary thrust, using a technique akin to that presented in Chapter
3. However, the motivation was the minimisation of a perturbation to a Lyapunov
function derivative, rather than the minimisation of an interconnection term between
closed-loop subsystems. Numerical simulations were then presented, demonstrating
the advantage of this modification. Specifically, for large non-zero initial conditions
the modified controller exhibited a smoother, more desirable response, using less
control action.
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Figure 5.3. Closed loop responses for initial conditions:
λ (0) =

[
0.25 0.25 0.25

]T
, σ (0) =

[
0 0 0

]T

η (0) =
[ −π

6 0 0
]T

, Ω(0) =
[

0 0 0
]T

Modified controller with guaranteed non-negative thrust
Unmodified controller
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Figure 5.4. Control signals for closed-loop responses to initial con-
ditions:
λ (0) =

[
0.25 0.25 0.25

]T
, σ (0) =

[
0 0 0

]T

η (0) =
[ −π

6 0 0
]T

, Ω(0) =
[
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]T

Modified controller with guaranteed non-negative thrust
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CHAPTER 6

Approximate backstepping/ cascade control for
symmetric VTOL vehicles: Trajectory tracking with

significant aerodynamic effects

6.1. Introduction

In this chapter, the trajectory tracking control problem is addressed for symmet-
ric vertical take-off and landing (VTOL) unmanned aerial vehicles (UAVs). Previous
chapters have only considered stabilisation at hover, and thus have ignore aerody-
namic effects. This chapter addresses trajectory tracking at velocities where the in-
fluence of vehicle aerodynamics is significant. To achieve accurate output tracking of
such trajectories, a controller must take into consideration these aerodynamic effects.
This chapter addresses the question of how the approximate backstepping control
technique discussed in Chapter 5 may be extended for this purpose. The primary
difficulty that the introduction of aerodynamics causes the approximate backstep-
ping control technique, occurs after backstepping the second integrator. At this step,
controller design departs from the conventional backstepping method. This requires
the inversion of a nonlinear set of equations to determine desired values of vehicle
orientation and primary thrust. In Chapter 5, these equations were sufficiently sim-
ple such that they could be solved analytically. However, when aerodynamic terms
are included in the vehicle dynamics, these equations will in general not be solvable
analytically due to the complex nature of the expressions defining the aerodynamic
model. In this chapter, two approaches are presented to overcome this. The first uses
numerical techniques, while the second employs an approximation of the vehicle’s
aerodynamic model.

The chapter proceeds as follows: firstly, the differential equations describing the
VTOL UAV system’s dynamics, with the inclusion of aerodynamic effects are re-
viewed. The approximate backstepping control technique presented in Chapter 5 is
then extended for the trajectory tracking control of this system. This technique is
first presented without defining the exact technique used to overcome the nonlin-
ear equation inversion problem. Stability proofs are then formulated demonstrating
boundedness of the tracking error regardless of the method employed to overcome the
equation inversion problem. Two approaches to overcome the inversion problem are
then outlined, along with discussions regarding their respective pros and cons. Nu-
merical simulation results are then presented, demonstrating favorable performance
is achievable by both proposed techniques. The chapter concludes with a brief sum-
mary.

107
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6.2. System dynamics

Recall the dynamic model of the decoupled, symmetric, six degree of freedom
(6DOF) VTOL vehicle shown in Figure 6.1, as introduced in Section 2.4.3:

Figure 6.1. Typical 6DOF VTOL system.

λ̇ = σ

mσ̇ = T̄zez −mgEz + A (σ, η) , ma
(
T̄z, η, σ

)

η̇ = T(η)Ω

IΩ̇ = lTyex − lTxey. (6.1)

Here, variable definitions are as in Section 2.4.2. For ease of notation in controller
design, the additional function a : R6 → R3 is defined denoting vehicle acceleration.
Recall also the definition of the state vector X =

[
λT σT ηT ωT

]T which will
be referenced in controller design. For generality, controller design is to be formulated
for any C2 differentiable aerodynamic model A (σ, η).

6.3. Control design procedure

In this section the control design procedure presented in Chapter 5 is extended
to formulate a trajectory tracking controller for the symmetric VTOL UAV.

6.3.1. Control objective

The control design objective is to force the system outputs, defined by λ (t) to
closely track the C4 differentiable demand trajectory denoted λd (t). It is assumed
that the first four derivatives of this trajectory, and the trajectory itself are available
to the controller.
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6.3.2. Approximate backstepping control design procedure

As the controller is designed to track a reference trajectory, the first error variable
defined is the tracking error: δ1 , λ − λd. Definition of the first control Lyapunov
function (CLF) follows this as:

V1 , 1
2δT

1 δ1, (6.2)

with the time derivative:

V̇1 = δT
1

(
σ − λ̇d

)
. (6.3)

Here, σ appears as the first virtual input. We define its desired value as σd , −k1δ1 +
λ̇d, along with the corresponding error variable δ2 , σ − σd, such that (6.3) may be
written as:

V̇1 = −k1 ‖δ1‖2 + δT
1 δ2. (6.4)

Backstepping an integrator, the second CLF is defined as:

V2 , V1 + 1
2δT

2 δ2. (6.5)

Differentiating this with respect to time we arrive at:

V̇2 = −k1 ‖δ1‖2 + δT
1 δ2 + δT

2

(
a

(
T̄z, η, σ

)− σ̇d

)

= −k1 ‖δ1‖2 + δT
1 δ2 + δT

2

(
1
m T̄zR(η) ez − gEz + 1

mA (η, σ)− σ̇d

)
. (6.6)

Recall from section 2.4.4 that aerodynamic forces A (σ, η), are not influenced by yaw
angle ψ. This may be attributed to vehicle symmetry and the chosen angle set (see
Section 2.4.4.1). Furthermore, as a consequence of the chosen angle set, the term
1
m T̄zR(η) ez is also independent of yaw∗. Thus, from (6.6) the variables φ, θ and T̄z

appear as our second virtual inputs and we define their desired values such that:

a
(
T̄zd, ηd, σ

)
= 1

m T̄zdR(ηd) ez − gEz + 1
mA (ηd, σ) , σ̇d − δ1 − k2δ2 , ad, (6.7)

where ηd =
[

φd θd ψ?
d

]
and T̄zd are the desired values of virtual inputs, and ψ?

d

may be chosen arbitrarily†. It is important to note that as σd is an analytic function
of translational state variables and desired trajectory parameters, its derivative may
be obtained analytically as:

σ̇d =
∂σd

∂X
Ẋ +

∂σd

∂
[
λd, λ̇d

]T

[
λ̇d

λ̈d

]
= −k1

(
σ − λ̇d

)
+ λ̈d. (6.8)

If it were possible to determine ηd and T̄zd from (6.7) as analytic functions of state
variables, the remainder of control design would exactly follow that outlined in Chap-
ter 5. That is, we would directly set T̄z = T̄zd and use a backstepping approach to

∗It is straightforward to show that R(η) ez =
[

sθ −sφcθ cφcθ
]T , and thus yaw ψ will not

appear as a virtual input through 1
m

T̄zR(η) ez. This is a consequence of the chosen angle set (i.e.
‘roll φ - pitch θ - yaw ψ’), and agrees with intuition that only two independent angles are required
to define the orientation of the thrust component T̄zez.

†As with the stabilisation controller presented in Chapter 5, a value for ψ?
d need not be decided.

Due to the decoupling of the yaw dynamics and the chosen angle set, the resulting controller will
not require knowledge of ψ?

d .
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force η to ηd. However, in most cases the function A : R5 → R3 defining the vehicle
aerodynamic model will be highly complex and nonlinear. Consequently, it is in gen-
eral not possible to solve for functions ηd (ad, σ) and T̄zd (ad, σ) that exactly satisfy
(6.7). However, it is possible to determine approximations of these functions, denoted
η̂d (ad, σ) and ˆ̄Tzd (ad, σ) respectively. Controller design may then proceed as in Chap-
ter 5, using these approximations as if they were exact (i.e. directly setting T̄z = ˆ̄Tzd

and using a backstepping approach to force η to converge to η̂d). Many techniques
are available to obtain these approximations, however it is required that the function
η̂d (ad, σ) be at least piecewise C2 differentiable for the backstepping approach to be
implemented. The reason for this will become apparent before the completion of this
section. Two approaches to obtain these approximations are outlined in Section 6.4.
Setting:

T̄z = ˆ̄Tzd, (6.9)
and introducing the error variables:

δa , a
(

ˆ̄Tzd, η̂d, σ
)
− ad

= a
(

ˆ̄Tzd, η̂d, σ
)
− a

(
T̄zd, ηd, σ

)
(6.10)

and:

δ3 , a
(

ˆ̄Tzd, η, σ
)
− a

(
ˆ̄Tzd, η̂d, σ

)

= 1
m

ˆ̄Tzd (R (η) ez − R(η̂d) ez) + 1
mA (η, σ)− 1

mA (η̂d, σ) , (6.11)

we may rewrite (6.6) as:

V̇2 = −k1 ‖δ1‖2 − k2 ‖δ2‖2 + δT
2 δ3 + δT

2 δa. (6.12)

The error variable δa is a consequence of using the approximate values of ηd and
T̄zd, while the error variable δ3 is a consequence of the error in desired orientation,
defined as: δ̂3 = η−η̂d. Considering (6.10) and the fact that a is a smooth function, the
closer the approximations η̂d and ˆ̄Tzd are to the true values ηd and T̄zd, the smaller
the magnitude of the error variable δa. Thus, the magnitude of the perturbation
δT
2 δa may be reduced by improving the estimates η̂d and ˆ̄Tzd. From (6.11), as the
vehicle orientation η approaches the estimate of the desired orientation η̂d (i.e. δ̂3 →
0), the error variable δ3 will vanish. Subsequently, the CLF derivative (6.11) will
become negative definite with the exception of the perturbation δT

2 δa. The remainder
of control design follows Chapter 5 exactly, whereby the next CLF is defined as
V3 = 1

2 δ̂T
3 δ̂3 and backstepping is used to force the error variable δ̂3 to zero. The

resulting control law for orientation control inputs is thus:[
Ty

Tx

]
=

I1

l

[
1 0 0
0 1 0

]
T−1 (η)

(
dT(η)Ωd

dt
− Ṫ (η) Ω− δ̂3 − k4δ4

)
, (6.13)

where the variables δ4 and Ωd are defined as in Chapter 5, and depend on first
and second derivatives of the variable η̂d. This explains why the function defining
this variable must be at least piecewise C2 differentiable, as this ensures the control
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inputs Ty and Tx will be bounded. Explicit equations for the overall control law are
contained in Appendix B.

6.3.3. Closed-loop dynamics

Applying the control law given by (6.9) and (6.12) to the system (6.1), the closed-
loop system dynamics may be written in tracking error coordinates as:

δ̇1 = −k1δ1 + δ2

δ̇2 = −δ1 − k2δ2 + δ3

(
δ̂3,

ˆ̄Tzd, η
)

+ δa, (6.14)

with the corresponding Lyapunov function:

V2 = 1
2δT

1 δ1 + 1
2δT

2 δ2 V̇2 = −k1 ‖δ1‖2 − k2 ‖δ2‖2 + δT
2 δ3

(
δ̂3

)
+ δT

2 δa, (6.15)

and:
˙̂
δ3 = −k̂3δ̂3 + δ4

δ̇4 = −δ̂3 − k4δ4, (6.16)

with the corresponding Lyapunov function:

V4 = 1
2 δ̂T

3 δ̂3 + 1
2δT

4 δ4 V̇4 = −k̂3

∥∥∥δ̂3

∥∥∥
2
− k4 ‖δ4‖2 . (6.17)

It is important to note that from (6.11), the perturbation term δ3

(
δ̂3,

ˆ̄Tzd, η
)

is

such that δ3

(
0, ˆ̄Tzd, η

)
= 0. Thus, comparing (6.14-6.17) with (5.24-5.27) the closed-

loop dynamics have a cascade structure similar structure to that developed for the
system without aerodynamics (see Chapter 5). However, two important differences
exist. Firstly, the closed-loop dynamics for the system with aerodynamics have an
additional perturbation term (in this case labeled δa) appearing in the closed-loop dy-
namics of the upper subsystem. Secondly, the perturbation/ interconnection term δ3

is significantly different. In the case of the system without aerodynamics, demonstrat-
ing stability for the closed-loop system relied heavily on demonstrating the growth
of this term to be bounded by an affine function of the system states. However, in
this instance the interconnection term δ3 depends on the function describing vehicle
aerodynamics A (η, σ) (see (6.11)). In general, this function will grow quadratically
with vehicle velocity. Consequently, the growth of the perturbation δ3 with system
states will also be quadratic, and thus is not bound by any affine function of system
states. Hence, the stability proof formulated in Chapter 5 may not be extended to
demonstrate stability of the controller formulated here. does not apply here. To en-
able some comment to be made regarding system stability, the following two criteria
are first defined:

Criterion 6.3.1. There exists some b ∈ R+ such that:

‖δa‖ =
∥∥∥a

(
ˆ̄Tzd, η̂d, σ

)
− a

(
T̄zd, ηd, σ

)∥∥∥ < b, (6.18)

for all trajectories of interest.
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This criterion addresses the accuracy of the estimates ˆ̄Tzd and η̂d. The criterion
states that there is some ‘worst case’ for these estimates over all trajectories of in-
terest. If ˆ̄Tzd and η̂d are static functions of system states and tracking demands, it is
straightforward to show that the value b will exist for any finite set of trajectories.

Criterion 6.3.2. The error term δ3 is such that V2 may not grow unbounded for
all vanishing δ3. That is, the closed-loop cascade is non-peaking.

This criterion is necessary as it is not possible to demonstrate linear growth of
the interconnection term δ3 with system states.

Proposition 6.3.3. If Criteria 6.3.1 and 6.3.2 are satisfied, the control law given
by (6.9) and (6.13) applied to the system (6.1) renders the tracking error δ1 = λ−λd

bounded. Furthermore, this tracking error will converge to an invariant set, the size of
which will decrease with increasing controller gains k1, k2 and increasing estimation
accuracy for the variables ˆ̄Tzd and η̂d.

Proof. From (6.17) and Lyapunov stability theory, it is straightforward to demon-
strate that δ̂3 converges exponentially to zero. Recalling the definition of the third
error variable (the interconnection term):

δ3 , a
(

ˆ̄Tzd, η, σ
)
− a

(
ˆ̄Tzd, η̂d, σ

)
, (6.19)

it is clear that δ3 vanishes as δ̂3 = η− η̂d converges to zero. Given Criterion 6.3.2, we
are guaranteed that V2 will not grow unbound as δ3 converges to zero. After δ3 has
converged to zero, (6.15) becomes:

V̇2 = −k1 ‖δ1‖2 − k2 ‖δ2‖2 + δT
2 δa. (6.20)

From this we have:

V̇2 ≤ −k1 ‖δ1‖2 −
∥∥∥∥
√

k2δ2 − 1
2
√

k2
(δa)

∥∥∥∥
2

+
1

4k2
‖δa‖2 , (6.21)

and thus:

V̇2 ≤ −k1 ‖δ1‖2 +
1

4k2
‖δa‖2 . (6.22)

By La Salle’s invariance principle, we are assured that all solutions will converge to
the positive invariant set defined by:

‖δ1‖2 ≤ 1
4k2k1

‖δa‖2 , (6.23)

and thus:

‖δ1‖ ≤ 1
2
√

k2k1
‖δa‖ . (6.24)

From (6.24), increasing k1 and k2 (i.e., selecting high controller gains) will decrease
the size of the set that the tracking error will converge to. The size of this set will also
diminish with decreasing δa. This matches intuition that a greater accuracy in the
estimate of desired orientation and primary thrust will result in higher performance.
In the limiting case, where a perfect estimate is obtainable: δa = 0 and thus (6.24)
becomes ‖δ1‖ ≤ 0 (i.e. exact output tracking will be achieved). ¤
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6.3.4. Improving the closed-loop dynamic structure

As noted in Section 6.3.3, the backstepping-type control law results in a closed-
loop structure similar to that presented presented in Chapter 5. Consequently, it
appears reasonable that the innovation presented in that chapter for improving the
dynamic structure could be applied here. In Chapter 5, the feedback law for T̄z was
redesigned to minimise the L2 norm of δ3, as this represented a perturbation to an
otherwise negative definite Lyapunov function derivative. At first thought, it would
appear reasonable to simply apply the same innovation here, and minimise the L2

norm of δ3. However, recalling (6.10):

δ3 = a
(

ˆ̄Tzd, η, σ
)
− a

(
ˆ̄Tzd, η̂d, σ

)
, (6.25)

in this case the error variable δ3 is an error in vehicle acceleration attributed to the
difference between the vehicle orientation η and the estimate of the desired vehicle
orientation η̂d (i.e. the error: δ̂3 = η− ηd, which will in general be nonzero due to the
finite convergence speed of the lower cascade system). Combining (6.10) and (6.11):

δ3 + δa = a
(

ˆ̄Tzd, η, σ
)
− a

(
ˆ̄Tzd, η̂d, σ

)
+ a

(
ˆ̄Tzd, η̂d, σ

)
− ad

= a
(

ˆ̄Tzd, η, σ
)
− a

(
T̄zd, ηd, σ

)
, (6.26)

we see that δ3 + δa is the overall error in acceleration, attributed to both the error in
the estimate ˆ̄Tzd, and the difference between the vehicle orientation η, and the true
value of desired vehicle orientation ηd. Hence, it is more reasonable to design a new
feedback control law for T̄zd that minimises some measure of: δ3 + δa rather than δ3

alone. The closed-loop dynamics could be further controlled by weighting this error,
as discussed in Chapter 3. However, the effects of doing this are predictable, and not
discussed here for brevity. The new feedback control law denoted by q is derived as
follows; Substituting T̄z = q into (6.26), we have:

‖δ3 + δa‖ =
∥∥a (q, η, σ)− a

(
T̄zd, ηd, σ

)∥∥
=

∥∥ 1
mR(η) qez + 1

mA (σ, η)− gEz − ad

∥∥ . (6.27)

As we wish to minimise the non-negative value ‖δ3 + δa‖, we may equivalently min-
imise ‖δ3 + δa‖2. As ‖δ3 + δa‖2 is quadratic with respect to q, it is convex, and q is
thus the solution to:

∂ ‖δ3 + δa‖2

∂q
= 2

(
1
mR (η) qez + 1

mA (σ, η)− gEz − ad

)T R(η) ez = 0, (6.28)

resulting in:

q = [m (ad + gEz)−A (σ, η)]T R(η) ez. (6.29)

as A (σ, η) is the normal component of vehicle drag, it is always perpendicular to
the body z axis defined by the unit vector R (η) ez. Consequently, we are assured
A (σ, η)T R(η) ez = 0, and (6.29) reduces to:

q = m (ad + gEz)
T R(η) ez. (6.30)
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It is interesting to note that as the feedback control law q is independent of the
vehicle aerodynamics, it is precisely the same as that formulated for the vehicle model
that neglects aerodynamic effects (see 5.37 in Chapter 5 and note from (5.7) that
T̄zdR(ηd) ez = m (ad + gEz)). As noted in Chapter 5, it is possible that q may take
negative values along some trajectories. However, the control law is easily modified
is the same manner as presented in Chapter 5 to alleviate this.

Proposition 6.3.4. If Criteria 6.3.1 and 6.3.2 are satisfied, the control law given
by (6.30) and (6.12) applied to the system (6.1) renders the tracking error δ1 = λ−λd

bounded.

Proof. The proof of this proposition is precisely the same as that for Proposition
6.3.3. ¤

6.3.5. Stability of a velocity tracking controller

It would seem intuitively obvious that the addition of aerodynamics into a system
model should not degrade system stability, as aerodynamic forces can only be passive
(i.e. remove energy from a system). In the case of a velocity tracking controller, we
may use this property to demonstrate overall boundedness of the tracking error,
without relying on Criteria 6.3.1 or 6.3.2. The dissipative property of the system’s
aerodynamics must first be formalised as follows:

Criterion 6.3.5. There exists some c ∈ R+ and d ∈ R+ such that:

σT A (σ, η) ≤ −c ‖σ‖3 and ‖A (σ, η)‖ ≤ d ‖σ‖2 ∀σ, η ∈ R3. (6.31)

This is not an unreasonable criterion, as it states that power is dissipated by
the aerodynamic terms, that the power dissipated is proportional to ‖σ‖3 and that
magnitude of the aerodynamic forces cannot grow faster than a linear function of
‖σ‖2.

Proposition 6.3.6. Provided Criterion 6.3.5 is satisfied, the control law given by
(6.30) and (6.12) with k1 = 0 (i.e. a controller designed to track a velocity trajectory)
applied to the system (6.1) renders the tracking error δ2 = σ − λ̇d bounded.

Proof. Applying k1 = 0 to (6.15), the Lyapunov equation describing transla-
tional system dynamics becomes:

V2 = 1
2δT

2 δ2. (6.32)

Differentiating this with respect to time:

V̇2 = −k2 ‖δ2‖2 + δT
2 (δ3 + δa)

= −k2 ‖δ2‖2 + δT
2 (a− ad)

= −k2 ‖δ2‖2 + δT
2

(
1
m T̄zez − gEz + 1

mA (σ, η)− ad

)
. (6.33)

Recalling the expressions for δ2 and ad, and setting k1 = 0:

δ2 = σ − λ̇d (6.34)

and:

ad = k2δ2. (6.35)
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For all bound demand trajectories, it is clear that there will exist some p ∈ R+ such
that

∥∥∥λ̇d (t)
∥∥∥ ≤ p ∀t. From (6.30) it is also straightforward to demonstrate that there

will exist some h ∈ R+ such that q ≤ h ‖[σ]‖. Combining these inequalities and
Criterion 6.3.5 with (6.33) we may write:

V̇2 ≤ δT
2 (A (σ, η) + qR(η) ez −mgEz)

≤
(
σ − λ̇d

)T
(A (σ, η) + qR(η) ez −mgEz)

≤ σT A (σ, η)︸ ︷︷ ︸
≤−c‖σ‖3

+σT qR(η) ez︸ ︷︷ ︸
≤h‖[σ]‖2

−σT mgEz︸ ︷︷ ︸
≤mg‖[σ]‖

−λ̇T
d A (σ, η)︸ ︷︷ ︸
≤pd‖σ‖2

−λ̇T
d qR(η) ez︸ ︷︷ ︸
≤ph‖[σ]‖2

+ λ̇T
d mgEz︸ ︷︷ ︸
≤mgp

≤ −c ‖σ‖3 + (h + pd + ph) ‖[σ]‖2 + mg ‖[σ]‖+ mgp. (6.36)

Define r ∈ R as the smallest root of the polynomial expression:

−c ‖σ‖3 + (h + pd + ph) ‖[σ]‖2 + mg ‖[σ]‖+ mgp = 0. (6.37)

From (6.36), when σ ∈ {x| ‖x‖ ≥ r}, we are assured V̇2 ≤ 0. From (6.34), when
δ2 ∈ {x| ‖x‖ ≥ r + p} we are assured that σ ∈ {x| ‖x‖ ≥ r} and thus V̇2 ≤ 0. From
Lyapunov stability theory and La Salle’s invariance principle, we are assured that
δ2 ∈ {x| ‖x‖ ≥ r + p} is a positive invariant set. Consequently, it is not possible for
the tracking error to grow unbounded. In the special case when: δa = 0 (i.e ˆ̄Tzd and η̂d

are perfect estimates), global asymptotic stability of the tracking error follows from
a theorem in [74]. ¤

6.4. Function approximations for controller implementation

For the implementation of the control law presented in Section 6.3, functions
T̄zd (ad, σ) and ηd (ad, σ) are required that satisfy:

a
(
T̄zd, ηd, σ

)
= 1

m T̄zdR (ηd) ez − gEz + 1
mA (ηd, σ) = ad. (6.38)

However, an analytic solution for these functions obtained by inverting (6.38) is
in general not be obtainable, due to the complexity of the nonlinear function A. To
overcome this problem, various techniques are available to obtain functions ˆ̄Tzd (ad, σ)
and η̂d (ad, σ) that closely approximate T̄zd (ad, σ) and ηd (ad, σ).

6.4.1. Function approximation via numerical methods

An obvious solution to obtaining functions ˆ̄Tzd (ad, σ) and η̂d (ad, σ) is to use
a numerical technique. Solving (6.38) for T̄zd and ηzd, given a specific value of ad

and σ may be achieved using a variety of straightforward numerical techniques (e.g.
Gauss-Newton iteration [38]). However, the controller presented in Section 6.3.2 re-
quires continuous functions ˆ̄Tzd (ad, σ) : R6 → R and ηd (ad, σ) : R6 → R2 that
approximately satisfy (6.38) for all values of ad and σ. In this section, we propose the
following solution: firstly, exact values of T̄zd (ad, σ) and ηd (ad, σ) are evaluated at
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various points over the function’s input space. These points represent discrete values
of ad and σ, and are distributed as a six dimensional grid. Herein, such points are
referred to as nodes. The approximation functions ˆ̄Tzd (ad, σ) and η̂d (ad, σ) are then
obtained by fitting six dimensional surfaces to these points. The exact details are
summarised in the following sections.

6.4.1.1. Numerical approximation technique

Firstly, we define the set of nodes, distributed as a six dimensional grid over the
functions’ input space:

[
ad

σ

]

ijklmn

=




adxi

adyj

adzk

σxl

σym

σzn




=




ādx

(
2(i−1)
(ni−1) − 1

)

ādy

(
2(j−1)
(nj−1) − 1

)

ādz

(
2(k−1)
(nk−1) − 1

)

σ̄x

(
2(l−1)
(nl−1) − 1

)

σ̄y

(
2(m−1)
(nm−1) − 1

)

σ̄z

(
2(n−1)
(nn−1) − 1

)




for

i = 1, 2, ..., ni

j = 1, 2, ..., nj

k = 1, 2, ..., nk

l = 1, 2, ..., nl

m = 1, 2, ..., nm

n = 1, 2, ..., nn

, (6.39)

where ādx, ādy, ādz and σ̄x, σ̄y, σ̄z define the span of the grid (e.g. −ādx ≤ adxi ≤
ādx ∀i = 1, 2, ..., ni and −σ̄x ≤ σxl ≤ σ̄x ∀l = 1, 2, ..., nl). These values must be chosen
appropriately such that the grid encompasses all values of ad and σ encountered by the
vehicle throughout its flight envelope. That is, appropriate choices for these values
will be dictated by expected demand trajectories and the magnitude of expected
disturbances. Gauss-Newton iteration is then used to solve (6.38) for T̄zd and ηd at
all ni×nj ×nk ×nl×nm×nn points in the grid (6.39). These solutions are denoted
by T̄zdijklmn and ηdijklmn respectively. The approximation functions ˆ̄Tzd (ad, σ) and
η̂d (ad, σ) are then generated by fitting polycubic splines to these points. This is
achieved as follows: Firstly, the input space of the approximation functions is divided
into (ni − 1)× (nj − 1)× (nk − 1)× (nl − 1)× (nm − 1)× (nn − 1) elements (regions
in the input space of the functions), defined by:

NIJKLMN =





[
ad

σ

]

∣∣∣∣∣∣∣∣∣∣∣∣

adxI ≥ adx > adx(I+1)

adyJ ≥ ady > ady(J+1)

adzK ≥ adz > adz(K+1)

σxL ≥ σx > σx(L+1)

σyM ≥ σy > σy(M+1)

σzN ≥ σz > σz(N+1)





for

I = 1, 2, ..., ni − 1
J = 1, 2, ..., nj − 1
K = 1, 2, ..., nk − 1
L = 1, 2, ..., nl − 1

M = 1, 2, ..., nm − 1
N = 1, 2, ..., nn − 1

.

(6.40)
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Interpolation functions are defined separately for each element by polycubic splines
of the form:

ˆ̄Tzd (ad, σ)IJKLMN =
3∑

i=0

3∑

j=0

3∑

k=0

3∑

l=0

3∑

m=0

3∑

n=0

aT̄zd
ijklmnIJKLMN

×
(

adx

ādx

)i (ady

ādy

)j (
adz

ādz

)k (
σx

σ̄x

)l (σy

σ̄y

)m (
σz

σ̄z

)n

(6.41)

and:

η̂d (ad, σ)IJKLMN =
3∑

i=0

3∑

j=0

3∑

k=0

3∑

l=0

3∑

m=0

3∑

n=0




aφd
ijklmnIJKLMN

aθd
ijklmnIJKLMN

0




×
(

adx

ādx

)i (ady

ādy

)j (
adz

ādz

)k (
σx

σ̄x

)l (σy

σ̄y

)m (
σz

σ̄z

)n

. (6.42)

The 46 = 1024 weights denoted by aT̄zd
ijklmnIJKLMN define the polycubic spline used for

the approximation function ˆ̄Tzd over the element NIJKLMN . The weights aφd
ijklmnIJKLMN

and aθd
ijklmnIJKLMN are defined similarly. The exact values of these weights are de-

termined such that (6.41) and (6.42) are satisfied at 46 = 1024 nodes surrounding
the element (i.e. the surface passed through these nodes). For element NIJKLMN ,
these local nodes were defined as:

[
ad

σ

]

ijklmn

for

i =





1, 2, 3, 4 for I = 1
I − 1, I, I + 1, I + 2 for 1 < I < ni

ni − 3, ni − 2, ni − 1, ni for I = ni
...

n =





1, 2, 3, 4 forN = 1
N − 1, N, N + 1, N + 2 for 1 < N < ni

nN − 3, nN − 2, nN − 1, nN for N = ni

. (6.43)

It should be noted that the nodes local to elements on the edge of the grid are the
same as those for the element that is adjacent to the node on the edge, but not on the
edge itself (e.g. the nodes local to the element N1jklmn are the same as those local to
N2jklmn). Thus, the same polycubic spline is defined for such elements. Evaluating
the polycubic spline (6.41) at the local nodes (6.43), we may group the resulting
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expressions as:


1
(

adx(I−1)

ādx

) (
adx(I−1)

ādx

)2
· · ·

1
(

adxI
ādx

) (
adxI
ādx

)
· · ·

...
...

...
. . .

1
(

adx(I+2)

ādx

) (
adx(I+2)

ādx

)
· · ·

· · ·
(

adx(I−1)

ādx

)3 (
ady(J−1)

ādy

)3 (
adz(K−1)

ādz

)3 (
σx(L−1)

σ̄x

)3 (
σy(M−1)

σ̄y

)3 (
σz(N−1)

σ̄z

)3

· · ·
(

adxI
ādx

)3 (
ady(J−1)

ādy

)3 (
adz(K−1)

ādz

)3 (
σx(L−1)

σ̄x

)3 (
σy(M−1)

σ̄y

)3 (
σz(N−1)

σ̄z

)3

. . .
...

· · ·
(

adx(I+2)

ādx

)3 (
ady(J+2)

ādy

)3 (
adz(K+2)

ādz

)3 (
σx(L+2)

σ̄x

)3 (
σy(M+2)

σ̄y

)3 (
σz(N+2)

σ̄z

)3




︸ ︷︷ ︸
M

×




a000000IJKLMN

a100000IJKLMN

a200000IJKLMN
...

a333333IJKLMN




=




T̄zd000000

T̄zd100000

T̄zd200000
...

T̄zd333333




.

(6.44)

Thus, to determine the weights aT̄zd
ijklmnIJKLMN , the 1024× 1024 matrix M must be

inverted. This must be repeated for all elements throughout the input space, that are
not on the edge of the grid ((ni − 3) × (nj − 3) × (nk − 3) × (nl − 3) × (nm − 3) ×
(nn − 3) elements in total). The weights aφd

ijklmnIJKLMN and aθd
ijklmnIJKLMN for the

function η̂d are determined similarly.
In constructing these approximation functions, there are some inherent trade-offs.

Clearly, the accuracy of the approximation functions will increase, the greater the
number of nodes used to construct them (i.e. the greater the values of ni, nj , ..., nn).
However, considering the case of a uniform grid (i.e. ni = nj = nk = nl = nm =
nn , n), the approximation functions will be defined by n6 elements, and (n− 3)6

polycubic spline functions. Hence, as the number of nodes is increased, the number
of polycubic splines defining the approximation functions increases exponentially.
Each of these spline functions are defined by 46 = 4096 scalar weights. Thus, if all
splines are to be computed off-line before flight, memory requirements may be an
issue. For example, approximation functions derived using a relatively coarse grid
with n = 5 will consist of 26 = 64 spline functions, defined by 26 × 46 = 262, 144
scalar weights. Increasing this to n = 10 will require 76 = 117649 spline functions,
and 76 × 46 = 418, 890, 304 scalar weights. Even the time required to generate these
functions off-line may be prohibitive. One possible solution to this memory issue is for
the controller to generate the polycubic spline functions on-line, each time the inputs
to the approximation functions cross into a new element. However, constructing and
inverting the 1024× 1024 matrix M required to determine spline function weights is
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computationally expensive. It would thus be difficult to realise such an approach in
real time. In the case where polycubic spline functions are evaluated off-line, even
evaluating the functions (6.41) and (6.29) themselves may present a restrictive com-
putational burden for controller implementation, as they consist of 1024 components
that must be constructed at each time-step. Furthermore, the backstepping controller
also requires the evaluation of first and second derivatives of these functions that are
far more complex than the functions themselves (see Appendix C). In summary, due
to the size of the approximation functions’ input space (i.e. R6), the use of numeri-
cal methods to determine these approximation functions is likely to be restricted by
computational issues and memory requirements.

6.4.1.2. Singularity issues

So far in this chapter, no mention has been made of singularity issues such as those
encountered in previous chapters. In this section we show that singularity issues do
exist, however the use of approximation functions provides an interesting technique
to overcome them. Recall (6.38), the expression defining the functions T̄zd and ηd:

1
m T̄zdR(ηd) ez − gEz + 1

mA (ηd, σ) = ad. (6.45)

In Section 6.4.1.1, Gauss-Newton iteration was proposed to solve (6.45) for T̄zd and
ηd at a set of nodes (i.e. for a discrete set of ad and σ values) that spanned the input
space of the approximation functions. It was assumed that a solution to (6.45) existed
at all of these nodes. However, as the function defining vehicle aerodynamics A may
be arbitrary, there can be no guarantee that this is the case. Furthermore, consider
the case of a node located at: σ = 0, ad = −gEz. At this node (6.45) reduces to:

1
m T̄zdR(ηd) ez = 0. (6.46)

From (6.46), T̄zd = 0, however ηd is undefined. This singularity is analogous to that
discussed in Chapters 4 and 5. The most obvious solution to this problem is to only
chose nodes for the approximation functions that do not give rise to singularity issues.
This is likely to be an iterative procedure, however it is clear that a node should not
be chosen at σ = 0 and ad = −gEz. Taking this approach, singularity issues will be
avoided at the cost of degraded tracking performance.

6.4.2. Function approximation via approximation of vehicle aerody-
namics

In this section, we show an alternative technique to determining the approxi-
mation functions ˆ̄Tzd (ad, σ) and η̂d (ad, σ). In some cases, an approximate model of
vehicle aerodynamics may be employed, such that the approximation functions may
be determined from (6.38) directly. We show this for the specific case of the 1st order
approximation of a vehicle’s aerodynamic model, as introduced in Section 2.4.4.2.
Recalling this model:

A (σ, η) = ‖A‖Adir. (6.47)
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Here Adir is the direction of the aerodynamic force applied to the vehicle, given by:

Adir =
A

‖A‖ = − σ − (σ · Rez) ez

‖σ − (σ · Rez) ez‖ , (6.48)

and ‖A‖ is the magnitude of this force given by:

‖A‖ = 1
2CN (‖σ‖ , 0)Sρ ‖σ − (σ · Rez)Rez‖2

= 1
2CN (‖σ‖ , 0)Sρ (‖σ‖ cos (α))2

= 1
2 C̄N (‖σ‖ , α) Sρ ‖σ‖2 , (6.49)

where:

C̄N (‖σ‖ , α) = CN (‖σ‖ , 0) cos2 (α) (6.50)

is the normal drag coefficient, and:

α = sin−1

(
σ · Rez

‖σ‖
)

(6.51)

is the vehicle attitude. Combining (6.49) and (6.48) with (6.47), we have:

A (σ, η) = −1
2CN (‖σ‖ , 0)Sρ ‖σ − (σ · Rez)Rez‖ (σ − (σ · Rez)Rez) . (6.52)

Substituting this into (6.38):
1
m T̄zdR(ηd) ez − gEz + 1

2mCN (‖σ‖) Sρ ‖σ − (σ · R(ηd) ez)R (ηd) ez‖
× (σ − (σ · R(ηd) ez)R (ηd) ez) = ad. (6.53)

It is not possible to solve (6.53) algebraically for a unique solution of T̄zd and ηd,
as the expression is quartic in ηd. However, in the following section we alleviate his
problem via an approximation of the aerodynamic model.

6.4.2.1. Approximation of aerodynamic model

In this section, we define the approximate aerodynamic model Ã ' A, such that
(6.38) may be solved analytically for T̄zd and ηd. The approximate aerodynamic model
relies on an approximation of the function for the normal drag coefficient:

C̃N (‖σ‖ , α) , CN (‖σ‖ , 0) cos (α) ' C̄N (‖σ‖ , α) = CN (‖σ‖ , 0) cos2 (α) . (6.54)

Combining this with (6.49), the magnitude of the approximate aerodynamic model
is given by: ∥∥∥Ã

∥∥∥ = 1
2 C̃N (‖σ‖ , α) Sρ ‖σ‖2

= 1
2CN (‖σ‖ , 0)Sρ ‖σ‖2 cos (α)

= 1
2CN (‖σ‖ , 0)Sρ ‖σ‖ ‖σ − (σ · Rez)Rez‖ . (6.55)

The drag force given by the approximate aerodynamic model is taken in the same
direction as that given by the true aerodynamic model. Thus, from (6.48) and (6.47),
we have:

Ã (η, σ) =1
2CN (‖σ‖ , 0)Sρ ‖σ‖ (σ − (σ · R(ηd) ez)R (ηd) ez) . (6.56)
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To demonstrate that the approximate aerodynamic model closely approximates the
true one, we first define the variable A⊥ = −1

2CN (‖σ‖ , 0) Sρ ‖σ‖σ, defining the
aerodynamic load on the vehicle if the body z axis Rez were perpendicular to the
vehicle velocity σ (i.e. the value of A obtained by substituting Rez ·σ = 0 into (6.52)).
Herein, we refer to A⊥ as the maximum aerodynamic load. It is straightforward to
show that:

‖A‖ = ‖A⊥‖ cos2 (α) (6.57)

and: ∥∥∥Ã
∥∥∥ = ‖A⊥‖ cos (α) . (6.58)

As the true and approximate aerodynamic loads have the same direction, the only
difference between these models is how they depend on vehicle attitude α. A graph-
ical comparison of A and Ã is shown in Figure 6.2. From this figure, it is shown
that at state configurations where α is small, the approximate aerodynamic model
closely approximates the true model. As α is increased, the percentage error between
the models is increased, however the influence of the aerodynamic load on vehicle
dynamics is reduced, reducing the importance of the approximation accuracy.

6.4.2.2. Function approximations

Substituting the approximate aerodynamic model (6.56) into (6.38), the approx-
imation functions ˆ̄Tzd (ad, σ) and η̂d (ad, σ) are defined such that:

ad = 1
m

ˆ̄TzdR(η̂d) ez − gEz − 1
mÃ (η̂d, σ)

= 1
m

ˆ̄TzdR(η̂d) ez − gEz − 1
2mCN (‖σ‖ , 0)Sρ ‖σ‖ (σ − (σ · R(η̂d) ez) R (η̂d) ez) .

(6.59)

From our definition of the maximum aerodynamic load: A⊥, we may rearrange this
as: (

1
m

ˆ̄Tzd − 1
mA⊥ · R(η̂d) ez

)
R(η̂d) ez =ad + gEz − 1

mA⊥ , r, (6.60)

where r ,
[

rx ry rz

]T is defined for ease of notation (i.e. ri are the direction
cosines of R(η̂d) ez). Although (6.60) is still quadratic in angle, it may be solved by
equating magnitudes and orientations. That is:

1
m

ˆ̄Tzd − 1
mA⊥ · R(η̂d) ez = ‖r‖ (6.61)

and:

R(η̂d) ez =
r

‖r‖ , r̂, (6.62)

where r̂ ,
[

r̂x r̂y r̂z

]T . Solving (6.61) and (6.62) for ˆ̄Tzd and η̂d =
[

φ̂d θ̂d ψ?
d

]
,

it is straightforward to show that:

φ̂d = atan2 (−r̂y, r̂z) , (6.63)
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Figure 6.2. Graphical comparison of true and approximate aerody-
namic models, denoted A and Ã respectively. The variation of these
models with vehicle attitude is shown for a given translational velocity
σ. Drag forces are shown with respect to vehicle translational velocity,
in a plane coincident with this velocity and the body z axis.

θ̂d = atan


 r̂x√

r̂2
y + r̂2

z


 (6.64)

and:
ˆ̄Tzd = m ‖r‖+ A⊥ · r̂, (6.65)

where ˆ̄Tzd ∈ R, φ̂d ∈ R and θ̂d ∈
[−π

2 , π
2

]‡.
The question may be asked: why did the aerodynamic model approximation out-

lined in Section 6.4.2.1 enable the functions ˆ̄Tzd and η̂d to be determined? This
question may be answered with a graphical interpretation of the expression (6.59).

‡Desired roll φ̂d is calculated using a version of the atan2 function which remembers the imme-
diate past value of φ̂d such that it does not ‘wrap’ (i.e., undergo a discontinuity at φ̂d = ±π). Thus,
φ̂d ∈ R rather than being restricted to φ̂d ∈ [−π, π]. Physically, this means that the vehicle may
execute a 2π roll, and be stabilised at any φ̂ = k2π, k ∈ Z.
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The vectorial expression (6.59) represents an acceleration balance. This expression
defines the desired primary thrust ˆ̄Tzd and desired orientation ηd, such that if the
primary thrust and vehicle orientation were equal to these values, the net vehicle
acceleration would equal the desired value, denoted by ad. To solve for ˆ̄Tzd and η̂d,
we may represent the expression (6.59) by the vector diagram shown in Figure 6.3.
This figure may be constructed as follows: Firstly the desired vehicle acceleration ad

and gravitational acceleration −gEz are plotted. From (6.59), η̂d and ˆ̄Tzd are defined
such that the acceleration vectors 1

m T̄zdR(η̂d) ez and 1
mÃ (η̂d, σ), constructed from

−gEz meet ad. To construct these vectors, we first draw the acceleration vector 1
mA⊥

as shown in the figure, ending at ad. Constructing the dashed line from −gEz to the
end of 1

mA⊥, the acceleration vector 1
mÃ (η̂d, σ) will be given by the shortest distance

from this line, to the end of the ad. The vector diagram is completed with the defini-
tion of 1

m T̄zdR(η̂d) ez, such that the vector diagram satisfies (6.59). To see that the
value of 1

mÃ (η̂d, σ) plotted will be as defined by (6.56) we note the following: The
plotted value of 1

mÃ (η̂d, σ) is in the opposite direction of the projection of σ onto
the xoy plane of the body frame. It is thus plotted in the correct direction. As the
angle between 1

mA⊥ and the plotted value of 1
mÃ (η̂d, σ) will be equal to the vehicle’s

attitude if orientated as desired (denoted by αd), it is clear that (6.58) is satisfied.
Thus the plotted value of 1

mÃ (η̂d, σ) has the same magnitude and direction, and is
therefor exactly equal to that given by the expression (6.56). A straightforward ge-
ometrical approach, equivalent to the algebraic approach presented earlier could be
used to determine η̂d and ˆ̄Tzd from this vector diagram.

Using an approximation of the vehicle’s aerodynamics to obtain the approxima-
tion functions, results in functions that are significantly simpler than those generated
by the numerical technique presented in Section 6.4.1.1. However, this approach is
limited to vehicles with relatively simple aerodynamic models, that are accurately
modelled by a 1st order aerodynamic model.

6.4.2.3. Singularity issues

It should be noted that at state configurations where r = ad + gEz − 1
mA⊥ = 0,

(6.62) becomes:

R(η̂d) ez = 0. (6.66)

Thus, at such configurations, the approximation function η̂d is undefined. This singu-
larity is equivalent to that discussed in Chapter 4, and may be mitigated in a similar
fashion. However, if vehicle trajectories are chosen such that the closed-loop response
is not expected to pass close to this state configuration, a simpler approach is to
simply ignore the singularity.

6.5. Numerical simulations

In the following section, numerical simulation results are presented, demonstrat-
ing the characteristics of the control approaches proposed in previous sections. All
simulations are conducted using the cylindrical VTOL vehicle model introduced in
Section 2.4.5, at standard atmospheric conditions.
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Figure 6.3. Graphical interpretation of (6.58), demonstrating how
the aerodynamic model approximation enables the functions ˆ̄Tzd and
η̂d to be determined.

6.5.1. Trajectory demand and gain selection

All simulations were conducted for a demand trajectory described by a horizontal
ellipse, about which the vehicle was to travel with constant speed. This trajectory
was described by the expression:

λd =




sx cos (ς)
sy sin (ς)

0


 , (6.67)

where sx and sy define the spatial characteristics of the ellipse, and the parameter ς
was defined by the differential equation and initial condition:

ς̇ =
V√

s2
x sin2 (ς) + s2

y cos2 (ς)
(6.68)

and:

ς (0) = 0. (6.69)

The parameter V represents the demand speed. Values of sx = 200 m, sy = 400 m
and V = 30 ms−1 were chosen. It is straightforward to show that this trajectory is
continuously differentiable, such that all derivatives of λd required by the control law
may be calculated from direct differentiation. For simplicity, gains of k1 = k2 = k3 =
k4 = 1 were chosen.
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A horizontal demand trajectory was chosen to ease the memory requirements
associated with the controller using function approximation via numerical methods.
Due to the horizontal nature of the demand trajectory, the vertical velocity of the
vehicle could be assumed to be close to zero (i.e. σz ' 0) over the entire trajectory.
Thus, the order of the input space for the functions ˆ̄Tzd (ad, σ) and η̂d (ad, σ) was
reduced from R6 to R5, reducing the number of spline functions required by a factor
of (nn − 3), and the number of weights required by each spline function by a factor
of 4.

6.5.2. Simulation results

The first simulation results presented in this section demonstrate the advantages
of the improved closed-loop dynamic structure presented in Section 6.3.4. Follow-
ing this, the response of the controlled system, using function approximation via an
approximation of vehicle aerodynamics (as outlined in Section 6.4.2) is presented.
The response of the controlled system, using function approximation via a numerical
method (as outlined in Section 6.4.1) is then presented. Finally, numerical simulations
are used to demonstrate the influence of the number of nodes used for the function
approximations on system performance. For generality, results are presented with pri-
mary thrust inputs normalised against vehicle weight, and orientation control inputs
presented as rotational accelerations.

6.5.2.1. Influence of improved closed-loop dynamic structure on system response

Figures 6.4 to 6.6 compare the transient responses of the controller using the
unmodified feedback law T̄zd = ˆ̄Tzd against the controller using the improved feedback
law T̄zd = q (see Sections 6.3.2 and 6.3.4 respectively). System responses are presented
for the first five seconds of the demand trajectory presented in Section 6.5.1, with
the initial conditions:

λ (0) = λd (0)

σ (0) = 0.9λ̇d (0)

Ω (0) =
[

0 0 0
]T

η (0) =
[

π
4 0 0

]T
. (6.70)

These initial conditions were chosen as they give a clear initial condition mismatch.
From Figure 6.4, it is clear that the improved feedback control law exhibits a smoother,
more desirable response when rejecting this initial condition mismatch. The transient
tracking error is also less for the improved feedback law (see Figure 6.5), and the
improved feedback law uses less thrust during this transient (see Figure 6.6). An ex-
planation for these differences is analogous to that given in Chapter 5 for the case of
vehicle stabilisation, and is thus not repeated here. After the controllers have rejected
the initial condition mismatches, their responses converge.

6.5.2.2. Function approximation via approximation of vehicle aerodynamics

Figure 6.7 shows the controlled system response for the controller using approxi-
mation functions obtained via an approximation of vehicle aerodynamics, as proposed
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Figure 6.4. Closed-loop response shown for unmodified and im-
proved feedback control laws. Response shown at 15m intervals of
the demand trajectory, over the interval t ∈ [0, 5]. Black and grey
arrows denote thrust and aerodynamic force respectively. Forces are
normalised against vehicle weight and scaled against vehicle height
(i.e. the length of the cylinder is one weight unit; mg).

Controller using improved feedback law: T̄zd = q.

Controller using unmodified feedback law: T̄zd = ˆ̄Tzd.
Trajectory demand with markers at 15m intervals.

in Section 6.4.2. The figure demonstrates accurate tracking of the demand trajectory,
with reasonable actuator demands (see Figure 6.8). Figure 6.9 shows a comparison of
the aerodynamic drag predicted by the true and approximate aerodynamic models.
From the figure, it is apparent that the aerodynamic drag predicted by the approx-
imate model is always greater than that given by the true model. This is consistent
with the comparison shown in Figure 6.2, where it is demonstrated that the approxi-
mate aerodynamic model will predict values of aerodynamic drag larger than true at
all vehicle attitudes. As a consequence of this approximation, the controller is unable
to achieve exact output tracking, and a tracking error exists over the entire trajectory



6.5. NUMERICAL SIMULATIONS 127

0 2 4 6 8 10
0

2

4

6

8

10

12

time (s)

‖
δ
1
‖
=
‖

λ
−

λ
d
‖

Figure 6.5. Tracking error ‖δ1‖ = ‖λ− λd‖ vs. time.
: Controller using improved feedback law
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: Controller using unmodified feedback law
(
T̄zd = ˆ̄Tzd
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(see Figure 6.10).

6.5.2.3. Function approximation via numerical methods

In this section, simulation results are presented for the controller using approx-
imation functions obtained via numerical methods, as proposed in Section 6.4.1. It
was previously noted that this control technique may suffer from memory require-
ment issues, arising from the large dimension of the approximation functions’ input
space and the corresponding large number of nodes that may be needed to construct
these functions. However, in this section we show that reasonable results may be
achieved for the cylindrical VTOL vehicle using a coarse grid of nodes.

Approximation functions. To construct the approximation functions, values of
ādx, ādy, ādz, σ̄x and σ̄y were required. These values defined the span of the nodes
over the input space of the approximation functions. Appropriate values for these
variables are such that the nodes span all values of adx, ady, adz, σx and σy expected
to be encountered over the closed-loop response. The maximum values of

∥∥∥λ̈d

∥∥∥ and∥∥∥λ̇dy

∥∥∥ given by the trajectory demand (6.67) were 9ms−1 and 30ms−1 respectively.
These values dictate the maximum values of ‖ad‖ and ‖σ‖ experienced by the vehicle
if no disturbances or initial condition mismatches exist. Values of ādx = ādy = g,
ādz = 1

2g and σ̄x = σ̄y = 50 ms−1 were thus chosen such that the grid of nodes
encompassed these values.

For simplicity, the number of nodes in all directions of the functions input spaces
were chosen to be equal (i.e. ni = nj = nk = nl = nm , n). A coarse grid with n = 5
was chosen, resulting in approximation functions composed of only 32 polycubic spline
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: Controller using improved feedback law
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)
.

: Controller using unmodified feedback law
(
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)
.

functions. An example contour for each of the approximation functions is shown in
Figure 6.11.

Simulation Results. Figure 6.12 shows the controlled system response for the con-
troller using approximation functions obtained via numerical methods. The figure
demonstrates accurate tracking of the demand trajectory, with reasonable actuator
demands (see Figure 6.13). Figure 6.14 shows the tracking error for two controllers,
one using approximation functions constructed with four nodes in each direction of
the input space and the other using five (i.e. n = 4 and n = 5 respectively). It
is clear that the approximation functions constructed using more nodes will more
closely represent the functions they are intended to estimate. As the accuracy of the
approximation functions is increased, it follows from an argument given in the proof
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Figure 6.7. Controlled system response for controller using approx-
imation functions obtained via an approximation of vehicle aerody-
namics. Response shown at 75 m intervals. Black and grey arrows de-
note thrust and aerodynamic force respectively. Forces are normalised
against vehicle weight and scaled against vehicle height (i.e. the length
of the cylinder is one weight unit; mg).

of Proposition 6.3.3 that the tracking error will be reduced, as it will converge to a
smaller invariant set. This is supported by Figure 6.14.

6.5.3. Conclusion

In this chapter, the approximate backstepping control technique presented in
Chapter 5 for the global stabilisation of symmetric VTOL UAVs was extended for
trajectory tracking control of these vehicles. The primary difficulty in achieving this
arose due to the introduction of aerodynamic terms in the system’s dynamics. As a
consequence of this, the control design procedure required the inversion of a complex
set of nonlinear equations. Two approaches were proposed to overcome this. The first
approach utilised numerical techniques, while the second used an approximation of
the vehicle’s aerodynamic model. Simulation results demonstrated favorable track-
ing performance for both controllers, however the approaches differed substantially
with regards to ease of implementation. Specifically, the controller using numerical
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Figure 6.8. Control signals 1
mg T̄z, l

Ixx
Tx and l

Iyy
Ty vs. time for con-

troller using approximation functions obtained via an approximation
of the aerodynamic model.

techniques is likely to suffer from memory requirement, and computational speed
issues that may complicate its implementation in real time. The controller derived
using an approximation of the vehicle aerodynamic model does not suffer from such
issues. However, the use of this controller is restricted to a smaller class of vehicles,
with aerodynamic models that may be accurately modelled using a 1st order model.
Furthermore, approximations used to formulate this controller will result in finite
tracking errors, limiting controller performance.
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Figure 6.12. Controlled system response for controller using approx-
imation functions obtained via numerical methods. Response shown
at 75m intervals. Black and grey arrows denote thrust and aerody-
namic force respectively. Forces are normalised against vehicle weight
and scaled against vehicle height (i.e. the length of the cylinder is one
weight unit; mg).
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