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Abstract

It has been suggested that the perception of visual regularities plays a fundamental role tn

structuring the visual world. One form of regularity that has attracted agreat deal of research

in the visual perception literature is minor symmetry. In human vision symmetry appears to

play an imporlant role in the low-level processing of visual scenes, object recognition, and

shape representation. Although a large number of empirical studies have investigated

symmetry perception it is as yet unclear how the human visual system manages to perform

this process as quickly and efficiently as it does. One way that researchers have attempted to

understand the processes underlying symmetry perception is through the use of formal

models, or computer simulations. Models can be thought of as theories or explanations for a

given psychological phenomena and are potentially useful because they force researchers to

be highly specific about the types of processes underlying the phenomena of interest.

In the flreld of computational geometry one of the most powerful tools for describing spatial

relations is Voronoi tessellation. Psychophysical and physiological evidence is reviewed

suggesting that the visual system may be employing a process similar to Voronoi tessellation

to extract the spatial relations necessary for the organisation of visual stimuli. Against this

background a Voronoi tessellation based model of symmetry perception is outlined. The

Voronoi model was developed in response to three key findings from the human symmetry

perception literature: that symmetry perception is a graded response; that the perception of

symmeffy is more salient at, or close to, the axis of symmetry; and that the processes

underlying symmetry perception can be generalised to other similar structut'e and regularity

detection tasks.

A major weakness of previous papers outlining models of symmetry perception has been the

lack of comparison between rnodel output and empirical data sets. Furthermore, little effort

has been made to compare the performance of different models and, where this has occuned,

the comparisons have been qualitative rather than quantitative. This study addresses these

weaknesses by employing Bayesian model selection to compare the performance of a number

of models across a range of previously published and new empirical data sets.



The results of the model comparisons indicate that the Voronoi model is able to match and,

for the most part, beat the performance of the rival models of symmetry perception. However,

there are a number of problems with the Voronoi model that suggest that it provides an

insufftcient explanation for the processes underlying symmetry perception. The comparisons

also provide useful insight into how the Voronoi model and the alternative models might be

modified to address their specific weaknesses and suggest the need for a number of new

empirical studies.
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1. INTRODUCTION

1.1. Why study symmetry?

The perception of visual regularities plays a fundamental role in structuring the visual world

(Barlow, 2001; Koffka,1935;}i4arc,1982; Wertheimer, 1938). One form of regularity that has

attracted a great deal of research in the visual perception literature is symmetry. An object is

said to be symmetric if it demonstrates self-similarity across one or more of the Euclidian

transfonnations (i.e., reflection, translation or rotation) and examples of the three different

classes of symmetry are demonstrated in Figure 1.1. Figure l.la is an example of mirror

symmetry and is generated by reflecting a pattern across a vertical axis located in the centre of

the stimulus. Figure l.lb is an example of repetition symmetry and is generated by subjecting

a pattern to a horizontal translation. Finally, Figure l.lc is an example of centric symmetry,

and is generated by rotating a pattern through 180 degrees.

In human vision symmetry appears to play an important role in the low-level processing of

visual scenes. For example, symmetry was recognised as one of the principal organisational

factors in the perceptual grouping of discrete objects (Koehler, 1929; Koffka, 1935;

Weftheimer, 1938). Symmetry appears to facilitate figure ground segmentation (Driver,

Baylis, & Rafal, 1992) and it has been suggested that when a symrnetric object is tilted, the

degree of skew can be used as an indication of three-dimensional structure (Wagemans,

1993). Additionally, it has been suggested that syrnmetry plays an important role in object

recognition and shape representation (Blum, 1973; Burbeck &Pizer, 1995; Kovacs, Feher, &

Julesz, 1998; Marr, 1982).

a. b c.

Figure LI An example of mirror symmetry (a), repetition symmetry (b), and centric

symmetry @).
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The ability to detect symmetry appears to be of importance not only for human vision, but

also for visual systems at many different levels of sophistication. For example, because many

animals tend to exhibit symmetric structure, the ability to detect symmetry within an

otherwise randomly arranged scene may signal the presence of a predator or prey (Tyler &

Hardage, 1996). Furthermore, because genetic defects and poor health can be signalled by

asymmetry, symmetry detection appears to be an important cue in mate selection for many

species (Moller, 1993; Watson & Thornhill, 1994). Similarly, insects show a preference for

symmetric flowers, which tend to produce greater quantities of nectar (Moller, 1995).

1.2. Comparing models of symmetry perception

Although a large number of empirical studies have investigated symmetry perception it is as

yet unclear how the human visual system manages to perfonn this arguably vital process as

quickly and efficiently as it does. One way that researchers have attempted to understand the

processes underlying symmetry perception is through the use of formal models, or computer

simulations. Models can be thought of as theories or explanations for a given psychological

phenomenon, and are potentially useful because they force researchers to be highly specific

about the types of processes underlying the phenomena of interest. This thesis is primarily

concerned with the comparison of models of syrlnetry perceptron.

It should be noted at the outset that, although there are three main classes of symmetry (see

Figure l.l), this thesis is solely concemed with mirror symmetry. Unless it is indicated,

otherwise any leferences to symrnetry should be interpreted as a reference to minor

symrnetry. Furthermore, although there are rnany different types of stimuli that have been

ernployed to measure the limits of symmetry detection in human observers, including line

segments (e.g., Labonte, Shapira, Cohen, & Faubert, 1995; Locher & Wagemans, 1993),

polygons (e.g., Palmer, 1985), and faces (e.g., Scognarnillo, Rhodes, Morrone, & Burr,2003;

ljan & Liu, 2005), this thesis focuses upon a single class of stimuli: dot pattems such as can

be seen in Figure l.la. This specific focus on rnirror symmetly in dot pattems is mainly

driven by practical necessiry. In the first place, a great deal ofresearch has been conducted on

symmetry perception and the scope of this body of research is far greater than can be dealt

with effectively in a single thesis. Second, there are a number of models of symmetry

perception that have been developed specifically to detect minor symmetry in dot patterns.

Given that this thesis is prirnarily concerned with model cornparison it seemed logical to

focus on research that provides nurnerous examples of rnodels to implement and compare.
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Broadly speaking, there have been two main approaches to modelling the processes

underlying symmetry perception in the human visual system. By far the most common

approach has been to assume that symmetry perception is the result of early spatial

mechanisms filtering an image at different scales and orientations (Dakin & Hess, 1997;

Dakin & Watt, 1996; Gurnsey, Herbert, & Kenemy, 1998; Osorio, 1996; Rainville &

Kingdom, 1999, 2000; Rainville & Kingdom,2002; Scognamillo et a1.,2003; Tjan & Liu,

2005). An alternative approach to modelling symmetry perception has been to assume that the

visual system is explicitly aware of relational information, or the relative proximity and

orientation relationships that exist between individual objects, or elements, in the visual

environment (Stevens, 1978; Wagemans, Van Gool, Swinnen, & Van Horebeek, 1993).

In a recent review of models of symmetry perception, Rainville and Kingdom (2000)

contrasted these two approaches. The spatial filter-based models, which have largely

developed from physiological studies of the receptive fields of cells in the retina (Kuffler,

1953) and visual cortex (Hubel & Wiesel, 1962, 1968) and fi'om psychophysical

investigations of spatial frequency channels (Campbell & Robson, 1968), were described as

being "... psychophysically, physiologically, and theoretically motivated ..." (Rainville &

Kingdom, 2000, p.2638). In contrast to this, models that did not specifically employ spatial

filtering were construed as problematic because they relied upon "complex" grouping rules. It

is therefore a major challenge to any model of symmetry perception that does not follow the

classic spatial filtering approach to demonstrate a similar level of psychophysical and

physiolo gical plausibility.

This thesis attempts to meet this challenge by introducing an approach to the perception of

visual regularities, such as mirror symmetry, based on the relational infotmation revealed by a

graphical structure known as Voronoi tessellation (Ahuja, 1982; Aurenhammer, 1991). In

Chapter 2 evidence from a range ofpsychophysical and physiological studies is reviewed and

it is suggested that a spreading activation or wavefront process (Kovacs et al., 1998; Lee,

Mumford, Romero, & Lamme, 1998) could be used to encode relational structul'e in early

vision. Furthermore, in Chapter 3 a Voronoi based model of syrnmetry perception is outlined

and it is demonstrated that the model is capable of accounting for a number of fundamental

characteristics of symmetry perception.
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Taken together, the evidence suggests that a Voronoi based model is a theoretically plausible

explanation for the processes underlying symmetry perception. However, it is argued that it is

not sufficient to rely on theory or one-off demonstrations to test the utility of a model as an

explanation for a cognitive or perceptual process. In order to test the utility of the Voronoi

model it is necessary to directly compare the performance of the model to the performance of

human observers across a range of empirical symmetry detection tasks. This form of

comparison provides an indication of how closely the model responses corespond with the

responses of the system it is proposed to be simulating. Furthernore, it is necessary to

compare the performance of the Voronoi model to the performance of other models of

symmetry perception. This provides an indication of the utility of the Voronoi model relative

to the utility other potential explanations.

In Chapter 4, I discuss a number of issues related to model comparison and introduce a

Bayesian approach to evaluating models of symmetry perception. Within psychology,

Bayesian approaches have previously been applied to the comparison of models of a number

of different phenomena including memory retention (Lee, 2004), information integration

(Myung & Pitt, 1997), individual differences in cognition (Lee & Webb, 2005), response time

distributions (Rouder, Lu, Speckman, Sun, &. Jiang,2005), decision rnaking axioms (Myung,

Karabatsos, & Iverson, 2005), stimulus representation (Navamo & Lee, 2004), and working

mernory failure (Carlin, Kass, Lerch, & Hugenard , 1992).It is argued that this approach meets

the demancls of Jacob and Grainger's (1994) criteria for model evaluation and provides a

plausible and logical means of interpreting the relative utility of the models under

compailson.

In Chapters 5 to 7, Bayesian model selection is employed to compare the performances of the

Voronoi model to those of previously published models of symrnetry perception across a

range of empirical symmetty detection data sets. A number of the empirical data sets are

drawn from seminal papers in the field of symmetry perception research. For example,

Barlow and Reeves (1979) demonstrated that the perception of symmetry is not an all-or-none

process and that the visual system is able to tolerate high levels of positional distortion or

interference and still detect symmetry. Additionally, Jenkins (1982) demonstrated that

symmetry perception is not uniform across the visual field and that there is a perceptual

advantage for symrnetric information located directly adjacent to the axis of symmetry (or line

of symmetry reflection). These papers are highly informative in regards to the limits of
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symmetry detection in human observers and represent a number of basic requirements that

can be considered mandatory for models of symmetry detection.

1.3. Aims

To summarise, the aims of this thesis are as follows:

1. To develop a theoretically plausible model of symmetry perception based on the relational

structure revealed by Voronoi tessellation.

2. To introduce Bayesian model selection as a methodology for comparing models of visual

processes.

3. To compare the performances of the Voronoi-based model of symmetry perception to the

performances of previously published models across a range of empirical symmetry detection

tasks.
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2. PERCEPTUAL ORGANISATION AI\ID RELATIONAL STRUCTURE

This chapter introduces an approach to the perception of regularity and structure based on a

graphical structure known as Voronoi tessellation (Ahuja, 1982; Aurenhammer, 1991).

Voronoi tessellation and its dual graph the Delaunay triangulation are described and defined.

Research suggesting that the perceptual system has access to relational structure based upon

Voronoi tessellation and Delaunay triangulation is reviewed, and the potential strengths of a

Voronoi tessellation based approach to perceptual organisation are discussed.

2.1. "|he perception of regularity and structure

The human visual system is highly adept at detecting regularity. For example, the perception

of symmetric organisation in Figure 2.1 is immediate and appears to require little or no

conscious effort on the part of the viewer. However, the apparent ease of detecting structure

such as this belies the computational complexity of achieving this task.

In recent years a cotnmon approach to solving these types of structure detection problems has

been to assume that perceptual grouping is the result of early spatial mechanisms filtering an

image at different scales and orientations. For example, there are numerous models that apply

a spatial filtering approach to the detection of structure in symmetrical stimuli (Dakin & Hess,

1997; Dakin & Watt, 1996; Gurnsey et al., 1998; Osorio, 1996; Rainville & Kingdom, 1999,

2000; Rainville & Kingdom, 2002; Scognarnillo et al., 2003; ¡-an & Liu, 2005). This
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approach has largely developed from physiological studies of the receptive fields of cells in

the retina (Kuffler, 1953) and visual cortex (Hubel & Wiesel, 1962, 1968), and

psychophysical investigations of spatial frequency channels (Campbell & Robson, 1968). At

the heart of this approach is the use of spatial filtels that mimic the responses to irnage

luminance in the receptive fields of individual neurons or retinal cells.

The following example illustrates a simple application of the spatial filtering approach to

stlucture detection. The dot stimulus in 2.2a is usually seen as organised in columns rather

than rows. Convolving the stimulus with an isotropic Laplacian-of-Gaussian spatial filter (i.e.,

the circularly syrnmetric, 'mexican hat' receptive field of a retinal ganglion cell) results in the

fusion of the individual dots into vertical blobs, such as can be seen in2.2b. The presence of

vertical structut'e in the stimulus could be signalled by the activation of orientationally tuned

neurons in Vl. Importantly, according to this approach the perception of structure or

legularity is not based upon the indiviclual dots in the original image, but the blob-like

features in the convolved image.

An altemative apploach to detecting the symrnetrry in Figure 2.1 (or the veltical olganisatron

in Figure 2.2a) is to assume that the visual systern is explicitly aware of the relational

structure within the stimulus. Relational structure is essentially an index of the relative

proximity ancl orientation relationships that exist between inclividual stimulus elements. One

of the funclamental tasks of early visual perception is the spatial organization of an image and

it has been argued that the extraction of spatial relations such as relative proximity of irnage

elernents, orientation, collineariry, and inside/outsicle relations are a necessary step in solving

essential perceptual organization 'problerns' such as the spatial correspondence problern,

hgure/ground sepalation and the perception of texture bounclaries (Marr, 1982; Ulhnan,

1984). The importance of relational structure was recognised in the principles of perceptual

organisation proposed by Wertheimer (1938) and also plays an important role in many recent

computational models of visual perception (Dry, Vickers, Lee, & Hughes, subrnitted; Jenkins,

1983a;Logan, 1996;Ptzlo, Salach-Golyska, & Rosenfeld, 1997; Smits & Vos, 1986; Stevens,

1978; Stevens & Brookes, 198'7; Wagemans et al., 1993).
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a. b.

Figure 2.2 A stimulus containing dots arranged in columns (a) and the result of convolving

the stimulus with an isotropic Laplacian-of-Gaussian filter (b).

In a recent review of models of symmetry perception, Rainville and Kingdom (2000)

described spatial filter-based models as being "... psychophysically, physiologically, and

theoretically motivated ..." (Rainville & Kingdom, 2000, p.2638). In contrast to this, models

that did not specifically employ spatial filtering were construed as problematic because they

relied upon "complex" grouping rules. It is therefore a major challenge to any model of

symmetry detection that does not follow the classic spatial filtering approach to demonstrate a

similar level of psychophysical and physiological plausibility.

In this chapter I will present evidence suggesting that the visual system may be accessing

information about the relational structure of an image via a process similar to Voronoi

tessellation. First, I will first describe and define Voronoi tessellation and a variant of Voronoi

tessellation, the medial axis. I will then review psychophysical and neurophysiological

evidence suggesting that a medial axis and Voronoi based representation may be calculated by

the perceptual system in early visual processing. Third, I will describe and define Delaunay

triangulation, the dual graph of Voronoi tessellation. Fourth, I describe how a spreading

activation process could encode the relational information present in the Delaunay

triangulation, and provide a review of theoretical and empirical evidence suggesting that the

visual system has access to this information.
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2.2. Y or onoi tessellation

The detection of relational structure in dot pattems is not a problem that is unique to early

visual processing. Aurenhammer (1991) provide a review of a wide variety of disciplines that

are similarly concemed with the geometric properties of spatial point distributions including

geography, crystallography, molecular chemistry, geophysics, ecology, anthropology, botany,

and zoology. Furthermore, relational measures have been applied to computational and graph-

theoretic problems such as information storage and retrieval, path planning, and site

placement.

One measure of relational structure that has received particular attention in the computational

geometry literature is Voronoi tessellation. Figure 2.3 is an example Voronoi tessellation for a

random point set. As can be seen, the Voronoi tessellation divides the plane into a series of

cells, with each cell containing a single point. Each cell corresponds to the area within the

plane that is closer to the point located in the cell, than to any other point in the set. For

example, in Figure 2.3 the area within the cell containing pointp is closer top than it is to q

(or any of the other points in the set). In addition to this relative proximity infonnation the

Volonoi tessellation also contains 2-climensional geometric properties such as cell perimeter,

intemal area, orientation of principle axis, elongation and ratio of side lengths (Ahuja &

Tuceryan, 1989). It should also be noted that Voronoi tesselation is not restricted to dot

points, but can be calculated for line lengths (Figure 2.4), regular or irregular shapes, and

'natural' objects or scenes (Aurenhamrner', l99l; Tek & Kimia, 2003).

A Voronoi tessellation can be calculated for any set S of three or rnore co planar points, given

that the points are not collinear or co-circular (Ahuja, 1982). Any pointp of S is located inside

a cell defined as the area within the plane that lies closer to p than to any other point.

Aurenhammer's (1991) definition of Voronoi tessellation states that "for two distinct sites

p,Q e S the dominance of p over q is defined as the subset of the plane being at least as close

top as to 4. Formally,

dom(p,q) = t" . R' l6(*, p)< d(*,q)j,

for ôdenoting the Euclidean distance function" (Aurenhammer, 1991). As can be seen in

Figure 2.3, the edge shared by points p and q bisects the plane equidistant to p and q and

indicates the portion of the plane in which all points will be closer to p than q and vice versa.
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p

q

Figure 2.3 Example Voronoi. tessellationfor a sel of randomly located sites

The cell in whichp is located (p. S) is the portion of the plane in whichp asserts dominance

over all other points in the set:

reg(p) = 
0.f;1,,¡ 

do-(t.ø)

The resulting tessellation can be thought of as the result of a uniform growth process (Ahuja,

1982), or 'grassfire' (Blum, 1913), beginning simultaneously at each point in the set. The

circular wavefronts expand outwards from each point and are extinguished as they make

contact with each other. The first point of contact between wave fronts will necessarily be the

midpoint between two sites, with the edges expanding outwards until they make contact with

additional wavefronts.
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Voronoi tessellation can also be used to find the medial axis or skeleton of closed contours

such as can be seen in Figure 2.5. This technique was pioneered by Blum (1973) as a means

of describing biological objects and other iregular shapes. In this case the 'grassfrre' spreads

outwards from the contours rather than from discrete sites (such as the dots in Figure 2.3).It

has been demonstrated that the medial axis is mathematically equivalent to Voronoi

tessellation (Fabbri, Estrozi, & Costa, 2002) and so the two terms can be thought of as

interchangeable. The importance of the interchageability of the medial axis and Voronoi

tessellation will be explored more fully in the following section.

Figtn"e 2.4 Example Voronoi lessellation for a set of randomly oriented and located line

segntents. Reproducedfrom Tek and Kimia (2003, p. 69).

Figure 2.5 Example of the medial axis for two closed contours (a kangaroo qnd an

aeroplane). Reproducedf'om Tek and Kimia (2003, p. 38).
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2.3. Perceptual support for Voronoi tessellation and the medial axis

The meclial axis plays a key role in a number of theoretical and computational models of

shape and object recognition (Biedennan, 1987; Blum, 1973; Leyton,1992;Marr,1982;Zhu

& Yuille, 1996). There is also a growing body of experimental evidence suggesting that the

visual system may be performing a process not unlike Voronoi tessellation or medial axis

calculation at an early stage of processing. The following section provides a blief overview of

this experirnental research.

Br"rrbeck and Pizer (1995) and Burbeck,Pizer, Morse and Ariely (1996) testecl the ability of

observers to bisect solid shapes with vertical edges that had been subjected to sinusoidal

moclulation. An example stimulus is shown in Figure 2.6 (left). The observers' task was to

estirnate whether a target dot that was located in horizontal alignrnent with a sinusoiclal peak

was positioned to the left or the right of the stimulus centre. Both the \ ridth of the stimuli ancl

the degree of eclge rnodulation were rnanipulated across a series of tlials. The results indicatecl

that the perceivecl central modulation decreased as a function of stimulus width and degree of

eclge rnodulation. It has been clernonstratecl that the empirical data are consistent with Burbeck

et al's. (1995; 1996) core model, ancl Siddiqi, Kimia, Tannenbaurn ancl Zucker's (2001) shock

based moclel, both of which are based upon rnedial axis representations of shape.

a. b.

Figure 2.6 An exantple stimulus from the Burbeck and Pizer (1995) study (lefl), and exantples

of experimental stintuli and their respective ntedial axes (right). Reproduced from Siddiqi et

at. (2001)

c. d
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Figure 2.7 The height to width ratio of an ellipse determines the length of its medial axis.

Reproducedfrom Siddiqi et al. (2001).

Siddiqi et al. (2001) also plausibly accounted for the results of an orientation discrimination

experiment from Li and Vy'estheimer (1997) in terms of a medial axis representation in early

vision. Li and Westheimer measured the threshold for discriminating the orientation rotation

of a series of stimuli ranging from a straight line, through vertical ellipses with varying

heighrto-width aspect ratios, to a circle. They found that the orientation discrimination for the

ellipses with aspect ratios of less than 1:5 was almost identical to that of a straight line, after

which perfonnance degraded. Because the ellipses do not iontain any explicit vertical edges

Li and Vy'estheimer speculated that the observers may have been using the central axis of the

stimulus as a cue. Siddiqi et al. (2001) noted that the length of the vertical portion of a medial

axis representation of the ellipses would decrease as the width of the ellipses increased

(Figure 2.7) and suggest that this is consistent with Westheimer's (1981) finding that

orientation discrimination for lines increases with line length.

In a series of experiments Kovacs and colleagues (Kovacs et al., 1998; Kovacs & Julesz,

1993, 1994) measured contrast sensitivity for a target Gabor patch embedded in a noise

background of randomly oriented patches and surrounded by a contour defined by oriented

patches (see Figure 2.8). The relative proximity of the target and contour was manipulated

across trials and a number of different contour shapes (circle, ellipse, triangle, and cardioid)

were employed across separate experiments. The contrast sensitivity for the target condition

was compared to a baseline condition in which no contour was present and the difference

between the two conditions was plotted, resulting in a contrast sensitivity rnap. The results
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the relative proximity of the target and contour was manipulated (right) in the experiments by

Kovacs et al ( 1 998 ; 1 99 3 ; 1 994). Reproduced from Kovacs and Julesz (1 994).
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Figure 2.9 Results from Kovacs qnd Julesz (1998). The figures in left and middle columns

show the predictions made by Kovacs and Julesz's model. The figures in the right column are

the corresponding empirical sensitivity maps. Reproducedfrom Kovacs and Julesz (1998).
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indicated that contrast sensitivity was non-uniform and dependant on the proximity of the

target to the contour. Sensitivity peaks were found in two separate regions: close to the

contour boundary, and within the contour. The peak at the boundary could be explained as a

within-filter interaction; however, the second region of peak sensitivity was too far from the

perimeter to be interpreted in the same way.

Kovacs and Julesz compared the empirical sensitivity maps for the within contour peaks to

the peaks predicted by a medial axis representation (Figure 2.9). They found that the

empirical data were well-predicted by the medial axis representation, for both the contours

containing a single straight medial axis (such as the ellipses) and the more complex contours

containing a branching medial axis (such as the triangle and cardioid). It was concluded that

the data support the possibility that the visual system generates an explicit medial axis

representation at an early stage in visual processing (Kovacs et al., 1998; Kovacs & Julesz,

ree4).

In addition to the psychophysical studies described above, there is also neurophysiological

evidence that supports the role of the medial axis in early visual processing. In a series of

experiments Lee, Mumford, Rornero and Lamme (1998) demonstrated that Vl cell responses

at certain latencies comespond to the location of the medial axis. They recorded the responses

of individual Vl neurons in awake behaving Rhesus monkeys that were presented with

stimuli comprised of oriented texture strips or sqì"lares presented on an opposite orientation

background (Figure 2.10, left). The position of the strip or square was shifted relative to the

classical receptive field of each cell across a series of trials. The results indicated that the

spatial response profìles \üere non-uniform and displayecl peaks at the texture boundaries and

the medial axis (Figure 2.10, right). Lee et al. commentecl on the similarity between their

findings and those ofKovacs and Julesz (1994) and Burbeck and Pizer (1995) and suggested

that their study adds further support to the plausibility of the medial axis being used to analyse

visual objects and scenes.

Oka, van Tonder and Ejima (2001) investigated the relationship between medial axes and

figure salience. They measured the differences in visual evoked potential (VEP) of human

observers for stimuli with varying levels of maximal strengths in rnedial axis response as

predicted by a rnodel of image segmentation based on the rnedial axis (van Tonder & Ejima,

2000b). The stirnuli were comprised of oriented Gabor patches, ancl five different shapes were
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investigated (Figure 2.11). The results indicated significant trends in the Nl and P2

components of the VEP across the five stimulus classes, with shorter latencies being found for

stimuli with greater peak medial axis strengths. Oka, van Tonder and Ejima interpreted their

results in light ofprevious research (Lee et al., 1998; Kovacs, Feher and Julesz, 1998) and the

predictions rnade by the image segmentation model and concluded that medial axis

computation plays an important role in early visual processing.

k30 (tffi300t¡¡sc)

4:I 02468
fiF m $iip CenerinÏisurl Ån¡le

Figtrre 2.10 Example stimulus (left) and the corresponding spaÍial response proJile

Reproducedft'om Lee, Mumford, Romero and Lqnune (1998).
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Figure 2.I2 Detail f'om Figm'e 3 in van Tonder and Ejima (2000b) showing the tessellation

predicted by a model of image segmentation bqsed on the medial axis for a random point set

(left), and the corresponding Voronoi tessellation given by replotting the points in MATLAB

7.0.4 (righ).

Taken together, these studies plovide curnulative eviclence irnplicating the role of a medial

axis-like replesentation in early vision for stirnuli snch as solicl figures, contollrs, or texture

clefined regions. There clo not appear to be any psychophysical or neurophysiological studies

that have investigatecl whether a sirnilar representation is derived for spatial point

distlibutions such as Figure 2.3. HoweveL, a nurnber of neurophysiologically plausible models

of early vision based upon medial axis representations have been developed in recent yeals

(Burbeck &Przer, 1995; Burbeck et a1., 1996; Hong & Pavel, 1996; Kimia,2003a,2003b;

Kulbat, 1996; Tek & Kimia, 2003; van Tonder & Ejirna, 2000b). Although these models have

generally been used to find the rnedial axis or intelnal skeleton of solid objects or closecl

contours, they have also been appliecl to stirnuli comprised of inclividual objects or features, in

which case the resulting representation is equivalent to the Voronoi tessellation of the set of

objects. For example, in van Toncler ancl Ejirna (2000a), an image segmentation moclel was

usecl to clerive a tessellation of texton stimuli (Caelli & Julesz, 1978). The result of applying

this moclel to a spatial point texture can be seen in Figure 2.12 (left panel). The points were

replotted and the Voronoi tessellation was calcnlated (right panel). As can be seen, there is a
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close correspondence between the tessellation predicted by the model and the standard

Voronoi tessellation calculated by MATLAB 7.0.4.

Further support for existence of a Voronoi tesselation-like representation comes from research

suggesting that the human visual system is aware of the relative proximity and orientation

relationships that can be obtained from Delaunay triangulation, the dual graph of Voronoi

tessellation. In the following sections Delaunay triangulation and a family of related relational

structures will be defined and research implicating the role of these structures in low level

perceptual organization will be reviewed.

2.4. Delaunay triangulation

Delaunay triangulation is the dual graph of Voronoi tessellation. Dual graphs can be thought

of as paired graphs for the same point set, with each graph containing the information

necessary to generate its dual. Figure 2.13 shows the Delaunay triangulation for the random

point set in Figure 2.3 superimposed on the Voronoi tessellation, with the Delaunay edges

shown as solid lines and the Voronoi edges as dashed lines. All of the points in the set that

have Voronoi cells sharing a cornmon edge are dehned as Voronoi neighbours. Joining these

neighbouring points creates the Delaunay triangulation. As can be seen, each of the edges in

the triangulation runs orthogonal to their corresponding Voronoi edge but does not necessarily

intersect it.

Figure 2.13 Delaunay triangulation of the points in Figure 2.5. The Delaunay edges are

shown as solid lines and the Voronoi edges as dashed lines.

19



An important property of the Delaunay triangulation is that it is a super-graph of a number of

other relational structures that have been implicated in research on structure detection (Ahuja,

1982; Ahuja & Tuceryan, 1989; Jarvis, 1972; Toussaint, 1980; Zahn, l97l). The Gabriel

graph (Gabriel & Sokal, 1969) is the set of the Delaunay edges that directly intersect with

their dual Voronoi edge (Howe, 1978, cited in Aurenhammer, 1991). Two points are joined in

a Gabriel graph if no other point is closer to their mid-point than both of the points are. This

means that a circle that is centred on the two points' mid-point, with a diameter equal to their

inter-point distance, will contain no other points. The relative neighbourhood graph

(Toussaint, 1980) connects points if no other point is closer to both of them than their inter-

point distance. By definition this means that the intersection of the two circles, centred on

each point, and with a radius equal to the inter-point distance, is free of any other points. A

spanning tree is a structure that connects all of the points in a set with n- I edges and contains

no circuits. The minimum spanning tree is the structure that minimises the total length of the

edges connecting points (Zahn, 1971). Finally, two points are joined as nearest neighbours tf
one of the points lies closer to the other than to any other point within the set. Note that this

means that the nearest neighbour of one point is not necessarily the nearest neighbour of the

other. If two points lie closer to each other than any other point they are defined as reflexive

nearest neighbours. An example of the sub-graphs of the Delaunay triangulation is given in

Figure 2.14. As can be seen, the graphs are hierarchically nested: the nearest neighbours are a

subset of the minimum spanning tree, which is a subset of the relative neighbourhood graph,

and so on, up to the Delaunay triangulation.

Aside from the Delaunay triangulation and its sub-graphs, a nurnber of other methods have

been employed to describe the relational structure in point sets, such as CODE (Cornpton &

Logan, 1993; Logan, 7996; van Oeffelen & Vos, 1982, 1983), k-nearest neighbours and

average nearest neighbours. Of particular interest are the /c-nearest neighbour and average

nearest neighbour approaches, both of which share a high degree of overlap with the point

pairs predicted by the Delaunay triangulation. For the Ë-nearest neighbour (kNN) approach,

the relative proximity relationship between each site in a set of /r points is defined by the order

of their ËNN rank (i.e., nearest neighbour, second nearest neighbour, third nearest neighbour,

through to #l' nearest neighbour). For the average nearest neighbour (av.NN) approach, all

points that lie within a distance determined by the rnean nearest neighbour distance of all

points are joined in a pair. Furthermore, the average nearest neighbour distance is sometimes

multiplied by a constant, for example Stevens (1978) used øv.NN multiplied by 1.3 or 1.5.
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Figure 2.15 shows a comparison of the av.NN multiplied by 1.5 and ÈNN relations for the set

of points in Figure 2.14. Comparison with Figure 2.14 demonstrates that the links defined by

av.NN* 1.5 or frNN relations of an order of 2NN or higher are not necessarily a subset of the

Delaunay triangulation. However, there is a high degree of overlap between these sets. Figure

2.16 shows the proportion ofpoint pairs predicted by first, second and third nearest neighbour

and average nearest neighbour methods that are also part of the set predicted by the Delaunay

triangulation for random point pattems with 10 to 100 points. As can be seen, the pairs

predicted by both the average NN distance and for low values of fr, account for close to or

over 90olo of the pairs predicted by the Delaunay triangulation. Given this high degree of

overlap, it could be argued that models employing methods such as øv.NN and kNN relations

are describing the same process as models employing Delaunay triangulation or its sub-

graphs: an awareness of the proximity of a point relative to its immediate neighbours, based

upon the Voronoi tessellation of the set of points.

Nearest Neighbours (1 NN) 2NN

tr:J

3NN av. NN *1.5

4

Figure 2.15 Comparison of point pair links predicted by Nearest Neighbours, 2NN, 3NN and

average NN multiplied by 1.5.
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Figure 2.16 A comparison of the proportion of poínt-pairs predicted by low-orderknearest

neighbour (1-3NN) and average neqrest neighbour methods (av. NN and av. NN *1.5) that

are also part of the set of poinlpairs predicted by Delaunay triangulation for randont point

patterns with l0 to 100 points. The proportional overlap is the averagefor 1000 randomly

generated random point patterns. It should be noted that the scale on the y-axis is I to .5, not

Ito0.

2.5. Perceptual support for Delaunay triangulation.

In Section 2.3 research was reviewed indicating that the perceptual system may be performing

a process similar to Voronoi tessellation at an early stage in visual processing. It was claimed

that this is supported by additional evidence indicating the visual system is capable of

exploiting the relational structure revealed by Delaunay triangulation, the dual graph of

Voronoi tessellation. This section will leview the theoretical and empirical support for this

claim.

- 
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If the visual system is generating a Voronoi tessellation-like representation in early vision via

some form of uniform growth or activation spread process (Kovacs et al., 1998; Lee et al.,

1998), then this process could also provide a means of obtaining the relational structures

present in Delaunay triangulation. For each point, the ordering of its Delaunay neighbours

would be an index of the ternporal ordering of wavefront extinction. The first point of contact

between two wavefronts (and subsequent wavefront extinction) would give the relative

location and proximity of a point's nearest neighbour. The next point of contact between two

wave fronts would indicate the next nearest Delaunay neighbour, etc. This process would

continue until all wave fronts were extinguished, by which point the Delaunay triangulation of

the set would be fully defined.

The pairings predicted by Delaunay triangulation and its sub-graphs and related approaches

such as the k nearest neighbour and average nearest neighbour methods, have all been used to

account for the perception of structure in a wide variety of random point stimuli. For example,

Zahn (1971) demonstrated that the minimum spanning tree could be used to detect the

presence of separate clusters of dots and changes in dot density in random dot textures.

Similar demonstrations have also been made by Jarvis (1972) using k nearest neighbours,

Toussaint (1980) using the relative neighbourhood graph, minimum spanning trees and

Delaunay triangulation, ancl by Ahuja (1982) and Ahuja and Tuceryan (1989) using Delaunay

triangulation. In each of these papers it was demonstrated that algorithms based on the

respective relational rneasures were able to detect the presence of what Toussaint described as

"perceptually meaningfnl" structure.

A common weakness of these stuclies is that evidence in support of the success of the various

algorithms was generally basecl upon a qualitative comparison of the reader's (and authors')

perception of structure in the stimulus and the algorithms solution. However, there are a

limited number of studies that have provided empirical support for these claims. Vickers,

Mayo, Heitmann, Lee, ancl Hughes (2004) demonstrated that when participants are presentecl

with random dot patterns and asked to create minimum spanning trees, the empirical solution

lengths corresponded closely to the optimal solution. Furthermore, Pomerantz (1981)

presented subjects with a range of five point random dot pattems and asked the participants to

join the points together in the way they perceived them to be organised. They found that the

participants' prefered organisation was the one with the minimum total link length, and that
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the solutions tended not to contain circuits. In other words, even though the participants were

not explicitly asked to create minimum spanning trees they behaved as if they had been.

Vickers, Preiss and Hughes (submitted) extended the Pomerantz study by presenting

participants with higher densily stimuli (10 to 100 dots). Whereas the stimuli in the

Pomerantz study gave the appearance of a single cluster of points, the higher density stimuli

appeared to contain several clusters of points (similar to Figure 2.14). The participants were

asked to join up the dots that they perceived as belonging to separate clusters, as if they were

joining up stars to form constellations. The results indicated that the empirical mean number

of links detected, mean link length, and mean number of clusters were all well predicted by an

organising process based on nearest neighbours (r : 0.998, 0.996, and 0.996, respectively).

They suggest that the participants in this study did not create rninimum spanning trees

because they tended to avoid creating long links thatjoined up separate clusters ofpoints.

Another source of evidence suggesting that the human visual system relies upon an awareness

of relational structure to detect the organisation of random point textures comes from the

literature on path-finding tasks such as the travelling salesperson problem, or TSP (Dry, Lee,

Vickers, & Hughes, in press; Grahatn, Joshi, & Pizlo, 2000; MacGregor, Chronicle, &

Ormerod, 2004; MacGregor & Ormerod, 1996; Vickers, Lee, Dry, & Hughes, 2003; Vickers,

Lee, Dry, Hughes, & McMahon, 2006; Vickers et al., 2004). Solving a TSP involves finding

the shortest pathway through an affay of n nodes or'cities', generally returning to the starting

node. Vickers et al. (2003) proposed that the visual system may be solving the TSP task by

exploiting spontaneous perceptual organization based on nearest neighbour links between

nodes. The clusters formed by this nearest neighbour linking can be thought of as providing

the initial solution for a TSP, and the TSP task as a hierarchical procedure of finding the most

economical pathway connecting the clusters.

There is a growing body of evidence suggesting that such an approach might be able to

provide a plausible account of human perfonnance upon the TSP task. First, Vickers et al.

(2003) demonstratecl that TSP solution difficulty is related to number of potential

intersections that a given problem contains. Because nearest neighbour links never intersect,

reliance upon nearest neighbours would place a strong restriction on the number of plausible

solution pathways within a problem. Furthennore, this would account for the general

avoidance of crossings in TSP solutions (van Rooij, Stege, & Schactman, 2003).
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Second, Vickers, Bovet, Lee & Hughes (2003) found that the solution length of both open and

closed versions of the TSP was reliably correlated with the number of nearest neighbour links

that a standard NN algorithm shared with the benchmark solution and Vickers, Mayo,

Heitmann, Lee, and Hughes (2004) demonstrated that solution lengths for TSPs, minimum

spanning trees and Steiner Trees (a clustering task closely related to the minimum spanning

tree), were all highly corelated with a measure of path complexity indexing the I't to Ëth

order neighbour links within participant solutions.

Third, it has been demonstrated that the time taken to solve a TSP increases linearly as the

number of problem nodes increases (Dry et al., in press; Graham et al., 2000). This finding

suggests that human participants are only searching through a subset of potential solution

pathways and imposes constraints upon the types of heuristics that participants might be

employing to solve the TSP task. Because the number of clusters formed by nearest neighbour

links increases as a linear function of n (Vickers, Bovet et al., 2003), we could expect the time

taken by such a hierarchical nearest neighbour procedure to produce TSP solutions to

similarly increase as a linear function of z.

Interestingly, an alternative explanation for human performance on TSPs, the convex hull

model (MacGregor et al., 2004; MacGregor & Ormerod, 1996; MacGregor, Ormerod, &

Chronicle, 2000), is also broadly consistent with an approach based upon Delaunay

triangulation. This approach suggests the initial stage of solving a TSP involves finding the

convex hull of the set of points. The convex hull is a boundary, outside of which no points are

located. As can be seen in Figures 2.13 and 2.14, the Delaunay triangulation of a set of points

always contains the convex hull. Therefore, if the visual system is aware of the relational

structure based on Delaunay neighbours, it is also by proxy aware of the convex hull.

Each of the studies reviewed thus far have been primarily concerned with the perceptual

organization of random or pseudo-random dot pattems. Delaunay triangulation and its related

relational measures have also been applied to stimuli that contain some form of regularity. Of

particular interest is the suggestion that the perception of structure in dot patterns such as

Figure 2.1 results from the visual system explicitly representing proximity and orientation

relations in terms of pair-wise connections between neighbouring stimulus elements. These

connections have been variously referred to as virtual lines (Earle, l99l; Marr, 1982; Smits &
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Vos, 1986; Stevens, 1978; Stevens & Brookes, L987; Wagemans et al., 1993), chords (Moore

& Parker, 1974) and dipoles (Caelli, 1981; Caelli & Julesz, 1978; Julesz,l9TI). Marr (1982)

used Glass patterns (Glass, 1969) to illustrate the necessity of virtual lines. Glass patterns are

created by making a copy of a random dot pattern, subjecting the copy to some form of

transformation and superimposing it on the original. An example of a rotational Glass pattem

is given in Figure 2.l7a.The individual points in Figure 2.l7ahave positional information,

but do not carry any orientation information. Nonetheless, the stimulus gives a strong

impression of oriented structure. It has been suggested that the perception of rotational

structure must be due to the orientations of the 'virtual lines' joining the points in the original

set to their transformed pair (see Figure 2.17b)

The perception of structure in stimuli such as Figure 2.17 appears to be dependant upon the

relative proximity of the original and transforned point sets. For exarnple, it has been

demonstrated that the perception of structure in Glass pattems breaks down and eventually

disappears as the extent of the transformation is increased (Caelli, l98l;Dakin, 1997; Glass,

1969; Glass & Perez, 1973; Jenkins, 1983b). Similarly, a number of studies have indicated

that the perception of structure in symmetrical patterns appears to be restricted to a spatially

limited area directly adjacent to the axis of symmetry (Barlow & Reeves, 1979; Jenkins,

1982; Rainville & Kingdom, 2002). These findings suggest that if the visual system is

generating virtual lines then they are only being used to connect stimulus features that are

located within a limited neighbourhood.
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Figure 2.17 An example of a rotational Glassfigtu"e (a), qnd the slructure revealed by virtual

lines joining the transþrmed pairings (b).
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A common approach to defining the extent of this limited neighbourhood has been in terms of

some form of nearest neighbour measure. For example, Caelli (1981) suggested that the

perception of structure in Glass patterns is reliant upon the distribution of nearest neighbour

distances for the structured or paired dots, relative to the distribution of nearest neighbour

distances for the unpaired or noise dots. Dry et al. (submitted) extended this research using a

model that compared the orientations of point pairs formed between nearest neighbours,

second nearest neighbours, through to k nearest neighbours. They found that performance on a

Glass pattern discrimination task was best predicted when the model used just the first and

second nearest neighbours. Wagemans, van Gool, Swinnen and Horebeck (1993) also

employed a k nearest neighbour approach to defining a neighbourhood for a model of Glass

and minor symmetry perception; however, they did not provide any indication of the range of

values of kthat produced the best fìts to the empirical data. Stevens (1978) and Stevens and

Brookes (1987) described a model that compared the orientations of pairs within a

neighbourhood defined by the average nearest neighbour distance multiplied by a constant

between 1.3 and 1.5. They demonstrate that this model is able to account for the perception of

structure in Glass patteffìs and Marroquin patterns (Marroquin, 1976, see Figure 2.18).

Figure 2.18 Example of a Marroquin pattern (Marroquin, 1976). These patterns are created

by superimposing rotated copies of a regularly spaced grid of points. Cit"cular structtres

appear at different locations, depending on the where the eye is fixated.
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It should be noted that a number of alternative explanations have been put forward to account

for each of the experimental dot pattern phenomena discussed thus far. For example, the

CODE model has been applied to clustering and regularity detection problems (Compton &

Logan, 1993; Logan,1996; van Oeffelen & Vos, 1982, 1983) and it has been demonstrated

that filter based models can also provide good fits to empirical Glass pattern data (Dakin,

1997, 1999; Wilson & Wilkinson, 1998, 2003; Wilson, Wilkinson, & Assad, 1997). Although

the studies outlined in this section canxot be said to provide conclusive evidence that the

perceptual organization of dot patterns is based upon an awareness of the point pairs formed

by Delaunay triangulation, they suggest that such an approach is both theoretically and

empirically plausible.

2.6. Ãdvantages of a Voronoi based approach to perceptual organisation

It is worth briefly reviewing the evidence that has been presented so far. In the first place,

research has been reviewed suggesting that the perceptual system is generating a medial axis

representation at an early stage in visual processing. It has been suggested that this may be the

result of a uniform growth or activation process based upon horizontal propagation in a layer

of Vl (Kovacs et al., 1998). If this process is applied to discrete objects, the resulting

representation closely resernbles Voronoi tessellation. Furtherrnore, tracking the activation or

growth process as it unfolds over time would provide a means of encoding the relative

proxirnity and orientation relations present in Delaunay triangulation. Empirical evidence

suggesting that observers are aware of and exploit the relational information in Delaunay

triangulation (and related rneasures) can therefore be taken as evidence consistent with a

Voronoi-l ike representation.

There are a number of advantages to adopting a Voronoi-based approach to perceptual

organisation. In the frrst place, many perceptual phenomena dernonstrate scale invariance: the

phenomena remain constant regardless of changes in viewing distance (Pomerantz, 1981). For

exarnple, Kubovy, Holcombe and Wagemans (1998) dernonstrated that the perceptual

organisation of stimuli such as Figure 2.2 was not affected by viewing distance. Sirnilar

demonstrations have been made using Glass pattems (Maloney, Mitchison, & Bar'low, 1987)

and mirror symmetry (Rainville & Kingdom,2002). It has been suggested that the scale

invariance of the perceptual system is a reflection of the statistical structure of the

environment, ancl that it may be a unifying psychological principle (Chater & Brown, 1999).
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Importantly, unlike many other measures of relational structure Voronoi tessellation does not

rely upon any fixed parameters (Ahuja, 1982; Aurenhammer, 1991), and is therefore also

scale invariant. A model of structure detection based upon Voronoi tessellation should show

an advantage over models based upon fixed distance tolerances (e.g., Pizlo et al., 1997) or

spatial filter scales (Dakin, 1997; Dakin & Watt, 1996; Wilson & Wilkinson, 1998, 2003;

Wilson et al., 1997) because it will be able to generalise to new stimuli regardless of their

scale, without having to specify a new range of parameter values.

Second, the perceptual organisation of discrete objects into groups appears to be

hierarchically structured (Palmer & Rock, 1994). For example, inFigure 2.19 the individual

circles are organised into 9 X shapes. The X shapes are in tum organised into 3 small

triangles, which together signal the presence of a single large triangle. Mar (1982) suggested

that the perceptual organisation of more complex stimuli is built up in a similarly recursive

fashion, with individual image prirnitives (such as blobs and bars) being actively grouped into

larger-scale tokens reflecting the larger-scale structures in the image. The hierarchical nesting

of the sub-graphs of the Delaunay triangulation (such as can be seen in Figure 2.14) may be

able to provide insight into this hierarchical structuring. For example, in Figure 2.19, the

presence ofthe X shapecl structure is signalled by nearest neighbour connections, whereas the

higher order structures (such as the triangles) are linked by higher orcler graphs (i.e., the

relative neighbourhood graph). Under a Voronoi-based approach to perceptual organization, it

could be assurned that the visual system has access to the full set of relational structures

revealed by the Delauanay triangulation but that the resulting organisation is to a certain

extent dependant upon whether attention is focused on local or global structures. One

consequence of such an approach is that it offers a means of unifying the numerous theoretical

and computer vision apploaches to structure detection based on the various sub-graphs of

Delaunay triangulation (Ahuja, 1982; Ahuja & Tuceryan, 1989; Jarvis, 1972; Toussaint,

1980; Zahn, 197 1).

Finally, it is assumed that the salne process is responsible for generating both the rnedial axis

representation for solid objects and the Voronoi-like tessellation describing the relational

structure of discrete objects. This has the advantage of potentially unifying research based

upon simple stimuli such as random dot textures and more complex, real-world stimuli.
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Figure 2.19 An example of the hierarchical structure of perceptual organisation.

2.7. Summary

The spatial organisation of scenes or images is one of the fundamental tasks of early vision. It

has been argued that the extraction of spatial relations, such as the relative proximity and

orientation of image features, is a necessary step in achieving this task (Marr, 1982; Ullman,

1984). In the field of computational geometry one of the most powerful tools for describing

spatial relations is Voronoi tessellation. In this chapter it has been argued that the visual

system may be employing a process similar to Voronoi tessellation to extract the spatial

relations necessary for the organisation of visual stimuli.

Support for a Voronoi-like representation comes from two separate programs of perceptual

research. First, psychophysical and physiological evidence was reviewed suggesting that the

visual system is perfonning a process similar to medial axis calculation. The medial axis
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describes the internal skeleton of solid objects, whereas Voronoi tessellation describes the

relative proximity of dìscrete ohjects, hut the two concepts are mafhematically equivalent, It

was demonstrated that when medial axis-based models are applied to discrete point sets, the

resulting tessellation closely resembles a standard Voronoi tessellation.

The second source of evidence supporting a Voronoi-like representation is the body of

research suggesting that the visual system has access to the relational structures revealed by

Delaunay triangulation. Delaunay triangulation is the dual graph of Voronoi tessellation and

having access to one graph provides enough information to generate the dual. It was

suggested that the spreading activation or wavefront process that is believed to be generating

the medial axis or Voronoi representation (Kovacs et al., 1998; Lee et al., 1998) could also

encode the relational structures present in Delaunay triangulation.

Clearly, the evidence presented in this chapter does not constitute irrefutable evidence that a

representation similar to Voronoi tessellation is being generated in early vision. Nonetheless,

a review of research has been presented suggesting that such a process is theoretically,

physiologically and ernpirically plausible. Furthermore, it has been argued that a Voronoi-

based approach provides a powerful tool for understanding the processes underlying

perceptual organisation and the perception of structure and regularities such as mirror

symmetry.

In the next chapter I will review empirical symmetry perception research and outline a model

of mirror symmetry perception basecl upon Voronoi tessellation. In subsequent chapters this

model will be compared to a nurnber of alternative models of syrnmetry perception.
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3. A VORONOI MODEL OF SYMMETRY PERCEPTION

In Chapter 2 it was argued that the visual system may be generating a representation of

relational structure in early vision that is similar to the Voronoi tessellation of an image. In

the following chapter I will outline a model of symmetry perception that employs a Voronoi

representation to detect symmetrical structure in dot patterns. First, I will outline three

fundamental characteristics of human symmetry perception. This is followed by a general

description of the Voronoi model and a discussion of a number of the model's potential

strengths and weaknesses.

3.1. Key characteristics of symmetry perception.

The history of symmetry perception research stretches back more than 100 years to Mach's

(Mach, 1886/1959) demonstration that mirror symmetry is more easily perceived than

repetition or centric symmetry. Examples of mirror, repetition and centric symmetry are

shown in Figure 3.1. Subsequent studies have uncovered a number of characteristics of

human symmetry perception and, in an excellent review of research in this area, Wagemans

(1991) lists the findings that he suggests have been the most infonnative in relation to the

development of models of symmetry perception. He noted that although these empirical

findings have been useful in terms of both informing and constraining the development of

models of syrnmetry perception, the data have not yet converged upon a single universally

accepted rnodel. Rather than attempt to provide another comprehensive review of all of the

ba c

Figure 3.1 Example stimuli containing miruor symmetry (a), repetition symmetry (b), and

centric symmelry (c).
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empirical research in this area (see also: Wagemans, 1996), I will focus upon three key

characteristics of symmetry perception that relate directly to and inform the Voronoi model of

symmetry detection.

In the fìrst place, it has been demonstrated that the perception of symmetry is not an all-or-

nothing response but shows a gradual deterioration in the presence of added random noise or

positional distortion (e.g., Barlow & Reeves, 1979; Jenkins, 1983a; Wagemans et al., 1993).

Barlow and Reeves (1979) first demonstrated this effect in a series of experiments in which

the discriminability of symmetrical dot pattems was manipulated. In one experiment Barlow

and Reeves distorted symmetrical dot stimuli by randomly repositioning one half of each

symmetrical dot pair within a square 'tolerance region'. In a second experiment, Barlow and

Reeves manipulated the signal to noise ratio of the stirnuli by replacing symmetrical dot pairs

with randomly positioned points. In both cases observers were asked to discriminate between

the symmetrical stimuli and the random dot stimuli, with the results indicating that observer

discriminability declined gradually across the range of the experimental manipulations.

Somewhat surprisingly, the experiments revealed that the observers were able to tolerate quite

high levels of distortion and interference. In the case of the distortion experirnent, the

observers were able to discriminatebetweenthe two classes of stimuli with ad'of close to 1

for tolerance regions of one third of the squarecl width of the stimulus. Similarly, for the

signal to noise manipulation, the observers were still able to cliscriminate with a d'of close to

I when 60o/o of the symmetrical pairs had been replaced with random noise. Barlow and

Reeves' findings have been largely replicated in subsequent studies (e.g., Jenkins, 1983a;

Wagemans et al., 1993).

Second, a number of studies have demonstrated that the relative proximity of stimulus

elements has an effect upon the perceptual salience of symrnetry. In particular, it has been

suggested that the perception of symmetry is restricted to a spatially limited region located

directly adjacent to the axis of symmetry. In an early study, Jenkins (1982) demonstrated that

when symmetrical pairings located close to the central axis were replaced with a strip of

random noise, performance on a discrimination task was impaired. As the width of the strip

containing random noise was increased, performance decreased steadily and, beyond a given

width, the observers were unable to discriminate between the stirnuli comprised of the random
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strip embedded in an otherwise symmetric stimulus and stimuli comprised entirely of random

noise. The results of this experiment, and two similar experiments in Jenkins' (1982) study,

suggested that the mechanism underlying the perception of symmetry was restricted to

making short-range correspondences between stimulus elements. Additionally, it has been

demonstrated that the spatial extent of the centrally located region of enhanced perceptual

salience appears to be dependant upon the specific characteristics of the type of experimental

stimuli being employed to measure the region's dimensions (Dakin & Herbert, 1998;

Rainville & Kingdom,2002). Dakin and Herbert (1998) demonstrated that the dimensions of

the symmetry detection region varied as an inverse function of stimulus peak spatial

frequency. The results of an experiment using band-limited textures indicated that stimuli

with low peak spatial frequencies had a larger enhancement region than stimuli with high

peak frequencies. Rainville and Kingdom (2002) questioned Dakin and Herberts' findings,

indicating that spatial frequency had been confounded with stimulus density. Using a

methodology similar to that used by Dakin and Herbert but also controlling for stimulus size,

the number of points in each stimulus, and stimulus density (i.e., the nurnber of points per

degree of visual angle squared), Rainville and Kingdom demonstrated that the size of the

enhancement region is determined by stimulus density but not spatial frequency, numerosity,

or slze.

The third key characteristic of hurnan symmetry perception relates to the generality of the

underlying process. There has been ongoing debate in the literature as to whether a specialised

process drives symmetry detection, or whether it is the result of a rnore generalised regularity

detection process. For example, early research indicated that vertical symmetry was lnore

salient than symmetry presented at any other orientation (Barlow & Reeves, 1919).

Furtherrnore, the salience of symmetry appeared to be dependant on the axis of symmetry

being fixatecl centrally in the visual field (Barlow & Reeves, 1979; Julesz, 1971). These

findings prompted sorre researchers to suggest that vertical symmetry is detected by a

specialised mechanism based on the symmetrical organisation of the cerebral cortex (Herbert

& Hurnphery, 1996; Julesz, 1911). Presumably, this suggests that additional separate

mechanisms are needed to detect symmetry with orientations other than vertical.

An alternative approach assumes that a more general mechanism is responsible for the

perception of symmetry (Baylis & Driver, 1994; Dakin & Hess, 1997;Dry,2005; Labonte et

al., 1995; Rainville & Kingdorn,2000; Royer, 1981; van der Helm & Leeuwenberg, 1996;
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Wagemans et al., 1993; Wilkinson & Halligan, 2003). According to this approach the

perception of symmetry is a result of some form of low-level grouping process that operates

automatically on all visual stimuli. In other words, it is assumed that the mechanism

underlying symmetry perception is not specific to a single type of stimuli but appears to be

related to the pelception of all other types of visual regularities. As Rainville and Kingdorn

(2002) indicate, in order to detect symmetry, the visual system can be considered to be

performing a type of spatial correspondence calculation whereby it employs the inherent

statistical information contained in the stimulus to determine which of the stimulus elements

are grouped together or paired. The perception of a number of other visual phenomena, such

as apparent motion, Glass patterns, and stereopsis, appear to be reliant upon solving a similar

correspondence problem (Papathomas, Kovacs, Gorea, & Julesz, 1995). Furthermore, a

number of researchers have demonstrated that the same, or very similar, computational

models are able to detect the structure in both symmetrical stimuli and related stimuli such as

Glass patterns (Dakin, 1997; Dakin & Watt, 1996; Wagemans et aI., 1993). Taken together

these studies suggest that symmetry perception is part of a general structure detection process

rather than a specialised process.

3.2. 
^ 

Voronoi model of symmetry perception

The three key characteristics of human syrnmetry perception outlined above place informative

constraints upon the development of a computational rnodel of symrnetry detection. In the

first place, the model rnust be able to tolerate reasonably high levels of distoltion and

interference. Second, the rnodel must include sorne Íreans of simulating the region of

enhancecl perceptual saliency irnmediately adjacent to the axis of symrnetry. Thild, the rnodel

must be based upon a general process that would be capable of detecting other types of

structure ancl regularity, not just symmetrical structure. In light of these constraints, I propose

a Voronoi model of synlnetry detection. In this section I will describe the basic features and

assumptions of this rnodel.

Using Voronoi tessellation as the base representation from which symmetrical structure rs

detected meets the demands of the generality constraint. In Chapter 2 evidence was presented

inclicating that the visual system may be generating a representation of relational structure in

early vision that is sirnilar to the Voronoi tessellation of an image. Empirical evidence

suggests that the relational structures that are revealed by the Voronoi tessellation of a set of

discrete elements (i.e., the Delaunay triangulation and its sub-graphs such as nearest

36



neighbour relations) play an important role in the perception of structure and regularity in a

number of different visual phenomena (Pomerantz,798I; Tripatþ, Mussap, & Barlow, 1999;

Vickers, Lee et aL., 2003; Vickers eI" al., 2004). Furthermore, these relational structures are

integral to a number of computational models of structure detection for stimuli such as Glass

pattems (Dry et al., submitted; Stevens, 1978; Stevens & Brookes, 1987; Wagemans et al.,

1993). Finally, it has been suggested that the perception of symmetry in solid forms is based

upon an awareness of the medial axis (Hong & Pavel, 1996; Kurbat, 1996). Given that the

process of generating the Voronoi tessellation for a set of discrete objects would also generate

a medial axis for solid forms, basing a model upon this type of representation presents the

opportunity of providing a unifying explanation for the perception of symmetry in these two

very different classes of visual stimuli.

a. b

c.

Figure 3.2 Examples of a symmetric dot pattern (a) and its Voronoi tessellalion (b), and a

randomly distributed patlern (c) qnd its Voronoi tessellation (d).

d
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Figure 3.2 provides an example of a symmetrical dot pattern (Figure 3.2a) and its resultant

Voronoi tessellation (Figure 3.2b). As can be seen, Voronoi tessellation divides the field into

a series of cells, with each cell containing exactly one point. Fufihermore, because the

distribution of dots in Figure 3.2 is symmetrical the tessellation is also symmetrical. In

contrast to this, in the case of a landom dot pattem (Figure 3.2c) and its Voronoi tessellation

(Figure 3.2d), it can be seen that neither the distribution of points nor the tessellation is

symmetrical.

Jenkins (1983a) suggested that the perception of symmetry may arise as a consequence of the

visual system detecting pairs of points that are uniformly orientated and have collinear

midpoints. The Voronoi model can be thought of as a formal instantiation of Jenkins' model.

The Voronoi model searches for symmetry by attempting to pair each point in a stimulus with

another point located in roughly the same position on the opposite side of the axis of

symmetry. For stimuli that contain little or no symmetry, the model will generally be unable

to find matching points in areas where they are expected or, altematively, for any given point

the model may find more than one potential matching point. On the other hand, for perfectly

symmetrical stimuli and stimuli with high levels of symmetry, the point-pair rnatching

process will tend to find a single unambiguous match for each point.

The matching process operates by reflecting each Voronoi cell across the stimulus midline

and counting the number of points that are locatecl in that region. Figure 3.3 compares this

process for a syrnmetrical pattern and a random pattern. The top row of Figure 3.3 shows the

Voronoi tessellation for the two patterns. The bottom row shows the reflection of each of the

cells across the stimulus rnidline. For the symmetrical pattem (3.3c) each reflected cell

contains exactly one point. However, for the randomly distributed pattern (3.3d) the nurnber

of points in the region corresponding to a reflected cell will vary from region to region. As

can be seen, for a random clot pattern, the region corresponding to a reflected cell may contain

a single point but it may also contain no points, or lnore than one point.

Barlow and Reeves (1979) demonstrated that the visual system is able to tolerate a reasonably

high degree of positional distortion or interference and still detect symmetry. The Voronoi

model meets this constraint by assuming that the clegree of tolerance afforded to each point in

a stimulus is determined by the size of its Voronoi cell. For exatnple, Figure 3.4a shows a

symmetrical stimulus that has been subjected to a degree of positional distortion, and its
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resulting tessellation. Figure 3.4b shows the same dot pattem but with a reflected tessellation.

As can be seen, although the original pattem contains a substantial amount of distortion, the

reflected tessellation shows that the majority of cells contain a single point, indicating an

unambiguous point-pair match. As the degree of positional distortion in a stimulus is

increased the number of unambiguous point-pair matches drops, until it reaches the level

found in completely random stimuli (such as in Figure 3.3d). A similar process would occur

in symmetrical stimuli to which interference is added in the form of randomly positioned

points, with the number of unambiguous matches dropping as a function of increasing noise.

Figure 3.3 The Voronoi tessellation for a symmetric dot pattern (a) and its corresponding

reflected tessellation (c), and a randomly distributed dot pattern (b), and its corresponding

reflected tessellqtion (d). For the symmetrical pattern the original and reflected tessellations

qre identical. In contrast to this, the reflected tessellation of the random pattern does not

correspond closely to the original, with very few cells contqining a single point.

ba
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a.

Figure 3.4 An example of a distorted symmetrical stitnuh,ts and its Voronoi tessellation (a),

and the reflected tessellation (b). The majority of cells in the reflected tessellation still contqin

a single point.

a. c.

Figure 3.5 An example of a symmetricql stimulus qnd the region that is considered to

contribute to the detection of symmetry, defined by a single column of cells located either side

of the stimulus midpoint (a), two columns of cells (b), and three columns of cells (c). The

number of columns included in this detection region is the only free parameter in the Voronoi

model.

The Voronoi model also allows a plausible means of meeting the constraint of restricting the

detection of symmetry to a region directly adjacent to the axis of symrnetry (i.e., Dakin &

Herbert, 1998; Jenkins, 1982; Rainville & Kingclorn, 2002). Each stirnulus can be divided into

a series of columns of Voronoi cells which can be differentiated accorcling to their relative

proximity to the stimulus midline. For example, Figure 3.5a shows the model's representation

b

b
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of a symmetrical stimulus under the assumption that only a single column of cells either side

of the stimulus midpoint contributes to the detection of symmetry. Figure 3.5b shows the

representation under the assumption that two columns of cells either side of the midpoint

contribute to detection, and Figure 3.5c shows the representation for three columns either side

of the midpoint. In each case, only the points that are located within a cell are considered to

contribute to the point-pair matching process. It is assumed that all of the unbounded points

fall outside of the visual system's zone of attention and are effectively ignored.

Because the extent of this region of detection is unclear, the number of columns included in

the symmetry calculation process of the Voronoi model is a free parameter. The minimum

size of the region of detection is a single column either side of the midpoint and, at the upper

limit, all columns are considered to contribute. This is the only free parameter in the basic

version of the Voronoi rnodel. Although the number of columns included in the detection

region is free to vary, the size of the region can still be seen to scale with density and is

therefore consistent with the findings of Rainville and Kingdom (2002).In other words, for

any given column-number assumption, the overall size of the region of detection (relative to

the size of the overall stirnulus) will vary according to stimulus density. For high density

stimuli, the inclividual Voronoi cells are small, so the detection region will be narrow.

Conversely, when stimulus density is low, individual cells are (on average) larger and the

region will be broader.

Once the number of columns in the detection region has been defined, an overall level of

stimulus symmetry can be calculated. Each cell within the detection region is reflected across

the stimulus midpoint and the number of points falling within the reflected cell is counted. For

each cell, the number of expected points (i.e., one) is divided by the number of observed

points. As has been inclicated, it is assumed that this process reflects the visr"ral systetn

performing a form of correspondence calculation in which it is atternpting to match up point

pairs that have uniform orientation and collinear midpoints. When the number of expected

points is equal to the number of observed points, the match is unarnbiguous. It follows that

when the expected and observed values differ there is some degree of ambiguity in the

matching process, indicating a lower level of symmetry. The values calculated for each cell

are sumrned giving an overall synunetry rneasure for the stimulus. For perfectly symmetrical

stimuli this value will be high, but as the level of symmetry in a stimulus is perturbed (either
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by the addition of random noise or distortion) this value will drop to the level found in purely

random stimuli.

3.3. Potential strengths and weaknesses of the Voronoi model.

In the following section I will outline a number of the potential strengths and weaknesses of

the Voronoi model. As has been mentioned, in theory the Voronoi model should be able to

account for the key empirical findings that the perception of symmetry is a graded response

(Barlow & Reeves, 1979) and appears to be restricted to a region directly adjacent to the axis

of symmetry (Jenkins, 1982). Furthermore, because Voronoi tessellation scales with stimulus

density, the Voronoi model should also be able to explain density-dependant changes in the

extent of the detection region (Rainville & Kingdom, 2002).

Data from Rainville and Kingdom (2002) also suggest that stimulus density should have an

effect upon the amount of positional distortion that an observer can tolerate and still reliably

discriminate between random and symmetrical stimuli. Specifìcally, as stimulus density rises,

the extent of the positional shift that observers can tolerate drops. Rainville and Kingdom's

fìnding is theoretically consistent with the predictions made by the Voronoi rnodel. For

exarnple, Figure 3.6 compares two symmetrical patterns with differing dot densities. As can

be seen, the average size of the Voronoi cells in the high density pattern (3.6a) is much

smaller in comparison to the average size of the cells in the low density pattern (3.6b).

a. b.

Figure 3.6 A comparison of the Voronoi cells for high density (a) and low density (b)

symmetric dot patterns. On average the cells in the high density pattern are smaller than in

the low density pattern.

\ /
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Because the size of each point's Voronoi cell determines the degree of positional distortion

that the Voronoi model can tolerate when matching point pairs, then, just like the human

observers, the model would be able to tolerate less positional distortion in the high density

patterrr compared to the low density pattem.

One potential problem for the Voronoi model is that it appears to rely upon an a priori

knowledge of the location of the axis of symmetry. In other words, it could be argued that the

Voronoi model is guilty of a computational sleighrof-hand: in order to detect symmetry the

model must reflect cells across the axis of symmetry, and (presumably) knowledge of the

location of the axis is reliant upon the perception of symmetry. Wenderoth (1996a) levels a

similar charge at Barlow and Reeves (1919) model but it could be applied to nearly all

computational models of symmetry detection. This is actually not as large a problem as it

might initially seem. First, in most experimental settings, the obseruers are made explicitly

aware of the location of the axis by the presence of some form of fixation point presented

immediately prior to the presentation of the stimulus. In this case, there is no reason to assume

that the model would not have access to the same information that the human observers have

access to.

Of course, this does not explain how the Voronoi rnodel might generalise to situations in

which the axis is not explicitly revealed (as, it could be argued, is the case for symmetry

perception in real world environments). ln this second sitnation, it is assumed that the model

would neecl to actively seek the reflection line (essentially a proxy axis) that maximises the

symmetry within the stimulus. lt should be noted that a sirnilar proposal has also been put

forward by Dakin and Watt (1996) in relation to their feature alignment model. An active

search process might seem computationally unfeasible but there are a number of factors that

would serve to constrain this task. For example, the visual system appears to be biased

towards detecting vertical symmetry (Barlow & Reeves, 1979; Julesz, 1971; Mach,

1886/1959, etc), but it has been demonstrated that the salience of symmetry presented at

varying orientations is to a certain extent tnodulated by expectation (Wenderoth, 1994). This

suggests that a model might plausibly initiate the symmetry detection process by searching for

potential axes at the most likely or expected orientations and thereby constrain the number of

comparisons that need to be made.
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Moreover, it is possible that the visual system might use regularities such as the co-alignment

of the short-range connections revealed by Delaunay triangulation to initially signal the

presence of the axis, after which longer-range comparisons could be made. For example, in

Figure 3.7a, symmetric structure is quickly and easily identified in the stimulus, despite the

fact that the axis is not centred. Figure 3.7b shows Delaunay pairings in the stimulus that have

uniform orientation and collinear midpoints. A slightly more sophisticated version of the

Voronoi model could use this regularity to signal the presence of a potential axis, around

which longer-range point-pair comparisons could be made.

Finally, the size of the detection region is also a major constraint upon the number of potential

reflection axes that the Voronoi model would be required to search through. In this sense the

detection region can be thought of as a localised zone of attention, centred on the current

fixation point. It is assumed that the model only has access to the relational information of

stimulus features located within this region and, therefore, all other potential axes are not

considered in the model's search. This would also explain the results of studies that have

a. b.

Figure 3.7 Symmetric structure is easily perceptible in the pattern in 3.7a even though the

axis is not centred. 3.7b shows the Delaunay pairings in the stimulus thal have uniform

orientation collineqr midpoints. It is suggested thot the Voronoi model could be extended to

include a search for stimulus features such qs these, which would signal the presence of a

potential axis of symmetry.
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found that the perceptual salience of symmetry decreases as the axis of symmetry is moved

further from fixation (Barlow & Reeves, 1979; Gurnsey et al., 1998). Beyond a certain point,

the perception of symmetry disappears altogether, presumably because the axis falls entirely

outside of the region of detection. Figure 3.8 demonstrates the response of the Voronoi model

to symmetrical stimuli with offset axes. Figures 3.8a and 3.8b show the same symmetrical dot

pattern with varying degrees of axis offset. In Figure 3.8a the axis is only slightly ofßet from

the stimulus centre (indicated by the X), whereas the pattern in Figure 3.8b shows a

considerably larger axis offset. Figure 3.8c and 3.8d show the coresponding detection regions

for the two patterns (under the assumption that the detection region is comprised of two

ba

X

c.

Figure 3.8 An example of the response of the Voronoi model to symmetrical stimuli in which

the axis of symmetry is ffiet from the stimulus midline. The detection region is equal to two

columns of cells either side of the midline.

d
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columns of cells either side of the stimulus midline). For Figure 3.8c, the axis falls within the

detection zone allowing the model to match up symmetrical point pairs. In contrast, for Figure

3.8d, the detection region contains no symmetrical pairings; therefore, the symmetry would

go undetected. Interestingly, the distance of axis offset from fixation at which symmetry

detection fails appears to scale with stimulus density (Barrett, Whitaker, McGraw, & Herbert,

1999; Sally & Gurnsey, 2001), a finding that is also consistent with the properties of the

Voronoi model.

It is recognised that the Voronoi model's detection region is something of an over-

simplification. A number of studies have demonstrated that the properties of the detection

region are more complex than was initially suggested by early studies (such as Jenkins, 1982).

For example, it has been shown that the extent of the detection region is related to the length

of time for which symmetrical stimuli are presented (Tyler, Harclage, & Miller, 1995).

However, a subsequent study has also shown that there is a region of enhanced sensitivity

located at, or close to, the axis of symmetry that is not dependant on short presentation times

(Dry, 2005). Using a methodology similar to Jenkins (1982), Dry (2005) demonstrated that

when obseruers were allowed unlimited presentation tirnes, syrnmetry was detectable

regardless of its location in the stimulus. The results indicated that observer perforrnance

peaked when the symmetry information was locatecl clirectly acljacent to the central axis, but

beyond this region perfonnance was relatively stable. The results also suggested the presence

of an additional but mnch weaker region of perceptual salience located at the stimulus outline,

a finding that has also been reportecl in a number of previous stuclies (Barlow & Reeves,

I 979; Wenderoth, I 995).

Additionally, studies by Dakin and Herbert (1998) and Rainville ancl Kingdom (2002) have

provided evidence suggesting an approximately 2:1 height to width ratio for the detection

region. In light of this, a detection region cornprised of columns of Voronoi cells spanning the

entire height of the stirnulus may be inappropriate. This, and other weaknesses related to the

detection region, could be easily addressed in a more sophisticated version of the Voronoi

model without violating the fundamental assumptions of the basic rnodel. For example, it

would be simple to implernent a version of the Voronoi rnodel in which the height to width

ratio of the detection region was free to vary. An example of a Voronoi model detection

region with a 2:1 height to width ratio is given in Figure 3.9. Sirnilarly, the contributions that
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individual cells within the detection region provide to the overall perception of symmetry

could be weighted according to their relative proximity to the stimulus midline (or outline,

under the assumption that the detection region covers the entire stimulus). As with the height

to width ratio, this would necessarily be a free parameter because there is not yet enough

evidence to put a definite value upon the strength of the weighting. However, because these

free parameters add complexity to the Voronoi model (see Chapter 4 for a discussion of

model complexity) it is believed that initial tests of the Voronoi model's utility should focus

upon the simplest version of the model.

Figure 3.9 An example of the Voronoi detection region with q 2:1 height to width ratio

(under the assumption that the width of the region ls equal to two cells either side of the

stimulus midline).
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One final potential problem that faces the Voronoi model relates to the speed at which the

visual system is able to generate the underlying Voronoi representation. The process of

symmetry perception happens very quickly. Using static dot patterns, Barlow & Reeves

(1979) demonstrated that symmetry perception is possible using presentations of 100

rnilliseconds and Tyler, Hardage & Miller (1995) showed that near-perfect performance could

be achieved for presentations as short as 70 milliseconds. Additionally, Julesz (197i) found

that detection was possible in dynamic dot textures at 40 to 50 milliseconds and Carmody,

Nodine and Locher (1974) employed simple geometric shapes and found symmetry was

detectable at 25 milliseconds.

In contrast to this, Lee, Mumford, Romero and Lamme's (1998) research (see Chapter 2)

indicated that the peak response coffesponding to the location of the medial axis appears at

around 80-100 milliseconds. Because it is assumed that the same process is responsible for

generating the medial axis and Voronoi representation, this is potentially problematic for the

Voronoi model. Nonetheless, although Lee et al.'s study is useful in terms of tracking the

changing developmental time-course of a medial axis representation, it does not necessarily

follow that this time-course should share a one-to-one relationship with the development of a

similar representation in attentive human observers. Furthermore there is evidence to suggest

that there are differences between monkeys and humans in tenns of the magnitude of the

activation induced by symmetrical stirnuli. In an fMRI study Sasaki, Vanduffel, Knutsen,

Tyler and Tootell (2005) reported that a syrnmetry response could be found in analogous

cortical areas for monkeys and humans, but that the intensity of the response was far weaker

for monkeys. In light of this, it could be argued that while Lee et al's (1998) findings pose a

challenge to the Voronoi model, they cannot directly rule it out as a potential model of

symmetry detection.

3.4. Summary

In this chapter a model of symmetry detection based upon a Voronoi representation was

introduced. The Voronoi rnodel was developed in response to three important findings frorn

the human symmetry perception literature: that symmetry perception is a graded response;

that the perception of symmetry is more salient at or close to the axis of symmetry; and that

the processes unclellying symmetry perception can be generalised to other similar structure

and regularity detection tasks.
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A number of the strengths and weaknesses of the Voronoi model were discussed. It was

suggested that the model had the potential to account for a number of different empirical

symmetry perception findings. Fufthermore, it was argued that some of the potential

weaknesses of the model could be overcorne by developing the model and that these

refinements would not violate the underlying assumptions of the basic model.

The background literature and simple demonstrations provided in this chapter suggest that the

Voronoi model is a theoretically plausible model of symmetry perception. However, it is not

sufficient to rely on theory or one-off demonstrations to test the utility of a model as an

explanation for a cognitive or perceptual process. In order to test the utility of the Voronoi

model it is necessary to compare the performance of the model to the performance of hurnan

observers across a range of empirical symmetry detection tasks. This will provide an

indication of how closely the model responses correspond with the responses of the systern it

is proposed to be simulating. Furthermore, it is necessary to compare the performance of the

Voronoi model to the performance of other models of syrnmetry perception. This will provide

an indication of the utility of the Voronoi model relative to the utility other potential

explanations.

In the next chapter I will outline a quantitative methodology for comparing model

performance. This will be followed by the first of the studies in this thesis, in which the

performance of the Voronoi model is compared to the peformance of a number of alternative

models across a range of representative symrnetry detection tasks.
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4, MODEL SELECTION

The primary aim of his thesis is to develop a model of symmetry perception based upon

relational information, and to compare it to other models of symmetry perception. In this

chapter I outline what is meant by the term 'model' and discuss why models might be of

interest to researchers seeking to understand psychological phenomena. A number of

philosophical and methodological issues are discussed and a Bayesian approach to comparing

models of symmetry perception is introduced.

4.1. What are models?

The term 'model' has been attached to a wide range of applications including flowcharts,

simulations, formulae, statistical hypotheses, conceptualisations, and verbal descriptions. In

the most general sense of the word a model is a theory and the terms 'model' and 'theoty' are

often used interchangeably in the literature.

Some researchers find it useful to distinguish between models in terms of deglee of specificity

or formality. They contrast informal models (such as flowcharts) with formal mathernatical

models in which specific assumptions are rnade concerling the interrelationships of the moclel

cornponents (Hintzman, 1991; Uttal, 1990). Unfortunately, this distinction tends to ascribe a

degree of complexity to formal models that is not necessarily warranted: a /-test is an exarnple

of the use of a sirnple formal rnodel, and the Australian Labor Party's 2001 Knowledge

Nation model (Figure 4. l) is an example of a complex informal model. An alternative rneans

of phrasing this clistinction is to ask whether the rnodel is sufficiently detailed enough to be, in

principal, empirically testable. If the various cornponents of a model are detailed enough that

falsifiable predictions can be formulated then the model can be consiclered to be forrnal.

Following this logic any informal model can (theoretically) be transformed into a formal

model.

4.2. Types of formal models

As a blanket term the idea of formal models can be seen to encompass a disparate collection

of rnethodologies. It is worthwhile, therefore, attempting to classify the different classes of

formal model found in psychological research.
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A primary goal of psychological research is to try to understand the perceptual and cognitive

processes that give rise to some form of observable behaviour. One way to differentiate

between classes of formal models is to place them on a continuum in terms of the degree to

which they are able to provide insight into these internal processes (Figure 4.2). At one end of

the continuum are models such as the group cornparison hypotheses generally associated with

the analysis of variance (ANOVA). These models are able to describe relationships in the

data, but are unable to explain how these relationships rnight arise.

Further along the continuurn are mathematical functions such as Weber's law and the rnodels

associated with Factor Analysis or Structural Equation Modelling. Here the moclels are able to

provide a more detailed clescription of the inter-relations between variables, and this generally

places stronger constraints upon the types of processes that rnight be underlying the behaviour

in question. For example, a /-test rnay indicate that there is a substantive difference in the

number of items retained in memory when measured at two clistinct tirne periods but fitting

mathematical functions to an item retention data series tells us more about the nature of

forgetting over a continuous time period.

Figttre 4.1 The infantous 'Knowledge Nation' model, an exantple of a contplex informal

ntodel.
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Figure 4.2 A representation of the explanatory value of dffirent types of formal models

along a continuum. The models become increasingly specific as they move down the

continuum from left to right. Note that no model can provide a full understanding of any

internal mechanism.

Further still along the continuum are models known variously as computer simulations,

implementations, or process models. These models are an attempt to simulate the processes

that give rise to a given behaviour. In other ì/r'ords, these models are a set of rules for

transforming some fonn of input, or experimental stimulus, into an output, or behavioural

response. These models differ from the previous two classes of model in that they are

generative rather than descriptive. Rather than describing the relationships in an empirical

data set, simulations generate data sets which are then (usually) compared to the ernpirical

data set. The degree to which the simulated data correspond with the empirical data is

commonly taken as a measure of the degree to which the model corresponds with the actual

cognitive or pelceptual processes that are supposedly being simulated. Exarnples of these

types of models can be found in rnost areas of cognitive research including (but not restricted

to) language acquisition, rnemory, decision-making, attention, cognitive abilities, problem

solving, and visual perception. It is this class of models with which this thesis is primarily

concerned.

Computer simulations are largely considered to be useful because they force researchers to

explicitly outline the process or processes that they believe to be responsible for transforming

an experimental stimulus into behavioural response (Hintzman, l99l; Lewandowsky, 1993;

Uttal, 1990). They increase our understanding of psychological mechanisms by facilitating the

transition from vague theories to specific formulations. For example, on the basis of a series

of experiments Jenkins (1983a) theorised that symmetry perception arises frorn the detection
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and fusion of stimulus features with orientational uniformity and midpoint colinearify.

However, he did not explicitly speciflz the nature of these stimulus features or how they are

'fused', nor the processes by which orientational uniformity and midpoint colinearity might

be detected. Dakin and Watt's (1996) model and the Voronoi model proposed later in this

thesis are two very different examples of computer simulations that are partly based upon

Jenkins' informal model of symmetry perception.

This high degree of specificity is valuable for a number of reasons. In the first place, it

reduces any confusion surrounding what a researcher actually means when they propose a

theory concerning a given psychological process. As Broadbent (1987) indicated, theories

based on vague and imprecise terminology (such as 'fusion' or 'stimulus features') can be

misunderstood or misinterpreted. Second, it is often unclear what sorts of tests or

experimental manipulations would be necessary to either support or falsify imprecise theories,

whereas the highly specific nature of computer simulations allows them to be replicated and

quantitatively compared (Lewandowsky, I 993)

4.3. Model comparison

Uttal (1990) notes that there is a tendency for sorne researchers to wrongly interpret computer

simulations as reductive explanations of the internal workings of the brain. He argues that

there are a nurnber of barriers (both practical and philosophical) that place limitations upon

the ability of any single simulation to provide ". . . a precise, unique, and valid statement of the

particular internal mechanisrns (neural, logical, or cognitive) by rneans of which a system

carries out its function" (p. 189). One palticularly salient limitation that Uttal highlights is the

black box problem, which he illustrates by quoting Moore's (1956) Theorem 2:

Given any machine S and any multiple experiments perfornted on S, there
exist other machines experimentally distinguishable from S for whích the
original experíment would have had the same outcome.

This theorem suggests that there are numerous unique, distinguishable models that are capable

of generating an empirical data set equally well. Given that the brain is a closed system, it is

impossible to determine which model is the 'true' model.

Uttal's objective was not to argue against the use of computer simulations in cognilve

research, but to clarify what simulations can ancl cannot tell us about interrral rnechanisrns. He
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indicated that it is important to recognise that any given simulation is just one of a set of

possible theories. If we are willing to accept this, then it folows that any simulation, in and of

itself, can tell us little about the true nature of the internal processes that give rise to a

behavioural response. In other wo¡ds, the output of a simulation is only of value in relation to

other data.

It is common for authors to present examples of model output and rely upon scrutiny by the

reader to determine if it accorcls with their perception of structure in a stirnulus (e.g., Ahuja &

Tuceryan, 1989; Bonneh, Reisfeld, & Yeshurun,1996; Hong & Pavel, 1996; Kurbat, 1996;

Labonte et a1., 1995; Osorio, 1996; Stevens, 1978; Stevens & Brookes, 1987; Zahn, l97l).

Typically the model output is shown side by side with the oliginal stimulus such as in

Labonte et al. {, 1995 #245; see Figure 4.3}. Less commonly, authors will present some form

of function indicating model performance across a range of experimental stimuli. For

example, Gurnsey et al. (1998) demonstrated that the perfonnance of their symmetry

detection model degraded as the proportion of noise within a symmetrical stimulus is

increased. Holever, Gumsey et al. did not provide any empirical data to compare the model

performance against and presurnably the sigrnoid shape of the model performance function is

rneant to be taken as evidence of the rnodel's plausibility. In each of these cases the examples

y:-

d

Figttre 4.3 Example model ouÍput from Labonte et al. (1995). The original text reads

"Original image ... and the corresponding results of the grouping process (with border

elements)" (pp 282).
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that the authors present are of limited value beyond serving to demonstrate that the model in

question is capable of producing some form of output. This may be of interest in its own right,

and is an excellent first step, but it does not offer any particular insight into psychological

processes.

At the very least, simulation output should be compared with appropriate empirical data. This

(most basic) test will indicate whether or not the model is capable of capturing the general

qualitative shape of an observer's responses. However, it is important to never lose sight of

the fact that any model is just one of a set of potential explanations for the phenomena in

question. An even better test, therefore, is to compare the output of two or more rival models

to an empirical data set. In this way the utility of each model can be seen relative to the utility

of the rival explanation(s). Given that we cannot distinguish the true nature of any

psychological process, the next best thing is to be able to distinguish between plausible and

implausible explanations (Uttal, I 990).

4.4. Ev aluation criteria

In order to compare models it is necessary to adopt some forms of evaluation criteria. Jacobs

and Grainger (1994) suggested that models should be judged in terms of descriptive

adequacy, complexity, generality, and explanatory adequacy. In the following section each of

these issues will be dealt with in turn.

Descriptive adequacy is essentially a rneasure of a rnodel's goodness-of-fit. It quantifies how

closely a model is able to approximate an empitical data set. Typical measures of descriptive

adequacy that can be founcl in the literature include the sum of squared erors (SSE),

proportion of variance accountecl for by the model (R2), and the maximum likelihood, in

which the likelihood of observed data having arisen due to a particular model is maximised in

relation to the model's parameters (Myung & Pitt, 1997). Underlying the use of descriptive

aclequacy as a measure of model utility is the assumption that the closer a model can fit an

empirical data set, the better the model is as an explanation of the process that generated the

data.

Because it is easily quantified, descriptive adequacy is the most widely used and accepted

model evaluation criterion. Nonetheless, in recent years there has been a growing criticism of
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the use of goodness-of-fit as the sole measure of model utility (Lee, 2004; Myung & Pitt,

1997;PiTt & Myung,2002; Roberls & Pashler,2000). As Roberts and Pashler (2000) noted,

when a model has free parameters, the best fit of a model to a data set is just one example of

what the model predicts. The single best fitting parameterisation of a model does not give an

indication of everything that the rnodel does and does not allow. In contrast to this, complexity

encompasses the entire range of responses that a model is capable of producing, taking into

account the number of free parameters a model has, the values that these parameters are

allowed to take, and the way they interact (also known as functional fotm).

Complexily is an important issue in model evaluation. It has been demonstrated that complex

models are able to produce good fits to clata sets even if they are not responsible for having

generated the data (Myung & Pitt, 1997; Pitt & Myung, 2002).In other words, if goodness-of-

fit is used as the sole criterion for model selection, researchers run the risk of selecting a

complicated model over a simpler model even if the simpler model is actually a better

explanation for the psychological mechanism of interest. Furthermore, the increased

flexibility of complex models means that not only do they tend to fit data more closely than a

simple model; they are also more likely to be able to make predictions that are implausible,

such as response curves that move in the opposite direction to the ernpilical response curves.

When considering the range of responses that highly complex models can make it is

sornetimes difficult to determine if thele are any relationships that the model wouldn '¡ be able

to predict. If this is the case, then the ability of the model to closely fit an actual empirical

data set is hardly interesting, ancl not at all informattve.

Figure 4.4 provides an example of the descriptive adeqr.racy (top row) and complexity (bottorn

row) of three fictitious models. Model A is a simple moclel that manages to capture the basic

sigmoid shape of the empirical data but its overall clescriptive adequacy is poor. Model B has

better descriptive adequacy than Model A but the greater number of responses that it is able to

produce is an indication of its increased complexity. Model C is able to fit the empirical data

set perfectly, but it is also produces numerous responses that bear little resemblance to the

empirical data. If we were to evaluate these three models purely on the basis of descriptive

adequacy, then the perfect fit of Model C would rnake it the clear winner. However, the range

of responses that Model C produces across all of its pararneters suggests that it is overly

complex because it produces responses that we would not expect the mechanism underlying
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Figure 4.4 Descriptive adequacy (top row) and complexity (bottom row) of three fictional

models to an empirical data set. The empirical data is represented by circles. The bestfitting

parameterísation for each model ö represented by q solid line and all other

parameterisations by a dashed line.

the empirical data to be capable of producing (such as near perfect performance). Although

the fit to the ernpirical data is not as good, Models A and B are less complex than Model C

because they produce a limited, and more plausible, range of responses.

Generality refers to the ability of models to predict new (as yet unseen) data sets (Pitt,

Myung, & Zhang, 2002) and to perform well across different stimuli, tasks and response

measures (Roberts & Pashler, 2000). The presence of landom noise in psychological data

means that it is particularly important for models of psychological processes to be able to

generalise across data sets. Although variance in the form of individual differences, random

participant error, or the fluctuation of attentional processes can be minirnised or controlled for

in the experimental design, it is difficult (or impossible) to cornpletely elirninate. Comparing

models across data sets provides a measure of the model's ability to match the variance in

o
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perfonnance that is due to the underlying psychological mechanism of interest rather than the

nuisance or noise variance.

Furthermore, model performance should not be dependent upon a single type of stimulus or

task. For example, a number of different experimental manipulations have been employed to

determine the properties of symmetry perception. Additionally, there are a number of

differences between the types of stimuli used in the experiments (such as stimulus density,

element size, position of stimulus in visual fìeld, etc). It is reasonable to assume that a good

model of symmetry detection should be able to generalise across these different tasks and the

different types of stimuli employed in them.

It is also useful to consider the ability of models to generalise across different types of

response measures. This is particularly important when researchers have ernployed reduced

indices such as threshold estimates or d'. Model fits based upon these measures may be

misleading because the measures are derived by reducing a more detailed data set to a single

datum. For example, a model might be able to match an empirical threshold, but the shapes of

the model and ernpirical performance functions from which the thresholds are derived might

be very different. Similarly, model and empirical d' might be the sarne, but the hits and false

alarms used to generate these measures coulcl be quite different when comparing model ancl

empirical data. Because it is common to fit models to previously published data sets it is not

always possible to obtain access to the 'raw' performance measures. However, by fitting

models to data sets employing different types of lesponse rneasure it is still possible to

determine if a rnodel has rnore than limited utility.

The last of Jacobs and Grainger's (1994) model evaluation criteria is explanatoty adequacy.

This refers to the plausibility of a model and asks whether its underlying assumptions are in

agreement with conventional theory and knowledge. Of the four criteria, it is the hardest to

apply but it is arguably the rnost irnportant. A number of authors have suggested that the

quantifiable criteria are useful tools in model selection but they should not replace

explanatory adequacy as a means of determining the utility of a model (Browne & Cudeck,

1992; Myung & Pitt, 1991). The reason for this is simple enough: a model may be able to

satisfy the demands of fit, complexity and generality and yet be based upon physically or

biologically irnplausible assumptions (for example, see Barlow & Reeves (1919) rnodel of
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symmetry detection which relies upon the visual field being divided into a number of equal-

sized square regions).

The obvious difficulty with using explanatory adequacy is that it is subjective and open to

interpretation. Furthermore, new models are sometimes controversial and may be in direct

conflict with established theory and knowledge because the established theories are wrong

(i.e., it was once common knowledge that the world was flat). Nonetheless, explanatory

adequacy is still a useful evaluation criterion for a number ofreasons. In the first place, it can

be used to rule out any highly implausible or logically impossible models. Second, it forces

researchers to avoid the use of ad hoc assumptions when developing a model (Jacobs &

Grainger, 1994).In particular, all model parameters should be meaningfully interpretable, not

just some form of distributional assumption designed to increase goodness-of-fit.

4.5. Bayesian model selection

In the following section I outline a Bayesian approach to evaluating models of symrnetry

perception. This approach accounts for the competing pressures of descriptive adequacy,

complexity, and generality and provides a plausible and logical means of interpreting the

relative utility of the rnodels under comparison. Within psychology, Bayesian approaches

have previously been applied to the comparison of rnodels of a number of different

phenomena including rnemory retention (Lee,2004), information integration (Myung & Pitt,

1997), individual differences in cognition (Lee & Webb,2005), response tirne clistributions

(Rouder et al., 2005), decision making axioms (Myung et al., 2005), stirnulus representation

(Navaruo & Lee, 2004), and working memory failure (Carlin et al., 1992). Although I will be

applying this rnethodology to models of symmetry perception, there is no reason why it could

not be usecl to compare any fonnal models of visual perception.

One of the problerns with the literature on model selection techniques is that it generally

assumes that the reader has a high level of mathematical knowledge. This is unfortunate,

because the use of esoteric symbols and highly technical language tends to make the

techniques appear complex and inaccessible to non-specialists. The aim of this section is to

provide a non-specialist reader with a basic understanding of the Bayesian approach to model

selection. First, I will use a simple example to outline how Bayesian model selection operates

in a general sense. Following this, I will discuss the theory underlying Bayesian model

selection in more depth and plovide the necessary technical details.
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4.6. An example application of Bayesian model selection

Introductions to Bayesian model selection (hereafter BMS) usually begin with a discussion of

Bayes' theorem. Although this theorem is undoubtedly central to BMS (and will be outlined

shortly), I believe it is useful to begin at a more practical level.

Let us imagine that we have collected an empirical data set that demonstrates an increase tn

discriminability across some form of experimental manipulation. As has been discussed in the

previous sections, one way to gain insight into the psychological processes underlying this

relationship is to compare the performance of two or more models that seek to simulate these

processes. In the following example I will demonstrate how BMS can be used to make this

comparison.

At a basic level, BMS operates by comparing likelihood functions. Specifically, we are

interested in the likelihood that an observed empirical data set was generated by a rnodel,

taking into account all of the model's parameterisations. Figure 4.5 compares the fits of two

sirnple one-parameter models (Model A and Model B) to our imaginary ernpirical data set and

their associated likelihood functions. In each case, the model's sole parameter takes seven

discrete values. The top left panel (4.5a) shows the fits of each parameterisation of Model A

to the ernpirical clata. Each of the seven parameterisations is represented by a separate line,

and the empirical clata are represented by the circles. As can be seen, parameter value for-rr

provides the best fit to the ernpirical data. Correspondingly, parameter value four contributes

the most to Model A's likelihood function (4.5b), and this peak is known as the rnaximurn

likelihood (Myung, 2003). In contrast to this, Model A's parameter values one, two, six and

seven provicle fits that are very poor and as a result they contribute very little to the likelihood

function. The bottom left panel (4.5c) shows the fits of each parameterisation of Model B to

the empirical data. ln this instance the fits of parameter values one and seven are sirnilarly

poor as those of Moclel A but the other parameterisations provide fits that are all clustered

closely arouncl the empirical data. As a result, the coresponding likelihood function (4.5d)

has a much greater clensity than Model A's likelihood fr.rnction.

In this example the likelihood functions are represented by a cura/e because the models only

have one parameter. For two parameter models the likelihood function becomes a surface

locatecl above a two-dirnensional parameter space. Similarly, but more difficult to visualise,
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for Æ-parameter models the function becomes a surface located above a k-dimensional plane.

By integrating across each of the values in the likelihood functions we obtain the marginal

likelihood. The marginal likelihood is essentially equal to the area under the curve (or surface)

representing the likelihood function (Myung & Pitt, 1997). Although Models A and B have

equal maximurn likelihoods (the peaks of the likelihood functions are equal) the rnarginal

likelihood of Model B is greater than that of Model A. Once we have obtained the marginal

likelihoods of each model we can compare them in the form of Bayes' factors. These express

the likelihoods of the two models in the form of a ratio. If the ratio given by the Bayes factors

for Models A and B were l0:1 then Model A would be ten times less likely to have generated

the observed empirical data than Model B.

a. Model A fit to empirical data b. Model A likelihood function
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Figure 4.5 The f ts of Models A qnd B to an empirical dqta set and their associated likelihood

functions (see textfor details).
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This example highlights a number of the advantages of BMS. In the first place, it

demonstrates the way that BMS deals with complexity. Some alternative model selection

methods (such as the AIC (Akaike, 1983), BIC (Schwarz, 1978) and RMSEA (Steiger, 1990)

penalise models with a large number of parameters more than rnodels with few parameters by

adjusting the best fitting parameterisation according to some form of weighted parameter

count. However, the number of model parameters is just one aspect of complexity. Our

example demonstrates that models with the same number of parameters can have different

functional forms. BMS accounts for this additional source of complexity by basing the overall

likelihood of the model not only on the best fitting parameterisation but on all

parameterisations. Model B is a better model than Model A because more of its

parameterisations provide a close fit to the data. Vy'e could extend our example by also

considering a model with greater parametric complexity. The best fits would probably be

closer than those of Models A and B, but it would also be likely to produce numerous

parameterisations that do not fit the data well (in a similar rnanner to Model C in Figure 4.4).

The marginal likelihood of the new model would not necessarily be any greater than that of

the sirnpler models because the numerous poorly fitting (and therefore unlikely)

parameterisations contribute just as much to the rnarginal likelihood as the small number of

closely fi tting pararneterisations.

A second advantage of BMS is that it provides a philosophically sound and interpretable

means of evaluating the utility of a model. Thus, the ability of a single model to fit a data set

tells us very little about the actual psychological processes that generated the clata. Similarly,

in BMS a rnodel's marginal likelihood is meaningless without reference to another model's

marginal likelihood. In BMS it is explicitly understood that the utility of a moclel is quantified

relative to the model or models with which it is being compared. In our example Model B is a

more likely explanation of the processes that generated the data than Model A but this tells us

nothing about the relative likelihood of Model B in comparison to the universe of potential

models that exist as explanations for the data. By expressing model utility in the form of a

likelihood ratio (Bayes' factors) we can satisfy a fundamental philosophical requirement of

model evaluation (i.e., judging the utility of a given model as an explanation of a

psychological process relative to the utility of alternative explanations). Furtherrnore, because
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Bayes' factors lie on a scale that can be understood in terms of betting they provide an easily

interpreted and understood means of quantifying the relative likelihoods of models.

4.7. Fundamentals of Bayesian model selection

In the next section I will discuss the theoretical basis of the Bayesian approach and outline in

more detail the methodology I will be employing. For a more technical discussion of

Bayesian methods see Myung and Pitt (1997), or Kass and Raftery (1995). The following

outline of BMS is for the most part drawn from these two sources and the highly accessible

and concise overview in Lee (2004).

The Bayesian approach to model selection uses Bayes' theorem to determine the probability

that a given model generated a data set. This probability is known as the posterior probability

p(M I D) and is dependant upon the way that the prior probability of a modelp(M) is affected

by the evidence provided by the data:

p(MrD):$lpot'¡

The evidence provided by the clata can be seen to be the probability that the clata was

generated by the model p(D I M) nonnalisecl by tlie probability that the clata could have arisen

under any set of circumstancesp(D).

When we compare two models (Ml, Mz) the relationship takes the form of a posterior oclds

ratio:

p(M, lD)
p(M, lD)

This is essentially the ratio of the evidence provided by the data (or Bayes' factor) multiplied

by the prior odds ratio. It should be notecl that the nonnalising term p(D) is absent when

Bayes'theorem takes this form. The reason for this is that the plobability of the data having

arisen under any set of circumstances is the same for all models. Similarly, the prior odds

ratio is only included in this relationship because it has theoretical significance. The prior

probability of a model may not exist or it may be impossible to calculate, so a colnmon

simplifying assumption in BMS is that the prior probabilities are uniform (Myung & Pitt,

1997). Although thele are circumstances in which model priors can be defined (Kass &

Mp(D p(M,)

;@,p(DlM,)
)
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Raftery, 1995), in the case of the models compared in this thesis there is no theoretically

justifiable reason to suggest anything other than equal priors (i.e., p(M¡)/p(Mz) : l).

Because the models are parameterised, p(D I M) becomes a marginal probability: the

probability that the data were generated by a model, across each of the model

parameterisations p(D I M,e). In order to compare two models we need to obtain a

probabilistic fit between each model and the data acloss all possible parametric combinations.

Returning to the example application of BMS in Figure 4.5, we can see that the fit between

model and data is the difference between some measure of obserued empirical

discriminabilif, y,, and the discriminability that the model predicts, Î¡, over the n data

points. Under the assumption that each of the empirical data points comes from a Gaussian

distribution with a known variance s2, the probabilistic fit for single model parameterisation is

given by:

p

The set of probabilistic fits between moclel and data across each parameterisation provicles the

likelihood function (such as in Figure 4.5b or cl), and by integrating across these values we

obtain the marginal likelihoocl. As we have seen, the ratio of the marginal likelihoods is the

Bayes' factor.

There is no hard ancl fast rule for interpreting Bayes factors. As Kass ancl Raftery (1995)

indicate, interpretation may depend upon context: the weight of eviclence needed to send an

accused criminal to the electric chair is (hopefully) going to be different to that needed to

choose between eating a chicken sandwich or a cheese sanclwich for lunch. Jeffreys (1961)

guiclelines are outlined in Table 4.1 and these will be used as the framework for evaluating

clifferences between the models under comparison in this thesis.

M,D
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Table 4.1 Jeffreys' (1961) suggested interpretation scalefor Bayes'factors

Bayes Factor Evidence
<3.2

3.2 to 10

l0 to 100
> 100

Not worth more than a bare mention
Substantial

Strong
Decísive

4.8. Summary

In this chapter I have provided a general overyiew of the different classes of rnodel employed

in psychological research and indicated that this thesis is primarily concerned with the class of

models known variously as computer simulations, implementations, or process models. These

types of models are generally considered to be interesting because they make highly specific

hypotheses about the nature of psychological mechanisms.

It has been argued that, in and of itself, a single model of perceptual or cognitive processes

can tell us little about the actual psychological phenomena that it is said to be simulating.

Because the true state of these processes is unknowable, the only meaningful interpretation of

a model's utility is in relation to the utility of rival models. lt was suggested that in orcler to

gain insight into the processes underlying symmetry perception it is necessary to not only

physically implement symmetry perception moclels, but also to cornpare the performance of

rival models in relation to empirical data.

Towards this end Jacob and Grainger's (1994) criteria for evaluating rnoclels (descriptive

aclequacy, complexity, generality, and explanatory adequacy) were outlinecl ancl cliscussecl in

cletail. Finally, a Bayesian approach to evaluating models of symmetry perception was

introduced. It was argued that this approach accotmts for the competing pressures of

descriptive aclequacy, complexity, ancl generality and provides a plausible ancl logical ffìeans

of interpreting the relative utility of the models uncler cornparison.

In the following chapter I will present the first of three studies in which Bayesian moclel

selection is employed to compare the performance of the Voronoi moclel against those of a

number of previously published models of symmetry perception across a range of empirical

symmetry detection data sets.
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5. STUDY 1

5.1. Introduction

A number of models of symmetry perception have been proposed in recent years and, in some

cases, it has been demonstrated that a model is able to provide a reasonable account of the

performance of human observers on an ernpirical syrrmetry detection task (see, for example,

Barlow & Reeves, 1979; Rainville & Kingdom,2002; ljan & Liu, 2005). Generally speaking,

if a model is able to replicate the performance of human observers, then it is considered to be

a good potential explanation for the types of processes responsible for the perception of

symmetry. Unfortunately, it is often quite difficult to assess the utility of these models relative

to each other, because little attempt has been made to compare the performance of different

models on the same task. Furthennore, because the comparison of model and ernpirical data

tends to be restricted to a single task or experimental manipulation, it is difficult to determine

how well a model is able to generalise across different situations.

A notable exception is Dakin and Watt's (1996) study. In this paper Dakin and Watt compare

the performance of four theoretically motivated models of symmetry detection across a series

of six previously publishecl experimental data sets from Barlow and Reeves (1979) and

Jenkins (1982). They ernploy a 2 x 2 clesign, irnplementing two forms of spatial filtering

mechanisms (isotropic and oriented filters), and two forms of symmetry detection (cross-

correlation ancl feature alignrnent). After comparison of the four moclels it is conclucled that

the alignrnent model with orientecl filters provicles the best account of human perfonnance

across the six symmetry cletection experiments. More generally, Dakin ancl Watt argue that

this finding has important implications for human form vision because it suggests that the

detection of salient structure ancl objects in real world environments is realised via the output

of oriented filters and a general-purpose feature alignment mechanism.

However, there are three funclamental problems in the Dakin and Watt (1996) study that cast

some cloubt upon the reliability of these conclusions. In the first place, Dakin and Watt base

their conclusions about the relative fits of the moclels purely upon qualitative inspections of

the data fits. At no point do they provide any statistical eviclence to support their conclusions.

Second, there appears to be a discrepancy between the method employecl by Dakin and Watt

to calculate d' (i.e., stimulus discrirninability) and the rnethod employed in Barlow ancl

Reeves' (1919) original stuclies. This methodological clifference causes Dakin and Watt to
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overestimate the values of d' attained by their models and makes it difficult to make any

meaningful comparison of the simulated and empirical response clata. Third, there appears to

be some discrepancy between the data point values quoted in several of the original

experiments and those displayed in Dakin and Watt's figures. For example, the value of the

datum point at 0.5 on the horizontal axis in Dakin and Watt's Figure 2 is given as l.l.
However, in Barlow and Reeves' (1979) Figure 4, the corresponding datum point has a value

closer to 1.6.

In light of these problems, Dakin and Watt's conclusions conceming the relative adequacy of

the four models are thrown into doubt. Nonetheless, the overall aim of Dakin and Watt (1996)

in comparing the performance of rival models of symmetry perception is theoretically sound

ancl has the potential to provide insight into the processes underlying perceptual organization.

It is therefore proposed that Dakin and Watt's study should be replicated in a manner that

avoids the abovementionecl problems. Replication also presents the opportunity to compare

the performance of models that were not included in the original study.

In this chapter I will present a replication of Dakin and Watt (1996). The performance of six

models of symmetry cletection, four from Dakin and Watt (1996), Barlow and Reeves'(1979)

model, and the Voronoi moclel (outlined in Chapter 3) will be compared to empirical clata

originally publishecl in Barlow ancl Reeves (1919) ancl Jenkins (1982). In the next section I

will or"rtline the methods and frnclings of the original studies. This will be followed by a

description of the six moclels and the theory underlying the decision-making process that the

models all ernploy. The simulation results for each of the six experiments will then be dealt

with in turn, followecl by a general discussion.

5.2. The empirical data sets.

The empilical clata sets used in this study were originally published in Barlow and Reeves

(1919) and Jenkins (1982). These experiments have informed numerous models of symmetry

perception (including the Voronoi model) and, as a result, they have been mentionecl

elsewhere in this thesis (e.g., Chapter 3). Nonetheless, because the experiments form the

backbone of this study it is worthwhile spending some time outlining their main findings.

Specific cletails relating to experirnental rnethodology and stimulus design are provided

elsewhere in this chapter.
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Experiments I to 3 in this study are taken from Barlow and Reeves (1979). These experiments

are of particular interest because they demonstrate that the perception of symmetry is not an

all-or-nothing response. Rather, it appears to degrade gracefully as symmetrical structure is

perturbed via positional distortion or the addition of random noise. Figure 5.1 displays

empirical data for Experiments I to 3, replotted from the original figures in Barlow and

Reeves (1979). In Experiment I the observers were asked to discriminate between

symmetrical dot patterns that had been subjected to varying degrees of positional distortion

and randomly distributed dot patterns. The stimuli were distorted by randornly relocating one

half of each symmetrical pairing within a square region centred on each point's original

position. As can be seen in Figure 5.la the observers were able to tolerate reasonably high

levels of positional distortion, and were still discriminating with a d' of close to 1 for

tolerance regions of one third of the width of the stimulus squared.

Experiments 2 and 3 both involved the addition of random noise to symmetrical dot patterns.

In Experiment2 the observers were required to discriminate between syrnmetrical dot pattems

with varying proportions of symmetrical pairings replaced by random noise and pattems

comprised of randomly distributed points. As could be expected, observer performance was

positively related to the proportion of symmetrical pairings in the stimuli (Figure 5.1b). As

with Experirnent 1, the observers were able to tolerate a high clegree of interference, and could

discriminate between the two classes of stimuli with a d'of close to I when only 40% of the

points were symmetrically aligned.

Experiment 2 inclicated that observers were able to cliscriminate between randorn noise and

symmetry with added noise. It should be noted that this cloes not necessarily imply that

observers would be able to discriminate with a similar clegree of accuracy between perfect

symmetry and symmetry to which noise hacl been addecl. It is possible that the flexibility of

the visual system (in terms of being able to perceive symmetry clespite the presence of high

levels of noise) might come at the cost of sensitivity. Experiment 3 tested the ability of

observers to discriminate between perfect symmetry and symmetry to which varying arnounts

of noise had been added. As can be seen in Figure 5.lc the observers were sensitive to small

amounts of interference, discriminating with a cl' of greater than I when 20Yo of the points in

the stimuli were randornly clistributed. Taken together Experiments I to 3 indicate that the

mechanism underlying symrnetry perception is both robust and sensitive to interference.
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Figure 5.1 Empirical datafor Experiment I (5.1a), Experiment 2 (5.1b) and Experiment 3

(5.1c). Data replotted from figures originally published in Barlow and Reeves (1979). For

5.lq the scale on the x-axis indicates degree of positional distortion in terms of the size of the

square region within which points were randomly relocaled. The size of this region is given as

a proportion of the width of the stimulus. For 5.lb and c the scqle on the x-ctxis indicates the

proportion of points in each stimulus that were symmetrically positioned.

The data from Experiments 4 to 6 were originally published in Jenkins (1982). Earlier studies

had indicated that the perception of symmetry appeared to be restricted to a spatially limitecl

region located clirectly acljacent to the axis of symmetry (Barlow & Reeves, 1979; Julesz,

l97l). Jenkins investigated the relative contribution that symmetrical point-pairs locatecl at

varying distances from the central axis macle to the perception of symrnetry. This was

achievecl by restricting the symmetrical point pairs to strips of varying wiclths locatecl either at

the stirnulus centre or outer eclge, with the remaincler of the stirnulus comprised of randomly

positionecl points. It shoulcl be noted that a centrally locatecl fixation point preceded the

presentation of all stirnuli, ancl that the observers were instructecl to not shift their gaze from

this position.

Expeliment 4 investigated the minimum amount of symmetry inforrnation needed for

observers to discriminate between ranclorn noise stimuli and stimuli that contained a strip of

symmetry locatecl at the stimulus centre. As can be seen in Figure 5.2a,the observers were

able to discrirninate at a level greater than chance when the width of the strip containing

symmetry was only around 2"/o of the overall wiclth of the stimulus, with performance rapidly

increasing to perfect levels as the width of the strip was increased.
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Experiments 5 and 6 investigated the degree of redundancy in symmetrical stimuli. In

Experiment 5 the observers were required to discriminate between perfectly symmetrical

stimuli and stimuli comprised of a strip of symmetry located at the axis that was flanked on

either side by random noise. In this case the observers' task was to detect the presence of

randomly located points. Figure 5.2b shows that as the width of the symmetrical strip was

increased the observers' ability to detect the random noise points decreased. In Experiment 6

the observers were required to discriminate between random noise stimuli and stimuli

comprised of a strip of centrally located random noise flanked by symmetry. The observers'

task was to detect the presence of symmetrical structure, and Figure 5.2c indicates that as the

width of the noise strip increased observer performance decreased.

Taken together, the results of Jenkins' (1982) investigations indicate that the visual system ts

highly sensitive to the presence of symmetry if it is located irnmediately adjacent to the axis

of symmetry (Experiment 4). Furthermore, the perception of symmetry (and of deviations

from perfect symmetry) appears to be limited to a spatially restricted region immediately

adjacent to the central axis (Experiments 5 and 6). Any information located outside of this

region appears to be redundant, and does not contribute to the perception of symmetry.
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Figure 5.2 Empirical data for Experiment 4 (5.2a), Experiment 5 (5.2b) and Experiment 6

(5 2c). Strip width is given as a proportion of total stimulus width. Datq replotted fr omfigures

originally published ín Jenkins (1952). The scale on the x-axis indicates the width of the

central strip containing symmetry (Experiments 4 and 5) or noise (Experiment 6), expressed

as a proportion of the total stimulus width. Note the dffirence in x-axis scale for Experiment

4 compared to Experiments 5 and 6.
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5.3. The models

In the following section I outline the six models under compalison in this study: the Voronoi

model, Barlow and Reeves (1979) model, and the four filter-based models from Dakin and

Watt (1996). Because the Voronoi model has already been outlined in detail in Chapter 3, the

model's description has been restricted to a brief summary of its key characteristics. For the

remaining models I provide an overview of both the theoretical and computational aspects.

5.3.1. The Voronoi model.

The Voronoi model is based on the assumption that the visual system employs relational

information to detect regularities such as symmetric structure. The model employs the

Voronoi tessellation of an image as the base representation fi'om which symrnetric structure is

detected. Figure 5.3 provides a cornparison of the Voronoi tessellation for a symmetric dot

pattern (5.3a) and a randomly distributed dot pattern (5.3b).

Jenkins (1983a) suggested that the perception of symmetry may arise as a consequence of the

visual system detecting pairs of points that are uniformly orientated and have collinear

midpoints. The Voronoi model can be thought of as a formal instantiation of Jenkins' model.

The Voronoi moclel searches for symmetry by attempting to pair each point in a stimulus with

another point located in roughly the same position on the opposite side of the axis of

symmetry. For stimuli that contain little or no symmetry, the moclel will generally be unable

to fincl matching points in areas where they are expected, or alternatively, for any given point

a.

Fi gure 5 .3 Comparison of the Voronoi tessellation for a symmelric dot pattern (5 . 3 a) and a

randomly distributed dot pattern (5.3b).

b
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the model may find more than one potential matching point. On the other hand, for perfectly

symmetrical stimuli and stimuli with high levels of symmetry, the point-pair rnatching

process will tend to find a single unambiguous match for each point.

The matching process operates by reflecting each Voronoi cell across the stimulus midline

and counting the number of points that are located in that region. Barlow and Reeves (1979)

demonstrated that the visual system is able to tolerate a reasonably high degree ofpositional

distortion or interference and still detect symmetry. The Voronoi model meets this constraint

by assuming that the degree of tolerance afforded to each point in a stimulus is determined by

the size of its Voronoi cell. The Voronoi model also allows a plausible means of meeting the

constraint of restricting the detection of symmetry to a region directly adjacent to the axis of

symmetry (Jenkins, 1982). Each stimulus is divided into a series of columns of Voronoi cells

which can be differentiated according to their relative proximity to the stimulus midline.

Figure 5.4 provides a cornparison of the model representation for one, two and three columns

of cells either side of the stimulus midline. In each case, only the points that are located within

a cell are considered to contribute to the point-pair matching process. It is assumed that all of

the unbounded points fall outside of the visual system's zone of attention and are effectively

ignored.

Because the extent of this region of detection is unclear, the number of columns included in

the symmetry calculation process is a free pararneter, and this is the only free parameter in the

Votonoi model. The minimurn size of the region of detection is a single column either side of

cba

Figure 5.4 An example a symntetric stimulus and the region that is considered lo contribute

to the detection of symmetry, defined by a single column of cells located either side of the

stitnulus midline (5.4a), two columns of cells (5.4b), qnd three columns of cells (5.4c).

\ I
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the midpoint, and at the upper limit all columns are considered to contribute. In the current

study the width of the detection region ranged from 1 to 7 columns either side of the stimulus

midline.

Once the number of columns in the detection region has been defined, an overall level of

symmetry can be calculated for each stimulus. Each cell within the detection region is

reflected across the stimulus midpoint and the number of points falling within the reflected

cell is counted. The symmetry value for a stimulus is given by the expected number of points

in the reflected cell e7 (where e¡ : l) divided by the observed number of points o;, Surnfir€d

across allj cells in the detection regionl:

Sytnmetry value: )Íi
.¡ 0ì

As has been indicated, it is assumed that this process reflects the visual system performing a

form of correspondence calculation in which it is atternpting to match up point pairs that have

uniform orientation and collinear midpoints. When the number of expected points is equal to

the number of observed points, the match is unambiguous. It follows that when the expected

and observed values differ there is some degree of arnbiguity in the matching process,

indicating a lower level of symmetry. The values calculated for each cell are summed giving

an overall synmetry measure for the stimulus. For perfectly symmetrical stimuli this value

will be high, but as the level of symmetry in a stimulus is perturbed (either by the addition of

randotn noise or distoltion) this value will drop to the level found in purely random stimuli.

5,3.2. Barlow & Reeves' (1979) model.

The Barlow and Reeves moclel was first outlined in the same paper from which Experiments I

to 3 are drawn (Barlow & Reeves, 1979). The results of these experiments indicated that

symmetry detection \ryas a graded response that declined as symrnetry pairs were either

perturbed, or replaced with randomly positioned points. Barlow and Reeves suggested that

because observers are able to tolerate large inaccuracies in the placement of point-pairs it is

unlikely that the visual system is making cornparisons of individual spatial locations within a

stimulus. They used a simple model to demonstrate that it is possible to detect symmetry in

dot patterns by making comparisons between the dot densities of symmetrically positioned

sub-rcgions of a stimulus, and thcy argucd that this is thc kind of activity that a ncuron with a

fixed receptive field might be able to perfonn.

I Note: when the nurrber of observed points equals zero, the Voronoi rnodel assigns a value of zero, not infinity
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Barlow and Reeves' (1979) model operates by dividing a stimulus into a number of equal

sized square sub-regions. Each sub-region is paired with a second sub-region positioned

equidistant from the axis of symmetry. If a stimulus is perfectly symmetric then the number of

points in paired sub-regions will be equal. Alternatively, if a stimulus does not contain any

symmetry, then the variance in number of points in the paired regions will be equal to the

variance between the non-paired regions.

The number of points in each sub-region is counted and y2 is calculated using:

2N

Where N, and N, are the number of points in a pair of sub-regions, and N is the mean.

Random arrays will have values of 12 equal to the degrees of freedom (d/: nurnber of paired

sub-regions - 1). For stimuli that contain symmetrical dot pairings 12 will be less than df,

dropping to zero for perfectly symrnetrical stirnuli.

The Barlow and Reeves model has a single variable pararneter: the number of symrnetrically

positioned sub-regions. Because the sub-regions must be equal sized, have a symmetrically

positioned pair and cannot overlap, the number of sub-regions in a stimulus can only take on

values equal to the squares of positive numbers. This necessarily places restrictions upon the

range of values over which the model can be tested. Barlow and Reeves (1979) reported

rnodel fits for l6 and 36 sub-regions. For the current experiments the model was implemented

at 7 levels of sub-region numerosity: 4, 16,36, 64, 100, 144, and 196 sub-regions. Figure 5.5

demonstrates the representation of a symmetrical stimulus derived by the Barlow and Reeves

model for l6 and 36 sr"rb-regions.

Barlow and Reeves demonstrated that their model was able to provide a reasonable qualitative

fit to the data from Experiment I using both l6 and 36 sub-regions. Nonetheless, it is a fairly

unlikely candidate for the process underlying human perception of symmetry, in that it is

implausible that the visual system could be neatly dividing stimuli into equal-sized

symmetrically positioned sub-regions. Barlow and Reeves acknowledged the general

2
N,(N

T I
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a. b.

Figure 5.5 Comparison of the Barlow and Reeves model representation of a symmetric dot

stimulus for I 6 (5 .5 a) and 3 6 (5 .5 b) sub-regions.

implausability of the model in its present form, but argued that the goodness of the model fits

to the empirical data suggest that the visual system might be detecting symmetry by

comparing the expected and observed dot densities of regions equidistant from the central

axis. In this sense the Barlow and Reeves rnodel is somewhat sirnilar to the Voronoi model,

which is also reliant upon a comparison of sub-region dot densities.

The general irnplausibility of the Barlow and Reeves model is the prirnary reason that it has

been included in the set of models being compared in this study. In essence it is a yardstick or

'strawman' model against which to lneasure the performance of the other models. Jacobs and

Grainger (1994) suggested that models should be judged in terms of descriptive adequacy,

complexity, generality, and explanatory adequacy. Bayesian rnoclel selection provides an

indication of the relative likelihood of a model basecl upon the first three of these criteria, but

it is unable to account for a model's explanatory adequacy. Explanatory adequacy refers to the

plausibility of a model and asks whether its underlying assumptions are in agreement with

conventional theory and knowledge. It has been argued that the Voronoi model has some

claim to plausibility, in that there is a body of psychophysical and physiological evidence

suggesting that the visual system might be generating a Voronoi-like representation in early

vision (Chapter 3). Bayesian model selection might fìnd that the Voronoi model is the most

likely of the set of models under comparison in this study. However, if the arguably

implausible Barlow and Reeves moclel performs at a level that approaches the performance of
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the Voronoi model, then we may have grounds to seriously question the utility of the Voronot

representation based approach.

5.3.3. Dakin & Watt's (1996) filter models.

Dakin and Watt (1996) interpret Barlow and Reeves (1979) finding that the visual system is

resistant to the positional distortion of symrnetric stimuli as evidence of the involvement of

low frequency spatial filtering mechanisms in the perception of symmetry. Locher and

Wagemans (1993) had previously suggested that convolving a stimulus with isotropic,

Laplacian-of-Gaussian filters would generate a representation largely resistant to positional

distortion. They argue that such an approach is in line with the assumptions of the primal

sketch based visual processing models of Marr (1982) and Watt (1988).

ln contrast to this, Dakin and Watt (1996) suggested that the visual system may be deriving a

stimulus representation from the output of anisotropic filters such as the orientationally tuned

neurons in the primary visual cortex. They noted that when a symrnetric stimulus with a

verlical axis is filtered with a horizontally oriented filter, the resulting image is comprised of a

series of parallel stripes with collinear midpoints (see Figure 5.7b and c). They argued that

such a representation is analogous with Jenkins'(1983a) suggestion that the perception of

symmetry is reliant upon the visual system detecting stimulus features with uniform

orientation and collinear rnidpoints.

In order to compare these two approaches, Dakin and Watt ernployed both oliented and

isotropic filters to generate a stimulus representation. The isotropic filter was defined as a

Laplac i an- of-Gauss ian function :

f(x,y,s)
2

.f

I

The oriented filter model was a horizontally aligned Difference-of-Gaussian function

f (x,y,s)= e 1't l2rt I

"-tt 
l2{223t)'

2.23

For both the isotropic ancl oriented filters, the space constant of the spread function ts

lepresentecl by s, and is given in pixels. The isotropic filter rrodel was implemented using
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values of s ranging from2 to 16 pixels in 8 steps of 2 pixels, and the oriented filter moclel was

implemente<lusìng,svaluesrangìngfrom 1.41 to ll.3lpixelsinSstepsof l.4l pixels.Thisis

the same range of values used by Dakin and Watt (1996).

Following the filtering stage, stimuli were standardised so that the maximum and minimum

grey-scale values were equal to I and 0.5 respectively. The stimuli were then doubly half-

wave rectified by setting pixels with grey-scale values within one standard deviation of the

mean value to 0 (black). The resulting thresholded output retains both the positive and

negative portions of the filtered stimulus. Example representations derived fi-om the isotropic

and oriented fìlters are given in Figures 5.6 and 5.7 respectively.

c.

Figure 5.6 A symmetric dot pattern (5.6a), and a comparison of the output of the isott"opic

filter using a spreadfunction of s: 4 pixels (5.6b) and s: B pixels (5.6c).

c

Figure 5.7 A symmelric dol patlern (5.7a), ond a comporison oJ'lhe oulput oJ'the oriented

filter using a spreadfunction of s: 2.82 pixels (5.7b) and s : 5.ó5 pixels (5.7c).

ba

CT b

t,,tÜ*r'-

. ana? j:'i ,lì

,it !¡
i¡lw.,:;p

-i--

Çe

--
t -,--. 

-.--e-^-d :i _i -J

r - 
.-Lefu

-*

( --j -:- 
-)

78



Dakin and Watt (1996) implemented two separate approaches to calculating the degree of

symmetry within a stimulus: cross-correlation and feature alignment. A number of researchers

have proposed a cross-correlation based approach to symmetry detection (Barlow & Reeves,

1979; Iulesz,l97l).In essence, this involves correlating one half of an image with a minor

reflection of the other half. For example, the Barlow and Reeves (1979) model can be

thought of as comelating local dot densities. The cross-correlation approach tested by Dakin

ancl Watt bears a closer resemblance to Julesz's (1971) suggestion that the visual system may

be performing a point-by-point comparison of luminance values.

Dakin and Watt described the cross-correlation measure as

Cross-correlation :

where I(x.,,¡") indicates the lurninance value of an individual pixel location within an image.

The cross-corelation measure is calculated for each location within an itnage, and an average

is obtained across all locations. This process provides symmetry values that are equal to I

when a stimulus is perfectly correlated with its minor irnage, and that approach zero when a

stimulus is randomly distdbuted.

While cross-comelation makes use of all of the available information within a stimulus,

feature alignment produces a rìeasure of stimulus symmetry based solely upon the stimulus

features or filtelecl 'blobs' that intelsect with the central axis. In this sense, the models

employing feature aligrunent calculation are Írore likely to be sensitive to effects based on the

relative proxirnity of stimulus features (such as in Experiments 4 to 6) than the cross-

conelation based models.

Following Watt (1991), zero-bouncled stirnulus features (i.e., the gley'blobs'in the filtered

outputs shown in Figures 5.6 and 5.7) wele described in terms of their centroid (cx,cy),length

(,1), and rnass (7r). The alignment A(x) of stirnulus features that intersect the axis was

calculated using:

A(x)= +E"l_(if)1,,
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which measures the distance from each centroid to the axis (x), weighted in inverse proporlion

to feature length, and in direct proportion to its mass. The summed error of the relevant

features is normalized by their total mass (M to ensure that A(r) lies between I and 0.

Based upon the two forms of filtering mechanism and two forms of symmetry calculation

Dakin and Watt (1996) tested four models in a 2x2 design. The four models were: oriented

filter with feature alignment (Oriented/Alignment), oriented filter and cross-corelation

(Oriented/Correlation), isotropic filter and feature alignment (Isotropic/Alignment), and

isotropic filter and cross-conelation (Isotropic/Correlation).

5.4. The decision process

The models' task was essentially the same as that of the human observers in the original

experiments: they were required to discriminate between two classes of stimuli. For each

experiment a model produced two sets of responses, one for the experimental stimuli (e.g., the

symmetric point patterns with varying levels of randomly distributed noise points) and one for

the standard stimuli (e.g. the randomly distributed noise pattems). A1l models employed the

same decision mechanism to choose between the two sets of responses.

Barlow and Reeves (1919) reported that for Experiments I to 3 they employed a single-

interval, two-alternative forced-choice design, with the stirnuli presented in blocks containing

a single level of the experirnental stirnulus manipulation. Observer perfolmance was

expressed as d', a measure of discrirninability based on signal detection theory (Green &

Swets, 1966). Here rnodel discrirninability was calculatecl following the methocl outlined in

Dakin and Watt (1996). Each moclel has two sets of responses, one for the standard stimuli

and one for the experimental stirnuli. These responses have means p' and pn, and stanclarcl

deviations ø" and øn lespectively. From these values a decision criterion value can be

calculated for each separate experimental stimulus signal level parameterisation (l):

Criterion, = tti ++ (p' - p:)
oi +o

The two sets of model responses can be cornpared to the criterion value to determine the

probabilities of hits p(H) and false alarms p(F).Frcm these two values d'can be calculated

using signal detection theory (Green & Swets, 1966):
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d':@-tp(H)-Õ 'p(F),

where O -'(/) is the inverse phi or Gaussian probability function. This enables the values

associated with p(H) and p(F) to be convefted into z-scores.

Theoretically, the maximum and minimum values That d' can take are ll-cn, respectively

(Stanislow & Todorov, 1999). However, as Dakin and Watt indicated d' can be calculated to

an arbitrary precision level by restricting the maximum and minimum values of p(H) and

p(F).Barlow and Reeves (1979) reported that d'was calculated using Elliots' (1964) table of

values of d'. The maximum and minimum values of d' that can be attained using this table are

+l- 4.64, as p(H) and p(F) are restricted to a range of 0.01 to 0.99. In contrast to this, Dakin

and Watt report model d's as high as 6.2 (presumably this is a result of allowing thep-values

to range from 0.001 to 0.999). This has the unfortunate effect of making a number of the

models appear to perform at a level far greater than that of the hurnan observers. It is fair to

suggest that if a meaningful comparison is to be made between previously published data sets

and model performance, then d' should be calculated using the same level of precision in both

cases. Therefore, in order to correspond with the precision levels of the original experiments

the upper and lower bounds of p(H) and p(F) were capped at 0.01 and 0.99.

A slightly different decision making mechanism was used for Experiments 4 to 6, reflecting

the difference in psychophysical procedures ernployed in Jenkins (1982). The three

experiments fi'om Jenkins (1982) nsed a two-alternative, temporal folced choice design, in

which each trial was comprised of the presentation of two stimuli (one experimental stimulus

and one standard stirnulus) separated by a one-second inter-stimulus interval. The order of

stimulus presentation within each trial was randomised, and the observers' task was to

indicate whether the experirnental stimulus was presented in the first or second interval. The

stimuli were presented in blocks containing equal numbers of each level of the experirnental

stimulus manipulation. In other words, unlike the experiments from Barlow and Reeves, the

experimental stimulus signal levels were free to vary within a block of trials. Observer

performance was expressed as the proportion of correctly identified trials for each stimulus

level.

It is assumed that the observers' decisions were based upon the relative strength of the

perceived signal component (i.e. level of symmetry) in each of the two stimuli comprising a
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single trial, and that the interval containing the stimulus which gave the stronger impression

of symmetry would be classifiecl as the target interval (Green & Swets, 1966). In order to

simulate this procedure every possible combination of experimental and standard stimulus

pairings was considered. The probability of a model correctly identifuing an individual

experimental stimulus (e¿) across all (7) possible pairings with standard stimuli (s) is given by:

L,þ,'",)*|(", =",)
Probability of Correct Identification :

N

where .A/ is equal to the total number of unique pairings. Averaging across these values

provides the proportion of correct responses for each level of the experimental stimulus

manipulation.

5.5. General methods

MATLAB 7.0.1. was used to generate stimuli and run the simulations. The stimuli were

generated in a mannel that replicated as closely as was practically possible the physical

characteristics of the stirnuli described in the original experiments. The only major point of

diffelence between the curtent and the original experirnental stimuli was that Jenkins (1982)

ernployed dynarnic dot textures cornprised of 16446 point pairs that were plotted sequentially

for 1.5 milliseconds each. According to Jenkins the resulting stimulus was perceived as a

static texture with a dot density of 26 points/deg2 of visual angle (650 points). Atl of the

current experimental stimuli were static textures.

The symrnetlic stimuli were always comprised of vertical bilateral symmetry pairs with an

axis centred in the rniddle of the stimulus. In order to negate the potential effects of density

cues, equal numbers of points were located on each side of the central axis. For Experiments

1,2 and 3 the stimuli were comprised of 100 2x2pixeI black dots presented within a white

circular region with a 256 pixel diameter'. For Experiments 4, 5 and 6 the stimuli were

comprised of 650 I pixel2 black dots presented within a 256x256 pixel white background.

A total of 100 stirnuli werc gcncratcd for cach stimulus pararnctcrisation, half of which wcrc

the experimental stimuli (i.e., symmetric patterns with varying levels of noise) and half of

which were the standald stirnuli (i.e., random noise stimuli). The same stimuli were plesented
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to all of the models in order to ensure that any difference between the responses of the models

was a result of differences between the models and not differences between the stimuli.

Empirical data points were obtained from the figures published in the original papers using

Data Thief III (Tummers, van der Laan, & Huyser, 2005).

5.6. Experiment 1: Discriminating distorted symmetry from random noise.

The first of the six experiments explored the effect of spatial distortion upon symmetry

detection. Barlow and Reeves (1919) measured observers' ability to discriminate between

stimuli comprised of perturbed or distorted symmetrical pairings, and stimuli that were

comprised entirely of randomly positioned dots.

5.6.1. Stimuli

The symmetrical stimuli were distorted by repositioning one half of each symmetrical pair a

random distance within a given horizontal and vertical 'tolerance area' centred on the point's

original position. The size of the tolerance area was manipulated across nine levels: 8, 12,20,

30, 50, 80 and 116 pixels2. This corresponds to widths of 0.03, 0.04, 0.07, 0.11, 0.19, 0.31 and

0.45 of the diameter of the stimulus. It should also be noted that the repositioning process was

subject to two main restrictions: First, in older to maintain equal density across both halves of

the stimulus points could not be repositioned across the axis and, second, points could not be

moved outside of the 256 pixel diarneter presentation circle. Typical examples of the stirnuli

ernployed in Experiment I are presented in Figure 5.8.

5.6.2. Results.

The best fits of the six models to the empirical data are displayed in Figure 5.9. All six models

match the basic pattem of the empirical data, showing a gradual decrease in discriminability

as the level of distortion is increased. A qualitative cornparison of the clata fits suggests that

the Voronoi model, Barlow and Reeves model, and the two cross-corelation rnodels provide

a better account of the data than the two feature alignment models. However, as has been

discussed in Chapter 4, in order to assess the relative utility of competing rnodels it is

necessary to account for the fits of each model across the entire range of their

parameterisations. In this way models that are able to provide a close (or reasonably close) fit

to the empirical data across all of their parameterisations are favoured over models that can

provide a close fit at one parameter level but provide poor fits at other parameterisations.
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a b

t

dc.

Figure 5.8 Examples of the stimuli presented in Experiment l. The level of distortion is given

as thewidth of the tolerance qree in relqtion to the diameter of the stimulus: 0.03 distortion

(a), 0.07 distortion (b), and 0.19 distortion (c). Figure 5.8d is an example of a random noise

stimulus.

Figure 5. l0 provides a comparison of the six model fits to the empirical data across all of their

parameterisations. As can be seen the fits of the Bar{ow & Reeves and the two Corelation

models are tightly clustered around the empirical data points across all their

parameterisations. In contrast to this, the Voronoi model systematically underperforms for

stimuli with high levels of distortion, and the two feature alignment models tend to under-

pelform across all parameterisations.
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Figure 5.9 Best fits for the six models to the empirical Experiment I data.
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Figure 5.10 Fits of the six models across all parameterisations to the empirical Experiment I
data.
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Table 5.1 Log marginal likelihoods and Bayes Factors for the six models in Experiment I

Model tog **ginut tit 
"tinV"r"""i 3.03 54.00

Barlow & Reeves 7 .02 1.00
Isotropic/Alignment -39.15 2.06x102o
Isotropic/Correlation 2.06 143.26
Oriented/Alignment -20.82 l.24xI0t2
Oriented/Correlation 5.46 4.75
Note- Bayes Factors are taken in relation to the most likely model, which in this case is the Barlow & Reeves
r¡odel.

From the weighted sum squared error of these data fits it is possible to calculate the marginal

log likelihood for each model. These can then be expressed as Bayes factors which gives an

indication of the likelihood of each model in lelation to the most likely model. Table 5.1

sumrnarises the log marginal likelihoods and Bayes factors of the six models for the data frorn

Experiment L The data suggest that the Barlow & Reeves model is the most likely of the six

models tested. At first glance this result is somewhat surprising given the general

implausibility of this model. However, it should be noted that Barlow and Reeves have

previously demonstrated that their rrodel is able to provide good fits to this empirical data set

(Barlow & Reeves, 1979).

5.7. Experiment 2: Discriminating symmetry with added noise from random

noise.

Ixperiment 2 explolecl the effect of manipulating the proportion of synlnetrical pairirgs

within a stimulus when discrirninating between experimental stimuli comprised of a mixture

of symmetrical and random clots, and standard stimuli that were comprised entirely of

ranclomly positioned dots.

5.7.1. Stimuli

The proportion of sytnrnetrical pairings ranged frorn 0.4 to 1.0 in seven 0.1 increments. Equal

nurnbers of landornly positioned points were located on either side of the stimulus midline.

Figure 5.ll provides typical examples of the stimuli used in Experiment 2. Figures 5.lla, b

and c are examples of experimental stirnuli, ancl Figure 5.lld is an example of the standard

stimuli.
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ba

d.c.

Figure 5.lI Examples of stimuli presented in Experiments 2 and 3: 100% symmetry (a), B0%

symmetty (b), 40% symmetry (c), and 0oÁ symmetry (d).

5.7.2. Results

The best fits of the six models to the empirical data are displayed in Figure 5.12. As with

Experiment 1, the six models match the basic pattem of the empirical data, showing a gradual

increase in discriminability as the proportion of symmetrical pairings is increased. However,

Figure 5.13 demonstrates that (compared to the Experiment I data) the model fits across the

full range of parameterisations tend to be less tightly clustered around the empirical data. In

particular ìve can see that the two Couelation models tend to over-perform, and the two

feature alignment models under-perform.

This data set provides an additional challenge for implementing Bayesian model selection m

that the published data provide no indication of the variance associated with each data point.
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In the absence of variance data, the log marginal likelihoods and their associated Bayes

factors must be calculated across a range of clata precision assumptions (Lee, 2001, Lee,

2004). A pilot experiment replicating Experiment 2 indicated that the standard enor of d'

ranged from 0.1 to 0.23, with a mean of 0.15. However, as Lee (2004) suggested, it is useful

to compare the models across a wide range of precision assumptions. In this case log marginal

likelihoods were calculated for standard errors ranging from 0.01 to 1.0.

Figure 5.14 presents Bayes factors for the fits of the six models to the empirical data from

Experiment 2 across the full range of data precision assumptions. Bayes factors are given in

relation to the most likely model, which in this case is the Voronoi model for precision

assumptions of less than approximately 4.5, and the Oriented/Alignment model for precision

assumptions greater than 4.5. There are two points of interest in Figure 5.14. First, it should

be noted that the Isotropic/Corelation model falls outside of the range of values displayed in

the figute. Second, it can be seen that the relative likelihoods of the models tend to converge

as the width of the standard enor assumption is relaxed. In other words, if we assume that the

data are imprecise, then it is harder to distinguish between the performances of the rnodels.

This makes sense, because imprecise data ought not can1l the inforrnation needed to be able to

distinguish between cornpeting models.

In the absence of empirical variance data it is difficult to make a juclgement about the relative

likelihoods of the six model fits to the Experiment 2 dala. However, if we take the uppel and

lowcr bounds providcd by thc pilot cxpclirncnt as cstimatcs of thc sarnple variance, then we

can obtain each rnodel's average log marginal likelihood within this range. Table 5.3

summalises the log rnarginal likelihoods ancl Bayes factors for the six models under the

assumption that the data precision in Experiment 2 ranges fi-orn 0.1 to 0.23 standard emors. A

cautious interpretation of the Bayes factors would suggest that the Oriented/Correlation,

Barlow & Reeves, and the two Isotropic models can be ruled out. Of the two remaining

models, the Oriented/Alignrnent model is only 2.78 tirnes less likely than the Voronoi model.

Given that Jeffreys'(1961) guidelines for interpreting Bayes'factols (see Table 4.1) indicate

that differences of less than 3.2 ate'not worth more than a bare mention', we can conclude

that no meaningful distinction can be made between the likelihoods of these two models.
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Figure 5. 1 2 Best fits for the six models to the empirical Experiment 2 data.
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Figure 5.13 Fits of the six models across all parameterisations to the empirical Experiment 2
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Figure 5.14 Bayesfactorsfor the six modelsfits to the Experiment 2 data as aJunction of

data precisi.on. The Bayes factors are taken in relation to the most likely model, which in this

case is the Voronoimodelforprecision assumptions of less than approximately 4.5, and the

Oriented/Alignment model for precision assumptions greater than 4.5. Note thqt the

Isotropic/Correlation model has minimum Bøyes factor values that lie outside the range of

this figure.

Table 5.2 Log marginal likelihoods and Bayes Factors for the six models in Experiment 2

assuming a data precision range of 0.1 to 0.23.

Model marsinal likelihood Bayes Factor

- 

Voronoi Model

- 

lsotropic/Alignment

- - - Oriented/Alignmenl
. - - - . Or¡ented/Corelal¡on
,,,,,,, Barlow&Beeves

Voronoi
Barlow & Reeves
Isotropic/Alignment
Isotropic/Corelation
Oriented/Alignment
Oriented/Correlation

1.00
4t.40

1t9.77
4.99x1013
2.78
1.79

4.88
l.l6
0.10

-26.65
3.86
2.83

Note- Bayes Factors are taken in relation to the most likely model, which in this case is the Voronoi model
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5.8. Experiment 3: Discriminating symmetry with added noise from perfect

symmetry.

Experiment 3 explored the effect of manipulating the proportion of symrnetrical pairings

within a stimulus when discriminating between experimental stirnuli comprised of a mixture

of symmetrical and random dots, and standarcl stimuli that were perfectly symmetrical.

5.8.1. Stimuli

The proportion of symmetrical pairings in the experirnental stimuli ranged frorn 0.2 to 0.8 in

four 0.2 increments. As with the Experiment 2 stimuli, to avoid the effect of density cues an

equal number of randomly positioned points were located on either side of the stimulus

midline. Typical examples of stirnuli used in Experiment 3 are also given in Figure 5.11. In

this case, however, Figures 5.llb,5.llc and 5.11d are examples of experimental stimuli, and

5.1la is an example of a standard stimulus.

5.8.2. Results

The best fìts of the models to the Experiment 3 data are much less convincing when compared

to the fits achieved for the previous two experimental data sets. Figure 5.15 indicates that only

three of the models (the Voronoi, Barlow & Reeves and Isotropic/Alignrnent models) come

close to rnatching obsen¡er performance. However, it should be noted that the quality of these

f,rts is poor at best. Comparison of the model fits across the range of their parametedsations

(Figure 5.16) shows that all of the models tend to over-perform on this task. In particular, the

two Correlation models fail to show any decrease in discrirninability as the level of symmetric

pairings is increased.

Sirnilal to the previous experiment, the published data provide no indication of the variance

associated with each empilical data point. Following the same approach applied in

Experiment 2, log marginal probabilities for each model were calculatecl across a range of

data precision estimates (standarcl errors ranging frorn 0.01 to 1.0). Figure 5.17 shows the

probabilities expressed as Bayes factors. In this case the most likely model is the Voronoi

rnodel, regardless of the assurnptions made regarding level of plecision present in the

Experiment 3 data. Given the inadequacy of the fìts in Figure 5.16 it is unsutprising that the
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Figure 5.15 Bestfits for the six models to the empirical Experiment 3 data.
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Figure 5.16 Fits of the six models across all parameterisations to the empirical Experiment 3

data.
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Figure 5.17 Bayes factors for the six models fits to the Experiment 3 dqta as a function of

data precision. The Bayes factors are talcen in relation to the ruost likely model, which in this

cqse is the Voronoi model. Note that both the Isotropic/Correlation and Oriented/Correlation

models have minimum Bayes factor vctlues thqt lie outside the range of this figure.

two conelation models fall outside of the range of values presented in Figure 5.17. The

Barlow & Reeves and Isotlopic/Alignment models approach the likelihoocl of the Voronoi

model if high variance levels are assumed. However, a pilot experiment replicating

Experiment 3 suggests that the standard enors lie in the range of 0.09 to 0.13, with a mean

value of0.1l.

As with Experiment 2 it is possible to take the upper and lower bounds provided by the pilot

experiment as estimates of the sample variance and obtain each model's average log marginal

likelihood within this range. The log matginal likelihoods and Bayes factors for the six
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Table 5.3 Log marginal likelihoods and Bayes Factors for the six models in Experiment 3

assuming a data precision range of 0.09 to 0. I 3.

Model log marginal likelihood Bayes Factor
Voronoi
Barlow & Reeves
Isotlopic/Alignment
Isotropic/Correlation
Oriented/Alignment
Oriented/Correlation
Note- Bayes Factors are taken in relation to the lnost likely model, which in this case is the Voronoi rnodel.

models are summarised in Table 5.3. Although these results should be interpreted cautiously

it is clear that all of the models are substantially less likely than the Voronoi model.

Nonetheless, the poor fit of the Voronoi rnodel across the range of its parameterisations

(Figule 5.16.) is evidence of the general inadequacy of all of the models to simulate observer

performance on this task.

5.9. Experiment 4: Central symmetry strip in noise vs. noise.

Experiment 4 was designed to measure the minimlrm amount of inforrnation needed to detect

symmetry. The observers wele requirecl to cliscriminate between randorn noise stimuli and

stimuli comprised of random noise with a strip of symmetrical pailings located at the axis.

5.9.1. Stimuli

Five sizes of symrnetry strip wiclth were employed. Expressecl as a proportion of the width of

thc stimulus thc symmctry strip widths wcrc 0.021,0.035,0.049,0.063 and0.077. Examplcs

of the stirnuli used in Experiment 4 are given in Figule 5.18.

5.9.2. Results

Figure 5.19 indicates that the best fits of the rnodels to the Experiment 4 empilical data appear

(with the exception of the Barlow & Reeves rnodel) to captule the basic pattem of results: as

the width of the strip containing syrnmetric pailings increases the proportion of corlect

responses that the models make also increases. However, Figute 5.20 shows that across rnost

parameterisations the models all tend under-pelfonn. In particular, the Bar'low and Reeves

model and the two Oriented hlter models are pefonning at close to chance level across most

parameterisations

-1.73
-15.45

-4.88
-73.73
-32.03
-73.13

1.00
9.l2xI}s

23.41
L85x103r
1.45x10r3
I .85x I 031

94



a,

d

Figure 5.18 Examples of typical stimuli employed in Experiment 4. The experimentalstimuli

were comprised of a strip of symmetry embedded in random noise. Three symmetry strip

widths are shown: 0.049 (a), 0.063 (b) and 0.077 (c). Figure 5.l9d is an example of the

standard stimulus (random noise pattern).

Because the figules in Jenkins (1983b) provide estimates of the variance associated with each

data point, we are able to revert to the methodology applied to the Experirnent I data. Table

5.4 presents the log marginal likelihoods and Bayes factols for the six model's fits to the

Experiment 4 empirical data. The data indicate that the Voronoi model is the rnost likely

model. Hovrever, given that the Isotropic/Alignment and lsotropic/Correlation models are at

most 1.91 times less likely, based upon Jeffreys' (1961) guidelines we can conclude that no

meaningful distinction can be made between the likelihoods of these three rnodels. In contLast,

the Barlow and Reeves and the two Oriented models have Bayes factors large enough to allow

them to be rejected as plausible models of human performance for Expetiment 4.

b

c.
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Figure 5. l9 Best fits for the six models to the empirical Experiment 4 data.
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Table 5.4 Log marginal likelihoods and Bayes Factors for the six models in Experiment 4

Model los marsinal likelihood Baves Factor

Voronoi
Barlow & Reeves
Isotropic/Alignment
Isotropic/Correlation
Oriented/Alignment
Oriented/Corelation

32.52
-97.41
32.12
31.87
31.19
28.98

1.00
2.69x10s6
1.49
1.91

J. t I
34.28

Note- Baves Factors are taken in relation to the most likelv rnodel. which in this case is the Voronoi model

5.10. Experiment 5- Central symmetry strip in noise vs. symmetry

Experiment 5 measured the distance from the axis at which random noise could be situated for

observers to be unable to discriminate between pure symmetry and stimuli that contained a

strip of symrnetry flankecl by noise.

5.10.1. Stimuli

The experimental stirnuli ernployecl in Experiment 5 were similar to those used in Experiment

4, but with a wider range of strip widths. The syrnrnetry strip widths were 0.06, 0.10, 0.14,

0.17, ancl0.21 (expressecl as aproportion of the width of the stimulus). The stanclard stirnuli

were pefectly symrnetrical stimuli. Exarnples of the stimuli fi-om Experiment 5 ale given in

Figure 5.21.

5.10.2. Results

The results of Experiment 5 are sirnilal to those of Experirrent 3. Figure 5.22 demonstrates

that rnodel performance on this task is for the most part poot, with only two of the models

(the Voronoi and the Isotropic/Alignment model) coming close to capturing the basic patteffì

of observer responses. Futthermore, the fltts of the models across the range of their

parameterisations (Figure 5.23) indicates that all of the models tend to over-pelfom. The

similarity between the model responses to the Experiment 3 and 5 data is unsutprising: in

both cases the task involves discrirninating between perfect symmetry ancl symmetry with

sorne lortn of randotn noise.
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The log marginal likelihoods indicate that the Voronoi model provides the most likely

account of the empirical responses (Table 5,5). However, the Bayes factors of the remaining

models are testimony to the generally poor performance of the most likely model: despite

being essentially flat functions they are only (at most) 18.89 times less likely than the best

fitting model.

b

dc.

Figure 5.21 Examples of typical stimuli employed in Experiment 5. The experimental stimuli

were comprised of a strip of symmelry embedded in random noise. Three symmetry strip

widths are shown: 0.14 (a), 0.17 (b) and 0.21 (c). Figure 5.21d is an example of the standard

stimulus (a perfectly symmetric pattern).
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Figure 5.22 Best fits for the six models to the empirical Experiment 5 datq.
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Figure 5.23 Fits of the six models qcross all parameterisations to the empirical Experiment 5

data.
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Table 5.5 Log marginal likelihoods and Bayes Factors for the six models in Experiment 5

Model lo marsinal likelihood Bayes Factor
Voronoi
Barlow & Reeves
Isotropic/Alignment
Isotropic/Correlation
Oriented/Alignment
Oriented/Coruelation

2',7.54

24.73
2s.8 8
24.63
24.74
24.63

1.00
16.62
5.25

18.39
16.56
18.39

Note- Bayes Factors are taken in relation to the most likely rnodel, which in this case is the Voronoi rnodel

5.11. Experiment 6: Central noise strip in symmetry vs. noise.

Experiment 6 can be thought of as a repetition of the previous experiment, but with roles of

symmetry and randorn noise swapped. The experiment was clesigned to determine the distance

fi'om the central axis at which symmetly was indistinguishable from random noise. In this

case the experimental stimulus was a strip of randomly clistributed points embedcled in a

symmetric pattern, and the standard stimulus was a randornly distributed noise pattem.

5.11.1. Stimuli

Thenoisestripwiclthswere0.06,0.l0,0.74,0.ll ,ancl 0.21 (expressedasaproportionof the

width of the stirrulus). The standard stirntrli were randornly distributed noise patterns.

Examples of the stirnuli fi'orn Experiment 6 are given in Figure 5.24.

5.11.2. Results

Figure 5.25 inclicates that best fits of the Voronoi ancl Oliented/Alignrnent models capture the

observer's declining perfonnance as width of the stlip containing noise increases. However,

in Figure 5.26 it can be seen that only the Oliented/Alignment rnodel is able to approximate

the empirical data across the rnajolity of its palarnetelisations. Bayes factors (Table 5.6)

indicate that the relative likelihoods of the Oriented/Alignment and Voronoi models (1 and

2.27 rcspectively) are so close that they cannot be meaningfully separated. However, in a

sirnilar manner to the previous experirnent, the essentially flat functions of the two

Conelation models ate only 18.40 tirnes less likely than the rnost likely model. Once again,

the relative utility of the two rnost likely models should be interpreted in the light ot'this

information.
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Table 5.6 Log marginal likelihoods and Bayes Factors þr the six models in Experiment 6.

Model marsinal likelihood Bayes Factor

Voronoi
Barlow & Reeves

Isotropic/Alignment
Is o tropic/Correlati on
Oriented/Alignment
Oriented/Comelation

28.74
26.69
t4.31
26.6s
29.s6
26.65

2.27
t'7.67
4.20x106

18.40
1.00

18.40
Note- Bayes Factors are taken in relation to the most likely model, which in this case is the Oriented/Alignment
model

ba.

dc

Figure 5.24 Examples of stimuli employed in Experiment 6. The experimental stimuli were

comprised of a slrip of noise embedded in symmetry. Three noise strip widths are shown: 0.14

(a), 0.17 (b) and 0.21 (c). Figure 5.21d is an example of the standard stimulus (a random

noise pattern).
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Figure 5.25 Best fits þr the six models to the empirical Experiment 6 data.
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Figure 5.26 Fits of the six models qcross all parameterisations to the empirical Experiment 6

data.
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5.12. Model evaluation overview

5.12.1. Model generality

Up until this point the analyses have been restricted to comparisons of the six rnodels within

each separate experiment. However, as has been argued in Chapter 4, the ability of a model to

generalise across a number of data sets or experimental manipulations is a better test of its

utility than its ability to fit a single data set. One of the strengths of Bayesian model selection

is that it is able to naturally accornrnodate comparisons across multiple data sets by surnming

across each model's log marginal likelihood for each experiment.

Table 5.7 summarises the log marginal likelihoods for Experiments I to 6. For each

experiment, the most likely model and any models with Bayes factors of less than3.2 (i.e.,

Jeffreys (1961) suggested rninirnurn criterion level for diffelentiating rnodel likelihood) have

been rnarked with an astelix. It can be seen that for five out of the six experiments the

Voronoi model is either the most likely trodel, or has a log marginal likelihood so close to the

most likely model that no rneaningful clistinction can be made between them. By summing the

log rnarginal likelihoods it is possible to calculate Bayes factors for the relative likelihoods of

the rnoclels across all six experiments. Unsulprisingly, the Voronoi model is the rrost likely

rnodel, with the next most likely rnodel (the Oriented/Alignment rnodel) being 3.48 x1022

times less likely.

In Dakin ancl Vy'att's original study, based upon a qualitative comparison of the fits of the four'

fìlter-based models it was concluclecl that the Olientecl/Alignment model was able to provide

the best account of the empirical data (Dakin & Watt, 1996). Table 5.7 indicates that when the

four frlter-based moclels are considered in isolation the plesent study replicates Dakin and

Watt's findings. This finding is irnportant in two respects. First, the analyses confirm Dakin

and Watt's conclusions and provide a quantitative account of the relative likelihood of the

four rnodels featured in their paper. Second, it is an indication of the reliability of the present

study. Reproducing the results of Dakin and Watt suggests that that the four filter-based

models from their study have been successfully replicated. Furthertnore, it suggests that the

ordering of moclel likelihoods is clue to the clifferent characteristics of the models, rather than

any clifferences in the characteristics of the stirnuli employed in this study and the stimuli

employed in Dakin and Watt (1996).
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Table 5.7 Log marginal likelihoods for Experiments I to 6, the sum log marginal likelihood and Bayes factors þr all models and thefour

models from Dakin and llatt (1996) alone.

Model log marginal likelihood Bayes Factor

Exp I Exp 2 Exp 3 Exp 4 Exp 5 Exp 6 Sum All Models

Voronoi

Barlow & Reeves

Isotropic/Alignment

Isotropic/Correlation

Oriented/Alignment

Oriented/Correlation

4.gg*

I.16

0.10

-26.65

3.86x

2.83

-I.73x

-15.45

-4.88

-'73.73

-32.03

-73.13

Filter models
only

6.08x103

2.73x1022

1.00

2.53x10e

3.03

7.02*

-39.75

2.06

-20.82

5.46

32.52*

-97.41

32.12*

31.87*

3r.t9

28.98

27.54*

24.73

2s.88

24.63

24.74

24.63

28.74*

26.69

14.31

26.65

29.56*

26.6s

95.01

-s3.24

27.79

-15.15

36.50

14.8s

1.00

2.44x1064

1.55x102e

7.01x1047

2.56xI025

6.49x1034

Note- Bayes Factors are taken in relation to the most likely model.
* most likely model and any models with Bayes factors less than 3.2.
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Table 5.8 Comparison of the sum log marginal likelihoods, Bayes factors and order of model

likelihoodsþr Experiments I to 6, and Experiments 1,4, 5, & 6 only.

Moclel Experiments I to 6 Experiments I ,4, 5, & 6
Sum log
marginal
likelihood

Bayes
Factor

Order of
model

likelihood

Sum log Bayes Factor Order of
marginal model
likelihood likelihood

Voronoi
Barlow & Reeves

Isotropic/Alignment
Isotropic/Correlation
Oriented/Alignment
Oriented/Conelation

95.01

-53.24

21.79

-15.15
36.50

14.85

1.00

2.44x1064

I .55x 102e

7.01 x l0a7

2.56x102s

6.49x1034

91.8s

-38.95

32.51

85.22

64.68

85.'t4

1.00

6.46x10s6

5.55x 1025

156.2r
6.32xl0rr

448.96

I
6

5

3

4

2

I
6

J

5

2

4

Because the log marginal likelihoods for Experirnents 2 and 3 were calculated across a range

of data precision assumptions, the contribution that these values add to the sum log marginal

likelihoods is inherently uncertain. In order to control for this uncertainty the analyses were

repeated excluding the Experirnent 2 and 3 data. Table 8 provides a comparison of the two

sets of analyses. As can be seen, the Bayes factors indicate that excluding Experiments 2 and

3 from the analyses has an effect on both the ordering of the rnodel likelihoods, and on the

magnitude of the differences between the models. Nonetheless, the Voronoi model rernains

the most likely rnodel by a difference that is large enough to be considered clecisive. lt can

therefore be concluded that success of the Volonoi moclel is not reliant on the data precision

assumptions that were made in relation to the Experiment 2 and 3 data.

5.12.2. Range of paramcter values

As explained in Chapter 4, log marginal likelihoods are calculated across all of a model's

parameter values, not just the best fitting pararneterisation. It is therefore possible that the

relative likelihood of a model across all experiments is clue (at least in part) to the influence of

redundant parameterisations. In other worcls, if a model's best fits are achieved using only a

limited range of parametedsations, then it is fair to question the utility of including a wider

range of parameter values, particularly if the redundant palarneterisations provide poor fits to

the empirical data. This is particularly important in regards to the Barlow and Reeves model.

Barlow and Reeves (1919) originally reported model fits for only two vahres (16 and 32 sub-

regions); in this study, however, the model has been implementecl using seven values of sub-
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region numerosity. If the model only needs a restricted range of values to generalise across

the range of experiments, then the rerhlndant values may be unfaidy penalising the moclel.

Table 5.9 lists the number of parameter values for each model, the best fitting

parameterisation for each experiment, and the range of best-fitting parameterisations across

all experiments. The last item can be thought of as a list of each model's non-redundant

parameterisations. As can be seen, the only model showing redundancy in this respect is the

Voronoi model, all other models need to utilise the full range of their parameterisations to fit

the empilical data with any accuracy across all six experiments. lnterestingly, if the range of

parameterisations over which the Voronoi model likelihood is calculated is restricted to only I

or 2 columns either side of the axis, the Voronoi model is still 3.l6xl0re times more likely

than the next best model. Furthermore, if the Voronoi model is restricted to only using a 2

column detection legions, it is still L25x1020 times more likely than the next best model.

Reducing the range of parameter values ernployed by any of the other models only serves to

reduce their likelihood. It is interesting that this reduction in likelihood is the case even for the

Barlow and Reeves model and the two cross-correlation models. In regards to the Barlow and

Reeves rnodel, the majority of the best-fitting parameterisations are in the range of 1-4

(between 4 and 64 subregions), suggesting that the rnodel tends to simulate the empirical

responses best when the size of the symrnetrical sub-regions is reasonably large. The only

exception to this is Expeliment 4, when the best fit to the ernpirical clata is achieved when the

model is operating at its most sensitivc lcvcl (196 sublcgions). Howcvcr, Figurc 5.20

indicates that this 'best' fìt is actually reasonably poor, and does not appear to be much better

than the fits achieved by the model when it ernploys lower sensitivity levels. The contribution

that this high level of sensitivity plovides to the model's overall likelihood is therefore

questionable and it is possible that the fit in Expeliment 4 cornes at a cost of poor fits in the

other experiÍrents. As it turrrs out, r'educing the range of parameterisations only serves to

decrease the model's likelihoocl. When only levels I to 6 contribute to the likelihood, the

rnodel becomes 4.17x10t6 times less likely, and restricting the range to levels I through 5

rnakes the model 4.75x10t7 times less likely.

For Experiments I and 2, the Isotropic/Correlation and Oriented/Conelation rnodels both

achieve good fits using low fi'equency spatial f,rltering. ln contrast to this, for Experirnents 3, 5

and 6 these moclels perform equally badly across all palameterisations (see Figures 5.16, 5.23
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Table 5.9 Description of model parameter, number of parameter values, best-fitting parameterisationfor each experiment, and the range of

best-.fitting parameteris ations across all experiments.

Model Parameter Values B est-frtting parameterisation Range

Expl Exp2 Exp3 Exp4 ExP5 ExP6

Voronoi Number of
columns in
detection region

Number of
subregions

I to 7 columns either side of axis

7 levels (4, 16,36,64, I00,144, and 196

sub-regions)
643641964

2 2 1to6

16 4ro 196

4 t6 2to L6

2to16

1.14 to 11.31

3, 5 and 6.

6

16

2

4

1

2

I

2

Barlow & Reeves

Isotropic/Alignment Spread function (s) 8 levels (s : 2, 4, 6, 8, 10, 12, 14 arld 16

oflsotropichlter pixels)

Isotropic/Correlation t2 16 2

Oriented/Alignment Spread tunction (s) 8 levels (s : I . 14, 2.82, 4.24, 5.65, 7 '07 ,

of Oriented hlter 8.48, 9.89 and 11.31 pixels)

Oriented/Correlation I 1.31 l l.3l t.t4

Note: the Oriented/Correlation and Isotropic/Correlation models have equal hts across all parameter values for Experiments

11.31 2.82 l.l4 l.l4 l.l4 4.24 1.14 to 11.31
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and 5.26, respectively). Given that the fits achieved using high frequency spatial filtering

appear to he making a positive contribution in Experiment 4 alone, it is possible that

restricting the range of parameter values to only include low spatial frequency filters will

increase the two models' overall likelihood values. However, as with the Barlow and Reeves

model, restricting the range of parameter values has a detrimental effect only on model

likelihood. For the Isotropic/Correlation model, when the likelihood is calculated using hlters

with s : 4 to 16 the model becomes l.Ilxl}a times less likely. Similarly, when the

Oriented/Conelation model is restricted to using filters with s:2.82 to 11.31 it becomes

1.23x1031 times less likely.

These results suggest that the high sum marginal log likelihood of the Voronoi model (relative

to the other models) is not a result of the negative influence of redundant parameterisations.

Reducing the range of parameter values available to the alternative models merely selves to

decrease their likelihood. In contrast to this, the Voronoi model exhibits some redundancy in

the range of parameter values necessary to successfully simulate human performance on the

six tasks featured in this study. As has been demonstrated, dramatically reducing the range of

Voronoi model palameterisations from the likelihood calculation cloes not change the ordel of

rnodel likelihood. Howevet, it is possible to imagine situations in which the Voronoi model

would best fit an empilical data set using the as yet unused parameterisations (for example,

given that the width of the detection region appears to be related to stimulus presentation time

(Dry,2005; Tylet et al., 1995), longer presentation tirnes would theoretically require the

Voronoi tnodel to employ morc columns of cclls). In this way, the 'redundant'

parameter isations are an indication of the potential flexibility of the Volonoi rnodel.

5.13. Discussion

The results summarised in Section 5.12 indicate that the Voronoi model is the most lilcely

rnodel of human observer symmetty perception out of the six models compared in this stucly.

Furthermore, it has been demonstrated that the high surn log rnarginal likelihood of the

Voronoi model is not a lesult of the clata precision assumptions made in Experiments 2 and 3,

or because the alternative models were unfairly penalised by the poor performance of

redundant paratnetedsations.
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Figure 5.27 Schemqtic representation of the þur steps involved in making a model response.

All of the models share the same decision process, therefore the relative likelihoods of the

models must stem from differences in the first three steps.

In order to understand the reasons for the Voronoi model's relative success we must first

deterrnine any crucial points of clifference between the models. Figure 5.2'7 is a schematic

representation of the six models under comparison in this study. The process of moving from

a stimulus to a response can be thought of as a series of four discrete steps through which all

of the models move. First, a stimulus representation is defìned. Fot example, a stimulus might

be transformed via some form of spatial filtering, or it might be partitioned into a series of

discrete cells such as occurs with the Voronoi model and the Barlow and Reeves model.

Second, the amount and location of information that it is assumed each moclel has access to is

defined in terms of some form of detection region. For the Voronoi model and the two feature

alignment models this is a spatially limited region acljacent to the central axis. For the two

cross-correlation models and the Barlow and Reeves model, the region of detection

encolnpasses the entire stimulus. Third, a value is assigned to each stimulus based upon some

form of symrnetry calculation (e.g., co-alignment of stimulus feattu'es, or a colnparison of

expected and observed clot densities). Finally, based upon the distributions of these values, a

decision is macle and the model discrirninability is calculated.

As was discussed earlier, all of the models employ the same decision rnechanism (see Sechon

5.4). Therefore, any differences in relative likelihood must stem fi'orn differences in the first

three stages of this process. It woulcl be ternpting to suggest that the success of the Voronoi

model is due to the underlying Voronoi representation and that this, in turn, is evidence of a

similar replesentation in early vision. However, as shall be seen in the following sections,

there are a nurnber of crucial differences between the rnoclels in the middle two stages

(detection region definition and symmetry level calculation) that appear to play a more

imrnediate role in determining their relative likelihoods. First, I will discuss the effect that a
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simple difference in symmetry calculation methods has upon model response to perfect

symmetry. Seconcl, I will discuss the effect of the different model assumptions relating to

detection region definition.

5.13.1. Model response to perfect symmetry

Of the six experiments featured in this study, Experiment 3 produced the largest disparity in

relative likelihood between the most likely model (the Voronoi rnoclel) and the remaining

models. The task in this experiment involved disctiminating perfectly syrnrnetric stimuli fi'om

perturbed symmetry. The disparity between the models can be largely explained in terms of a

difference in the way that the Voronoi model and the altemative models calculate the degree

of symmetry within a stimulus, and the influence that this has on the resulting distributions

produced by the models in response to perfect symmetly.

As was discussed in Section 5.4, for each experiment a given model produces two sets of

responses, one for the experimental stimuli (i.e., the symrnetric point patterns with varying

levels of randomly distributed noise points) and one for the standard stimuli (i.e., the perfectly

symmetric patterns). The two distributions have an associated rnean and standard deviation,

and the propot'tion of correct and incorrect decisions rnade by the model is determined by the

degree of overlap between these distributions (Green & Swets, 1966).

For the Voronoi moclel, the degree of symmetry assigned to a stirnulus is determined (in part)

by the nutnber of points located within the region of cletection. Because the number of points

within the region of detection can vary from stimulus to stimulus, the distribution of scores

corresponding to the perfectly symrnetric stirnuli also has an associated variance. In contrast

to this, each of the alternative models calculates the deglee of symmetry within a stimulus in

such as way that all perfectly symmetric stimuli are assignecl the sarne value (equal to I for

the cross-correlation and feature alignment models, and equal to 0 for the Ballow ancl Reeves

rnodel). Due to this, the resulting distribution of scores has no variance.

Figure 5.28 illustrates the influence that this difference in syrnmetry calculation method has

upon the Experiment 3 data. For the Voronoi model (Figure 5.28a), there is variance

associated with both the distlibution conesponding to the perfectly symmetric stimuli and the

clistribution conesponding to the perturbed symmetry. The decision mechanisrn sets the
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criterion at the junction of the two distributions and in many cases there will be an overlap

between the two distributions and the criterion. For all of the other models (Figure 5.28b), the

lack of variance in the distribution of perfectly symmetric stimuli results in the decision

mechanism setting a criterion equal to the mean of this distribution (i.e., l). Because all of the

standard stimuli are equal to this criterion level, and the rnajority (or all) of the values in the

distribution of experimental stimuli fail to overlap this criterion, model discrimination is (for

the most part) perfect.

It could be argued that the response to perfect symmetry that the Barlow and Reeves, feature

alignment, and cross-correlation models make is theoretically sound: a pattem is either

pelfectly symmetrical, or it is not. While there can be many grades of partial symmetry, only a

Criterion

Symmetry + Noise -+ <- Perfect Symmetry

d-

Criterion

Symmetry + Noise -+ <- Perfect Symmetry

b.

Figure 5.28 Comparison of theoretical distributions of responses to the experimental and

standard stimuli in Experiment 3 for the Voronoi (5.28a) and all other models (5.28b). Note

that there is no vqriance in the distribution of values assigned to the standard stimuli in

5.28b.
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pattern that has two perfectly correlated halves can be classed as perfect symmetry. In other

words, it would seem to make sense that there should be no variance associated with a

model's response to these stimuli because they represent a unique state. Given this position,

the response of these models is legitimate, and it is the decision mechanism that is at fault.

However, it should be remembered that the visual system only has limited access to the

stirnuli in this task (Barlow and Reeves (1979) reported that the stimuli in Experiment 3 were

only presented for 500 milliseconds). The value that the Voronoi model assigns to a given

stimulus can be thought of as being the amount of 'Symmetry' evidence accumulated by the

model during this limited presentation time. It is assumecl that the Voronoi moclel only has

access to the information located within the detection region located at the stimulus midline.

Due to differences in the distlibution of point pairs across different perfectly symmetric

stimuli, the total amount of information located within the detection region varies. Stimuli

with more point-pairs within the detection region can be thought of as offering more

'Symmetry' evidence than stimuli with fewel pairs in the detection tegion.

100
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Figure 5.29 Mean and standard deviation of Voronoi model symtnetry value assigned to

perfectly symmetric stimuli in Experiment 3 for deleclion regions rangingJrom I to 7 colwnns

either side oJ'the stimulus midline.
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It has been demonstrated that the size of the detection region for symmetry perception

increases as a function of presentation time (Tyler et al., 1995). Presumably, when observers

have unlimited access to stimuli the detection region would encompass the entire stimulus.

Figure 5.29 presents the mean and standard deviation of the Voronoi model symmetry values

assigned to perfectly symmetric stimuli in Experiment 3 across a range of detection region

size assurnptions. When the detection region is comprised of seven columns of cells located

either side of the stimulus midline, the model has access to all of the point pairs in the stimuli.

As can be seen, in this case the Voronoi model assigns the same value to all perfectly

symmetric stimuli. In other words, under the assumption of unlimited stimulus presentation

times the Voronoi model makes the same sort of single-value response to perfect symmetry

that the alternative models make.

5.13.2, Model detection region

The second main differentiating feature of the Voronoi model is its ability to capture the

lirnited region of detection exhibited by the human obselvers in Experiments 5 and 6. For

example, in Experiment 6 the human observers' ability to detect the presence of symmetry

approached chance levels when the central noise strip covered around 20Yo of the stimulus.

The two cross-correlation models and the Barlow and Reeves model tend to over-perform in

this experiment because they have access to all of the available infolmation within a stimulus,

and they are therefore sensitive to the presence of symmetric pairings regarclless of their'

location. In contrast, the Voronoi moclel only employs information located within a spatially

limited region directly adjacent to the central axis and, as a lesult, performance degrades in a

similar lranner to the perfolmance of the human observers.

The Voronoi rnoclel is not unique in this lespect: both of the feature alignment models also

base their symmetry calculation upon information located within a spatially limited region.

However, fol Experiment 5, the two feature alignment models tend to ovet-perform fol the

salne reasons as in Experiment 3. The task in Experiment 5 involved discriminating between

perfect symrnetry and a central strip of symmetry ernbedded in random noise. As with

Experiment 3, the feature alignment models return the same value for the pelfectly symmett'ic

stirnuli and the resulting lack of variance in the distribution of scores leacls to near-perfect

petformance.
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For Experiment 6, the Oriented/Alignment model achieves a number of good fits to the

empirical data, whereas the Isotropic/Alignment model underperforms across all parameter

values. This difference in performance can be explained by the existence of a relationship

between the sensitivity of the feature alignment models and the size of their detection regions.

For both of the feature alignment models, as filter size increases the size of the resulting

detection region also increases. However, coarse filter scales tend to minimise the difference

between random and symmetrical stimuli and, as a result, there is a negative relationship

between model sensitivity and filter size. The detection region generated by oriented filtering

was wide enough to include symmetrical information for all but the finest frlter scale (s :
l.l4). In contrast to this, the detection region generated by isotropic filtering only included

symmetrical information when the model ernployed coarse filter scales and, as a result, the

Isotropic/Alignment model lacked the sensitivity to discriminate between the two classes of

stimuli.

For Experiments 5 and 6, the Voronoi model is either the most likely model (Experiment 5),

or perfonns at a level such that no meaningful distinction can be made between the Voronoi

and the rnost likely model (Expeliment 6). However, Figures 5.23 and 5.26 indicate that the

Voronoi rnodel's success is due largely to the fit of a single parameterisation. When the model

ernploys a two colurnn detection region it is able to achieve a reasonably close fit to the

empilical data, however, for all other parameterisations the model either over- or under-

performs. The reason that this occurs is sirnple enough: of the seven cletection region sizes

tested for the Voronoi model, the average width of the two column region corresponds most

closely with the widest value of strip width employed in Experiments 5 and 6 (i.e., stlip wiclth

: 0.21, or 2lo/o of the width of the stimulus).

Figure 5.30a shows a typical Experiment 5 stirnulus with a strip width equal to 0.21. Figure

5.30b shows the detection region for one column of cells either side of the stimulus r¡iclline.

Because the average width of the detection region is only 0.09, the rnodel will not be able to

discrirninate at a better than chance level for stimuli with stlip widths greater than this value.

Figure 5.30d shows a three column detection region. In this case the average wiclth of the

cletection region is 0.21 and so the model is able to detect the presence of ranclomly positioned

points. As a lesult, the model performs at a level far greater than the human observers are

capable of for this class of stirnuli. Figule 5.30c shows a two coltmn detection region
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Figure 5.30 Comparison Voronoi model detectíon regions for a Experiment 5 stimulus

comprised of central strip of symmetry strip (width : 0.21) embedded in randomly positioned

points (5 30a). Three delection region sizes are shown: I column of cells either side of the

stimulus midline (5 30b), two columns of cells (5.30c) and three columns of cells (5.30d).

(average width: 0.18). As can be seen the width of the detection region corresponds closely

with the width of the central strip of symmetry, r'esulting in the model discriminating at a

level sirnilar to the human observers (i.e., close to chance). For stimuli with thinner symmetty

strip widths the rnodel is able to detect randomly positioned points and, as the strip width

decreases, model performance improves in a similar manner to the pattern of results in the

empirical data.

d
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5.13.3. Conclusions

It has been argued that the superior performance of the Voronoi model can bc largcly

explained by two factors. First, the Voronoi model's symmetry calculation method appears to

cause the model to respond differently than the alternative models to the presence of perfect

symmetry such as found in Experiments 3 and 5. For the decision mechanism to operate in a

meaningful way there must be some degree of variance in the distribution of model responses

to stirnuli. Unlike each of the alternative models, the Voronoi model is able to return a range

of scores to different perfectly symmetric stimuli. It has been demonstrated that the Voronoi

model's response does not violate the notion of perfect syrnmetry existing as a singular state,

but is a plausible reflection of the inherent uncertainly associated with limited stimulus

plesentatlon trrnes.

Second, unlike the two cross-cortelation based models and the Barlow and Reeves model, the

Voronoi model is able to capture the lirnited region of detection demonstrated by the hurnan

observers in Experiments 5 and 6. It has been demonstrated that the Voronoi rnodel only fits

the empilical data well when it employs a two column detection region because the average

width of this size of detection region corresponds most closely with the physical properties of

the stirnuli ernployed in these experirnents. Furthermore, although Table 5.9 inclicates that the

best fitting parameterisations for the Volonoi model range fi'om I to 6 columns, it has been

shown that when the Voronoi model only employs a tìvo column detection region for all

experiments, the moclel is still 5.38xl0le tirnes rnore likely than the next most likely rnoclel.

As Figure 5.2'7 rndicates, for each of the models compared in this study the definition of the

detection region ancl the calculation of stimulus symmetry levels both occur after the process

of clefining the stimulus representation. Because there are differences between the six models

at these later stages, we are unable to make any conclusions about the relative utility of the

various rnodel representations. ln othel words, although the Voronoi moclel is a far more

likely rnoclel of symmetty perception than the five altemative models featured in this study,

we cannot conclude that Volonoi tessellation is any rnore likely a form of stimulus

representation in early vision than a stimulus that has undergone oriented spatial filtering.

There are a number of simple modifications that can be made to the alternative models that

shoulcl (theoretically) improve their performance. For example, it shoulcl be a simple rnatter to
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restrict the size of the detection region for the Barlow and Reeves model and the two cross-

correlation based models and thereby improve their performance in Experiments 5 and 6.

Furthermore, it is possible that adding a small amount of random noise to the response

distributions corresponding to perfectly symmetrical stimuli will improve the performance of

all the alternative models in Experiments 3 and 5.

The proposed modifications may enhance the quality of the rnodel fits to the empirical data

across a number of parameterisations. However, thele is also the potential that they rnay

introduce unneeded complexity in the form of numerous parameter combinations that fail to

match the empirical data. Because Bayesian model selection penalises models for complexity,

it is possible that the modified models may actually end up with lower sum log marginal

likelihoods than their original incarnations. One of the strengths of the Voronoi model is that

the proposed modifications are integral features of the model. It is not necessaly to tnake ad

åoc assumptions about these features because they can be seen to change in a plausible

lnanner in response to changes in experimental stimuli (i.e., the size of the detection region

for the Voronoi model scales with dot density).

In conclusion, this study has demonstrated that the Voronoi rnodel is a rnoLe plausible model

of human symmetry perception than a number of previously publishecl models. The Voronoi

model produces goocl fits to empitical data, has low complexity (in a pararnetlic sense),

generalises well across a range of experimental settings and stimulus manipulations, and is

based upon theoretically sound assnmptions. In this sense it can be seen that the Voronoi

model meets all of the requirements of a plausible model of human cognitive plocessing

(Jacobs & Grainger, 1994;Myung & Pitt, 1997; Roberts & Pashler,2000).

The success of the Voronoi model appears to be largely based upon two features: the spatial

extent of its detection region, and the inherent variability associated with its responses to

perfect symmetly. It has been suggested that there are a nutnber of simple rnodifications

which may possibly improve the performance of the alternative models. One of the prirnary

aims of the next stucly is to compare the performance of the Voronoi rnodel to those of a set of

modifiecl models. It is proposed that by controlling for any majol clifferences in the models in

terms of detection region definition and symmetry calculation it rnay be possible to dtaw

conclusions regarding the lelative utility of Volonoi tessellation as a form of stimulus

representation in early vision.
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6. STUDY 2

6.1. Introduction

The spatial organisation of scenes or images is one of the fundamental tasks of early vision

and in this thesis it has been argued that the visual system may be employing a process similar

to Voronoi tessellation to extract the spatial relations necessary for achieving this task. The

Voronoi model outlined in this thesis is an example of how this process might be

implemented in relation to the perception of symmetry in simple point patterns. The model

operates by initially generating an underlying representation of a given stimulus based upon

Voronoi tessellation and then performing a number of correspondence calculations to

determine the degree to which the stimulus can be organised into a set of point pairs with

uniform olientation and collinear rnidpoints. The Voronoi model is both theoretically

motivated and physiologically plausible and it has been demonstrated that the model is

capable of simulating the perfolmance of human observers on a range of symmetry detection

tasks.

In Study I the performance of the Voronoi model \üas cornpaled to that of fìve previously

published alternative models of symmetry detection (Barlow & Reeves, 1979; Dakin & Watt,

1996) across a range of ernpirical symmetry detection data sets (Barlow & Reeves, 1979;

Jenkins, 1982). The results of Study 1 indicated that, of the six models under comparison, the

Voronoi model was able to provide the most likely description of the processes underlying

obser.yer perforrnance. For five out of the six tasks the Votonoi model was able to provide

either the best fit to the empirical data, or a fit that was so close to that of the best-fitting

model that no meaningful distinction could be made between them. Furthermore, when

considered across all six tasks, Bayes factors indicated that the Voronoi rnodel was 2.56x1025

tirnes more likely than the next most likely model.

A major point of difference between the Voronoi model and each of the alterrative models is

the form of their underlying stimulus representation. For exarnple, in response to evidence

suggesting that perceptual grouping is the result of early spatial mechanisms filtering an

image at different scales and orientations (e.g. Campbell & Robson, 1968; Hubel & Wiesel,

1962; Kuffler', 1953), four of the models derive stimulus representations via some form of

spatial filtering (Dakin & Watt, 1996). Additionally, the Ballow and Reeves moclel obtains a

representation by dividing each stimulus into a set of disclete square-shapecl sublegions
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(Barlow & Reeves, 1979). Given these considerable differences in stimulus representation,

one way to interpret the results of Study I is to suggest that the superior performance of the

Voronoi model is evidence of the existence of a Voronoi-like representation in early vision. In

other words, it could be argued that the Voronoi model is able to provide better fits to the

empirical data than the alternative models because its underlying representation more closely

simulates the true form of the stimulus representation in early vision.

However, there are a number of problems with this argument. As was discussed in Chapter 5,

before any conclusions can be drawn about the comparative utility of the models' stimulus

representations it is necessary to control for any other differences between the models. For

example, it was suggested that the superior performance of the Voronoi model can be largely

explained by two factors that occur subsequent to the derivation of the stimulus

representation. First, the Voronoi rnodel's symmetry calculation method leads the model to

respond differently than the altemative models in the presence of perfect symmetry. Second,

the Voronoi model was able to capture the spatially lirnited region of symmetry detection

demonstratecl by the human observers. There are a nurnbel of simple modifications that can be

made to the alternative models that should (theoretically) improve their performance without

violating any of their assumptions.

Additionally, there are two features of Study I that rnay have unfairly biased the results m

favoul of the Voronoi rnodel. First, the papel from which Experiments 2 and 3 were clrawn

(Barlow & Reeves, 1979) did not include any indication of the variance associated with the

observers' disclirninability data for these tasks. As a result, the rnodel cornparisons for these

two experiments were carried out using a range of data precision assumptions. In both cases

the Voronoi model was found to have the highest log marginal likelihoocl but it is possible

that this may be a result of the range of data precision assumptions that were adopted in the

analyses. Second, because the spatial filter based models were only irrplemented using a

lirnited number of filter scale sizes, it is possible that the probability density of these moclels

was underestimated. As will be explained in Section 6.3.1, modifying the numbet of filter

scale sizes over which the filter modes are implemented will provicle a lnore accurate

indication of their true log marginal likelihoods

Given these ploblerns, the aims of Study 2 ate threefold:
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L To empirically replicate Experiments 2 and 3, as described in Chapter 5, in order to provide

data sets that include variance information and thereby ensure that the associated model

comparisons are not based upon potentially biased data precision assumptions.

2. To modify the models in light of the results of Study I

3. To compare the new versions of the models across the same six tasks in Study 1

(substituting the replications of Experiments 2 and 3 for the original data sets).

In the following sections these three aims will be dealt with in turn.

6.2. Empirical replication of Experiments 2 a'nd3

In Study I the data for Experiments l, 2 and3 were drawn from Barlow and Reeves (1979).

Unfortunately, the figures in this paper provide no indication of the variance associated with

observer discriminability for Experiments 2 and 3. Following Lee (2001; 2004), the log

rnarginal likelihoods ancl their associated Bayes factors for these experiments were calculated

across a range of data precision assumptions and, in each case, it was demonstrated that the

Voronoi model was the most likely model of observer perfortnance.

Given that the Voronoi moclel's high relative likelihoods were dependant upon the tange of

data precision assurnptions employed in the analysis of these two experiments, the sum log

rnarginal likelihood (a measure of genelalisablity across all experirnents) was calculated both

with and without Experiments 2 and 3.It was demonstrated that excluding Expedments 2 and

3 changed the magnitude of the differences between the rnoclels. Nonetheless, the Voronoi

model lemained the most likely rnodel by a difference that was large enough to be considerecl

decisive. It was therefore concluded that the success of the Voronoi model was not reliant on

the data precision assumptions that were made in lelation to the data fi'om Experiments 2 and

J.

While this conclusion is both satisfactory and justifiable, it is preferable not to rely upon these

sorts of assumptions. In the following section, empirical replications of Experiments 2 and 3

are presented; the plimary aim of these were to obtain observer variance data.
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6.2.1. Method

Four obseruers (including the author) took part in both experiments. All observers had

training on each ofthe tasks prior to data collection.

All stimuli were presented on a Hitachi CM721F colour computer monitor with a vertical

refresh rate of 85 Hz and a pixel resolution of 1280 x 1024. Pixel width was 0.26 mm.

Viewing distance was set at 57 cm. Stimuli were generated and presented using MATLAB

7.0.1. All stimuli were comprised of one hundred 2x2pixel black dots presented within a

white circular region with a 256 pixel diameter located at the centre of the monitor. Although

a range of stimulus presentation times were employed in the original experiments (0.1-0.5

seconds (Barlow & Reeves, 1979)), stimulus presentation time was held constant at 0.1

seconds for both experiments.

For Experiment 2, the standard stimuli were comprised of randomly positioned points and the

experimental stimuli were comprised of a varying number of symmetric point pairs and

randomly positioned points. The proportion of symmetrically positioned points in the

expelimental stirnuli ranged frorn 0.2 to 1.0 in 0.2 increments. For Experiment 3, the standard

stirnuli were perfectly symrnetric point patterns and the experimental stirnuli were comprised

of a varying nutnber of symmetric point pairs and randomly positioned points. The propoltion

of symmetric pairings in the experimental stimuli ranged from 0.0 to 0.8 in 0.2 increments.

For both experitnents, the symmetric stimuli wete always vertical bilateral symmetry with an

axis centred in the rniddle of the stimulus. For the stimuli containing tandom noise points,

equal numbers of points were located on each side of the central axis in order to negate the

potential effects of density cues. A total of 50 experimental stirnuli and 50 standald stirnuli

were generated for each stirnulus level.

Both experirnents ernployed a single-interval, two-alternative forced-choice design. Stirnuli

were presented in blocks of 50 trials. The signal parameter was fixed within each set of trials,

so that observers were required to discriminate between standard stirnuli and a single level of

experimental stimuli. The observers wer-e infonned of the level of symmetry in the

experimental stirnuli prior to beginning each block and were presented with rnultiple

examples of both standard ancl expelimental stirnuli. The order of presentation for the separate
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trial blocks was randomised to negate order effects. Each block contained equal numbers of

standard and experimental stirnuli (25 standard and25 experimental stimuli) and, within each

block, the experimental and standard stimuli were presented in a random order. Each of the

data points in the following figures was derived from 800 observations.

Each trial was preceded by the presentation of a fixation point (duration : 0.5 seconds)

located in the centre of the presentation window. This was followed by the presentation of a

single stimulus. The obseler was then required to indicate which of the two populations

(standard or experirnental) the stimulus was drawn from, using a mouse to click on one of two

buttons presented at the bottom of the screen. The observer was then given feedback as to

whether their choice was corect or not. When the observel was ready, they initiated the next

tlial by clicking on a button that was located equidistant from the two choice buttons.

6.2.2. Results

Observer performance was expressed as d'. The results of the replications are shown in

Figures 6.1 ancl 6.2.In both cases, the mean empirical discriminability of the four observers in

the cullent study is compared with data from Barlow and Reeves (1919). Although there ale

srnall differences between the original ancl r'eplicated data sets, the two distributions

comespond closely fol both experiments, with the original data falling (for the most part) no

more than one stanclard deviation away from the replicated data.

ln Study 1, the log marginal likelihoods for Experiments 2 and 3 were calculated under the

assumption of a data plecision range cleterminecl by pilot experirnents (0.1 to 0.23 and 0.09 to

0.13 standard errors respectively). The cunent stucly indicates that for Experiment 2, the

standard eüors range frorn 0.09 to 0.32. Reanalysing the Study I data using this range has a

minimal effect on the six models' log marginal likelihoods, but cloes not change the rank

order of relative likelihood as indicated by the Bayes factors. Sirnilarly, the current study

indicates that the range of standarcl errors in Experiment 3 (0.11 to 0.34) is wider than hacl

been indicated by the pilot study, but re-analysing the Study I data using this range does not

change the rank order of model relative likelihood.
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Figure 6.1 Comparison of mean empirical discriminability (d') for the replication of

Experiment 2 (black circles) qnd Bqrlow and Reeves (1979) data (white circles). The error

bars represent one standard deviation.

o o' 
p. syr.",?¡lat eairings 

o 6 o I

Figure 6.2 Comparison of mean empirical discriminability (d') for the replication of

Experiment 3 (black circles) and Barlow and Reeves (1979) data (white cit"cles). The error

bars represent one standard deviation.

45

4

35

o'
= t<
.q
c'êz
'É
o
.9.o t5

05

0

---.O- Fwllcalion
O Barlow&Beees(1979)

o

---a- Bqticalion
Barlow & Bæv6

124



6.2.3. Summary

Comparison of the replicated data with the original data from Barlow and Reeves (1979)

indicates a close correspondence between the two data sets. The data from the replications

indicate a wider range of variance in observer performance than was suggested by pilot

experiments. However, reanalysis of the Study 1 data using these wider ranging variance

assumptions did not have a substantial effect upon the relative likelihoods of the models.

Importantly, the curent experiments provide variance data for each empirical data point in

Experiments 2 and 3.In the following analyses the replicated data will be used in place of the

original data, thereby avoiding the need for making data precision assumptions.

6.3. Model modifications

6.3.1. Range and number of model parameter values

In Chapter 5 it was demonstrated that the range of parameter values over which a rnodel is

implemented could affect the model's relative likelihood. Fol example, it was shown that

thele was a degree of redundancy in the range of detection region sizes employed by the

Voronoi rnodel and that by reducing the model's parameter range fi'om l-to-7 columns in the

detection region down to 1-to-5 columns it became 2.04 times rnore likely. None of the other'

models clemonstrated a sirnilar redundancy. Rather, the best-fits of the alternative models

spanned the entire range of their respective parameter ranges. It is therefole plausible that

better model fits could be obtainecl by i.ncreasing the range of these moclels palameter values.

A second factor that can potentially affect model likelihood is the nurnber of values within a

model's parameter range. For example, Figure 6.3a shows an empirical data set (circles) and

the response of an imaginary rnodel (lines) that has been implernented over 6 values of a

single parameter. The model's associated likelihood function is shown in 6.3b. Figure 6.3c

shows the responses of the same model but in this case it has been irnplementecl across l1

parameter values. Here the range of the values is the sarne, but the increments of change are

smaller. The model's new likelihood function (6.3c1) shows that when the model was only

irnplemented across six levels the moclel likelihood was underestirnatecl at the centre of the

distribution and slightly overestimated at the tails of the distribution.

In order to obtain a model's true marginal likelihood it is necessaty to implement the model at

every possible parameter value within the chosen parameter range. Fol moclels with a lirnited
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number of discrete parameterisations (such as the Voronoi and Barlow and Reeves models)

this is a simple matter to achieve. However, for the Isotropic and Oriented models it should be

assumed that the underlying variable (the spread function of the filter) is either continuously,

or close to continuously, distributed, In this case, obtaining model fits for every possible

parameter value becomes a non-trivial computational problem.

In Bayesian model selection, likelihoods are typically sampled from a range of points in a

model's parameter space using Markov Chain Mote Carlo or similar methods and, when the

number of randomly sampled values is sufficiently large, the shape of the true likelihood

function can be estimated with reasonable accuracy (Myung & Pitt, 1997). However, given
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Figure 6.3 Comparison of model response and associatcd lilcclihood functions for the same

model implemented ecross 6 parameter levels (a, b) and I I parameter levels (c, d).
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that implementing the Oriented/Alignment model across the range of values specified in

Study 1 took between 18 and 24 hours for a single experiment, time constraints render this

approach impractical. Although it is not ideal, a more constrained approach to estirnating the

filter models' likelihood functions has been adopted in the curent study: in order to fill out

the shape of the distribution the models were implemented using values at half-steps between

the values employed in Study I (i.e., s : 2, 3, 4, 5, 6 rather than s : 2, 4, 6, etc).

6.3.2. Detection region

A number of experiments have demonstrated that the perception of symmetry appears to be

limited to a spatially restricted region located immediately adjacent to the axis of symmetry

(Bar'low & Reeves, 1979; Dakin & Herbert, 1998; Jenkins, 1982; Julesz, 1971; Rainville &

Kingdom, 2002). For example, in Experiment 6 the obselers were required to discriminate

between random noise stimuli and stimuli comprised of a strip of random noise embedded at

the centre of an otherwise perfectly symmetric dot pattern. The results indicated that as the

width of the central strip of noise was increased, discriminability decreased. The Votonoi

model and the two feature alignment models only have access to information that is located

within a limited detection region and consequently these models were able to capture the

basic pattern of the empirical results. On the other hand, the two cross-cortelation models and

the Barlow and Reeves model all have access to information located across the entire

stimulus. These moclels were able to detect the presence of symmetry (Experirnent 6) or

deviations frorn symmetry (Experirnent 5) r'egaldless of its location relative to the centlal axis

and, as a result, the models tencled to over-perform.

The empirical data fi'om Experiments 5 and 6 suggest that the spatial extent of the detection

region for stirnuli comprised of 650 points is approximately 2l% of the width of the stirnulus.

Theoretically, it should be possible to bring about a decrease in discrirninability similar to that

demonstrated by the observers by reducing the size of the area over which the cross-

corelation models and the Barlow and Reeves rnodel are able to integrate information from

100% down to around 2lo/o. For the cross-coruelation models this is a relatively simple

process. Each stimulus is 256 pixels wicle; therefole, the best fit to the empirical data should

occur when the cross-conelation procedure is restrictecl to a central region with a width of

approximately 54 pixels. Figure 6.4a shows a stimulus from Experiment 5 with a centt'al
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Figure 6.4 An example of a typical stimulus from Experiment 5 (a), and a contparison oJ'the

Isotropic/Correlation detection region using 256 pixels (b) and 54 pixels (c).

symmetry strip that covers 21Yo of the stimulus. Figules 6.4b and 6.4c show the stimulus after

it has been convolved with an isotropic filter. The detection region in 6.4b encompasses the

entile stimulus, whereas the detection region in 6.4c is only 54 pixels wide. As can be seen,

the detection region tn 6.4c only contains symmetrical inforrnation; therefore, the model

would be unable to discriminate between this stimulus ancl a perfectly symmetric stimultrs.

Althor-rgh it is possible to predict the approxirnate width of the detection region that would

maxirnise moclel likelihood in Expedments 4, 5 ancl 6, it cloes not necessarily follow that the

same detection region width would maximise the likelihood in the lemaining experirnents.

Rainville and Kingdorn (2002) clemonstrated that the spatial extent of the cletection region

scales with stimulus density. Specifìcally, detection region size appeals to be negatively

related to stimulus clensity, therefore we coulcl expect that the Correlation moclels woulcl neecl

a wicler cletection region for Experiments I to 3 (clot clensity = 100) than for Experiments 4 to

6 (dot density:650). Furthermore, if the models are expected to be able to genelalise to vely

high or low density stirnr"rli then it is necessary to allow the models cletection regions to range

from very thin to very wide. In older to include all possible detection region widths for

stimuli 256 pixels wicle ancl with varying clot densities, the cross-corelation rnodels were

irnplementecl using 127 cletection region column widths: from I pixel eithel side of the

midline to 128 pixels in 1 pixel increments.

Fol the Barlow and Reeves moclel restricting the size of the detection region is a slightly rnole

complex process. The Ballow ancl Reeves rnodel was implemented at six levels of sLrb-region

numerosity: 4, 16,36,64, 100, 144, and 196 sr"rb-regions. The size and nurnber of the sub-
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regions dividing a stimulus places restrictions upon the range of detection region widths at

which the model can be implemented. The reason for this is demonstrated in Figure 6.5,

which shows a comparison of a number of different detection region sizes for the Barlow and

Reeves model. For 6.5a and 6.5b the initial representation is divided into 16 sub-regions, and

for 6.5c and 6.5d the initial representation is divided into 64 sub-regions. In 6.5a and 6.5c all

of the sub-regions contribute to the detection region, whereas in 6.3b and 6.3d only the two

centre-most columns of sub-regions are included. It should be noted that only the detection

region shown in 6.3d could be expected to simulate the performance of human obseruers in

Experiments 4 to 6: all of the other detection regions contain both symmetry and noise

information, whereas the detection region in 6.3c1 only contains symmetric pairings.

For the Barlow and Reeves model the number of potential detection regions that an initial

representation can be divided into is given by:

w"
Js

2

where W, is the number of detection regions widths (given as columns of sub-regions either

side of the stimulus midline) and S the number of sub-r'egions in the initial representation.

Accordingly, for a base representation cornprised of 16 sub-regions, such as 6.5a, the total

number of detection region sizes is 2 (i.e., either I or 2 columns of sub-regions either side of

the midline). On the other hand, a 64 sub-region representation such as 6.5c could have

detection regions comprised of 1,2,3 or 4 colurnns either side of the stimulus mid-line.

As with the cross-correlation models it is possible to pledict the Barlow and Reeves model

detection region widths that will generate the best fit to the errpirical data in Experiments 4 to

6, but it does not follow that these would be the optirnal widths for Experiments 1 to 3. In

order for the rnodel to be able to generalise to experimental siluations involving either very

high or very low density stimuli it is necessary to implement the model using all possible

detection region widths.

Up until this point the detection region for the Voronoi model has been comprised of columns

of cells spanning the entire height of the stimulus. However, as was discussecl in Chapter 3,

studies by Dakin and Herbert (1998) and Rainville and Kingclom (2000; 2002) have provided
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a. b.

d.

Figure 6.5 Comparison of different sized detection regions þr the Barlow and Reeves model

using an initial representation af l6 sub-regions (a, b) and 64 sub-regions (c, d). In 6.5 a and

c the detection region encompqsses the entire stimulus. In 6.5b and d the detection region is

restricted to a single column of cells either side of the stimulus midJine.

ba c.

Figure 6.6 Examples of the Voronoi model detection region with varying widths and aspect

ralios. 6.6a has a width of I column either side of the stimulus midline and an aspect ratio of

1 :2. 6.6b has a width of I and an aspect ratio of I : 3. 6.6c has a width of 2 and an aspect ratio

of I :2.
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evidence suggesting that the detection region for symmetry is limited both horizontally and

vertically. In light of this, a more sophisticated version of the Voronoi model (which allows

for limitations to both width and height of the detection region) is tested in Study 2. The

empirical data from and Herbert (1998) and Rainville and Kingdom (2002) indicate that there

is an approximately 1:2 width-to-height ratio for the detection region, although in Rainville

and Kingdom (2000) it was demonstrated that depending on the characteristics of the stirnulus

the aspect ratio could be as great as 1:20. Because the actual aspect ratio is unknown, the

width-to-height ratio of the Voronoi model detection region was free to vary from l:l to 1:7

in increments of 1.

Examples of the Voronoi model detection region with varying height to width ratios are given

in Figure 6.6. As can be seen in Figure 6.6, the width of the detection region places

restrictions on the number of unique height values over which the model can be implemented.

The width-to-height ratio in 6.6c is only 1:2, but the detection region spans the entire height

of the stimulus. Any increase in aspect ratio would return an identical model response, and it

is possible that this could result in skewed log marginal likelihoods. In order to control for

this only the fits of the unique detection regions were included in the final analyses.

6.3.3. Additive noise

As was discussed in Study I, one of the rnajor problerns with the alternative models is that

they each return the same value for all of the perfectly symmetric stimuli. As a result of this

the models all tend to over-perform on Experiment 3 (Section 5.13.1 explains the reason for

this is in detail). This problem can be addressed by assuming that there is a distribution of

potential symmetry scores that a model could teturn for a given stimulus.

ln their cument form all of the models (including the Voronoi rnodel) will return the same

symmetry value for an individual stimulus. However it is reasonable to assr"ttne that the

perceptual systern is inherently noisy, resulting in an approximately Gaussian probability

distribution of sensory values that could be attributed to a stimulus (Green & Swets, 1966).

Figure 6.7 illustrates the effect of placing a Gaussian probability distribution over the valnes

assigned by a rnodel to each individual stimulus. The two data points in 6.7a represent the

symmetry values that a model assigns to two different stimuli. As can be seen, the two values

lie on either side of the criterion, and would therefore be classified as belonging to different

stimulus classes (i.e., a syrnmetrical stimulus with random noise and a perfectly symmetric
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stimulus). In 6.7b a Gaussian probability distribution has been placed over each of the scores.

In this case the most likely response is to classifli each stimulus in the same manner as hefore,

but there is now a small chance that either stimulus might be misclassified.

As in Study 1, for Experiments I to 3 the decision criterion for each separate experimental

stimulus signal level parameterisation (i) is calculated as:

Criterion, =tt: + !.i , (u'
oi +o Lt

where p and ø are the means and standard deviations of the symmetry values assigned by a

rnodel to the various standard (s) and experimental (e) stimuli. In the current study the

minimum value that o was allowed to take was equal to the standard deviation of the Gaussian

probability distribution placed over each symmetry value, so even when a model assigns the

sarne value to all of the symmetric stimuli, the criterion will no longer be equal to the mean of

these values. Theoretically, this should allow the models to show a decrease in

discrirninability similar to that demonstrated by the human observers in Experiment 3.

For Experiments I to 3 the probabilities of hits p(H) and false alanns p(F) were obtained by

comparing each stimulus symrnetry value to the criterion and determining the proportion of

the symmetry value's associated probability distribution that lies above and below the

criterion. For Experiments 4 to 6 the proportion of correct responses was obtained by

comparing the symmetry value for each experirnental stinulus to the values of all of the

standard stimuli. The ploportion of the experirnental stimulus probability distlibution greater

than the value of the standard stimulus was averaged across all compalisons to give the

probability of a corect identification.

6.3.4. Voronoi model symmetry calculation

Sludy 2 also provides an opportunity to compare the performance of a nnmber of altemative

velsions of the Voronoi model symmetry calculation procedure. This is analogous to the

comparison of the Oriented/Alignment and Oriented/Correlation models, where the form of

the undellying stimulus representation is identical (stimuli are convolved with horizontally

aligned spatial fìlters), but the rnethod of symmetry calculation is different (i.e., the alignment

of rnidline crossing stimulus fealures versus a cross-correlation procedure).
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Figure 6.7 The ffict of placing a Gaussian probability distribution over the value that a

model assigns to each stimulus.
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The Voronoi model detects symmetry by searching for pairs of points that are located in

roughly the same location on opposite sides of the stimuhls midline. The model achieves this

by reflecting the Voronoi cell associated with each of the points in the detection region across

the stimulus midline and counting the number of points that are located in the region

corresponding to the reflected cell. When the observed number of points is greater than 0, the

expected number of points (l) is divided by the observed number of points resulting in a value

between I and 0. As a result, reflected cells containing a single point are given a value of l,

indicating an unambiguous point-pair match. On the other hand, reflected cells containing

more than one point will be given a value of 0.5 or less. These values are then summed across

all of the points in the detection region giving a total symmetry score for the stimulus.

In its current form the Voronoi model assigns a value of 0 to reflected cells that contain no

points. In other words, points that have no matching pair do not contribute any value to the

total symrnetry score for the stimulus. However, it could be argued that points which cannot

be matched are a potentially useful indicator of asymmetry: a near-perfectly symmetric

stimulus will contain fewer unmatched points in comparison to a highly distorted or randorn

stimulus. One way to utilise this information would be to penalise the total symmetry score by

the number of unmatched points. Fnlthermore, it is possible that only either the unmatched

points or the unambigously matched points are necessary to signal the presence of syrnmetry,

and that the information provided by the arnbiguous pairings is redundant.

In order to explore these possibilities four alternative versions of thc Voronoi rnodcl wcrc

irnplernented. The Voronoi Type-l (Vl) rnodel counts the number of points in the detection

region that have a sìngle point located in its reflected cell. The Voronoi Type-2 (V2) rnodel

has a symmetry calculation procednre identical to that ernployed in Study l: for each point in

the detection legion the expected nurnber of points in the reflected cell is divided by the

observed nlunber. Points with no match are assigned a value of 0. The Voronoi Type-3 (V3)

model is identical to the Vl rnodel with the exception that unmatched points are more heavily

penalised: in this case unmatched points are assigned a value of -1. Finally, the Voronoi Type-

4 (V4) model only counts the number of points in the detection region that have no matching

point.

Although these models do not exhaust the universe of potential calculation methods that the

Voronoi model could ernploy they are reasonably representative and can be thought of as
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defining a continuum. The Vl model measures only perfect or near-perfect symmetry, the V2

and V3 models penalise this symmetry measure in tenns of the level of asymmetry in a

stimulus (with the V3 model weighting asymmetry more heavily than the V2 model), and the

V4 model only takes into account the level of asymmetry within a stimulus.

6.4. Symmetry model comparison

This section presents a comparison of model performance across the six empirical data sets.

Initially I will present the fits of the five altemative models (the Barlow and Reeves,

Isotropic/Correlation, Isotropic/Alignment, Oriented/Correlation and Oriented/Alignment

models) paying particular attention to the effect of any modifications on model performance.

This will be followed by a comparison of the four different approaches to Voronoi model

symmetry calculation.

6.4.1. The alternative models

The Barlow and Reeves model has three parameters: number of sub-regions in the base

representation (^l), nurnber of columns of sub-regions included in the detection region (ffi),

and level of added Gaussian noise (r"). In Sludy I the range of sub-region numerosity values

was 4, 16,36,64,100,144, and 196. The results of Experiment 4 in Study I indicated that the

best fit of the Barlow and Reeves model to the ernpirical data was achieved using 196 sub-

regions. It is possible that better fits may be achieved with larger numbers of sub-regions,

therefore, in Study 2 the range of sub-region nurnerosity values was increased to encompass

4, 16, 36, 64, 100, 144, 196, 256, 324, and 400. As was discussed previously the nutnber of

potential detection region widths for each level of sub-region numerosity is given by:

W,
Js

2

The level of added noise (n") ranged fi'om 0 to 0.3 in increments of 0.05, where each value

represents the standard deviation of the Gaussian probability distribution placed over each

symmetry value.

The Isotropic/Alignrnent and Oriented/Alignrnent models both have two parameters: filter

size (s) and level of added Gaussian noise (n"). In order to obtain a more accurate estimate of

the true model likelihood functions the models employed a wider range of filter sizes, with

smaller increments of change than employed in Study L The spread function of the Isotropic
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filter ranged from I to 17 pixels in I pixel steps. For the Oriented filter the spread function

ranged from 0.70 to I I .02 in 0.70 steps. The level of adcled noise (n") ranged from 0 to 0.3 in

increments of 0.05.

The Isotropic/Conelation and Oriented/Correlation models both have three parameters: filter

size (s),level of added Gaussian noise (no), and detection region width (lfz). The filter size and

Gaussian noise assumptions were identical to those of the feature alignment models. The

width of the detection region ranged from I colunrn of pixels either side of the stimulus

midline to 128 columns, in I pixel increments.

Each model was implemented using the full range of parameter values indicated above. Fits

were then examined to determine the range of parameter values that maximised each model's

likelihood across all six experiments. For example, Figure 6.8 shows contour plots of the

Isotropic/Alignment rnodel fit for the six experiments across the full range of its

parameterisations. As can be seen, for the majority of the experiments the best fits are

obtained under the assumption of a small amount of additive noise. This indicates that there is

a degree of redundancy in the range of values that the additive noise parameter needs to take

in order for the model to adequately fit the ernpirical data and suggests that reducing the range

of parameter values over which the model fits are calculated would increase the model's

overall likelihood.

For the spatial filter (s), additive noise (no), and subregion numerosity (S) parameters, the

range of parameter values was reduced to the upper bound of the best fitting values across all

six empirical data sets. In regards to the detection region width parameter values, unlike the

Voronoi models (which have detection regions that scale automatically with changes in

stimulus density), in order that the Barlow and Reeves and cross-corelation models be able to

generalise across a range of varying stimulus densities it was necessary to include all of their

potential detection region widths when calculating the log marginal likelihoods. In other

words, none of the values of I(o or l(, was considered to be redundant.

Figures 6.9 to 6.13 show the non-redundant fits of each of the alternative models to the

empirical data from Experiments I to 6. For each experiment the best fitting parameter

cornbination is shown by a black line, and the corresponding parameter values are indicated at
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Figure 6.8 Contour plots showing the Isotropic/Alignment model level oJ'fit for the six

experintents across a parameter space ranging front I to 17 for the filter size paranteter (s)

and 0 to 0.30 for the additive noise parameter (no).

the bottom of each panel. A qualitative comparison of the data fits reveals two irnmecliately

obvious featules. First, for the rnajority of the models the best-fitting parameterisations are

able to provide reasonably good fits to the pattern of the empirical responses across all six

experiments. ln particular, rnodel fits are no longer uniform and close to perfect for

Experiments 3 and 5, suggesting that the rnodifications that were rnade to the models

contribute significantly to improving their ability to simulate the performance of the human

observers.

The second obvious feature revealed by Figures 6.9 to 6.13 is that all of the models also

produce numerous response pattems that are not consistent with the ernpirical data. This
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Experiment 1

5=64W=4n=0.3so

Experiment 4

o

5=400W=1n=0so

Experiment 2

S=100 rV=1n =0so

Experiment 5

ö

3=144W=1n=03so

Experiment 3

i

5=36W=1n=0.3s6

Experiment 6

3=324W=2n=Oso

Figure 6.9 Barlow qnd Reeves model fits for Experiments I to 6 using a sub-region (S)

pqrameter range of 36 to 400, detection region width (WJ parameter range of I to I0 sub-

regions and qn additive noise (no) parameter rqnge of 0 to 0.3. For eqch experiment the best

fining pqrameter combination is shown by a black line. The parameter values of the best fit
are indicated in the bottom left corner ofeach panel.
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Experiment 4
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Experiment 2
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Figure 6.10 Isotropic/Alignment modelfitsfor Experiments I to 6 using a spatialfilter (s)

parameter range of 3 to 17 pixels and an additive noise (n) parameter range of 0 to 0.1. For

each experiment the best fitting parameter combination is shown by a black line. The

parameter values of the best fit qre indicated in the bottom left corner of each panel.
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Experiment 1

s=6W=p n = 0.03
o

Experiment 4

s=2 W =25 n =0.13p6

Experiment 2
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Experiment 5

s=6W=13n=0.22pa

Experiment 3

s=1 W=122n=O.2pú

Experiment 6

s=3W=31 n=0.245po

Figure 6.11 Isotropic/Correlation model rtß for Experiments I to 6 using a spatial filter (s)

parqmeter range of I to 6 pixels, detection region widlh (Wp) pqrameter rqnge of I to 128

pixels and an qdditive noise (u) parameter range of 0.03 to 0.245. For each experiment the

best fitting pqrameler combination is shown by a black line. The parameter values of the best

Jìt are indicated in the bollom left corner ofeach panel.
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Experiment 4
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Experiment 2
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Experiment 5

s=14 n =0.125o

Experiment 3

s=2.8 n =0.075o

Experiment 6

s=4.2 n =O.OO5o

Figure 6.12 Oriented/Alignment model fits for Experiments I to 6 using a spatial filter (s)

parameter range of 0.70 to Il.3l pixels and an additive noise (no) pqrameter range of 0 to

0.25. For each experiment the best fitting parameter combinqtion is shown by a black line.

The parameter values of the best fit are indicated in the bottom left corner of each panel.
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Experiment 1

s=3.5

Experiment 4

s=O.7W=9n=0.215po

Experiment 2

s=0.7 W = 103 n =0.215po

Experiment 5

s=2.8 W =1 n =0.005pa

Experiment 3

s=2.8W=8n=0.09p6

Experiment 6

s=4.9W=26n--0po

Figure 6.13 Oriented/Correlation model rtß for Experiments I to 6 using a spatial filter (s)

pqrameter range of 0.70 to 4.9 pixels, detection region width (Vlp) parameter range of 1 to

128 píxels and an qdditive noise (no) parqmeter range of A b 0,215. For each experiment the

best fitting parameter combination is shown by a black line. The parameter values of the best

Jit are indicqted in the bottom left corner ofeach panel.
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Tabte 6.1 Log mørginal tikelihoods for Experiments I to 6, the sum log marginat tikelihood and Bayes factors for the alternative models. The

Bayesfactors are givenfor pairwise comparisons of the new and the origìnal models, and across allfive new models-

Model log marginal likelihood Bayes Factor

Exp 1 Exp2 Exp3 Exp4 ExP5 ExP6 Sum New vs.
Original

New Only

Barlow and Reeves

IsotropiciAlignment

Isotrop iclCorrelation

Oriented/Alignment

Oriented/Correlation

New
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New

Original
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Original
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Original
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Original

5.33
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3r.49

32.01
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3r.97
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30.99
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3T.T2
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24.15

2t;/8

27.16

21.r5

24.63

26.86

25.25

26.80

24.63

24.66

23.95

15.3s

75.79

24.70

24.02

26.86

25.48
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81.89
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suggests that the models' good fits to the empirical data come at the cost of high complexity.

In other words, the models are ahle to replicate the empirical data because they are able to

replicate almost any pattem of results. This is particularly evident in regards to the

Isotropic/Correlation model in Experiment 5 (Figure 6.1 1).

Log marginal likelihoods were calculated using the weighted sum square data fits of each

model to the empirical data from Experiments I to 6. In order to determine the effect that the

modification of the models had upon their ability to fit the empirical data, likelihoods were

calculated for both the new and the original versions of each of the five alternative models.

Table 6. I summarises the log marginal likelihoods for each experiment, and the sum log

marginal likelihoods and Bayes factors for all six experiments. Bayes factors were calculated

for a pairwise cornparison of the new and the original versions of each rnodel, and across all

of the new models.

The Bayes factors for the pairwise comparisons indicate that in each case the modified models

are more likely than their original form, although the rnagnilude of the difference ranges from

negligible to very large. The largest change in relative likelihood occurs for the models that

were modified in terms of both the addition of random noise and restrictions placed upon the

detection region (i.e., the Barlow and Reeves model and the two cross-correlation rnodels). In

contrast to this, the two feature alignrnent models (which already featured a restricted

detection region) show very little improvement at all. This result is partly dr.re to the fact that

the cross-correlation models and the Barlow and Reeves model had more potential for

improvement, being able to benefit from two rnodifìcations rather than just one. It is also due

to the direction of the effect that the addition of noise has upon rnodel discriminability: it is

only able to degrade model performance, never enhance it. This means that models which

tended to over-perform in Study I are now able to provide better fits to the empirical data,

whereas models that underperformed (such as the two feature alignment rnodels) can only be

shifted further away from the distribution of empirical responses. The effect of this process

can be clearly seen in Figure 6. l0 for Experiments I , 2, 4 and 6.

The Bayes factors for the five new versions of the alternative models reveal a strikingly

different pattern of results to those found in Study l. Study I replicated Dakin and Watt's

(1996) finding that the Oriented/Alignment model was able to provide the best account of the

ernpirical data. In the curent study, the Bayes factors indicate that the Isotropic/Conelation
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model is the most likely of the five altemative models, followed by the Oriented/Correlation

and Barlow and Reeves models. Given the high complexity of the Isotropic/Correlation model

(as evidenced by the large number of poorly fitting parameterisations in Figure 6.11) this

result seems somewhat surprising. However, it should be remembered that Bayesian model

selection balances the competing effects of model fit, complexity and generalisability.

Although the Isotropic/Correlation model provides many fits which bear little or no

resemblance to the pattern of empirical results, this is balanced by the number of fits that

match the empirical data very well. Furthermore, the Isotropic/Correlation model is able to

generalise well across all six experimental data sets. In contrast to this, the quality of the best-

fitting parameterisations for the two feahrre alignment models is comparatively poor and in

the cases of Experiments 1 and 6 for the Isotropic/Alignment model and Experiment I for the

Oriented/Alignment model, they fail to closely match the empirical data.

6.4.2. Voronoi model

All four versions of the Voronoi model had the sarne three parameters: detection region width

(W), detection region height (É1), and level of added noise (n"). Study I indicated that the

optimal detection region width for the Voronoi model is two columns of cells either side of

the stimulus midline. Increasing the width of the detection beyond two columns resulted in

discrirnination levels that were far greater than those dernonstrated by the ernpirical data in

Experiments 5 and 6. Becanse these two experiments are effectively measuring the spatial

lirnits of symrnetry detection, it is irnplausible to suggest that the Voronoi model should be

irnplemented using values of I4 greater than 2. There is no theoretically interesting reason for

limiting either the range of detection region heights or the level of added Gaussian noise;

therefore these parameters were fi'ee to vary. Detection region height (É1) ranged frorn 2 to 14

cells above and below the stimulus horizontal midline. The Voronoi model symmetry values

were standardised to lie between 0 and I and the level of added noise (n) ranged from 0 to

0.3 in 0.05 incrernents. Following the sarne approach that was applied to the alternative

models, the model fits were examined to determine the range of non-redundant parameter

values and log marginal likelihoods were calculated from the parameter values that allowed

the models to best generalise across all six experiments.

Figures 6.14 to 6.17 show the fits of the four Voronoi model symmetry calculation variants.

For each model the best fitting parameter combination is shown by a blaclc line and the

corresponding parameter values are indicated at the bottom of each panel. As can be seen, the
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different forms of the Voronoi model all tend to make fewer predictions than the altemative

moclels, but the quality of the best-fitting parameterisations are generally poorer in relation to

the more complex models such as the Isotropic/Correlation model. TabIe 6.2 shows the log

marginal likelihoods of each variant of the Voronoi model for Experiments 1 to 6. The sum

log marginal likelihoods indicate that the best account of the empirical data is given by the

Type-4 model, with Bayes factors suggesting that it is at least l'74.70 times more likely than

the other versions of the Voronoi model. In other words, the most likely symmetry calculation

rnethod for the Voronoi model is one based purely upon the level of asymmetry within a

stimulus.

The Type-4 model's success appears to be largely due to its ability to fit the Experiment 1

data and if this experiment is ignored, the other Voronoi models are at least 5.17 times more

likely. Interestingly, Figures 6.14 to 6.17 dernonstrate that all of the Voronoi model variants

tend to under-perform in Experiment I and the reason for this is as follows: As has been

explained previously, the Voronoi model attempts to match each point in a stimulus with a

point (or points) located in roughly the same location on the opposite side of the stimulus

midline. Specifically, any points that are located within a tolerance region defined by a

reflection of a point's Voronoi cell are considered to be a potential symmetrical match. For

Experiments 2 to 6, which ernploy stimuli comprised of strips of pure symrnetry or symmetly

that has been perturbed via the addition of random noise, there will always be at leqst one

point in the leflected cell conesponding to a symmetrical point. However, for Experiment 1,

in which symmetry is perturbed by randomly relocating one half of each pairing by a given

distance, this is not necessarily the case.

Theoretically, the furthest distance that one half of a symrnetrical pairing can be moved and

still fall within the region corresponding to its partner's reflected cell is equal to the distance

between the point and the most distant vertex of the cell. For stirnuli with a dot density of 100

(the dot densiry ernployed in Experiment l) the average distance between each point and its

rnost distant vertex is around 0.10 (where distance is expressed as a proportion of the width of

the stimulus). This suggests that as the level of distortion in the Experiment I stimuli is

increased beyond 0.10 the probabilify of the Voronoi model being able to make any correct

pairings will be very low and performance will drop. The data support this hypothesis: all of
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Figure 6.14 Voronoi Type-l model rtß for Experiments I to 6 using q detection region width

N) : 2 columns of cells, detection region height ¡Il¡ : B rows of cells, qnd qn additive noise

(no) parameter range of 0 to 0.095. For each experiment the best fiuing parqmeter

combination is shown by a black line. The parameter vqlues of the best fit are indicated in the

bottom left corner of each panel.
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Experiment 1

a

o o

W=2 H= 10 o=0.015

Experiment 4

a

W=2 H=.10 o=0

Experiment 2

W=2 H=10 o=0.03

Experiment 5

W=2 H=10 o=0.045

Experiment 3

W=2 H= 10 o=0.035

Experiment 6

W=2 H=10 o=0.045

Figure 6.15 Voronoi Type-2 model rtß for Experintents I to 6 using detection region width

(W) : 2 columns of cells, detection region height F) : 10 rows of cells, and an qdditive

noise (n6) parameter range of 0 to 0.045. For each experiment the best fining parameter

combinqtion is shown by a black line. The parameter values of the bestfit are indicated in the

bottom left corner ofeach panel.
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Experiment 1

o

o o

W=2 H=8 õ=003

Experiment 4

O

W--2 H=8 c=0.115

Experiment 2

W=2 H=8 o=0.11

Experiment 5

W=2 H=8 o=0.115

Experiment 3

W=2 H= 8 o=0.105

Experiment 6

W=2 H= 8 o=0.095

Figure 6.16 Voronoi Type-3 model rtß for Experiments I to 6 using a detection region width

M : 2 columns of cells, detecti.on region height ¡tl) : I rows of cells, and an additive noise

(no) parameter range of 0.03 to 0.13. For each experiment the best fitting parameter

combination is shown by a black line. The parameter values of the best fit are indicated in lhe

bottom left corner of each panel.
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Experiment 1

W=2 H= 10 o=0.01

Experiment 4

I

w=2 H= 10 o=0.095

Experiment 2

w=2 H= 10 o=0.1f5

Experiment 5

t

W=2 H= 10 o=0.15

Experiment 3

W=2 H= 10 c=0.14

Experiment 6

W=2 H= 10 o= 0

Figure 6.17 Voronoi Type-4 model rtß for Experiments I to 6 using a detection region width

(W) : 2 columns of cells, detection region height (H) : 10 rows of cells, and an additive

noise (no) parqrneter range of 0 to 0.15. For each experiment the best fitting parameter

combination is shown by a black line. The parameter yalues of the best fit are indicated in the

boltom left corner ofeach panel.
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Tabte 6.2 Log marginat likelihoods for Experiments I to 6, the sum log marginal likelihood and Bayes factors for the four Voronoi model

symmetry calculation variants (VI to V4), and the modified versions of the alternative models.

Model log marginal lil<elihood Bayes Factor

Exp 1 Exp2 Exp3 Exp 4 Exp 5 Exp 6 Sum Voronoi Only All Models

Voronoi Type-1

Type-2

Tlpe-3

Tlpe-4

Barlow and Reeves

Isotropic/Alignment

Is otropic/Correlation

Oriented/Alignment

Oriented/Correlation

-12.52

-t4.r7

-) )5

4.86*

2.07*

3.02*

2.48*

2.46*

2.47*

3.35*

2.53*

r.96

33.56*

JJ.JJ'

33.34*

33.07*

29.59"

29.69*

29.63*

28.72*

26.31*

26.35*

26.63*

26.21*

6.89x1

6.81x106

174.70

1.00

6.89x1

6.81x106

114.70

1.00

4.99x106

9.15x1026

66.79

I.46xl0t7

362.74

81.56

8 r.58

92.t5

97.3t

81.89

3s.23

93.11

57.78

9t.42

Note- Bayes Factors are taken in relation to the most likely model.
* denotes most likely model or models with Bayes factors of less fhan3.2
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the Voronoi variants are able to match the empirical data for the three lowest distortion levels

(0.03, 0.04 and 0.07). However, when the level of distortion rises above 0.11, model

performance drops dramatically.

The reason that performance of the Type-4 model does not degrade as rapidly as the other

Voronoi models appears to be related to the type of evidence that the model employs to make

classification decisions. Unlike the other symmetry calculation variants the Type-4 model

does not count the number of matching points but rather the number of points which cannot

be matched because there are no points located in the region corresponding to a reflection of

their Voronoi cell. It appears that the number of unmatched points in the distorted stimuli

does not approach the level found in random stimuli as rapidly as the number of rnatching

points declines towards the number of spurious matches that occur in the random stimuli.

While this method of symmetry calculation benefits the Type-4 model in Experiment l, it
causes problems for it elsewhere. In particular, for Experiments 3 and 5 (which both involve

perfectly symmetric standard stimuli), the Type-4 model suffers from the same difficulties

experienced by the altemative models: it returns the same value for all of the perfectly

symmetric stimuli because the number of non-matching points in a perfectly symmetric

stimulus will always be equal t"o zero. As a result the model is able to discriminate between

the two classes of stirnuli at a close to perfect level. Figure 6.17 demonstrates that this

problerr can be addressed through the use of additive noise but that the high levels of noise

needed to achieve reasonable fits in Experiments 3 and 5 result in nuffrerous poor fits for the

remalnlng expenments.

All of the Voronoi models appear to benefit from the addition of random noise, although the

range of ø-values needed to obtain good fits to the empirical data varies considerably across

the four models. It should be noted that the plausibility of any additive noise assumptions

should not be based upon the qmount of noise needed to fit the data, but the range of noise

levels needed to fit the data across all six experiments. It is reasonable to assnme that there is

a moderately high level of noise associated with the decision process but that this level of

noise should be stable across the different experimental settings. Importantly, all of the

Voronoi models require a range of ro-values that is smaller than is required by all the

alternative models (with the exception of the Isotropic/Alignment model).
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Aside from the addition of random noise and the use of altemative symmetry calculaüon

methods, the Voronoi models in the current study also differed from the Study 1 model in

regards to the vertical extent of their detection region. In each case the models' best fit to the

empirical data was obtained with a single detection region height parameter value: 11: 8 for

the Type-l and Type-3 models and H: l0 for the Type-2 and Type-4 models, indicating that

the optimal detection region width to height ratio is in the range of l:4 to l:5. Both of these

aspect ratios can be interpreted in much the same way. For stimuli with a dot density of 100

points (i.e., Experiments 1 to 3) the detection region is comprised of two columns of cells

spanning a stimulus from top to bottom. However, for the higher density stirnuli (650 points)

the detection region does not include information at the very top and bottom edges of a

stimulus. While this is interesting in that it indicates that the Voronoi-based models can be

implemented using an arguably more plausible detection region, it should be noted that

limiting the vertical aspect of the detection region in this way only had a very small effect on

the models' overall likelihoods. When the models were implemented with no limit placed

upon the vertical extent of the detection region (in other words, identical to the Voronoi

detection region employed in Study 1) the rnodels were at most only 1.8 times less likely.

Table 6.2 also includes the sum log malginal likelihoods for the five new versions of the

alternative models. Bayes factors indicate that the Voronoi Type-4 model is 66.79 times more

likely than the most likely alternative model (the Isotropic/Corelation model). According to

Jeffrey's (1961) guidelines this can be considered to be strong evidence in favour of the

Voronoi Type-4 model. A qualitative comparison of the Isotropic/Corelation and Voronoi

Type-4 best fits clearly indicates that the lsotropic/Correlation model is far more successful at

capturing the pattem of empirical results. Nonetheless, as has been suggested, these fits

appear to come at the price of complexity, with the Isotropic/Correlation model making

nulnerous predictions that do not resemble the empirical data at all. In contrast the Type-4

model (like all of the Voronoi model variants) rnakes relatively few predictions, the majority

of which fit the basic pattern of observer responses.

6.5. Discussion

The results of Study 2 suggest that the most likely model of symmetty perception is a form of

the Voronoi rnodel (the Type-4 rnodel) which clifferentiates between stimuli in regards to the

level of asymmetry in the stirnulus. Study I also found that a model basecl upon Voronoi

tessellation was able to provide the best account of the ernpirical symmetry perception data.
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However, it is possible that the results of Study 1 were due to two factors that may have

runfairly favourecl the Voronoi moclel: the variance assumptions associated with Experiments 2

and 3, and the limited range and number of parameter values over which the alternative

models were implemented. In Study 2 these potential confounds were addressed and, as a

result, we can be confident that the Voronoi model's high relative likelihood is due to its

ability to closely simulate empirical perfotmance rather than any methodological artefacts.

Aside from the nature of its underlying representation, the Voronoi model differed from the

original forms of the altemative models in two important respects. In the first place, all of the

alternative models retumed the same value for perfectly symmetrical stimuli, resulting in a

tendency to over-perform in Experiment 3. Second, the two cross-correlation models and the

Barlow and Reeves model lacked the ability to place limitations on the spatial extent of the

detection region. In Study 2, the models were modified to allow these features and it was

demonstrated that in each case the model's ability to simulate the empirical data improved. In

some cases the improvement was considerable. It should also be noted that the order of

likelihood for the four models from Dakin and Watt (1996) differed from that of the original

paper and from Shrdy 1: in the current study the two rnodified Correlation models were found

to be more likely than the alignrnent-based models by a difference that can be considered

decisive.

It was suggested that by controlling for these differences between the Voronoi and alternative

models we might be able to make an assessrnent of the relative utility of the underlying

stimulus representations. In other words, if the models were identical in all respects except for

the form of stimulus representation then any difference in likelihood must be due to the nature

of the representation. Following this logic we could assume that the visual system appears to

be detecting symmetry using a stitnulus representation based upon Voronoi tessellation rather

than some form of spatial hltering or a division of the visual field into discrete square-shaped

sub-regions. However, there is a major problem with this argument: the models also differ

considerably in terrns of the methods that are ernployed to calculate the actual level of

symrnetry within a stimulus (i.e., cross-corelation versus the degree of alignment of stimulus

fealures versus the comparative dot density of symmetrically positioned regions, etc). As was

demonstrated in the curent sflrdy, changing the form of the symmetry calculation method had

a substantial effect on the likelihood of the Voronoi model, with the Type-4 rnodel being at

least 114J0 times more likely than the other Voronoi model variants. It would appear,
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therefore, that differences between the models in terms of symmetry calculation method are

potentially just as important as any other model feature. Unfortunately, there is no way that

the different models can be made equivalent in respect to the method of symrnetry calculation

and, in light of this, it would seem that we cannot make any conclusions about the relative

utility of the stimulus representations.

Despite the fact that the current study cannot tell us anything specific about the relative utility

of the various stimulus representations, it is still highly informative in regards to a number of

other factors, such as the assumptions regarding the shape and extent ofthe detection region,

and the additive noise assumption. In the following sections these will be discussed in turn.

6.5.1. The spatial extent of the detection region.

In the first place, the results suggest that in order to fit the Experiment 4,5 and 6 data it is

necessary to assurne that the visual system's detection region is spatially limited. Modiffing

the Barlow and Reeves model and the two cross-correlation based rnodels to allow for a

spatial limitation along the horizontal plane had a dramatic effect on the quality of the model

fits to the empirical data, increasing their relative likelihoods to a level approaching that of the

rnost likely version of the Voronoi model.

Neveftheless, it should be noted that even if a model feature is able to improve the model's

lilcelihood it is still of little value if it cannot be plausibly interpreted. For example, the data

indicate that in Experiment 5 the Oriented/Correlation obtains its best-fit to the empirical data

using a detection region that has a width of just I pixel either side of the stimulus rnidline.

Given that the empirical data from Experiments 5 and 6 suggest that the optirnal width of the

detection region for stimuli with a densily of 650 points is approximately 27 pixels either side

of the stimulus midline, this value seems uffeasonably low. Similarly, it is difficult to predict

what the optimal detection width should be for Experiments I to 3 but it can be safely

assumed that because the dot density of the stimuli in these experiments is lower than that

used in Experiments 4 to 6 (100 points vs. 650 points), the detection region should be wider.

Furthermore, because dot density is held constant across these three experiments the width of

the detection region should reflect similar constancy. The data suggest that this is not the case

for either the Barlow and Reeves model (the best fitting parameter values corespond to

detection region widths of 128, 25.6 and 42.66 pixels for Experiments I to 3, respectively), or

the Oriented/Corelation model (lf o -- l l 6, 103 and 8 for Experiments I to 3, respectively). Of
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the three models, only the Isotropic/Correlation model has best-fitting values that are high and

reasonably stable for Experiments 1 to 3 (Wr: 99, I 04 and I 22, respectively) ancl reasonably

close to 27 pixels for Experiments 4 to 6 (Wo:25, 13 and 31, respectively). Nonetheless,

even for the Isotropic/Correlation model the values for Experiments 3 and 5 are stretching the

bounds of interpretability.

Study 2 also demonstrated that it is possible to limit the vertical extent of the Voronoi model

detection region, and that this results in a minor, positive effect on model likelihood. While

this modification is of little benefit in the curuent study (aside from the slight improvement the

quality of the data fits) it suggests that the model should be able to generalise to experimental

situations that require a vertically limited detection region (e.g., Rainville and Kingdom

(2002)). This finding also raises the possibilify that the alternative model's relative

likelihoods might be increased by a similar modification. Due to time constraints this was not

attempted in the current study; but, theoretically, there is no reason to suggest that vertically

limited versions of the models could not be implemented. Nonetheless, given the already high

complexity of the Correlation models in particular, and the srnall effect that this modification

had on the Voronoi models, it is unlikely that any significant gain would result. Finally, even

if the four Voronoi models' detection regions were similarly constrained to a spatial lirnitation

only along the horizontal plane, the Type-4 model would still59.41 times more likely than the

lsotropic/Correlation rnodel. lt is therefore reasonable to conclude that the altemative models

were not unfairly discrirninated against in this regard.

6.5.2. The addition of noise to the decision-making process

The second rnain finding of interest in Study 2 is in regards to the presence of noise in the

perceptual decision making process. It was demonstrated that all of the rnodels benefited from

the addition of random noise, with the greatest improvement in quality of fit being found for

the models that tended to over-perform in the tasks. In contrast to this, when the models

underperformed (such as the feature alignment or Voronoi models in Experiment l), the

model response patterns were always shifted further away frorn the empirical distribution.

This is a logical and interpretable pattern of results because the addition of noise to a system

should only ever serye to degrade performance. Furthermore, it should be noted that for the

Voronoi'I'ype-4 model and each of the alternative models, the addition of noise is an integral

assumption of the models' abiliry to fit the Experiment 3 and 5 data. Each of these models

returns the same value for all of the perfectly symrnetric stimuli and, because of this, there is

1s6



little or no overlap between the distributions of scores for the two classes of stimuli being

discriminated, resulting in near-perfect performance. The addition of noise to the decision

process adds variance to the distribution of values assigned to the perfectly symmetric stimuli,

and, as a result, the models are more capable of reproducing the pattern of empirical

responses.

There is a potential problem associated with this important assumption: for each of these

models there are also a number of experimental settings in which little or no benefit is derived

from the addition of noise. In other words, the range of no-values required by the models is

relatively wide. The use of additive noise as a means of inducing variability in model

responses is relatively uncontroversial and is an integral assumption of numerous models of

perceplual and cognitive processes. The interpretation of what should be considered a

plausible range of added noise is rnore problematic. It is reasonable to assume that any

decision-making process is inherently noisy; nonetheless, the level of this interference should

be reasonably stable across similar tasks and experimental settings. This suggests that models

requiring a limited range of additive noise values to successfully fit the empirical data across

all six experiments should be considered more plausible than models requiring a wide range

of values. In this respect the Type-4 model compares favourably with the rnajority of the other

noise-reliant models but compared to the other Voronoi model variants it does quite badly.

There are a number of factors that rnight be implicated as potential sources of noise, sttch as

differences in experimental setting and method and individual differences in ability and

attention. Furthermore, it is reasonable to assume that the proportion of variance in the

ernpirical responses that is accounted for by the additive noise could vary considerably across

different observers and experimental settings. Given that the empirical data employed in this

study were drawn from three different sources (Experiment 1 frorr Barlow and Reeves

(1919), Experirnents 2 and 3 from the ernpirical replications of Barlow and Reeves' original

studies reported in section 6.2, and Experiments 4 to 6 from Jenkins (1982)), it could be

argued that we cannot rule out the possibilily that the wide range of ro-values required by the

models is a credible reflection of variance across the different observers and settings.

However, if this were the case we could expect that the range of no-values required to ht the

data well should not vary highly within a given experimental setting or set of observers. A

comparison of the range of values required to fit the three Jenkins (1982) data sets indicates

that the only model that meets this condition is the Voronoi model Type-3; all of the other
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models require ,?,-values that span at least half of the total range needed to fit the data across

all six experiments. Consequently, Ìve must begin to question the explanatory value of the

additive noise assumption in relation to the majority of the models.

6.5.3. Goodness-of-fit, complexity and generalisability

The results of the curent study are also informative regarding the competing demands of

goodness-of-fit, complexity and generalisability. A good model of symmetry perception

should be able to fit an empirical data set well, without producing numerous predictions that

bear little-or-no resemblance to the empirical responses. Furthermore, it should be able to

produce good fits across a range of different experimental manipulations. None of the models

under comparison in this study was able to meet all three of these demands with the same

level ofsuccess.

The two rnost likely models (Voronoi Type-4 and lsotropic/Coruelation) plovide an

interesting contrast in respect to goodness-of-fit and complexity. The Type-4 model produces

few predictions, the rnajority of which capture the basic pattem of empirical responses.

However, the overall qualiry of the best-fitting parameterisations is relatively poor,

particulatly in Experirnents 1, 4 and 5 where the rnodel fails to make predictions that lie

within the bounds of credible inter-obsen¿er variance indicated by the enor-bars for one or

more levels of stirnulus rnanipulation. In contrast, the best-fitting responses produced by the

lsotropic/Correlation model tend to pass through or very close to each of the empirical data

points. However, as Figure 6.I I indicates, the model also rnakes a large nurnber of responses

that do not resemble the empirical data. If the models' likelihoods were based purely upon the

best-fitting parameterisation, the Isotropic/Correlation rnodel would be 18.69 times rnore

likely than the Type-4 Voronoi moclel. However, because Bayesian model selection averages

a model's likelihood across all of its responses, the Isotropic/Corelation rnodel is heavily

penalised for its numerous unlikely responses.

The results suggest that the Type-  Voronoi model's main strength is its ability to generalise

act'oss the six data sets using a limited range of parameter values. In particular, all of the

Voronoi models (like the two feature alignment models) are able to automatically scale the

size of their detection region with changes in stimulus density. However, in the current study

only two different stimulus densities were employed, and density was never varied within a

single experimental setting. Theoretically, the Type-4 rnodel shoulcl be able to perform
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equally well across a wide range of stimulus density manipulations. However, how well the

data actually match these theoretical predictions is yet to be determined.

6.6. Summary

Study 2 compared the performance of modified versions of the models of symmetry

perception that were introduced in Study l. lt was dernonstrated that placing limitations on

the spatial extent of the detection regions of the two cross-correlation models and the Barlow

and Reeves model enabled them to simulate the performance of the human observers in

Experiments 4Io 6. However, for at least two of the models (Oriented/Correlation and Barlow

and Reeves) the values of the best-fitting parameter values were questionable. For these two

models the addition of a spatially limited detection region contributes little to our

understanding of the processes underlying symmetry perception. In contrast to this, the best-

fitting detection region width parameter values for all of the Voronoi model variants, and (for

the most part) the Isotropic/Correlation model, were plausibly interpretable. For these models

the detection region appears to be operating in a credible rnanner across changes in stimulus

density and, in this way, the presence of a spatially lirnited detection region can be seen to be

more than ju st an ad hoc featwe that merely serves to increase rnodel-fit.

It was also demonstrated that adding variability to the decision-making process by placing a

Gaussian distribution over each of the values assigned by a rnodel to a given stimulus was

able to increase the quality of the fits to empirical data for all of the models under

cornparison. This rnodification was particularly important for the five alternative models and

the Type-4 Voronoi rnodel. These models assign the same value to all of the perfectly

symmetric stimuli and this causes the models to over-perform in Experiments 3 and 5. The

addition of noise to the decision process degrades the models' ability to discriminate between

the two classes of stirnuli and consequently shifts the models' response distributions closer to

the empirical data. However, for each of these rnodels the level of added noise needed to fit

the Experirnent 3 and 5 data tended to be far greater than the level needed to fit the remaining

data sets. It was suggested that this difference could be attributed to differences in obseruer

ability and task requirernents across the six experiments. In this case it could be expected that

variability in ro-values should be low for the three experirnents taken from Jenkins (1982)

which shared the same three observers and similar task requirements. Nonetheless, for all of

the models (with the exception of the Type-3 rnodel) there was a higher degree of variance in

the necessary level of added noise than could be reasonably expected.
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The sum log marginal likelihoods indicated that of the models compared in Study 2, the most

likely model of symmetry perception was the Type-4 Voronoi model. One of the strengths of

all of the Voronoi model variants is their abiliry to scale with changes in stimulus density.

This in tum makes a number of strong predictions about the behaviour of the Voronoi models

in response to a stimulus density manipulation. In the following study these predictions will

be examined.
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7. STUDY 3

7.1. Introduction

Study 2 compared the performance of a number of models of symmetry perception across six

empirical symmetry perception data sets. The two most likely models were a version of the

Voronoi model based upon the level of asymmetry in a stimulus (the Type-4 model), and a

modified version of the Isotropic/Correlation model from Dakin and Watt (1996). Although

the best-fitting predictions of the Isotropic/Correlation model were closer to the empirical

responses than those of the Voronoi model, its high complexity resulted in the

Isotropic/Correlation model being 66.79 times less likely.

The high complexity of the Isotropic/Correlation model stems largely from the number of

detection region width pararneter values over which the model must be implemented. It has

been demonstrated that changes in stimulus density affect the spatial extent of the region

within which symmetry can be detected (Rainville & Kingdom, 2002). Because the

lsotropic/Correlation model has no means of adjusting the width of its detection region in

response to changes in stimulus density, in order for the model to respond in a plausible

lnanner to all potential stirnulus densities it must be implemented using all possible detection

region widths. In contrast to this, the Voronoi representation-based models are implemented

using a single detection region width parameter value. The Voronoi rnodel detection region

width (tD is based upon the nurnber of columns of Voronoi cells located either side of the

stimulus midline that are included in the symmetry calculation procedure. Because the size of

a Voronoi cell automatically scales in response to changes in stirnulus density, the spatial

extent of the detection region also autornatically scales with stimulus density. As a result, the

Voronoi models were able to fit all six empirical data sets with a detection region comprised

of two columns of cells either side of the stimulus midline (i.e., W : 2).

The Voronoi rnodel makes a nurnber of other strong predictions in relation to changes m

stimulus density. For example, it has been demonstrated that perhrrbing symmetric stirnuli by

adding distortion in the forrn of a random relocation of one half of each symmetric pairing has

an effect on discriminability. Specifically, as the extent of the random relocation is increased,

discriminability cleclines (Barlow & Reeves, 1979). Because the degree of tolerance to

distortion afforded to the Voronoi rnodel is defined by the size of each point's Voronoi cell

and the size of each cell scales with stimulus densiry, in theory the arnount of distortion that
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the model is able to tolerate should decline as stimulus density is increased. It follows that if
the Voronoi model is a plausible model of human symmetry perception then the degree of

distortion that human observers can tolerate should be similarly affected by stimulus density.

An alternative approach to perhrrbing symmetry is to replace symmetric point pairs with

increasing numbers of randomly located points; it has been demonstrated that as the

proportion of symmetric points pairs within a stimulus declines, discriminability also declines

(Barlow & Reeves, 1979).ln this case the Voronoi model should be unaffected by changes in

stimulus density, because the chance of a random noise point falling within the region

corresponding to a symmetric points reflected Voronoi cell (or, for the Type-4 model, of a

random point having no matching point) is equal across different densities as long as the

signal-to-noise ratio is kept constant. As a result we expect that the performance of human

observers should be similarly uniform across changes in stimulus density.

The following study sets out to test these two hypotheses. The perfonnance of human

observers on a symmetry-with-distortion discrimination task and on a syrrü1etry-\Mith-added-

noise discrimination task is tested across four stimulus density levels. Following this, the

perfortnance of the human obselers is compared to that of the four Voronoi model variants

and the Isotropic/Correlation and Oriented/Correlation models.

7.2. The effect of stimulus density on symmetry perception

Although the effect of stimulus density on distoltion tolerance has been demonstrated in

previous papers (Rainville & Kingdom,2002), the author is not aware of any demonstration

of this phenomenon in which only stimulus density and distortion level have been

manipulated. Similarly, there appears to be no previously published data exploring the effect

of density on symmetry perception in the presence of added random noise points. The

following experiments present an opporhrnity to explore these two phenomena. Experirnent I

explores the effect of density on distortion tolerance; Experiment 2 explores the effect of

density on added randorn noise tolerance. In both cases stimulus density is manipulated across

four levels: 10 points, 50 points, 100 points and 200 points per stimulus.

For Experiment I it is hypothesised that there will be a clear ordering of discriminability in

regards to stimulus density. Specif,rcally, observers shoulcl be able to tolerate higher levels of

distortion in the l0 point stimuli, than in the 50 point stimr"rli, and higher levels in the 50 point
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stimuli than the 100 point stimuli. Distortion tolerance should be lowest in the 200 point

stimuli. In contrast to this, it is hypothesised that there should be no ordering of

discriminability in terms of density for the Experiment 2 stimuli.

7.2.1. Method

Two observers (one was the author) took part in both experiments. Both observers had

training on each of the tasks prior to data collection.

All stirnuli were presented on a Hitachi Cill47ZLF colour computer monitor with a vertical

refresh rate of 85 Hz and a resolution of 1280 x 1024. Pixel width was 0.26 mm. Viewing

distance was set at 57 crn. Stimuli were generated and presented using MATLAB 7.0.4. All

stimuli were comprised of 2 x 2 pixel black dots presented within a white circular region with

a256 pixel diameter located at the centre of the monitor. Stimulus presentation time was held

constant at 0.1 seconds for both experiments.

For Experirnent I the standard stirnuli were cornprised of randomly positioned points and the

experirnental stimuli were symmetric stirnuli that had been subjected to varying degrees of

positional distortion. The symmetrical stirnuli were distorted by repositioning one half of each

symmetrical pair a random distance within a given horizontal and vertical 'tolerance area'

centred on the point's original position. The size of the tolerance area was manipulated across

seven levels: 0.0, 0.05, 0.1, 0.15, 0.2,0.25 and 0.3 of the diameter of the stimulus. For

Experiment 2 the standard stirnuli were cornprised of randomly positioned points and the

experimental stimuli were comprised of both symmetric point pairs and randomly positioned

points. The proportion of syrnmetrically positioned points in the experimental stimuli ranged

frorn 0.2 to 1.0 in 0.2 increments.

For both experiments the symmetric stimuli were always vertical bilateral symmetry with an

axis centred in the middle of the stimulus. All of the stirnuli had equal numbers of points

located on either side of the stimulus rnidline. In both experiments the stimulus density was

manipulated across four levels: 10, 50, 100 and 200 points. A total of 50 experimental stirnuli

and 50 standard stimuli were generated for each densify/distortion (Experirnent l) or

density/signal-to-noise (Experiment 2) stirnulus level.
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Both experiments employed a single-interval, two-alternative forced-choice design. Stimuli

were presented in blocks of 50 trials. The signal parameter was fixe<l within each set of trials,

so that observers were required to discriminate between standard stimuli and a single level of

experimental stimuli. The observers were presented with multiple examples of both standard

and experimental stimuli prior to beginning each block. The order of presentation for the

separate trial blocks was randomised to negate order effects. Each block contained equal

numbers of standard and experimental stimuli (25 standard and25 experimental stimuli) and,

within each block, the experimental and standard stimuli were presented in a random order.

Each trial was preceded by the 0.5 second presentation of a fixation point located in the centre

of the presentation window. This was followed by the brief presentation of a single stimulus.

The observer was then required to indicate frorn which of the two populations (standard or

experimental) the stimulus was drawn, using a rnouse to click on one of two buttons presented

at the bottom of the screen. The observer was then given feedback as to whether their choice

was correct or not. When the observer was ready, they initiated the next trial by clicking on a

button that was located equidistant frorn the two choice buttons.

7.2.2. Results

Observer perfonnance was expressedas d'. The results of Experiment I are shown in Figure

7.1. As can be seen, the order of discrirninability across the four stimulus densities is (for the

rnost part) as predicted: observers were able to tolerate a greater degree of positional

distortion in the low density stimuli than in the high density stimuli. The results of

Experiment 2 are also as predicted: when discriminating between randorn noise stirnuli and

stimuli comprised of symmetry with varying levels of added noise points, the observers'

perfonnance is lelatively uniform across changes in density (Figure 7.2). Although the data

suggest that there may be slight advantage for the 50 and 200 point stimuli, it important to

note that there is no clear ordering of discrirninablity in tenns of stirnulus density sr¡ch as is

found in the Experiment I data (i.e., d'¡s> d'so> d'rc¡> d'zoo).

According to the experimental hypotheses, the Experiment I data should be best fit by four

separate functions (i.e., one foreachlevel of stimulus density), whereas it shouldbe possible

to account f'or the Experiment 2 data with a single function. Bayesian statistical inference

(Kass & Raftery, 1995) was employed to test these hypotheses. A similar use of function-
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fitting to test experimental hypotheses has been previously applied in a number of papers (for

example: Dry, 2005; Dry et al., in press; Vickers, Lee et a1.,2003).

According to this approach a number of potential experimental outcomes are defined. For

example, that the data is best fit by a single function (i.e., d'n: d'so: d'rc0: d!ee), or two

functions (i.e., d'n: d'so* d'rc,: d'2ss), or four separate functions (i.e., d'rc* d'so# d'nof

d'zoo), etc. Each of these outcomes becomes a rival model, and Bayesian model selection is

employed to determine their relative likelihood. For both the Experiment I and Experiment 2

data there are 15 models that can be used to describe the full range of potential densily effects.

At one extreme the data is best fit by a single function, and at the other extreme four functions

are needed to account for the empirical data. Additionally, each of the 13 possible two and

three function combinations were also considered.
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Figure 7.1 Comparison of empirical discriminability across the four stimulus density levels

for symmetry with varying degrees of distortion in Experintent I. The error bars represent

one standard error.
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Figure 7.2 Comparison of empirical discriminability across the four stimulus density levels

for stimuli containing varying levels of symmetric pairings in Experiment 2. The error bars

represent one standard error.

The maximum likelihood fits to the empirical Experiment I and 2 data were calculated for all

fifteen models. In each case the maximurn likelihood fits were made under the assumption of

a Gaussian likelihood function. Given these data fits it is possible to calculate the Bayesian

infonnation criterion (BIC) for each model (Schwarz, 1978) using:

BIC:WSSE+Pln(À),

where WSSE is the weighted sum-squared error, P is equal to the number of model

parameters, and ly' represents the number of data points to which the rnodel is being fitted (i.e.,

for Experiment I N:7, and for Experiment2 N: 5). In this case P is equal to the number of

functions that each model predicts will be needed to account for the empirical data. The

relative likelihood of each model can then be detennined by calculating Bayes factors. Table

7.1 summarises the results of these analyses, showing the maximurr likelihood fit of the

functions predicted by the models, their parametric complexity and the associated BIC and

Bayes factors for both the Experiment I and 2 data.
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TableT.I Summaryofmodels,andweightedsumsquarederrordatafit(WSSE),Bayesianinformationcriterion(BIC)andBayesfactorsforthe

ExperÌmentland2data.

Model Summary Experiment I Experiment 2

No. Prediction Parameters WSSE BIC Bayes Factor WSSE BIC Bayes Factor

I

2

J

4

5

6

7

8

9

l0

ll
t2

13

t4

15

d'rc: d'so: d'rc0: d'zoo

d'rc: d'sol d'rc0: d'zoo

d'rc: d'rc0# d'so: d'zoo

d'rc: d'zoo* d'so: d'rc0

d'rcf d'so: d'rc0: d'zoo

d'rc: d'so: d'rc,# d'zoo

d'rc: d'so: d'zoo# d'rc0

d'rc: d'rc0: d'zoo# d'so

d'rc f d'so f d'rc0: d'zoo

d'rc: d'so I d'rc0I d'zoo

d'rc# d'so: d'rcof d'zoo

d'rc: d'rcof d'so: d'zoo

d'rc: d'zoot d'rcol d'zoo

d'rcf d'rc0* d'zoo: d'so

d'rc f d'sof d'rclI d'zoo

1

2

2

2

2

2

2

2

3

J

3

3

3

3

4

178.70

43.3s

118.52

102.05

3 8.75

99.73

rt9.43

163.13

16.r3

21.22

8.66

89.52

93.38

29.00

0.00

202.02

90.00

r6s.r7

r48.10

8s.40

t46.38

166.08

2t0.37

86.1 0

97.20

18.64

tsg.49

163.36

98.98

93.30

23.T1

15.08

6.06

t3.41

19.38

T1.73

10.07

14.10

10.91

4.r1

8.60

0.53

4.81

5.53

0.00

38.09

45.04

36.02

43.37

49.34

4t.69

40.03

44.66

55.84

49.r0

53.s4

45.47

49.74

50.46

s9.91

2.81*

90.69

1.00*

39.4s

780.23

16.98

'7.41

'75.00

2.}lxl}a
692.87

6.37x703

112.60

9s3.t6

1.36x103

1.53x10s

6.20x1

293.79

6.18x10r8

1.63x10r5

29.44

5.13x10r4

9.74xl0t8

4.02x1028

4L',75

1.07x104

1.00x

3.60x1017

2.49xl0t8

2.6lxl0a

1 .5 lx 103
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The results indicate that for Experiment I the data is best accounted for by Model 11 which

has three separate functions: one for the l0 point data, one for the 50 and 100 point data an<l

one for the 200 point data. Although this is not as strong an effect as was initially

hypothesised, it does indicate an effect of stimulus density on discrimination for distorted

symmetry. In other words, the observers have greater distortion tolerance for the 10 point

stimuli compared to the 50 and 100 point stimuli, and show the lowest tolerance to distortion

for the 200 point stimuli.

For the Experiment 2 data the results indicate that the most likely model is Model 3 which has

two functions: one for the l0 and 100 point stimuli, and one for the 50 and 200 point stimuli.

However, the Bayes factors indicate that Model 1, which corresponds to the experimental

hypothesis of a single function for all four distributions, is only 2.81 times less likely. We can

therefore conclude that there is no meaningful difference between the relative likelihoods of

these two models. Importantly, although Model I I indicates that the data is best accounted for

by two separate functions, it does not predict an ordering of discrirninability in tenns of

stimulus density.

In conclusion, although the effect was not as strong as was initially hypothesised, the data

suggest that there is relationship between stimulus densiry and tolerance for distortion.

Specifically, as stimulus density increases distortion tolerance decreases. Furthelnore, clensity

does not appear to have a similar effect on discrirnination for symmetric stimuli that have

been perturbed via the addition of random noise points. The results of the Bayesian model

fitting indicated that the Expelirnent 2 data was best fit by either a single function or two

functions (one for the 50 and 200 point data, and one for the l0 and 100 point clata). However,

there does not appear to be a similar ordering of tolerance to noise in regards to density.

7.3. Symmetry model comparison

The results of Expeliments I and 2 were predicted by the theoretical behaviour of the Voronoi

rnodel. Given that the experimental hypotheses were supported by the empirical data (albeit

not as strongly as predicted) we assume that the Voronoi rnodel would have little trouble

simulating the results of Experiments I and 2. ln the following section this assurnption is put

to the test by comparing the performance of the two rnost likely models from Study 2 (the

Voronoi model Type-4, ancl the Isotropic/Comelation rnodel) on the Experiment I and 2 tasks.
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In order to determine the range of model parameter values the model fits were considered

across the eight new data sets from the current study as well as the six data sets from Study 2.

It is important to do this for two reasons, in the first place it is possible that the new data may

be well fit using a more limited range of values than was needed for the Study 2 data.

However, even if this were the case it would still be necessary to include the fits across the

full range of parameter values when calculating the log marginal likelihoods. Second, and

more likely, it possible that the range of values employed in Shrdy 2 underestimates the range

needed to fit the new data. In this case the Shrdy 2 log marginal likelihoods need to be re-

calculated in order to include the contribution of the extra parameterisations.

For each model the log rnarginal likelihoods were calculated under two different assumptions.

The first assumption is that of a constrained range of potential detection region widths. For

the Voronoi Type-4 model this is identical to the values employed in Study 2: a width of 2

colurnns of cells, and a height of l0 cells. For the Isotropic/Correlation model constraining the

range of potential detection region widths is more difficult, because (as has been discussed)

the model has no lneans of automatically scaling the extent of its detection region in response

to changes in density. The Jenkins (1982) data suggest that the optimal width for Experiments

4 ro 6 in Study 2 is approxirnately 27 pixels. Arriving at an optimal width for the Study 2

Experiment I to 3 data is more diffrcult but the model fits appear to suggest that it is aromd

100 pixels or greater. Although it is necessarrly ad hoc, the detection region widths (Wr) for

the Isotropic/Correlation model were set as follows: for 650 point stimuli Wr:20 to 30, for

the 200 point stirnuli,lVp:50 to 100, and for stimuli with 100 points or less Wp:100 to 128.

The second assumption was that of unrestrained detection region widths. For the Voronoi

model Type-4 this means the detection region width (Ø] is free to vary between I and 7 and

Height (É4 is fi-ee to vary between 2 and 14. For the Isotropic/Correlation model this is

identical to the values employed in Study 2, with I(rranging from I to 128.

There are a number of reasons for comparing the models across these two different sets of

assurnptions. ln the first place, it is interesting to see if the perfor-mance of the

Isotropic/Correlation could be improved if it had some means of scaling detection region size

with stimulus density. Second, although the Voronoi model's constrained detection region is

theoretically motivated, it is interesting to determine the degree to which this contributes to

(or possibly detracts from) the model's overall likelihood.
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Fignres 7.3 Io 7.6 show the fits of the Isotropic/Correlation model to the Experiment I and 2

data. The data indicate that in order to account for the empirical data the model must employ a

wider range of spatial filter sizes than was necessary in Study 2. In Study 2 the spatial filter

sizes ranged from s : I to 6, whereas in the current study the unconstrained version of the

Isotropic/Correlation model obtains the best fit to the 200 point stimuli in Experiment I using

a filter with a spread function of 17 pixels (Figure 7.3) and the constrained version of the

model obtains a best fit to the 200 point stimuli in Experiment 2 using a filter with a spread

function of 15 pixels (Figure 7 .6). In regards to the additive noise parameter, the data indicate

that both the constrained and unconstrained versions of the model require a slightly wider

range of no-values than was employed in Study 2. In this case no ranged from 0.0 ro 0.245.

The effect of constraining the range of Isotropic/Correlation model detection r-egion width

values can be clearly seen in Figures 7 .3 to 1.6. A comparison of these figures indicates that

qualitatively there is very little difference in the best fits of the constrained and unconstrained

versions of the Isotropic/Conelation model. However, for the constrained version of the

model, all of the predictions tend to be more tightly clustered around the ernpirical data. As a

result, the sum log marginal likelihood of the constrained width Isotropic/Coruelation rnodel is

greater than that of the unconstrained rnodel when compared across both the cornbined Study

2 and Study 3 data and the Study 3 data alone (Table 7.2). This result highlights the

importance of enabling the detection legion to scale with changes in stirnulus density. When

the detection region is not matched to stimulus densify, all of the model's predictions (good

and bad) must be included in the calculation of the model likelihood. On the other hand, when

the detection region width is set to a range that is rnore appropriately matched to the densiry

of the stimuli a large nnmber of poorly fitting predictions are excluded from the rnodel's

likelihood calculation, resulting in a higher overall likelihood.

The fits of the constrained and unconstrained versions of the Voronoi Type-4 rnodel to the

Experirnent 1 and 2 data are shown in Figures 7 .7 to 1 .10.In this case the pattem of results is

quite different to those of the Isotropic/Coruelation model. When the Voronoi Type-4 model's

detection region is free to vary (i.e., the unconstrained model) the quality of the best-fitting

parameterisations are generally of a higher quality than those of the constrained model.

Furthermore, although the unconstrained model makes a nurnber of predictions that are
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Figure 7.3 Comparison of the Isotropic/Correlation model fits to the Experiment I dqta

under lhe assumption of an unconstrained range of detection region vqlues. Spatial filter

values rangedfrom s: I-17, detection regionwidth Np) : 1-l2B pixels, and the additive

noise (n") parameler range : 0.0-0.245. The best fining parameter combination is shown by a

black line, and the parameter values of the besl fit qre indicated in the bottom left corner of

each panel.
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Figure 7.4 Comparßon of the Isolropic/Correlation model fits to the Experiment I data

under the qssumption of a constrained range of detection region vqlues. Spatial filter values

rangedfrom s: I-15, and the additive noise (n") parameter range: 0.0-0.245. The detection

region width values rangedfromW,e : 50-100 for the 200 point stimuli, andWo: 100-128

þr all olher stimuli. The best /itting parameter combinatíon is shown by a black line, and the

parameter vslues of the best fit are indicated in the bottom left corner of each panel.
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Figure 7.5 Compørison of the Isofuopic/Correlation model fits to the Experiment 2 data

under the assumption af an unconstrained range of detection region values. Spatial Jilter

values rangedfrom s: l-17, de,tectionregìonwídth (W) : I-128 pixels, and the additive

noise (n) parameter range : 0.0-0.245. The best fitting parameter combination is shown by a

black line, and the pararneter values of the best fit qre indicated in the bottom left corner of

each panel.
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Figure 7.6 Comparison of the Isotropic/Correlqtion model fits to the Experiment 2 data

under the assumption of a constrained range of detection region values. Spatial filter values

rangedfrom s: 1-15, and the additive noise (no) parameter range: 0.0-0.245. The detection

region width values ranged from Wp : 50-t00 for the 200 point stimuli, and Wo : 100-128

for all other stimuli. The best fitting parameter combinatíon is shown by a black line, and the

parameter vqlues of the bestfit are indicated in the bottom left corner of each panel.
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Figure 7.7 Comparison of the Voronoi Type-4 model fits to the Experiment I data under the

assumption of an unconstrai.ned ra.nge of detection region values. Detection region width (W)

: 1:7, detection region height (H) : 2:14, and the additive noise (no) parameter range = 0.0-

0.115. The best fitting parameter combination is shown by a black line, and the parameter

values of the best fit are indicated in the bottom left corner of each panel.
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Figure 7.8 Comparison of the Voronoi Type-4 modelfits to the Experiment I data under the

assumption of a constrained range of detection region values. Deteclion region width (W) :
2, detection region height F) : 10, and the additive noise (no) pqrameter range : 0.0-0. I I 5.

The best fitting parameter combination is shown by a black line, and the parameler values of

the best fit are indicated in the battom left corner o,f each panel.
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Figure 7.9 Comparison of the Voronoi Type-4 model fits to the Experiment 2 dqta under lhe

assumption of an unconstrained range of detection region values. Detection region width (V{)

: l:7, detection region height ftI) : 2:14, and the additive noise (n") parameter range: 0.0-

0.115. The bestfitting parameter combination is shown by a black line, and the parameter

values of the best fit are indicated in the bottom left corner of each panel.
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Figure 7. 10 Comparison of the Voronoi Type-4 model fits to the Experiment 2 data under the

assumption of a constrained range of detection region values. Detection region width (W) :
2, detection region height (Il) : 5, and the additive noise (no) parameter range : 0.0-0.115.

The best fitting parameter combination is shown by a blaak line, and the parameter values of

the best fit are indicated in the bottom left corner of each panel.

178



Table 7.2 Log marginat tikelihoods for Experiments I and 2, the sutn log marginat tiketihood and Bayes factors for the Voronoi Type-4 and the

Isotropic/Correlation models under the assumption of constrained and unconstrained detection region widths.

Model log marginal likelihood Bayes Factor

Experiment 1 Experiment 2 Sum Study 3 Study 2

& Study 3

10

Points
50

Points
r00

Points
200

Points
10

Points
s0 100

Points Points
Study 3 Study 2

& Study 3

200
Points

Isotrop iclCorrelation
(unconstrained)

Isotropic/Correlation
(constrained)

Voronoi Type-4
(unconstrained)

Voronoi Type-4
(constrained, W: 2)

Voronoi Type-4
(constrained, If : 2-3)

-2.87 6.09 -0.40 -4.96 -0.14 6.62 -0.29 3.3s 7.39 91-40 2r-Il

-r.74 6.78 0.69 -s.4s -0.09 6.86 -0.36 3.10 9.79 102.18 1.91*

4.35 s.08 r.39 -6.91 -2.49 6.83 -0.13 2.38 10.44 101-40 1-00x

4.04 4.76 2.06 -5.66 -2.83 6.95 0.47 -4.15 9.32 103.66 3.06*

4.12 -12.03 -0.30 -5.28 -2.g1 7.22 0.65 -0.51 -9.06 88.04 2.94x108 6.07x106

523.21

2.41*

9.s8

1.00*

Note- Bayes Factors are taken in relation to the most likely model.
* denotes most likely model or models with Bayes factors of less than3.2
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further away from the observer's responses than those of the constrained model, the sum log

marginal likelihoocl is considerably greater when considered across the Study 3 data alone,

and across both the Study 2 and Study 3 data (Table 6.2). This appears to be mainly due to the

constrained model's inability to fit the 100 point stimuli in Experiment 1 (Figure 7.8).

One possible reason for the difference between the Isotropic/correlation and Voronoi Type-4

models in regards to the relative likelihoods of the constrained and unconstrained model

variants may be the extent to which the two models are constrained. For the Voronoi model

the limitation of the detection region is quite specific: 't4 : 2 and H : 10. In contrast, for the

constrained Isotropic/Correlation model there is still a fair degree of variance in the Zo-values

that the model is allowed to take (i.e.,I4r: 50-100 for the 200 point stirnuli and l4r: 100-128

for the 10, 50 and 100 point stirnuli). Allowing the Voronoi Type-4 model even a small

degree of flexibility in its detection region width range (W : 2-3, H : 5) increases the quality

of the model's fit to the 100 point stimuli in Experirnent 1, and raises the rnodel's overall

likelihood when considered across both the Study 2 and Study 3 data (Table 7 .2).

The sum log marginal likelihoods of the models when considered across both the Study 2 and

Study 3 data are particularly informative becanse they provide an indication of each rnodel's

ability to generalise across the six data sets from Study 2 and the eight data sets frorn Study 3.

As can be seen in Table 7.2, the best account of the empirical symmetry perception data is

provided by the Voronoi Type-4 model when employing a detection region constrained to I/-

values of 2-to-3, and all-value of 5. Importantly, however, the Bayes factors indicate that the

constrained-width Isotropic/Conelation model is only 2.41 times less likely, suggesting that

no meaningful distinction can be made between these two models.

7.4. Discussion

The results of Study 3 are interesting for a number of reasons. In the first place, it was

clemonstrated that varying stimulus density has a differential effect on discrimination for

distorted symmetry (Experirnent l) cornpared to discrirnination for symmetry that has been

perhrrbed via the addition of randomly positioned noise points (Experiment 2). In the case of

the distorted stimuli, it was shown that as stimulus density increases, the level of distortion

that the obselers can tolerate tends to decrease. In contrast to this, for stimuli cornprisecl of

symmetry with added noise, there was no ordering of discriminability in terms of stirnulus

density.
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As was discussed in the introduction to this Chapter, this pattern of results was predicted by

the theoretical behaviour of the Voronoi model. However, the data from the model

comparison indicates that the actual performance of the Voronoi model tends to fall short of

its theoretical prediction. In particular, Figures 1.9 and 7.10 demonstrate that unlike the

human observers, the performance of the Voronoi model (constrained or otherwise) differs in

response to changes in stimulus density for the Experiment 2 daia. This finding is interesting

not just because it suggests that the Voronoi model may be an inadequate model of human

symmetry perception, it also tells us something about model comparison methodology. It is

reasonably common for empirical studies to be based upon the theoretical behaviour of a

model and, if the empirical data match the theoretical predictions, then this is taken as

evidence of the utility of the rnodel in question. Examples of research such as this from the

symmetry perception literature include Pashler (1990), Royer (1981) and Palmer and

Hernenway (1978) among others. However, this study has demonstrated that in practise the

actual behaviour of a model does not always match its theoretical predictions. This highlights

the need for the quantitative comparison of formal models rather than relying upon empirical

data to support or reject potentially inaccurate theoretical predictions.

The main fìnding of the Study 3 symmetry model comparison relates to the nature of the

detection region for symrnetry perception. It was demonstrated that in order for a model to

have any utility as a potential explanation for the processes underlying symmetry perception it

needs to have not only a spatially lirnited detection region but it must also be able to scale the

detection region in response to changes in stimulus density. The unconstrained vetsion of the

Isotropic/Correlation model was able to provide good fits to the empirical data but it also

made numerous unlikely predictions. Constraining the range of the model's detection region

widths rernoved a large number of the poor fits and increased its overall likelihood. However,

it should be remembered that constraining the model in this way relied upon hand-funing the

parameter values: in its current form the Isotropic/Correlation rnodel has no means of

automatically adjusting the detection region width to match stimulus density.

In contrast to this, the Voronoi models are able to automatically scale the size of the detectron

region in response to changes in stirrulus density. In this sense at least, the Voronoi Type-4

model can be considered the more plausible of the two models. However, this plausibility is

severely undermined by its inability to adequately simulate the performance of the human
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observers using a single width/height parameter combination. As has been discussed, the

empirical data from Jenkins (1982) indicate that the optimal detection region width for the

Voronoi model is equal to 2 columns of cells either side of the stimulus midline. In theory, the

Voronoi model should be able fit each of the data sets using this single parameter value.

However, the results of the model comparison suggest that the Voronoi Type-4 model was

only able to provide the most likely account of the empirical data when W was free to vary

between 2 and3.

It is worthwhile considering whether or not it is reasonable to assume a small degree of

flexibility in Voronoi model W-valte. On the one hand, the Jenkins experiments were

effectively rneasuring the spatial extent of symmetry detection. If the data suggest that the

limit of the Voronoi detection region in these experiments is defined by a W-value of 2, then it

is implausible to suggest that the detection region should encompass more colurms of cells in

other experimental settings. In other words, if the visual system were able to behave in this

manner then, presumably, it would have done so in the Jenkins experiments too. Following

this logic it is implausible to assume any flexibility in regards to Voronoi model W-values.

However, it is possible that the apparent need for a small degree of flexibility rnight be

explained by the results of Tyler, Hardage and Miller (1995). In this paper, the Jenkins (1932)

experiments were replicated under two different conditions. The first condition used dynamic

textures such as were employed in the original study and the second condition employed static

textures, with the results suggesting that the detection regions for the static textures were

slightly wider than those of the dynarnic texfures. Given that the ernpirical data from

Experiments 1 to 3 in Study 2 and Expelirnents I and 2 in the cutrent study are based upon

static textures, whereas the ernpirical data frorn Experiments 4 to 6 in Shrdy 2 (i.e., the

Jenkins experiments) are based upon dynamic textures, Tyler et al.'s fìndings suggest that the

Voronoi-model would best fit the data using two separate IØ-vahtes. When W is set to 2 for

the Jenkins experiments and 3 for all of the other experiments the sum log rnarginal likelihood

is equal to 102.35, a vahre that is 3.69 times less likely than when the model is free to vary

auoss W : 2-to-3, but 1.63x106 times more likely than when the width is held constan t at I4 :
2.

Regardless of the degree to which the Voronoi model detection region is constrained, the

cunent study highlights a number of fundamental weaknesses in the model. As has already
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been discussed, there is theoretically no reason the performance of the model should vary

dramatically with changes in stimulus density for the Experiment 2 data and yet Figures 7.9

and 7.10 indicate that both the constrained and unconstrained model under-perform in regards

to the l0 point stimuli. Furthermore, both versions of the model tend to under-perform in

response to high levels of distortion in Experiment 1.

It seems fitting that the Bayes factors indicate that no distinction can be made between the

relative likelihoods of the two most likely models under comparison in Study 3. On the one

hand the best fitting parameterisations of the constrained Isotropic/Correlation model are able

to closely simulate the observer's behaviour but the model also makes numerous unlikely

responses. On the other hand, the 'semi-constrained' Voronoi Type-4 model (i.e., with llt : 2-

to-3) makes relatively few predictions but the quality of the best-fitting predictions is not

high. Furthelrnore, both of the models test the bounds of plausibilily by relying upon what

could be considered ad hoc assumptions: for the Isotropic/Correlation model it is the hand-

tuning of the detection region widths and for the Voronoi model it is the assumption of a

small degree of flexibility in lfz-values. From this we could rightly conclude that they are not

very good models of symrnetry perception. However, it should be remetnbered that these two

models are still a great deal more likely than any of the other models that have been compared

in this thesis. ln many ways it is unsurprising that the models in question have failed to

adequately capture the pattern of empirical results. They are (after all) only models, or

sirnplified versions of what is an undeniably cornplex and well-calibrated system. Despite

their flaws, these models have provided a number of interesting insights into the processes

underlying the perception of symmetry, and in the following chaptel these findings will be

reviewed and discussed.
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8. DISCUSSION

In Chapter I it was indicated that the aims of this thesis were threefold. First, to develop a

theoretically plausible model of syrnmetry perception based on the relational structure

revealed by Voronoi tessellation. Second, to introduce Bayesian model selection as a

rrethodology for comparing models of visual processes. And third, to compare the

perforrnance of the Voronoi based model of symmetry perception to the performance of

previously published rnodels across a range of empirical symmetry detection tasks. Given that

each of these goals has been met, I will now hÌrn to a discussion of the main findings revealed

by this research.

I will first discuss a number of findings relating to the Voronoi rnodel, paying particular

attention to both the possible implications that a Voronoi representation might have for our

undelstanding of other models of symmetry perception and also to the limitations of a

Voronoi based approach. This will be followed by a discussion of the utility of the alternative

models in elucidating the processes underlying symrnetry perception in the human visual

system. I will then briefly discuss a number of issues relating to the decision mechanism

ernployed by all of the models. Finally, given the reasonably novel statns of the Bayesian

rnodel comparison rnethodology ernployed in this thesis, it is irnportant to spend some tirne

reviewing both its strengths and weaknesses.

8.1. The Voronoi model

One of the most interesting findings of this research was the indication that a Voronoi based

model is at least as plausible as the spatial filter based models. Studies I to 3 provided

quantified evidence indicating that a model of symmetry perception based upon a Voronoi

representation is able to match and, for the most part, out-performed the spatial filter based

models across a number of different ernpirical symmetry perception tasks. lmportantly, this

quantified evidence is not only based upon the model's best-fits to the ernpirical data, but

takes into account all of the potential responses that the rnodel is able to rnake. Furthermore,

the evidence dlawn frorn a wide range of neurophysiological and psychophysical studies that

was presented in Chapter 2 suggests that a Voronoi based representation of relational structure

is both theoretically rnotivated and physiologically plausible.
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In this sense the Voronoi model can be seen to be meeting (albeit with varying success) all

four of Jacob and Grainger's (1994) criteria for assessing rnodel utility (i.e., descriptive

adequacy, low complexity, generality, and explanatory adequacy). Meeting these criteria is

highly important. For example, if the Barlow and Reeves model were able to match the most

likely models in terms of goodness-of-fit, complexity and generality, a good case could still

be made against the utility of their model on the grounds of its explanatory adequacy,

ostensibly because the model's underlying representation (the visual field divided into equal-

sized square sub-regions) is implausible.

Although there have been a number of previous models of symmetry perception that have

been based on relational structure (i.e., Stevens, 1978; Wagemans et al., 1993), the Voronoi

model is unique in the respect that an attempt has been made to specifìcally link the model to

neural mechanisms. Admittedly, the body of evidence suggesting that a spreading activation

or wavefront process (Kovacs et al., 1998; Lee et al., 1998) might be responsible for

generating a medial axis or Voronoi-like representation in early vision is nowhere near as

extensive as the body of evidence upon which the spatial filter rnodels are based. Nonetheless,

it is argued that linking the Voronoi model to this evidence goes at least some of the way

towards meeting Rainville and Kingdom's challenge by demonstrating that a model of

symmetry perception that is not based specifically upon spatial filtering can be "...

psychophysically, physiologically, and theoretically motivated ..." (Rainville & Kingdom,

2000,p.2638).

8.1.1. The Voronoi representation and other models of symmetry perception

This frnding raises the possibility that features of a number of previously published rnodels of

symmetty perception might be explained in terms of a Voronoi representation. For exarnple,

in some ways the Voronoi model can be thought of as a more plausible version of the Barlow

and Reeves model. Both of the models calculate symmetry on the basis of the comparison of

the dot density of symrnetrically located stimulus regions; however, in the case of the Barlow

and Reeves rnodel, the underlying representation is highly implausible. It should be

remembered that Barlow and Reeves were not actually suggesting that the visual system

would calculate symmetry in this way. Rather, their model was rneant to represent the kind of

process that rnight be carried out by a neuron with a fixed receptive field. The results of the

model comparisons suggest that a Voronoi representation forms the basis of another potential

explanation for how the visual system might perform this process.
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Furthermore, Jenkins (1983a) suggested that the perception of symmetry may arise as a

consequence of the visual system detecting pairs of points that are uniformly orientated and

have collinear midpoints. As has been demonstrated, it is possible to obtain this relational

information from a Voronoi representation. It should be noted that the Voronoi rnodel is not

unique in this respect: for example, Dakin and Watt (1996) indicated that the

Oriented/Alignment model was partly inspired by Jenkins' suggestion that the search for

uniformly aligned and collinear point pairs could be achieved by orientationally tuned

neurons in Vl. Nonetheless, the model comparisons suggest that the Voronoi model was by

far and away the more successful of the two approaches in terms of simulating the observers'

responses.

In Chapter 2 it was suggested that the spreading activation or wavefront process that is

proposed to be generating the Voronoi representation could also reveal the structure

represented by Delaunay triangulation, the dual graph of Voronoi tessellation. If this is the

case then it may be possible to explain Wagemanns et al.'s (1993) 'bootstrap' model of

symmetry perception in terms of a Voronoi based representation. In a series of experiments

(Wagemans, Van Gool, & d'Ydewalle, 1990; Wagemans, Vangool, & Dydewalle, 1992, etc)

it was demonstrated that the perception of symrnetry breaks down as stimuli are subjected to

increasing amounts of skew. Figure 8.1 demonstrates this phenomenon, comparing an

unskewed syrnmetric dot pattern (8.Ia) with pattems that have been skewed by 15 degrees

(8.lb) and 30 degrees (8.1c), respectively. It should be noted that in each case the stirnuli

a. b. c.

Figure 8.1 Contpari.son of an tmskewed symmetric dot pattern (8.1a) with patterns that have

been skewed by 15 degrees (8.1b) and 30 degrees (8.1c).
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a. b.

c d.

Figw"e 8.2 Examples of the dffirence in correlation between the inner angles (, k) formed

between pairs of point pairs in an unskewed (8.2a) and skewed (8.2b) symmetric dot pattern.

The corresponding Delaunay triangulations of the two poinl sels are shown in 8.2c and 8.2d.

retain the characteristics of symmetric dot patterns as defined by the Jenkins (1983a) rnodel

(i.e., they are comprised of points pairs with uniform orientation and collinear midpoints);

nonetheless, symmetry is more perceptible in 8.la than in 8.1c.

Wagemanns et al. (1993) argued that the Jenkins model was insufficient to describe this

phenomenon and suggested that, in order to extract symmetry relations, the visual system

might also be relying on correlations between the angles formed by pairs of point pairs. For

example, the inner angles (7, È) formed between two sets of point pairs in an unskewed

symmetric pattem are equal (Figure 8.2a), whereas this is not the case for a skewed pattern

(Figure 8.2b). Wagemanns et al. implernented a rnodel that was able to capture the basic

pattern of ernpirical responses in a skewed symmetry versus random noise detection task.
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However, they did not explicitly specif,i how the visual system might go about obtaining this

relative orientation information. Importantly, in regards to the current discussion, as can be

seen in Figures 8.2c and 8.2d much of this relative orientation information is carried by the

Delaunay triangulation of the point set.

8.1.2. Limitations of the Voronoi model

Despite the success of the Voronoi model (relative to the other models under comparison), the

results of the simulations indicated that are a number of problems with the Voronoi model in

its cunent form. In the following section I will discuss these problems, and also highlight a

nurnber of other limitations to the utility of the Voronoi rnodel.

In Study 2 four different variants of the Voronoi rnodel symrnetry calculation procedure were

compared with the results suggesting that the empirical data were best predicted by a version

of the model that differentiated between stimuli in terms of their degree of asymmetry (the

Voronoi Type-4 model). In other words, rather than searching fol pairs of symrnetrically

located points, the Type-4 model searched for points for which no rnatch could be found.

While adopting this approach served the purpose of fitting the ernpirical data more closely, its

underlying logic seems a little counter-intuitive. lt would seerr reasonable to assume that the

model is able to detect both symmetry and asynmetry but that the demands of the

experimental context were such that asymmetry provided the better cue for discrirnination

(i.e., it would explain how the visual system rnight detect both syrnmetry and deviations from

symmetry). However, the model cornparisons indicatecl that for a nurnber of the experitnents,

the other three Voronoi model variants (which all based their synunetry calculation method at

least partly upon the nurnber matching or symrnetric points) actually discriminated at a closer

to optimal level than the Type-4 rnodel. lf we assume that the visual system has access to this

information, then it seems implausible that it would ignore it in favour of a sub-optimal

strategy.

A second major problern is the Voronoi model's tendency to uncler-perform in tasks involving

the discrimination of distorted symmetry and random noise stimuli. In Study 2 it was

suggested that this underperfonnance was a result of the point pairs in the experimental

stimuli being randomly relocated beyond the bounds of the Volonoi model's tolerance region.

For example, for stimuli with a dot density of 100 points the average distance between each
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point and the most distant vertex of that point's associated Voronoi cell was approximately

0.10 (where clistance is expressed as a proportion of the width of the stimulus). This

represents the maximum distance (on average) that one half of a symmetrical pairing can be

moved and still fall within the region coresponding to its partner's reflected cell. In other

words, this value is an indication of the degree of distortion that the Voronoi model can

tolerate. Importantly, the empirical data suggest that hurnan observers can tolerate levels of

distortion that exceed this value and, because the model's distortion tolerance range is defined

by a physical property of its underlying representation, this could be taken as a strong

challenge to the assumption of a Voronoi-like representation in symmetry perception.

Study 3 revealed a third rnajor problem with the Voronoi model: on the basis of the

theoretical behaviour of the model it was predicted that there would be an effect of stimulus

density on tolerance for distortion, but not on tolerance for added noise. The results of the

empirical research in Study 3 supported these predictions. However, the model simulations

indicated that the actual behaviour of the Voronoi model did not match its theoretical

predictions. Specifically, for the experiment involving symmetry with added noise

(Experiment 2), the model demonstrated that stimulus density affects discrirninability in the

form of under-perfonnance in the low density stimulus condition.

Finally, the data indicate that there are a nurnber of problems with the assurnptions relating to

the Voronoi model detection region. The Jenkins (1982) data suggest that the optirnal

detection region width for the Volonoi model should be equal to two colnmns of cells either

side of the stimulus rnidline. However, the Voronoi model fìts indicate that for a number of

the other experiments, the data are best predicted when the width of the detection region is

free to vary between2-to-3 colunrns of cells. As was discussed in Study 3, it is possible that

this rnay be attributed to differences between the characteristics of the stimuli used in the

Jenkins experirnents and the stirnuli ernployed in the lemaining experiments (Tyler et al.,

1995). Unforlunately, the rnethodology employed in the Tyler et al. study lneans that the

ernpirical data do not lend themselves easily to the type of comparison necessaly to test these

assumptions in the Voronoi model (i.e., the data in the Tyler et al. sludy are tlueshold

estimates for discrirnination performance at different dr"rrations). In the absence of further data

cotnparisons we tnust necessarily consider the assumption of a small degree of variabilily in

the Voronoi model detection region width as ad hoc. Nonetheless, it is an assurnption that

could easily be tested in a future study.
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Figure 8.3 Example of the type of band-passfiltered noise textures entployed in sludies such

as Dalcin and Hess (1997) and Rainville and Kingdom (1999).

Aside frorn the problems specifically revealed by the resttlts of the simulations, the Voronot

rnodel is limited in a number of other important ways. In the first place, it has been

demonstrated that spatial filter based models are able to account for symmetty detection in a

wide range of different stirnuli. For example, Figure 8.3 shows an example of the kincl of

high-clensity, bancl-pass filtered stirnuli ernployecl in studies by Dakin and Hess (1997) and

Rainville and Kingclorn (1999). In its current form the Voronoi model lelies upon the

tessellation producecl by MATLAB 1.0.4, and is therefore only able to deal with dot pattetns.

As was indicated in Chapter 2, it is theoretically possible to obtain a Voronoi or medial axis

representation from any form of stimr.rlus input; however, it is difficult to envision how it

would be possible to use this information to detect symmetly in stimuli such as Figure 8.3, in

a rranner that is analogous to the Voronoi model tested in this thesis.

This thesis has only focused on a lirnited sub-set of the rnany different types of symrnetly

perception phenornena that have previously been studied. Fol example, a nutnber of studies

(e.g., Barlow & Reeves, 1979; Pashler, 1990; Wagemans et al., 1992; Vy'enderoth, 1994) have

demonstrated that the perception of vertical symmetry (Figure 8.4a) is more salient than either

horizontal symrnetry (Figure 8.4b), or syrunetty that is plesented at any other
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Figure 8.4 Examples oJ'vertical symrueh.y (a), horizontal symmetry (b), multiple syrumetry

(c), and a pattern coruprised of symntetrically located points with opposite contrast polarity

(d).

orientation, and that stimuli with multiple symrnetry axes (Figure 8.4c) are more salient than

stimuli with a single axis (Pahner'& Hemenway, 1978; Wagemans, Van Gool, & d'Ydewalle,

l99l; Wenderoth, 1997). Additionally, it has been demonstrated that manipulating the

contrast polarity of symrnetric point pairs (Figure 8.4d) disrupts (but does not destloy) the

saliency of the symmetric structure (Wenderoth, 1996b). It should be noted that the Voronoi

model is unable to provide any insight into these phenomena but, by the same token, none of

the other models under comparison in this thesis is particularly enlightening in this regard

either.

cl.

d
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These limitations pose some strong challenges to the Voronoi model. However, they do not

necessarily rule out the possibilily of a Voronoi-based representation in early vision, because

it appears that a number of the weaknesses revealed by the results of the simulations may be

plausibly attributed to problems associated with the model's symmetry calculation method.

For example, as was discussed above, changing the assumptions relating to symmetry

calculation method had a non-trivial effect on the model's relative likelihood and one instance

in which this was quite apparent was in the distorted symmetry versus noise experiment in

Study 2. Although the best fitting model in this case (the Type-4 model) is arguably

implausible, it is possible that a future version of the Voronoi model might be able to

overcome the limited distortion tolerance of the other models by drawing upon additional

infonnation that is available in the Voronoi representation (such as the inter-angle correlations

between pairs of point-pairs shown in Figure 8.2). In other words, it is possible that a Voronoi

representation is plausible, but the way that that the Voronoi model(s) currently use the

information made available by this representation is insufficient to adequately describe the

actual processes occurring in these sorts of symrnetry detection tasks. The challenge of future

research is therefore to elucidate a Voronoi-based model of symrnetry perception that is able

to overcome these weaknesses.

8.2. The alternative models

At this point I would like to shift the discussion away from the Voronoi model and discuss

some of the findings revealed by the results of the rnoclel comparisons in relation to the five

alternative models (i.e., the Barlow and Reeves, Isotropic/Aligntnent, Oriented/Alignment,

Isotlopic/Correlation, and Oriented/Correlation models). I will first discuss the two feature

alignment rnodels, followed by the Barlow and Reeves model, and finally the two cross-

correlation models.

8.2.1. The feature alignment models

One of the most surprising outcomes of Study 2 was the indication that the feature alignment

models were found to be the least likely out of all of the of the models under comparison.

This finding is unexpected because these two models share a nurnber of qualities that suggest

that they should have done quite well sirnulating the empirical response pattelns. First place,

they are based on a spatially filterecl representation which lneans that they should be have

been reasonably tolerant of any positional distortion or added noise in the symmetrical stimuli

(i.e., the filtering srnooths out the image and removes any abrupt changes in luminance).
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Second, one of the built-in assumptions of both of these models is a spatially restricted

detection region which suggests that the models should have been able to capture the pattern

of empirical results in the Jenkins (1982) data. Additionally (although this has little bearing

on predicting the quality of the data fits), the feature alignment models both share a degree of

theoretical plausibility: as has been discussed, the feature alignment models can be thought of

as a means of formally implementing the Jenkins (1983a) model and are based upon known

neural mechanisms.

There appear to be two main factors which are responsible the poor performance of the

alignment models. The first factor relates to the general inaclequacy of the alignment model

symmetry calculation procedure. Briefly; the feature alignment models calculate the degree of

symmetry in a stimulus based upon the collinearity of the axis-crossing stimulus features (see

Section 5.3.3 for a more detailed description). However, the data suggest that this approach

penalises positionally distorted symmetric stimuli too heavily, resulting in underperformance

on the distorted symmetry versus random noise discrimination task (i.e., see Figures 6.10 or

6.12).

Second, there are a number of problems with the symrnetry detection region of the feature

alignment models. The biggest problem appears to be the fact that the spatial extent of the

detection region is largely dictated by the scale of the filter ernployed to derive the initial

stimulus representation. In other rvords, convolving the stimulus with a srnall filter will result

in a highly restricted detection region, whereas using a large filter will result in a much wider

cletection region. This is particularly problematic for the Isotropic/Alignment model in

Experiment 6 (see Figure 5.26 for Srudy l, or Figure 6.10 for Study 2). In this experiment the

symmetric point pairs are separated by a centrally located strip of noise points. In order for the

detection region to be wide enough to include this symmetric information, the stimulus must

be convolved with a coarse scale filter (i.e., s: l6 or l7). However, this inhibits the model's

ability to distinguish between random noise and symmetric structure and results in the rnodel

underperforming on the task.

Additionally, there is a further problem with the detection region of the feature alignment

models that argues strongly against their plausibility: because only stimulus features that cross

the midline are considered to fall into the model's detection region, the alignrnent rnodels
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Figure 8.5 A symmetric dot pattern and the resulting stimulus representation derived by the

Oriented/Alignment model using a spreadfunction of s : 7.07

would not be able to detect any symmetry in stimuli such as Figure 8.5a where there is a large

gap between the two pattern halves. For example, Figure 8.5b shows the stimulus

representation derived by the Oriented/Alignrnent rnodel for the symmetric pattern in Figure

8.5a using a spread function of s : 7.07. Because none of the stirnulus features cross the

rnidline the models detection region contains no information and, therefore, the syrnrnetry

cannot be detected. This is obviously a serious problem for these models, because the visual

system would surely detect the symmetry in Figure 8.5a, even if it were only presented for a

very brief duration. Furtherrnore, it is irnportant to note that none of the other models under

cornpalison would have a sirnilar problern with these sorts of stirnuli. One potential solution

to this problem is to increase the size of the filtel ernployed to derive the initial reptesentation.

However, as has been discussed, this tends to impede the model's ability to distinguish

between symmetry and randorn noise.

8.2.2. The Barlow and Reeves model

In many ways it was not necessary to perform any quantified model comparison to determine

that the Barlow and Reeves model \Mas an irnplausible explanation for the processes

underlying symmetry perception. Specifrcally, the nature of the rnodel's representation (the

visual field divided into equal sized square sub-r-egions) is sufficient to rule out the model on

the grounds of neurophysiological implausibility. Nonetheless, for both Study I and Srudy 2

the Barlow and Reeves model was found to be more likely than any of the other rnodels in
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regards to the symmetry with distortion versus random noise discrimination task. In this

respect the Barlow and Reeves model is still potentially informative: by examining the reason

for the models success in this task it may be possible to learn something about the way the

visual system deals with distorted symmetry.

In Study 2 the next most likely model on the distorted symmetry task was a variant of the

Voronoi model. A common feature of these two models is that symmetry is calculated on the

basis of some form of dot density comparison. However, for the Voronoi model this is

performed over relatively small regions (the reflection of each point's Voronoi cell) compared

to the Barlow and Reeves model. In this sense the Barlow and Reeves model can be thought

of as comparing clusters of points rather than just individual points (Wenderoth, 1996b).

There is potential utility in assuming that the visual system may be detecting symmetry via

some form of cluster comparison. First, it is possible that this could explain the observers'

reasonably high tolerance to distortion, in that points can be moved outside of the tolerance

region defined by a Voronoi cell or spatial hlter and yet still remain part of a cluster of points.

Second, a number of researchers have suggested that clusters of points forming salient sub-

structures (such as the two semi-circular clusters in Figure 8.6) may play an important role in

symmetry detection (Wagemans, 1999; Wenderoth, 1996c). Third, there is empirical evidence

suggesting that this lype of grouping or clustering of stimulus elernents may actually precede

symmetry detection (Labonte et al., 1995; Locher & Wagemans, 1993).

Figure 8.6 Example of a symmelric dot pattern with salient sub-struclures.
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Figure 8.7 A distorted symmetric stimulus (a), and its associated Voronoi tessellation (b).

The tessellation obtained after initially convolving the stimulus with q fine-scale isotropic

filter (s: 4) is shown in 8.7c.

Of course, it must be stressed that the implication of cluster-comparison as a potential

explanation for the success of the Barlow and Reeves model in this task is purely speculative.

Nonetheless, it does point toward a potential line of development for future models of

symmetry detection. For example, under the assumption of a Voronoi representation it might

be possible to compare symmetrically located clusters of points defined by a sub-set of the

Delaunay triangulation such as the nearest neighbour clusters. Alternatively, if we assume that

symmetry perception is based on a spatial filter representation, the cluster cornparison process

rnight be better explained by comparing the relative size and location of the blobs or fealures

in a convolved stimulus. This in turn suggests the possibility that the data rnight be best

explained by some form of a hybrid-rnodel, in which the tessellation of a stimulus occurs after

an initial filtering stage. For example, Figure 8.7 compares the Voronoi tessellation of a

distorted syrnmetric stimulus before hltering (8.7b) and after filtering with a fìne-scale

isotropic filter (8.7c). As can be seen, in 8.7c a number of the individual points have been

clustered together or fused into larger stimulus features. As a result, there are fewer cells in

the tessellation, and the average size of the cells is larger than in 8.7b. It is possible that this

increase in cell size may result in greater distortion tolerance.

8.2.3. The cross-correlation models

One of the most comtrron approaches that researchers have taken in irnplementing models of

symmetry detection is to employ some fortn of cross-correlation procedure (e.g., Dakin &

Watt, 1996; Gurnsey et a1., 1998; Pintsov, 1989; Rainville & Kingdorn, 1999; Rainville &

Kingdom,2002;Tjan & Liu,2005). As was demonstrated in Study 1, when cross-correlation

is applied to an entire irnage, the models are unable to account for data indicating that the
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perception of symmetry is limited to a spatially restricted region directly adjacent to the axis

of symmetry (e.g., Jenkins, 1982). However, in Study 2 it was clemonstratecl that this

weakness could be overcome by simply adding a spatially limited detection region to the

cross-correlation models. This result is important because it suggests that other models that do

not specifically include a spatially limited detection region might also benefit from this simple

modification.

The simulation results indicated that the best-fitting parameterisations of both of the cross-

correlation models were generally able to closely replicate the empirical response pattems.

However, this high descriptive adequacy came at the cost of high corrplexify, with the models

also being able to produce responses ranging from perfect performance down to chance

performance for nearly all of the experiments (e.g., see Figures 6.ll and 6.13). Clearly, the

utility of such a model as a potential explanation for the processes underlying symmetry

perception is limited. The model may be able to simulate the behaviour of the visual system in

response to symmetry, but in order to do so it must also be capable of behaving in ways that

are clearly irnplausible.

The high complexity of the cross-correlation models stems largely from the high number of

detection region width pararneter values over which they must be implemented. It has been

demonstrated that changes in stimulus density affect the spatial extent of the region within

which symmetry can be detected (Rainville & Kingdom, 2002). Because the cross-correlation

models have no means of adjusting the width of the detection region in response to changes in

stimulus density, in order to respond in a plausible rnanner to all potential stirnr.rlus densities

they must be implemented using all possible detection region widths. In a future model it may

be possible to reduce this complexity by specifically matching detection region width to

stimulus density, in a sirnilar rnanner to Rainville and Kingdorn's (2002) suggestion that

spatial scale selection could be determined by stimulus density. However, although Rainville

and Kingdom suggest that this should be possible, they do not offer any indication of how it

might be plausibly achieved.

An additional problem with the cross-correlation models that has been mentioned by a

number of researchers (Dakin & Hess, 1997; Dakin & Watt, 1996; Jenkins, 1982, 1983a;

Rainville & Kingdom, 2000) is that it is difficult to imagine how the visual system might

actually cary out a cross-correlation process. The underlying representation employed by the
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two cross-correlation models in this thesis is relatively uncontroversial (i.e., a spatially filtered

image). However, the actual correlation process implies that the visual system is comparing

luminance values across an enormous number of different locations in the visual field. While

it is possible that this kind of process could be achieved at a neuronal level, the degree of

interconnectivity that would be required to detect symmetry at different axis orientations and

at different locations in the visual field seems fairly improbable (Dakin & Hess, 1997;

Rainville & Kingdom, 2000). Of course, it should be remembered that a similar criticism

could be directed at the Voronoi model: specifically, it is one thing to demonstrate how the

visual system might plausibly obtain relational information via a Voronoi-like processes, but

it is another thing to demonstrate how the visual system might actually use this information at

a neuronal level.

8.3. The decision mechanism

Up until this point I have avoided discussing one of the other major findings of the model

comparisons: the apparent need for variability in the decision making process. In the

following section this finding will be discussed, along with other issues relating to the

decision mechanism ernployed by the models.

In Study l, all of the rnodels (with the exception of the Voronoi model) assigned the same

value to the pelfectly symmetric stirnuli. Because of this laclc of variance there was little or no

overlap between the distributions of scores for the two classes of stimuli (i.e., pelfect

symmetry and symmetry with added noise) in Experiments 3 and 5 and, as a tesult, the

model's discrimination perfornrance tended to be itnplausibly high. In Study 2, this problem

was addressed by placing a Ganssian distribution over each of the values assigned by a model

to a given stimulus. It was demonstrated that this rnodification was able to increase the quality

of the fits to empirical data for all of the models under comparison. However, it was noted for

the majority of the models there was a higher degree of variance in the level of added noise

needed to fit the models across all of the data sets than could be reasonably expected.

Although the assumption of inherent noise in the decision-making process is uncontroversial

(Green & Swets, 1966) the data suggest that the above-mentioned approach to accounting for

this variance is insufficient. Perhaps one of the problerns with this approach is that it was

based upon the assumption that the error rates for both of the classes of stimuli were equal. ln

other words, no attempt was macle to model bias in the decision process, or the degree to
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which the decision threshold is shifted away from the mean of one of the two distributions.

For the majority of the data sets employed in the model comparisons no information was

available to suggest that the observers may be demonstrating bias. However, for both of the

replicated experiments in Study 2 the relative proportions of hits and false alarms suggest that

there may be a bias towards categorising stimuli as symmetric rather than random.

Furthermore, there is evidence from other studies that also suggests that this might be

occurring (e.g., Wenderoth, 1997). In light of this, it appears that modelling observer bias

might be worth pursuing in future model comparisons.

These problems highlight one of the major difficulties associated with modelling cognitive or

perceptual processes. Because the brain is arguably a massively interconnected and inter-

dependant set of systems and processes, it is very difficult (and maybe even impossible) to

simulate a single process in isolation. This thesis is ostensibly concemed with models of

symmetry perception. However, in order to implement these models strong assumptions

needed to be made about the nature of the decision-making process associated with the

empirical tasks. As has been demonstrated, these assumptions can have a non-trivial affect

upon the results of the model comparisons. It is quite possible that if different assumptions

were made about the nahrre of the decision process that the results of the model comparisons

could be quite different to those that have been reported.

This is clearly quite problematic and, unfortunately, there does not appear to be an easy

solution. One approach to dealing with this diffrculry would be to employ more sophisticated

decision-making plocesses. For example, although the signal detection theory (Green &

Swets, 1966) approach that was adopted in this thesis is widely accepted and applied within

the visual perception literature, there is a growing body of evidence to suggest that it is overly

sirnplistic and that decision-making is more suff,rciently described by sequential sampling

models such randotn walk or accurnulator processes (see Ratcliff & Smith, 2004 for a recent

review of these, and related, rnodels). However, these models tend to be computationally

dernandtng to implement and there is little agreement over which of these approaches has the

greater utility. Furthermore, there is also the added danger that adopting a more sophisticated

decision-making process rnay add unwarranted complexity to the models and, as a result,

rnake it rnore difficult to learn anything about the actual process of interest.
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Regardless of the form of the decision mechanism, it is important to ensure that all of the

associated assumptions are both theoretically motivated and interpretable. In this sense the

current decision-making mechanism has some claim to utility: because the decision process

was reasonably simple, it was easy to see that the assumptions regarding additive noise \¡/ere

implausible. In the case of a multi-parameter decision process this may not have been so easy

to determine.

8.4. Bayesian model selection

As was stated in the introduction, one of the three primary aims of this thesis was to

demonstrate Bayesian model selection as a means of comparing formal models of visual

phenomena. Given that this approach is relatively novel (at least within the visual perception

literature) it is important to spend some time discussing both the strengths and weaknesses of

this approach.

I will begin by discussing a number of the strengths of Bayesian rnodel selection, paying

particular attention to the rnethodology's ability to address the problerns associated with

previous research involving models of symrnetry perception. One of the greatest problerns

with previous studies has been the lack of direct cornparison between rival models. As has

been demonstrated, all of the models under cornparison in this thesis were able to caplure the

general pattern of observer responses in tnost of the ernpirical data sets. If the models were

only ever considered in isolation, then any of them could be taken as a potentially useful

explanation for the processes underlying symmetry perception. In other words, we would not

be able to narrow down the range of potential explanations for this phenornenon. However, by

directly comparing the rnodels we are able to obtain a rank them in terms of their utilify.

Furthermore, Bayesian model selection offers an interpretable means of quantifuing this

utility in the form of a rneasure of relative likelihood.

Another issue associated with modelling psychological processes that has gained much

attention in recent years is the general over-reliance upon using the qualily of a model's best-

fitting parameter combination as an indication of its utrlity (Lee,2004; Myung &Pitt,1997;

Pitt & Myung, 2002; Roberts & Pashler, 2000). One of the strengths of Bayesian model

selection is that it is able to take into account not only the descriptive adequacy of a model,

but also its complexity and generality. However, this raises an itnportant question when

applied in relation to psychological models: Given that the human brain is arguably a highly
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complex system is it feasible to penalise models for demonstrating similarly high levels of

complexity? The answer to this question lies in defining what is meant by complexity. A

number of other model selection techniques (e.g., the AIC (Akaike, 1983), BIC (Schwarz,

1978) and RMSEA (Steiger, 1990) also penalise models in terms of complexity. However, in

the case of these alternative approaches, complexity refers exclusively to parametric

complexity, or the number of parameters that a model has. In Bayesian model selection on the

other hand, complexity is better thought of as an index of the range of responses that a model

is able to rnake across each of its parameter combinations. In this case it is possible for a

model to have a high number of parameters but still have a low complexity, as long as each of

the responses that the model makes corresponds closely with the empirical rcsponses.

The processes underlying human symmetry perception rnay be complicated (in the general

sense of the word) but they are also highly constrained. The empirical data indicate that there

tends to be little variability in the range of responses produced by the human observers. In

contrast to this, a number of the models were able to produce a wide range of responses, many

of which bore little-or-no resemblance to the empirical response patterns. For example, the

Isotropic/Corelation model was able to provide close hts to the empirical data in Study 2 (see

Figure 6.11). However, it also produced responses ranging frorn chance performance up to

perfect performance for most of the experiments. In light of the lirnited range of responses

produced by the human observers it is fair to suggest that this model is irnplausible.

It should be noted that the quantification of rnodel likelihood provided by the Bayesian

analyses should never be taken as the be-all and end-all of any model comparison. There will

always be an element of qualitative interpretation involved in any of the analyses. Bayes

factors provide an indication of the relative likelihood of a set of rnodels; however, a high

relative likelihood is not necessarily an indication of rnodel utility. For example, in

Experiment 4 frorr Study l, the lsotropic/Alignment model was found to be 2.28x10s times

less likely than the Isotropic/Correlation rnodel, but a qr.ralitative comparison of the data fits in

Figure 5.26 indicates that neither model is particularly informative. Furthermore, Bayesian

model selection cannot provide any indication of the explanatory adequacy of a rnodel. For

exarnple, in Study 2 the Barlow and Reeves model was found to be more likely than the two

feah,ue alignment models. Nonetheless, given the implar.rsible assumptions of the Barlow and

Reeves model it could be justifìably argued that the alignrnent models achrally have the

greater utility.
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The last two points should not be interpreted as limitations so rnuch as caveats (albeit highly

imporlant ones). However, the analyses did indicate that there were a number of issues related

to the Bayesian approach that could be considered to be potentially problematic. The first of

these issues is the difficulty associated with determining each model's necessary range of

parameter values. In Study I it was demonstrated that limiting the range of parameter values

over which a model is implemented could reduce model complexily and, following this, in

Study 2 the model likelihoods were only calculated using the non-redundant parameter values.

However, limiting parameter values in this way is potentially problematic in regards to

generalisability, or how well a model is able to replicate empirical responses across a range of

different experimental situations and data sets. For example, in Study 2 the

Isotropic/Correlation model was implemented using a spatial filter parameter range of s : I to

6. In contrast to this, for Study 3 the data suggested that in order to adequately account for the

empirical responses the model needed to be implemented using a spatial filter parameter range

of s: 1 to 17. ln other words, the initial range of parameter values badly underestimated the

range needed by the rnodel to generalise to new data sets.

One possible solution to this would be to implernent all of the models across as wide a range

of parameter values as possible. However, because there is no uniformity across models in

terrns of type or number of parameters there is no way to ensure that the models will be

equally penalised by an approach such as this. Furthermore, adding complexity to the models

in this way would most probably severely limit the interpretability of the simulation results.

An alternative (and arguably preferable) approach would be to ensure that the models are

compared across as wide a range of data sets as is practically possible. This of course does not

rule out the possibility that the range of pararneter values would need to be adjusted in light of

any subsequent comparisons. Nonetheless, the larger the pool of empirical data sets that are

included in the comparison process, the more confident we can be that the range of parameter

vahres is an acculate reflection of the model's true non-rednndant parameter l'ange.

The second methodological issue relates to the high cornputational demands of Bayestan

rnodel selection. As was discussed in Study 2, in order to obtain an accurate indication of a

model's true marginal likelihood it is necessary to irnplement the rnodel at every possible

parameter value within the chosen parameter range. For models with a lirnited number of

discrete parameterisations (such as the Voronoi, and Barlow and Reeves rnodels) this is a
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simple matter to achieve. However, for the Isotropic and Oriented models it could be assumed

that the underlying variable (i.e., the spreacl ftinction of the filter) is either continuously or

close to continuously distributed. In this case, obtaining model f,rts for every possible

parameter value becomes a non-trivial computational problem. This problem is made even

more difficult when the implementation of particular models is in itself computationally

demanding, for example the Oriented/Alignment model could take more than 24 hours to

complete a single experiment. Although an attempt was made to increase the number of

incremental steps over which the models were implemented the possibility still exists that the

marginal likelihoods were under- or overestimated. This is highly problematic, especially

when the margin of difference between the two most likely models is as slim as was the case

in Study 3.

These last two issues pose some difficulties for Bayesian model selection as a methodology.

However, on the whole, the positive benefits of this approach appear to out-weigh these

difficulties. At the very least it is certainly preferable to purely qualitative comparisons, which

are overly reliant upon subjective interpretation. Furthermore, given the number of models

and experiments featured across the three studies, it is difficult to imagine how a qualitative

approach could possibly keep track (and make sense) of all of the comparisons. Finally, it

should be noted that while the current model cornparisons were solely concerned with rnodels

of syrnmetry detection, there is no reason why a similar approach could not be applied to the

cotnparison of rnodels of other cognitive and perceptual phenomena.

8.5. Conclusions

We can safely conclude that none of the models under comparison in this thesis represents the

tlue process underlying symmetry perception in the human visual system. This is not really

surprising given that the models are sirnplified versions of what is arguably a cornplicated

(but well calibrated) system. However, as a number of researchers have suggested, the true

utility of a tnodel should not be defined by how well it fits the data, but by what it can reveal

about the phenomenon of interest (Hintzman, 1991, etc Jacobs & Grainger, 1994;

Lewandowsþ, 1993). In this sense at least, the models have proven to be useful in a number

of ways.

In the first place, past empirical research has indicated that there are various characteristics

associated with syrnmetry perception (e.g., a reasonably high tolerance to distortion or
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interference from added noise), and the models represent specific theories seeking to explain

these characteristics. It has been demonstrated that none of the models was able to provide

sufficient explanations for all ofthe characteristics ofinterest that were focussed on in Studies

1 to 3. Although the model comparisons could not indicate what the processes underlying

symmetry perception qre, we now have a better idea of what they are not. This may seem to

be of little help, but it must be remembered that the models are (for the most part)

theoretically motivated and represent plausible potential explanations. In other words, the

models are not just arbitrary, but are based on our current understanding of visual processing.

Demonstrating that specific models are insufficient helps to constrain the pool of potential

explanations, and therefore adds to this understanding.

Second, although the current models are insufficient, in solne cases their specific failings

point towards potential future models. For example, adding a spatially limited detection

region to the Isotropic/Conelation rnodel improved its descriptive adequacy and generality.

Furthermore, the results of Study 3 suggest that future modifications should focus upon

reducing the model's high complexity by using stimulus density to constrain the range of its

detection region widths.

Third, it has been argued that the characteristics of certain models may be infonnative ln

regards to other models of symrnetry perception. For example, Figure 8.2 demonstrates that it

may be possible to explain the bootstlap model (Wagernans et al., 1993) in terms of a Voronoi

representation. Sirnilarly, the success of the Barlow and Reeves model in regards to distorted

syrnmetry suggests that the visual system may precede symmetly detection with some folm of

clustering process. lt is possible that a fuflrle version of the Voronoi model might benefit from

an initial f,rltering stage to obtain clusters of pornts such as was demonstrated in Figure 8.7.

Fourth, the results of the model compalisons are informative in regards to indicating the need

for specific new empirical studies. For example, the two experiments in Study 3 were

designed as a test of the theoretical behaviour of the Voronoi model in regards to tolerance for

distortion or interference from added noise points across different stimulus densities.

Similarly, in a future study it would be useful to replicate the Jenkins (1982) experiments

across a range of stimulus densities as this would provide useful insight into the relationship

between stimulus density and the detection region, and provide a direct test of the Voronoi

model's apparent scale invariance.
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It must be remembered that the models under comparison in this thesis are only a small sub-

set of all of the previously published models of symmetry perception. A limitation of the

current research is that any conclusions that are drawn in regards to the likelihood of a

particular model can only be interpreted relative to the other models under comparison.

Obviously, therefore, in fuhrre studies it would be highly useful (and interesting) to expand

the set of models included in the comparisons.

In conclusion, it is clear that the current research falls far short of the goal of elucidating the

processes underlying symmetry perception in the human visual system. Nonetheless, it has

arguably been successful in demonstrating the utility of Bayesian model selection as a

theoretically sound and practically achievable means of quantifying the relative utility of rival

models of symmetry perception. Furthermore, the results of the model comparisons have

increased our understanding of symmetry perception and indicated fuhrre directions for the

development of new models and new empirical shrdies. Although we are still a long way off

from a full understanding of this phenomenon, it is hoped that the research presented in this

thesis has moved us a little closer towards this goal.
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