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Abstract: Current microfabrication methods mean that rectangular orifices in similarly shaped micro-channels
are often found in microfluidic devices. The power required to overcome the pressure drop across such orifices is
often of importance. In the contribution reported here, numerical results for low Reynolds number
incompressible Newtonian fluid flow through rectangular orifice in similarly shaped micro-channel have been
used to develop a correlation for pressure drop arising from the orifice. The correlation, which was motivated by
theoretical developments, indicates that the pressure drop is proportional to the average velocity through the
orifice, and a function of the orifice contraction ratio, length-to-width ratio and, most particularly, aspect ratio.
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1. Introduction

Microfluidics is the science and technology of processing and manipulation of small amounts
of fluids in conduits having dimensions of the order of tens to hundreds of micrometers
(Stone et al. 2004; Squires et al. 2005; Whitesides 2006). This is a rapidly growing research
field with a large range of potential applications within biotechnology, bio-security,
diagnostics, medicine and elsewhere (Haswell & Watts P 2003; Jensen 2001; Abgrall & Gué
2007; Haeberle & Zengerle 2007; Melin & Quake 2007). In virtually all these applications, it
is important to minimize as far as is practicable the power requirements of the microfluidic
device. As one of the major sources of power consumption is pumping, which is necessary to
overcome the resistance to fluid flow arising from changes in flow direction and wall friction
amongst other factors, it is important to understand and quantify the resistance to flow in
microfluidic circuitry — the paper here is concerned with this issue with a particular focus on

the pressure drop arising from a rectangular orifice within a rectangular micro-channel.
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The nature of current mainstream microfabrication processes means flow channels in
microfluidics devices are usually noncircular in cross-section. Rectangular orifices within
such channels are commonly encountered in microfluidics systems in the form of micro-
valves and micro-pumps (Au et al. 2011), micro-coolers (Jin et al. 2011), emulsifiers (Skurtys
& Aguilera 2008), cell filters (Bhagat et al. 2010), flow cytometers (Lee et al. 2011), and cell
analysers (Kurosawa et al. 2006; Li et al. 2007; Gel et al. 2009). We have also recently
suggested use of an orifice as a distributor for micro-fluidized beds (Zivkovic et al. 2010),
which we are currently developing as a means of increasing mixing, heat and mass transfer in
micro-reactor systems and, additionally, sensitivity in analytical applications (Zivkovic et al.
2012). Despite the relevance of flow through rectangular orifices within similarly shaped

micro-channels, the amount of study of such systems is, rather surprisingly, quite limited.

Mishra & Peles (2005a, b) experimentally studied flow through orifices in rectangular silicon
micro-channels. However, as hydrodynamic cavitation was the focus of their work, they
considered Reynolds numbers well beyond those typical of microfluidic devices. Two other
groups (Kang et al. 2005, 2006; Rodd et al. 2005, 2007) have studied viscoelastic flows that
manifest when dilute polymer solutions pass through orifices within micro-channels. One of
these groups (Rodd et al. 2005, 2007) provided limited pressure drop data for a Newtonian
fluid, which they later exploited to validate a numerical model of flow through orifices in a
micro-channel (Oliveira et al. 2008). This numerical model was in turn used to reveal a
significant dependence of the pressure drop across a micro-orifice on its aspect ratio (the ratio
of the cross-sectional dimensions). However, the pressure data obtained from their study was
not presented in the form of a correlation for use by others, nor was the influence of the ratio
of the diameters of the orifice and the micro-channel in which it is embedded (the contraction
ratio) investigated; as we will show here, this also has a profound impact on the pressure drop.

Tsai et al. (2007) also reported a CFD study of flow through a sudden expansion within a



micro-channel. This study was, however, focused on demonstrating that three-dimensional
CFD is able to correctly reproduce the flow features seen experimentally rather than providing

pressure drop data as done here.

This paper focuses on providing a correlation between the pressure drop across a rectangular
orifice embedded within a similarly shaped micro-channel and the orifice Reynolds number
and geometry. The correlation is obtained by fitting a model motivated by the exact solution
for flow through a circular orifice to data obtained from a three-dimensional CFD model. In
the following, the details of the CFD model are first outlined. The basis and form of the
pressure drop correlation are then provided. This is finally followed by presentation and
discussion of the raw pressure drop data obtained from the CFD model and details of the fit of

the correlation equation to this data.

2. Study details

2.1. System geometry

Figure 1 shows the geometry of the system considered here, where L and h are the system
length (4 mm here) and thickness respectively, W the micro-channel width (400 um here), and
w and | are the orifice width and length respectively. The orifice was positioned mid-way
along the micro-channel length to give the upstream and downstream lengths of at least 20w,
thus ensuring that the velocity profiles at the inlet and outlet of the micro-channel were fully
developed. A total of 120 systems were investigated by varying systematically the micro-
channel aspect ratio (ac=h/W=1, 0.5, 0.25 and 0.125), orifice length-to-width ratio
(Awo=1/w=0.5to 1.0 in 0.1 increments), and orifice contraction ratio (ywo = w/W from 0.025
to 0.4 by considering | = 10, 20, 40, 50 and 80 um for each ac-Awo COmMbination). These ratios

were selected in line with those typical of micro-fluidic systems.



Figure 1. Geometry of orifice within a rectangular micro-channel.

2.2. Simulation details

COMSOL Multiphysics® 3.5 (COMSOL AB., Stockholm, Sweden) was used to solve the
Navier-Stokes equations for a steady-state, incompressible Newtonian fluid flow through the
system, which is appropriate for liquid flow in micro-channels larger than 0.1 pm (Koo and
Kleinstreuer 2003). No-slip boundary conditions were applied at all solid surfaces as the
impact of wall slip is expected to be negligible (Lauga et al. 2007). A fully developed laminar
flow profile with mean velocity, V, was imposed at the rectangular micro-channel inlet and
the pressure at the micro-channel outlet was set to zero. The mean velocity at the inlet was
varied between 10 to 250 pum/s to give orifice Reynolds numbers in the range of
0.005<Re, <0.5,where

_pW

W 1)
U

with p being the fluid density (1000 kg/m? here), 4 the fluid viscosity (0.001 Pa s here), and v

Re

the average velocity through the orifice, which is defined via continuity as v = V/yye.

The simulations vyield the flow and pressure fields through the system. The pressure drop

across the orifice was evaluated by subtracting from the pressure drop across the entire system



(i.e. over the length L) the pressure drop calculated for a micro-channel of the same length

that does not contain an orifice.

An assessment of the grid convergence was also undertaken using a grid convergence index
or GCI (Celik et al. 2008). Solutions for five separate cases (w = 40 to 80 um in 10 um
increments for V = 50 um/s and | = 40 um) were generated for three meshes of increasing

refinement defined by a grid refinement factor, which is a ratio of the average cell size in two

successively refined meshes, of iﬁ . The GCI values were around 0.5 % for all the systems
considered. The large number of conditions considered here meant this GCl-based analysis
could not be applied to them all. As a substitute, in all cases where GCl-based analysis was
not undertaken, results were produced and compared for at least two mesh densities to
establish the degree of mesh dependence. In every case, the pressure drops varied by less than
1% between the two meshes. This and the CGI analysis suggest the numerical uncertainty for
the results reported here is less than 1% for the meshes used, which were typically composed

of between 100,000 and 500,000 tetrahedral elements.

2.3. Form of pressure drop correlation

Unlike for rectangular orifices, flow through their circular counterparts has been studied
extensively for over 100 years. Creeping flow through an infinitesimally short (i.e. | — 0)
circular orifice was solved analytically by Sampson (1891). Semi-empirical extension of this
work to orifices of finite length (also termed thickness in the literature) was undertaken by
Bond (1921) with the full analytical solution following some years latter thanks to Dagan et
al. (1982). Creeping flow through circular orifices has also been the subject of extensive
experimental study (e.g. Johansen 1930; Hasegawa et al. 1997; Tu et al. 2006) and
experimentally-validated simulations (e.g. Kusmanto et al. 2004). Kusmanto et al. (2004)

showed that the model of Dagan et al. (1982) yields the experimentally observed pressure



drop for circular orifices whose diameter fall within the range of 10 < d < 1000 um for orifice
Reynolds numbers up to Req = 10 with simulation being able to extend the predictive range
towards Reg = 10%. This suggests that a suitably modified form of the model of Dagan et al.
(1982) is a useful basis for correlating pressure drop data derived from simulations on

rectangular orifices.

Dagan et al. (1982) proposed the following approximate correlation for the dimensionless

pressure drop, Ap” =Ap/(,uv/d), across a circular orifice based on the exact solution for

creeping flow through the orifice

AP =Ap +Ap = (67+324,,) 2)

where Ap, is the dimensionless excess pressure drop that arises from the change in direction
of the flow as it contracts when entering and expands when leaving the orifice, Ap; is the

dimensionless pressure drop due to friction experienced by the (assumed fully developed)
flow as it passes along the length of the orifice wall, and 14, = I/d is the ratio of the orifice
length, I, to its diameter, d. Note that we follow Finlayson et al. (2007) in making the pressure
non-dimensional instead of the usual quadratic normalization (i.e. 0.5p1%) typically used when
turbulent conditions can prevail. Let us consider the two pressure drop sources in turn as we

seek to generalize equation (2) to a rectangular orifice in a similarly shaped channel.

The excess pressure drop due to sudden contractions is usually modelled using (Astarita &

Greco 1968)

2Ap, K
pv° " Re, ®)

W

where K is the Couette coefficient. However, in the creeping flow regime that is of interest

here, a preferable form (Finlayson et al. 2007) is



A= =K, @
where K is a laminar Couette coefficient, which is just half of the Couette coefficient. As will
be shown in the Results section below, the use of K. here instead of the traditional Couette
coefficient, K, avoids the introduction of spurious 1/Re,, nonlinearity into the dimensionless
pressure equation. Based on simulations, Oliveira et al. (2008) observed that the Couette
coefficient is essentially independent of Reynolds numbers up to Re, =5 but is a strong
function of the orifice aspect ratio, a, = h/w. Although these workers did not vary the orifice
contraction ratio, ywo, In their work, it can also be anticipated that the laminar Couette
coefficient will be dependent on this ratio because the excess pressure drop arises from the

change in direction of the flow occasioned by the fluid entering and leaving the orifice. Thus,

we may write

KL :KL(ao17w0) (5)

where the exact relationship between the coefficient and the two ratios must be determined by
fitting to data derived from experimental as done by, for example, Astarita & Greco (1968) or,

as done here, simulation.

With regards the pressure drop due to friction between a fluid and the channel walls in which

it is flowing, it can in general be expressed as (Bruus 2008)

Ap; =R’ (6)
where R” is the dimensionless hydrodynamic resistance. Bruus (2008) provides an expression
for the hydrodynamic resistance for channels where h<<w (pg. 51, Bruus 2008). The
limitation of this expression to what in effect would be ‘narrow’ orifices here means an
alternative would be preferable. Papautsky et al. (1999) provide such an alternative that is

expressed in terms of the minimum orifice aspect ratio, min(h/w, w/h). It, however, involves a



fifth-order polynomial that appears to have little foundation in theory. A further alternative

that does have foundations in theory (pg. 76, Bruus 2008) is

R =B e (7)

where B is the dimensionless geometrical correction factor given by (pg. 77-78, Bruus 2008)

B="-C-— (8)

with C, the dimensionless compactness, being given by

C-4 @+ a0)2 ©)

&,

Bringing equations (4)-(9) together, the total dimensionless pressure drop across a rectangular

orifice in a similarly shaped micro-channel is given by
Ap =K B Ao 10
p - L(ao’7w0)+ (ao) ( )

3. Results

3.1. Variation of pressure drop with system characteristics

Figure 2 shows that the dimensionless orifice pressure drop is independent of the orifice
Reynolds number; the orifice dimensionless pressure drop is essentially constant for a given
set of geometric ratios (coefficient of variation less than 0.005 for each orifice aspect ratio).
This simple behaviour for the Reynolds numbers investigated here comes from our adoption
of the pressure normalisation prescription of Finlayson et al. (2007) rather than the usual
0.5pv normalization, which would introduce what is in effect is an artificial inverse Reynolds

number variation of the dimensionless pressure drop.
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Figure 2. Evaluated dimensionless orifice pressure drop as a function of orifice Reynolds
number, Rey, for ywo = 0.125, Ao = 0.2, and a, = 8 (squares), a, = 4 (circles), a, = 2 (triangles)
& a, =1 (diamonds).
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Figure 3. Variation of orifice pressure drop with orifice length-to-width ratio Ay, for
o = 0.125, and , and a, = 8 (squares), a, = 4 (circles), o, = 2 (triangles) & a, = 1 (diamonds).
Lines are linear fits to simulation data with adjusted R® values in the range of
0.99987 < R® < 0.99995.

Figure 3 shows four typical examples of the dependence of the dimensionless orifice pressure
drop on the orifice length-to-width ratio, A, When all other geometric ratios are fixed. The

linear variation seen in this figure is, once again, entirely consistent with equation (10).



Figure 4 shows two typical examples of the dependence of the dimensionless orifice pressure
drop on the orifice contraction ratio, y.0, When all other geometric ratios are fixed. This figure
indicates that the laminar Couette coefficient must be inversely related to the orifice

contraction ratio — we will return to this dependence in the following section of this paper.
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Figure 4. Variation of orifice pressure drop with orifice contraction ratio, ywe, for Ay, = 0.5,
and a, = 1.25 (squares), a, = 2.5 gcircles), 0o =5 (triangles). Lines are linear fits to simulation
data with adjusted R“ values of 0.975, 0.990 and 0.985 respectively.
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Figure 5. Variation of the dimensionless orifice pressure drop with orifice aspect ratio, a,, for
Jwo =1, and yyo = 0.05 (circles) & ywo = 0.1 (squares).

10



Figure 5 shows, for a fixed orifice Reynolds number, two typical examples of the dependence
of the dimensionless orifice pressure drop on the orifice aspect ratio, a,, when all other
geometric ratios are fixed. Unlike previous figures, there is clear evidence of non-linearity in
Figure 5, in line with equation (10). This figure suggests that the dimensionless pressure drop
has an absolute lower limit as the orifice aspect ratio increases, irrespective of the contraction
ratio. The figure also suggests that the dimensionless pressure drop may become unbounded

as the aspect ratio becomes small. We will return further to both these observations below.

3.2. Parameterisation of pressure drop correlation

The laminar Couette coefficient, K., was obtained for each geometric configuration
considered here by fitting equation (10) to the variation of the dimensionless pressure drop
with orifice length-to-width ratio, Ao, and orifice aspect ratio, a, obtained from simulation.
Putting aside for now the variation of the coefficient with the contraction ratio, Figure 6
shows that there is a strong non-linear relationship between the laminar Couette coefficient
and the aspect ratio as observed by Oliveira et al. (2008), whose four data points are also
shown in the figure. This figure also indicates that the laminar Couette coefficient has an
absolute lower limit of approximately K. = 10, which prevails for o, > 30. On the other hand,

the coefficient appears to be unbounded as the aspect ratio approaches zero.

It is not immediately apparent from Figure 6 that the laminar Couette coefficient is dependent
on the orifice contraction ratio. Figure 4 does, however, indicate that there must be an inverse
linear dependence between the coefficient and the contraction ratio, as the frictional term is
not dependent on this ratio (c.f. equation (10)). Table I illustrates more clearly that there is a

dependence of the coefficient on the aspect ratio.
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Figure 6. The laminar Couette coefficient, K., as a function of orifice aspect ratio, a, = h/w.
The inset shows the same data for aspect ratios in the range of 0 to 5. Open circles are data

from numerical simulation of Oliveira et al. (2008) at ywo = 15.4.

Table I. The laminar Couette coefficient, K., as a function of contraction ratio, yo, for the
same orifice aspect ratio, a, =2.5. The infinite laminar Couette coefficient, K, is defined

below.

Ywo KL K
0.05 15.795 16.6265
0.05 15.541 16.3585

0.1 14.493 16.1035

0.1 14.555 16.172

0.2 12.917 16.229

0.2 12.891 16.1465

Sisavath et al. (2002) showed that the excess pressure for an orifice can be scaled with the

area of the orifice as per

Ap, =Ap,, [1—

A j =Ap, (ﬁ%j =Ap, (1-7,,) (11)

12



where Ap., is the pressure in the limit of infinite width channel (i.e. W — ). Making this

expression non-dimensional suggests that the laminar Couette coefficient can be expressed as

K=K, (1= 74) (12)

where we term K, the infinite laminar Couette coefficient that is a function of the orifice
aspect ratio only. Table | suggests that K., is indeed only dependent on the aspect ratio and
this appears to be supported by Figure 7, where the data is far less dispersed than in Figure 6.
Quantitative analysis confirms this: the coefficient of variation for the data in Figure 6 is

0.1001 whilst that in Figure 7 is 0.01928 for the points with the same contraction ratio.
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Figure 7. The infinite laminar Couette coefficient, K, as a function of the orifice aspect ratio,
ao. Inset is the log-log plot of the same data. The solid line is the fit to equation (13). The
dashed line is the limit of a 2-dimensional orifice (i.e. where o, — o) where K., =10.15. Open

circles are data from numerical simulation of Oliveira et al. (2008) at constant contraction

ratio ywo = 15.4.

The insert in Figure 6 suggests that the data may be broken into three approximate parts as

follows

13



8.85+24a,”" a,<1.25
K, =19.70+18¢,"* 1.25<a, <30 (13)
10.15 a,>30

The asymptotic value of K, =10.15 was obtained from our simulation of 2-dimensional
orifices with the same contraction ratio range as their 3-dimensional counterparts. It is
interesting to note that this value is approximately half the asymptotic laminar Couette
coefficient for a circular orifice (6x), whilst rectangular orifice of aspect ratio of around 1.85

has the same infinite pressure coefficient as circular one.

Figure 8 shows that the dimensionless orifice pressure drop obtained from the numerical
simulations compares very well with that estimated using the correlation defined by equations
(8)-(10), (12) and (13) for orifice aspect ratios ranging from 0.3 to 40 and contraction ratios
ranging 0.025 to 0.4, with the average error being 1.35 %. Most of the simulated results are

within 3 % of the correlated results as can be seen in Figure 7.
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Figure 8. Parity plot between the dimensionless pressure drop obtained from the numerical

simulations, Ap;, and the correlation developed here, Ap_ . The inset is the same plot for

the dimensionless pressure drop of 15 to 45. The lines are +3% confidence interval.
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4. Conclusion

We have developed a correlation for pressure drop across a rectangular orifice within a
similarly shaped channel under creeping flow conditions. In addition to showing perfect
viscous linear velocity scaling, the pressure drop is a function of the orifice contraction ratio,
orifice length-to-width ratio and, most particularly, the orifice aspect ratio. We have found

that the two-dimensional approximation is only valid for orifice aspect ratios greater than 30.
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