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AN ANTIPLANE CRACK BETWEEN BONDED
DISSIMILAR FUNCTIONALLY GRADED ISOTROPIC
ELASTIC MATERIALS

by D.L. CLEMENTS!
(School of Mathematics, University of Adelaide, SA 5005, Australia)

[Received 00 *###444% 201%* Revise 00 xxxxxx 0000]

Summary
The problem of a plane crack along the interface of two dissimilar functionally graded
isotropic half-spaces under antiplane strain is considered. The materials exhibit
quadratic variation in the shear modulus. Numerical values for the stress intensity
factors and crack displacement are obtained for some particular materials.

1. Introduction

The problem of determining the stress and displacement fields around a crack in a
functionally graded material has been considered by a number of authors and a variety
of such problems have been solved. For many of the problems considered the functional
gradation is represented by exponential functions (see for example Erdogan (1), Chan et
al. (2) and Chen and Erdogan (3)). Crack problems for materials in which the functional
gradation is represented by polynomials or other analytic functions have been considered
in several papers (see for example Clements et al. (4), Ang and Clements (5), Erdogan
and Ozturk (6) and Clements (7)). Amongst the papers on cracks in functionally graded
materials there exists a limited number of studies involving plane cracks lying along a plane
bonded interface across which the functional gradation has a discontinuous derivative. For
example in the paper by Chen and Erdogan (3) a problem is examined concerning a crack
on the plane bonded interface between a functionally graded layer exhibiting exponential
variation in the material parameters and a homogeneous half-space. Also Clements et
al. (4) and Clements (7) considered problems involving a crack on the interface of two
similar bonded functionally graded half-spaces under antiplane strain. In these two papers
the graded shear modulus is continuous throughout the material but has a discontinuous
derivative across the plane interface.

In this paper the problem of determining the displacement and stress around a crack
along the interface between two dissimilar functionally graded isotropic half-spaces under
antiplane strain is considered. The two materials have a shear modulus which varies
quadratically with the Cartesian coordinates. Both the shear modulus and its derivative
are discontinuous across the plane interface. To facilitate the solution of the problem the
displacement over the crack faces is expressed in terms of a finite series of Chebyschev
polynomials. A system of linear equations is obtained for the unknown coefficients in
the series by imposing traction boundary condition on the crack faces. Expressions for
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2 D.L. CLEMENTS

the crack displacement and crack tip stress intensity factors are obtained in terms of the
Chebyschev polynomials and these expressions are used to obtain numerical values of the
crack displacement and stress intensity factors for some particular materials. The numerical
results illustrate the effect of the inhomogeneity on the crack displacement and the stress
intensity factors.

2. Statement of the problem

Referred to a Cartesian frame Oxqxox3 consider two dissimilar isotropic functionally graded
half-spaces occupying the regions x2 > 0 and x2 < 0 and joined along the plane x5 = 0
except in the region |z1| < a, 2 = 0, —00 < x3 < oo where there is a crack (Figure 1).
The crack faces are subjected to a constant antiplane loading which is independent of the
coordinate x3. The problem is to find the displacement and stress throughout the material
and, in particular, to determine the effect of the inhomogeneity on the crack displacement
and the crack tip stress intensity factors.

In view of the geometry of the material and the nature of the applied loading a solution
is sought in terms of the antiplane displacement ug, the antiplane stresses 013 and ga3 and
the coordinates x1 and zs.

T2
A
= p§ (Bry + 1)
» T
—Qa a
p= p(—Bry + 1)

Fig. 1 Crack geometry
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3. Basic equations

The stress displacement relations for small antiplane deformations of a functionally graded
isotropic elastic material take the form (Clements (8))

0 .
03 (%) = p(x) 5> for j=1.2, (3.1)
J

where p(x) denotes the shear modulus and x = (z1,22). The equilibrium equation for
antiplane deformations is

60’3j
— 2
Ox; 0 (3:2)

where the repeated summation convention (summing from 1 to 2) is employed for repeated
Latin suffices. Substitution of (3.1) into (3.2) yields

0 OJuz(x)|
i [mx) el (3:3)
The shear modulus p(x) is required to take the form
p(x) = po g(x), (3.4)

where g is a constant and g(z1,x2) > 0 is a twice differentiable function of the variables
x1 and xo. Use of (3.4) in (3.3) provides

3 8“3 _

Let
us = g~ /2(x). (3.6)

then (3.5) will be satisfied if g and 1 are solutions of the equations

0%
Ko Or;0r; 0 (3.7)
and 2 1)
9%y
140 D200, 0. (3.8)

A particular solution to equation (3.8) is chosen to take the form
g% = amy +1, (3.9)
where « is a constant. A general solution to equation (3.7) may be written in the form
= Q(2) + Q). (3.10)

where Q(z) is an arbitrary analytic function of the complex variable z = 1 + izy where ¢
denotes the square root of minus one and the bar denotes the complex conjugate.
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From (3.1), (3.6) and (3.10) the displacement and stress in terms of the function (z)
may be written in the form

us = 297V2R[Q(2)], (3.11)
o511 = 2¢Y2ueR[Q(2)], (3.12)
o35 = 2uoR |—aQ(z) + g% (2)], (3.13)

where R denotes the real part of a complex number and primes denote differentiation of
complex functions with respect to the argument in question.

4. An interface crack between dissimilar materials.

Suppose the material in the upper half-space L contains a material with elastic moduli

p=pgg(we) = pg (Brs +1)%, (4.1)
while the lower half-space R contains a material with elastic moduli
p= g g(ws) = pg (—Bra +1)7, (4.2)

where 8 > 0, uf > 0 and uff > 0 are constants. Hence the displacement and stress in the
two half-spaces may be written in the form

b= gV [0 + 5], (4.3)
oh = wkg? v+, (4.4)
oh = ub -8 g i @) -k [~ 80 - T R)], @)
= g () @), (4.6)
o = ulig' P () + T (2], (4.7)
oy = ul[Bul)+ g% ()] + ol [ BEE) - g (3)] (48)

where 1(z) and w(z) are arbitrary analytic functions of the complex variable z. Outside
the crack the displacement must be continuous across the interface zo = 0 for |z1| > a so
that from (4.3) and (4.6)

(@) +9 (z1) =w (z1) + @ (z1) for |z1] > a. (4.9)

where
i () = vt ), Im () =0 (), (4.10)
$2liiI}J+w(z) = w (1), mliﬁr%iw(z) =w™ (x1). (4.11)

Hence

() —wh () =w (1) =¥ (z1) for |z1] > a. (4.12)
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Thus if a function x(z) is defined by
Y(z)—w(z) = x(z) for z€lL, (4.13)
w(z)—w(z) = x(z) for z€R (4.14)

and the function x(z) is required to be analytic in the whole plane cut along [—a, a] then
the displacement will be continuous on xg = 0 for |z1| > a.
The stress 032 must be continuous across the interface o = 0 for |z1| > a where the two
half-spaces are joined so that, from (4.5) and (4.8)
; — - -
pf [~ Bu T (@) + i 0 @0)] + i |- B9 (@) 6 ()]
= pf [Bw(z1) +iw' ™ (@1)] + pg [BOT(21) — i @7 (21)]
|z1| > a. (4.15)

Hence

o [ BV () i ()] = pi [BEF(21) —i @ (21)]
= Wb [BY @) i 0 (@)] 4l [Be (@) +i w0 (@)
|z1| > a. (4.16)

Thus if we define a function ¢(z) by

0 1=Bv() +iv ()] = g [BE(2) — i@ ()] = ¢(2) for z€ L,  (4.17)
it [89() 410 ()] + 1 [Buo(e) 41w/ (] = 0() for z€ R (418)
and require ¢(z) to be analytic in the whole plane cut along [—a, a] then the stress will be

continuous on zg = 0 for |z1| > a.
Use of (4.13) and (4.14) to substitute for w(z) and @(z) in (4.17) and (4.18) yields

—(ug + ) [BY(2) =i (2)] = —ug [Bx(2) —ixX (2)]+6(2) for z€ L, (4.19)
(s + 1) [0 +iT (@] = —uf 16x(2) +i X (2)]+6(2) for =€ R, (420)
so that
)’ = R —ix'(z 1 or z
BUE i) = +u0 FLAXE) i X (] + AT 8(2) for 2 € L (1.21)
- vl - _U .
Bi(z) +i(z) = o OM [Bx(z )—HX(Z)H_M +MR ¢(z) for z € R.(4.22)

Hence denoting the antiplane stress over the crack faces by os2(z1,0) = p(x1) it follows
from (4.5), (4.8), (4.21) and (4.22) that

o = ub [~ BT @) it @)] 4l [ 80 (@) =i T (a)]
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_ L, R
= % [BX+($1) - Z X/+(x1)] + /117012 ¢+(£L'1)

Mo + Ho &+ 1
ool R [ (o) + i3 (o)] - BS () = o)
b+ p uL+uR
for |z1] < a, (4.23)
o5y = u [Bw (@) +iw' ™ (21)] +pf [BwT(21) —i @ (21)]

= Wi (x1) + x (@) + i (21) + X' (21)
Bl (1) — x (@) — il (@) — X' (@)

= w60 (@) + i (@)] + pf O (@) i (21)]
Bl (1) — i (20)] — il (@) — X (20)

R
= fﬁ[ﬂxﬂqu'*(m)} #MRW( )
U(%U(I)% — .- R
m[ﬁx (x1) +1i x (xl)]+u +uR¢( 1) = p(z1)
for |z1] < a, (4.24)
where
i x(G) =y, T x(z) =y (), (4.25)
Jim 6(2) = 67 (n), T 6(z) = 6~ (m). (4.26)

Thus to solve the problem complex functions x(z) and ¢(z) are required which are analytic
in the whole plane cut along [—a, a] and satisfy equations (4.23) and (4.24). The stress is
required to vanish at infinity so it is necessary that

x(z) =0(1/2), ¢(2)=0(1/z) as |z| = oc. (4.27)
Subtracting (4.24) from (4.23) yields
¢t (1) = ¢~ (z1) for |z1| < a. (4.28)

Hence ¢(z) is analytic in the whole plane and therefore, from the condition (4.27) and
the maximum modulus principle for complex functions, must be identically zero. Thus
equations (4.23) and (4.24) reduce to

—BIxH (1) = X (@) + il (@) + ¥ (31)] = %zz( 1) for o] <a.  (4.29)

From (4.3), (4.6), (4.13) and (4.14) the crack opening displacement across the boundary
9 = 0 of the two regions L and R is given by

ug (21,0) = ug'(21,0) = x T (21) = x7 (21). (4.30)

The function x(z) is chosen to be analytic in the whole plane cut along the interval |z1| < a,
29 = 0. This ensures continuity of displacement on zo = 0, |x1| > a where the two materials
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are joined. Over the crack in zo = 0, |21| < a the crack opening displacement across the
crack faces is denoted by U(z1) so that

xT(x1) — x " (v1) =U(x1) for  |21] < a, (4.31)
where U(x1) is to be determined. Hence the function x(z) is given by

L[ u§)de

= — . 4.32
X = 5o | e (432
On the crack faces x™(z1) and x~(z1) are given by
1 [f*uds 1
+ - -
X (1) = i) E—m + 2u($1) for |z1] < a, (4.33)
_ 1 TUdE 1
X (z1) = %][—a g 52/{(1:1) for |z1] <a, (4.34)
where the integrals in (4.33) and (4.34) are Cauchy principal value integrals.
Differentiation of (4.32) provides
/ 1 /a U(g)dg
= — . 4'
V=50 | e (135)
Hence )  ue)de )
Jr
XI (ml) = Tm fa m + 5[14/(5131)] for |$1‘ < a, (436)
_ 1 “U&)de 1
X/ (ZL'l) = Tm %a(f—xl)Q — i[u/(xl)} for |I’1| <a, (437)

where the integrals in (4.36) and (4.37) are Hadamard finite part integrals. Addition of
(4.36) and (4.37) yields

Y (@) + X (21) = %j{a (?(_glcﬁz for |z1] < a. (4.38)

Substitution of (4.33), (4.34) and (4.38) into (4.29) gives

L [* UE)d § + uf
—BU(x1) + = %;a G (gijjz = Mzgugo p(x1) for x| <a. (4.39)

It is convenient at this point to introduce the non-dimensional variables

r=m1/a, t=Ea, u=Uja, B=p/C, p~=u¥/C, pf=ul/C,
B =Pa, u§=uf/a, U§=uf/a, T =0%/C, Th =o05/C, (4.40)

where C is a reference pressure. In terms of the non-dimensional variables equation (4.39)

becomes L . "
1 u(t)dt [t o
—B" u(z) + - 7[_1 - 2)? = IR p(x) for |x| < 1. (4.41)
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In view of the fact that the crack opening displacement in a homogeneous isotropic material
under antiplane strain is proportional to (1 — 2)'/2 we try for a solution to the equation
(4.41) in terms of Chebyshev polynomials of the second kind U,.(¢) in the form

J
u(w) = (1-2*)?> a,Upy(x) for |z <1, (4.42)
r=1

where the «, for » = 1...J are constants. Now from known results for Hadamard finite
part integrals (see Erdogan and Ozturk (6))

1Y u(t)dt L1 YU () (1 — ) 2dt
%7[1@—@2 Zaﬁé (t—a)?

J
= —ZarrUr,l(ac) for x| < 1. (4.43)
r=1

Use of (4.42) and (4.43) in (4.41) provides

J L R

S [-5 (122 — o] oy a o) = % B(z) for o <1. (4.44)
1

—
For a particular J equation (4.44) contains J unknowns «,. for r = 1,2,...J. To generate J
linear equations which may be solved for the unknowns «,., J distinct points are chosen in the
interval |z| < 1. These points are chosen to be the zeros cos(kn/(J+ 1)) for k =1,2,...,J
of the Chebyshev polynomial U;. This choice ensures convergence of the sum in (4.44) as
J increases (see Mason and Handscomb (9)).

Once the a, have been determined equations (4.42) and (4.40) give the crack opening
displacement U(x1,0) and then x(z) may be obtained through equation (4.32). Also since
¢(z) is identically zero equations (4.19) and (4.20) will be satisfied if

R
Ho
Pv(z) = ———= x(z) for z€L, (4.45)
g+ nft
— — it
v(z) = ———=x(z) for z€R 4.46)
il + pg (

and hence from (4.13) and (4.14)

w = —x(z) = 7_’UL z or =z

w(z) = ¥(z)—x(z)= p’ +°M§ x(z) f €L, (4.47)
= 9 *7'UL z or z

w(z) = P(z)+x(z) = L fug x(z) f € R, (4.48)

so that once x(z) has been determined (z) and w(z) may be obtained from equations
(4.45) to (4.48). Then substitution in equations (4.3) to (4.8) provides the displacement
and stress throughout the material.
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In particular the displacements u% and uf on xo = 0 are given by

o R
ub(21,0) = ¢H@)+ 9 (21) = 0 (@) — x ()]
My + o
_ p: +NR U(z1) for |zi1| < a, (4.49)
0 for |z1| > a,
—uk
ug (z1,0) = w (21)+w (21) = ———= X" (#1) — x (21)]
My + Mo
_ . U(xr) for |z1] < a, (4.50)
0 for |z1| > a.

Now since x(z) = O(1/z) as |z| — oo it follows from equations (4.45) to (4.48) that (z),
¥(2), w(z) and W(z) are all O(1/2) as |z| — co. Therefore from equations (4.1) to (4.8) it is
apparent that the displacement and stress tend to zero as |z| — oo. In particular if 5 > 0
then as |z3| — oo the displacement is O(1/23) and the stress is O(1/x2).

5. Stress intensity factors (SIF's)
From equations (4.23), (4.24), (4.36), (4.37) an (4 40) it follows that for |z| > 1

L R 1
Tl 0) = A
73 uk +u ™ t— x)?
u pt 1 /1 U,_1 (VI — 2dt 51)
= — ! . .
ph 4 pfw "1/ (t —x)?
Use of contour integration on the integral in (5.1) provides (Chan et al. (2))
1
n(H)V1 —t2 (1
/ U()ﬁdt%L() as r— 1+ for n=0,1,2..., (5.2)
1
U, (t)vV1 — 2 U,(—1
/ UlVIZ8 gy WUl g o 1 for n=0,12....  (53)
-1 (t - .’E) —2(1‘ =+ 1)
and use of these results in (5.1) yields
U (1)
0) as = — 14, 5.4
as2(a, L + MR Z m z (5.4)
T32(z, 0) Z Gl I R (5.5)
Tur + uR V=2(x +1)
At the crack tip at = 1 the stress 1nten51ty factor is given by
Ky = liHll+ vV (x —1)T32(x,0) (5.6)
T—
L+N fzar r— 1 (57)
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and at the crack tip at x = —1

K- = lim1 —(z+1)T32(z,0) (5.8)
z——1—
phf 1
= A N a0 U(-), 5.9
“L+“R\/§T:1a 1(=1) (5.9)

6. Two closed form solutions

At this point it is useful to consider two limiting cases when a closed form solution to the
crack problem is readily obtained. These analytical solutions will provide a measure of
verification for the numerical values calculated by employing equation (4.44).

Firstly for a homogeneous material 5 = 0 so that equation (4.29) with p(z1) = —po
(constant) becomes

po<u€+u§

: for |z1] < a. (6.1)
NS )

X (@) + X ()] = -

The analytic function x(z) satisfying (6.1) which is analytic in the whole plane cut along

the 1 axis from xy = —a to 1 = a and also provides zero stress at infinity is available
from the well-known solution to the Hilbert problem (see for example England (10)) in the
closed form
x(z)=—-=|——%— {z— z—a}. .
2i \ pgnd
Over the crack surface the crack opening displacement is given by
Ulz) = xT (1) —x (a1) (6.3)
L R
= po (MOL—’_’;O) a?—z? for |x1] <a. (6.4)
Ho Mo

The stress o3p on x5 = 0 for |z1| > a is given by
L R
. Ho Mo ) [ 1+ ’—
o3 = i|—7—75 ] |X (z1)+x (951)}
(u€+u§
Ty
= Do [1 - 7'2 | 2] : (6.5)
xi—a

In non-dimensional form equations (6.4) and (6.5) become
ul 4 uR
u(x,0) = pg <MLMR) V1—z2 for |z]<1, (6.6)

Y
32 0 m
where pj, = po/C. In this case the stress intensity factors defined in (5.6) and (5.8) are given
by

} for |z| > 1, (6.7)

/
K, =Kk_=20 (6.8)

3
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Secondly consider the case when [ is sufficiently large so that the terms involving (§ in
equations (4.23) and (4.24) with ¢(z) = 0 are large compared to the remaining terms. Thus
ignoring the remaining terms expressions for the stress on zo = 0 may be written in the

form L on
L R Ho Ho n _
o5p =03y = =0 5 [X"(#1) = X" (#1)]

He + 1
so that setting o, = o = p(z1) = —po yields

1 :U/L +MR

+ - 0 0
X (x1) = x (21) =5 =55 po for |z1] <a.
B ugng

Use of Cauchy’s theorem gives x(z) in the form

Lyult 1 % dt
X(z) = %Mi/

pbpl 2w ) t—=

po py +pg 1 [2-a
B pkplt 2mi z+a

so that equations (4.31) and (6.9) provide

Po KE+HHg
Z/[(‘Tlao) = B l”'é‘“’g for ‘ml‘ < a’
0 for |z1| > a,

for |z1] < a,

o35(71,0) = o3h(21,0) = { (;po for |z1] > a.

In particular, on 25 = 0 in non-dimensional form equations (6.12) and (6.13) yield

Py pi+p”
u(z,0) = /3(’) uEpk for |z <1,
0 for |z| > 1,
_ _ —ph for |z| <1,
o3(,0) = 735(,0) = { 0 ’ for imI > 1.

and hence, from (5.6) and (5.8), the stress intensity factors are given by
’CJ,_ == IC_ == 0

7. Qualitative analysis of the crack displacement and SIFs

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

Once the constants p”, u®, 3’ and the applied load p(z) are specified the equations (4.44),
(4.41), (5.7) and (5.9) may be used to obtain numerical values for the crack opening
displacement and stress intensity factors. These equations may also be employed to obtain
some qualitative results regarding the crack opening displacement and stress intensity

factors. To this end it is useful to make the substitution

o = (/JLMLR)O/
pEptt )"

(7.1)
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in these equations to provide

Z [—,6” (1—az)t/? - r] Al U,_1(z) =p(x) for |z|<1. (7.2)
L R J
u(z) = (W) (122 ol y(z)  for Jz| <1, (7.3)

1 &
K, = \ﬁ;a,u_l(l), (7.4)

1 &
K. = ﬁ;arw,l(—m. (7.5)

Equation (7.2) is employed to generate J linear equations to determine the o). for r =
1,2...J and since this equation does not contain the constants pu” and p® the o are
independent of these two constants. Thus from (7.3), (7.4) and (7.5) it follows that the
stress intensity factors are independent of u* and pft. Also for a given p(x), a fixed 8’ > 0
and a fixed © = xy with |z¢| < 1 it follows from equation (7.3) that

p 4t

u(zp) x
pkpf

(7.6)
Thus for a fixed 3’ the displacement u(zg) becomes large if u* and/or u® tend to zero.
As (' becomes large the coeflicients in equation (7.2) become large and as a consequence
the coefficients «/. decrease in value with a resulting decrease in the crack opening
displacement and stress intensity factors. When 3’ becomes sufficiently large so that the

term involving r on the left hand side of equation (7.2) can be ignored then with p(z) = —pj,
the equation yields

/
(1 -2 alU,i(2) = % for || < 1. (7.7)
r=1
Hence
7 /
N Uy (2) = Z%(1 — 2?7 Y2 for x| < 1. (7.8)
r=1

Thus using (7.8) to substitute for the sum in equations (7.3), (7.4) and (7.5) the crack
opening displacement over the crack face and the stress intensity factors are given by

P (uL + pft
6/ PJLﬂR

in agreement with equation (6.14).

u(x) > for |z| <1 (7.9)
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When 8’ = 0 equation (7.2) with p(z) = —p} yields
J
Za;rUr,l(x) =p, for |z|<1 (7.10)
r=1

and since Uy = 1 it follows that equation (7.10) will be satisfied if o) = p{, and o). = 0
for r = 2,3,...J. Thus substituting into equations (7.3), (7.4) and (7.5) the crack opening
displacement and the crack tip stress intensity factors are given by

L R
u(r) = pj <W> 1—22 for |z <1, (7.11)

/
Ki=K_= % (7.12)

in agreement with (6.6) and (6.8).
In non-dimensional form equations (4.49) and (4.50) become

uE
ab(x,0) — T u() for |z| <1, (7.13)
s 0 for |z| > 1,
_ L
al(z,0) = oo u(@) for |z <1, (7.14)
’ 0 for |x| > 1.

These equations give the fractions of the crack opening displacement u(z) which are made
up by the displacement @4 (z,0) in the upper half-space and the displacement @4 (x,0)
in the lower half-space. In particular if the ratio u*/uf — 0 then @f(x,0) — 0 and
% (x,0) — u(z). Similarly if the ratio uf*/u” — 0 then @ (z,0) — 0 and w5 (x,0) — —u(x).

8. Numerical results

In this section numerical results for the crack opening displacement and stress intensity
factors are obtained for the crack problem considered in section 4.

To obtain the numerical values the procedure detailed in section 4 was applied to the
equation (7.2) to obtain values of the unknown coefficients «/. for r = 1,2....J. To achieve
convergence to two decimal places in the sum in equation (7.2) it was sufficient to take
J = 9 and choose the values x = cos(kw/10) for k = 1,2,...,9 to generate nine linear
algebraic equations for the . for r = 1,2...9. The linear equations were then solved and
the values of . substituted into equations (7.3) to (7.5) to provide numerical values for the
crack opening displacement and the SIFs.

The numerical results obtained are consistent with the analytical results given by (6.6)
to (6.8), (6.14) and (6.15) and the qualitative analysis in section 7. For the case when
p(x) = —pp the values of the stress intensity factors obtained numerically using equations
(7.2), (7.4) and (7.5) and displayed in Table 1 become small as 8’ becomes large and
tend to the value given by (6.8) for small 3. Also as 3’ becomes large the crack opening
displacement u(z, 0) /p}, obtained numerically using equation (7.3) and displayed in Figures 2
to 4 tends to the profile given by equation (6.14). Specifically when p* = 1 and 8’ = 10 then
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Fig. 2 Crack opening displacement u(x,0)/py for f/ = 0, u = 1 and various values of p”.

Table 1 The values of K = K4 /pj = K_/p{ for various values of 3’

g K

0 0.7071
0.01 0.7025
0.05 0.6848
0.1  0.6642
0.5  0.5417
1 0.4488
5 0.2179
10 0.1420
25 0.0721
50 0.0401
100  0.0213

500  0.0045

for u* =1,0.5,0.25,0.125 the crack opening displacement calculated using (6.14) is given,
respectively, by u(x)/pj = 0.2,0.3,0.5,0.9 while if 5/ = 100 the crack opening displacement
calculated using (6.14) is given, respectively, by wu(x)/p; = 0.02,0.03,0.05,0.09. A
comparison of these displacement values with the corresponding displacement profiles in
Figures 3 and 4 illustrates the movement of the crack opening displacement towards the
values given by equation (6.14) as the value of 5’ increases.

Figures 5 and 6 give the crack opening displacement for the cases 8/ = 0 and 8’ = 10 for
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Fig. 3 Crack opening displacement u(z,0)/pp for 8/ = 10, u® = 1 and various values of u”.
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Fig. 4 Crack opening displacement u(z,0)/ph for ' = 100, u® = 1 and various values of p’.
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Fig. 5 Crack opening displacement u(z,0)/p) for 8/ =0, u =1 and p(z) = —pj(1 + x) /2.
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Fig. 6 Crack opening displacement u(z,0)/py for 8/ =10, pf =1 and p(z) = —pp(1 + z)/2.
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various values of u” when the applied pressure on the crack faces varies according to the
equation p(z) = —pj(142)/2. The corresponding stress intensity factors for this load profile
are Ky /pj = 1.061 and K_ /py = 0.354 when 8’ = 0 and K, /pj = 0.275 and K_ /p{, = 0.019
when ' = 10.

As a consequence of the proportionality relationship (7.6) it follows that if uf* = 1 then
for a given p(x), a fixed 8/ > 0 and a fixed xy € (0,1) the crack opening displacements
u(zo)/ph for u = 0.5, u¥ = 0.25, ul = 0.125 are, respectively, 1.5, 2.5 and 4.5 times the
crack opening displacement for u” = 1. This is consistent with the displacement profiles in
Figures 2 to 6.

By way of comparison with existing solutions to problems of the type considered in this
paper it is noted that, for the special case of the problem considered in section 4 when
pt = Clements et al. (4) derived approximate explicit formulas for the stress intensity
factors and the crack displacement. These approximate formulas are only relevant for small
values of 3’ and for such values they yield numerical values which are consistent with the
corresponding values obtained from the formulas in the present paper. In particular the
approximate formula obtained in (4) for the stress intensity factors for the case when the
applied traction is p(z) = —p{, takes the form

K+:K:5%[1_ﬂ. (8.1)

It may be readily verified that for 0 < 8’ < 0.1 the values generated by this formula are in
close agreement with the corresponding values in Table 1.

9. Conclusion

An antiplane crack problem has been considered for a plane crack along the interface
between two joined dissimilar functionally graded half-spaces in which the elastic parameters
vary quadratically with the spatial coordinates.

Previous studies of crack problems of this type have been restricted to the case when the
inhomogeneous half-spaces are the mirror images of each other in the plane interface. When
such symmetry exists the problem can be reduced to consideration of a boundary value
problem for a single half-space. The current study has investigated the more complicated
case when the two half-spaces are different and hence are not symmetrical with respect to the
plane interface. Expressions for the crack opening displacement and crack tip stress intensity
factors have been obtained in terms of a finite sum of Chebyschev polynomials. These
expressions have been used to obtain numerical values for the crack opening displacement
and stress intensity factors for some particular materials. The results indicate how particular
functional gradations of the material parameters give rise to a substantial reduction in the
stress intensity factors and the crack opening displacement.
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