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ABSTRACT

The purpose of this letter is to present the corrected expressions for the four-pole transmission matrix for a duct with a
linear temperature gradient and an exponential temperature profile, described in Sujith [1]. The corrected equations are
used in the analyses of a duct that is driven by a piston at one end and a rigid termination at the other end and the gas
has a linear and exponential temperature gradients. The acoustic pressure and particle velocity along the duct are calcu-

lated and the theoretical results are compared with predictions using finite element analysis.
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1. Introduction

The four-pole, or transmission line method is a useful
theoretical tool for the acoustic analysis of duct systems
with plane waves [2,3].

Sujith [1] described the four-pole transmission matrix
for a duct with a linear temperature gradient and an expo-
nential temperature profile. It was found that several of
the equations were incorrect and have been corrected
here. Simulations of a duct with a linear and exponential
temperature profiles were conducted using the theoretical
models implemented in Matlab and finite element analy-
sis using Ansys Mechanical APDL and the results agreed.

2. Duct with a Linear Temperature Profile
Consider a duct filled with a gas that has linear tempera-
ture profile given by

T() =T, +mx )
wherem= (T, —T,)/L is the gradient of the temperature

profile, and T, is the temperature at x= L. The speed
of sound and density of the gas vary with temperature as

(4]
c=+yRT/M @)
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p — static (3)

RT
The pressure and acoustic particle velocities at the
ends of the duct are related by the four-pole transmission

matriX as
| 2 11 12 1 (4)
U2 T21 T22 Ul

Where p; and U; are the acoustic pressure and acoustic
particle velocity at the ends of the duct, respectively. The
equations presented by Sujith [1] do not include terms for
the cross-sectional area of the inlet and outlet of the duct,
which is usually included in transmission matrix formu-
lations, such as [5]. By following the derivation pre-
sented in Sujith [1], using the software package Mathcad
to perform the algebraic manipulations, and using the
Wronskian relationship [6]

Jn+l (Z)Yn(z) - ‘]nYn-H (Z) = 2/(7.[2) (5)

The elements of the four-pole transmission matrix are
T
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where the specific gas constant is R, =R/M and the
constant v is

(M

:gﬂﬁ. (10)

Equations (7) and (8) presented here are the corrected
versions of Equations (14) and (15) in Sujith [1].

Note that if one were to define a constant temperature
profile in the duct, such that T, =T, and m=0, the
terms (|m|/m) and (m/|m]|) in Equations (7) and (8)
equate to 0/0, and Equation (10) equates to zero which
causes numerical difficulties. Instead, an approximation
to a constant temperature profile can be made by speci-
fying a small temperature difference between the ends of
the duct, say 0.1°C. It can be shown numerically that this
will approximate the transmission matrix for a duct with
a constant temperature profile and the same cross-sec-
tional areas at the inlet and outlet of the duct given by [5]

cos(KL) joC, sin(kL)
T= jLsin(kL) cos(kL) |’ (10
C

0

3. Duct with an Exponential Temperature
Profile

Sujith [1] also describes the four-pole transmission ma-
trix for a duct with an exponential temperature profile given

by
T(X) = be (12)

The equation for the acoustic pressure along the duct is
given by
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wo o
P(x) = |:C]J ( ] CY( ﬂ (13)
JT JT JT
The equation for the acoustic particle velocity is given by

U (x )—_—lxﬁxﬂ (14)
jop OT 0OX

pT|a|F{ (waj CY[?H (15)

folglz] o

Equation (15) presented here is the corrected version
of Equation (20) in Sujith [1]. Following the same deri-
vation in Sujith [1], using Mathcad to perform the alge-
braic manipulations, and using Equation (5), the elements
of the transmission matrix are

(17)
(]
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Equations (17) to (20) presented here are the corrected
versions of Equations (21) to (24) in Sujith [1].

D, = (23)
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4. Finite Element Analysis

A finite element model of a duct with a piston excitation
at one end and rigid termination at the other end was cre-
ated using the finite element analysis software Ansys,
release 14.5. A capability introduced in release 14.5 is
the ability to define acoustic elements that have tem-
peratures defined at nodes. In previous releases of the
software, the speed of sound and density of the gas had
to be defined using a set of material properties. A model
of duct with temperature variations could only be created
using small duct segments with constant material defini-
tions in each segment. Hence, an impedance discontinu-
ity would have been created at the interface between two
duct segments with dissimilar material properties, and
would have caused acoustic reflections due to the im-
pedance mismatch at the interface. The new capability
enables one to define a temperature gradient across an
element so that there is no impedance discontinuity.

The process for conducting an acoustic finite element
analysis where there are variations in the temperature of
the gas involves several steps as follows:

1) A solid model is created that defines the geometry
of the system.

2) The solid model is meshed with thermal elements
(SOLID70).

3) The temperature boundary conditions are applied
for each region.

4) A static thermal analysis is conducted to calculate
the temperature distribution throughout the duct network.

5) The temperatures at each node are stored in an ar-
ray.

6) The thermal elements are replaced with acoustic
elements (FLUID30).

7) The values of temperatures stored in the array are
used to define the temperature at each node.

8) Anechoic boundary conditions are set at the duct
inlet and outlet (using the MAPDL command SF, IMPD,
INF).

9) The acoustic velocity at the duct inlet is defined (us-
ing the MAPDL command SF, SHLD, velocity).

10) A harmonic analysis is conducted over the analysis
frequency range.

11) The sound pressure levels at the duct inlet, outlet,
and the entrance and closed end of the QWT are calcu-
lated.

Table 1 lists the parameters of the duct where there
was a linear temperature gradient.

Figure 1 shows the finite element mesh of the circular
duct created using Ansys Mechanical APDL. Figure 2
shows the results from conducting a static thermal analy-
sis, where the temperatures at the inlet and outlet of the
duct were set as boundary conditions that causes a linear
temperature profile in the duct. The calculated nodal tem-
peratures from the thermal solid elements are used to de-
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Table 1. Parameters used in the analysis of a piston-rigid
circular duct with alinear temperature gradient.

Description Parameter Value Units
Radius of duct a 0.05 m
Length of duct L 3.0 m

Velocity at rigid end U, 0.0 m/s
Velocity of piston u 1.0 m/s
Temperature at rigid end T, 673 K
Temperature at piston end T, 293 K
Excitation frequency f 200 Hz
Ratio of specific heats /e 1.4 No units
Universal gas constant R 8.314462 Jmol " K
Molar mass of air M 0.029 kg-mol ™!
Atmospheric pressure P 101325 Pa

Figure 1. Finite element mesh of the duct.
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Figure 2. Linear temperature gradient of the gasin the duct
wher e the temper ature contoursarein Kelvin.

fine the temperature at the nodes of the acoustic ele-
ments.

5. Comparison of Theoretical and
FEA Predictions

A circular duct with a piston at one end and a rigid ter-
mination at the other was modeled theoretically using-
Matlab, and using finite element analysis, using Ansys
Mechanical APDL release 14.5.

Figure 3 shows the comparison of the sound pressure
level in the duct calculated using the theoretical model
and Ansys Mechanical APDL for the cases where the
temperature of the gas in the duct was:

e at an elevated temperature of 400°C;
e at an ambient temperature of 22°C;
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o alinear temperature gradient of 400°C at the rigid end
and 20°C at the piston end.

Figure 4 shows the comparison of the sound pressure
level in the duct calculated using theory and Ansys Me-
chanical APDL when there was an exponential tempera-
ture profile of the gas between T;= 1000°C = 1273 K at
the rigid end and T,=20°C =293 K at the piston end.

The Ansys Mechanical APDL results agree with the
theoretical predictions. Comparisons were also made be-
tween theoretical and Ansys predictions of the real and
imaginary parts of the acoustic pressure and acoustic par-
ticle velocity and all the results agreed.
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Figure 3. Sound pressure level in a piston-rigid duct at 22°C,
400°C, and linear temper ature gradient 400°C to 20°C.
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Figure 4. Sound pressure level in a piston-rigid duct when
there was an exponential temperature profile from 1000°C
to 20°C.
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6. Conclusion

The corrected equations are presented from Sujith [1] for
the four-pole transmission matrix for the cases of a linear
temperature gradient and an exponential temperature
profile. The predictions using the theoretical models for
the cases of a linear and exponential temperature profiles
in a duct with a piston at one end and rigid termination at
the other agreed with results from finite element analy-
ses.
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List of Symbols

a: radius of the duct

b: constant in Equation (12)

Co: speed of sound at ambient temperature
C,,C, : speed of sound at each end of the duct
D,, D, : constants in Equations (22) and (23)
1j : unit imaginary number

J, : Bessel function of the nth order

k : wave-number

L : length of the duct

M : molecular weight of air

P, P, : pressure at the ends of the duct

P....: static pressure in the duct

static *

R : universal gas constant
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R, = R/M : specific gas constant

S: cross sectional area of the duct

T : temperature of the fluid

T,,T, : temperatures of fluid at the ends of the duct
u,,u, : particle velocities at the ends of the duct
V,,V, : mass volume velocity at the ends of the duct
Y, : Neumann function of the n-th order

Z: axial coordinate along the duct

o : constant in Equation (12)

p,.P, : density of fluid at ends of duct

o: angular frequency
v: constant defined in Equation (10)

v : ratio of specific heats (Cp/Cy)
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