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Abstract—Standard beam space processing algorithms, such 

as minimum variance distortionless response, normally assume 

that the transmitter is omni-directional, and hence are mis-

matched when the transmitter is directional. This paper derives a 

new formula for the case of directional transmission. An example 

shows that the new formula achieves significantly better 

performance than the standard beam space formula when the 

transmission is via directional beams. Also, the idea of adding 

virtual beams to reduce the response to out of sector signals is 

proposed. Finally, the applicability of the algorithm for non-

stationary scatterers is examined. 

Keywords—beam space; directional transmission; optimum 

beamforming; virtual beams 

I. INTRODUCTION 

In phased array systems, applying optimum weights to each 
element output according to some optimisation criterion can 
achieve better performance than conventional beamforming. 
For example, the popular minimum variance distortionless 
response (MVDR)-Capon algorithm [1] minimises the output 
power subject to a look direction constraint. In practice, the 
receiver outputs may not be accessible and only beamformer 
output signals are available, as occurs in many phased array 
radar and sonar systems, and in such cases it is not always 
possible to modify the element (receiver) weights. However 
weights can be applied to the outputs of different beams to 
maximise the signal-to-noise ratio (SNR) [2]: such approaches 
are termed beam space (BS) methods. Popular direction finding 
algorithms such as MUSIC [4, 5], ESPRIT [6] can also be 
implemented in beam space. The BS approach may also be 
used to achieve lower dimensionality, less computation, 
reduced statistical variance [3] and higher robustness [7]. 

Current BS algorithms are formulated for either passive or 
active systems which assume that the transmitter is omni-
directional. This implies that the return from any scatterer at 
the receive array is statistically the same for all beams. 
However in many practical cases, directional transmission 
where a single transmit beam and a single receive beam are 
synchronously scanned over a sector of interest is widely used. 
In these cases, the return from any particular scatterer at the 
receive array will vary from beam to beam as the amount of 
energy it receives from the transmitter will vary according to 
each scatterer’s orientation relative to the maximum response 
axis of the transmit beam. In this case since the statistics of the 
receiver outputs for each transmit beam vary, different 

theoretical expressions for the element space (ES) and BS 
covariance matrices will result. 

For ES approaches directional transmission does not pose a 
severe problem as for each transmitted beam an ES covariance 
matrix can be estimated and used to derive the optimum set of 
array weights provided the sampling rate is fast enough to 
allow a sufficient number of degrees of freedom to be used for 
its estimation. However the standard BS method assumes that 
the BS covariance matrix is a linear transformation of a fixed 
ES covariance matrix and so for directional transmission where 
the receiver ES covariance matrix varies with the transmit 
beam, the performance of the standard BS approach will be 
degraded. This paper derives a new BS MVDR beamforming 
formula for the directional transmission mode. It should be 
commented that this approach requires that the scatterers 
remain stationary, in a statistical sense (i.e., wide sense 
stationary), during the interval over which the beams scan the 
sector of interest. 

In Section II the standard BS MVDR formula is described 
and the loss of performance when directional transmission is 
used is examined. A new BS MVDR formula for directional 
transmission problem is derived in Section III and the 
performance of the new formula is demonstrated by an 
example. When beam scanning is not over the full azimuthal 
and elevational ranges BS approaches show a high response to 
out of sector signals and an approach to alleviate this problem 
is described in section IV. The performance of the algorithm 
for both stationary and non-stationary scatterers is discussed in 
Section V. The paper is concluded in Section VI. 

II. STANDARD BS FORMULATION AND PERFORMANCE FOR 

DIRECTIONAL TRANSMISSION 

A. Formulation of standard BS MVDR processing 

Consider a uniform linear array (ULA) of K receivers with 
separation d where the steering vector for a narrow band signal 
incident on the array from an angle θ can be defined as 

𝒗(𝜃) =  [1 𝑒𝑗2𝜋𝑑/𝜆 𝑠𝑖𝑛(𝜃) ⋯ 𝑒𝑗2𝜋(𝐾−1)𝑑/𝜆 𝑠𝑖𝑛(𝜃)]
𝑇,   (1) 

where (·)T denotes transpose and λ is the wavelength. At a 
given range, there are L independent scatterers located at 
angles 𝛩 = [𝜃𝑠1  𝜃𝑠2 ⋯ 𝜃𝑠𝐿]  and their received complex 
amplitudes written as an L×1 vector 𝒔 = [𝜎𝑠1  𝜎𝑠2 ⋯ 𝜎𝑠𝐿]𝑇 



are proportional to their radar cross section. The signal 
covariance matrix is given by 

 𝑹𝒔 = E{𝒔𝒔
𝑯}.                           (2) 

where (·)H denotes the Hermitian transpose. The output from K 
receivers is written in a vector as 

𝒙 = 𝑽𝒔(𝛩)𝒔 + 𝒏,                             (3) 

where           𝑽𝒔(𝛩) = [𝒗(𝜃𝑠1) 𝒗(𝜃𝑠2) ⋯ 𝒗(𝜃𝑠𝐿)],       (4) 

where the K × L matrix 𝑽𝒔(𝛩)  contains steering vectors 
corresponding to the directions of arrival (DOA) of the signals 
and n is the K×1 vector of uncorrelated receiver noise. The ES 
covariance matrix is given by 

𝑹𝒙 = E{𝒙𝒙
𝐻} = 𝑽𝒔(𝛩)𝑹𝒔𝑽𝒔

𝑯(𝛩) + 𝜎𝑛
2𝑰.         (5) 

where 𝜎𝑛
2 is the noise power and I is an identity matrix. 

The ES MVDR algorithm is well known and its output 
power is given by [1] 

𝑝𝑚𝑣𝑑𝑟_𝐸𝑆(𝜃) = (𝒗
𝐻(𝜃)𝑹𝒙

−1𝒗(𝜃))−1. (6) 

The output of a conventional beam steered in direction 𝜃  is 
given by 

𝑦(𝜃) = 𝒗𝐻(𝜃)𝒙,                   (7) 

where the vector output of M conventional beams is  

𝒚 = [𝑦(𝜃1) 𝑦(𝜃2) ⋯ 𝑦(𝜃2)]
𝑇.              (8) 

The BS covariance matrix is given by 

𝑹𝒚 = E{𝒚𝒚
𝐻} = 𝑽𝑯𝑹𝒙𝑽,                (9) 

where 𝑽 is the K×M matrix containing the steering vectors for 
each of the various beams and is given by 

𝑽 = [𝒗(𝜃1) 𝒗(𝜃2) ⋯ 𝒗(𝜃𝑀)].            (10) 

The vector of beam outputs due to a single plane wave from 
direction 𝜃 is the constraint vector and is given by  

𝒉(𝜃) = 𝑽𝐻𝒗(𝜃).                            (11) 

The optimum BS beamformer is given as the solution of the 
problem (see [2] and [8], Chapter 6) 

min 𝒘𝐻𝑹𝒚𝒘 subject to 𝒘𝐻𝒉(𝜃) = 1,           (12) 

and the solution is given by 

𝒘(𝜃) =
𝑹𝒚
−𝟏𝑽𝐻𝒗(𝜃)

𝒗𝐻(𝜃)𝑽𝑹𝒚
−1𝑽𝐻𝒗(𝜃)

.                      (13) 

The output power of the BS MVDR beamformer is 

𝑝𝑚𝑣𝑑𝑟_𝐵𝑆(𝜃) = (𝒗
𝐻(𝜃)𝑽𝑹𝒚

−1𝑽𝐻𝒗(𝜃))−1.           (14) 

B. Model of the directional transmission mode 

Consider an active system where the transmit energy is 
beamformed in a certain direction and at the receiver the array 
elements receive the scattered energy by forming a beam in the 
same direction. When a pulse from the m-th beam is 
directionally transmitted at an angle 𝜃𝑚, and is reflected back 
by L scatterers located at angles 𝛩 , the vector of receiver 
outputs can be expressed as 

𝒙(𝜃𝑚) = 𝑽𝒔(𝛩)(𝑽𝒔
𝑻(𝛩)𝒗∗(𝜃𝑚)/𝐾 ∘ 𝒔) + 𝒏.         (15) 

where (·)* denotes complex conjugate and ∘  denotes the 
Hadamard product. Thus the ES covariance matrix is transmit 
beam dependent and is given by 

𝑹𝒙(𝜃𝑚) = 𝑽𝒙(𝛩, 𝜃𝑚)𝑹𝒔𝑽𝒙
𝑯(𝛩,  𝜃𝑚).             (16) 

where     𝑽𝒙(𝛩, 𝜃𝑚) = [𝒗𝒙(𝜃𝑠1,  𝜃𝑚)⋯𝒗𝒙(𝜃𝑠𝐿 ,  𝜃𝑚)],        (17) 

𝒗𝒙(𝜃𝑠𝑖 , 𝜃𝑚) = 𝒗
𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑖)𝒗(𝜃𝑠𝑖)/𝐾, 𝑖 = 1, 2 ··· 𝐿.   (18) 

The vector containing the beamformed receiver outputs 
corresponding to M different transmit beams is given by 

𝒚 = [

𝑦(𝜃1)

𝑦(𝜃2)
⋮

𝑦(𝜃𝑀)

] = [

𝒗𝐻(𝜃1)𝒙(𝜃1)

𝒗𝐻(𝜃2)𝒙(𝜃2)
⋮

𝒗𝐻(𝜃𝑀)𝒙(𝜃𝑀)

],               (19) 

where the dependence of the outputs 𝒚 on the chosen direction 
of the transmit beams is explicitly shown and for a single 
scatterer at angle 𝜃𝑠𝑖 reduces to  

𝒗𝒚(𝜃𝑠𝑖) = [

𝒗𝐻(𝜃1)𝒗(𝜃𝑠𝑖)𝒗
𝐻(𝜃1)𝒗(𝜃𝑠𝑖)/𝐾

𝒗𝐻(𝜃2)𝒗(𝜃𝑠𝑖)𝒗
𝐻(𝜃2)𝒗(𝜃𝑠𝑖)/𝐾
⋮

𝒗𝐻(𝜃𝑀)𝒗(𝜃𝑠𝑖)𝒗
𝐻(𝜃𝑀)𝒗(𝜃𝑠𝑖)/𝐾

].     (20) 

For the above case the BS covariance matrix is given by 

𝑹𝒚 = 𝑽𝒚(𝛩)𝑹𝒔𝑽𝒚
𝑯(𝛩) + 𝐾𝜎𝑛

2𝑰.                (21) 

where      𝑽𝒚(𝛩) = [𝒗𝒚(𝜃𝑠1) 𝒗𝒚(𝜃𝑠2) ⋯ 𝒗𝒚(𝜃𝑠𝐿)].     (22) 

C. Application of the standard BS MVDR method to a 

directional transmission problem 

It has been proved in [2] that the optimum BS gain equals 
the optimum ES gain when there are K independent beam 
spanning the full angular sector, because 𝑽 becomes a K × K 
full rank invertible matrix so 𝒙 = (𝑽𝐻)−1𝒚 , and all the 
information in ES is retained in the BS formulation. In practice, 
signals of interest are normally located in a given subsector of 
the full angular region and so beams are only formed in that 
subsector and so the above result is not applicable. 
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In the following example a horizontal, uniform linear array 
of 64 elements spaced half a wavelength apart is considered. 
Two independent scatterers whose returns have SNRs of 10 
and 6 dB at a single receiver are located at azimuth angles 8° 
and 15° respectively. Only 21 beams were formed spanning the 
azimuthal region of -2° to 18° with 1° separation. The 
theoretical output power values of the standard BS MVDR, the 
ES conventional and MVDR beamformer are plotted versus 
azimuth angle in Fig. 1. 

As the covariance matrix varied for each different 
transmit/receive beam, the ES results were obtained by 
processing the 21 sectors separately and the covariance matrix 
corresponding to the nearest transmit beam was used to derive 
the output power. Note in this case the standard BS MVDR 
algorithm assumes omni-directional transmission whilst the 
data comes from directional transmission, thus resulting in 
model mismatch. Whilst the direction of arrival of each signal 
can be estimated by the standard BS MVDR method, the 
mismatch has resulted in very low SNRs for both signals. 
Obviously, the standard BS MVDR formula has very poor 
performance when a directional transmitter is used. 

III. FORMULATION OF DIRECTIONAL TRANSMISSION BS MVDR 

PROCESSING AND PERFORMANCE EVALUATION 

According to (9), the BS covariance matrix is a linear 
transformation of the ES covariance matrix and the formula 
(14) is based on a condition that ES covariance matrix is 
constant. For the directional transmission problem, the ES 
covariance matrix varies as the transmit beam changes so the 
formula is no longer applicable. In this section, the derivation 
of a modified BS algorithm takes into account the scanning 
beampattern of the transmit array. 

A. Formulation of directional transmission BS MVDR 

processing 

To modify the BS approach, we consider stacking all the 
receiver outputs for each of the M different transmit beams to 
form a new stacked KM×1 vector 

𝒙 = [

𝒙(𝜃1)

𝒙(𝜃2)
⋮

𝒙(𝜃𝑀)

].          (23) 

The corresponding KM×KM covariance matrix is given by 

𝑹𝒙 = 𝐸{𝒙𝒙
𝐻} 

= 𝐸

{
 

 

[
 
 
 
𝒙(𝜃1)𝒙

𝐻(𝜃1) 𝒙(𝜃1)𝒙
𝐻(𝜃2) ⋯ 𝒙(𝜃1)𝒙

𝐻(𝜃𝑀)

𝒙(𝜃2)𝒙
𝐻(𝜃1) 𝒙(𝜃2)𝒙

𝐻(𝜃2) ⋯ 𝒙(𝜃2)𝒙
𝐻(𝜃𝑀)

⋮ ⋮ ⋱ ⋮
𝒙(𝜃𝑀)𝒙

𝐻(𝜃1) 𝒙(𝜃𝑀)𝒙
𝐻(𝜃2) ⋯ 𝒙(𝜃𝑀)𝒙

𝐻(𝜃𝑀)]
 
 
 

}
 

 
. (24) 

The stacked receiver beam outputs are given by  

𝒚 = [

𝑦(𝜃1)

𝑦(𝜃2)
⋮

𝑦(𝜃𝑀)

] = [

𝒗𝐻(𝜃1)𝒙(𝜃1)

𝒗𝐻(𝜃2)𝒙(𝜃2)
⋮

𝒗𝐻(𝜃𝑀)𝒙(𝜃𝑀)

] = 𝑼𝐻𝒙,        (25) 

Fig. 1. An example of applying the BS MVDR standard formula to 

directional transmission mode and comparing with the ES conventional and 

MVDR beamforming. The conventional beamforming outputs are normalised. 

where             U=[

𝒗(𝜃1) 0 ⋯ 0

0 𝒗(𝜃2) ⋮ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝒗(𝜃𝑀)

].                 (26) 

The resulting BS covariance matrix is given by  

𝑹𝒚 = 𝐸{𝒚𝒚
𝐻} = 𝑼𝐻𝑹𝒙𝑼.               (27) 

The stacked vector for constraining to unity the output for a 
plane wave incident on the receive array from direction at 𝜃 is 
given by 

𝒗𝒑(𝜃) = [

𝒗𝐻(𝜃1)𝒗(𝜃)𝒗(𝜃)/𝐾

𝒗𝐻(𝜃2)𝒗(𝜃)𝒗(𝜃)/𝐾
⋮

𝒗𝐻(𝜃𝑀)𝒗(𝜃)𝒗(𝜃)/𝐾

] = (𝑽𝐻𝒗(𝜃)⨂𝒗(𝜃)/𝐾. (28) 

where ⨂ denotes the Kronecker product. It can be shown that 
with this formulation the output power of the optimum BS 
beamformer at 𝜃 is given by 

𝑝𝑜𝑝𝑡_𝐵𝑆(𝜃) = (𝒗𝒑
𝐻(𝜃)𝑼𝑹𝒚

−𝟏𝑼𝐻𝒗𝒑(𝜃))
−1.          (29) 

The optimum BS weight for the directional transmission at 
angle θ is given by 

𝒘𝑜𝑝𝑡_𝐵𝑆(𝜃) =
𝑹𝒚
−𝟏𝑼𝐻𝒗𝒑(𝜃)

𝒗𝒑
𝐻(𝜃)𝑼𝑹𝒚

−1𝑼𝐻𝒗𝒑(𝜃)
=

𝑹𝒚
−𝟏𝒗𝒚(𝜃)

𝒗𝒚
𝐻(𝜃)𝑹𝒚

−1𝒗𝒚(𝜃)
.    (30) 

B. Performance evaluation of new BS MVDR formula 

The new BS approach was applied to the same signal 
model as in Section II. The theoretical output power values of 
the directional transmission BS MVDR formula, ES 
conventional and MVDR are plotted versus azimuth in Fig. 2. 

The performance of the directional transmission formula is 
significantly better than the standard BS MVDR formula. The 
power of signal of interest is estimated accurately and the 
resolution is much higher than the conventional ES 
beamforming, even slightly better than the standard ES 
MVDR. 

 



 

 

 

 

 

 

 

 

Fig. 2. An example of applying the proposed BS MVDR formula to 

directional transmission mode and comparing with ES conventional and 

MVDR beamformer. The conventional beamforming outputs are normalised. 

IV. OUT OF SECTOR INTERFERENCE 

In Fig. 2, it is apparent that the BS MVDR output power in 
the region not contained within the sector of interest is very 
strong. Whilst this may not be an issue as there has been no 
energy transmitted into this region, the high response in this 
area may cause a problem with receiver noise and sensitivity. 
Notice this effect occurs for both conventional and directional 
BS approaches. The reason is that no eigenvectors in the beam 
space covariance matrix 𝑹𝒚  correspond to out of sector 

steering vectors , so a large value is obtained by (14) or (29) 
and no suppression is made by the MVDR algorithm. 

To remove these high outputs, N extra virtual beams at 
selected angles in the "out of sector" region 𝛩𝑒𝑥𝑡𝑟𝑎 =
[𝜃𝑀+1 𝜃𝑀+2 ⋯ 𝜃𝑀+𝑁]  are added and are assumed to 
contain uncorrelated noise only. The modified covariance 
matrix is given by 

𝑹𝒚_𝑨𝒍𝒍 = [
𝑹𝒚 𝟎

𝟎 𝐾𝜎𝑛
2𝐼
].         (31) 

Inspection of the above augmented BS covariance matrix 
indicates that the effect is to add additional eigenvalues at the 
noise level. For the augmented system, the stacked steering 
vector in (28) becomes 

𝒗𝒑(𝜃) = [

𝒗𝐻(𝜃)𝒗(𝜃1)𝒗(𝜃)/𝐾

𝒗𝐻(𝜃)𝒗(𝜃2)𝒗(𝜃)/𝐾
⋮

𝒗𝐻(𝜃)𝒗(𝜃𝑀+𝑁)𝒗(𝜃)/𝐾

].          (32) 

An example is shown here, where the scenario was the same 
as that previously used but an extra interference at 20° with 
40dB interference-to-noise ratio (INR) has been added. Virtual 
beams from -90° to -3° and 19° to 90° with 1° separation were 
added and the virtual beams contained only noise. As 
discussed above, the output power values of directional 
transmission BS MVDR processing with and without virtual 
beams are shown in Fig. 3. It shows that the high out of sector 
response has been effectively removed, and the out of sector 
signal (interference) has been attenuated, as we assumed the 
beam output at the direction of interference is only noise; 
additionally, the output power at the angle of the source signal 
is attenuated very slightly. 

 

 

 

 

 

 

 

 

Fig. 3. The output power values of directional transmission BS MVDR 

processing with and without virtual beams 

V. PERFORMANCE OF THE ALGORITHM FOR BOTH STATIONARY 

AND NON-STATIONARY SCATTERERS 

As discussed, the modified beam space approach requires 
that scatterers remain stationary, but in practice non-stationary 
scatterers are quite common. To check how the mobility of a 
scatterer affects the performance of the algorithm, the proposed 
beam space algorithm has been applied to a scenario containing 
both stationary and non-stationary scatterers. In this example a 
target moving at a constant speed and at a constant range is 
considered, thus eliminating the need to consider range and 
Doppler effects. 

The beam scanning strategy will have an impact on the 
algorithm’s performance against a moving target. The example 
considered here is where a burst of P pulses is transmitted at 
each steering angle of the phased array. The initial azimuth 
angle of a non-stationary scatterer is 𝜃𝑠𝑖 and between adjacent 
pulses the target moves Δθ. The BS covariance matrix is 
estimated by 

 𝑹𝒚 = 𝐸{𝒚𝒚
𝐻} =

1

𝑃
∑ 𝒚(𝑝)𝒚𝐻(𝑝)𝑃
𝑝=1 ,         (33) 

where 𝒚(𝑝) denotes all the beam outputs at the p-th pulse in 
each beam. The covariance matrix is a composite of stationary 
scatterers, non-stationary scatterers and noise components, 
given by 

𝑹𝒚 = 𝑹𝒚_𝟏 + 𝑹𝒚_𝟐 + 𝐾𝜎𝑛
2𝑰,                (34) 

where 𝑹𝒚_𝟏  and 𝑹𝒚_𝟐  are the stationary and non-stationary 

scatterers components respectively. For a single non-stationary 
scatterer whose complex amplitude is 𝜎𝑠𝑖 , the i, j entry of 
matrix 𝑹𝒚_𝟐 is given by 

 (𝑹𝒚)𝑖𝑗
=

𝜎𝑠𝑖
2

𝑃
∑ 𝒗𝒚(𝜃𝑠𝑖 + ((𝑖 − 1)𝑃 + 𝑝 − 1)𝛥𝜃)
𝑃
𝑝=1         

𝒗𝒚
𝐻(𝜃𝑠𝑖 + ((𝑗 − 1)𝑃 + 𝑝 − 1)𝛥𝜃).            (35) 

To demonstrate the performance of the modified beam 
space algorithm with a non-stationary scatterer, the same 
scenario as that for Fig. 2 was used with the first scatterer 
(whose SNR was 10dB and initial azimuth angle was 8°) was 
moving at a fixed speed in azimuth. The second scatterer was 
stationary and located at 15°. The ratio of the target’s location 
change in azimuth between beams to beam width, BW, is 
defined as 

𝜌 = 𝑃𝛥𝜃/𝐵𝑊,                          (36) 
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Fig. 4. The output power values of directional transmission BS MVDR 

processing for a stationary and a non-stationary scatterer with different 

moving speeds 

and it indicates the fraction (or multiple) of a beamwidth that 
the target moves when the transmitted/received beam changes 
from one steering direction to the next. Values of 𝜌 equal to 
0.05, 0.1, 0.2 and 0.5 correspond to angular changes of the 
scatterer’s azimuthal location over the total assumed “coherent 
processing interval” of 1.67°, 3.33°, 6.66° and 16.65° 
respectively. The processing results with different 𝜌 are shown 
in Fig. 4 which indicates that the received signal reflected by a 
slow moving scatterer, i.e., 𝜌 = 0.05, can still be effectively 
beamformed and hence detected; with increasing speed, i.e., 
𝜌 = 0.1 the non-stationary scatterer can be detected when it is 
in the mainlobe of a beam but the sharp peak is widened by 
motion of the scatterer. Increasing the speed to 𝜌 = 0.2 
introduces wrong peaks. When the speed is increased to 𝜌 =
0.5 , the non-stationary scatterer is moving too fast to be 
detected, as it is not in the mainlobe of any of the beams. The 
processing result of the stationary scatterer is not affected 
unless the non-stationary and stationary scatterers fall into the 
same beam. To improve the performance for non-stationary 
scatterers, a quicker beam scanning strategy and a new 
algorithm which would detect and compensate for scatterer 
motion is required. 

VI. CONCLUSION 

A formula for directional transmission beam space MVDR 
beamforming has been derived. As demonstrated by an 
example, the derived formula works effectively for the case of 
scanning directional transmission systems, while the standard 
beam space formula fails. The use of virtual beams to add extra 
eigenvalues in beam space covariance matrix to reduce high 
level out of sector power has also been demonstrated. The 
algorithm can be used for slowly moving non-stationary 
scatterers but performance is degraded by increasing mobility. 
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