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The weak decay of the kaon to two pions is studied within the model of Nambu and Jona-Lasinio.
Using the standard effective weak Hamiltonian, both the decay amplitude arising from an intermediate state
o meson and the direct decay amplitude are calculated. The effect of final state interactions is also included.
When the matching scale is chosen such that the decay amplitude with isospin I = 2 is close to its
experimental value, our model including the ¢ meson contributes up to 80% of the total / = 0 amplitude.
This supports recent suggestions that the ¢ meson should play a vital role in explaining the A/ = 1/2 rule

in this system.
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I. INTRODUCTION

The Al =1/2 rule [1,2], notably in the K — zx
decay, is one of the major outstanding challenges to our
understanding of the hadronic weak interaction. It has
therefore been studied with many different theoretical
methods [3-21]. In recent years these efforts have been
extended to include lattice QCD studies, with recent results
reported in Ref. [3] and Refs. [22,23], the latter focusing on
decays into the isospin / = 2 channel.

Amongst many quark model studies devoted to this
problem, we note that in Ref. [4] the authors calculated
the matrix elements up to O(p*) within the framework of the
chiral quark model. Using chiral perturbation theory,
Kambor et al. [5-7] studied the kaon decays to one-loop
order within SU(3). Again, within SU(3) chiral perturbation
theory, the effect of isospin breaking was included and one-
loop results reported in Ref. [12]. Bijnens et al. [8] studied the
kaon decays to one-loop order within SU(2) chiral perturba-
tion theory. Next-to-leading order contributions were con-
sidered within the large N, approach in Refs. [9-11]. The
potentially important role of the trace anomaly in weak K
decays, especially in regard to the Al = 1/2 rule, was
discussed in Ref. [13].

The possible role of the charm quark in generating the
observed enhancement was discussed in Ref. [14], with the
authors presenting there the first results from lattice
simulations in the SU(4) flavor limit. In Ref. [15] the
authors studied the problem within the framework of a dual
five-dimensional holographic QCD model. The possible
effect of “new physics,” specifically the effect of introduc-
ing a heavy colorless Z’' gauge boson, was discussed by
Buras et al. [16].

In a recent report [21], Buras summarized a study of this
rule based on the dual representation of QCD using the large
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N, expansion. The Wilson coefficients and hadronic matrix
elements were evaluated at different energy scales, u, in the
early large N studies, and thus the calculated value of A
was only about 10% of the experimental one. By evaluating
the Wilson coefficients and hadronic matrix elements at the
same energy scale, the discrepancy was decreased by about
40%. Moreover, the introduction of QCD penguin operators
further decreased the initial discrepancy.

The effect of final state interactions (FSIs) was studied in
various ways in Refs. [24-30]. For example, in Ref. [24]
the authors directly calculated the relevant Feynman dia-
grams for the meson rescattering corrections in chiral
perturbation theory. The Omnes approach, which is based
on dispersion relations, was used in Refs. [25-28], while in
Refs. [29,30] the effect of FSIs was evaluated within
potential models.

Of particular interest to us is the recent work by Crewther
and Tunstall [31-33], which examined the proposal that the
AI = 1/2 rule might be resolved if QCD were to have an
infrared fixed point. This suggested that the ¢ meson would
play an especially important role. While the existence of the
o meson has been controversial for decades, there is now
convincing evidence of a pole in the z-z scattering
amplitude with a mass similar to that of the kaon, albeit
with a very large width. Given that there is a known scalar
resonance nearly degenerate with the kaon, it is clear that
such a state may well play a significant role in the K — 2z
decay. With this motivation, we use the Nambu-Jona-
Lasinio (NJL) model, together with the familiar operator
product formulation of the nonleptonic weak interaction, to
make an explicit calculation of the role of the ¢ meson in
the decay K — 2z, with the aim of clarifying its role in the
AI = 1/2 rule. Section II gives details of the calculation of
the o contribution, while the direct decay to pions is found

© 2015 American Physical Society
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in Sec. III. The numerical results and discussion are given
in Sec. V.

II. CALCULATION OF KAON DECAY
INCLUDING THE ¢ MESON

Following the standard conventions we label the K decay
to two pions with isospin zero as Ay and with isospin two as
Ay [22],

A= () [KO).

V2

As explained earlier, for the former we calculate the
contribution from two different mechanisms; first, the weak
transition from K to a 6 meson followed by the decay of the
o to two pions and second, the direct decay to two pions.
For A, only the latter path is available.

In the absence of final state interactions (which will be
included later), the first contribution to Ay, as illustrated in
Fig. 1 is written:

5 3 m?
Ao'O = _\/;QKO' X A, % Y(TK - mlzr) (2)

where gk, is the coupling for the Ko transition, A, is
the propagator of the ¢ meson, and y is the oznx
coupling [32,34]

1=0,2. (1)

9Ko 7 9Kko
Lis = 9o K% = Z2K% + 222 K0, 3
K )¢ S \/§ \/z ( )
Y .
Lowr = ——=00,7 - O'x, 4
V2 o “)

and we have neglected the effect of CP violation.

We employ the NJL. model with dimensional regulari-
zation to describe the structure of these mesons. The
coupling of the o to the pions is also determined within
the NJL model. Finally, the effective Hamiltonian describ-
ing the nonleptonic weak interaction is obtained using the
standard operator product expansion. We now briefly
summarize each of these parts of the calculation.

A. NJL model

Our work uses the NJL formalism based upon
SU(3)-flavor symmetry. After Fierz transformation, the
Lagrangian density can be written in the meson channels.
In this form the contributions from the different types of

FIG. 1. Contribution of the ¢ meson to K — zx.
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meson can be read directly [35,36]. This has recently been
used in the computation of the kaon and pion form factors
[37], as well as the study of SU(3)-flavor symmetry in the
baryon octet [38]. Those studies included the breaking of
SU(3) chiral symmetry with the use of different masses for
the constituent light quarks (up and down) and the
constituent strange quark.

Here we include different couplings for the scalar (o) and
pseudoscalar mesons (pion and kaon), modifying the NJL
Lagrangian density as follows:

£ = G 2w + (|

2
-G, {5 (rsw)* + (1/7)/57»1//)2] ; (5)
where the eight Gell-Mann SU(3)-flavor matrices are
represented as A. This modified NJL Lagrangian density
preserves SUy(3) ® Uy/(1) symmetry.

Since NJL is an effective model, it needs to be regular-
ized. We chose dimensional regularization for consistency
with the computation of the Wilson coefficients when the
electroweak interaction is included (Sec. II C). The value of
the energy scale y is constrained by requiring stability of
the Wilson coefficients (Fig. 4). With the Lagrangian
density of Eq. (5) the gap equation for the constituent
light quark M, comes from the scalar interaction term:

d*k 1
(27)* k> = M? + ie’

where m; is the mass of the current light quark.

With E,V L we follow the standard method of solving the
Bethe-Salpeter equations (BSEs) for the quark-antiquark
bound states (mesons) [35,36]. The diagram describing this
BSE in the NJL model is shown in Fig. 2, and its solutions
are given by the following reduced t matrices:

~2iG,

Ti(q)=——l .
) =T 5360,

(7)

Here, the polarization II;(¢*) represents the quark-
antiquark loops that appear in the diagram for the BSE
(j = o0 meson, pion, or kaon) with the + and — signs
corresponding to the pion and o respectively. Their analytic
expressions are

el e

FIG. 2. Diagrammatic representation of the inhomogeneous
Bethe-Salpeter equation for the different quark-antiquark bound
states (mesons) of total 4-momentum gq.
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1L@>=w/}%§ﬂw%ww¢k+m1 (8)

and

4
Immw—a/é§HM%wmaﬂ+@L<%

where Tr is a trace in Lorentz indices (the traces over color
and flavor having already been taken) and S; are the
constituent quark propagators. For the ¢ and pion the
two propagators contain the same light quark masses,
whereas for the kaon case their masses are different.
The explicit expressions for IT j(qz) in dimensional regu-
larization are

k) (q) = =12[J§(M}) + J5(M>) = (¢ = (My — M,)?)
X J§ (M, M3, ¢*)] (10)

and

I,(q) =24J4(M,;)~12(¢* = 4M})J§ (M. M.q*).  (11)
where M; = M, = M, for the pion, and M| = M, and
M, =M, for the kaon. The integrals J)(M) and
JE(M\,M,, q*) are given in the Appendix.

The pole position of 7 ;(g) corresponds to the mass of
each of the mesons, (), which is evident if one examines
the expression for 7 ;(g) in pole approximation [35]

—ig?
1g;
2 27

7.
i(q) =y i

(12)

where g; is the effective quark-meson coupling given by

PHYSICAL REVIEW D 91, 014028 (2015)
OIT N —!
2 = - 13
gG=F ( aq2> (13)

The — and + signs correspond to the pion (kaon) and the o,
respectively, with the sign difference coming from Eq. (7).

Here we assume degenerate masses for the constituent
light quarks (M; = M, = M ;). The mass of the 6 meson
(m,) is taken to lie in the range 520—600 MeV. With the gap
equation [Eq. (6)], including a current light quark mass m;
of 5 Mey, and the equation for the mass of the ¢ meson
[pole position in Eq. (7)], we fit G, and M,. Our result for
M, is in reasonable agreement with Ref. [39], where it was
shown that m,~2M;. G, is chosen to reproduce the
physical m,, and M, to reproduce the kaon mass my.
Finally the effective couplings gf are computed with
Eq. (13). The results for m, = 520, 560, and 600 MeV
are summarized in Table I. The negative sign of the
Lagrangian couplings is a feature of dimensional regulari-
zation in the NJL model [40]. We also stress that the
difference between G, and G, is of the order of 10%.

The complication associated with such a model, when
one needs to match to operators that are defined at some
renormalization scale, is that the scale associated with a
valence-dominated quark model is typically quite low. For
example, extensive studies of parton distribution functions
within the NJL model [41-43] (as well as other valence-
dominated quark models [44,45]) typically lead to a
matching scale of order 0.4-0.5 GeV. This is rather low
and one therefore needs to check the reliability of the
effective weak couplings at such a scale. We address
this below.

)
=m-
q-=m;

B. Coupling between ¢ and -7

We obtain the coupling, y, between ¢ and z-z within the
NJL model. To that end one should calculate the amplitudes
of the 0 — 7z process at both the quark and hadron levels,

TABLE 1. Model parameters: x and all the masses are in units of GeV, the couplings G, and G,, are in units of GeV~2, the 6 to 7 —
coupling 7 is in units of GeV~!, and the effective couplings g; are dimensionless.
m, = 0.520
p G, G, M, s 9 Ik gz 7]
0.48 -21.35 -23.72 0.261 0.549 4.629 16.174 9.975 3.737
0.50 —20.60 -22.93 0.261 0.539 4.502 13.920 9.394 3.762
0.70 —15.93 —18.00 0.261 0.514 3.671 7.472 6.347 3.761
m, = 0.560
0.48 —19.766 —21.564 0.281 0.575 4.852 20.795 11.370 4.234
0.50 —19.016 —20.794 0.281 0.589 4.713 16.614 10.621 4.262
0.70 —14.483 —16.063 0.281 0.527 3.811 8.111 6.885 4.228
m, = 0.600
0.48 —18.475 —19.866 0.301 0.613 5.081 30.983 13.048 4.703
0.50 —17.726 —19.105 0.301 0.583 4.929 20.832 12.072 4.737
0.70 —13.285 —14.517 0.301 0.541 3.952 8.810 7.466 4.686
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FIG. 3. [Illustration of the 6 — zz process at the quark level,
where the solid lines represent u or d quarks.

and match the results. At the quark level, the amplitude can
be obtained from Fig. 3 with the masses and couplings
derived within the NJL model. At the hadron level, the
amplitude can be easily given from the effective Lagrangian
'cwm in Eq (4)a

Hadron Level _ i\/i}/p,ﬁ D (14)

c—ntn

We match both amplitudes at a center-of-mass energy of
the system /s = my, since the coupling y would be used to
study the decay of the kaon. The amplitude from Fig. 3 at
the quark level is energy-scale dependent, and therefore y
also runs as the energy scale u changes within our model.
However, y is rather insensitive to u, as we see from the
numerical results in Table I.

C. Effective weak Hamiltonian

Here we need the AS =1 effective Lagrangian of the
electroweak interaction [46]

Gr 6 ViV
Heff:ﬁVZsVudZ(Zi(ﬂ)_v*mvtdyi(ﬂ)>Qh (15)
i—1 us ¥ u

where V,, is the relevant CKM matrix element, G is the
Fermi coupling constant, and the four-quark operators Q;
are

Q1 = 5oy, (1 = ys)ugigy* (1 = ys)d,, (16)
Qs = Sau(1 = vs)ugiigy" (1 —ys)dp, (17)
Q3 = 5,7,(1 = 75)daqpy" (1 = v5)qp, (18)
Q4 = So¥u(1 = 75)dsqpr* (1 = 75)q (19)
Os = Sa1,(1 —v5)dadpr* (1 + 75)4p. (20)
Qo = Savu(1 = 15)dpapy" (1 +75)4,- (21)

The Wilson coefficients z;(1) and y;(u) have been calcu-
lated up to the next-to-leading order using perturbative
QCD [46]. Since V3, V,;/ Vi,V ,.q 1s relatively small, we will
only keep the contribution of the terms with z;.

PHYSICAL REVIEW D 91, 014028 (2015)

In order to investigate the potential model dependence in
matching the renormalization group scale of the operators
to the NJL model, in Fig. 4 we show the variation of the
coefficients z;(u) as u varies from 700 to 450 MeV. We can
see that these Wilson coefficients vary particularly quickly
as u drops below 480 MeV and clearly, if one wants reliable
results, one should not choose a scale far below this limit.

D. Coupling for the Ko transition

With the Wilson coefficients and the NJL model
explained, we can proceed with the calculation of the weak
K to o transition amplitude, gg,,

9ko = \/§<6‘Heff|K0>v (22)

as illustrated in Fig. 5. Here we simply assume that the
quarks appearing in the QCD operators Q; are the same as
the NJL quark operators of the corresponding flavors with
the energy scale u lying in some region not yet accurately
specified. Therefore, we first show our results for 4 in the
range 0.48-0.70 GeV and then use the numerical results to
identify the optimal region. This is shown in Sec. V.

The corresponding matrix elements are evaluated with
dimensional regularization using modified minimal sub-
traction in order to be consistent with the relevant Wilson
coefficients, z;(x). We find that the contributions of
Q; ~ Q4 to gk, vanish, with only Qs and Qg4 contributing
to gk, in our results. In a more sophisticated model, where
the masses of the constituent quarks and the couplings
between the mesons and quark pairs were momentum
dependent, the operators Q; to O, would also contribute to
gk The full expressions for the Ko transition amplitude
are given in the Appendix.

500 550 600 650 70

FIG. 4 (color online). Wilson coefficients, z;(). The abscissa
represents the energy scale, y, in units of MeV.

KO Qi

FIG. 5. Illustration of the Ko transition, where the solid line
with an s represents the s quark and the other solid lines represent
u or d quarks.
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(a) (b)

(c)

FIG. 6. The possible diagrams for the direct weak decay. The
solid line with s represents the s quark, the other solid line
represents the u or d quark. For the operator Q; and Q,, only
Fig. 6(a) contributes while Fig. 6(b) and Fig. 6(c) vanish in the
NJL model.

III. DIRECT DECAY TO PIONS

The second mechanism contributing to the decay
K — zm proceeds directly to two pions, as illustrated in
Fig. 6(a). Since the Wilson coefficients z; and z, are much
larger than others, we only consider the contributions of Q;
and Q,. Once again the diagrams are calculated with
dimensional regularization and modified minimal subtrac-
tion. After calculation, we find that only Fig. 6(a) contrib-
utes to our results in the NJL model.

PHYSICAL REVIEW D 91, 014028 (2015)
IV. FINAL STATE INTERACTION

We denote the amplitudes corresponding to the diagrams
shown in Figs. 1 and 6, without the contribution of the final
state interaction, as A%(A7?and AP). We must also con-
sider the effect of FSIs, which we treat using the method of
Refs. [25,26]

A= A? x Fy(my)

2 00 51 !
NA9xexp<@ / %dﬁ
7 Janz 5'(s" = m})

2 r1.0Gev  §l(s
~ AV x exp (ﬂ/ L&ds’) . (23)
T )4 )

1ot
m2 S(s_mK

where &/ (s) is the phase shift for pion-pion scattering with
isospin / and we take the values of §'(s) from Ref. [47].
This yields the result:

Fo(m%) ~ 1.4e"47, Fy(m%) ~ 0947172 (24)

V. NUMERICAL RESULTS AND DISCUSSION

As we have explained, in this work A, contains two
contributions, the first, Af, involving the coupling to the ¢
meson and the second, AS, involving the direct decay to
pions. Since, in the NJL model, A§ involves the weak
operators Qs and Qg, while Aé) involves O, and Q,, their
contributions can be added with no worry about double
counting |Ay| = |A§| + |AP).

We list the K-o coupling and the decay amplitudes with
m, = 520,560,600 MeV, as a function of the matching
scale, p, in Tables II-1V. From these tables one sees that the
decay amplitudes are sensitive to both x4 and m,,.

TABLE II. The K-o coupling and the decay amplitudes with m, = 520 MeV.

u (GeV) 0.7 0.6 0.5 0.49 0489 0488 0487 0486 0485 0484 0483  0.482
lgks!, (keV?) 703 1365 5184 6435 6584 6739 6898 7063 7233 7410 7592 7781
|AZ| (eV) 22 42 159 197 201 206 211 216 221 226 232 237
|AD| V) 79 73 54 49 48 48 47 46 46 45 44 44
|AP| (eV) 37 37 26 20 19 18 17 16 15 14 13 11
|Ag| + |AD] (eV) 101 116 213 246 250 254 258 262 267 271 276 281
(|Ag] + |AB])/|AD] 2.7 3.1 8.1 13 13 14 15 16 18 20 22 25
TABLE IIIl. The K-o coupling and the decay amplitudes with m, = 560 MeV.

u (GeV) 0.7 0.6 0.5 049 0489 0488 0487 0486 0485 0.484 0.483 0.482
l9ks|s (keV?) 1063 2031 7423 9096 9290 9489 9694 9903 10118 10337 10561 10789
|Ag| (eV) 13 24 88 108 110 112 115 117 120 122 125 127
|AD] (eV) 82 74 54 50 50 49 49 49 48 48 47 47
|AP| eV) 39 40 27 19 18 17 16 15 13 12 11 9.2
|Ag| + |AD] (eV) 94 99 143 158 160 162 164 166 168 170 172 174
(JAg| + |AD|)/1AD] 24 25 53 8.2 8.8 9.5 10 11 12 14 16 19
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TABLE IV. The K-o coupling and the decay amplitudes with m, = 600 MeV.

p (GeV) 07 06 05 049 0489
|9kel, (keV?) 1457 2728 9312 10818 10902
|AZ] (eV) 120 7 83 84
IAD| (eV) 8 75 54 52 52
|AD| (eV) 4 42 28 18 17
|AZ| + |AD| (eV) 94 96 126 135 136
(JAg| + |AP|)/)AD| 23 23 45 74 8

0488 0487 0486 0485 0484 0483 0482
10922 10736 10535 10783 11041 11310 11589
84 83 81 83 85 87 89
52 52 52 52 52 52 52
16 14 12 11 9.1 13 5.5
136 135 133 135 137 139 141
8.7 9.6 11 13 15 19 26

In Refs. [9,21], the authors used the MOM scheme to
evolve the Wilson coefficients and hadronic matrix ele-
ments to the same energy scale. In order to match the
energy scales, the Wilson coefficients were evolved from
u=0(My) to u=0(0.6-1 GeV) in the quark-gluon
picture, while the hadronic matrix elements were evolved
from yu = O(m,,) to the same scale y = 0(0.6-1 GeV) in
the meson picture. |Ay|/|A,| was found to lie in the range
12.5-14.9 as p varied from 0.6-1 GeV, if only the
contributions from Q; and Q, were included.

We notice that the y dependence of their results was
smaller than what we have found. Here both the hadronic
matrix elements and the Wilson coefficients are evaluated
with dimensional regularization and modified minimal
subtraction. (As an extension of the present work it would
be interesting to attempt to further reduce the y dependence
by including higher order loop corrections.) Within the
present work, as in many other applications of valence-
dominated quark models, the model is assumed to represent
QCD at a scale at which the gluons are effectively frozen
out as degrees of freedom and valence quarks interacting
through a chiral effective Lagrangian dominate the dynam-
ics. Thus the best one can do is to match the scale of the
effective weak Hamiltonian to the scale at which the NJL
model best matches experiment, which seems to be around
0.4-0.5 GeV.

We note that, in addition to the processes included here,
there are also diagrams which are disconnected if the gluon
lines are removed (usually just called disconnected dia-
grams for short). While such disconnected diagrams can
contribute to Ay, they do not naturally appear within the
NJL model and we omit them here. Since A? is not
contributed by the disconnected diagrams, we use it to
fix the energy scale u.

As we already noted earlier, in order that the evolution of
the Wilson coefficients is under control, the matching scale
u should not be lower than about 480 MeV. This creates
some tension as the scale associated with the NJL model,
when matching to phenomenological parton distribution
functions tends to be nearer 400—450 MeV. Fortunately, we

see from Tables II-1V that if we choose y to be in the range
0.484-0.488 GeV, A? (which does not involve the o
meson) actually lies very close to its experimental value,
14.8 eV. We allow a small variation of u for different values
of m, in order to calculate A,. For m, = 520,560,
600 MeV, we choose u to be in the range 0.484—
0.485 GeV, 0.485-0.486 GeV, and 0.487-0.488 GeV,
respectively.

With u fixed in the range where the empirical value
of A, is reproduced, one notices that || = |Ag| + |AD] lies
in the range 135-270 eV, as m,, varies over the range 520—
600 MeV. A is close to the experimental value of 332 eV at
m, = 520 MeV. From Tables II-1V, we notice that Af is
sensitive to the choice of m, because Aj « 1/(mg —m,),
while Af and A? are not sensitive to it. A decreases as m,
moves away from m.

In view of the uncertainties in matching the model scale
to the scale of the weak effective Hamiltonian, it is
unrealistic to expect to obtain a prediction for the decay
amplitudes. Nevertheless, our calculation clearly confirms
that the 6 meson does indeed play an important role in A,
since it contributes up to 65% of the final value, while the
direct decay process contributes a mere 15%.
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APPENDIX: EXPRESSIONS FOR THE Ko
TRANSITION COUPLING

One can obtain the Ko transition coupling gg, with
Eq. (15), Eq. (22), and the matrix elements of Q;. The
matrix elements of Q; to Q, vanish in the NJL. model, and
those of Q5 and Qg4 are expressed as
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510 1 6| 0
(01Q°|K?) = 5 (o]Q°|K?)
= \/EgKoc_lsgﬂE/q{é"g[(zmé - Pz)-]g(md’ mg, pZ) + 2]72]5] (md’ mg, p2) + 8J§2(md’ mg, pZ)]
S [mdmsJ([):(mdv mg, pZ) - pz‘]fl (md’ mg, Pz) - pz‘lgl <md’ mg, P2> - 4J§2(md7 mg, Pz)]
3

+ 222 (6m3 = p*)[mamgJ§ (mg, my, p*) = p*J7, (mg, my, p*) = p*J3, (mg, my, p*) = 4J5,(mq, my, p*)]
3
- 2—71.2 (thzi - Zmdms + 2m§ - p2)
x [m3J g (mg, mg, p*) + p*J7i) (mq, mq, p*) + p*J5, (mg, my, p*) + 445 (mg, my, Pz)]} (A1)

The second and third terms in the brace will exist only with the dimension regularization, and they will vanish if using other
regularization methods such as proper-time regularization. J¥ (m, M, p?) are defined by the following integrals

l/ d'q {1.9° q"¢"}
(2n)* [q* — m* +ie][(q — p)* — M* + ie]

4
= {h =t p PP, g S I b m M ). (A2)

In the dimensional regularization, J¥(m, M, p*) can be expressed as

1 .
Jo(m M. p?) = 15 2L+ 1+ Jy (m, M, p?)], (A3)
1 [Ji(m) Ji(M) m?—M?+ p?
Ifimopt, p7) = 5 | 45 2500 75 moM. )|, (A4)
1 2| 2 » » 0
..
I3 (m.M, p*) = 2 o(M) + m*J§ (m, M., p*) — 4%, (m. M, p*)]. (AS)
F 2 D j 29F o MM +p oL
Jon(m. M, p*) = 7——== | Jo(M) + m*Jo (m, M, p*) + ——————J1,(m. M. p*) = Jy(M) |, (A6)
4D -1) 2 2
and the definitions of the helping functions J; are
. m2 m2

2
Ji(m, M, p?) :—2+1n|5—2|+x+1n|a+xa|—x_1n|a+xz|

2\/—a (arctanhf—_*—a — arctanh f—_-—a) p? <0
la|InY 0<p*<(m—-M)? (AS)
A/ﬁ(arctan% - arctan%) (m—=M)* < p?><(m+ M)?

Vl]a|InY = 2iz\/|al pr> (m+ M)?

where
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2 2 2 2 2 2
m 1 /M m 1 /M- m
“:—2——(—2——2—1>7 Xi:§<—z——zi1>»

p= 4\p- p
Y_'1+X+/ \all—X_/\/W
1=X,/y/]al 1+X_/+/]a|

’

(ye—In 4”)] : (A9)
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