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Within the Dyson–Schwinger equation formulation of QCD, a rainbow ladder truncation is used to 
calculate the pion valence-quark distribution function (PDF). The gap equation is renormalized at a typical 
hadronic scale, of order 0.5 GeV, which is also set as the default initial scale for the pion PDF. We 
implement a corrected leading-order expression for the PDF which ensures that the valence-quarks carry 
all of the pion’s light-front momentum at the initial scale. The scaling behavior of the pion PDF at a 
typical partonic scale of order 5.2 GeV is found to be (1 − x)ν , with ν � 1.6, as x approaches one.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
Given its dual roles as a conventional bound-state in quantum 
field theory and as the Goldstone mode associated with dynamical 
chiral symmetry breaking, the pion has been proven critical to ex-
plaining phenomena as diverse as the long-range nucleon–nucleon 
interactions and the flavor asymmetry observed in the quark sea of 
the nucleon [1]. The study of the pion structure function is of great 
interest as a fundamental test of our understanding of nonpertur-
bative QCD. Experimental information on the parton distribution 
function (PDF) in the pion has primarily been inferred from the 
Drell–Yan reaction in pion–nucleon collisions [2–5].

Lattice QCD calculations [6–8] have traditionally been able to 
yield only the low-order moments of the PDFs. While there has 
been a recent suggestion of a very promising way [9] to directly 
compute the x-dependence in lattice QCD, it will take considerable 
effort to reliably extract the large-x behavior using this method. 
The calculation of PDFs within models is challenging and various 
models have given a diversity of results. Most models, including 
the QCD parton model [10], pQCD [11] and the Dyson–Schwinger 
equations (DSE) [12,13] indicate that at high-x the PDF should 
behave as (1 − x)α , with α � 2. The Nambu–Jona–Lasinio (NJL) 
models [14] with translationally invariant regularization and Drell–
Yan–West relation [15] favors a linear dependence on 1 − x.

The first DSE study of the pion PDF was based [12] upon an 
analysis that employed phenomenological parametrizations of both 
the Bethe–Salpeter amplitude and the dressed-quark propagators. 
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A numerical solution of the DSE utilizing the rainbow-ladder (RL) 
truncation has been used to compute the pion and kaon PDFs fol-
lowing same line [13].

In this work we revisit the pion valence PDF within the DSE ap-
proach, with the following improvements: 1) the rainbow-ladder 
gap equation is renormalized at a typical hadron scale, ζH , that 
also serves as the initial scale for the PDF; 2) a corrected leading-
order expression for the PDF is employed within the RL trunction; 
3) the extraction of the PDF is based on its moments, a method 
that has been widely used in parton distribution amplitude cal-
culations [16,18,19]. The large-x behavior is naturally reflected in 
the high moments. In the method used here, we can calculate any 
large moment and thus we have a reliable tool with which to an-
alyze the large-x behavior.

In order to help explain the numerical results and place them 
in some perspective, we introduce several models which produce 
pointwise PDFs. Our suggestions cover a broad range of possibil-
ities, against which the predictions of the present model may be 
compared, especially calculations that can be described within the 
amplitude language, such as the DSE and NJL models with various 
regularization frameworks.

In Ref. [17] a corrected, leading-order expression was given for 
the pion’s valence-quark PDF. This expression produces the model-
independent result that quarks dressed via the RL truncation carry 
all of the pion’s light-front momentum at a characteristic hadronic 
scale, if the meson amplitude is momentum dependent. We quote 
the form of the quark distribution function in the RL truncation 
here:
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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q(x) = Nctr

�∫
dk

δ(n · k − xn · P ) ∂k

[
	(k − P

2
;−P )S(k)

]

	(k − P

2
; P )S(k − P ) . (1)

In the infinite momentum frame, q(x) is the number density 
for a single parton of flavor q to carry the momentum fraction 
x = n · k/n · P , which is positive definite over the physical re-
gion 0 < x < 1. Here, n is a light-like four-vector, n2 = 0; P is 
the pion’s four-momentum, P 2 = −m2

π , with mπ the pion mass; ∫ �

dk is a Poincaré-invariant regularization of the four-dimensional 
momentum integral (over k), with � the ultraviolet regularization 
mass-scale. In addition, S and 	 are the quark propagator and 
pion Bethe–Salpeter amplitude, respectively. In the present work 
the ultraviolet behavior of S and 	 is controlled by the one-gluon 
exchange interaction. In this case the above integral is ultraviolet 
divergence free and � can be set to infinity safely.

As the derivative in Eq. (1) acts on the full expression within 
the brackets it naturally yields two terms. The term related to the 
derivative of the quark propagator yields the so-called impulse-
approximation. That corresponds to the textbook “handbag” con-
tribution to virtual Compton scattering. The second term, arising 
from the action of the derivative on the amplitude originates in 
the initial/final state interactions. This expression is the minimal 
expression that retains the contribution to the quark distribution 
function from the gluons which bind dressed-quarks into the me-
son. This contribution may be thought of as a natural consequence 
of the nonlocal properties of the pion wave function. That is, it 
expresses the process where a photon is absorbed by a dressed 
quark, which then proceeds to become part of the pion bound-
state before re-emitting the photon. It is easy to prove that the 
distribution function is symmetric, q(x) = q(1 − x), under isospin 
symmetry and the valence quarks carry all of the momentum of 
the meson.

We describe pion as bound state using the Bethe–Salpeter 
equation. This takes the abbreviated form:

	π(k; P ) =
�∫

dq

K (q,k; P )χπ (q; P ) (2)

where q and k are the relative momenta between the quark–
antiquark pair, P is the pion’s four momentum and

χπ(q; P ) = S(q+)	π (q; P )S(q−) (3)

is the pion’s Poincaré-covariant Bethe–Salpeter wave-function, 
with 	π the Bethe–Salpeter amplitude. Using isospin symmetry 
we label the dressed quark propagators S(q±), where q± = q ± P

2 , 
without loss of generality. Explicitly, these take the form:

S−1(k) = iγ · kA(k2) + B(k2) (4)

where the scalar functions A, B depend on both momentum and 
the choice of renormalization point.

In this work, we perform the ladder truncation for the quark–
antiquark scattering kernel, K (q, k; P ). This approximation has 
been widely used to compute the spectrum of meson bound states 
and related properties. In this framework the quark–gluon ver-
tex is bare and a judicious choice of effective gluon propagator 
provides a connection between the infrared and ultraviolet scales. 
We use the interaction provided in Ref. [20], which contains two 
different parts. Its ultraviolet composition preserves the one-loop 
renormalization group behavior of QCD so that, as we shall see, 
the leading Bethe–Salpeter amplitude takes the well known, model 
independent ultraviolet behavior. The parameters of the infrared 
interaction, Dω and ω, manifest the strength and width of the 
interaction, respectively. It is chosen deliberately to be consistent 
with that determined in modern studies of the gauge sector of 
QCD.

The rainbow ladder truncation of the DSEs preserves the chi-
ral symmetry of QCD. The renormalization constants for the wave 
function and mass function Z2,4(ζ, �) must be included to regu-
larize the logarithmic ultraviolet divergences. In the present calcu-
lation we follow the current quark mass independent renormaliza-
tion approach introduced in Ref. [21]. In practice, the renormaliza-
tion is defined by the conditions A(k = ζ ) = 1 and ∂ B(k=ζ )

∂mζ
= 1

in the chiral limit. It should be noted that the renormalization 
point can be chosen in either the ultraviolet or infrared region and 
the quark mass function is independent of this choice. The renor-
malization constants Z2,4(ζ, �) decrease as the scale decreases, 
reflecting the increase in the coupling strength in the infrared re-
gion. Here we choose ζ = 0.5 GeV.

Before discussing any numerical results, it is interesting to recall 
some general features of the shape of the PDF and the Bethe–
Salpeter amplitude for a meson. It has been shown that the sig-
nificant features of q(x), in Eq. (1), can be illustrated algebraically 
with some simple models. To take a close look at the relation be-
tween q(x) and the pion Bethe–Salpeter amplitude, we consider an 
algebraic model where the quark propagator and the meson ampli-
tude take of constituent mass form [16]

S−1(k) = iγ · k + M (5)

and

	π(k; P ) = iγ5
12

5

M

fπ

1∫
−1

dzρ(z)
M2

k2 + zk · P + M2
, (6)

where M is a dressed-quark mass, fπ is the pion decay constant 
and we focus on the case of a massless pion. The factor 12/5
is the normalization constant needed to ensure the charge con-
servation. k is the relative momentum of the quarks in the pion 
and we choose the amplitude to behave like 1/k2 asymptotically, 
as this is the leading order result if one takes a one-gluon ex-
change interaction between the quark and antiquark. We introduce 
the Nakanishi-like representation [22] with weight function ρ(z), 
which takes a form different from that considered in Ref. [16]. We 
will see that different choices of ρ lead to different behaviors of 
q(x). The present algebraic model makes it possible for us to de-
termine the x-dependence of the PDF.

In Ref. [16] it has been shown that ρ(z) = 1
2 (δ(1 − z) + δ(1 + z))

describes a bound state with point-particle-like characteristics. It 
should be noted that it also gives a constant PDF, if one calculates 
the PDF exactly, even though the Bethe–Salpeter amplitude is mo-
mentum dependent. We infer that such behavior corresponds to 
the NJL prediction if one performs a Pauli–Villas regularization.

The QCD conformal limit can be reproduced with the weight 
function ρ(z) = 3

4 (1 − z2). Ref. [17] deduced a PDF which can 
be approximately expressed by 30x2(1 − x)2. Following this line, 
we extend the model of spectral density as ρ(z) = 3

4 (1 − z2)
(
1 +

6a2C3/2
2 (z)

)
, where a second Gegenbauer polynomial has been in-

troduced and a2 is a parameter. The corresponding PDA has the 
form ϕ(x) = 6x(1 − x)

(
1 + a2C3/2

2 (2x − 1)
)
. Obviously this form re-

produces the Chernyak–Zhitnitsky (CZ) form, with a2 = 2/3 [23]. 
Following the method in Ref. [17], the PDF related to the CZ PDA 
can be computed consistently. The result is depicted in Fig. 1. Near 
x = 1 this model has the power-law behavior, β(1 − x)2, predicted 
by the QCD parton model. Here a2 only affects the coefficient β , 
not the power. However, the PDF shows oscillatory behavior that 
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Fig. 1. Parton distribution function at ζH . Curves: solid, rainbow-ladder computation 
herein corresponding to Eq. (11); dashed, ρ(z) = 3

4 (1 − z2)
(
1 + 6a2C3/2

2 (z)
)

with 
a2 = 2/3 (dotdashed a2 = 0); dotted, ρ(z) = 1

π (1 − z2)− 1
2 .

is difficult to reconcile with the physical meaning of the parton 
distribution function. Of course, it is known that the CZ-like PDA 
is also double-humped and it can be argued that this is possible 
because it only has the interpretation of an amplitude. In our con-
sistent calculation we have show that the PDF is triple-humped 
and so we treat it with some caution.

In earlier work on the pion PDA we found that it is concave 
and broader than the asymptotic form at a typical hadronic scale. 
To capture this characteristic we suggest another model for the 
weight function, ρ(z) = 1

π (1 − z2)− 1
2 , which is divergent at z =

±1 but nevertheless integrable, 
∫ 1
−1 ρ(z) = 1. The corresponding 

PDA and PDF are ϕ(x) = 8
π

√
x(1 − x) and 6x(1 − x), respectively. 

This model for the PDA follows from the precise mapping of string 
amplitudes in Anti-deSitter space to the light-front wavefunction 
of a hadron in physical space-time using holographic methods [24]. 
It should be emphasized that the related PDF has the power-law 
behavior, 1 − x, near x = 1. That is in contrast to the QCD parton 
prediction.

Although the ultraviolet k2 dependence is the same for the 
three different models described earlier, the parton distribution 
function is very different. Ezawa [25] predicted that the pion PDF 
would behave as (1 − x)2α if the pion amplitude behaved as 1

(k2
1)α

, 
where k1 is the struck quark momentum.

Let us write a general form of the amplitude as 
∫ 1
−1 dz(1 −

z2)ν 1
(k2+zk·P+M2)β

with the relative momentum k. If we fix one 
quark momentum and set the other to infinity we will find that 
the leading order amplitude is 1

(k2
1)1+ν for −1 < ν < 0, whatever the 

value of β . Based on Ezawa’s work one readily finds a PDF which 
behaves as (1 − x)2(1+ν) , which is consistent with our results. If 
one works with a free gluon propagator that produces an ampli-
tude with ν = 1; β = 1, then this yields the well known large-x
behavior, (1 − x)2. At the present time we can only find a model 
independent formula if the relative momentum tends to infinity. 
However, the infrared interaction does effect the asymptotic form 
if one quark momentum goes to infinity with the other fixed.

With the normalization constant set by hand, we can input the 
light quark mass at ζ = 0.5 GeV and arrange that it yields the cor-
rect pion mass. With an input current quark mass of 18.6 MeV we 
obtain mπ = 0.14 GeV and fπ = 0.092 GeV. In the present work, 
the computation of the moments of the PDF is relatively straight-
forward because we employ algebraic parameterizations of the of 
quark propagator and the Bethe–Salpeter amplitude. The dressed-
Table 1
Fit parameters for the pseudoscalar meson Bethe–Salpeter amplitudes.

ci cu ν i νu a �i �u

Eπ 5.8577 0.195 −0.656 1.08 2.682 1.247 1
Fπ 2.9870 0.021 1.82 1.08 2.655 1.027 1

quark propagators are represented as [26]

S(p) =
jm∑

j=1

[
z j

iγ · p + m j
+ z∗

iγ · p + m∗
j

]
, (7)

with �m j �= 0 ∀ j, so that σV ,S are meromorphic functions with 
no poles on the real p2-axis, a feature consistent with confine-
ment [27]. The pseudoscalar Bethe–Salpeter amplitude has the 
form

	(q; P ) = γ5
[
iE(q; P ) + γ · P F (q; P )

+ γ · q G(q; P ) + σμνqμ Pν H(q; P )
]
. (8)

We retain all four terms in the pseudoscalar meson Bethe–Salpeter 
amplitude in the numerical calculation of the BS equation. In the 
computation of the PDF we find that the first two terms in the BS 
amplitude dominate the parton structure. For this reason, for the 
main part of the present work we retain only the first two terms 
and leave the full calculation for future work. We fit the associated 
scalar functions E and F via

F (q; P ) = F i(q; P ) + F u(q; P ) , (9a)

F i(q; P ) = ci

1∫
−1

dz ρν i(z)

[
a�̂4

�i(q
2
z ) + (1 − a)�̂5

�i(q
2
z )

]
,

F u(q; P ) = cu

1∫
−1

dz ρνu(z)�̂�u(q2
z ) ,

where ρν(z) = 	(ν+ 3
2 )√

π	(ν+1)
(1 − z2)ν and ��(q2

z ) = �2

q2+zq·P+�2 . This 
choice of denominator makes the fit easier when the meson mass 
is not zero. The resulting parameter values are listed in Table 1.

In the actual calculations we use a small power to respect the 
possible anomalous dimension [28] in the BS amplitude and the 
leading order behavior of the amplitude in the ultraviolet region 
is 1/q2+2α , which is the natural outcome of using a one-gluon ex-
change interaction. The leading-order weight function, ρ(z), in the 
ultraviolet region can be obtained exactly if the free gluon propa-
gator is considered [10]. We choose the simple form to respect the 
infrared behavior. The use of denominator powers 4 and 5 to fit 
the infrared behavior of the pion’s E amplitude is consistent with 
the chiral condition which makes it identical with chiral propa-
gator B(p2) function. In particular, this presentation preserves the 
infrared inflection point which is an indicator of quark confine-
ment [29]. For the light quark meson the infrared power ν i < 0 in 
the weight function, yields an integrable singularity at z = ±1. We 
have shown that this is true for ρ and K mesons.

In practice we usually fit ν i using the limit number of Cheby-
shev polynomials expansion of amplitude [30]. In another alterna-
tive approach one can get the best fit by using a CZ-like weight 
function with a positive value of a2 if one only has limited knowl-
edge of q · P dependence of amplitude 	π (q; P ). We have shown 
that this choice would produce an unlikely humped parton dis-
tribution that is not well understood. An improvement might be 
considered with the complete picture of amplitude and then the 
ambiguity in the weight function would be controlled.
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Fig. 2. Comparison of the pion parton distribution function calculated using the 
rainbow-ladder truncation computation described herein at ζ5 = 5.2 GeV with ex-
perimental data extracted from the π N Drell–Yan reaction [4]. Curves: dashed, re-
sult obtained with 2〈x〉 = 1, illustrating the dressed quarks carry all of the pion mo-
mentum and solid, result obtained with 2〈x〉 = 0.75, illustrating the effect of shifting 
25% of the dressed quark’s momentum into sea and glue; dotted, next-leading or-
der evolution of Fit-3 in Table-I in [31] by considering soft gluon resummation; gray
solid, result obtained with 2〈x〉 = 1 at ζH = 0.36 GeV.

Based on the method we developed for calculating the PDA in 
Ref. [16], it is straightforward to compute the PDF with the quark 
propagator and meson amplitude in hand. The first step is to com-
pute the moments 〈xm〉 = ∫ 1

0 dxxmq(x). The algebraic form of the 
input makes it possible to compute arbitrarily many moments. 
Considering the fact that PDF is an even function under x ↔ (1 −x)
and vanishes at the endpoints unless the underlying interaction is 
momentum-independent, we can reconstruct the PDF by expand-
ing in Gegenbauer polynomials of order α, that are a complete set 
with respect to the measure (x(1 − x))α−1/2. Therefore, with com-
plete generality, the PDF for π may accurately be approximated as 
follows:

q(x) ≈ qm(x) = Nα[xx̄]α−1/2
[

1 +
jmax∑

j=2,4,...

aα
j Cα

j (2x − 1)

]
, (10)

where x̄ = 1 − x, Nα = 	(2α + 1)/[	(α + 1/2)]2. The parameters 
α, a j can be fitted by the moments. In practice, this procedure 
converged very rapidly: jm = 8 was sufficient for the pion PDF. 
Our results for the PDFs are depicted in Fig. 1 with the functions 
defined in Eqs. (10) and

α a2 a4 a6 a8
π 1.158 −0.175 0.1 −0.019 −0.015

. (11)

The parton distribution function at ζ = 0.5 GeV cannot be sim-
ply expressed by a one parameter representation like xα(1 − x)α . 
There is a point of inflection around x = 0.85, which can be 
thought of as the transition from soft to hard scales. The PDF be-
haves as (1 − x)ν for x > 0.85, with ν � 2(1 + ν i

E ), consistent with 
our model analysis. The F part of amplitude exhibits an infrared 
weight function with positive power that would contribute to the 
parton distribution as higher-twists. Including F does not effect the 
region x > 0.85 but does make the PDF more broad in the infrared 
region.

In Fig. 2 we show the result of evolving the PDF, using the lead-
ing order DGLAP equations, from ζH → ζ5 with ζ5 = 5.2 GeV. For 
the dashed line we suppose the valence quarks carry all the pion 
momentum at ζH which produce the momentum fraction carried 
by valence quarks as 2〈x〉 = 0.55 at ζ5. The rainbow-ladder trunca-
tion just describes pion solely from a dressed-quark and dressed-
antiquark which include no mechanism that can shift momen-
tum from the dressed-quarks into sea-quarks and gluons. A phe-
nomenological method has been introduced in Ref. [17] to address 
this effect. Following this perspective we shift 25% dressed quark 
momentum to sea and glue at ζH as the solid line show. Includ-
ing sea and glue suppress the momentum distribution at mediate 
region of x. The both numerical results favor a power-law in the 
valence region of the form (1 − x)1.6. The experimental data has 
been revisited due to soft gluon resummation [31] (dotted line in 
Fig. 2) which suggest an approximate power-law form (1 −x)ν with 
ν > 2. In any model calculation the value of ν at ζ5 depends on 
the initial scale ζH . As shown by the gray line in Fig. 2 we plot the 
momentum distribution evoluted from ζH = 0.36 GeV and suppose 
the quarks carry all the momentum at this scale. The momentum 
distribution matches the dotted line well at x > 0.5.

To summarize, we have presented the pion PDF within a 
rainbow-ladder truncation of the DSE approach. By employing a 
Nakanishi representation of Bethe–Salpeter amplitude [22] and cal-
culating the moments of the PDF to arbitrarily large values we 
have been able to calculate the x-dependence of the PDF at a typi-
cal hadronic scale. We analyze the relation between the power-law 
behavior and the infrared interaction that binds the meson. The 
present DSEs favor a power (1 − x)1.6, at a typical experimental 
scale, ζ = 5.2 GeV after leading order QCD evolution.
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