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Abstract

This thesis explores Lorentzian (locally) reductive homogeneous spaces, with a focus on
how algebraic conditions on the isotropy group affect the geometry and curvature of the
homogeneous space. We take the approach of using Ambrose-Singer connections, and
we prove that a Lorentzian (locally) reductive homogeneous space is locally isometric
to a plane wave if it admits an Ambrose—Singer connection with indecomposable, non-
irreducible holonomy. Along the way we prove novel results that are both algebraic and
geometric in nature. This generalises several results in the literature that require certain
algebraic types of torsion for the Ambrose-Singer connection.
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Chapter 1

Introduction

1.1 Homogeneous spaces and motivation

Since the beginnings of geometry, there has been ample interest in the concept of symmetry.
In the framework of differential geometry, symmetry arises as a group of diffeomorphisms
which leave the “geometry” invariant. When the geometry is semi-Riemannian, such
symmetries arise as groups of diffeomorphisms which preserve the metric, the isometries.
Of special interest, are semi-Riemannian manifolds with a “large number” of isometries.
The conceptual idea of “large amount” of isometries is formalised by the notion of
being (locally) homogeneous. Formally, a semi-Riemannian manifold (M, g) is (locally)
homogeneous if it admits a (pseudo) group of (local) isometries that act transitively on M.
Intuitively, this property implies that the local geometry of the manifold is “everywhere
the same”.

Given a transitive group of isometries G and a point o € M, the isotropy group H
is defined as the subgroup of G that fixes 0. Importantly, the isotropy group, up to
conjugation, is independent of the chosen point. Since G acts transitively, M can be shown
to be diffeomorphic to the quotient space G/ H, where H is the isotropy of o. Additionally,
the isotropy can be represented as a subgroup of O(p,q), where (p,q) is the signature
of the metric g, through the representation given by, H 3 h +— dh|, € O(p,q), using a
fixed basis in T,M. This representation is known as the isotropy representation of H.
A homogeneous space with transitive group of isometries G with isotropy H, is termed
reductive when in the Lie algebra g of G, there is an Ad(H )-invariant complement m to
the Lie algebra h of H. Riemannian homogeneous spaces are always reductive.

One natural question one may want to ask is to which extent can the algebraic properties
of the isotropy group H affect the geometry of (M,g). The first condition one might
consider on H is being irreducible, that is H does not leave invariant any proper subspace
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of T,M. Given this restriction, the situation is rather flexible in the Riemannian setting,
we refer the reader to [5] and [35], however is more rigid in the indefinite case. Particularly,
for Lorentzian homogeneous spaces this condition is very strong which is seen by the
following result.

Theorem 1.1.1 (Zeghib [36]). If a Lorentzian homogeneous space of dimension > 3
admits an irreducible isotropy group, then it has constant sectional curvature.

Given this result and following this line of thinking, then the next natural restriction
to place on H is to relax the condition of being irreducible. In the indefinite context,
this condition is being indecomposable (this is also known as “weakly irreducible” in
the literature). We say that a subgroup H C O(p,q) (or a subalgebra b C so(p,q)) is
indecomposable if H (or h) has no invariant non-degenerate proper subspace of T, M.

To our knowledge, all examples of reductive Lorentzian homogeneous spaces of dimen-
sion > 4 with indecomposable, non-irreducible isotropy are a special type of Lorentzian
manifolds known as plane waves. A Lorentzian plane wave is a Lorentzian manifold that,

1. admits a parallel null vector field V/,
2. the curvature tensor satisfies R(X,Y) =0 for all X, Y € V*+, and

3. VxR=0forall X € V.

Homogeneous plane waves are always reductive and have been classified in [6]. Moreover, if
n + 2 is the dimension of M, they admit indecomposable isotropy group R™ and holonomy
group R".

Given the lack of examples, the motivating conjecture of this thesis is the following:

Conjecture 1.1.2. A reductive Lorentzian homogeneous space G/H of dimension > 4
with indecomposable, non-irreducible isotropy H is a plane wave.

Several results towards this conjecture have been proven for special cases in [3, 26, 13].
These papers take the approach of using a homogeneous structure, or equivalently, an
Ambrose-Singer connection. This is a connection that preserves the metric and has parallel
torsion and curvature. The existence of such a connection is equivalent to being locally
reductive homogeneous, which under further global assumptions is equivalent to being
reductive homogeneous (see [9]). This approach is relevant to Conjecture 1.1.2, as in some
sense the holonomy of an Ambrose-Singer connection corresponds to the isotropy of an
homogeneous space, we refer the reader to Section 3.2 in Chapter 3. Hence, tools from
Lorentzian holonomy theory can be used to try and tackle this problem.
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1.2 Results and structure of the thesis

With the above context, we look to progress towards Conjecture 1.1.2 through the machinery
of Ambrose—Singer connections. The primary results towards this goal are found in
Chapter 4, and Chapter 5, both made up primarily of original results. Chapter 4 contains
all the needed algebraic results, and Chapter 5 the geometric results, culminating into our
main result, Theorem 5.4.7. Our main result states:

Theorem (5.4.7). Let (M, g) be a Lorentzian manifold of dimension > 4 with an Ambrose—
Singer connection that has indecomposable, non-irreducible holonomy. Then, the universal
cover of (M, g) is a locally homogeneous plane wave.

This makes substantial progress towards Conjecture 1.1.2, and generalises results in
26, 3, 13]. Now we describe the structure of the thesis. (The number in brackets represents
the number of the theorem in the thesis.)

In Chapter 2, we introduce some of the needed background for the future chapters,
however we assume the reader is familiar with basic concepts from differential geometry.
Specifically, in Section 2.1 we provide the needed theory on holonomy of connections over
vector bundles, with a focus on the holonomy principle and the Ambrose-Singer holonomy
theorem. In Sections 2.2 and 2.3, we introduce semi-Riemannian homogeneous spaces
and their associated canonical connection. Next, in Section 2.4, we introduce the local
counterpart to reductive homogeneous spaces which are locally reductive homogeneous
spaces. We then move onto the main part of this chapter in Section 2.5, where we expand
upon the details and proof of Theorem 1.1.1 obtained in [36] which states that a Lorentzian
homogeneous space with irreducible isotropy must have constant sectional curvature.

We then see what can be done through the same methods when the isotropy is
indecomposable, non-irreducible and we arrived at the following result.

Theorem (2.5.11). If (M = G/H, g) is a Lorentzian homogeneous space of dimension > 3
such that H is indecomposable, non-irreducible, then there exists a filtration of auto-parallel
distributions,

Dc Dt cTM,

where D and D+ are distributions of null lines and hyperplanes respectively.

This approach falls short in tackling Conjecture 1.1.2 directly since being auto-parallel
is strictly weaker then being parallel, which would be the first step towards the conjecture.
Hence, we decided to take the approach of using Ambrose-Singer connections which are
introduced in the next chapter. Lastly in Section 2.6, we introduce the notion of Lorentzian
pp-waves and plane-waves.
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In Chapter 3, we introduce the key ingredient, the Ambrose—Singer connection. In
Section 3.1, Ambrose—Singer connections, homogeneous structures, and their relationship
to semi-Riemannian locally reductive homogeneous spaces are reviewed from [9]. Next, in
Section 3.2 we present the relationship between the isotropy of a homogeneous space and
the holonomy of an Ambrose—Singer connection. Importantly, using results from [22], we
show that every semi-Riemannian homogeneous space admits a presentation such that the
isotropy is the holonomy of an Ambrose—Singer connection. This lets us link our main
result in Theorem 5.4.7 to Conjecture 1.1.2. In Section 3.3, we present the decomposition
of the space of homogeneous structures, A' ® A%, into three irreducible modules. The
irreducible decomposition allows us to classify homogeneous structure tensors into eight
different algebraic types, with tensors belonging to one of the three irreducible modules
being called vectorial, twistorial, or totally skew. We also briefly look at the isomorphism
between A! ® A? and A? ® A!, which explains how the homogeneous structure completely
determines the torsion of the Ambrose-Singer connection, and visa versa. We end with
Section 3.4, where we present the known results in the literature relevant to Lorentzian
Ambrose-Singer connections with indecomposable, non-irreducible holonomy. These results
require additional assumptions on the algebraic type of the torsion.

We now move onto our main result chapters of the thesis, Chapter 4 and Chapter
5. Starting with Chapter 4, this chapter presents all the algebraic results proved en
route to Theorem 5.4.7. In Section 4.1, we introduce our notation going forward for
(n + 2)-dimensional Minkowski space V' with a basis (e_, eq, ..., €,, 1) such that e_ is a
null vector. We also present indecomposable subalgebras h of g = so(1,n + 1) which were
classified into four types in [4]. All such algebras stablise a null line which restricts them
to be contained in the parabolic subalgebra p C g, where p = (R ® so(n)) x g_ and g_
is an abelian ideal in p. In Section 4.2, we compute the centraliser of the four types of
indecomposable subalgebras, see Proposition 4.2.1. We use this result in Section 4.3 to
prove one of the most important results in this thesis. However, before that, as an aside,
the motivation of this chapter is for b to be a holonomy algebra of an Ambrose-Singer
connection in Chapter 5. Hence, the rest of this chapter is focused on algebras of type 2
and type 4. This is because these are the only two types which annihilate the null vector e_
and, as will be seen further down, this is the case for an indecomposable, non-irreducible
Ambrose-Singer holonomy algebra.

Back to Section 4.3, in this section we determine the largest trivial h-submodule in
Al @ A2, We determine that:

Theorem (4.3.1). Let h C so(1,n+ 1) with n > 2, be a indecomposable subalgebra of type
2 or type 4. If S is a trivial submodule of b in A\ @ A%, and S € S, then,

S(e-) =0, S(e;) €g_, Sles)€p,

such that S(e;)e = —pry (S(ey))ei. Moreover, let by = pr, (h), then bo - prg (S(ey))
Furthermore, in type 2, bo-pr, (S(ey)) = 0, while in type 4, (¥~ (V1)@hg)-pr, (S(et))

0.
0.
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This is one of the most important theorems in this thesis since for an Ambrose-Singer
connection V, its associated homogeneous structure S is parallel. Hence, the holonomy
of V annihilates S and its form can be completely determined by the theorem above.
We then move onto the next section, Section 4.4, and we investigate how the irreducible
decomposition of A' ® A? interacts with the trivial submodule S. We refer the reader to
Theorem 4.4.1 for the results obtained in this section. Since the homogeneous structure
completely determines the torsion of the Ambrose—Singer connection, our result Theo-
rem 4.3.1 describes the complete form of possible torsion for Ambrose—Singer connections
with indecomposable, non-irreducible holonomy. Moreover, the Ambrose-Singer curva-
ture tensor satisfies the Bianchi symmetry for such torsion 7. Hence, in Section 4.4,
we prove the second most important result of this chapter, we determine the space of
algebraic curvature tensors, R(V,h,T), taking values in h with such torsion described by
Theorem 4.3.1, we refer to Theorem 4.5.4 for when § is of type 2, and Theorem 4.5.5 for
when b is of type 4. We then further determine the largest trivial h-submodule since the
Ambrose-Singer curvature is parallel.

Theorem (4.5.6). Let b be of type 2 or type 4 and let R € R(V,h,T). Ifh- R =0, then
R(X,)Y)eg_ foral XY €V.

Lastly, in Section 4.6 we determine the possible homogeneous structures in dimension 3
and their possible algebraic curvature tensors.

In Chapter 5, we investigate Lorentzian manifolds with Ambrose—Singer connections
with indecomposable holonomy through the algebraic results in the last chapter. We
do this in multiple steps building up to our main result. We shall note that to prove
Theorem 5.4.7, the two conditions in order to being a plane wave is that the Levi-Civita
connection has holonomy R™ and satisfies some extra curvature conditions (see Section 2.6).
Hence, our main efforts are in proving that the holonomy of the Levi-Civita connection is
contained in R".

Starting with Section 5.1, recall that a locally symmetric connection is a connection
with parallel curvature, i.e. VR = 0. In this section we investigate locally symmetric
Lorentzian connections with indecomposable holonomy. Our result in this section is:

Theorem (5.1.4). Let (M, g) be a simply-connected Lorentzian manifold of dimension
> 3 with a locally symmetric metric_connection V. Assume that ho[(Vl 15 indecomposable,
non-irreducible. Then, NV admits a V-parallel null vector field and hol(V) is of types 2 or 4.

In particular this means that if we have a locally symmetric Lorentzian connection with
indecomposable holonomy, then the holonomy of this connection is contained in so(n) x R".
We then move to looking at Lorentzian Ambrose—Singer connections with indecomposable
holonomy in Section 5.3, however before that we briefly introduce the screen bundle in
Section 5.2 which gives us the tools to investigate the so(n)-projection of a holonomy
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algebra contained in so(n) x R". Specifically, that the holonomy hol(VF) of the connection
VE induced on this bundle by a connection V corresponds to the so(n)-projection of the
holonomy of V.

In Section 5.3, our first result is determining that for a Lorentzian manifold with an
Ambrose—Singer connection with indecomposable holonomy, the holonomy of the Levi-
Civita connection is contained in so(n) x R", see Theorem 5.3.5. Hence, by the results
in Section 5.1, we have that both holonomy algebras of the Ambrose-Singer connection
and Levi-Civita connection are contained in so(n) x R". We now want to compare both
algebras and hopefully show that the so(n)-projection of the Levi-Civita holonomy is
trivial through the Ambrose-Singer holonomy. Thus, along these lines, we end this section
with showing that the so(n)-projections of both holonomy algebras are equal.

Theorem (5.3.11). Let (M, g) be a simply-connected Lorentzian manifold of dimension
> 4 with Ambrose—Singer connection V. Suppose that hol(V) is indecomposable, non-
irreducible. Then hol(VE) and hol(VF) are equal.

In other words, prgo(n)(hol(ﬁ)) and Pry,(,) (hol(V)) are equal. We note that this result
can be generalised to arbitrary Lorentzian connections with parallel torsion which satisfy
the extra condition of having a parallel null vector field, see Remark 5.3.12.

Moving into Section 5.4, where we tie everything together and complete the last step
of showing the so(n)-projection of the Ambrose—Singer holonomy is trivial, then by the
previous result, the Levi-Civita holonomy would be contained in R™. We do this with the
following theorem.

Theorem (5.4.4). Let (M, g) be a simply-connected Lorentzian manifold of dimension
> 4 with Ambrose-Singer connection V. Suppose that hol(V) is indecomposable, non-
wrreducible. Then,

hol(V7) = hol(VF) =0,

implying that the holonomy for both V and V must be abelian.

We then end the section with our main result Theorem 5.4.7, showing that the curvature
must satisfy the extra constraints to be a plane-wave. We end the thesis with Section 5.5,
in this section we investigate the 3-dimensional case and show that we cannot apply the
same methods to drop the dimension bound in Theorem 5.4.7.

Remark 1.2.1. The main result Theorem 5.4.7 and the key results to be able to prove
it contained in Chapters 4 and 5 have been rewritten and in some cases generalised
and submitted as a research paper (Greenwood and Leistner [20]), and is currently in
submission. The preprint is available on arXiv at arXiv:2404.17470.
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1.3 Further research

Summarising our work, we prove a substantial step towards Conjecture 1.1.2. We show
that a Lorentzian manifold of dimension > 4 which admits an Ambrose-Singer connection
with indecomposable, non-irreducible holonomy, is covered by a locally homogeneous plane-
wave. Along the way, we prove novel results about certain trivial submodules, Lorentzian
connections with parallel torsion, and locally symmetric Lorentzian connections.

To be able to complete the proof of Conjecture 1.1.2 through the approach of Ambrose-
Singer connections, further research is needed in two possible directions.

e The first direction involves further development on the relationship between the
isotropy of a homogeneous space and the holonomy of an Ambrose-Singer connection,
that is, if the isotropy of any presentation can always be realised as the holonomy of
an Ambrose—Singer connection without having to pass to a different presentation. If
this is the case, then Theorem 5.4.7 would immediately prove Conjecture 1.1.2.

We suspect this would also involve clarifying further the relationship between canon-
ical connections (see Section 2.3) and Ambrose-Singer connections.

e The second direction involves studying the case when the isotropy is indecomposable,
non-irreducible and the Ambrose-Singer holonomy is decomposable. This is because
the reason our main result does not prove Conjecture 1.1.2 is as follows: if one
starts with a homogeneous space M = G /H with indecomposable, non-irreducible
isotropy H, one may have to pass down to a smaller presentation M = G / H such
that H = Hol(%) where V is an Ambrose-Singer connection. In doing so, it is not
guaranteed that HCHis indecomposable, non-irreducible. Hence, the next steps
would involve assuming that H is indecomposable, non-irreducible and that H C H
is decomposable.
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Chapter 2

Semi-Riemannian Homogeneous
Spaces

In this chapter we shall introduce some of the needed background for the rest of the thesis.
Specifically, in Section 2.1 we introduce the concept of holonomy and some basic results
which will be used in further chapters. In Section 2.2 and Section 2.4 we introduce semi-
Riemannian homogeneous spaces and their local counterparts which will be a central focus
of interest going forward. In Section 2.3 we introduce the canonical connection associated
to any reductive homogeneous space which will be used as examples in Chapter 3. Next
in Section 2.5, we move on to explain in detail the results obtained in [36] which applies
to Lorentzian homogeneous spaces with irreducible isotropy. Lastly, in Section 2.6, we
introduce Lorentzian pp-waves and plane waves which are a special class of Lorentzian
manifolds and will be needed later in the thesis.

2.1 Preliminaries on holonomy

In this section we shall define the holonomy group and holonomy algebra for a connection
V on a vector bundle E over a manifold M. We shall then introduce the holonomy
principle and Ambrose-Singer holonomy theorem, both of which shall be used throughout
this thesis.

Let E be a vector bundle with connection V over M. The curvature RV of V is a
2-form on M with values in the bundle End(E) = E*® E, i.e. RY € I'(A’T*M @ End(E)).
It is defined as,

RY(X,Y)S =VxVyS —VyVxS—VixyS, X,Yel(TM),SeT(E).

With a connection V, we can define the notion of parallel transport on E with respect to

9
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V along a curve in M. If we let 7 : [0, 1] — M be a smooth curve, then we can pullback
the bundle F along v to get the pullback bundle v*E. Moreover, we can pullback the
connection V to a connection V7 on v*E.

Definition 2.1.1. A section S € ['(y*F) is said to be parallel along ~ if V7S = 0.

Suppose 7(0) = p € M, and we have v € E,, then we want some notion of parallel
transporting v along . We do this by finding some S € I'(y*E) such that S(0) = v and
V7S =0, then S(1) € E, ) is the transported vector.

Proposition 2.1.2. For any v € E ), there is a unique parallel section S € I'(v*E) such
that S(0) = v.

Proof. In any coordinate neighbourhood the conditions placed on such an S define an
ODE with initial condition, thus we are guaranteed existence and uniqueness. See [21] for
details. O

This defines an isomorphism Py between the fibers £,y and E,;) which we call the
parallel transport of v with respect to V. This is defined as,

Py Eyo) = Byq), v =5(0)— S(1),

where S is the unique parallel section of v*E such that S(0) = v.
This allows us to define the holonomy group Hol,(E, V) of V at a point p € M.

Definition 2.1.3. If p € M, then the holonomy group Hol,(E, V) at p of V is defined as,

Hol,(E, V) :={PY € GL(E,) : 7(0) = v(1) = p, v piece-wise smooth}.

The holonomy group of any connection V enjoys being a Lie group, see [21]. Hence,
we shall denote its Lie algebra as hol,(£, V), which we call the holonomy algebra of V at
peE M.

Remark 2.1.4. If p,qg € M and we fix some piece-wise smooth curve o from p to ¢, then
Hol,(E, V) = PY o Hol,(E, V) o PY.,. As a consequence the holonomy groups at various
points of M are in fact isomorphic. This enables us to talk of the holonomy group/algebra
up to conjugation without denoting the base point. This shall be denoted Hol(F, V) and
hol(E, V) respectively.

One of the most important results in the theory of holonomy is the so called holonomy
principle.
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Theorem 2.1.5 (Holonomy Principle [5]). Let M be a connected smooth manifold and E
a vector bundle over M. Moreover, suppose that V is a connection on E. Then, there is a
bijective correspondence between,

e sections of E which are invariant under parallel transport of V,
e Hol,(V, E)-invariant vectors in E, for p € M,

o V-parallel sections of E.

A consequence of the holonomy principle, which shall be used extensively throughout
Chapter 4, is that if A € ['(E) is parallel, i.e VA = 0, then its value at p € M is invariant
under Hol,(V, E), which implies hol,(E,V)- A = 0.

Moreover, we have the following theorem concerning the holonomy algebra proved by
Ambrose and Singer [1], which shall be used throughout this thesis.

Theorem 2.1.6 (Ambrose-Singer Holonomy Theorem [1]). The holonomy algebra of V
on E is given by,

bol,(E, V) = span { P (R,Y(l)(X, Y): X, Y e T,;yM},
where 7 : [0,1] = M is any curve such that v(0) = p.

Remark 2.1.7. We note above that va is mapping a endomorphism of T,y M to one of
T )M, this is explicitly given by,

PY (RY)(X,Y)) = Py o RY (X, Y) o PY.
If we have an additional connection V on the tangent bundle of M, we can extend V
to ® T*M ® E, by,
(VxA) (X1, .., X)) = Vx(A(Xy, ., X)) — A(Vx Xy, X)) — - — A(XY, .., Vi X,).

Where we are abusing notation by denoting the induced connection as V. If £ = TM,
then no auxiliary connection is needed.

Proposition 2.1.8. Let V and V be connections on E and TM respectively. Moreover,
denote D as the induced connection on NX*T*M ® E. If DRV = 0, then bol (E,V) =
span{R) (X,Y) : X,Y € T,M}.

Proof. By Theorem 2.1.6,

bol,(E, V) = span { PY (Rj(l)(x, Y)): X,Y € T,yM,7(0) = p},
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where 7 : [0,1] — M is any curve such that v(0) = p. Before we continue, we shall first
state how PP maps elements of (A? ® E)|,1) to (A* ® E)|,). Let Q € I'(A*® E), then,

PL(Qy1)(X,Y)S = PYs 0 Q) (PY(X), PY(Y)) 0 PY(S),

where X,Y € T (oyM and S € E,g). Hence, for the curvature RV, if we consider the term
PY (RV (X, Y)) for X,Y € T,y M, then,

71
P’YV (Ry(l)(X: Y)) = PX1 o Ry(l)(X, Y)o Py,
= PP(RY ) (P (X), PEL(Y))

Now, since DRY = 0, by Theorem 2.1.5, RV is invariant under parallel transport of

D, hence, PP(RY,)) = RY,. Thus, PY (Ry(l)(X, Y)) — RY,, (P,YV_I(X),PX_I(Y)>, and

since parallel transport is an isomorphism,

hol,(E, V) = span{R} (X,Y) : X,Y € T,M}. O

We now introduce the notion of irreducibility and indecomposability for subgroups
of GL(n,R) and O(p, q). These algebraic assumptions shall be a focal point later in this
chapter, and shall reappear in Chapter 4 and Chapter 5.

Definition 2.1.9. If V' is a vector space, let H C GL(V') (or algebra h C gl(V')). We
say that H (or b) is irreducible if there is no non-trivial proper subspace of V' which is
invariant under H (or b).

Definition 2.1.10. If V' is a semi-Euclidean vector space, let H C O(V) (or algebra
h C so(V)). We say that H (or ) is indecomposable if there is no non-trivial proper
non-degenerate subspace of V' which is invariant under H (or b).

We can apply the irreducible assumption to the holonomy of any connection V on a
vector bundle £ of rank n since Hol,(E, V) C GL(E,), and hol(E,V) C gl(£,). More-
over, if the vector bundle admits a parallel metric g, then by the holonomy principle
Hol,(E,V) C O(E,) and hol,(E,V) C so(E,). Hence, in such a situation the indecom-
posability assumption is relevant.

Remark 2.1.11. Note that for Riemannian metrics, every subspace is non-degenerate,
hence irreducibility and indecomposability are equivalent.

We shall use the term “indecomposable, non-irreducible” to exclude the irreducible
case when assuming indecomposability.
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2.2 Semi-Riemannian homogenous spaces

In this section we introduce semi-Riemannian homogeneous spaces. This includes reductive
homogeneous spaces and the isotropy representation which shall be a key focus throughout
this thesis.

We start with the following theorem.

Theorem 2.2.1 ([21]). Let G be a Lie group and H a closed subgroup of G. Then there is
a unique smooth structure on G/H such that the action of G on G/H is smooth. That is,
the mapping G x G/H — G/H, (1,92 H) — g192H is smooth. In particular 7 : G — G/H
is a submersion and dim(G/H) = dim(G) — dim(H).

This leads to the definition of a homogeneous space.

Definition 2.2.2. A homogeneous space is a quotient G/H of a Lie group G by a
closed subgroup H, such that G/H is equipped with the unique smooth structure making
7 : G — G/H a submersion.

An equivalent definition of a homogeneous space is the following.
Definition 2.2.3. A manifold M is homogeneous if there is a Lie group G acting smoothly

and transitively on M.

We see that these definitions are equivalent. Take G/H as a homogeneous space given
the first definition. That is by a quotient of a Lie group GG and a closed subgroup H. Then,
G acts on G/H by left translations, and this action must be transitive. This is because
the left translation by gog;* takes g1 H to goH, and this can be done for any point.

Conversely, let M be a homogeneous space given by the second definition. That is M
a manifold on which G acts transitively. We define the isotropy group H, as follows.

Definition 2.2.4. If M is a homogeneous space, the isotropy group at a point p € M is
the subgroup,
H,:={geG:g9-p=p}
The isotropy group H, is a closed subgroup of G and the map,
G/Hy, — M, gH v~ g-p,
is a diffeomorphism between G/H,, and M. See [21] for details.
Remark 2.2.5. Since the action of G is transitive, all isotropy groups are conjugate,
Hy,= ngg_l.

Hence, we will often abuse notation and omit the point.
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In the context of semi-Riemannian geometry, which shall be the focus for the rest of
the thesis.

Definition 2.2.6. A semi-Riemannian manifold (M, g) is called homogeneous if there is a
Lie group G of isometries acting transitively on M.

Throughout this thesis the main focus will be on a distinguished subclass of homoge-
neous spaces. The so-called reductive homogeneous spaces.

Definition 2.2.7. A homogeneous space G/H is called reductive if the Lie algebra g of
G admits a decomposition g = h @& m, such that b is the Lie algebra of H and m is an
Ad(H)-invariant subspace. That is, Ad(h)m C m for all h € H.

Lemma 2.2.8 ([21]). For a reductive homogeneous space, the condition Ad(h)m C m for
all h € H implies [h,m] C m.

Remark 2.2.9. If H is connected then the converse is also true. This is a consequence
of the fact that if [X,Y] € m, then ad(X)(m) C m and thus it can be shown that
Ad(h)(Y') € m for all h in the subgroup of H generated by exp(h). If H is connected, then
this subgroup is exactly H.

For reductive homogeneous spaces, we can identify the subspace m with T, M, where
o= H € G/H. This is because the projection 7 : G — G/H gives rise to an isomorphism,

dme| :m—T,M.

m

More explicitly, consider the differential of 7, d 7, : g — T,(G/H). Let X € g and exp(tX)
its one parameter subgroup. Then,

drm(X) = &

= (moexp(tX)) = 4 (exp(tX)H).

=0 ~ dtli=o

Note, dm.(X) = 0 if and only if X € h. Hence, ker(dm.) = b, and since d 7 is surjective,
we obtain the isomorphism, g /b = T,(M). But for reductive homogeneous spaces this is
exactly m.

Remark 2.2.10. For reductive homogeneous spaces, given any X,Y € g, then [X, Y],
and [X, Y], shall denote the projections of [X,Y] € g onto m and b respectively.

In the semi-Riemannian setting, not every homogeneous space is reductive. However,
remarkably in the Riemannian signature, every homogeneous space is reductive.

Theorem 2.2.11 ([9]). Every Riemannian homogeneous space (M, g) is reductive.
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Proof. See [9] for proof. However, the key idea is to use that the metric is positive definite
to define a symmetric bilinear form on g which is Ad(H )-invariant and definite on . Then,
we define m = h+ with respect to this bilinear form. O

We will now present some examples of homogeneous spaces.

Example 2.2.12 (Lie groups). Every connected Lie group G is a homogeneous space
since G acts naturally on itself, giving the coset space G = G//{e}.

Another way to see them as homogeneous spaces, which shall be used in later chapters
as examples, is to consider K = G x G acting on G by,

K xG>((91,92),93) = 919395 " € G.

Then the isotropy subgroup H of K at e € G is the diagonal {(g,¢9) : ¢ € G}. Let g be
the Lie algebra of G so that ¢ = g+ g and h = {(X, X) : X € g}. The homogeneous space
G = K/H is reductive and there are three decompositions of £:

E:b‘l'g-w g+:{(O,X)ZX€g},
t=b+g., g ={(X,0):X g},
E=b+g 90:{(X5_X)X€g}

Example 2.2.13 (Spheres). The sphere S” is a reductive homogeneous space. This is
because Iso’(S”) = SO(n+1) acts transitively on S™. To see that its reductive, g = so(n+1)
and h = so(n). Since the Killing form on so(n) is definite, we can define m as h* with
respect the Killing form on so(n). Given the Killing form on so(n) is B(X,Y) = tr(XY)
for X,Y € so(n), it can be verified that,

0 CT ... Cp
—C1 0 0

m = . 2C17...,C7LER ,
—c, O 0

and g = h @ m is a reductive decomposition.

Example 2.2.14 (Spaces of constant sectional curvature). Some more examples of
homogeneous spaces are the other spaces of constant sectional curvature,

R — SO(n) x R" n S00(1,n)
~ SO(n) ~ SO(n)
and the Lorentzian constant curvature counterparts,
. SOg(1,n—1) x Rbn1 SO(2,n —1) SOp(1,n)
RUA-1 = 20 AdS" = — 71—~ dS"= — .
SOo(l,n— 1) ’ SOo(l,n— 1)’ SOo(l,n— 1)
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Example 2.2.15 (Projective spaces). The various projective spaces are homogeneous,

SO(n +1) SU(n+ 1) P, — Sp(n+1)
S(Z> x O(n))’ S(UM)U(n))” " Sp(n)Sp(1)’

We will now introduce the isotropy representation. Given a semi-Riemannian homoge-
neous space, (M = G/H, g), then the isotropy H acts in a natural way on the tangent
space. Let H be the isotropy at o = eH € G/H, then for every h € H, h- 0 = 0. Hence,
for any h € H, we can take the differential at o,

dhl,: T,M — T,M,

RP, = CP, =

producing an element of O(7,M). This results in H acting on 7,M and we get the
corresponding representation,

p:H = OT,M), h— dhl,

Definition 2.2.16. The representation p : H — O(T,M) defined above is called the
isotropy representation.

We can always assume G acts effectively on M by replacing G with G/N, where N is
the normal subgroup which acts trivially. This implies that the isotropy representation
is always injective. This can be seen as all elements apart from the identity act not
trivially, and elements of G are isometries which are uniquely determined at a point and
its differential. Hence, if g, h € H and d g|, = d h|,, then g = h. Thus, we can identify H
in O(T,M), and we can look at the isotropy being irreducible, and indecomposable in the
sense explained in Section 2.1.

Definition 2.2.17. We say the isotropy is irreducible or the homogeneous space is
isotropy irreducible if the isotropy group/algebra is irreducible with respect to the isotropy
representation i.e. p(H) C GL(T,M) is irreducible.

Definition 2.2.18. For a semi-Riemannian homogeneous space, we say the isotropy is
indecomposable or the homogeneous space is isotropy indecomposable if and only if the
isotropy group/algebra is indecomposable with respect to the isotropy representation i.e.
p(H) C O(T,M) is indecomposable.

Example 2.2.19. Examples of homogeneous spaces with irreducible isotropy are the
Lorentzian symmetric spaces of non-zero constant curvature,

n+l SO(Q,TL) n+l SOO(l7n+ 1)
AdS" = ———=, ="
800(1777/) SOO(l,TL)

Both have irreducible isotropy SO(1,n).

Examples of Lorentzian homogeneous spaces with indecomposable, non-irreducible
isotropy are indecomposable homogenous pp-waves/plane waves which will be introduced
in Section 2.6. They have indecomposable, non-irreducible isotropy algebra h = R".
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2.3 Canonical connections

Let M = G/H be a homogeneous space with reductive decomposition g = h @ m. Any
G-invariant connection on GG/ H is uniquely determined by its value at the origin o0 := eH
by applying left translations. Moreover, since we can identify m = T, M, then by Nomizu
[27], an invariant metric connection on M corresponds to Ad(H )-equivariant map,

A:m — so(m),

called the Nomizu map. Explicitly, the Nomizu map and the associated connection V are
related by, B
(VxY), = AX)Y,, X Y em,

where we have identified X,Y € m with their associated vector fields on M. Moreover,
this can be extended to act on any invariant tensor.

Proposition 2.3.1 ([21]). Let A be a Nomizu map and V its associated connection. The
torsion and curvature corresponding to V expressed at the origin o are given as follows:

T(X,Y), = AX)Y —A(Y)X — [X,V]m,

R(Xv Y)o = [A(X)7A(Y)] - A([X7 Y]m) - ad([X’ Y]h)a

forall XY € m.

We can take this notion and apply it to the Levi-Civita connection, as it will be an
invariant metric connection on GG/H and hence has an associated Nomizu map.

Proposition 2.3.2 ([21]). Let (M = G/H,g) be a semi-Riemannian reductive homoge-
neous space. Then the Nomizu map A : m — so(m) corresponding to the Levi-Clivita
connection is given by,

AN(X)Y = %[X, Y+ U(X,Y),

for all X, Y € m, where U(X,Y) is a symmetric tensor defined by,

QQ(U(X7 Y),Z) = g(X, [Zv Y]m) —l—g([Z, X}ﬂhY)'

The main interest of this section is a invariant connection called the canonical connection.
It is a connection whose horizontal distribution is generated by left translations of m, see
[21]. Such a connection is unique after fixing a reductive decomposition.

Definition 2.3.3. The canonical connection V¢ associated to a reductive decomposition
g = h @ m is the connection whose Nomizu map A°: m — so(m) is the zero map.
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Proposition 2.3.4 ([21]). If a tensor on M is invariant by G, then it is parallel with
respect to the canonical connection.

As a result, using Proposition 2.3.1, the torsion and curvature of the canonical connec-
tion are given by

T9X,Y)=—[X,Y]n, and R(X,Y)=—[X,Y]s.

Moreover, V“I' = VR = 0 by Proposition 2.3.4.

For an example, we can look at the canonical connections associated with the reductive
decompositions of G viewed as a homogeneous space given in second description of
Example 2.2.12. Their defining feature was how their m term was defined, these were
labeled g, ,g_, or g,. Thus, the canonical connections associated to these decompositions
are called the (4)-connection, (—)-connection, and the (0)-connection respectively, and
were first introduced by Cartan and Schouten [31].

Proposition 2.3.5 ([21]). Let G be a connected Lie group, and let X,Y,Z € g with
reductive decompositions as in Example 2.2.12. Then,

e for the (+)-connection: T(X,Y) =[X,Y], and R =0,
e for the (—)-connection: T(X,Y) = —[X,Y], and R =0, and

e for the (0)-connection: T =0, and R(X,Y)Z = —1[[X,Y], Z].

2.4 Semi-Riemannian locally homogeneous spaces

In this section we introduce semi-Riemannian locally homogeneous spaces as presented in
[9]. These shall be of importance in Chapter 2 when we define Ambrose-Singer connections
and their relationship with locally reductive homogeneous spaces.

We shall first introduce the notion of a semi-Riemannian locally homogeneous space.

Definition 2.4.1. A semi-Riemannian manifold (M, g) is locally homogeneous if for every
two points p,q € M, there are neighborhoods U and V' of p and ¢, respectively, and an
isometry f: U — V taking p to q.

Remark 2.4.2. We call such isometries local isometries. That is, f : M — M is a local
isometry if for each p € M, there is a neighborhood U of p such that f|y is an isometry
onto an open subset of M.
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There are multiple notions of being locally homogeneous in the literature, we refer to
[11] for a comprehensive list. For example, the conditions of Definition 2.4.1 are the case
it p € M admits a neighbourhood U of p and Killing vector fields on U that span T),M.
Here we recall that a Killing vector field is a vector field X € I'(T'M) such that Lxg = 0.

We now want to make sense of what it means for a locally homogeneous space to
be reductive. To do this we shall follow [9] in their approach. To define some sort of
reductivity condition, we would like some reductive decomposition of an isometry group
acting transitively on M. However, now that our isometries are only local isometries, they
do not necessarily form a group, let alone a Lie group. Thus, before we continue we need
the following definitions.

Definition 2.4.3. A (smooth) pseudo-group on a smooth manifold M is a set G of
diffeomorphisms 1) : U — V, defined on open sets U,V C M, such that,

e Idy € G,

e ifi) € G, thenyt €@,

e if ¢ : U — V belongs to G and W C U is open, then 9|y € G,

o if : U — V, with U =, U; a union of open sets, then ¢ € G if 1

Uiega

o ift): U —Vand ¢:U — V' and VNU’ is non-empty, then ¢pov : 1 (VNU') —
(VU eg.

Definition 2.4.4. A transitive Lie algebra is a pair (g, g,), where g is a Lie algebra and
gy is a proper subalgebra such that the only ideal of g in g, is {0}.

Let (M, g) be a locally homogeneous semi-Riemannian manifold. Consider the set of
all local isometries Z. This is not a group, however, it is a pseudo-group, more specifically
it is a Lie pseudo-group, we refer to [32, 9] for details. This means we can associate a Lie
algebra i to Z, furthermore, we can construct an i, making (i,i°) a transitive Lie algebra.
We shall skip over its construction and the general theory of Lie pseudo-groups, however,
we will describe a way to view (i, i%).

First introduced by Nomizu in [28], we start by defining a Killing generator.

Definition 2.4.5. A Killing generator at p € M is an element (X, A) € T,M & so(T,M)
which are solutions to the following equation,

VxV'R,+A-ViR,=0, i>0,

where V is the Levi-Civita connection and R its curvature. Moreover, V'R, denotes the
i-th iterated covariant derivative of R at the point p € M.
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Using the notation from [14], the space of Killing generators at a point p € M shall be
denoted K f’oo. We can equip it with the Lie bracket,

which turns Kf"x’ into a real Lie algebra. We define,
Roo . Ryo0 . _
H,»> = {(X,A4) € K,”*: X =0}.

Lemma 2.4.6 ([32, 9]). The pair (K[>, H*>®) is a transitive Lie algebra isomorphic to
(i,19).

Hence, this is one way view the transitive Lie algebra (i,i") associated to Z. Now, since
M is locally homogeneous, consider the Lie pseudo-group of local isometries G C Z acting
transitively on (M, g). We can attach a Lie algebra g to G, this is the set of germs of local
Killing vector fields with 1-parameter group contained in G. We can also consider the Lie
subalgebra h C g where it is formed by all [¢] € g which vanish at p € M. It turns out

that g C i and h C i°, moreover (g,h) is a transitive Lie algebra, we refer to [32, 9] for
details.

Definition 2.4.7. Let G be a Lie pseudo-group of isometries acting transitively on (M, g).
The isotropy pseudo-group at a point p € M is,

Hy={f€G:flp)=p}
The linear isotropy group of G at p € M is,
H,={F:T,M —-T,M:F=dfl|,, feH,}

The isotropy pseudo-group is not always a Lie pseudo-group, hence we work with the
linear isotropy group which is a Lie subgroup of O(T,M).

Lemma 2.4.8 ([9]). The Lie algebra of H, is isomorphic to b.

We can now define what a semi-Riemannian locally reductive homogeneous space is.

Definition 2.4.9. Let (M, g) be a semi-Riemannian locally homogeneous manifold, and
let G be the Lie pseudo-group of isometries acting transitively on (M, g). We say that the
triple (M, g, G) is reductive if the transitive Lie algebra (g, ) associated with G can be
decomposed as g = m @b, where m is Ad(H,)-invariant.

We also note that this definition does not depend on the point p € M which is in the
background of this definition.

Proposition 2.4.10 ([9]). If (M, g,G) is reductive at a point p € M, then it is reductive
at every point.

Remark 2.4.11. We remark that this definition of locally reductive coincides with the
definition provided in Definition 2.2.7 if (M, g) is a global homogeneous space. We refer to
[9] for details.
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2.5 Zeghib’s results

In [36], Zeghib classifies Lorentzian homogeneous spaces with irreducible isotropy. Such
spaces can be classified via algebraic methods in deducing that a subgroup of O(1,n — 1)
that acts irreducibly on R"™~" contains the connected component of O(1,n — 1), see [7, 12].
Zeghib however provides a direct geometric proof. In this section we shall explore the
details of the proof in [36] and apply these results to the setting when the isotropy is
indecomposable, non-irreducible.

2.5.1 Construction of totally geodesic hypersurfaces

Let (M = G/H, g) be a Lorentzian homogeneous space. Fix o € M such that H is the
isotropy of o. That is, H = {g € G : g(0) = o} and b the Lie algebra of H. Now define
the subspace,

L :=span{v € T,M : v null and exp,(v") is a totally geodesic hypersurface}, (2.1)
where null means g(v,v) =0, and v* := {w € T,M : g(v,w) = 0}.

Proposition 2.5.1. The subspace L is invariant under the isotropy representation.

For the proof we need the following Lemma.

Lemma 2.5.2. Ifexp: TM — M 1is the Riemannian exponential map and ¢ : M — M
is an isometry then ¢ o exp, = expy, od flp-

Proof. Let p € M and v € T,M in the domain of exp,. Since ¢ is an isometry it sends
geodesics of M onto geodesics of M. As a result, v : t = ¢(exp,(tv)) is a geodesic
of M and satisfies 7(0) = ¢(p) and /(0) = d¢|,(v). However, note that the curve
t > expy,) (td ¢[,(v)) is another geodesic which also satisfies the same conditions. Hence,
they are equal. O]

We now prove Proposition 2.5.1.
Proof. 1f ¢ € H and v € L, then d ¢|,(v) is null as the pushforward of ¢ preserves the
metric, and by Lemma 2.5.2, exp, ((d ¢|,(v))") = exp,(d ¢o(v")) = ¢ 0 exp,(v+). Thus, as
¢ is an isometry exp,((d @|,(v))t) is totally geodesic. Hence, d ¢|,(L) C L. O

Now we impose that G/H is isotropy indecomposable. In doing so, p(H) C O(1,n+ 1)
is not precompact as seen from the following lemma.
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Lemma 2.5.3. If H C O(p, q) is indecomposable, then H is not precompact.

Proof. For a contradiction, assume that H is precompact. Then this means the closure of
H is compact and contained in O(p, ¢). Take the connected component SOq(p, q), then the
maximal compact subgroup is SO(p) x SO(q) and thus up to conjugation H C SO(p)xSO(q).
But this would imply that H stabilises a non-degenerate subspace, this is impossible due
to H being indecomposable. O]

This brings us to the following theorem proved by Zeghib [36].

Theorem 2.5.4 (Zeghib [36]). If G/H is a Lorentzian homogeneous space such that p(H)
is non-precompact. Then, G/H contains a totally geodesic null hypersurface through a
point o € M.

Proof. Without loss of generality, let H be the isotropy of o € M. Consider f € H and
its graph Graph(f) = {(p, f(p)) :p € M} C M x M. Then, Graph(f) is a d-dimensional
submanifold of M x M where d = dim(M). Moreover, Graph(f) is null when equipped
with the metric g @ (—g), and is totally geodesic as isometries preserve geodesics.

We now consider a sequence f,, € H such that d f,|, € p(H) is divergent, that is, it does
not have a converging sub-sequence. Such a sequence exists since p(H) is non-precompact.
Now, consider the sequence of graphs Graph(f,). We shall work locally and let O be a
convex neighbourhood of 0 € M, then define E,, to be the connected component of (0, 0) in
a convex neighbourhood of (O x O)NGraph(f,,). Furthermore, define V,, = Graph(d f,|,) C
T,M x T,M under the isotropy representation, then FE, = exp(o,o)(Vn NU,), where U, is an
open neighbourhood of 0. Then V,, € Gry(T,M x T,M), where Gry(T,M x T,M) is the
Grassmannian of d-dimensional subspaces of T, M xT, M. Moreover, for any vector space F,
Gr,(F) is compact with respect to the metric d(A, B) = |[Pra — P3|, A, B € Gry(F).
Hence, without loss of generality, V,, will convergence to some V C T,M x T, M, which is
null due to continuity. This lets us construct a limiting null submanifold E of E,, defined
by E = exp(,,)(V NU), where U is an open neighbourhood of 0. It should be noted that
V' cannot be a graph, as if it were the graph of some A € O(T,M), then d f,|, — A which
is a contradiction.

Now we prove that E is totally geodesic. If X € T,E for p € E, take any curve
v :1 — E, where v(0) = p. Let P, : T,E — T,q)E be the parallel transport along . We
need to show that P, (7,E) C T, E. First, note that there exists a curve ¢: I — V such
that v(t) = exp o ¢(t). Thus, define ¢, = Pry; oc: I — V, then ¢, — c and ¢, — ¢ by
definition of the metric on the Grassmannian. Let 7, : I — E,, where 7, (t) = exp o ¢,(t),
then clearly v, — v and v, = 7" as v,,(t) = dexp|., 1) © ¢, (t) and ¥'(t) = dexp|.) o /().
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As a result, fix coordinates (z',...,z™), 0; = 8:v1 then X = X'9;|, and if,

X(t) =Py, (X ZP )9y,

then due to parallel transport we have the collection of ODEs,
(P*) =—F(t,P), P*0)=X"
where F*(t, P) = I} (y(t))(v') (t)P’(t). Now, for each v,(t) : I — E, we have X,, €
T, En such that X,, — X. Hence, if we take P, ;(X,) we have the ODEs,
(PGy) = —FEN(t, Poy),  PGy(0) = XE,,

where F¥(t, P,)) = Ffj(y(n)(t))(vzn))'(t)P{;l) (t). Now, due to [33], we can impose,
k

M
’Pk(l) N P(];)(l)’ < ’Pk(o) - P(];)(O)‘ e"tn + #(eLFn) - 1)
(n)

k k| L M(kn) Ly
= |X*— X[y et + N (e — 1)
(n)

where M (kn), L’(“n) are constants. Specifically,

M(kn):supth ’Fk t,h)!
= supg ) | T3 (Vi (t))(v(n ) ()1 (1) = T (v(0) (7) (8) 1 ()]
< supg ) (T8 (1) () (1) (8) = THGED (V) (O] 1A
But, v, — v and 7, — +'. Thus, M* — 0 and hence P*(1) — P*(1). This implies that
X,(1) = X (1) and as each E, is totally geodesic we must have X (1) € T,y E as required.
Now, define V? =V N ({0} x T,M). This is non-trivial as otherwise the function,

F:T,M —T,M, F(X)=Y when (X,Y)€V,

is well-defined and V' = Graph(F'), a contradiction since V' is not a graph. The dimension
of V2 is one since V is null and M is Lorentzian. If Pr; is the projection onto the first
factor, then Ker(Pry(V)) = V2. Hence, V! = Pry(V) C T,M is a null hypersurface.

We now claim that E' = Pr(FE) is a totally geodesic null hypersurface. It is totally
geodesic since FE is totally geodesic, and is a null hypersurface since E! = Pr(E) =
Pri(exp, ) (V NU)) = exp, (VI NUY). O

As a result, if G/H is isotropy indecomposable, then by Lemma 2.5.3, p(H) is non-
precompact. This immediately leads to the corollary.
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Corollary 2.5.5. If G/H is a isotropy indecomposable Lorentzian homogeneous space
then,

L = span{v € T,M : v null and exp,(v") is a totally geodesic hypersurface}

18 non-trivial.

Proof. By Theorem 2.5.4 there exists a totally geodesic null hypersurface at o € M. Thus,
if we consider the orthogonal line to its tangent space, this is spanned by a non-zero
element of L. 0

2.5.2 Consequences in the irreducible case

In the case that G/H is isotropy irreducible, then L cannot be trivial by Corollary 2.5.5,
hence L = T,M. This leads to the following result proved by Zeghib [36].

Theorem 2.5.6 ([36]). If G/H is a isotropy irreducible Lorentzian homogeneous space of
dimension > 3. Then G/H has constant sectional curvature.

Before we give the proof, we need the following Lemma.

Lemma 2.5.7 (Weak Schur’s lemma, [21] p. 202). If a semi-Riemannian manifold of
dimension > 3 has constant sectional curvature at each of its points, then this constant is
the same everywhere on the manifold. Hence, the manifold has constant sectional curvature.

We will now give the proof of Theorem 2.5.6.

Proof. The homogeneous space is isotropy irreducible, since L is isotropy invariant and
non-trivial, L = T,M. As a result, we can choose n null vectors 1’ such that T,H" = (n')*
for some null totally geodesic hypersurface H*. For u € T,M, let A, denote the curvature
operator A, : T,M > v — R(u,v)u € T,M. Then, for any u € T,H*, A, preserves T,H".
This is seen by the equation relating the curvature of submanifolds (see [29]),

(ROXYIW, 2) = (ROX, Y)W, Z) + (TT(X, W), TL(Y, 2)) — (TI(X, Z), TI(Y, W),
where R is the induced curvature on H*, and for a totally geodesic submanifold, II = 0.
Moreover, for v € T,M then g(A,(n"),v) = g(A.(v),n") by pairwise symmetry of the
curvature tensor. As a result this equals zero if u,v € T,H", since A,(v) € T,H" and 7’ is
null. Hence A,(n%) € (T,H")* = Rn, so A,(n%) is collinear to 7.

Now, fix i and let E = N;.,T,H", this cant be the trivial intersection as otherwise this
would imply that

T,M = (ﬁj;,,giT,,Hi)L C spanj#(nj)
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thus T, M has dimension less than n which is absurd.

As a result, let e; be a unit directional vector of E, and consider A.,. Since, ¢; € T,H’
for j # i, by collinearity there is \;; such that A.,n’ = \;;jn’ (for i # j). However,
note that as A, is symmetric, \; j9(n7, n*) = g(Ae,n?,n") = g(Aen®, ) = Nirg(?,n"),
which implies that \; ; = Ay (for j # k, g(n?, ") # 0 because both 7/ and n* are null).
Thus, write A; = A; ; and hence the sectional curvature of any non-degenerate plane which

contains e; equals \;. From this, we conclude that A\; = .... = A, (consider 2-planes
generated by two vectors e; and e;). As a result, all the 2-planes in 7, M have the same
sectional curvature. We use Lemma 2.5.7 to complete the proof. O

As a result, we get the immediate corollaries

Corollary 2.5.8. If (M, g) is a connected Lorentzian homogenous space of dimension > 3
with irreducible isotropy group. Then it also has irreducible holonomy group.

Proof. Let (M, g) be isotropy irreducible, then from Theorem 2.5.6 M must have constant
sectional curvature. That is

R(X,Y)Z =c(9(Z,X)Y — g(Z,Y)X), c€ER,

which also implies that the curvature is parallel, i.e. VR = 0. Then by the Theorem 2.1.6,
the holonomy algebra is given by

bol, (V) = Span{P;(;) o R(PyyX, PyyY') © Py : 7(0) = p, X, Y € T,M},
=span{R(X,Y): X, Y € T,M} ( using Theorem 2.1.5 as VR = 0).

However, note that R(X,Y") spans so(1,n+ 1), which is seen by the following identification
of A*T*M and so(TM),

(XAY)Z =g(X,2)Y — g(Y, Z)X.

Hence we will generate all skew-symmetric endomorphisms by choosing basis vectors. As
a result, the holonomy is irreducible. O]

2.5.3 Consequences in the indecomposable case

Now, we can consider Lorentzian homogeneous spaces which are isotropy indecomposable,
but not irreducible. However, we first need some properties from Lorentzian geometry.

Lemma 2.5.9. Let V' be a Lorentzian inner product space. If two null vectors are
orthogonal, then they are linearly dependent.
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Proof. Let p,q € V be null vectors and assume they are orthogonal. Then, take a unit
timelike vector v € V and decompose V such that V = v' @ Rv. Hence, we have that
p = py+ av, ¢ = gy + Sv where a, 3 € R. Since v is timelike, then v+ is a spacelike
hyperplane. Hence, py and ¢y are spacelike. This gives us the relation

<PO>P0> (—owp >7
< p) — 2a(p,v) +a*(v,v),

Similarly, we get that {qo, qo) = 8 and (py, o) = ab. Then,

</6p0 — aqo, Bpo — CYCIO> = 52 <p07p0> - 205(170, QO> + 042<QO> CI0>,
= %a* — 2228 + a?B* = 0.

But since Spy — aqp is spacelike by Bpy — aqy € v+, this implies that Spy — agy = 0. Thus,
as «, f # 0 since p, ¢ are null we get that

Bp — aq = Bpo + afv — agy — afv = Bpo — agy =0
Thus, {p, q} are linearly dependent. H

Lemma 2.5.10. The span of two null lines is a non-degenerate subspace.

Proof. Let ¢; = Re; be two null lines. Consider S = span{e;,es}. Then, by Lemma 2.5.9
(e1,e2) = 1 by rescaling. For a contradiction, assume that S is degenerate. Then, there
exists © € S with x # 0 such that (z,y) =0 for all y € S. If this was the case,

0= (z,y) = (avy + Pua, y) = alvi,y) + B{va, y).

If y = vy, then 8 = 0, and likewise if y = v9, @ = 0. Thus, S must be non-degenerate. [J

Now, we have everything to prove the following result.

Theorem 2.5.11. If (M = G/H, g) is a Lorentzian homogeneous space of dimension > 3
such that H is indecomposable not irreducible, then there exists a filtration of auto-parallel
distributions,

Dc Dt cTM,

where D and D+ are distributions of lines and hyperplanes respectively.
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Proof. Without loss of generality, fix a point o € M and let H be the isotropy of 0. Then
H is non-precompact from Lemma 2.5.3. As a result, applying Theorem 2.5.4 there exists
a totally geodesic null hypersurface at o. Thus, define

:=span{v € T,M : v null and exp,(v") is a totally geodesic hypersurface}.

By Proposition 2.5.1 L is invariant under the isotropy representation and by Corollary 2.5.5
we know that L is nontrivial. Since H is indecomposable, this implies that L N L+ # {0},
so LN L™* is a null line. However, as H is indecomposable, by Lemma 2.5.10, L can only be
spanned by one vector. Thus L N L+ = Rv where v null and exp,(v') is totally geodesic.

Using the fact that M is homogeneous, G acts transitively, and thus for any p € M
there exists ¢ € G such that ¢(0) = p. Hence, define

D|, := dé|,(Rv) € T, M.

This is well defined as if we have another ¢ € G to ¢ such that (o) = p, then ¢~1¢p € H
and thus

d|o(Rv) = d(¢d™'¢)]o(Rv)
= d¢|o © d<¢71¢)’o(L)
€ dolo(Ro).

Conversely, d¢|,(Rv) C dy|,(Rv) which implies d¢|,(Rv) = d¢|,(Rv). As a result, we get
a distribution D of null lines together with a distribution of hyperplanes D+ such that
the leafs exp(v') are totally geodesic null hypersurfaces. Hence, we get a filtration of
distributions

Dc D+ cTM,
which are auto-parallel as the Levi-Civita connection is torsion free. O]

Remark 2.5.12. If D+ is auto-parallel, then [I'(D+),I'(D+)] € I'(D*). Which implies
that D= is integrable.

Being auto-parallel is a strictly weaker condition for a distribution than being parallel,
which would be the first step towards proving that (M = G/H, g) is a plane wave. This
is because it would be the first step in trying to show that M admits a parallel null
vector field. We do not know how to proceed from here in showing that D is parallel and
progress towards Conjecture 1.1.2. Hence, we will follow the approach of Ambrose-Singer
connections and homogeneous structures which are introduced in the next chapter.
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2.6 Homogeneous plane waves

In this section we introduce Lorentzian homogeneous pp-waves and plane waves as they
will appear in future chapters. Plane waves are a special case of a distinguished class of
Lorentzian manifolds, namely the so-called pp-waves. One defining characteristic is that a
general pp-wave has abelian holonomy algebra.

Definition 2.6.1. A pp-wave is a Lorentzian manifold (M, g) that admits a null parallel
vector field V | i.e.,
g(V;V)=0, VV =0,

such that the curvature tensor is non-zero and satisfies,

R(X,Y)=0, forall X,Y e V"

This is equivalent to R(X,Y)Z € RV for all Z € T'(V*+) and X,Y € I'(TM). In
particular, this implies that pp-waves have abelian holonomy R". Locally, an (n + 2)-
dimensional pp-wave has coordinates (x_, 1, ..., Z,, ) such that the metric takes the
form,

g:de_dx+—|—2Q(x1,...,xn,x+)dxi+de?. (2.2)
i=1
Here () denotes a smooth function which does not depend on the coordinate x_. In these
coordinates the parallel null vector field is given by V' = J_, where
0 0 0
a .

a_.

=—, 0;:= , 0y = :
Ox_ Ox; Ox 4

In such coordinates, the Levi-Civita connection, is given by,
Vo_ =0, V0,=(0,Q)dzr,®0_, VI, =dQ®0J_ —dz; ®grad(Q). (2.3)

Where grad(Q) = 69;(Q)9; denotes the gradient of H with respect to the flat metric
> dai.

The curvature tensor of a pp-wave and its first covariant derivative are given by,

R=4Y Qy(dz;Adzy)-(dajAdey), VR=4> dQy®(dz;Aday)-(dajAdzy),
i,j=1 4,j=1
where Qij = &@Q

The special case that we are interested in are the so called plane waves. These are
pp-waves for which the curvature tensor is also parallel in the direction of V.
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Definition 2.6.2. A plane wave is a pp-wave for which the curvature satisfies,

VxR =0, forall X € V*.

This means that for a pp-wave to be a plane wave, in local coordinates the function @)
must satisfy 0,0;0,Q) = 0 for all ¢, j,k = 1,...,n. Therefore, forcing () to be a quadratic
function on the z;’s. This means,

Qlx74) = xS )x,

where x denotes the vector (z1,...,2,)", and S(x) is a symmetric n x n-matrix which
depends on .

We now restrict to the homogeneous case. Locally homogeneous pp-waves were studied
by Globke and Leistner [19]. They showed that if the rank of the curvature endomorphism
is greater then 1, they must be homogeneous plane waves. Moreover, they showed that
locally homogeneous plane waves are reductive.

Homogeneous plane waves were classified by Blau and O’Loughlin [6] into two families.
They found that homogeneous plane waves are parametrised by a constant symmetric
matrix Sy and a constant matrix F' € so(n).

With homogenous plane waves being in the first family if|

S(zy) = e"+FSpe o+ (2.4)
and the second,
1
S(zy) = — ellog(@+) g o= Flog(w+) (2.5)
(z4)

The the first family generalise the so called Cahen-Wallach spaces with constant matrix
S to which they reduce to when [S, F'| = 0, whereas the second family generalise the so
called singular plane waves when F' = 0. Thus, we will say (M, g) is regular if S(x) is as
(2.4), and singular if S(x) is as (2.5).

Moreover, Blau and O’Loughlin [6] showed that a transitive isometry algebra g of a
homogeneous plane wave is spanned by {X, A*, BY, Z} for i,7 = 1, ..., n, with the relations,

[

[X, Az] - ESAS + ((10.730 + bo)(So)isBs,
[X, B = (apwo — bo) A’ + (agdis + Fis) B®,
[

for constants ag, by, z¢g. The regular plane waves have an isometry algebra with by = xq = 1
and ag = 0, while the singular plane waves have an algebra with ag = xqg = 1 and by = 0.



30 Chapter 2. Semi-Riemannian Homogeneous Spaces

It can be seen that {A’, B/, Z} generate the 2n + 1 dimensional Heisenberg algebra he(n),
resulting in [g, g] = he(n) and as a vector space g = he(n) @ R. The isotropy algebra is
given by span{B’ : j = 1,....,n} and is isomorphic to R", hence indecomposable.



Chapter 3

Ambrose—Singer Connections and
Homogeneous Structures

In this chapter, we introduce the key machinery of this thesis, Ambrose-Singer connections
and their associated homogeneous structure and clarify the relationship between the
holonomy of an Ambrose—Singer connection and the isotropy of a homogeneous space.
We begin this chapter in Section 3.1 by introducing Ambrose-Singer connections and
their associated homogeneous structure. Much of this section follows Calvaruso’s and
Castrillon Lopez’s Pseudo-Riemannian Homogeneous Structures [9]. In Section 3.2, we
present the relation between holonomy of Ambrose-Singer connections and isotropy groups
of a homogeneous space. Specifically, that there always exists a presentation as G/H such
that the isotropy is the holonomy of an Ambrose—Singer connection. Then, in Section 3.3,
we present the eight different algebraic types of homogeneous structures (and torsion)
based on the irreducible decomposition of A’ ® A2. We end this chapter in Section 3.4,
presenting the known results in the literature towards Conjecture 1.1.2 which all require
the homogeneous structure (torsion) to have a specific algebraic type.

3.1 Ambrose—Singer connections

When considering reductive homogeneous semi-Riemannian manifolds, an alternative
interpretation stems from a theorem of Ambrose and Singer. This was first proved in the
Riemannian case [2], and later generalised to metrics of arbitrary signature [16]. It states
that (M, g) is a reductive homogeneous semi-Riemannian manifold if and only if there
exists a metric affine connection with parallel torsion and parallel curvature.

Theorem 3.1.1 (Ambrose-Singer). Let (M, g) be a simply-connected and complete semi-
Riemannian manifold. The following properties are equivalent:

31
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1. (M, g) is a is a reductive homogeneous semi-Riemannian manifold.
2. (M, g) admits a affine connection V satisfying
Vg=0, VR=0, VT =0,
where R and T are the curvature and torsion of V.

For a proof of Theorem 3.1.1 we refer to [9].

Remark 3.1.2. If global conditions are dropped, i.e. simply-connected or completeness,
homogeneous is weakened to locally homogeneous. See [9] for more details.

A connection V as in (2) of Theorem 3.1.1 is called a Ambrose—Singer connection
(AS-connection). A major class of AS—connections were introduced in Section 2.3, the
canonical connection associated to a reductive decomposition. The difference between the
Levi-Civita connection V and the connection V is a (2, 1)-tensor field S : TM — End(T'M),
defined by

S(X)Y == VxY — VyY,
and since both connections are metric connections,
g(S(X)Y, Z) + g(¥, S(X)Y) = 0,
hence S : TM — so(T'M).

Definition 3.1.3. Let V be an AS-connection on (M, g). The tensor field S = V — V is
called a homogeneous structure of M.

The curvature and torsion of a AS-connection can be expressed in terms of its homoge-
neous structure and the curvature of the Levi-Civita connection.

Lemma 3.1.4. The torsion and curvature of V can be expressed as

T(X,Y)=S8(Y)X — S(X)Y,

R(X,Y) = R(X,Y) +[S(X), S(Y)] + S(T(X,Y)).
Proof. By the definition of the torsion,
T(X,Y)=VxY —VyX — [X,Y],

=VxY —Vy X — (VxY — VyX),
= S(Y)X — S(X)Y.
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Likewise, by the definition of the curvature,

R(X,Y) = [Vx,Vy] = Vixy),
= [VX - S(X)7 Vy — S<Y)] - V[X,Y} + S([X7 Y])7
— R(X,Y) — [V, S(V)] — [S(X), V] + [S(X), S(V)] + S((X, Y],

Y

[
= R(X,Y)+[S(X),S(Y)] + S(T(X,Y)).

Proposition 3.1.5. The equations in Theorem 3.1.1 are equivalent to

Vg=0, VR=0, VS§=0,

where R s the curvature with respect to the Levi-Civita connection.

Proof. The equivalence is a direct consequence of Lemma 3.1.4. O

Remark 3.1.6. Since the tensor field S is invariant under the action of the Lie group G
acting transitively on (M, g) (also because its parallel), it is completely determined by its
value at the origin o € M.

It must be stated that homogeneous structures are not unique and a homogeneous
space can admit more than one homogeneous structure. Different homogeneous structures
on (M, g) may give rise to different presentations of M as a coset space. Before this can
be explained, we need the following definitions and theorems.

Definition 3.1.7. Two homogeneous structures S; and S5 on a semi-Riemannian manifold
(M, g) are isomorphic if there exists an isometry ¢ : M — M such that

gb*Sl = SQ.

Now, let g; = m; ©b; and g, = my Bhs be two reductive decompositions of M and their
associated homogeneous structures S; and Sy such that V; and V5 are the Ambrose—Singer
connections associated to each S. Then, we have the following result.

Theorem 3.1.8 ([9]). If Sy and Sy are isomorphic on M, then there exists a Lie algebra
isomorphism ¢ : g, — @y such that ¢(my) = my and ¢(h1) = ba. Moreover, the restriction
G|m, is an isometry.

The converse theorem is the following.

Theorem 3.1.9 ([9]). Let (My,g1) and (Ma, g2) be simply-connected and complete semi-
Riemannian manifolds with homogeneous structures S, and Sy respectively. If there exists
a Lie algebra isomorphism ¢ : g, — gy such that p(my) = ma, ¢(h1) = by and @|n, is an
isometry, then S and Sy are isomorphic.
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We can now expand upon the situation when a homogeneous space admits more than
one homogeneous structure. In such a situation, two cases can occur as described in [9, 34]:

e There exist two homogeneous structures S; and S, which are not isomorphic but
which give rise to the same Lie algebra g but with different decompositions,

g =m; &by = my Bhs.

This means that there does not exist a Lie algebra automorphism ¢ of g such that
p(my) = my, ¢(h1) = by, and @[y, is an isometry.

e There exist two homogeneous structures S; and Sy with non-isomorphic Lie algebras
g, and g,. This means that we have different representations of the homogeneous
space as a coset space G/H.

We now present some examples of the situations described above occurring.

Example 3.1.10. An example of the first situation occurring is on the Heisenberg group
G. The Heisenberg group G is diffeomorphic to R?® and,

g=dz*+dz*+ (dy —xd2)? (3.1)

is a left invariant metric on G. Moreover, let ; = dx,0, = dy, and 03 = dy — xd z.
Based on the following theorem H admits an infinite number of homogeneous structures.

Theorem 3.1.11 ([34]). Let (G, g) denote the Heisenberg group with the left invariant
metric (3.1). Then all the homogeneous structures S on (H,g) are given by,

SM = 2#93 &® (91 N 92) + 91 ® (92 A 93) + 92 & (93 VAN 91),

where p € R.

Moreover, all S, 11 € R are non-isomorphic. When p1 = —1/2, the corresponding group
of isometries is the group G itself acting by left translations. For any other p # —1/2, the
corresponding group is the connected component of the identity of G x SO(2) but giving
rise to different decompositions. For more details, see [34].

Example 3.1.12. An example of the second situation occurring can be seen on the
6-dimensional sphere S°. It has the two presentations,
¢ S0(7) Gy

5= SO(6)  SU(2)’

which correspond to two different homogeneous structures with non-isomorphic Lie algebras
s0(7) and g,.
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3.2 Holonomy of Ambrose-Singer connections

In this section, the link between isotropy algebras b of reductive decompositions and
holonomy algebras hol(V) of AS-connections shall be discussed. Recall that given a
reductive decomposition g = h & m, then [, ], and [-, -] shall denote the projections onto
h and m respectively.

Proposition 3.2.1 ([22]). Let G/H be a connected reductive homogeneous space with
reductive decomposition g = @ m. Then the subspace g’ = [m,m], +m is an ideal of g
and the corresponding connected normal subgroup G' C G acts transitively on G/H by left
translations.

Proof. Since g = h @ m is a reductive decomposition, the following holds [h, m] C m. Thus,

9", g] = [[m, m]y +m, m+b]
Hma m]bum] + Hma m]bv h] + [mv m] + [m, b]
C [m, m]y + m +[[m, m]y, b].

Thus, we just need to show that [[m, m]y, b] is contained in m or [m, m],. From the Jacobi
identity it can be seen that [[m, m], h] C [m, m], and thus taking projections,

[[m’ m]m7 h] + [[mvm]h7 h] - [m7 m]f) + [m7 m]m'

But note that [[m, m]y, h] must be in b and hence [[m, m]y, h] C [m, m], and we are done.
Thus, g’ is an ideal of g and the corresponding connected Lie subgroup G’ C G is normal.

For transitivity of the Lie group G’ with lie algebra g¢', consider for every gH € G/H
the projection 7y : G — G/H = M defined by s — sgH. Then, myy|e : G' — G/H has
constant rank and d. 7, (¢') = de Ty (m) = Typ(G/H). As aresult myp|¢ is a submersion
and 7, (G") C G/H is open. Thus all the orbits are open by definition of 7. Now, fix
o € G/H where 0o = eH and denote S = {gH € G/H : gH ¢ 7,(G')}, then consider

G/H =7,(G")U | mu(@).

gHES

But then we have written the connected set G/H as a disjoint union of open sets, and
since the first set is nonempty, this must mean that the second one is empty, and hence
7 (G') = G/H. This implies that G’ acts transitively on G/H. O

Proposition 3.2.2. Let H' be the isotropy group of G' at o € M. Then the Lie algebra b’
of H' is isomorphic to the holonomy algebra hol(V) of the canonical connection V of the
reductive decomposition g = m®b.
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Proof. The Lie algebra of H’ is isomorphic to g¢'Nh = [m,m|y; N h = [m,m|,. Thus,
h' = span{[X, Y], : X, Y € m} which is equal to span{R,(X,Y) : X, Y € m}, which, since
VR =0, by the Ambrose-Singer holonomy theorem is equal to hol(V). O

As a result, we have that M = G'/H’ where ¢ = hol(V) & m is the reductive
decomposition. This leads us to the following definition for any reductive homogeneous
space M with a fixed reductive decomposition g = b & m.

Definition 3.2.3. The the presentation M = G/H, is called the transvection presentation

of M when g = hol(V) & m is the reductive decomposition and V is a AS-connection on
M.

Thus, if we start with a reductive homogeneous space, we can always “reduce” the
presentation of M to the transvection presentation, where the isotropy is equal to the
holonomy of an AS-connection on M.

Conversely, given any homogeneous structure S on a homogeneous pseudo-Riemannian
manifold (M, g), if we fix a point 0 € M, let m = T, M, and consider the holonomy algebra
bo[(%) of V =V — S, which is spanned by all endomorphisms EO(X, Y), where XY € m,
according to Theorem 2.1.6. Then, we can define a Lie algebra g = ho[(%) @ m with Lie
bracket defined by

[A,B] = AB — BA, A, B € hol(V),
[A,X]=A-X, Achol(V),X €m,
[(X,V] = R,(X,YV)+T,(X,Y), X,Y€em.

Proposition 3.2.4 ([22]). The brackets above form a Lie algebra, moreover the splitting
15 reductive.

Proof. To show it does indeed define a Lie algebra on g, the only non-trivial part is to
show the Jacobi identity. This follows however from the first and second Bianchi identities

together with the fact that both R and S are parallel and T(X Y)=5SY)X - S(X)Y.
Reductivity follows from the definition of the brackets. m

We recover a transvection algebra and one has the unique simply connected Lie group
G with Lie algebra g and the unique connected subgroup H with Lie algebra hol(V). The
data (m, R,, TO) defining such a splitting is called an infinitesimal model of the locally
homogeneous space (M, g).

Definition 3.2.5. An infinitesimal model is said to be regular if H is closed in G.
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In the case that the infinitesimal model is regular, we can take the homogeneous space
GG/H which is sometimes called the homogeneous model of S.

Proposition 3.2.6 ([9]). The manifold (M, g) is locally isometric to (G/H, g).

Remark 3.2.7. We remark that during the process of constructing the homogeneous
space from a homogeneous structure S, one can loose information about the original group
of isometries. For example, take Euclidean space R"™, then the full group of isometries
is SO(n) x R™ and as R" is a symmetric space with such isometry group, one gets the
homogeneous structure S = 0. However, if one starts with S = 0 on R", then one can
only construct the group of translations R™ acting on R™. Hence, one has lost information
about the rotations SO(n).

3.3 Algebraic types of homogeneous structures

The space of tensor fields which are homogeneous structures are contained in sections
of the vector bundle AY(T*M) ® so(T'M, g), using the metric, this is isomorphic to the
sub-bundle,

A(T*M) @ NX(T*M) € @*(T*M),
where we are thinking of S as a (0, 3)-tensor field,
S(X,Y,Z) =g(S(X,Y), Z).

Remark 3.3.1. We shall often abuse notation and drop the bundle/vector space when
referring to spaces such as A?(T*M). For example, the sub-bundle above might be denoted
A @ A2

In dimension > 3, the bundle A' ® A2 breaks up into the sum of three sub-bundles,

NN =TTeTheT,

each one corresponding to an irreducible representation of the orthogonal group. In terms
of Young tableaus [15], this decomposition is given by

Ao A2 =oH @E, (3.2)

L1 0

where the subscript 0 denotes being trace free with respect to g. More explicitly, the
bundles can be described as follows:
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1. T corresponds to elements S of A’ ® A? that are pure trace, that is,
S(X,Y, Z) = g(X,Y)w(Z) = g(X, Z)w(Y)
for some one-form w.
2. 7T, corresponds to elements S of A' ® A? that are trace free, that is,
S(X,Y,Z)+S(Z,X,Y)+S(Y,Z, X) =0,
and are in the kernel of the map C' : ®3|:| — [] defined by:

C(9)(2) =Y glew &) S(ea 1, 2),

where {e,} is a pseudo-orthonormal frame.
3. Tz corresponds to elements S of A' ® A% which are totally skew-symmetric. That is:

S(X,Y,Z)+ S(Y, X, Z) = 0.

Throughout this thesis, we will often use the Young tableaux to denote where S belongs,
and it should be clear from context if S is a section/element of the respective bundle/vector
space. However, we shall also call .S,

o totally skew if and only if S' € E,

e twistorial if and only if S € |0,

e vectorial if and only if S € [].

We can write down the explicit expressions for each of the projections of S onto each
factor. Specifically, using abstract index notation [30], where the Young tableaux denotes
the projection onto the corresponding module:

Sabc - D(Sabc) S¥ |O(Sabc) ¥ E(Sabc)a

where,

[

2 e
(Sabc> = _mse[bgc]m

|0(Sabc) = Sabc - D(Sabc) - E(Sabc)a

1
(Sabc) - g(Sabc + Sbca + Scab)'
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Given a reductive locally homogeneous space (M, g), the Ambrose-Singer theorem (The-
orem 3.1.1) guarantees the existence of a tensor field S € A' ® A?2. We can distinguish
eight types of homogeneous structures from the eight invariant subspaces of A ® A2,

| | | |
05, O ) @ Ue 1 D@@, u O@a, OeH O@E.

We also saw in Lemma 3.1.4, that the torsion T € A2 ® A! of an AS-connection can be
given as Tope = —2S[ape- In fact, if A € A @ A%, and B € A2 ® Al, the map,

A @A 25 A2 AL

where ¢(A)ape = A is an isomorphism between A' ® A? and A? ® AL Its inverse is
given by ¢ (B)ape = Babe + 2Be(an)- Thus, given this isomorphism, the torsion completely
determines the homogeneous structure and visa versa.

Clearly both A’ ® A% and A? ® A can be split into irreducibles as given in (3.2), and
¢ descends to maps between these which must respect this splitting. It is clear that the
isomorphism induced from ¢ between the 3-forms must be the identity map. However, the

isomorphism induced from ¢ between - ) |0 can be viewed as the adjoint map

respect to g.

Lemma 3.3.2. Let 5 be the isomorphism induced from ¢,

ANeoazsHd 2 e A2g Al

Then (Z can be identified with the adjoint map respect to g. That is if A € lc Al N2,
then

:(j(A(X), w) = g(¢(A) (w)a X)a

where § is the inner product induced on A? from g.

Proof. Let A € | c Al @ A? and denote B = ¢(A). Then, we want to show,

(Aacha>wbc - (B(lb wab)Xc7

Cc

where w € A%. We shall start with the RHS. We know B, = Ajge, and B*, = g**¢g"* B, .
Hence,

(Bab wab)Xc - gsagtbA[st]cwach7

1
= §(Astc - Atsc)gsagtbwachu
1

= §(Astc - Atsc)wStXc'
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Now, A also enjoys Agpe + Acap + Apea = 0, and since A € A' ® A2, is skew in the last two
indices. Meaning,

1 1
§<Astc - Atsc)WStXC = _§AcsthtXc.

Thus, (B®.w,,)X¢ = —L1A.w*X¢ and contracting with respect to ¢ we get,

c™ab 2
ab c 1 st yc
(BY w,, )X = —§Acstw X,
1 7 st yc
= _igC’LA st X )
1 )
= —é(AZStXi)u}St.
Which by relabeling indices gives (B®,w,,)X® = —3(A%.X,)w" as needed. Implying that
¢ is the adjoint map with respect to g. O]

Proposition 3.3.3. The isomorphism between A\' @ A2 and A2 @ AL is given by the identity

map on ||, and the adjoint on |

3.4 Results for Lorentzian homogeneous structures

Let (M, g, %) be a semi-Riemannian homogeneous space with AS-connection V. In this
section we shall compile the known results in the Lorentzian signature about the geometry
of M assuming hol(V) is indecomposable, non-irreducible. These results assume extra

constraints on S (or T') through the different irreducible sub-modules of A' ® A2

In the case when S' is vectorial, then S takes the form,

for some vector field € € I'(T'M). Thus, we say that S is degenerate if ¢ is null, and S
non-degenerate otherwise. The condition that ho[(%) is indecomposable, non-irreducible
forces S to be degenerate. This can be seen by first noting that ¢ is %—parallel since S is
%—parallel. Then, if bo[(%) is indecomposable, non-irreducible £ must be null. The case
when S is degenerate was investigated by Montesinos Amilibia [3].

Theorem 3.4.1 (Montesinos Amilibia [3]). Let (M, g) be a connected Lorentzian homoge-
neous space of dimension n + 2 admitting a degenerate vectorial homogeneous structure.
Then (M, g) is locally isometric to a singular plane wave.
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Remark 3.4.2. The theorem proved in [3] actually finds the explicit form of the metric g,
and can be applied to semi-Riemannian manifolds of any signature. When we restrict to
the Lorentzian signature, we get the metric of a singular plane wave.

Now, consider the case when S is totally skew. These were studied by Ernst and
Galaev [13] in the broader context of Lorentzian connections with totally skew parallel
torsion. When applied to AS-connections, they classified all naturally reductive Lorentzian
homogeneous spaces of dimension > 4.

Theorem 3.4.3 (Ernst and Galaev [13]). Let (M, g) be a simply-connected indecomposable
Lorentzian homogeneous space of dimension > 4 admitting a totally skew homogeneous
structure. Moreover, assume bol(V) is indecomposable, non-irreducible. Then, (M, g)
must be a regular homogeneous plane wave.

We move on to the case when S has a non-zero vectorial part and a non-zero totally skew
part. Then, as in the case when S is vectorial, we can distinguish the vectorial component
as either degenerate or non-degenerate. If hol(V) is indecomposable, non-irreducible, then
as in the pure vectorial case, the 7; component of S must be degenerate. Such geometries
were investigated by Meessen in [26].

Theorem 3.4.4 (Meessen [26]). A connected Lorentzian homogeneous space that admits
a T1 @ T3z structure such that both components are mon-zero, and the T; component is
degenerate, is a singular homogeneous plane wave.

For the other irreducible modules of A' ® A%, we are unaware of any results in the
literature involving S having a twistorial component. Hence, we make the following
conjecture based on the above results.

Conjecture 3.4.5. Let (M, g) be a simply-connected Lorentzian homogeneous space of
dimension > 4 with an AS-connection V. If hol(V) is indecomposable, non-irreducible
then hol(V) CR"™ . Moreover, (M, g) is a homogeneous plane wave.

The reminder of the thesis will be dedicated to proving this conjecture.
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Chapter 4

Algebraic Results

In this chapter, we consider indecomposable, non-irreducible subalgebras of so(1,n + 1).
Specifically, in Section 4.1, we introduce indecomposable, non-irreducible subalgebras of
s0(1,n + 1), our notation going forward in the thesis, and the classification by Bérard-
Bergery and Tkemakhen [4] of these algebras into four types. Section 4.2 will be dedicated
to computing their centralisers. Next, Section 4.3 and Section 4.4 will investigate tensors in
A'® A? annihilated by algebras of type 2 and type 4, and how the irreducible decomposition
of A'®@A? classifies these tensors. In Section 4.5 we look at the spaces of algebraic curvature
tensors with a specific form of torsion for algebras of type 2 and type 4. Lastly, in Section 4.6,
we apply the same analysis as previous sections but in dimension 3.

4.1 Indecomposable subalgebras of so(1,n + 1)

In this section we introduce indecomposable, non-irreducible subalgebras § of so(1,n + 1)
that will be heavily used in the rest of the thesis.

Definition 4.1.1. A subalgebra h C so(1,n + 1) is called indecomposable if it does not
preserve any non-degenerate proper subspace of R

Lemma 4.1.2. If ) C so(1,n+ 1) is indecomposable, non-irreducible, then b preserves a

null line in R

Proof. Since b is indecomposable, non-irreducible, then it preserves a degenerate proper
subspace U C R'"™*!. Hence, L := U N U~ is a null line and must also be preserved by
b. O

Thus, we find that any indecomposable, non-irreducible subalgebra b C so(1,n + 1)
must be contained in the stabiliser of a null line.

43
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Henceforth, let (V, g) be Minkowski space of dimension n 4+ 2 > 3 where g is a inner
product on R""2 of signature (1,n + 1). Fix a basis (e_, ey, ..., €,, ey ) of V such that,

00 1
g=1(0 1, 0]. (4.1)
1 0 0

Definition 4.1.3. A basis (e_, €1, ..., €,, €1 ) of V such that the inner product takes the
form of (4.1) will be called a Witt basis.

This gives us a grading of V' as,
V=V_eWel,, (42)

where V_ := Re_, Vj := span(ey, ...,e,) = R", and V, := Re,. Moreover, we define a

basis of V* as,

+._

e = g<€+,'), ei = g(eia')> € 9(6—7')7

which is dual to (e_, e, ...,e,,e1). We also set,
Voi=Re =V* V%:=span(e':i=1,...,n)=V,, V' :=Re"= Vi

With respect to a Witt basis, the Lie algebra so(1,n + 1) is conjugated to the matrix Lie
algebra,

g= w A —z|:aeRz,weR"AE€so(n)

If we now define,
0O 0 0
g, = w 0 0):welR" 3,
0 —w' 0
a
90 = 0
0
0 2" 0
g = 0 0 —z|:zeR"
0

We get the decomposition,

0=0,90099-,
with g, = R", g_ = R", and g, = R®so(n) corresponding to (a, A). It can be checked
that this turns g into a graded Lie algebra. Moreover, it interacts with the grading of V'
given in (4.2) as follows,

0:(Vj) CViey, 4,7 €{=0,+} a(V;) ={0} i+5¢{-0,+} (4.3)
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Remark 4.1.4. It should be remarked that the convention in the literature concerning
the grading of g is often with the labels of g, and g_ swapped. That is, g=g_® g, D g,
see [10]. We adopt this non-standard convention in this thesis for (4.3) to remain true.

Any element of g can be identified with a triple. For example,

a 2! 0
w A —z| €y,
0 —w' -—a

can be identified with the triple (w, (a, A), 2) € g, ® g, ® g_. The commutator relations
are given as follows:

(w, (a, A), 2), (u, (b, B),v)] =
((A—alu— (B —blw,(z"u—v"w,[A, Blsm), (A+al)v — (B +bl)z).

The stabiliser of the null line Re_ can be identified with the parabolic subalgebra
p = gy X g_, or equivalently,

a z' 0
p = 0 A —z]|:aeR,zeR" Ac€so(n)
0 0 -—a

Any element of p can be identified with (0, (a, A), z) and the commutator relations are
given as follows:

[(0, (a, A), 2), (0, (b, B),v)] = (0, (0, [A, Blso(n)), (A+al)v — (B + bl)z).

Moreover, since p = g, X g_, R, so(n), and g_ define subalgebras of p. Specifically, R is an
abelian subalgebra of p, commuting with so(n), and g_ is an abelian ideal in p. Moreover,
s0(n) is the semisimple part and g, = R @ so(n) the reductive part of p. Since p = g, X g_,
we get the further decomposition,

p=R@so(n)) xg_.

We will assign to a subalgebra h C p the projections by := prgo(f)) and h_ :=pr, (h). We
can also consider the projections of h onto R and so(n) inside g,. It should be noted that
if pre(h) = 0, then pr, (h) = pryy, (). The following properties hold.

Lemma 4.1.5 ([17]). If b is an indecomposable subalgebra of p, then

eh =g,
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e N has a trivial sub-representation in V if and only if prg(h) =0,

e b is abelian if and only ifh =g_,

° prﬁo(n)(b) 15 a compact Lie algebra and hence reductive.

As a result, any indecomposable, non-irreducible subalgebra h C so(1,n + 1) must
be conjugated to an indecomposable subalgebra contained in p such that the null line

is exactly Re_. Specifically, such algebras have been classified by Bérard-Bergery and
Tkemakhen [4].

Theorem 4.1.6 (Bérard-Bergery and Ikemakhen [4]). Let b be a subalgebra of p C
so(1,n+ 1), acting indecomposably on R""2 and let by, 1= Pleo(m)(h). Then b belongs to
one of the following types.

1. If b contains g_, then there are three types:

Type 1 : b contains R. Then h = (R by) X g_.

Type 2 : prg(h) =0, i.e. b =heo X g_.
Type 3 : Neither type 1 nor type 2. In this case there exists an epimorphism ¢ : bhso — R
such that V., n..] = 0, in which case

h=1Ixg_
where | := Graph(¢) = {(¢(T),T) : T € bso} C R & b, or written in matriz
form
¢(B) v' 0
[’): 0 B —v :BG[)SD,UGR"
0 0 —¢(B)

2. In the case where f does not contain g_, we have:

Type 4 : There exists a non-trivial decomposition g_ = Vy & Vs, and an epimorphism
V1 by = Vi such that |, p.,) = 0. In which case by, C s0(V3) and,

h=1IxV,

where := {(Y(T),T) : T € s} = Graph(v)) C Vi @ b, or written in matriz
form

Ne )

|
oo oo
oo o
omo
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4.2 The centraliser of indecomposable subalgebras

In this section we compute the centraliser of indecomposable, non-irreducible subalgebras
h C g as this will be needed in subsequent sections. We shall denote the centraliser of

hCgas 39(6)'

Proposition 4.2.1. Let h C g be a indecomposable, non-irreducible subalgebra and
dim(V)) > 3. If prg(h) = 0, then the centraliser of b in g, 34(h), satisfies 34(h) C g_,
otherwise 34(h) = 0.

Proof. Let h C g be a indecomposable, non-irreducible subalgebra. To determine the
centraliser of b in g, we need to determine all X € g such that [h, X] = 0.

Let X = (w,(a,A),v) € g be an arbitrary element of g, and let (0, (b, B), z) € h. If
[(w, (a, A),v), (0, (b, B), 2)] = 0, then this implies

((B = bw, (z"w, [A, Bllsow)), (B + bI)v — (A +al)z) = 0.

Resulting in the equations,

(B = bI)w =0,
2w = 0,
[A, B] |5o(n) = Oa

(B+bIw— (A+al)z =0,

for all (b, B) € hy and z € g_. Since for indecomposable, non-irreducible subalgebras
h_ = g_, the second equation must imply that w = 0.

Now, suppose that prg(h) # 0. Then, using the equation (B + bl)v — (A+al)z =0,
taking the inner product with respect to z # 0,

(Bv, z) = {az — bv, 2).

Since prg(h) # 0 and g_ C h when prp(h) # 0, we can let z = v and b # 0 such that
a — b # 0. The resulting equation becomes (a — b)(v,v) = 0 implying v = 0. This turns
the last equation into the eigenvalue problem Az = —az, however A € so(n) meaning all
eigenvalues are imaginary. Thus, a = 0 which forces A = 0. As a result, X = 0 implying

35(h) = 0.

Now, suppose that prg(h) = 0. Since w = 0, from the above equations,

[A, B”so(n) = 07
Bv—(A+4al)z =0,
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for all (0, B) € ho and z € h_. The last equation implies a = 0 by considering when z = v
resulting in the eigenvalue problem. All we have to now show is A = 0. To do so we will
consider each type of indecomposable, non-irreducible subalgebras in which prg(h) = 0
separately.

Case 1 (h type 2) :

The last equation has become Bv — Az = 0. We can let B = 0 in type 2 with no
condition on z. Hence, by h- =g _, A=0.

Case 2 (h type 4) :

In this case,

_ (¥(B) _ (0 0
z—<$)andB_(O B)'
U1 Al AQ
V= (Ug) and A = <—A§ Ag)'

The equation Bv — Az = 0 becomes,

0 )~ (4 ) () -

Resulting in the two equations

Thus, let

A1w<B) + A2:B = 07
We can pick B = 0 so that ¢(B) = 0, resulting in Asx = 0 and Asz = 0. But this must

imply that Ay = A3 = 0 by freedom in x. Then, when B # 0, the first equation becomes
A1p(B) = 0. As @ is surjective, A; = 0. Hence, we have just shown A = 0.

In both cases 34(h) C g_. O

4.3 Trivial h-modules of A! @ A?

In this section, suppose that h C so(1,n + 1) is indecomposable, non-irreducible such that
prr(h) = 0, i.e type 2 or type 4. Then, we are interested in determining the h-trivial
submodule S C A! ® A%, that is,

S={SeA@n’:ph-S=0}



4.3. Trivial h-modules of AN' @ N? 49
Theorem 4.3.1. Let h C so(1,n + 1) with n > 2 be a indecomposable, non-irreducible
subalgebra of type 2 or type 4. Suppose that S € S, then,

S<€—) :07 S(ez) c€g., S(€+) cp,

such that,
S(ei)er = —pry (S(ey))e;

Moreover, let hy = prgo(h), then bg - prgo(S(e+)) = 0. Furthermore, in type 2, bo -
pry_(S(ey)) =0, while in type 4, (Y~'(V1) @ bg) - pry_(S(ey)) =0.

Proof. Consider a Witt basis (e_, e1, ..., e,, e1 ) of Minkowski space V" and the corresponding
dual basis et,e!, ..., e", e~ where,

€+:g(€_,'), ei:g(eia')v e :g(€+7')'
Let S € A'V ® A%V, that is
S=28,5"@e? ®ec. (4.4)

We shall identify A2V with g through the metric. Hence, set

a_ w!' 0 a;  w; 0 ar  wi 0
S)=1[n- Q- —w_],Se)=1|m Q@ —wi],Sx)=1n Qr —wi],
0 —n! —a_ 0 —n/ —a 0 —nl —ay

‘ , ' (4.5)
where wy =5, 7e; eER", na =5, "e; eR", ay =5, ~ € Rand Q4 =S5, € s0(n).

Since S is annihilated by b,
[H,SX] - S(HX)=0, YH €. (4.6)

Suppose b is of type 2 or type 4, we shall consider

0 z' 0
H=|0 B —z| €,
0O 0 0

where z € R” and B € ho. In (4.6), let X =e_, then H -e_ = 0. Therefore, equation (4.6)
becomes,

[H, S(e_)] = 0.

This implies S(e_) is in the centraliser of h and from Proposition 4.2.1 we know 34(h) = g_.
Thus,
0 w. 0
Se_)=10 0 —w_]. (4.7)
0 0 0
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Now, to continue, we shall see what equation (4.6) implies when X = ¢;. Let X = e,
then He; = g(z,e;)e— + Be;, hence (4.6) takes the form,

[H, S(e:)] — g(z,€)S(e-) + > BizS(e;) = 0. (4.8)
j=1
From (4.5) and (4.7), equation (4.8) is equivalent to the matrix equation,

210 @ w0 0 w! 0 o w0
B =z, |m Q -—wi||—-9(ze)|0 0 —w [+>7,Byj|n @ -w|=0
0 0 0 —n' —o 0 0 0 0 —an —Q;

Giving rise to the equations,

o O O

ZTni + Z BijOéj = 0, (49)
j=1

Qiz + a;z + g(e;, 2)w_ — Bw; — Z Bjjw; = 0. (4.10)
j=1

We shall now consider each type of hh separately. That is, when b is of type 2 or type 4.
Case 1 (h of type 2) :

Since b is of type 2, both equations (4.9) and (4.10) must hold for all B € b, and all
z € R™. We shall first see what both equations imply when B = 0. Thus, we have that,

sz =0,
Qiz + a;z + ge;, 2)w_ = 0.

Since both must hold for all z € R", the first equation implies that n; = 0. For the second
equation, we aim to show that a; = 0,Q); = 0, and w_ = 0. Hence, since n > 1, take
z = e; such that j # 7, then,
Qiej + aiej = 0,
implying a; = 0, since @; € s0(n). Now, aiming to show that w_ = 0, take z = w_, then
together with a; = 0,
Qiw_ + g(e;,w_)w_ =0,

which again means g(e;,w_) = 0 since @); € so(n), however since this is true for each ¢,
w_ = 0. As a result, equation (4.10) when B = 0 has been reduced to,

Qi’z = 07
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resulting in ; = 0. We currently have,

0 w/ 0
S(e_) = 0, S(Gz) =10 0 —Ww; | - (411)
0 0 0

Now, we look at (4.6) when X = e,. It follows that He; = —z, and (4.6) becomes,
[H,S(ey)]+ S(2) = 0.

This is equivalent to the matrix equation,

0 2" 0 oy wl 0 n 0 w/ 0
0 B —z|,|ns Qpf —wyl]]|+ Zg(z, e)[0 0 —w| =0,
0 0 O 0 —77JTr -y i=1 0 0 0
which grants the equations,
z'ny =0, (4.12)
Qiz+ ayz— Bwy — Zg(ei, 2)w; = 0. (4.14)

=1

Equation (4.12) implies . = 0, and equation (4.13) is equivalent to ho - Q1 = 0. Left with
the third equation, we aim to use it to deduce the relationship between w; and the S(e. )
terms.

Setting B = 0 in equation (4.14) results in,

Qiz+arz— Zg(eiu z)w; = 0.

i=1

Let z = e;, then
wi = (Qy + ayl)e;.

Now, consider when z = 0 in equation (4.14), leaving us with Bw, = 0 implying by w, = 0.

As a result,
0 w' 0 ar wl 0
S(e_)=0,50;)=(0 0 —w|,S)=10 Qf —wy :
0 0 0 0 0 —a,

where w; = (Q4 + ayI)e;, ho- Q4 =0, and by - w, = 0. Hence,
S(e-) =0, S(e;) €9, Sles)€p,
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and the relation w; = (Q4 + o )e; is equivalent to,

Sleres = — prg, (S(ex)er

Moreover, by - Q4+ = 0 and b - wy = 0 imply b - pry (S(e4)) =0 and b - pry (S(e4)) =0
respectively.

Case 2 (h of type 4) :

Since, b is of type 4, there exists a splitting of g_ = V! @& V2 such that by C s0(V?).
Moreover, there exists a surjective linear map 1 : ho — V! such that w|% = 0. Thus, the
H we have been using previously is of the form z = (¢(B),z)" and

0 0
5 (0 0 en

Before we start, our convention in this case is that dim(V') = [ and dim(V?) = m.
Moreover, the indices 7, j, k will run over the dimension of g = R", the indices r,s,t
will run the dimension of V!, and the indices a, b, ¢ will Tun over the dimension of V2.
Explicitly, 7,7,k € {1,...,n}, r;s,t € {1,...,1}, and a,b,c € {l+ 1, ...,l + m}. Furthermore,
(e1,...,e;) and (€41, ..., €14m) Will be a basis for V! and V2 respectively. Lastly, we note
that m > 2 for the surjection ¢ to exist.

Now, just like in the previous case, we consider the equations (4.9) and (4.10). We
first aim to show that «; = 0 for all 4. Thus, taking (4.10) when B = 0,

QT‘Z + oz = 07

and,
Qaz + gz + gleq, z)w_ =0,

where z € V2.

The first equation implies that a,. = 0 for all r since @, € so(n), which further implies
Q-2 = 0. For the second equation, since m > 2, we can take z = ¢, such that b # a to
get,

Qaep + aqey = 0,

resulting in a, = 0 for all a by the same reasoning as above. Hence, o; = 0 for all
i € {1,...,n}, which together with equation (4.9) implies n; = 0 for all i € {1,...,n}. Thus,
(4.10) is now,

Qiz+ g(e;, z)w_ — Bw; — Z Bjjw; = 0. (4.15)
j=1
We next aim to show that w_ = 0. Hence, decompose w_ as w_ = (w!,w?)7, and take

B=0and z = (0,w?)" in equation (4.15), giving the equation,
Qaw? + g(eq, w? Jw_ =0,
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implying w? = 0. To show that w! = 0, look at (4.15) when i = r and z = (¢/(B),0) € V!,
then B,; = 0 and Bw, = (0, Bw?)", hence

¥(B) ¥(B) wi\ (0 _
QT( o )TI "\ o o) \Buz) ="
and by surjectivity in 1, there exists a B € by such that 1)(B) = w! which in the equation

above implies w! = 0. Hence, w_ = 0 and this means that Q;|y> = 0 for all i € {1, ...,n},
which follows from (4.15) when B = 0. However, this means that @); is of the form,

1
Qi = (%Z 8) 7Q21 S 50(”7

thus we want to show that Q! = 0. Equation (4.15) is now of the form,
Qiz — B(.A.)Z' — Z Bijw]' = 0
j=1
Take 2 = ($(B),0)T,

(757) -0 5) (-2 0 5) () -

j=1

Sl =

implying Q1+ (B) = 0 which means Q! = 0 since 1) is surjective. Hence, we are left with
the equation,

Bwi + Z Bijw]' = O, (416)
j=1
and we currently have,
0 w/ 0
S(e.)=0, S)=(0 0 —w|. (4.17)
0 O 0

Lastly, turning our attention to when X = e, then exactly as when § is of type 2, we
get the equations,

2z, =0, (4.18)

Qiz+ arz — Bwy — Zg(ei, 2)w; = 0. (4.20)

i=1
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Equation (4.18) implies n, = 0, and equation (4.19) is equivalent to ho - @, = 0. Left with
the third equation, just like when b is of type 2, we aim to use it to deduce the relationship
between w; and the S(ey) terms.

Hence, take equation (4.20) when B =0 and z = (0,z)",

Q. (g) + ay (g) - zb:g(eb, 2wy = 0.

Taking x = e, implies
we = (Q1 + ayl)e,.
Now, to determine what w, looks like, take equation (4.20) when z = (¢(B),0)T,

0 (" o () - (3 8) (4) - St o

Taking ¢(B) = e, implies
wr = (Qy + ayl)e, — Bwy, Y(B,) =e,.
We would like to show that B,w, = 0 for type 4 to be consistent with type 2. We can use
equation (4.16), which states,
Bwi + Z Bijwj =0.
j=1

Hence, applying this for i = r € {1,...,1}, in which case B,; = 0 leaving us with Bw, = 0.
Moreover, w, = (Q4 + oy I)e, — B,wy. Thus,

0 = Bw,
= B . Q+6T + CY+B€T — B . Brw-i-'

This implies,
B-B.wy =0, VB E€h,, (4.21)

since hp - Q4+ = 0 and Be, = 0. However, picking B = B, in equation (4.21) implies
Bw, =0,

which must imply that B,w, = 0 since B, € s0(n). Thus, we have that w; = (Q1 + oy 1)e;
for all i € {1,...,n}. Moreover, we also get from above that (~'(V!) @ bf) - w, = 0.
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As a result,
0 w/ 0 ar wl 0
Se-)=0,5(;)=10 0 —w;]|,S)=(0 Qfy —wi :
0 0 0 0 0 —a,

where w; = (Q4 + ayI)e;, bo- Q4 =0, and (=1 (V) @ b)) - w, = 0. Hence,
S(e-) =0, Sle)) g, Sleq) €p,
and the relation w; = (Q4 + a4 I)e; is equivalent to,
Slees = —prg (S(es))es

Moreover, b, - Q4 = 0 implies by - pry (S(et)) = 0, and (Y~ (V?') @ bp) - wy = 0 implies
W=V @ hg) - pry (S(ey)) = 0. O

Remark 4.3.2. It should be highlighted, that a S € A! ® A? such that - S = 0, is
completely determined by S(ey) € p. This is a result of the condition,

S(ei)ey = —prg (S(eq))es,

which completely controls S(e;). This can be seen clearly by writing S out explicitly.
Based on the proof above, S can be written explicitly as,

0 e (al —A) 0 an’ 0
S(e-)=0,5(e;) = |0 0 —(al +A)e; | ,Sleq)=10 A —n |,
0 0 0 0 0 -«

where o € R, n € R", and A € so(n).

4.4 Algebraic types of trivial h-modules

In Chapter 3, we introduced the irreducible decomposition of A! ® A? and how it allows
the classification of homogeneous structures depending on which collection of irreducible
modules it belongs to.

In this section, we are interested in how each irreducible module of A! ® A? intersects
the vector space S defined in the last section. That is, determining the vector subspaces:

1. Sg:z{SGS:SGE}.

S =1{SeS:Se[l}, 82::{568:56
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Theorem 4.4.1. Let h C g be a indecomposable, non-irreducible subalgebra of type 2 or
type 4. Suppose S € S, then,

e S €85 if and only if S(ey) € so(n),
e S€8;ifand only if S(ey) € g_,
e S €8 if and only if S(ey) € R.

We highlight that the theorem above enjoys a nice correspondence between the decom-
position of an S € A! ® A? into its irreducible modules,

Al @ A2 =[] 'O@E,

and S(ey) € p in terms of the decomposition of the parabolic subalgebra,

p=(Rdso(n)) xg_
Written explicitly, for an S € S,

a 0 0 05’ 0 00 0
p>Sey)=100 0 ][0 0 —m|]ad|(0 A O
00 —a 0 0 0 000
prs, (S)(e) prs, (S)(e1) prs, (S)(e)

Before, we can prove Theorem 4.4.1, we need to prove the following two Lemmas that
will be used in the proof.

Lemma 4.4.2. Let h C g be a indecomposable, non-irreducible subalgebra of type 2 or

type 4. Suppose S € S, then S 6@ if and only if S(ey) € so(n).

Proof. Let S € A'® A? such that h-S = 0, where h C g is indecomposable, non-irreducible
of type 2 or type 4. Then, Theorem 4.3.1 states,

S(e-) =0, S(e;) €g_, Sles)€p,

such that,

S(ei)ey = —pry (S(ey))es (4.22)
Suppose, S € Then, S(ey)e_ = 0 since S(e_) = 0, thus implying prg(S(e;)) = 0.
Moreover, S(e;)er = —S(ey)e;, but using (4.22), and p = g, D g_, this is equivalent to

pry_(S(ey))ei =0,
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which implies pr, (S(ey)) = 0. Hence, since prg(S(es)) = 0 and pr, (S(e;)) = 0, then
S(ey) € so(n).

Conversely, let S be as stated in the Lemma. We aim to show that S is totally skew.
Writing out S explicitly, it would be of the form,

0 (Ae))T 0 00 0
S(e_)=0, S(e)=1{0 0 —Ae; |, S(ex)=10 A 0], (4.23)
0 0 0 0 0 0

where A € so(n). From (4.23), it is clear that S(X)X = 0 since A € so(n). Moreover,
S(X)e_ = —=S(e_)X = 0 since S(e;) € g_ and prg(S(ey)) = 0. Thus, we just need to
check S(e;)e; = —S(e;)e; and S(e;)er = —S(ey)e;. The second follows from S(e;)e; =
—pry, (S(ey))e; since pry (S(ey)) = S(ey), while the first follows from checking that
S(ei)e; = A(es,ej) and S(ej)e; = A(ej, e;) = —Ales, e;). O

Remark 4.4.3. Lemma 4.4.2 recovers the second part of Lemma 1 in (Ernst and Galaev
[13]). They show that if S € A3 such that it is annihilated by an indecomposable non-
irreducible subalgebra b of type 2 or type 4, then S = et A A such that A € A2R" where

prso(n)(h) -A=0.

Lemma 4.4.4. Let h C g be a indecomposable, non-irreducible subalgebra of type 2 or
type 4. Suppose S € S, then S € | if and only if S(e;) € Rix g_.

Proof. Let S € A' ® A% such that b - S = 0. From Theorem 4.3.1,
S(e)=0, S(e)eg., Sle)ep, (4.24)

such that,
S(ei)er = —pry (S(ey))e; (4.25)

Since S € if and only if E(S) = 0, Lemma 4.4.2 implies S € if and only if

prae ()20 ) =o. (4.20)

E(S)(@_, e;,ej) = 0. (4.27)

This means that,

However,

@sxemx, Y) = (S(e) X, Y} + (S(YV)er, X) — (S(X)es, ).
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Thus, equation (4.27) is equivalent to
(S(et)ei, e5) + (S(ej)es, ) — (S(ei)es, e5) =0,
which applying the condition (4.25), is
0= (S(e+)es €5) — (pry, (S(eq))ej, ) + (pry (S(e+))ei, e))
= 3 PTo(ny (S(e4)) (€, €5)-
Hence, pry,(,)(S(ey)) = 0, implying S(ey) € Rix g_.

Conversely, let S be as stated in the Lemma. From Theorem 4.3.1, it is clear that
S € A ® A? such that - S = 0. However, since S(e;) € Rix g_, then S(e;) ¢ so(n).

This implies S ¢ a from lemma 4.4.2, so we conclude that S & . O

Now Theorem 4.4.1 can be proved.

Proof. We shall prove each case in order, as we use some cases to prove the latter cases.

Case 1: Totally Skew. This is proved in Lemma 4.4.2.

Case 2: Twistorial. Let S € | such that h-S =0 where h C g is indecomposable,
non-irreducible of type 2 or type 4. Then, Lemma 4.4.4 states,

S(e-) =0, S(e;)eg_, Sley)eRxg_, (4.28)

such that,
S(ei)er = —pry (S(ey))es. (4.29)

Suppose S € lo’ thus S is trace free, implying,

S(e_eq, X)+ Seq, e, X)+ ) S(eie;, X) =0, VX €V (4.30)
i=1
Let X = ey, then S(e_,e;,e;) = prr(S(e)), and using the condition (4.29), S(e;, e;,e4) =
prr(S(es)). Hence, (4.30) would imply,

pr(S(es))(14+n) =0,
and thus prg(S(es)) = 0. As a result, S(ey) € g_.

Conversely, let S be as stated in the Theorem. That is, S(e;) € g_. Then S € |

from Lemma 4.4.4, so we just need to show that S is trace-free. Based on (4.30), the trace
condition reduces to,

S(eq,e_,X)=0, VXeV.
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However, S(ey)e_ = 0 since S(e;) € g_. Thus, we conclude that S is trace-free.

Case 3: Vectorial. Let S € | such that h-S =0 where h C g is indecomposable,
non-irreducible of type 2 or type 4. Then, Lemma 4.4.4 states,

S(le-)=0, S(e;)eg., Ses)eRxg_, (4.31)

such that,
S(ei)er = —pry (S(ey))e; (4.32)
Suppose S € [ ], then there exists a U € V such that,

S(X)Y = g(X,Y)U — g(Y,U)X.

However,

0=2S(e )Y =gle_, YU — g(Y,U)e_,

implies U must be a multiple of e_. If U is a multiple of e_, then,
S(ey)e; = gleq,e)U — g(e;, U)e— = 0.

Which implies pr, (S(es)) = 0. Hence, S(e;) € R.

Conversely, let S be as stated in the proposition. Then, S € | by Lemma 4.4.4,
however since S(ey) ¢ g, Case 2 implies S ¢ |0. Thus, S € []. O

For completeness,

Corollary 4.4.5. Let h C g be a indecomposable, non-irreducible subalgebra of type 2 or
type 4. Suppose S € S, then,

e S8 @Ss if and only if S(ey) € R®so(n),
e S €8 @S;s if and only if S(ey) € so(n) X g_,

e SeS DS, if and only if S(ey) ERx g_.

Proof. This follows immediately from Theorem 4.4.1. O
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4.5 Algebraic curvature tensors

In this section we shall describe the spaces of curvature tensors for indecomposable
subalgebras h C g of type 2 and type 4 that have torsion of the form,

Te(VAVIaVAV)RV_ e (VOAVH @ VL. (4.33)

These results will be very similar to the results obtained by Galaev [18], who considers
curvature tensors without torsion.

The spaces of algebraic curvature tensors with torsion 7" for algebra bh are given by,
R(V,,T) = {R ENVFRbh: & RX,Y)Z=— & T(T(X,Y),Z), VX.,Y,Zé¢ v}.
XY Z XY Z

If T'= 0 we shall denote the space as R(V, h). Moreover, we shall call the identity,

S R(X,Y)Z=- & T(T(X,Y),2),
XYZ XYZ

Bianchi symmetry, see [30]. We shall also define the space of weak curvature tensors

P(V.b) as,
PV,h) ={PeV'e@h: (P(X)Y,Z)+(P(Z)X,Y)+(P(Y)Z,X)=0}.
We begin by motivating why we have chosen our torsion to adhere to (4.33). In the
previous sections we deduced that if h- S = 0 for an S € A' ® A%, then,
Se(V'®g_)d (Vtap). (4.34)

In such a situation, the torsion can be given by the skew symmetrisation of S. Hence, if S
is of the form (4.34), then we can take the skew-symmetrisation, resulting in,

Te(VAVIeVAVY)@V_ @ (VOAVH VL.
Hence, 7" must be restricted to the subspace given in (4.33).

We start by investigating Bianchi symmetry assuming 7" is of the form given in (4.33).
Since the torsion is skew, only distinct combinations need to be investigated. For example,

ST (T(ey,X),es) =0, X e
Lemma 4.5.1. Let,
Te(VAVIaVAVY)@V_ @ (VOAVH VL.
Then,
ST(T(X,Y),Z)=0, 6T(T(X,eir),e.)=0, ST(T(X,Y),e,)eV_,
where X, Y, Z € V.
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Proof. Based on the form of T, T(X,Y) € V_, and T'(e_, X) = 0 for all X, Y € V4. Hence,
ST(T(X,Y),Z) =0, X.Y,Z€V.

For the second equality, since T'(e_, X)) = 0 for all X € Vj, we are left with,
T(T(X,eq),e—)+T(T(eq,e-), X).

Then, T'(X,e;) € V_ @& Vg, and T'(eq,e_) € V_. Which implies,

T(T(X,eq),e—)+T(T(eg,e-), X)=0.
Now, for 6T(T(X,Y),e;), we know T(X,Y) € V_, T'(e, X) € V_ @& Vj. This implies,
T(T(X,Y),es) € V., T(T(es,X),Y)€ V..

Hence, 6T(T'(X,Y),e;) € V_. O

Based on Lemma 4.5.1 above, we can define By € VO A VY as,
ST(T(X,Y),es)=Br(X,Y)e_, XY €. (4.35)
Then, based on Lemma 4.5.1, Bianchi symmetry tells us that,
R(X,Y)er + Rleyr, X)Y + R(Y,e. )X = Bp(X,Y)e_, XY €V,

and all other cyclic permutations of the curvature are zero. We shall now see to which
extent pairwise symmetry holds for a R € R(V,h,T).

Lemma 4.5.2. Let R € R(V,h,T) such that the torsion satisfies,
TeVAVIaVIAVY V. a(VIAVH .
Moreover, let Br € so(Vy) be as defined in (4.35). Then, for X, Y, W, Z € Vo & V4,

R(X,Y,W,Z) = R(W, Z,X,Y),
R(X,Y, e ,W) = R(es, W, X,Y),
R<X7 €+, eJr) = R(6776+7X7 €+)7

and otherwise,

R(X, €+,Y, €+> = R(Y, €+,X, €+) + BT(Y’ X), X,Y I~ ‘/(] (436)
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Proof. We only need to check pairwise symmetry for R(X,Y)e, where X,Y € V. All
others follow from having the cyclic permutations of the curvature equal to zero like in
the torsion free case. We know that,
R(X,Y)es + R(ey,X)Y + R(Y,e1)X = Br(X,Y)e_,
where Br(X,Y) = g(6T(T(X,Y),e1),eq). Thus,
R(X7 Y7 €+, Z) + R(€+, X7 Y7 Z) + R<Y7 €+, X7 Z) = BT(Xv Y)Q(e—a Z)v (437)

where X, Y € Vj, and Z € V. The identity given by (4.36) is obtained when Z = e, in
equation (4.37). Otherwise, take Z € V*, then,

R(X,Y,e. ,Z)+ R(e., X, Y, Z)+ R(Y,e,, X, Z) =0,
and using that all other cyclic sums of the curvature are zero,

0=R(X,Y,es,Z) + Rles, XY, Z) + R(Y, e, X, Z)
(R(X,Y,Z,es) + R(Z,X,Y,e.) + R(Y, Z, X, e.))
—(R(Z,X,e,Y)+ R(er, Z, X, Y)+ R(X,e;, Z2,Y))
“(R(Y, Z,es, X) + R(es,Y, Z,X) + R(Z, e, Y, X)),

—9R(X,Y, ey, Z) — 2R(es, Z, X, Y).

Hence, R(X,Y,e;,Z) = R(ey, Z,X,Y) for X,Y € Vyand Z € V*. O

This results in the following Lemma.

Lemma 4.5.3. Let b be a indecomposable, non-irreducible subalgebra of type 2, or type 4.
Moreover, let R € R(V,h,T) such that the torsion satisfies,

Te(VAVIaV AV V)@ (VIAVH e W).

Then, R(e_,-) = 0.

Proof. If R € R(V,5,T), then R(X,Y) € h for X, Y € V. Hence, R(X,Y)e_ =0, and we
can employ Lemma 4.5.2 to deduce that R(e_,-) = 0. O

We can now classify R(V, h,T) for b of type 2 and type 4. We shall start in the setting
when b is type 2 then proceed to h being of type 4.
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Theorem 4.5.4. Let b be a indecomposable, non-irreducible subalgebra of type 2, and let
bo = prgo(h). Moreover, let T be such that,

Te(VAVIaVAVY)RV. e (VIAV) @ L.
Then there exists a h-module isomorphism,
R(V,5,T) = R(Vo, bo) & P(Vo, bo) & L(T),
where By € VO AV is as defined in (4.35), and,
LT):={LeV'@V": L(X,Y) - L(Y,X) = Br(Y, X)}.

Proof. Let h C g be a indecomposable subalgebra of type 2, and let R € R(V,h,T) for T
such that,
Te(VAVIaVAVY V. a(VIAVY) .

We know that if R € R(V,5,T), then R(e_,-) = 0 from Lemma 4.5.3. So, define,
Ro(X,Y) 1= prg, (R(X,Y)),  P(X) = pry,(R(es, X)), L(X,Y) = Rles, X,e,,Y),
for X,Y € V. We claim that,
RV, b,T) = R(Vo, ho) ®P(Vo, bo) ® L(T), R+ (Ro, P, L),

is well defined and an injection. We first show that Ry € R(Vp, ho), P € P(Vp, ho), and
L € L(T). As a consequence of Lemma 4.5.1, R(X,Y)Z + R(Z, X)Y + R(Y,Z)X =0 for
all X,Y, Z € V. This implies,

Ro(X,Y)Z + Ro(Z, X)Y + Ro(Y, Z)X (4.38)
+pr, (R(X,Y))Z +pr, (R(Z,X))Y +pr, (R(Y,Z))X =0.

Since the first line is in V4 and the second in V_, we conclude that GRy(X,Y)Z = 0.
Meaning Ry € R(Vy, ho) since Ry € A?V? ® by based on its definition. Moving onto P.
By definition P € V' ® by, thus only (P(X)Y, Z) + (P(Z)X,Y) + (P(Y)Z,X) = 0 for all
X, Y, Z € Vy, needs to be confirmed. Based on its definition,

S (P(X)Y,Z) = & (pry,(Rley, X))Y, Z),

XYZ XYZ

= X§Z<R(e+,X)Y, Z), since pry (R(ey,Vo))Vo € V-,

=0, asin the proof of Lemma 4.5.2.

Hence, P € P(Vy, o). Finally, L being in £(T") follows directly from (4.36) in Lemma 4.5.2.
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We now aim to show that this map is an injection. Let Ry = P = L = 0, we need to
show R = 0. We shall start by showing that R(X,Y) =0 for all X,Y € ;. Since Ry =0
then pry (R(X,Y)) = 0 for all X,Y € V4. Meaning, if we can show pr; (R(X,Y)) =0
then we are done. Hence, let Z € Vj, then,

<R(X7 Y)e+7 Z> = <R(€+, Z)X, Y>
= (pry_(R(eq, 2))X + pry (R(es, 2))X,Y)
=0.
Where we have used that P = 0 and that pr; (R(e;,Z))X € V_. This shows that
pr, (R(X,Y)) = 0, meaning R(X,Y) = 0 for all X,Y € V4. We now aim to show
R(es, X) =0 for all X €V}, as this together with what we have just shown would imply

R=0. By P =0, we know pry (R(ey, X)) = 0, so like above we just need to investigate
its g_ projection. However, if XY € Vj, then,

(Rler, X)er,Y)=L(X,Y) =0,

which immediately implies that pr, (R(ey, X)) =0 for all X € V4. We can now conclude
that R = 0, and thus the map is injective.

To show that it is also a surjection. Let Ry € R(Vp, bo), P € P(Vo, o), and L € L(T).
Define,
R<€+7X) = (07 (07 P(X)>7 _L(X>>>
R(e_,-) =0.
We need to show that R € R(V,h,T). It is clear that R € A*V* @ b, thus we just
need to show that R satisfies Bianchi symmetry. Again, we just need to check distinct
combinations. Let XY, Z € V},
SR(X,Y)Z =Ry(X,Y)Z + Ro(Z,X)Y + Ro(Y, Z2)X
+9(P(X)Y, Z)e_ —g(P(Y)X, Z)e_ + g(P(Z)X,Y )e_
—9(P(X)Z,Y)e_ +g(P(Y)Z, X)e_ — g(P(2)Y, X)e_,
pum— 07
by Ro € R(Vo, ho) and P € P(Vp, hp). Now, to check the XY, e, Bianchi symmetry,
SR(X,Y)e, =PY)X —P(X)Y +P(X)Y — L(X,Y)e. — P(Y)X + L(Y, X)e_,
=LY, X)e. — L(X,Y)e. = B(X,Y)e_.
Thus, R € R(V,h,T), implying we have a surjection and,
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Theorem 4.5.5. Let b be a indecomposable, non-irreducible subalgebra of type 4, and let
bo = prgo(h). Moreover, let T be such that,

e(VAVTaVAVY @V @ (VT AV e V.
Then,
R(V.b,T) ={(R,P,L) € R(Vo, ker(v)) ® P(V2,bo) ® L(T) : pry, o L =1 o P},

where,

LIT)={LeV°@V": L(X,Y)~ L(Y,X) = Br(Y, X)}.

Proof. Proceeding in the same vein as [18]. Note that if b is of type 4 and b = pry (h),
then h C ho x g_. Thus, if R € R(V,h,T), then R € R(V,ho x g_,T). However, by X g_
is a subalgebra of type 2. The space of such algebraic curvature tensors was classified in
Theorem 4.5.4. It states,

where L(T) ={L € V'@V : L(X,Y)— L(Y, X) = By(Y, X)}, where B is defined from T

n (4.35). Since, R € R(V,ho x g_,T), then there exists an R € R(Vy, o), P € P(Vy, bo),
and L € L(T') which defines R. We will next proceed to show the further conditions on
such components if b is an algebra of type 4.

Since b is a subalgebra of type 4, there exists a splitting g = V; & V5 such that
ho C s0(V3). Meaning,
bo-V1 =0, bho-Va2CVa. (4.39)

Let X € Vi, and Y, Z € Vs, then since P € P(Vp, ho),
9(P(X)Y,Z) +g9(P(Z)X,Y) +g(P(Y)Z,X) = 0.

However, by (4.39), P(Z)X = 0 since P(Z) € hp and X € Vi, and g(P(Y)Z,X) =0
since P(Y)Z € V5 and X € Vj. Hence, g(P(X)Y,Z) =0 for all X € V}, and Y, Z € V;,
implying P(V;) = 0. Thus, P € P(V4, bo).

Moreover, let X,Y € Vj, then R(X,Y) = Ry(X,Y) + et A(P(Y)X — P(X)Y) € b.
This implies that Ry(X,Y) € ker(y), since et A (P(Y)X — P(X)Y) € V4, and as such
there exists no V; component. Hence, Ry € R(Vj, ker(¢))).

We now consider R(ey, X) where X € V. Then, R(ey,X) = P(X)+e" ANL(X) € b,
where P(X) € by, and L(X) € V% Hence, we can denote L,(X) = pry, o L(X), and
Ly(X) = pry, o L(X). Then, by virtue of f being an algebra of type 4, L;(X) = ¢ o P(X),
equivalently pry, oL =1 o P.
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Conversely, given an Ry € R(Vy, ker(v)), P € P(Vo,ho), and L € L(T) such that
pry, o' =1 o P. Then we aim to show that R € R(V,h,T’). From Theorem 4.5.4 it follows
that these determine a R € R(V,ho x g_,T). Moreover, by construction it follows that
R(X,Y)ebhforall XY € V. Hence, R € R(V,h,T). O

Based on the results above, if b is of type 2 or type 4, each algebraic curvature
tensor R(V, h,T) is uniquely determined by the elements Ry, P, and L satisfying certain
conditions. We now make one further assumption on R, that is,

h-R=0.
The following Lemma tells us how this impacts an R € R(V,h,T).

Theorem 4.5.6. Let b be of type 2 or type 4 and let R € R(V,h,T). Ifh- R =0, then
Ry=0 and P =0.

Proof. Since R is annihilated by b,
[H,R(X,Y)] - R(HX,Y)—-R(X,HY)=0, VHebh, VX, YeV. (4.40)

We shall now consider each type of h separately.
Case 1 (h of type 2) :

In type 2 there exists no coupling between g_ and hy. Hence, consider when X, Y € Vj
and H € g_ C h. Then HX € V_ implying R(HX,Y) = 0 by Theorem 4.5.4, and
similarly for R(X, HY'). Hence, [H, R(X,Y )] = 0, which using Theorem 4.5.4 implies,

[H, (0, (0, Ro(X,Y)), P(X)Y — P(Y)X)] = 0,
forall XY € Vy and H € g_. Identifying H with an element of 1}, this results in,
Ry(X,Y)Z =0, VXY eV, VZel,

from which we conclude Ry = 0. Now, consider equation (4.40) for when X € V,Y = e,
and H € g_ C bh. Then, by the same reasoning above R(HX,e,) = 0, giving,

[H,R(X,eq )] — R(X,He )=0, VXely, VHeg,.
Using Theorem 4.5.4, this is equivalent to the equation,
[(0,(0,0), 2), (0, (0, P(X)), —=L(X))] + (0, (0, Bo(X, 2)), P(X)Z — P(Z)X) = 0.
Expanding this out and using that Ry = 0, the resulting equation is,
(0,(0,0),—P(X)Z) +(0,(0,0), P(X)Z — P(Z)X) = 0.
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Hence, P(Z)X =0 for any Z, X € V;. It follows that P = 0.
Case 2 (h of type 4) :

In type 4 recall that there exists a splitting of g_ as g = V; & V5, such that there
exists ¥ : hy — Vi where h_ = 1p(hy) & Va. Moreover, ¢ vanishes on [ho, hol, is surjective,
and by C so(V3). The space of curvature tensors R(V,h,T) is given by Theorem 4.5.5,
which states,

R(V,b,T) = {(R,P,L) € R(Vy, ker(¢))) ® P(Va,bho) ® L(T) : pry, oL =1 o P}.
Using the same argument in type 2 to show Ry = 0, using equation (4.40), let X, Y € 1}
and H = (0,(0,0),(0,7)) € h_ where Z € V,. Then, by the same arguments in type 2,
R(HX,Y)= R(X,HY) = 0 meaning [H, R(X,Y)] = 0. From Theorem 4.5.5, that is,

0 =1[(0,(0,0),(0,2)), (0, (0, Ro(X,Y)), P(Y)X — P(X)Y)],
=(0,(0,0), (0, Ry(X,Y)2)).

Hence, Ry(X,Y)Z = 0 for all X,Y € Vy and Z € Vi. As Ry(X,Y) € by C so(Va)
this implies Ry = 0. Now, look at equation (4.40) when X € V5, Y = e,, and H =
(0,(0,0),(0,2)) € h_. Then, equation (4.40) becomes,

[Ha R<X7 6+)} + R(Xa Z) = O
Employing Theorem 4.5.5, this is equivalent to,

[(07 (Ov O)v (O’ Z)),(O, (Ov P(X))7 (_¢(P<X))v _L2(X)) }
+(0,(0,0), (0, P(X)Z — P(Z)X)) = 0.

Which results in the equation,
P(Z)X =0, VZ,X €V,

Since P(V}) = 0 in type 4, we conclude that P = 0. O

This means if R € R(V,h,T) such that h - R = 0. Then, R is completely determined
by an L € V° ® VY such that,

LIX,)Y)—-L(Y,X)=Br(Y,X), X, Yel,
where Br(X,Y)e_ = 6T (T(X,Y),e;) for X, Y € Vj. Specifically, as follows:

R(e_,ey)=R(e_,X)=R(X,Y)=0, R(e;,X)=¢c" AL(X).
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4.6 The case of dimension 3

In this section we shall look at what happens to an S € § and an R € R(V,h,T) such
that h- R = 0 when dim(V') = 3. We first show that Theorem 4.3.1 is false in dimension 3.

Let dim(V') = 3, and consider a Witt basis (e_, e1,e;) of V. The only indecomposable,
non-irreducible subalgebra h C g of type 2 and type 4 is h = g_ C so(1,2).

Theorem 4.6.1. Let dim(V) =3 and b = g_. Moreover, let S € S C A' @ A? as detailed
in Section 4.3. Then,

0 a O —a b 0 b ¢ 0
Se-)=10 0 —a]|, S)=0 0 =b], Slex)=la 0 —c]|,
00 O 0 0 a 0 —a —b

for a,b,c € R. In particular, S C A\' ® A? is of dimension 3.

Proof. Let,
01 0
X=10 0 -1
00 O
We have h = g_, that is,
h=R-X
Define S € A! ® A? by,
0 a O —a b 0 b ¢ O
Se_)=10 0 —a], S)=(0 0 —=b], Sls)=|a 0 —c]|,
00 0 0 0 a 0 —a —b

for a,b,c € R. We will show that h-.S = 0, equivalently,
(X, S(Y)] —-S(XY)=0, YeV.
We first note,
[X,5(e )] =0, [X,5(e)] = aX, [X,5(ey)] = —5(ea).
Hence,
(X, 5(e-)] = 5(Xe-) =0,
(X, S(e1)] — S(Xey) =aX — S(e_) =0,

and

[X, S(es)] = S(Xey) = =S(e1) + S(er) = 0.
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Thus, h- S =0.
Conversely, let S be a general element of A! ® A%, Specifically,
o p 0 k1 0 d e 0
S<€—) =14q 0 -P], S(el> = j 0 —i ) S(€+) = f 0 BAE
0 —q —o 0 —5 —k 0 —f —d

for all entries in R. Then if,
0= [X, S(e_)] - S(Xe_) = [X, S(c_)],

then this forces ¢ = 0 = 0. Hence,

0O p O k1 0 d e 0
Se-)=10 0 —p|, Sly)=\|7j 0 —i|, Sleqs)=[f 0 —e
00 O 0 —j —k 0 —f —d

Next, if,

0=[X,S5(e1)] = S(Xer) = [X, S(er)] = S(e-),
then 5 =0, and £+ p = 0. Thus, k = —p, and,

0 p O —p 1 0 d e 0
Se_)=(0 0 —p|, Sl)=10 0 —i|, Sly)=[f 0 —e
00 0 0 0 p 0 —f —d
Lastly, if,

0=[X,S(eq)] = S(Xey) = [X,5(es)] + S(er),
then f —p =0, and d — i = 0, meaning f = p and d = i. So, S must be of the form,

0p O -p i 0 i e 0
Se)y=(0 0 —p|, Se)=10 0 —i|, Se)=|p 0 =—e
00 0 0 0 p 0 —p —i

Relabeling p = a, i = b, and e = ¢, we are done.
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]

Theorem 4.6.1 tells us that if S € A' ® A? such that h- S = 0, then there can exist S

such that,
Sle-) #0, Sler) ¢g, Sles) ¢p.

We see that this shows that Theorem 4.3.1 is not true in dimension 3.

Moving onto the possible algebraic curvature tensors, we shall see for our purposes in
Chapter 4 that we only need to consider when § - R = 0 in dimension 3. We shall first

need the following Lemma which is true for any dimension dim(V') =n + 2.
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Lemma 4.6.2. Leth=g_ and R € A*V* @b such that h- R =0. Then R(e_,-) = 0.

Proof. Let h =g_and R € A*’V*®g_. If g -R =0, then since g_ is abelian, this implies,

0=(H -R)(e_,er)=[H,R(e_,e;)] — R(He_,e;) — R(e_,He,)
= —R(e_,He,).

Meaning R(e_, Z) = 0 for all Z € V4. Similarly,

0= (H-R)(e;,er) =[H,R(e;,er)] — R(He;, e ) — R(e;, Hey)
= _R(6—76+)7

if we let H = (0,(0,0),¢;). Hence, R(e_,e;) = 0, resulting in R(e_,Z) = 0 for all
ZeV. [

Theorem 4.6.3. Ifdim(V)=3,h=g_ =R-X, and R € A*’V*® b such that b - R = 0.
Then,
R(e_,e;) = R(e_,e1) =0, R(ey,eq)=X.

Proof. By Lemma 4.6.2, R(e_,-) = 0. Hence, since dim(V) =3, R € VY A V' ® h which
is of dimension 1. Hence, R(eq,e ) is equal to (a multiple of) X. O

Moreover, as a consequence we have that such an R always satisfies the Bianchi
symmetry,
R(e_,e1)er + R(ey,e_)e; + R(ey,eq)e— = 0.



Chapter 5

Indecomposable Non-irreducible
Homogeneous Structures

In this chapter, starting with Section 5.1, we first look at locally symmetric Lorentzian
connections with indecomposable, non-irreducible holonomy. In Section 5.2, a brief
interlude is then taken to introduce the screen bundle associated to a recurrent null vector
field along with some key properties. In Section 5.3, we then apply these results to
manifolds admitting Ambrose-Singer connections (locally reductive homogeneous spaces),
together with our algebraic results in Chapter 4 which can be applied to homogeneous
structures. We then move into Section 5.4, where we show that all such spaces must
be homogeneous plane waves. We end this chapter with Section 5.5, investigating the
3-dimensional case and showing that our dimension bound for our main theorem in the
previous section cannot be dropped using our approach.

5.1 Locally symmetric Lorentzian connections

Consider a triple (M, g, V), where g is a Lorentzian metric on a smooth manifold M, and
V:TM ®TM — TM is an affine connection on M such that Vg = 0. Then, we define a

V-recurrent vector field.

Definition 5.1.1. A vector field £ € I'(T'M) is V-recurrent if and only if %{ =0 ®¢ for
some one-form © € © € I'(T*M).

We are interested when such a recurrent vector field can be rescaled to a %—parallel
vector field.

Lemma 5.1.2. If£ € I'(T'M) is a recurrent vector field, then R(X,Y )¢ =dO(X,Y)E for
XY e (TM).

71
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Proof. Let £ € D(TM) be a recurrent, thus V& = © @ ¢ for some one-form © € T'(T*M).
By the definition of the curvature,

R(X,Y)¢ = VxVy€ — VyVx€ — Vixyi€
= Vx(B(Y)€) — Vy(0(X)E) — O([X, Y])E
= X(O(Y)E+O(Y)O(X)E — Y(B(X))E —0(X)O(Y)E — O([X,Y])E
= (X(O(Y)) = Y(O(X)) = O([X,Y])) ¢
= dO(X,Y)E. O

Lemma 5.1.3. If M is a simply-connected Lorentzian manifold with a V-recurrent null
vector field &, 1.e VE = O ® &. Then £ can be rescaled to a parallel null vector field X if
and only if © is closed.

Proof. By the assumption that M is simply-connected this means that © is exact, thus
© = dh for some h € C*(M). As a result, consider X = e~"¢, then g(X, X) = 0 and
VyX = Vye "¢
= de " (Y)E+e"Vy¢
= ¢ "dh(Y)X +e"O(Y)X =0

by exactness of ©. Conversely, if { can be rescaled to a parallel null vector field E, where
& = f¢ for some function f € C*°(M). Then, using Lemma 5.1.2,

0=R(X,Y){=dO(X,Y)¢

for all X, Y € I'(T'M). O

We shall now assume that V is locally symmetric, i.e VR = 0 and that the holonomy
hol(V) of V is indecomposable, non-irreducible. We shall prove the following result.

Theorem 5.1.4. Let (M,g) be a simply-connected Lorentzian manifold of dimension
> 3 with a locally symmetric metric connection V. Moreover, assume that hol(V) is
indecomposable, non-irreducible. Then, there exists a V-parallel null vector field, and

hol(V) is of type 2 or 4.

We shall first need the following Lemma.

Lemma 5.1.5. If %R~: 0 and & is a recurrent null vector field, i.e %5 =0 ®E, then
dO € T(A*(T*M)) is V-parallel.
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Proof. Let X,Y,Z € I'(TM). Then,
(VxR)(Y. Z2)€ = Vx(R(Y. 2)€) = R(VxY. 2)¢ = R(Y,VxZ) = R(Y, Z)Vx¢
= Vx(dO(Y, 2)§) —dO(VxY, Z)¢ — dO(Y, Vx Z)¢ — dO(Y, Z)O(X)E.

Note that Vx(dO(Y, 2)¢) = X(dO(Y, Z))E+d O(Y, Z)O(X)E. Hence, taking into account
that dO(Y, Z)O(X)¢ terms cancel, the above expression becomes

(VxR)(Y,Z)€ = X(dO(Y, 2))¢ — dO(VxY, Z)¢ —dO(Y, Vx Z)¢

However, using the fact that VR = 0, this implies X(dO(Y,Z)) = dO(VxY, Z) +
dO(Y,VxZ). But this is exactly the condition Vd© = 0, i.e d © is parallel. O

As a result, we have that d© is a 6—paralle1 two form. Thus, before continuing, we
will briefly look at general V-parallel two forms where the holonomy is indecomposable,
non-irreducible. From henceforth, let w € T'(A?(T*M)) be a arbitrary V-parallel two form.
Using the fact that w is parallel, then,

hol-w = 0. (5.1)

If we define A € so(T'M, g) such that for any X, Y € I'(TM), w(X,Y) = g(A- X,Y), then
(5.1) is equivalent to the condition,

[hol, A] = 0. (5.2)
However, fixing a Witt basis, so(7T'M,g) = g and since hol is indecomposable non-
irreducible, hol C p. Hence, from equation (5.2), A € 34(hol), and Proposition 4.2.1

in Chapter 4 is applicable. Which implies,

o 3a(hol) = 0 if prg(hol) 0,
o 5q(b00) = g_ if prg(hol) = 0.

We now prove Theorem 5.1.4.

Proof. Since the holonomy algebra of V is indecomposable, non-irreducible, it admits
an invariant null line. Thus, there exists a V-parallel null line bundle. Since M is
simply-connected this implies that there exists a global V-recurrent null vector field &,
ie V§ = © ® {. By assumption VR = 0, hence by Lemma 5.1.5, the 2-form d© is
V-parallel. This means that at a point p € M, hol(V) - d O = 0, thus as explained above,
the corresponding skew endomorphism A must be in the centraliser in so(7,M) of hol(V).
It ho[(%) is of types 1 or 3, the centraliser is trivial, and hence d © = 0 since d © is parallel.
Thus, we can invoke Lemma 5.1.3 and £ can be rescaled to a parallel vector field. If bo[(%)

is of types 2 or 4, then it annihilates null vector and hence M admits a parallel null vector
field. O]
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Which leads into the following corollary,

Corollary 5.1.6. Fvery simply-connected indecomposable, non-irreducible Lorentzian
locally symmetric space admits a parallel null vector field.

Remark 5.1.7. This is known from the classification of locally symmetric spaces in [8],
however above we have a direct proof.

5.2 The screen bundle

In the section we introduce the screen bundle associated to a recurrent null vector field.
This will be important in the following sections of this chapter and provide a scheme for
us to investigate the holonomy of manifolds admitting a Ambrose-Singer connection, i.e
locally reductive homogeneous spaces.

Let (M, g, 6) be a Lorentzian manifold with a metric connection %, suppose M admits
a recurrent null vector field £. Then the holonomy at p € M admits a 1-dimensional null
invariant subspace R &,. The orthogonal complement of this space 5; is a n+ 1-dimensional
subspace which is holonomy invariant and contains R¢&,. Thus, we can construct two
V-parallel distributions, a 1-dimensional, totally null distribution R¢ with & € I(R¢),
and its n 4+ 1-dimensional orthogonal complement,

RéEC e ={X eTM:g(X,§¢) =0}.

We can now consider the quotient space pr /R, at every point p € M to define the
vector bundle over M,
E :=¢"/R¢,

which is called the screen bundle. The metric g defines a metric ¢ on E, by,
P (XL, [Y]) == 9(X,Y), XY eTl().

However, we will often make no distinction between g¥ and ¢g. Moreover, since R¢ is
V-parallel, the connection V induces a connection V¥ on E, defined as,

VEY] :=[VxY], X eT(TM),Y €T(¢").

This connection is a metric connection with respect to ¥ since V is a metric connection
with respect to g. We can also define the curvature R¥ of V¥ in the standard way,

RE(X,Y)[2] = VEVEZ] - VEVE[Z] - VE (2], XY eT(TM),Z e T(¢Y).
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Lemma 5.2.1. The curvature RE of the induced connection VE s equal to,
RP(X,Y)[Z) = [R(X.Y)Z], XY €T(TM),Z (),
where R is the curvature of V.

Proof. The definition of RF is given by,
RE(X,Y)[2] = VEVE[Z] - VEVE[Z] - VE (2], XY €T(TM),Z e T(¢Y).
Now, expanding out the definition of VE ,
RP(X,Y)[Z) = VE[Vy 2] = VIV Z] - [Vix v Z),
= [VxVyZ] = [VayVxZ] - [Vixy)Z] = [R(X,Y)Z].
O

The main result about screen bundles, which will be relevant to us later in this section,
is the following.

Theorem 5.2.2. Let E be the screen bundle defined above with induced connection VE.
Then,

Bol(VE) = pryg(n (H0I(V)).

Proof. This result was proved for the Levi-Civita connection in [23, 24], and generalised
to connections with torsion in [20]. O

5.3 Lorentzian homogeneous structures

We now consider an Ambrose-Singer connection V on a simply-connected Lorentzian
manifold, where its associated homogeneous structure S € S has no restrictions on its
algebraic type. Moreover, we assume that hol(V) is indecomposable, non-irreducible.

Then, by Lemma 3.1.4, Ambrose-Singer connections satisfy VR = 0, and hence we can
employ Theorem 5.1.4. As a result, there exists a null vector field £ such that

VE =0, (5.3)

and bo[(%) must be either of type 2 or type 4. We now wish to see, given the condition

hol(V) is indecomposable, non-irreducible, what a general homogeneous structure S looks
like.
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Theorem 5.3.1. Let (M, g) be a simply connected Lorentzian mamfold of dimension
n+ 2 > 4 with Ambrose-Singer connection V. Suppose that hol(V) is indecomposable,
non-irreducible, then the associated homogeneous structure S € A' ® so(TM) satisfies,

1. S e N ®@stab(RE),

2. 5()=0
3. S(X)Y eRE forall X €&, Y € TM.

Proof. We have already established that there exists a %—parallel null vector field &.
Moreover, hol(V) is of type 2 or type 4. Thus, we can impose Theorem 4.3.1 at each point,
identifying 7, M =V such that e_ = §,. [

As in the proof above, we will often work at a point p € M and consider a Witt basis

(e_,e1,...,n,e.) of T,M along side the corresponding dual basis (e*,e!,...,e" e7) as in

Chapter 3. In such situations, our homogeneous structure at a point will look exactly as
in Theorem 4.3.1, that is,

Sple-) =0, Sple) €., Syles) €.
such that,
Splec)es = = prg (Syle))es

From henceforth we shall let,
A =prg,(Seq)), a=prg(Sles)), n=pry (S(eq)).

Moreover, if we denote holy(V) := prgo(hol(%)), then holy(V) - A = 0. Furthermore, in
type 2, holy(V) - = 0, while in type 4, (= (V1) @ (holy(V))') - = 0.

Now, that the form of a general homogeneous structure is known when bo[(%) is
indecomposable non-irreducible, we can investigate the implications on the torsion 7" and
curvature R of V.

Proposition 5.3.2. Let S be a Lorentzian homogeneous structure and (e_, ey, ...,e,, 1) a
Witt basis of T,M in which S is of the form of Theorem 4.3.1. Then the torsion satisfies,

p(e , X) =

Tp(e er) = ae_,

Tp(X, Y) = 2A(Y, X)e_,
Ty(er, X) = —(ad +24)X —n(X)e_

p

where X, Y € V.



5.3. Lorentzian homogeneous structures 7

Proof. Pick a point p € M, then from Lemma 3.1.4, the torsion of V is given by,

T,(X,)Y)=5,(Y)X - S,(X)Y, X, Y eT,M.
Hence, using Theorem 4.3.1 the torsion is computed for each e_,e, and X,Y € V. [

Proposition 5.3.3. Let (M, g) be a simply-connected Lorentzian manifold of dimension

n+ 2 > 4 with AS-connection V. Suppose that ho[(%) 15 indecomposable, non-irreducible.
Then, if (e_, e, ..., en, e1) is a Witt basis of T,M, the following holds,

Ry(U W) =R, (UW), UV eV,
Ry(ei,e_) = Ryles,e),

and otherwise,

Ry(es, X) = Ry(er, X) —(0,(0,0), 42(X) + cA(X)), X €.

Proof. From Lemma 3.1.4, the curvature of V is related to the curvature of V by,

R(X,Y)=R(X,Y) + [S(X),S(Y)] + S(T(X,Y)).

Hence, pick a point p € M and using Theorem 5.3.1 for S, and Proposition 5.3.2 for Tp,
we compute for each basis element. We will only show that,

RP(G-HX) = Rp(e-HX) - (0’ (070)7A2(X) + (IA(X)),

as the others follow clearly.

R(es, X) = R(ey, X) + [S(ex), S(X)] + S(T (e, X))
=R(e_,X) +[S(e}),S(X)] — aS(X) — 25(A(X)).

From Theorem 5.3.1, S(X) = (0, (0,0),aX +A(X)), S(A(X)) = (0,(0,0), v A(X)+A%(X)),
and S(ey) = (0, (a, A),n). Thus,
R(ey, X) = Rles, X) + [S(es), S(X)] — (0,(0,0), 304X + a®X + 242X).
We now compute [S(es), S(X)],
[S(e-l—)v S(‘X)] = [(O’ (a, A)7 1), (07 (07 0), aX + AX)] )
= (0,(0,0), (A4 ad)(aX + AX)),
= (0,(0,0),20AX + A’X + o*X).

Hence,

R(es, X) = R(eq, X) — (0,(0,0), A*(X) + aA(X)).
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Remark 5.3.4. We highlight that based on the result above, if A = 0 then R= R, which
implies hol(V) C hol(V). This happens exactly when S has no totally skew component.

We now wish to see if the 6-parallel vector field £ is also V-parallel or if it can
be rescaled to one. To do this we will investigate S(-)¢, since V. = V + S, meaning

Vx§ = S(X)§~

Theorem 5.3.5. Let (M,g) be a simply—coimected Lorentzian @nifold of dimension
n+ 2 > 4 with Ambrose-Singer connection V. Suppose that hol(V) is indecomposable,

non-irreducible, then the ﬁ—pamllel null vector field & can be rescaled to a V-parallel null
vector field.

Proof. Since S =V — 6, then Vx& = Sx¢. Thus, pick a point p € M and let e_ = &,.
Starting with e_, we can always extend this to form a Witt basis of T, M, hence according
to Theorem 5.3.1,

Sp(e_, ) =aet @e". (5.4)

This implies that Vx& = ag(&, X)E, where a is now a smooth function. Moreover, since S
and ¢ are V-parallel, this implies that S(-, ¢, ) is V-parallel. Hence, (5.4) implies that «
is constant.

Consequently, ¢ is recurrent for the Levi-Civita connection with © = a&” and by
Lemma 5.1.3 can be rescaled to a parallel vector field if © is closed. In this case © is
indeed closed as,

dOo=dan& +ade =0,
where d o = 0, since « is constant, and d £ = 0 since,

(d&)(X,Y) = g(VxE,Y) — g(X, V),
=a(g(&,Y)g(€,X) — g(6,Y)g(€, X)), since € is recurrent and © = &,
=0.

O

Hence, we have a ﬁ—paraﬂel null vector field £ and a V-parallel null vector field 5 = f§
for some f € C°°(M). This implies that both holonomy algebras of the connections V
and V are contained in so(n) x g_. We wish to further compare both algebras. One way
to do this is to look at their so(n)-projection. We shall do this through the respective
screen holonomies.

Since E is a multiple of { by some smooth function, § and E generate the same totally null
distribution, £+ = ¢*+. Thus, since the metric is parallel with respect to both connections,
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the distribution ¢+ is parallel with respect to both connections. Hence, as described in
Section 5.2, we can consider the screen bundle,

E:=¢H/RE,

with induced connections VE and VE , from V and V respectively. Moreover, we can
define the curvature R” and R¥ respectively as defined in Section 5.2. Also, E carries a
parallel metric as defined in Section 5.2, so the vector bundle so(E) can be defined. In
regards to holonomy, from Theorem 5.2.2, we know that,

H0I(V*) = Pl (h0l(V),  and  hol(VE) = pryg(, (h01(V)).
Proposition 5.3.6. ]fho[(%) 15 indecomposable, non-irreducible, then,
RE(X,Y)=RE(X,Y), VXY el(TM),
where RE and RP are the curvatures of the induced connections VE and VEF respectively.

Proof. By Lemma 5.2.1,
RE(X,Y)[Z] = [R(X,Y)Z], RF(X,Y)[Z] =[R(X,Y)Z], (5.5)

for X,Y € I'(TM) and Z € T'(¢*). We can now apply Proposition 5.3.3 at each point
p € M, which states R, = R, apart from,

Ry(ex, X) = Ry(ex, X) = (0,(0,0), A2(X) + aA(X)).

However, (0, (0,0), A%(X) + aA(X))[Z] € Re_ when Z € span(ey, ..., e,). Hence, using
equations (5.5), we conclude that R¥ = RE. O

Proposition 5.3.7. If ho[(%) 15 1ndecomposable, non-irreducible, then the associated
homogeneous structure S € T(A' @ so(TM)) induces a well defined section S¥ € T(A' ®
s0(F)), defined as,

SEX)Y]:=[S(X)Y], X el(TM),Y eT(&h),

such that, N
VE=VE+ 58

Proof. Theorem 5.3.1 states that S € T'(A! ® stab(R¢)). Hence,

S(X)Y €&, VX e D(TM),Y € T(&).
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Thus, [S(X)Y] € E for all X and when Y € I'(¢+). To show it does not depend on the
representative in the equivalence class [Y], take a Y ~ Y then Y = f¢ + Y for some
f € C®(M). Therefore,

SP(X)Y] = [S(X)Y]
SX)(fE+Y))

FIS(X)€] + SH(X)[Y].

=
=

However, since S(X) € stab(R¢), S(X)& € R¢ for all X, meaning SVE(X)[?] = SE(X)[Y].
Hence, S¥ € T'(A' ® s0(E)) is well defined. Moreover, as V = V + 5, then based on
definitions, it is immediate that V¥ = V¥ 4 SF. O

Lemma 5.3.8. There erists a section A of s0(E) such that S¥ = & @ A.

Proof. Theorem 5.3.1 dictates that,
S(X)Y eR¢, VXY €&t
This implies SZ(£1) = 0, which means S € T'(A! ® s0(E)) must be of the form,

SE—¢®A AecT(so(E)). O

Based on the above, if we evaluate S at a point p € M with respect to a Witt basis,
then A, € so(F|,) = so(n) and is equal to,

Ay = prso(n)(Sp<€+))'

Note that since S¥(+) = 0, then SJ(ey) does not depend on the choice of e;. Take
for example €, not equal to e, such that (e_,¢é,...,€,,€4) is a Witt basis. Then €, =
e; + c'e; + ¢ e_ for constants ¢; and ¢~ subject to restraints such that g(¢,,e;) =0, and

SE(@y) = SP(ey) +¢5P(e) + ¢ SE(eo) = SE(e.).

In contrast, it may not be possible to extend S,(ey) into a global section of so(T'M) as
there may not be a global vector field that is transversal to &*.

We want to compare the screen holonomy of both connections. However, we will first
need the following lemma.

Lemma 5.3.9. If A is as in Lemma 5.3.8, then VEA =0 and VFA = 0.
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Proof. Consider the connection D := V ® VZ on the vector bundle Al ® s50(FE). Then, to
show VFA = 0, it is sufficient to show DS¥ = 0. This is because, by Lemma 5.3.8,
DSP =V @A+ @VIA=¢ @ VA,

where & is V-parallel since 6§ = 0. However, DS = 0 follows from VS = 0, as we see
below,

SE(Y)[Z]) - SE(VxY)[Z] — SP(YV)VE[Z],
[S(X)2Z]) = [S(VxY)Z] - SP(Y)[Vx Z],
VxS(X)Z] - [S(VxY)Z] - [S(Y)Vx Z],
(VxS)(Y)Z] =0, (from VS =0).

(DxS*)(Y)[Z] = VE(
= V(

<

Thus, VEA=0.
Now to show that VFA = 0, it is sufficient to show,
SE(X)-A=0.
This is because, _
VE=VF+ 5",
and from above VFA = 0. Explicitly, SZ(X) - A is equal to,
SP(X) - A = [SE(X), A] = (X, €)[A, 4] = 0,
since S¥ = & @ A. Hence, VFA = 0. ]
Corollary 5.3.10. Let A € I'(so(E)) be as defined by ST as in Lemma 5.3.8. Then,
hol(VE)-A=0, and hol(VF) - A=0.
Proof. This follows directly from Lemma 5.3.9, since A is parallel with respect to both
V¥ and VF. ]

Theorem 5.3.11. Let (M, g) be a simply-connected Lorentzian manifold of dimension
n+ 2 > 4 with AS-connection V. Suppose that hol(V) is indecomposable, non-irreducible.
Then the holonomy algebras bol(VE) and hol(VE) are equal.

Proof. Since, B
VX = Vi — 5%,

from Lemma 5.3.8, B
VE=VE g6, X)A, VX e T(TM). (5.6)
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Following the same argument as Ernst and Galaev [13], define the bundle 3(A) C so(FE)
such that,
3(A) ={B e€so(E): [B,A] =0}.

We first know both connections VE and VE preserve this bundle as,
VEB, A] = VE((B, A]) + [VEA, B] = 0,

implying VEB € 3(A) for all B € 3(A), and also for VE, where we have used that A is
parallel with respect to both connections, see Lemma 5.3.9. Moreover, the connections are
equal when restricted to 3(A) by equation (5.6).

Furthermore, Proposition 5.3.6 guarantees the curvatures of VE and V¥ are equal,
and they take their values in 3(A) by,

RP(X,Y) = RP(X,Y) € hol(VF) C 3(A).

Thus, we have the curvatures are equal, the parallel transport is equal on 3(A), the
connections preserve 3(A), and the curvatures take their values in 3(A). Thus, by the
Ambrose-Singer holonomy theorem, the holonomy algebras are given by,

hol, (V) = span{P,(RY(X,Y)) : 4(0) = ¢.7(1) = p, X,Y € T,M},
ho[p(VE) = span{Pv(RqE(X, Y)):9(0) =q,v

and we conclude that both algebras must be equal. O

We highlight the above Theorem generalises Proposition 2 from [13] when applied
to manifolds admitting AS-connections (locally reductive homogeneous spaces). Their
result states the screen holonomies are equal for Lorentzian metric connections with
indecomposable, non-irreducible holonomy such that the torsion is parallel and totally
skew. Hence, when applied to AS-connections, it only holds for homogeneous structures
that are totally skew, whereas our result needs no restriction on the homogeneous structure.

Remark 5.3.12. We also note that the proofs leading to this result can be altered to be
true in the more general setting of Lorentzian metric connections with indecomposable,
non-irreducible holonomy such that the torsion is parallel. However, we need the extra
assumption that there exists a parallel null vector field with respect to this connection. In
the case of AS-connections, this is a consequence of the curvature being parallel, and in
[13] this is a consequence of the torsion being totally skew.

Corollary 5.3.13 ([20]). Let (M, g) be a Lorentzian manifold of dimension > 4 with a
Lorentzian connection ¥ with parallel torsion. Assume that V admits a parallel null vector
field and has indecomposable, non-irreducible holonomy. Then, the curvatures and the
holonomy algebras of VE and V¥ are equal.
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Proof. See [20] for full details. O

Corollary 5.3.14. If the holonomy of an Ambrose-Singer connection is indecomposable,
non-irreducible, then its so(n)-projection is equal to a Riemannian holonomy algebra.

Proof. This follows from the fact that the screen holonomy hol(V¥) is equal to a Rieman-
nian holonomy algebra. See Theorem 1.1 of [25]. O

Corollary 5.3.15. Let (M, g) be a simply-connected reductive Lorentzian homogeneous
space of dimension n+ 2 > 4. If the isotropy of the transvection presentation is indecom-
posable, non-irreducible, then the so(n)-projection of the isotropy algebra is a Riemannian
holonomy algebra.

Proof. The isotropy of a transvection presentation is equal to the holonomy of an AS-
connection as established in Chapter 3. Hence, using the corollary above we are done. [

5.4 Proof of main result

Let S € A' ® A2, be a homogeneous structure such that the associated AS-connection
has indecomposable holonomy. Then the holonomy is of type 2 or type 4. Moreover, as
described in Chapter 3, the torsion 7' € A2 ® Al is defined as,

T(X,Y)=S(Y)X — S(X)Y.

Since S is 6—parallel, then j is also %—parallel. Hence, the space of curvature tensors for
V at a point with torsion 7' is defined by,

o ™ D 27/ * VAR 53 — T
R(T,M, bol(V), T) = {R €NV @ bol(V): & RX,V)Z =~ & T(I(X,Y).Z), ¥X.Y,Z¢€ TpM},
We remark that usually Bianchi’s symmetry as seen above is seen with a change of sign in
front of the torsion. In our case this is a consequence of our convention when we define 7.
Identifying T, M with V/, the torsion T was given explicitly in Proposition 5.3.2, and it
can be seen to satisfy,

T,e VAVI@VIAV) @ V_® (VI AV @ V. (5.7)

Hence, we are in the exact situation as Section 4.5, where such spaces R(V,h,T) were
described. We will first explicitly find Bz € VOAV? for T,. For a T in (5.7), it was defined
by,

ST(T(X,Y),eq) = Br(X,Y)e_, XY €V,.



84 Chapter 5. Indecomposable Non-irreducible Homogeneous Structures

Lemma 5.4.1. Let T be the torsion for a AS-connection with indecomposable non-
wrreducible holonomy. Moreover, let S be the associated homogeneous structure. Then,
with respect to a Witt basis (e_, 1, ..., en,e4), Bz € A2V is given by,

BA(X,Y) = 20A(X,Y), X,Y €V
where (o, A) = pry (S(e)).

Proof. We refer to Proposition 5.3.2 to get the explicit expressions for the torsion T s
Then,

S Ty(Ty(eiej) e4) = 2A(ej,e)Tple, ex) — 2aTy(es, ;) — 2T, (Aler), ¢)

e;ejeq
+ 2T,,(A(e)), €5)
= 2aA(e;, e;)e— — daA(ej, e;)e_
= —20A(ej, e;)e— = 2aA(e;, e5)e_.

O

We can now use the results in Section 4.5, and apply them to the curvature tensors of
an AS-connection. However, we first make the following observation.

Corollary 5.4.2. Let (M, g) be a Lorentzian manifold with AS connection V and associated

homogeneous structure S. Assume the holonomy hol(V) of V is indecomposable, non-
irreducible. If prg,(S) =0 or prg, (S) =0, then,

R(V,hol(V), T) = R(V, hol(V)).

Proof. This is a consequence of Theorem 4.4.1. If prg,(S) = 0 then A = 0, and if
prg,(S) = 0 then o = 0. Thus, if either of these were true, B = 0, and the Bianchi
symmetry would be torsion free. O]

We now employ the results from Section 4.5 for a AS-connection with indecomposable
non-irreducible holonomy, such that,

BF(X,Y) =2aA(X,Y), X, Y€V, (a,A)=pr,(S(et)).
If bO[(%) is of type 2, then in this context Theorem 4.5.4 states,
R(V.hol(V), T) = R(Vo, hol(V)o) & P(Vo, bol(V)o) & L(T),

where,
LTy ={LeV°eV’: L(X,Y) - L(Y,X) = Bx(Y, X)}.



5.4. Proof of main result 85

Moreover, if ho[(%) is of type 4, then using Theorem 4.5.5,
R(V,bol(V),T) = {(R, P, L) € R(Vp, kex(¢)) @ P (Va, hol(V)o) @ L(T) : pry, o L = 4o P}.

Additionally, the curvature of the AS-connection is parallel. Hence, we have the extra
condition hol(V) - R = 0. This means from Theorem 4.5.6, that the R and P components
of the curvature vanish. Meaning R is completely determined by its £(7') component.
Specifically:
Ry(e_,e) = Ryle-, X) = Ry(X,Y) =0
Ry(X,e.)=L(X)Ae",

where L € £(T), and X,Y € V,. We can now get the form of the Levi-Civita curvature.

Lemma 5.4.3. Let (M g) be a simply connected Lorentzian manifold of dimension n+2 > 4

with AS-connection V. Assume the holonomy ho[( ) is indecomposable, non-irreducible.
Then, with respect to a Witt basis at a point p € M, the V-curvature satisfies,

R,(X,Y)=R,(X,e_) = Ry(e_,e;) =0,
Rp(X, 6+> - g_ .

Proof. Using Proposition 5.3.3, the curvatures R and R are related by,

Ry(X,Y)=R,(X,Y), VX,Y eV
Rp(6—76+) = ép(e—’e-l-)a
Rp(€+>X) = Rp<e+>X) + Q(X)> VX € Vb?

where Q(X) € g_, given explicitly by (0, (0,0), A%*(X) + aA(X)). Moreover, from the
results above, for X,Y € 1},

Ry(X,Y)=Ry(X,e_) = Ry(e_,e.) =0, R,(X,e ) eg_
Hence, the result follows. m

Theorem 5.4.4. Let (M, g) be a simply connected Lorentzian mamfold of dimension
n+ 2 > 4 with Ambrose-Singer connection V. Suppose that hol(V) is indecomposable,
non-irreducible. Then,

hol(VF) = hol(VF) =0,

implying that the holonomy for both V and V must be abelian, and (M, g) is a pp-wave.
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Proof. Pick a point p € M and identify T,M with V. At such a point we can find
a Witt basis (e_, ey, ..., e,, e1) and identify the screen bundle at a point E, with V; =

span(er, ..., e,). We are assuming that hol(V) is indecomposable, non-irreducible, hence
must be of type 2 or type 4. Thus we are in the setting of Theorem 4.5.4 and Theorem 4.5.5.
Moreover, the AS-connection satisfies VR = 0, implying ho[( ) - R = 0. Hence, we can
apply Theorem 4.5.6 to the space of curvature tensors R(V, bo[( ), ) It follows that
every curvature tensor ép is uniquely determined by a L € V° ® V° such that,

R,(X,Y)=R,(X,e_) = Ry(e_,e.) =0, Ry(X,ey)=L(X)Ae". (5.8)

However, by Lemma 5.2.1, EE(X, Y[Z] = [EP(X, Y)Z], meaning equation (5.8) implies
éf — (. This exactly means that hol(VZ) = 0. It then follows from Theorem 5.3.11,

hol(VF) = hol(VF) =0

and since,

Bol(V) = Progi (h0L(V)),  Hol(VZ) = proy (hol(V)),

we conclude that bo[(%) = g_ and hol(V) C g_, hence both are abelian. Hence, (M, g) is
a pp-wave, see Section 2.6. n

We can apply this to the context of simply-connected Lorentzian reductive homogeneous
spaces (M, g) which always admit an AS-connection. It tells us that for any simply-
connected Lorentzian reductive homogenous space, such that it has a AS-connection with
indecomposable, non-irreducible holonomy, then the Levi-Civita holonomy must be R™ and
be a homogeneous pp-wave. In full generality, since every Lorentzian manifold admitting
a AS-connection is a locally reductive homogeneous space, we get the following corollary.

Corollary 5.4.5. Let (M, g) be a Lorentzian manifold of dimension n+ 2 > 4 with

AS-connection V. Suppose ho[( ) is indecomposable, non-irreducible. Then, the universal
cover of (M, g) is a locally homogeneous pp-wave.

We lastly prove that it in fact must be a plane wave.

Theorem 5.4.6. Let (M, g) be a simply connected Lorentzian manifold of dimension
n+ 2 > 4 with AS-connection V. Assume the holonomy hol(V) is indecomposable,
non-irreducible. Then (M, g) is a plane wave.

Proof. Based on Theorem 5.4.4 we know that (M, g) is a pp-wave. Thus, for (M, g) to be
a plane wave, we need to show the condition,

VxR =0, VX eT(h).
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Since VR = 0, this reduces to showing, S(X) - R = 0 for all X € I'(¢4). Pick a point
p € M and consider a Witt basis (e_, ey, ..., €,, e4) such that e_ = £,. Then, f’pL 2V_pV,,
and now we make use of the fact that S,(e_) = 0, and that the only non-zero curvature is
R,(Y,e;) for Y € Vj. Hence, we only need to show that,

(Sp(X) - Ry)(e+,Y) =0, VXY eV
Let X,Y €V}, then,
(Sp(X) - Rp)(es,Y) = [SP(X)7 Ry(ey, Y)| - Ry (Sp(X)er,Y) — Ry(ey, Sp(X)Y).

We highlight that the commutator is zero as both S,(X) and R,(e,Y’) are elements of g_,
see Lemma 5.4.3, which is abelian. Both curvature terms also vanish since, S,(X)e; € V;
and S,(X)(Y) € V_, hence using Lemma 5.4.3 they vanish. As a result, we conclude that
(M, g) must be a plane wave. O

This leaves us with the following results.

Theorem 5.4.7. Let (M, g) be a Lorentzian manifold of dimension n+ 2 > 4 with AS-
connection V. Suppose hol(V) is indecomposable, non-irreducible. Then the universal
cover of (M, g) is a locally homogeneous plane wave.

Proof. We apply Theorem 5.4.6 to Corollary 5.4.5. n

Corollary 5.4.8. Let (G/H, g) be a Lorentzian reductive homogeneous space of dimension
n+ 2 > 4. Assume the isotropy of the transvection presentation is indecomposable,
non-irreducible, then the universal cover of (M, g) must be a homogeneous plane wave.

5.5 The case of dimension 3

In this section we shall investigate when (M, g) is of dimension 3 and has an AS-connection
with indecomposable, non-irreducible holonomy. We shall see that we cannot lower the
dimension of results obtained in the previous section.

Let (M, g) be a 3-dimensional Lorentzian manifold with AS-connection V. We shall

assume that V is an Ambrose—Singer connection that is defined by S as in Theorem 4.6.1.
That is, for a, b, c € R,

0 a O —a b 0 b ¢ 0
Sple-) =10 0 —a], Syler)=10 0 =b|, Sylex)=|a 0 —c,
00 0 0 0 a 0 —a —b

where (e_, ey, e;) is a Witt basis for T,M. Since S is parallel, it is sufficient to specify S
at a point p € M.
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Lemma 5.5.1. The torsion ’_ZN}J corresponding the such a homogeneous structure is given
by,

Tyle—,e1) = —2ae_, Tyle—,eq) ="be_ +2ae;, Ty(e1,eq)=be; + ce_ — 2ae;.

Proof. The torsion is equal to T,(X,Y) = S(Y)X — S(X)Y. O

Remark 5.5.2. It should be noted that such torsion is totally skew when b = ¢ = 0.

Moreover, since g_ is the holonomy algebra of V at p, by Theorem 4.6.3,

R,(e1,e4) = (0,(0,0),e).

We also saw that such an R must satisfy the Bianchi symmetry,

Ry(e_,e1)es + Ryleq,e_)er + Ry(er, ex)e_ = 0.
However this implies that,

To(Ty(e—,er)eq) + Ty(Tples e ) er) + Tp(Tyler,e4),e-) = 0.
Using Lemma 5.5.1, this implies 4abe_ = 0. Hence, S, has to lie in the subset of P
that is defined by the union of the hyperplanes P, = {a = 0} and P, = {b = 0}. If
S € Py, then S, satisfies the conclusions of Theorem 4.3.1 which are needed for the proof
of Theorem 5.4.6. Thus, we shall focus on the case when S, € P». In such a case,

0 a O —a 0 0 0 ¢ 0
Sple-) =10 0 —a], Sylex)=10 0 0], Sylex)={fa 0 —c|. (59)
00 0 0 0 a 0 —a O
Meaning,

Sp(re_, ) =alet @e' —e' ®eT),

which shows that R e_ is no longer invariant under the holonomy of the Levi-Civita connec-
tion and we cant rescale to a Levi-Civita parallel vector field like we did in Theorem 5.3.5.
We now now compute the Levi-Civita curvature with S, T', and R.

Proposition 5.5.3. Let (M, g) be a 3-dimensional Lorentzian manifold with AS-connection

V. Suppose that hol(V) is indecomposable, non-irreducible and S is given by (5.9). Then,
with respect to a Witt basis at p € M,

Rp(e*’ 61) = (Oa (07 0)7 a2)>

Rp(e—v 6+) = (Ov <a2a O)a 0)7
Ry(e1,eq) = (a? (0,0),1+ 2ac).
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Proof. The relationship between the Levi-Civita curvature and S, f, and R is given in
Lemma 3.1.4. It states,

R(X,Y)=R(X,Y)—[S(X),S(Y)] - S(T(X,Y)).
Hence, let X =e_,Y = ¢y,

Ry(e_,e1) = Ryle_, e1) — [Sple-), Spler)] — Sp(Tyle—, 1))
= —[Sp(e_), Sp(el)] + 2aSp(€—)
= (0,(0,0),a?).

Now, let X =e_,Y =e,,

Rye—,e4) = ép(eﬂ er) = [Sple-), Sples)] — Sp(fp(eﬂ et))
= —[Sp(e-), Splex)] — 2aS,(er)
= (0, (a*,0),0).

Finally, let X =e;,Y =€,

Ry(er,es) = Ryler,ey) = [Spler), Syleq)] = Sp(T (e, eq)
=(0,(0,0), e1) = [Sp(er), Sple4)] — eSple-) + 2a5y(ey)
= (a*,(0,0),1 4+ 2ac).

Henceforth, if we assume a # 0, then we get the following corollary.

Corollary 5.5.4. The Levi-Civita holonomy is equal to s0(1,2).

Proof. 1If a # 0, then from Proposition 5.5.3, we know the Levi-Civita holonomy algebra is
of dimension 3. Hence, in dimension 3, hol(V) = so(1, 2). O

Hence, in such a case (M, g) cannot be a plane wave and this shows we cannot reduce
the dimension in the assumptions for Theorem 5.4.6. In fact, the dimension bound is sharp
since the existence of a homogeneous space in dimension 3 with isotropy R C so(1,2) and
of a homogeneous structure such that ho[(%) = R C s0(1,2) that is not a pp-wave was
shown in [20].
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