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Abstract: An analytical modelling approach is developed in this article to simulate the pull-17 

out behaviour of a single straight/hooked fibre which is embedded in concrete matrix. The 18 

partial-interaction model is used to simulate the interfacial bond between the fibre and matrix 19 

along the entire fibre length throughout all stages of loading where additional axial and 20 

frictional forces due to straightening a hook is incorporated by simulating it as plastic hinges 21 

at the apex of bends. The analytical model is presented in a concise matrix form which helps 22 

to minimise the number of solution steps for the involved individual cases and provides a 23 

monolithic simplified implementation. A significant advantage of the approach is that it does 24 

not require fitting of a smoothing polynomial to show the full-range of fibre load-slip behaviour 25 

as it simulates the forces for straightening the fibre as it pulls through a bend and directly 26 

couples this to the interfacial bond forces. 27 

 28 
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analysis. 30 

Introduction 31 

The addition of fibre to concrete to produce fibre reinforced concrete (FRC) or ultrahigh 32 

performance fibre reinforced concrete (UHPFRC) has drawn significant attention because of 33 

the potential to improve material strength and ductility. At the member level, fibre bridging 34 

improves flexural behaviour by increasing post-cracking stiffness (Stang and Aare 1992; Meda 35 

et al. 2012), reducing crack-widths (Stang and Aare 1992; Li et al. 1993), and delaying the 36 

failure in concrete softening regions (Schumacher 2006; Eid 2020). Similarly for non-flexural 37 

members, the fibres restrain shear-sliding leading to significantly improve of shear capacity 38 

that may minimise the use of transverse reinforcement (Barr 1987; Casanova and Rossi 1997; 39 

Noghabai 2000; Choi et al. 2007). 40 

To realise the major benefits of FRC at the member level, significant research were conducted 41 

at the material level to investigate the effects of fibre material properties (Zheng and Feldman 42 

1995; Cadoni et al. 2009; Yu et al. 2014; Akcay and Oszar 2019), fibre geometry (Soulioti et 43 

al. 2011; Wille and Naaman 2012; Rossi 2013; Simoes et al. 2017), and fibre volume fraction 44 

(Sukontasukkul 2004; Soulioti et al. 2011; Chu et al. 2018; Chu and Kwan 2019). This previous 45 

research has identified that the addition of hooks, corrugations or twists to smooth straight 46 

fibres can significantly increase pull-out loads and energies, which in turn improves member 47 

behaviour. Importantly, the array of fibre materials, geometries and volume fractions that can 48 

be added to concretes of all types and grades generates combinations too numerous to be 49 

investigated empirically. It is therefore important that mechanics simulations to be available to 50 

help identify and develop promising combinations of fibre and substrate properties which can 51 

then be the focus of further empirical study. 52 



 

Among the earliest investigations on single fibre pull-out of straight smooth fibres are the 53 

works of Stang et al. (1990) and Naaman et al. (1991), which can be considered as the 54 

foundation of the majority of later approaches. In both these works a partial-interaction (PI) 55 

approach was used to define a governing differential equation that linked the load and slip of 56 

the fibre through the interfacial bond properties; with the major differentiation between works 57 

being the definition of the bond properties. While being essential in laying the foundation for 58 

future modelling approaches on both straight and hooked fibres, both the work of Stang et al. 59 

(1990) and Naaman et al. (1991) are themselves limited to straight fibres. 60 

The earliest models to incorporate the benefit of the addition of hooks along the fibre length 61 

are based on modifications to Naaman’s straight fibre model. For example, Alwan (1999) 62 

developed an analytical model for hooked fibres by adding a contribution to the force arising 63 

from the development and rotation of a plastic hinge at the apex of the hook. Importantly, in 64 

this approach, the pull-out process up to the complete interfacial debonding of the fibre was 65 

assumed to be identical for both straight and hooked fibres and therefore the impact of the hook 66 

is only assumed to occur after complete interfacial debonding. Abdallah and Rees (2019) 67 

extended Alwan’s approach to accommodate multiple hooks and additionally replace the 68 

plastic hinge idealisation with an elastic-plastic idealisation to allow for partially formed 69 

hinges. A significant limitation of Alwan’s approach, and those derived from it, is that in 70 

assuming that the plastic behaviour at the hinges occurs only after complete interfacial 71 

debonding, it is not possible to model the interaction between the interfacial debonding and 72 

plastic hinge rotation. It is therefore necessary to fit a high order smoothing polynomial to 73 

produce continuous load-slip results that approximate empirical observations. 74 

Other similar PI approaches have been developed by Cunha et al. (2010) and Soetens et al. 75 

(2013). In the work of Cunha et al. (2010) a hooked fibre was idealised as an equivalent straight 76 



 

fibre to which an additional force was added to allow for the contribution of the hinges as a 77 

function of the end-slip of the fibre. As a result of this idealisation, the relationship between 78 

the slip and hinge force can only be determined empirically by subtracting the experimentally 79 

observed behaviour of a straight fibre from the experimentally observed behaviour of a hooked 80 

fibre. Soetens et al. (2013) presented a finite differences solution based on the PI model of 81 

Stang et al. (1990), which assumed the fibre material to be rigid plastic. Friction after complete 82 

de-bonding was determined empirically as a function of compressive strength and the model 83 

further allowed for the incomplete straightening of the fibre once passed through the hook 84 

inflection point. 85 

In addition to these analytical and semi-analytical solutions, empirical and numerical models 86 

were developed. For example, Laranjeira et al. (2010a, b) used pull-out test results to identify 87 

the generic shape of a single fibre load-slip response and provided rules for the translation and 88 

superposition of this general shape to allow for variations in fibre inclination and the presence 89 

of hooks. Zhan and Meschke (2014) improved the approach of Laranjeira et al. (2010a, b) by 90 

developing a mechanical model for the hook contribution. The forces and moments in the 91 

hooked end were calculated for a number of key states as the slip of the free end increases. This 92 

was achieved by considering force equilibrium as well as the shear, moment and axial 93 

capacities of the fibre. An additional frictional force is also considered for the incompletely 94 

straightened section of fibre. This model also considers the detailed geometry of the bends of 95 

the fibre. 96 

Considering numerical models, Zhang et al. (2016) developed a model for inclined fibres using 97 

cohesive elements with a mixed mode fracture criterion to represent the bond-slip behaviour at 98 

the interface. A generic constitutive model for the interfacial bond-shear stress relationship was 99 



 

proposed considering the effect of internal physical and chemical cohesion, fibre surface-100 

roughness and concrete spalling at the loading end. 101 

Based on the above review, it is identified that there is a need for the development of an 102 

analytical predictive model that can accommodate the transfer of interfacial bond stresses 103 

throughout the entire pull-out process, thereby avoiding the need for a smoothing polynomial. 104 

Further, it is advantageous to consider the behaviour of the hook directly as a function of fibre 105 

geometry and material properties to avoid the need for empirical calibration testing for each 106 

new fibre type. 107 

To address this need, a partial-interaction based analytical model developed by Sturm et al. 108 

(2019) for simulating interface of an externally bonded plate with mechanical anchors is 109 

adapted in this paper for modelling the pull-out behaviour of a single fibre with and without 110 

hooks. The concept proposed by Sturm et al. (2019) is ideal for modification and application 111 

to the fibre pull-out problem because: (i) it explicitly considers the combined action of bond 112 

stress along the interface and the discrete change in force from the mechanical anchors 113 

throughout the entire loading scenario; and (ii) the matrix formulation can be applied to  114 

accommodate any number of discrete forces arising from mechanical anchorages without any 115 

need for defining new load cases. While deemed to be ideal for application, Sturm et al. 116 

(2019)’s required modification as follows: 117 

(1) The bi-linear bond-slip relationship (linear ascending for elastic response and linear 118 

descending for de-bonding) needs to be replaced with a tri-linear bond-slip relationship to 119 

accommodate the contribution of friction (linear ascending, linear descending, and a constant 120 

friction). 121 



 

(2) The dowel action mechanism used to simulate mechanical anchors in plates does not apply 122 

for embedded fibres and needs to be replaced with a plastic hinge model to facilitate bending 123 

of the fibre near a hook. 124 

Mechanics for pull-out behaviour of fibres utilising partial interaction mechanisms 125 

Fig. 1(a) shows a typical single straight fibre pull-out test scenario in which the fibre is 126 

subjected to a pull-out force Pf1 while the concrete specimen is supported at the loaded end. 127 

The load-slip (Pf -Δ) relationship of the fibre can be quantified using the same governing 128 

partial-interaction (PI) mechanics that have been applied to predict interfacial bond-slip models 129 

in reinforced concrete, steel concrete composites and retrofitted structures (Strum and Visintin 130 

2019, Turkmen et al. 2020). 131 

Fig. 1(b) shows the variation of interface bond shear stress τ along the bonded length, where Pf 132 

can be expressed as the integral of the bond stress τ over the bonded area (bonded length 133 

multiplied by perimeter of the fibre). Fig. 1(c) shows the distribution of interface shear slip δ 134 

(local slip) that can be used to evaluate bond stress using bond stress-slip (τ-δ) relationship as 135 

shown in Fig. 1(d), which is a fundamental material property unique to a given combination of 136 

concrete and fibre type and must be quantified experimentally, by a single fibre pull-out tests. 137 

To quantify the distributions of shear stress and slip in Fig. 1(b) and Fig. 1(c), the specimen 138 

(fibre and concrete as in Fig. 1(a)) is discretised into infinitesimal elements of length dx along 139 

the embedded length L as show in Fig. 1(e). The analysis is undertaken iteratively, and to 140 

initiate the process, the value of the load Pf required to cause a specified value of Δ is first 141 

assumed; in Fig 1(e) this force is defined as Pf1, located on the upper side of element 1. Based 142 

on the equilibrium of the whole specimen, the load acting on concrete at the upper side of the 143 

first element Pc1 is also equal to Pf1. 144 



 

With a specified value of slip the upper side of the first element δ(1)=Δ, the bond stress τ(1) can 145 

be determined using the τ-δ relationship as given in Fig. 1(d). Integration of τ(1)over the bonded 146 

area (assuming it to be uniform over the infinitesimal element length dx), the bond force 147 

transferred from the fibre to the concrete over the first element B1 is τ(1)Lpdx, where Lp is the 148 

bonded perimeter of the fibre. 149 

Applying force equilibrium over the element, the force at the bottom surface of the fibre Pf2 in 150 

Fig. 1(e) is Pf2=Pf1 - B1 and the corresponding force on concrete is Pc2 = Pc1 + B1. These forces 151 

(Pf2 and Pc2) are also taken to act on the upper side of the next (second) element in Fig. 1(e), 152 

which will be required for subsequent calculations. 153 

The axial strain of the first element fibre (εf1) and concrete (εc1) are taken to arise from the 154 

average force in the fibre and concrete over the element length i.e., (Pf1+Pf2)/2EfAf and 155 

(Pc1+Pc2)/2EcAc and the difference in strain between the fibre and the surrounding concrete is 156 

the rate of change in local slip along x. That is, the slip strain is defined as (dδ/dx)1 = εf1 - εc1 157 

for the first element. Integration of slip strain over the element length dx gives the change in 158 

slip that occurs over the element length Δδ1 = (εf1 - εc1) dx, which can be subtracted from the 159 

slip at the top side of the element to give the slip at its bottom (δ(2) = δ(1) - Δδ1). This slip is also 160 

taken to the slip at the top side of the next element i.e. element 2. 161 

The above process is applied to the subsequent elements, starting from the loaded end to 162 

quantify the local fields of stress, strain and slip along the fibre length for a specified global 163 

slip Δ and assumed fibre pull-out load Pf. The above process is again repeated by varying the 164 

fibre force Pf for an imposed slip Δ until the boundary conditions are satisfied. The boundary 165 

condition may be zero slip and zero slip strain within any point within the fibre length or zero 166 

slip strain at the end of fibre depending on if a point of full-interaction (zero slip) occurs along 167 



 

the fibre length, or if it is slipping along the full fibre length. The computational implementation 168 

of the above process is shown in the form of a flow chart in Fig. 2. 169 

Modelling for the contribution of hook 170 

Now let us consider the additional contribution to the Pf/Δ behaviour provided by a hook, where 171 

for the purpose of this explanation the hook is taken to comprise of two bends as shown in Fig. 172 

3(a). Although only a double bend hook is considered here, the same approach can be extended 173 

and applied to any number of hooks along the fibre length. 174 

As the fibre is pulled, bond stresses develop along the fibre length in the same way as that of a 175 

straight fibre, but additional forces are developed at the location of bends  as shown in Fig. 3(b) 176 

and (c). These forces include: 177 

(1) Those generated at the bends arising from the change in fibre orientation. These forces are 178 

comprised of a force N acting normal to the inclined segment of the fibre and a tangential 179 

frictional force μN, where μ is the frictional coefficient. 180 

(2) The bending associated with straightening of the fibre, as it is pulled through the apex of a 181 

bend necessitates formation of a plastic hinge at the location of bend. The force generated at 182 

the location of the plastic hinge is taken as FPH in Fig. 3. 183 

Change in axial force of the fibre at the bends 184 

Let us now consider the change in axial force that occur at the location of a bend. For the 185 

purpose of the derivation, any parameter immediately before or after a bend is indicated by 186 

negative and positive superscripts respectively ( 𝑙1
−  and 𝑙1

+ ). Horizontal and vertical force 187 

equilibrium are applied to quantify the relationship between the axial force in the fibre at the 188 

two sides of the first bend (𝐹f(𝑙1
−) and 𝐹f(𝑙1

+)) in terms of FPH, μ, and θ as follows. 189 



 

0 = −𝑁1 cos(𝜃) + [𝐹f(𝑙1
+) − 𝜇𝑁1 − 𝐹PH] sin(𝜃)   (1) 190 

0 = 𝐹f(𝑙1
−) − 𝑁1 sin(𝜃) − [𝐹f(𝑙1

+) − 𝜇𝑁1 − 𝐹PH] cos(𝜃)  (2) 191 

Eq. (1) can be rearranged to give the normal force N1 in terms of the remaining parameters 192 

𝑁1 =
[𝐹f(𝑙1

+)−𝐹PH] sin(𝜃)

cos(𝜃)+𝜇 sin(𝜃)
      (3) 193 

and substitution of Eq. (3) into Eq. (2) gives the relationship between 𝐹f(𝑙1
+) and 𝐹f(𝑙1

−)  194 

𝐹f(𝑙1
+) = 𝐹f(𝑙1

−)[cos(𝜃) + 𝜇 sin(𝜃)] + 𝐹PH    (4) 195 

Similarly, applying horizontal and vertical force equilibrium at the second bend 196 

−𝐹f(𝑙2
−) sin(𝜃) + 𝑁2 cos(𝜃) − 𝜇𝑁2 sin(𝜃) = 0   (5) 197 

𝐹f(𝑙2
−) cos(𝜃) + 𝑁2 sin(𝜃) + 𝜇𝑁2 cos(𝜃) − [𝐹f(𝑙2

+) − 𝐹PH] = 0 (6) 198 

Eq. (5) can then be rearranged to give normal force N2  199 

𝑁2 =
𝐹f(𝑙2

−) sin(𝜃)

cos(𝜃)−𝜇 sin(𝜃)
       (7) 200 

and substituting Eq. (7) into Eq. (6) the relationship between Ff(l2
+) and Ff(l2

-) is 201 

𝐹f(𝑙2
+) =

𝐹f(𝑙2
−)

cos(𝜃)−𝜇 sin(𝜃)
+ 𝐹PH     (8) 202 

Hence Eqs. (4) and (8) give the step change in the force of the fibre at the location of two bends 203 

in terms of FPH, μ, and θ. 204 

Force due to formation of plastic hinge (FPH) 205 



 

Based on the concept of Alwan et al. (1999), the additional force in the fibre at a bend due to 206 

the formation of plastic hinge required to straighten the fibre as it is pulled through the the bend 207 

is 208 

𝐹PH =
𝑀PH

𝑑f cos𝜃
      (9) 209 

In which MPH is the moment to produce the plastic hinge, which is assumed to form over a 210 

length equal to the fibre diameter (df), and θ is the rotation of the plastic hinge, which is equal 211 

to the bend angle (Fig. 4). 212 

For the purpose of the following derivation it is assumed that the fibre has a circular cross-213 

section, but the generic approach can be applied to any shape fibre. The cross-section of the 214 

fibre is taken to be in an elastoplastic state (Fig. 4(b)) such that the moment MPH can be related 215 

to the curvature χ in Fig. 4(c), and further to the hinge rotation (θ) in Fig. 4(a) using the hinge 216 

length (df)  217 

𝜒 =
𝜃

𝑑f
      (10) 218 

Considering the strain profile in Fig. 4(c), at a point along the fibre depth the strain is 𝜀f = 𝜒𝑦 219 

where y is the distance of the point from neutral axis (N.A.). If there is no yielding of the section 220 

the stress profile remains linear as in Fig. 4(d) and the moment can be determined using linear 221 

elastic theory 222 

𝑀 = 𝐸f𝐼f𝜒 = 𝐸f (
𝜋

64
𝑑f
4) 𝜒    (11) 223 

In which Ef is the elastic modulus of the fibre, and If is the second moment of area of the fibre 224 

section.  225 



 

Eq. (11) is applicable until the outer layer of the fibre yields at a strain ɛy, corresponding to a 226 

moment My. Based on standard sectional analysis, at the initiation of yield the curvature χy and 227 

corresponding moment are: 228 

𝜒y = 2
𝜀y

𝑑f
      (12) 229 

𝑀y = 𝑓y
𝜋

32
𝑑f
3      (13) 230 

Any further increases in curvature beyond χy cause the depth of the yielding section to 231 

propagate towards the centre of the fibre. Assuming the steel fibre be elastic-perfectly-plastic, 232 

the stress profile has a shape as shown in Fig. 4(e) and can be described by 233 

𝜎 = {
𝑓y; |𝑦| > 𝑦1

𝐸f𝜒𝑦; |𝑦| < 𝑦1 
     (14) 234 

Where fy is the yield stress, and y1 is the extent of elastic region measured from the neutral axis 235 

and is given by 236 

𝑦1 =
𝜀y

𝜒
=

𝜒y

𝜒

𝑑f

2
     (15) 237 

Eq. (14) can be used to determine the post yielding moment MPH by integrating the elemental 238 

moment produced by the distribution stress (Fig. 4(e)) over the cross-section about the neutral 239 

axis to give 240 

𝑀PH = ∫𝜎𝑦 𝑑𝐴 = 𝐸f𝜒∫ 𝑦2 𝑑𝐴
𝐴e

+ 𝑓y ∫ 𝑦 𝑑𝐴
𝐴p

   (16) 241 

where Ae is the area of elastic region of the cross-section, and Ap is the area of plastic region. 242 

For the circular geometry of the fibre (Fig. 4(b)), Eq. (16) can be rewritten as 243 



 

𝑀PH = 4𝐸f𝜒 ∫ 𝑦2√(
𝑑f

2
)
2

− 𝑦2 𝑑𝑦
𝑦1

0
 + 4𝑓y ∫ 𝑦√(

𝑑f

2
)
2

− 𝑦2 𝑑𝑦
𝑑f/2
𝑦1

   (17) 244 

Which upon integration gives: 245 

𝑀PH = 𝐸𝑓𝜒
𝑑f
4

32
{arcsin

𝜒y

𝜒
−
𝜒y

𝜒
[1 − (

𝜒y

𝜒
)
2

]

3

2

+ (
𝜒y

𝜒
)
3

√1 − (
𝜒y

𝜒
)
2

} + 𝑓y
𝑑f
3

6
[1 − (

𝜒y

𝜒
)
2

]

3

2

246 

 (18) 247 

Using Eqs. (13) and (18), the variation of MPH/My with χ/χy for a specific fibre is shown in Fig. 248 

5. Having now derived the plastic hinge moment in Eq. (18), the additional force in the fibre at 249 

the apex of the hook due to the plastic hinge formation FPH is given by substituting Eq. (18) 250 

into Eq. (9). 251 

A limitation of the plastic hinge approach is that the force FPH is applied as a step change rather 252 

than gradually increasing as a given portion of the fibre pulls through the apex of the bend. The 253 

result of this approximation is that a step change in fibre force occurs at the global Pf – Δ level. 254 

These step changes are not observed experimentally and so Alwan et al. (1999) suggest fitting 255 

a smoothing polynomial to the Pf – Δ curve. An alternative approach is applied here, in which 256 

the force FPH is expressed in terms of slip δ according to Eq. (19a), (19b), (19c). 257 

𝐹PH =

{
 
 
 
 

 
 
 
 
𝛿

(
𝑑f
2 )

𝑀PH

𝑑f cos(𝜃)
𝑖𝑓 𝛿 <

𝑑f
2

(19a)

𝑙m − 𝛿0
2𝑑f

𝑀PH

𝑑f cos(𝜃)
𝑖𝑓 𝛿0 > 𝑙m − 2𝑑f (19b)

𝑀PH

𝑑f cos 𝜃
𝑖𝑓 𝛿 >

𝑑f
2
 𝑎𝑛𝑑 𝛿0 < 𝑙m − 2𝑑f (19c)
 

 258 

where lm is the distance along the fibre from the free end (m = 1 for the Bend 1 and m = 2 for 259 

the Bend 2). 260 



 

The relationship between the slip of the fibre and FPH in Eq. 19 is suggested as it allows the 261 

force to be zero when the slip is zero and then to increase gradually until the maximum plastic 262 

hinge force is reached. It further allows the force to reduce gradually as the end of the fibre 263 

moves past the bend of the fibre. This simple linear approximation is it captures the gradual 264 

increase and decrease in FPH that should occur as the plastic hinge which has a defined length 265 

moves through the apex of the bend, which is taken to have an infinitesimal length. 266 

The flow chart in Fig. 2 also shows the computational implementation of the above process 267 

applicable for hooked fibres. 268 

Analytical solution of the pull-out response 269 

Above sections provided a generic numerical solution technique to obtain the load-slip 270 

behaviour of a single straight and hooked fibre. The numerical scheme presented is generic in 271 

that it can accommodate any shape bond slip relationship (Fig. 1(d)) but is limited in that it 272 

requires an iterative solution technique, which may complicate implementation. Hence in this 273 

section an analytical solution is derived based on the application of a simplified (idealised) tri-274 

linear bond slip relationship (Fig. 6(a)).  275 

As described in the numerical modelling, the slip strain at any point can be written as the 276 

difference between the fibre and concrete strains at that point: 277 

𝑑𝛿

𝑑𝑥
=

𝐹f

𝐸f𝐴f
−

𝐹c

𝐸c𝐴c
     (20) 278 

where Af  and Ac are the cross-sectional area of the fibre and concrete, Ef and Ec are elastic 279 

modulus of the fibre and concrete. It should be noted that to simplify the mathematical 280 

derivation x is measured from the free-embedded end of the fibre (Fig. 6(b), (c)) rather than 281 

from the loaded end as in the numerical model. 282 



 

The differentiation of Eq. (20) with respect to x gives 283 

𝑑2𝛿

𝑑𝑥2
=

1

𝐸f𝐴f

𝑑𝐹f

𝑑𝑥
−

1

𝐸c𝐴c

𝑑𝐹c

𝑑𝑥
    (21) 284 

where the rate of change in the axial force of fibre and concrete can be obtained from the force 285 

equilibrium of an element (Fig. 1(e)) as follows. 286 

𝑑𝐹f

𝑑𝑥
= 𝜏𝐿p     (22) 287 

𝑑𝐹c

𝑑𝑥
= −𝜏𝐿p     (23) 288 

Substituting Eqs. (22) and (23) into Eq. (21), it gives the classical governing equation for partial 289 

interaction mechanism (Volkersen, 1938) as 290 

𝑑2𝛿

𝑑𝑥2
=  𝜏 𝛽     (24) 291 

where, 292 

𝛽 =
𝐿p

𝐸𝐴eff
      (25) 293 

and 294 

𝐸𝐴eff =
1

(
1

𝐸f𝐴f
+

1

𝐸c𝐴c
)
.    (26) 295 

Eq. (24) was used and solved for various problems such as bond slip response of straight 296 

internal reinforcing bars within concrete, rock bolts, and external plates and sheets for 297 

retrofitting existing members using a range of approximations for the local bond stress slip 298 

relationship, but the solution of this equation for modelling a fibre with a hook is yet to be 299 

established. 300 



 

To develop a specific solution to Eq. (24), it requires the variation of local bond shear stress (τ) 301 

in terms of shear slip (δ). For the development of closed-form analytical solutions the nonlinear 302 

stress-slip relationship in Fig. 6(a) is idealised as a tri-linear relationship with three zones 303 

𝜏(𝛿) = {

𝑘 𝛿 Zone I, i. e. 𝛿 ≤ 𝛿1

𝜏f − 𝑘d(𝛿 − 𝛿1) Zone II, i. e. 𝛿1 < 𝛿 ≤ 𝛿2

𝜏r Zone III, i. e. 𝛿 > 𝛿2

   

(27a)

(27b)

(27c)

 304 

In which, 305 

𝑘 =
𝜏f

𝛿1
      (28) 306 

and 307 

𝑘d =
𝜏f−𝜏r

𝛿2−𝛿1
     (29) 308 

Having defined a τ-δ relationship Eq. (24) can be solved by applying appropriate boundary 309 

conditions as following Eqs. (30) and (33). 310 

Rearranging Eq. (20), at the loaded end the slip strain can be defined as a proportion of the 311 

fibre force 312 

𝑑𝛿

𝑑𝑥
|
x=L

= 𝑃f (
1

𝐸f𝐴f
+

1

𝐸c𝐴c
) =

𝑃f

𝐸𝐴eff
     (30) 313 

where, 314 

𝑃f = 𝐹f = 𝐹c     (31) 315 

and 316 

𝐸𝐴eff =
1

1

𝐸f𝐴f
+

1

𝐸c𝐴c

    (32) 317 



 

Assuming that the fibre will slip along the entire length, at the free end 318 

𝑑𝛿

𝑑𝑥
|
x=0

=  0     (33) 319 

Derivations for straight fibre pull-out 320 

Having established the governing equations describing the fields of slip and slip strain, it is 321 

now a matter of applying the boundary conditions to derive a specific solution. Since the τ-δ 322 

relationship has three linear portions a specific solution needs to be obtained for each zone in 323 

Fig. 6(a). 324 

In a recent study by Sturm et al. (2019), the governing equation with identical boundary 325 

conditions has been solved to quantify the load-slip behaviour of FRP plates adhesively bonded 326 

and mechanically anchored to reinforced concrete. The specific solution presented by Sturm et 327 

al. (2019) is useful in the present investigation as it can be utilised and extended to solve the 328 

present problem. The first step in this extension is to allow for post debonding friction (zone 329 

III) which was absent in the original solution by Sturm et al. (2019). Hence the primary focus 330 

of this section is to incorporate the contributions of zone III for a straight fibre before 331 

incorporating the influence of hooks in the following section. Though analytical solutions, 332 

considering the three zones, have been derived e.g. by Vaculik et al. (2018), the matrix 333 

formulation of Sturm et al. (2019) is preferred in deriving the present model as it allows for a 334 

more convenient incorporation of multiple hooks. That is, the general matrix form can be easily 335 

expanded rather than needing to derive specific solutions for each individual combination of 336 

load cases and number of hooks. 337 

In the remainder of the derivation, solutions for slip and slip strain are presented for each zone 338 

in a matrix form which consists of solution matrix, position vector and unknown coefficient 339 

vector. The free end boundary conditions are first used to get the coefficient vector for the three 340 



 

zones when the bond stress over the entire fibre length will be governed by a single zone. In a 341 

more complex scenario, where different zones (linear elastic, softening and residual friction) 342 

will govern the different parts of the fibre length, the location of the transition points between 343 

two zones are determined, which enables the establishment of the coefficient vector. It is then 344 

shown how the equations can be applied to quantify the load slip behaviour of the fibre at the 345 

loaded end by imposing a slip at the free end. 346 

Solution for Zone I (δ ≤ δ1) 347 

The solution for Zone I can be derived by substituting Eq. (27a) into Eq. (24), which gives the 348 

linear ordinary differential equation 349 

𝑑2𝛿

𝑑𝑥2
= 𝑘𝛽𝛿      (34) 350 

The above equation will have homogeneous solution 351 

𝛿 = 𝑐1 𝑠𝑖𝑛ℎ(𝜆1𝑥) + 𝑐2 𝑐𝑜𝑠ℎ(𝜆1𝑥)    (35) 352 

In which 353 

 𝜆1 = √𝑘𝛽      (36) 354 

Differentiating the equation for local slip (Eq. (35)), the slip-strain can be expressed as 355 

𝑑𝛿

𝑑𝑥
= 𝜆1[𝑐1 𝑐𝑜𝑠ℎ(𝜆1𝑥) + 𝑐2 𝑠𝑖𝑛ℎ(𝜆1𝑥)]   (37) 356 

Eqs. (35) and (37) can be written in matrix form as 357 

[

𝛿

𝑑𝛿

𝑑𝑥

] =  [

𝑠𝑖𝑛ℎ(𝜆1𝑥) 𝑐𝑜𝑠ℎ(𝜆1𝑥)

𝜆1𝑐𝑜𝑠ℎ(𝜆1𝑥) 𝜆1𝑠𝑖𝑛ℎ (𝜆1𝑥)
] [

𝑐1

𝑐2
] = 𝑺𝟏 𝒄𝟏  (38) 358 



 

where S1 and c1 (boldface indicates matrix and vector quantities) are defined as solution matrix 359 

and coefficient vector, respectively for Zone I. 360 

The coefficient vector c can be quantified by applying the free end (x = 0) boundary conditions 361 

(δ|x=0 = δ0 and (dδ/dx)|x=0 = 0) in Eq. (38). 362 

[
𝛿0

0
] = [

0 1

𝜆1 0
] [

𝑐1

𝑐2
]    (39) 363 

Therefore, the coefficient vector for Zone I δ0 < δ1 is 364 

𝒄𝟏 = [

0

𝛿0
] = 𝛿0 [

0

1
] = 𝛿0 𝒆𝟏    (40) 365 

where 𝒆𝟏 = [0 1]T 366 

Solution for Zone II (δ1 < δ ≤ δ2) 367 

The solution for Zone II can be derived by substituting Eq. (27b) into Eq. (24) which gives the 368 

linear second order ordinary differential equation as 369 

𝑑2𝛿

𝑑𝑥2
= (𝜏f + 𝑘d𝛿1)𝛽 − 𝑘d𝛽𝛿    (41) 370 

The Eq. (41) has a homogeneous solution and a particular integral as follows 371 

𝛿 = 𝑐1 sin(𝜆2𝑥) + 𝑐2 cos(𝜆2𝑥) + 𝛿p   (42) 372 

where 373 

𝜆2 = √𝑘d𝛽      (43) 374 

and 375 



 

𝛿p = 𝛿1 + 𝜏f 𝑘d⁄ .       (44) 376 

Differentiation of Eq. (42) gives the slip strain 377 

𝑑𝛿

𝑑𝑥
= 𝜆2𝑐1 cos(𝜆2𝑥) − 𝜆2𝑐2 sin(𝜆2𝑥)     (45) 378 

Now rewriting Eqs. (42) and (30) in matrix form yields 379 

[

𝛿

𝑑𝛿

𝑑𝑥

] =  [

sin(𝜆2𝑥) cos(𝜆2𝑥)

𝜆2cos(𝜆2𝑥) −𝜆2sin (𝜆2𝑥)
] [

𝑐1

𝑐2
] + 𝛿p  [

1

0
] = 𝑺𝟐 𝒄𝟐 + 𝛿𝑝 𝒆𝟐  (46) 380 

where 𝒆𝟐 = [1 0]𝑇, S2, and c2 are the solution matrix and coefficient vector, respectively 381 

for Zone II. 382 

The coefficient vector c2 (Eq. (46)) for this zone can be determined with the same boundary 383 

conditions as used in Zone I. Thus, substituting slip and slip-strain at x = 0 into Eq. (46), it 384 

gives 385 

[
𝛿0

0
] = [

0 1

𝜆2 0
] [

𝑐1

𝑐2
] + 𝛿𝑝  [

1

0
]     (47) 386 

where c1 and c2 can be derived from Eq. (47) as 𝑐1 = 0 and 𝑐2 = 𝛿0 − 𝛿𝑝. 387 

Thus, the coefficient vector for Zone II (δ1 < δ ≤ δ2) can be written as 388 

𝒄𝟐 = [

𝑐1

𝑐2
] = [

0

𝛿0 − 𝛿𝑝
] = (𝛿0 − 𝛿𝑝) [

0

1
] = (𝛿0 − 𝛿𝑝) 𝒆𝟏  (48) 389 

Solution for Zone III (δ > δ2) 390 

Zone III consists only of a constant frictional branch (τ = τr in Fig. 6(a)), hence substitution of 391 

τ = τr in Eq. (24) gives 392 



 

𝑑2𝛿

𝑑𝑥2
= 𝜏r 𝛽        (49) 393 

The slip strain and slip can be obtained by integrating Eq. (49) to give 394 

𝑑𝛿

𝑑𝑥
=  𝜏r 𝛽 𝑥 + 𝑐1        (50) 395 

and further integrating Eq. (50) gives the distribution of slip 396 

𝛿 =  𝜏r 𝛽
𝑥2

2
+ 𝑐1𝑥 + 𝑐2      (51) 397 

Both of which can again be expressed in matric form as 398 

  [

𝛿

𝑑𝛿

𝑑𝑥

] =  [

𝑥2
2⁄

𝑥

] 𝜏r 𝛽 + [
𝑥 1

1 0
] [

𝑐1

𝑐2
] =  𝒓 𝜏r 𝛽 + 𝑺𝟑 𝒄𝟑  (52) 399 

where r is defined as the position vector, and S3 and c3 are solution matrix and coefficient 400 

vector, respectively for Zone III.  401 

The coefficient vector c3 (Eq. (52)) can be obtained by imposing the same boundary condition 402 

at the free end as used for the solution for Zone I, to give 403 

  [
𝛿0

0
] =  [

0 1

1 0
] [

𝑐1

𝑐2
]      (53) 404 

Solution of Eq. 53 gives c1 = 0, and c2 = δ0, which can be expressed in matrix form as 405 

𝒄𝟑 = [

0

𝛿0
] = 𝛿0 [

0

1
] =  𝛿0 𝒆𝟏       (54) 406 

The solutions for Zone I, Zone II and Zone III provided by Eqs. (40), (48) and (54) respectively 407 

are only applicable when the distribution of bond stress along the entire fibre length is restricted 408 



 

to that of a single zone. If the slip at the loaded end is less than δ1, the bond stress provided by 409 

Zone I will be applicable for the entire fibre length. When this slip is greater than δ1, the 410 

distribution of bond stress along the fibre length will be provided by the different zones. To 411 

develop a generic solution, it is therefore necessary to identify the locations of the transition of 412 

these zones along the fibre length. 413 

Solution for Zone I-II transition (x = x1) 414 

The distance of the first transition (between zone I and zone II) from the free end x1 occurs 415 

when the slip is equal to δ1. Substituting x = x1 and δ = δ1 into Eq. (35), it gives 416 

𝛿1 = 𝑐1 𝑠𝑖𝑛ℎ(𝜆1𝑥1) + 𝑐2 𝑐𝑜𝑠ℎ(𝜆1𝑥1)     (55) 417 

For the convenience of solution, the hyperbolic trigonometric functions in Eq. (55) are 418 

expressed in their exponential forms (Olver et al., 2020) to give 419 

𝛿1 = 𝑒𝜆1𝑥1 (
𝑐1+𝑐2

2
) + 𝑒−𝜆1𝑥1 (

𝑐2−𝑐1

2
)     (56) 420 

The above equation can be rearranged to express as a quadratic equation in terms of 𝑒𝜆1𝑥1   421 

(
𝑐1+𝑐2

2
) (𝑒𝜆1𝑥1)

2
− 𝛿1(𝑒

𝜆1𝑥1) + (
𝑐2−𝑐1

2
) = 0    (57) 422 

The standard solution of the quadratic equation (Eq. (57)) considering the positive part of the 423 

discriminant is 424 

𝑒𝜆1𝑥1 =
𝛿1+√𝛿1

2+𝑐1
2−𝑐2

2

𝑐1+𝑐2
      (58) 425 

Eq. (58) can then be solved to describe the distance of transition point from the free end x1 as 426 



 

𝑥1 =  
1

𝜆1
ln (

𝛿0+ √𝛿0
2+ 𝑐1

2− 𝑐2
2

𝑐1+ 𝑐2
)     (59) 427 

At the transition between Zone I and Zone II, the slip and slip-strain are continuous, hence 428 

equating Eqs. (38) and (46) gives 429 

𝑺𝟏|𝑥=𝑥1  𝒄𝟏 = 𝑺𝟐|𝑥=𝑥1 𝒄𝟐 + 𝛿𝑝 𝒆𝟐    (60) 430 

and the coefficient vector for Zone II is 431 

𝒄𝟐 = (𝑺𝟐)
−1|𝑥=𝑥1 𝑺𝟏|𝑥=𝑥1𝒄𝟏 − 𝛿𝑝(𝑺𝟐)

−1|𝑥=𝑥1𝒆𝟐   (61) 432 

Solution for Zone II-III transition (x = x2) 433 

The distance of the second transition (between Zone II and Zone III) from the free end is 434 

defined as x2 where the slip is δ2. Substituting x = x2 and δ = δ2 in Eq. (42), it gives 435 

𝛿2 = 𝑐1 sin(𝜆2𝑥2) + 𝑐2 cos(𝜆2𝑥2) + 𝛿p    (62) 436 

Eq. (62) can be rewritten by replacing the sine and cosine terms with equivalent tangent terms 437 

to obtain the quadratic equation in terms of tan (
𝜆2𝑥2

2
)  438 

(𝑐2 − 𝛿𝑝 + 𝛿2) tan
2 (

𝜆2𝑥2

2
) − 2𝑐1 tan (

𝜆2𝑥2

2
) − (𝑐2 + 𝛿𝑝 − 𝛿2) = 0  (63) 439 

Solving Eq. (63) for the transition point x2 gives 440 

𝑥2 = 
2

𝜆2
 {arctan [

𝑐1−√𝑐1
2+𝑐2

2−(𝛿2−𝛿𝑝)
2

𝑐2+𝛿2−𝛿p
]}    (64) 441 

At the Zone II-III transition, slip and slip-strain are again continuous, such that equating Eqs. 442 

(46) and (52) gives 443 



 

𝑺𝟐|𝑥=𝑥2  𝒄𝟐 + 𝛿𝑝 𝒆𝟐 = 𝒓|𝑥=𝑥2 𝜏𝑟 𝛽 + 𝑺𝟑|𝑥=𝑥2  𝒄𝟑   (65) 444 

So the coefficient vector for Zone III can be obtained from that of Zone II by rewriting the Eq. 445 

(65) as 446 

𝒄𝟑 = (𝑺𝟑)
−1|𝑥=𝑥2 𝑺𝟐|𝑥=𝑥2  𝒄𝟐 + 𝛿𝑝 (𝑺𝟑)

−1|𝑥=𝑥2  𝒆𝟐 − (𝑺𝟑)
−1|𝑥=𝑥2 𝒓|x=x2  𝜏𝑟 𝛽 (66) 447 

Application of the above components for final solution of global load-slip (Pf-Δ) 448 

The expressions derived in the previous sections can be used parametrically to determine the 449 

global load-slip (Pf-Δ) relationship from the imposed free end slip δ0, which is increased 450 

incrementally to provide the full range Pf-Δ relationship. The overall procedure for doing so is 451 

summarised in Fig. 7 as follows: 452 

1) A free end slip δ0i is imposed on the fibre. 453 

2) The fibre embedment length L is reduced by the free end slip δ0i. 454 

3) The initial values of the coefficient vectors are defined using δ0i and the boundary condition 455 

𝑑𝛿

𝑑𝑥
 = 0 at the free end.  456 

4) A check is made to identify if a transition point between zones occurs before reaching the 457 

end of the fibre.  458 

5) If a transition point is reached before the end of the fibre, the coefficient vectors in step 3 459 

are updated to allow for the presence of multiple zones. 460 

6) Once the coefficient vector is known, at the loaded end, Δ and 
𝑑𝛿

𝑑𝑥
 can be determined and 461 

from 
𝑑𝛿

𝑑𝑥
 the force in fibre 𝑃fi is also known. 462 

Derivations for hooked fibre pull-out 463 



 

The change of fibre force that occurs at the bends is given by Eqs. (4) and (8), and this step 464 

change results in a change in slip strain across the bend equal to 465 

𝑑𝛿

𝑑𝑥
|
+

− 
𝑑𝛿

𝑑𝑥
|
−

=
𝐹f(𝑙

+)−𝐹f(𝑙
−)

𝐸𝐴eff
    (67) 466 

Substituting Eq. (4) for Ff(l
+) in Eq. (67) gives the slip strain at the first bend as 467 

𝑑𝛿

𝑑𝑥
|
𝑙1

+

− 
𝑑𝛿

𝑑𝑥
|
𝑙1

−

=
𝐹f(𝑙1

−)[cos(𝜃)+𝜇 sin(𝜃)−1]+𝐹PH

𝐸𝐴eff
   (68) 468 

Similarly substituting in Eq. (8) for Ff(l
+) gives the change in the slip strain at second bend as 469 

𝑑𝛿

𝑑𝑥
|
𝑙2

+

− 
𝑑𝛿

𝑑𝑥
|
𝑙2

−

=
𝐹f(𝑙2

−)[
1

cos(𝜃)−𝜇sin(𝜃)
−1]+𝐹PH

𝐸𝐴eff
   (69) 470 

The change of coefficient vectors at the bends are now required to redefine for the three zones. 471 

Change of coefficient vectors at bends for Zone I, II, and III 472 

The change of coefficient vectors at a bend can be calculated using Eqs (38), (46), and (52). 473 

The slip and slip-strain immediately before and after a bend for Zone I, can be written in matrix 474 

form as 475 

[

𝛿−

𝑑𝛿

𝑑𝑥
|
−] = 𝑺𝟏𝒄𝟏

−     (70) 476 

and 477 

[

𝛿+

𝑑𝛿

𝑑𝑥
|
+] = 𝑺𝟏𝒄𝟏

+     (71) 478 

The change of coefficient vector is therefore 479 



 

𝒄𝟏
+ − 𝒄𝟏

− = (𝑺𝟏|𝑥=𝑙m)
−1
[

δ|𝑙m
+ − δ|𝑙m

−

𝑑𝛿

𝑑𝑥
|
𝑙m

+

−
𝑑𝛿

𝑑𝑥
|
𝑙m

− ] = ( 𝑺𝟏|𝑥=𝑙m)
−1
[

0
𝑑𝛿

𝑑𝑥
|
𝑙m

+

−
𝑑𝛿

𝑑𝑥
|
𝑙m

−
]   480 

 (72) 481 

where, lm = distance of a bend from the free end (Fig. 3) and m = 1 for Bend 1 and m = 2 for 482 

Bend 2. At a bend, the slips are continuous hence the change in slip is zero in Eq. (72) but the 483 

slip strain is not because a step change in force occurs. The change of slip strain in the Eq. (72) 484 

can be obtained from Eqs. (68) and (69) for Bend 1 and Bend 2, respectively 485 

Similarly, the change of coefficient vectors for Zone II and Zone III can be derived as: 486 

𝒄𝟐
+|𝑙m − 𝒄𝟐

−|𝑙m = ( 𝑺𝟐|𝑥=𝑙m)
−1
[

0
𝑑𝛿

𝑑𝑥
|
𝑙m

+

−
𝑑𝛿

𝑑𝑥
|
𝑙m

−
]   (73) 487 

𝒄𝟑
+|𝑙m − 𝒄𝟑

−|𝑙m = ( 𝑺𝟑|𝑥=𝑙m)
−1
[

0
𝑑𝛿

𝑑𝑥
|
𝑙m

+

−
𝑑𝛿

𝑑𝑥
|
𝑙m

−
]   (74) 488 

 489 

Application of the above components for final solution of global load-slip (Pf-Δ) 490 

The above section describes the additional mathematical relations required to consider the 491 

effect of bends in hooked fibre. The solution is otherwise the same as the straight fibre except 492 

that the coefficient vector changes at the bends. The procedure for applying the solution to the 493 

hooked fibres is given in Fig. 8 as follows: 494 

1) A free end slip 𝛿0i. is imposed on the fibre. 495 

2) The fibre embedment length L is reduced by the free end slip 𝛿0i 496 

3) The initial values of the coefficient vectors are defined using δ0i and the boundary condition 497 

𝑑𝛿

𝑑𝑥
 = 0 at the free end. 498 



 

4) A check is made to identify if a transition point between zones occurs before reaching the 499 

end of the fibre. 500 

5) If a transition point is reached before the end of the fibre, the coefficient vectors in step 3 501 

are updated to allow for the presence of multiple zones. 502 

6) If a bend is reached the coefficient vector is further updated to allow for the step changes in 503 

force at the bend. 504 

7) Once the coefficient vector is know, at the loaded end Δ and 
𝑑𝛿

𝑑𝑥
 can be determined and from 505 

𝑑𝛿

𝑑𝑥
the force is fibre 𝑃𝑓i is also known. 506 

Validation of numerical and analytical solutions 507 

The above analytical and numerical solutions are now validated using the test results of Cunha 508 

et al. (2007) and Abdullah & Ree (2019) who conducted single fibre pull-out tests on straight 509 

and hooked fibres of identical diameter. These tests are chosen over others that are available in 510 

the literature as the identical fibre type and mechanical properties allow for a direct validation 511 

of the hinge component of the model.  512 

Cunha et al. (2007) tested DRAMIX® RC-80/60-BN hooked steel fibres with a diameter of 513 

0.75mm and an average yield strength of 1141 MPa. Embedment lengths of 20mm and 30 mm 514 

where considered. The concrete had a compressive strength at the time of testing of 83.4 MPa. 515 

The modulus of elasticity was calculated according to AS 3800-2018B as 39,600 MPa. The 516 

straight fibres were manufactured by using pliers to remove the hooks. The fibre geometry is 517 

shown in Fig. 9. 518 

In Fig. 10(a) and (b) the experimental results for straight fibres from Cunha (2007) are used to 519 

calibrate the local τ/δ material properties. The calibrated interfacial bond-shear stress properties 520 



 

were found τf = 2 MPa, τr =1.3 MPa, δ1 = 0.2 mm and δ2 = 0.4 mm. It is also worth noting that 521 

the outputs from numerical and analytical models are identical in Fig. 10a, b. 522 

Abdallah and Ree (2019) tested hooked end fibres with a fibre diameter of 0.9 mm and an 523 

embedment length of 30 mm. Different concrete strengths were considered including 33 MPa, 524 

54 MPa and 72 MPa.  The concrete elastic modulus for these concretes were calculated as 525 

30,500 MPa, 35,500 MPa, and 38,500 MPa, respectively. 526 

In Fig. 10(c),(d) and (e) the experimental results for straight fibres from Abdallah & Ree (2019) 527 

where then used to calibrate the  local τ/δ material properties. For the 33 MPa concrete the 528 

calibrated interfacial bond parameters are τf = 0.7 MPa, τr = 0.3 MPa. For the 54 MPa concrete 529 

these parameters are τf = 0.9 MPa, τr = 0.4 MPa. For the 72 MPa concrete these parameters are 530 

τf = 1.3 MPa, τr = 0.6 MPa. For all concrete strengths δ1=0.05 mm and δ2=1.5 mm. 531 

The bond-shear properties of fibres are unique to each combination of concrete and fibre type. 532 

The calibrated interfacial bond-shear properties are then used to simulate the hooked end fibres. 533 

It was however found that the frictional property (𝜏𝑟) needed to be recalibrated for hooked 534 

fibres as the hooks does not straighten completely inducing additional friction. The need for 535 

this adjustment is also seen in other models as well for example Soetens et al. (2013). The 𝜏𝑟 536 

was then recalibrated using the hooked fibre test results. These were found as 0.69 MPa, 0.89 537 

MPa, and 1.29 MPa for the 33 MPa, 54 MPa, and 72 MPa cases respectively. 538 

 The ultimate pull-out load was then compared to calibrate the additional frictional property (μ) 539 

of hooked fibre. The μ properties from Fig. 11(a) (20mm embedment length in Cunha 2007), 540 

and Fig. 11© (30mm embedded fibre in 33 MPa concrete for Abdallah and Ree, 2019’s), were 541 

thus determined as 0.01, and 0.2, respectively. 542 



 

These properties are now used to simulate the hooked end fibres in Fig. 11. This demonstrates 543 

a close correlation between the experimental results and the analytical model. 544 

Parametric study 545 

Having validated the model above, it can now be used as the basis for a parametric study. 546 

Before presenting numerical results let us first consider the generic influence of parameters on 547 

the Pf/Δ relationship shown in Fig. 12(a) where the response of a hooked fibre is compared to 548 

that of a straight fibre. 549 

The complete pull-out response of the straight fibre in Fig. 12(a) can be described by 550 

considering the distributions of interfacial shear stress in Fig. 12(b) as follows: 551 

Region 0-1: the force is resisted entirely by the interfacial shear stresses which are limited to 552 

the linear ascending region (zone I in Fig. 12(c)). 553 

Region 1-1’: the slip at the free-end exceeds δ1 in Fig. 6(a) such that the distribution of shear 554 

stress is as shown in Fig. 12(c) and contains zone I and II, only II, or zone II and III. Here these 555 

scenarios are not differentiated because the small fibre length makes graphical identification of 556 

the transition point difficult. 557 

Region 1’-ultimate fibre pull-out: the slip at the free end exceed δ2 in Fig. 6(a) such that only 558 

frictional resistance remains and hence only zone III applied in Fig. 12 (d). 559 

Now let us consider the additional forces with arise due to the plastic hinge formation the 560 

frictional contribution arising from the bend. 561 

Region 0-1: as with the straight fibre, the interfacial bond is restricted to Zone I and the hook 562 

plastic hinge and frictional contributions are small but increase with slip. 563 



 

Region 1-1’: the hook plastic hinge and frictional contributions continue to increase with slip 564 

while the interfacial bond contribution decreases as zones I-III are introduced. 565 

Region 1’-2: the interfacial shear stress contribution arises only due to friction (Zone III), while 566 

the contribution of the plastic hinge continues to increase with slip, reaching its maximum 567 

contribution at point 2. Similarly, the frictional force Fμ2 (occurring at the second hook) 568 

continues to increase until point 2 while the frictional force Fμ1 (occurring at the first hook) 569 

decreases. The reduction in force at Fμ1 occurs as a result of the reduction in interfacial shear 570 

stresses along the fibre between the free end and hook 1 in Fig. 3. Conversely, the force Fμ2 571 

continues to increase because at the location of the second hook the overall frictional force 572 

increases despite the reduction in interfacial bond stresses because both the interfacial bond 573 

force and the plastic hinge force PPH1 contribute to friction. 574 

Region 2-3: All interfacial shear stresses arise only due to friction and all plastic hinge forces 575 

are fully developed. 576 

Region 3-4: the free-end of the fibre begins to slip beyond the first bend such that the plastic 577 

hinge force at bend 1 is reduced and falls to zero at point 4. 578 

Region 4-5: the free-end of the fibre has slipped past the first bend such that only a single hook 579 

is still embedded in the concrete. The behaviour of the remaining hook and the interfacial shear 580 

is identical to region 3-4. 581 

Region 5-6: the free-end of the fibre begins to slip beyond the second bend such that the plastic 582 

hinge force at bend 2 is reduced and falls to zero at point 6. 583 

Region 6-ultimate fibre pull-out: the behaviour is identical to a straight fibre with only friction 584 

(zone III). 585 



 

Having identified the influence of the number and location of the hooks on the generic shape 586 

of the Pf-Δ relationship above, let us now consider a parametric study with the following sets 587 

of variations: (a) number of hooks, (b) fibre diameter, (c) fibre embedment length, (d) hook 588 

position along the fibre length, (e) distance between the bends, (f) bend angle in a hook. For 589 

the purpose of this study a steel fibre of geometry as shown in Fig. 9 is considered as the 590 

baseline and the local τ-δ properties and μ are taken as those identified in the validation. The 591 

remaining parametric variations are described in Table 1. 592 

The parametric study considering a variation in the number of hooks is shown in Fig. 13(a), in 593 

which it is observed that as the number of hooks increases the force generated at a given slip 594 

also increases due to the additional plastic hinge and frictional forces. This increase in force 595 

with an increase in hook number will be limited by the strength of the fibre such that it is not 596 

possible to continue to add additional hooks indefinitely. The enhancement of pull-out load 597 

due to addition of bends in hooked fibre was also experimentally proven by Abdallah and Ree 598 

(2019).  599 

The influence of fibre diameter is shown in Fig. 13(b), which is plotted in terms of fibre stress 600 

rather than fibre force as it allows for the comparison of fibre efficiency. When considering the 601 

influence of diameter, it is important to consider that the interfacial bond stresses vary 602 

proportionally with fibre diameter, but the plastic hinge contribution varies proportionally with 603 

the diameter squared. 604 

The influence of fibre embedment length is shown in Fig. 13(c) in which it can be seen that 605 

pull-out loads and particularly energies are significantly impacted by embedment length. The 606 

reason for this reduction is the drop in load developed by interfacial shear, which is directly 607 

proportional to the embedded length. Robins et al. (2002) investigated the influence of straight 608 

fibre embedment lengths (5, 10, 15, and 20mm) on the pull-out load and slip response. There 609 



 

was a significant difference of ultimate pull-out load between 5mm, and 10mm embedment 610 

length, but this difference was insignificant for 10, 15, and 20mm embedment length. 611 

The effect of hook position along the fibre length is shown in Fig. 13(d). It is observed that 612 

while the maximum force is independent of the position of the hook, the post peak behaviour 613 

is highly dependent on hook location. This is because the slip to cause pull-out of the hook 614 

depends on hook location and can be increased by shifting the hook closer to the loaded end. 615 

A similar phenomena is observed in Fig. 12(e) which shows the influence of the distance 616 

between bends. In this case it is observed that by increasing the distance between hooks the 617 

slip to cause at which the second bend becomes inactive is increased and therefore so too is 618 

pull-out energy. 619 

The significance of the angle of the bend of the hook is shown in Fig. 13(f) where it is seen 620 

that by increasing the angle of the hook the ultimate force can be significantly increased. This 621 

occurs because both the plastic hinge force and the frictional force are directly related to the 622 

bend angle (θ). From Eq. 9 FPH for θ = 450, and 600 is 1.22 and 1.73 times higher than FPH for 623 

θ = 300, there is however a limit to which the angle of the fibre can be increased before which 624 

fibre rupture will occur. 625 

Conclusion 626 

The ductility of fibre-reinforced concrete depends on the matrix (concrete) and fibres where 627 

the type and fraction of fibres play a significant role. Availability of a reliable model that can 628 

credibly predict the behaviours of fibre-reinforced concrete has the benefit of avoiding 629 

numerous trial experiments involving time and cost to optimise the mix-design. To address this 630 

issue, many researchers attempted to develop analytical and numerical models where 631 

simulating the pull-out behaviour of a single straight or hooked fibre is the key problem. In 632 

earlier studies, the resistance provided by the bents of a hooked fibre is only considered after 633 



 

the complete interfacial debonding over its entire embedded length to simplify the derivation 634 

of the model. As fibres move/slip during debonding phase, the resistance exerted near the bends 635 

due to fibre straightening in the form of hinge should be accommodated at these localised 636 

sections before complete debonding. Hence, it is a need for development of a realistic 637 

prediction model that can accommodate the transfer of interfacial bond stresses and the fibre 638 

straightening bending forces at hinges throughout the entire pull-out process. It is also 639 

preferable to derive an analytical model, if possible, as it can be conveniently used without any 640 

concern related to computational issues commonly faced by a numerical model. Such an 641 

attempt is made in this study. 642 

The development of the proposed analytical model is an extension of a previous approach 643 

developed for the bond behaviour of plates externally bonded to brittle substrates with anchors. 644 

The bends replace the anchors of the previous model where the force at the bends is a function 645 

of the friction at the bend as well as the hinges that form as the fibre is straightened. The 646 

solution utilises an innovative matrix-based approach to avoid defining an excessive number 647 

of solution cases that arise due to the trilinear bond stress-slip relationship and the bends in the 648 

fibre. The model allows for the gradual increase and then decrease in the forces at the bend 649 

without using smoothing polynomials. Comparison to experimental results from Cunha (2007) 650 

validate the analysis. 651 

The effects of hooks, its size and position along fibre length and fibre diameter in pull-out were 652 

then explored using the analytical model: The findings from this parametric study include: (1) 653 

an increase in the number of hooks along the fibre length improves the pull-out resistance. (2) 654 

The effect of the position of hooks is significant whereas the size of hook has less effect in 655 

pull-out strength. (3) Increase of bend angle increases the pull-out strength. (4) The effect of 656 

fibre embedment length has a minor influence on the ultimate pull-out resistance of the hooked 657 



 

fibre as most of the ultimate pull-out resistance is attributed to the hooks. Hence, the developed 658 

analytical model can be used as a simple tool to optimise the shape and size of hook fibre for 659 

improved ductility of fibre reinforced concrete materials. 660 
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Notations 667 

The following symbols are used in this paper: 668 

Ac = effective cross-sectional area of concrete (Ac = (Ef / Ec).Af );  669 

Ae = area of the elastic region in fibre cross-section; 670 

Af = cross-sectional area of fibre; 671 

Ap = area of the plastic region in fibre cross-section; 672 

Bm = Bond force at fibre-concrete interface of infinitesimal segment m; 673 

c1,2,3 = initial coefficient vectors; 674 

df = diameter of fibre cross-section; 675 

dx = infinitesimal length along the embedded length; 676 

Ef = modulus of elasticity of fibre material; 677 

Ec = modulus of elasticity of concrete; 678 

𝐹f(𝑙1
+) = fibre force immediately after bend 1; 679 

𝐹f(𝑙1
−) = fibre force immediately before bend 1; 680 

𝐹f(𝑙2
+) = fibre force immediately after bend 2; 681 



 

𝐹f(𝑙2
−) = fibre force immediately before bend 2; 682 

FPH = force necessitates formation of plastic hinge; 683 

FPH1 = force necessitates formation of plastic hinge at bend 1; 684 

FPH2 = force necessitates formation of plastic hinge at bend 2; 685 

Fμ1 = force due to additional friction at first bend; 686 

Fμ2 = force due to additional friction at second bend; 687 

fc = concrete compressive strength; 688 

fy = steel fibre yield strength; 689 

If = second moment of area of the fibre section; 690 

L = embedded length of the fibre; 691 

Lp = fibre bonded perimeter; 692 

My = yielding moment when extreme fibre is just started yielding; 693 

MPH = moment necessary to produce plastic hinge; 694 

m = 1, 2, 3, …, m (infinitesimal segment number from loading end);  695 

N = normal force acting normal to the inclined segment of the fibre; 696 

N1 = normal force acting at bend 1; 697 

N2 = normal force acting at bend 2; 698 

P = pull-out load; 699 

Pc = reaction force on concrete from support in the pull-push experiment set up; 700 

𝑃cm = concrete force at the same level of infinitesimal fibre element (m); 701 

Pf = global pull-out force in fibre; 702 

𝑃fm = fibre force in the infinitesimal element m; 703 

r = radius of fibre cross-section; 704 

S1,2,3 = solution matrix for Zone I, II, and III. subscript (1,2,3) refers the zone; 705 

x = position from end of embedded length; 706 



 

y = vertical distance of a point from neutral axis in fibre cross-section;  707 

y1 = vertical distance of elastic end from neutral axis in fibre cross-section; 708 

δ = local slip at any point along fibre length; 709 

δ(m) = local slip at m along fibre length; 710 

δ0 = local slip at fibre free end; 711 

δ1 = local slip at ultimate bond-shear stress (τf); 712 

δ2 = local slip when τ = τr; 713 

ɛf = fibre strain; 714 

ɛf(m) = fibre strain at segment m; 715 

ɛc = concrete strain; 716 

ɛc(m) = concrete strain at segment m; 717 

θ = angle at the bend of hooked fibre (rotation angle for formation of plastic hinge); 718 

μ = frictional coefficient; 719 

μN = tangential frictional force; 720 

μN1 = tangential frictional force acting at bend 1; 721 

μN2 = tangential frictional force acting at bend 2; 722 

τ = local bond-shear stress; 723 

τ(x) = local bond-shear stress at x distance from free end; 724 

τ(m) = local bond-shear stress at segment m; 725 

τf = ultimate bond-shear stress; 726 

τr = frictional bond-shear stress at local slip of δ2 or more; 727 

χ = curvature in bending (Fig. 4); 728 

𝜒𝑦 = curvature at yield at extreme perimeter of fibre cross-section in bending; 729 

Δ = global slip (slip at loading end); 730 

𝑑𝛿

𝑑𝑥
 = slip strain; 731 



 

(dδ/dx)m = slip strain at segment m. 732 

 733 
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Table 1. Variation of parameters 847 

Set ID Ø (mm) ϴ0 L (mm) l1 (mm) l2 (mm) Ec (GPa) Ey (GPa) 

(a) SF 0.75 0 30 - - 30 200 

HF-1B 45 2 - 

HF-2B 2 5 

(b) Ø1 0.25 45 30 2 5 

Ø2 0.50 

Ø3 0.75 

(c) E1 0.75 45 10 2 5 

E2 20 

E3 30 

(d) P1 0.75 45 30 2 5 

P2 4 7 

P3 6 9 

(e) S1 0.75 45 30 2 3 

S2 5 

S3 7 

(f) ϴ1 0.75 30 30 2 5 

ϴ2 45 

ϴ3 60 
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 873 

Fig.1. Pull-out behaviour of straight fibre: (a) straight fibre with embedded length L in 874 

concrete matrix, (b) local bond/shear stress variation along the embedded length, (c) local 875 

shear slip along the embedded length, (d) local bond stress - slip relationship, (e) free body 876 

diagram of typical elements of infinitesimal length. 877 
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 879 

Fig. 2. Flow chart for numerical analysis of straight and hooked fibre pull-out load-slip. 880 
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(a) (b) (c) 882 

Fig. 3. (a) Forces along embedded length of a hooked fibre; (b) free body diagram of forces 883 

at bend 1; (c) free body diagram of forces at bend 2. 884 
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Fig. 4. Rotation, cross-section and strain distributions of an elastic-plastic circular fibre. 887 
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Fig. 5. Moment-curvature relationship of fibre. 890 
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Fig. 6. Idealised bond stress-slip relationship and schematic variations of bond stress and slip 893 

along the embedded fibre length for the three zones. 894 
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 896 

Fig. 7. Analytical solution procedure for a straight fibre. 897 
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 899 

Fig. 8. Analytical solution for hooked fibre. 900 
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 902 

Fig. 9. Geometry of two bend-hooked fibre. 903 
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      (a)            (b) 906 

 907 

(c) 908 

  909 

     (d)             (e) 910 

Fig. 10. Straight fibre pull-out model response comparing with experimental results of Cunha 911 

(2007) for (a) 20mm, (b) 30mm embedment length, and with Abdallah and Ree (2019)’s 912 

results of 30mm fibre embedded length in (c) CS1, (d) CS2, (e) CS3 913 

 914 
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      (a)             (b) 916 

 917 

(c) 918 

  919 

     (d)            (e) 920 

Fig. 11. Hooked fibre pull-out model response comparing with experimental results of Cunha 921 

(2007) for (a) 20mm, (b) 30mm embedment length, and with Abdallah and Ree (2019)’s 922 

results of 30mm fibre embedded length in (c) CS1, (d) CS2, (e) CS3 923 
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(a) (b) 925 

(c) 926 

(d) (e) 927 

Fig. 12. (a) Generic pull-out Pf-Δ behaviour of a two-bend-hooked fibre and a straight fibre 928 

embedded in concrete; (b) bend and bond-slip contribution in hooked fibre; (c) bond-shear stress at 929 

fibre-concrete interface; (d) FPH for formation of plastic hinge; (e) Fµ at bend 1 and 2. 930 

 931 



 

(a) 932 

(b) (c) 933 

(d) (e) (f) 934 

Fig. 13. Parametric study: variables are (a) straight, 1-bend & 2-bend hooked fibre, (b) fibre diameter, (c) embedment length, (d) hook position 935 

in fibre, (e) hook size, (f) bend angle. 936 


