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Abstract: An analytical modelling approach is developed in this article to simulate the pull-
out behaviour of a single straight/nooked fibre which is embedded in concrete matrix. The
partial-interaction model is used to simulate the interfacial bond between the fibre and matrix
along the entire fibre length throughout all stages of loading where additional axial and
frictional forces due to straightening a hook is incorporated by simulating it as plastic hinges
at the apex of bends. The analytical model is presented in a concise matrix form which helps
to minimise the number of solution steps for the involved individual cases and provides a
monolithic simplified implementation. A significant advantage of the approach is that it does
not require fitting of a smoothing polynomial to show the full-range of fibre load-slip behaviour
as it simulates the forces for straightening the fibre as it pulls through a bend and directly

couples this to the interfacial bond forces.
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Introduction

The addition of fibre to concrete to produce fibre reinforced concrete (FRC) or ultrahigh
performance fibre reinforced concrete (UHPFRC) has drawn significant attention because of
the potential to improve material strength and ductility. At the member level, fibre bridging
improves flexural behaviour by increasing post-cracking stiffness (Stang and Aare 1992; Meda
et al. 2012), reducing crack-widths (Stang and Aare 1992; Li et al. 1993), and delaying the
failure in concrete softening regions (Schumacher 2006; Eid 2020). Similarly for non-flexural
members, the fibres restrain shear-sliding leading to significantly improve of shear capacity
that may minimise the use of transverse reinforcement (Barr 1987; Casanova and Rossi 1997;

Noghabai 2000; Choi et al. 2007).

To realise the major benefits of FRC at the member level, significant research were conducted
at the material level to investigate the effects of fibre material properties (Zheng and Feldman
1995; Cadoni et al. 2009; Yu et al. 2014; Akcay and Oszar 2019), fibre geometry (Soulioti et
al. 2011; Wille and Naaman 2012; Rossi 2013; Simoes et al. 2017), and fibre volume fraction
(Sukontasukkul 2004; Soulioti et al. 2011; Chu et al. 2018; Chu and Kwan 2019). This previous
research has identified that the addition of hooks, corrugations or twists to smooth straight
fibres can significantly increase pull-out loads and energies, which in turn improves member
behaviour. Importantly, the array of fibre materials, geometries and volume fractions that can
be added to concretes of all types and grades generates combinations too numerous to be
investigated empirically. It is therefore important that mechanics simulations to be available to
help identify and develop promising combinations of fibre and substrate properties which can

then be the focus of further empirical study.
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Among the earliest investigations on single fibre pull-out of straight smooth fibres are the
works of Stang et al. (1990) and Naaman et al. (1991), which can be considered as the
foundation of the majority of later approaches. In both these works a partial-interaction (PI)
approach was used to define a governing differential equation that linked the load and slip of
the fibre through the interfacial bond properties; with the major differentiation between works
being the definition of the bond properties. While being essential in laying the foundation for
future modelling approaches on both straight and hooked fibres, both the work of Stang et al.

(1990) and Naaman et al. (1991) are themselves limited to straight fibres.

The earliest models to incorporate the benefit of the addition of hooks along the fibre length
are based on modifications to Naaman’s straight fibre model. For example, Alwan (1999)
developed an analytical model for hooked fibres by adding a contribution to the force arising
from the development and rotation of a plastic hinge at the apex of the hook. Importantly, in
this approach, the pull-out process up to the complete interfacial debonding of the fibre was
assumed to be identical for both straight and hooked fibres and therefore the impact of the hook
is only assumed to occur after complete interfacial debonding. Abdallah and Rees (2019)
extended Alwan’s approach to accommodate multiple hooks and additionally replace the
plastic hinge idealisation with an elastic-plastic idealisation to allow for partially formed
hinges. A significant limitation of Alwan’s approach, and those derived from it, is that in
assuming that the plastic behaviour at the hinges occurs only after complete interfacial
debonding, it is not possible to model the interaction between the interfacial debonding and
plastic hinge rotation. It is therefore necessary to fit a high order smoothing polynomial to

produce continuous load-slip results that approximate empirical observations.

Other similar PI approaches have been developed by Cunha et al. (2010) and Soetens et al.

(2013). In the work of Cunha et al. (2010) a hooked fibre was idealised as an equivalent straight
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fibre to which an additional force was added to allow for the contribution of the hinges as a
function of the end-slip of the fibre. As a result of this idealisation, the relationship between
the slip and hinge force can only be determined empirically by subtracting the experimentally
observed behaviour of a straight fibre from the experimentally observed behaviour of a hooked
fibre. Soetens et al. (2013) presented a finite differences solution based on the Pl model of
Stang et al. (1990), which assumed the fibre material to be rigid plastic. Friction after complete
de-bonding was determined empirically as a function of compressive strength and the model
further allowed for the incomplete straightening of the fibre once passed through the hook

inflection point.

In addition to these analytical and semi-analytical solutions, empirical and numerical models
were developed. For example, Laranjeira et al. (2010a, b) used pull-out test results to identify
the generic shape of a single fibre load-slip response and provided rules for the translation and
superposition of this general shape to allow for variations in fibre inclination and the presence
of hooks. Zhan and Meschke (2014) improved the approach of Laranjeira et al. (2010a, b) by
developing a mechanical model for the hook contribution. The forces and moments in the
hooked end were calculated for a number of key states as the slip of the free end increases. This
was achieved by considering force equilibrium as well as the shear, moment and axial
capacities of the fibre. An additional frictional force is also considered for the incompletely
straightened section of fibre. This model also considers the detailed geometry of the bends of

the fibre.

Considering numerical models, Zhang et al. (2016) developed a model for inclined fibres using
cohesive elements with a mixed mode fracture criterion to represent the bond-slip behaviour at

the interface. A generic constitutive model for the interfacial bond-shear stress relationship was
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proposed considering the effect of internal physical and chemical cohesion, fibre surface-

roughness and concrete spalling at the loading end.

Based on the above review, it is identified that there is a need for the development of an
analytical predictive model that can accommodate the transfer of interfacial bond stresses
throughout the entire pull-out process, thereby avoiding the need for a smoothing polynomial.
Further, it is advantageous to consider the behaviour of the hook directly as a function of fibre
geometry and material properties to avoid the need for empirical calibration testing for each

new fibre type.

To address this need, a partial-interaction based analytical model developed by Sturm et al.
(2019) for simulating interface of an externally bonded plate with mechanical anchors is
adapted in this paper for modelling the pull-out behaviour of a single fibre with and without
hooks. The concept proposed by Sturm et al. (2019) is ideal for modification and application
to the fibre pull-out problem because: (i) it explicitly considers the combined action of bond
stress along the interface and the discrete change in force from the mechanical anchors
throughout the entire loading scenario; and (ii) the matrix formulation can be applied to
accommodate any number of discrete forces arising from mechanical anchorages without any
need for defining new load cases. While deemed to be ideal for application, Sturm et al.

(2019)’s required modification as follows:

(1) The bi-linear bond-slip relationship (linear ascending for elastic response and linear
descending for de-bonding) needs to be replaced with a tri-linear bond-slip relationship to
accommodate the contribution of friction (linear ascending, linear descending, and a constant

friction).
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(2) The dowel action mechanism used to simulate mechanical anchors in plates does not apply
for embedded fibres and needs to be replaced with a plastic hinge model to facilitate bending

of the fibre near a hook.

Mechanics for pull-out behaviour of fibres utilising partial interaction mechanisms

Fig. 1(a) shows a typical single straight fibre pull-out test scenario in which the fibre is
subjected to a pull-out force Py while the concrete specimen is supported at the loaded end.
The load-slip (Ps-4) relationship of the fibre can be quantified using the same governing
partial-interaction (P1) mechanics that have been applied to predict interfacial bond-slip models
in reinforced concrete, steel concrete composites and retrofitted structures (Strum and Visintin

2019, Turkmen et al. 2020).

Fig. 1(b) shows the variation of interface bond shear stress z along the bonded length, where Ps
can be expressed as the integral of the bond stress  over the bonded area (bonded length
multiplied by perimeter of the fibre). Fig. 1(c) shows the distribution of interface shear slip §
(local slip) that can be used to evaluate bond stress using bond stress-slip (z-0) relationship as
shown in Fig. 1(d), which is a fundamental material property unique to a given combination of

concrete and fibre type and must be quantified experimentally, by a single fibre pull-out tests.

To quantify the distributions of shear stress and slip in Fig. 1(b) and Fig. 1(c), the specimen
(fibre and concrete as in Fig. 1(a)) is discretised into infinitesimal elements of length dx along
the embedded length L as show in Fig. 1(e). The analysis is undertaken iteratively, and to
initiate the process, the value of the load Ps required to cause a specified value of 4 is first
assumed; in Fig 1(e) this force is defined as Ps1, located on the upper side of element 1. Based
on the equilibrium of the whole specimen, the load acting on concrete at the upper side of the

first element Pc1 is also equal to Pr.
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With a specified value of slip the upper side of the first element dx)=4, the bond stress z(1) can
be determined using the z-J relationship as given in Fig. 1(d). Integration of z(;jover the bonded
area (assuming it to be uniform over the infinitesimal element length dx), the bond force
transferred from the fibre to the concrete over the first element Bz is zy)LpdX, where L, is the

bonded perimeter of the fibre.

Applying force equilibrium over the element, the force at the bottom surface of the fibre Pr, in
Fig. 1(e) is Pn=Ps: - By and the corresponding force on concrete is Pco = Pc1 + B1. These forces
(Ps2 and Pc) are also taken to act on the upper side of the next (second) element in Fig. 1(e),

which will be required for subsequent calculations.

The axial strain of the first element fibre (er1) and concrete (ec1) are taken to arise from the
average force in the fibre and concrete over the element length i.e., (Pri+Ps)/2EsAs and
(Pc1+Pc2)/2EAc and the difference in strain between the fibre and the surrounding concrete is
the rate of change in local slip along x. That is, the slip strain is defined as (dd/dx)1 = & - &c1
for the first element. Integration of slip strain over the element length dx gives the change in
slip that occurs over the element length 401 = (ef1 - ec1) dx, which can be subtracted from the
slip at the top side of the element to give the slip at its bottom (d(2) = (1) - 491). This slip is also

taken to the slip at the top side of the next element i.e. element 2.

The above process is applied to the subsequent elements, starting from the loaded end to
quantify the local fields of stress, strain and slip along the fibre length for a specified global
slip 4 and assumed fibre pull-out load Ps. The above process is again repeated by varying the
fibre force Psfor an imposed slip 4 until the boundary conditions are satisfied. The boundary
condition may be zero slip and zero slip strain within any point within the fibre length or zero

slip strain at the end of fibre depending on if a point of full-interaction (zero slip) occurs along
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the fibre length, or if it is slipping along the full fibre length. The computational implementation

of the above process is shown in the form of a flow chart in Fig. 2.

Modelling for the contribution of hook

Now let us consider the additional contribution to the P¢/4 behaviour provided by a hook, where
for the purpose of this explanation the hook is taken to comprise of two bends as shown in Fig.
3(a). Although only a double bend hook is considered here, the same approach can be extended

and applied to any number of hooks along the fibre length.

As the fibre is pulled, bond stresses develop along the fibre length in the same way as that of a
straight fibre, but additional forces are developed at the location of bends as shown in Fig. 3(b)

and (c). These forces include:

(1) Those generated at the bends arising from the change in fibre orientation. These forces are
comprised of a force N acting normal to the inclined segment of the fibre and a tangential

frictional force uV, where y is the frictional coefficient.

(2) The bending associated with straightening of the fibre, as it is pulled through the apex of a
bend necessitates formation of a plastic hinge at the location of bend. The force generated at

the location of the plastic hinge is taken as Fpx in Fig. 3.

Change in axial force of the fibre at the bends

Let us now consider the change in axial force that occur at the location of a bend. For the
purpose of the derivation, any parameter immediately before or after a bend is indicated by
negative and positive superscripts respectively (I7 and I). Horizontal and vertical force
equilibrium are applied to quantify the relationship between the axial force in the fibre at the

two sides of the first bend (F¢(l7) and F¢(1})) in terms of Fey, 1, and 6 as follows.
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0 = —Nj cos(0) + [Fr(l}) — uN; — Fpy] sin(0)

0 = Fy(Iy) — Ny sin(8) — [Fr(lf) — uNy — Fpiy] cos(6)

Eq. (1) can be rearranged to give the normal force Nz in terms of the remaining parameters

N. = Ff(l‘f —Fpy| sin(6)

1 cos(0)+sin(8)
and substitution of Eq. (3) into Eq. (2) gives the relationship between Fy(l{) and Fy(l7)
Fe(l{) = Fe(17)[cos(0) + psin(8)] + Fey
Similarly, applying horizontal and vertical force equilibrium at the second bend
—F¢(13) sin(6) + N cos(8) — uN, sin(6) = 0
Fe(17) cos(8) + N, sin(8) + uN, cos(8) — [Fe(13) — Fpyy] = 0
Eqg. (5) can then be rearranged to give normal force N2

_ Fe(l3)sin(0)
2= cos(6)—usin(0)

and substituting Eq. (7) into Eq. (6) the relationship between F¢(l.*) and F¢(l>) is

+\ — Fe(lz)
Ff(lZ) - cos(6)—usin(0) + FPH

)

@

©)

4)

®)

(6)

U]

®)

Hence Egs. (4) and (8) give the step change in the force of the fibre at the location of two bends

in terms of Fpy, 1, and 6.

Force due to formation of plastic hinge (Frr)
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Based on the concept of Alwan et al. (1999), the additional force in the fibre at a bend due to
the formation of plastic hinge required to straighten the fibre as it is pulled through the the bend

is

Fpy = o 9)

- dfcos 6

In which Mpy is the moment to produce the plastic hinge, which is assumed to form over a
length equal to the fibre diameter (dr), and @ is the rotation of the plastic hinge, which is equal

to the bend angle (Fig. 4).

For the purpose of the following derivation it is assumed that the fibre has a circular cross-
section, but the generic approach can be applied to any shape fibre. The cross-section of the
fibre is taken to be in an elastoplastic state (Fig. 4(b)) such that the moment MpH can be related
to the curvature y in Fig. 4(c), and further to the hinge rotation (6) in Fig. 4(a) using the hinge

length (ds)
== (10)

Considering the strain profile in Fig. 4(c), at a point along the fibre depth the strain is & = yy
where y is the distance of the point from neutral axis (N.A.). If there is no yielding of the section
the stress profile remains linear as in Fig. 4(d) and the moment can be determined using linear

elastic theory
M = Egley = E¢ (6—71 d?))( (11

In which Egx is the elastic modulus of the fibre, and It is the second moment of area of the fibre

section.
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Eq. (11) is applicable until the outer layer of the fibre yields at a strain ¢y, corresponding to a
moment My. Based on standard sectional analysis, at the initiation of yield the curvature yy and

corresponding moment are:

)(y=2;—3; (12)
M, = f,—d3} (13)
y —Jyg3; f

Any further increases in curvature beyond yy cause the depth of the yielding section to
propagate towards the centre of the fibre. Assuming the steel fibre be elastic-perfectly-plastic,

the stress profile has a shape as shown in Fig. 4(e) and can be described by

{ fyi 1yl >y 14)

Eexy; |yl <y1

Where fy is the yield stress, and y: is the extent of elastic region measured from the neutral axis

and is given by
y, =2 =l (15)

Eq. (14) can be used to determine the post yielding moment Mpy by integrating the elemental
moment produced by the distribution stress (Fig. 4(e)) over the cross-section about the neutral

axis to give
MPH=faydAzEf)(fAeysz+fyprydA (16)

where Ae is the area of elastic region of the cross-section, and Ay is the area of plastic region.

For the circular geometry of the fibre (Fig. 4(b)), Eq. (16) can be rewritten as
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2
Mpy = 4Egx [y ZJ (&Y~ y2 dy +afy [ j (3) -»?dy (17)

Which upon integration gives:

o = e 21— () + 2 - @) 5 41 - @)

(18)

w

Using Egs. (13) and (18), the variation of Mpn/My with y/xy for a specific fibre is shown in Fig.
5. Having now derived the plastic hinge moment in Eq. (18), the additional force in the fibre at
the apex of the hook due to the plastic hinge formation Fpy is given by substituting Eq. (18)

into Eq. (9).

A limitation of the plastic hinge approach is that the force Fp is applied as a step change rather
than gradually increasing as a given portion of the fibre pulls through the apex of the bend. The
result of this approximation is that a step change in fibre force occurs at the global Ps— 4 level.
These step changes are not observed experimentally and so Alwan et al. (1999) suggest fitting
a smoothing polynomial to the Ps— 4 curve. An alternative approach is applied here, in which

the force Fpy is expressed in terms of slip ¢ according to Eq. (19a), (19b), (19c).

) M d
(S Mo d
s T0<3 (19a)
1 ( 2 )
lm — 50 MPH

FPH=4 20 drcos(@ 80> Im—2ds (19b)

| Mpy
Ldf cos 6

d
if 8> 7f and 8y < L, —2d;  (19¢)

where Im is the distance along the fibre from the free end (m = 1 for the Bend 1 and m = 2 for

the Bend 2).
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The relationship between the slip of the fibre and Fex in Eq. 19 is suggested as it allows the
force to be zero when the slip is zero and then to increase gradually until the maximum plastic
hinge force is reached. It further allows the force to reduce gradually as the end of the fibre
moves past the bend of the fibre. This simple linear approximation is it captures the gradual
increase and decrease in Fpy that should occur as the plastic hinge which has a defined length

moves through the apex of the bend, which is taken to have an infinitesimal length.

The flow chart in Fig. 2 also shows the computational implementation of the above process

applicable for hooked fibres.

Analytical solution of the pull-out response

Above sections provided a generic numerical solution technique to obtain the load-slip
behaviour of a single straight and hooked fibre. The numerical scheme presented is generic in
that it can accommodate any shape bond slip relationship (Fig. 1(d)) but is limited in that it
requires an iterative solution technique, which may complicate implementation. Hence in this
section an analytical solution is derived based on the application of a simplified (idealised) tri-

linear bond slip relationship (Fig. 6(a)).

As described in the numerical modelling, the slip strain at any point can be written as the

difference between the fibre and concrete strains at that point:

dé _ Fg Fc

dx  EfAf  EcAc

(20)

where As and Ac are the cross-sectional area of the fibre and concrete, Ef and E. are elastic
modulus of the fibre and concrete. It should be noted that to simplify the mathematical
derivation x is measured from the free-embedded end of the fibre (Fig. 6(b), (c)) rather than

from the loaded end as in the numerical model.
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The differentiation of Eq. (20) with respect to x gives

d?5§ _ 1 dFg

dx? E¢Af dx

1 dF.
EcAc dx

1)

where the rate of change in the axial force of fibre and concrete can be obtained from the force

equilibrium of an element (Fig. 1(e)) as follows.

dFg
dx

dFe

dx

(22)

= -1, (23)

Substituting Egs. (22) and (23) into Eq. (21), it gives the classical governing equation for partial

interaction mechanism (Volkersen, 1938) as

d?s _

=T B (24)

where,
_ _Ip

B=gar (25)

and
1
EAegr = 7 1 (26)
(m+5cﬁc}

Eq. (24) was used and solved for various problems such as bond slip response of straight

internal reinforcing bars within concrete, rock bolts, and external plates and sheets for

retrofitting existing members using a range of approximations for the local bond stress slip

relationship, but the solution of this equation for modelling a fibre with a hook is yet to be

established.
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To develop a specific solution to Eqg. (24), it requires the variation of local bond shear stress (z)

in terms of shear slip (5). For the development of closed-form analytical solutions the nonlinear

stress-slip relationship in Fig. 6(a) is idealised as a tri-linear relationship with three zones

kS Zonel,i.e.§ < 6;
7(6) =<1, —kq(6 — 8;) Zonell,i.e.d; <5 <6,
Tr Zone lll,i.e.§ > 6,
In which,
S
k= 3
and
T
ka = 5,-0,

(27a)
(27b)
(27¢)

(28)

(29)

Having defined a z-¢ relationship Eq. (24) can be solved by applying appropriate boundary

conditions as following Egs. (30) and (33).

Rearranging Eqg. (20), at the loaded end the slip strain can be defined as a proportion of the

fibre force
a8 - f(L_F 1 )= P
dx|y=1 EfA;  EcAc EAett
where,
Pr=Fr=F
and
EAese = ;1 T

EfAf+ EcAc

(30)

)

(32)
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Assuming that the fibre will slip along the entire length, at the free end

das
dx|x=0

=0 (33)

Derivations for straight fibre pull-out

Having established the governing equations describing the fields of slip and slip strain, it is
now a matter of applying the boundary conditions to derive a specific solution. Since the -6
relationship has three linear portions a specific solution needs to be obtained for each zone in

Fig. 6(a).

In a recent study by Sturm et al. (2019), the governing equation with identical boundary
conditions has been solved to quantify the load-slip behaviour of FRP plates adhesively bonded
and mechanically anchored to reinforced concrete. The specific solution presented by Sturm et
al. (2019) is useful in the present investigation as it can be utilised and extended to solve the
present problem. The first step in this extension is to allow for post debonding friction (zone
111) which was absent in the original solution by Sturm et al. (2019). Hence the primary focus
of this section is to incorporate the contributions of zone Il for a straight fibre before
incorporating the influence of hooks in the following section. Though analytical solutions,
considering the three zones, have been derived e.g. by Vaculik et al. (2018), the matrix
formulation of Sturm et al. (2019) is preferred in deriving the present model as it allows for a
more convenient incorporation of multiple hooks. That is, the general matrix form can be easily
expanded rather than needing to derive specific solutions for each individual combination of

load cases and number of hooks.

In the remainder of the derivation, solutions for slip and slip strain are presented for each zone
in a matrix form which consists of solution matrix, position vector and unknown coefficient

vector. The free end boundary conditions are first used to get the coefficient vector for the three
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zones when the bond stress over the entire fibre length will be governed by a single zone. In a
more complex scenario, where different zones (linear elastic, softening and residual friction)
will govern the different parts of the fibre length, the location of the transition points between
two zones are determined, which enables the establishment of the coefficient vector. It is then
shown how the equations can be applied to quantify the load slip behaviour of the fibre at the

loaded end by imposing a slip at the free end.

Solution for Zone | (6 < d1)
The solution for Zone | can be derived by substituting Eq. (27a) into Eq. (24), which gives the

linear ordinary differential equation

Lo _ kps (34)

dxz
The above equation will have homogeneous solution
6 = ¢y sinh(A;x) + ¢, cosh(A;1x) (35)

In which

M= kB (36)
Differentiating the equation for local slip (Eg. (35)), the slip-strain can be expressed as

s .
e A1[cq cosh(A1x) + c; sinh(A1x)] (37)

Egs. (35) and (37) can be written in matrix form as

g sinh(A1x) cosh(A1x) 1161
as| = ] [ =816 (38)
Iz Aicosh(A1x) Aysinh (A1x)] €2



359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

where S1 and c1 (boldface indicates matrix and vector quantities) are defined as solution matrix

and coefficient vector, respectively for Zone I.

The coefficient vector ¢ can be quantified by applying the free end (x = 0) boundary conditions

(Ilx=0 = 80 and (dd/dx)|x=0 = 0) in Eq. (38).

8o 0 17161
0 A 0l|cz
Therefore, the coefficient vector for Zone | do < J1 is

0 0
C1=[ ]=50[]=5031 (40)

where e; = [0 1]T

Solution for Zone Il (01 < 0 < d2)
The solution for Zone Il can be derived by substituting Eq. (27b) into Eq. (24) which gives the

linear second order ordinary differential equation as

L8 = (11 + kab)B — ko (41)
The Eq. (41) has a homogeneous solution and a particular integral as follows

8 = ¢ 5in(A;x) + c; cos(A,x) + & (42)
where

% = JkaB (43)

and
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6]3 = 61 + Tf/kd. (44)
Differentiation of Eq. (42) gives the slip strain

ds .
= Ay¢1 €05(Ayx) — Ay¢, sin(A,x) (45)

Now rewriting Egs. (42) and (30) in matrix form yields

1 1

+ 5[3 = SZ C2 + 517 ez (46)

d

6 sin(A,x) cos(A,x)
s| =
™ A;c05(A;,%) —A,sin (Azx)]

C2 0

where e, = [1  0]7, Sz, and cz are the solution matrix and coefficient vector, respectively

for Zone II.

The coefficient vector c2 (Eq. (46)) for this zone can be determined with the same boundary

conditions as used in Zone I. Thus, substituting slip and slip-strain at x = 0 into Eq. (46), it

L

where ¢1 and ¢z can be derived from Eq. (47) as ¢; = 0 and ¢, = 8y — 6.

gives

1
+ 6, ] @7)

0

Thus, the coefficient vector for Zone 11 (51 < d < d2) can be written as

C2

S T R

Solution for Zone 111 (6 > 62)
Zone 111 consists only of a constant frictional branch (z = =z in Fig. 6(a)), hence substitution of

7 =1 in Eq. (24) gives
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dazs
=B (49)

The slip strain and slip can be obtained by integrating Eq. (49) to give

as
E=Trﬁx+ cy (50)

and further integrating Eq. (50) gives the distribution of slip
6=rr,8x72+ c1x+ ¢, (51)

Both of which can again be expressed in matric form as

5 x2/2 X 17116
asl = Trﬁ‘l‘ ][ :|=T'Trﬁ+ S3C3 (52)
- X 1 olle

where r is defined as the position vector, and Ss and cs are solution matrix and coefficient

vector, respectively for Zone IlI.

The coefficient vector c3 (Eq. (52)) can be obtained by imposing the same boundary condition

at the free end as used for the solution for Zone I, to give

8o 0 1114
0 1 0fL¢2
Solution of Eq. 53 gives c1 = 0, and c2 = do, Which can be expressed in matrix form as

0 0
03=[ }=50[]=5091 (54)
60 1

The solutions for Zone I, Zone 1l and Zone |11 provided by Egs. (40), (48) and (54) respectively

are only applicable when the distribution of bond stress along the entire fibre length is restricted
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to that of a single zone. If the slip at the loaded end is less than o1, the bond stress provided by
Zone | will be applicable for the entire fibre length. When this slip is greater than d1, the
distribution of bond stress along the fibre length will be provided by the different zones. To
develop a generic solution, it is therefore necessary to identify the locations of the transition of

these zones along the fibre length.

Solution for Zone I-11 transition (x = x1)
The distance of the first transition (between zone | and zone I1) from the free end x1 occurs

when the slip is equal to d1. Substituting x = x1 and 6 = d1 into Eq. (35), it gives
61 = ¢4 Sinh(A1x1) + ¢ cosh(A1x1) (55)

For the convenience of solution, the hyperbolic trigonometric functions in Eq. (55) are

expressed in their exponential forms (Olver et al., 2020) to give
_ 2 c1tCy .y C2—C1
8 = eln (—2 ) +ehn (—2 ) (56)
The above equation can be rearranged to express as a quadratic equation in terms of e41*1

(25 )"~ + (252) =0 )

The standard solution of the quadratic equation (Eq. (57)) considering the positive part of the

discriminant is

1+ [62+c2—c2
et = (58)

c1+cy

Eq. (58) can then be solved to describe the distance of transition point from the free end x; as
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So+ |62+ c2—c2
X, = ~In LM (59)

A1 1+ Cy
At the transition between Zone | and Zone II, the slip and slip-strain are continuous, hence
equating Egs. (38) and (46) gives
S1lx=x, €1 = S2|x=x, €2 + 6y €2 (60)
and the coefficient vector for Zone Il is
€2 = (52) Mx=x, S1lx=x,€1 = 6p(52) x=x, €2 (61)

Solution for Zone I1-111 transition (X = x2)
The distance of the second transition (between Zone Il and Zone Ill) from the free end is

defined as x> where the slip is d2. Substituting x = x2 and 6 = 2 in Eq. (42), it gives
8, = ¢y sin(Ayx;) + ¢; cos(Ayx2) + & (62)

Eqg. (62) can be rewritten by replacing the sine and cosine terms with equivalent tangent terms

to obtain the quadratic equation in terms of tan ( 2 2)

(c2 = 8, + &) tan® ( 2x2) — 2¢; tan (AZZXZ) —(c2+8,—8,)=0 (63)

Solving Eq. (63) for the transition point x. gives

— |c2+c2 —(52 6,,

2
Xp = o arctan P (64)

At the Zone II-111 transition, slip and slip-strain are again continuous, such that equating Egs.

(46) and (52) gives
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Sle:xz c; + 6p €; = r|x=x2 Tr ﬁ + S3|x=x2 C3 (65)

So the coefficient vector for Zone 11 can be obtained from that of Zone 11 by rewriting the Eq.

(65) as
C3 = (53)_1|x:x2 Sle:xz c + 5p (53)_1|x:x2 € — (53)_1|x:x2 rlx:xz Tr ﬁ (66)

Application of the above components for final solution of global load-slip (Ps-4)

The expressions derived in the previous sections can be used parametrically to determine the
global load-slip (Ps-4) relationship from the imposed free end slip do, which is increased
incrementally to provide the full range Ps-4 relationship. The overall procedure for doing so is

summarised in Fig. 7 as follows:
1) A free end slip doi is imposed on the fibre.
2) The fibre embedment length L is reduced by the free end slip &oi.

3) The initial values of the coefficient vectors are defined using doi and the boundary condition

8 0 at the free end.
dx

4) A check is made to identify if a transition point between zones occurs before reaching the

end of the fibre.

5) If a transition point is reached before the end of the fibre, the coefficient vectors in step 3

are updated to allow for the presence of multiple zones.

6) Once the coefficient vector is known, at the loaded end, 4 and Z—i can be determined and

ds I .
from ™ the force in fibre Py, is also known.

Derivations for hooked fibre pull-out
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The change of fibre force that occurs at the bends is given by Egs. (4) and (8), and this step

change results in a change in slip strain across the bend equal to

as|t _ as)T _ F(IY)-Fe(D) 67)
dx dx| — EAest

Substituting Eq. (4) for F+(I*) in Eq. (67) gives the slip strain at the first bend as

as|;t  as
ax|y, dx

_ Fe(l7)[cos(8)+usin(6)—1]+Fpy
EAetf

(68)

Iy

Similarly substituting in Eq. (8) for Fs(I*) gives the change in the slip strain at second bend as

- 1
- _ Ff(lz)[cos(B)—usin(B)_l]+FPH
EAefr

as
dx

t o as
dx

(69)

I I,

The change of coefficient vectors at the bends are now required to redefine for the three zones.

Change of coefficient vectors at bends for Zone I, I1, and 111

The change of coefficient vectors at a bend can be calculated using Egs (38), (46), and (52).

The slip and slip-strain immediately before and after a bend for Zone 1, can be written in matrix

form as

5
a1~ | = 51CI (70)
dx

and

6+
as|t = SIC; (71)
dx

The change of coefficient vector is therefore



. 811, — 8l . 0
480 €1 — €1 = (S1lx=tm) |as;* _as;” [ = (S1lx=t) [d_5|+ _a_s—]

dx I dx Im dx

Im dx Im

481 (72)

482  where, I = distance of a bend from the free end (Fig. 3) and m = 1 for Bend 1 and m = 2 for
483  Bend 2. At a bend, the slips are continuous hence the change in slip is zero in Eq. (72) but the
484  slip strain is not because a step change in force occurs. The change of slip strain in the Eq. (72)

485  can be obtained from Egs. (68) and (69) for Bend 1 and Bend 2, respectively

486  Similarly, the change of coefficient vectors for Zone Il and Zone 111 can be derived as:

r 0
487 Hlim = 3 lim = (Saluein) |88 _ a8 (73)
_dx Im dx Im ]
_1 [ 0
488 S lim = €3 ltm = (S3lx=tm) |27 _ 297 (74)
_dx Im dx Im ]
489

490  Application of the above components for final solution of global load-slip (Ps-4)

491  The above section describes the additional mathematical relations required to consider the
492  effect of bends in hooked fibre. The solution is otherwise the same as the straight fibre except
493  that the coefficient vector changes at the bends. The procedure for applying the solution to the

494 hooked fibres is given in Fig. 8 as follows:

495 1) Afree end slip &y,. is imposed on the fibre.

496  2) The fibre embedment length L is reduced by the free end slip &,

497  3) The initial values of the coefficient vectors are defined using 30i and the boundary condition

498 3—i =0 at the free end.
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4) A check is made to identify if a transition point between zones occurs before reaching the

end of the fibre.

5) If a transition point is reached before the end of the fibre, the coefficient vectors in step 3

are updated to allow for the presence of multiple zones.

6) If a bend is reached the coefficient vector is further updated to allow for the step changes in

force at the bend.

7) Once the coefficient vector is know, at the loaded end A and Z—i can be determined and from

Z—ithe force is fibre Py, is also known.

Validation of numerical and analytical solutions

The above analytical and numerical solutions are now validated using the test results of Cunha
et al. (2007) and Abdullah & Ree (2019) who conducted single fibre pull-out tests on straight
and hooked fibres of identical diameter. These tests are chosen over others that are available in
the literature as the identical fibre type and mechanical properties allow for a direct validation

of the hinge component of the model.

Cunha et al. (2007) tested DRAMIX® RC-80/60-BN hooked steel fibres with a diameter of
0.75mm and an average yield strength of 1141 MPa. Embedment lengths of 20mm and 30 mm
where considered. The concrete had a compressive strength at the time of testing of 83.4 MPa.
The modulus of elasticity was calculated according to AS 3800-2018B as 39,600 MPa. The
straight fibres were manufactured by using pliers to remove the hooks. The fibre geometry is

shown in Fig. 9.

In Fig. 10(a) and (b) the experimental results for straight fibres from Cunha (2007) are used to

calibrate the local 7/6 material properties. The calibrated interfacial bond-shear stress properties
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were found 7+ = 2 MPa, 7 =1.3 MPa, 1 = 0.2 mm and J2 = 0.4 mm. It is also worth noting that

the outputs from numerical and analytical models are identical in Fig. 10a, b.

Abdallah and Ree (2019) tested hooked end fibres with a fibre diameter of 0.9 mm and an
embedment length of 30 mm. Different concrete strengths were considered including 33 MPa,
54 MPa and 72 MPa. The concrete elastic modulus for these concretes were calculated as

30,500 MPa, 35,500 MPa, and 38,500 MPa, respectively.

In Fig. 10(c),(d) and (e) the experimental results for straight fibres from Abdallah & Ree (2019)
where then used to calibrate the local z/6 material properties. For the 33 MPa concrete the
calibrated interfacial bond parameters are tt= 0.7 MPa, tr = 0.3 MPa. For the 54 MPa concrete
these parameters are tr= 0.9 MPa, 1 = 0.4 MPa. For the 72 MPa concrete these parameters are

1t= 1.3 MPa, 1r = 0.6 MPa. For all concrete strengths 3:=0.05 mm and 82=1.5 mm.

The bond-shear properties of fibres are unique to each combination of concrete and fibre type.
The calibrated interfacial bond-shear properties are then used to simulate the hooked end fibres.
It was however found that the frictional property (z,.) needed to be recalibrated for hooked
fibres as the hooks does not straighten completely inducing additional friction. The need for
this adjustment is also seen in other models as well for example Soetens et al. (2013). The t,
was then recalibrated using the hooked fibre test results. These were found as 0.69 MPa, 0.89

MPa, and 1.29 MPa for the 33 MPa, 54 MPa, and 72 MPa cases respectively.

The ultimate pull-out load was then compared to calibrate the additional frictional property (x.)
of hooked fibre. The u properties from Fig. 11(a) (20mm embedment length in Cunha 2007),
and Fig. 11© (30mm embedded fibre in 33 MPa concrete for Abdallah and Ree, 2019’s), were

thus determined as 0.01, and 0.2, respectively.
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These properties are now used to simulate the hooked end fibres in Fig. 11. This demonstrates

a close correlation between the experimental results and the analytical model.

Parametric study

Having validated the model above, it can now be used as the basis for a parametric study.
Before presenting numerical results let us first consider the generic influence of parameters on
the P4 relationship shown in Fig. 12(a) where the response of a hooked fibre is compared to

that of a straight fibre.

The complete pull-out response of the straight fibre in Fig. 12(a) can be described by

considering the distributions of interfacial shear stress in Fig. 12(b) as follows:

Region 0-1: the force is resisted entirely by the interfacial shear stresses which are limited to

the linear ascending region (zone I in Fig. 12(c)).

Region 1-1’: the slip at the free-end exceeds 81 in Fig. 6(a) such that the distribution of shear
stress is as shown in Fig. 12(c) and contains zone | and 11, only 11, or zone 1l and I11. Here these
scenarios are not differentiated because the small fibre length makes graphical identification of

the transition point difficult.

Region 1’-ultimate fibre pull-out: the slip at the free end exceed 2 in Fig. 6(a) such that only

frictional resistance remains and hence only zone Il applied in Fig. 12 (d).

Now let us consider the additional forces with arise due to the plastic hinge formation the

frictional contribution arising from the bend.

Region 0-1: as with the straight fibre, the interfacial bond is restricted to Zone | and the hook

plastic hinge and frictional contributions are small but increase with slip.
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Region 1-1’: the hook plastic hinge and frictional contributions continue to increase with slip

while the interfacial bond contribution decreases as zones I-111 are introduced.

Region 1°-2: the interfacial shear stress contribution arises only due to friction (Zone I11), while
the contribution of the plastic hinge continues to increase with slip, reaching its maximum
contribution at point 2. Similarly, the frictional force F,. (occurring at the second hook)
continues to increase until point 2 while the frictional force Fy; (occurring at the first hook)
decreases. The reduction in force at F,1 occurs as a result of the reduction in interfacial shear
stresses along the fibre between the free end and hook 1 in Fig. 3. Conversely, the force F,»
continues to increase because at the location of the second hook the overall frictional force
increases despite the reduction in interfacial bond stresses because both the interfacial bond

force and the plastic hinge force Ppn1 contribute to friction.

Region 2-3: All interfacial shear stresses arise only due to friction and all plastic hinge forces

are fully developed.

Region 3-4: the free-end of the fibre begins to slip beyond the first bend such that the plastic

hinge force at bend 1 is reduced and falls to zero at point 4.

Region 4-5: the free-end of the fibre has slipped past the first bend such that only a single hook
is still embedded in the concrete. The behaviour of the remaining hook and the interfacial shear

is identical to region 3-4.

Region 5-6: the free-end of the fibre begins to slip beyond the second bend such that the plastic

hinge force at bend 2 is reduced and falls to zero at point 6.

Region 6-ultimate fibre pull-out: the behaviour is identical to a straight fibre with only friction

(zone 111).
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Having identified the influence of the number and location of the hooks on the generic shape
of the P4 relationship above, let us now consider a parametric study with the following sets
of variations: (a) number of hooks, (b) fibre diameter, (c) fibre embedment length, (d) hook
position along the fibre length, (e) distance between the bends, (f) bend angle in a hook. For
the purpose of this study a steel fibre of geometry as shown in Fig. 9 is considered as the
baseline and the local -0 properties and u are taken as those identified in the validation. The

remaining parametric variations are described in Table 1.

The parametric study considering a variation in the number of hooks is shown in Fig. 13(a), in
which it is observed that as the number of hooks increases the force generated at a given slip
also increases due to the additional plastic hinge and frictional forces. This increase in force
with an increase in hook number will be limited by the strength of the fibre such that it is not
possible to continue to add additional hooks indefinitely. The enhancement of pull-out load
due to addition of bends in hooked fibre was also experimentally proven by Abdallah and Ree

(2019).

The influence of fibre diameter is shown in Fig. 13(b), which is plotted in terms of fibre stress
rather than fibre force as it allows for the comparison of fibre efficiency. When considering the
influence of diameter, it is important to consider that the interfacial bond stresses vary
proportionally with fibre diameter, but the plastic hinge contribution varies proportionally with

the diameter squared.

The influence of fibre embedment length is shown in Fig. 13(c) in which it can be seen that
pull-out loads and particularly energies are significantly impacted by embedment length. The
reason for this reduction is the drop in load developed by interfacial shear, which is directly
proportional to the embedded length. Robins et al. (2002) investigated the influence of straight

fibre embedment lengths (5, 10, 15, and 20mm) on the pull-out load and slip response. There
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was a significant difference of ultimate pull-out load between 5mm, and 10mm embedment

length, but this difference was insignificant for 10, 15, and 20mm embedment length.

The effect of hook position along the fibre length is shown in Fig. 13(d). It is observed that
while the maximum force is independent of the position of the hook, the post peak behaviour
is highly dependent on hook location. This is because the slip to cause pull-out of the hook
depends on hook location and can be increased by shifting the hook closer to the loaded end.
A similar phenomena is observed in Fig. 12(e) which shows the influence of the distance
between bends. In this case it is observed that by increasing the distance between hooks the
slip to cause at which the second bend becomes inactive is increased and therefore so too is

pull-out energy.

The significance of the angle of the bend of the hook is shown in Fig. 13(f) where it is seen
that by increasing the angle of the hook the ultimate force can be significantly increased. This
occurs because both the plastic hinge force and the frictional force are directly related to the
bend angle (6). From Eq. 9 Fer for 6 = 45°, and 60° is 1.22 and 1.73 times higher than Fpn for
6 = 30°, there is however a limit to which the angle of the fibre can be increased before which

fibre rupture will occur.

Conclusion

The ductility of fibre-reinforced concrete depends on the matrix (concrete) and fibres where
the type and fraction of fibres play a significant role. Availability of a reliable model that can
credibly predict the behaviours of fibre-reinforced concrete has the benefit of avoiding
numerous trial experiments involving time and cost to optimise the mix-design. To address this
issue, many researchers attempted to develop analytical and numerical models where
simulating the pull-out behaviour of a single straight or hooked fibre is the key problem. In

earlier studies, the resistance provided by the bents of a hooked fibre is only considered after
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the complete interfacial debonding over its entire embedded length to simplify the derivation
of the model. As fibres move/slip during debonding phase, the resistance exerted near the bends
due to fibre straightening in the form of hinge should be accommodated at these localised
sections before complete debonding. Hence, it is a need for development of a realistic
prediction model that can accommodate the transfer of interfacial bond stresses and the fibre
straightening bending forces at hinges throughout the entire pull-out process. It is also
preferable to derive an analytical model, if possible, as it can be conveniently used without any
concern related to computational issues commonly faced by a numerical model. Such an

attempt is made in this study.

The development of the proposed analytical model is an extension of a previous approach
developed for the bond behaviour of plates externally bonded to brittle substrates with anchors.
The bends replace the anchors of the previous model where the force at the bends is a function
of the friction at the bend as well as the hinges that form as the fibre is straightened. The
solution utilises an innovative matrix-based approach to avoid defining an excessive number
of solution cases that arise due to the trilinear bond stress-slip relationship and the bends in the
fibre. The model allows for the gradual increase and then decrease in the forces at the bend
without using smoothing polynomials. Comparison to experimental results from Cunha (2007)

validate the analysis.

The effects of hooks, its size and position along fibre length and fibre diameter in pull-out were
then explored using the analytical model: The findings from this parametric study include: (1)
an increase in the number of hooks along the fibre length improves the pull-out resistance. (2)
The effect of the position of hooks is significant whereas the size of hook has less effect in
pull-out strength. (3) Increase of bend angle increases the pull-out strength. (4) The effect of

fibre embedment length has a minor influence on the ultimate pull-out resistance of the hooked
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fibre as most of the ultimate pull-out resistance is attributed to the hooks. Hence, the developed
analytical model can be used as a simple tool to optimise the shape and size of hook fibre for

improved ductility of fibre reinforced concrete materials.
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Notations

The following symbols are used in this paper:

Ac = effective cross-sectional area of concrete (Ac = (Er/ Ec).Ar);

Ae = area of the elastic region in fibre cross-section;

As = cross-sectional area of fibre;

Ap = area of the plastic region in fibre cross-section;

Bm = Bond force at fibre-concrete interface of infinitesimal segment m;
c123 = initial coefficient vectors;

ds = diameter of fibre cross-section;

dx = infinitesimal length along the embedded length;

Ef = modulus of elasticity of fibre material;

Ec = modulus of elasticity of concrete;

Fe(l3) = fibre force immediately after bend 1;
Fe(17) = fibre force immediately before bend 1;

Fe(13) = fibre force immediately after bend 2;
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Fe(13) = fibre force immediately before bend 2;
Fpn = force necessitates formation of plastic hinge;
Fepr1 = force necessitates formation of plastic hinge at bend 1;

Ferz = force necessitates formation of plastic hinge at bend 2;

Fui = force due to additional friction at first bend;

Fo = force due to additional friction at second bend;

fc = concrete compressive strength;

fy =steel fibre yield strength;

l¢ = second moment of area of the fibre section;

L = embedded length of the fibre;

Lp = fibre bonded perimeter;

My  =yielding moment when extreme fibre is just started yielding;

Mpn = moment necessary to produce plastic hinge;

m =1,2, 3, ..., m(infinitesimal segment number from loading end);

N = normal force acting normal to the inclined segment of the fibre;

N1 = normal force acting at bend 1;

N2 = normal force acting at bend 2;

P = pull-out load;

Pc = reaction force on concrete from support in the pull-push experiment set up;
P, =concrete force at the same level of infinitesimal fibre element (m);

Ps = global pull-out force in fibre;

P =fibre force in the infinitesimal element m;

r = radius of fibre cross-section;

S123 = solution matrix for Zone I, 11, and Il1. subscript (1,2,3) refers the zone;

X = position from end of embedded length;
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T
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dé
dx

= vertical distance of a point from neutral axis in fibre cross-section;

= vertical distance of elastic end from neutral axis in fibre cross-section;
= local slip at any point along fibre length;

= local slip at m along fibre length;

= local slip at fibre free end;

= local slip at ultimate bond-shear stress (zr);

= local slip when 7 = z;

= fibre strain;

= fibre strain at segment m;

= concrete strain;

= concrete strain at segment m;

=angle at the bend of hooked fibre (rotation angle for formation of plastic hinge);
= frictional coefficient;

= tangential frictional force;

= tangential frictional force acting at bend 1;

= tangential frictional force acting at bend 2;

= local bond-shear stress;

= local bond-shear stress at x distance from free end;

= local bond-shear stress at segment m;

= ultimate bond-shear stress;

= frictional bond-shear stress at local slip of §2 or more;

= curvature in bending (Fig. 4);

= curvature at yield at extreme perimeter of fibre cross-section in bending;

= global slip (slip at loading end);

=slip strain;
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(do/dx)m = slip strain at segment m.
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847  Table 1. Variation of parameters

Set ID @ (mm) e° L(mm) li(mm) I, (mm) E;(GPa) Ey(GPa)
(a) SF 0.75 0 30 - - 30 200
HF-1B 45 2 -
HF-2B 2 5
(b) o1 0.25 45 30 2 5
@2 0.50
a3 0.75
© E1 0.75 45 10 2 5
E2 20
E3 30
(d) P1 0.75 45 30 2 5
P2 4 7
P3 6 9
(e) S1 0.75 45 30 2 3
S2 5
S3 7
) o1 0.75 30 30 2 5
02 45
03 60
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