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SUMMARY

The subject of this thesis is the study of urban

commuter traffic in a general, mathematical fashion.

A simple model of an inhomogeneous city is considered.

Tt is assumed that the city essentially consists of an
inner central business district, which contains only work
places, surrounded by an annular residential zone,
consisting only of homes. Some concepts are explained
and discussed in Chapter II, while the remainder of the
thesis is concerned mainly with the detailed investigation
of several variations of this model.

An idealized circular city is studied in Chapter III,
where the effect of growth in the number of persons living
in the suburbs of the city and working in a central business
district of constant size is investigated. Seven
alternative basic routeing systems are examined. It is
shown that for some important routeing systems the total
city size, relative to the size of its central business
district, can only be increased to a certain extent before

the routeing system becomes inefficient and non-optimal.



Critical values for the ratio of the density of work places
to homes are then obtained. The criteria used to evaluate
the routeing systems are average distance travelled,
average travel time, and average &area of road space required
for the journey to work.

This basic model of an inhomogeneous city is further
investigated in Chapter IV, where we consider first the
average distance travelled from home to work, in cities
with rectangular routeing systems but of different
geometrical shapes. Then the case of a square city with
three modified rectangular routeing systems 1is examined and
the average trip length and average time taken are
calculated. It is shown that several interesting
conclusions follow from the calculated results.

A simple mathematical model of a satellite town is
presented in Chapter V. It is shown that the model
contains the basic features of a satellite New Town as well
as of a satellite Residential Town. The characteristics
of commuter travel in a satellite Residential Town are

investigated, and the size of the Central Area and of the

vi



satellite town, the distance travelled per unit area, and
the average distance travelled, are evaluated. For an
initial sample set of data, numerical results are presented
and discussed.

Some work trip date for Adelaide are analysed in
Chapter VI. The distribution of homes is studied in some
detail, and it is shown that the density of homes can Dbe
expressed in terms of the distance from the centre of the
city by means of a simple formula. Data for the
distribution of work places within Adelaide are also given
and commented one.

Finally Chapter VII discusses some general aspects of

the problem, and offers suggestions for further worke
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CHAPTER I
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INTRODUCTION

1.1 _General Survey

Traffic congestion in cities is one of the most
formidable and pressing problems of modern living. The
rruetrations, associated with travel in an urban region,
are so familisr that it is scarcely necessary to ennumerate
them. The motorist to-day has become resigned to the
inevitability of traffic jams, parking difficulties, crawling
automobiles, accidents and general confusion. FFurthermore
the seemingly endless flood of vehicles onto inadequate city
road networks produces undesirable side-effects such as
fumes, noise, smell, and a clutter of unsightly traffic
signs and signals, all of which lead to a serious deterior-
ation of the urban environment.

While the present difficulties are severe enough, it is
highly probable that even more desperate conditions will
prevail in the future. The trend towards increasing
urbanisation and motorisation of the world's population seems
to be firmly entrenched. Data collected by Smeed [17] shows,
for example, that while 35 per cent of the total population
of the United States resided in urban areas in 1890, this

figure had risen to 63 per cent by 1956. Horeover the
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number of motor vehicles per head of population had a
compound rate of increase of 3.7 per cent per annum for the
five years up to 1959, and this in a country which already
had 0.40 vehicles per head of population in 1959. There
is thus some substance in the claim that the very existence
of modern cities is being threatened by the explosive growth
in the number of motorised, rubber-tyred vehicles,

It is no wonder that the urban transportation problem
has received a tremendous amount of attention in recent
years. An enormous literature exists on the subject, and
numerous conferences have been organised to discuss various
aspects of the problem. An interesting and extremely
lucid account of the urban traffic problem is given in the
Buchanan report [2]. In this classical work, Buchanan
and his committee have analysed the basic nature and causes
of traffic congestion, provided a theoretical basis for
resolving the problem, and illustrated their conclusions
with a series of practical studies.

A dentral idea in Buchanan's approach is the concept
of "environmental areas'. An environmental area is a
region where civilized human activities are given primary
importance, and traffic facilities are limited to the
service of these activities. These areas are to be linked

by a network of distributory roads, and all inter-area
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traffic is to be channelled onto these roads without choice.
In contrast to the "bird's-eye" view adopted by

Buchanan, there exists a number of very detailed transport-

ation studies centred on individual cities. A typical

example is the Chicago Area Transportation Study (CATS)

[L]. The main objective in such a study is invariably the

formulation of a comprehensive transportation plan for some

target year in the future. The standard technique in
conducting a transportation study consists of five phases

[4]

(a) Compiling inventories of present transportation
facilities, land use, and travel characteristics;

(b) Forecasting of future population, economic activities,
and land use;

(¢) Torecasting of future travel demand, trip generation,
and the distribution of travel between private and
public modes;

(d) Preparation of a comprehensive plan involving both
highways and public transport facilities;

(e) Testing the plan against future travel requirements,
followed by revision and further testing until a
satisfactory solution is achieved.

A comprehensive transportation study is usually

characterised by the vast amount of detailed information
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that is collected, and this necessitates the use of a large
computer to process the data and to assist in the execution
of the study.

The two types of transportation studies, exemplified
by the Buchanan and the CATS reports, are markedly different
in their methods of analysis. While the first type treats
the problem in a general but qualitative fashion, the second
type examines the problem gquantitatively but limits the
analysis to the peculiarities of a specific town or city.

It is clear that there is a wide gap between these two
approaches, and attempts have been made to bridge them by
studying the subject both comprehensively and quantitatively.
This third approach is of value because it enables accurate
calculation to be made of parameters that could formerly
only be discussed qualitatively. loreover the results
obtained are a guide to the ideal transportation network and
are therefore useful in the initial selection of desirable
comprehensive transportation plans. On the other hand, it
must be admitted that only a small number of variables can
be considered and various simplifying assumptions have to be
made as otherwise the problem becomes mathematically
intractable. This thesis is concerned mainly with a number

of mathematical investigations in this field.



1.2 Historical Background

The first attempt to attack the problem of traffic
congestion in a general mathematical fashion was made by
Smeed. In a pioneering paper [17], Smeed introduces the
important concept of the area of road required for a
journey, and also proposes a theoretical model of a town.

He assumes that the town is circular and symmetrical about
the centre. All the workers in the town work in the
circular central area, and live in the surrounding annular
residential zone., Except for the space required for roads,
the work places are uniformly distributed in the central
area, while the homes are uniformly distributed in the
residential zone. Each worker is assumed to follow a
simple form of routeing for the journey from his home to his
work place. '"ith these assumptions, Smeed is able to
calculate the amount of road space required for the journey
to work for a given town population. The size of the
central area and of the whole town are also derived.

In a second paper [19], the calculations for the central
area of a town are extended, and three routeing systems are
studied in detail. Two distributions of work places are
considered:

(a) A uniform distribution as above;

(b) The density of work places is inversely proportional
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to the distance from the centre of the town.

Some data on the journey to work in London are analysed and
compared with the theoretical results. This paper is
notable for the empirical results given, and for the effort
made to examine critically the applicability of the
theoretical model.

Smeed and Jeffcoate [23] have calculated the distances
travelled in the central area when people use a rectangular
grid of roads, and compared the results with those for other
forms of routeing. In these papers it has been assumed
that the distribution of work places 18 unaffected by the
existence of the road network and full account was not taken
of the space required for the roads in some forms of
routeing. This approximation is not made and a more exact
treatment given by Smeed in a fourth paper [21]. Various
aspects of the model have also been discussed in other
papers [18,20,22,24,]. As Smeed's work is fundamental and
forms the basis for the analysis given in this thesis, a
fuller discussion of his results and assumptions is given
in Chapter 2.

Smeed's basic model of a circular city has been further
investigated by Haight [12], who derives the probability
distribution for trip length, and the probability distri-

bution for traffic weight at each point in the city, under
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the assumption of six different routeing systems. For any
particular routeing, the traffic weight at a point is defined
to be the measure of all destinations requiring travel
through that point. Fairthorne [10] discusses the concept
of accessibility within a city, and calculates the distances
between pairs of points in towns of simple geometrical
shapes. He considers four types of networks : direct,
rectangular, radial-circular, and triangular.

Holroyd [13] classifies each journey that takes place
in a particular area as (i) internal, (ii) ecross-cordon,
or (iii) through, according to whether the origin and
destination of the journey are (i) both inside, (ii) one
inside and one outside, or (iii) both outside the area.
The average distance travelled within the area by such a
journey is obtained by finding the average length of a route
between (i) two random interior points (ii) a random
interior point and a random peripheral point, and (iii) two
random peripheral points. These three quantities are
calculated for a circular area with twelve different routeing
systems. For those routeing systems which make use of an
inner circular ring-road, concentric with the area considered,
Holroyd determines the positions of the ring-road which

minimizes the average length of internal, cross-cordon, and



through journeys.

Miller and Holroyd [1L] point out thdt a large part of
the congestion experienced by traffic in towns arises from
the fact that vehicles have to cross each other's paths.
Unless these crossings take place at a flyover, some delay
at the intersection is almost inevitable. Pursueing this
jdea they discuss how the number of route-crossings can be
used as one characterisation of the traffic movement in an
area, and derive the expected number of crossings for two
randomly selected routes in a simple circular city, where
the origins and destinations of journeys are uniformly and
independently distributed. Six types of routeing systems
are considered. The problem of selecting a set of routes
which minimizes the number of route-crossings on a given set
of journeys is then studied. Finally methods are given
for calculating the travel intensity (the total vehicle
distance travelled per unit time per unit area) and the
crossings intensity (the number of crossings per unit time
per unit area) for every point in a city.

The optimal location of eXpressways comprise a group of
problems, which are obviously related to those described
above. As expressways are a prime ingredient of any
transportation plan, it is not surprising that the problems,

connected with them, are of great interest and have been



intensively studied.

Creighton et al [7,8] have determined the optimal
spacing of expressways and arterials on the basis of the
following simple assumptions: ;
(a) There are only three types of streets - local,

arterial, and expressways - with driving speeds 1in the

ratio of 1 : 2 : L.

(b) All streets exist in a square grid pattern only.

(¢) The spacing of local streets is fixed at 0.125 miles.

(4) There is a uniform density of trip generation at all
places in the urban terrain considered.

(e) There are ramps to expressways at the same spacing as
arterial streets.

Other factors taken into account include the frequency
distribution of trip length, and the usage made of the
different types of roads by trips of different lengths.
Expressions for the total cost of travel and the total cost
of construction are given, and these are used to find the
spacings of arterials and expressways which minimize the
overall cost.

A more general model has been studied by Tanner [28],
who assumes that a basic road system exists which permits
travel in a straight line between any two points. Tanner's

paper is concerned with the effect on the average travel time of
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a journey of superimposing an additional network of motor-

ways (British for expressways) with higher travel speeds onto

the basic road system. His other assumptions are:

(a) Trips are generated at random points on an infinite
plane;

(b) Each trip has the same straight~line distance from
origin ta destination;

(¢) All directions of travel from origin to destination are
equally likely;

(@) A motorway may be joined or left at any point.

Tanner gives results for parallel, square grid, rectangular

grid, and multi-=directional motorways.

Friedrich [11] has described some interesting appli-
cations of the calculus of variations in the solution of
town planning problems, particularly the optimal location of
roads. The basic integral for the variational problem is
obtained by summing up the total person - distance travelled
in the urban region under consideration. The person -
distance associated with a journey is defined to be the
length of the journey multiplied by the number of persons
going on the journey. The form of the road layout for
which this basic integral is an extremum is calculated by
solving the usual Fuler differential equation. For prac-

tical cases, it turns out that the extremal solution is also
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the minimal solution, and Friedrich regards this as his main
objective. The minimization of total person - distance
usually means that the zones with the heaviest inter-zonal
traffic are routed as directly as possible.

The distribution of traffic on a given transportation
network is another topic, which has been studied by many
authors including Wardrop [29]. The emphasis here is on
the relationship between the demand for travel between the
various zones of an urban area, and the 'cost! of travel
along prescribed routes. The term 'cost' is often general-
ized to include such factors as time, price of fuel, or wear
of the vehicle. Although the traffic aspects are not
neglected, it appears that the major interest at present is
on the derivation of some formula that will represent
accurately the manner in which a given zone attracts traffic
from other zones.

While theoretical work in the field of urban traffic
networks has been fairly substantial, it is unfortunate that
empirical analyses have not kept pace due to the difficulty
of obtaining the required information. This is often only
available in such a summarised form as to render it imposs-
ible for any general analysis to be made.

Of the few studies available, the most relevant appears

to be the papers by Smeed [19] and Clark [5,6]. Smeed
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gives some results for the journey-to-work and for the
distribution of homes and work places in London. One of
his significant conclusions is that, if people travel directly
from their homes to their work places, then a considerable
proportion of unnecessary travel is bound to occur in the
central city area. Clark has studied, in detail, the
distribution of population in twenty cities at various times,
and shown that the population density decreases more-or-less
exponentially with increasing distance from the city centre.
Another of his interesting conclusions 1s that in most
cities, as time progresses, the density tends to fall in the
most crowded inner suburbs and to rise in the outer suburbs
so that the whole city tends to expand. Weiss [30] has
reviewed Clark's results, developed some extensions, and
provided an application for a servicing problem where there
are installation as well as coverage costs. This topic has
also been investigated by Sherratt [16].

An analysis of some work trip data for Adelaide is given
in Chapter VI of the thesis, and it is shown that Clark's
formula gives a good fit for the distribution of homes
within Adelaide. The distribution of work places is also
discussed although no simple pattern is apparent in this case.

It is obvious from the above discussion that the study
of urban traffic in a general, mathematical fashion is still

in a very primitive state. A prealistic statement of the
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problem will involve so many complications that no solution

appears to be possible. Hence the use of simplified models

is inevitable. This thesis considers several such models
and shows that a detailed study of these cases can provide
new and important, even though limited, insights into the
overall problem.

The main parameters investigated are the average
distance travelled, average travel time, and average area
of road space required for the journey to work in various
types of cities. The concept of the area of road required
for a journey is defined and explained in Chapter II, which
also includes a summary of the later chapters. However
the two most important results, presented in this thesis
and previously discussed by Tan [25,26,27] in a series of
papers, can be summarized as follows:

(a) TFor some important routeing systems the total city size,
relative to the size of its central business district,
can only be increased to a certain extent before the
routeing system becomes jnefficient and non-optimal;

(b) A simple modification of Smeed's basic model can be
used to study the traffic pattern of commuter travel
in satellite towns. This modified model is surpris-
ingly comprehensive and enables a large number of

parameters to be studied.



CHAPTER II

THE ROAD SPACE REQUIREMENTS FOR TRAFFIC IN CITIES

2.1 The area of road required for a journey

The concept of the area of road required for a journey

was introduced by Smeed [17], and is essential for the
calculation of the amount of road space required for travel
within cities. This concept is meaningful whenever a
network of roasds is occupied to capacity for a definite
period of time, and hence is particularly suitable for the
study of commuter traffic in the morning and evening peak
periodse.

Consider a road of width W feet and capacity @
vehicles per hour. Tf this road is used to capacity for a
period of T hours and the number of persons to a vehicle
is ¢, then the width of road required for a person journey
is W/QecT feet. It is convenient to denote W/QeT Dby N
If each person travels a distance of one mile along this

road, then

Area of road required per person = 5280 N square feet.

for a journey of one mile

The following points should be noted:
(2) The value of N\ can be decreased either by lengthening



(b)

(e)
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the duration of the peak travel pcriod or by increasing
the number of persons to a vehicle;

Since the capacity of a road depends on the speed of
travel, it follovs that the travcl speed has been
implicity assumed in the above calculation. The road
capacity decreases as the travel speed increases within
a certain range, and thus the value of N will increase
with increasing speed.

Although it has been assumed that the road under
consideration is used to capacity it is obvious that if
this is not the case, then some road space is wasted
and the area of road required for a journey will
increase. Hence the above procedure can be coneidered
as giving, in a sense, the minimum area of road required

for a journey.

Some very useful data, reproduced in TABLE I, have been

published by the Road Research Laboratory [15] on the road

space required by a verson to go a journey of one mile with

different —odcs of transport and under different conditions.

The assumptions behind the table are that the peak travel

neriod lasts for two hours, a car carries 1.5 persons on the

average, a bus carries 32 passengers (these are considered

to be average figures for the peak period in Central London) ,



TABLE I

ROAD SPACE REQUIRED BY A PERSON

FOR A JOURNEY OF ONE MILE

——————

Urban Street 2uft. wide

e - o

In Central London
In Central London

¥lith few pedestrians
or intersections

v

Road space

Urban street LUft. wide
In Central London
In Central London

7ith few pedestrians
or intersections

- —— e —————— - — =

Urban motorway

12 ft. lane

Speed Capacity required per
(mile/hour) | (p.c.u./hour) | person-mile
(square feet)
‘ Car Bus
15 610 69 10
10 990 L2 6
30 1400 30
15 1970 39 6
10 2790 28 L
30 1400 17
Lo 2000 per 11
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and that a bus is equivalent to three passenger car units
or automobiles. It is interesting to see from Table I
that the road space required by a person for a one-mile
journey by car varies from 69 square feet on narrow
Central London streets at a travel speed of 15 m.p.h. to
only 11 square feet on urban motorwvays at LO m.p.h.

2.2 The road space required in a city centre

The usefulness of the above concept of the area of
road required for a journey is best illustrated by
describing some of Smeed's results for the road space
requirements of a city centre.

A simple theoretical model of a city is considered,
and the analysis is confined to the journeys to and from
work in the peak travel neriod. It is assumed thét the
central area is circular, and that all the peonle who work
in the central area live outside it. The other relevant
assumptions are:

(a) The number of workers entering the central area is
known and is the same at all parts of the circumference;
(b) The point at which a worker enters the central area is
not correlated with the position of his »nlace of vork;
(¢) The density of work-places is inversely proportional

to the distance from the city centre.
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Since actual road networks and travel routes are too

complicated for mathematical analysis, a simplifying

assuaption has to be made and only ideal routcing systcns

are considered. Three types of routes are studied:

(a) Direct: The route follovs a straight line from the

edge of the central area to the destination;

(b) Radial: The route follows a radial to the city centre

and

then follows another radial to the destination;

(¢) Ring: The route follows the circumference of the

central area to the radial on which the destination

lies, and finally goes straight to the destination.

The
by means
then the

and fron

average distances travelled in the central area
of the above three routes can be calculated, and
road space required per nerson for the journey to

work is easily found. The details are given in

smeed [19]. The results, assumning that all the workers

travel by car, are summarized 1n an interesting figure

reproduced in Fig. 1. This shows the amount of road space

required per person plotted against the number of persons

working in the central area.

The

data used Tor this figure relate to conditions

prevailing in Central London, and it is assumed that the

streets are of width bLlL feet with traffic moving at 10

miles per hour, 1.5 persons to the car, and a peak period of
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2 hours. The road space required peb person for a one-mile
journey is taken to be 28 square feet, while the space
required per person for wvorking and for vnarking are assumed
to be 2L5 square feet and 25 square feet respectively.

The results, representing travel by bus, are also
included in Fig. 1. In this case it is assumed that the
gpace required per person for a one-mile journey is U4 square
feet, and no parking space is required.

Tt is immediately seen, from Fig. 1, that the road
space required per person for +he home~work journey increases
rapidly with the number of persons working in the central
area. This is an important result, and shows clearly that
ecach new worker requires an additional amount of road space
which increases in relation to the total number of workers
already present.

2.3 Summary of later chapters

The effect of growth in the number of persons living
in the suburbs of an idealized circular city and working
in a central business district of constant gize is
investigated in Chapter III. Seven alternative basic
routeing systems are examined. Critical values for the
size of the whole city, relative to the size of its central
business district, and for the ratio of the density of

work-places to homes are obtained. The criteria used to
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evaluate the routeing systems are average distance travelled,
average travel time, and average areca of road space required
for the journey to work.

This basic model of an inhomogeneous city is further
investigated in Chapter IV, where we consider first the
average distance travelled from home to work, in cities
with rectangular routeing systems but of different geometri-
cal shapes. Then the case of a square city with three
modified rectangular routeing systems 1is examined and the
average trip length and average time taken are calculated.
It is showvn that several interesting conclusions follow
from the calculated results.

A simple mathematical model of a satellite town is
presented in Chapter V. It is shown that the model contains
the basic featurcs of a satellite New Town as well as of a
Satellite Residential Towm. The characteristics of
commuter travel in a Satellite Residential Town are
investigated , and the size of the Central Area and of
the satellite town, the distance travelled per unit area,
and the average distance travelled, are evaluated. For an
initial sample set of data, numerical results are presented
and discussed.

Some work-trip data for Adelaide are analysed in
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Chapter VI. The distribution of homes is studied 1n some
detail, and it is shown that the density of homes can be
expressed in terms of the distance from the centre of the
city by means of a simple formula. Data for the
distribution of work-places within Adelaide are also given
and commented on.

Finally Chapter VII discusses some general aspects of

the problem, and offers suggestions for further work.



CHAPTER III

AN EXPANDING CIRCULAR CITY

3.1 _The 'rush-hour' problem

The traffic problem, in many cities, is essentially
the problem of catering for the very large number of workers
who commute from their homes in the suburbs to a densely
packed city area or central business district. This rush
of workers in the morning and evening takes place within a
relatively short period of time, usually one or two hours,
and seriously overloads the available road network at these
periods. As a result excessive delays and congestion occur.
Efforts to alleviate these hazards have often been frustrated
due to the difficulty of regulating the vehicle owners.
Ring roads, for example, which are designed to divert through-
traffic from the city centre, have frequently been heavily
utilized by those going into the central business district.

An idea of the magnitude of the problem may be gauged
from the fact that travel to work accounts for more than 4O
per cent of all home-based trips in cities of over one
million population. Some transportation planners have even
stated that as much as 90 per cent of their time and effort
is directed towards finding means of catering for the

'home-to-work' commuter trip.
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One of the most perplexing aepects of the rush~-hour
problem is that any solution, vhich is to be really effect-
ive, must take into account not only the present state of
the commuter traffic but also the fact that this traffic is
likely to become heavier and more prevalent in the future.
Thus the town planner has to plan for an expanding as well
as for a congested city. This expansion 1is difficult to
plan for because a feature, common in urban growth, is that
the central business district, with a high concentration of
workers, grows very slowly in size whereas the surrounding
suburban region, which is mainly residential, spreads rapidly
and constitutes an expanding 'suburban sprawl'. In many
cases the difficulties of the town planner are compounded by
the fact that he is saddled with a basic road system, which
has grown with the city, so that he ig limited to only minor
changes.

This chapter studies this aspect of the ' push-hour'
problem and deals with the effect of some basic routeing
systems on the average distance travelled, average time
taken, and average area of road space required for the
journey from home to work in a city where the residential
area is growing rapidly. It is based on an extension of a

model, due originally to Smeed [17].
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3.2 Formulation

The city is assumed to be in the form of a circle of
radius R, within which is enclosed an inner concentric
circle of radius r. Work places are assumed to be
uniformly distributed over the inner circle (the CBD) and
homes to be uniformly distributed over the outer concentric
zone (the residential suburb). It is assumed that there
is no correlation between the positions of homes and work
places, i.e. people do not try to live in suburbs which are
near their places of work. These simplifying assumptions
are necessary in order to make the problem tractable.

They can be regarded as reflecting our meagre understanding

of urban traffic phenomena. For the purpose of examining

the effect of an expanding suburban zone, we shall later

keep r constant and increase R.

A person can travel from his home to his work place
in any one of seven ways:

(a) Direct: By going in a straight line from his home to
his destination. This routeing requires a network of
straight roads running in all directions at all points.
There is no real road network which can provide even an
approximation to direct routeing. However it is of
interest as it gives a lower bound for the travel

distances.
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(b) Rectangular: By going along one of the many shortest
routes from his home to his work place, utilizing routes
that are either parallel or perpendicular to a
particular diameter of the circles. This routeing
requires a rectangular grid of roads.

(c) Radial: By going along a radial to the centre of the
city and then along another radial to his destination.
This routeing requires a network of radial roads
running in all directions and conmected at the centre.

(d) Ring: By going along a radial until he reaches the
inner circle, then along the circumference (clockwise
or anticlockwise - whichever is shorter) until he
reaches the radial on which his destination lies, and
finally straight to his destination. This routeing
requires a network of radial roads running in all
directions, not connected at the centre, and a ring
road at the circumference of the inner circle.

(e) Arc-radial: By going along a circle concentric with
his home until he reaches a point on the same radial
as his destination and then straight along the radial
to his destination. This routeing requires a network
of radial roads running in all directions, not connected
at the centre, and ring-roads concentric with the

circles at all distances in the residential 2zone.,
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(f)' Radial-arc: By going along a radial until he reaches
a circle concentric with his deotination and then
along this circle (clockwise or anticlockwise -
whichever is shorter) to the destination. This
routeing requires a network of radial roads running
in all directions, which need not be connected at
the centre, and ring-roads concentric with the circles
at all distances in the central area. Holroyd [13]
points out that this is the shortest route consisting
of one radial segment and one arc. Moreover it would
be difficult to ensure that no person passes through
the centre, for although the radial roads may not be
directly connected, they are connected to a ring-road
very close to the centre.

(g) Polar: By using either a Radial-arc or Radial route -
whichever is shorter. This routeing requires the
same network of roads as in Radial-arc routeing, but
has the radial roads connected at the centre.

3,3 Average trip length

Place a polar co-ordinate system on the city, as shown
in Pig. 2. A home is defined by a point H(h,0) and a
work place by a point G(ﬁ,e). Because of the symmetry of
the figure no generality 1is lost (except in the case of

Rectangular routeing) by assuming that the angular co-ordinate



FICURE 2. THE MODEL OF AN INHOMOGENEOUS CIRCULAR CITY WITH AN INNER CENTRAL
BUSINESS DISTRICT AND AN OUTER CONCENTRIC RESIDENTIAL ZONE.

4GOH = 6, LOHG = o
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of H 1is zero and by restricting 6 to the range

0 < 0 < 1 The average length of a Rectangular route will
later be calculated by a method which is not affected by
these restrictions.

Since homes and work places are uniformly distributed,
the probability of finding a home or a work place at a point
is proportional to the polar element of area e.g. L(dfdo.
The distance d travelled along the first six routes from

H to G are:

Direct d = V[h® + £? - 2ht cos 0] (3.1)
Rectangular d=h—-4L¢ cos 6+ L sin 6 (3.2)
Radial d=h+ ¢ (3.3)
Ring d=(h-1r)+re+ (r-2t) (3.L)
Arc-radial d=(h~=¢) + ho (3.5)
Radial=-arc ad=(h-1¢)+ Lo . (3.6)

For polar routeing the traveller will use the Radial-arc
route if 6 < 2, and the Radial route if 6 > 2.

The average distances travelled can be obtained by
several methods. However the most convenient appears to be
that of straight forward calculation.

(2) Direct.

It is convenient for this particular calculation to
denote the distance d Dby 7. The method used is to
calculate first the expected value of 7 assuming that h

is constant and then to allow for the variation of he
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The expected value n is thus given by

n=E E =E E ' = ¢sin 0/n.
n=E B (n) E B where 8in ¢ = {sin 6/7
(3.7)
It is seen from Fig. 2 that, for a particular value of h,
the parameters 7 and ¢ in equation (3.7) are restricted

to the ranges 7, € np < 7z 8nd O < ¢ < sin”? (r/h) where

i

my = h cos ¢ - V(r® = h? sin® ¢) (3.8)

ne = h cos ¢ + V(r? - h? sin® @) (3.9)
The probability that point G is within the polar element
of area ﬁdnd¢, given that it is in the upper half of the
inner circle, is 2ndnde/wr?.

Therefore

sin-1 (ﬁ) N2

E (n) f n? dn do ,
U5

2
Mo 'HTE

0
sin‘i(%)

—2—§ f [6(h cos )% (r® - h? sin® @)t/®
e 0

+ 2(r? - h?® sin? ¢)%/%] do .

]

(3.10)

The usual convention has been adopted so that

[f (ees) dn do = [[[(...) dn ] 49 . (3.11)
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Substituting r sin a = h sin ¢ 1in eguation (3-10) gives

e
n?¢ (n) = # f; [cos? a V(h? - r? sin? a)] da

T

/2
+ %ﬁi f : [cos* a/V(h® - r® sin® a)] da .
(3.412)

The expected value 7 is

R
= 2
por % L ) f [h U§¢ (n)] an
r

31
|

Ty 2
3W(R§R“ ) { R? [ [cos?a(1 - r2sin?a/R2)3/2] ao
0

)

77'/2
+ R [ [costal(1 - r2gin?a/R2)t/2 ] da }
0
~ 12873/L5w(R® = r?) (3:13)

In order to facilitate numerical computation, this expression

can be written in terms of elliptic integrals. The

average distance 7 or d comes to
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o]

= L|-57TP2(182§ - I‘P“) [(Pl' + 1)4-1‘2R2 + R‘)E(r/R)

- (R? - r2)(7r2 + R®)XK(r/R)]

- 128r3/L5m(R® - r?) . (3.14)
K(r/R) and E(r/R) are the Legendre complete elliptical
integrals of the first and second kind respectively. These
have been tabulated 1in numerous books of tables.

(b) Rectangular

The easiest method of obtaining the average distance
travelled using rectangular routeing is to use a result of
Pairthorne (10), who points out that the average length of
a rectangular route can be found by multiplying the average
length of the corresponding direct route by the average
ratio of rectangular distance to direct distancei The
reason for this is that the symmetry of the circle ensures
that the orientation, relative to the rectangular grid, of
the straight line joining an origin to a destination 1is
independent of its length. This method cannot be used, for
example, in a square or rectanguldr city.

Let the straight line joining a home to a work place
be of length 7. If this line makes an angle o with a
particular axis of the rectangular grid, then the rectangular
distance is

n(cos a + sin a) (3.15)
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The average reatio of rectangnlar distance to direct distance

is thus

)2

2 : _ b
= [O (cos o + sin a) da = = (3.16)

Hence the average distance travelled from home to work is

T M5w2rg%§2 —=y [(z* + 1LWr*R* + R4)E(r/R)

- (R% - p?)(7r% + R?)K(r/R]
- 512r3/457%(R? - r?) . (317)
The same result can also be obtained by a direct calculation.

(c) Radial

The average trip length is
d E(h) + E(Z)

oR2/3(R + r) + Lr/3 . (3.18)

i

4 Rin
The expected £rip length is
B(h - r) + E(r6) + E(r -£)
orR2/3(R + r) + wr/2 . (3.19)

d

H

]

(e) Arc-radial

The expected trip length is
d

1}

E(h - ¢) + E(he)
E(h - ¢) + E(h)E(6) (3.20)

since the variables h and 0 are independent. Therefore

d = (7 + 2)R®/3(R + v) + /3 (3.21)
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(£f) Radial-arc

The expected trip length is
E(h - ¢) + E(£)E(6)
2R?/3(R + r) + wr/3 (3.22)

d

il

(g) Polar

Since polar routeing utilizes a Radial-arc route if
0<6<2, the expected trip length for this range is
2R?/3(R + r) + 2r/3 . (3.23)
Hence the average trip length for polar routeing over the
whole range (O<é<wm) 1is

a

2rar?/5(R + v) + 20/3] + TEE[2R/3(R + ©) + kr/3]

2R2/3(R + r) + Lr(w = 1)/3m . (3.24)
It is clear from the above formulae that the last five

routes can be considered as a group. These routes can be
arranged in the following order: Polar, Radial-arc, Radial,
Ring, and Arc-radial. The average distance travelled from
home to work becomes progressively longer as one descends
down the order. This point has also been noted by
Einhorn t9].

Numerical values for d with various values of R
have been calculated and Fig. 3 shows the variation of mean
trip length with increasing R. It is easily seen that

the Direct routeing system gives the minimum trip length,
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while the Arc=radial system gives the maximum. However the
curve for the Rectangular routeing system, which is the
basic routeing system for many cilties, intersects the curves
for the Radial and Ring systems. This means that the
average trip length for the commuter journey, using &
Rectangular route, is less than the Radial or the Ring
systems only for cities that are limited in size when
compared to the size of their central business districts.

In this case the total radius of the city has to be less
than 3.0r miles and L.5r miles respectively, where r 1is
the radius of the central business district.

It can be assumed in our model city that the number of
homes in the residential zone is equal to the number of work
places in the central business district, Then the ratio ¢
of the density of work places tc homes is given by

g = (R®- r2)/r® . (3.25)
From Fig. 3, we see that for ail values of ¢>0, the
Direct routeing system gives the shortest mean commuter trip
length and the Arc-radial system gives the longest. The
Rectangular routeing system results in a shorter average
journey length than the Radial or Ring systems only for
$<8.,0 and ¢<19.3 respectively.

3.l Average travel time

Another criterion that can be employed to evaluate the
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merit of a routeing system is the average time of travel
from home to work. While the average distance travelled
is important, the travel time is perhaps the factor of
greatest direct interest to the motorist. Let V, ©be the
speed of travel in the outer residential zone, Vg the
speed in the central business district, and Vg the speed
on the ring-road, if it exists.
Referring to Fig. 2, the time of travel from a home
at H(h,0) to a work place at a(e,6) is given by:
Direct t = [h cos ¢ - V(r? - h2sin®e)1/Vy
+ (L2 + h® - 2hi cos 6)/Vq
- [h cos ¢ - V(r? - n?sin®)}/Ve ;
(3.26)
Rectangular The travel time depends on the particular
route taken and is not unique;
(h = 2)/Vy + (v + £)/Vs (3427)
(h - £)/V, + r6/Vg + (r = £}/Va ; (3.28)
Arc-radial t = (hog + h = ¢)/V, + (r - L)/ Vs (3.29)

Radial t

Ring t

Radial-arc t = (h=-2)/Vy + (2 =2+ 26)/Va (3.30)
Polar Same as Radial or Radial-arc - whichever is
shorter.

The average travel times are easily calculated, as in
the previous section, by the methods of elementary

probability theory.
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Direct

Let the distance HG (Fig. 2) be denoted by 7.
Then the time of travel from H to G can be expressed as
t =n/Vy - (1/Vg - 1/Vy)ms (3.31)
where 7, is defined in equation (3.8).

Then
T = (1/V2)E(n) - (1/V2 = 1/V)E(m) (3.32)
and E(n) is given in equation (3e1L) o
The probability that n, 1s of length
[h cos ¢ - V(r® - h?sin®¢)] is

(2/mr?). [d¢(n: - ni)/Z] = Lh cos @/(r?® - h®sin®¢)de/mr?® .

(333)
The varisble 7, is defined in equation (3.9)
Therefore
sin-*(r/h)
E(ni) = E%g[ fLih cos @ V(r® - h®sin®¢) [h cos ¢
0

- v(r® - h®sin?¢) ]} do

sin~*(r/h)

#%%[ [cos?¢ V(r?® = h?sin®e)] d¢ - 8r/3m
0

R
= %f [cos?a V(h® ~ r2sin®a)] da - 8r/3m ,
0

(334)



where the substitution r sin o = h sin ¢ has been used.
The expression for E(n,) is obtained by averaging
E(ni) over h , and can be reduced to terms containing
standard elliptic integrals. Finally t 1s calculated by
equation (3.32) and can be expressed as
%t = 8R[(3R* + 7r°R® - ort )E(r/R)]/u5mr2(R? - r2)V,
8R[ (R® - r?)(r?® + 3R2)K(r/R) ]/U5mr2(R? - r?)V,
64r®/Lsm(R? - r?)vy, - 8r/3mV,
8R[ (3r* + 7r2R% - orR+ )E(x/R) }/L45mr? (R® - rR)V,
8R[ (R® - r?)(6r® - oR2)K(r/R) }/Lu5mr? (R® - r?)V,
6Lr3/L5m(R? - r2)V, + 8r/3aVe . (3.35)

The average travel times for the other routes can be

+

i

calculated very simply using the same methods as before,

and can be written down as:

Radialt T =% +50/3Vy ; (3.36)
Ring: T =%+ ar/2Vs + ©/3Vs (3.37)
Arc-radial: T = T+ wRZ/3(R + r)Vy + wr/3V, + r/3Vy,
(3.38)
Radial-arc: T = T, + r(m + 1)/3Ve (3439)
Polar: T =%, + (bm - Wr/ZmVy ; (3.40)
where T, = 2R?/3(R + )V, - v/3V, 5 (3.444)

As a numerical example, we now set V, = 30 mph,
V, = 10 mph, and Vs = 25 mph, which may be regarded as

being typical values for travel speeds on residential, urban,
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and ring roads respectively.

Numerical values for T with various values of R
and a constant r have been calculated and Fig. L
illustrates the manner in which the travel time along the
various routes are affected by the expending suburb
(increasing R). As might Dbe expected from the above
formulae, the Polar, Radial-arc, and Radial routeing
systems can be ranked in increasing order of magnitude of
travel time, and this ranking is not affected by the value
of R. However the curve for the Arc-radial system
intersects the other curves, and there is8 also an inter-
section between the curves for the Direct and Ring routeing
systems. These intersections of the curves show that the
size of the city is an important factor in the design of a
suitable routeing system with this criterion.

Inh our particular example, the minimum average travel
time is obtained with the Arc-radial system for the case
R < 1.4r miles, the Ring system ig the best for the range
1.4r miles < R < 5.7r miles, and for R » 5.7r miles we
choose the Direct routeing system. The corresponding
critical values for the ratio ¢ of the density of work
places to homes are 1.0 and 31.5 respectively.

3,5 Average area of road space required

To obtain the average area of road space necessary for
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a commuter journey, we multiply the average distances
travelled in each region of the city by the appropriate
value for the area of road required per person-mile for a
journey.

The values in Table I will be taken as an example.

It will be assumed that travel is on streets of width

Ll feet at a speed of 30 mph in the residential zone and
along the Ring-road. In the central business district, it
will be assumed that travel is on narrow streets of width
oly feet at a speed of 10 mph. Using Table I, the road
spaces required per person-mile for a journey are seen to
be 17 and L2 square feet respectively.

The average road space required for the 'home-to-work'
journey has been calculated for various values of R and
constant 1. The final result is a graph, very much like
Fig. L. The curve for the Arc-radial system intersects
the curves for the Direct, Polar, Radial-arc, and Radial
systems at 1.4r miles, 1.8r miles; 2.2r miles, and
2.9r miles respectively, and there is also an intersection
between the curves for the Direct and Ring routeing systems
at bH.7r miles.

This shows that when two routeing systems are compared
on the basis of road space requirements, the size of the

whole city relative to the size of its central business
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digtrict is, in many cases, an important factor in deciding
which is the better routeing system.

2.6 Discussion of results

The simple model investigated in this chapter has
shown that, from the viewpoint of distance travelled, travel
time, or road space required, the basic routeing system in
a number of cases can cater for the expansion of the city
only up to a critical size beyond which major alterations
may be desirable. This is of significance to the town
planner who has to decide at what point he should think
about developing a satellite town to accommodate the
increasing urban population as an alternative to enlarging
the main citye.

The model is, of course, extremely crude and the results
obtained should be regarded as valid only in a qualitative
sense., There are many other factors, such as the
difficulties of having a central junction or of having ring
roads in the central business district, which would have to
be considered as well. This basic model of a city will be
investigated further in Chapter IV, where we shall study

some routeing systems which are a 1ittle bit more realistic.



CHAPTER IV

RECTANGULAR ROUTEING SYSTEMS

4.1 Introduction and Formulation

A rectangular street network is a common feature in
the transportation system of many cities. It is popular
because traffic is generally well distributed over the
network, and awkward intersections can be avoided. Indeed
the rectangular grid has practically become the standard
road network in a number of countries particularly the
United States. It is thus of interest to make a more
thorough study of rectangular routeing systems.

In this chapter the average distance travelled from
home to work, in cities with rectangular routeing systems
put of different geometrical shapes, is considered first.
Then the case of & square city with three modified
rectangular routeing systems is examined and the average
trip length and average time taken are calculated. It will
be shown again that the total size of a city, relative to
the size of its central business district, is an important
factor in the choice of an optimal routeing system.

The general layout of the city and system of
co-ordinates used are shown in Fig. 5. The whole city is

assumed to be in the form of a rectangle with sides of



i
G(L,m) E

o-—|4—-

FIGURE 5. THE MODEL OF AN INHOMOGENEOUS RECTANGULAR CITY WITH AN INNER RECTANGULAR
BUSINESS DISTRICT AND AN OUTER CONCENTRIC RESIDENTIAL ZONE
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length 2z and 2u . The central business district is
represented by an inner rectangle, with sides parallel to
those of the first but of lengths 2a and 2b

(0<a<u, O<b< z). Ahome is defined by a point
H(h,p) and a work place by a point g(L,m). The
co-ordinates (h,p) are restricted to the ranges

(In| <a, < |pl <2) ana (a< |n| <u lpl < z), while
the co-ordinates (l,m) are restricted to the range

(lel < a, |m| < ©).

As before, homes are assumed to be uniformly distributed
over the outer annular zone (the residential suburb), and
work places to be uniformly distributed over the inner
rectangle (the central business district). No correlation
is taken to exist between homes and work places.

LL.,2 Rectangular routeing systems

Average Travel Distance

It will be assumed, in this section, that the commuter
follows a rectangular route, which is any one of the many
shortest routes from a home to a work place utilizing routes
which are parallel to the sides of the rectangles.

The average distance travelled from home to work is
most easily calculated by considering various special cases

for the position of H: Assume, for example, that H 1lies
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within the region (a <h<u, b<p < z). The probability

of this event occurring is (u - a)(z - b)/L(zu - ab).

The distance from home to work can now be written as
d=(p-0)+(b-m+ (h- a) + (a - ¢) , (Lo1)

and the corresponding average travel distance is

=(z-Db)/2+b+ (u-a)2+a . (4.2)
These calculations are repeated for the other portions of
the outer annular zone, and the final expression for the

average trip length can be written as

d-—a+b+u+z - blu-a)(3z - b) +_§§zy; b)(3u = a) |

2 6(uz - ab

(4. 3)
A special case of a rectangular city, whose length
oz is k times its breadth 2u and whose central
business district is a square (b = a), will now be
considered. It can be assumed that k > 1 without loss
of generality. Equation (4L.3) simplifies to
d = (k + 1)(3ku® + a®u) - 8ad (Laly)

6(ku® - a®)

If the area of the whole city is taken to be sA, where
A is the area of the central business district, then the

following dimensionless equation is obtained:

= (kx + 1)(3s/s + V) -8Vk (4.5)
A 12(s - 1 Vk °
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Fig. 6 shows the average commuter distance,. for various
city sizes, in a square city, a 2 x 1 rectangular city
and a 3 x 1 rectangular city, all containing square
central business districts. This figure also includes the
corresponding curve for the average length of a rectangular
route in the inhomogeneous circular city, which was studied
in Chapter III. It is seen that the average trip length
is a minimum with a circular city, and is progressively
lengthened as the shape of the city changes into a square
and then into an elongated rectangle.

Comparison with a homogeneous city

These conclusions are in agreement with those of
Fairthorne [10], who has calculated the corresponding values
for rectangular routeing in a homogeneous city, where the
homes and work-places are uniformly distributed all over
the city. The average trip length in such a rectangular
homogeneous city, with sides of length in the ratio 1 : k,
is

d = (1 + ks (Lh.6)
VA 3 Vk ’

where sA is the area of the whole city, and A 1is the
area of the square central business district in the
inhomogeneous city.

The ratio o of the average trip length in an
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inhomogeneous rectangulaxr city to that in a homogeneous

rectangular city is

A = 8 + 1 - a/lg: (’4.7)
Es - (8 - 1)(k + 1)NVs 2
For o € 1, the following inequality must hold
(5 - sWs < 8/k (4.8)
T+

A further restriction (s » k) 1s necessary to ensure that
the shorter of the two city sides is longer or equal to a
side of the sguare central business district.

It can be easily shown that these restrictions lead to
the following bounds for o @

(a) for k>3 and s>k, a is always less than
unity, and
(b) for 1 <k< 3 and 82Kk, the range of values of

s, for which a > 1, can only lie in the closed

interval [1,3].

A similar result holds for circular cities. The
average length of a rectangular route from home to work in
an inhomogeneous circular city is always shorter than the
corresponding average length in a homogeneous city except
for the range (1 < 8 < 2.3).

It is thus possible to state that, for all practical
cases, the average commuter trip length is reduced for an

inhomogeneous city, as compared with a homogeneous city,
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even when the total city size is not very large relative to
the size of the central business district. This reduction
is considerable as o (for rectangular cities) tends to
its 1imiting value of 0.75 rapidly for initial values
of s. This is evident from TABLE II, which gives the
values of o for rectangular cities of sizes 10A, 1004,
and 200A, and of various shapes. The corresponding
limiting value for circular cities is 15m/6L = 0.7363
and the ratio for the average trip length in an
inhomogeneous circular city to that in a homogeneous
circular city takes on the values 0.8275, 0.7453, and
0.7392 for circular cities of sizes 10A, 1004, and 200A
respectively. This also indicates a rapid convergence to
the limiting value.

As a practical example, consider the city of Adelaide.
In this case the central business district may be taken to
be a square of area 1 sg. mile (A = 1). The total
metropolitan region covers an &are€a of about 160 sqg. miles
(s = 160), and is roughly rectangular in shape, with its
length approximately twice its width (x = 2). Thus, if
all the work places were concentrated within the central
business district and all the homes scattered outside of it,
the average commuter trip length would only be approximately

three-quarters of that required if the homes and work



TABLE II

COMPARISON OF HOMOGENEOUS AND INHONMOGENEOUS CITIES

Values of o for various city sizes

City Size
Shape parameter | =
k 10A 100A 200A
T T T olssk0 | 0.7591 | 0.7547
2 0.8280 0.7591 0.7547
3 0.8307 0.7592 0.7547
L 0.8330 0.7593 0.75L7
5 0.8349 0.7593 0.7548
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places were scattered cver the whole urban region.

It must be recognised that many factors have not been
considered in the preceding discussion. One example is the
area required for homes and work places. If a proportion
of the workers had their homes transferred from the suburbs
into the central business district, this would enlarge the
size of the central business district and thus lengthen the
distances travelled within it. This would have the
undesirable effect of increasing the amount of traffic in
an area which is already highly congested. Some comments
on these points are contained in a paper by Smeed [20].

L.3 Modified Rectangular routeing systems

Where there is an important central business district,
dfawing workers from an extensive region as in our model,
highly directional commuter flows occur. Travelling
distances may be unnecessarily long with the rectangular
street network and it is often suppleménted with radial
freeways. The effect of three modified rectangular
routeing systems on the average trip length and average
travel time in a square inhomogeneous city, with a square
central business district, is studied in the following
sections. Homes and work places are assumed to be

distributed as before.
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L.hL Travel Distance in a Square City

There are two main assumptions behind the first two
modified systems. Firstly a person will, as far as possible,
select routes which are not directed towards the central
business district, so as to avoid congestion, and secondly,
entry to the central business district is only to be
effected along special routes.

_ The first system is called the 'radial-rectangular
system'. In addition to the rectangular street network,
there now exist eight freeways, placed symmetrically at
1,59 to each other. The lay-out of the network is shown in
Fig. 7. A commuter initially goes along a route, which is
parallel to the nearer side of the square city, until a
freeway is reached. He then goes along the freeway to the
edge of the central business district, and from there, he
takes any one of the many shortest rectangular routes to
his destination:

Two possible journeys generally exist at each origin
(Fig. 7). The distance travelled along route A is

ad=(h-p) +v2(h-a)+(a=-1¢)+ (a-m (49)
and along route B is

d=p+(h-2a)+m+ (a-2¢) (4e10)
It is assumed that the particular freeway will be selected

so as to minimize the travelling distance.
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FIGURE 7. THE MODEL OF AN INHOMOGENEOUS SQUA%E CITY WITH EIGHT RADIAL
ROUTES, PLACED SYMMETRICALLY AT 45  TO EACH OTHER '
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The second modified system is called the 'mass transit'
system. It is similar to the first, but the commuter
continues along the radial route to the centre 0 of the
city, and from there takes a rectangular route to his
destination. The eight radial routes may now be thought of
as underground railways, or surface routes which are
specially reserved for mass transportation. As before two
routes exist at each origin with travelling distances

d=(h~-p)+v2h + ¢ +mn (Le11)
and d=p+h+{+m. (Lo12)
The choice of route is governed by the minimum travelling
distance.

The third modified system, which was suggested by
Dr. A.J. Miller in a discussion on a paper by Tan [26], may
be termed the 'diagonal' system. It consists simply of
superimposing a system of four diagonal roads (instead of
the eight radials in the radial-rectangular system) onto a
basic rectangular grid. The assumption that drivers take
the shortest routes implies that those commuters with homes
in the corner regions (a < |h] < u, a < |p| < u) will use
a diagonal road to get to their work places, whereas those
with homes in the remaining regions of the Residential Zone
will follow the usual rectangular route.

A commuter, who uses a diagonal road, is assumed to
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travel initially perpendicular to the nearer side of the
square city until he reaches a diagonal road; then he goes
along the diagonal road to the edge of the central business
district, and finally takes a rectangular route to his
destination. The distance travelled along such a route is
d=(h-p) +v2(p-2a)+(a=-1¢)+ (a=-m). (4e13)

Average Travel Distance

Consider a commuter, whose home is within the narrow
annular zone of width dP bounded by squares with sides of
length 2p and 2(P # aP)(P > a). His average travelling
distance to a destination in the central business district

is given by:

rectangular d = 3p/2 + aR/6P (Le1ly)
radial rectangular da =V2P + a(3 - A2/L)

+ (a®/P)(3/2/L - 1/6) (4.15)
mass trangit d =vV2P + a (L.16)
diagonal d= (1 +v2)P/2 + a(2 - V2)

+ (a2/P)(V2/2 - 5/6) . (L4e17)

The calculations, leading to the above results, are
elementary although a little involved.

When the rectangular system is compared with the radial-
rectangular system, it is found that a critical point exists
at P = 5.55a. The minimum commuter trip length is

obtained with the rectangular system for P < 5.55a, and
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with the radial-rectangular system for P > 5.55a.
Similarly there is a critical point at P = 11.49a in a
comparison of the rectangular and mass transit systems.
However the radial-rectangular route is always somewhat
shorter than the mass transit route for all values of P.
The transition points indicate that, on the basis of travel
distance, a commuter, living near the central business
district, will tend to prefer a rectangular route. If he
is living in the outlying suburbs, he will tend to choose

a radial-rectangular or mass transit route.

Of the four systems considered, the shortest dverage
trip length is obtained with the diagonal system for all
values of P. This is to be expected as this system
effectively allows the commuter to choose between a
rectangular route and a shottened radial-rectangular route.

As a practical illustration of the results, suppose
that the cehtral business district is a square of area
4 sq. mile as in tHe casé of Adelaide. Then a = 0.5
mile and the transition points P = 5.55a and P = 11.492
take on the values 2.78 miles and b5.75 miles
respectively.

The overall efficiency of commuter travel in a square
city of area sA, which contains a square central business

district of area A, will now be considered. The average
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trip lengths, in this case, are easily obtained by an
integration of the last three equations, and may be
expressed as:

rectangular il g + 38 + (LL.18)
VA 6(Vs + 1

8/2s + (36 - 13/2WVs + (8 + 5/2)

i

radial-rectangular 4

VA oLh(\s + 1)
(L.19)
mass transit d =2/2s + (&/2 + 3)(Vs + 1) (L4« 20)
VA 60Vs + 1)
diagonal ad = (1 +V2)s + (7 - 2/2Ws + (2 +\/2)
VA 6(Vs + 1)
(4-21)

A comparison of the routeing systems shows that the
average trip length for the rectangular system is smaller
or greater than that for the radial-rectangular system,
according as to whether the total area of the city is less
or greater than 64.2A. Similarly the rectangular and
mass transit systems have a transition point at 292.7A.

As before, the mass transit route is always longer than the
radial-rectangular route and the diagonal route is the
shortest of all the routes considered.

It is interesting to compare these results with those
for the limiting case of direct routeing, when the commuter
goes straight from his origin to his destination. Direct

routeing represents the ideal as far as travel distance is
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concerned. The straight-line distance between a home
H(h,p) and a work place g(e,m) 1is

a=v[(h=-2¢)2+(p-m?3] , (L.22)
and thus the average distance is

d = BEEE M[(h - £)® + (p - m)2]l . (L.23)
phim

The average trip length is obtained in exactly the same
fashion as in the previous cases, the necessary integrations
being performed in the order given in Equation (LLe23)

The calculation, however, is extremely lengthy in this case.
The details are given in Appendix 4, and only the final
result will be retorded here. The average distance
travelled with direct routeing in a square inhomogeneous

city of area sA 1is

i = (Vs + 1)Szn.< Ve + 1 ))

VA 96 Vs - 1 +V(2s +2

+ (Vs - 1)%n Vs = 1 \
96 Vs + 1 +V (28 + 2)

+ [5an(1 +v2) +V2](s?s + 108/8 + 5/8 = 16)

2L0(s - 1)
- [V(2 2)](s® ~ 18 1) 2
S _+ 230(8 1 57)-&- +.32 (L.2L)

Table III shows some numerical results for the average
trip length d for various city sizes. It is clear that
there is a large gap between the direct routeing system and

the rectangular, radial-rectangular, and mass transit



III

TABLE

AVERAGE COMMUTER TRIP LENGTH IN A SQUARE INHOMOGENEOUS CITY

Routeing Systems*

:iz Rectangular Radial-~ Mass~transit |Direct|Diagonal
rectangular
104 107444 1.8l 2.104  [1.338 | 1.632
50A 3.618 3.641 3.892 2,771 | 3.172
150A 6.174 6.06L 6.309 L.726 5.242
250A 7.945 7.738 7.982 6.081 | 6.671
350A 9.388 9.100 9.3L43 7+.185 7.835

*The unit of length is taken to be VA .
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systems, whose values are closely grouped tagether. This
gap is the penalty that has to be paid for restricting
traffic to specified channels, thus giving the commuter very
little choice of routes. The diagonal system allows the
commuter a more favourable choice of routes, and as may be
expected, the values for this system are much closer to the
corresponding direct distances.

lL.5 Travel Time in the Square City

Two other parameters, that are of interest in the
evaluation of a routeing system, are the average travel time
and the average area of road space required for a journey.
As shown in the previous chapter, the calculations involved
are practidally the same for the two cases, and thus only
the average travel time will be considered here.

Ideally commuters should be allowed to choose their
routes on the basis of minimum travel time. However, this
makes the calculations extremely involved, and the necessity
of specifying numerous regions makes it difficult to
evaluate the network as a whole. To simplify matters, the
choice of routes is assumed to be the same as in the
previous section.

A few additional conditions have to be imposed,
however, to specify the routes exactly:

(a) In cases where the commuter uses rectangular routeing
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to go from his home to his work plaoce, 1t is assumed
that he endeavours to travel, as far as possible,
outside the central business district.

(b) A limited choice of routes, on the basis of travel
time, is allowed with the radial-rectangular system.
On reaching the central business district in this
case, the commuter is assumed to choose, from among
the many shortest rectangular routes to his destin-
ation, that one which involves the greatest amount of
travel on the edge of the central business district.
Thig specialized choice of routes makes it possible
to treat the case of a ring road around the central
business district, when the speed of travel along the
edge of the central business district will not be the
same as that within it. Of course, if these two
speeds are equal all the shortest rectangular routes,
joining any two points in the central business

district, will have the same travel time.

Since the diagonal system (unlike the radial-rectangular
system) allows free entry into the central business district,
it is unlikely that a ring road would be incorporated in
this system. Thus it is sufficient to assume a constant
speed of travel at all points, including the edge, of the

central business district.
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Let V, Dbe the speed of travel in the outer residen-
tial zone, Vs the speed along the radial routes, Vs the
speed at the edge of the central business district, and V,
the speed within the central business district. Typical
expressions for the time of a journey from a home H(h,p)
in the residential suburb to a work place @(¢,m) in the

central business district are:

(p - m)/V, + (0 - 8)/V,

rectangular t =
+ (a - £)/V, (Le25)
redial-rectangular ¢ = (h - p)/Vy +v2(h - a)/Va
¢ (a - /g + (a-m/Ve  (4.26)
or t=7p/Vy + (b=~ 2a)/Va+ n/Vs
+ (a - £)/V, (4.27)
mass transit t = (h - p)/Vy +V2n/Vy
+ (& + m)/V, (L4.28)
or t = p/Vy + 0/Vy + (£ + m)/V, (4.29)
diagonal t = (h - p)/V, +Ve(p - a)/Vg
+ (a - £)/v, + (a - m)/V, (4.30)
or t=(p-m/Vy+ (b~ a)/V,
+ (a - &)/V. (4e31)

Average Travel Time

The most significant parameter, in the case of travel
time, is the overall average time of travel from home to

work. With the same assumptions and similar calculations
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as before, the average travel time is given by

rectangular T = (3s +Vg) Vs + (L.32)
VA (Vs + 1)Vg 3%78 + 1§V4
radial-rectangular % = s(8 - W?2) +Vs(11W2 ~ 13) + (15 = /2

VA (Vs + 1)V,

+ 8(18/2 -8) + Vs(25 —2W/2) +(9/2 -17)
(Vs + 1)V,

+Ve(6l - 20/2) + (20/2 - 7)
96(Vs + 1)Vs

+ V(32 + 8/2) + (47 - 8/2) (4e33)
96(vVs + 1)V,

mass transit T = (2 -v2)(s +Vs + 1)
VA 6Ws + 1)V,
v (3/2 - 2)(s +Vs + 1)
6(/s + 1)Vg
+ _1 (Lo 34)
5V,
diagonal T =(s+Vs + 2) +3{2§s - s + 1)
VA s + 1)V, s + 1)Va

. (4e35)

V'S

Vs + 1)V,

Certain forms of these expressions are of special
interest:
(a) The radial-rectangular system with Vy > V; and

Vg = V., or the diagonal system with Vs > V4.

This represents the case of a rectangular street
network to which has been added a system of fast

radial freeways. With the radial-rectangular system,
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entry into the central business district cen only be
effected at certain points so that some commuters mnay
have to make long detours to reach these points.
Entry into the central business district, however, 1is
freely permitted with the disgonal system.
(v) The radial-rectangular system with Vg > Vi and
Vg > V.o
In this case a ring road around the central
business district has been added to the freeways.
(c) The mass transit system with Vg > Vi > Vi
This represents the case of a commuter who drives
to a padial route and then utilizes some form of rapid
mass transportation to get to the centre O of the
citye. From there he either walks briskly to his
destination or else gets into a bus, which has to
navigate very slowly within the central business
district.

Fig. 8 shows the variation of average travel time with
city size. The values for the speed of travel along
residential roads, freeways or fast mass transit routes,
ring roads, and central business district streets have been
set at 30 m.p.h., 4O m.p.h., 30 m.pP.h., and 10 m.p.he.
respectively. These may be regarded as being typical

values. Tor the mass transit system, the travel speed
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within the central business district has been taken to be
5 m.p-h., as it may be expected that the commuter will
frequently walk during the last section of his journey with
this particular system.

The pattern of critical points is observed here again.
On the basis of minimum travel time for the commuter
journey, it is found that when the rectangular system is
compared with the diagonal, radial-rectangular, or mass
transit systems, the total city size has critical values at
90A, 105A, and 350A respectively. Another surprising
result is the wide gap in travel time between the mass
transit and radial-rectangular with ring road systems.
Most commuters would therefore prefer the latter route,
unless a rather severe penalty, such as a heavy parking cost,
is associated with it.
L.6 Conclusions

The problem of evaluating the efficiency of travel
along various theoretical routeing systems in a city has
been studied by many authors. Previous work, however, has
either been focused on the central business district or
assumed that the homes and work places are uniformly
distributed all over the city.

In Chapters III and IV of this thesis, the

interaction between the central business district and the
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residential suburb is studied by means of a simple model of
an inhomogeneous city. The city is assumed to consist of
a central business district surrounded by a residential
zZone, Work places are assumed to be uniformly distributed
all over the central business district and homes to be
uniformly distributed all over the residential suburb.
Circular cities are studied in Chapter III, whereas
Chapter IV deals mainly with square and rectangular cities.

In the first part of Chapter IV, the inhomogeneous city
is assumed to have a rectangular routeing system. It is
shown that the shape of the city has a significant effect
on the average distance travelled from home to work. This
average commuter trip length is a minimum with a circular
city, and is progressively lengthened as the shape of the
city changes into a square and then into an elongated
rectangle. It is also shown that, when the total city
size is more than a hundred times that of the central
business district, the average commuter trip length in an
inhomogeneous city is about three-quarters of that in the
corresponding homogeneous city, where the homes and work
places are uniformly distributed all over the city.

The case of a square inhomogeneous city, with a square
central business district, is studied in the second part

of Chapter IV. Various modified rectangular routeing
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systems are examined, and it is shown that the total size of
the city, relative to the size of its central business
district, is an important factor in the choice of an optimal
routeing system. The criteria used to evaluate the
routeing systems are average distance travelled and average
travel time.

The above conclusions are of interest to city planners
and transportation engineers, especially with regard to the
construction of new cities, when the shape and size of the

urban communities can be influenced.



CHAPTER V

SATELLITE TOWNS

5.ﬁ Introduction

One of the consequences of the present world-wide trend
towards urban living is a steady increase in the size of
cities and towns. These expanding urban communities create
a multitude of problems, which include longer and longer
'home-to-work' commuter trips, traffic congestion, and
difficulties in finding space for vehicle parking especially
within the central area of the city. One particular
problem has been studied in the previous chapters. Needless
to say, there has been much discussion in recent years on
methods to cater for or to halt the seemingly inevitable
growth of the world's towns and cities.

Of the many schemes put forward to contain city growth,
one of the most popular involves the creation of satellite
towns. These towns are planned to be physically separated
from the main c¢ity by green belts, and are to be strictly
limited in size, so as to prevent their gradually merging
with the main city to form a continuous urban area. Their
function is to siphon off the excess population, which will
otherwise be attracted to the main city.

Satellite towns may be divided into two types, New
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Towns and Residential Towns. A New Towvn is designed to be
fairly self-contained, with numerous job opportunities so
that the majority of the inhabitants of the Town live and
work within it. On the other hand, a Residential Town 1is
closely linked with the main city, where most of the town's
inhabitants work. It is planned that these residents shall
commute daily to-and-from the main city, usually by means of
efficient public transport such as an underground railway.
The use of private motor vehicles is generally discouraged
to prevent additional strain on the road system of the main
city.

Although much has been written on satellite towns, the
literature on the general quantitative aspects of the scheme
is as yet very scanty. The standard technique has been to
focus attention on a specific town, and the results obtained
cannot usually be generalized.

A simple mathematical model of a satellite town is
proposed in this chapter. With this model, it is possible
to investigate some general problems concerning the structure
of the town. In particular the size of the town and the
amount of voad space reghuired, for a given towvn population
are calculated.

5.2 Mathematical Model

The basic approach to the problem follows that of



-62-

Smeed [17,21], and the model itself is a refinement of the

one used previously to study the case of an expanding city.

The main assumptions made, concerning the structure of the

satellite town, are (Fig. 9):

(a) +the town is in the form of a circle of radius R, within
which is contained an inner, concentric, circular
Central Area of radius r (r < R);

(b) the whole town is surrounded by an outer Ring Road,
which effectively delimits the size of the town.
Workers are assumed to live in the annular Residential

zone, bounded by the circles of radii r and R. During

the morning rush period they commute to work either radially
inwards to the Central Area or radially outwards to the

Ring Road. These directions of travel are reversed in the

evening. It is assumed that, in the morning, the fraction

of commuters, living in a region and going inwards, is x,

and the fraction going outwards is ¥ = 1 - X. These

fractions are constant and independent of position. These
assumptions are made because of the absence of relevant
data, and should only be regarded as crude approximations
to reality.

The Ring Road may be regarded as being designed for
those residents of the town, who work outside and utilize

their cars to convey them to their destinations. As they



FIGURE 9. THE MODEL OF A SATELLITE TOWN WITH AN INNER CIRCULAR CENTRAL AREA,
A CONCENTRIC RESIDENTIAL ZONE, AND AN OUTER RING ROAD. THE ARROWS
INDICATE THE POSSTBLE DIRECTIONS OF COMMUTER TRAVEL IN THE PEAK PERIOD
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are diverted to the outer limits of the town, their routes
need not pass through the Central Area as is the case 1in
many towns. Thus these commuters do not add to the traffic
at the centre.

The actual form of the Central Area will depend on the
major activity existing there, and this will be discussed
now.

5.% The Central Area

Tn the case of a satellite New Town, the Central Area
is often an important working centre, and a high proportion
of the inhabitants of the town find employment there.

Thus the function of the Central Area is similar to that in
other large towns, and the space there is essentially used
up by places of work, roads, and parked vehicles. The
detailed analysis, given by Smeed [21], is directly
applicable to this case, and many of the characteristic
features dre known such as the effect of various forms of
routeing systems. This type of Central Area will thus not
be discussed in this chapter.

Tor a satellite Residential Town, the form of the
Central Area will be quite different. Many planners have
suggested that, in this case, it is logical to emphasize
the importance of the Central Area, more as a collecting

centre than as a working centre. TThile some of the
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commuters entering the Central Area will go to work there,
large numbers will simply park their cars and then utilize
some form of public transport to get out of the satellite
town and into the main city. Hence the Central Area
becomes the intermediate station in a 'park-and-ride’ scheme.
This scheme has the advantages that it limits the entry of
private vehicles into the main city, and the concentration
of commuters allows a great reduction in the costs of public
transport. Furthermore the elimination of the necessity

of providing a large number of work places in a small region
allows the planner to concentrate on making the Central Area
a pleasant and attractive place, with pedestrian walks,
spacious shops, and green parks.

It is reasonable to expect that the siting of commuter
roads and parking will be planned to some extent. This can
be accounted for by specifying a planning function g, so
that the value of g at a point is the fraction of ground
area to be used for commuter roads and parking, at that point,
and (1-g) is the fraction to bBe used for other purposes
such as public transport facilities, work places, and
pedestrian paths. The function g may also be regarded as
giving the space available for commuter use per unit area at
any point. It will be assumed that the function g is

independent of angle and depends only on the distance
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p or E from the tovn centre O (Fig.10). It is generally
desirable to prevent commuters from penetrating too deeply
into the Central Area so that the valuable space there can
be protected from being used up by vehicles parked the whole
day long. Therefore the space available for commater use
per unit area will decrease as the town centre O is
approached, and the following form of the function g(p)
appears to be reasonable:

g(o) =1 - e (x> 0). (5.1)
The parameter K 1is calculated by specifying a value for
g(p) at the boundary (p = r) of the Central Area.

During the morning (or evening) peak travel period of
duration T, it is assumed that n workers entef (or leave)
the Central Area, and that each worker requires an average
area of ground P for parking. These commuters travel
radially and get as near to the town centre O as they can.
They then park their cars and proceed on foot to their
destinations. It is assumed that most of the commuters
will get onto some form of public transport (located usually
around the town centre 0), so that the space, which is not
used for commuter roads and parking, is more than sufficient
to provide the pedestrian paths and few places of work that

will be necessary.



FIGURE 10. THE CO-ORDINATE SYSTEM USED IN THE MODEL OF A SATELLITE TOWN
L Z0S = 6
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The remainder of this section follows closely on the
lines of Smeed [21]. If the roads used by the commuters
are of width W with capacity Q vehicles per unit time,
and the average number of persons per vehicle is ¢, then,
as shown in Chapter II, a width of road X\ = W/QeT can be
regarded as being required for a journey. To take into
account both the morning and evening journeys, each commuter
will be assumed to require a width of road JjAg within the
Central Area, where Jj = 1 1if the roads are reversible and
the whole road surface can be used for travel in one
direction in the morning and in the reverse direction in
the evening, and Jj = 2 if the roads are irreversible and
one side only is used in the morning and the other side in
the evening.

Assume that at a distance p or E from the town
centre 0O (Fig.10), the space, set aside for commuter roads
and parking, is divided into two parts: a fraction f(&)
for parking places and a fraction [1 - £(g)] for roads.

Tt follows that in an annulus centred at O and bounded
by concentric circles of radii & and g + d&, the area

3

used for parking is 2wEf(g)g(E)ag, and the area used for
roads is 2mwg[1 - £(&)]eg(&)ak.
The number of parking spaces within the above annulus

is omer(e)g(e)dg/P, and thus the number within a circle
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of radius p, centred at O, is 2w [e£(E)g(E)/PldE.
Since a commuter proceeding to any of 2hese parking places
requires an area of road JAh.4p within the annulus, bounded
by circles of radii p and p + 4P, the total area of road
required within this annulus is JA\.4p27 [e£(g)eg(E)/PlaE.
This has to be equal to the space availabge for roads and soO
indp2n| [E£(2)e(g)/Plag = 2mp[1-£(p)]alp)dp. (5.2)
Theodifferential equation, corresponding to

equation (5.2), 1is

Q%éﬁl + iﬁa%iel - glp) + p Q%éﬁl, (5.3)

where a new function F(p) = pf(p)g(p) has been introduced,
The initial condition is F(0) = O.  Assuming that the
function g(p) 1is as given in equation (5.1), then
F(p) = pf(p)[1 - exp(-Kp)]. (5.4)
If a new constant A = jhy/P is defined, the solution
to equation (5.3) can be written as
Flp) = [1 - exp(-Ap) /A + A[exp(-Ap) - exp(-Kp)]/(A-K)?
+ Kpexp(-Kp)/ (A-K) (5.5)
provided K #£ A. For the case K = A, equation (5.3)

assumes the particular form

g%éel s 4B (p) = 1 - &M 4 pae™F (5.6)

and the corresponding solution is

Fp) = [1 - exp(=Ap)1/A + hApRexp(-Ap)/2 - pexp(-=Lp).(5.7)
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In order that these solutions should be physically
meaningful, it is necessary to ensure that O < f(p) <.11
or equivalently O < F(p) < pg(p) for values of p greater
than zero. This is easily shown. Consider, for example,
equation (5.5) and assume that A > K > O. Then for
F(p) > 0 we must have

AKp > A2 {1 - exp[(K-A)p]}/(A-K)
- (A-K) {exp(Kp) - exp[(K-A)p]} » (5.8)
This is true because:
(a) The functions on the Left-Hand-Side and Right-Hand-Side
are both 0 for p =0, and
(b) The function on the LHS increases fagter than the
function on the RHS for p > O.
The proofs for the other cases are very similar.

Various characteristics of the Central Area are now
casily found. The substitution p = r in equation (5.2),
where r is the radius of the Central Area, yields

e[| Loree(@)a(e)/Plag = 2rlxg(z) - 3()]. (5.9)
Since theonumber n of workers entering the Central Area
is fr[zwgf(g)g(a)/P]dg, this gives the result

° n = 2afrg(r) « F(r))/ina (5.10)
which provides the relation between 1r and D

Using equation (5.2), the distance travelled by

commuters in the annulus between the concentric circles of
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radii p and p + dp can be expressed as
oo Lomes @ a(e)/Plas = 2rplt - 2(0) la(e)ao/ins + (5:10)
The vegicle distance travelled per unit area is obtained by
dividing expression (5.11) by the area of the annulus and is
therefore
[1 - £(o)1e(p)/in = [p - pe™P= F(p)/iMp - (5.12)
An integration of expression (5.12) between the limits
p =0 and p = r gives the total vehicle distance travelled
within the Central Area, and this result, divided by n,
yields the average vehicle distance travelled. The average
distance d can be written as
d = w[r® + 2r exp(-Kr)/K - 2/K?
+ 2 exp(-Kr)/K2]/njn, - P/iNy - (5.13)

5.l The Residential Zone

Reversible Roads

There are two opposite flows of commuter traffic in
every region of the Residential zone. In the case of
reversible roads, the total width of road required at any
place is obtained simply by multiplying the total commuter
flow there with the parameter N, Wwhere N 1is the width
of road required for a journey in the Residential zone.

It is assumed that at a distance p from the town
centre 0 (r < p < R), a fraction h(p) of the ground

area is used for residential purposes, and a fraction
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[1 - h(p)] for commuter roads. With the same reasoning
as in the previous section, the number of commuters living
in the annulus, bounded by circles of radii r and p,
centred at 0, is ]p[ngh(g)/L]dg, where L is the area
of ground required byreach worker for purposes such as
1living, leisure and casual travel.

Since the fraction of workers commuting radially
outwards to the Ring Road in the morning is Yy, the number
of commuters crossing the annulus, bounded by circles of
radii p and p + dpo, and proceeding outwards is
Yfp[ZﬂEh(g)/L]dg. Similarly the number of commuters passing
ragially inwards through the same annulus is XJR[ZWEh(E)/L]dE,
where x is the fraction of workers going inwafgs in the
morning. The equation for the road space requirements in

this annulus is therefore

%adpiyf2[2wsh(a)/L]d€ + XIR[szh(E)/L]dEI
o)

= 2mp[1 - h(p)ldp (5.14)
The total number of workers in the Residential zone is
N = [R[Ewgh(g)/L]dg . (5.15)
r

Equation (5.14) is then simplified to
Ning + (7-%)hg [p [omEn(£)/L]dE = 2mp[1 - B(p)] »  (5.16)
r

Differentiation with respect to p gives

pg%éel + (1 + Bo)n(p) =1, (5.17)
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where B = (y - x)Az/L and the initial condition is

h(r) = 1 - (WxN\g/27r). The solution to equation (5.17) 1is

n(p) = (r - 1/B - NxNg/2w)exp[-B(p-v)1/p + 1/Bp (v £ x)
(5.18)
=1 = M/Lmp . (v = x)

The size R of the satellite town is found by
substituting p =R in equation (5.16), which then yields
Nyro/2m = R = (r - 1/B = Nxh\p/2m)exp[-B(R-r)] - 1/B (v £ x)
(5.19)
N/ 21 = (R? - r2)/[2L + Na(R - r)] . (y = x)
This gives the required relation between R,r, and N.
Since the function h(p) represents a fraction, it is
clear that the following condition must hold
0 < hip) <1 for r<p<R . (5.20)
This is easily proved. Consider, for example, the case
B >0 or equivalently y > x. Then for h(p) = 0, we
must have
1/B > [1/B - (r - Nxh\o/2w)]exp[-B(p-r)] (5.21)
since p = r > O. The inequality (5.21) is clearly true
for r > Nx\g/2w. Similarly for h(p) < 1, the following
inequality must hold
o> (r-1/B = Nxne/2mw) exp[-B(p-r)] + 1/B (5.22)

and this is again true for r > NxNz/ 2 The condition
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orr > Nx\; simply means that the circunference of the
Central Area cannot be smaller than the total width of road
required for the commuter journeys into the Central Area.
The rest of the proof follows on exactly the same lines.
In the future, obvious conditions such as these will not be
mentioned.
As before, the distance travelled per unit area is

obtained by using equation (5.14), and is simply
[1 - h(p)]/ne at a distance p from the town centre 0.
The average distance d travelled within the Residential
zone is given by

d = 7(R? - r®)/Mz - L/ Az (5.23)
Equation (5.23) can be rearranged to give

Ndhe + NL = w(R® - r?) , (5.24)
which is simply a statement of the fact that the total space
within the Residential zone consists of the space required
for commuter roads plus the space required for living
purposes.

Irreversible Roads

With irreversible roads, the road space required at a
point in the Residential zone is governed by the larger of
the two opposite flows of commuter traffic at that point.

If the number of commuters crossing a line in the morning in

one direction is M, and the number crossing the same line
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in the opposite direction is N(M > N), then the width of
road required at this line is 2MAg, where AN, 1s the
width of road required for a journey in the Residential
ZONe. The N stream of commuter traffic in the morning
simply utilizes a portion of that half of the road, which is
set aside for the use of the M stream in the evening.

The flows are, of course, reversed in direction during the
evening peak period.

It is assumed that at a distance p from the town
centre O, where r < p < a, a function h, (p) 1is defined
so that a fraction h,(p) of the ground area is used for
living purposes and a fraction [1 - hy(p)] for commuter
roads. A second function hy(p) plays a similar role in
the range a < p < R. The boundary p = a thus divides
the Residential zone into two regions. The predominant
flow is inwards for r < p < a, and outwards for a < p < Re

The value of a is fixed by the following equation,

j’a[ ongh, (£)/L]az = Nx (5.25)
B
or equivalentlﬁ,
[ [2mEn, (£)/L]AE = Ny, (5.26)
a

where N is the total number of workers in the satellite
town and the other symbols have their usual significance.

It is seen that the number of commuters crossing a circle of
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radius a, centred at O, in the inwards direction is
equal to the number crossing outwards, and is just Nxy in
each case.

Consider an annulus, bounded by circles of radii p
and p + dp centred at O. If r < p < a, the number of
commuters crossing this annulus in the inward direction is
greater than the number crossing outwards. The road space

equation is thus

QXQXdp{fZ[zﬂEhi(E,)/L]dE + ]i[ZWEhz(E)/L]dEI = QTTPdP[1“h1(P)]°

(5.27)
Simplifying the equation and differentiating yields
ngLLel + (1 = 2nzxp/L)h, (p) = 1 (5.28)
ap 2Xp. a\p/) =15 .

with the boundary condition h,(r) = 1 - Nx\g/wr.

Similar considerations for the case a < p < R results in

the equation,

ZXszPi[a[2ﬂEh1(E)/L]dE + jp[2ﬂEha(E)/L]d£§ = 2mpdp[1 - ha(p) ],
: ) (5.29)

or correspondingly

pghﬁéel + (1 + 222yp/L)hz(p) = 1 (5.30)

with boundary condition hy(R) = 1 ~ NyAz/aR.

The solutions to equation (5.28) and (5.30) are
h, (p) = C exp(2xoN2/L)/p = L/2X0Ns (5.31)
hy(p) = D exp(-2ypNa/L)/p + L/2yPNa (5.32)



where

C

(r + L/2x\s - Nxho/w)exp(~2xrie/L) (5433)
(R - L/2yNg - Nykz/ﬂ)exP(ZyR%z/L)- (5.34)
The size R of the satellite town is found by

D

]

substituting p = a in equations (5.27) and (5.29), when the
following expressions for C and D are obtained:

(a + L/2xXN\s — Nxyha/m) exp (-2xaNp/L) (5.35)
(a - L/2yA; - NxyAa/m) exp (2yahe/L). (5.36)
Equations (5.33) - (5.36) provide the required relations

C

D

between R,r, and N.
In the range r < p < a, the total distance travelled
in an annulus, bounded by circles of radii p and p + dp,
is
a
xdpif [2wEn, (E)/L]AE + /R[zfrahz(a)/L]dg} + ygipfp[zﬂrzhi(g)/lx]da»
g : : (5437)
The distance travelled per unit area is therefore
(x=-y)[1 - ha(p)1/2x0e + Ny/2mp. (5.38)
Similarly for a < p < R, the distance travelled per unit

area, at a distance p from the town centre O, is
(y=x)[1 - h2(p)1/2yN: + Nx/2mpe (5439)
The average distance d travelled in the Residential zone

of the satellite town is now easily found and can be expressed
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as
d = w(R®-r?)/2N\, + w(y®r® - x®R®)/2Nxyh:
+ ma? (x-y)/2NxyAe + (xR-yr) + a(y-x). (5.40)
5.5 The Ring Road

The size and structure of the Ring Road will depend on
the position of the satellite town, relative to the main city
and to other near-by large towns. These neighbouring urban
communities will determine the amount of through traffic
that has to be routed around the satellite town, and also
the number and position of the external motorways that are
to be connected to the Ring Road. A detailed analysis will
therefore not be attempted in this Chapter, and only a very
simple example will be discussed.

The Ring Road is assumed to have only two exits (or
entrances) at M and S (Pig.10), and is utilized only by
some of the residents of the satellite town. In the morning
these residents commute radially to the edge of the
satellite town. A fraction m of these residents then
proceed circumferentially to M and a fraction s =1 - m
to S. Consider a radius 0Z, at an angle 6 to MOS
(Fig.10). Assuming that the necessary radial travel across
the Ring Road is carried out at a different level from that
of the Ring Road itself and that the road is reversible, the
width w(8) of the Ring Road at 2 1is

w(6) = Nyémhg/2w + Ny(w-6)shs/2m, (54L1)
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where Ag is the width of road required for a journey along
the Ring Road. N is the number of workers in the satellilte
town, and y is the fraction of workers proceeding outwards
to the Ring Road in the morning.

The width w(6) of the Ring Road is thus

w(8) = Ny6(m-s)rs/2m + Nyshs/2
(0 < 6 <) (5.42)
= Nyha/b if m=8=7%o

In the case of an irreversible Ring Road, it is
necessary to consider two separate cases for 6. In the
fipst case O < 6 < w8, the number of commuters proceeding
circumferentially to S 1is greater than the number
proceeding to M at all points in this section of the Ring
Road. Hence the width w(8) 1is found to be

w(0) = Nys(m=0)Ns/m » (0 < 6 < ws) (5.L3)
and this is just twice the width of road required for the
commuter journeys to 8. The corresponding formula for the
second case w8 € 0 < 7 1is

w(6) = Nymons/w (rs < 6 <) » (5.L4)
Formulae similar to (5.42) = (5.44) hold in the range
('ITSO$27T)6

5.6 Numerical Calculations

In order to obtain some numerical results, it is

necessary to have information on the values of the parameters
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that occur in the various formulae. Some very useful data
on the road space required by a person to go a journey of

one mile with different modes of transport are given in

Table I. The assumptions behind this table have been listed
in Chapter II of this thesis.

Since the population of the satellite town is not very
large, the peak travel period will be taken to last for only
30 minutes in our case€. It will be assumed that travel is
on roads of width 24 feet at a speed of 10 miles/hour in the
Central Area, on roads of width Il feet at a speed of 30
miles/hour within the Residential zone, and on 12 feet lanes
at a speed of LO miles/hour along the Ring Road. Using
Table I, the widths of road required for a journey in these
three regions are found to be respectively,

N, = 0.032 feet

Az = 0.013 Tfeet (5.45)

As = 0.008 feet .
The space P required by a worker for parking will be taken
to be 133 sqg. £t., which is the figure given by Smeed [17]
for off-street parking in London. Finally the space L
required by a worker for living purposes will vary from
place to place, depending on whether low- or high-density
regsidences is the local custom. A figure of L350 sge. fte

or 10 workers to an acre will be taken for illustrative
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purposes. It is possible now to obtain considerable
information on the characteristics of the satellite town,
and some of the results are given below.

The size of the Central Area and of the Satellite Town

The radius r of the Central Area of a satellite
Residential Town has been calculated for various values of
n the number of commuters entering, and the results are
shown in Figure 11. It is assumed that g(r) = 0.5, i.e.
that the fraction of ground area, reserved for commuter roads
and parking, varies from zero at the town centre O to a value
of 0.5 at the edge of the Central Area. It is seen that the
flow regulation on the roads has a significant effect on the
size of the Central Area for a given value of n. The ratio
of the value of r with irreversible roads to that with
reversible roads increases from 1.04 (n = 10,000) to 1.13
(n = 100,000), thus showing that the flow regulation plays
an increasingly important role as the number of commuters
entering the Central Area becomes greater.

The overall radius R of the satellite Residential
Town, excluding the Ring Road, has been plotted against N
(the total number of workers living in the town) in Figure 12.
It is assumed that x = y = 0.5, and that the roads are of
the same type throughout the satellite town i.e. if they are

reversible in the Residential zone, they are also reversible
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FIGURE 11. GRAPH OF r (MILES) = THE RADIUS OF THE CENTRAL AREA OF A SATELLITE
RESIDENTIAL TOWN AGAINST n = THE NUMBER OF COMMUTERS ENTERING THE
CENTRAL AREA IN THE PEAK TRAVEL PERIOD
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FIGURE 12. GRAPH OF R (MILES) = THE OVERALL RADIUS, EXCLUDING THE RING ROAD, OF
THE SATELLITE RESIDENTIAL TOWN AGAINST N = THE TOTAL NUMBER OF WORKERS
LIVING IN THE TOWN. THE FRACTION OF WORKERS GOING INWARDS IN THE
MORNING TS ASSUMED TO BE EQUAL TO THE FRACTION GOING OUTWARDS
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in the Central Area. Figure 12 shows that the flow
regulation on roads has only a slight effect on R. This
is due to the fact that each worker requires a relatively
large area of ground for living purposes. The ratio of the
value of R with irreversible roads to the value with
reversible roads depends on N, and increases from
1,00 (N = 10,000) +to 1.01 (N = 100,000).

The width of the Ring Road will, in general, vary
from point to point. If, however, the Ring Road is assumed
to be reversible and the number of commuters turning left
on reaching the Ring Road is equal to the number turning
right, then the width w is NyAs/L and is constant.
For y = 0.5, w varies from 10 feet (N = 10,000) to 10L
feet (N = 100,000).

The space regquired for commuter roads

A very important factor, from the point of view of
costs or planning, is the ground space that will be required
for the commuter roads. Within the Central Area the space,

used for purposes other than commuter roads and parking, is

e _
[ [ZWEe-KE]dg = 2r(1-e Kr--Kre_Kr)/K'?. (5.46)
o
Hence the space G; required by the commuter roads is
ar? - om(1 - e XT_Kre XF)/K2-nP. (5.47)

The fraction g; of the whole Central Area, that is required

for commuter roads, 1s Gi/wrz. The values of G, and g1
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for various values of n have been calculated and are shown
in Table IV.

It is seen that the commuter roads occupy an appreciable
amount of space in the Central Area. For n = 100,000,
13 per cent of the Central Area is used to provide road
space with irreversible roads and 7 per cent with reversible
roads. The ratio of the road space required with
irreversible roads to that required with reversible roads
rises from 2.10 (n = 10,000) to 2.36 (n = 100,000) as shown
in Table V., This shows that the wastage of road space due
to the use of irreversible roads becomes greater as the
number of commuters entering the Central Area increases.

Within the Residential zone, the space G, that is
required for commuter roads, is

am(R2 - r2?) - NL, (5.48)

if the Ring Road is excluded. The fraction gs of the
Residential zone, that is used for commuter roads, is thus
Gy/m(R® - r®). If the Ring Road is included, then the
radius R 1is increased to R + w, where it is assumed that
the necessary conditions hold so that the width w of the
Ring Road is constant.

The values of G, and gz for various values of N
are shown in Tables VI and VII, the Ring Road being excluded

and included respectively. Tt is interesting to note that



TABLE IV

GROUND SPACE REQUIRED FOR COMIUTER ROADS
IN CENTRAL AREA

A ‘ .
manbor of | PRI i oads T entrel rea
entering (sg.miles) required for

Central Area commuter roads
Reversible | Irreversible | Reversible Irreversible

Roads Roads Roads Roads
10,000 0.003 0.007 0.024 0.047
20,000 0.010 0.021 0.03L 0.065
30,000 0.018 0.040 0.041 0.079
40,000 0.029 0.064 0.o4L7 0.090
50,000 0.041 0.091 0.052 0.100
60,000 0.054 0.122 0.057 0.108
70,000 0.069 0.158 0.061 0.116
80,000 0.085 0.196 0.065 0.123
90,000 0.102 0.239 0.069 0.129
100,000 0.120 0.284 0.073 0.135




TABLE V

COIPARISON OF THE ROAD SPACES
REQUIRED FOR IRREVERSIBLE AND REVERSIBLE
COMMUTER ROADS IN THE CENTRAL AREA

Road Space Required
Number of commuters | p .5, . with Irreversible Roads
entering Central Area atlo = Road Space Required
with Reversible Roads

10,000 2.10
20,000 2.15
140,000 2.22
60,000 2.27
80,000 2452

100,000 2.36




TABLE VI

GROUND SPACE REQUIRED FOR COMMUTER ROADS
IN THE RESIDENTIAL ZONE EXCLUDING THE RING ROAD

lotal Number Space required for Fraction of whole
of workers commuter roads Residential zone
living in (sq.miles) required for
the satellite commuter rosads
town e
Reversible | Irreversible | Reversible Irreversible
Roads Roads Roads Roads
10,000 0.007 0.011 0.004 0.007
20,000 0.020 0.030 0.006 0.010
30,000 0.036 0.056 0.008 0.012
140,000 0.056 0.086 0.009 0.014
50,000 0.078 0.120 0.010 0.015
60,000 0.102 0.157 0.011 0.016
70,000 0.129 0.198 0.012 0.018
80,000 0.158 0.241 0.012 0,019
90,000 0.188 0.287 0.013 0,020
400,000 0.220 0.336 0.014 0.021




TABLE VII

GROUND SPACE REQUIRED FOR COMMUTER ROADS
IN THE RESIDENTIAL ZONE INCLUDING THE RING ROAD

Total Number Space required for Fraction of whole
of workers commuter roads Residential zone
living in (sq.miles) required for

the satellite : commuter roads

town
Reversible | Irreversible Reversible | Irreversible

Roads Roads Roads Roads

10,000 0.016 0.020 0,010 0.013
20,000 0.04L45 0.056 0.014 0.018
30,000 0.083% 0.103 0.017 0.021
140,000 0,128 0.158 0.020 0.025
50,000 0.179 0.221 t 0.022 0.028
60,000 0.235 0.240 : 0.024 0.030
70,000 0.296 0.366 0.026 0.032
80,000 0. 362 O.uL7 | 0.028 0.034
90,000 0.L32 04533 f 04030 0.037
100,000 0.506 0,62k | 0.031 0.03%8
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detailed calculation shows that the ratio of the space
required for commuter roads with irreversible roads to the
space required with reversible roads decreases slightly as
N increases, the Ring Road being excluded. The values for
this ratio are given in Table VIII and range from 1.55

(N = 10,000) to 1.51 (N = 200,000)., This indicates that as
the number of workers living in the satellite town increases,
there is a slight decrease in the wastage of road space with
irreversible roads. This downward trend in the Residential
zone is in contrast with the upward trend in the Central
Ares.

5.7 Conclusions

In this Chapter, a simple mathematical model of a
satellite town has been presented. It is shown that the
model proposed is flexible enough to cover both the cases
of a satellite Residential Town as well as of a satellite
New Town.

A detailed analysis of the Central Area of a satellite
Residential Town is given. The size of the Central Area,
the distance travelled per unit area, and the average distance
travelled are evaluated. In the next section the Residential
zone is similarly studied and separate calculations are made
under the assumptions of reversible and irreversible roads

being used. Some brief comments are made on the width of



TABLE VIII

COMPARISON OF THE ROAD SPACES REQUIRED
FOR IRREVERSIBLE AND REVERSIBLE COMMUTER
ROADS IN THE RESIDENTIAL ZONE
EXCLUDING THE RING ROAD

Road Space Required
Total number of workers Ratio = with Irreversible Roads

living in the satellite town atlo = Road Space Required

with Reversible Roads

10,000 1.55
50,000 1.54
100,000 1453
150,000 ) 1.52

200,000 1.51
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the Ring Road that surrounds the satellite town.

Three interesting conclusions emerge from the numerical
results:

1. The flow regulation on the roads, i.e. whether the roads
are reversible or irreversible, is a significant factor
in determining the size of the Central Area, and this
factor becomes more important as the number of commuters
entering the Central Area increases.

o, Within the Central Area the ground space that is required
for irreversible roads as compared with the space
required for reversible roads increases as the number of
commuters entering the Central Area becomes greater.
This shows that the wastage of space due to the use of
irpeversible roads becomes progressively more severe.

3. The reverse effect, however, occurs in the Residential
ZONE, Here the ratio of the ground spaces, required
for irreversible and reversible roads, decreases slightly
as the total number of workers living in the satellite
town increases.

These conclusions are significant with regard to the
planning of satellite towns, as they are an aid to the

planner in determining the optimum size of these towns.



CHAPTER VI

SOME WORK TRIP DATA FOR ADELAIDE

6.1 Introduction

In order to construct a mathematical model for commuter
traffic in cities, it is necessary to make four main
assumptions concerning:

(a) The distribution of the homes of workers;

(b) The distribution of work places;

(¢c) The correlation between the positions of homes and
work places;

(d) The routes by which workers go from their homes to
their work places.

The usefulness of the mathematical model will, of course, be

enhanced if these assumptions can be made so as to agree

accurately with the actual data that is available.

The distribution of homes 1is closely linked with the
distribution of fopulation within cities. This has been
studied by Clark [5,6], who observes that:

(a) In every large city, excluding the central business
district which has few resident inhabitants, there

are districts of dense population in the interior with

density falling off as one proceeds to the outer

suburbs.
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(b) In most, but not all cities, as time goes on, density
tends to fall in the most populus inner suburbs and to
rise in the outer suburbs, and the whole city tends to
spread itself out and expand.

Clark found that the density of population D (thousands

per square mile) can be expressed in terms of the distance

p (miles) from the centre of the city by the simple

expression

D(p) = AP . (6.1)

A and b are constants, which characterise each particular

city.

T+ should be noted that Clark's formula does not give

a good fit to empirical data when p is small i.es p < 2

miles. However this is not a serious defect as the

complications of zoning laws, high density flats, parks,

and fountaine make each city centre unique. It is thus

unlikely that all the city centres will conform to some

simple law. Clark's formula should be regarded as being
applicable to the residential suburban regions, and he shows
that a surprisingly good fit is obtained for a large number
of cities at various periods of time. A slightly different
expression

D(p) = Ae—bpz (6.2)

has been proposed by Sherratt [16], and he shows that a
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somewhat better fit is obtained with this expression for
some CaseEs.

In the following two sections of this Chapter, the
distribution of homes and of work places within metropolitan
Adelaide will be analysed in some detail. The data for
this analysis was collected by the Metropolitan Adelaide
Transportation Study in 1965. The data included information
on the origins and destinations of the journeys to work
during a typical week day, and this is precisely what is
required.

The survey area was divided into 56l regions, and it
was estimated that about 1 in every 20 households within
each region was contacted. The data was later processed
and expanded to give the final figures for the total number
of work trips per average week day in Adelaide. Regression-
type equations were also used to forecast the traffic
pattern in 1986, and the projected figures are also included
in the analysis below.

Since the correlation between the positions of homes
and work places is an integral part of the transportation
planning process, this topic has been the subject of
numerous thorough and extensive investigations. It will
therefore not be discussed in detail in this thesis. This
correlation is generally expressed in the following form

Tyy = KH,Wy£(dyy) (6.3)
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where Tyy; 1is the number of work trips from zone 1 to
zone j, Hy is the number of homes in zone i, Wy is the
number of work places in zone Jj, and K is a normalising
constant. The function f(d;;) is a deterrence function
involving the quantity d;y which is related in some way
to the cost of travel between the zones. In the Metropolitan
Adelaide Transportation Study a deterrence function of the
form exp[fi(d;y)], where fy(d;4) is a cubic polynomial
in dy;, was used.

Unfortunately the results, calculated from formulae
such as (6.3), do not agree well with the empirical data
and it is customary to include an arbitrary factor Kjj, in
the function f£(d;4). Since K;j takes on a different
value for each pair of zones, this makes such formulae
virtually untestable. For the present at least, it appears
that the correlation is too complicated to be represented
by a simple expression.

Finally we note that almost no data is available
concerning the routes by which commuaters go from their
homes to their work places. The cost of collecting and
processing such data would probably be prohibitive. In any
case one of the chief uses of a mathematical model for
commuter traffic is to study the effect of various routeing

systems, and for this purpose it is necessary to assume
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different forms for the routeing system.

6.2 The distribution of homes in Adelaide

In order to study the distribution of homes it is
necessary to first define a reference point, which for
convenience is usually the centre of the city. Adelaide
has a well-defined Central City Area in the shape of a
square. Since the General Post Office lies almost precisely
at the centre of this square, it was taken to be the required
centre of the city.

The origin-destination data from the Metropolitan
Adelaide Transportation Study listed the total number of
origins and of destinations for the journeys to work in each
of the 56L traffic regions. These origins and destinations
correspond to homes and work places respectively. For
the sake of preciseness, we distinguish here between homes
and households. It is obviously possible that two homes
(or two origins) may belong to the same household. As the
traffic regions are extremely irregular in shape, it was
not possible to study the distribution of homes by plotting
a simple scatter diagram showing the average density of each
region as a function of its mean distance from the centre
of the city.

Instead seven concentric circles were drawn about the

centre of the city. The radii of these circles ranged
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from one to seven miles, increasing by a mile at each stepe.
The total number of homes within each annular zone was then
calculated, and this divided by the corresponding area gave
the average density of homes for each annular zone. The
first zone was, of course, simply a circle of radius one
mile. Where the circles cut the traffic regilomns,
apportionments of homes had to be made. This was done in
proportion to the area of the traffic region lying in each
annular zone. The two outmost annular zones extended into
the sea, and thus the areas covered by the sea were excluded
from the calculations.
The above method, which was first used by Clark [5,6],
can be expected to give accurate results because
(a) The sizes of the traffic regions are very small when
compared to the size of an annular zone;
(b) The areas of the traffic regions could be measured very
accurately by means of a planimeter.
Since the annular zones are of constant width 1 mile, this
means that their areas became progressively larger as one
proceeds outwards from the centre of the citye. Coupled
with the falling-off in the density of homes, this ensured
that the total number of homes in an annular zone does not
change too violently from zone to zone. An alternative

method is to use annular zones of constant area,. This
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means, however, that the outmost annular zones are extremely
'thin', and hence the calculation of the total number of
homes in an annular zone is now more susceptible to large
EPTOrSe.

The data for the total number and the average density
of homes in the seven annular zones are summarized in
Table IX for the years 1965 and 1986, It is seen that the
density rises to a maximum between two and three miles, and
then declines. The inner two zones can thus be regarded as
constituting the Central City Area whereas the five outer
ones are the suburban residential regions.

Figure 13 shows the logarithm to base 10 of the density
of homes D, plotted against the mean distance p for each
of the five outer zones. Straight lines were fitted to
the data by least sguares. It is clear that surprising
good fi'l;s are obtained for the two setsmof data (1965 and
1986). This shows that the data 1s consistent with Clark's
formula (6.1), and the A and Db co-efficients can now be
immediately obtained.

For further illustration the data has been replotted
in Figures 1L and 15, which shows the density of homes Dy
plotted against the mean distance p from the city centre
for the years 1965 and 1986 respectively. It is seen that

the five outer points lie fairly close in each case to the



TABLE IX

DISTRIBUTION OF HOMES WITHIN ADELAIDE

-

Total number of
homes within zone

Average density of
homes within zone

(per square mile)

Annular | Area of Mean radius
Zone Zone of zone
(sq.miles) (miles)
1965

1 3¢14 0.67 2,270

2 9.43 1.56 16,780

3 15.71 2.53 34,520

L 22.00 3.Hh2 36,840

6 33.85 5¢52 32,210

7 34.08 6.51 21,600

e -

a

1986

e i it .

2,370
19,210
34,270
4,0, 380
145,990
141,040
31,600

-

1965 | 1986
720 760
1,780 2,040
2,200 2,180
1,680 | 1,840
1,390 1,630
950 1,210
630 930

———
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curve calculated by Clark's formula. This agreement is
surprising in view of the numerous factors that might Dbe
expected to be involved in the distribution of homes.

Sherratt's formula (6.2) was also fitted to the data
by least square, and the corresponding curves have been
included in Figures 14 and 15. In the range for which data
is available (approximately 2 to 7 miles), Sherratt's curves
do not appear to give a very much better fit. Hence it may
be concluded that the data indicates that Clark's simpler
formula is sufficient to represent adequately the distri-
bution of homes in Adelaide.

The A and b co-efficients in Clark's formula are

as follows:

Adelaide
1965 1986
A 5010 3910
b 0+31 0.21

Since the values for 1986 are lower than the corresponding
values for 1965, it seems that (for Adelaide at least) town
planners and transportation engineers agree with Clark's
observation that cities tend to flatten out and expand as
time goes on. The figures show that, between 1965 and
1986, the density of homes is expected to fall in the inner

suburbs and to rise in the outer suburbs.
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6.3 The distribution of work places in Adelaide.

The technique described above was also used to study the
distribution of work places in Adelaide. The results are
summarized in Table X and shown graphically in Figure 16.

The main feature to be observed here is the drastic
drop in the density of work places as one proceeds outwards
from the Central City Area to the surrounding zones. It
does not seem possible to utilize a simple exponential-type
formula to represent the density of work places as a function
of the distance from the centre of the city. Of course, it
is possible to fit a polynomial curve of sufficient complexity
to the empirical resultse. This is, however, of little value
because fitting polynomials requires the estimation of too
many constants to enable any direct inter-city comparison to
be made. The problem is further aggravated by the fact
that such data is available only for a few cities.

It is doubtful in any case whether the distribution of
work places in many cities can be represented by a simple
formula. Zoning laws, for example, have a greater influence
on the location of work places than on the location of homes.
Furthermore only a comparatively few decisions, perhaps by
company executives, may be sufficient to re-locate a factory
from one place to another, and this can alter the

distribution of work places appreciably. Except in



TABLE X

DISTRIBUTION OF WORK PLACES WITHIN ADELAIDE

Total number |Average density
bf work oplaces|of work places
Annular | Area of Mean radius| within zone within zone

Zone Zone of Zone (per square mile)
(sg.miles) (miles)
1965| 1986 1965 1986
1 3.14 0.67 7L,730179,800 23,780 | 25,400
2 9.43 1.56 oly,460]31,890 | . 2,600 3,380
3 1571 2.53 19,840 27,290 1,260 1,740
L 22,00 3.52 19,580] 24,700 890 | 1,120
5 28.27 L.52 20,670| 28,950 730 1,020
6 33.85 5.52 25,090| 36,100 740 | 1,070
7 34,08 6.51 14,030121,170 320 620
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countries where multi-storied flats are common, the
distribution of homes is the result of a very large number
of individual decisions, most of which are independent of
one another. Statistical stability is more likely to occur

under these circumstances.

6.4 The Central City Area

The Central City Area usually merits a special mention
in any study of the commuter traffic pattern within a city.
It is here that the worst bottlenecks and the most intractable
traffic problems invariably occur. It is easy to see from
the following data for Adelaide why such a difficult
situation arises.

The Central City Area of Adelaide is roughly a square
of area 1.5 square miles. In 1965, the total number of
homes within this area was only 2400, the average density
of homes being 1620 per square mile. On the other hand
the total number of work places was 66,000, the average
density thus being 44,600 per square mile. This huge
disparity between homes and work places generates tidal
waves of commuter traffic in the morning and evening.
Consequently the road network within and around the Central
City Area is overloaded at these peak periods.

The problem is expected to worsen in future years.

In 1986 the number of homes is expected to fall to 2280 with

an average density of 1540 per square mile, while the number
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of work places is expected to rise to 71,500 with an average
density of L8,300 per square mile. The ratio of the number
of work places to homes is thus expected to rise from 275
in 1965 to 31.4 in 1986. This slow rate of growth is
actually very optimistic considering the experiences of
other cities.

A final comment to be made here is that the above
figures support very well the usual assumption of a Central
City Area with a negligible number of homes and a high
density of work places.

6.5 Conclusion and Discugsion.

The most striking conclusion in the present chapter
is the agreement between Clark's simple formula and the
distribution of homes in Adelaide. It is possible to fit
the empirical data more accurately by means of a more complex
formula - perhaps one of the gamma familys

Dp(p) = Apkexp(-bp) (6.44)

where A, k, and Db are parameters. This formula would
take into account the drop in the density of homes as one
approaches the centre of the city. However it is far more
advantageous to have a simple formula which fits many cities
approximately than to have a complicated formula which only

fits one city well.
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About four months of laborious work were required to
obtain the figures quoted in this chapter. This is much
too slow to permit the analysis of the data for a large
number of cities. The principal need here is for some
mechanical apparatus which will be able to 'read! a map and
then calculate automatically the required distances, areas
etc. Such an apparatus does not exist at present. It is
also vitally necessary to persuade the highway authorities
not to destroy the details of the data collected in traffic
SUrveys. If this data can be recorded in some permanent
form, they will form the bases for a quantitative study of

urban growth and structure.



CHAPTER VII

GENERAL _DISCUSSION

An attempt has been made in this thesis to develop use-
ful models for the study of commuter traffic in cities.
Following on a line of research initiated by Smeed, a simple
model of an inhomogeneous city has heen constructed.
Basically the city is assumed to consist of an inner central
business district, which contains only work places,
surrounded by an annular residential zone, consisting only
of homes. It is shown that a detailed analysis of this
model yields significant information concerning a number of
the characteristics of commuter travel in citiese.
Furthermore a variation of the model can be used to study
the pattern of commuter traffic in Satellite Towns.

Various simplifying assumptions have been made in the
thesis in order to render the calculations tractable. It
is believed, however, that these assumptions are consistent
with the most prominent feature of commuter traffic in many
cities i<e. tidal flows of workers travelling from the
suburbs to the central business district in the morning and
in the reverse direction in the evening. Obviously the
assumptions can be made more realistic, although it remains

to be seen whether the corresponding increase in the



-97~

complexity of the mathematics can be gsuccessfully handled.
The primitive nature of the assumptions is, perhaps, best
regarded as indicative of the rich variety of problems that
are waiting to be solved.

In the light of the empirical data presented in
Chapter VI, it is obvious that the next step in the theory
is to modify the assumptions concerning the distribution
of homes and work places. A shifted exponential or a
gamma-type formula would be a more accurate representation
of the distribution of homes in a city like Adelaide with a
'strong' central business district, and a widely dispersed
suburban region consisting mainly of detached free-standing
homes. Similarly the distribution of work places can be
represented much better by a step function with a very high
density in the central business district and a low density
in an annular zone around it.

It is difficult to suggest a good assumption for the
correlation between the positions of homes and work places
as the evidence available is conflicting. A simple gravity-
type formula may serve very well as a first approximation.
Finally the ideal routeing systems to be considered will be
made more realistic by assuming that special routes, such
as those representing motorways, can be joined or left only
at certain points which occur at regular intervals along the

routes.
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Until very recently, research in Town Planning has been
conservative in its outlook. Most planners have assumed
that the present pattern of settlement in a country or city
will remain substantially the same in future yearse. Thus
the solution to urban transportation difficulties lies in
the provision of more highways or more buses. The
suggestions for further work given above reflect the spirit
of this philosophy.

This viewpoint, however, has lately been challenged and
criticized by many authors, for example, the Editor of
Nature [31]. These critics say that it is not sufficient
to work on the basis that the physical fabric of the city
will remain unchanged. A prominent aim in planning research
should be to evolve a grand optimal strategy for the total
urban development in a region, and thus provide guide lines
for the framing of contemporary laws and regulations.
Furthermore under the pressure of mounting urban problems
it may well be that, in fifty years time, planning
authorities will be given the necessary power to undertake
radical and wide-spread changes in the landscape and
townscape of a country. A disaster could then occur if
these authorities were unprepared for such an eventuality.

It is clear that the techniques, developed in this

thesigs, constitute a natural and powerful tool for the
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analysis of ideal future city forms. Indeed it is even

possible that these techniques may find their greatest

potential for use in this area.

A favourite scheme for the best design of a growing
city is to evade the problem of growth by creating a complex
of cities of finite size. This solution is particularly
attractive because of its flexibility. One proposal [31],
for example, suggests an arrangement in which sub-cities
with about a quarter of a million people each are spaced
at distances of several miles in a country setting but are
linked together by a fast and efficient transport system.
If the urban region under consideration is centred on an
existing major city, then a Doxiadis-type plan appears to be
feasible. This plan generally consists of three stages:
(a) Determination of an axis of expansion centred on the

existing city;

(b) Definition and widening of a corridor of reserved land
along the axis;

(¢) Promotion of urban growth along this corridor by the
successive addition of subordinate cities, each of
finite size, on either side of the original nucleus.
It is interesting to note that a very precise and

concrete plan of the Doxiadis-type has been prepared for

metropolitan Washington in the United States - a country
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which has no effective Federal Planning Authority. The
Washington plan [32] is designed to cater for an expected
expansion of the city population from two millions in 1963
to five millions by the year 2000. The recommended plan is
termed the radial corridor plan, and consists of six roughly
symmetrical fingers which would be pushed out from the
existing city for distances of 25-30 miles. Bach finger
would comprise a succession of semi-independent suburban
communities, strung along a radial communication corridor
consisting of a first-class road and electric railway.

Other plans that were considered included a ring of satellite
New Towns, a series of new independent cities at a distance
of about 70 miles, and a joined-up ring of towns on a
circumferential line of communication.

All of the above plans can be studied quantitatively
by an immediate extension of the model of a satellite town,
discussed in Chapter V., Instead of a single town we now
have a system of satellite New Towns and Residential Towns.
The problem of routeing through traffic around the towns
will now come into prominence. It is also possible to
refine the model by introducing more complicated routeing
systems in the Central Area of each town to cater for a

variety of activities.
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As a final suggestion, we point out that no attempt
has yet been made to take into account fully the interaction
between the transportation system and the distribution of
population in a region. A practically universal assumption
in this field is that the land use pattern of settlement 1is
determined first, and then a transportation system is
designed to fit that pattern. This assumption, of course,
ignores the fact that the provision of a major transport
facility, such as a highway, has a considerable effect on
the manner in which land is used around that facility.
The inter-relationship between land use and transport is an
extremely tangled one, and, as yet, even the glimmerings of
a satisfactory theory to explain the process seem to be far

away.



APPENDIX A

THE AVERAGE LENGTH OF A DIRECT ROUTE

IN A SQUARE INHOMOGENEOUS CITY

The problem of calculating the average distance
travelled with direct routeing in a square inhomogeneous
city was considered in Chapter IV. The city is assumed to
be in the form of a square with sides of length 2u, within
which is contained a square central business district with
sides parallel to those of the first but of length 2a
(0 < a <u). VWork places are assumed to be uniformly
distributed over the inner square, while homes are assumed
to be uniformly distributed over the surrounding annular
ZONE . There is no correlation between the positions of
homes and work places. The straight-line distance between
a home H(h,p) and a work place G(¢,m) is

a=Vv[(Hh-12)2+ (p-m?3], (A1)
and thus the average distance travelled is

d = EEEE (4) . (A2)
phéim

The integrations with respect to the variables £ and m
are facilitated by introducing two new variables f and g
such that
f=h-=-1¢ (A3)

and g =D —-Mm . (AL)
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Then
a
wegm (a) = [ W10 - 02 + (o = ) )janas
“a -a
1 Dq
- f‘ [ V(g2 + g®)]agar ,  (45)
he, Jp2
where hy, =h+a , hy, = h - a (46)
and P, =D+ 8a , Pz =D - @ o (A7)
Therefore

Ll.az’ff‘f (a) = (%)jziipi\/(pf+ £2) + f24n[p, + V(ps2+ £2)]
: 2

- pa/(p2+ £2) - £2n[ps + V(pF + £2)]}af .
(48)
By means of the relation:
f{fztn[p +V(p? + £2)]lar = £3¢n[p + V(p® + £2)]1/3
(A9)
+ piV(p? + £2)/6
- p3¢n[f + V(p® + £2)]/6
- £8/9 ,

equation (A8) can be reduced to
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3 v(p,2+ h3) _ hE + V(ps2+ hA)

a2%R - BJ_"'_V%Q.\!_—J% - Y/ Pa 1
ha®gEla) % -zn{pz + V(pa" + hy) | & "{pz + V(pg" + hz? |
8 (hy + \/éh,2+ pf;“ S, (hy + x/§h,2+ p,%"‘
+ %?in{hz + V(he® + py) | - %?'ln{hz + V(hz" + pz) |

, haipaV(he®+ pA _ hapV(hf + D)
3

3
hzpaV/(ho? + P _ hapav/(h2+ pdf)
+ 3 3 : (A10)

The next step is to consider the case when a home H
1ies somewhere within the narrow annulus bounded by squares
with sides of lengths 2h and 2(h + dh). The probability
of this event occurring is 8hah/L(u? - a2).

Since the figure is symmetrical, only the range [O,h]
need to be considered in calculating the expectation with
respect to the variable p. Using some obvious
substitutions and the relation:

f{p3£n[h +v(h2 + p2)]ldp = pt¢n[h + V(h® + p2)]/L4 - pt/16
+ h(p® + h?)3/2/12
- n®%(h? + p?)/b , (A1)
the following result is obtained:
LpazhEpJ%E(d) = {h,X5h - 3a)[en(h,) - en[hy + V(hf+ h?9111/24
+ {nA5h + 3a)[en(hy) - ¢n[hy + V(hs®+ h9111/24
+ {[¢n(1 + v2)][5h* + 308®h® + 5a*]}/12
+ v2(h* + 6a®h? + a*)/12
+V(2h? + 2a%)(9a?h - h®)/12 . (A12)
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Since d = u[8hEEE(a)]dh
a pZm
L(u® - a®)
13
= <2a2(12_ a?)) [a[uazh§§5(d)]dh ’ (413)

an integration of equation (A12) between the limits a and

u yields

= (u+ a)(u~- a) ( u + a )
@ = L8(u? - a%)a In \§T =& + /(2u? + 2a%)
LAu—28 L(u + a in ( u - a )
L8(u? - a®)a=< u + a + V(2u® + 2a®)
. (5tn(j + V2) + v2><gi + 10ua® + Suat - 6a5)
60 2(u® - a*)a°

(u* - 18u2a® + a*)[V(2u® + 2a2)] _ 8as
- 120(u® - a®)a*® 30(02 - a?)as
(A1)

In deriving equation (A1L), relations of the following
type have been used:
[h“tn[h - 2a + v/(2h® - Lah + La%)]dh

= h*ign[h - 2a + V(2h?® - lah + La?)]/(n + 1)

'f{2:;1 [ o —Tan Ty * % ]}dh .
(A15)
If the area of the Central Business District is A
and sA 1is the area of the whole city, then

(uw/a) =Vs . (A16)
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Equation (A1lL) can then be expressed in the dimensionless

form

% (Vs + 1)8 m(\/ Ve + 1

96 s - 1 +V(2s + 2)

Ws - 1)8 Vs = 1
+ 9 "n(\/s+1:\/(25+2)

f5£n(1 +v2) +v2](s?Vs + 10s8/s + 5/s = 16)

2L0(s - 1)
_ Iv(2 2)1(s® - 18 1) + 32
b e ’ (a17)

and this is equation (4.24) of Chapter IV.



APPENDIX B

SUMMARY OF NOTATION
The more important symbols and definitions used in the

thesis are given below, listed chapter-wise:

Chegpter II

w - the width (e.g. in feet) of the roads used by
commuters;

Q = the capacity (e.g. in vehicles per hour) of the
roads used by commuters;

Uy - the duration (e.g. in hours) of the peak travel
period in the morning or evenings;

c = the number of commuters to a vehicle;

EN = the width (e.g. in feet) of road required for a

person-journeye.
These variables are related by the equation
A = W/QeT . (B1)

Chapter IIT

R = the overall radius (e.g. in miles) of the
circular city;

r - the radius (e.g. in miles) of the circular
central business district;

H(h,O0) = the position of a worker's home expressed in

polar co-ordinates;
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G(Ly0) = the position of a work place expressed in polar
co~ordinates;

1l - = the ratio of the density of work places to homes;

d = the distance (e.g. in miles) travelled from home
to work;

t = the time (e.g. in minutes) required to travel

from home to work;

V,,Vo,Vs = the speed of travel (eig. in miles per hour) in
the outer residential zone, in the central
business district, and along the Ring Road
respectively.

The quantities R,r, and ¢ are related by the equation

g = (R® = r?)/r* . (2)

The expected value of a random variable & 1s denoted
by ?(6) or 8. If a function & depends on two random
variables & and 6 , then the expected value of & 1s
given by

EE(s) = B[E(e/0)] . (B3)

This means that the expected value of & is obtained by

first calculating the conditional expected value of & for

fixed 6 , and then averaging over 0 .
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The notation of Chapter IV follows that of Chapter III,

but the following terms should be noted:

2u,22z

2a,2b

H(h’P)

G(¢,m)

sA

Vi,Va,Vs,V,

the overall width and length (eege in miles)
of the rectangular city;

the width and length (e.g. in miles) of the
inner rectangular central business district;
the position of a worker's home expressed in
rectangular co-ordinates;

the position of a work place expressed in
rectangular co-ordinates;

the area (e.g. in square miles) of the central
business district;

the area (e.g. in square miles) of the whole
city;

the ratio of the average trip length in an
inhomogeneous rectangular city to that in a
homogeneous rectangular city;

the speed of travel (e.g. in miles per hour)
in the outer residential zone, along the
radial or dlagonal routes, at the edge of the
central business district, and within the

central business district respectively.
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Chapter V

The following terms in this chapter should be noted:
the overall radius (e.g. in miles) of the circular
satellite town excluding the Ring Road;

the radius (e.g. in miles) of the circular Central Area
of the satellite town;

the total number of workers living in the satellite town;
the number of workers commuting into the Central Area in
the morning peak period of travel;

the fraction of workers, living in a region, who commute
inwards to the Central Area in the morning;

the fraction of workers, living in a region, who commute
outwards to the Ring Road in the morning;

the ground area (e.g. in square feet) required by a
worker for vehicle parking;

the ground area (e.g. in square feet) required by a
worker for purposes such as living, leisure, and casual
travel;

the parameter characterising the flow regulation on the
commuter roads in the Central Area i.es J = 1 1f the
roads are reversible and Jj = 2 if the roads are

irreversible;



p or g
g(p)

£(p)

n(p)

h, (p) sz (p)
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the distance from the town centre O;

the fraction of ground area, which is
reserved for commuter roads and parking at a
distance p within the Central Area;

the function specifying the division of the
ground space reserved for commuter roads
and parking. f(p) 1is the fraction of

the reserved space, at a distance p in

the Central Area, which is to be used for
parking purposes;

the fraction of ground area which is to be
used for purposes other than commuter roads
at a distance p in the Residential zone,
for the case of Reversible roads;

the fraction of ground area which is to Dbe
used for purposes other than commuter roads
at a distance p in the Residential zone,
for the case of Irreversible roads.

hy (p),hz (p) hold in the ranges (r < p < a)
and (a < p € R) respectively where

[i[zwahua)maa - Nx;
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AesNarNa = the width (e.g. in feet) of road required for a
commuter journey in the Central Area, Residential
zone, and along the Ring Road respectively;

w = the width (e.g. in feet) of the Ring Road assum~
ing that the road is reversible and that the
number of commuters turning left on reaching the
Ring Road is equal to the number turning right.

Chapter VI

P = the distance (e.g. in miles) from the town centre;

D, (p) = the density of homes (e.g. per sq. mile) at a

distance p;
D,(p) = the density of work places (e.g. per sq. mile) at

a distance p .



1e

2

Te

8.

9.

BIBLIOGRAPHY

Martin J. Beckman, "On the Theory of Traffic Flow

in Networks", Traffic Quart. 21, 109-117 (1967).

C. Buchanan et al., "Traffic in Towns", H.M. Stationery
Office, London, 1963.

R.B. Bunton and W.R. Blunden, "An analysis of Route
Factors for One-way and Two-way Street Systenms', Proc.
Pirst Conf. Australian Road Res. Board 1 (1), u4h3-L5L
(1962) .

Report on the Chicago Area Transportation Study,

Vol. 3 - Transportation Plan, Chicago, 1962,

C. Clark, "Urban Population Densities", Journal Roy.

Stat. Soc. 11k, Pt. IV, L90-496 (1951).

, "Urban Population Densities", Bulletin Int.

Stat. Instes 36(4), 60-68 (1957).
R.L. Creighton et al., "The Optimum Spacing of

Arterials and of Expressways'", Traffic Quart. 13,

L77-494 (1959).

, "Estimating Efficient Spacing for

Arterials and Expressways'", Highway Research Board
Bulletin 253, 1-43 (1960).

S.J. Einhorn, "Polar vs. Rectangular Road Networks",
Unpublished Note, 1966,



10.

1.

12,

15

(P

15.

~1 -

D. Pairthorne, "The Distances between Pairs of Points
in Towns of Simple Geometrical Shapes", Proc. Second
Internat. Symp. on the Theory of Road Traffic Flow,
OECD, Paris, 1965

P, PFriedrich, "Mathematical description of life in
settled areas and Derivations of plan layout thereof
as a problem of Theoretical Town Planning", Proc.
Second Internat. Symp. on the Theory of Road Traffic
Flow, OECD, Paris, 1965.

Frank A. Haight, "Some Probability Distributions
associated with Commuter Travel in a Homogeneous
Circular City", Opns. Res. 12, 96L4-975 (196L).

E.M. Holroyd, "Theoretical Average Journey Lengths in
Circular Towns with various Routeing Systems", Lab.
Note. No. LN/765/EMH, Road Research Laboratory,
England, 1965,

A.J. Miller and E.M. Holroyd, '"Route-crossings in

Urban Areas", Proceedings of the Third Conf. Australian

Road Res. Board, Sydney, September 5-9, 1966 (to be
published).
Road Research Laboratory, "Research on Road Traffic",

Chap. 7, H.M. Stationery Office, England, 1965.



~115~

16. G.Ge. Sherratt, "A Model for General Urban Growth",
Management Sciences, Models and Techniques, 2, 147,
Pergamon Press, New York, 1960.

47. R.J. Smeed, "The Traffic Problem in Towns", Manchester

Statistical Society, Manchester, 1961.

18. , "The Road Space required for Traffic in

Towns", Town Planning Review 33(4), 279-292 (1963) .

19. , "Road Development in Urban Areas", J.

Instn. Highway Engrs. 10, 5-26 (1963) .«

20. , "The Traffic Problem in Towns: a review
of possible long term solutions", Town Planning Review

35(2), 133-158 (196L).
21. , "A Theoretical Model of Commuter Traffic

in Towns", J. Inst. Maths. Applics. 1, 208-225 (1965).

22, , "Road Capacity of an Urban Centre', Int.

Road Safety and Traffic Review 15(1), 12-17 (1967) .

23. and G.0. Jeffcoate, "Traffic Flow during
the Journey to Work in the Central Area of a Town which
has a Rectangular grid for its road system", Proc.
Second Internat. Symp. on the Theory of Road Traffic

Flow, OECD, Paris, 1965.

2l and E.M. Holroyd, "Some Factors affecting Conges-
tion in Towns", Engineering for Traffic Conference,

London, July, 1963.



~116~-

25, T. Tan, "Road Networks in an Expanding Circular city",
Opns. Res. 14, 607-613 (1966) .

26, , "Rectangular Routeing Systems in a Model City",
Proceedings of the Third Conference of the Australian
Road Res. Board, Sydney, September 5-9, 1966 (to be
published) .

27, =——————, "A Mathematical Model for Commuter Traffic
in Satellite Towns'", Transportation Science, 1
6-23 (1967).

o8, J.C. Tanner, "A Theoretical Model for the Design of a
Motorway System", RRL Report No.23,Road Research
Laboratory, England, 1966.

29, J.G. Wardrop, "The Distribution of Traffic on a Road
System", Proc. First Internat. Symp. on the Theory of
Road Traffic Flow, Elsevier, Amsterdam, 1961,

30, H.K. Weiss, "The Distribution of Urban Population and
an Application to a Servicing Problem", Opns. Res. 9,
860-87L (1961) .

34, Editorial, "What Kinds of Cities", Nature 212,
1173-1174 (1966) .

%2, National Capital Planning Commission and the National
Capital Regional Planning Council, "The Nation's

Capital. A Plan for the year 2000", Washington, 1961,





