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Abstract

Reliable streaming of information in real time is known to be a relevant problem in
communication engineering. Such transmission is particularly desired for wireless
automation, where real time system state information from remote observers is
required to determine appropriate control actions. Traditional communications
are inappropriate for control applications, since they attain reliability at the price
of large delays which may result in instability in closed loop controls. Anytime
transmission, which separates the design of transmission from that of controlling,

is the viable solution for control application.

Feasibility of anytime transmission was first demonstrated through random tree
codes. However, these anytime codes were not practically feasible. Although
practical linear anytime codes were proposed recently for point-to-point commu-
nication, existing linear anytime codes provide poor anytime performance along
with high decoding complexity. Moreover, practical anytime code design for relay
and multi-user communication remains an open problem. This thesis focuses on
the design and analysis of practical channel codes for point-to-point, relay, and

multi-user anytime transmissions.

Firstly, we propose an efficient channel coding scheme for point-to-point anytime
transmission. We design this coding scheme based on spatially coupled codes and
demonstrate the anytime property of the proposed code through density evolution
analysis. We derive analytical expression of the delay-exponent and present an
algorithm to predict the finite-length performance of the proposed anytime code.
We also propose adaptive window decoding techniques to ensure low complexity
anytime receivers. Through numerical results, we show that our proposed code

exhibits better anytime performance than the existing anytime codes.

Secondly, we study the design and analysis of anytime codes for a three-terminal

relay network. We propose a bilayer anytime coding scheme for the relay network.



xvi

We analyse the delay-exponent of the code and show that it matches the numer-
ical exponent obtained from the density evolution analysis. Through simulation
results, we also show the finite-length performance of the proposed bilayer anytime

code.

Thirdly, we propose anytime coding scheme for multiple access channel. The
anytime characteristics of the proposed coding scheme are investigated for two
different multiple access channels. We also derive the analytical delay-exponent

for the proposed coding scheme.

Apart from the above contributions, we also develop analytical tools to analyse
the proposed anytime codes. These tools are also applicable to analyse and design
classical block codes. For classical codes, we show that these tools give better

accuracy and/or less complexity than the existing tools.
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Chapter 1

Introduction

After Claude Shannon published "The Mathematical Theory of Communication"
[1], information theory has travelled a long way. Thanks to the enormous devel-
opment of both source and channel coding, we are now able to develop high-speed
communication systems. However, classical coding techniques are not suitable for
specific applications. Consider a control application where the controller needs
to track system state information over a noisy channel. For timely control ac-
tions, the controller needs reliable system state information in real time. In other
words, both transmission reliability and delay are important in control applica-
tions. Classical codes, including block and convolutional codes, are inappropriate
for such applications because block codes attain reliability only at infinite delays;
while convolutional codes with finite memory-length result in non-zero error prob-
ability. Thus, classical codes are not suitable for control applications. The problem

is better illustrated by the following example |2, Chapter 3].

Example: Consider an unstable Markov process described by:
Xiy1 = AX;+ W,

where X; is the Markov source with parameter A > 1 and W; ~ Bernoulli (0.5) is
a binary noise process. The challenge is to design a transmission system to track
the state X; over a noisy channel. With a known initial state, tracking can be
achieved by estimating the random noise W;. Let Xi+1(t) be the estimation of

X411 by the receiver at any time instance ¢ > i. For Xy = 0,

Xipa(t) = AX () + Wi(t)
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t
= ATW(),
=0

where TW;(t) is the estimation of WW; at time . Then the estimated mean squared

error is given by

E UXM - Xtﬂ(t)ﬂ —E

iAz(tz‘) (Wz _ WZ@)) 2]

t
=> AIP(i,¢), (1.1)
=0

= Z AR “(m- — Wi(t))

where P,(i,t) is the error probability of symbol i at time ¢. It follows from (1.1)
that the impact on the estimation error grows exponentially with ¢ — ¢ due to
erroneous decoding of W; at time t. In other words, the mean squared error will
grow unbounded unless the error probability in estimating W, decays sufficiently
fast with delay. Due to the finite delay requirement, classical codes exhibit a non-
vanishing error probability which does not decay with delay. Thus, classical block

and convolutional codes are not sufficient to track unstable Markov sources [2].

For controlling/tracking applications, tree codes were introduced in [3]. Later, the
construction of error correcting code for automatic control of unstable process was
proposed in [4]. However, the codes shown in [3, 4| are non-linear codes, leading
to impractically complex code design and implementation. In addition, dynamic
programming, that jointly optimizes control and transmission functions, were in-
troduced for control applications in [5]|[6]. However, dynamic programming suffers
from high computational complexity and is intractable in practical applications.
Delay-universal /anytime transmission [2], on the other hand, allows for separat-
ing the transmission problem from controller design and therefore, is a promising

approach.
Anytime transmission was first introduced by Anant Sahai in [2]. Sahai stated the
following communication requirements for the anytime transmission.

e (Causal encoding for real-time streaming.

e Decoding at any time instant for timely recovery of information bits.
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e Exponential decay of error probability with the decoding delay. Delay-
exponent is an important performance measure, which specifies how fast

the error probability decays with the delay.

The tracking capability of anytime transmission can be illustrated using the afore-
mentioned example. Assume that the noise process W; is streamed in an anytime
manner. Further assume that the error probability P.(i,t) can be bounded as
P.(i,t) < Be=®D for o > 0 and for all 4 and ¢t. Then it follows from (1.1) that

the estimation error can be written as:

E UXtH — Xia(t)

t
2} < 6ZA2(t—i)e—a(t—i)
=0
t
<BY (Aem) (1.2)
=0

It is straightforward that the estimation error is bounded if and only if o >
2In A. The example illustrates that a bounded estimation error can be achieved
if the error probability decays sufficiently fast with decoding delays. In (1.2), a is
known as the delay-exponent. A more general analysis in |7] shows that anytime
transmission is indeed necessary and sufficient for controlling/tracking of unstable

processes over noisy channels.

The feasibility of point-to-point anytime transmission was first proven in [2] using
sequential random codes, but the codes are not suitable for practical implementa-
tion [8]. The existence of anytime linear codes was shown in [8|, where the anytime
behavior of time-invariant codes under maximum likelihood decoding was investi-
gated. A causal anytime encoding scheme using unequal error protection (UEP)
rateless codes was studied in [9]. A first result on practical anytime codes was
presented in [10], where anytime reliability of low-density parity-check (LDPC)
convolutional codes was shown over binary erasure channel (BEC). Later, analysis
of this anytime code was extended over binary input additive white Gaussian noise
(BIAWGN) channel in [11]. However, these codes suffer from error floors at large
decoding delay and have limited practicality due to their high decoding complex-
ity!. Apart from the unavailability of suitable anytime codes, limited analytical

tools are available to analyse practical anytime codes.

On the other hand, the extension of anytime transmission to the multi-user net-

works is particularly important for the wireless sensor/actuator networks, where

'In the existing anytime codes, the decoding complexity grows linearly with increasing delay.
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several sensors must transmit their own observation to a central control unit, and
can interfere with each other or relay each other’s observation. Anytime transmis-
sion for relay and multi-user networks were studied in [12-16]. With a feedback
link between source and relay terminals in the two hop relay network, a character-
ization of the delay-exponent for regenerative relaying was discussed in [12]. Using
sequential random tree codes, an achievable delay-exponent of decode-and-forward
(DF) relaying strategy was studied in [13] and [14]. The achievable delay-exponent
of a simple compress-and-forward (CF) relaying was presented in [15]. With se-
quential random codes, a theoretical analysis of the delay-exponent for multiple
access channels was studied in [16]. Note that although theoretical analysis of the
delay-exponent were studied in [12-16|, practical anytime code design for relay

and multi-user networks remains an open problem.

This thesis aims at the design and analysis of practical anytime codes for the
point-to-point, relay, and multi-user communications. We organise the remainder
of this thesis into six chapters. A brief overview of the major contributions of each

chapter is presented as follows:

e In chapter 2, we provide brief reviews of the materials and tools relating to
this thesis. We first describe the channel models including point-to-point,
relay, and multiple access channels. Next, we discuss the LDPC codes and
spatially coupled codes along with the iterative decoding algorithms. Finally,

we briefly discuss density evolution technique as analytical tool.

e As mentioned earlier, there exist limited tools to analyse practical anytime
codes. In this thesis, we develop analytical tools for anytime code, which
are also applicable to analyse and design of classical block codes. These
tools are first presented in Chapter 3 for block codes and then used in later
chapters to analyse and design anytime codes. The following contributions

are presented in this chapter.

Finite-Length error performance: We develop a novel algorithm to es-
timate the finite-length performance of LDPC codes. We find that our
estimation technique provides better approximations than existing es-

timation methods.

Density evolution of spatially coupled LDPC codes: The exact den-
sity evolution of spatially coupled LDPC codes over BIAWGN chan-

nel has substantially high computational requirements. We propose a
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low complexity density evolution technique for spatially coupled LDPC
codes over BIAWGN channel.

SC-LDPC codes for GMAC: We present the design and analysis of spa-
tially coupled LDPC codes for Gaussian multiple access channel (MAC).
For 2-user Gaussian MAC, we present a low complexity density evolu-
tion analysis of spatially coupled LDPC codes and propose a simple

optimization procedure.

In chapter 4, we propose anytime codes for point-to-point communication
based on spatially coupled codes. Through density evolution analysis, we
show that our proposed anytime codes exhibit the desired anytime transmis-
sion properties. Over BEC, we find an analytical bound for the correspond-
ing delay-exponent using mathematical induction technique and provide an
algorithm to estimate the finite-length performance of the proposed anytime
code. We also develop low complexity decoders for both BEC and BIAWGN

channels.

In chapter 5, we present the design and the analysis of anytime coding scheme
for a three-terminal relay network. We propose a bilayer anytime code for
decode-and-forward relaying over the network. The anytime characteristics
of the proposed code are shown numerically for both asymptotic and finite-
length case. The delay-exponents of the proposed bilayer anytime codes are

analytically found using mathematical induction technique.

In chapter 6, we propose anytime code for multiple access channel. The any-
time characteristics of the proposed coding scheme are investigated asymp-
totically over two different multiple access channels. We derive the analytical

delay-exponent for the erasure multiple access channel model.

In chapter 7, we provide concluding remarks and give directions for future

research.






Chapter 2

Background

In this chapter, we provide a brief background about channel models, LDPC codes,
decoding algorithms, and density evolution analysis. In Section 2.1, we describe
the channel models including point-to-point, relay, and multiple access channels.
A brief review of LDPC codes and decoding algorithms is provided in Section 2.2
and Section 2.3, respectively. Finally to analyse the decoding algorithms, density

evolution technique is described in Section 2.4.

2.1 Channel Models

The channel models considered throughout this thesis are given in the following.

2.1.1 Point-to-Point Communication Channel

uelU Par(vlu) veV

FIGURE 2.1: A point-to-point (P2P) communication model.

In a point-to-point (P2P) communication system, as shown in Fig. 2.1, one sender
transmits a signal to one receiver through a communication channel. The channel
can be modelled by the transition probability P.,(v|u), where u is the channel
input from alphabet U and v is the channel output from alphabet V. For the P2P
communication scenario, we only consider binary-input memoryless symmetric-

output (BMS) channels. Let u = [ug,us,...,u,] € {0,1}" be the sequence of
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channel inputs' and v = [vy, vy, ..., v,] € V" be the sequence of channel outputs.

For a BMS channel, following conditions must be satisfied:

e The channel input u is taken from the alphabet U = {0, 1}.

e The input-output transition probabilities satisfy

n

Py (v|u) = [ | Pen(vifws), (2.1)

=1

e Satisfy the symmetric condition Py, (v|u) = Pg(—v| — u) for any y € V.

Among the different BMS channels, BEC and BIAWGN channel are considered in
this thesis.

Binary Erasure Channel

A binary erasure channel (BEC) with erasure probability e implies U = {0, 1},
V =1{0,1,7}, Pp(v; =?u; = 0) = Py (v; =7|u; = 1) = € and Py, (v; = Olu; = 0) =
Py (v; = 1|lu; = 1) = 1 —¢, where ? indicates an erasure. A binary erasure channel
is shown in Fig. 2.2. The capacity (in bits/channel use) of the BEC with erasure
probability € is given by

CBEC(‘f) =1-—ce (22)

FIGURE 2.2: A binary erasure channel (BEC).

IFor binary phase shift keying (BPSK) signal, w = [u1, ug, ..., u,] € {+1, —1}".
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Binary Input Additive White Gaussian Noise Channel

The channel output of a binary input additive white Gaussian noise (BIAWGN)
channel can be described by v; = w; + z;, where u; € {—1,+1} and z; is the
Gaussian random noise with zero mean and variance o2. The transition probability
of a BIAWGN channel is given by

1 _ (wi—uy)?
Py (vilu;) = e 2
ch( | ) \/ﬂ

N(0,07)

U={+1,—1} C V=R

FIGURE 2.3: A binary input additive white Gaussian noise (BIAWGN) channel.

A BIAWGN channel is shown in Fig. 2.3. The capacity (in bits/channel use) of
the BIAWGN channel with variance o2 is given by [17, Chapter 1]

> 1
Cerawen(0,) = —/ Yo, (9) 108y Vs, (9)dg — 3 log, 2meoy, (2.3)

where

2.1.2 Relay Channel

FIGURE 2.4: A three-terminal relay channel.

A relay channel consists of one source terminal s and one destination terminal d
with a number of intermediate terminals known as relays to help the communi-

cation between the source and the destination terminals [18, Chapter 14]. In this
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thesis, we consider three-terminal relay channel which has only one relay terminal
r with communication links/channels: source-relay sr, relay-destination rd and
source-destination sd. A three-terminal relay channel, as shown in Fig. 2.4, can
be described by the transition probability P, (0,p, v|u,p), where u € U and p € P
are the channel inputs at the source and the relay terminals, respectively; v € V,
o € V and p E P are correspondingly the outputs of sr, sd and rd links. For
simplicity, we assume that all three links are orthogonal and each of them is a

binary erasure channel.

Different cooperative relay protocols were studied in [19, 20]. The decode-and-
forward (DF) strategy, which is one of the prominent protocols, is considered in
this thesis. The DF strategy requires the relay to decode the source message and
to forward side information to the destination. The destination then attempts to
recover the source message based on the information obtained from both source

and relay. The achievable rate of DF relaying is known as |20]
Rpr < max min (I(M;WP),J(V, P; P, V))

Pr(u,p)

where I(;) is the mutual information and Pr(u,p) is the joint probability distri-

bution of the choice of symbols selected by the source and the relay.

2.1.3 Multiple Access Channel

veV
Py (v|ua, up) }—»

FIGURE 2.5: A 2-user multiple access channel.

ug € Uy
EEE—

B
ug € Ug

Multiple access channels have many applications in the area of communication
including distributed wireless communication system. Multiple access channel
(MAC) is a channel in which two (or more) senders/users simultancously transmit
their information to a common receiver. In this thesis, we consider 2-user discrete
memoryless MAC as shown in Fig 2.5. This MAC can be described by three
alphabets, Uy, Ug and V with transition probability Py, (v|ua, ug), where ug € Uy
denotes the channel input of user-A, ug € Ug denotes the channel input of user-B,
and v € V denotes the channel output. The capacity region of the 2-user MAC
is defined in [18, Chapter 14| by the set of rate pair (R4, Rp) which satisfy the

following constraints:
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RA S [(UA,V|UB)
RB S I(UB,V|UA)
Ris+ Rp < ](UA,UB;V)

where Ry, is the rate of user-k, k € {A, B}. In this thesis, the following 2-user
multiple access channels are considered with perfect synchronization between user-

A and user-B.

Adder Followed by an Erasure Channel

Uy € {0,1}
ve{0,1,2,7}
4>

up € {07 1}

FI1GURE 2.6: Multiple access channel modelled as adder channel followed by an
erasure channel.

Fig. 2.6 shows a 2-user MAC which is modelled as an adder channel followed by
an erasure channel. Let uy € {0,1} and up € {0,1} denote the channel inputs of

user-A and user-B, respectively. The output v € {0,1,2,7} is given by,

us +up  with probability 1 — ¢
v =
? with probability e

The above channel model is the simplest 2-user MAC and hence it allows tractable
analysis. Later we refer to the above described adder channel followed by an

erasure channel as erasure multiple access channel.

Gaussian Multiple Access Channel

The 2-user Gaussian multiple access channel (GMAC) model considered in this

thesis is shown in Fig. 2.7, where user-A and user-B transmit their BPSK signals
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N(0,0?)
Uyg € {+1, —1}

up € {+1, —1}

FIGURE 2.7: 2-user Gaussian multiple access channel model

ug € {+1,—1} and up € {+1, —1}, respectively to the receiver. Assuming unit

transmission power for both user, the received signal is given by:
V=uUygt+up-—+z,

where z is the noise realization at the receiver, which is assumed to be Gaussian

with zero mean and variance o2.

2.2 Low-Density Parity-Check Codes

Channel coding is the most effective technique to achieve reliable transmission
of information bits over noisy communication channel. The key idea of channel
coding is to transmit enough redundant bits to allow receiver to recover the infor-
mation bits. In [1], Shannon stated the limit of reliable transmission via channel
code. It was shown that there exist a channel code that allows the error proba-
bility at the receiver to be made arbitrarily small if the code rate is less than the

capacity of the channel.

In this thesis, we focus on the linear code, an important subclass of channel codes,

for which any linear combination of codewords is also a codeword.

Definition 2.1. (Linear Codes [21, Chapter 3])

A code C over a field F, of ¢ symbols of length N and ¢* codewords is a g-ary
linear code if and only if its ¢% codewords form a K-dimensional vector subspace
of the vector space of all the N-tuples ]Fflv . The number N is said to be the length
of the code and the number K is the dimension of the code. The rate of the code

is R = %
Over binary field (i.e. for Fy), a linear code C is described by

C={ce{0,1}": H.c" =0 (mod2)},



Chapter 2 Background 13

where ¢ is a codeword of length N and H is the binary parity check matrix. Among
the existing linear codes, much attention has been paid to low-density parity-check
(LDPC) codes, since LDPC codes allow reliable transmission at rates close to the
Shannon limit, while offering a decoding complexity that scales linearly with the

block length.

ci+cegt+cea+ces+er+cg=0

cit+cytcatcest+cgt+cg=0

cir+cy+cst+ces+cg+cr =0

02+03+C4+66+C7+ngo

FIGURE 2.8: Tanner graph of an LDPC code.

LDPC codes were first introduced by Robert Gallager in his PhD dissertation [22]
and later revisited by MacKay and Neal in [23]. In general, an LDPC code is
represented by a Tanner graph [24] consisting of N variable nodes and J check
nodes, where N is the block length and J is the number of check equations.
Each variable node represents a coded bit and each check node represents a check
equation which satisfies that the modulo-2 sum of the all connecting variable
nodes is zero. An example of LDPC code with 8 variable nodes (on the left) and
4 check nodes (on the right) is illustrated in Fig. 2.8. An LDPC code can also be
represented by a parity check matrix H of size J x N. A "1" at entry (i, j) of H
represents a connection or edge between ' check node and j** variable node in

the Tanner graph. The parity check matrix H for the above graph is:
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An LDPC code is called (d,,d.)-regular, if every variable node has exactly d,
edges and every check node is connected via exactly d. edges. In other words,
the corresponding parity check matrix has d, ones in every column and d. ones
in every row. d, and d. are known as the degrees of the variable and check
nodes, respectively. On the other hand, irregular LDPC codes are those that have
non-uniform row degrees and non-uniform column degrees in the parity check
matrix. In general, the degree distributions of LDPC codes are characterized by
the following functions [17, Chapter 3|:

d’Umax .
e A(s) = > A;s", where A; is the fraction of variable nodes of degree 1,
i=2
deax 3
o I'(s) = I';s', where I'; is the fraction of check nodes of degree i,
i=2
dvmax .
e v(s) = Y s where v; is the fraction of edges that are connected to

i=2
degree ¢ variable nodes,

deax

p(s) = > pis'™t, where p; is the fraction of edges that are connected to
i=2

degree ¢ check nodes,

and d

check nodes, respectively. For example, the degree distribution functions for the

code of Fig. 2.8 can be written as A(s) = s3, T'(s) = 5%, v(s) = s?, and p(s) =

s°. With the above mentioned degree distributions, the code rate becomes [17,

Chapter 3]

where d correspond to the maximum degree of variable nodes and

VUmax Cmax

Z Aji Z pi/i

R=1-<4 —=1-24
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The promising features of LDPC codes inspired the development of different class
of LDPC ensembles [25-33]. Among the classes of LDPC codes, LDPC convo-
lutional codes are candidate codes for the design of anytime code due to their

suitability in streaming applications.

2.2.1 LDPC Convolutional Codes

LDPC convolutional (LDPCC) codes were first introduced by Felstrom and Zi-
gangirov [27]. The lower diagonal structure of parity check matrix of LDPC con-
volutional codes permits causal encoding of information bits and hence streaming
applications. Moreover, LDPC convolutional codes have the fast encoding prop-

erty.?

A rate R = ¢ binary LDPC convolutional code is the set of all sequences ¢y

satisfying the equation H [oo].c%;o} = 0, where ¢| is the semi-infinite binary row

vector [c1, ¢y, ... ,] and H [y is the parity-check matrix given by [35]
H(1)
H.(1)  Ho2)
H,(2)
H, (1) H,(L)
H o) =
H, (2) H,\(L)
Hms (L)
where m; is the syndrome former memory [34]. Each element H,;(L),i =0, .....,m,

is binary sub-matrix of size (b — a) x b that satisfies the following properties [34]:

e H,(L)=0, fori <0 and i > m;, forall L

2In [34], it was shown that the encoding of LDPC convolutional codes can be performed by
employing simple shift registers.
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e There exists L such that H,, (L) #0

e Hy(L) # 0 and has full rank, for all L

Code Construction: Different approaches are proposed in [27-30] to construct
LDPC convolutional codes. Among them, protograph based LDPCC codes have
demonstrated very good iterative decoding threshold [30]. The concept of con-
structing LDPC codes by connecting small graphs, was first introduced by Thorpe
in [31], where the small graphs are known as protographs. A large graph can be
obtained by copy and permutation procedure [35]. Assume that we have a proto-
graph of size J, X NV, i.e the protograph consists of J, check nodes and N,, variable
nodes. The protographs can be represented as submatrices B;,7 = 0,...,m, of
equal size J, X N,. The value of each entry of B; represents the number of edges
that exist between a check node and a variable node. To obtain a large matrix
of size J x N, first we have to copy the protograph M times, where M is called
lifting factor [36] such that J = MJ, and N = M N,,. Then connecting the edges
by permutation between the M replicated protographs will result in the required
LDPCC codes. The base matrix of a terminated LDPC convolutional codes is

given by [35]
L
By

B, B,

B,
Biim,] B, B,
B, B,
B,

2.2.2 Spatially Coupled Codes

A class of protograph based LDPCC codes, so called spatially coupled low-density
parity-check (SC-LDPC) codes, was first analytically investigated in [32]. SC-
LDPC codes are constructed by coupling a chain of L standard (d,, d.)-regular
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LDPC codes or protographs. We refer to L as the chain length and assume that
the protographs are at positions® [1, L]. Each of the d, connections of a variable
node at position ¢ is uniformly connected to their neighbouring check nodes in the
range i to i + v — 1, where v is the coupling length. A terminated SC-LDPC code
can be achieved by adding extra check nodes at positions L +1to L +~v—1. A
terminated spatially coupled LDPC code is shown in Fig. 2.9. We assume that
each protograph/position contains M variable nodes and Z—ZM check nodes. We
refer to the above terminated code as (d,, d., vy, L)-SC-LDPC code with design rate

Y N\ de
%(L+7+1—2;(§) )

Ri=1- 7

(a) (b)

FIGURE 2.9: (a) (3,6)-regular LDPC protograph (b) SC-LDPC code with L = 9
and v = 3.

With traditional decoding algorithm, spatially coupled code with large chain length
results a very complex decoder. A sliding window decoder was introduced in [35]
to reduce the decoding complexity while maintaining the performance of the BP
decoder. At each decoding step, the sliding window decoder only considers certain
number of rows and columns within a window. The aim of each decoding step is to
recover all of the first targeted symbols in the window. After successful recovery of

targeted symbol or after a required number of iterations, the window slides down.

Spatially coupled codes exhibit capacity approaching? performance over BMS
channels. It has been shown that, for L. — oo, spatially coupled codes exhibit
a BP decoding threshold that approaches the maximum-a-posteriori (MAP) de-
coding threshold of the underlying protograph [32, 37-40]. For this reason, we
propose a practical anytime channel code based on spatially coupled codes in
Chapter 4.

3In [32], authors assumed that the protographs are at positions [-L, L], L € N.
4We refer to a code as capacity approaching, when the rate of the code approaches the capacity
of the corresponding channel while maintaining a reliable transmission over that channel.
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2.2.3 Existing Anytime Channel Code

The existing practical anytime code, proposed in [10], was constructed based on
LDPC convolutional codes. The general base matrix for this anytime code at time

t was given by:

B,
B, B,

Bpy=| : B, . (2.4)
B, , B;s --- By By

Notice that, the memory m; of the above LDPCC code increases as the number
of time instances grows. This property ensures the improvement of the reliability
with delay. In [10], the parameters of the above matrix was chosen such that
J, =1, N, =2, By = [1 1] and B; = [x 0] for ¢ > 0, where x € N. Thus, the

resultant base matrix becomes

11
x 01 1 0

Bun=| x0x 0 11 : (2.5)
x 0x 0x 0 --- 11

Although our proposed anytime code and the anytime code proposed in [10] are
both LDPC convolutional codes, they differ in the following manner. For the code
in [10], the degrees of variable and check nodes increase linearly with the decoding
time instant. On the other hand, we propose a code structure with fixed variable
and check nodes degrees. More details on our proposed anytime code will be given
in Chapter 4.
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2.2.4 Bilayer Expurgated LDPC codes

The aforementioned LDPC codes were designed for P2P communication. These
codes are also potential candidates for relay communication. With DF relaying
protocol, relay code design based on LDPC codes has been widely studied in
recent literature including [41-45]. The relay codes shown in [41-45| are also
known as bilayer LDPC codes. These works are based on the parity bit forwarding
approach, where the relay helps the destination by transmitting additional parity
bits provided that the relay is able to recover the source’s message correctly. In this
thesis, we consider bilayer expurgated low-density parity-check (BE-LDPC) codes
shown in [41]. In the following, we briefly describe the structure of BE-LDPC

codes.

Extra parity bits

Cs

FIGURE 2.10: Tanner graph of BE-LDPC code [41]. The circles and squares

represent the variable nodes and check nodes, respectively. The black circles

corresepond to the source transmitted bits and the gray circles corresepond to
the relay transmitted bits.

A BE-LDPC code for the three-terminal relay network is illustrated in Fig. 2.10.
According to [41], the source encodes the message bits using a code Cy (lower layer
graph of code Cy4q in Fig. 2.10) and transmits the codeword to the relay and the
destination. Code C, is designed such that it satisfies capacity approaching prop-
erty for sr link. Thus, we assume that relay can decode the codeword correctly.
However, the destination may not be able to recover the codeword if the sd link is
worse than the sr link (i.e., the rate of code Cy is greater than the capacity of sd
link). To help the destination, the relay adds new check nodes and connects them
to the structure of code C,, which results in the upper layer graph of Fig. 2.10.

Using the upper layer, the relay generates extra parity or syndrome bits which
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satisfy the corresponding new check equations. These extra parity bits are en-
coded by the relay using another capacity approaching code for the rd link and
then transmitted to the destination. After decoding the relay transmitted bits,
the destination obtains an overall code Csy by combining extra parity bits with
the code C,. The upper graph of Fig. 2.10 is designed such that the overall code
Csq becomes capacity approaching for the sd link. Following the above described

bilayer codes, we propose anytime code for three-terminal network in Chapter 5.

2.3 Decoding Algorithms

The main strength of the LDPC codes is message passing decoding which allows
decoding in time linear to the block length of the code. The following message

passing decoding algorithms are considered in this thesis.

2.3.1 Erasure Decoding

For the BEC, the message passing algorithm is straight forward, since a trans-
mitted bit is either received correctly or completely unknown. In the conventional
decoder for BEC, message passing between variable node and check node occurs in
the following manner. At each iteration, a variable node V' whose value is known
(either from the channel output or from previous iterations) sends its value to the
connected check nodes, and a variable node whose value is not yet known/recov-
ered sends an erasure symbol. On the other hand, a check node C sends to a
connected variable node V' an erasure if it receives at least one erasure from the
connected variable nodes other than V'; otherwise C' sends to V' the sum (mod 2)

of all incoming messages except the message from V.

2.3.2 Belief Propagation Decoding

For BIAWGN channels, belief propagation (BP) decoding algorithm is the most
prominent category of message passing algorithms. In the belief propagation algo-
rithm, the messages are expressed as log likelihood ratios (LLRs) to simplify the
mathematical operations. Let u; and v; be the channel input and output corre-

sponding to the variable node i. The LLR obtained from the channel for variable
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node i is defined by

At the beginning of the BP decoding process, each variable node sends the corre-
sponding LLR obtained from the channel to the connected check nodes. Let S, (7)
represent the set of variable nodes that are connected with the i check node.
Similarly, let S.() represent the set of check nodes that are connected with the "
variable node. Let Fj(f) be the message sent from variable node i to check node j

at iteration /. The message sent from check node j to variable node i at iteration

¢ is [17, Chapter 2|:

FY
Ggi) = 2tanh ™! H tanh (%) . (2.6)

€Sy (5)

Based on the messages from check nodes, the message sent from a variable node

to check node j is

= > 6+ (2.7)

Jri
3'€8c(4).5'#J

For a fixed number of iterations, the complexity of the above message passing de-
coders scales linearly with the number of edges. Since the number of edges grows
linearly with the increasing of block length, the complexity of the above decoders
scales linearly with the block length. As stated in Chapter 1, anytime decoding
involves the estimation of current as well as past bits. Thus, with progression
of time, the decoder has to deal with an increasingly large block and hence the
window length of existing decoding techniques will grow unbounded. The existing
window decoding techniques [35, 46] does not satisfy the anytime requirements
because after each decoding instant the decoding window slides to the next win-
dow, leaving behind uncorrected errors/erasures. Thus, it is necessary to develop
suitable decoding algorithms for anytime transmission where the complexity will
not grow unbounded as time progresses. By modifying above described decoding
algorithms, we present adaptive decoding algorithms for anytime transmission in
Chapter 4.
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2.4 Density Evolution

Density evolution is an analytical tool to analyse the performance of iterative
decoding of a particular code ensemble. This technique tracks the evolution of
probability density functions (pdfs) of the messages through the decoding pro-
cess and provides the decoding behaviour for a given code ensemble. In general,
density evolution is used to find decoding threshold, which is the worst channel
parameter such that the decoder converges. Following properties are required for

the derivation of the density evolution [17, Chapter 7|.

Symmetry condition: If the channel is symmetric, the LLRs output by the it-
erative decoder are also symmetric. With this symmetry condition, the per-
formance of iterative decoding becomes independent of the codeword trans-
mitted. Therefore the all-zero codeword can be assumed for the analysis of

iterative decoding performance.

Concentration: The iterative decoding threshold of a randomly chosen code from

an ensemble is likely to be close to the ensemble average threshold.

Cycle-free graphs: As the block length of the code goes to infinity, the average
iterative decoding performance of an ensemble converges to the performance

of decoding on a cycle-free graph.

Density evolution analysis of regular and irregular LDPC codes can be found in
[17, Chapter 7|, which we have utilized in Chapter 3 to analyse the finite-length
performance of LDPC codes. On the other hand, density evolution of SC-LDPC
codes is shown in [32, 47|. However, existing density evolution of SC-LDPC code
over BIAWGN channel suffers from high computational complexity and is not
suitable for anytime coding scheme. Hence, we propose a low complexity density
evolution technique in Chapter 3, which can also be applied in the anytime code.
For the sake of simplicity and to familiarize with terminologies, we now illustrate
the density evolution of (d,, d.)-regular LDPC code.

2.4.1 Over BEC

Let 2(© and y) denote the erasure probabilities of a message from variable and
check nodes, respectively at iteration ¢. The density evolution of (d,, d.)-regular
LDPC code over BEC is explained in the following.
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e Initialization: z(® = e.

e Check node update:

yO=1-(1- J,;w))dc*l , (2.8)

e Variable node update:

0 — ¢ (y(f—l))d“_l ) (2.9)

The recursions in (2.9) and (2.8) are termed density evolution equations since they
describe how the erasure probability of the iterative decoder evolves as a function
of the iteration number ¢. The decoding threshold ¢* can be obtained by

€" = sup {(—: : lim 2 = O} )

f—r00

2.4.2 Over BIAWGN Channel

Density evolution over the BEC is straightforward, since it tracks the erasure
probability, which is a scalar quantity. However, this is not the case for the BI-
AWGN channel. The tracking parameter for the BIAWGN channel is the pdf
of the LLR message [48]. Thus, density evolution over BIAWGN channel be-
comes computationally intensive task. To reduce the complexity, approximation
techniques were introduced in [49], which allow tracking of one dimensional pa-
rameters/metrics. These one dimensional parameters are deduced from the LLR
message distribution. It was shown that the message distributions can be well ap-
proximated through these scalar parameters and hence, one can find the threshold

without much sacrifice in accuracy.

Reciprocal-Channel Approximation

In reciprocal-channel approximation (RCA) density evolution, proposed in [49], the
one dimensional tracking metrics are SNR (for variable node to check node metric)
and the reciprocal of the SNR (for check node to variable node metric). For a given
SNR s, there exist a reciprocal of s denoted by r such that Cg(s) + Cp(r) = 1,
Cg(g) denotes the capacity® of the BIAWGN channel with SNR g. s and r are

SWith SNR g, Cg(g) is equivalent to CBIAWGN(\/E) of (2.3).
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related with each other such that r = C5' (1 — Cp (s)) and s = C5' (1 — Cg (1)).

With RCA in density evolution, s is additive at variable nodes and r is additive

at check nodes [50]. Let z® and y® be the metric outgoing from variable node

and check node, respectively at iteration ¢. Using the RCA technique, we get

the following density evolution equations for the (d,, d.)-regular LDPC codes over

BIAWGN channel.

1

3 .
Un

e Initialization: z(® =

e Check node update:

y = (d. - 1)C5' (1 - Cp (2)) .

e Variable node update:

The decoding threshold o7 can be found by

o, = sup {Un : Zli}lglox(é) = oo} .

Gaussian Approximation

In Gaussian approximation (GA) density evolution, proposed in [49], the one

dimensional tracking parameter is the mean pu; of the channel LLR message

and the pdf of the LLR messages are approximated as a symmetric Gaussian

N(pp, 0% = 2ug) distribution. Let ) and y® be the mean of LLR message

outgoing from variable node and check node, respectively at iteration ¢. Using the

GA technique, we get the following density evolution equations for (d,, d..)-regular

LDPC codes.

e Initialization: z(® = U%

e Check node update:

y© = g1 (1 _ [1 _ ¢ (x(g)ﬂdc—l) '
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e Variable node update:

following [48] we define

0o _U-9)? )
slg) = o L~ v [ (tamh F)e™ 5, i g >0

1, if g=0

The decoding threshold o} can be found by

o, = sup {an - lim 2 = oo} .
{—00

Both reciprocal-channel and Gaussian approximations compute the decoding thresh-
old with very similar accuracy and complexity. However, there is no natural way
of generalizing the reciprocal-channel approximation to irregular LDPC codes [49].
On the other hand, Gaussian approximation can be generalised for both regular

and irregular LDPC codes.






27

Chapter 3

Tools for Anytime Code

In this chapter, we propose analytical tools to analyse and design the block codes.
We show that proposed tools exhibit better performance and/or less complexity
than the existing tools. Additionally, proposed tools can be used to analyse the

performance of practical anytime codes.

This chapter is organised in the following manner. An algorithm to estimate the bit
erasure/error probability of finite-length LDPC codes is introduced in Section 3.1.
In the next section, low complexity density evolution techniques are proposed for
the SC-LDPC codes over BIAWGN channel. In Section 3.3, we show the design of
GMAC codes using SC-LDPC codes and present low complexity density evolution
technique for 2-user GMAC. Note that the GMAC code design in Section 3.3 does
not represent a analytical tool, rather act as a stepping stone to design anytime

code for GMAC.

3.1 Performance Estimation of Finite-Length
LDPC Codes

Asymptotic behaviours of LDPC codes are well understood and the asymptotic
performance can be measured through density evolution analysis. In contrast to
the asymptotic analysis, the behaviour of finite-length LDPC codes is not straight-
forward. The finite-length performance of LDPC codes is divided into two regions,
namely the error floor region and the waterfall region. Error floors occur due to
small structures generated in the code, where the error performance of the code is

dominated by the minimum distance of the code and does not decrease as rapidly
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as it might be expected. On the other hand, in the waterfall region, the error

performance of the code drops off quickly as a function of the channel parameter.

Finite-length behaviour of LDPC codes over binary erasure channel was first in-
vestigated in [51], which describes both the waterfall and error floor regions. This
approach was based on stopping set analysis. Although stopping set analysis gives
an accurate estimation, it becomes impractical for large block length due to very
high computational complexity. A similar approach with slightly lower complex-
ity was proposed in [52]. In [53], a scaling law method was introduced, which
can predict the performance of finite-length LDPC codes almost accurately. The
prediction accuracy of the scaling law method depends on how accurately one can
find the scaling parameters [53] and the decoding threshold. Although the scaling
law method provides a low complexity analysis, finding the scaling parameters
is not an easy task for all ensembles and decoding algorithms. More recently,
another approach was proposed in [54], which provides finite-length performance
estimation in the waterfall region. Considering the decoding failure as an event
when the realized channel quality is worse than the decoding threshold, the block
error probability was obtained. Using the extrinsic information transfer (EXIT)
chart analysis and the obtained block error probability, this method calculates the
bit error probability. This threshold method offers an efficient and low complexity
estimation in the waterfall region. However, the prediction becomes inaccurate
for small block lengths. Moreover, both scaling and threshold methods do not
work for the cases where it is not possible to find the decoding threshold. Suitable

examples of such cases are the anytime codes.

In this Section, we present a new method to estimate the finite-length performance
of LDPC codes. Utilizing the density evolution technique, our approach can pre-
dict the bit erasure/error probability of any given ensemble. This approach holds
for various BMS channels. Through comparison with simulation results, we show
that our approach gives a close approximation for the bit erasure/error perfor-
mance of LDPC codes. Although our proposed method exhibits higher computa-
tional complexity, it provides more accurate estimations than that obtained from
the method proposed in [54]. More importantly, our proposed method can be used

to predict the finite-length performance of anytime code.
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3.1.1 Proposed Algorithm

In the asymptotic density evolution, the realized channel parameter observed by
each codeword is concentrated and fixed. However, for finite-length codes, the
channel observed by a codeword is a random quantity. Similar to [54], our esti-
mation technique takes into account this randomness of the channel to evaluate
the performance of finite-length codes, while assuming that the codes are cycle-
free. For example, for the erasure channel, we define a random variable E, the
empirical bit erasure probability observed by a codeword. Then N E has binomial
distribution B(N,¢€). For large N, the distribution of E can be approximated by
a Gaussian distribution N (e, %) with mean e and variance <=2
the BIAWGN channel, the distribution of the observed error probability can be ap-
proximated by N (P., W), where P, is the probability of receiving a bit in error
due to the BIAWGN channel. Conditioning on a channel realization (erasure/error

. Similarly, for

probability), we first find the conditional decoded erasure/error probability from
density evolution. Then by marginalizing over the channel realizations, we find

the erasure/error probability.

Let k£ denote the realized number of erasures or the empirical mean of LLR. Condi-
tioned on k, we consider dy as the erasure probability (for BEC) or the LLR mean
(for BIAWGN channel) realized from the channel. We also consider a;,(f) and y,(f)
as the erasure probabilities obtained from the variable node decoder and the check
node decoder, respectively at iteration ¢. We denote ¢, as the realized channel
erasure/error probability! and P, as the bit erasure/error probability returned
by the decoder given k erasures/LLR mean realized at the channel. Using the

following steps we can estimate the performance of finite-length LDPC codes.

Quantization: Quantize the realized channel erasures (BEC) or empirical mean
of channel LLR (BIAWGN channel).

Py, calculation: For each of the quantized values of £, find the corresponding bit

erasure/error probability P, returned by the decoder using following steps:

1. At the variable node decoder, compute x,(ce) for given ¢, and y,(f_l) [Equa-
tion (3.2) and (3.5) for BEC and BIAWGN channel, respectively].

2. At the check node decoder, compute y,(f) for given ng) [Equation (3.3)
and (3.6) for BEC and BIAWGN channel, respectively].

'For BEC, 0}, = ey,.
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3. Repeat step 1 and 2 for a maximum number of iterations £p,.y.

4. Find the conditional bit erasure/error probability P, using 6, and
y,(f"‘“) [Equation (3.4) and (3.7) for BEC and BIAWGN channel, re-
spectively].

Marginalization: Marginalize P, over k to obtain the bit erasure/error prob-
ability P..

P. = Piex) P, (3.1)

where P, (ex) denotes the probability of the erasure/error probability e, which can
be obtained from the distribution of the realized channel erasure/error probability.
The rules of finding x,(f), y,g,[), and P, depend on the variation of channel type

and decoding algorithm.

3.1.2 Over BEC

Following [17, Chapter 7| the variable node update, check node update, and con-

ditional erasure probabilities are as follows:

Variable node update:

29 = g (y,(f*”) . (3.2)
Check node update:
y,(f) =1-p (1 - x,(f)) ) (3.3)

Conditional erasure probability:
Pe|k = (SkA <yl(fmax)> . (34)

For k erasures from the channel, we calculate the observed erasure probability by
er = % We find P,(ex) from the pdf of the realized channel erasure probability
and marginalize P, over k using (3.1) to calculate the erasure probability P, of
a given ensemble. Fig. 3.1 shows a comparison between simulation result and our
prediction method for (3, 6)-regular LDPC codes.
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FIGURE 3.1: Bit erasure probability comparison for (3, 6)-regular LDPC codes
between simulation results, our estimations and threshold method results pro-
posed in [54].

3.1.3 Over BIAWGN Channel

For the BIAWGN channel, we consider LDPC codes under BP decoding algorithm.
To implement density evolution based on BP decoding algorithm, we have utilized
the Gaussian approximation technique shown in [49], which provides close results
compared to the actual implementation. Following [48], the update equations for
the variable node, the check node, and the conditional erasure probability are

given by:

Variable node update:

d’Umax
2= v, <5k 4 1)y,(f‘1>> . (3.5)
=2

Check node update:

don dor Jj—1
- S00 (1= [Buoturemn] ) oo
j=2

=2
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Conditional error probability:

(émax)

dy .

max 5 + Z

Pu=Y A % . (3.7)
=2

Each quantized LLR value k corresponds to the error probability given by e, =
Q( g) For finite-length NN, the distribution of e, can be approximated by a
Gaussian distribution with AV/(P,, w

distribution. With noise variance o> and assuming symmetric Gaussian distribu-

) and P,.(ex) can be calculated from this

tion, the average error probability P, can be calculated by P. = Q( ) [54]. By

L
marginalizing P, over k using (3.1), we can obtain the error probability P, of
a given ensemble.? In Fig. 3.2, our estimations for (3,6)-regular LDPC codes of
different block lengths are compared to the simulation and reference [54] results.

Then we compare our estimation with the simulation result for irregular case. For
1
2
simulation and reference |54| results.

a rate 5 irregular code, Fig. 3.3 shows the comparison between our estimation,

3.1.4 Discussions

From the above comparisons, we find that our estimation technique provides better
results than the method in [54]. Similar to [54], we have observed a reduction in
the gap between estimation and simulation results for large block length. We also
observe that our proposed algorithm provides very good estimation results when
the channel parameters are close to the decoding threshold of the code. Moreover,
our proposed method is useful in the case, where it is difficult to find the decoding

threshold accurately.

3.2 Density Evolution of SC-LDPC Codes over BI-
AWGN Channel

As discussed in Section 2.4 of Chapter 2, the tracking parameter for the BIAWGN
channel is the pdf of the LLR message. Thus, the actual density evolution of SC-
LDPC codes over BIAWGN channel requires tracking multiple pdfs of messages

2Note that due to the infinite range of LLR value, we choose to marginalize with respect to
the realized bit error probability instead of marginalizing with respect to LLR mean.
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FIGURE 3.2: Bit error rate comparison between the simulation results, our
estimation and threshold method [54] for (3,6)-regular LDPC codes over the
BIAWGN channel.

travelling over multiple edge types. This results in substantially high computa-
tional requirements. To reduce complexity, the reciprocal channel approximation
(RCA) was used within the multi-edge type (MET) framework in [50], where the

tracking parameter of the density evolution analysis is a scalar quantity.

Due to the MET framework, the density evolution analysis of SCLDPC codes in
[50] tracks the parameter of each edge type separately. Moreover, deterministic
connection between variable node and check node was assumed in [50]. On the
other hand, for SC-LDPC codes with probabilistic coupling between protographs,
applying the MET framework results in prohibitively complex analysis. Examples
of such cases are anytime spatially coupled codes proposed in [55], where MET

framework can not be applied.

In this section, we propose a low complexity density evolution approximation for
SC-LDPC codes over BIAWGN channel. Together with the RCA and GA, we
introduce averaging techniques in density evolution. Instead of tracking the pa-
rameters of RCA or GA on different edge-types, we track these parameters for

different node-types. Since the number of node-types is generally much smaller
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F1GURE 3.3: Bit error rate comparison between the simulation, our estimation
and threshold method [54] for irregular LDPC codes. We specified the degree
distribution pair of the code as v(s) = 0.4s% + 0.45° + 0.2s® and p(s) = s°.

than the number of edge-types, the proposed techniques have significantly lower
complexity than density evolution with RCA or GA in the MET framework. The
decoding thresholds obtained from the proposed techniques are compared with
the exact decoding thresholds obtained from the actual density evolution over
the MET framework. Although the proposed techniques slightly reduce the accu-
racy, their computational complexity is close to that of density evolution over the
BEC. Moreover, the proposed density evolution techniques are also applicable for

spatially coupled codes with random coupling.

The remainder of this section is organized as follows. For sake of completeness,
we present the actual MET density evolution in Subsection 3.2.1 and MET with
approximation techniques in Subsection 3.2.2. In Subsection 3.2.3, we introduce
proposed density evolution analysis and present the numerical results in Subsec-
tion 3.2.4.
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3.2.1 Multi Edge Type Density Evolution

We first describe the MET representation of SC-LDPC codes and then show the
exact density evolution of SC-LDPC codes over the BIAWGN channel. A MET
code can be specified by two node perspective multinomials defined as A(s) =

Y Ags?and I'(s) = > T'ys?, where s, q are vectors which are explained as follows:

® s = [s1,...,8,,] denotes a vector of variables, each corresponds to an edge-

type. n. is the number of edge-types used to represent the graph ensemble;

e g =Iq, ..., qn.| denotes degrees of edge-types, where ¢; is the number of edges

of type ¢ that connect to the same check/variable node.

The non-negative coefficient A, (I'y) represents the fraction of variable (check)
nodes of type q. SC-LDPC codes can be included in the MET framework. A
simple example of a MET SC-LDPC code is shown in Fig. 3.4, where we assume
deterministic connections between variable nodes and check nodes with v = d,,.

For this example, the multinomials are given by

A(S) = 0.5818283 + 0.5848586,
T'(s) = 0.2557 + 0.25s353 + 0.255352 + 0.25s2.

FIGURE 3.4: MET representation of (d,,d.,vy, L) = (3,6,3,2)-SC-LDPC code
with n, = 6. The edge types are denoted along side of each edges.

Additionally, for density evolution, we define two following edge perspective multi-

nomials v(s) and p(s):
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where,

dT'(s)
dSZ‘ ’

and Ty, (x) =

We also define a vector of n, pdfs A = [Age), Ag), s A%g |, where, AZ(»E) is the pdf
of a message on an edge of type i at iteration ¢. According to |36, Chapter 5|, we

get the following density evolution recursion at iteration ¢:

AY = ApiaweN(o,) * V <P (A(£_1)>) ; (3.8)

where Agrawan(o,) is the pdf of the LLR of received message corresponding to a
bit transmitted over the BIAWGN channel with noise variance ¢2. In (3.8), the
multiplication operation inside v (X) (p (X)) is convolution of densities in the
variable (check) node domain. Let Ay be the Dirac delta function of unit mass
concentrated at k. By Ay and A, we define vectors of densities where each
density is Ao and A, respectively. We assume A®) = ABIAWGN (o) * V(A), i.e.,
initially each variable node sends its received value. According to [36], we find the

threshold by
O':L = sup {O’n : lem ABIAWGN(on) x A (p (A(Z))> = Aoo} .
—00

For more details about MET density evolution, we refer the readers to [36]. This
density evolution provides an accurate prediction of decoding thresholds. However,
MET density evolution suffers from high computational complexity, since it tracks

the whole distribution of each edge-type message.

3.2.2 MET Density Evolution with Approximation

We now summarise density evolution of SC-LDPC codes using approximations
(i.e., RCA and GA) in the MET framework as depicted in Fig. 3.4. These ap-
proximations reduce the complexity of the actual MET density evolution analysis
by tracking a scalar quantity instead of the whole message distribution along each
edge-type. In [49], it is shown that the message distributions can be well ap-
proximated through these scalar quantities and hence, one can find the threshold

without much sacrifice in accuracy.

Let E,(7) be the set of edge types that share the variable node with an edge of
type . Similarly, let E.(¢) be the set of edge types that share the check node with
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an edge of type i. Let z” (7) and y¥ (1) i € {1,2,..,n.} be the metrics, which
are deduced from the LLR message distribution through RCA or GA, passed
from variable and check nodes, respectively, along the edge type i, at iteration /.
For RCA and GA, the nature of z.” (1) and yg)(z') are mentioned in Section 2.4
of Chapter 2. The RCA and GA in the MET framework are more rigorously
described in the following.

The RCA Technique

e Initialization: x( )( )=

:QM| =

° yg) (1) update:

The GA Technique

e Initialization: xgo)(i) = 5.

. yy) (7) update:

jG]Ec( )
o xg)(') update
) 2
2(i) = oz Hlai— y@ + D gyl
J€E(7)

For both RCA and GA techniques, we find the decoding threshold ¢ by

or = sup {an - lim 29 (i) = oo, Vz’} .
f—00
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3.2.3 Proposed Density Evolution Analysis

In BEC, an average of the incoming erasure probabilities at the variable or check
nodes can be used to calculate the outgoing erasure probabilities [32]. This prop-
erty results in a low complexity density evolution analysis of SC-LDPC codes over
the BEC. Motivated by the density evolution over BEC, we propose averaging
techniques in the density evolution analysis over BIAWGN channels, while uti-
lizing RCA (or GA). In our proposed density evolution, we track the messages
from different nodes instead of tracking the message for different edge-types. We
compute the outgoing messages from a node based on an averaging function of
the incoming messages. Using RCA and GA, we propose averaging the mutual
information between the incoming message and the associated code bit. For each
variable or check node, we convert each of the incoming metric (SNR or mean of
LLR message) to the corresponding mutual information and average these mutual
information. Then, the average mutual information is converted back to the corre-
sponding metric, which is used to calculate the outgoing metric. For the proposed
density evolution analysis, we consider 29 (i) and y) (i) to be the metrics?, out-
going from variable and check nodes, respectively. The indices i and ¢ denote the
node position and iteration number, respectively. In the following density evolu-
tion, we set () (i) = oo, V/ when i & [1, L]. Using RCA and GA, in the following
we present the proposed update steps of (9 (i) and y*) (i) for i € [1, L].

The RCA Technique
e Initialization: z(©(i) = ;.

e y(i) update:

#0() = = 4 (d, - 1)C5! (1 - %i Co (40 + k:))) |

On

3The nature of 2(9) (i) and 3 (i) are same as 2 (1) and yto (1), respectively.
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The GA Technique

Initialization: 2V (i) = 2.

e yY(i) update:

where

1 ® (f-9? B
76 =1- = [ T F om+

For both RCA and GA techniques, the decoding threshold is

or = sup {on : Elim 29 (i) = oo, Vz’} :

—00

Complexity Comparison: Our proposed density evolution analysis offers a re-
duction in complexity compared to the earlier MET techniques by tracking node-
type instead of edge-type messages. For SC-LDPC codes, the number of messages
to be tracked in our proposed approach is at most % of that in the MET tech-
niques. For example, with (d,,d.,v = d,, L) and (d,,d.,y = 2d,, L)-SC-LDPC
codes in the MET framework, there exist d,, and 2d, types of edges, respectively
at each position. Thus, MET techniques track d,L and 2d,L messages (variable
node to check node), respectively. On the other hand, for both SC-LDPC codes,
there exists single type of node at each position. Thus, our proposed density

evolution tracks only L messages.

3.2.4 Results and Discussion

In this section, we present numerical results obtained from the aforementioned den-
sity evolution techniques. The thresholds for different SC-LDPC codes obtained
from different density evolution techniques are plotted in Fig. 3.5 and Fig. 3.6.
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We observe that the threshold obtained from RCA-MET and GA-MET density
evolutions is a close approximation to the exact threshold obtained from the actual
MET density evolution as described in Subsection 3.2.1. Although MET density
evolution techniques lead to a good prediction of decoding thresholds, they suf-
fer from high computational complexity and become very complicated when there

exist probabilistic connections between variable and check nodes.

On the other hand, the decoding thresholds obtained from the proposed RCA-
averaging and GA-averaging techniques provide slightly inaccurate approxima-
tions, especially at low rates. However, they offer the least computational com-
plexity. Moreover, the proposed techniques provide tractable density evolution
analysis for any coupling distribution as well as for probabilistic connections be-
tween variable and check nodes. It is worth mentioning that the decoding thresh-

olds given by the proposed density evolution are no longer accurate for small L

and/or very low rate (R; < 0.15) SC-LDPC codes.

3.3 SC-LDPC Code Design for Gaussian MAC

We now present channel code design for Gaussian multiple access channel. Al-
though the capacity region of general MAC is not known, the capacity region of
Gaussian MAC (GMAC) has been known for many years. The corner points of
GMAC’s capacity region can be achieved through single user decoding with succes-
sive cancellation at the decoder [18]. To achieve any point of the capacity region,
time sharing or rate splitting approach can be combined with single user decod-
ing approach [56]. On the other hand, random coding with joint decoding is an
alternative technique to obtain any point of the capacity region. LDPC codes are
good candidates for this technique, since they provide capacity approaching per-
formance with low complexity decoding. Design of practical GMAC code based on
irregular LDPC codes were studied in [57, 58]. Due to the irregular LDPC codes,

an extensive degree optimization is required to achieve a capacity approaching

GMAC code.

Similar to irregular LDPC codes, SC-LDPC codes are also potential candidates
for GMAC code due to their threshold saturation property over binary memoryless
channel. Moreover, simple optimization procedure can be formulated for different
channel conditions, since SC-LDPC codes are constructed from regular LDPC
protographs. The threshold saturation of SC-LDPC codes for MAC channel was
first shown in [59], where the MAC was modelled as a binary adder channel followed
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by an erasure channel. Later, the threshold saturation of SC-LDPC codes was
shown for GMAC in [60]. However, the density evolution analysis presented in
[60] suffers from high computational complexity. In addition, for a given GMAC,

[60] does not provide any explicit code design procedure.

In this section, we present a low complexity density evolution analysis for SC-
LDPC GMAC code with the channel model presented in Subsection 2.1.3. A
simple optimization procedure is presented to design a SC-LDPC GMAC code
for a given GMAC. With numerical examples, we show that SC-LDPC GMAC
codes are capacity approaching for wide range of design rates. We also show that
SC-LDPC GMAC codes give better asymptotic performance than the optimized
irregular LDPC GMAC codes reported in |57, 58|.

3.3.1 Code Design

Following the code design proposed in [59], we design the SC-LDPC code for the
2-user GMAC. We consider that user-A takes a (d,,,d.,,7, L)-SC-LDPC code,

VA

denoted by code C4 of rate R4, to encode its information bits. Similarly, user-B
takes a (d,,,d.,,7, L)-SC-LDPC code, denoted by code Cp of rate Rp, to encode

vps
its information bits. Then both users simultaneously transmit their encoded bits
through the 2-user GMAC. The factor graph used in the decoding process is shown
in Fig. 3.7, where code C4 and code Cp are connected through state nodes (SNs)
which contain the effect of MAC. A state node at position-¢ connects variable
nodes at position-i of user-A and user-B. We refer to the combination of code
Ca and code Cp as (dy,, dvy, dey, dey, 7y, L)-SC-LDPC GMAC code. Note that for

equal rate scenario (i.e. for R4 = Rp = R), we consider d,, = d,, and d., = d.

UB B

3.3.2 Decoding Algorithm

At the MAC receiver, we consider the belief propagation (BP) decoding algorithm
which is extended for GMAC scenario in [58]. We also consider a parallel scheduled
decoding, where the state nodes first send its information* to the variable nodes
of code C4 and code Cp. Then a single round of message passing between variable
nodes and check nodes occurs in both users’ code. After that an extrinsic infor-
mation is sent back to the state nodes which updates the information contained

in the state nodes.

4At the beginning, state nodes send the GMAC observation.
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FIGURE 3.7: Factor graph of SC-LDPC code structure for 2-user MAC with

dy, =dyy; =3,de, =dc; =6,7v=3and L = 10. The variable nodes of code C»

and the code Cp are connected through state nodes, which are represented by

light gray square nodes. The degrees of the nodes are depicted in the left side,

while the update messages used in the density evolution analysis are depicted in
the right side of the chain.

Three out of four decoding update messages namely (i) variable node to check
node (ii) check node to variable node and (iii) variable node to state node can
be obtained from the standard BP decoding rules [more details can be found in
[61]]. However, the decoding update rule for state node to variable node is rather
new. Let S ngé) denotes the message from state node-i to variable node-i of user

Jj € {A, B} at iteration £. Following [58], we get the following update rules:

2(v;—1) 0

2D Ly gl

(0 _ 100 &7 11
SVAz‘ = log vs® _2(vi+1) )
e "Bi e R
2(v;—1 4
(D) | g

e o 4]
_2(vitl) 0
e "Ai +e on

where VSJ(.f) is the message from variable node-i to state node-i of user j € {A, B}

at iteration ¢ and wv; is the channel observation corresponds to state node-i.

3.3.3 Density Evolution

We now consider the density evolution analysis of the SC-LDPC GMAC code.
Unlike the symmetric channel scenario, transmission of all +1 BPSK codeword for
both users cannot be assumed in the MAC density evolution, since the channel
seen by each user is not symmetric. In [58], it has been shown that, to predict the
asymptotic performance of 2-user GMAC code, it is sufficient to assume one user
transmits all +1 BPSK codeword and the other user transmits a BPSK codeword
with half of symbols are 4+1 and half of symbols are —1. Note that, this assumption
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only affects the update equation for the message from state node to variable node.
For more details, we refer the readers to [58]. In the density evolution, we consider
the following notations at iteration /.

° x§.€) () denotes the mean of LLR message outgoing from the variable node at

position i of user j € {A, B}.

° yj(.f) (7) denotes the mean of LLR message outgoing from the check node at

position i of user j € {A, B}.

) sv](.g)(i) denotes the mean of LLR message outgoing from the state node at

position i to variable node at position i of user j € {A, B}.

° vsy)(z’) denotes the mean of LLR message outgoing from the variable node

at position i to state node at position i of user j € {A, B}.

The above notations are also depicted in Fig. 3.7. Following [62] and [58], density
evolution update equations for the SC-LDPC GMAC code are given by:

e Check node to variable node: For user j € {A, B}

O s |1 S (LN (0 o
po-o [ ool (Rt )}

©®
J
with the following messages:

where 27 (1) = oo if i <0 ori > L. We initialize above update equations

[B;-O)(i) — g1 (%CT (On)> it0<i<L,

where C7r (0,) is the capacity of ternary input AWGN channel with input

distribution 1A_s 4+ 1Ag+ A and noise variance o2 [58]. Cr (0y,) is given

& 1
Cr(o,) = —/ U, (g)log, ¥, (g)dg — 5 log, 2mea?,

where

1 _ (g+22>2 _ (g—22>2 _ a2
U, (9)=———=|€e 2 +e 2 +2e 2 |.

V32mo?
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e Variable node to state node: For user j € {A, B}

vsﬁ-“(i):dvjj—l( Z‘i 7 (4 z+k:)>

k=0

e State node to variable node: Following [5§],
, 1
sv%)(@) =J! (3 (1 +J (vsB (i ))) Cr (O’i)) ,
1 :
svg)(@) =J! (§ <1 +J (USE?(Z))) Cr (03)) .

e Variable node to check node: For user j € {4, B}

x§é+1)(i) = SUJ@) (4) + (dw, — < Z J ( (i + k) ))

We calculate the noise threshold o7 of the (d,,, d.,, d.,, dcy, v, L)-SC-LDPC GMAC

VA UBY CA

code by:

o= max{ ehm x%)(z) oo and :L’g)(i) = 00, W} :
—00

Using the above density evolution analysis, we present the optimization procedure

in the next subsection.

3.3.4 Optimization

For a given 2-user GMAC (i.e. for a given 02), we now present the optimization
procedure for the SC-LDPC GMAC code. For sake of simplicity, we first set
v =d,,. For equal power/equal rate scenario, the rate R can be maximized by

minimizing d . Thus, we get the following optimization problem.

S8

VA

de,

such that
x%)(z) > x(Ae 1)(z), Viand £ =1,2,3,...
xg)(z) > xg 1)(z), Viand £ =1,2,3,...

Minimize
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x%m‘""‘)(z’) — 00, V1

We assume that the final constraints of the above optimization problem are satis-
fied when m(Am‘“) (i) and x%m‘“) (i) Vi reach to a high value (for example 100), where
lmax 18 a predefined value of maximum number of iterations. Note that the above
optimization procedure is essentially determining thresholds of SC-LDPC GMAC
codes with various d,, and d., values. Moreover, fixing all the parameters except
d,, and d., limits the rate compatibility property of the SC-LDPC GMAC code.
The optimization procedure can be made more robust by varying other parame-
ters as well. However, inclusion of other parameters along with d,, and d., will

increase the complexity of the optimization procedure.

3.3.5 Numerical Results
Asymptotic Performance

From the density evolution analysis described in Subsection 3.3.3, we now present
the asymptotic performance of SC-LDPC GMAC code. We fix d,, =d,, =7 =
4,L = 200 and vary d., (or d.,) to obtain SC-LDPC GMAC codes of different
rates. The rates, thresholds, and Shannon limits® are summarized in Table 3.1.
The gap between Shannon limit and threshold are also shown in Table 3.1. Note

that we present the thresholds and the Shannon limits in terms of ﬁ—g (dB)S.

From the table, we observe that there exists a narrow gap between the threshold
of SC-LDPC GMAC code and their corresponding Shannon limit. We also observe

that this gap decreases as the rate increases.

Comparison with Existing GMAC code

We now compare the performance of the SC-LDPC GMAC codes with the per-
formance of optimized LDPC GMAC codes proposed in [58]. For the SC-LDPC
GMAC code, first we consider (d,,,dy,,de,,des, 7, L) = (3,3,6,6,3,200), which

gives the code rate for each user R = 0.4967. From the density evolution analy-

sis as shown in Subsection 3.3.3, we get the threshold of this SC-LDPC GMAC
code as 2.15dB while the Shannon limit is 1.97dB. We notice that there exist a

Sl

~¢ is calculated from

°For a given rate R, the Shannon limit of noise standard deviation o
ol =CL' (2R)

n

SFor a given o, and rate R, we calculate 1% by ]%’; = 10log;, ﬁg%dB.
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TABLE 3.1: Threshold of SC-LDPC GMAC code for different rates. We con-

sider d,, = dy, = v = 4,L = 200 and vary d., to obtain SC-LDPC GMAC
codes of different rates. SL and TH stand for the Shannon limit and threshold,
respectively.

d., | Rate | TH (dB) | SL (dB) | Gap (dB)

6 | 0.3259 0.87 0.57 0.30

8 10.4944 2.14 1.94 0.20

10 | 0.5955 3.18 3.02 0.16

12 | 0.6629 4.18 4.06 0.12

0.18dB gap between the code threshold and the Shannon limit. For comparison,
with rate 0.5, the threshold of the optimized irregular code proposed in [58] is
2.18dB, and the gap to Shannon limit is 0.19dB. With rate R = 0.5955, then we
consider (dy,,dvy, deys dey, v, L) = (4,4,10,10,4,200), which gives a threshold of
3.18dB and the gap to Shannon limit is 0.16dB. With rate 0.6, the threshold of
the optimized irregular code proposed in [58] is 3.60dB, and the gap to Shannon
limit is 0.52dB. Thus, compared to optimized irregular LDPC relay codes, a better
code design is possible with the SC-LDPC GMAC code with reduced optimization

complexity. The above results are summarized in Table 3.2.

TABLE 3.2: Comparison between the optimized irregular LDPC GMAC code
[58] and SC-LDPC GMAC code. SL and TH stand for the Shannon limit and
threshold, respectively.

GMAC Codes Rate | SL (dB) | TH (dB) | Gap (dB)
LDPC GMAC Code [58] | 0.5 | 1.99dB | 2.18dB | 0.19dB
SC-LDPC GMAC code | 0.4967 | 1.97dB | 2.15dB 0.18dB
LDPC GMAC Code 58| 0.6 3.08dB | 3.60dB 0.52dB
SC-LDPC GMAC code | 0.5955 | 3.02dB | 3.18dB 0.16dB
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F1GURE 3.8: Bit error rate performance of the SC-LDPC GMAC code. In the

simulation, we consider d,,, = dy, = 3, d., = dc; = 6,y = 3 and L = 200. From

density evolution, we get an asymptotic threshold 2.15dB, while the Shannon
limit is 1.97dB.

Finite Length Performance

We now present the finite-length performance of the SC-LDPC GMAC code. In
Fig. 3.8, we show the bit error probability of (d, ,, dvy, de,, deyy 7, L) = (3,3, 6,6, 3,200)
SC-LDPC GMAC code. Since we observed almost similar performance for both
users, we only plot the finite-length performance of user-A. In the simulation, we
consider M = {100, 200, 400}, which gives the corresponding block length for each
user = {20000, 40000, 80000}. From the results, we observe that the finite-length
performance of the proposed SC-LDPC GMAC code exhibits a threshold close
to 3.1dB. It is worth mentioning that with the reported block length, the LDPC
GMAC code in [58] gives better finite-length performance than the performances
shown in Fig. 3.8. It is expected since finite-length performance of spatially cou-

pled codes is not good for M < 10000.
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3.4 Conclusion

In this chapter, we have presented the tools, developed for this thesis, which can be
utilized to design and analysis of both block and anytime codes. Firstly, we have
proposed an algorithm to estimate the finite-length behavior of LDPC codes in
the waterfall region. From the comparison with simulation results, we have found
that our algorithm has a good prediction accuracy for various channels without
knowing the threshold or any other scaling parameters. In Chapter 4, we use the

proposed algorithm to estimate the finite-length performance of anytime code.

Next, we have presented density evolution techniques to find the decoding thresh-
old of SC-LDPC codes over BIAWGN channels. We have observed that although
MET density evolution results in an accurate analysis, it suffers from high com-
plexity and limited practicality. On the other hand, although our proposed density
evolution techniques are slightly less accurate, they are easy to implement and have
broader applications. Based on the proposed density evolution technique, we show

the asymptotic analysis of anytime code over BIAWGN channel in Chapter 4.

Finally, we have presented the design and analysis of SC-LDPC MAC code while
2-user GMAC is considered. Through asymptotic results, we have observed that
presented SC-LDPC MAC code exhibits a capacity approaching performance over
BIAWGN channel. For a given 2-user GMAC, we have presented a simple opti-
mization procedure. We have also shown that compare to the existing optimized
MAC code, presented SC-LDPC MAC code leads to a better performance. Based
on the presented low complexity analysis, we analyse anytime code over GMAC
in Chapter 6.
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Chapter 4

Anytime Codes for Point-to-Point

Communication

In this chapter, we propose anytime channel code for point-to-point communica-
tion. The anytime characteristics of the proposed code is shown through density
evolution analysis. Adaptive window decoding algorithms are proposed to en-
sure low complexity anytime decoder. We also present finite-length performance

estimation algorithm and delay-exponent analysis over BEC.

This chapter is organized as follows. We first describe the system model for the
P2P anytime communication in Section 4.1. In the next section, the design of
anytime codes based on spatially coupled codes is proposed. In Section 4.3, the
anytime characteristics of the proposed anytime codes are investigated over BEC.
We present the algorithm for finite length performance estimation and propose a
low complexity anytime decoder. We also present simulation results along with the
performance comparison between proposed and existing anytime codes. We extend
our analysis to BIAWGN channels in Section 4.4, where we show the anytime
transmission properties of the proposed codes and develop the adaptive window

decoding algorithms under belief propagation decoding.

4.1 System Model

Consider a streaming source, where at time ¢, a K-bit message m, € {0,1}*
is produced. At time instant ¢, the anytime channel encoder produces a M-bit

channel input u; € {0, 1} as a function of the available source information m! =



52 Chapter 4 Anytime Codes for Point-to-Point Communication

[my,mo,....,my]. Fort = 1,2,..., we define the anytime channel encoder by
the function &(m!). The rate of the anytime channel encoder is R = £. The

code sequence wu; is then transmitted over a noisy channel. The anytime channel
decoder receives v; (a noisy version of u,;) at every time step t. The decoder
estimates the transmitted messages using the decoding function m}(t) = D;(v!),
i.e., the decoder produces an estimate 7! (t) based on the current as well as
all previously received messages. A block diagram of anytime transmission is
illustrated in Fig. 4.1.

Input messages Anytime Channel w
u
Encoder
my Et(m’i) ‘
Y

| Channel

Anytime Channel
.t Decoder <
(1) Dy (v!) vy

Estimates at time ¢

FIGURE 4.1: A block diagram illustrating anytime communication.

We now consider the estimate 7;(t) of the message m; at time ¢ > i ; the corre-
sponding decoding delay for message m; is d =t — ¢. The probability of error for
the message i at time ¢ is P,(t — i) = Pr (m,(t) # m;). For a given channel, the
encoder-decoder pair (&, D;) is called anytime code if there exists a finite 5 > 0
such that [12]:

P.(t —i) < Be =) v (t —i) >0, (4.1)

where o > 0 is known as the anytime reliability, delay-exponent or anytime expo-
nent. The anytime reliability « specifies how fast the reliability of each message
improves with delay. The inequality in (4.1) is the main property of an anytime
code. Eq. (4.1) implies that the decoder is capable of estimating the message
m,; at any delay d > 0 and the probability of error for that message will decay
exponentially as the delay d approaches infinity. =~ Control applications require
the error probability of each message to decay to zero when the delay approaches
infinity. In practice, due to complexity and hardware constraints, a message is de-
clared reliable when the error probability is below a certain threshold (for example
10719). This threshold varies with applications. Thus, depending on a specific ap-
plication, the anytime code should be designed with a given target threshold while

maximizing the delay-exponent.
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4.2 Spatially Coupled Codes as Anytime Codes

To achieve the anytime coding properties as described in Chapter 1, we bring the
following modifications on the SC-LDPC code.

1. We allow large chain length L and large coupling length 7, so that the

reliability of each message can be improved with large delays.

2. Instead of a uniform distribution of each connection from variable nodes to
check nodes, we choose a distribution that favours connections to nearby
nodes. Specifically, a variable node at position ¢ is more likely to connect to
check nodes close to position 7. Equivalently, there will be fewer connections
with check nodes that are positioned farther away from position . In this
way, we can get a quick improvement of error performance with small delay.
This type of distribution can be achieved, for example, by using an expo-
nential distribution!. In this case, the probability of a connection between a
variable node (VN) at position i and a check node (CN) at position j (j > 1)

can be written by:

e (1 — e

1—er

P.(k) = (4.2)
where \ is known as exponential rate parameter and & = j — i is the distance
between the connected check node and variable node. For v = oo, (4.2)

becomes

P(k) = e " (1 —e™).

We refer to the above modified spatially coupled codes as (d,, d., \)-anytime SCLDPC
code. In the following sections, we present theoretical analysis and simulation re-
sults for the proposed anytime code. We also denote M as the encoded message

length at each time unit and ¢ to be the decoding time instant.

!The rationale behind choosing the exponential distribution is that the resultant code allows
a tractable analytical analysis.
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4.3 Code performance over BEC

4.3.1 Asymptotic Analysis

For density evolution of anytime SC-LDPC codes, we assume an infinite number
of variable nodes (i.e., M = o0o) at each position. Let #((i,¢) be the erasure
probability of a message outgoing from a VN at position 7 in the /** iteration at
time ¢. Applying the derivation techniques in [32], we get the following density

evolution equation for any ¢t > ¢ and v = oc.

dy—1

2O (i,t) = e 1—2}7 (1—ZP “zﬂ—kt))c , (43)

where () (i,t) = 0,¥/ when i < 0 and (0)(4,#) = ¢ when 0 < i < t. As mentioned
earlier, each variable node is connected probabilistically to the check nodes and
hence the check nodes do not maintain a fixed degree. Thus the use of fixed check
node degree in (4.3) result in an approximate density evolution. From (4.3), the
probability that the variable node at position ¢ has been erased can be computed by
considering all of its connected edges. The erasure probability P,(i,t) of message
m; is

dy

P.(it)=¢ 1—§Pr(j)<1—ZP H—j—klﬁ))c . (44)

We present the numerical results from the above modified density evolution anal-
ysis. We consider (d,,d., \) = (3,6,0.1)-anytime SC-LDPC code with v = co. In
Fig. 4.2, we present the erasure probabilities of three messages versus the decod-
ing time instant. We observe that the erasure probability of each message decays
exponentially with the decoding delay. Furthermore, the erasure performance of
a given message is a time-shifted version of the others. Hence, the erasure perfor-
mance of a message depends only on the decoding delay, not on its index. From
the slope of the erasure probability performance shown in Fig. 4.2, we can nu-
merically determine the achieved delay-exponent a. The anytime property of the

proposed code can be proved by the following theorem.

Theorem 4.1. Consider the anytime SC-LDPC code with exponential distribution
of coupling connections as described in Section 4.2. The delay-exponent of the
proposed (d,, d., \)-anytime SC-LDPC' code is given by
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FIGURE 4.2: Asymptotic performance of proposed anytime code over binary
erasure channel (e = 0.3).

a = Ad,, (4.5)
when € < &, where

(1 _ €—A>(1 _ 6)\(dv—2)(d+2))

- A : -2 N\ A2=d)(d+1) (1 =
& =max min f| e+ f(d, — 1)e (1—e™) (1= e M)(1 = D)

—dy

1 — e Ao

1 —e 22

N (e)\(dvl) B 1—e A > 1— 672)\(d+2)

The proof of the theorem is given in the Appendix A.1. It can be shown numerically
that the proposed anytime code achieves the delay-exponent @ = A\d,, whenever ¢
is below a threshold €. We can consider €, as a bound on the threshold €. It is
worth mentioning that there exists a large gap between € and €, due to the limited
tightness of the bounds used in the proof. For example, with a (3,6)-anytime
SC-LDPC code and A = 0.1, the delay-exponent is o = 0.3, where € and €, are
0.487 and 0.093, respectively. In Fig. 4.3, we compare the theoretical exponent
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with the exponent obtained from the numerical results of density evolution. From
Fig. 4.3, it is clear that the theoretically determined delay-exponent o = Ad,
closely matches the exponent of the decoded erasure probability measured from
density evolution analysis results. From (4.5), we also observe that the delay-
exponent increases linearly with the increment of A or d,. However, in practice
(i.e., for the finite-length case), increasing d, may introduce short cycles in the
code. On the other hand, increasing A leads to fewer connections to the distant
protographs. Thus, increasing d,, or A may result in an error floor at large delays.

The later effect is shown in Section 4.3.4 through simulation results.

12
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o e e e
N ~ [ee] =)

<
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A

FIGURE 4.3: Comparison between the theoretical exponent (o = Ad,) and the
numerical exponent.

Remarks: In the above delay-exponent analysis, infinite number of channel use in
a message is considered. Thus theoretically, an infinite delay-exponent is achiev-
able. The finite delay-exponent in the above theorem is due to the structure of the
code. For the anytime code proposed in [10], the variable node degree grows to
infinity, and the delay-exponent is limited by the channel coefficient. However, in
our case, the variable node degree is fixed to a finite value, and the delay-exponent

is limited by the parameters A and d,.
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4.3.2 Finite-Length Estimation

In this section, we present an algorithm to estimate the finite-length behaviour of
the proposed anytime SCLDPC code. For this purpose, we utilize the estimation
algorithm shown in Chapter 3, which is developed to estimate the finite-length
performance of LDPC codes.

Recall that, we define a random variable F/, the empirical bit erasure probability
observed by a codeword. Then NFE has a binomial distribution B(N,€) [54]. For

large N, the distribution of E can be approximated by a Gaussian distribution

N (e, %) with mean € and variance 6(1]\76)

(realised erasure probability), the proposed algorithm first finds the conditional

. Conditioning on a channel realization

decoded erasure probability from density evolution. Then the erasure probability
can be obtained by marginalizing over the channel realizations. Using [63], we
estimate the bit erasure rate of finite-length anytime SCLDPC codes as a function
of the delay. To estimate the erasure probability of message m,;, we assume that
my, My, ..., m;_ 1 messages are recovered. Thus, the erasure probability of message
m,; at decoding time instant ¢ + ¢ is equal to the erasure probability of message

m at decoding time instant ¢ + 1.

o Let P.;(1,t) denote the erasure probability of message m, after decoding at
time t, conditioning on k € [0, (t — i+ 1) M| erasures realized at the channel.

We determine P,;(1,t) via the following steps.

— For k erasures realized at the channel, the empirical channel erasure
probability is 6, = m

— Update x,(f)(l, t) using the density evolution update equation as men-
tioned in Subsection 4.3.1, where € and 2 (i, t) are replaced by J; and
a:,(f) (1,t), respectively. Here xl(f)(l, t) denotes the corresponding erasure

probability conditioning on k erasures realized at the channel.

— Find the conditional erasure probability P,;(1,t) using (4.4).

e Marginalize P,;(1,t) over k to get the erasure probability of m,.

Pe(lat) = Z Pb(k)Pe\k(Lt)a (46)

where P,(k) is the probability of having k erasures from the channel, which can
be obtained from the binomial distribution B ((t — i + 1)M, €) of realized channel

erasure probability.
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Now we present the results according to the aforementioned finite-length anal-
ysis. To estimate the performance of our proposed anytime code, we consider
(dy,de, \) = (3,6,0.1)-anytime SC-LDPC code with M = 32. Fig. 4.4 illustrates
the estimation and simulation performance of the proposed anytime code. It can
be seen that there exists a slight gap between our prediction and the simulation
results, since the finite-length analysis does not consider cycles in the code and
due to the assumption that all the previous messages are decoded correctly. Oth-
erwise, good prediction on erasure performance can be obtained from the proposed

estimation algorithm.

Message 1'(mj)

Message 16 (mg)

Erasure probability

—©— Simulation
—— Estimation
N N

10 20 30 40 50 60 70
Decoding time instant (t)

FIGURE 4.4: Comparison between the simulation results and our estimation
over BEC (e = 0.4) with M = 32.

4.3.3 Adaptive Window Decoding

In this section, we present a low complexity adaptive window decoding (AWD) al-
gorithm for anytime receivers, where the window size depends only on the number
of erased bits. Note that the adaptive window decoding technique for the BEC is
similar to the peeling decoder [64]. However, for the sake of completeness and to
help explaining the AWD extension for BIAWGN channels, we describe the AWD
for BEC in the following.

According to the anytime code construction mentioned in Section 4.2, the resultant

code structure leads to a lower triangular unterminated check matrix H. The
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lower triangular property of the check matrix enables us to perform decoding with
a portion of H, i.e., a portion which is associated with the received bits. We
denote the active portion of the check matrix H at time t as H,. Unterminated

check matrix H and active check matrix H, are illustrated in Fig. 4.5.
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FIGURE 4.5: Illustration of unterminated check matrix H and active check
matrix Hy.

Let a; X n; be the size of the active check matrix H;. We define the parity vector
P, = [P1, P2, -, Pa,] € {0, 1}, where p; is the parity of coded bits associated to the
i'" row of the check matrix. We initialize p, with all zeros. At each decoding time
instant, the adaptive window decoder removes the recovered coded bits and the
corresponding columns of H,. If the value of a recovered coded bit j is 1, then we
flip the value of associated parity components, i.e., p; = p; @ [H,;;b;, where [H,];;
denotes the entry of H; at the i’ row and j” column and b;(j € {1,2,...,n:})
denotes the value of the j* coded bit. Then the all-zero rows of the check matrix
are removed. Therefore we get a reduced size check matrix H, and the decoding
algorithm runs on the corresponding Tanner graph of H,. From the conventional
erasure decoding algorithm [17], the check node update rule is modified in the
following manner. In the first iteration, we recover all the variable nodes that are
connected with a check node of degree one. Then at each iteration, a check node
C (let C corresponds to it row of H;) sends to a connected variable node V an
erasure if it receives at least one erasure from the connected variable nodes other
than V; otherwise C' sends to V' the sum (mod 2) of p; and incoming messages
from all connected variable nodes other than V. The adaptive window decoding

scheme for the BEC is summarized in Algorithm 1.
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Algorithm 1 Adaptive window decoding algorithm for BEC

fort=1,2,.....,00 do
1. Take first tM columns and first (1 — R;)tM rows from the parity check
matrix H to form H, and initialize p, with all zeros.
2. Modify H; and p, based on recovered coded bits.
fori=1totM do
if coded bit-7 is recovered then
if coded bit-i = 1 then
Flip the values of parity components associated with coded bit-i.
end if
Remove the coded bit-i and corresponding column of Hj.
end if
end for
3. Remove the rows with all zeros from the check matrix to obtain H,.
4. Run the decoder with erased bits, parity vectors and reduced check matrix
H,.
5. Find new recovered bits based on the information returned by the decoder.
end for

The aforementioned adaptive decoding algorithm is optimal for the BEC since the
decoder can accurately detect recovered bits. This algorithm gives a significant
lower decoding complexity compared to the expanding window decoding technique,
while the error performance remains the same. In the case of expanding window
decoding, the complexity of the decoder scales linearly with Mt. On the other
hand, the average complexity of our algorithm scales linearly with W,,, where
Wy is the average decoding window length that contains the erasure bits of the
currently received message and all the non-decodable bits among the previously re-
ceived messages. For message size M = 40, Fig. 4.6 shows the comparison between
expanding window decoding (EWD) and AWD techniques. For AWD, we observe
that the average decoding window length approaches a constant (W,, ~ 212 for
¢ = 0.4) while the decoding window length grows linearly for EWD technique. As
expected, W,, increases as the channel erasure probability increases. We noticed
that W,, is finite whenever the erasure probability of each message decays with
delay. In Fig. 4.6, we also present the estimated decoding window length for the
AWD technique by utilizing the finite-length performance estimation as described

in earlier subsection. Using (4.6), at time ¢, the estimated decoding window length

t—1
is M S Pt — 1) + Me.
=1
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FIGURE 4.6: Comparison between the expanding window decoding (EWD) and
adaptive window decoding (AWD) over BEC.

4.3.4 Numerical Results

In this section, we present the error performance through simulation results and
show the effects of different design parameters on the proposed anytime code. For
the simulations, we construct a (d,,d., ) = (3,6, A)-anytime SC-LDPC code as
described in Section 4.2. Note that we have also simulated our proposed code using
(dy,de, N) = (4,8, N)-anytime SC-LDPC code and observed the same characteris-
tics as explained in the following sections. In the finite-length code construction,

we do not allow the check nodes to have a higher degree than d..

Comparison

We have compared the performance of our proposed anytime code with the existing
anytime code [10] over a binary erasure channel. For the code of [10], the finite-
length performance of a particular message depends on its index/position. More
precisely, the level of error floor of a message gets worse as the index of the message
increases. For our proposed code, except for the first few messages, the finite-length
performance of a particular message is independent of its index/position. We have
observed that the performances of the first few messages are slightly better than

the later ones due to the boundary effect.
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For numerical comparison, we constructed the code of [10] by choosing sub-matrices
By =[1 1] and B; =[1 0], where i > 0. For our proposed code, we consider
exponential rate parameter A = 0.1 and coupling length v = 50. The design
rate for the both codes is R; = % In the simulation, we consider ¢ = 0.4 and
M = {24,40}. Fig. 4.7 shows a comparison between our proposed code and a
systematic LDPC convolutional code proposed in [10], where we plot the average
erasure performance of message mg versus the decoding delay?. Each curve is ob-
tained by averaging over 10° simulation runs. Although the latter code provides
better performance at low delays, it exhibits a very high error floor where the
error probability does not decay with the delay. It is worth mentioning that the
constructed code with above sub-matrices [10] leads to a good performance for
low channel erasure probability (e = 0.3) and/or larger message length M. Thus,
it may be possible to modify the code for worse channels like € = 0.4, to have
better performance than that reported in Fig. 4.7. However, to the best of our
knowledge such a modification will result in a complex code design. On the other
hand, in Fig. 4.7, our proposed code maintains an exponential decay of the erasure
probability at large delays. Besides, our code also gives a good performance for

lower channel erasure probability.
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FIGURE 4.7: Performance comparison between our proposed anytime code and
systematic LDPC convolutional code [10] with € = 0.4.

2For our proposed code, we observed that the performance gets independent of the position
from message mg. Hence, we choose to compare the results for mg.
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FIGURE 4.8: Effect of A with v = oo and € = 0.42. Performance of systematic

LDPC convolutional code [10] with sub-matrices By = [1 1] and B; = [1 0],

where ¢ > 0 is also shown in the figures. We show the average erasure perfor-
mance of message mg with M = 40.

Effect of Exponential Rate Parameter A

Fig. 4.8 shows the behavior of the erasure probability of a message for different
values of \. For larger )\, connections or couplings are more concentrated on nearby
protographs. As a result, each message is recovered quickly as soon as the nearest
messages are received. However, the decay of the error probability at large delays
is slow as there are few connections with protographs farther in the future. On
the other hand, with small A, although the decay of the probability of error is
slow at first, the error performance improves significantly at large delays. Fig. 4.8
illustrates the trade-off between \ and decay of error probability. From the results,
it is clear that A = 0.1 is a good choice at high channel erasure probability and low
error floor requirement, since the decoded erasure probability decays reasonably

fast while exhibiting no error floor at erasure probability 107°.



64 Chapter 4 Anytime Codes for Point-to-Point Communication

10 T T

—_
S

Erasure probability

10'4 ,,,,,,,,,,,,,,,,, R R R AOTSEO
—e— 7 =40 =
—a— =280
—a— 7 =120

—A— 77 =00

——k— Anytime code proposed in [10]

10_ L L L L
0 10 20 30 40 50 60 70 80

Decoding delay (d)

FIGURE 4.9: Effect of v at ¢ = 0.44, where solid line and dashed line are for

the expoential (A = 0.1) and uniform distribution, respectively. Performance

of systematic LDPC convolutional code [10] with sub-matrices By = [1 1] and

B; = [1 0], where ¢ > 0 is also shown in the figures. We show the average
erasure performance of message mg with M = 40.

Varying Coupling Length ~

We now vary the coupling length while keeping the other parameters fixed. Fig. 4.9
shows the simulation results for different coupling length. When ~ is small, the
resultant code becomes a convolutional code with small memory length and thus
the error performance levels out with increasing delay. On the other hand, a
large v enables a wider coupling connections between the protographs. From the
simulation results, it is clear that an infinite coupling length is necessary for our
proposed code. To support the exponential distribution, we also present the per-
formance of our proposed code with uniform distribution of coupling connection.
The proposed code with uniform distribution exhibits a very slow decay of erasure
probability compared with the code with exponential distribution. Moreover, a
uniform distribution is not feasible with v = oo. Thus, a uniform distribution of
coupling connections in the proposed code design is not suitable for the anytime

coding scenario.



Chapter 4 Anytime Codes for Point-to-Point Communication 65

4.4 Extension to the BIAWGN Channel Scenario

4.4.1 Asymptotic Analysis

In this section, we investigate the anytime characteristics of the proposed code
over BIAWGN channels through density evolution. Following the low complexity
density evolution of SC-LDPC codes as described in Chapter 3 (see section 3.2),
we implement the density evolution of the proposed anytime code. Let us define

the following notations:

o 20(i,t) and y9(i,t) are the mean values of LLR messages outgoing from a
VN and a CN, respectively at position 7 in the ¢ iteration when t messages

are received.

e P.(i,1) is the error probability of a VN at position i at decoding time instant
t.

Using the above definitions, we get the following density evolution update equa-

tions for our proposed (d,, d.)-anytime SC-LDPC code:

e Check node update:

yO(it) = ¢ 1—{1— ( (ZP zkt))))}dC1 ,

where 29 (i, ) = 0o, V¢ when i < 0 and 2 (i,¢) = % when 0 < i < ¢.

e Variable node update:

2 oo
(G 1) = S+ -1J <Z P,(k (i +k t))>

n k=0

e Bit error rate:

P.(i,t) = Q ;( +dJ1<ZP >(i+k,t)))>

k=0

Using the above described density evolution analysis, we plot the bit error rate
performance in Fig. 4.10. We consider a (d,, d., \) = (3,6, 0.1)-anytime SC-LDPC
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code. Similar to the performance over the BEC, we observe the anytime behaviour

of the proposed code over the BIAWGN channel.

1

107

Bit error rate
S

—o— Message 5 (mj)

——— Message 10 (my)
—+— Message 15 (my5)
-7 1 | Il

5 10 15 20 25 30 35 40 45 50 55 60
Decoding time instant (t)

FIGURE 4.10: Asymptotic performance of proposed anytime code over BI-
AWGN channel (% = 10log o% = 3dB).

4.4.2 Performance of Finite-Length Codes

Through simulation results, we now present the finite-length error performance
of the proposed anytime code over BIAWGN channels and compare it with the
anytime code of [10]. For our code, we consider a (d,,d., ) = (3,6, 0.1)-anytime
SC-LDPC code with coupling length v = co. We construct the anytime code of [10]
with sub-matrices By = [1 1] and B; = [1 0], where ¢ > 0. In the simulation,
we consider M = {24,40} and a BIAWGN channel with ﬁ—g = 2dB. The bit error
rate performance comparison between the two anytime codes is shown in Fig. 4.11,
which gives a performance characteristics similar to that of the performance over
the BEC. In the figure, we show the average error performance of message mg,

where each curve is obtained by averaging over 10° simulation runs.

4.4.3 Adaptive Window Decoding

Similar to the approach described in Subsection 4.3.3, we propose adaptive window
decoding algorithms for BIAWGN channels, where the decoders deal with the
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FIGURE 4.11: Bit error rate comparison between our proposed anytime code
and systematic LDPC convolutional code [10] at % = 2dB.

unrecovered coded bits only. In the case of a BEC, a bit can be declared as
recovered with full reliability. However, this is not the case for BIAWGN channels.
We declare a code bit as recovered if a certain reliability threshold is met, and a
recovered bit can be declared unrecovered at a later stage if the bit does not satisfy
certain conditions (these conditions will be defined at a later stage). This results
in a shrinkage and expansion of the decoding window length based on the state of

recovered bits.

Recall that H; is the active check matrix of size a; x n; and p, is the vector of
parity components. At the first decoding time instant (i.e., at ¢ = 1), we run the
conventional BP decoder with all received bits, their corresponding channel LLRs
and active check matrix H,. From ¢t = 2, we apply the adaptive window decod-
ing technique similar to the algorithm as shown in Subsection 4.3.3. Using the
information returned from the decoder, we first search for the recovered variable
nodes or coded bits. At each time step, we remove the recovered coded bits and
the corresponding columns of H;. If the value of the recovered bit is 1, we flip the
value of the associated parity components. Rows of the matrix H; with all zeros
are also removed to obtain the reduced check matrix H,. The extrinsic message

sent from check node j to variable node i at iteration ¢ is given by?

3Note that, we consider the positions of the variable nodes and check nodes with respect to
the columns and rows of the active check matrix H;.
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rY
Ggﬂ) =2(1—2p;) tanh™* H tanh (%)
77;/;éi

i'€8y(J)

We run the modified BP decoder with H,, channel LLRs of unrecovered bits and
p,. Now the question is how to declare a coded bit as recovered! To illustrate the

procedure, we use the following notations:

e LLR,(7) denotes the LLR value returned by the decoder for coded bit i. We
calculate LLR,4(7) at the last iteration of the BP decoding process by,

LLR.(0) = >0 G 41
J€Se(d)

where /.« 1S the maximum iteration number.

o Let s; = [51,69,...,5,] € {0,1}* be the vector of syndrome components. A
syndrome component s; corresponds to the it row of H,, which determines
whether the 7" check equation is satisfied. Later, two methods are proposed

to determine the syndrome component.

e Let LLRyy, be a predefined LLR threshold.

At each time step, after the decoding operation, we determine whether a bit is
recovered based on the LLR value returned by the decoder, the syndrome com-
ponents and the LLR threshold. We consider a coded bit i as recovered, if (i)
ILLR4(7)| > LLR4y, and (ii) all the syndrome components that involve bit i are
zero (i.e., s; = 0 for all j € S.(¢)). The later condition ensures that all the check
equations involving bit i are satisfied. This condition causes the backward ex-
pansion of the decoding window length by changing the status of a recovered bits
to unrecovered. We propose the following two methods to find the value of the

syndrome components.
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Method I (AWD-I)

We first make a hard decision on the LLR value returned by the decoder. Thus,
b;, the value of coded bit ¢, is given by

0 if LLR4(i) >0
' 1 otherwise '

Let by = [b1, ba, ..., b,] € {0,1}" be the hard decision on the codeword vector. Then

we calculate the syndrome components by H tth = 5;.

Method II (AWD-II)

We define LLR,(j) as the LLR value associated with the j row of check matrix
H,. If the j" row of H, is present in H,, then the value of LLR,(j) is calculated
in the last iteration of the modified BP decoder by the following equation:

(brmasx)
LLR,(j) = 2(1 — 2p;) tanh ™" H tanh ( ”2 )

€Sy ()

We find the value of a syndrome component s; based on LLR(j) and an arbitrary
chosen threshold LLR 4, such that,

0 if LLRS<j) > LLR gk
5, = .
’ 1 otherwise

The adaptive window decoding scheme for the BIAWGN channel is summarized
in Algorithm 2. In Fig. 4.12 and Fig. 4.13, we present the performance and com-
plexity comparison between expanding window decoding (EWD) [10] and adaptive
window decoding techniques (AWD-I and AWD-II) over BIAWGN channels. Sim-
ilar to the AWD over BEC, we observe a finite average decoding window length
with the AWD over BIAWGN channel. However, for BIAWGN channels, the per-
formance of AWD is worse than that of the expanding window decoding technique.
With the same LLRy,, AWD-II achieves a better error performance with higher
complexity. We have observed that increasing LLRy;, enhances the performance of
the adaptive window decoder at the cost of increasing the average decoding win-

dow length. With the adaptive window decoder, the probability density function
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FIGURE 4.12: Performance comparison between expanding window decoding
(EWD) and adaptive window decoding algorithms (AWD-I and AWD-II) with
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Algorithm 2 Adaptive Window Decoding Algorithm for BIAWGN Channel

fort=2,3,.....,00 do
1. Take first tM columns and first (1 — R4)tM rows from the parity check
matrix H to form H, and initialize p, with all zeros.
2. Modify H; and p, based on recovered coded bits.
fori=1to (t—1)M do
if coded bit-i is recovered then
if coded bit-i = 1 then
Flip the values of parity bits associated with coded bit .
end if
Remove the corresponding column of H; and coded bit 1.
end if
end for
3. Remove the rows with all zeros from the check matrix to obtain H,.
4. Run the modified BP decoder with H,., channel LLRs of unrecovered bits
and parity vectors.
5. Find the syndrome components.
6. Search for the recovered coded bits (fori = 1,2,...,tM) using returned
LLR value and syndrome components.
end for

0.07
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- I
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FIGURE 4.14: Probability density function of decoding window length using
AWD-I at decoding time instant ¢ = 60 with LLRy, = 10, % = 3dB and
M = 30.
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(pdf) of the decoding window length at decoding time instant ¢ = 60 is shown
in Fig. 4.14, which is measured over 10,000 samples. From Fig. 4.14, we observe
that the pdf is concentrated around the decoding window length of 440, while the
probability of getting a decoding window length of over 550 is significantly small.
Note that to obtain a fixed complexity decoder, one may fix the maximum de-
coding window length. Depending on the channel parameter, fixing the maximum
decoding window size may affect the code performance. For example, with worse
channel condition, a fixed maximum window size may drastically degrade the code
performance. Limiting the maximum window length will eventually leave errors

behind, and thus error floor may occur.

4.5 Conclusion

In this chapter, we have introduced an efficient linear anytime channel code based
on spatially coupled codes. Through the asymptotic density evolution analysis,
we observe the anytime properties of the proposed code over BEC and BIAWGN
channels. A theoretical investigation of the delay-exponent of the proposed any-
time code has been done for the BEC. Anytime decoders with reduced complexity
are presented in this chapter. An algorithm is presented to estimate the finite-
length performance of the proposed anytime codes. Through simulation results,
we have shown that, our proposed code performs better than existing linear any-
time codes. Moreover, one can optimize the anytime code by varying the design

parameters.
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Chapter 5

Anytime Codes for Relay Channels

In this chapter, we study the design and analytical analysis of anytime codes
for a three-terminal relay network. With decode-and-forward relaying protocol,
we propose bilayer anytime codes for the relay network. Considering two differ-
ent transmission schemes in the relay-destination link, we investigate the anytime
characteristics of the proposed code through density evolution analysis. For both
transmission schemes, we analytically derive the delay-exponents using mathemat-
ical induction technique. We show that the analytical delay-exponent has a close
match with the delay-exponent obtained from numerical results. Through simu-
lation results, we also show the finite-length performance of the proposed bilayer

anytime code.

Remainder of this chapter is organized as follows. In Section 5.1, we describe
the system model of the anytime transmission over the three terminal relay net-
work. The proposed bilayer anytime code is described in Section 5.2. Considering
a protected transmission scheme in the relay-destination link, density evolution
analysis, relay’s delay effect and delay exponent analysis are shown in Section 5.3.
With unprotected relaying in the relay-destination link, similar analysis is carried

out in Section 5.4.

5.1 System Model

The source produces a K,-bit message m; € {0,1}% at time ¢t = 1,2,.... Then
the anytime channel encoder at the source produces a M,-bit channel input u, €

{0,1}*: as a function of all available source messages m! = [m;, mo,....,m.
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The channel encoder is defined by the function £ (m}) and the code rate is R, =
%z (bits/channel use). The encoded message u, is broadcasted to the relay and
destination terminals. Let v, and v; be the channel outputs corresponding to u;

received by the relay and destination terminals, respectively.

In contrast to the traditional DF relaying scenario, it is not reasonable to assume
that the relay recovers the received message instantly. The system design needs to
take into account the trade-off between delay and reliability at the relay terminal.
Let d, denote the delay between decoding and encoding at the relay. At time
t=d,+1,d,+2,..., the anytime channel decoder at the relay produces estimates
u!(t) of u! using the decoding function D} (v}) = @}(t). Then the relay’s anytime
channel encoder produces a M,-bit channel input p, using the encoding function
Er (@l (t)) and transmits p, to the destination. Let p, denote the message re-
ceived by the destination. Thus, at time ¢t > d,, the destination computes an
estimate of m{ using | (t) = D(0], D) 1)
We now consider the estimate 72;(t) of message m,; at time ¢ > 7 at the destination;
the corresponding decoding delay for message m; is d = t — i. The probability
of error for the message i at time ¢ will be P.(i,t) = Pr(rn;(t) # m;). The
requirements of the anytime code are satisfied if there exists a finite 3 > 0 such
that [12]:

P.(i,t) < fe @) (t — i) > 0. (5.1)

5.2 Proposed Bilayer Anytime SC-LDPC Code

In this section, we propose a design of anytime codes for the relay channel. The
source uses a (dy, , de,, A\1)-anytime SC-LDPC code Cs to produce an encoded mes-

sage u; at time t = 1,2,.... The source then broadcasts the encoded messages to

the relay and destination terminals. Let M, and 3“1 M, be the number of variable
1

and check nodes, respectively at each position of code Cs.

At time t =d, +1,d, +2, ..., the relay produces @' (t), which is an estimate of u}
and then generates p, in the following manner. Along with code Cs, we first place
M, additional check nodes, known as relay check nodes, at each position of the
Tanner graph. Then we add d,, additional edges to each variable node of code Cs.
Each of the additional d,, edges of a variable node at position ¢ is connected to
the relay check nodes in the range [i + d,, i+ d, + 1, ..., 0], where the connections

follow an exponential distribution with parameter A;. Thus, the relay check nodes
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M
v2 M, "

of the Tanner graph, where a new variable node at position i is connected to a

have degree d., = d Then we include M, new variable nodes at each position
relay check node at position ¢ through a deterministic edge. The value of each new
variable node is chosen to satisfy the corresponding relay check equation. We refer
to the new variable nodes as extra parity bits. The extra parity bits at position
i constitute p;. We refer to the overall code as a (d,,, de,, A1, dy,y, dey, Ao)-bilayer
anytime SC-LDPC code. Such a bilayer anytime code is depicted in Fig. 5.1.

Relay generated parity bits

D2 Piy3 Dita

d,

Code C4

i i+ 1 1+2 t

FIGURE 5.1: Proposed (dy, , d¢,, A1, dy,, de,, A2)-bilayer anytime SC-LDPC code.
Degrees of the nodes are depicted on the left side, while the update messages
used in the density evolution analysis are depicted on the right side.

With the above bilayer anytime code, we present two relaying schemes for the rd
link. (i) We assume that the relay encodes the extra parity bits using a capacity
approaching code of rate R.; = 1 — ¢,4 and sends the encoded bits to the destina-
tion. This encoding step ensures reliable transmission of extra parity bits to the
destination when M, approaches infinity. The destination first decodes the extra
parity bits and then decodes the source’s message with the help of the extra parity
bits. We refer to this scheme as the coded relaying scheme. (ii) In the second case,
the parity bits are directly used as input to the rd link. One can consider scheme
(ii) as a special case of scheme (i), where the extra parity bits are transmitted
over the rd link with a code of rate 1. Scheme (ii) can generate R%d times as many
extra parity bits compared to scheme (i). We refer to this scheme as the uncoded
relaying scheme. The asymptotic analyses and results for scheme (i) and scheme

(ii) are presented in the following sections.
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5.3 Coded Relaying Scheme

In this section, we present the asymptotic analysis and numerical results of the
proposed bilayer anytime code, where the extra parity bits generated by the re-
lay are protected by an independent capacity approaching code. We present the
anytime characteristics of this scheme through the density evolution analysis and
observe the effect of the relay’s delay on the overall performance. We also derive
the delay exponent of this scheme through mathematical induction and compare

the theoretical delay exponent with the numerical delay exponent.

5.3.1 Density Evolution

As discussed earlier, the relay cannot recover the received message instantly due to
the anytime characteristics of code Cy. At the relay, at time t =d, +1,d, +2, ...,
the erasure probability of a message i is P*"(i,t) = Pr(u; # wu;(t)), which can
be calculated by finding P.(i,t) from (4.4). Since the relay generates extra parity
bits p, based on the messages @) % (t), p, may contain erased bits. The erasure
probability of the generated extra parity bits depends on the value of d,. and decays
exponentially with increasing d,. Let &.(t) denote the erasure probability of the

elements of p,, then

gr(t) =1- ( iprz PST _j - drat>> ’ 3 (52>

Jj=

where we consider P (i,t) = 0 if ¢ < 0. Let us define the following notation for

the density evolution analysis:

° xﬁf) (7,t) be the erasure probability of a message outgoing from a VN at

position i to the CNs of code Cs, in the ¢* iteration, at time t.

° xé )(@ t) is the erasure probability of a message outgoing from a VN at posi-

tion i to the relay check nodes in the ¢*" iteration, at time ¢
e P.(i,t) is the erasure probability of message ¢ at decoding time instant t.
Following the derivation of the density evolution for bilayer LDPC convolutional

codes [65], the density evolution for the proposed code is presented in (5.3), where

f1(i,t) represents



Chapter 5 Anytime Codes for Relay Channels 77

° J;gf)(i,t) when ¢; = dvl —1and ¢ = de
° xé)(z t) when ¢y = d,, and ¢o = d,, — 1,

e P.(i,t) when ¢ = d,,, ¢ = d,, and { = o0
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FIGURE 5.2: Asymptotic performances of three messages (m15, mag, mos) ver-
sus decoding time instant ¢ with d, = 10.

t—1 dcl_l a
fi(i,t) = €sq 1—2]%1 (1_ZPT1 ! z—l—y—kt))
7=0
t—i—d, ch—l ?
1—(1—&(i+d)) ZP (1—23«2 z+j—kt)>
=0
(5.3)

Recall from the code definition that P, (k) = e *1(1 — e ™) and P, (k) =
e F2(1—e722), respectively. In the above density evolution, we consider xl) (1,t) =

(e) (i,t) = 0,V¢ when i < 0. Finally, we initialize the density evolution with
g)(z,t) = xé )(z t) = €5 when 0 < ¢ < t. We now present the results from

the above density evolution analysis. We consider a (dy,,de,, A1, dyys deyy A2) =
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(3,6,0.1,2,6,0.1)-bilayer anytime code with €, = 0.7 and €, = 0.4. Fig. 5.2
shows the erasure probabilities of three messages at the destination versus the
decoding time instant. For each of the messages, we observe an exponential decay
of the erasure probability with increasing delay and the erasure performance of a
given message is a shifted version of another. This shows that the erasure perfor-
mance of a message is only dependent on the decoding delay and is independent
of its absolute position. Fig. 5.3 shows how the exponential decay of the erasure
probability is affected by the relay’s delay d,.. We observe erasure floors at small
relay’s delays (d, = 6), since the erasure probability of the relayed parity bits is
large at small delays and hence, little additional information is provided by the
relay. We notice that there exists a minimum value of d, for which the decoded
erasure probability decays exponentially. For example, with the above code and
channel conditions, the decoded erasure probability decays exponentially when
d,. > 7. We also notice that the erasure probability decreases faster with increas-
ing d,., since the erasure probability of the relayed parity bits approaches zero as
d, increases. However, a choice of large d, prolongs the waiting period to start
decoding at the destination. Thus, for a given bilayer anytime code and channel
condition, an appropriate choice of d,. is necessary. In Fig. 5.4, we show how the
erasure probability at the destination varies with the relay’s delay d,., while the
erasure probability is measured at a fixed decoding delay d. We notice that for
a given d, there exists an optimum d, for which the erasure probability is lowest.

We also notice that the optimum d, increases slowly with increasing d.

5.3.2 Delay-Exponent Analysis

We now analytically find the upper bound of the delay exponent of the proposed
bilayer anytime code. We also compare the analytical delay-exponent with numer-
ical delay-exponent, where we determine the numerical delay-exponent from the
slope of the asymptotic performance obtained from density evolution results (for
example the result shown in Fig. 5.2). For the delay exponent analysis, we neglect
the erasure probability caused at the sr link due to the finite relay’s delay!. Note
that due to the erasure-free assumptions, the following theorem gives an upper

bound on the delay-exponent achieved by the proposed bilayer anytime code.

Theorem 5.1. Consider the (d,,,de,, M\, dy,, dey, A2)-bilayer anytime SC-LDPC

code as described in Section 5.2. By assuming an erasure-free sr link with protected

IThis erasure-free assumption becomes valid for sufficiently large d,., where the erasure prob-
ability P57 (i,t) approaches zero.
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FIGURE 5.3: Effect of relay’s delay d, on the decaying behaviour of erasure
probability for coded relaying scheme.

Erasure probability

QLA
I

v coro |
SoSSo

-7 L L L L L
0 5 10 15 20 25 30
Relay’s delay (d,)

50

(=

W
W
e
W

FIGURE 5.4: Erasure probability of a message at a fixed decoding delay d, while
varying relay’s delay d, for coded relaying scheme. We observe the performance
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transmaission in the rd link, an upper bound to the delay-exponent of the proposed

bilayer code is given by
a = )\1dv1 + )\de, (54)

when €59 < €,, where

2 i in (e 4G) 7 (7 4 G)”

Theoretical
o Numerical

Delay-exponent

0.5 ! :
0.1 0.15 02 0.25
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FIGURE 5.5: Comparison between theoretical and numerical delay-exponents

for four cases: (i) dy, = 3,dy, = 2,Aa = 0.1 (ii) dy, = 3,dy, = 3, A2 = 0.1 (iii)

dy, = 3,dy, = 2,Aa = 0.2 (iv) dy, = 4,dy, = 2, o = 0.1. For all cases, we
consider d., = 6,d., = 8. For all cases, we set d, = 30.

The definitions of (G;, G,) and the proof of the theorem are given in Appendix A.2.
Similar to the delay-exponent analysis of the P2P communication scenario, it can
be shown numerically that the proposed anytime code achieves the delay-exponent
a = M\idy, + Aad,, Whenever ey, is below a threshold €;,4. We can consider €, as a
bound on the threshold é,4. It is worth mentioning that there exists a large gap
between €,y and €, due to the limited tightness of the bounds used in the proof.
For example, with a (3,6,0.1,2,8,0.1)-bilayer anytime SC-LDPC code, both the
theoretical and numerical delay-exponent is a = 0.5 while é,4 and €, are 0.732 and

0.115, respectively. In Fig. 5.5, we compare the above theoretical delay-exponent
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with the numerical delay-exponent obtained from the density evolution results.
From Fig. 5.5, it is clear that the theoretical delay-exponent closely matches the
numerical delay-exponent. In (5.4), we observe that asymptotically the delay-
exponent increases linearly with the increment of any parameter (d,,, d,,, A\; and
A2). However, in practice (i.e., for finite-length case), increasing d,, or d,, may
introduce short cycles in the code. On the other hand, increasing A\; or Ay leads
to fewer connections to distant protographs. Thus, increasing d,,, d,,, A1, or As

may result in an erasure floor at large delays in finite-length codes.

5.4 Uncoded Relaying Scheme

For the coded relaying scheme, we assumed that the relay protects extra parity bits
using a capacity approaching block code, which ensures reliable transmission over
the rd link. However, this assumption is not realistic in delay sensitive applications,
since reliable transmission using the block codes is only feasible for very large
message length. In this section, the extra parity bits are directly transmitted
over the rd link?. For this uncoded scheme, the relay generates more parity bits
compared to the coded scheme. However, these parity bits may be erased at
the destination due to the rd link. Compared to the coded relaying scheme, the
uncoded relaying scheme reduces the computational complexity at the relay by
performing uncoded transmission to the destination. In the following, we present

the theoretical analysis and numerical results for the uncoded relaying scheme.

5.4.1 Density Evolution

In contrast to the asymptotic analysis in Section 5.3, we take the channel erasure
probability of the rd link into account in this asymptotic analysis. At time t =
d, + 1,d. +2,..., let £,4(t) denote the erasure probability of the extra parity
bits in p, at the destination due to the sr link and the rd link. Since the relay
transmits extra parity bits without any protection to the destination, &g.4(t) is
calculated as &.q(t) = &:(t) + €4 — &-(t)€rq. With the uncoded relaying scheme,
the density evolution equation is presented in (5.5), where f5(i,t) represents

° ng)(i,t) when ¢; = dvl —1and ¢ = de

2The extra parity bits, generated by the relay, may contain erasure events due to the sr
link. For sake of simplicity, we assume that the destination receives an erasure bit if the relay
transmits an erased extra parity bit.
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. xg)(z t) when ¢; = d,, and ¢ = d,, — 1,

e P.(i,t) when ¢; = d,,, ¢ = d,, and { = 00

q1
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FIGURE 5.6: Asymptotic performance of the proposed bilayer anytime
code while considering the uncoded relaying scheme. We consider a
(duvy, deyy M1y duyy deyys A2) = (3,6,0.1,2,3,0.2)-bilayer anytime code with €54 =

0.7, €5 = 0.4 and €,4 = 0.4.

In the above density evolution, we consider xg)(z t) = x;@( t) = 0,V¢ when
i < 0. Finally, we initialize the density evolution with xl (@, t) = xgo)(z, t) = €gq for
0 <@ <t. Fig. 5.6 presents the results from the above density evolution analysis.
We consider a (dy,,de,, A1, dy,, deyy Ao) = (3,6,0.1,2,3,0.2)-bilayer anytime code
with e,g = 0.7, €, = 0.4 and ¢,4 = 0.4. Similar to the coded scheme, we observed

the exponential decay of erasure probability at sufficiently large relay’s delay. We
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also observed that the performance of a given message is the shifted version of
another. For different relay’s delay d,., Fig. 5.6 shows the erasure probability of a
message at the destination while varying the decoding delay. Erasure floor appears
for small delays (d,. = 5), since the erasure probability of the extra parity bits is
large at small delays. However, for the uncoded scheme, when the relay’s delay
exceeds a certain threshold, the decoded erasure probability decays at a fixed
exponential rate. This characteristic is different from the coded scheme where the
rate of decay increases with the relay’s delay, since at the destination, the erasure

probability of extra parity bits saturates to €,4.

5.4.2 Delay-Exponent Analysis

The following theorem gives an analytical formula for the delay exponent of the

above described uncoded relaying scheme.

Theorem 5.2. Consider the (dy,,de,, A\, dy,, de,, A2)-bilayer anytime SC-LDPC
code with uncoded transmission in the rd link. The delay-exponent of the proposed

bilayer code is given by:
o= M\d,,, (5.6)

when €,q < €,, where

~duy

gb é gn>z:j§ 1512161 /B (€—>\1 + gl)_dvl (gsrd (1 _ 6—>\2(d+2—dr)) _I_ g3)

The proof of the theorem and the definition of G3 are given in Appendix A.3.
Similar to the coded relaying scheme, numerically we observe that the delay-
exponent a = A\d,, whenever ey is below a threshold €,;. We can consider €,
as a bound on the threshold €,5. Again, we observe a large gap between €&, and
€, due to the limited tightness of the bounds used in the proof. From the above
theoretical exponent, we observe that as long as the threshold condition is sat-
isfied, the delay exponent a only depends on the code C, and does not depend
on other parameters (i.e., Ay or d,, ). The close match between this theoretical

delay exponent and the numerical delay exponent® is observed in Fig. 5.7. The

3The numerical delay-exponent can be determined from the erasure probability performance
of density evolution results (for example results shown in Fig. 5.6).



84 Chapter 5 Anytime Codes for Relay Channels

13

Theoretical D
O Numerical

12

It
=)

Delay-exponent
= o
- oo

G
01 0.15 02 025
A1

FIGURE 5.7: Comparison between theoretical and numerical delay-exponents of
uncoded relaying scheme.

results shown in Fig. 5.7 also verify that the delay-exponent of the uncoded re-
laying scheme only depends on A\; and d,, and is independent of all other code
design parameters. We notice that the delay-exponent achieved from the un-
coded scheme is similar to the P2P (d,, d., A\)-anytime SC-LDPC code. However,
a better threshold compared to the delay exponent of the P2P anytime code can
be obtained. For example, both P2P (d,,d., A\) = (3,6,0.1)-anytime SC-LDPC
code and (d,,, de,, M, dy,, deyy A2) = (3,6,0.1,2,3,0.2)-bilayer anytime code have a
delay-exponent o = 0.3, while we observe a threshold of 0.487 for the P2P any-
time code and a threshold of 0.721 for the bilayer anytime code. On the other
hand, the uncoded relaying scheme obtains a lower delay-exponent compared to
the coded relaying scheme. This is because the erasure probability of the extra
parity bits is large due the rd link and this erasure probability does not decay at
the destination. In the following, we propose a modified design to improve the

performance of the uncoded relaying scheme.

5.4.3 Modified design

In Fig. 5.8, we show a modification in the Tanner graph to improve the performance

of the uncoded scheme. Along with the deterministic edge between the relay check
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node and extra parity bit node, we add d,, probabilistic edges in the extra parity
bit node and connect them to the relay check nodes in the anytime coding manner.
More precisely, each of the d,, edges of an extra parity bit node at position
is connected to a relay check node ¢ + j, where 5 > 0 follows an exponential
distribution with parameter \3. Thus, d., = d,, extra edges are created in the
relay check nodes. At timet =d, +1,d,+2,..., let p;(t) denote i (i > d,) extra
parity bits generated at the relay, which follows from p;(t) = & (w’ % (), Py ().
With the above modification, the destination gets information about the previously
received extra parity bits through the currently received extra parity bits. Thus,
the destination decoder will be able to recover the uncorrected erasures in the

previously received extra parity bits.

Relay generated parity bits

Diy2 Dits Dity

1 1+1 1+ 2 t
FI1GURE 5.8: Modification in the generation of extra parity bits. The update

messages used in the density evolution analysis are also shown.

Let &,(i,t) be the erasure probability of p,(t), which can be calculated by,

00 de,
& (i, ) —1—( ZPM k)P (i — d, —k:,t))
=0 .
(1 - ZPTS —k t)) . (57)

where we consider P?"(i,t) = 0 if ¢ < 0 and &.(i,t) = 0 if ¢ < d,.. In (5.7),
P, (k) = e "3(1—e~?*) is the edge distribution probability used in the extra parity
generation. Due to the relay’s delay and the rd link, at time t =d, +1,d,+2,...,
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the erasure probability of extra parity bits from the relay to the destination is
given by gsrd(t) = £r<t7 t) + €rd — &«(t, t)erd-4

For asymptotic analysis of this modified design, we perform the following four
edge-type density evolution analysis. Along with xgg)(i,t) and xy)(i,t), we also
introduce two following notation:

° :1::(3 )(Z t) be the erasure probability of a message outgoing from i'* extra parity

bit along the deterministic edge in the ¢*" iteration, at time t.
° xfp (i,t) be the erasure probability of a message outgoing from i'* extra parity

bit along the probabilistic edges in the ¢*" iteration, at time ¢.

The density evolution of the modified design can be obtained by tracking the mes-
sage passing on four types of edges at each iteration, where the outgoing erasure
probability on one edge type in the current iteration depends on the incoming
erasure probabilities in the previous iteration. The density evolution update equa-
tions are given in (5.8),(5.9) and (5.10). In (5.8), f3(i,t) represents

° ng)(i,t) when ¢ =d,, — 1 and ¢ = de
° ng) (i,t) when ¢; = d,, and ¢u = d,, — 1,

e P.(i,t) when ¢; = d,,, ¢ = d,, and { = 00

q1

t—i 0 de;—1
i) =ea [ 1= PL3) (1—213“(/@ (&= 1)(z+j—k:t)> 1—

t—i—d, [e'e) d62_1
> PL0) (1—2%(@#”<z’+j—k,t>) (1= a0+ +drp))
7=0

q2

dey
Pm i+ - k+dr,t>) , (5.8)

k=1

Jj=1

t—i—d, oo deg—1
(Z t) = &srali) ( Z Py(j—1) (1 - Z Py (k — 1)@(1[—1)(1' +J—k, t))
k=1

4We observed that typically €,.q4 >> &.(t,t), which results gqq(t) ~ €1q.
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dug

00 de,
-(1—x§) )(Z+j, )( ZPTQ 2 z—l—]—k dr,t)> : (5.9)

k=0

00 deg—1
) (i,1) = Erali) Z P.(j—1) (1—ZPT3(k— 1)xffl)(z'+j—k,t)>
j=1 k=1

dug—1

o] dc2
: (1—1’& V(i +,t) )( ZPTQ 24—k — d,ﬂf)) 1—
k=0
[e'e) dc dCQ
(1 = Pk — 1) V(i - k,t)) <1 - ZPTQ — k- dr,t)>
k=1
(5.10)
In the above density evolution, we consider :cgg) (i,t) = xg)( ,t) = 0,¥¢ when

i < 0 and :ri(f) (1,t) = 934(1 )(z t) = 0,¥¢ when i < d,.. Finally, we initialize
the density evolution with z\”(i,¢) = 2(i,t) = €x when 0 < i < ¢ and
a:go)(i,t) = a:flo)(z',t) = &4a(l) when d, < i < t. We now present the results
obtained from the above density evolution analysis. In Fig. 5.9, we present the
performance comparison between the coded and uncoded relaying schemes with
sufficiently large relay’s delay (d, = 50). For the coded relaying scheme, we
consider a (dy,,,de,, M, dyy, deyy A2) = (3,6,0.1,2,6,0.1)-bilayer anytime code with
the assumption that a rate half code is used in the rd link which can protect
the extra parity bits even for €,, = 0.5. For a fair comparison, we consider a
(dyyydeyy My oy, deyy A2) = (3,6,0.1,2,3,0.1)-bilayer anytime code for the uncoded
relaying schemes with €., = 0.5. With these code parameters, both coded and
uncoded relaying schemes transmit same number of bits from the relay, and on
average the destination receives the same number of non-erased extra parity bits.
From Fig. 5.9, we observe that the coded relaying scheme outperforms the un-
coded relaying schemes provided that a reliable transmission in the rd link. On
the other hand, the modified uncoded scheme performs better than the earlier dis-
cussed uncoded scheme. The rationale behind this improvement is that the erasure
probability of extra parity bits decays at the destination due to the modification
in the design. Numerically we observe that the modified scheme results in an im-
proved delay exponent o = A\;d,, + \ad,,, which is similar to the delay exponent of
the coded relaying scheme. More importantly, unlike the coded relaying scheme,
we do not make assumptions (like reliable transmission over the rd link) for the

modified uncoded scheme. However, it is important to mention that due to the
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four edge-type density evolution analysis of the modified scheme, we were unable

to prove the delay-exponent analytically.

1 0(1

Erasure probability
S

Coded Scheme
102k Uncoded Scheme
Modified Uncoded Scheme
40 50 60 70 80 90 100 110 120 130 140

Decoding delay (d)

FI1GURE 5.9: Asymptotic performance comparison between the proposed coded
and uncoded relaying schemes. For the simulation, we set €54 = 0.7, €5, = 0.4
and €,4 = 0.5. For the modified scheme we choose d,, = 3.

For the above mentioned code parameters, we also present the finite-length perfor-
mance comparison between the coded and uncoded relaying schemes. In Fig. 5.10,
we show the erasure probability of message® m, with M, = 30 and d, = 21.
Similar to the density evolution results shown in Fig. 5.9, we observe that the
coded scheme results in better performance than the uncoded relaying schemes.
However, for such a short message length, the coded relaying is not practical to
implement, since it assumes reliable transmission over the rd link. On the other
hand, the modified scheme leads to a better erasure probability decaying rate than
the uncoded scheme. We observe that both coded and modified schemes exhibit
high erasure floors at large decoding delay. This is expected since the both schemes

introduce more cycles compare to the uncoded scheme.

5Note that, although we have presented the results for message m; only, we observed sim-
ilar performance for other messages. We have observed that the performances of the first few
messages are slightly better than the later ones due to the boundary effect.
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FIGURE 5.10: Finite-length (M; = 30) performance comparison between the
proposed coded and uncoded relaying schemes. In the simulation, we set the
channel parameters as €;4 = 0.65, €5 = 0.4 and €,.4 = 0.5.

5.5 Conclusion

In this chapter, we have proposed a practical bilayer anytime coding scheme for the
decode-and-forward relay channel. For two different relay-destination transmission
schemes (namely coded and uncoded relaying schemes), we have investigated the
anytime characteristics of the proposed code through density evolution analysis.
We have shown the effect of the relay’s delay on the overall performance of the
proposed code. We have analytically found the delay-exponents for both schemes
and observed a close match with the numerical delay-exponents. We have ob-
served that the coded relaying scheme leads to the highest delay-exponent for a
given bilayer anytime code while assuming reliable transmissions in the source-
relay and relay-destination links. However, coded relaying scheme does not fit
with practical implementation due to the assumptions of reliable transmissions.
Although the uncoded relaying scheme is suitable for practical implementation, it
exhibits a lower delay-exponent than the coded relaying scheme. To improve the
delay-exponent of the uncoded relaying scheme, we have modified the code design
which results in the highest delay-exponent without considering any unrealistic

assumption.
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Chapter 6

Anytime Codes for Multiple Access

Channels

In this chapter, we propose anytime coding scheme for the 2-user multiple access
channel. We first show the asymptotic analysis and analytical delay-exponent of
the proposed code over the erasure multiple access channel. Then we extend the

asymptotic analysis of the proposed code over Gaussian multiple access channel.

This chapter is organized as follows. In Section 6.1, we describe the system model
when the transmission is taking place over multiple access channel. The proposed
anytime coding scheme for multiple access channel is shown in Section 6.2. For
erasure MAC, the density evolution analysis and delay-exponent analysis are de-
scribed in Section 6.3. Asymptotic analysis and performance of the proposed code
over Gaussian MAC are shown in Section 6.4. Before conclusion, we show the

finite-length performance of the proposed code in Section 6.5.

6.1 System Model

The anytime transmission scheme considered for 2-user MAC is given as follows.
At time ¢, let my4, € {0,1}%4 and mp, € {0,1}*5 be the information blocks
produced by user-A and user-B, respectively. Then user-A generates an encoded
message 4, € {0,1}4 in an anytime manner such that w,, = &(m/, ), where
m,tA1 = [my,,Ma,,...,myu,)|. Similarly, user-B generates an encoded message

up, € {0,1}5 in anytime manner such that up, = &(ml, ), where ml =
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[mp,,mp,,...,mp,]. Thus, the rate of the channel encoders of user-A and user-
B become Ry = ﬁ—ﬁ and Rp = ﬁ—’;, respectively. Both users simultaneously

transmit w4, and up, over a MAC. Let the receiver observes v, at time ¢ due to
the MAC. Then the receiver attempts to estimate all the transmitted messages of
both users using the decoding function (', (t), v} (t)) = Dy(v}), where !y ()

and rh'; (t) are the estimation of mY and m/; , respectively.

Let P, (i,t) = Pr(my,(t) # m;,) be the error probability of the message m;, at

time t for user-j (j € {A, B}). For the anytime transmission, a code must satisfy

P, (i,t) < Be =) v (t — i) >0, (6.1)

J

where $ > 0 is a constant and «; > 0 is the delay-exponent of user-j.

6.2 Proposed Anytime Code Over MAC

Based on the P2P-anytime code shown in Chapter 4, we design the following
anytime code for 2-user MAC. User-A takes a (d,,,d.,, Aa)-anytime SC-LDPC

code, denoted as code C4, to generate an encoded message w 4,. Similarly, user-B

VA YCca

takes another (d,,, d.,, Ap)-anytime SC-LDPC code denoted as Cp to generate an
encoded message up,. We refer to the combination of code C4 and code Cp as
(dyys dppydeys deyy Aa, Ap)-anytime MAC code. At time ¢, both encoded messages
are simultaneously transmitted to the receiver over a MAC. The receiver performs
iterative joint decoding to recover both messages simultaneously. The factor graph
used in the decoding process is shown in Fig. 6.1, where the code C4 and code
Cp are connected through MAC state or factor nodes. Note that we consider a

parallel scheduling decoding as described in Section 3.3 of Chapter 3.

6.3 Over Erasure Multiple Access Channel

In this section, we consider the proposed anytime MAC code over the adder fol-
lowed by an erasure channel (see Subsection 2.1.3 of Chapter 2 for the details of
the channel model). The anytime characteristics of the proposed coding scheme
are investigated through density evolution analysis. We also derive the analytical

delay-exponent for the proposed code by using mathematical induction technique.
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FIGURE 6.1: Proposed anytime code for 2-user multiple access channel. The

state nodes are depicted as light gray nodes. The degrees of the nodes are

depicted in the left side, while the variable node update messages used in the
density evolution are depicted in the right side of the figure.

6.3.1 Density Evolution

In [59], it was shown that the adder followed by an erasure channel is equivalent to
a binary erasure channel with erasure probability €+ % Let xy) (1,t),j € {A, B}
be the erasure probability of a message outgoing from variable nodes at position @
to the check nodes of code C; in the ¢ iteration, at time ¢. The density evolution
equations for the proposed code can be derived by following the techniques used
in [59] for spatially coupled code over the erasure MAC channel. The update
equations for the proposed anytime MAC are presented in (6.2) and (6.3), where
fa(i,t) represents

° x%)(i,t) when ¢4 =d,, — 1,

o P.,(i,t) when g4 = d,, and { = oo,

and fg(i,t) represents
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1 t—1 [e%s) dCB_1 de
: —€
fali,t) = e—I—T I—Z; (1—2 z+]—k:t)>
J:
t—1 dey—1 4
1— (1—2 z+j—k:t)) ,
=0
(6.2)
1 t—i 0o decy—1 oy
. — € €1 )
folit) = | e+ —— 1—2%% (1—21%«,4 Y )z+j—k,t)>
]:
t—1i dep—1 5
=50 (1= S k) )
=0
(6.3)

where P, (k) = e "4 (1 — e7*4) and P, (k) = e F8(1 — e7*5).

. azg)(z’,t) when ¢ = d,, — 1
e P. (i,t) when ¢g = d,, and { = 0o
In (6.2) and (6.3), we consider x(f)(i,t) = xg) (7,t) = 0,V¢ when ¢ < 0. Finally, we

initialize the density evolution with the following messages.

1 —
Q0,0 =20t = e+ —= i 0<i<t (6.4)

We present the results from the above density evolution analysis. We consider a
(dyys oy deysdeyy Aa, Ag) = (3,6,3,6,0.1,0.1)-anytime MAC code. The erasure

probability performances of both users are identical, since both users encode the

VA PUBY YPCAY YYCBY

messages with the same anytime SC-LDPC code. Fig. 6.2 shows the erasure prob-
abilities of three messages versus the decoding time instant. We observe similar
anytime performance as shown for the P2P communication scenario. For each of
the messages, we observe an exponential decay of the erasure probability. We also

observe that the performance of a message is independent of its index/position.
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FIGURE 6.2: Asymptotic performance of the proposed code over the adder
followed by an erasure channel (e = 0.25).

6.3.2 Delay-Exponent Analysis

We now present delay-exponent analysis over erasure MAC which is similar to the
delay-exponent analysis of P2P and relay communications as shown in Chapter 4
and Chapter 5, respectively. The following theorem provides analytical formulas

for the delay exponents of user-A and user-B.

Theorem 6.1. Consider the (d,,,dy,,dc,, dey, Aa, Ag)-anytime MAC code as de-
scribed in Section 6.2. Quver the adder channel followed by an erasure channel, the

delay-exponents of user-A and user-B are given by

ap = Aad,, and ap = Apd,,, (6.5)

when € < €,, where

-\ —dy g
N . BeM+Gy) -
€p, —INIn max min — y
Brerize d>0 <1 _ g_s>
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FIGURE 6.3: Comparison between theoretical and numerical delay-exponents of
user-A.

The proof of the theorem and definitions of G4, G4, Gg, and Gp are given in
Appendix A.4. It can be shown numerically that user-A and user-B achieve the
delay-exponents ay = Aad,, and ap = A\pd,,, respectively, if € is below a thresh-
old €. We can consider €, as a bound of the threshold €. It is worth mentioning
that there exists a large gap between € and €, due to the limited tightness of the
bounds used in the proof. For example, with a (3,6,0.1,3,6,0.2)-anytime MAC
code, the delay-exponents of user-A and user-B are a4 = 0.3 and ag = 0.6, re-
spectively while € (numerically obtained) and €, are 0.331 and 0.092, respectively.
In Fig. 6.3, we compare the theoretical exponent of user-A with the exponent ob-
tained from the numerical results of density evolution. From Fig. 6.3, it is clear
that the theoretically determined delay-exponent for each user exactly match the
corresponding delay-exponent obtained from numerical results. For user-B, we
also observed exact match between the theoretical delay-exponent ap = Apd,,

and numerical delay-exponent.
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6.4 Over Gaussian Multiple Access Channel

We now extend the analysis of proposed anytime MAC code over 2-user Gaussian
MAC (see Subsection 2.1.3 of Chapter 2 for the details of the channel model). For

the asymptotic analysis, we follow the density evolution of SC-LDPC code over

Gaussian MAC as shown in Section 3.3 of Chapter 3. In the density evolution, we

consider the following notations at time ¢ and at iteration /.

2
J
at position 7 of user j € {A, B}.

x: " (i,t) denotes the mean of LLR message outgoing from the variable node

yj@(i, t) denotes the mean of LLR message outgoing from the check node at

position i of user j € {A, B}.

SU](-E)(Z', t) denotes the mean of LLR message outgoing from the state node at

position i to variable node at position i of user j € {A, B}.
0
J

at position i to state node at position i of user j € {A, B}.

vs. ' (i,t) denotes the mean of LLR message outgoing from the variable node

With the above notation, the Gaussian approximated density evolution update

equations for the proposed anytime code over Gaussian MAC are given by:

e Check node to variable node: For user j € {A, B}

y (i) =7t |1 - {1 -9 (J—l (iaj(kv (mf%z’—ht))))} T

where .ilﬁy) (i,t) = oo if i < 0. We initialize above update equations with

the following messages:
1
xg-o)(i,t) =J! <§C’T (O‘n)) if 0 <<t

Recall that Cr (0,) is the capacity of ternary input AWGN channel with

input distribution iA_g + %Ao + iA+2 and variance o2.
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e Variable node to state node: For user j € {A, B}

E(zt ) =d,, T (iPm < (i + K, t)))

k=0

e State node to variable node: Following [58],

sol) (i, t) = T~ (; (1+J<vsB (4, t)))C’ (an)),
sol) (i t) = T (; <1+j<USA (4, t)))C (an)>.

e Variable node to check node: For user j € {A, B}

a:g.ul)(z', t) = svj(»z) (1) + (dy, <Z P, (k ( (i +k t)))

For user-j (j € {A, B}), the error probability of the message ¢ at time ¢ is i.e.,
pY (1,t) is given by

P, (i,t) = Q % (sv§°°>(i) +d,, Tt (Z P (k)T (y§°° (i + k,t))))

k=0

Using the above density evolution analysis, we plot the bit error rate performance
of user-A in Fig. 6.4. We consider a (d,,, dypy, de s deys Aoy Ag) = (3,6,3,6,0.1,0.1)-

anytime MAC code with o, = 0.7. Similar to the performance over the erasure

VA UBY YCA

MAC, we observe the exponential decay of error probability over the Gaussian
MAC for both users.

6.5 Finite-Length Performance

We now present the finite-length erasure/error performance of the proposed any-
time MAC code. In Fig. 6.5, we show the performance of the proposed any-
time MAC code for aforementioned MAC channels. In the simulation, we con-
sider a (dy,,dyy,dey, dey, Aa, Ag) = (3,6,3,6,0.1,0.1)-anytime MAC code with

vay Yoy Yea
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FIGURE 6.4: Asymptotic performance of the proposed anytime MAC code over
2-user Gaussian multiple access channel with o, = 0.7.
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FIGURE 6.5: Finite-length performance of the proposed anytime MAC code
with M4 = Mp = 30. Solid line and dashed line are for the erasure MAC
(e = 0.25) and Gaussian MAC (o, = 0.7), respectively.
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My = Mp = 30. We show the average erasure/error performance of message m;
for both users, where each curve is obtained by averaging over 10° simulation runs.
We observe that for both users exhibit the exponential decay of the erasure/error
probability with the decoding delay. However, error floor appears at the large
decoding delay.

6.6 Conclusion

In this Chapter, we have proposed a practical anytime coding scheme for the 2-user
multiple access channel. For two different MAC models, we have investigated the
anytime characteristics of the proposed code through density evolution analysis.
Moreover, we have found analytical expressions for the delay exponent for each

user for the erasure multiple access channel.
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Chapter 7

Conclusions

This thesis has focused on designing and analysing anytime channel coding scheme
for point-to-point, relay, and multiple-access communications scenarios. Since
limited tools are available to analyse the anytime code, we also focused to develop
analytical tools, which will allow tractable analysis of the proposed anytime coding

schemes.

In Chapter 3, we have developed analytical tools, which are applicable for both
block and anytime codes. For the block codes, these tools give higher accuracy
and /or less computational complexity than the corresponding existing tools. Addi-
tionally, these tools give a tractable analysis for the anytime codes. We have shown
an algorithm which can predict the finite-length performance of LDPC codes with
reasonable accuracy. A low complexity density evolution analysis is proposed for
SC-LDPC codes over BIAWGN channel, which can predict the actual decoding
threshold quite accurately. Design and analysis of SC-LDPC codes for Gaussian

multiple access channel have also been studied.

A practical and high performance anytime coding scheme is proposed in Chapter 4
for point-to-point communication. The proposed anytime code is designed on
spatially coupled codes. Anytime performance of the proposed is investigated over
BEC and BIAWGN channels through density evolution analysis. For the BEC, the
corresponding delay-exponent is derived, and the finite-length performance of the
proposed anytime code is numerically predicted. Additionally, adaptive window

decoding techniques is proposed to ensure low complexity anytime receivers.

Next, anytime coding scheme is proposed for three-terminal relay network. Con-

sidering two different transmission schemes in the relay-destination link, we have
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investigated the anytime characteristics of the proposed code and derived the
delay-exponents. For both schemes, the effect of the relay’s delay on the over-
all performance is shown numerically. We have observed that the coded relaying
scheme gives a better delay-exponent compare to the uncoded relaying scheme.
To improve the performance of the uncoded relaying scheme, a modified scheme
is proposed, which gives the same delay-exponent as that of the coded relaying

scheme.

Finally, We have proposed a practical anytime coding scheme for the 2-user multi-
ple access channel. Through asymptotic analysis, we have investigated the anytime
characteristics of the proposed code for two different multiple access channels. We
have shown analytical expressions for the delay exponent for each user and ob-

served an exact match to the numerically obtained delay-exponent.

7.1 Future Research

In this thesis, we have presented design and analysis of practical anytime coding
schemes for different communication scenarios. However, there exist many open
topics regarding our anytime coding schemes that can be investigated in future.

Some of these topics are given as follows:

e We have proposed the anytime codes for different communication scenarios.
It will also be interesting to investigate the performance of our proposed
coding schemes while applying in the practical controlling/tracking scenarios.
For example our proposed anytime code can be applied to a simple control

scenario like cart-stick balancer.

e An absolute performance assessment of the proposed coding scheme can be
done for the point-to-point communication scenario by invoking the classical

random coding error-exponent theory.

e We have analytically derived the delay-exponent for asymptotic case i.e., for
infinite message length. The theoretical analysis of the delay-exponent for
finite-length anytime codes needs to be investigated. The effect of cycles on
the delay-exponent requires to be addressed, since cycles cannot be avoided

in the finite-length code structure.
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e We have proposed the bilayer anytime code for the relay network while con-
sidering binary erasure channels. It would be useful to investigate the appli-
cation of our proposed bilayer code structure to AWGN channels. Unlike the
BEC, a decoded bit can not be declared as recovered with full reliability for
AWGN channels. Thus, crossover of the transmitted bits may occur at the
relay and destination terminals, which may degrade the overall performance
drastically. An appropriate method needs to be developed for the utilization
of the unreliable decoded bits at the relay.

e Although achievable delay-exponent of CF relaying was studied in [15], the
design of practical anytime code for CF relaying remains an open problem.
The main challenge for this extension is the compression of the source’s

message at the relay.
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Appendix A

Proof of Theorems

A.1 Proof of Theorem 4.1

At iteration ¢ = oo, (4.3) and (4.4) can be written as follows:

q

1.0 =c|1-3"PG) <1 S B(k)ali+j -k, t)) (A.1)

Note that we drop the iteration index ¢ for the sake of simplicity. When ¢ = d, —1,
(A.1) represents the outgoing erasure probability from variable node i at decoding
instant ¢. Similarly, when ¢ = d,, (A.1) represents the erasure probability of
message m; at decoding instant ¢. By using the following induction method, we

find the delay-exponent for the proposed anytime code.

e The basis: For 0 <¢ < d and 3 > ¢, assume that
f(t—i,t) < Be ™" where oy = A\q (A.2)

The basis is trivially correct for d = 0.

e The inductive step: The proof is complete if we can prove

ft—d—1,t) < Bem @D (A.3)
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In the following proof, we consider P,(k) = e *(1 — e ) = Ke *. From (A.1)

we get,

d+1 0o de—1\ 4
flt—d=1,t)=€c|1=) P ( ) P(k)a(t—d —1+j—k,t)>
7=0 k=0

q
J—

de—1

(a) d+1 1 0o ¢

<e|1-) P (1 B> Pu(k)e I — 3N " P (k)e
J k=0 k=j

Jj—1 1

de—1
1 — BKZ —Ak—ai(d+1—j+k) 66—)\j—a1d>
ke

A . de—1 q

0
= ¢ 1_23"(

=0
1
0

J

d+1
—e[1-S"p,
6( Jz:; 1 e~ A—aq

0
1 — e-r—a1)j , !
(d N 1) (BKe_m(d—H_]) : _eei)\ial + ﬁe—/\]—ald)>>

(
oo ey .
—¢ Z P(j) + ZPr(j)(dc - 1) <5K60‘1(d+1j)£ | Be~Ni—oud )

1 —e A
j—d+2 =0

d

—
=
=

7)
7)
7)

IN
)}

PT‘(

J:
d+1

7=0

as 1 — el—A—an)i | ‘
— ¢ A(d+2) _'_ZKef/\] d . 1) (ﬁK —ai(d+1—j) = +5€)\Ja1d)

d+1 oy . q
A(d+-2 dl - 11— e(Ameni 2)\j
e (d+2) + e—oq +1) BKZ +a)j + e~ Jtou

1 —e

d+1 d+1

1—-’:_(11 Z (6(—>\+a1)j . 6—2)\]') 4+ e 26—2,\3‘
— e J=0 3=0
— ¢ 67/\(d+2) + efozl(dJrl) (dc - 1)/8[(
K 1 — e(—Aa1)(d+2) K 1 — e—2Md+2)
ap

1l—e a1 ] e Ata + (6 1-— e—/\—al) 1 —e 22
= e M (1 g)", (A.4)
where

G = e()\—al)(d—i-l)(dc . 1)BK
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K 1 — e(—At+a1)(d+2) K 1 — e~ 2M(d+2)
+ (e‘” )

l—e A1 ] —e Mo 1 —e 24 (A-5)

Sl era

In step (a), we apply induction assumption and the fact that z(i + k,t) > z(i,t)
for all £ > 0. In step (b), we apply (1 —2)" > 1 —nz for |z2] < 1. With g > 0
and € < I§1>ion B(e™+G) ™, from (A.4) we can prove (A.3). Substituting ¢ = d,
in (A.4) gives the following erasure probability,

Pt —d—1,t) < e (e 4 G)™

Replacing P.(t —d — 1,t) in (4.1) gives the delay-exponent as mentioned in (4.5)

. _ A . —d
ded that e < & = —A v
provide at e < & rgggi 1512151 15 (e + Q)

A.2 Proof of Theorem 5.1

Assuming full cooperation in sr link, at iteration ¢ = oo, (5.3) can be written as:
t—1 oo dey —1 «
f10i,t) =€5q (1 ) P,() (1— > P (k)a(i+j— k:,t))
=0 k=0

q2
o

- (1—2%@)(1— ZPrz(k)xz(Hj—k,t)) ) e

Note that we drop the iteration index ¢ for the sake of simplicity. We will prove

the theorem by mathematical induction technique.

e The basis: For 0 < i < d and 8 > €4, assume that!

x1(t —i,t) < Be ™" where a = A\ (dy, — 1) + Aad,,

1ot —i,t) < Be” " where ay = \idy, + Aa(dy, — 1)
P,(t —i,t) < Be™ ™, where a = A\id,, + Xod,,

The basis is trivially correct for d = 0.

!These assumptions can be verified from numerical results.
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e The inductive step: The proof is complete if we can prove

zy(t —d—1,t) < fe @D (A.8a)
To(t —d —1,1) < femo2(d+D (A.8b)
P.(t—d—1,t) < fe~edD) (A.8c)

For notational convenience, we denote K; = 1 — e ™, K, = 1 — e *? and thus

P, (k) = Kie7® and P,,(k) = Koe %2, Following (A.6)

q1

NE

d+1 ‘]l01_1
fﬁw—w—wl—Z&@G— %WM%WJH—MO

J=0

>
Il

0
q2

NE

dey—1
Rgm@@—d—1+j—mn>

1_ZPT2<j) (1_

k=0
== €SdA1A2, (Ag)
where
d+1 %) dep, =1 m
Am: 1_ZPrm(j) (1_ Prm(k)xm(t_d_1+j_kat)> )
j=0 k=0
(A.10)

for m € {1,2}. Now from (A.10)

. de,, —1\ 9m
(a) d+1 7j—1 ' 00 m
Am < 1— Zprm(]) (1 o BZPTm(k)efam(d+1*J+k) _ 5ZPrm (k)efamd
k=j

qm

d+1 j—1 ' | de,y, —1
= 1— Z Prm (]) (1 - 5Km eiAmkfam(d‘l*l*]‘HC) o Be/\mjamd>

“Am—0tm)] de_l am
o /BKme_am(d+1_j) 1 — 6( )-7 B /Be_Amj—amd) >

1 — e Am—am

1 —eAm—am

. a1 L= €T s "
1=S"P () (1= (dey, — 1) ( BE e o + BeAmiam

1 — e Am—am

[e%e] d+1 ' 1 . e(_)\m_am)j A dm
- ( Z P. (j)+ ZPrm(j)(dcm —1) <5Kme—am(d+1—J) + 56_’\m]_o‘md)>
; .
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d+1
— | e | Z Kpe™i(d,, —1)
§=0
dm
g1l — e(~Am—am)i Amj—amd
. /BKmeiam( +17]) 1 A + /867 e
— e~ Am—Qam
K,
= | e (@2 4 gmom@t) (g _1)BK,, 1 — e—m—am
dm
| (o hmban)(@D) K, 1 — e=2Mm(d+2)
| . (o € (A.11)
1 — e Amtam 1 — e m—am 1— e

In step (a), we apply the induction assumption and the fact that x,,(i + k,t) >
(i, t) for all k > 0. In step (b), we apply (1 — 2)" > 1 —nz for |z] < 1. By
substituting (A.11) in (A.9), we get

filt—d—1,t) < 6Sde*(/\1ql+)\2qz)(d+1) (e*’\l + gl)ql (e’)‘2 + gg)q2 , (A.12)
where

K

— ()\m_am)(d‘i‘l) d o 1 K
gm € ( Cm )/8 m 1 - ef)\mfam

1 — e(—)\m+am)(d+2) N Km 1— 6—2/\m(d+2)
' 1 — 6_)\m+am + (6 ) 1 — 6_2Am

. (A.13)

S 1—eAmom

for m € {1,2}. With e,y < min Be™+Gi) " (e +G,) ™ and from (A.12),

we call prove

e (ABa),if ¢ =d,, — 1 and g2 = d,,.
e (A8b),if ¢ =d,, and ¢ = d,, — 1.

e (A8c),if ¢1 =d,, and go = d,,.

From the proof of (A.8¢c), we get the delay-exponent mentioned in (5.4).
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A.3 Proof of Theorem 5.2

Due to the anytime characteristics, we consider .q(1) = Ega(i + 1) = -+ = Egray
while we ignore the boundary effect?. With this assumption, at iteration ¢ = oo,

(5.5) can be written as follows:

fQ(ivt) = €sd (1 - X_:Pﬁ(]) (1_ ZPT1(]€):E1(Z+] - kat)>
(1 - (1 _gsrd) irpm(j) <1_ ZPTQ(k)mQ(Z+] - k?ﬂ)

=0

(A.14)

We drop the iteration index ¢ for the sake of simplicity. By using the following

mathematical induction, we prove the theorem 5.2.

e The basis: For 0 < i < d and 3 > ey,

r1(t —i,t) < Be”®", where a; = A\ (d,, — 1)
To(t —i,t) < Be ', where ay = \id,,
P.(t —i,t) < Be™™, where a = \id,,

The basis is trivially correct for d = 0.

e The inductive step: The proof is complete if we can prove

z1(t —d—1,t) < femrld+D (A.16a)
To(t —d —1,1) < femo2ld+D (A.16b)
P.(t—d—1,t) < fe~edD) (A.16c)

Note that several steps that are similar to that in the proof of Theorem 5.1 are

skipped in this proof. Following (A.14)

d+1 oo dc1—1
folt —d—1,t) = ey 1—ZPTI(]‘)<1—ZPTl(k)xl(t—d— 1+j—k:,t))
j=0 k=0

2Due to the code structure, the erasure probability of extra parity bits at the boundary of
the chain (for example &;,-4(1) or £4-q(2)) will be slightly smaller than the erasure probability of
other extra parity bits.

q1
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q2

d+1—d, [e'e) dCQ—l
1_(1_£srd) Z ( ZPT‘Q th_ _1+j_k7t)>

§=0 k=0

= €saA143, (A.17)

where A; is defined in (A.10) with m =1 and

d+1—d, 2

dey—1
A3: 1_(1_537'01) Z (1_ZP7"2 x2t_ _1+j_k7t)>

=0
(a) d+1—d,
< {1-0=wa) D Pul)
=0

q2

j—1 deg—1
. (1 _ B Z PT2 (k)e—az (d+1—j+k) 6 Z ‘P’,~2 —agd)

k=0
dl—dr i—1 dey—1
= 1-(1—&a) P, (5) (1 —BE, Y e Nakmeald itk 66—>\2j—a2d>
J=0 k=0
(b) d+1—d,
S |1 1= =&a) P, (j)
7=0

q2

—Ag—a9)j
’ (1 - (dCQ - 1)/6 (KQe_OQ(d—H_j) 11_ e( —)\22— 22)] + €_>\2j_a2d>>
— e (0%

_ e—)\z(d+2—d,«) + ésrd (1 . €—>\2(d+2—dr)) + e—ozg(d+1)(dc2 . 1)(1 . gsrd)BKQ

q2

K, 1 — e(—A2taz)(d+2—d;) < K, ) 1 — e~ 2X2(d+2-dy)
+ [ e™

1 —e e 1 — e Hetaz S l—e M 1 —e 20

In step (a), we apply induction assumption and the fact that xo(i + k, t) > x4(i, t)
for all £ > 0. In step (b), we apply (1 — z)" > 1 — nz for |z| < 1. By replacing
the bounds of A; and Az in (A.17), we obtain

folt = d = 1,) < egqe M@ (o= p GO (€, (1 — e Pe(@H27d)) 4 g™
(A.18)

where

q2
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Gy = e 2(dT2mdr) y mealdtD (g 1)(1 — &,4) B

K, 1 — e(—retoz)(d+2—d:) < K,y ) 1 — ¢—2X2(d+2—dy)
+ | e*

1 — e e 1 — e tetaz 1 —e e 1 —e 20

(A.19)
. . -\ —q — —d, —q2
With €4 < 1512151 I6] (e Ay Ql) ' (fwd (1 — e H2(d+2—d )) + Qg) and from (A.18),
we can prove
e (A.16a), if ¢ = d,, — 1 and g2 = d,,.
e (A.16b), if ¢ = d,, and ¢ = d,, — 1.

e (A.16¢), if ¢4 = d,, and g3 = d,,.

From the proof of (A.16¢), we obtain the delay-exponent (5.6).

A.4 Proof of Theorem 6.1

By using the following mathematical induction technique, we find the delay-

exponents a4 and ap as mentioned in Theorem 6.1.
e The basis: For 0 <i <d and f3 Ze+%,

za(t —i,t) < Be " a, where a,, = Aa(d,, — 1)
wp(t —i,t) < Be "5, where a,, = Ag(dy, — 1)
PA(t —i,t) < Be™ ™A, where ay = A\ad,,

PB(t —i,t) < Be "B where ap = A\pd,,

e

The basis is trivially correct for d = 0.

e The inductive step: We have to prove:

wa(t —d—1,t) < fe el )
rp(t —d—1,1) < fe~ s )
pA —1,t) < Bem@aldtl) (A.21c)

)

(t—d
PB(t —d—1,t) < Be orld+D (A.21d

€
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For notational convenience, we denote K4 = 1 —e ™, Kg = 1 — e 8. For

m € {A, B}, let us define

d+1 de_l
Am=1-> P, (1—213 xmt—d—l—l—j—k,t)> (A.22)
=0
From (6.2) and (6.3), we can write
fat—d—1,t) = (e—{— _E(AB)d”B> (Ayg)™ (A.23)
1—
fB(t —d—1, t) = (6 + TE (AA)dUA) (AB)qB . (A.24)
Following (A.22)
(@ & dem =1
A, <1-— Z Tm <1 _ BZ me e—azm (d4+1—j+k) BZ Prm eazmd>
=0

(b) 1 — e(—Am—azn)i .
S 1= Z Prm (j) (1 a (dcm - ) (ﬁKmealm (d+1-) ‘ + ﬁeAm]azmd))

1— e Am—aem

— (@) | g @D (g 1)K,

K,, 1 — e(—Amtaz,)(d+2) N K,, 1 — e~ 22m(d+2)
1 — e rm—0zm ] — e Amtam, T (e 1= e—Am—azm> 1 — e—2Am

(A.25)
In step (a), we apply induction assumption and the fact that x,,(i+k,t) > x,,(i,1)

for all £ > 0. In step (b), we apply (1 — 2)" > 1 —nz for |z| < 1. By substituting
(A.25) in (A.23) and (A.24), we get

2

fo(t—d—1,t) < e Bis ( <1 — %) - %) (e +Gp)™, (A.27)

falt —d—1,1) < e ( (1 - g—B) + %) (e +Ga)™, (A.26)

where for m € {A, B}

_ K,  1—e(mtasn)d+2)

— —Am(d+2) —Qgp, (d+1) —
gm - € + € (de 1)/8Km 1 —_ e_Am_azm 1 — 6_)\m+azm +

o,

( K ) 1 — e—2Am(d+2)
etrm — =
1 m

1 — e Am—Can, — o2
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and
K 1 — e(_Am+axm)(d+2)
— Am—az,)(d+1) — Ui
gm =e (dcm 1)5Km 1 — ef)\mfazm 1— e*/\m+azm T
Km 1 — e—2>\m(d+2)
(e - =) e
From (A.26) we can prove
e (A2la),if gu =d,, — 1,
L] (Ale), if qa = dvA7
and from (A.27), we can prove
o (A2lc), ifgp =d,, — 1,
o (A.21d), if gp = d5,
when
Ble+Ga) ™ =% L B 4Gs) " -

€ < min { min min

d>0 G 7 d>0 G
; (1-%) ; (1-%)

From the proof of (A.21b) and (A.21d), we get the delay-exponents mentioned in
Theorem 6.1.
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