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Heuristic search algorithms belong to the most successful approaches for many combinato-
rial optimization problems which have wide real world applications in various areas. The
heuristic algorithms usually provide solutions with acceptable quality in reasonable time-
frame which is different from exact algorithms. Fixed-parameter approach provides a way
for understanding how and why heuristic methods perform well for prominent combinato-
rial optimization problems. In this thesis, there are two main topics discussed.

Firstly, we integrate the well-known branching approach for the classical combinatorial op-
timization problem, namely minimum vertex cover problem, to a local search algorithm and
compare its performance with the core component of the state-of-the-art algorithm. After
that, we investigate how well-performing local search algorithms for small or medium size
instances can be scaled up to solve massive input instances. A parallel kernelization tech-
nique is proposed which is motivated by the assumption that huge graphs are composed of
several easy to solve components while the overall problem is hard to solve.

Using evolutionary algorithms to generate a diverse set of solutions where all of them meet
certain quality criteria has gained increasing interests in recent years. As the second section,
we put forward an evolutionary algorithm which allows us to maximize the diversity over
a set of solutions with good quality and then focus on the theoretical analysis of the algo-
rithm to provide understanding of how evolutionary algorithms maximize the diversity of
a population and guarantee the quality of all solutions at the same time. Then the idea is
extended to evolving hard/easy optimization problem instances with diverse feature val-
ues. The feature-based analysis of heuristic search algorithms plays an important role in
understanding the behaviour of the algorithm and our results show good classification of
the problem instances in terms of hardness based on different combinations of feature val-
ues.
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1

Learn from yesterday, live for today, hope for tomorrow.

Albert Einstein

CHAPTER 1

INTRODUCTION

In applied mathematics and theoretical computer science, combinatorial optimization is a
popular topic aiming at finding the optimal solution from a finite set, which integrates
techniques from many areas such as combinatorics, linear programming and algorithm the-
ory [26]. Combinatorial optimization has many applications in various fields, such as artifi-
cial intelligence, machine learning, software engineering and mathematics. Two of the well-
known problems involving combinatorial optimization are the Travelling Salesman Problem
(TSP) and Minimum Vertex Cover (MVC) problem, which both come from generalization
forms of Karp’s 21 NP-complete problems [89].

The TSP is one of the famous combinatorial optimization problems, which plays an impor-
tant role in both practical application and theoretical research [5]. Given a set of cities and
the distances between each pair of cities, the goal of TSP is to compute a tour of minimal
length. The tour should guarantee that each city is visited exactly once and returns to the
origin at the end.

The MVC problem is another well-known NP-hard combinatorial optimization problem [126]
which has many real-world applications and is regarded as an important sample problem
in the theoretical analysis. Given an undirected graph, the target of the MVC problem is to
find the smallest subset of the vertex set such that for each edge at least one of its endpoints
is in the set.

Since both problems are NP-hard [89, 126], there does not exist any algorithm that is able
to optimize the problems in polynomial time with P 6= NP . After many years’ research,
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researchers have found that heuristic search approaches, such as local search, simulated an-
nealing, evolutionary algorithms and ant colony optimization, perform well in solving var-
ious combinatorial optimization problems [25, 1, 78]. Although heuristic algorithms are not
able to guarantee the solution to be optimal, they usually provide nearly optimal solutions
in reasonable computational time. There have been many different heuristic algorithms de-
signed to solve the TSP and the MVC problem. Different from the exact algorithms which
guarantee the optimality of solutions but suffer from the exponential worst-case execution
time, the heuristic approaches can be terminated after some time and return solution(s) with
acceptable quality.

Although there has been rapid development in the area of experimental research and ap-
plication of heuristic search, the theoretical analysis is still left far away. The randomized
search heuristics inspired by nature are hard to analyse because of the randomness in the
algorithm. However, the theoretical analysis lies in an important position in understanding
the characteristics and behaviours of the algorithms [126]. In the past few decades, many
researchers have devoted themselves into improving the theoretical understanding of the
algorithms. As the initial step, many studies focus on simple example functions [42, 69,
138, 160], which then lead to the analyses about combinatorial optimization problems [118,
122, 104]. The classical computational complexity analyses often focus on the worst-case
expected time. This approach aims at finding the expected runtime until the global optimal
solution is found and is beneficial for understanding algorithms which can solve certain
problem in polynomial time. Useful tools for the complexity analysis of algorithm include
fitness-based partitions [159], deviation inequalities [112] and drift analyses [69, 68, 38]. The
parameterized analysis of heuristic search approaches has gained more and more attention
during the past few years [150, 94, 28, 95, 114]. In parameterized analysis, the source of
exponential complexity in the problem is often separated to enable the analysis based on
problem structure [41]. It provides a way to understand the behaviours of heuristic meth-
ods in solving combinatorial optimization problems. The feature-based analysis is different
from the classical algorithm analysis which often takes a worst case perspective, it allows
us to examine the problem based on its features and characteristics. It can be seen as an im-
portant mechanism which bridges the gap between pure experimental investigations and
mathematical methods for the performance analysis of heuristic search algorithms [119, 91,
44].

We carry on research into the design of heuristic search algorithms for the sample combina-
torial optimization problem MVC and investigation of different approaches from the theo-
retical aspect. The proposed approach can be extended to other combinatorial optimization
problems.

Evolutionary algorithms belong to a type of heuristic search algorithms which have wide
applications in many areas. Evolutionary algorithms usually work with a set of solutions
which is called a population. Diversity mechanisms can be regarded as the key to the work-
ing behaviours of population-based algorithms [17, 157]. A diverse population is one of
the key factors to guarantee the coverage of explored solutions in the whole space. From
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the optimization point of view, a diverse set of individuals in a population can contribute
to preventing the algorithm from premature converging to the local optima. On the other
hand, from the design point of view, decision makers are given different choices with the
diverse set of solutions. The benefit in obtaining such a set of solutions lies in the variety of
solutions and the intuitive knowledge of decision makers such as engineers to incorporate
their personal knowledge when picking a solution for the final implementation.

The idea of using evolutionary approaches to obtain search space diversity under the con-
dition that each of the solutions has at least certain quality has recently been proposed in
the context of single- and multi-objective optimization [156, 154, 155]. In contrast to the
common approach of using diversity to improve the quality of a single solution, the goal of
these studies focuses on achieving a diverse set of solutions which all fulfil certain quality
requirements. In our study, we follow this idea of generating diverse sets of solutions using
EAs and conduct investigation on different optimization problems in both theoretical and
practical perspectives.

This thesis consists of the following three main parts, which are introduction and back-
ground for the research discussed in the thesis, heuristic algorithms for combinatorial op-
timization and diversity optimization in decision space and feature space. The rest of this
thesis is organized as follows.

Chapter 2 and 3 provide a brief introduction and background about the studies conducted
and discussed in this thesis. In Chapter 2, two well-known combinatorial optimization prob-
lems, namely the travelling salesman problem and the minimum vertex cover problem, are
introduced with problem setting, formulation and different algorithms. The background
knowledge about evolutionary algorithms is included which sets the basis for later discus-
sion. The last section of Chapter 2 focuses on the diversity in evolutionary algorithms which
will be discussed in details in the third part of the thesis. Chapter 3 consists of an introduc-
tion about different algorithm analysis mechanisms.

Chapter 4 and 5 mainly focus on our research into heuristic search approaches for solving
the MVC problem. We introduce two parameterized local search algorithms for the MVC
problem in Chapter 4 and both of these algorithms are based on the bounded search tree
approach. We examine the different performance of different initialization approaches for
the MVC problem and details are included in this chapter. With the comparison between
the fixed parameter branching algorithm and the edge-based local search algorithm which
is equivalent to the core component of the state-of-the-art algorithm, we contribute to the
incorporation of the more complex vertex-based branching rules to the MVC algorithm and
show that this leads to better results in many test cases. This chapter is based on a conference
paper published in the International Conference on Parallel Problem Solving from Nature
(PPSN) [51]. Then in Chapter 5 we propose an approach for solving huge MVC problems
with an existing solver. The main idea is named as parallel kernelization and based on the
assumption that large graph is composed of several easy-solved partitions. The kerneliza-
tion approach can be applied in solving many combinatorial optimization problems and
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with the MVC problem as an example we show that it has good performance in practice.

The following chapters focus on the diversity optimization in EAs. In Chapter 6, a theo-
retical analysis is included for decision space population diversity maximization on some
sample single-objective optimization problems. The main contribution of this section is that
it provide some insights into the theoretical understanding of diversity mechanisms used in
evolutionary algorithms by means of rigorous runtime analyses. We also propose an evolu-
tionary algorithm that is able to generate a diverse set of solutions in decision space which
are all of good quality. This chapter is extended from the work published at Genetic and
Evolutionary Computation Conference (GECCO) [53, 54]. The runtime analysis for multi-
objective optimization problem is extended from the analysis of single-objective problem
and is detailed in Chapter 7. Some initial theoretical investigations into the sample multi-
objective optimization problem are described in this chapter in details. After the theoretical
analysis sets the foundation, our research moves to the application domain. The contents
are based on the runtime analysis results published at GECCO [37]. In Chapter 8, we con-
duct investigations into diversity maximization in feature space for the sample problem of
TSP. We propose a new approach of constructing hard and easy instances for a certain com-
binatorial optimization problem. Following the idea of generating diverse sets of instances
which are all of high quality in Chapter 6, we introduce an EA which maximize diversity
of the obtained instances in terms of features. The proposed approach has been shown to
give a much better classification of instances according to their difficulty in being solved
by a certain algorithm under investigation. This chapter can be seen as an extension of the
results published in the conference PPSN [52].

Chapter 9 concludes the whole thesis with a brief summary of the research and some re-
marks on any potential future research directions.
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I hear and I forget. I see and I remember. I do and I understand.

Xuncius

CHAPTER 2

COMBINATORIAL OPTIMIZATION AND

HEURISTIC SEARCH

2.1 Introduction

Combinatorial optimization is a broad field in applied mathematics and theoretical com-
puter science, which integrates techniques from combinatorics, linear programming and
algorithm theory [26]. Combinatorial optimization problems aim at finding one or more op-
timal solutions in a well-defined discrete problem space with certain constraints. Because
of its success in solving difficult problems in many application areas, such as telecommuni-
cation, task allocation and schedule design, this field has attracted more and more attention
and interests [119, 127].

Heuristic search methods such as local search, simulated annealing, evolutionary algorithms
and ant colony optimization, have been proved suitable for solving various combinatorial
optimization problems [1, 78]. A heuristic aims at producing a solution in reasonable time
and the solution found is with acceptable quality. Although heuristic algorithms are usually
not able to guarantee the optimality of the solution, they can find nearly optimal solutions
within reasonable timeframe.

This chapter provides a general overview of the combinatorial optimization by introducing
some classical problems. In the second part of this chapter, we include a discussion about
the heuristic algorithms for different problems. This chapter is organized as follows, some
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background knowledge about local search and evolutionary algorithms is included in Sec-
tion 2.2 and Section 2.3. In Section 2.4, two classical combinatorial optimization problems
are introduced, namely Travelling Salesman Problem and Minimum Vertex Cover problem,
with problem formulation and some popular algorithms. Then in Section 2.5, we introduce
the diversity in objective space and decision space and its importance in evolutionary algo-
rithms.

2.2 Local Search

Local search is a type of heuristic methods which is often used to solve computationally
hard optimization problems [1]. Different from global search, local search focuses on ex-
ploring the local neighbourhood rather than the whole search space. It aims at finding the
good solution in reasonable timeframe. Although local search heuristics cannot guarantee
the global optimality of the solution found, they have been shown to be very successful in
dealing with large difficult optimization problems with consideration of the trade-off be-
tween computational complexity and the solution quality. Local search has attracted more
and more attention of the researchers and practitioners because of its efficiency, flexibility
and the property that easier to understand and implement than its exact counterpart.

In local search heuristics, the starting point is a feasible solution that may be generated by
different methods. In each iteration, one of the solutions from the neighbourhood of the cur-
rent solution is selected. Typically, there are more than one neighbour of the current solution
and decision needs to be made on which one to move to. Even if interrupted before termi-
nation, local search still returns a feasible solution. The basic idea of local search algorithm
is the iterative exploration of the neighbourhood of the current best solution and improve-
ment by simple local changes. The definition of neighbourhood is crucial which restricts the
possible solutions that can be reached from the current solution in one single step of a local
search algorithm.

2.2.1 Metaheuristics for Local Search

Metaheuristics are high-level general-purpose strategies that provide guidance for problem
specific heuristics. A metaheuristic is formally defined as a process that iteratively generate
solutions which structure information to find near-optimal solutions [124]. Metaheuristics
are strategies that provide guidance for the search process [13]. They are approximate and
usually non-deterministic.

One fundamental metaheuristic that belongs to local search is hill climbing. It starts with
an arbitrary solution and iteratively improves the current solution by incremental changes
to the solution. The termination criterion is when no further improvement can be found
in the neighbourhood. Greedy local search is a form of hill climbing search in which the
local change leads to the largest improvement of fitness function is selected. Hill climbing
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is good at finding local optimal solutions and can be applied to many combinatorial opti-
mization problems, e. g. Lin-Kernighan algorithm is able to find good solutions for large
TSP instances by local changes to the current shortest tour [101].

The general problem of local search approaches is that they may get stuck in local optima
where no improving neighbours are available. Since local search cannot be used to deter-
mine whether the best solution found so far is globally optimal or not, local search may
terminate with the locally optimal solution. This problem can be overcome by restarts or
other complex schemes, such as simulated annealing [90] and iterated local search [103].
There have been many metaheuristics with improved performance that are inspired by the
nature.

Simulated annealing is one example of local search that accepts ’downhill’ moves which
means moves lead to solutions with objective value the same as or smaller than that of the
current best solution. As its name indicates, simulated annealing is inspired by the physical
process of annealing and has many successful applications [90, 92]. In simulated annealing,
’downhill’ moves are accepted with a probability based on the change in the fitness value.
Additionally, there is another parameter called ’temperature’ in simulated annealing that
controls the acceptance rate of the neighbours. When the temperature parameter goes down,
the probability of accepting worse solutions decreases. When the temperature is high, the
algorithm has a higher probability to explore wider solution space.

Iterated local search also offers a way to leave the local optima by changing the current
solution through other rules which lead to new solutions beyond the neighbourhood [103].
The iterated local search is expected to perform better than a simple restart of the local search
which implies the information obtained before is discarded.

Another example that relaxes the local search rule to get away from the local optima is tabu
search [57]. In tabu search, a list that records the recently visited solutions is introduced
in order to prevent the algorithm from going back to the previously visited solutions for a
limited period of time. Moreover, the ’downhill’ moves have possibilities to be accepted if
there is no improving move available in the current iteration. The implementation of tabu
search makes use of memory structure so that the algorithm does not go back to the same
situation repeatedly.

Ant colony optimization is a recently developed population-based approach which is in-
spired by the foraging behaviour of ants [39]. The ants exchange information with each
other via pheromones and therefore leave paths between their colony and some location of
food. The ants following the pheromone trail leave pheromones as well and gives positive
feedback. The algorithm simulates a set of artificial ants and constructs the solution based
on the nature of ants in each iteration.
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FIGURE 2.1: The general procedure of an evolutionary algorithm expressed
as a flow chart.

2.3 Evolutionary Algorithms

Evolutionary Algorithms (EAs) are population-based metaheuristic optimization algorithms
which are inspired by the natural selection (survival of the fittest) [43, 111]. Given a quality
evaluation function, some of the better candidates are chosen to seed the next generation
by generating new offsprings. The common underlying idea of EAs can be summarized as
follows. Given a population of candidate solutions and a quality evaluation function, the
pressure from the environment causes natural selection inside the population that includes
new offspings, which results in the improvement in the fitness of the whole population [43].

EAs have become popular since the mid-1960s and different approaches have been pro-
posed in the last few decades [119]. EAs have shown good performance in providing ap-
proximation solutions to problems arise in many different areas, such as engineering, arts,
economics and sciences [106]. In this section, we give a brief overview about EA and some
main paradigms of evolutionary computation.

2.3.1 General Issues of Evolutionary Algorithms

The general structure of an evolutionary computation algorithm is simple, as shown in Fig-
ure 2.1. The main difference between EAs and local search is that EAs usually work with a
set of solutions in each iteration [119]. This set of candidate solutions is called the popula-
tion of an EA. An EA maintains a set of individuals for a certain iteration. Each individual
refers to a candidate solution to the optimization problem and is represented in some data
structure. After an initialization process, a population is generated to be worked on in the
further steps. In the selection process, the solutions are evaluated based on a measurement
function which is named as fitness. A selector is used to choose a set of individuals as the
parent population. Variation operators are used to generate new individuals to form the off-
spring set. As the last step in each iteration, all potential solutions in the current population
are filtrated by the survivor selector to compose the population for the next iteration. The
whole process is repeated until termination criterion is met.
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The procedure of EAs is summarized as above and there are some important components
which need to be specified in order to define an EA.

2.3.1.1 Representation

How to relate the original problem to some concepts in computer science is very important.
The first issue needs to be settled down in most algorithms is to abstract the real world
problem. It is the same in defining an EA. Representation, which refers to the definition of
individuals, is the first thing needs to be cared about. For successful and efficient use of
an EA, defining a proper representation is essential and appropriate search operator design
will also benefit from it [137].

There are many different ways in which solutions can be represented. The decision about
individual definition should be made based on the problem and some other issues including
memory consumption, fitness calculation and variation operation should also be taken into
consideration. A good representation gives a good abstraction of the useful information
about the candidate solution in real world, for example, an ordered list with each element
stores the index for a city and each element appears exactly once can be used to represent
a possible tour for a TSP. A binary string is suitable for the representation of an individual
in the MVC problem but may be a poor representation for the TSP, since it is hard to map a
bitstring to a permutation of cities.

In an EA, the population refers to a set of possible solutions. The formation of a popula-
tion changes over iteration. Typically the population is defined as a fixed size multiset of
individuals. In some sophisticated EAs, a population may have additional spatial structure,
such as distance or diversity measurement which will be discussed in later section in this
chapter.

2.3.1.2 Variation Operator

Variation operators are important in introducing new solutions to the current population.
The variation operators are designed to work on old individuals to produce new ones, there-
fore they should fit the chosen representation in order to work properly. There are two types
of variation operators, which are mutation and crossover operators.

A mutation operator works on a single individual and produces a modified offspring from
it. A mutation operator is often designed as dependent on probabilities. It performs different
roles in different EA types. In genetic algorithms, mutators are used to explore the area in
the search space that has not been reached yet. One example of mutation operators on
binary strings which has been widely used in theoretical analysis in EA is introduced as
follows. In a bitstring of length n, a mutator can be defined as flipping each bit with a
certain probability p independently from each other. In order to prevent the operator from
obtaining an offspring like generating a random bitstring from scratch, the probability p
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should not be too large. One common choice of p is 1/n, which implies one bit is flipped on
average.

A recombination or crossover operator takes at least two parent individuals and produces
new solutions based on them. Similar to mutation operators, crossover operators involve
probability as part of the change as well. The crossover operator extracts information from
the parents and merges the information to form offsprings. Both the ways to extract in-
formation and to merge information may be controlled by probabilities. By mating two or
more individuals with different but desirable features, recombination operator may be able
to produce offsprings that combine these features. In an example crossover operator for bi-
nary string, a crossover point is selected randomly. The data beyond the certain point in the
two parent binary strings is swapped to form two offsprings. This crossover operator is call
one-point crossover and the feasibility of the resulting offsprings needs to be checked.

2.3.1.3 Selection Mechanism

Before introducing the selection mechanism, the evaluation function of the individuals should
be defined first. The evaluation function is usually called the fitness function which allows
the algorithm to quantify the requirements and thereby sets the basis for selection and facili-
tate the algorithm. The evaluation function defines what improvement means in the specific
optimization problem. A proper defined evaluation function is able to measure the quality
of candidate solutions and accelerate the process of improvement.

There are two places where selection mechanisms may get involved in an EA, which are
parent selection and survivor selection. The selectors in EA are used to decide the choice of
individuals based on their quality. The aim of parent selector is to select individuals from
the current population to generate offsprings. The parent selection is typically probabilistic
and the individual with higher quality is usually given higher probabilities to be selected.
By doing this, the better solutions have higher probabilities to become parents and pass
their good features to the next generation. The survivor selection is used to decide on the
individuals from both the parent and offspring population to form the population in the
next generation. Since in EAs the population size is typically constant, the individuals with
better quality, which can be measured explicitly by the fitness function, should be given
higher probability to stay in the population for the next generation.

There are many different selection methods. Fitness proportional selection gives probability
for an individual to stay proportional to the fitness of the individual. In the tournament
selection, some pre-defined number of individuals compete for selection based on their fit-
ness values. (µ + λ) and (µ, λ)-selection are two selection mechanisms of great importance
in both practical and theoretical aspects. The difference between them lies in the survivor
selection methods and will be discussed in more details in the following section.
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2.3.1.4 Other Issues

The initialization process of an EA is usually very simple. In some cases, a population of
randomly generated individuals can be seen as a good start for an EA.

The termination criteria for EAs mainly fall into the following aspects: the total number of
generations, the overall running time of the algorithm and the quality of the solutions. Since
EAs are stochastic and there is no guarantee for them to reach the global optimal fitness, the
quality requirement for termination can be set to some nearly optimal values.

2.3.2 Main Types of Evolutionary Algorithms

There are a few main types of evolutionary computation techniques including genetic algo-
rithms, evolution strategies, evolutionary programming and genetic programming. In this
section, we give a brief introduction of them. A detailed discussion about different EAs can
be found in [43].

2.3.2.1 Genetic Algorithms

Genetic Algorithms (GAs) were introduced by Holland in [76] as a method of studying
adaptive behaviour. GAs mainly work in discrete search space and usually use binary
strings as representation. Other popular representations include real-valued vectors and
permutation representation. In GAs, recombination undertakes the main workload for gen-
erating good offsprings from the current population. Mutation operators are regarded as
minor variation operators and often applied to the offsprings produced by crossover with a
low probability. The commonly used selection method for both parent and survivor selec-
tion in GAs is the fitness proportional selection. GAs are simple to implement but it is hard
to understand their behaviours. In [58], Goldberg gives some insights into the theoretical
understanding of the heuristics.

2.3.2.2 Evolution Strategies

Evolution Strategies (ESs) were proposed in early 1960s and further developed in the 1970s [131],
which are used to solve continuous optimization problems and parameter optimization
problems. In ESs, the individuals are usually represented by real-valued vectors and muta-
tion is mainly used as the variation operator. The survivor selection in ESs is deterministic
and based on the fitness rankings. There are two important strategies which are (µ + λ)-ES
and (µ, λ)-ES. In (µ + λ)-ES, in each iteration λ offsprings are produced and together with
the µ individuals in the current population form the pool of individuals to be selected from.
The population for next generation is selected from the (µ + λ) individuals based on their
fitness values. In the case of (µ, λ)-ES, λ offsprings are generated from the parent popula-
tion as in (µ + λ)-ES, whereas the individuals in the next generation’s population are only
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selected from the λ offsprings, which implies λ � µ. The special case of (µ + λ)-ES when
λ = 1 is often investigated theoretically as the initial step in studies into population-based
algorithms.

2.3.2.3 Evolutionary Programming

Evolutionary Programming (EP) techniques were introduced by Lawrence Fogel [47]. EP
aims at achieving a sequence of symbols that predicts the problem in a more accurate way.
One commonly used representation for EP is finite state machine. EP usually only use mu-
tation as the variation operator and the population for the next generation is selected with a
probabilistic selection method. In the survivor selection phase of EP, elitism is often used to
guarantee the best solution found so far stays in the population for the next generation.

2.3.2.4 Genetic Programming

Genetic Programming (GP) introduced by Koza [93] is a technique used to construct com-
puter programs to solve some given tasks. Instead of designing an evolution program to
solve a problem, GP searches the possible computer programs for the fittest one in solving
the problem. The individuals for GP are computer programs which are usually represented
as trees. The fitness of a program is evaluated by its performance on some test cases. In
each iteration, new program is generated by applying crossover and mutation operators
and usually the fitness proportional selection is used to select the population for the next
generation.

2.3.3 Evolutionary Multi-objective Optimization

In multi-criterion optimization, the optimization problem involves a set of objective func-
tions, which need to be optimized simultaneously but may be conflict to each other [169].
Multi-objective optimization has many applications in different areas including engineer-
ing [24, 107], economics [151] and schedualing [98].

For a Multi-objective Optimization Problem (MOP), the aim is to make an optimal decision
based on trade-offs between all objectives. Therefore, there is no single optimal solution for
a MOP. A candidate solution is said to be Pareto optimal for a MOP if these does not exist
any other feasible solutions that will decrease in some objective values without resulting in
a simultaneous increase in at least one other objective value. The Pareto set refers to a set of
solutions that contains all Pareto optimal solutions.

Assume there are k objective functions fi : X → R, 1 6 i 6 k which map a solution x in
decision spaceX to an objective vector f(x) = (f1(x), f2(x), · · · , fk(x)) in the objective space
Rk. The k objective functions all need to be maximized. Then the Pareto dominance is defined
as follows.
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Definition 2.1. A solution x ∈ X is defined to dominate another solution y ∈ X iff ∀i ∈ [1, k], it
fulfils fi(x) 6 fi(y) and ∃i ∈ [1, k], that fi(x) < fi(y).

With this definition, the Pareto-optimal and Pareto set are defined. And the graph of the Pareto
set in objective space is called the Pareto front.
Definition 2.2. A solution x′ ∈ X is defined as Pareto-optimal iff there is no other solution in X
that dominates it.

The target of Multi-Objective Evolutionary Algorithms (MOEAs) is to achieve a set of so-
lutions that gives a better coverage of the Pareto front, which is first introduced in 1985 by
Schaffer [143]. After that, many MOEAs have been proposed and some of them have shown
good performance in solving different MOPs. There are a few algorithms designed based on
the Pareto dominance. Some of the well-known MOEAs include NSGA-II [35], SPEA2 [170]
and MOEA/D [166].

For assessing the quality of the solution set found by MOEAs, it is necessary to have some
evaluation functions since unlike that in single-objective optimization, it is not easy to com-
pare different sets in multi-objective optimizaiton. The common ways to deal with this
problem are attainment functions and quality indicators. The attainment function approach
can be seen as a general form of the cumulative distribution function FX(z) = P (X 6 z)

where X denotes a real-value random variable and z ∈ R. The quality indicators are func-
tions that map a Pareto set approximations to a real value. The ε-indicator and hypervolume
indicator are two of the well-applied indicators which have been shown to be able to lead to
good results in practice [168, 12].

The hypervolume indicator measures a set of elements in <m (corresponding to images of
elements in S) with the volume of the dominated portion of the objective space. Assume that
the fitness function is defined as f(x) = (f1(x), f2(x), ..., fm(x)). Formally, given a reference
point r ∈ Rm, the hypervolume indicator can be defined for a given set A ⊂ X as

IH(A) = λ

(⋃
a∈A

[f1(a), r1]× [f2(a), r2]× · · · × [fx(a), rm]

)
.

The contribution of individual x to the hypervolume indicator of population P is defined as

cH(x) = IH(P )− IH(P \ {x}).

2.4 Combinatorial Optimization

There are many real world problems which can be abstracted as combinatorial optimiza-
tion problems. A combinatorial optimization problem can be represented formally as a triple
(S, f,Ω), where S denotes a well-defined search space, f denotes the objective function and
Ω denotes a set of constrains. The goal of combinatorial optimization is to find one or more
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globally optimal solutions according to the fitness function. There are many example combi-
natorial optimization problems that have been studied intensively, such as minimum span-
ning tree problem, knapsack problem, integer programming and travelling salesman prob-
lem.

Throughout this thesis, we focus on the combinatorial optimization problems in the search
space of Rn. The goal is to find a solution that has the highest (or smallest) objective value
and fulfils all constraints.

In this section, we give an introduction of two well-known combinatorial optimization prob-
lems, which are the Travelling Salesman Problem (TSP) and Minimum Vertex Cover (MVC)
problem. Both of the two problems are based on graphs.

2.4.1 Travelling Salesman Problem

The Travelling Salesman Problem is one of the famous NP-hard combinatorial optimization
problems which has great importance in both practical and theoretical aspects. Given a set
of cities and the distances between each pair of cities, the aim of TSP is to find a shortest pos-
sible route which visits each city exactly once and returns to the origin city at the end. The
general form of the TSP has firstly been studied by mathematician Karl Menger in the 1930s.
The problem has been investigated intensively in both theoretical and practical studies [5]
and proved to be NP-complete in [89].

The TSP has many real-world applications in different areas. With its original formulation,
it has been applied to scheduling, logistics and manufacturing fields. A direct application
of the TSP in the drilling problem of printed circuit boards has been introduced in [63]. The
school bus routing problem is found to be solvable by modelling as the TSP [3]. The de-
sign of global navigation satellite system surveying network can also benefit from applying
the TSP [141]. After some modification or transformation, the TSP can also be treated as a
part of other problems such as genome sequencing [2], crop surveys [161] and spacecraft
interferometry [22].

There are different types of TSP which can be applied in different areas according to their
properties. The TSP instances mainly fall into three different categories, which are asym-
metric TSP, symmetric TSP and multi-TSP. Most TSP instances are symmetric TSP instances
where the distances between two cities are the same in both direction. There exists another
type of TSP which is asymmetric TSP in which the distance from city x to city y is not equal
to the distance from y to x. As its name indicates, multi-TSP involves multiple salesmen
and these salesmen may finish their tours in different cities based on the definition of the
problem.

Some widely studied problem types are metric TSP, Euclidean TSP and Manhattan TSP. In the
metric TSP, the distance between each pair of cities satisfies the triangle inequality. Both Eu-
clidean TSP and Manhattan TSP are metric TSP. The difference between these two types of
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TSP instances is the function used to calculate the distances between pairs of cities. In the Eu-
clidean TSP, the cities are represented by points in the Euclidean plane and the distance be-

tween two cities is the Euclidean distance which is formulated as d(x, y) =
√∑dim

i=1 (xi − yi)2,
where dim represents the dimension of the space. In Manhattan TSP, the distance between
two cities refers to the sum of the differences in each coordinate.

In this thesis, we focus on the investigation into the Euclidean TSP, which is metric and
symmetric.

In general, the TSP can be formulated as follows. Given a set V = {v1, v2, · · · , vn} of n cities
and a distance function d : V × V → R≥0, the task of TSP is to compute a shortest route that
visits each city vi exactly once and returns to the origin. Represented as an undirected graph
G = (V,E) that has a non-negative integer cost c(u, v) associated with each edge (u, v) ∈ E,
the TSP aims at finding the Hamiltonian cycle with the minimum total cost. A Hamiltonian
cycle refers to a cycle in the graph that visits each vertex exactly once.

A solution to the TSP is often represented by a permutation π = (π1, . . . , πn) of the n cities
where πi denotes the ith city in the city list and the fitness function to be minimized in this
problem is the total tour length which can be represented as

c(π) =
n−1∑
i=1

d(πi, πi+1) + d(πn, π1).

TSP has been studied for years and there have been many algorithms proposed. The algo-
rithms for the TSP mainly fall into two categories, which are exact algorithms and approxi-
mation algorithms.

2.4.1.1 Exact Algortihms for TSP

There have been a large number of exact algorithms proposed for the TSP. They are designed
to find the optimal solution to the TSP. The exact algorithms are usually computationally
expensive since they need to consider all solutions either explicitly or implicitly in order to
guarantee the optimality. The first and simplest approach would be going through every
permutation of the cities and comparing the cost of each tour, which can be seen as a brute
force search. The expected runtime for this approach is O(n!), where n denotes the number
of cities. The brute force search is very time consuming, especially when the number of cities
goes up.

The Bellman-Held-Karp algorithm [11, 72] is an application of dynamic programming in
solving the TSP. This approach takes expected O(2nn2) time to solve a TSP instance with n
cities.

Some of the exact algorithms can be better understood and explained in the context of in-
teger linear programming [96]. In the work of Dantzig, Furlkerson and Johnson [32], the
integer linear programming formulation of the TSP is introduced for the first time. The
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model is usually relaxed and then solved using linear programming techniques. In [32], a
case study of instances with 49 cities, which is a relatively large size at that time, is con-
ducted. These studies set the foundation for cutting-plane algorithms of the TSP and the
algorithms are further discussed in [86].

The branch and bound algorithms are also used to find an optimal solution to the TSP and
based on the relaxation of the integer program. The candidate solutions are considered
as leaves of a rooted tree and the algorithm recursively explores the branches of the tree
which represent subsets of the candidate solution set. A branch is discarded according to
the branching rules. This approach is introduced to solve the TSP [82].

The branch and cut algorithm is a combination of the cutting plan algorithm and the branch
and bound algorithm [125]. When there is no optimal solution to the integer program found
by using the cutting plane mechanism, the algorithm branches to the next stage. This al-
gorithm is the state-of-the-art solution for large instances which can solve the instance in
TSPLIB with 85,900 cities [5]. An efficient implementation of this approach is written by
David Applegate, Robert Bixby, Vasek Chvátal and William Cook in ANSI C, which is called
Concorde TSP solver [4].

Although exact algorithms guarantee the optimality of the solution found for TSP, they all
have the weakness that the computational complexity grows exponentially with the prob-
lem size.

2.4.1.2 Heuristics and Approximation Algorithms for TSP

Except for exact algorithms, there are various approximation algorithms that provide good
solutions to the TSP in reasonable computational time.

The approximation ratio of an algorithm A for a given instance I is defined as

αA(I) = A(I)/OPT (I),

where A(I) refers to the fitness value of the solution found by algorithm A and OPT (I) is
the fitness value of the optimal solution to instance I . In the TSP, A(I) and OPT (I) refer to
the total length of the tour found by the certain algorithm and the shortest tour respectively.
An algorithm is called an r-approximation algorithm when αA(I) 6 r holds for all instances
I . The TSP discussed in this section is metric TSP.

The most straightforward heuristic algorithm for TSP is based on the nearest neighbour,
which is a greedy algorithm. The algorithm starts with a city and selects one of its nearest
neighbours as the next stop. This process repeats until all cities are visited. The runtime
bound for this approach is O(n2) [84]. However, there exist many worst cases where this
approach is not able to provide a good solution [65].
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Another greedy approach constructs a tour gradually by selecting the edge with the shortest
length. The algorithm terminates when it finds a Hamiltonian cycle. The time complexity is
bounded above by O(n2 log n) [133].

There is a 2-approximation algorithm based on Minimum Spanning Tree (MST), which solves
metric TSP in polynomial time. As the first step, the algorithm constructs an MST T of the
graph G representing the TSP instance and doubles the edges of T to form a new graph D.
Then it finds an Eulerian tour E in D. The Hamiltonian cycle obtained after skipping all
visited nodes of E is the result of the algorithm. This approach has a time complexity of
O(n2 log n).

The 3/2-approximation algorithm proposed by Christofides [21] is based on both the MST
and minimum weight perfect matching. In this algorithm, after obtaining a MST T of the
graph, a minimum weight perfect matching M is found for the odd-degree nodes of T . The
algorithm combines all edges of M and T to form a graph C. Then an Euler cycle E is found
in C. In the last step, the Hamiltonian cycle in S is produced by omitting all visited nodes
in C. The time complexity of this approach is O(n3).

In [7, 6], Arora proposes a polynomial time approximation scheme (PTAS) for Euclidean
TSP to find a solution with approximation ratio at most (1 + 1/c) for any c > 1.

The 2-OPT algorithm is one of the local search algorithms for TSP. In this algorithm, a 2-OPT
move refers to removing two edges from the tour and reconnecting the tour by swapping
these two pairs of cites. Only if the 2-OPT move results in a shorter tour, it is accepted. The
algorithm checks whether there is any 2-OPT move that can improve the current solution
and terminates when no improvement available and the shortest tour found so far is called
2-optimal. The 3-OPT algorithm works in a similar way, while instead of swapping two edges
in the tour, three edges are removed and the resulting unconnected nodes are reconnected
to build a valid tour. The solution is called 3-optimal. If a tour is 3-optimal, it is 2-optimal as
well [73]. This approach is a good choice for large TSP instances.

As an extension of 2-OPT and 3-OPT algorithms, the Lin-Kernighan algorithm can be seen
as a variable k-OPT algorithm. The suitable value of k is decided in each iteration. The
average time complexity of the Lin-Kernighan algorithm is bounded by O(n2.2) [73] which
is slower than a classical 2-OPT algorithm. However, the results from the Lin-Kernighan
algorithm are usually better than those from 2-OPT.

Besides the algorithms introduced above, there are many other algorithms using local search
heuristics to solve the TSP, such as genetic algorithms [84], tabu search [46, 105], simulated
annealing [105] and ant colony optimization [39].
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2.4.2 Minimum Vertex Cover Problem

The Minimum Vertex Cover (MVC) problem is another well-known NP-hard combinatorial
optimization problem with importance in both theory and application area. The MVC prob-
lem has many real-world applications, such as scheduling [10], VLSI design [62], industrial
machine assignment [135] and sensor networks [140].

Given an undirected graph G = (V,E), where V and E denote the set of vertices and edges
respectively, a vertex cover is a subset C ⊂ V such that for each edge e ∈ E at least one of its
endpoints is in C. The goal of the MVC problem is to find the smallest vertex cover in graph
G and the problem has been proved to be NP-hard [126]. Therefore, there does not exist any
algorithm that can optimize all MVC instances in polynomial time assuming P 6= NP . A
set of vertices forms a vertex cover if and only if its complement is an independent set of the
graph. The decision version of the vertex cover problem is to decide whether there exists a
vertex cover of size at most k for a certain graph, which is also NP-complete.

The MVC problem is closely related two other well-known NP-hard combinatorial prob-
lems, which are Maximum Independent Set problem and Maximum Clique problem. MVC cor-
responds to the complement of maximum independent vertex set. The algorithms for the
MVC problem can be directly used to solve the Maximum Clique problem which has a wide
range of applications in computer vision, bioinformatics and computational chemistry [129].

There are some special graph types which are common subjects in the analysis of MVC
problem. The bipartite graph refers to a graph whose vertex set can be divided into two
disjoint sets U and V such that the edges in the edge set are all connecting these two sets.
There is no odd-length cycle in a bipartite graph. In a complete bipartite graph, every vertex
in set U is connected to every vertex in set V .

The tree graph is an undirected acyclic graph where any two vertices are connected by ex-
actly one edge. There is no cycle in a tree but a cycle is formed if any edge is added to
the graph. Every tree graph is a bipartite graph. There exists greedy algorithms that can
solve the MVC problem in tree graphs through deep first search traversal with polynomial
computational time.

Another special case is path where all vertices can be seen as connected by a single line. The
path is one kind of tree graph. Except for the two terminal vertices which have degree 1, the
other vertices are of degree 2. Paths are often included as subgraphs in other graphs.

Since the decision variant of the vertex cover problem is proved to be NP-complete, there
may not exist efficient exact algorithm for the MVC problem. Researchers found that the
decision problem can only be answered in time O(1.2738k + kn) [19].

The greedy algorithm for the MVC problem selects a node of the highest degree and the
edges adjacent to this node are removed from the graph. The algorithm terminates when
there is no edge in the graph. The algorithm performs well in solving some certain problems
but in the worst case the greedy algorithm can only provide a Ω(log n) solution.
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The greedy 2-appoximation algorithm which enumerating all edges can be improved by ap-
plying the linear programming formulation. In the Integer Linear Program (ILP) for MVC,
a variable xi is assigned to each node i. xi = 1 if the node is selected and xi = 0 if the
node is not included in the set. The constraint is set to guarantee the full coverage of the
edge set. The linear program relaxation can be solved using other algorithms for Linear
Programming. This approach results in 2-approximation algorithms as well.

The heuristic algorithms for MVC problem are mainly stochastic local search algorithms.
Although the heuristic algorithms cannot guarantee the optimality of the solutions, they can
deal with large MVC instances by producing at least nearly optimal solutions in reasonable
time. Since the MVC problem from real world applications are usually large in size and hard
to solve, the studies into heuristic algorithms attract more and more attention. Popular local
search algorithms designed for the MVC problem include PLS (Phased Local Search for
the maximum clique problem) [129], NuMVC [16], TwMVC (Two weighting local search
for MVC) [15] and COVER (Cover Edges Randomly) [135]. These approaches are usually
evaluated on standard benchmarks and (in more recent years on) massive real world graphs.

2.5 Diversity in Evolutionary Algorithm

Different from the algorithms providing a single solution, population-based algorithms,
such as genetic algorithms and ant colony algorithms, maintain a set of different solutions
to the given problem called population. The diversity of the solutions in the population
lies at the heart of most population-based algorithms, especially EAs. Most EAs incorporate
certain diversity mechanisms which ensure that the population consists of a diverse set of
individuals [17, 157]. A diverse population is one of the main factors to ensure that the solu-
tion space is explored adequately. The diversity in a population-based algorithm may point
to different factors of the population. In EAs, the diversity in the objective space measures
the variety of individuals in their values of evaluation functions. The decision space di-
versity describes the difference of individuals in the perspective of decision making, which
includes the variety in different features of the individuals.

2.5.1 Diversity in Objective Space

EAs exploit information from previous generations to direct the search into the region of
better performance [59]. In the early stage of the search, a diverse set of candidate solutions
provides potential for the algorithms to explore the whole search space.

One of the problems facing all population-based metaheuristics including MOEAs is pre-
mature convergence to locally optimal solutions [99]. Diversity and the selective pressure
are two factors that need to be considered as a trade-off. A good diversity maintenance
mechanism is of great importance in preventing EAs from premature convergence. Hence,
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FIGURE 2.2: An example for a case that two individuals that are next to each
other in objective space but are mapped to two points that are far away in

decision space.

there have been many different mechanisms used to maintain the objective space diversity
to balance the exploration and exploitation, e.g. niching, crowding [33] and sharing [60].

2.5.2 Diversity in Decision Space

Some researchers have pointed out that the diverse solution set in the decision space, which
provides different solutions with good quality, is of great interest for decision makers [34,
139, 145]. A set of solutions that has a good coverage in the objective space does not guaran-
tee a good coverage over the decision set since the adjacent points on the Pareto front may
be mapped to points which are far away in decision space [145] as shown with an example
in Figure 2.2. In this thesis, we focus on the discussion of diversity in the decision space
which is important in both single-objective optimization and multi-objective optimization.

The history of integrating decision space diversity into the optimization process can be
traced back to 1994 as the idea of fitness sharing in the NSGA for MOP [149]. Later, the
idea of including genetic diversity as an objective is proposed in [152]. In the design of
Omni-optimizer, the idea of NSGA was extended [34]. Recently researchers look into inte-
grating the decision space diversity into the hypervolume-based multi-objective search [154]
and single-objective optimization [156].

The solutions with minor difference in objective function may be various in structure or
other perspectives. Therefore it is worthwhile to look into the decision-space diversity max-
imization in single-objective problems. Evolutionary approaches to obtain search space di-
versity under the condition that all solutions are of good quality have recently been pro-
posed in the context of single- and multi-objective optimization [156, 154, 155]. In contrast
to the standard approach of using diversity to obtain a single solution of high quality, the
goal of these studies is to achieve a diversity set of solutions under the constraint that all
solutions are of good quality.
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While the target of most population-based EAs in solving single-objective optimization
problem is to find a single high quality solution, the use of a population offers the oppor-
tunity to produce a diverse set of solutions which are all of good quality. Although there is
usually just one best solution existing for a single-objective optimization problem, the deci-
sion maker may be interested in a set of acceptable-quality solutions which are of different
structures. Typically, the aim of most single-objective problems is to find a solution which
maximize or minimize a certain function, while there may be other factors that affects the
decision of decision makers. In this way, a decision maker gets presented several good so-
lutions that he/she can choose from in contrast to just a single best solution. The benefit
in obtaining such a set of solutions lies in the variety of solutions and the intuitive knowl-
edge of decision makers such as engineers to incorporate their personal knowledge when
picking a solution for the final implementation. This is especially important as practitioners
in the areas of engineering and manufacturing may have a specific preference for certain
solutions even if they have similar quality according to the fitness function used to evaluate
the quality of a given solution.

Although diversity mechanism is the key to the working behaviour of evolutionary multi-
objective algorithms, maintaining decision space diversity in MOEAs is difficult since the
coverage over Pareto front should be guaranteed at the same time. By maximizing the deci-
sion space diversity, a set of Pareto optimal solutions that differ to each other according to
the underlying search space is presented to the decision makers. Such a set of solutions can
be very valuable to decision makers since they can judge the solutions in an intuitive way
without necessity to compare the quality of solutions using the objective functions.

2.5.3 Diversity Measurement

Before defining the population diversity, how to measure the difference between individuals
should be decided first. There are many ways to measure the difference between different
individuals and the choice of difference measurement depends on the individual represen-
tation and the main aim of the optimization process. The structural distance is one of the
population difference measurement, such as Hamming distance and Euclidean distance. As
an example, Hamming distance can be seen as a proper difference measurement for binary
strings.

The diversity measurement is based on the definition of difference. According to [154, 155],
a population diversity measurement should have the following properties:

1. Twinning: Duplicate solutions in a population should not change the diversity.

2. Monotonicity in Varieties: Adding a new solution which is not in a population should
increase the set diversity.

3. Monotonicity in Distance: D(P ′) ≥ D(P ) with |P | = |P ′| holds, if all pairs of P ′ are at
least as dissimilar as all pairs of P (according to some given distance function).
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The population diversity measurement should be designed to fulfil these requirements and
be beneficial to the optimization problem. In some cases, the contribution of a solution to
the population diversity is defined instead of directly defining the diversity measurement.
The contribution to the population diversity is helpful in the selection process based on the
decision space diversity of EAs.

2.6 Conclusion

In this chapter, we give a brief background introduction about the combinatorial optimiza-
tion and heuristic search. Combinatorial optimization problems attract attention of researchers
and practitioners since there are many real world complex problems that can be represented
as combinatorial optimization problems. There have been many studies into the combina-
torial optimization problems in the area of algorithm design, problem characterization and
theoretical analysis [126].

Heuristic search provides a way to solve various combinatorial optimization problems suc-
cessfully. Although heuristic algorithms usually do not guarantee the optimal solutions to
be found, they obtain solutions of good quality in reasonable time. Heuristic algorithms,
such as local search, evolutionary algorithm and ant colony optimization, have shown good
performance under the investigation from both theoretical and practical aspects.
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Although the world is full of suffering, it is also full of the overcoming
of it.

Helen Keller

CHAPTER 3

ALGORITHM ANALYSIS AND PROBLEM

COMPLEXITY IN EVOLUTIONARY

ALGORITHMS

3.1 Introduction

There has been rapid development of evolutionary algorithms in algorithm design and ap-
plication, however, the theoretical analysis of EAs is still far behind the practical experi-
ments. The theoretical analysis of EAs is often surprisingly difficult [119]. The main reason
may lie in the fact that EAs are randomized search heuristics inspired by the natural be-
haviours of evolution and are designed to perform the search in wide search space guided
by random decisions without analyzing behaviours. Moreover, EAs are often considered
as robust problem-independent search heuristics with good performance on a large variety
of problems, which makes the analysis of EAs much harder than the analysis of problem-
specific algorithms [159]. Nevertheless, the theoretical analysis provides understanding of
the characteristics and behaviours of EAs, which is beneficial for the design and application
of EAs. It has been pointed out that improving the theoretical understanding and perfor-
mance prediction is one of the most challenging problems facing the community of opti-
mization and algorithms [126].

In the past few decades, great improvements have been achieved by the computational com-
plexity analysis of EAs in the theoretical understanding of the algorithms. However, until



24 Chapter 3. Algorithm Analysis and Problem Complexity in Evolutionary Algorithms

the early 1990s, the research into theory on EAs mainly focus on investigation of the conver-
gence of EAs or analysis of EAs’ behaviour in one single generation [119]. The first runtime
analysis on EA was proposed in 1992 by Mühlenbein [113]. After that, a lot of analyses have
been conducted on EAs and many useful methods were introduced.

This chapter focuses on a general overview about the algorithm analysis methods in evolu-
tionary algorithms. In Section 3.2, some classical computational complexity analysis meth-
ods are introduced. Section 3.3 and 3.4 provide a brief discussion about two popular compu-
tational analysis methods in different aspects, which are parameterized analysis and feature-
based analysis.

3.2 Classical Computational Complexity Analysis

As a class of randomized algorithms, there are a lot of strong methods can be used in the
analysis of EAs [8, 80]. In the early stage of runtime analysis of EAs, the research mainly
focuses on the analysis of artificial pseudo-boolean functions [42, 69, 138, 159, 162]. In
these previous studies, the simple pseudo-boolean functions are examined to provide ef-
ficiency analysis together with introduction of new analysis techniques and the design of a
general Markov chain framework for the runtime analysis on EAs [71]. Later on the work
extended to more generalized problem types, such as linear functions [42], quadratic poly-
nomials [160] and some combinatorial optimization problems [56, 118, 121]. By looking
into the search behaviours of these algorithms, these studies show that the general-purpose
algorithms can solve or provide good approixmations for classical problems.

In this section, some useful tools for computational complexity analysis are introduced, in-
cluding fitness-based partitions, some deviation bounds and drift analysis.

3.2.1 Fitness-based Partitions

Fitness-based partition is a simple method proposed by Wegener [159] as one of the early
methods for runtime analysis of EAs. It has been successfully applied to the analysis of
many problems. The fitness-based partition is often used to derive an upper bound on the
expected optimization time for a certain optimization problem.

Assume the problem under investigation is in a search space S and the objective function
to be maximized is f : S → R. When Ai and Aj are two subsets of S, define Ai <f Aj as
f(a) < f(b) holds for all a ∈ Ai and all b ∈ Aj . Divide S into disjoint sets A0, A1, · · · , Am
such that A0 <f A1 <f · · · <f Am holds and Am consists of all optimal solutions. This
implies that the fitness values of the solutions in each partition increase with increasing the
index. The collection of set A0, · · · , Am is called an f-based partition.
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Let p(x) represent the probability that from a solution x ∈ Ai, in the next step a solution
x′ ∈ Ai+1 ∪ · · · ∪ Am is generated and pi = mina∈Ai p(x) represents the smallest probability
that a solution from a partition with higher fitness value is generated.
Lemma 3.1. The expected optimization time of a stochastic search algorithm that at each time step
works with a population of size 1 and produces a new solution from the current solution is upper
bounded by

∑m−1
i=1 (1/pi).

It can be proved easily with probability distribution knowledge and the proof can be found
in [119]. With a proper partitioning of the search space which guarantee a high probability
of leaving the current partition and the above Lemma, the upper bound of many optimiza-
tion problems with (1 + 1)-EA is reached, such as OneMinMax, LeadingOnes and linear
functions [80].

3.2.2 Deviation Inequalities

The application of large deviation inequalities has great contribution to the analysis of ran-
domized algorithms. In the case of EAs, the deviation bounds can be used to prove the
probabilities that the actual running time can deviate from the expected optimization time.
Some of the commonly used deviation bounds are Markov’s inequality, Chebyshev inequal-
ity and Chernoff bounds. In the following paragraphs, we give a brief introduction about
these bounds without proof. The in-detail proof can be found in the textbook by Motwani
and Raghavan [112].

Markov’s Inequality: Let X be a non-negative random variable. Then for all k ∈ R>0,

Prob(X > k · E(X)) 6 1/k.

k is not restricted to integer. Since the expectation of X

E[X] > Prob[X > t] · t+ Prob[X < t] · 0 = Prob[X > t] · t,

it is proved that
Prob[X > t] 6 E[X]/t.

Chebyshev’s Inequality: Let X be a random variable with mean µ and standard deviation
σ. Then for any k ∈ R>0,

Prob[|X − µ| > k · σ] 6 1/k2.

Chernoff Bounds: LetX1, X2, · · · , Xn be independent Poisson trials such that for 1 6 i 6 n,
Prob[Xi = 1] = pi, where 0 6 pi 6 1. Let X =

∑n
i=1Xi and µ = E(X) =

∑n
i=1 pi. Then the

following inequalities hold,

Prob[X > (1 + δ) · µ] 6

(
eδ

(1 + δ)1+δ

)µ
, δ > 0;
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Prob[X > (1 + δ) · µ] 6 e−µδ
2/3, 0 < δ 6 1;

Prob[X 6 (1− δ) · µ] 6 e−µδ
2/2, 0 < δ 6 1.

In the coupon collector’s problem discussed in [112], given n different coupons, at each step
one of the n coupons is chosen uniformly at random. The target is to find the number of
trials until each of the coupons has been chosen at least once.

Coupon Collector’s Theorem: In the coupon collector’s problem, at each trial one of the
n different coupons is chosen uniformly at random. Let X represent the number of trials
required to choose each coupon at least once. Then

E(X) = n ·Hn,

where Hn refers to the nth Harmonic number and for each constant c ∈ R,

lim
n→∞

Prob[X 6 n · (lnn− c)] = e−e
c
.

There are also some elementary mathematical formulas which are helpful in runtime analy-
sis. We will state in this section without proof as well.

Harmonic Sum: Let Hn =
∑n

i=1
1
i represent the nth Harmonic sum. Then for any n ∈ N

Hn = lnn+ Θ(1).

Stirling’s Formula: Let n ∈ N, then

√
2πn · nne−n < n! <

√
3πn · nne−n.

Binomial Coefficients: Let n > k > 0. The binomial coefficients are defined as(
n

k

)
=

(
n

n− k

)
=

n!

k!(n− k)!
.

Then the following inequality holds,

(n
k

)k
6

(
n

k

)
6
nk

k!
6
(ne
k

)k
.

Inequalities regarding e:
ex > 1 + x, x ∈ R;

e−x 6 1− x/2, 0 6 x 6 1;

ex 6
1

1− x
, x < 1;
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(
1− 1

n

)n
6

1

e
6

(
1− 1

n

)n−1
, n ∈ N.

These formulas are often used together with the deviation inequalities stated above and for
the introduction and proof in details the readers are referred to the textbook by Feller [45].

3.2.3 Drift Analysis

Another popular algorithm analysis method of EAs in recent years is drift analysis which is
introduced by He and Yao in 2001 [69, 68] based on the results of Hajek [66]. Drift analysis is
a powerful tool in analyzing the optimization behaviour of a randomized search heuristic.
The following studies introduce the simplified drift [123], multiplicative drift [38], popula-
tion drift [97] and variable drift [81] to deal with different situations.

In drift analysis, instead of examining the improvement over the objective function, an aux-
iliary potential function is used and its behaviour is tracked to provide an idea of the opti-
mization process in search space. The potential function maps each search point to a non-
negative real value, where the value of 0 indicates the optimal search point.

Let X0, X1, · · · , Xt represent some stochastic processes in some general state space X . The
random variable corresponding to each process is denoted by {Xt} over S ∪ {0}, where
S ⊂ R. The expected change in one step of the random process is called drift. Assume
random variable T refers to the first point in time t ∈ N with Xt = 0.
Theorem 3.1. (Addictive Drift) Suppose that there is a real number ∆ > 0 that fulfils

E[Xt −Xt+1|T > t] > ∆.

Then the expected optimization time

E[T |X0] 6 X0/∆.

A suitable potential function is essential for the application of additive drift analysis. For
example, for the sequence of random search points generated by a homogeneous absorbing
Markov chain on S, the drift ∆ := E[Xt−Xt+1|T > t] satisfies the requirement with equality.

The multiplicative drift theorem is not as strong as the classical additive drift, however, it
allows us to use natural potential functions [38]. Let smin be the minimum value of the set
S.
Theorem 3.2. (Multiplicative Drift) Suppose that there is a real number ∆ > 0 that for all s ∈ S
with Prob[Xt = s] > 0 it fulfils

E[Xt −Xt+1|Xt = s] > ∆ · s.
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Then for all s0 ∈ S with Prob[X0 = s0] >, the expected optimization time

E[T |X0 = s0] 6
1 + ln(s0/smin)

∆
.

For the analysis of combinatorial optimization process, the distance between objective value
of the current solution and the optimal value is often a proper choice of potential function
and it fulfils the requirement of multiplicative drift.

Many recent improvements in the area of complexity analysis of EAs are based on drift
analysis. Some applications of drift theorems on example problems can be found in Chapter
5.3-4 of the textbook of Jansen [80].

3.3 Parameterized Analysis

Parameterized runtime analysis aims at obtaining knowledge about how the problem struc-
ture of problem influences the algorithmic runtime. In parameterized analysis, the source of
exponential complexity in NP-hard problems is often isolated from the other parts to make
the examination of problem hardness based on problem structure possible [41]. The idea
of parameterized runtime analysis is to partition the problem based on parameters related
to the structure of instances and evaluate the problem complexity on the basis of the sep-
aration. Parameterized analysis provides a measurement of the problem complexity with
multiple input parameters.

The parameterized analysis of heuristic search methods has gained a lot of attention during
the last few years [150, 94, 28, 95, 114]. The analysis is guided by the structural properties of
the problem instances. It provides a mechanism for understanding how and why heuristic
methods work for prominent combinatorial optimization problems.

3.3.1 Some Basic Definitions

A parameterized problem refers to a language L ⊆ Σ∗ × Σ∗. If (x, k) is in a paramterized
language L, k is called the parameter. The parameter k is often a positive integer, but there
exist situations where k is a graph or an algebraic structure [41].
Definition 3.1. A parameterized problem L is fixed-paramter tractable (FTP) if it can be determined
in f(k) · |x|O(1) time whether (x, k) ∈ L, where f denotes a computable function which only depends
on the parameter k. The algorithm involved in the decision is called a fixed-parameter tractable
algorithm.

In the parameterized runtime analysis of EAs, the expected number of generations for the
algorithm to decide on a parameterized decision problem is the main goal to reach. A ran-
domized algorithm which has expected optimization time E[T ] 6 f(k) · nO(1) is defined as
a randomized FPT algorithm for the corresponding parameter k.
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The big O∗ notation which is common in parameterized analysis is proposed to simplify the
expression of parameterized complexity by omitting all terms of lower order.
Definition 3.2. If a parameterized algorithm has expected running time f(k) · |x|c, the algorithm
computation time can be represented by O∗(f(k)) by ignoring the polynomial part and focusing on
the exponential part.

3.3.2 Bounded Search Tree

One popular paradigm to design parameterized algorithms is the bounded search tree algo-
rithm which searches for a good solution by branching according to different rules that may
be applied to solve the underlying problem. The search space is often represented as a
search tree with the size bounded by a function of parameters. Constructing the search tree
is considered as the first step of the method of bounded search trees. Then some relatively
efficient algorithm is executed on each branch of the tree. The worst case for complexity of
such algorithms is when a complete exploration of the search space is necessary. In practical
implementations, one of the key strategies is to reduce branchings whenever possible. It is
often effective to integrate the bounded search tree approach to other mechanisms, such as
kernelization [41].

An FPT algorithm for the Minimum Vertex Cover problem is simple to construct based on
the bounded search tree. For an arbitrary edge in the graph, one of its adjacent vertices
should be included in the solution set in order for the edge to be covered. The parameter k
here is the size of vertex cover for the graph. Therefore the idea is to branch according to
these two alternatives.
Theorem 3.3. The decision variant of Minimum Vertex Cover problem is solvable in timeO(2k·|V |).

The hidden constant in the expected runtime is independent of parameter k and the number
of vertices |V |.

Theorem 3.3 can be proved by analyzing the binary tree of height k constructed following
certain rules and the detailed proof can be found in [108, 40].

Some improvements can be achieved by shrinking the search tree. If in the graph G there is
no vertex of degree 3 or more, then the graph is formed only by paths, cycles and isolated
vertices, which makes the MVC problem easy to be solved. For such graphs with more than
2k edges, the size of vertex cover cannot be less than k. Otherwise, the graph have many
vertices of degree 3 or more. Choose one of these vertices and the possible move is either
selecting the certain vertex or selecting all its neighbours. Selecting the certain vertex results
in covering the rest of graph with (k − 1) vertices, while selecting the w neighbours means
that the rest of the graph should be covered with (k−w) nodes. Then the size of vertex cover
can be represented in a recursive way, which leads to the following improved result.
Theorem 3.4. The decision variant of Minimum Vertex Cover problem is solvable in timeO(1.466k ·
|V |).
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This solution is feasible for k 6 70. The state-of-art algorithm in [18, 20] provides a solution
in timeO(1.286k+k · |V |) which also involves other techniques to improve the performance.

3.3.3 Kernelization

Another key concept in designing FPT algorithm is kernelization. Given an input (I, k), the
main idea of kernelization is to eliminate the problem instance I to an "equivalent" instance
I ′ for which the size is bounded by a function depending only on parameter k. The input
(I, k) with answer YES can be transformed into (I ′, k′) iff the answer to (I ′, k′) is YES.
Definition 3.3. Let L be a parameterized problem consisting of (I, k), where I and k denote the
problem instance and parameter respectively. Then reduction to a problem kernel means replacing
(I, k) with a reduced instance (I ′, k′) which is called problem kernel such that the follwing property
fulfils:

1. k′ 6 k and |I ′| 6 g(k) for some function g which only depends on k.

2. (I, k) ∈ L iff (I ′, k′) ∈ L

3. The reduction from (I, k) to (I ′, k′) has to be solvable in polynomial time.

Kernelization is a technique of pre-processing and small kernels yield quick algorithms.

3.4 Feature-based Analysis

Heuristic search methods such as local search, simulated annealing and evolutionary algo-
rithms have shown good performance in solving various combinatorial optimization prob-
lems. As stated in the no-free-lunch theorems [163], we should not expect there exists a
single algorithm that can outperform all other algorithms in all instances. Therefore, un-
derstanding the conditions under which these algorithms give good performance is one of
the essential preconditions for automatic algorithm selection, configuration and algorithm
design [165, 102]. Many studies have been conducted from the perspective of theory and
application in order to obtain comprehensive understanding of these conditions [29]. The
actual behaviour of algorithms is hardly captured insightfully only by the research into the
worst case or benchmark datasets [77]. It is often hard to predict the performance of an
algorithm on a certain instance of a combinatorial optimization problem without running
the algorithm on it [48, 85]. Hence, the feature-based analysis is proposed to investigate the
behaviour of algorithms on instances before actual execution of the algorithm.

The feature-based analysis of heuristic search algorithms has become an important topic
in understanding such type of algorithms [109, 146]. This approach characterizes algo-
rithms and their performance on a given problem based on feature values of the problem
instances. Thereby, it provides an important tool for bridging the gap between pure exper-
imental investigations and mathematical methods for analyzing the performance of search
algorithms [119, 91, 44].
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In the artificial intelligence area, a good measure of the key characteristics of optimization
problem leads to the successful regression model for prediction of algorithm selection on
new problem instances, which is named as algorithm portfolio [61, 100]. In the operational
research communities, the research into the feature-based analysis on understanding prob-
lem difficulty provides methodology to determine a good selection of features [148, 74, 146].

3.4.1 Features Selection for Characterizing Problem Instances

In 1976, Rice proposed the problem of algorithm selection in [134] which focuses on obtain-
ing a mapping from the feature space to algorithm performance space and emphasizes the
importance of appropriate features for characterizing the hardness of problem instances.
After that, although the importance of feature-based analysis is highlighted by many re-
searchers, not enough attention has been paid to construct suitable features for characteriz-
ing problem instances as a preliminary step for algorithm selection and performance mod-
elling [147].

There are various features for each combinatorial optimization problem, however, most of
these features are not useful in the analysis of algorithm performance and some of the fea-
tures are hard to be measured [147]. A proper selection of candidate features based on the
research problem type makes great contribution in the analysis process. Throughout the
whole thesis, our main focus of feature-based analysis is the hardness-revealing features for
combinatorial optimization problems.

Features for exposing the hardness of instances can be divided into two main types based
their evaluation objects, which are problem-independent features and problem-specific fea-
tures [147]. One popular approach to characterize the difficulty of an optimization problem
without problem-specific knowledge is fitness landscape analysis [132, 144]. The fitness
landscape provides a holistic overview of the search space. The problem-independent fea-
tures are always combined with some problem-specific features to provide insight of prob-
lem difficulty. In this thesis, we focus on the discussion of problem-specific feature analysis.

As an example, we examine the Euclidean traveling salesman problem which is one of the
combinatorial optimization problems discussed in Chapter 2. There have been many studies
investigating the problem-specific features for TSP in recent years [146, 87, 109, 147, 115].
Most of the features of interests are related to the structure of the problem instances. Some
of the features discussed in the previous studies can be classified into the following groups.

Distance Features: The statistical figures of the edge cost distribution are considered as
distance features. The minimum, maximum, mean and median value of the edge costs and
other summary statistics fall in this type of features.

Distribution Features: The summary statistics describe the distribution of cities of the TSP
instance are the distribution features. The locations of cities are summarized to a single
value that provide some insights into the aggregation and the overall structure.
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Mode Features: The number of modes and other related statistics of the edge cost distribu-
tion are classified as the mode features. However, these features have limitation in randomly
generated instances.

Cluster Features: As recommended in [146, 109], GDBSCAN [142] can be used to find clus-
ters in TSP instances with different reachability distances. The statistics gathered are treated
as cluster features.

Nearest Neighbour Distance Features: The statistics related to the normalized nearest neigh-
bour distance among each pair of cities in the TSP instance describe the uniformity of the
instance.

Centroid Features: The centroid features include all values which are relevant to the dis-
tance between other nodes and the instance centroid.

Minimum Spanning Tree Features: The minimum spanning tree (MST) constructed from
the TSP instance provides another type of features. The statistics related to the depth and
distances of the MST are common choices of features.

Angle Features: This type of features describes the angles between a city and two of its near-
est neighbours. Same as other types, the statistics such as maximum, minimum, standard
deviation and other numerical values are included.

Convex Hull Features: As the area of the convex hull of the TSP instance can be seen as a
reflection of how disperse the cites are in the plane, this type of features is also popular.

For a more detailed introduction of all popular structural features for TSP, we refer the read-
ers to [109] for more information.

3.4.2 Feature-based Analysis for Problem Hardness

The problem hardness analysis is often based on examination of large scale of datasets for
the algorithm behaviours in order to identify the relationship between the features and the
contribution of each feature to the problem hardness for a certain algorithm.

How to evaluate the hardness of certain instance is the first problem facing the researchers.
The performance of a certain algorithm on an instance can be measured based on the quality
of the solution or the running time for the obtained solution to reach certain quality. For
approximation algorithms in solving TSP, the quality of the solution can be measured by
the approximation behaviour which is often evaluated by the approximation ratio of the
tour length. This is also an option for exact algorithm with time constraint. The running
time for exact algorithm to reach the global optimum solution or exact and approximation
algorithms to obtain solution satisfying certain requirement can also be regarded as relative
hardness measurement.
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The second problem is how to generate the instance set to work on. Current methods for
the feature-based analyses are based on constructing hard and easy instances for an inves-
tigated search heuristic and a given optimization problem by evolving instances using an
evolutionary algorithm [109, 117, 116]. This evolutionary algorithm constructs problem in-
stances where the examined algorithm either shows a bad (good) approximation behaviour
and/or requires a large (small) computational effort to come up with good or optimal so-
lutions. Although the evolutionary algorithm for constructing such instances is usually run
several times to obtain a large set of hard or easy instances, the question arises whether the
instances obtained give a good characterization of problem difficulty in terms of features.

Another problem follows the generation of instance set is the diversity of instance set. In or-
der to have a more comprehensive overview over the search space which can be used for the
prediction of new instances, the dataset to be studied should be diverse enough to provide
useful insights. With the evolutionary process of generating instances, different instances
can be produced for examination. However, it is not guaranteed that these instances are
all different and the diversity is not measured. In Chapter 8 we discuss a new approach of
constructing a diversity set of hard or easy instances.

3.5 Conclusion

The theoretical understanding of evolutionary algorithms is very important for algorithm
design, algorithm selection and application. However, analyzing the behaviour of EAs is
often surprisingly difficult, even for very simple EAs on some simple artificial functions. In
this chapter, we give a brief discussion about some useful methods of algorithm analysis
which lays out the foundation for analyzing EAs. These methods are easy to understand
and applicable in many different situations. In the following chapters, these methods are
used for conducting runtime analyses on specific problems.

Except for the classical complexity analysis methods, there are many novel analyzing meth-
ods which attract more and more attention from both the theoretical and practical perspec-
tives, which includes parameter complexity analysis and feature-based analysis. Both ap-
proaches have been successfully applied to the analysis of heuristic search methods [150, 94,
28, 114, 109]. They are all often guided by the structural properties of the problem instances
under investigation and provide some insights into the performance of algorithms on dif-
ferent instances. In later chapters, we will discuss some complexity analyses based on the
methods discussed in this chapter.
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An experiment is a question which science poses to Na-
ture, and a measurement is the recording of Nature’s an-
swer.

Max Planck

CHAPTER 4

HEURISTIC ALGORITHMS FOR MINIMUM

VERTEX COVER PROBLEM

4.1 Introduction

The Minimum Vertex Cover (MVC) problem can be regarded as one of the prominent NP-
hard combinatorial optimization problems with many real-world applications [55]. It has
been proved that it is NP-hard to approximate the MVC problem with approximation ratio
smaller than 1.3606 [36]. There are many exact algorithms and heuristic algorithms designed
for solving MVC. However, the state-of-art algorithms can only approximate MVC by a
factor of 2− o(1) [67, 88]. In Chapter 2, we include a brief introduction of the MVC problem
about its formulation and algorithms.

Local search algorithms belong to the most successful approaches for many combinatorial
optimization problems [1, 78]. Heuristic algorithms, including local search algorithms, may
not be able to guarantee the optimality of the solutions, however, they can find nearly opti-
mal solutions within reasonable computational time. Therefore, it is sufficient to apply the
local search approach in solving hard and large MVC instances. There have been many lo-
cal search algorithms proposed by researchers to solve the MVC problem and some of them
show good performance [128, 16, 15, 135].
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The parameterized analysis of heuristic search methods as introduced in Chapter 3, has
gained a lot of attention during the last few years [150, 94, 28, 95, 114]. It provides a mech-
anism for understanding how and why heuristic methods work for prominent combina-
torial optimization problems. One popular paradigm to design parameterized algorithms
is bounded search tree algorithm which searches for a good solution by branching according
to different rules that may be applied to solve the underlying problem. For classical MVC
problem, different branching algorithms are available to answer the question whether a
given graph has a vertex cover of size at most k. We investigate two common strategies in
this chapter to solve the problem.

This chapter is based a conference paper published in the conference PPSN 2016 [51] .

In this chapter, we first introduce two parameterized local search algorithms. Then in Sec-
tion 4.3, we include an investigation into the comparison between different initialization
approaches and experimental results to support our arguments. Section 4.4 focuses on the
introduction of two local search approaches for the MVC problem and with some experi-
mental results we compare the behaviours of the two algorithms. At last, we finalize this
chapter by some remarks.

4.2 Background

The MVC problem is one of the best-known combinatorial optimization problems. Given an
undirected graph G = (V,E), the goal is to find a minimum set of vertices V ′ such that each
edge has at least one end vertex in V ′. A detailed introduction of MVC is included in Chap-
ter 2. This problem has been studied extensively in the area of parameterized complexity. In
fact, it is the archetypical problem in this area. Various kernelization approaches leading to
fixed parameter algorithms of different runtime quality are known.

We make use of two branching approaches in this study which are both from the area of
parameterized complexity [41]. Both have been introduced to determine whether a given
graph G = (V,E) contains a vertex cover of at most k nodes. The first approach builds on
the fact that a vertex cover has to contain for each edge at least 1 node. It starts with an
empty set, picks an edge e = {u, v} currently not covered, and branches according to the
two options of including u or v. This allows the user to answer the question of whether G
contains a vertex cover of size at most k or not in time O∗(2k).

The second approach makes more sophisticated decisions according to the degree of a node
with respect to the uncovered edges. Considering a degree 1 node, it’s always safe to take
its neighbor. In the case of dealing with a degree 2 node u, one has to choose either the two
neighbors v and w of u or all neighbors (including u) of v and w. Finally, for a node u of
degree at least 3, one has to choose u or all its neighbours. This approach makes it possible
to answer the question of whether G contains a vertex cover of size at most k or not in time
O∗(αk), where α = 1.4656.
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Algorithm 4.1: Edge-based Branching Initialization Heuristic

1 C := ∅;
2 repeat
3 Let e = {u, v} be a random uncovered edge, i.e., e ∈ G[C];
4 with probability 1/2 do
5 C := C ∪ {u}
6 else
7 C := C ∪ {v}

8 until C is a vertex cover of G;
9 Return C;

We build on these two fixed parameter algorithms for the decision version of the vertex
cover problem and study how to turn them into randomized initialization strategies with
provable guarantees on their probability of achieving a solution of certain quality. In addi-
tion, we explore how they can be turned into local search approaches and study the perfor-
mance of these approaches on benchmark instances.

For describing our algorithms, the following notation is added. For each vertex coverC ⊆ V
of a graph G = (V,E), we denote the subgraph of G consisting of the edges not covered by
C and the corresponding non-isolated vertices by G[C] := (VC , EC) with

EC := E \ {e ∈ E | e ∩ C 6= ∅} and

VC := {v ∈ V | v ∩ EC 6= ∅}.

Furthermore, we represent the degree of a node u in G[C] and the set of neighbours of u in
G[C] by degG[C](u) and NG[C][u] respectively.

4.3 Initialization Strategies

Local search algorithms often start with some initial solution and refine it by small local
search moves. A good initial solution provides a starting point with better fitness value
and/or higher possibility to avoid getting stuck in local optima.

4.3.1 Different Initialization Approaches

Firstly, two basic randomized initialization strategies based on the branching approaches
as described in the previous section are introduced. Both of these approaches start with an
empty set of nodes and add vertices until a vertex cover has been obtained.

The edge-based initialization with branching outlined in Algorithm 4.1 randomly selects in
each step an uncovered edge and adds one of its endpoints chosen uniformly at random to
the vertex cover. The search step is iterated until a vertex cover is achieved.
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Algorithm 4.2: Vertex-based Branching Initialization Heuristic

1 C := ∅;
2 repeat
3 if mindeg(G[C]) = 1 then
4 Let u be a random node with degG[C](u) = 1;
5 C := C ∪NG[C][u] ; /* degree 1 rule */

6 else
7 switch depending on the variant of the algorithm do
8 case mindeg variant do
9 Let u be a random node with degG[C](u) = mindeg(G[C]);

10 case maxdeg variant do
11 Let u be a random node with degG[C](u) = maxdeg(G[C]);
12 case uniform variant do
13 Let u be a node chosen uniformly at random from G[C];
14 case degree-proportional variant do
15 Choose u with probability degG[C](u)/

∑
v∈G[C] degG[C](v);

16 if degG[C](u) = 2 then
17 Let v, w ∈ V such that NG[C][u] = {v, w};
18 with probability α−|NG[C][v]∪NG[C][w]| do
19 C := C ∪NG[C][v] ∪NG[C][w]

20 else
21 C := C ∪NG[C][u] ; /* degree 2 rule */

22 else
23 with probability α− degG[C](u) do
24 C := C ∪NG[C][u]

25 else
26 C := C ∪ {u} ; /* degree ≥ 3 rule */

27 until C is a vertex cover of G;
28 Return C;

We now introduce an initialization heuristic based on more complex vertex-based branching
rules. The vertex-based initialization given in Algorithm 4.2 first handles degree 1 nodes in
the graph G[C]. The neighbour of the degree 1 node is selected. Please note that the degree
of each vertex is calculated based on gragh G[C], not the original graph G.

If there is no degree 1 node in G[C] then a node u in G[C] is chosen based on the variant of
the algorithm. With mindeg, maxdeg and uniform variant, the node to branch on is selected
randomly from the vertices with minimum degree, maximum degree and all of the uncov-
ered node set respectively. For degree-proportional variant, every uncovered node is given a
probability based on its degree to be selected as node u. Then the degree rule for u is applied
in a probabilistic way. To be more precise, if u is of degree 2 and v, w are its two neighbours
in G[C] then all neighbours of v and w are added with probability α−|NG[C][v]∪NG[C][w]|, or v
and w are added otherwise. Similarly, if u is of degree at least 3 in G[C] then all neighbours
of u in G[C] are added with probability α− degG[C](u), or u is added otherwise.
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Algorithm 4.3: Greedy Initialization Heuristic

1 C := ∅;
2 repeat
3 Let u be a randomly selected uncovered vertex in G[C] with maximum degree, i.e.,

u ∈ G[C] with degG[C](u) = maxdeg(G[C]);
4 C := C ∪ {u}
5 until C is a vertex cover of G;
6 Return C;

Algorithm 4.4: Node-based Initialization Heuristic

1 C := V ;
2 for each node u in C do
3 if C \ {u} is a vertex cover of G then
4 C := C \ {u}

5 Return C;

Another popular initialization process is the greedy way as shown in Algorithm 4.3. This
approach starts with an empty vertex set and selects an uncovered vertex with the maxi-
mum degree in graph G[C] randomly. This step is iterated and the initiallization process
terminates until the current vertex set is a vertex cover. It is similar to Algorithm 4.1 but
behaves differently in practice.

Apart from the vertex-based branching heuristic, there is another vertex-based approach
for initialization which starts with the whole vertex set V and refine the set in a greedy
way. As the pseudo code in Algorithm 4.4 shows, this approach checks whether removing
a certain vertex from the current solution set results in a vertex cover or not following an
order decided in the beginning of the algorithm.

4.3.2 Theoretical Analysis

For the edge-based initialization process we provide the proof for a tradeoff between the
size of the obtained vertex cover and the success probability.
Theorem 4.1. For all r with 0 ≤ r ≤ OPT , the edge-based initialization heuristic obtains a vertex
cover of size at most k := 2 ·OPT − r with probability at least

(
k

OPT

)
· 2−k.

Proof. Let C∗ be an optimal solution of value OPT . For each edge e at least one of its end-
points is contained in C∗. Hence, each step in the initialization process increases the number
of nodes chosen from C∗ by 1 with probability at least 1/2. We call a step increasing the
number of nodes already chosen from C∗ a success. OPT successes are sufficient to obtain a
vertex cover. The probability to have OPT successes during k steps is at least

(
k

OPT

)
·2−k.

In some special cases, observe that for r := 0 (then k = 2OPT ), the edge-based initialization
heuristic obtains a 2-approximation of the minimum vertex cover with probability at least
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(
2OPT
OPT

)
· 2−2OPT = Θ(1/

√
OPT ). On the other hand, for r := OPT (and k = OPT ), the

edge-based initialization heuristic obtains a minimum vertex cover with probability at least
2−OPT .

Then we provide a lower bound on the probability that the vertex-based initialization ob-
tains an optimal solution.
Theorem 4.2. The vertex-based initialization heuristic obtains a vertex cover of size OPT with
probability at least α−OPT , where α = 1.4656.

Proof. The vertex-based initialization heuristic carries out a randomized branching accord-
ing to different rules. We distinguish the different cases regarding the degree of a node. For
any graph, there is an optimal vertex cover that does not contain the node u if u is a degree
one node. We investigate the degree 2 and 3 rules and show that each step i which requires
selecting OPT i nodes corresponding to an optimal solution occurs with probability at least
α−OPT i .

For a degree 2 node, there is an optimal vertex cover that contains either the neighbors v and
w of u or all the neighbors of v and w. Note that the degree 2 rule is only applied if there is
no node of degree 1 in G[C]. This implies that both v and w have to be connected to a node
different from u. The probability of selecting v and w is 1 − α−|NG[C][v]∪NG[C][w]| which is at
least α−2 if |NG[C][v]∪NG[C][w]| ≥ 2. If |NG[C][v]∪NG[C][w]| = 1, then v and w are connected
and we have a cycle of length 3 ( which can be represented as u−v−w−u) for which selecting
any subset of 2 nodes is optimal. Selecting u leads to an isolated edge {v, w} for which the
degree 1 rule selects a single vertex and therefore situations where |NG[C][v] ∪NG[C][w]| = 1

always lead to an optimal solution for the cycle of length 3.

Finally, if u is of degree at least 3, there is an optimal vertex cover which either contains u or
all the neighbors of u. The probability of selection u is 1− α− degG[C](u) > α−1.

Hence, the probability of selecting, in each step, a set of nodes leading to an optimal solution
is at least ∏̀

i=1

α−OPT i = α−OPT ,

where ` is the number of iterations of the algorithm to produce the vertex cover.

4.3.3 Experimental Results

Including the 4 different variants of the vertex-based branching approach, we test the 7

different initialization heuristics and compare their performance on different test cases.

There are some well-known MVC benchmarks which have been used to evaluate the per-
formance of different MVC solvers. One of the benchmarks is the DIMACS benchmark set.
The instances in the benchmark set are designed to be hard MVC problems.
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FIGURE 4.1: The histograms show the frequency that each algorithm gets the
initial vertex cover of certain size for two sample instances from DIMACS
benchmark set. The optimal vertex cover size of each instance is indicated

with red vertical line in each figure.
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FIGURE 4.2: The histograms show the frequency that each algorithm gets the
initial vertex cover of certain size for sample instances that randomly gener-
ated or from real world graph. The optimal vertex cover size of each instance

is indicated as a red vertical line in each figure.

The DIMACS benchmark is a set of challenge problems which comes from the Second DI-
MACS Implementation Challenge for Maximum Clique, Graph Coloring and Satisfiabil-
ity [83]. The original Max Clique problems are converted to complement graphs to serve
as MVC problems.

Besides the benchmark problems, we also test these algorithms on some undirected random
graphs and real world graphs. The undirected random graphs are generated with a pre-
defined instance size and selection rate of edges. An edge between any two nodes is added
to the graph with a certain pre-defined probability. In [136], there are a number of real world
graphs with various numbers of vertices and edges. The sample graphs are selected from
the undirected unweighted graphs.

All of the algorithms are implemented in JAVA and each of the programs is executed for 101

independent runs on each instance to obtain the statistics.

We first conduct a comparison between the results from the two branching heuristics. In
Algorithm 4.2, the uniform variant is chosen for the first experiment.

The histograms in Figure 4.2 are achieved by comparing the vertex cover sizes that the two
algorithms get from running on four instances in different categories. The distribution of
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Instance EBH VBH

Name |V | |E| OPT min Q1 median Q3 max min Q1 median Q3 max

random_50p0.1 50 117 28 31 35 36 37 40 28 29 30 31 33
random_50p0.1-2 50 139 31 34 37 38 39 43 31 32 33 34 36
random_100p0.05 100 288 58 68 72 74 75 81 59 61 62 63 67
random_100p0.05-2 100 261 58 67 71 73 75 79 58 60 61 62 66
random_500p0.01 500 1 206 284 344 353 357 362 371 292 296 298 301 308
random_500p0.01-2 500 1 282 284 344 358 362 365 372 290 298 300 302 308
soc-hamsterster 2 426 16 630 1 612 1 709 1 726 1 731 1 737 1 755 1 672 1 684 1 690 1 695 1 716
soc-wiki-Vote 889 2 914 406 486 501 508 513 532 406 406 407 409 412
web-edu 3 031 6 474 1 451 1 742 1 765 1 771 1 780 1 793 1 451 1 452 1 453 1 454 1 457
web-google 1 299 2 773 498 582 596 604 611 632 501 506 508 509 517
bio-celegans 453 2 025 249 286 293 298 300 306 254 260 263 266 277
bio-yeast 1 458 1 948 456 583 608 618 626 656 456 459 460 462 468
brock200_4 200 6 811 183 192 194 195 196 198 190 193 194 194 197
brock400_4 400 20 035 367 390 392 393 394 396 387 390 391 392 395
brock800_4 800 111 957 774 792 794 795 796 798 792 793 794 794 797
C125.9 125 787 91 102 107 108 110 114 96 100 101 102 107
C250.9 250 3 141 206 227 231 232 234 238 222 225 226 228 232
C500.9 500 12 418 443 474 479 481 483 487 467 474 476 477 480

TABLE 4.1: Experimental results on instances comparing the statistics be-
tween Algorithm 4.1 and 4.2.

the solutions obtained in 101 independent runs is visualized with the histograms. In the
first histogram and those lying in the second row, it is clear that the vertex-based initial-
ization generates smaller solutions for these three instances. For the instance brock200_4
from DIMACS benchmark set, the vertex-based approach has higher probability to generate
better initial solutions than its edge-based counterpart.

Table 4.1 shows the five-number summary for each ranked set of 101 results obtained for the
two branching approaches testing on specific instance. The quartiles present the quality of
initial solutions produced by Algorithm 4.1 and 4.2. From Table 4.1, the initial solutions of
real world graphs generated by Algorithm 4.2 are all smaller than those from Algorithm 4.1.
For the graphs from random and DIMACS benchmark set, the vertex-based approach can
give better initial solutions for most times. Moreover, the vertex-based approach is able to
generate solutions which are already globally optimal for some of the instances in random
and real world categories.

Then a comparison between results from all seven different approaches is conducted. Some
statistics are included as box plots in Figure 4.3. The behaviours of different algorithms have
some relationship with the structure of the problem instance. The average degrees of nodes
for the instances in DIMACS are higher than those of the randomly generated instances and
real world graphs, which implies the DIMACS benchmarks are much denser graphs.

The performance of the edge-based initialization process is always not good comparing to
the other approaches. In most cases, it ends up with solution sets much larger than those
from other approaches. The initial solution sets found by the vertex-based branching with
mindeg variant have strong relationship with the average degree of nodes. For Figure 4.3, it
is clear that the algorithm terminates with the worst initial solutions for sample instances in
DIMACS set among the seven initial processes. The resulting initial sets from Algorithm 4.4
are moderate in size for most cases. The vertex-based approach starting from the whole
set performs better for the instances with higher average degree than in loosely connected
graphs.
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FIGURE 4.3: The box plots show the distribution of the results from 101 inde-
pendent runs of seven different initialization approach on different instances.
EBH, NBH and Greedy represent the results from Algorithm 4.1, 4.4 and 4.3
respectively. mindeg, maxdeg, uniform and degree-prop refer to the four vari-

ants of Algorithm 4.2. The y-axis represents the size of initial solution set.
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Algorithm 4.5: Edge-based Local Search

1 Let C be an initial vertex cover represented as a list;
2 repeat
3 Choose a node v ∈ C uniformly at random and set C := C \ v;
4 while ((C is not a vertex cover of G) and (not termination condition)) do
5 Choose the first node v of C and set C := C \ v;
6 Let e = {u, v} be a random uncovered edge, i.e., e ∈ G[C];
7 with probability 1/2 do
8 C := C ∪ {u}
9 else

10 C := C ∪ {v}

11 until termination condition;
12 Return C;

Among the four different variants of the vertex-based branching approach, the behaviours
of uniform and degree-prop are similar. The mindeg variant works the worst among these four,
especially for the hard instances in DIMACS benchmark set.

The greedy approach is the common initialization approach for many MVC solvers. From
the experimental results, the performance of the vertex-based branching with maxdeg variant
is similar to that of the greedy algorithm and in some cases better than that. Both of these
two approaches provide good initial solutions comparing to other approaches in most cases.

4.4 Two Local Search Algorithms for MVC

We now introduce local search algorithms that make use of the aforementioned branching
ideas. Both local search algorithms work with an ordered list C representing a set of nodes
and adding a node to C in both algorithms always means appending it to the end of the list.
The two algorithms are then compared in solving sample MVC problems from benchmark
sets and real world graphs mentioned in the previous section.

4.4.1 Edge-based Local Search Algorithm

The edge-based local search algorithm (see Algorithm 4.5) can be seen as a simplified version
of one of the most successful approaches for solving the MVC problem, namely NuMVC [16].
It starts with a vertex cover of size (k + 1) and tries to achieve a smaller vertex cover of size
k by removing one node. If this step violates the property of a vertex cover, it removes an
additional node, picks an uncovered edge and adds one of its two nodes uniformly at ran-
dom. After a vertex cover of size k is obtained, it continues the process to search for a vertex
cover of size (k − 1) until the termination criterion is reached.
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In the following, an upper bound is proved based on the number of steps of edge-based local
search to find a vertex cover of size k. For our analysis, we partition the run of edge-based
local search into distinct phases of length k which consist of k iterations of the while-loop.
Theorem 4.3. For all r with 0 ≤ r ≤ OPT , the edge-based local search finds a vertex cover of size
k := 2OPT − r after (expected) at most 2r+1 phases of length k.

Proof. We investigate the probability that during k steps of the while-loop a vertex cover
has been found at least once. We call this a success during a phase of k steps. Let C∗ be a
vertex cover of size OPT . As C∗ is a vertex cover, it contains for each edge e ∈ E at least
one vertex. Consider an edge e = {u, v}. At each iteration, a vertex z ∈ C∗ is picked with
probability at least 1/2 and each node of C∗ is picked at most once as only uncovered edges
are chosen. The expected number of distinct vertices contained in C∗ during a phase of k
steps is therefore at least k/2 = (2OPT − r)/2. The probability that during the first r steps
only nodes of C∗ are picked is at least 2−r. The expected number of nodes of C∗ picked in
the remaining (2OPT − 2r) steps (before a vertex cover is reached) is at least (OPT − r).
Furthermore, it is at least (OPT − r) with probability 1/2. Hence, the algorithm picks all
OPT nodes during a phase of k = 2OPT − r steps with probability at least 2−(r+1). The
expected number of phases of length k needed to find a vertex cover is therefore at most
2r+1.

4.4.2 Vertex-based Local Search Algorithm

The vertex-based branching approach is used to design a vertex-based local search algo-
rithm (see Algorithm 4.6). This approach searches for a vertex cover after removing a node
together with all its neighbours. Afterwards, it tries to obtain a new vertex cover by picking
a random node of minimum degree in the graph consisting of currently all uncovered edges
at that time. Based on the degree of this node, different degree rules are applied with the
already introduced biased probabilities. The last step is iterated until a vertex cover is found
again.

4.4.3 Experimental Analysis

We test Algorithm 4.5 and 4.6 on some sample instances to evaluate their performance. Both
algorithms are given an initial vertex cover produced by Algorithm 4.1 and the cut off gen-
eration is set to 100 000. Both algorithms are implemented in JAVA and the performance is
measured by the number of iterations it takes for the algorithm to make improvements.

Figure 4.4 shows the improvement of the two algorithms on example instances over itera-
tions. |C|−OPT denotes the size difference between the best solution so far and the globally
optimal solution. The stairstep lines are drawn for three independent runs for each instance
and algorithm. The vertex-based heuristic makes significant improvements before 2 000 gen-
erations for these three instances from the observation of the solid lines while the solution of
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Algorithm 4.6: Vertex-based Local Search

1 Set α := 1.4656;
2 Let C be an initial vertex cover represented as a list;
3 repeat
4 Choose the first node v of C and set C := C \N2

G[v];
5 repeat
6 Let u be a random node with degG[C](u) = mindeg(G[C]);
7 if degG[C](u) = 1 then
8 C := C ∪NG[C][u] ; /* degree 1 rule */

9 else if degG[C](u) = 2 then
10 Let v, w ∈ V such that NG[C][u] = {v, w};
11 with probability α−|NG[C][v]∪NG[C][w]| do
12 C := C ∪NG[C][v] ∪NG[C][w]

13 else
14 C := C ∪NG[C][u] ; /* degree 2 rule */

15 else
16 with probability α− degG[C](u) do
17 C := C ∪NG[C][u]

18 else
19 C := C ∪ {u} ; /* degree ≥ 3 rule */

20 until C is a vertex cover of G (or termination condition);
21 until termination condition;
22 Return C;

edge-based heuristic does not improve much until 100 000 which is the cutoff bound. For the
random graphs, the vertex-based approach is able to find a global optimum before 10 000 it-
erations whereas the edge-based heuristic does not reach the optimal solution before 100 000
iterations.

More results are shown in Table 4.2. The average best vertex cover sizes at certain number
of iterations from 10 independent runs of these two algorithms on a certain MVC problem
are listed in the table. From the statistics in Table 4.2, vertex-based approach produces better
results for 15, 15, 16 and 16 out of the 17 instances after 10 000, 50 000, 100 000 and 200 000
iterations, respectively. Moreover, Algorithm 4.6 has a success rate of 100% in solving the 8
instances from different categories.

4.5 Conclusion

This chapter focuses on the discussion of heuristic algorithms for the MVC problem which
is an NP-hard combinatorial optimization problem. There have been many studies into the
MVC problem from both theoretical and practical perspectives. Many exact and heuris-
tic algorithms have been designed for solving MVC. The local search algorithms for MVC
problem attract more and more attention due to its success in solving many combinatorial
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FIGURE 4.4: The improvement of both algorithms in three example instances
over iterations. The lines in blue, red and green color represent an indepen-
dent run on the instance random-50prob10, C125.9 and bio-celegans, respec-
tively. The dotted lines and solid lines denote the results from Algorithm 4.5

and 4.6.

Instance EBH VBH

Name OPT 10 000 50 000 100 000 200 000 10 000 50 000 100 000 200 000

random_50p0.1 28 29.8±0.632 29.4±0.516 28.9±0.316 28.8±0.422 28.0±0 28.0±0 28.0±0 28.0±0
random_50p0.1-2 31 33.0±0.471 32.6±0.516 32.1±0.316 32.0±0 31.0±0 31.0±0 31.0±0 31.0±0
random_100p0.05 58 66.7±1.160 65.4±0.843 65.1±0.568 64.8±0.422 58.0±0 58.0±0 58.0±0 58.0±0
random_100p0.05-2 58 66.4±1.430 64.8±0.632 64.3±1.160 64.0±0.943 58.0±0 58.0±0 58.0±0 58.0±0
random_500p0.01 284 351.3±3.713 348.8±2.251 348.2±1.932 346.6±1.506 286.4±1.350 284.9±0.568 284.4±0.516 284.4±0.516
random_500p0.01-2 284 357.0±2.828 354.9±1.729 353.1±1.729 352.3±1.703 286.3±1.703 284.2±0.422 284.2±0.422 284.0±0
bio-celegans 249 291.4±2.503 290.7±2.214 290.0±1.764 289.8±1.764 250.7±0.675 249.7±0.483 249.3±0.483 249.3±0.483
bio-diseasome 285 316.2±4.022 314.5±3.100 314.5±3.100 313.3±2.710 288.9±0.675 287.3±0.483 287.0±0.738 286.6±0.483
soc-dolphins 34 36.3±0.483 35.7±0.483 35.4±0.516 34.9±0.316 34.0±0 34.0±0 34.0±0 34.0±0
soc-wiki-Vote 406 502.2±6.647 502.2±6.647 502.2±6.647 502.2±6.647 406.2±0.422 406.0±0 406.0±0 406.0±0
ca-netscience 214 243.9±2.079 241.1±1.370 240.3±1.418 238.7±0.949 216.7±0.675 215.7±0.483 215.1±0.738 214.7±0.483
ca-Erdos992 461 819.1±19.762 808.3±11.186 801.2±8.509 794.9±5.195 461.0±0 461.0±0 461.0±0 461.0±0
C125.9 91 102.7±0.675 101.1±1.197 100.5±0.850 100.4±0.699 95.3±0.823 93.3±1.059 92.8±0.789 92.8±0.789
C250.9 206 228.2±0.919 226.8±0.632 226.3±0.675 225.6±0.843 232.5±2.224 231.5±1.841 231.2±1.476 230.6±1.647
MANN_a27 252 261.0±0 260.8±0.422 260.4±0.516 260.1±0.316 252.9±0.316 252.6±0.516 252.3±0.483 252.1±0.316
MANN_a45 690 705.0±0 705.0±0 705.0±0 705.0±0 701.6±1.897 694.2±0.632 693.3±0.823 692.7±0.675
MANN_a81 2 221 2 241.0±0 2 241.0±0 2 241.0±0 2 241.0±0 2 241.4±0.699 2 241.1±0.568 2 239.0±2.000 2 235.1±1.524

TABLE 4.2: Performance comparison between Algorithm 4.5 and 4.6 on some
sample instances. The average vertex cover size is listed after running each

algorithm for certain number of iterations.

optimization problems. In this chapter, we first conduct a comparison between different
initialization processes for MVC problem. Then we investigate the two fixed-parameter
branching algorithms with experimental results.

For many local search algorithms for MVC, the greedy initialization process is their first
choice. We investigate the performance of different initialization processes on various prob-
lem instances. The randomized initialization strategy coming from a well-known fixed pa-
rameter branching approach shows good performance with certain variant. This research
provides an insight that the different behaviours of initialization processes may lead to dif-
ferent starting points for MVC algorithms.

The two fixed-parameter local search algorithms for the MVC problem with different branch-
ing rules show different behaviours in solving MVC instances. We demonstrate how the
vertex-based branching rules can be incorporated into a vertex-based local search algorithm
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and show that this approach leads to better results on random generated graphs and social
networks than the edge-based local search which is equivalent to the core component of the
state-of-the-art local search algorithm NuMVC.
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The music is not in the notes, but in the silence between.

Wolfgang Amadeus Mozart

CHAPTER 5

SCALING UP LOCAL SEARCH FOR MVC
IN MASSIVE GRAPHS

5.1 Introduction

Although local search algorithms have shown to be one of the successful approaches for
many combinatorial optimization problems including MVC [1, 78], they often suffer from
the problem of getting trapped in local optimal solutions. Since often these approaches in-
clude a random initialization or other random components, running an algorithm several
times on a given instance might help with finding a global optimum. However, if the prob-
ability of getting stuck in a local optimum is high, then even repeated runs might not help
to evade the local optima.

In this chapter, we present a new approach for scaling up existing high-performance local
search solvers in order to perform well on massive graphs. Our approach builds on the as-
sumption that massive graphs are composed of different (hidden) substructures. Substruc-
tures often occur in large social network graphs as social networks usually consist of (loosely
connected) sub-communities. In massive graphs the issue of local optima might occur in the
different substructures of the given problem instance and having a large number of these
substructures where an algorithm even just fails with a small probability might make it very
hard for local search approaches to obtain the optimal solution. In this chapter, we propose
a simple parallel kernelization approach that builds on theoretical investigations regarding
substructures on massive graphs.
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Kernelization approaches have been shown to be very effective in algorithms which have
a good performance guarantee [41, 31]. The key idea is to pre-process a given problem in-
stance by making optimal decisions on easy parts of the given input such that the overall
problem instance is reduced. Afterwards, the main effort is spent on the reduced instance
which is called the kernel. There are several kernelization techniques available for the MVC
problem which perform well if the number of vertices in an optimal solution is small. How-
ever, the applicability to difficult instances which are usually large dense graphs is limited
as the pre-processing does not significantly reduce the problem instance size.

In this chapter, we present a new way of reducing the problem instance size by parallel
kernelization (note that this is not the kernelization in the theoretical sense). This approach
uses existing local search solvers to deal with massive graphs. The key idea is to do µ parallel
runs of such a solver and reduce the given instance by fixing components that have been
selected in all µ runs and reducing the instance afterwards. The resulting reduced instance
is then solved by an additional run of the local search solver and the combined result is
returned as the final solution.

The approach can be applied in solving many combinatorial optimization problems. We
consider the MVC problem as an example to illustrate the effectiveness of our approach.
Popular local search approaches for tackling MVC include PLS [128], NuMVC [16], TwMVC [15],
COVER [135]. These approaches are usually evaluated on standard benchmarks and (in
more recent years on) massive real world graphs. We take NuMVC as the baseline lo-
cal search solver for our new kernelization approach. This algorithm belongs to the best-
performing approaches for MVC and has the advantage that it does not require much ef-
fort in parameter tuning for different types of benchmark instances. Our experimental re-
sults show that our new kernelization technique does not do any harm on instances where
NuMVC is already performing well, moreover it improves the results on graphs combined
of different copies of the benchmark problems. Furthermore, on social network graphs the
kernelization reduces the massive graphs significantly such that only 10% – 20% of the ver-
tices remain in the kernelized instance; hence, the kernelizing algorithm significantly out-
performs the plain version of NuMVC on most massive real world network graphs consid-
ered in our experimental investigations.

The outline of this chapter is as follows. In Section 5.2, the theoretical motivation of the
parallel kernelization technique is discussed in details. The resulting local search approach
from parallel kernelization of MVC problem is included as Section 5.3. After that we present
some experimental results to evaluate the performance of our new approach in Section 5.4
and 5.5 on classical benchmark problems and massive social network graphs, respectively.
The chapter is finished with some concluding remarks in 5.6.



50 Chapter 5. Scaling up Local Search for MVC in Massive Graphs

5.2 Substructures in Massive Graphs

Massive graphs originating for example from social networks consist of a large number of
vertices and edges. Our approach builds on the assumption that these graphs are composed
of different substructures which on their own and at a small scale would not be hard to
handle by current local search approaches. This is for example the case for social networks
which are composed of different communities. The difficulty arises through the composition
of substructures that are not known to the algorithm and are hard to extract from the given
instances.

Assume that a randomly initialized local search algorithm executes on an instance that con-
sists of different subparts si, 1 ≤ i ≤ k, where each part si has a probability pi of failing to
obtain the optimal sub-solution independently of the other components. Then the probabil-
ity of obtaining the optimal solution is

k∏
i=1

(1− pi).

Even if there is only a constant probability p′ = minki=1 pi, 0 < p′ < 1 of failing in each of
the k components, the probability that the local search algorithm solves the overall instance
would be exponentially small in k, i.e. the algorithm only succeeds with probability

k∏
i=1

(1− pi) ≤
k∏
i=1

(1− p′) = (1− p′)k ≈ e−p′·k. (5.1)

In the kernelization, the local search algorithm is executed µ times independently with ran-
dom initialization process. After some time t1 for each of these runs, we stop the algorithm.
After all µ solutions are computed, we freeze the setting for all those components that are
set the same way in all µ runs. As the last step, the local search algorithm executes on the
reduced instances with the frozen components removed.

Consider a component si again where the probability of failing is pi. The probability that a
single run of the algorithm obtains the optimal solution for this component is (1 − pi) and
the probability that µ random runs identify an optimal solution is (1 − pi)µ. As long as the
failure probability pi is only a small constant and µ is not large, this term is still a constant
that is sufficiently large, which shows that the kernalization will likely be successful as well.
Let |si| be the size of component si. Furthermore, we assume that the whole instance s is
composed of the k subcomponents and we have |s| =

∑k
i=1 |si|.

The expected decrease in size of the original problem consisting of the components si is
given by

k∑
i=1

(1− pi)µ|si|.
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Assuming p̂ = maxki=1 pi, then we get

k∑
i=1

(1− pi)µ|si| ≥ (1− p̂)µ
k∑
i=1

|si| = (1− p̂)µ · |s|. (5.2)

We now consider the probability that one of the different components has not achieved
an optimal sub-solution in at least one of the µ runs. In such a case our algorithm could
potentially reduce the instance and fix vertices of that component which do not belong to
an optimal solution. In this case, the kernelization step would fail and prevent us from
obtaining the overall optimal solution.

Consider component si. The probability that all µ runs of the solver do not obtain the opti-
mal sub-solution for this component is pµi . The probability that at least one of them obtains
the optimal sub-solution is therefore at least

1− pµi

and the probability that for each component there is at least one run where the optimal
sub-solution is obtained is therefore at least

k∏
i=1

(1− pµi ) ≥ (1− p̂µ)k ≈ e−p̂µ·k. (5.3)

As an example, assume that the probability of the original approach failing on each subcom-
ponent is 10%, µ = 3, and k = 50. Then the expected reduction according to Equation 5.2 is
(1 − 0.1)3 · |s| = 0.729 · |s|, i.e. the resulting instance has only 27.1% of the original number
of vertices. The probability of not failing in the reduction step according to Equation 5.3 is
(1−0.13)k = 0.999k, whereas the probability of a single run of the original approach not fail-
ing in at least one component according to Equation 5.1 is (1 − 0.1)k = 0.9k. For k = 50 we
get a probability of not falling in the kernelization step of 0.99950 ≈ 0.95 and a probability
of not failing in the original algorithm of 0.950 ≈ 0.005.

The user can control µ and from our calculations it can be observed that there is a trade-off
between reducing the number of vertices and the probability of fixing the wrong vertices in
at least one of these components in dependence of µ.

5.3 Parallel Kernelization for MVC

We now show how to use the ideas discussed in the previous section in an algorithmic
sense. As mentioned previously, our approach assumes that there is already a good local
search solver for the given problem P for small to medium size instances. Our goal is to
use parallel kernelization to make it work for massive instances. We take the well-known
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Algorithm 5.1: Local Search with Parallel Kernelization

1 Initialize P with µ solutions after µ different independent runs of MVC solver with cutoff
time t1.

2 Let set Va be the set of vertices which are selected by all solutions in P .
3 Construct an instance I with vertices v /∈ Va and edges which are not adjacent to any vertex

in Va.
4 Run MVC solver on instance I with cutoff time t2 to get a minimum vertex cover Vs.
5 Construct the final solution Vc = Va ∪ Vs.

NP-hard MVC problem as an example problem, but expect that our approach is applicable
to a wide range of other problems as well.

The main idea is to kernelize the vertex set and form a smaller instance for the MVC solver
to solve. Firstly the MVC solver is run µ times on the given graph G = (V,E) with a cutoff
time t1 for each run to achieve a set of µ solutions. The vertices which are selected in all µ
solutions are added to a separate set Va and the edges that are covered by the vertices of Va
are removed from the edge set. The new instanceG′ = (V ′, E′) is formed by the vertices that
are not selected in all µ solutions and the edge set after deletion, i.e. we have V ′ = V \ Va
and E′ = E \ {e ∈ E | e ∩ Va 6= ∅}. The MVC solver is run on the new instance G′ to obtain
a minimum vertex cover Vs. The overall solution for the original graph G is

Vc = Va ∪ Vs

and consists of the set of vertices which are selected in all µ initial solutions and the mini-
mum vertex cover achieved by the MVC solver running on the new instance G′. It should
be noted that it is crucial that the cutoff time t1 allows the µ runs to obtain at least nearly
locally optimal solutions. A detailed description of our approach is given in Algorithm 5.1.

For our experimental investigations we use NuMVC [16] as the MVC solver. This is one of
the best performing local search approaches for MVC and has the advantage over TwMVC [15]
that it does not require parameter tuning for different types of benchmark instances.

5.4 Experimental Results on DIMACS and BHOSLIB Benchmarks

In this section, we discuss our experiments carried out with an implementation of Algo-
rithm 5.1 compared with single run of NuMVC. The total time budget that both algorithms
can use is the same.

The NuMVC is open-source and implemented in C++. We compile the NuMVC source code
with g++ with ’-O2’ option. The parameter setting follows what is reported in [16].

Taking NuMVC as the MVC solver in Algorithm 5.1, we refer to this new approach to
solve MVC as NuMVC-PK, since it is strongly based on the original NuMVC program. We
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NuMVC-PK NuMVC

Name OPT V Cmin V Cavg sr V Cmin V Cavg sr

frb40-19-1 720 720 720.0 1.0 720 720.0 1.0
frb40-19-2 720 720 720.0 1.0 720 720.0 1.0
frb40-19-3 720 720 720.0 1.0 720 720.0 1.0
frb40-19-4 720 720 720.0 1.0 720 720.0 1.0
frb40-19-5 720 720 720.0 1.0 720 720.0 1.0

frb45-21-1 900 900 900.0 1.0 900 900.0 1.0
frb45-21-2 900 900 900.0 1.0 900 900.0 1.0
frb45-21-3 900 900 900.0 1.0 900 900.0 1.0
frb45-21-4 900 900 900.0 1.0 900 900.0 1.0
frb45-21-5 900 900 900.0 1.0 900 900.0 1.0

brock400_2 371 371 372.2 0.7 371 372.2 0.7
brock400_4 367 367 367.0 1.0 367 367.0 1.0
brock800_2 776 779 779.0 0.0 779 779.0 0.0
brock800_4 774 779 779.0 0.0 779 779.0 0.0

C2000.9 1,920 1,921 1,921.8 0.2 1,921 1,921.6 0.4
C4000.5 3,982 3,982 3,982.0 1.0 3,982 3,982.0 1.0

MANN_a45 690 690 690.0 1.0 690 690.0 1.0
MANN_a81 2,221 2,222 2,222.8 0.0 2,221 2,222.6 0.2

TABLE 5.1: This table contains the results from NuMVC-PK and NuMVC on
the BHOSLIB and DIMACS benchmark. Column sr refers to the success rate.
The cutoff time of single NuMVC is set to 1, 000 seconds. The parameters for

NuMVC-PK are set to µ = 3, t1 = 200 and t2 = 400.

then conduct experiments to investigate the behaviour of NuMVC-PK comparing to simple
restart of NuMVC.

Each experiment on a certain instance for each algorithm is executed 10 times in order to
gather statistics. The cutoff time for the initial runs of NuMVC-PK is set based on initial
experimental investigations on the different classes of instances considered. Based on our
theoretical investigations carried out in Section 5.2, it is important that each of the µ runs
obtains at least nearly locally optimal solutions for the given problem. This implies that a
too small cutoff time t1 might have detrimental effects.

All of the experiments are executed on a machine with two Intel(R) Xeon(R) E5-2650 2.00GHz
CPUs and 64GByte RAM; note that the program uses only a single core. The memory con-
sumption depends on the instance size and the MVC solver.

5.4.1 Results for Original DIMACS and BHOSLIB Benchmarks

There are some well-known MVC benchmark sets which have been used to evaluate the
performance of different MVC solvers. Two of the benchmark sets are the DIMACS and the
BHOSLIB benchmark sets. The DIMACS benchmark is introduced in previous chapter.

The BHOSLIB (Benchmarks with Hidden Optimum Solutions) problems are generated from
translating the binary Boolean Satisfiability problems randomly generated based on the
model RB [164]. These instances have been proved to be hard to solve, both theoretically
and practically.

Most BHOSLIB and DIMACS instances are easily solved with good success rates by NuMVC [16].
Table 5.1 shows the comparison between the results from NuMVC-PK and NuMVC on some
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Instance NuMVC-PK NuMVC Comparison

Name OPT |V | |E| |V ′| |E′| V Cmin V Cavg V Cmin V Cavg ∆V Cmin p-value

frb40-19-1_10 7,200 7,600 413,140 577 1,375 7,200 7,200.0±0 7,200 7,200.0±0 0 n/a no diff.
frb40-19-2_10 7,200 7,600 412,630 1,446 11,543 7,200 7,202.5±1.581 7,205 7,206.0±0.667 5 0.0002*** better
frb40-19-3_10 7,200 7,600 410,950 1,077 6,257 7,200 7,200.0±0 7,201 7,201.9±0.738 1 0.0001*** better
frb40-19-4_10 7,200 7,600 416,050 1,317 9,045 7,200 7,201.1±0.876 7,202 7,202.9±0.876 2 0.0011** better
frb40-19-5_10 7,200 7,600 416,190 1,524 12,359 7,202 7,204.0±1.054 7,205 7,206.2±0.789 3 0.0004*** better

frb45-21-1_10 9,000 9,450 591,860 1,431 9,862 9,000 9,000.6±0.843 9,001 9,002.0±0.943 1 0.0051** better
frb45-21-2_10 9,000 9,450 586,240 1,815 16,279 9,000 9,001.4±1.350 9,001 9,002.8±1.229 1 0.0305* better
frb45-21-3_10 9,000 9,450 582,450 1,697 14,237 9,002 9,004.3±1.703 9,004 9,006.0±1.414 2 0.0335* better
frb45-21-4_10 9,000 9,450 585,490 1,557 11,149 9,000 9,001.3±1.160 9,001 9,003.4±1.265 1 0.0029** better
frb45-21-5_10 9,000 9,450 585,790 1,589 12,449 9,003 9,003.2±0.632 9,005 9,005.4±0.699 3 0.0001*** better

TABLE 5.2: This table contains instances that have been tested on, which are
generated by duplicating one existing hard instance in BHOSLIB benchmark.
The instance name contains the name of original instance and the number of
copies. The cutoff time of single NuMVC is set to 3, 000 seconds. The param-

eters for NuMVC-PK are set to µ = 5, t1 = 500 and t2 = 500.
* significant at p < 0.05,** significant at p < 0.01, *** significant at p < 0.001.

BHOSLIB and DIMACS benchmarks. For most of the instances, both algorithms have good
success rate, and NuMVC-PK does not affect the performance of NuMVC.

5.4.2 Results for Combined DIMACS and BHOSLIB Benchmarks

Since the well-known benchmark sets BHOSLIB and DIMACS are designed to be hard prob-
lems but can be solved in short time by single run of NuMVC [16], we propose some simple
combinations of these existing benchmarks as new test cases. These instances serve as very
simple first test cases for our kernelization method. The new instances are composed by
several sub-graphs and large in size of both vertices and edges.

In particular, we construct new instances by considering independent copies of an existing
instance. Each single copy is easy to be solved by the MVC solver, while the combined
instance is much harder to be solved.

Some examples of this kind of instances are given in Table 5.2. The original instances are
selected from the BHOSLIB benchmark set; the last number in the instance name after the
underscore denotes the number of copies of the given instance indicated by the first part of
the instance name. Although the original instances can be solved by NuMVC in reasonable
time, it takes much longer for NuMVC to solve the multiplicated new instances. NuMVC
may get trapped in local optima which are far away from the global optima in search space.

Table 5.2 shows the comparison between results from NuMVC-PK and single run of NuMVC.
Each instance has been tested 10 times to get the minimum vertex cover found, the average
vertex cover size and some statistics for analysis. The basic information about the instances
is included in Table 5.2 as column ’Instance’. The ’OPT’ column stores the optimal (or min-
imum known) vertex cover size. The numbers in the |V | and |E| columns are the numbers
of vertices and edges in the corresponding instances. NuMVC-PK is executed with parame-
ters µ = 5, t1 = 500 and t2 = 500, which means 5 independent runs of NuMVC to get initial
solution sets after 500 seconds and the NuMVC is run for another 500 seconds on the newly
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Instance NuMVC-PK NuMVC

Name OPT |V | |E| µ t1 t2 V Cmin V Cavg t V Cmin V Cavg

frb40-19-123412 4,320 4,560 247,854 5 200 100 4,320 4,320.9 1,100 4,320 4,320.9
frb40-19-422431 4,320 4,560 248,145 31,000 500 4,320 4,320.5 5,000 4,321 4,321.2
frb40-12345-frb45-123 6,300 6,635 382,951 51,000 100 6,300 6,300.4 5,000 6,300 6,302.4
frb45-21-312444 5,400 5,670 351,702 31,000 200 5,400 5,401 3,500 5,401 5401.6

TABLE 5.3: This table contains instances that have been tested on, which are
generated by combining different existing hard instance in BHOSLIB bench-
mark. The last sequence of numbers in the instance name represents the spe-

cific instances chosen from the BHOSLIB set.

generated instance to achieve the final solution. The information of the generated reduced
instance is listed in columns |V ′| and |E′|, where the number of non-isolated vertices and
edges of the new instance are listed. NuMVC is executed for 3 000 seconds to compare with
NuMVC-PK, which has the same time budget.

We used the Wilcoxon unpaired signed-rank test on the solutions from different runs of the
algorithms on a given instance and the p-value is listed in Table 5.2. The significance of
difference between two sets of results is indicated in the table. The difference between the
minimum vertex cover found by two approaches is reported in the column of ∆V Cmin.

Since BHOSLIB benchmark set consists of hard MVC problems, making sure all sub-graphs
to be solved to optimality is hard for a single run of NuMVC, which easily gets trapped in
some local optimum. On the other hand, NuMVC-PK shrinks the large instance and takes a
fresh start on the reduced instance, thereby improving the performance of the local search.

From the results we see that NuMVC-PK is able to reduce the instance size. For the dupli-
cated BHOSLIB instances, after 5 runs of NuMVC, the NuMVC-PK generates new instances
which keep only 1% to 3% of the edges and 8% to 20% of the vertices. Unlike NuMVC, which
usually makes no improvement after 2 000 seconds, NuMVC-PK finds the global optima for
6 out of the 9 instances where NuMVC ends up with local optima after 3 000 seconds in all
10 runs. For these hard instances, an improvement by a couple of vertices can be seen as
significant.

Except for independent multiple copies of certain instances, we also try to connect each
pair of sub-graphs by a randomly selected edge which make the whole graph a loosely
connected graph. We observe similar behaviour as the instances of multiple copies of the
same instance.

5.4.3 Results for Combination of Existing Hard Instances

Except for duplicating existing hard instances, we also try combining different instances
into one large graph. The single instances are also chosen from the BHOSLIB benchmark
set. Some of the examples are shown in Table 5.3. The last sequence of numbers in the
instance name represents the specific instances chosen from the BHOSLIB set, e.g. frb40-
12345-frb45-123 refers to a new instance built from different instance in the order of frb40-
19-1, frb40-19-2, frb40-19-3, frb40-19-4, frb40-19-5, frb45-21-1, frb45-21-2 and frb45-21-3. The
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instances are generated by randomly picking certain number of instances from the BHOSLIB
instances set. The information about the new instance is shown in Table 5.3 as column OPT,
vertices and edges.

The running time for NuMVC is t3 and the minimum vertex cover size found is listed in
column ’V Cmin’. Each experiment is run for 10 times to get an average vertex cover size.
The parameter setting for NuMVC-PK is listed in Table 5.3 under the column ps, t1 and t2 of
NuMVC-PK.

Algorithm 5.1 can solve this type of problems with proper parameter settings. The best pa-
rameter combination found so far is listed in Table 5.3 in column ps, t1 and t2. The different
parameters tried are 3 and 5 for ps; 200, 500 and 1000 for t1. t2 is set to 2000 for all tests.

Not all combination of instances are listed in the table. Since this type of instances are dif-
ferent in hardness, the parameter setting is decided based on the results of single NuMVC
runs. From the results shown in Table 5.3, the NuMVC-PK provides stable results in shorter
runtime.

5.5 Experimental Results on Real World Graphs

Now we turn our attention to comparing NuMVC-PK with NuMVC on massive real world
graphs as given by [136]. All of these selected graphs are undirected and with a large num-
ber of vertices and edges. In contrast to the benchmark sets considered in Section 5.4.2, the
global optima of these instances are unknown. The graphs examined are taken from the
social networks, collaboration networks and web link (Miscellaneous) networks packages.
Some samples are also selected from the dImacs10 data sets which come from the 10th DIM-
CAS implementation challenge [9]. The graphs have numbers of vertices in the range of
15 000 to 2 600 000 and number of edges in the range of 40 000 to 16 000 000.

The experimental results are summarized in Table 5.4 and 5.5. Same as those in Table 5.2,
the columns of |V | and |E| provide the brief information of the graphs (number of vertices
and edges, respectively). The categories NuMVC-PK and NuMVC present the comparison
between results from NuMVC-PK and single run of NuMVC. Since the huge real world
graphs are not as complex as the combined BHOSLIB instances, we use µ = 3 to get the initial
solution set. The minimum vertex cover found in the 10 runs and the average size of the
solutions is reported in the table. The standard deviation for each instance is also included
to show the stability of the algorithms. NuMVC is run for 1 000 seconds, corresponding to
the total budget of NuMVC-PK. Some easy instances which can be easily solved by single
run of NuMVC in short running time are omitted from the table since both algorithms have
100% success rate.

For the real world graphs in social networks, collaboration networks and web link networks
packages, NuMVC-PK reduces the instance size by more than 90% in number of vertices
and 70% in number of edges. The size of the instance is one of the main factors that affect
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Instance NuMVC-PK NuMVC Comparison

Name |V | |E| |V ′| |E′| V Cmin V Cavg V Cmin V Cavg ∆V Cmin p-value

soc-BlogCatalog 88,784 2,093,195 5,865 3,687 20,752 20,752.0±0 20,752 20,752.9±0.876 0 0.0057** better
soc-brightkite 56,739 212,945 9,426 5,858 21,190 21,190.0±0 21,193 21,197.9±2.644 3 0.0001*** better
soc-buzznet 101,163 2,763,066 8,860 6,095 30,614 30,615.4±1.265 30,614 30,615.5±1.269 0 0.9376 no diff.
soc-delicious 536,108 1,365,961 25,728 29,531 85,378 85,397.1±12.315 85,539 85,573.3±29.201 161 0.0002*** better
soc-digg 770,799 5,907,132 16,556 25,111 103,249 103,254.6±3.169 103,314 103,324.0±8.602 65 0.0002*** better
soc-douban 154,908 327,162 288 145 8,685 8,685.0±0 8,685 8,685.0±0 0 n/a no diff.
soc-epinions 26,588 100,120 4,790 2,917 9,757 9,757.0±0 9,757 9,757.0±0 0 n/a no diff.
soc-flickr 513,969 3,190,452 65,286 37,019 153,607 153,629.5±14.128 153,338 153,348.8±8.277 -269 0.0018** worse
soc-flixster 2,523,386 7,918,801 2,229 4,046 96,339 96,342.9±2.846 96,320 96,322.2±1.135 -19 0.0001*** worse
soc-FourSquare 639,014 3,214,986 10,406 7,414 90,110 90,111.6±0.843 90,130 90,135.1±4.012 20 0.0002*** better
soc-gowalla 196,591 950,327 40,406 28,477 84,245 84,251.5±2.759 84,327 84,336.0±5.558 82 0.0002*** better
soc-lastfm 1,191,805 4,519,330 3,830 2,190 78,688 78,688.5±0.527 78,693 78,696.2±1.874 5 0.0001*** better
soc-LiveMocha 104,103 2,193,083 12,603 9,225 43,430 43,433.0±1.333 43,434 43,442.4±4.452 4 0.0003*** better
soc-slashdot 70,068 358,647 10,901 6,668 22,373 22,373.0±0 22,376 22,379.0±2.867 3 0.0001*** better
soc-twitter-follows 404,719 713,319 38 19 2,323 2,323.0±0 2,323 2,323.0±0 0 n/a no diff.
soc-youtube 495,957 1,936,748 65,904 42,442 146,899 146,907.7±8.042 146,459 146,470.3±5.716 -440 0.0002*** worse
soc-youtube-snap 1,134,890 2,987,624 160,412 87,793 277,511 277,522.3±11.136 278,580 278,613.0±24.449 1,069 0.0002*** better

dImacs10-citationCiteseer 268,495 1,156,647 47,408 35,455 118,172 118,185.9±7.795 118,329 118,344.3±8.512 157 0.0002*** better
dImacs10-coAuthorsCiteseer 227,320 814,134 64,583 38,008 129,193 129,193.0±0 129,193 129,194.5±1.269 0 0.0007*** better
dImacs10-cs4 22,499 43,858 12,860 19,092 13,361 13,367.5±3.274 13,368 13,380.4±6.328 7 0.0007*** better
dImacs10-cti 16,840 48,232 13,124 36,366 8,752 8,778.9±26.793 8,752 8,776.7±38.286 0 0.5012 no diff.
dImacs10-delaunay-n15 32,768 98,274 9,109 10,328 22,444 22,450.0±3.498 22,456 22,460.2±2.348 12 0.0002*** better
dImacs10-delaunay-n16 65,536 196,575 23,830 27,888 44,984 44,992.6±7.245 44,946 44,968.0±12.763 -38 0.0004*** worse
dImacs10-delaunay-n17 131,072 393,176 53,583 66,138 90,294 90,342.7±22.623 90,584 90,616.6±28.320 290 0.0000*** better

TABLE 5.4: Experimental results on instances from some real world graphs
about social networks. The cutoff time of the single NuMVC run is set to
1, 000 seconds. The parameters for NuMVC-PK are set to µ = 3, t1 = 200 and

t2 = 400.
** significant at p < 0.01, *** significant at p < 0.001.

Instance NuMVC-PK NuMVC Comparison

Name |V | |E| |V ′| |E′| V Cmin V Cavg V Cmin V Cavg ∆V Cmin p-value

ca-citeseer 227,320 814,134 68,049 41,230 129,193 129,193.0±0 129,194 129,194.8±0.919 1 0.0001*** better
ca-coauthors-dblp 540,486 15,245,729 93,319 69,523 472,250 472,257.3±5.832 472,324 472,334.8±7.540 74 0.0002*** better
ca-dblp-2010 226,413 716,460 65,615 39,019 121,969 121,969.5±0.527 121,971 121,974.4±1.955 2 0.0001*** better
ca-dblp-2012 317,080 1,049,866 78,406 43,526 164,951 164,953.2±1.687 164,956 164,958.2±2.486 5 0.0005*** better
ca-MathSciNet 332,689 820,644 78,800 48,359 139,955 139,958.7±2.163 139,981 139,988.1±4.175 26 0.0002*** better

web-arabic-2005 163,598 1,747,269 26,120 19,511 114,444 114,448.1±2.759 114,468 114,475.3±3.529 24 0.0002*** no diff.
web-baidu-baike-related 415,641 3,284,387 67,615 74,066 143,581 143,629.8±26.318 144,155 144,190.2±19.424 574 0.0002*** better
web-google-dir 875,713 5,105,039 117,405 95,026 347,783 347,795.6±12.842 347,771 347,826.4±55.674 -12 0.1403 no diff.
web-it-2004 509,338 7,178,413 71,247 64,798 415,017 415,043.3±21.505 414,861 414,895.6±14.447 -156 0.0002*** worse
web-sk-2005 121,422 334,419 35,409 26,361 58,179 58,181.9±2.424 58,201 58,206.4±3.718 22 0.0002*** better

TABLE 5.5: Experimental results on instances from some real world graphs
about collaboration networks. The cutoff time of the single NuMVC run is set
to 1, 000 seconds. The parameters for NuMVC-PK are set to µ = 3, t1 = 300

and t2 = 100.
** significant at p < 0.01, *** significant at p < 0.001.
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NuMVC-PK NuMVC

Name t1 t2 V Cmin V Cavg V Cmin V Cavg

soc-flickr
200 400 153,607 153,629.5

153,338 153,348.8
300 100 153,293 153,297.5

soc-LiveMocha
200 400 43,430 43,433.0

43,434 43,442.4
300 100 43,429 43,431.6

soc-youtube
200 400 146,899 146,907.7

146,459 146,470.3
300 100 146,399 146,404.1

ca-coauthors-dblp
200 400 472,253 472,261.4

472,324 472,334.8
300 100 472,250 472,257.3

ca-dblp-2010
200 400 121,974 121,984.4

121,971 121,974.4
300 100 121,969 121,969.5

ca-dblp-2012
200 400 164,996 165,011.2

164,956 164,958.2
300 100 164,951 164,953.2

ca-MathSciNet
200 400 139,985 139,989.3

139,981 139,988.1
300 100 139,955 139,958.7

TABLE 5.6: Experimental results on instances from some real world graphs
with different parameter settings. µ = 3 in all cases.

the performance of the MVC solvers for the real world graphs. The instances after shrink-
ing have less than 200 000 vertices and 100 000 edges. For graphs in dImacs10 package, the
generated instances maintain around 20% vertices and 40% edges in most cases.

Wilcoxon unpaired signed-rank tests are done between each two results sets coming from
NuMVC-PK and single run of NuMVC. The p-values of each instances are included in Ta-
ble 5.4. The tests are done in R environment and based on results from the 10 independent
runs in each aspect.

Regarding Tables 5.4 and 5.5, we make the following observations.

• NuMVC-PK finds smaller minimum vertex cover in the ten independent runs than
NuMVC in 21 out of the 34 graphs.

• In the 7 graphs where both algorithms find the same minimum vertex cover, there are
2 instances for which NuMVC-PK obtains stable results in 10 runs, which means that
NuMVC-PK has a higher success rate in solving these problems.

• There are 6 graphs for which NuMVC-PK is not able to return a better solution than
NuMVC. These graphs have the property that they are hard or large instances so local
optima are not reached within time t1 or even 1, 000 seconds.

• There are 8 graphs where NuMVC-PK finds a minimum vertex cover smaller by 50

than NuMVC.

For some large instances, the initialization process of NuMVC is very time consuming.
Enough time should be given for NuMVC to get initial solutions at least near the locally
optimal solutions. For the same time limit, longer single initial runs are more beneficial than
shorter initial runs and longer runs after freezing phase. Therefore, a combination of larger
t1 and smaller t2 may result in a better solution for these instances. For some instances which
does not provide good results with the current parameter setting, different parameters are
tried to see whether better results can be achieved.

As an illustration, we show in Table 5.6 that, for some real world massive graphs and a run
time limit of 1, 000 seconds, the NuMVC-PK can produce better results for longer initial runs
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NuMVC-PK NuMVC

Name t1 t2 V Cmin V Cavg t V Cmin V Cavg

frb40-19-2_10
500 500 7,200 7,202.5 3,000 7,205 7,206

1,000 100 7,200 7,201.4 10,000 7,204 7,205.3

frb45-21-3_10
500 500 9,002 9,004.3 3,000 9,004 9,006

1,000 500 9,002 9003.9 10,000 9,004 9,006.4

frb45-21-5_10
500 500 9,003 9,003.2 3,000 9,005 9,005.4

1,000 100 9,000 9001.5 10,000 9,000 9,003.6

TABLE 5.7: Experimental results on instances from some duplicated bench-
mark graphs with different parameter settings. µ = 3 in all cases.

(the reduced graph does not require much further work). With parameters µ = 3, t1 = 300

and t2 = 100, NuMVC-PK achieves better solution than NuMVC. Improvement of solving
duplicated BHOSLIB benchmark instances by different parameter settings can be seen from
some examples shown in Table 5.7.

5.6 Remarks and Conclusions

In this section, we have presented a new approach for scaling up local search algorithms for
massive graphs. Our approach builds on the theoretical assumption that massive graphs
are composed of different substructures which are on their own not hard to be optimized.
Our approach is based on parallel kernelization and reduces the given graph by making
µ parallel randomized runs of the given local search and fixing components which have
been chosen in all different independent runs. The resulting instance is then tackled by an
additional run of the local search approach. Considering the MVC problem and the state-of-
the-art local search solver NuMVC, we have shown that our parallel kernelization technique
is able to reduce standard benchmark graphs and massive real world graphs to about 10 –
20% of their initial sizes. Our approach outperforms the baseline local search algorithm
NuMVC in most test cases.

The parallel kernelization approach presented in this paper can be applied to a wide range
of combinatorial optimization problems for which well performing local search solvers are
available. The whole process can be accelerated by multithread computing. We plan to
investigate the application to other problems such as Maximum Clique and Maximum In-
dependent Set in the future.
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Nothing in life is to be feared, it is only to be understood.

Marie Curie

CHAPTER 6

DIVERSITY MAXIMIZATION FOR

SINGLE-OBJECTIVE PROBLEMS IN

DECISION SPACE

6.1 Introduction

Evolutionary Algorithms (EAs) are a class of search algorithms which are widely applied
in solving complex problems in various areas such as combinatorial optimization, bioinfor-
matics and engineering [119]. There are a lot of different types of EAs, among which the
famous ones are Genetic Algorithms, Genetic Programming, Evolutionary programming
and Evolution Strategies as introduced in Chapter 2.

Evolutionary Algorithms usually work with a set of solutions called the population which is
evolved during the optimization process. Diversity lies at the heart of population-based EAs
and there are many different mechanisms such as crowding and fitness-sharing which have
wide applications. A diverse set of individuals is often beneficial for preventing premature
convergence to locally optimal solutions from an optimization point of view [99]. On the
other hand, from a design point of view, a diverse set of solutions provides different choices
to the decision makers.

In this chapter, we present some theoretical analysis of diversity mechanisms used in evo-
lutionary algorithms. EAs are examined here in a rigorous way using runtime analysis [8,
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119, 80]. Previous studies in the field of runtime analysis in the context of diversity have
examined how different diversity mechanisms influence the ability of an algorithm to ob-
tain an optimal solution [49, 50]. In this part of the thesis we consider diversity from the
decision-space perspective.

This chapter extends the work published in the conference GECCO [53, 54].

The contents of this chapter is organized as follows. In Section 6.2, we introduce the def-
inition of population diversity and the algorithm that is subject of our investigation when
considering diversity maximization. Our analysis for the classical OneMax problem is pre-
sented in Section 6.2 and Section 6.4 shows our results for the LeadingOnes problem. The
analysis for the two example problems, namely complete bipartite graphs and paths, are
discussed in Section 6.5. Finally, we finish this chapter with some concluding remarks to
possible topics for future work.

6.2 Background

In this section, some basic ideas of the population diversity maximization of simple opti-
mization problems are introduced.

6.2.1 Decision Space Diversity Measurement

As discussed in Chapter 2, the definition of difference between individuals should be de-
cided first. There are many ways to measure the difference between different individuals
and the definition of difference depends on the type of individuals and the main aim of the
optimization process.

In this chapter, the subject problems all have pseudo-Boolean functions f : X → R that map
elements of the search space X = {0, 1}n to real values. Since pseudo-Boolean functions are
defined on bit-strings, we use Hamming distance

H(x, y) =

n∑
i=1

|xi − yi|,

where x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ {0, 1}n, to evaluate the difference between two
individuals.

To fulfil the required features mentioned in Chapter 2, which are twinning, monotonicity in
varieties and monotonicity in distance, the diversity of a set of solutions P is defined as the
sum of Hamming distance between each pair of individuals in P . Note that in general P can
be a multi-set which may include duplicates. In order to meet the twinning property, dupli-
cates are removed before computing the diversity of a (multi-)set P based on the Hamming
distance.
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Algorithm 6.1: (µ+ 1)-EAD

1 Initialize P with µ n-bit binary strings.
2 Choose s ∈ P uniformly at random.
3 Produce s′ by flipping each bit of s with probability 1/n independently from each other.
4 Check whether s′ meets the quality criteria or not. If s′ fulfils the quality requirement, then

add s′ to P and execute OptDiv(P ), otherwise go back to step 2.
5 Repeat step 2 to 4 until termination criterion is reached.

Algorithm 6.2: Diversity optimization component OptDiv(P )

1 Choose a solution z ∈ {x ∈ P | c(x, P ) = miny∈P c(y, P )} uniformly at random.
2 Set P := P \ {z}.

Definition 6.1. For a given population P , the population diversity is defined as

D(P ) =
∑

{x,y}∈P̂×P̂

H(x, y),

where P̂ is the set with all distinct solutions in P .

Moreover, the contribution of solution x is defined as

c(x, P ) = D(P )−D(P \ {x}).

Implicitly, we define

c(x, P ) =

{
0, if ∃y ∈ P \ {x} with x = y∑

y∈P̃\{x}H(x, y), otherwise.

6.2.2 Population-based Evolutionary Algorithm with Diversity Maximization

Since our aim is to find a set of solutions of different structures, we combine the classical (µ+

1)-EA with diversity optimization process. The quality criteria of individuals is pre-defined
by the decision maker. The (µ + 1)-EA with solution diversity optimization is defined as
(µ+ 1)-EAD. The whole process of (µ+ 1)-EAD is given in Algorithm 6.1.

The diversity optimization is conducted until all individuals in the solution set reach the
quality requirement. In single-objective problem, the quality is evaluated based on the
fitness function. In maximization problem, the quality requirement is expressed as lower
bound of the fitness value. Therefore, once entering the diversity optimization process, the
algorithm will reject the offspring with fitness below threshold.

If an offspring of acceptable quality is produced, the individual with least contribution to
the population diversity is eliminated from the solution set. If this solution is not unique,
a solution is chosen uniformly at random among the solutions with the smallest diversity
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contribution. Algorithm 6.2 defines the OptDiv(P ) component where population diversity
gets improved.

6.2.3 Classical Runtime Analysis Method for Evolutionary Algorithms

Although EAs are widely applied to many optimization problems, the theoretical under-
standing is far behind their practical success due to their randomized behaviours. Knowl-
edge about the behaviours of EAs is of great help in improving them and applying them
as well. In the past decades, advances have been achieved in the theoretical analysis of the
computational time of EAs. Early stage studies which contribute to the theoretical under-
standing of EAs focus on classical example functions in single-individual EAs [42, 159] and
population-based EAs [70, 162]. In these previous studies, the simplified process is analyzed
to find the expected optimization time of the algorithm.

We study our algorithm in terms of the number of fitness evaluations until it has produced
a population P with f(x) > v, ∀x ∈ P that has the maximal diversity D(P ). We call this
the optimization time of the algorithm. The expected optimization time refers to the expected
number of fitness evaluations to reach this goal.

We first analyze the time until all individuals have fitness at least v after having achieved
such an individual for the first time. The process is similar to the take-over effect in a popu-
lation and we show an upper bound of O(µ logµ) for a population of size µ in the following
lemma. It will serve later on throughout our analysis.
Lemma 6.1. Having obtained a population with at least one individual of fitness at least v, the
expected runtime until all individuals have fitness at least v is upper bounded by O(µ logµ).

Proof. Since there is already one individual which has fitness value at least v, one possible
method to obtain a population with all individuals fulfil the quality requirement is making
duplicates of the best solution until all µ solutions are replaced by the replicas. The proba-
bility of making a duplicate of the acceptable solution when there already exist i individuals
with fitness value above the threshold in the population is

i

µ
·
(

1− 1

n

)n
=
i

µ
· n− 1

n
·
(

1− 1

n

)n−1
>
i(n− 1)

eµn
>

i

2eµ
.

Before entering the diversity optimization process, we need all of the µ individuals in the
population set to have acceptable fitness value. The expected waiting time for this process
is at most

µ−1∑
i=1

2eµ

i
= 2eµ

µ−1∑
i=1

1

i
= O(µ logµ).



64 Chapter 6. Diversity Maximization for Single-objective Problems in Decision Space

6.3 Diversity Maximization for OneMax Problem

In this section, we investigate the classical OneMax problem which has been subject to nu-
merous studies in the area of runtime analysis of evolutionary algorithms [42, 162]. Our
goal is to understand how a simple evolutionary algorithm can maximize the diversity of
its population for this simple benchmark problem.

6.3.1 OneMax Problem

The OneMax problem is a famous example function. The problem is defined as

OneMax(x) =

n∑
i=1

xi.

The aim is to maximize the number of 1′s in a bitstring.

We first analyze until one solution has fitness at least v. To do this, we follow the ideas of
Witt [162] about the analysis of the classical (µ+ 1)-EA.

Let v be the threshold of the fitness value, hence, the acceptable solution should have at
least v 1-bits. The diversity optimization process will not begin until all of the solutions in
the population have fitness values above the threshold. The maximal fitness value of the
current population is denoted by L = maxx∈P OneMax(x). Then we show the upper bound
of the time for the algorithm to achieve a solution of fitness at least v for the first time.
Lemma 6.2. The expected time until (µ + 1)-EA has obtained a solution x with OneMax(x) ≥ v

is O(µv + n log n
n−v ).

Proof. Let L denote the maximum OneMax value in the current population. One sufficient
way to increase L is selecting an individual with fitness value equal to L and flipping one
of its 0-bits. Since (µ + 1)-EA can produce replicas of individuals, for a certain L value,
duplicates can be made from the individuals with fitness value L before L improves.

Following Witt’s idea [162], we assume thatL remains the same before there are min{ n
n−L , µ}

duplicates of the individual with fitness L. The expected time for the population to have at
least n

n−L duplicates of one of these i individuals with fitness value L is at most

min{n/(n−L),µ}∑
i=1

eµn

i(n− 1)
=

eµn

n− 1

min{n/(n−L),µ}∑
i=1

1

i

6
eµn

n− 1
ln

en

n− L
.
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For a population set which has i individuals with fitness value L, improvement can be made
by selecting one of these i individuals and flipping one of its 0-bits. The considered proba-
bility is

i

µ
· (n− L)

n
·
(

1− 1

n

)n−1
>
i(n− L)

eµn
.

Therefore the expected time for the fitness value to increase is at most eµn
i(n−L) .

The waiting time of the (µ+ 1)-EA achieving the first satisfactory solution equals to the sum
of expected waiting time for each L value which includes the time for increasing L and time
for duplicating individuals. The expected waiting time for the (µ + 1)-EA getting the first
individual with fitness v is at most

v−1∑
L=0

eµn

min{µ, n/(n− L)} · (n− L)
+

eµn

n− 1

v−1∑
L=0

ln
en

n− L
.

According to the Harmonic sum,

v−1∑
L=0

eµn

min{µ(n− L), n}
6

v−1∑
L=0

en

n− L
+

v−1∑
L=0

eµ

6 en(ln en− ln(n− v)) + eµv

= en ln

(
en

n− v

)
+ eµv.

eµn

n− 1

v−1∑
L=0

ln
en

n− L
=

eµn

n− 1
ln

evnv

n(n− 1)(n− 2) · · · (n− v + 1)

=
eµn

n− 1
ln
evnv(n− v)!

n!
.

As stated in Stirling’s Formula, evnv < e2vnvv!
vv
√
2πv

. We can get

ln
evnv(n− v)!

n!
< ln(

e2vnv

vv
√

2πv
· v!(n− v)!

n!
).

The Binomial coefficients
(
n
k

)
has the property that

(n
k

)k
6

(
n

k

)
.

Hence, we get
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eµn

n− 1

v−1∑
L=0

ln
en

n− L
<

eµn

n− 1
ln(

e2vnv

vv
√

2πv
· v!(n− v)!

n!
)

<
eµn

n− 1
ln(

e2vnv

vv
√

2πv
· ( v
n

)v)

=
eµn

n− 1
ln

e2v√
2πv

<
2eµnv

n− 1
.

Thus, the expected waiting time of (µ+ 1)-EA with threshold v is O(n log n
n−v + µv).

As proved in Lemma 6.1, we already know that after an additional phase of O(µ logµ) all
individuals in the population have fitness at least v. The next phase of (µ + 1)-EAD is di-
versity optimization process. The feasible solutions of the problem depend on the value
of threshold v, therefore, the following analysis is categorized into two cases based on the
threshold.

6.3.2 Analysis of Large Threshold

Firstly, we begin with a simple case where the threshold v = n−1. There are (n+1) possible
solutions which have fitness value above the threshold. The composition of optimal solution
set depends on the population size µ.
Theorem 6.1. Let v = n − 1 and µ > n + 1, then the expected optimization time of (µ + 1)-EAD

on OneMax is upper bounded by O(µn+ µ logµ+ n2 log n).

Proof. There are (n + 1) different individuals that have fitness value above the threshold.
When µ > n+ 1, the optimal solution set should contain all of the (n+ 1) different individ-
uals. According to our definition of diversity, duplicates will not affect the diversity. Then
the (µ− n− 1) other individuals have no contribution to the diversity.

As stated in Lemma 6.2, when v = n − 1, the expected waiting time until (µ + 1)-EA has
obtained a solution with fitness value above the threshold is bounded above by O(µn +

n log n).

After the first solution with fitness value above the threshold is produced, the algorithm will
focus on producing other individuals with acceptable quality. According to Lemma 6.1, the
expected runtime of this procedure is bounded above by O(µ logµ).

We now work under the assumption that all individuals have fitness at least v. Note that
(µ+1)-EAD will not accept any solution with fitness value below v. In the worst case, these µ
solutions are replicas, so the population diversity equals to 0 at the beginning. The diversity
can be improved by producing new solutions from the replicas. Since the duplicates in the
population have no contribution to the diversity, they will be replaced by the new individual
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which has a higher contribution to the diversity. It does not matter which individual is
selected from the population to produce a new solution, since the individual with the least
contribution will always be the one to be replaced. If the current population has i different
individuals, the probability of creating a new solution with fitness value v is at least

1

n
· n− i

n
·
(

1− 1

n

)n−2
>

n− i
en(n− 1)

.

The 1n solution can be produced in any stage by flipping the 0-bit of an individual with
fitness value v and will stay in the population. The probability of producing the 1n solution
is

1

n
·
(

1− 1

n

)n−1
>

1

en
.

Since the duplicated individuals in the population will not affect the population diversity,
the duplicates will be all replaced before the optimization finishes. The diversity optimiza-
tion process will not stop until the optimal diversity is reached, which means the population
set contains all possible solutions that fulfil the requirement in fitness value.

The expected time for optimizing the diversity is

en+
n−1∑
i=1

en(n− 1)

n− i
= en+ en(n− 1)

n−1∑
i=1

1

i

6 en+ en(n− 1) ln(en)

< O(n2 log n).

Hence, the expected waiting time of the (µ+1)-EAD on OneMax with diversity optimization
for threshold (n− 1) is bounded above by

O(µn+ n log n) +O(µ logµ) +O(n+ n2 log n)

= O(µn+ µ logµ+ n2 log n).

We now study smaller population sizes such that not all possible solutions of fitness at least
v can be included in the population. In this case the (µ + 1)-EAD has to obtain of subset of
the (µ+ 1) feasible solutions which maximize the population diversity.
Theorem 6.2. Let v = n − 1 and µ < n + 1, then the expected optimization time of (µ + 1)-EAD

on OneMax is upper bounded by O(µn log( n
n−µ) + n log n).

Proof. When µ < n + 1, the population set can not include all possible solutions with fit-
ness value above the threshold. Since the all 1-bit solution only has 1 bit different to other
acceptable individuals which have 2 bits different to each other, it will not be in the optimal
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solution set. Moreover, every individual with fitness (n−1) has the same Hamming distance
to each other, therefore, it does not matter which individual is included in the population
set.

The proof for expected time of (µ+1)-EA achieving the population set with all µ individuals
with fitness value above the threshold is the same as that in Theorem 6.1. The expected time
is at most O(µn+ n log n+ µ logµ).

Although the 1n individual will not be in the optimal population, it is of great possibility
that the solution with all 1-bits is introduced in some stage of the diversity optimization
process. To increase population diversity, it is sufficient to select the 1n solution and flip one
if its 1-bit in the position where no other individuals in the population have 0-bit in. When
the population size is small, the probability of selecting the 1n solution to produce a new
solution is large. Since all the individuals in the population have reached the threshold, the
probability of getting the 1n solution is

1

n
·
(

1− 1

n

)n−1
>

1

en
.

Then the expected time to produce the 1n solution is less than en = O(n).

After the 1n solution is introduced, it will remain in the population until the other individu-
als all have different patterns. The probability of getting a new solution by flipping one 1-bit
of the 1n individual when there are already i different solutions with fitness value above the
threshold is

1

µ
· n− i

n
·
(

1− 1

n

)n−1
>
n− i
eµn

.

For the µ < n + 1 situation, all of the individuals in the optimal population should be
of different structures. Since the contribution of 1n solution to the population diversity is
smaller comparing to those of the individuals with fitness v, the 1n solution will be replaced
by a solution with fitness value v after the other (µ − 1) individuals are different from each
other.

Then the waiting time for achieving a population of µ different solutions with fitness (n−1)

from the intermediate step is

µ−1∑
i=1

eµn

n− i
= eµn

µ−1∑
i=1

1

n− i
6 eµn(lnn− ln(n− µ)).

Having obtained µ individuals of fitness v = n − 1, the solution 1n is removed from the
population as it has the smallest diversity contribution, and then the optimal population is
achieved.
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FIGURE 6.1: The µ × n matrix represents the individuals in a population. In
the example, it is a matrix for a population with 4 individuals which are all 8
bits in length. The 7th column is all-1-bit column and the 3rd column is 0-bit

column as defined.

Summing up, the expected optimization time is

O(µn+ n log n+ µ logµ) +O(n) +O(µn log(
n

n− µ
))

= O(n log n+ µn log
n

n− µ
).

6.3.3 Analysis of Smaller Threshold

We now consider the case where n/2 6 v < n − 1 holds. For convenience, we store the
population in a µ × n matrix where each individual as a row and define the column where
there is no 0-bit as all-1-bit column and the column where there is only one 0-bit as 0-bit
column. An example is shown in Figure 6.1.

With a smaller threshold v, there exist many feasible solutions with different fitness values.
The following lemma shows crucial properties of a population maximizing diversity.
Lemma 6.3. Let µ 6

(
n
v

)
. The matrix of a population P represents an optimal population, if the

whole matrix contains µ(n− v) 0-bits and each column contains µ(n− v)/n 0-bits.

Proof. There are
(
n
v

)
possible solutions for the OneMax problem with threshold v. Assuming

v ≥ n/2 implies that there have to be at least as many 1-bits as 0-bits in each individual. For
µ 6

(
n
v

)
, we show that the optimal population should contains only individuals with fitness

value v, since these individuals can make a higher contribution to the overall diversity. Then
the total number of 0-bits in the population is µ · (n−v), w.l.o.g , we assume that µ · (n−v)/n

is an integer.

From the perspective of matrix representing the optimal population, the contribution of
each column has no influence on those of other columns, so the population diversity equals
to the sum of contribution of every column in the matrix. The contribution of each column
should be maximized so that the population diversity is maximized. If there are m 0-bits in
a column, the contribution of this column will be m(µ −m). The population diversity can



70 Chapter 6. Diversity Maximization for Single-objective Problems in Decision Space

be calculated as
n∑
i=1

mi(µ−mi),

where mi represents the number of 0-bits in the ith column. The constraint is that the total
number of 0-bits in the population is at most µ(n− v), which can be represented as

n∑
i=1

mi 6 µ(n− v).

Before all columns are balanced in the number of 0-bits, there exist at least two columns that
one has more 0-bits than average number and the other has less 0-bits than average number.
Let i, j, k represent the number of 0-bits in columns which has 0-bits above, below and equal
to the average number separately. Their relationship can be interpreted as j < k < i, where
i, j, k ∈ N. Reducing the unbalance rate by flipping a 1-bit and a 0-bit of column with i and
j. Increasing j by 1 causes the diversity change by

(j + 1)(µ− j − 1)− j(µ− j) = µ− 2j − 1.

Decreasing i by 1 causes the diversity change by

(i− 1)(µ− i+ 1)− i(µ− i) = −µ− 2i− 1.

Therefore, the overall change to diversity is

(µ− 2j − 1) + (−µ− 2i− 1) = 2(i− j − 1).

Since i, j and k are all natural numbers and none of them are equal as defined, 2(i − j − 1)

should be at least 2. Hence, whenever there is unbalance in the number of 0-bits in each
column, there exist some columns which can be changed to gain balance and increase di-
versity, which implies that the population diversity is optimized only when the 0-bits are
evenly distributed in each column. The number of 0-bits in each column is then µ ·(n−v)/n.

The population diversity reaches the optimality when mi = µ · (n− v)/n with the value of

n · µv
n
· µ(n− v)

n
= µ2v(n− v)/n.

We now consider the case of a small population where µ 6 n/(n− v) holds. In this case the
optimal population contains only individuals which have 0-bits in different positions. The
example of global optimum is given in Figure 6.2.
Theorem 6.3. Let µ 6 n

n−v , then the expected optimization time of (µ + 1)-EAD on OneMax is
upper bounded by O(µn2 logµ).
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FIGURE 6.2: The example of global optimum for the case where µ 6 n
n−v .

Proof. According to Lemma 6.1 and 6.2, it takes O(µv + n log n
n−v ) time to achieve a popula-

tion with all individuals above the fitness threshold.

Since the population size is µ 6 n
n−v , the population set with optimal diversity value should

contain only individuals which have 0-bits in different positions with other individuals. The
matrix for the population with optimal diversity value should only have all-1-bit columns
and 0-bit columns.

In the worst case, there are µ(n− v) 0-bits that have duplicates in the same column. In order
to achieve the optimal population, the number of columns with more than one 0-bits should
be decreased to 0.

At the beginning of the diversity optimization process, the population diversity is 0 as in
the worst case where there are only duplicates. The number of all-1-bit columns is v. Before
the population diversity reaches the optimal value, there should exist at least one column
that has more than one 0-bits. Hence, one way of improving the diversity is selecting an
individual with 0-bit not in the 0-bit column and increasing its contribution to diversity.
Let the number of 0-bits in ith column be represented by mi. Then flipping one 0-bit of an
individual will cause the contribution change by

(mi − 1)(µ−mi + 1)−mi(µ−mi) = −µ+ 2mi − 1.

Flipping one 1-bit in the all-1-bit column will increase the contribution by (µ−1). Therefore,
flipping a pair of 1-bit and 0-bit as restricted above will change its contribution by

(−µ+ 2mi − 1) + (µ− 1) = 2(mi − 1).

In order to increase the diversity, the 0-bit chosen should fulfil the condition of mi > 1,
which means the 0-bit to be flipped should have duplicates in the same column.

Before the diversity is optimized, there should always exist a column which has more than
one 0-bit. We consider the event of selecting an individual which has a 0-bit in the column
withmi > 1 and flipping the certain 0-bit together with a 1-bit in one of its all-1-bit columns.
According to our analysis above, this event will produce an individual that increases the
diversity by at least 2(mi − 1). Let the number of 0-bits with duplicates in the same column
be represented by k. Then the probability for such an event described above to happen
equals to
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k

µ
· 1

n
· 1

n
·
(

1− 1

n

)n−2
>

k

eµn2
.

The event described in the last paragraph decreases the number k by 1. When there are two
0-bits in a column, these two duplicated 0-bits can be split into two 0-bit columns in one
iteration. Hence, it takes µ(n− v)− (n− v) steps to get the optimal population.

Therefore the overall waiting time is

(n−v)∑
k=µ(n−v)

eµn2

k
= eµn2

n−v∑
k=µ(n−v)

1

k

6 eµn2(ln eµ(n− v)− ln(n− v))

6 eµn2 ln eµ

Hence, the expected optimization time is

O(µv + n log
n

n− v
) +O(µn2 logµ) = O(µn2 logµ).

In the following, we study how (µ + 1)-EAD is able to achieve an optimal population if µ
is larger. For a population with maximized diversity when µ < 1

4n
2 and n/2 < v < n, it

should fulfill the following requirements as proved in Lemma 6.3,

• There is no duplicate in the population.

• The number of 0-bits in the population is maximized, which is µ(n− v)/2.

• In the corresponding matrix, the 0-bits are evenly distributed in each column.

We call a population matrix balanced if each column has the same number of 0-bits. Other-
wise, we call a population matrix unbalanced.
Lemma 6.4. Let µ < 1

4n
2 and n/2 < v < n. If the population matrix is non-optimal and unbalanced

then there exists at least one 2-bit flip which strictly improves diversity.

Proof. In a matrix representing an unbalanced population which does not have optimal pop-
ulation diversity, there must exist two columns in which the number of 0-bits in one column
is greater than that of the other as proved in Lemma 6.3.

If there is any duplicate in the population, a new individual is always accepted to replace
the duplicate, since a duplicate does not contribute to the population diversity.

When there is no duplicate in the population, let the number of 1-bits in two columns be s1
and s2, where s1 > s2 and both s1 and s2 are integers. The overall contribution of the two
columns to the population diversity is s1 · (µ− s1) + s2 · (µ− s2). Since s1 > s2, there must
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exist at least one row where there are 0-bit and 1-bit in corresponding columns. Flipping the
certain two bits does not affect the contribution of other columns to the population diversity.
Hence, the overall contribution after the event should be

(s1 − 1)(µ− s1 + 1) + (s2 + 1)(µ− s2 − 1).

Therefore, the change of contribution is 2(s1−s2)−1. Since s1 and s2 are integer, s1−s2 > 1.
Hence, 2(s1 − s2) − 1 > 1. If the offspring is not a duplicate of any existing individuals in
the population, this 2-bit flip improves the population diversity by at least 1.

Let the individuals be categorized based on the two bits in the certain columns. Assume
d1, d2, d3 denote the number of individuals that have 1-bit and 0-bit, 0-bit and 1-bit and both
1-bits in these two columns. Then we should have d1 + d3 = s1 and d2 + d3 = s2. Since
s1 > s2, then d1 > d2. There are more individuals with 1-bit and 0-bit than with 0-bit and
1-bit in the certain two columns. Then there must exist at least one individual that flipping
the certain two bit does not produce duplicates.

Therefore, before the population diversity is optimized and the matrix is balanced, there
must exist at least one two-bit flip that increases the population diversity.

Lemma 6.5. Let µ < 1
4n

2 and n/2 < v < n. If the population matrix is non-optimal and balanced
then there exists a 1-bit or 2-bit flip which strictly improves diversity.

Proof. When a population has the same number of 0-bits in each column but is still not op-
timized in population diversity, more 0-bits can be introduced in the population to increase
the diversity. There exists at least one individual with number of 0-bits smaller than (n− v).
We investigate how (µ+ 1)-EAD can improve the population diversity in this situation and
show that there either exists a 1-bit flip on the individual I with less than (n− v) 0-bits or if
all 1-bit flips on individual I create duplicates in the population, a 2-bit flip on a Hamming
neighbour of individual I is able to increase the population diversity.

If selecting an individual I with less than (n − v) 0-bits and flipping one of its 1-bits does
not produce replica of the individuals in the population, the change to population diversity
when the offspring replaces its parent can be denoted as (m+ 1)(µ−m− 1)−m(µ−m) =

µ−2m−1, where m represents the number of 0-bits in the column where the 1-bit is flipped
to 0-bit. Since m < µ(n− v)/n < µ/2, µ− 2m− 1 > 0. Therefore if the certain 1-bit flip does
not produce duplicate, it will increase the population diversity by at least 1.

If such 1-bit flips all generate duplicated individuals, then there should exist a 2-bit flip
that increases the population diversity. Since 1-bit flips on individual I always generate
duplicates, the population should include all possible individuals which have one more 0-
bit than the individual I . By selecting one of these individuals and flipping one of its 1-bits
and one of its 0-bits, an offspring not duplicated to any of these individuals can be produced.
The new offspring has Hamming distance 3 to the individual I . Replacing individual I with
this offspring causes the number of 0-bits increase by 1 in two columns and decrease by 1 in
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one column. The population diversity is changed by 2(µ−2m−1)+2m−µ−1 = µ−2m−3.
m < dµ(n−v)n e. Sincem is an integer and n/2 < v < n−1,m 6 µ/2−2. Hence µ−2m−3 > 0.

The 2-bit flip guarantees the population diversity increases by at least 1 if no duplicate is
generated in the process. We show when µ < 1

4n
2 and n/2 < v < n, there should exist at

least one 2-bit flip that does not produce duplicates.

Assume such 2-bit flips create duplicates in all cases and the number of 0-bits in individual I
is L < n− v. The number of Hamming neighbours of individual I that have one more 0-bits
is L. The number of possible individuals generated by a 2-bit flip of the Hamming neigh-
bours of individual I is

(
L
2

)
·(n−L). Supposed that all of the 1+L+

(
L
2

)
·(n−L) individuals are

included in the population, the number of 0-bits in each column m > 1 +L+
(
L
2

)
(n−L− 1).

Then the total number of 0-bits in the population isM >
(

1 + L+
(
L
2

)
(n− L− 1)

)
·n. There

exist M ′ =
(
L+

(
L
2

)
(n− L)

)
(n−L+ 1) + (n−L) 0-bits in the current population. In order

to meet the requirement that all columns have the same number of 0-bits, there should be
another (M − M ′) 0-bits in the population. Since there is threshold for number of 1-bits
in all individuals, there should be at least (M −M ′)/(n − v) more individuals to keep the
population balanced.

Hence in the current population there should be individuals of number M−M ′
n−v + 1 + L +(

L
2

)
(n− L).

M −M ′ =

(
1 + L+

(
L

2

)
(n− L− 1)

)
· n−

(
L+

(
L

2

)
(n− L)

)
(n− L+ 1)− (n− L)

= n(L+ 1) +
1

2
L(L− 1)(n− L− 1)n−

(
L+

1

2
L(L− 1)(n− L)

)
(n− L+ 1)− (n− L)

= L2 +
1

2
L(L− 1) (n(n− L− 1)− (n− L)(n− L+ 1))

= L2 +
1

2
L(L− 1) (−n+ (L− 1)(n− L)) .

Since L− 1 > v, n/2 < v < n− 1 and µ 6 1
4n

2, the minimum population size should be
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M −M ′

n− v
+ 1 + L+

(
L

2

)
(n− L)

=
L2 + 1

2L(L− 1) (−n+ (L− 1)(n− L))

n− v
+ 1 + L+

1

2
L(L− 1)(n− L)

= L ·
(
−(L− 1)n

2(n− v)
+

1

2
(n− L)(L− 1) · L− 1 + n− v

n− v
+ 1

)
+ 1

> L ·
(
−(L− 1)n

2(n− v)
+

1

2
(n− L)(L− 1) · n

n− v
+ 1

)
+ 1

= L ·
(

(L− 1)n

2(n− v)
· (n− L− 1) + 1

)
+ 1

>
1

4
n2 + n+ 1.

There is a contradiction with the condition µ < 1
4n

2. Therefore, the assumption should be
false. There should exist a two-bit flip described as previous that does not produce duplicate.

Then it is proved that if 1-bit flips on individual I produce duplicates, a 2-bit flip should be
able to improve it.

Therefore, when µ < 1
4n

2 and n/2 < v < n, if the population is not optimal in population
diversity and balanced, there exists either a 1-bit flip or a 2-bit flip that ensures the improve-
ment in population diversity.

With Lemma 6.4 and 6.5, it is proved that in a population that is not optimized in population
diversity, there always exists at least a 1-bit flip or 2-bit flip that can improve the population
diversity.
Theorem 6.4. Let µ < 1

4n
2 and n/2 < v < n, then the expected optimization time of (µ+ 1)-EAD

on OneMax is upper bounded by O(µ3nv(n− v)).

Proof. The expected time for (µ + 1)-EAD obtaining a population set with µ individuals
have fitness value above the threshold v is at most O(µn + n log n + µ logµ), as proved in
Theorem 6.1.

The maximum population diversity is reached when the number of 0-bits is maximized and
these 0-bits are evenly distributed among all columns. The maximum population diversity
is

n · µ(n− v)

n
· (µ− µ(n− v)

n
) =

µ2(n− v)v

n
.

The population diversity is increased by at least 1 after each 1-bit flip or 2-bit flip that im-
proves the diversity. The expected runtime of a certain 1-bit flip or 2-bit flip is bounded by
O(µn2).

Hence, the expected optimization time of (µ + 1)-EAD on OneMax is upper bounded by
O(µn+ n log n+ µ logµ) + µ2(n−v)v

n ·O(µn2) = O(µ3nv(n− v)).
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6.4 Diversity Maximization LeadingOnes Problem

In this section we will discuss the expected runtime for (µ+ 1)-EAD on the classical Leadin-
gOnes problem which has been subject to several investigations in the area of runtime anal-
ysis [14, 162]. LeadingOnes is defined to maximize the length of the uninterrupted sequence
of 1-bits starting from the leftmost position of a bitstring.

6.4.1 LeadingOnes Problem

The fitness function of LeadingOnes is defined as

LeadingOnes(x) =
n∑
i=1

i∏
j=1

xj ,

which counts the number of leading 1-bits in a bitstring.

The threshold v represents the minimum number of leftmost 1-bits in the individual. Similar
to that of OneMax problem, the diversity optimization on LeadingOnes problem can also
be divided into two stages. The first one is obtaining a population of all individuals with
acceptable fitness value and the second one is maximizing the population diversity.

Following the proofs by Witt [162], we demonstrate how (µ+ 1)-EA generates the first solu-
tion of fitness value above the threshold for LeadingOnes.
Lemma 6.6. The expected runtime until (µ+1)-EA on LeadingOnes problem has obtained a solution
of fitness value above the threshold v is O(nv + µv log n).

Proof. AssumeL represents the largest number of leading 1-bits among all individuals in the
current population and i represents the number of individuals with the fitness value L. For
a certain L value, we assume it will not change until there are min{n/ ln(en), µ} duplicates
of the individual with fitness L as stated in Witt [162].

The probability for making a duplicate of the individual with fitness L is at least

i

µ
· (1− 1

n
)n >

i(n− 1)

eµn
.

The expected runtime for making min{n/ ln(en), µ} duplicates is at most

min{n/ ln(en),µ}−1∑
i=1

eµn

i(n− 1)
=

eµn

n− 1

min{n/ ln(en),µ}−1∑
i=1

1

i

6
eµn

n− 1
ln

en

ln(en)

6 2eµ ln(en).
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After there exist at least min{n/ ln(en), µ} duplicates, L will be improved by selecting an
individual with fitness L and flipping its leftmost 0-bit. The probability for this event to
happen is

i

µ
· 1

n
· (1− 1

n
)n−1 >

i

eµn
.

Since before the improvement is made, there are already

min{n/ ln(en), µ}

replicas, i is equal to min{n/ ln(en), µ}, which makes the expected runtime be

eµn

min{n/ ln(en), µ}
6 eµ ln(en) + en.

The expected runtime of the (µ + 1)-EA obtaining the first individual with fitness value
above the threshold v equals to the sum of waiting time for each L value. Therefore, the
overall waiting time is

v ·
(

2eµ ln(en) +
eµn

min{n/ ln(en), µ}

)
6 v(3eµ ln(en) + en).

In conclusion, the overall waiting time for (µ + 1)-EA on LeadingOnes problem to obtain a
solution of fitness value above the threshold v is O(nv + µv log n).

6.4.2 Runtime Analysis for (µ+ 1)-EAD on LeadingOnes

For a LeadingOnes problem with threshold v, there are 2n−v different possible solutions.
When µ > 2n−v, all of the 2n−v different possible solutions should be contained in the op-
timal population set and there should be duplicates in the population. According to our
definition of diversity, the duplicates will not affect the diversity measurement. The compo-
sition of optimal population depends on the population size.
Lemma 6.7. When µ 6 2n−v, the optimal population of (µ+1)-EAD on LeadingOnes with threshold
v has the population diversity µ2(n− v)/4.

Proof. Assume that there is a matrix which represents all individuals and each individual as
a row, which is similar to the matrix for OneMax problem. Let mi equal to the number of
0-bits in ith column. Then the contribution to diversity of each column can be represented
as mi(µ − mi) = µmi − mi

2. In the left v columns, there are only 1-bits so the contribu-
tion to diversity is 0. For the following (n − v) columns, when mi = µ/2, the quadratic
function reaches its maximal. The contribution of each column has no effect on those of the
other columns. Hence, when there is no duplicate in the population and each of the (n− v)
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columns has µ/2 0-bits, the population diversity equals to (µ2/4) · (n − v) = µ2(n − v)/4,
which is the maximum value.

Before the diversity optimization phase starts, (µ+1)-EAD works on generating a population
with all individuals have requirement quality.
Lemma 6.8. The expected waiting time of (µ + 1)-EAD on LeadingOnes to achieve µ different
solutions above the threshold, where µ 6 2

n−v
2
−1, is bounded above by O(nv+µv log n+µn logµ).

Proof. After the first individual with fitness value above the threshold is achieved in O(nv+

µv log n) time, another (µ − 1) individuals with fitness value above the threshold are pro-
duced before the diversity optimization process begins. This process will take O(µ logµ)

time as proved in Lemma 6.1.

Since the duplicates make no contribution to the diversity and may interfere the optimiza-
tion process, we should get rid of the duplicates at the beginning of the diversity optimiza-
tion process. When there are duplicates in the population, a new individual will always be
accepted and replace one of the duplicates. A new individual can be produced by selecting
an individual and flipping one bit to become one of its undiscovered Hamming neighbours.
An upper bound for the expected number of undiscovered Hamming neighbours of a set
of individuals is given in [79] as at least (n − 2 · r) where 0 < |P | 6 2r and P is the set of
discovered individuals. In the LeadingOnes problem, the v leftmost bits should be all 1′s.
Only the (n− v) other bits can be either 0-bit or 1-bit so the expected Hamming neighbours
are at least (n − v − 2 · r). Since µ 6 2

n−v
2
−1, the expected number fulfils n − v − 2 · r > 2.

Assume the number of non-duplicated individuals in the current population is s. Then the
expected number of Hamming neighbours is equal to (n − v − 2 log s). The probability of
obtaining an undiscovered Hamming neighbour is at most

(n− v − 2 log s) · s
µ
· 1

n
·
(

1− 1

n

)n−1
>
s(n− v − 2 log s)

eµn
.

Therefore the total time for obtaining a population with µ different individuals is

µ−1∑
s=1

eµn

s(n− v − 2 log s)
= eµn

µ−1∑
s=1

1

s(n− v − 2 log s)

6 eµn

µ−1∑
i=1

1

s

6 eµn ln(eµ).

Hence, it takes at most O(µn logµ) time to get a population set with no duplicates in it.
Taken all stages into consideration, the expected runtime of (µ + 1)-EAD on LeadingOnes to
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achieve µ different solutions above the threshold is bounded above by

O(nv + µv log n) +O(µ logµ) +O(µn logµ)

= O(nv + µv log n+ µn logµ).

Now, we show an upper bound for (µ+ 1)-EAD on LeadingOnes that holds for µ ≤ 2
n−v

2
−1.

Theorem 6.5. Let µ 6 2
n−v

2
−1, then expected optimization time of (µ+ 1)-EAD on LeadingOnes is

upper bounded by O(nv + µv log n+ µn log(µ(n− v))).

Proof. According to Lemma 6.6, it takes at most O(nv+ µv log n+ µn logµ) time for (µ+ 1)-
EAD on LeadingOnes to get a population of µ different feasible solutions.

After the duplicates are replaced by different solutions, if each column has µ/2 0-bits, the
population diversity should be equal to the maximal value µ2n/4 as proved in Lemma 6.7.
In the worst case, the initial number of 0-bits mi in column i is either µ or 0. In order to
increase the diversity of the population, mi should either increase or decrease to µ/2. Since
the duplicates have no contribution to the population diversity, in this process, it should be
guaranteed that the new individual produced is not a replica of any existing individuals.

Let si and ti represent the number of 0-bits and 1-bits in the ith column respectively. Then
|si − ti| = di can be regarded as the unbalance rate of 0-bits and 1-bits in the ith column.
Consider the event that selecting an individual randomly and flipping one of its 0-bits or
1-bits to decrease the unbalance rate of the column. When si < ti, this event will cause the
population diversity change by

(si + 1)(µ− si − 1)− si(µ− si) = µ− 2si − 1,

as the contribution to diversity of the other columns will not change. Since si + ti = µ and
si < ti, we get si < µ/2. Then the contribution change is at least 0. At the beginning of this
stage, there is no duplicate in the population and in each iteration, it should be guaranteed
that there is no duplicate introduced to the population. Since there is no duplicate in the
parent population, there should exist at most min{ti, si} individuals that are only different
in the chosen column from any other individuals. Therefore, there exist at least |si− ti| indi-
viduals which have no replicas in pattern without considering the selected column, which
also means there should be at least (si − ti) 0-bits that can be flipped without making a
duplicate. The probability for such an event to happen is 1

µ ·
1
n ·
(
1− 1

n

)n−1
> 1

eµn .

In a population which is not optimized, there should be
∑n−v

i=0 |si − ti| different mutations
that can lead to diversity improvement through the event we described in the last para-
graph. At first, we assume there are either all 1-bits or all 0-bits in each column which
makes the total number of feasible mutation equal to µ(n − v). After each mutation, the
number of feasible mutation is decreased by 2 according to the definition of unbalance rate.
Let d =

∑n−v
i=0 |si− ti|, then the expected time for the improvement is at most eµn/d. For the
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optimized population, the balance rate of each column should be 0. Before the population
diversity is maximized, a 1-bit flip as discussed above causes the unbalance rate of the cer-
tain column decreased by 2. Hence, the total waiting time for the population diversity to be
maximized is

µ(n−v)/2∑
d=1

eµn · 1

d
6

1

2
eµn ln(eµ(n− v))

Hence, the overall runtime of (µ + 1)-EAD on LeadingOnes is bounded above by O(n2 +

µv log n+ µn log(µ(n− v))).

6.5 Analysis of Vertex Cover Problem

There are a number of NP-hard combinatorial optimization problems, among which we
choose minimum vertex cover as the starting point of population diversity research. Our
goal is to understand the diversity optimization process for complete bipartite graphs and
single paths. For the vertex cover problem there exist several algorithms that give a 2-
approximation of an optimal solution [75, 158] which means they guarantee solutions which
is at most twice the size of the optimal cover set. In some cases, the number of 2-approximations
might be limited by n, e.g. for the star graph. While, in general, it is hard to determine how
many solutions of this quality exist. Therefore, we restrict ourselves to classes of graphs
that have many solutions which are 2-approximations and present runtime results for the
(µ + 1)-EA incorporating diversity maximization for complete bipartite graphs and single
paths.

In this section, we consider the vertex cover problem which is given by an undirected graph
G = (V,E). The goal is to find a minimum set of nodes V ′ ⊆ V such that each edge is
covered, i.e. for each e ∈ E, e∩V ′ 6= ∅. For our investigations, we assume that the considered
algorithms start with a population where each individual is already of desired quality. Note
that the individuals in the initial population are not required to be all different. Our goal is to
analyze the expected runtime until the EAs have obtained a population of good or optimal
diversity where all individuals meet the quality criteria.

We also design a simplified version of the (µ + 1)-EAD, where a random individual is se-
lected, mutated and then compared to its parent. If the new individual contributes more to
the population diversity, it will replace the parent in the population, otherwise it will not be
accepted to the population. Define the contribution of x′ to the population diversity when
replacing an individual x with x′ as

cP (x′, x) = D(P \ {x} ∪ {x′})−D(P \ {x}),
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Algorithm 6.3: (µ+ 1)-EA*D

1 Initialize P with µ n-bit binary strings.
2 Choose a solution s ∈ P uniformly at random.
3 Produce s′ by flipping each bit of s with probability 1/n independently from each other.
4 Check whether s′ meets the quality criteria or not. If s′ does not fulfil the quality

requirement, jump to step 2.
5 If cP (s′, s) > cP (s), replace s with s′ in P .
6 Repeat step 2 to 5 until termination criterion is reached.

FIGURE 6.3: The µ × n matrix represents the individuals in a population. In
the example, each row represent an individual. In each row, the left εn bits
and right (1 − ε)n represent the existence of nodes from set V1 and set V2 in

the individual respectively.

where x ∈ P . The termination criterion is defined the same as that in (µ + 1)-EAD. The
simplified algorithm is defined in Algorithm 6.3 and named as (µ+ 1)-EA*D. The two algo-
rithms are examined for different problems and different parameters.

The solutions to the vertex cover problem can also be represented as binary string, where
each 1-bit denotes the existence of corresponding node in the cover set.

6.5.1 Analysis of Complete Bipartite Graphs

We start by studying the complete bipartite graphs. In a complete bipartite graph, the ver-
tices can be split into two sets V1 and V2, which are of size εn and (1−ε)n respectively. There
is an edge between each pair of nodes from set V1 and V2. If the nodes in V1 is indexed from
0 to εn − 1 and nodes in V2 is indexed from εn to n − 1, the cover set can be represented by
a binary string with length n. When ε < 1

2 , a cover set consisting of all the nodes in V1 is
the global optimum of the problem. We use matrix to represent the population as shown in
Figure 6.3.

In the MVC problem on complete bipartite graph, we focus on the solutions which constitute
a 2-approximation of an optimal solution. The population diversity optimization process is
conducted on the population after all individuals in the population meet the quality criteria.
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The composition of acceptable cover sets depends on the parameter ε. Since we focus on
the 2-approximation solutions, it is helpful to discuss the different situations based on the
different relationship between ε, 1

2 and 1
3 .

6.5.1.1 ε < 1/3

Assume ε < 1/3. In order to be a 2-approximation of the optimal solution, a cover set should
always include every node in set V1 and at most εn other nodes in set V2.

In this case, (µ+1)-EAD is investigated. The population is initialized with a 2-approximated
solution and (µ− 1) n-bit binary strings randomly chosen from {0, 1}n.

Taken population diversity into consideration, the (µ + 1)-EAD aims at finding cover sets
of size 2εn and maximizing the population diversity. In order to make sure a solution is
2-approximated to the optimal solution set, the leftmost εn bits in the bitstring should be set
to 1. Then there are at most εn bits need to be selected from set V2, which means among the
(1− ε)n bits on the right, there are at most εn 1-bits. The diversity optimization process can
be seen as a OneMax problem with population size µ = (1−ε)n and threshold v = (1−2ε)n.
The analysis follows the ideas about OneMax in Section 6.3.

When ε < 1/3,
2εn < (1− ε)n < εn.

The left εn columns representing the set V1 should all be 1-bits to guarantee the feasibility
of an individual. The contribution of the left part to the population diversity is 0. The right
(1 − ε)n columns should be balanced in the number of 0-bits and 1-bits in order to achieve
the maximum population diversity. The average number of 0-bits in each column is at least
(1−2ε)n·µ
(1−ε)n . Since ε < 1/3, we get

(1− 2ε)n >
1

2
(1− ε)n.

Then the average number is greater than µ/2. To maximize the population diversity
∑n

i=εnmi(µ−
mi), where mi is the number of 0-bits in the ith column, each column should have

mi =
(1− 2ε)n · µ

(1− ε)n
.

Then the optimal population diversity is

(1− 2ε)µn

(1− ε)n
· (µ− (1− 2ε)µn

(1− ε)n
) · (1− ε)n =

(1− 2ε)εµ2n

1− ε
.

When there is already one feasible individual in the population, the next stage of diversity
optimization is obtaining a population of all individuals satisfying the 2-approximation.
Making duplicates of the individual already accepted to fill the population is one possible
solution. The probability of making a duplicate of the existing feasible solution to fill up the



6.5. Analysis of Vertex Cover Problem 83

population with size µ when there are k feasible solutions in population is

k

µ
·
(

1− 1

n

)n
=
k

µ
· n− 1

n
·
(

1− 1

n

)n−1
>
k(n− 1)

eµn
>

k

2eµ
.

The expected runtime until the whole population is filled up with feasible solutions is upper
bounded by

µ−1∑
i=1

2eµ

i
= 2eµ

µ−1∑
i=1

1

i
= O(µ logµ).

After every individual in the population is a 2-approximation to the optimal cover set, the
population diversity optimization process begins, according to (µ + 1)-EAD. Since when
ε < 1/3, 1−ε

ε < 2, in this case we only discuss the situation with the larger population size.

Define P 1
ini as a population with µ individuals among which there is at least one individual

that is a 2-approximation to the optimal cover set.
Theorem 6.6. Let 1−ε

ε 6 µ 6 1
9n

2 and ε < 1/3, then expected optimization time of (µ+ 1)-EAD on
vertex cover problem for complete bipartite graph starting with P 1

ini is upper bounded by O(µ3n3).

Proof. If population size is at most
(
(1−ε)n
εn

)
, there should be no duplicates in the optimal

population. The population should be consist of different 2-approximation solutions which
guarantee the balance of 0-bits and 1-bits in each column.

The maximum population diversity is (1−2ε)εµ2n
1−ε . As proved in Lemma 6.4 and 6.5, there is

always at least one possible 1-bit flip or 2-bit flip that can improve the population diversity
by at least 1. The probability of selecting a certain individual and flipping two bits is

1

µ
· 1

n
· 1

n
·
(

1− 1

n

)n−2
>

1

eµn2
.

Therefore, the expected runtime for selecting the certain individual and flipping its two bits
is bounded by O(µn2). The overall expected runtime for diversity optimization process
equals to

O(µn2) · (1− 2ε)εµ2n

1− ε
= O(µ3n3).

The expected optimization time for (µ+ 1)-EAD on MVC for complete bipartite graph start-
ing with P 1

ini is upper bounded by O(µ logµ) +O(µ3n3) = O(µ3n3).

6.5.1.2 ε = 1/3

If ε = 1/3, a 2-approximation cover set can also be composed of all nodes in the larger set.
Then there are two types of possible cover sets fulfil the 2-approximation condition, which
are all nodes in set V1 and at most 1

3n nodes in set V1, and all nodes in set V2. Let A represent
the cover set which includes all nodes in V2 and Bi refer to the cover set with all nodes in set
V1 and at most 1

3n in set V2, as shown in Figure 6.4.
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FIGURE 6.4: When ε = 1/3, the population with maximized diversity should
include cover set with different types. In the graph, the coloured part in each

individual represent the nodes selected in the cover set.

In order to maximize the population diversity, A should be included in the population since
all of the other solutions have the whole set V1 selected. From the matrix, the columns
representing the existence of nodes in V1 have either all 1-bits or one 0-bit. Solution A which
represents the whole set V2 makes the contribution of left 1

3n columns to the population
diversity increase from 0. The average number of 0-bits in each column in the right part of
matrix is at least

(µ− 1)(13n)
2
3n

=
µ− 1

2
<
µ

2
.

Then the number of 0-bits and 1-bits in the right 2
3n columns should be equal in order to

maximize the population diversity. The population with optimal diversity should have so-
lution A and other (µ − 1) solutions which have equal number of 0-bits and 1-bits in the
right 2

3n columns which represent the set V2.

The optimal population diversity is

1

3
n(µ− 1) +

2

3
n · µ

2

4
.

Define P 2
ini as a population with µ individuals among which there is one solution has all

nodes in set V2 and at least one individual that includes all nodes in set V1 and at most εn
other nodes in set V2.
Theorem 6.7. Let ε = 1/3 and 4 < µ < 1

9n
2, the expected optimization time of (µ + 1)-EAD on

vertex cover problem for complete bipartite graph starting with P 2
ini is upper bounded by O(µ3n3).

Proof. Starting with the population P 2
ini, the left part of the matrix has already reached the

optimal situation, which has the contribution of 1
3n(µ − 1) to the population diversity. Bal-

ancing the right part of the matrix can be seen as OneMax problem with bitstring length 2
3n,

threshold 1
3n and population size (µ− 1).
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There should always exist at least one 2-bit flip that can improve the population diversity as
proved in Lemma 1. The optimal population diversity is (µ

2n
6 + (µ−1)n

3 ). The 2-bit flip can
increase the population diversity from (µ−1)n

3 . The probability for a 2-bit flip is 1
µ ·

1
n ·

1
n · (1−

1
n)n−2 > 1

eµn2 . Therefore the overall expected runtime is

µ2n

6
· eµn2 =

1

6
eµ3n3 = O(µ3n3).

When ε = 1/3 and 4 < µ < 1
9n

2, the expected optimization time for (µ + 1)-EAD on ver-
tex cover for complete bipartite graph starting with P 2

ini is upper bounded by O(µ logµ) +

O(µ3n3) = O(µ3n3).

6.5.1.3 1/3 6 ε < 1/2

When the size difference between the two sets is smaller, the 2-approximation solution may
not include all of the nodes in the optimal solution set. There are two types of acceptable
solutions. The acceptable cover set can either be composed by the whole V1 set and up to
εn nodes from set V2 or the whole V2 set and up to (2εn− (1− ε)n = (3ε− 1)n) nodes from
set V1. Since the numbers of 0-bits and 1-bits should be balanced in order to maximized the
population diversity, the optimal solution set should include both types of the acceptable
solutions.

If µ = 2, the population with the optimal diversity consists of the two sets. And the maxi-
mum population diversity is n.

According to the definition of population diversity, duplicates do not contribute to the di-
versity. In order to keep the individuals feasible and maximize the population diversity, we
need to select the acceptable solution from the two types with less overlap.

When 2 < µ < 2εn + 2, the population with maximum diversity is composed by equal
number of solutions in different types. In order to get rid of duplicates, the individuals have
all nodes in one set and an extra node in the other set. The extra nodes included are different
among the solutions of the same type. The maximum population diversity is

µ

2
· µ

2
· (n− µ+ 2) +

(µ
2

+ 1
)(µ

2
− 1
)

(µ− 2) =
µ2n

4
− µ+ 2.

In the optimal population, the numbers of cover sets of different types are equal. However,
equal number of solutions of different type does not guarantee a better population diversity.
Let type A and type B represent cover set include all nodes from V2 and V1 respectively.
Lemma 6.9. When 8 − 2εn < µ 6 2εn + 2, the population with maximized population diversity
contains equal number of solutions of type A and type B.

Proof. The contribution of each column to the population diversity is independent. The
overall population diversity equals to the sum of contribution of all columns. Let M equal
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to µ2n/4, which is the population diversity of a population where all columns are balanced
in the number of 1′s and 0′s. According to the definition of population diversity, any dupli-
cated individuals do not contribute to the overall population diversity. Since, the solutions
to the bipartite graph should contain either set A or set B, there does not exist population
with all columns balanced.

When µ is even number, there are three different cases of population composition.

In case 1, there are the same number of individuals in type A and type B in the population.
In order to get rid of duplicates but still maximize the population diversity, except for the
two individuals that only include set V1 or set V2, the other individuals should include one
extra node in the other node set. This causes the contribution of the certain column to the
population diversity decreased by 1. Since µ 6 2εn + 2, there are enough number of pos-
sible solutions to the bipartite graph that fulfil the requirement. The maximum population
diversity can be achieved in this case is M − (µ− 2).

In case 2, there are more individuals of type B than those of type A. The more unbalanced of
a column, the less contribution to the population diversity. Therefore, we consider the case
where there are 2 more individuals of type B than type A. In this case, it is possible to make
the partition representing the existence of node in set V2 balanced in number of 1′s and 0′s.
For the rest columns, in order to get rid of duplicates, each individual other than the one
only includes nodes in set V2 should include some other nodes in set V1. The maximum
population diversity can be obtained is M − εn− 3(µ/2− 2) in case 2.

In case 3, we consider that there is 2 more individuals of type A than type B. Similar to case
2, the maximum population diversity is M − (1− ε)n− 3(µ/2− 2), which is always less than
the maximum value in case 2.

When µ > 8− 2εn, (µ− 2) < εn− 3(µ/2− 2), then M − (µ− 2) > M − εn− 3(µ/2− 2).

When µ is odd number, the statement can be proved following the same routine.

Before the population diversity optimization process begins, assume there are already so-
lutions of both types. Since 1/3 6 ε < 1/2, it is possible at some stage of the optimization
process, there are all solutions of type A or type B in the population.

As shown in Figure 6.5, in extreme case, mutating the first individual may produce a solu-
tion of the other type and the offspring has the higher contribution to the population diver-
sity. After the replacement, there are only solutions of type A in the population. In order
to maximize the contribution of the right part to the population diversity, there should be
more than one solution of type B. However, when there are k nodes missing in the other
set, converting between different types takes Ω(µnk) time. Therefore, we assume the last so-
lution of a certain type is kept in the population and will not be replaced even the offspring
improves the population diversity.

In order to make the process clearer, a modified version of the (µ + 1)-EAD is used for this
situation. The modified algorithm is defined in Algorithm 6.3.



6.5. Analysis of Vertex Cover Problem 87

FIGURE 6.5: In the complete bipartite graph with large ε, it is possible at some
stage, the last individual of one type is replaced by an individual of the other

type.

Define P 3
ini as a population with µ individuals in which there is at least one solution of each

of type A and B.
Theorem 6.8. Let 1/3 6 ε � 1/2 and 8 − 2εn < µ 6 2εn + 2, the expected optimization time
of (µ + 1)-EA*D on vertex cover problem for complete bipartite graph starting with P 3

ini to reach a
population with population diversity (µ

2

4 εn+ (1− ε)n(µ− 1)) is upper bounded by O(µn2 + µ2n).

Proof. Before the population diversity reaches (µ
2

4 εn + (1 − ε)n(µ − 1)), there must exist at
least one column with number of 1-bits either greater than µ+1

2 or less than µ−1
2 . When one

individual is selected and each of its n bits is flipped with probability 1
n , it replaces its parent

if the population diversity improves according to (µ+1)-EA*D. Assume during this process,
there are m1 and m2 columns have 1-bits decreased or increased by 1 respectively. Then the
total change of population by the replacement can be represented as

2

m1∑
i=0

si −m1(µ+ 1) +m2(µ− 1)− 2

m2∑
j=0

sj .

Since for the MVC problem, the solution has to cover either V1 or V2 set, after the mutation,
the new solution set should also cover either set V1 or set V2. Several bits need to be flipped
at the same time to achieve a solution of the other type. With 1-bit flip we can only produce
solution that is of the same type of the parent.

Assume in the beginning, there are s solutions of type A in the population. For 1-bit flip,
if the offspring replaces its parent, then either m1 = 0 and m2 = 1 or m1 = 1 and m2 = 0.
Consider the event that selecting one of the individuals that has 1-bit in the column with
more than µ+1

2 1-bits or 0-bits in the column with less than µ−1
2 1-bits, flipping the certain bit

and replacing its parent. Since the 1-bit flip only influences the certain column, the balance
rate of the other column won’t change. The total change of the population diversity is either
(2si − µ − 1) or (µ − 1 − 2sj). Since si is selected to be greater than µ+1

2 , 2si − µ − 1 > 0.

For sj less than µ−1
2 , (µ − 1 − 2sj) is guaranteed to be greater than 0. Although according

to the algorithm, the offspring will replace an individual in order to result in the maximum
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diversity improvement and this individual may not be the parent if there is other individual
contribute less to the population diversity, 1-bit flip can guarantee improvement at least
(2si − µ− 1) or (µ− 1− 2sj).

The probability of 1-bit flip is 1
µ ·

1
n ·
(
1− 1

n

)n−1
> 1

eµn . Then the runtime of one 1-bit flip is
bounded above by O(µn).

1-bit flip won’t change the numbers of solutions of typeA and typeB. As assumption, there
is always at least one solution of type A and one solution of type B. Let part M and part
N represent the columns in the matrix that represent the existence of nodes in V1 and V2

respectively. If there are more solutions of type B in the population, 1-bit flip can guarantee
the balance of 1-bits and 0-bits in the part N . In order to contribute more to the population
diversity, we need to decrease the number of nodes in V1 in all the type A solution. We
also need to avoid duplicates in the population which do not contribute to the population
diversity. During the process, the number of 1-bits in part N either increases or decreases to
µ
2 . It will take at most (µ2 − s) steps. For part M , it takes at most ((3ε − 1)n − 1)s steps to
optimize the diversity. Then there are at most ((µ2 − s) + ((3ε− 1)n− 1)s = O(µ+ εn)) 1-bit
flips needed to improve the population diversity to (µ

2

4 εn+ (1− ε)n(µ− 1)).

Hence, the overall runtime for the 1-bit flip improving the population diversity of vertex
cover on complete bipartite graph with 1/3 6 ε < 1/2 and 2 < µ < 2εn + 2 to O(εµ2n) is
bounded above by O(µ logµ) +O(µ+ εn) ·O(µn) = O(µn2 + µ2n).

6.5.2 Analysis of Paths

The next sample graph structure we look into is path. The path here refers to a sequence
of nodes connected on a path with the vertices on both ends free. The solution to vertex
cover problem for paths can also be represented as a binary string where each bit denotes
the existence of each node in the cover set. In order to cover every edge, for two nodes next
to each other, there should be at least one selected. Therefore there should not be two 0-bits
next to each other in the bit strings representing the acceptable cover sets.

Same as the runtime analysis for complete bipartite graph, the aim is to find the optimal
solution set with maximum population diversity. In the population diversity optimization
process for vertex cover on path, we look into cover set of size that is at most certain thresh-
old v, where v is a predefined number greater than or equal to the size of optimal solution
set.

For the path problem, in the beginning of the population diversity optimization process,
the population is initialized with µ cover sets which are 2-approximated of the optimum
solution. The algorithm investigated in this section is Algorithm 6.1.



6.5. Analysis of Vertex Cover Problem 89

FIGURE 6.6: In set X , all (k + 1) optimal solutions for the path with n = 2k
are arranged according to the ascending order of numbers of ’01’ pairs. The

individuals highlighted are the ones in the population.

6.5.2.1 Paths with Even Number of Nodes

Assume the number of nodes n = 2k where k is a positive integer. The optimal matching
in this case is not unique. The optimal cover sets have k vertices. The optimal cover set
may contain every second node on the path or two nodes next to each other not including
the first and last node and every second node from these two. There are (k + 1) different
matchings that are optimal as shown in Figure 6.6. At least one of the two nodes connected
by an edge should be selected in a cover set in order to cover the certain edge.

Define set X that consists of all optimal solutions of path problem with n = 2k, where k is a
positive integer. We arrange all the optimal cover sets by ascending the number of ′01′ pairs
and index the solutions from 0 to k. For the ith individual Xi, the jth bit which represents
the existence of jth node in the path is defined as xij , where 0 6 i 6 k and 0 6 j < n.

• When j 6 2i, we have xij = 0 if j is even, and xij = 1 if j is odd.

• When j > 2i, we have xij = 1 if j is even, and xij = 0 if j is odd.

Figure 6.6 shows the set of optimal solutions and a possible population consisting of optimal
solutions.
Theorem 6.9. When n = 2k, µ > k+1 and v = k, the expected runtime for (µ+1)-EAD producing
a population with maximum population diversity is bounded above by O(µn3).

Proof. When the population size µ > k + 1, with the threshold v = k, the population with
maximum diversity should contain all possible optimal solutions and another (µ − k − 1)

duplicates.

According to the definition of the path problem, at least one of the two nodes connected by
an edge needs to be selected in the cover set. In the bitstring, there should not be two 0-bits
next to each other. In order to get a feasible solution, a pair of 1-bit and 0-bit in an individual
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needs to be flipped at the same time. The feasible solution here refers to optimal cover set of
the path problem. From each feasible solution, there always exists at least a pair of bits that
can be flipped to produce a feasible cover set.

Before all possible solutions are included in the population, there always exists at least one
individual that has Hamming distance equal to 2 with the missing solution. The runtime
of selecting an individual and flipping its two bits is O(µn2). There are (k + 1) different
possible optimal solutions, hence the total expected runtime is O(µn3).

If the population size is less than the number of all optimal solutions, the feasible solutions
are selected in order to maximum the population diversity. In the matrix, the number of
1-bits and 0-bits in each column should be balanced to gain the highest contribution to the
population diversity.
Lemma 6.10. When population size µ is even, the population with maximum diversity is formed by
individuals in set X indexed from 0 to (µ2 − 1) and from (k− µ

2 + 1) to k. When population size µ is
odd, the population with maximum diversity is formed by the optimal population with size (µ − 1)

and one more random non-duplicated individual.

Proof. Letm ∈ Z≥0. From Figure 6.6 it is clear that in 2mth column, there are at most (m+1)

1-bits. There are always the same number of 0-bits in the (2m + 1)th column, which means
in the (2m + 1)th column, there are at most (k −m) 1-bits. The contribution of one column
to the population diversity is si(µ − si), where si is the number of 1-bits in the ith column.
When si 6

µ
2 , si(µ − si) increases with si. Then the highest contribution of the 2mth and

(2m+ 1)th column both are (m+ 1)(k−m). When µ < k+ 1, the highest contribution of the
2mth and (2m+ 1)th column in together is 2 ·min{(m+ 1)(k −m), µ

2

4 }.

When µ is even, for the first µ
2 cover sets in set X , the number of 1-bits in the 2mth column

is min{m + 1, µ2}. In the last µ
2 individuals, the number of 1-bits in the 2mth column is

max{0,m − k + µ
2}. Considering both of the two blocks, the number of 1-bits in the 2mth

column should be min{m+1, µ2}, when 0 6 m < n
4 and max{m−k+µ, µ2}, when n

4 6 m < n
2 .

The contribution of each column reaches the highest contribution that is mentioned in the
last paragraph. Replacing any of the µ solutions with other individuals causes at least two
columns lose balance of 0-bits and 1-bits. Therefore, when µ is even, the population with
maximum diversity should be formed by individuals indexed from 0 to (µ2 − 1) and from
(k − µ

2 + 1) to k in set X .

When µ is odd, the population with the individuals in set X indexed from 0 to (µ−12 − 1)

and from (k − µ−1
2 + 1) to k already has the maximum balance rate in each column. A

random non-duplicated individual does not change the balance rate of all columns. Hence,
the population with population size (µ−1) and maximum diversity together with a random
selected non-duplicated solution form the optimal population.

In Figure 6.6, the ith individual can be achieved by flipping certain two bits of the (i− 1)th
or (i+ 1)th individual. Assume a population is formed by Block I , Block J and a few other
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individuals in between, as shown in Figure 6.6, where Block I includes i individuals indexed
from 0 to (i− 1) and Block J includes j individuals indexed from (k − j + 1) to k.
Lemma 6.11. When i < j, replacing the individual k with smallest index among the individuals in
between of Block I and J by the ith individual always improves the population diversity.

Proof. According to our arrangement, in the xth row, the first x pairs of bits should all be ′01′

and the following (n−x) pairs should be ′10′. The ith individual is different from individual
k in the 2ith to the 2kth column. In these columns, there should be ′10′ pairs for the ith row
while all ′01′ for the individual k.

If the individual k in the population is replaced by the ith individual, then the 2mth column
has one more 1-bit and the (2m + 1)th column has one less 1-bit, where i 6 m 6 k. Let si
represent the number of 1-bits in the ith column. The change to the population diversity for
a pair of columns is

(µ− 2s2m − 1) + (2s2m+1 − µ− 1) = 2(s2m+1 − s2m − 1).

Assume except for the Block I and Block J , there are p individuals from the partition in
between them. Then s2m+1 = j + p and s2m = i. Hence the change of a pair of columns
equals to

2(s2m+1 − s2m − 1) = 2(j + k − i) > 2(p− 1).

Since individual k is one of the p individuals, p > 1. The change by each pair of columns is
non-negative, therefore the total population diversity is improved by the replacement.

When j > i, the individual with the largest index in between can be replaced by the (k−j)th
individual in set X , which can be produced by a 2-bit flip of the (k − j + 1)th individual in
Block J to improve the population diversity.
Theorem 6.10. When n = 2k and µ < k + 1, the expected runtime for (µ + 1)-EAD producing a
population with maximum population diversity for the path problem is bounded above by O(µn3).

Proof. As proved in Lemma 4, the population diversity can be improved by extending Block
I and Block J and making their sizes equal. In order to achieve this, the optimization process
needs to start with a population with both of the individuals indexed with 0 and k in set X .
In the worst case, there are only duplicates of the k

2 th individual. Then it takes at least (k2−1)

2-bit flips to achieve the individuals with index 0 or k. The expected runtime of flipping two
bits of a certain individual is O(µn2). Then the total waiting time for obtaining these two
individuals is bounded above by 2 · (k2 − 1) ·O(µn2) = O(µn3). Since these two individuals
have the highest contribution to the population diversity, they will stay in the population
and will not be replaced by any other new solutions.

After these two solutions are in the population, one of the solutions at index (i−1) in Block I
or index (k− j+1) in Block J is selected and mutated according to the relationship between
the size i and j to produce new solution. Then the offspring will replace one of the solutions
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lying in between to improve the population diversity. In the worst case, there are (µ − 2)

individuals which need to be replaced by individuals produced by a 2-bit flip of a certain
individual. The total runtime is O(µn2) · (µ− 2) = O(µ2n2).

Considering both stages, the overall expected runtime of maximizing the population diver-
sity for the path problem with n = 2k and µ < k + 1 is O(µn3) +O(µ2n2) = O(µn3).

6.5.2.2 Paths with Odd Number of Nodes

Assume the number of nodes n = 2k+1 where k is a non-negative integer. Then the optimal
vertex cover for the path problem contains k nodes. In the optimal cover set, every second
nodes are selected along the path from the second node. There exists only one optimal
solution for each path problem.

In the path problem, among the two nodes next to each other, there must be at least one
selected in the cover set in order to cover the certain edge between them. Therefore in
the bitstring a 0-bit needs to be put in between two 1-bits, which means in the bitstring
representing a feasible solution, there should not be two 0-bits next to each other. When the
threshold v = k + 1, there are

(
v+1
k

)
=
(
k+2
k

)
= (k+2)(k+1)

2 possible cover sets with size v.
Then there are (1 + (k+1)(k+2)

2 ) possible solutions.

Since the duplicates in the population have no contribution to the population diversity ac-
cording to the definition, when µ > 1+ (k+1)(k+2)

2 , the population with maximum population
diversity should include all possible cover sets.
Theorem 6.11. When n = 2k + 1, µ > 1 + (k+1)(k+2)

2 and v = k + 1, the expected runtime for
(µ + 1)-EAD producing a population with maximum population diversity for the path problem is
bounded above by O(µn4).

Proof. Since µ > 1+ (k+1)(k+2)
2 , any new solution will be accepted and stay in the population.

Let individual a represent the optimal solution ′0101...1010′ and individual b represent the
complement of the optimal solution, which is ′10101...0101′.

Assume the statement that before the population diversity is optimized, there is some situ-
ation where no existing solution can produce new solution by a 2-bit flip is true.

Before the population covers every feasible solution, if there is no solution with the pattern
′110′ or ′011′ in it, then it can only be the solution a or b. By flipping one of the 0-bits of
solution a, new solution can be produced. By flipping the leftmost 2 bits or rightmost 2 bits
of solution b, we can also get 2 other solutions. These new solutions all have the pattern ′110′

or ′011′ in them. If the statement is true, then all of these (k + 5) solutions should already
exist in the population.
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For the individual with the pattern ′110′ or ′011′ in it, new solution can be produced by
flipping two bits to form the ′101′ pattern. If the offsprings are also covered by the pop-
ulation, then the population contains all possible solution sets, which is conflict with our
assumption.

Therefore, before all possible solutions are covered in the population, there must exist at
least one individual from which flipping one or two certain bits produces a new solution.
The expected runtime for producing a new solution is bounded above by O(µn2). When
µ > 1+ (k+1)(k+2)

2 , there are at most (k+1)(k+2)
2 new cover sets need to be produced. Then the

overall expected runtime for (µ + 1)-EAD to produce a population with maximum popula-
tion diversity for the path problem is bounded above by O(µn2) · (k+1)(k+2)

2 = O(µn4).

6.6 Conclusion

The population of an evolutionary algorithm can be used to reserve a diverse set of solutions
where all solutions are of good quality. In this chapter, we examine such approaches in a
rigorous way by a first runtime analysis and propose the (µ+ 1)-EAD which maximizes the
diversity of the population once all solutions have reached certain quality criteria.

The analysis is initiated with examination into the population diversity measurement and
followed with research into computational complexity of the classical (µ+1)-EA until achiev-
ing a population of solutions satisfying certain quality. As the next step, this chapter is
categorized by investigations into different benchmark problems and then subdivided ac-
cording to different cases of the settings. Our results for the classical benchmark problems
OneMax, LeadingOnes and vertex cover problem on certain graph classes show that the algo-
rithm is efficient in maximizing diversity of the population and keeping quality at the same
time.

Our investigations should set the basis for analysis of diversity maximization for classical
combinatorial optimization problems and it would be an interesting topic for future work to
study the investigated (µ + 1)-EAD on other classical combinatorial optimization problems
such as the traveling salesperson problem and multi-objective problems.
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True wisdom comes to each of us when we realize how
little we understand about life, ourselves and the world
around us.

Socrates

CHAPTER 7

DIVERSITY MAXIMIZATION FOR

MULTI-OBJECTIVE PROBLEMS IN

DECISION SPACE

7.1 Introduction

Evolutionary computation has been successfully applied in the area of evolutionary multi-
objective optimization [23], such as renewable energy [153] and water network distribu-
tion [167]. As introduced in Chapter 2, when using an evolutionary algorithm for solving
a given multi-objective problem, the population of the EA is evolved into a set of solutions
which represents the trade-off between a set of given objective functions.

Due to the complexity in analysis of population, the theoretical research of evolutionary
multi-objective optimization still needs more attention. The key part of an EA for multi-
objective optimization is the selection process which decides on which individuals survive
for the next generation. Almost all popular selection mechanisms in MOEAs follow the
principle of Pareto dominance in an explicit or implicit way. The main difference between
MOEAs such as NSGA-II [35], SPEA2 [170] and IBEA [168] is basically the way they differ-
entiate between incomparable solutions.

The decision space diversity in MOEA has become a topic of interests in recent years [145,
155, 156]. The goal is to obtain a set of Pareto optimal solutions which differ according
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to the underlying search space. Such set of solutions can be of great interests to decision
makers. Having a diverse set of solutions according to the components of a solution gives
the decision maker more options of implementing a good solution in different ways. Initial
studies on the runtime behaviour for search space diversity optimization have been obtained
in [53].

We conduct investigation into the decision space diversity optimization with the classical
multi-objective problem OneMinMax in this chapter. Our research contributes to the theo-
retical understanding of diversity mechanisms in evolutionary multi-objective optimization
by means of runtime analysis. This chapter is based on the diversity optimization part of a
published paper in conference GECCO [37].

In this chapter, the contents are structured as follows. In Section 7.2, a brief introduction
about the problem OneMinMax and the multi-objective EA is included. After that we first
present some experimental results about maximizing diversity in OneMinMax and then con-
duct runtime analysis of the algorithm in Section 7.3. At last, the chapter is concluded in
Section 7.4.

7.2 Preliminaries

In the first place, we introduce some basic concepts regarding hypervolume maximization
and search space diversity optimization using EAs.

In this chapter, we consider the search space S = {0, 1}n, i. e. candidate solutions are bit-
strings of length n. In multi-objective optimization, the fitness functions can be considered
as a vector value f : S → Rm where m > 2 is the number of objectives. Assume that
all objective functions should be maximized. The fitness of a search point x ∈ S is given
by the vector f(x) = (f1(x), . . . , fm(x)). We define f(x) > f(x′) iff fi(x) > fi(x

′) for all
i ∈ {1, . . . ,m}. In this case, we say that the objective vector f(x) dominates the objective
vector f(x′). The set of non-dominated objective vectors is called the Pareto front and the
classical goal in multi-objective optimization is to obtain for each objective vector of the
Pareto front a corresponding solution. As the Pareto front for most problems is too large,
evolutionary multi-objective algorithms evolve a set of solutions that covers the Pareto front
in a good way.

7.2.1 OneMinMax Problem

The OneMinMax problem is one of the classical multi-objective problems which are used
for theoretical analysis. The problem is defined as,

OneMinMax(x) := (‖x‖0, ‖x‖1),
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Algorithm 7.1: (µ+ 1)-SIBEAD

1 Start with an initial population P consisting of µ elements from S.
2 repeat forever
3 Select x from P uniformly at random; x′ ← mutate(x);
4 P̂ ← P ∪ {x′};
5 Let z be a randomly chosen individual with c(z, P̂ ) = minx∈P̂ c(x, P̂ );
6 P ← P̂ \ {z};

where the number of 0-bits (‖x‖0) and 1-bits (|x‖1) in a binary string has to be maximized at
the same time. The problem has the property that all search points are on the Pareto front
and our goal is to study how evolutionary multi-objective algorithms can obtain diverse sets
of solutions with respect to the search and objective space.

7.2.2 Hypervolumn-based Algorithm with Diversity Maximization

The hypervolume indicator is a quality measure of the coverage of a point set which is map-
ping from the solutions to the objective space of the Pareto-front as introduced in Chapter 2.
In particular, given a reference point r ∈ Rm, the hypervolume indicator is defined in search
space S on a set P ⊂ S as

IH(P ) = λ

(⋃
x∈P

[f1(x), r1]× [f2(x), r2]× · · · × [fm(x), rm]

)
,

where λ(S) denotes the Lebesgue measure of a set S and [f1(a), r1] × [f2(a), r2] × · · · ×
[fm(a), rm] is the orthotope with f(a) and r in opposite corners.

We define the contribution of an element x ∈ P to the hypervolume of a set of elements P
as

cH(x, P ) = IH(P \ {z})− IH(P ).

The algorithm under examination in this chapter is (µ + 1)-SIBEA which starts with a set
P of µ solutions and produces in each iteration from a randomly chosen individual x ∈ P
one offspring x′ by mutation resulting in a population P̂ = P ∪ {x′}. The mutation operator
considered is standard bit mutation which flips each bit of the parent individual x with
probability 1/n. In order to obtain the population in the next generation, an individual
z ∈ P ′ with minimal hypervolume contribution is discarded.

To study search space diversity optimization for OneMinMax, we consider a population
size that is able to cover the whole Pareto front, i. e. µ > n + 1. In this chapter ,we analyze
(µ + 1)-SIBEA with a search-space diversity mechanism (see Algorithm 7.1) and study the
time until it has produced a population that is diverse with respect to the underlying search
space.
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There are many ways to measure the difference between different individuals. As discussed
in [53], the diversity measurement should have the three properties of twinning, monotonic-
ity in varieties and monotonicity in distance. Since pseudo-Boolean functions are defined
on bit-strings, we use Hamming distance

H(x, y) =
n∑
i=1

|xi − yi|,

where xi, yi ∈ {0, 1}, to evaluate the difference between two individuals.

The diversity of a set of solutions P is defined as the sum of Hamming distance between
each pair of individuals in P . Note that in general P can be a multi-set which may include
duplicates. In order to meet the twinning property [155, 154], duplicates are removed when
computing the diversity of a (multi-)set P based on the Hamming distance.
Definition 7.1. For a given population P , the population diversity is defined as

D(P ) =
∑

{x,y}∈P̂×P̂

H(x, y),

where P̂ is the set with all distinct solutions in P .

The diversity optimization is conducted until population covers the whole Pareto-front. The
contribution of solution x to the population diversity is defined as

cD(x, P ) = D(P )−D(P \ {x}).

Taken both the population diversity and hypervolume indicator into consideration, the con-
tribution of an individual is defined as

c(x, P ) = (cH(x, P ), cD(x, P )).

For two individuals x, y ∈ P , we define c(x, P ) < c(y, P ) if cH(x, P ) < cH(y, P ) or cH(x, P ) =

cH(y, P ) ∧ cD(x, P ) < cD(y, P ), which indicates y is better than x in quality. And we also
define c(x, P ) 6 c(y, P ) iff cH(x, P ) 6 cH(y, P ) ∧ cD(x, P ) 6 cD(y, P ).

In order to obtain a population which is optimal in both hypervolume indicator and popu-
lation diversity, we combine the classical (µ+1)-SIBEA with the contribution defined above.
The (µ + 1)-SIBEA with solution diversity optimization is defined as (µ + 1)-SIBEAD. The
whole process of (µ+ 1)-SIBEAD is given in Algorithm 7.1.

When considering (µ + 1)-SIBEAD, we focus on the aspect of maximizing search space di-
versity. The selecting process involves the hypervolume contribution as the premier com-
ponent. It has been shown in [120] that (µ + 1)-SIBEA computes for each Pareto optimal
objective vector a corresponding search point, i. e. covers the whole Pareto front, in time
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O(µn log n), if µ > n + 1. For our investigations regarding search space diversity, we con-
sider population size µ = n+ 1. As maximizing the hypervolume is premier goal in (µ+ 1)-
SIBEAD, a population containing for each Pareto optimal objective vector, is obtained in time
O(µn log n) following the analysis in [120]. We will work under the assumption that such a
population has already been obtained and we are interested in the expected time until such
a population has maximal search space diversity.

We study our algorithm in terms of the number of iterations until it has produced a popu-
lation P that has the optimal hypervolume indicator as well as the maximal diversity D(P ).
The expected optimization time refers to the expected number of fitness evaluations to reach
this goal. The population is represented in a µ × n matrix where each individual is a row,
which allows us to point out when a population has maximal diversity.

7.3 Search Space Diversity Optimization

Assume population size µ = n + 1 and we investigate how evolutionary algorithms can
optimize search space diversity under the condition that for each Pareto optimal objective
vector at least one search point is contained in the population.

7.3.1 Diversity Maximization for Multi-objective Problem

The following lemma shows crucial properties of a population maximized in population
diversity.
Lemma 7.1. Let µ = n + k 6 2n, where k > 1. If the population P fulfils all of the following
properties:

1. For each Pareto optimal objective vector v, there is an s ∈ P with f(s) = v.

2. There are no duplicated individuals in P .

3. Each column of the matrix representing P has either bµ/2c or dµ/2e 1-bits.

then P is optimal for OneMinMax in population diversity.

Proof. According to the definition of OneMinMax, there are (n + 1) different points in the
Pareto-front. Since µ > n + 1, the individuals in P have to cover the entire Pareto-front in
order to be optimal in the population diversity.

Let P be a population of size µ containing no duplicate and P ′ be the population obtained
from P by replacing at least one of its individuals x by a duplicate of the other (µ − 1)

individuals. According to the monotonicity in varieties property of diversity measurement
and Definition 7.1, we have D(P ) > D(P ′) as P̂ = P̂ ′ ∪{x}. This implies that no population
containing duplicates can be optimal if µ 6 2n.
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Let matrix M represent a population P that does not contain any duplicates. We show that
P has maximal diversity among all populations containing no duplicates if it contains bµ/2c
or dµ/2e 0-bits in each column.

The contribution of each column has no influence on those of any other columns. Hence, the
population diversity equals to the sum of the diversity contribution of every column in the
matrix. The contribution to population diversity of each column can be written as mi(µ −
mi), where mi represents the number of 1’s in the ith column and the overall population
diversity of P is given by

n∑
i=1

mi(µ−mi).

The quadratic continuous function g(x) = x(µ − x) has the global maximum value of µ2/4
when x = µ/2. This implies that the maximum is attained for x = bµ/2c and x = dµ/2e
when restricting the inputs of g to integers. Hence, P has maximal diversity if it contains
µ/2 1-bits in each column if µ is even. In the case that µ is odd, P has maximal diversity if
each column has either bµ/2c or dµ/2e 1-bits.

The maximized population diversity is µ2n/4 for µ is even and (µ2 − 1)n/4 for µ is odd.

7.3.2 Experimental Analysis for Diversity Maximization for OneMinMax

One of the possible events that can improve the population diversity is a 1-bit flip in an indi-
vidual. As the first step, a simple program is implemented to test the possibility of achieving
global optimal population in diversity. However, through experimental results, we find out
that there are some situation where (µ+1)-SIBEAD is not able to achieve any progress when
restricted to 1-bit flips. Lemma 7.1 suggests that the population with maximum diversity
and full coverage of the Pareto-front should have balanced number of 1-bits and 0-bits if
µ = n + 1 is even. We will see in the proof for (µ + 1)-SIBEAD that this is exactly the
case. Although 1-bit flip can improve the population diversity in most cases, there are some
situations where there does not exist a 1-bit flip that can increase the population diversity.

Some examples are included as Figure 7.1. The populations shown in the example are almost
balanced in all columns in numbers of 1-bits and 0-bits but there is no 1-bit flip which can
improve the population diversity to optimality. In the first population in Figure 7.1, there
are only two columns which are not balanced in the numbers of 0-bits and 1-bits, which are
the 1st and 3rd column. Either increasing the number of 1-bits or decreasing the number of
0-bits will improve the population diversity. On the contrary, touching the other columns
will decrease the population diversity. Since the offsping after 1-bit flip can only replace
the individual with the same objectives in order to keep the coverage of the Pareto-front,
the change caused by a 1-bit flip depends on the Hamming distance between the selected
individual and its neighbours in the objective space. The change to the population diversity
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FIGURE 7.1: The 8 × 7 matrices represent some populations for which there
is no 1-bit flip can improve the population diversity. The last rows report the

numbers of 1-bits in corresponding columns.

caused by a 1-bit flip on individual z can be represented as

c(z) = S− − S+ −
1

2
(H(z, z′) + 1),

where S− and S+ denote the total number of 1-bits in the columns has one 1-bit decreased
and increased respectively. And H(z, z′) represents the Hamming distance between the
original individual z and the neighbour z′ which got replaced by the offspring.

For the example in Figure 7.1, in order to increase the contribution to the population diver-
sity, an offspring should fulfil the requirement of c(z) > 0, which means that the columns
except for the 1st and 3rd should all remain balanced and the balance rate of these two
columns should be increased. It is impossible to improve the population diversity since
there is no offspring that is able to increase the contribution of these two certain columns
without decreasing the contribution of the other columns.

Flipping the first 0-bit in the all 0 bitstring or the third 1-bit in all 1 bitstring can obtain
offstring which has the same contribution to the population diversity which is acceptable by
the algorithm. However that event will lead to another population with the same population
diversity and there are still these two mutations do not decrease the population diversity,
which is the same situation as previous. Therefore no further improvement can be achieved
by 1-bit flip for this population.

7.3.3 Runtime Analysis for Diversity Maximization for OneMinMax

Since from experimental results we found exception cases showing that flipping one bit
cannot guarantee the population diversity to be maximized, we focus on 2-bit flip to fulfil
the task of optimizing population diversity.
Lemma 7.2. If µ = n+ 1 and population diversity is not maximal, then there always exists at least
one 2-bit flip in one of the individuals to improve the population diversity.

Proof. By construction of the Algorithm 7.1, when µ = n + 1, there should exist exactly
one individual in the population which refers to each point in the Pareto-front, as proved
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in Lemma 7.1. The event that selecting one individual and flipping a 1-bit and a 0-bit of
it results in an offspring with the same objective value as its parent. The offspring can
only replace its parent and this replacement only happens when the offspring has a larger
contribution to the population diversity.

As proved in Lemma 7.1, in a matrix representing a population which does not have optimal
population diversity, there must exist two columns that the number of 0-bits in one column
is greater than that of the other. Let the number of 0-bits in these two columns be s1 and s2,
where s1 > s2 and both s1 and s2 are integers. The overall contribution of the two columns
to the population diversity is s1 · (µ − s1) + s2 · (µ − s2). Since s1 < s2, there must exist at
least one row where there is 0-bit and 1-bit in corresponding columns. Flipping the certain
two bits does not affect the contribution of other columns to the population diversity. The
overall contribution after the event should be

(s1 − 1)(µ− s1 + 1) + (s2 + 1)(µ− s2 − 1).

Therefore, the change of contribution is 2(s1−s2)−1. Since s1 and s2 are integers, s1−s2 > 1.
Hence, we get 2(s1 − s2)− 1 > 1.

Since the offspring is only compared with its parent, it is impossible to introduce change to
the other columns except for these two columns. Therefore, there must exist at lease one
two-bit flip that should increase the population diversity.

With this lemma, we can now prove our main result on search space diversity maximiza-
tion for OneMinMax and show that the (µ + 1)-SIBEAD obtains an optimal population in
expected time O(n3 log n).
Theorem 7.1. Let µ = n + 1, the expected optimization time of (µ + 1)-SIBEAD on OneMinMax
is upper bounded by O(n3 log n).

Proof. The algorithm (µ + 1)-SIBEA obtains a population of maximum hypervolume if µ >

n+ 1 in expected time O(µn log n) as shown in [120]. We assume that a population of max-
imal hypervolume has already been obtained and investigate how search space diversity
is optimized. The Multiplicative Drift Theorem [38] is used to prove the expected runtime
bound.

Define X(t) = DOPT −D(P ) and X(t+1) = DOPT −D(P ′), where DOPT denotes the maxi-
mum value of the population diversity and P ′ represents the population in the next gener-
ation of P .

Assume at time t there are k 2-bit flips that can improve the population diversity to opti-
mality no matter in what order these k 2-bit flips happen. Such set of events exist for all
populations which are not maximized in population diversity if the 2 bits selected is a 1-bit
from the columns with more than average number of 1-bits and a 0-bit from the columns
with less than average number of 1-bits. The average number of 1-bits refers to (n + 1)/2

when n is odd and n/2 when n is even. According to Lemma 7.2, such 2-bit flip always
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exists before the population diversity is optimized. As long as the certain columns are not
balanced in number of 1-bits and 0-bits, the 2-bit flip can improve the population diversity.

According to the algorithm, flipping these certain bits of an individual does not affect the
other individuals in the population. The numbers of 1-bits in other columns remain the
same except for the two columns, therefore among the other (k − 1) 2-bit flips, the 2-bit
flips involving bits in the other (n − 2) columns are still available. Since the k 2-bit flips
are selected to improve the population diversity to optimality, if there exists a 2-bit flip
involving the two columns, the number of 1-bits of the column should still be unbalanced
after the previous event. According to Lemma 7.2, the other 2-bit flips can improve the
contribution to population diversity of the columns and then the flips are acceptable. Then
the order of the k 2-bit flips does not affect the improvement.

Hence, the k 2-bit flips can be done in any order and result in a population with maximized
population diversity as assumption.

The probability for an individual to be selected and two certain bits flipped is

1

µ
· 1

n
· 1

n
·
(

1− 1

n

)n−2
>

1

eµn2
.

The probability for one of the k 2-bit flip happen is at least

k · 1

eµn2
.

The average expected improvement by the k 2-bit flips is

DOPT −D(P )

k
=
X(t)

k
.

Then the drift can be represented as

E[X(t) −X(t+1)] > k
1

eµn2
· X

(t)

k
=
X(t)

eµn2
.

In the worst case, the population in the beginning is with the most unbalance rate. It is clear
that s = X(t) 6 DOPT . The maximum population diversity when µ = n+ 1 is

µ · (n+ 1

2
)2 =

(n+ 1)3

4
.

Therefore we can get s0 6
(n+1)3

4 and smin = 1.

According to the Theorem 3 in [38], the expected runtime for maximizing the population
diversity on OneMinMax is

E[T ] 6 eµn2(1 + ln(s0/smin)) = O(n3 log n).
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This completes the proof.

7.4 Conclusion

Evolutionary multi-objective optimization has been successfully applied to many practical
areas in solving real world problems. In this chapter, we have contributed to the theoreti-
cal understanding of diversity mechanisms in evolutionary multi-objective optimization by
means of rigorous runtime analyses. We have studied a baseline algorithm called (µ + 1)-
SIBEA for the problem OneMinMax.

We integrate the diversity optimization process with the original (µ+ 1)-SIBEA to form an-
other algorithm named (µ + 1)-SIBEAD. Through the analysis of experimental results from
the implementation of (µ+ 1)-SIBEAD, some exception cases with bad expected runtime are
found. Then we investigate (µ+1)-SIBEA in connection with a search space diversity mech-
anism and show that the algorithm obtains a population of maximal search space diversity
covering the whole Pareto front in expected time O(n3 log n).

The algorithm (µ + 1)-SIBEA with diversity mechanism can be applied to other multi-
objective optimization problems and our runtime analysis process can be adjusted for other
problems as well.
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I believe that everything happens for a reason. People change so
that you can learn to let go, things go wrong so that you learn to
appreciate them when they’re right. Sometimes good things fall
apart so better things can fall together.

Marilyn Monroe

CHAPTER 8

FEATURE-BASED DIVERSITY

OPTIMIZATION FOR PROBLEM

INSTANCE CLASSIFICATION

8.1 Introduction

Heuristic search methods including evolutionary algorithms have been shown to be very
successful in dealing with various combinatorial optimization problems as discussed in
previous chapters. The feature-based analysis of heuristic search algorithms has become
an important part in understanding the behaviour of algorithms on different problem in-
stances [109, 146]. This approach characterizes algorithms and their performance for a given
problem based on features of problem instances. One of the widely applied feature-based
analysis method is based on a set of hard or easy instances constructed by evolving in-
stances using evolutionary algorithms [109, 117, 116]. Although the evolutionary algorithm
for constructing such instances is usually run several times to obtain a large set of instances,
the researchers still face the problem whether the results in terms of features give a good
characterization of problem difficulty.

In this chapter, we propose a new approach of constructing hard and easy instances. Fol-
lowing some recent works on using evolutionary algorithms for generating diverse sets of
instances which are all of high quality [154, 155], we introduce an evolutionary algorithm
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which maximizes diversity of the obtained instances in terms of a single feature or combi-
nation of features. Our approach allows the researchers to generate a set of instances that
is much more diverse with respect to the problem feature at hand. The experimental re-
sults show that the results from this approach give a much better classification of instances
according to their difficulty in being solved by the considered algorithm based on feature
values.

To show the benefit of our approach comparing to previous methods, as an example, we
examine the classical 2-OPT algorithm for the TSP as introduced in [109]. The experimental
results of our new approach show that diversity optimization for the features results in an
improved coverage of the feature space over classical instance generation methods. In par-
ticular, the results show that for some combinations of two features it is possible to classify
hard and easy instances into two clusters with a wider coverage of the feature space compar-
ing to the classical methods. Moreover, the three-feature combinations further improve the
classification of hard and easy instances for most of the feature combinations. Furthermore,
a classification model is built using these diverse instances that can classify TSP instances
based on problem hardness for 2-OPT.

This chapter is based on the results published in the conference PPSN 2016 [52].

This chapter is organized as follows. Firstly, we introduce the known feature list for Eu-
clidean TSP, the designed feature-based diversity measurement and the diversity optimiza-
tion procedure in Section 8.2. Secondly, the analysis of feature ranges for generated TSP
instances is included as Section 8.3. In Section 8.4 and 8.5, a comprehensive investigation
into the classification of hard and easy TSP instances for 2-OPT is conducted. Finally, we
finish with some concluding remarks in Section 8.7.

8.2 Preliminaries

Our methodology can be applied to any optimization problems and other algorithms, but
choosing the Traveling Salesman Problem(TSP) as our subject has the advantage that it
has already been investigated extensively from different perspectives including the area of
feature-based analysis. Therefore, in this study, we focus on evolving hard and easy in-
stances for the classical NP-hard Euclidean TSP introduced in Chapter 2 .

8.2.1 Traveling Salesman Problem

The input of the problem is given by a set V = {v1, ..., vn} of n cities in the Euclidean plane
and Euclidean distances d : V × V → R≥0 between the cities. The goal is to find a Hamil-
tonian cycle whose sum of distances is minimal. A candidate solution for the TSP is often
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represented by a permutation π = (π1, . . . , πn) of the n cities and the goal is to find a permu-
tation π∗ which minimizes the tour length given by

c(π) = d(πn, π1) +
n−1∑
i=1

d(πi, πi+1).

For our investigations cities are always in the normalized plane [0, 1]2, i. e. each city has an
x- and y-coordinate in the interval [0, 1]. In following, a TSP instance always consists of a set
of n points in [0, 1]2 and the Euclidean distances between them.

Local search heuristics have been shown to be very successful when dealing with the TSP
and the one of the prominent local search operators is the 2-OPT operator [30]. The result-
ing local search algorithm starts with a random permutation of the cities and repeatedly
checks whether removing two edges and reconnecting the two resulting paths by another
two edges leads to a shorter tour. If no improvement can be found by carrying out any
2-OPT operation, the tour is called locally optimal and the algorithm terminates.

As in previous studies, we measure hardness of a given instance by the ratio of the solution
quality obtained by the considered algorithm and the value of an optimal solution.

The approximation ratio of an algorithm A for a given instance I is defined as

αA(I) = A(I)/OPT (I),

where A(I) is value of the solution produced by algorithm A for the given instance I , and
OPT (I) is value of an optimal solution for instance I . Within this study, A(I) is the tour
length obtained by 2-OPT for a given TSP instance I and OPT (I) is the optimal tour length
which we obtain in our experiments by using the exact TSP solver Concorde [4].

8.2.2 Features of TSP Instance

The first issue in the area of feature-based analysis is to identify the features of examined
problem and their contribution to the problem hardness. This can be achieved through in-
vestigating hard and easy instances of the problem. The structural features are dependent
on the underlying problem. In [109], there are 47 features in 8 groups used to provide an
understanding of algorithm performance for the TSP, which is discussed in details in Chap-
ter 3. The different feature classes established are distance features, mode features, cluster
features, centroid features, MST features, angle features and convex hull features. The fea-
ture values are regarded as indicators which allow to predict the performance of a given
algorithm on a given instance.

In this chapter, 7 features coming from different feature classes which have shown to be
well suited for problem hardness classification and prediction. Instead of the maximum and
minimum value of certain feature type, we prefer the mean value. The considered features
are:
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Algorithm 8.1: (µ+ λ)-EAD
1 Initialize the population P with µ TSP instances of approximation ratio at least αh.
2 Let C ⊆ P where |C| = λ.
3 For each I ∈ C, produce an offspring I ′ of I by mutation. If αA(I ′) > αh, add I ′ to P .
4 While |P | > µ, remove an individual I = arg minJ∈P d(J, P ) uniformly at random.
5 Repeat step 2 to 4 until termination criterion is reached.

• angle_mean : mean value of the angles made by each point with its two nearest neigh-
bor points

• centroid_mean_distance_to_centroid : mean value of the distances from the points to the
centroid

• chull_area : area covered by the convex hull

• cluster_10pct_mean_distance_to_centroid : mean value of the distances to cluster cen-
troids at 10% levels of reachability

• mst_depth_mean : mean depth of the minimum spanning tree

• nnds_mean : mean distance between nearest neighbours

• mst_dists_mean : mean distance of the minimum spanning tree

8.2.3 Evolutionary Algorithm for Evolving Instance with Diversity Optimiza-
tion

In this research, we introduce our approach of evolving a diverse set of easy or hard in-
stances which are diverse with respect to important problem features.

We propose to use an evolutionary algorithm to construct sets of instances of the TSP that are
quantified as either easy or hard in terms of approximation and are diverse with respect to
underlying features of the produced problem instances. Our evolutionary algorithm (shown
in Algorithm 8.1) evolves instances which are diverse with respect to given features and
meet given approximation ratio thresholds.

The algorithm is initialized with a population P consisting of µ TSP instances which have an
approximation ratio at least αh in the case of generating a diverse set of hard instances. In the
case of easy instances, we start with a population where all instances have an approximation
ratio of at most αe and only instances of approximation ratio at most αe can be accepted for
the next iteration. In each iteration, λ ≤ µ offspring are produced by selecting λ parents and
applying mutation to the selected individuals. Offsprings that don’t meet the approximation
threshold are rejected immediately.

The new parent population is formed by reducing the set consisting of parents and off-
springs satisfying the approximation threshold until a set of µ solutions is achieved. This is
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done by removing instances one by one based on their contribution to the diversity accord-
ing to the considered feature.

The core of our algorithm is the selection among individuals meeting the threshold values
for the approximation quality according to feature values. The population diversity here is
different from the one introduced in Chapter 6 where the difference between individuals is
measured based on their structure. In this study, the population diversity is evaluated based
on the feature values of each individual. Let I1, . . . , Ik be the elements of P and f(Ii) be their
features values. Furthermore, assume that f(Ii) ∈ [0, R], i.e. feature values are non-negative
and upper bounded by R.

We assume that f(I1) ≤ f(I2) ≤ . . . ≤ f(Ik) holds. The diversity contribution of an instance
I to a population of instances P is defined as

d(I, P ) = c(I, P ),

where c(I, P ) is a contribution based on other individuals in the population.

Let Ii be an individual for which f(Ii) 6= f(I1) and f(Ii) 6= f(Ik). We set

c(Ii, P ) = (f(Ii)− f(Ii−1)) · (f(Ii+1)− f(Ii))

which assigns the diversity contribution of an individual based on the next smaller and next
larger feature values. If f(Ii) = f(I1) or f(Ii) = f(Ik), we set c(Ii, P ) = R2 if there is no
other individual I 6= Ii in P with f(I) = f(Ii) and c(Ii, P ) = 0 otherwise. This implies
an individual Ii with feature value equal to any other instances in the population gains
c(Ii, P ) = 0.

This diversity measurement is suitable for any features which can be represented by sin-
gle numerical value. It fulfils the three properties for population diversity measurement
mentioned in Chapter 2. Since two different candidate solutions may have the same feature
value, a duplicate in this situation may be resulted from duplicated individuals or different
individuals. The contribution c(I, P ) considers the contribution of the feature value of the
individual rather than the individual itself, therefore, it satisfies the requirement of twinning.
The contribution is calculated based on the difference in feature values between individu-
als. A distinct feature value has difference more than 0 from the feature values next to it,
therefore it has a positive contribution to population diversity.

Furthermore, due to the bonus for non-duplicated extreme feature value, an individual with
the unique smallest or largest feature value always stays in the population when working
with µ ≥ 2.
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8.2.4 Experiments Setup

Local search heuristics have been shown to be very successful when dealing with the TSP
and the one of the most prominent local search operators is the 2-OPT operator [30]. The re-
sulting local search algorithm starts with a random permutation of the cities and repeatedly
checks whether removing two edges and reconnecting the two resulting paths by two other
edges leads to a shorter tour. If no improvement can be found by carrying out any 2-OPT
operations, the tour is called locally optimal and the algorithm terminates. In this study, we
use the implementation introduced in [109].

We carry out our diversity optimization approach for the 7 features discussed in last sec-
tion and use the evolutionary algorithm to evolve for each feature a diverse population of
instances that meets the approximation criteria for hard or easy instances given by the ap-
proximation ratio thresholds.

All programs in our experiments are written in R and run in R environment [130]. The
functions in tspmeta package is used to compute the corresponding feature values [109].

The setting of the evolutionary algorithm for diversity optimization used in our experiments
is as follows. We choose µ = 30 and λ = 5 for the parent and offspring population size,
respectively. According to the approximation ratio αA(I), the instances are categorised into
hard and easy. The 2-OPT algorithm is executed on each instance I five times with different
initial solutions and we setA(I) to the average tour length obtained. The examined instance
sizes n are 25, 50 and 100, which are denoted by the number of cities in one instance. Based
on previous investigations in [109] and initial experimental investigations, we set αe = 1 for
instances of size 25 and 50, and αe = 1.03 for instances of size 100. Evolving hard instances,
we use αh = 1.15, 1.18, 1.2 for instances of size n = 25, 50, 100, respectively.

The mutation operator picks in each step one city from the given parent instance uniformly
at random and changes its x- and y-coordinator by adding an offset according to the Normal-
distribution with standard deviation σ. Coordinates that are out of the interval are reset to
the value of the parent. Based on initial experiments we use two mutation operators with
different values of σ. We use σ = 0.025 with probability 0.9 and σ = 0.05 with probability 0.1

in a mutation step. The evolutionary algorithm terminates after 10, 000 generations which
allows to obtain a good diversity for the considered features. For each n = 25, 50, 100 and
each of the 7 features, a set of easy and hard instances are generated, which results in 42

independent runs of the (µ+ λ)-EAD.

8.3 Range of Feature Values

Firstly, the diversity optimization approach is evaluated in terms of the diversity that is ob-
tained with respect to a single feature. Focusing on a single feature in each run provides
the insight of the possible range of a certain feature value for hard or easy instances. The
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FIGURE 8.1: (left)The boxplots for centroid mean distance to centroid feature
values of a population consisting of 100 different hard or easy TSP instances of
different number of cities without or with diversity mechnism.(right)The box-
plots for cluster 10% distance distance to centroid feature values of a popula-
tion consisting of 100 different hard or easy TSP instances of different number
of cities without or with diversity mechnism. Easy and hard instances from
conventional approach and diversity optimization are indicated by e(a), h(a)

and e(b), h(b) respectively.

previous study [109] suggests that there are some differences in the possible range of fea-
ture values for easy and hard instances. We study the effect of the diversity optimization
on the range of features by comparing the instances generated by diversity optimization
approach to the instances generated by the conventional approach in [109]. Evolving hard
instances based on the conventional evolutionary algorithm, the obtained instances have
mean approximation ratios of 1.12 for n = 25, 1.16 for n = 50, and 1.18 for n = 100. For easy
instances, the mean approximation ratios are 1 for n = 25, 50 and 1.03 for n = 100. Hence the
instances from two approaches are with similar quality measured by approximation ratio.

Figure 8.1 (left) presents the variation of the mean distance of the distances between points
and the centroid feature (centroid_mean_distance_to_centroid) for hard and easy instances of
the three considered sizes 25, 50 and 100. Each set consists of 100 instances generated by
independent runs as mentioned in [109]. As shown in Figure 8.1 (left) the hard instances
have higher feature values comparing to easy instances for all instance sizes. For example,
in the case of instance size 100, for the hard instances the median value which is indicated
by the red line is 0.4157 while it is only 0.4032 for the easy instances. The respective range
of the feature value is 0.0577 for the hard instances and 0.0645 for the easy instances. For
the instances generated by diversity optimization approach (easy and hard instances are
indicated by e (b) and h (b) in Figure 8.1 respectively), there is a difference in the median
feature values between the hard and easy instances similar to the instances generated by the
conventional approach. Additionally, the range of the feature values for both the hard and
easy instances has significantly increased. For example, for the instance size 100, the median
value for easy instances is 0.4028 and the range is 0.2382. For the hard instances of the same
size, the median is 0.4157 while the range is 0.1917 (see Figure 8.1 (left)).
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Similarly, Figure 8.1 (right) presents the variation of cluster 10% distance to centroid (clus-
ter_10pct_distance_to_centroid) feature for the hard and easy instances generated by the con-
ventional approach (indicated by e(a) and h(a)) for the hard and easy instances generated
by diversity optimization (indicated by e(b) and h(b)). The general observations from these
box plots are quite similar to those from the mst_dist_mean shown in Figure 8.1 (left). For the
easy instances of size 100, the range of the feature value is 0.0919 for conventional instances
and 0.3471 for the instances generated by diversity optimization. Similarly, for the hard in-
stances the range of the feature values has increased from 0.0577 to 0.1776 by the diversity
optimization approach. As shown in Figure 8.1 (right), there is a significant increase in the
range for other instance sizes as well. Improved ranges in feature values are observed for all
considered features, however, due to space limitations these are not included in the paper.

The above results suggest that the diversity optimization approach has resulted in a signifi-
cant increase in the coverage over the feature space. Having the threshold for approximation
ratios (αe and αh) set, our method guarantees the hardness of the instances. These approx-
imation thresholds are more extreme than the mean approximation values obtained by the
conventional method. Furthermore, starting with initial population of duplicated instances
and a hard coded threshold, the modified (µ+ λ)-EA is able to achieve hard instances with
approximation ratio 1.347, 1.493 and 1.259, respectively for instance size 25, 50 and 100. The
majority of the instances are clustered in a small region in the feature space while some other
points are dispersed across the whole space. This is evident in the median values similar to
the values for the instances with respect to conventional approach and with significantly
larger range in feature value. The conventional approach has failed to explore certain re-
gions in the feature space and missed some instances existing in those regions. Being able
to discover all these instances spread in the whole feature space, our approach provides a
strong basis for more effective feature based prediction.

As a result of the increased ranges and the similar gap in median feature values for hard
and easy instances compared to the conventional instances, there is a strong overlap in the
ranges of the features for easy and hard instances generated by the diversity optimization.
This is observed in the results for mst_dist_mean and cluster_10pct_distance_to_centroid shown
in Figure 8.1. Similar pattern holds for the other features as well. This prevents a good
classification of problem instances based on single feature value.

In Figure 8.2, some sample hard TSP instances for 2-OPT are shown for different instance
sizes with the corresponding optimal tours computed by Concorde. As the diversity of
feature value increases, it is possible to generate harder instances and the instance shapes
become more diverse. The main observations can be summarized as follows:

• The instance shapes for the smaller instance size structurally differ from those of larger
instance sizes. The structure of large hard instances is more complicated than that of
smaller instance.

• There is no fixed shape of the whole instance with certain hardness. However, an
instance involves one or more U-shape structures as part of its optimal tour is likely to
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FIGURE 8.2: Some examples of the evolved hard TSP instances of different
number of cities are shown with an optimal tour computed by Concorde. The
approximation ratio for 2-OPT of each instance example is included after the

label ’FB’.
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FIGURE 8.3: 2D Plots of feature combinations which provide a separation be-
tween easy and hard instances. The blue dots and orange dots represent hard

and easy instances respectively.

FIGURE 8.4: 2D Plots of feature combinations which does not provide a clear
separation between easy and hard instances. The blue dots and orange dots

represent hard and easy instances respectively.

have higher approximation ratio, especially for large instance sizes.

8.4 Instance Classification Based on Multiple Features

As a single feature is not capable in clearly classifying the hard/easy instances, combinations
of two or three different features are examined in the following. Any two features of the 47

features can be selected and plotted in the 2D space of the data set. Our analysis mainly
focuses on combinations of the 7 previously introduced features.

8.4.1 Diversity Maximization over Single Feature Value

Firstly, we represent the instances according to the combination of two different features by
points in the 2-dimensional feature value space (see Figure 8.3 for an example).

According to the observation and discussion in [109], the two features distance _max and
angle_mean can be considered together to provide an accurate classification of the hard and
easy instances. Whereas after increasing the diversity over the seven different feature values
and a wider coverage of the 2D space is achieved, the separation of easy and hard instances
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is not so obvious. The clusters of dots representing hard and easy instances have some over-
lapping as shown in the left figure of Figure 8.3. There are large overlapping areas lying
between the two groups of instances. Another example of some separation given by two-
feature combination is mst_dists_mean and chull_area which measure the mean distance of
the minimum spanning tree and the area of the convex hull. However, as the number of
cities in an instance increases, the overlapping area becomes larger. It is hard to do classifi-
cation based on this.

After examining the 21 different combinations of two features out of the seven features, we
found out that some combinations of two features provide a fair separation between hard
and easy instances after increasing the diversity over different feature values. As shown
in Figure 8.3, taking both mst_dists_mean and chull_area features into consideration, some
separations can be spotted between hard and easy instances. However, most combinations
are not able to give a clear classification between hard and easy instances, for example in Fig-
ure 8.4, neither the combination of features nnds_mean and centroid_mean_distance_to_centroid
nor features mst_depth_mean and chull_area shows clear classification between instances of
different hardness. Moreover, along with the instance size increment, the overlapping area
of the dots standing for hard and easy instances grows.

Since the majority of two-feature combinations are not capable of classifying easy and hard
instances, the idea of combining three different feature is put forward. As in the analysis of
two-feature combination, the values of the three selected features are plotted in 3D space.

By considering a third feature in the combination, in the 35 different combinations, it is clear
that there are some separations between the two groups of 210 instances from the 3D-plots.
A good selection of features results in an accurate classification of the instances. The three-
feature combinations with the features measuring statistics about minimum spanning tree
always provide good separation between hard and easy instances as shown in Figure 8.5
and Figure 8.6. Although there is an overlapping in the area between the two clusters of
hard and easy instances, from the 3D-plots, we can spot some areas where there are only
dots for instances of certain hardness.

Taken another feature value into consideration, the two-feature combination that is not able
to provide good separation can give some clear classification in hard and easy instances. An
example illustrating this is included as Figure 8.7, where together with an additional fea-
ture mst_dists_mean, the two-feature combination of features mst_depth_mean and chull_area
shows a clear separation between easy and hard instances comparing to the results shown
in the left graph in Figure 8.4.

From the investigation of both the two-feature combination and three-feature combination,
we found out that the range of feature values for larger TSP instances is smaller. Some
of the good combinations for classifying the hardness of smaller instances may not work
for larger instances, such as centroid features which perform well when combining with
another feature in classifying the hardness of instances of 25 cities while do not show a
clear separation with instance size 50 and 100 in our study. Nevertheless, there exist some



8.4. Instance Classification Based on Multiple Features 115

FIGURE 8.5: 3D Plots of combining experiment results from maximizing the
diversity over features mst_dists_mean, nnds_mean and chull_area, which pro-
vides a good separation of easy and hard instances. Hard and easy instances

are represented as blue dots and orange dots respectively.

FIGURE 8.6: 3D Plots of combining experiment results from maxi-
mizing the diversity over features mst_dists_mean, chull_area and cen-
troid_mean_distance_to_centroid, which provides a good separation of easy and

hard instances. Legend is the same as that in Figure 8.5.

FIGURE 8.7: 3D Plots of combining experiment results from maximizing the
diversity over features mst_dists_mean, chull_area and mst_depth_mean, which
provides a good separation of easy and hard instances. Legend is the same as

that in Figure 8.5.
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FIGURE 8.8: 3D Plots of combining experiment results from maximizing the
diversity over features mst_dists_mean, nnds_mean and chull_area with consid-
ering of weighting, which provides a good separation of easy and hard in-

stances. Legend is the same as that in Figure 8.5.

three-feature combinations that give good classification of easy and hard instances without
regarding to the instance size, for example mst_dists_mean, chull_area and nnds_mean, and
mst_dists_mean, chull_area and mst_depth_mean.

8.4.2 Diversity Maximization over Multiple Feature Values

In order to examine the relationship between feature combination and hardness of the in-
stances, a weighted population diversity based on multiple features is introduced. The
weighted population diversity for a certain set of features {f1, f2, ..., fk} is defined as the
weighted sum of the normalised population diversity over these k features. The contribu-
tion of an instance I to the weighted population diversity is defined as

d′(I, P ) =
k∑
i=1

(wi · dfi(I, P )),

where dfi(I, P ) denotes the normalised contribution to the population diversity d(I, P ) over
certain feature i and wi represents the weight of feature i. The contribution of an individual
to the population diversity on certain feature is normalised based on the maximum popula-
tion diversity on the feature, in order to reduce the bias among different features.

This weighted population diversity is used in Algorithm 8.1 to gain some insight of the rela-
tionship between features combination and instance quality. The same parent and offspring
population sizes are used for these experiments, which are µ = 30 and λ = 5. The instance
sizes examined are still 25, 50 and 100. The 2-OPT algorithm is executed five times to obtain
the approximation quality. In the experiments, (µ + 1)-EAD execute for 10, 000 generation
as previous. Since it is shown in Section 8.4 that a combination of three features is able to
provide a good separation between hard and easy instances, some of the good three-feature
combinations are chosen for exploration. The weight distributions for {f1, f2, f3} consid-
ered in the experiments are {1, 1, 1}, {2, 1, 1}, {1, 2, 1}, {1, 1, 2}, {2, 2, 1}, {2, 1, 2}, {1, 2, 2}.
The same hardness thresholds are used in these experiments as previous. After the seven
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independent runs for easy and hard instances, the final solution sets are put together. There-
fore the results set has 210 instances for each instance size and hardness type, which is the
same as previous experiments. The results are plotted in 3D space and compared to the
previous experiments on single feature discussed in Section 8.3 and 8.4.

The weighted population diversity offers a way to examine the overlapping area of hard and
easy instances. With the weighting technique, it takes consideration about the relationship
between the different features examined. Since most of these features are not independent
from each others and the weighted population diversity considers multiple features at the
same time, it is predictable that with the weighted population diversity the extreme value
for each single feature may not reach.

An example is shown in Figure 8.8 focusing on maximizing the weighted population di-
versity over the combination of features mst_dists_mean, nnds_mean and chull_area, which
is shown to be a good combination for separating the hard and easy instances. From the
comparison between Figure 8.5 and Figure 8.8, we can see that although the results from
maximizing weighted population diversity does not cover a wider search space, it provides
a detailed insight into the intersection between the hard and easy instances. The 3D plots of
different instance sizes show that the combination of these three certain features provide a
clear separation between hard and easy instances. There are some overlapping areas in the
search space, but it is clear that this combination of features provide some hints for predict-
ing of hard or easy instances.

8.5 Instance Classification Using Support Vector Machine

Support vector machines (SVMs) are well-known supervised learning models in machine
learning which can be used for classification, regression and outliers detection [27, 64]. In
order to quantify the separation between instances of different hardness based on the feature
values, SVM models are constructed for each combination of features.

8.5.1 SVM with Linear Kernel

The linear classifier is the first model tried in classifying the dataset. In SVM the linear clas-
sifiers that can separate the data with maximum margin is termed as the optimal separating
hyper-plane. From the plots in Figure 8.3, 8.4, 8.5 and 8.6, it is clear that none of the datasets
are linearly separable. Taken the trade-off between maximizing the margin and minimizing
the number of misclassified data points into consideration, the soft-margin SVM is used for
classification.

Let ACCn be the training accuracy of a feature combination in separating the hard and easy
instances of size n. We define ACCn as the ratio of number of instances which are correctly
classified by the model to the total number of instances in the dataset. All classification
experiments are done in R with library{e1071} [110]. The training data of the SVM models
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are the population of 420 instances generated as in Section 8.3 and the training accuracy is
regarded as a quantified measurement of the separation between hard and easy instances.
The feature combinations used for classification are the 21 two-feature combinations and 35

three-feature combinations discussed in Section 8.4.

From experiment results, ACC25 for two-feature combinations lie in the range of 0.5095 to
0.7548 with an average accuracy of 0.6672, while the ACC25 for three-feature combination
lie between 0.6286 to 0.7786 with average value 0.7079. In the case of instances with city
number of 50, two-feature combination results in ACC50 lying in the range of 0.5286 to
0.7738 with an average of 0.6544 whileACC50 of three-feature combinations are from 0.5381

to 0.85 with average accuracy equal to 0.6969. For larger instance size, ACC100 are in the
range between 0.5738 and 0.8119 with average 0.6986 for two-feature combination, whereas
those for three-feature combination lie in the scope of 0.6238 to 0.8524 with average 0.7382.

Although three-feature combinations show better accuracy in separation of hard and easy
instances than those two-feature combinations, there is no significant difference in ACC

for two-feature combinations and three-feature combinations. Moreover, the general low
accuracy implies the high possibility that the linear models are not suitable for separating
the hard and easy instances based on most of the feature combinations.

We then move to applying kernel function for non-linear mapping of the feature combina-
tion.

8.5.2 Nonlinear Classification with RBF Kernel

The linearly non-separable features can become linearly separable after mapped to a higher
dimension feature space. The Radial Basis Function (RBF) kernel is one of the well-known
kernel function used in SVM classification.

There are two parameters need to be selected when applying RBF, which are C(cost) and
γ. The parameter setting for RBF is crucial, since increasing C and γ leads to accurate sep-
aration of the training data but at the same time causes over-fitting. The SVMs here are
generated for quantifying the separation rate between hard and easy instances rather than
classifying other instances. After some initial trials, (C, γ) is set to (100, 2) in all the tests
to avoid over-fitting. This parameter setting may not be the best parameters for the certain
feature combination in SVM classifying, but it helps us to gain some understanding of the
separation of hard and easy instances generated from previous experiments based on the
same condition.

Table 8.1 and 8.2 show the accuracy of different two features or three features combination
in hard and easy instances separation. With RBF kernel, SVM with certain parameter setting
can generate a model separating the dataset with average accuracy of 0.8170, 0.8244 and
0.8346 in 2D feature space for instance size 25, 50 and 100 respectively. Whereas with three
features, SVM with the same parameter setting provides a separation with average accuracy
of 0.9503, 0.9584 and 0.9422 for instance size 25, 50 and 100 respectively.
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Feature 1 Feature 2 ACC25 ACC50 ACC100
angle_mean centroid_mean_distance_to_centroid 0.8476 0.8071 0.8071
angle_mean chull_area 0.7857 0.7810 0.7929
angle_mean cluster_10pct_mean_distance_to_centroid 0.7810 0.7786 0.8000
angle_mean mst_depth_mean 0.7524 0.7381 0.8000
angle_mean nnds_mean 0.8167 0.8833 0.8452
angle_mean mst_dists_mean 0.8119 0.8024 0.8405
centroid_mean_distance_to_centroid chull_area 0.8619 0.7667 0.8381
centroid_mean_distance_to_centroid cluster_10pct_mean_distance_to_centroid 0.8524 0.8357 0.7548
centroid_mean_distance_to_centroid mst_depth_mean 0.8381 0.7643 0.8095
centroid_mean_distance_to_centroid nnds_mean 0.8786 0.9524 0.8476
centroid_mean_distance_to_centroid mst_dists_mean 0.8905 0.8571 0.8762
chull_area cluster_10pct_mean_distance_to_centroid 0.8000 0.7881 0.8548
chull_area mst_depth_mean 0.7429 0.7429 0.7571
chull_area nnds_mean 0.8071 0.8905 0.8452
chull_area mst_dists_mean 0.8619 0.8643 0.9024
cluster_10pct_mean_distance_to_centroid mst_depth_mean 0.7619 0.7714 0.7929
cluster_10pct_mean_distance_to_centroid nnds_mean 0.8190 0.8833 0.8643
cluster_10pct_mean_distance_to_centroid mst_dists_mean 0.8095 0.8095 0.8738
mst_depth_mean nnds_mean 0.7786 0.8595 0.8405
mst_depth_mean mst_dists_mean 0.8095 0.8214 0.8810
nnds_mean mst_dists_mean 0.8500 0.9143 0.9024

TABLE 8.1: This table lists the accuracy of SVM with RBF kernel separating
the hard and easy instances in 21 different two-feature space.

Feature 1 Feature 2 Feature 3 ACC25 ACC50 ACC100
angle_mean centroid_mean_distance_to_centroid chull_area 0.9500 0.9190 0.9452
angle_mean centroid_mean_distance_to_centroid cluster_10pct_mean_distance_to_centroid 0.9405 0.9357 0.8214
angle_mean centroid_mean_distance_to_centroid mst_depth_mean 0.9548 0.9548 0.9214
angle_mean centroid_mean_distance_to_centroid nnds_mean 0.9452 0.9952 0.9833
angle_mean centroid_mean_distance_to_centroid mst_dists_mean 0.9571 0.9500 0.9524
angle_mean chull_area cluster_10pct_mean_distance_to_centroid 0.9524 0.9310 0.8881
angle_mean chull_area mst_depth_mean 0.9357 0.9238 0.9500
angle_mean chull_area nnds_mean 0.9405 0.9714 0.9571
angle_mean chull_area mst_dists_mean 0.9667 0.9619 0.9143
angle_mean cluster_10pct_mean_distance_to_centroid mst_depth_mean 0.9214 0.9143 0.9810
angle_mean cluster_10pct_mean_distance_to_centroid nnds_mean 0.9476 0.9690 0.9333
angle_mean cluster_10pct_mean_distance_to_centroid mst_dists_mean 0.9571 0.9143 0.9405
angle_mean mst_depth_mean nnds_mean 0.9310 0.9762 0.9238
angle_mean mst_depth_mean mst_dists_mean 0.9476 0.9262 0.9476
angle_mean nnds_mean mst_dists_mean 0.9429 0.9762 0.8833
centroid_mean_distance_to_centroid chull_area cluster_10pct_mean_distance_to_centroid 0.9476 0.9333 0.9310
centroid_mean_distance_to_centroid chull_area mst_depth_mean 0.9595 0.8762 0.9762
centroid_mean_distance_to_centroid chull_area nnds_mean 0.9667 0.9881 0.9929
centroid_mean_distance_to_centroid chull_area mst_dists_mean 0.9714 0.9714 0.8381
centroid_mean_distance_to_centroid cluster_10pct_mean_distance_to_centroid mst_depth_mean 0.9476 0.9286 0.8571
centroid_mean_distance_to_centroid cluster_10pct_mean_distance_to_centroid nnds_mean 0.9643 0.9905 0.8810
centroid_mean_distance_to_centroid cluster_10pct_mean_distance_to_centroid mst_dists_mean 0.9500 0.9595 0.9190
centroid_mean_distance_to_centroid mst_depth_mean nnds_mean 0.9500 0.9881 0.9595
centroid_mean_distance_to_centroid mst_depth_mean mst_dists_mean 0.9548 0.9548 0.9595
centroid_mean_distance_to_centroid nnds_mean mst_dists_mean 0.9667 1.0000 0.9952
chull_area cluster_10pct_mean_distance_to_centroid mst_depth_mean 0.9286 0.9524 0.9333
chull_area cluster_10pct_mean_distance_to_centroid nnds_mean 0.9524 0.9667 0.9667
chull_area cluster_10pct_mean_distance_to_centroid mst_dists_mean 0.9595 0.9595 0.9929
chull_area mst_depth_mean nnds_mean 0.9381 0.9857 0.9476
chull_area mst_depth_mean mst_dists_mean 0.9476 0.9738 0.9833
chull_area nnds_mean mst_dists_mean 0.9714 0.9857 0.9667
cluster_10pct_mean_distance_to_centroid mst_depth_mean nnds_mean 0.9214 0.9857 0.9738
cluster_10pct_mean_distance_to_centroid mst_depth_mean mst_dists_mean 0.9500 0.9476 0.9643
cluster_10pct_mean_distance_to_centroid nnds_mean mst_dists_mean 0.9643 0.9833 0.9976
mst_depth_mean nnds_mean mst_dists_mean 0.9429 0.9929 0.9929

TABLE 8.2: This table lists the accuracy of SVM with RBF kernel separating
the hard and easy instances in 35 different three-feature space.
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Algorithm 8.2: (µ+ λ)-EADA
1 Initialize the population P with µ TSP instances of certain size.
2 Let C ⊆ P where |C| = λ.
3 For each I ∈ C, produce an offspring I ′ of I by mutation and add I ′ to P .
4 While |P | > µ, remove an individual I = arg minJ∈P dar(J, P ) uniformly at random.
5 Repeat step 2 to 4 until termination criterion is reached.

From the results, it can be concluded that there are better separations between hard and easy
instances in the 3D feature space.

8.6 Diversity optimization for Instance Hardness

In the experiments in previous sections, the main focus of diversity maximization is the fea-
ture values. The quality of solutions is guaranteed by a predefined threshold. In order to
have an insight into the relationship between the feature values and problem hardness, we
conduct another experiment with population diversity optimization with instance hardness.
The experiment is based on the TSP and Algorithm 8.1 as well. In this case, the approxima-
tion ratio is taken as a feature value. Maximizing the diversity over approximation ratio
results in a set of individuals with different quality. By doing this, we obtain knowledge
about the relationship between feature values and instance hardness from another point of
view.

In this case, the algorithm needs to be modified in the solution quality check process. The
evolutionary algorithm without hard coded solution quality threshold is shown in Algo-
rithm 8.2. The population diversity measurement dar(I, P ) in step 4 follows the formulation
proposed in Section 8.2.3 with the approximation ratio as the target feature value. In the
survivor selection phase, the individual that contributes the least to the population diver-
sity over approximation ratio is removed.

For the purpose of reasonable coverage over the whole space, the population size and off-
spring population size is set to 400 and 10 in this experiment. The other parameters are all
kept the same with previous experiments. Then the R program is run for 30,000 generation
to obtain some stable results.

Figure 8.9 and 8.10 show some example 3D plots of the experimental results. The 400 indi-
viduals are plotted in the 3D feature space with consideration over different feature com-
binations. The vertical colorbar lying in the right of each plot displays the relationship be-
tween color and problem hardness and indicates the mapping of approximation ratio into
the different color. The dots in lighter color imply easier instances.

The plots in Figure 8.9 present the resulting instances in the space of feature chull_area,
mst_dist_mean and mst_depth_mean. There is clear separation between the red dots and yel-
low dots in the figure for different problem size. The red and yellow dots refer to instances
with extreme approximation ratio in each case. For larger instances, there is no clear clusters
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FIGURE 8.9: 3D Plots of experiment results from maximizing the diver-
sity over approximation ratio in the feature space of feature combination
chull_area, mst_dist_mean and mst_depth_mean. The color of the dot reflect the

hardness of the problem.

FIGURE 8.10: 3D Plots of experiment results from maximizing the diver-
sity over approximation ratio in the feature space of feature combination
chull_area, angle_mean and cluster_10pct_mean_distance_to_centroid. The color

of the dot reflect the hardness of the problem.

of instances with different hardness but we can still find areas where hard or easy instances
gather. In the other hand, for problem instances with approximation ration lying in the
range of 1.1 to 1.2, 1.2 to 1.4 and 1.15 to 1.2 which are represented by orange dots in the
plots, the locations are hard to classify.

The plots in Figure 8.10 show the relationship of problem hardness with the feature com-
bination chull_area, angle_mean and cluster_10pct_mean_distance_to_centroid. Similar obser-
vation can be obtained. The separation for problem size 25 is clear. However, when the
number of cities in each instance increases, the overlapping area becomes larger.

Algorithm 8.2 allows us to generate a set of solutions with different hardness. The approx-
imation ratio for problem size 25, 50 and 100 is maximized to 1.434,1.739 and 1.430 in this
experiment which implies the populations cover a even wider range than those from previ-
ous experiments.

8.7 Conclusion

Investigating heuristic search algorithms with respect to features of the underlying prob-
lems has become very popular in recent years. In this chapter, we have introduced a new
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methodology of evolving easy/hard instances which are diverse with respect to feature sets
of the optimization problem at hand.

Using the proposed diversity optimization approach we have shown that the easy and hard
instances obtained by our approach cover a much wider range in the feature space than pre-
vious methods. The diversity optimization approach provides instances which are diverse
with respect to the investigated features. The proposed population diversity measurement
provides good evaluation of the variety over single or multiple feature values.

Since different combinations have shown different performance in classifying instances based
on hardness, one possible approach for future work is to apply multi-objective algorithm for
diversity optimization on multiple feature values.

Our experimental investigations for 2-OPT and TSP have shown that our large set of diverse
instances can be classified quite well into easy and hard instances when considering a suit-
able combination of multiple features which provide some guidance for predication as the
next step. This approach can be generalized to other problems with appropriate features.
In particular, the SVM classification model built with the diverse instances that can classify
TSP instances based on problem hardness provides a strong basis for future performance
prediction models which lead to automatic algorithm selection and configuration. Building
such models would require further experimentation to determine the minimal set of strong
features that can predict performance accurately.
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Love all, trust few, do wrong to none.

William Shakespeare

CHAPTER 9

CONCLUSIONS

In this thesis, we have examined heuristic search algorithms for combinatorial optimization
problems and diversity maximization in the decision space. In the beginning of the the-
sis, we introduce combinatorial optimization and heuristic search. In Chapter 2, two well-
known problems, which are travelling salesman problem and minimum vertex cover prob-
lem, are described in details with some population-based algorithms. The later on research
focuses on theoretical and practical analysis of EAs for some trivial problems designed for
theoretical investigation and these two combinatorial problems. A brief introduction of lo-
cal search is included in Chapter 2 and followed with some fundamental knowledge about
diversity in EAs. The theoretical investigation and some useful analysis tools are included
as Chapter 3. These two chapters set the basis for the following studies.

The research into heuristic algorithms for the MVC problem detailed in Chapter 4 shows
how the well-known fixed-parameter branching algorithms for the MVC problem can be
turned into randomized initialization strategies which guarantee the probabilities of obtain-
ing good initial solutions and meet our theoretical proof. Furthermore, we incorporate dif-
ferent branching rules into local search algorithms and present experimental results which
show good results on some benchmark sets. Later we propose a new approach for scal-
ing up local search algorithms for huge instances. The research is conducted on the MVC
problem with the theoretical assumption that massive graphs are composed of different sub-
structures which are not hard to be solved separately. Our approach is based on the parallel
kernelization and reduces the instance size by multiple initial runs. This parallel kerneliza-
tion approach presented in Chapter 4 is expected to be able to apply to other combinatorial
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optimization problems with good local search solvers, e. g. Maximum Clique problem and
Maximum Independent Set problem.

As discussed in Chapter 6 and 7, the population in EAs can be used to reserve a diverse
set of solutions in which all solutions satisfy certain quality requirements. In Chapter 6, we
conduct a first runtime analysis on the proposed (µ+ 1)-EAD which maximizes the popula-
tion diversity after making sure all solutions in it have fulfilled certain quality criteria. How
to design a proper population diversity measurement for different problems is discussed
and followed with investigation into the computational complexity of (µ + 1)-EAD on two
classical benchmark problems OneMax and LeadingOnes. Based on these results, our study
is moved on to a more general problem which is the MVC problem and we investigate some
simple graph classes as examples. The investigations in this chapter set the basis for the
analysis of diversity maximization for combinatorial optimization problems. Following the
idea in this chapter, a runtime analysis on multi-objective problem is included in Chapter 7.
We conduct a rigorous runtime analysis on the baseline algorithm (µ + 1)-SIBEAD for the
problem OneMinMax. The investigation can be furthered to other multi-objective optimiza-
tion problems since the algorithm (µ + 1)-SIBEAD is a general EA which can be applied to
many other multi-objective problems as (µ+ 1)-EAD.

After the theoretical analysis of the diversity maximization in evolutionary algorithm, we
apply the idea of optimizing diversity and guaranteeing the solution quality at the same
time to a more practical problem. In Chapter 8, we introduce a new methodology of evolv-
ing easy/hard instances which are diverse in the feature space. In recent years, the investi-
gation of heuristic search algorithms regarding the feature of certain problems has become
very popular. The proposed algorithm follows the idea of (µ + 1)-EAD and generates a set
of problem instances which have achieved certain quality requirements. The population
diversity measurement designed in the chapter provides good evaluation of the diversity
over single or multiple feature values where feature value is usually a single numeric value.
We conduct a case study of the travelling salesman problem and examine the behaviour of
2-OPT algorithm based on different TSP instances. The experimental results show that the
large set of diverse instances generated by our approach can be classified into easy and hard
instances when appropriate combination of features is considered in the experiments, which
provides some guidance for instance hardness predication as the next step. Our approach
can be generalized to other optimization problems with some appropriate features defined.
The further research direction can focus on determining the minimal set of strong features
which makes it possible to predict the performance of a certain algorithm accurately.

In conclusion, our research in parameterized analysis of heuristic search methods for com-
binatorial optimization problems introduces new branching rules for bounded search tree
algorithms and provides new insights into solving huge problem instances with an existing
solver for small instances. With rigorous runtime analyses of the decision-space diversity
maximization in both single- and multi-objective optimization, we contribute to the theo-
retical understanding of diversity mechanisms in evolutionary optimization. Understand-
ing the behaviour of heuristic search methods is a long time challenge to researchers and
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practitioners. With the theoretical analysis of diversity optimization in solving optimization
problems using evolutionary algorithms, we propose an approach of evolving hard/easy in-
stances with diverse feature values for a certain algorithm. Moreover, the study focusing on
the feature-based analysis of evolved hard/easy instances for a certain algorithm provides
hints on how to build performance prediction models which leads to automatic algorithm
selection and configuration.
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